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Resumen

En este trabajo estudiamos problemas de controlabilidad para ecuaciones parabdlicas lin-
eales y semilineales. La tesis estd dividida en dos partes.

En la primera parte, estudiamos algunos problemas de control jerarquico para sistemas
de ecuaciones parabolicas. En el Capitulo 2, presentamos una estrategia de Stackelberg
para control robusto de una ecuacion de calor semilineal. Por un lado, tenemos un control,
llamado lider, encargado de la controlabilidad a cero del sistema. Por el otro, tenemos un
control, llamado sequidor, que resuelve un problema de control robusto. Para este ultimo,
buscamos un punto silla de un funcional de costo, con lo que éste es insensible a una clase
de perturbaciones. En el Capitulo 3, presentamos una estrategia de Stackelberg-Nash para
el control de un sistema acoplado de ecuaciones parabdlicas. Aqui, el lider resuelve un
problema de controlabilidad a cero, mientras que los seguidores, resuelven un equilibrio de
Nash correspondiente a un problema de optimizacién multiobjetivo.

En la segunda parte, estudiamos el problema de controles insensibilizantes para ecua-
ciones parabodlicas semidiscretas. En particular, probamos la ¢(h)—controlabilidad a cero
del sistema en cascada que surge de la reformulacién del problema de control insensibi-
lizante. Aqui, ¢(h) es una funcién adecuada del pardmetro de discretizacién h, tal que
limy, 9 ¢(h) = 0. Ademds, presentamos diversos experimentos numéricos para la aproxi-
macion de controles insensibilizantes usando el método de unicidad de Hilbert (HUM, por
sus siglas en inglés).






Abstract

This work is devoted to the study of some controllability problems concerning linear and
semilinear parabolic systems. The dissertation is divided into two parts.

In the first part, we study some hierarchic control problems for linear and semilinear
parabolic equations. In Chapter 2, we present a robust Stackelberg strategy for a semilinear
heat quation. More precisely, we have one control, called the leader, that is responsible
for a null controllability property. Additionally, we have a control, named the follower
that solves a robust control objective. That means that we seek for a saddle point of a
cost functional. In this way, the objective for the follower control is insensitive to a broad
class of external disturbances. In Chapter 3, we present a Stackelberg-Nash strategy to
control a system of coupled parabolic equations. In this case, we consider one leader control
and two follower controls. As before, the leader deals with a null controllability objective.
On the other hand, we look for a Nash equilibrium for the followers, corresponding to a
multi-objective optimization strategy.

In the second part, we study the insensitizing control problem for semi-discrete parabolic
equations. In particular, we prove the ¢(h)-null controllability of the cascade system aris-
ing from the reformulation of the insensitizing problem. Here, ¢(h) is a suitable function
of the discretization parameter h such that limj,_,o ¢(h) = 0. We perform several numeri-
cal experiments approximating the insensitizing controls by using the Hilbert Uniqueness
Method (HUM).
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Chapter 1

Introduction

There are two main branches of control theory for partial differential equations (PDE),
which seem to proceed in very different directions, but they are in fact complementary.
The first one, the optimal control theory, deals with the problem of finding a control
function for a given system such that an optimality criterion is achieved. The second one
studies the capability of driving the system from a given initial state to a desired final
target. We refer to this property as controllability.

When working in either context, we can formulate a control system of a PDE as

(1.1)

where 3° € X is the initial datum, t — y(t) € X is the state of the system, and ¢ — v(t) € V
is the control function exerted on the system. The Banach spaces X and V are called the
space state and the space of admissible controls, respectively. We denote by y(t; 3, v) the
solution to (1.1) at time ¢ for given (3°,v) € X x V.

Assume that system (1.1) is well-posed, this is, there exists a unique solution y de-
pending continuously on the data. For a real-valued and positive function G = G(y,v), we
define the cost functional J(v) = G(y(v),v) and consider the optimization problem

min J(v). (1.2)
veV
The minimum, if it exists, is called the optimal control. Hence, in optimal control theory,
we study (among other things) the conditions to determine if the problem (1.2) has a
solution, if it is unique or not, global or local, etcetera.

On the other hand, the fundamental question of controllability is: given two states
y? € X and y' € X of system (1.1), does it exists a function v € V such that it can steer
the system from 3° to y' on a fixed time T > 0? As we shall see, the word steer may be
interpreted in different ways.

Definition 1. Let T > 0.

11



12 1.1. SOME CONTROLLABILITY RESULTS FOR THE HEAT EQUATION

Ezxact controllability. System (1.1) is exactly controllable at time T if for all
(y°,y') € X x X, there exists v € V such that

y(T;y°,v) =y

Approximate controllability. System (1.1) is approximately controllable at time
T if for all (y°,y') € X x X, and every e > 0, there exists v € V such that

ly(T; 9% v) —y'flx < e

Controllability to trajectories. System (1.1) is controllable to trajectories at time
T if for every (y°,7°) € X x X and © € V, there exists v € V such that

y(T;9°,v) = y(T,5°,%).

Null controllability. System (1.1) is null controllable at time T if for all y° € X,
there exists v € V such that

y(T;y°,v) = 0.

The nature of the system (1.1) will strongly influence to determine any property of
controllability. For instance, in the finite dimension case, all of the controllability properties
are by now well understood for linear and nonlinear systems. Indeed, for a linear time-
invariant system, a necessary and sufficient condition is the well-known Kalman criterion
(see, for instance, [23]), which allows proving that all controllability notions are equivalent.

However, in infinite dimension, the controllability will depend on the particular proper-
ties of the equation under study. For instance, it is well known that the wave equation can
be approximately controllable at time 7" and not null controllable for any positive time,
while the transport equation may be null controllable at a time 7' and not approximately
controllable at this time. Also, the heat equation and, more generally, the parabolic sys-
tems are not exactly controllable at time 7. This is due to the regularizing effect of the
heat equation.

1.1 Some controllability results for the heat equation

In this dissertation, we are interested in studying some controllability problems for linear
and semilinear parabolic systems. Here, we recall some well-known results on the control-
lability of the linear heat equation.

Here and all along the report we will consider 2 € R a bounded domain with 0Q € C2.
We write @ = Q x (0,7) and ¥ = 9Q x (0,T) with T" > 0 fixed. Let us consider the
controlled heat equation

Yo — Ay = vxw, nQ,
y=0 onl, (1.3)
y(0) =¢", in Q.
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In (1.3), y = y(x,t) is the state, y° is the initial datum, and v = v(z,t) is a control
function applied on the open set w C 2. We denote by x,, the characteristic function of
the set w. We assume that y° € L?(Q) and v € L?(w x (0,T)), thus (1.3) admits a unique
solution (see, for instance, [27])

y € O([0, T]; L*(2)) N L*(0, T Hy (2)).-

From Definition 1, we write the controllability properties for the heat equation as
follows:

Definition 2. System (1.3) is null controllable at time T if for all y° € L*(Q), there
exists v € L*(w x (0,T)) such that
y(T) = 0.

Definition 3. System (1.3) is approxzimately controllable at time T if for all y°,y' €
L%(Q) and any € > 0, there exists v € L*(w x (0,T)) such that

|y(T) — y1”L2(Q) <E.

Note that by linearity, the solution y to (1.3) can be decomposed into the sum of the
uncontrolled solution and the solution starting from initial datum zero. More precisely, let
us consider

y=9+9,

where y and ¢ are solution to the linear systems

:gt - A:& = VXw, in Q? gt - Ag =Y in Q7
y=0 on X, y=0 on X,
9(0)=0, inQ, y(0) =¢°, in Q.

In particular, since y € C([0,T; L?(£2)]) we have that for t = T
y(T) = Lyv + Sty°,

where

Ly € L(L*(w x (0,T)); L*(2)) defined as Lyv = §(T)

and

Sr e L(L*(Q)) defined as Sy’ = 7(T).
With these notations, we have the following result:
Proposition 4. System (1.3) is
e null controllable at time T if and only if ImSt C ImLp,

e approzimately controllable at time T if and only if ImSt is dense in L*(9).
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In order to write this result in a more suitable form, we need the following theorems

Theorem 5. Let E and F be two Hilbert spaces and let L : D(L) C E — F be a linear
operator densely defined and closed. Then N(L*)* =Im(L). In particular, Im(L) is dense
in F' if and only if L* is injective.

Theorem 6. Let E, F and G be three Hilbert spaces and K : G — F, L : E — F be
bounded linear operators. Then

Im(K) C Im(L)

if and only if
for some ¢ >0 and all f € F* |K* flla < | L f| &-

We refer the reader to [11] for the proof of Theorem 5 (see Corollary I1.17 and Theorem
I1.19) and to [64, Th. 2.2, p. 208] for the proof of Theorem 6.

Applying Theorems 5 and 6 with E = L?(w x (0,T)), F = G = L*(Q), L = Ly and
K = Sp, we can express the controllability properties of system (1.3) as follows.

Proposition 7. The system (1.3) is

e null controllable at time T if and only if there exists a constant C' such that
Vol e L2(Q), 1579  I12(0) < CILTCT L2 @wx0.1))-
e approximately controllable at time T if and only if
Vol € L2(Q), LieT =0= ¢’ =0,

In the practice, the properties of L}, and S} can be characterized in terms of the adjoint
system to (1.3). Let us consider the backward heat equation

2 ASO = Oa in Qa
=0 on, (1.4)
p(T) =", inQ
For all ' € L?(Q), system (1.4) admits a unique solution ¢ € C([0,T]; L?(2)). Multiply-
ing (1.4) by y solution to (1.3) in L?*(Q) and integrating by parts, we obtain

/QsoTy(T)—/Qw(O)yO://Qcpvxw'

With this relation, it is not difficult to see that the adjoint operators of S and Ly are
Si o L2(Q) — L*(Q) Ly L2(Q) — L*(w x (0,7))
¢" = (0), @7 = oXu-

In this way, we can formulate the controllability results for system (1.3) in terms of ob-
servability properties for the adjoint system (1.4). We summarize them in the following
Theorem
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Theorem 8. System (1.3) is

e null controllable at time T if and only if there exists a constant C' such that for
every T € L2(Q), the solution ¢ to (1.4) satisfies

Ol <€ [ 1o (1.5)
wx(0,T)

e approximately controllable at time T if and only if, for all T € L3*(R), the
solution ¢ to (1.4) verifies the unique continuation principle: if ¢ =0 in w x (0,T),
then T = 0.

Remark 9. Inequality (61) is called observability inequality.

1.2 Null controllability for the heat equation: Carleman es-
timates

For the heat equation, the null controllability problem has been solved by Lebeau & Rob-
biano [46] and Fursikov & Imanuvilov [33] by employing different methods. In fact, the
following result was proved

Theorem 10. The heat equation (1.3) is null controllable for all T > 0 and all non-empty
open set w C 2.

Here, we briefly recall the techniques used in [33] to prove the null controllability of the
heat equation. According to Theorem 8, if we are able to obtain an observability inequality
for the adjoint system (1.4), then the heat equation (1.3) is null controllable

Originally introduced in [20] to prove a unique continuation property, the Carleman
estimates are weighted inequalities which are very effective tools to prove controllability
properties for a wide variety of problems. Following [30], we will prove inequality (61) by
using Carleman estimates.

Let @ be a non-empty subset satisfying w CC w. Set for any m > 1 the weight functions

e2mlr0llos _ pAmln® loo+n° (@) Amln® oo-+7° (@)
o Ext) =
HT — 1) HT — 1)

a(z,t) =
for (x,t) € @, where n° € C?(1) is such that
" >0inQ, 7°=00ndQ, |Vi’|>0 Q\&.

For the existence of such function see [33, Lemma 1.1].
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Theorem 11 ([33]). There exist constants C > 0, \g > 1 and so > 0 such that, for any

solution z to
-z —Az=F, in Q,
z=0 onX,
2(T)=2", inQ.

with F € L*(Q) and 2T € L*(Q), we have

st // e gl (|Zt|2 + |Az|2) + sA\? // 6_25a£\Vz|2
Q Q

+53>\4 // €—2sa§3|z|2 S C 83)\4 // e—2sa£3|z|2+// 6—2sa|F|2 ’
Q wx(0,T) Q

for all X > \g and s > so(T + T?).

(1.6)

We apply the Carleman inequality (1.6) to the adjoint system (1.4). Fixing A = \g, we

obtain

// e—2scxt—3(T _ t)_3|<,0|2 < C// e—QSat—S(T _ t)_3|<,0|2
Q wx(0,T)

for all s > so(T + T?). Then, it is not difficult to see that

e 20(T+THey=3(p _ )=3 > 6—20(1+1/T>% in Qx(T/4,37/4),
6—250(T+T2)at73(T —1)3< 670(1+1/T)% in Qx(0,7).

Using the above inequalities in (1.7) we obtain

/ / e / / o2,
Qx (T/4,3T/4) wx (0,T)

(1.7)

(1.8)

where C' depends only on 2, w and T'. From the equation verified by ¢ and classical energy

estimates, we get

2
Wi < 7 )
le(O)[z20) = 7 Qx(T/4,3T/4) v

Putting together (1.8) and (1.9) gives the desired observability inequality.

(1.9)

The ideas and tools presented here will serve as a basis for proving the controllability
results of this thesis. In fact, we will prove observability inequalities for complex coupled

systems, but the way of proceeding will be the same.
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1.3 The heat equation and the penalized HUM method

Although apparently are different, the problems of optimal control and controllability are
closely related. In the framework of controllability, if one control exists it is certainly not
unique. The Hilbert uniqueness method (HUM), originally introduced in [34], aims to
formulate the control problem as an optimization problem, which consists in characterize
and build the minimal L?-norm control. We follow the spirit of [15] to present some results
of the HUM approach.

Similar to Section 1.1, we denote for any (v,y") € L?(w x (0,T)) x L?(£2), the solution
y to (1.3) at time T as

Lr(v|y”) = y(T),

where L7 € L(L*(w x (0,T) x L*(Q); L*(Q)).

For any § > 0, we define the (possible empty) closed convex set

Adm(yo, 6) = {v € L2(w x (0,7) + |z (oly") |20 < 5}
With this notation, we can rewrite the null controllability property as follows:

Definition 12. System (1.3) is null controllable at time T if for all y° € L?*(),
Adm(y°,0) # 0.

In this situation v € Adm(y°,0) is called a null-control associated with the initial datum
0

Y.

As mentioned before, the HUM approach consists in finding the control v with minimal
norm. More precisely, for any § > 0 such that Adm(y°, ) is not empty we define v €
Adm(y°,d) as the unique control satisfying

F®) = inf F 1.10
(v°) N (v), (1.10)

where

1
Fv) =< // ], Yo e L*(w x (0,7)).
2 JJwx(0,1)

In the minimization problem (1.10), in the case where Adm(y°,0) # 0, the control v is
called the null-control associated with the initial data 3°.

The minimization problem (1.10) can be handled by duality theory, but the dual func-
tional associated with (1.10) is not coercive in the usual dual state space L?(Q2). In fact, a
much large space is required. This issue leads to difficulties when using this approach for
numerical purposes.

To avoid such problems, it is convenient to introduce a penalized version to the problem.
For any € > 0, we define the quadratic cost functional

1 1
FL(v) = // ‘v|2+/ Lr(o|g®)2, Vo € L3(w x (0,T)), (1.11)
2 ) Juxo1) 2e Jo
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that we wish to minimize onto the whole space L?(w x (0,T)).

The study of this optimization problem as a function of € makes possible to recover the
null controllability of the heat equation. Moreover, the penalization technique will play a
key role in the numerical results presented in Chapter 4.

For any ¢ > 0, the functional (1.11) has a unique minimizer on L?(w x (0,7)), denoted
as ve. This is due to the fact that F. is strictly convex, continuous and coercive. The
minimizer is characterized by the following Euler-Lagrange equation

-1 - -
J[ vt (L), Lo (@10) gy =0, ¥ € L2 x (0.7)).
wx(0,T) €

Using results of the Fenchel-Rockafellar theory (see, for instance, [26]), we can obtain
an associated dual problem. For any € > 0, we define the cost functional

1 €
L =5 [ leP S B+ [ 000, WTer@) (2
2 ) Juxo1) 2 Q

where ¢ is the solution to the adjoint system

—Pt — ASO = Oa in Qa
=0 on?, (1.13)
p(T) =¢", inQ

Again, from standard arguments of convex optimization, we have that J. has a unique
minimizer p! € L%(Q) for any ¢ > 0. In this case, the minimizer is characterized by the
equation

J[ ot e (1.0 ey + 0,000y =0, %67 € LX),
wx(0,T)
where we have denoted . as the solution to (1.4) with initial datum ¢!. We have the

following important result:

Proposition 13. For any ¢ > 0, the minimizers v- and o’ of the functionals F- and J.,
respectively, are related through the formulas

Ve = PeXw>

and
Lr(velyo) = y(T) = —ep? .

As a consequence, we have

inf F.=F =—J.(¢)=— inf ..
vGLQ(glx(O,T)) e = Fe(ve) (p:) c,oTEHiQ(Q) ‘
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We can express the null controllability of (1.3), for a given initial datum 3°, in terms
of the behavior of the penalized problem (1.11):

Theorem 14. System (1.3) is null controllable from the initial datum y° if and only if we
have

M? =2 inf )<+ 1.14

v b (UELQ(glx(O,T)) 5) > (1.14)

In this case, we have

||U5HL2(w><(O,T)) < M,
HLT(Ua|yO)HL2(Q) < Myov/e.

Moreover, we have ”’UO”LQ(MX(O’T)) = M;O and

UE—>UO as € — 0.

Remark 15. For €1 > e > 0 and v € L?(w x (0,7T)) we have that F.,(v) > F-, (v). Then,
it follows that the supremum with respect to € in (1.14) its in fact the limit when £ — 0 of
inf, F.

In the same way, by analyzing the penalized problems, we can prove a more standard
statement of the equivalence between observability and controllability.

Proposition 16. System (1.3) is null controllable for any y° € L*(Q) if and only if there
exists Cops > 0 such that

[o(O)122(0) < Coie // 0P, VT € L3(Q),
wx(0,7)

where ¢ 1is the solution to (1.4).

Remark 17. The proof of Proposition 16 is based on the analysis of the penalized HUM
functionals instead of the more general functional analysis results presented in Section 1.1.

1.4 Hierarchic control: a multi-objective optimization prob-
lem

Optimization problems arise in many applications of engineering and mathematics. Tradi-
tionally, such problems deal with a single objective: minimize cost, maximize benefit. When
studying more realistic and complex situations, it is desirable to include several different
(and even contradictory) control objectives. Therefore, the introduction of multi-objective
optimization is essential. Different notions of multi-objective problems were introduced in
economics and game theory, see [56], [57], [60]

To fix ideas in the context of PDE control, consider system (1.3) and let us introduce
the control point of view. We would like to choose v in order to achieve two different
objectives:
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1. null controllability, i.e., y(T') = 0, and

2. find the best control v such that y is “not too far from” a desired target yg.

As above, we can associate a cost functional for the first objective and design the control
v subject to the null control controllability constraint. On the other hand, consider the
quadratic cost functional

1 p
ne) =3 [[ el S [ (115)
04x(0,7) wx (0,T)

where 3 > 0 is a constant, Oy C €2 is a non empty open subset and yg € L?(Og x (0,T)) is
given. Then, the second control objective is to achieve the optimization problem
min Ja(v). (1.16)
vEL?(wx(0,T))
This classical optimal control problem has been thoroughly studied, see, for instance, [48,
63], and the references within. Since the functional .J is continuous, strictly convex and
coercive, there exists a unique element ¥ € L?(w x (0,T)) such that (1.16) holds.

It is clear that the control problems 1-2 are well posed and have a solution. Nevertheless,
it is not clear how to design the control v satisfying both control objectives. In fact, it is
impossible in general to choose the same v fulfilling the control problems 1-2.

We propose here to employ the concept of hierarchic control to address the multi-
objective problem. Originally introduced in [50, 51] by J.-L. Lions, this methodology uses
the notion of Stackelberg optimal control. In the framework of game theory, the Stackelberg
competition (see [60]) is a non-cooperative decision problem where one of the participants
enforce its strategy on the other participants. The enforcing player is called the leader
and the other players are called the followers.

According to the original work of Lions, to apply this idea we divide first the control
set w into two parts

w=wi; Uwe, up to a set of measure w,

where w; are open sets of Q and w; Nwe = 0. If x,, denotes the characteristic function of
w; and v* denotes the restriction of v to w; x (0,T"), then (1.3) becomes

Yt — Ay = vlxu, +0%Xw,, InQ,
y=0 on X, (1.17)
y(0) =4°, in Q.

For given v* € L?(w; x (0,T)), i = 1,2, system (1.17) admits a unique solution that we
denote as y(v!, v?) = y(x, t;v!, v?).
Following [51], we will design first the follower control v?. To this end, consider the
problem
given v! € L*(w; x (0,T)), find
min Jp(v!, v?)
v2

(1.18)
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1
net? =g ([ P [ e (119)
OdX(O,T) wQX(O,T)

and y is the solution to (1.17). Problem (1.18) admits a unique solution for each vl €
L?*(wy x (0,T)). Indeed, note that v! participates in the minimization problem by means
of the variable y, but it can be seen as a constant during the process. Therefore, we write
the solution as

where

v? = F(vh). (1.20)

2

In the second step, we replace v* as given in (1.20) and obtain

y(vt, F (o). (1.21)
Then, in a very natural fashion, we address the problem
find v! € L?(w; x (0,T)), which minimizes

1 1.22
Ji(vh) = = // [wt)?  subject to y(-, T;v", F(vh)) = 0. (122)
2 w1 x(0,T)

In this way, the Stackelberg problem we consider here is:
Step 1. Given v! (the leader), we choose v? (the follower) using (1.18)—(1.20).
Step 2. We choose the leader v! using (1.22).

Remark 18. The Stackelberg problem described above will be the basis for the problems
studied in Chapters 2 and 3. There, we will study hierarchic control problems for other more
general equations. Additionally, we are interested in changing the optimization problem
in step 1. Indeed, we are going to consider two generalizations for the classical optimal
control problem (1.15)—(1.16).

Remark 19. Step (1.20) is known as characterization and commonly involves identifying
the optimal point with a suitable adjoint system. Note that this characterization is then
substituted in (1.21) and needs to be considered in the optimization problem for the leader
control. This process involves additional difficulties to a classic null controllability problem.

1.5 Main contributions

In this section, we present a summary of the main results obtained during the realization of
this research. It is divided into two parts. In the first, we present new results on hierarchic
control for some linear and semilinear parabolic systems. In the second, we study the
insensitizing control problem from a numerical point of view.



22 1.5. MAIN CONTRIBUTIONS

1.5.1 Robust Stackelberg controllability for a semilinear heat equation

In Chapter 2, we are interested in controlling the semilinear heat equation

1.23
y=0 onX, y(x,0)=gyo(xr) inQ. (1.23)

{yt —Ay+ f(y) =hxw tvxo+¢ inQ,
where f € C? is a globally Lipschitz function such that f(0) = 0 and ¢ € L?(Q) is an
undesired perturbation disturbing the control objectives. Here, we have denoted h as the
leader and v as the follower.

Using the idea of hierarchic control described above, we want to get y(7') = 0 using
the minimal L?-norm control h and to “stay near” a desired state yq with the control v
but, unlike the case explained in Section 1.4, there is now a perturbation affecting the
performance of the system.

In the case where 1) = 0, this problem has been solved in [6]. In chapter 2, we will
combine the concept of hierarchic control with the concept of robust control appearing in
optimal control problems (see, for instance, [8, 9, 10]). As far as we know, the idea of
combining robustness with a Stackelberg strategy is new in literature.

To include the effect of the perturbation v in the hierarchic problem, we will change

the functional (1.19) to
s // v2dxdt—72/ | 2dadt | .
0x(0,T) Q

1 1
Jr(ha ¢7U) =5 // |y - yd‘dedt +5
2 J Joax(0,1) 2

where ¢, > 0 are constants and 34 € L?(O4 x (0,T)) is given.

Instead of only looking for the control v of minimal norm, we look also for the worst
possible disturbance ¢ € L%(Q). Given a leader control h, we look for an optimal pair
(v,%) such that

Jp(h,0,9) = i Jr(h,v,9) = inf J.(h,v,9).  (1.24
08 = sl oot Y T wBiH versiiomy T U2

In this way, we obtain the best control v which works in the presence of the worst distur-
bance 1. Once the pair (v,1) has been identified, we replace it in (1.23) and write

y(h,o(h), ¥ (h)).
Then, we solve the problem

find h € L*(w x (0,T)), which minimizes

// h|* subject to y(-,T;h,v(h),¢(h)) = (1.25)
OT)

We have the following result:
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Theorem 20. Assume that wN Og # 0 and N < 6. Let f € C? be a globally Lipschitz
function verifying f(0) = 0 and f” € L*(R). Then, there exist vy, ¢y and a positive
function p = p(t) blowing up at t = T such that for any v > o, £ > fo, yo € L*(2), and

any yq € L*(Q) verifying
I[Pl < oo, (1.26)
Od><(07T)

there exists a Stackelberg strategy (h,1),v) for the optimization problems (1.24)—(1.25)

Observe that in the problem (1.24), the optimization is carried out in the unbounded
set L2(0 x (0,T)) x L*(Q). From a practical point of view, it could be more interesting to
optimize over some convex, closed and bounded sets V4, ¥4 defining the sets of admissible
controls and admissible perturbations, respectively.

In this spirit, we get the following result:

Theorem 21. Let us assume that f(y) = ay for some a = a(x,t) € L>®(Q) and that
wNOgq # 0. Then, there exist vy, Lo and a positive function p = p(t) blowing up at t =T
such that for any v > v, £ > {o, yo € L*(Q), and yq € L*(O4 x (0,T)) verifying (1.26),
there exist a leader control h and a unique associated point (v,1)) € Vaq X Waq verifying the
optimization problems (1.24)—(1.25).

1.5.2 Stackelberg-Nash controllability for some parabolic systems

There are several papers considering multi-objective optimization in the context of control
of PDE (see, for instance, [6, 7, 41, 47, 50, 51]). Most of the previous works have one thing
in common: they deal with hierarchical control of a single equation. In the second chapter,
we are interested in developing a Stackelberg strategy where the system dynamics is given
by a non-scalar system of parabolic equations. These type of systems are particularly
studied in mathematical biology (c.f. [22, 24, 55]).

Let us consider

Y1t — Ayr + an1yr + a12y2 = hixe + v X, V%X, 0 Q,
Y2t — Ay + az1y1 + any2 = haxw in Q,

y;=0on X, j=1,2,

yj(x,0) =y (z) in Q, j=1,2,

(1.27)

where a;; = a;5(z,t) € L*(Q) and y? € L?(2) are given.
In system (3.1), y = (y1,y2)" is the state, v/ = v/(z,t) and h; = hj(z,t) are the follower
and leader control functions, respectively. We write h = (h1, h2)! to abridge the notation.
Note that we have increased the number of follower and leader controls. In this part,
we want that each follower control satisfies its own optimization criterium. That is, given
h € [L*(w x (0,7))]?, we look for a solution to the problem

~ min Ji(h, vt 0?), i=1,2, (1.28)
vieL?(w; x(0,T7))
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where

o . .
Jith, vty %) = o //o (lyr — vh.al® + ly2 — vh.al?) dadt
dx(0,T)

+ “// Wi 2dedt, i = 1,2,
2 JJwx(0,1)

with oy, pu; > 0 and y; 4 are given functions.
To solve simultaneously the optimization problems (1.28) it is necessary to define a
concept of solution.

(1.29)

Definition 22. Let h € [L*(w x (0,T))]? be given. The pair (v',9%) is called a Nash
equilibrium for (1.29) if

Ji(h, o', 5%) < Ji(h, o', 0%), Vol € L¥(w; x (0,7)),

1.30
Jo(h, o', 0%) < Jo(h, o', 0%), Vo? € L} (wy x (0,7)). (1.30)

Therefore, we look for conditions to ensure the existence of a unique Nash equilibrium

(9%, 9?%). If we can do that, we replace it in (1.27) to obtain

y(h, v (h), v2(h)).
Following the hierarchic methodology, we finally solve for the leader problem
find hy, he € L*(w x (0,T)), which minimizes
// Ihl\2 + |hal?) (1.31)
wx(0,T
subject to  y(-, T’ h o' (h),v*(h)) = 0.
We have the following result:

Theorem 23. Suppose that w N Oy # O and that p;, i = 1,2, are large enough. Then,
there exists a positive function p = p(t) blowing up at t = T such that for any y;‘-d €
L?(0g4 x (0,T)) satisfying

// Py P dadt < 400, 0,5 =1,2, (1.32)
04x(0,T) ’

and any y° € L*(Q)?, there exists a Stackelberg-Nash strategy (hi, ho,v',v%) for the opti-
mization problems (1.28) and (1.31).

One of the most challenging problems when dealing with non-scalar systems is to control
many equations with few controls. Observe that we obtained the null controllability of
(1.27) by means of two leader controls.
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In the pure controllability framework, i.e., when v! = v? = 0, M. Gonzélez-Burgos and
L. de Teresa (see [37]) proved that (1.27) is null controllable when hg = 0 if the coefficient
ao satisfies a sign condition (see eq. (1.34)). We expected to use this condition to prove
that Theorem 23 is also valid if ho = 0. However, it was not possible for the follower
functionals defined as (1.29).

In Chapter 3, we will prove that penalizing the action of the followers, we can eliminate
the action of the leader control hs. Consider the modified follower functionals

(67 7 )
Ji(h, vt v?) = 5 // (Jyr — yl,d|2 + |y2 — yg,d|2) dxdt
OdX(O,T)

+ Hi // p2lvPdadt, i = 1,2,
2 ) Jwixo,1)

where p, = p.(t) is a suitable weight function to be clarified. In this case, we have the
following;:

(1.33)

Theorem 24. Suppose that OgNw # 0, pi, i = 1,2, are large enough and assume hy = 0.
If

as1 > ap>0 or —ag >ayp>0 in(OzNw)x(0,7), (1.34)

then there exists a positive function p = p(t) blowing up at t = T such that if (1.32)
holds, then for any y° € L*(Q)? there exists a Stackelberg-Nash strategy (hy,v',v%) for the
functionals given by (1.33).

1.5.3 Insensitizing controls for the semi-discrete heat equation

In the second part of this thesis, we study the insensitizing control problem. This problem,
originally introduced by Lions [49] reads a follows.
Let us consider
Yy — Ay ={+vxe in@Q,
y=0 on, (1.35)

y(x,0) = yo(x) + 77

where ¢ € L?(Q) is a given source term and v = v(x,t) is the control. We suppose that the
initial condition is partially known, that is, yo is a known approximate value to y(-,0) and
77 is an unknown error affecting this approximation. Here ¢ is a function in L?(Q2) with
norm equal to 1 and 7 € R is small.

The question arising in the insensitizing control problem is that if there exists a control
v such that we can obtain measurements that are independent of the initial condition.
More precisely, let O C ) be a non-empty set and consider the functional

1
U(y(x, t;7,0)) = 2//@ o ly(z, t; 7, 0)? (1.36)
X0,
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where y(+,-;7,v) is the solution to (1.35) associated to 7 and v. The problem of insen-
sitizing the functional ¥ is to find a control v such that the energy of the system in the
observation set O is locally insensitive to the small perturbations 74. In other words,

Definition 25. We say that the control v insensitizes the functional ¥ given by (1.36) if

8‘1’(2}(,,7’,2})) _ 2 _
UL =0 e @), il =1

In [12] it was proved that the control v insensitizes ¥ if and only if v solves the non-
standard null controllability problem

yr — Ay =&+ vxw inQ,
y=0 on X,

y(x,0) = yo(x) in £,
—q —Ag=yxo inQ,
qg=0 onX,

q(z,T)=0 inQ,

q(z,0) =0 1in Q.
The insensitizing control problem has been studied for a wide variety of systems and from
different perspectives, see, for instance, [12, 13, 14, 21, 40, 43, 62].
In this thesis, we are interested in studying this problem from a numerical point of
view. We consider the 1-D semi-discrete system

Oyn + Ay = Lo + &, in Q= (0,L) x (0,7),
yp=0 on X ={0,L} x (0,7), (1.37)
yn(0) = yno + Twpo in (0,L).

Here A™ is the discrete approximation of A := —9? for a mesh O with step size h. As

in the continuous case, the insensitizing problem is equivalent to steer g(0) to 0 where
(yn, qn) is the solution to

Oryn + Ay = Lovp + & in Q,

—Okqn + AT gy = 19y, in Q,

Yyh =qr =0 on X,

yn(0) =99, q(T)=0 in (0,L).
By means of discrete Carleman inequalities, we are going to study controllability prop-

erties for (1.38). In fact, we will see that we can build a semi-discrete control vy, such
that

(1.38)

141(0)| 22 < Ce™ M€l 12 (en0) (1.39)
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where L?(ey) is a weighted space to be clarified. This means that we will reach a target
with size depending on the discretization step h.

On the other hand, following the ideas of [15], we will use the penalized HUM method-
ology to connect the penalization term of a suitable cost functional to the discretization
step h. In this way, we will be able to compute numerical approximations of insensitizing
controls for (1.38) verifying (1.39). Several experiments regarding well-known insensitizing
results in the continuous case are discussed in Chapter 4.
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Part 1

On hierarchic control problems for
parabolic equations
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Chapter 2

Robust Stackelberg controllability
for a semilinear heat equation

2.1 Introduction

Let Q@ ¢ RNV, N > 1 be a bounded open set with boundary 9Q € C?. For T > 0, we
denote @ = Q x (0,7) and ¥ = 9Q x (0,T). Let w and O be nonempty subsets of Q with
wN O = (0. We consider the semilinear heat equation

{yt—Aerf(y) =hxw toxo+¢ inQ, (2.1)

y=0 onX, y(z,0)=yo(x) in Q.

where f is a globally Lipschitz-continuous function, yo € L?(f2) is a given initial datum
and ¢ € L?(Q) is an unknown perturbation.

In (2.1), y = y(z,t) is the state and h = h(z,t), v = v(x,t) are two different control
functions acting on the system through w and O, respectively.

We want to choose the controls v and h in order to achieve two different optimal
objectives:

1. solve for the “best” control v such that y is “not too far” from a desired target yq
which is effective even in the presence of the “worst” disturbance v, and

2. find the minimal L?-norm control h such that y(-,7) = 0.

The first problem, introduced in [9] for the linearized Navier-Stokes system, looks for
a control such that a cost functional achieves its minimum for the worst disturbance.
Solving for such control is a way of achieving system robustness: a control which works
even in the presence of the worst disturbance i will also be robust to a class of other
possible perturbations. This approach is useful in physical systems in which unpredictable
disturbances are common.

31
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The second problem is a classical null controllability problem. It has been thoroughly
studied in the recent years for a wide variety of systems described by partial differential
equations, see for instance [30].

When dealing with multi-objective optimization problems, a concept of a solution needs
to be clarified. There are different equilibrium concepts (see [56, 57, 60]) which determine
a strategy leading to choice good controls. In the framework of control of PDEs, there are
several works applying successfully these strategies, see [7, 36, 41, 47, 50, 51].

Here, we use the so-called hierarchic control introduced by Lions in [51] to achieve
the desired goals. This technique uses the notion of Stackelberg optimization. Below, we
will explain both the robust control and the null controllability problem and then how
we will apply the hierarchic control methodology to solve the multi-objective optimization
problem.

2.1.1 The control problem

Let O4 C Q be an open set representing an observation domain. Let us introduce the cost

functional
2 // v|?dzdt — ~* // ]w[dedt]
0x(0,1) Q

1 1
Jr<wav;h) = // ’y_yd‘dedt—i_* .
2 ) Jogx01) 2
(2.2)

where £,y > 0 are constants and yg € L%(Og x (0,7T)) is given. This functional describes
the robust control problem. We seek to simultaneously maximize J, with respect to ¥
and minimize it with respect to v, while maintaining the state y “close enough” to a
desired target yg in Og x (0,7). Note that the functional (2.2) generalizes some classical
optimization problems (see, for instance, [48, 63]).

As explained in [10], one can intuitively consider the problem as a game between a
designer looking for the best control v and a malevolent disturbance 1 spoiling the control
objective. The parameter ¢? may be interpreted as the price of the control to the designer:
the limit £ — oo corresponds to a prohibitively expensive control and results in v — 0 in the
minimization with respect to v. On the other hand, the parameter 42 may be interpreted
as the magnitude of the perturbation that the problem can afford. The v — oo limit results
in ¥ — 0 in the maximization with respect to .

The robust control problem is considered to be solved when a saddle point (,1)) is
reached. As we will see further, for v > ~y and £ > £y, where 7, £y are some critical values,
we obtain the existence and uniqueness of the saddle point.

The second problem we aim to solve is to find the minimal norm control satisfying a
null controllability constraint. More precisely, we look for a control h € L*(w x (0,T))
minimizing

J(h) = 1// |h|?dzdt subject to y(-,T) = 0. (2.3)
2 wx (0,T)

It is well-known that for nonlinear terms f satisfying a global Lipschitz condition, the
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semilinear heat equation is null controllable (see, for instance, [30, 32, 33]). The proof
combines an observability inequality for a suitable adjoint linear system and a fixed point
technique. We will use a similar argument to deduce the null controllability within the
hierarchic control framework.

Now, we are in position to describe the hierarchic control strategy to solve the opti-
mization problems associated to the cost functionals (2.2) and (2.3). According to the
formulation originally introduced by H. von Stackelberg [60], we denote h as the leader
control and v as the follower control.

First we assume that the state is well defined in function of the controls, the perturba-
tion and the initial condition, that is, there exists y = y(h,v,%) uniquely determined by
h, v, ¥, and yg. Then, the hierarchic control method follows two steps:

1. The follower v assumes that the leader h has made a choice, that is, given h €
L?(w x (0,T)) we look for an optimal pair (v,) such that is a saddle point to (2.2).
Formally defined:

Definition 26. Let h € L?(w x (0, 7)) be fived. The control v € Vo4, the disturbance
Y € Wyq and the associated state § = §(h,v,1) solution to (2.1) are said to solve
the robust control problem when a saddle point (1,0) of the cost functional (2.2) is
achieved, that is

Jr (0,05 h) < Jp (0,5 h) < Jp(v, 43 h),  V(v,1) € Vag X Uaq. (2.4)

Here, V,q and V.q are non-empty, closed, conver, and bounded or unbounded sets
defining the set of admissible controls and perturbations, respectively.

Under certain conditions, we will see that there exists a unique pair (7,%) and 7 =
g(h,v,1) satisfying (2.4).

2. Once the saddle point has been identified for each leader control i, we look for an
optimal control h such that

J(h) = min J (h) (2.5)
subject to
Remark 27. e Asin [51], we use the hierarchic control strategy to reduce the original

multi-objective optimization problem to solving the mono-objective problems (2.4)
and (2.5)—(2.6). However, in the second minimization problem the optimal strategy
of the follower is fixed and its characterization needs to be considered. Indeed, the
follower anticipates the leader’s strategy and reacts optimally to its action, then if
the leader wants to optimize its objective it has to take into account the optimal
response of the follower.
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e Here, we use the fact that w N O = (). Observe that, in practice, the leader control
cannot decide explicitly what to do at the points in the domain of the followers.
Indeed, if this assumption is not true, once the leader has been chosen, the follower
is modifying the leader at those points.

2.1.2 Main results
The first result concerning the robust hierarchic control is the following one:

Theorem 28. Assume that wNOg # 0 and N < 6. Let f € C*(R) be a globally Lipschitz
function verifying f(0) = 0 and f” € L*(R). Then, there exist vy, ¢y and a positive
function p = p(t) blowing up at t = T such that for any v > o, £ > fo, yo € L*(2), and
any yq € L*(Og x (0,T)) verifying

/ / Plyal® < +oo, (2.7)
O,i><(07T)

there exist a leader control h and a unique associated saddle point (v,v) such that the
corresponding solution to (2.1) satisfies (2.6).

As usual in the robust control problems, the assumption on v means that the possible
disturbances spoiling the control objectives must have moderate L?-norms. Indeed, if this
condition is not met we cannot prove the existence of the saddle point (34). On the other
hand, the assumption on the target y; means that it approaches 0 as ¢t — 1. This is a
common feature in some null controllability problems (see, for instance, [61, 6]).

Within this framework, we are also interested in proving a hierarchic result when the
follower control v and the perturbation ¢ belong to some bounded sets. To this end, let
Fy, and Fy be two non-empty, closed intervals such that 0 € E;. We define the set of
admissible controls by

Voa = {v € L*(0 x (0,T)) : v(z,t) € Ey for ae. (,t) € O x (0,T)}, (2.8)
and the set of admissible perturbations by

Vo = {¥ € L*(Q) : ¢(,t) € B, for ae. (z,t) € Q}. (2.9)

Defined in this way, the sets V,q and V¥,4 are non-empty, closed, convex, bounded sets of
L?(0 x (0,7)) and L?(Q), respectively.

We will carry out the optimization problem in the set V.4 x V.4 and restrict ourselves
to the linear case. The controllability result is the following:

Theorem 29. Let us assume that f(y) = ay for some a = a(x,t) € L>®(Q) and that
wNOq # 0. Then, there exist vo, Lo and a positive function p = p(t) blowing up at t =T
such that for any v > 0, £ > Lo, yo € L*(), and any yq € L*(Og x (0,T)) verifying (2.7),
there exist a leader control h and a unique associated saddle point (0,%) € Vg X Waq such
that the corresponding solution to (2.1) satisfies (2.6).
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The above theorem allows us to consider more practical situations. In real-life applica-
tions, we may desire to constrain the controls due to the maximum and minimum limits of
the actuators. On the other hand, we would like to take into consideration the perturba-
tions affecting the system from a family of functions a priori known, without the necessity
to look for the optimal performance over a large set of disturbances.

The rest of the chapter is organized as follows. In section 2.2, we study the correspond-
ing part to the robust control problem. In fact, we will see that provided a sufficiently large
value of 7, there exists an optimal pair (7,) that can be chosen for any leader control.
Then, in section 3, once the follower strategy has been fixed, we proceed to obtain the
leader control h verifying the null controllability problem. We devote section 2.5 to prove
Theorem 29.

2.2 The robust control problem

2.2.1 Existence of the saddle point

We devote this section to solve the minimization problem concerning the robust control
problem. To do this, we will follow the spirit of [10]. Here, we present results needed to
prove the existence and uniqueness of the saddle point, as well as its characterization. In
this stage, we assume that the leader has made a choice h, so we will keep it fixed all along
this section.

It is well-known (see, for instance, [45]) that for a globally Lipschitz function f and any
Yo € L*(Q), any (h,v) € L*(w x (0,T)) x L*(O x (0,T)) and any v € L*(Q), system (2.1)
admits a unique weak solution y € W(0,T), where

W(0,7) := {y € L*(0,T; Hy(Q), yr € L*(0,T: H'(Q)) } .
Moreover, y satisfies an estimate of the form

lyllwo,r < C (lvollrz) + 12l L2@wx 0,y + 10l L2ox01) + 1¥l22(@)) » (2.10)

where C' > 0 does not depend on 9, h, v nor yo. If, in addition, yo € H} (), then (2.1)
admits a unique solution y € W22 ’I(Q), where

W5 Q) == {y € L*(0,T; H*(Q) N Hy (), ye € L*(0,T; L*()) } .

Remark 30. In order to obtain a solution to (2.1) it is sufficient to consider a locally
Lipschitz function f. Moreover, if f satisfies a particular growth at infinity, system (2.1)
is null controllable in the classical sense, see [32]. At this level, the assumptions on f in
Theorem 28 are too strong. However, they will be essential for the differentiability results
for the functional (2.2).

The main goal of this section is to proof the existence of a solution (7,) to the robust
control problem of Definition 26. The result is based on the following:
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Proposition 31. Let J be a functional defined on X x Y, where X and Y are convex,
closed, non-empty, unbounded sets. If

1. Yv e X, 1p— J(v,) is concave and upper semicontinuous,
2.V eY, v J(v,) is convex and lower semicontinuous,
3. Fvg € X such that limjy), o0 J (v0,7) = —00,

4. o €Y such that limjy| o0 J (v, %0) = +00,

then J possesses at least one saddle point (v,%)) and

J(0,1) = gggztelg J(v,) = max inf J(v, ).

The proof can be found on [26, Prop. 2.2, p. 173]. We intend to apply Proposition
31 to the functional (2.2) with X = L?(0 x (0,7)) and Y = L?(Q). In order to establish
conditions 1-4 for our problem, we need to study first the differentiability of the solution
to (2.1) with respect to the data. We have the following results:

Lemma 32. Let f be as in Theorem 28 and h € L*(wx (0,T)) be given. Then, the operator
G : (v,9) — y solution to (2.1) is continuously Fréchet differentiable from L*(O x (0,T)) x
L3(Q) — W22’1(Q) The directional derivate in every direction (v',) is given by

G'(v,9) (v, ) = w (2.11)

where w s the solution to the linear system

{wt —Aw+ f'(y)w =v'x0 + ¥, inQ,

_ (2.12)
w=0 onX, w(z0)=0 inQ,

with y = G(v,1) solution to (2.1).

Proof. We derive in a straightforward manner the first derivative of the operator G and its
characterization. The arguments used here are by now classic, see for instance [29], [58].

Given (v/,%') € L*(O x (0,T)) x L?(Q) and 7 € (0,1), we will prove the Fréchet-
differentiability of G by showing the convergence of w™ — w as 7 — 0 where w” =
(y" —y)/7 for 7 £ 0, with y = y(h,v,v), y™ = y(h,v + 70,9 + 7¢’) and w is the solution
to the linear problem (2.12). From a simple computation we obtain that w7 satisfies

{%—AW+iU@U—ﬂwFWXwH% in Q,

_ (2.13)
w'=0 on¥%, w(zx,00=0 inf.

Since f is continuously differentiable, we can use the mean value theorem to deduce
that

7@t = (F7) ~ f) = £ (214
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where g7 = y—0-(y" —y) with 6, € (0,1). Replacing (2.14) in (2.13) and then multiplying
by w™ in L?(Q), it is not difficult to see

lw™ ()29 + IVl 20,0130 < C (V| 200322000 + 11l 22)) -
Vit € [0,T], V7 e (0,1).
Hence, the sequence {w7} is bounded in C([0,T]; L*(Q)) N L?(0,T; HZ (). Taking into

account the above estimate, together with (2.13), (2.14) and since f is globally Lipschitz,
we conclude that there exists a positive constant C' independent of 7, v" and v’ such that

lw™ lwo,ry < C (10l 20.7522(0)) + 19l L2(0)) » V7 € (0,1).

On the other hand, w™ can be viewed as the solution of an initial boundary-value problem
with right-hand side term § := v'xo + 1’ — ¢" and zero initial datum. Thus, from classical
energy estimates,

||wT||W2271(Q) < CH.&HLQ(Q)v VT € (07 1))
for some constant C' independent of 7, v' and ¢’. In view of the expression of ¢” and from

the the global Lipschitz property of f, we deduce the existence of a positive constant still
denoted by C, independent of 7, v" and v, such that

HwTng’l(Q) < C (10l 20.1522(0)) + 1Yl L2()) » V7 € (0,1).
Since the space W22 1(Q) is reflexive, we have that (extracting a subsequence)
w” = w weakly in W22’1(Q), (2.15)

as 7 — 0, for some element w. Now, from the continuity of y with respect to the data
(see Eq. (2.10)), and combining (2.15) with the fact that W' (Q) C L2(Q) with compact
imbedding, we get

g — f'(y)yw in L*(Q). (2.16)
Taking the weak limit in (2.13) and using (2.16) is not difficult to see that @ is solution to
(2.12). On the other hand, since W22’1(Q) C L?(0,T; H}(Q)) with compact imbedding, we
have that the convergence is strong in this space. O

Lemma 33. Under assumptions of Lemma 32. The operator G : (v,v) — y solution to
(2.1) is twice continuously Fréchet differentiable from L*(O x (0,T)) x L*(Q) — W(0,T).
Moreover, the second derivative of G at (v,1)) is given by the expression

G" (v, 9)[(v1,91), (v, 2)] = 2 (2.17)
where z is the unique weak solution to the problem

{Zt —Az+ f'(y)z = —f"(y)wiwe in Q,

: (2.18)
z=0 onX, z(z,0)=0 inQ.

with y = G(v,v) solution to (2.1), and where w; is the solution to (2.12) in the direction
(vi, ¥i).
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Proof. We follow will the arguments of [63] and use the implicit function theorem to deduce
that G is twice continuously Fréchet differentiable. We rewrite system (2.1) as follows:

y = Go(v,v — f(y)) + Go(h,yo) (2.19)

where Gg € L(L*(Ox(0,T))xL*(Q); W(0,T)) and Go € L(L*(wx(0,T))xL*(Q2); W(0,T)).
More specifically, we rewrite y as
Y=+ (2.20)

where y; and yo are solution to

yie—Ayr=wvxo+¢ - fly) inQ Yo — Ay2 = hxo inQ
y1=0 onX, y(r,00=0 inQ y2=0 on X, y(z,0)=yo in Q.

Equivalently, we express equation (2.19) in the form

0= Yy — GQ(U)QZ) - f(y)) + GOZ/O = F(y,Uﬂ/J)-

In this way, F is twice continuously Fréchet differentiable from L?(O x (0,T)) x L*(Q) x
L*(Q) into W(0,T). Indeed, Gg and Gy are continuous linear mappings and the operator
y — f(y) is twice continuously Fréchet differentiable.

On the other hand, the derivative 0, F(y,v, ) is surjective. In fact,

8@/F(y7 v, ¢) =w

is equivalent to

=9+ Go0, —f'(v)y).
Setting ( = ¥ — w and using the definition of the mapping Gg, we have that the above
equation is equivalent to the problem

{ct ~AC=f'(y)CH flly)w in Q,

(=0 onX%, ((z,00=0 in Q. (2:21)

Thanks to the assumptions on f, for every w € L?(Q), system (2.21) has a unique solution
¢ € W(0,T). Hence, by the implicit function theorem, the equation F(y,v,v) = 0 has
a unique solution y = y(v,1) in some open neighborhood of any arbitrarily chosen point
(y,v,7). Moreover, the implicit function theorem yields that G inherits the smoothness
properties of F', therefore GG is twice continuously Fréchet differentiable.

To obtain the characterization of the second derivate, we note from (2.19) that

Y= G(Uﬂﬁ) = GQ(Ua P — f(G(Uv ¢))) + Goyo-

Then, differentiating on both sides of the above equation with respect to (v,%) in the
direction (v, 1), we get

G/(Uﬂﬁ)(vlﬂ/}l) = _GQ(f/(G(va))[G/(Uvw)(vhwl)]) + GQ(Ulvdjl)'
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Repeating the process in the direction (ve,1s) yields

G”(Ua w)[(vla w1)7 (U27 ¢2)} == GQ {fI/(G(Ua ¢)) (GI(Ua ¢)(U17 ¢1)) (G/(Uv 1/})(”27 ¢2))
—|—f/(G('l), ¢))G”(’U, ¢) [(Ulv w1)7 (1)27 ¢2)]} .

Setting y = G(”ﬂb)a Wy = Gl(”ﬂ/’)(”iﬂ/ﬁ) and z = G”(Ua %Z))[(Ul»ﬂ)l)’ (UQ’ qu)Z)] in the previ-
ous equation, we obtain that

z=—Go {f"(y)wiws + f'(y)z} .

Therefore, from the definition of G, we conclude that z is solution to (2.18). O

With Lemmas 32 and 33, we are ready to proof one of the main result of this section:

Proposition 34. Under assumptions of Lemma 32. Let yo € L*(Q) and h € L*(wx (0,T))
be given. Then, for v and € sufficiently large, there exists a saddle point (v,v) € L?(0 x
(0,7)) x L*(Q) and y = y(h,v,%) such that

Jr(0,050) < Jo(0,45h) < Jp(v,955h), Y(v,9) € L2(0 x (0,T)) x L*(Q).

Proof. In order to prove the existence of the saddle point (v,) we will verify conditions
1-4 from Proposition 31.

Condition 1. By Lemma 32, and since the norm is lower semicontinuous, the map
¥ +— J(v,1)) is upper semicontinuous. To check the concavity, we will show that

S(r) = Jr (v, + T9) (2.22)

is concave with respect to 7 near 7 = 0, that is, §”(0) < 0. Using the notation previously
introduced, we set y := G(v,1¢+71¢’). In view of the results of Lemmas 32 and 33, we have
that G(7) is a composition of twice differentiable maps. Then it can be readily verified that

G = [[ (G0 7)) 6w+ 70,0 e
g% (0,T)
— 2 / / (v + 7¢') o/ dadt.
Q
A further differentiation with respect to 7 yields

5 (r) = / /o oy (O ) ) G0 ) (0.0, 0,40

(2.23)
’ / / 2d dt — ~2 "2 dpdt.
*//odx(o,ﬂ‘G(“’“TWO’W vt 7//QI¢I vt
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We define ¢ := G(v, v +7¢')(0,¢') and y" := G (v, ¢ +7¢")[(0,"), (0,")] which, accord-
ing to Lemmas 32 and 33, are solution to

yi— Ay + [y =4¢" inQ, (2.24)
yY=0 onX, ¥(x,00=0 inQ, '
yil - Ay” + f/(y>y// = _fll(y)’yl‘Q in Q7 (2 25)
y" =0 onX, ¢"(x,00=0 in Q. '

Then, we rewrite (2.23) as

§"(r) = // (y — yaq)y"dxdt + // |y |Pdadt — ~* // |/ |?dzdt.  (2.26)
0ax(0,T) 0qx(0,1) Q

Now, we will see that for sufficiently large ~ the last term in the above equation dominates
and thus §”(0) < 0 for (v,9) € L%(0 x (0,T)) x L*(Q).

We begin by estimating the second term. Thanks to the assumptions on f, there exists
L > 0 be such that |f'(s)| + |f"(s)| < L, Vs € R. Since the linear system (2.24) has a
unique solution ¢’ € W(0,T) for any 9’ € L?(Q), we can obtain

// ly/[2dxdt < Cy // | |2dadt. (2.27)
04x(0,T) Q

for some Cy > 0 only depending on 2, Og4, L and T
To compute the first term, we need an estimate for y”. We multiply (2.25) by 3" in
L?(Q) and integrate by parts, whence

1d
2dt/ Iy”l2dﬂc+/ IVy”\Qd:vz—/ f’(y)ly”l2dﬂ:—/f”(y)!y’l2y”
Q Q Q Q

< / 2 + L / Wia
Q Q

and using Gronwall’s and Poincare’s inequality, we obtain

//Q |y |Pdadt < C//Q ly/ |2y |dadt. (2.28)

Applying Hélder inequality in the above expression yields

//Q |y”]2dxdt < CHy/Hiw’(Q,T;qu’(Q))||3/””LP(0,T;L<I(Q)); (2.29)

where 1/p+1/p' =1 and 1/q+ 1/¢ = 1. To bound the right-hand side of the previous
inequality, the idea is to find p and ¢ such that

y" € LP(0,T; LY(Y), o € L¥*(0,T;L*7 (Q)).
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First, recall that y’ is more regular than W (0,7). In fact, from classical results (see,
for instance, [27, 52]) we have that y' € L?(0,T; H*(2)) N L>=(0,T; H}(Q)) with y, €
L?(0,T; L?(£2)). Moreover, we have the estimate

19"l oo (0.7 11202y + 19 N 20200y + 19el 220 m22(02)) < ClYI22()- (2.30)

In view of (2.30), it is reasonable to look for conditions such that the following embedding
holds
L2(0,T; H*()) N L>=(0,T; HY (Q)) — L (0,T; L*7 (Q)). (2.31)

Let X and Y be Banach spaces. From well-known interpolation results (see, for in-
stance, [59]), we have
1 1-6 0

LPo(0,T; X)) N LPY(0,T;Y) — LP%(0,T; B), — = + —, (2.32)
Do Po p1

with 0 < # < 1 and where B is the intermediate space of class 6 (with respect to X and
Y'), that is, B is the space verifying

gl < Cllgllx’lglls-, VgeXnY, 0<6<1,

for some C.
From (2.31) and (2.32), we deduce that

1
I 2.
2 2 (2.33)
On the other hand, from classical Sobolev embedding results, we have
H2(Q) < L¥3(Q), (2.34)
HY(Q) — LY (Q). (2.35)

for some maximal N to be determined. Then, the space qu/(Q) is an intermediate space
with respect to (2.34) and (2.35) if

L _ (V=19 (N-2)(1-0)

o 0<f<1. 2.36
2% N oN 0 "7 (2.36)

Setting p’ to a fixed value such that § € (0,1) and replacing (2.33) into (2.36), we obtain

’ p/N

TN -2 250

q

and from (2.33) and (2.37), we deduce that

p=p/(p'—1) and q=p'N/(2p' +2). (2.38)
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Thus, from (2.31), (2.29) and estimate (2.30), we get

/ /Q " Pdadt < O 2 Iy ll1v 0,100

It remains to verify that L?(0,T; L?(Q2)) — LP(0,T; L(2)). From (2.38), it is not difficult
to see that this is true if p < 2,q < 2, that is, if 2 < p’ and N < 4(p' + 1)/p’. Setting
p' =2, we get N <6 and thus the estimate

9"l L20,1:02(2)) < CZHWH%?(Q)- (2.39)
Putting together (2.26), (2.27) and (2.39) yields

§"(0) < (Co+ 1 =P 32y VW' € L3(Q), ¥/ #0.

Therefore, for v large enough we have §”(0) < 0 and therefore ¢ — J(v,v) is strictly
concave.

Condition 2. By Lemma 32, and since the norm is lower semicontinuous, the map
v — J(v,1) is lower semicontinuous. In order to show convexity, it is sufficient to prove
that

S(1) = J(v+T70,9)

is convex with respect to 7 near 7 = 0, that is, §”(0) > 0. Arguing as above, we obtain

§'(r) = // (y — ya)y" dxdt + // |y |2dxdt + £ // |v|2dzdt.  (2.40)
04x(0,T) 04x(0,T) wx (0,T)

where we have denoted vy = G(v + 7¢',¢)(v,0) and ¢y’ = G"(v + 7', ¢)[(¢/,0), (v/,0)].
Note that estimates for 3’ and y” can be obtained in the same way as in the proof of
Condition 1 by putting v’ instead of ¢’ in (2.24)—(2.25). Then, it is not difficult to see that

§"(0) > (7 = Co = CV) Il F20x 0y, V0 € L*(0 % (0,T)), v #0.

Thus, under the assumption that ¢ is large enough, v — J(v, ) is strictly convex.
Condition 3. Taking v = 0 and using formulas (2.19)—-(2.20) for y = y(0,v) we obtain

2
D N T e e R
04x(0,T) Q

2
Y
< —?WH%Z(Q) +Cll9ll72(q) + Cs:

where Cj is a positive constant only depending on ¥y, h and 4. Hence, for a sufficiently
large value of ~, condition 3 holds.
Condition 4. Taking ¢» =0 in (2.2) we get

52
o)z g [ joPdedt
2 JJoxom)

and condition 4 follows immediately. This ends the proof of Proposition 34.
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2.2.2 Characterization of the saddle point

The existence of a saddle point (9,1) for the functional J, implies that

aJ, - o, -
S (P =0 and FEE.5) =0, (2.41)

so our task is to find such expressions. Indeed, is not difficult to see that

0Jy

<8U(v,1/)) (v1,0 ) //de(OT Y — yq)wydzdt + 02 //OX o vurdzdt (2.42)
0Jy

(8711 X ) //(DdX(OT ¥~ ya)wydrdt = / pradeds (2.43)

where w, and w, are the directional derivatives of y solution to (2.1) in the directions
(v1,0) and (0,1)), respectively. To determine the solution of the robust control, we define
the adjoint state to system (2.12)

2.44
g=0 onX, ¢zT)=0 inQ. (244)

{_Qt —Aq+ f'(y)a = (y — ya)xo, inQ,
We have the following result:

Lemma 35. Let y = y(h,v,¢) € W(0,T) be the solution to (2.1). Let w be the solution
to (2.12) with (v1,¢1) € LQ(O x (0,T)) x L3(Q) and q be the solution to (2.44). Then

// (y — yg)w dxdt = // quidxdt + // qyndxdt. (2.45)
04x(0,T) 0x(0,T) Q

Proof. We multiply (2.44) by w in L?(Q) and integrate by parts, more precisely

//Q(y — Ya)Xo,qdxdt = //Q (—qt — Aq + f'(y)q) wdzdt
- /qu dx‘OT + //Qq (w; — Aw + f'(y)w) dadt.

Upon substituting the initial data for ¢ and w and the right-hand side of (2.12) in the
above equation, we obtain (2.45). O

Replacing (2.45) in (2.42), with ¢; = 0 and taking an arbitrary v; € L%(O x (0,T)) we
get

<8Jr (v, ), (1)1,0)> = // quidzdt + 0 // vurdzdt, Vv, € L*(0 x (0,T)).
v 0x(0,T) 0x(0,T)
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In particular, we deduce

O v.0) = (g + Po)lo. (2.46)

Analogously, from (2.45) and (2.43) with v; = 0 and ¢; € L?(Q) as arbitrary we have

(%Z(uw),(o,wl)) ://qu1dxdt—’}’2//62¢¢1d$dt7 Vi1 € L*(Q).

whence 9J
r 2
— =q-— . 247
g (W) =a-7Y (2.47)
Proposition 36. Let h € L?(w x (0,T)) and yo € L*(Q) be given. Let (v,v) be a solution
to the robust control problem in Definition 26. Then

1 - 1
U= —€—2q|o and 1) = Wq (2.48)

where q is found from the solution (y,q) to the coupled system

ye— Ay + f(y) = hxw — paxo + ¢ i Q,

—gs — / (0 _ .
@ — Aq+ f'(y)g = (y — ya)Xo, in Q, (2.49)

y=q=0 on X,

y(z,0) = yo(x), qz,T)=0 in Q.

which admits a unique solution for sufficiently large v and £.

Proof. The existence of the solution to the robust control problem is ensured by Proposition
34 provided the parameters v and £ are large enough. A necessary condition for (,1) to
be a saddle point of J, is given in (2.41), therefore from (2.46) and (2.47) we conclude that
(2.48)—(2.49) holds.

To check uniqueness assume that (7,4)) and (7,1)) are two different saddle points in
L?*(w x (0,T)) x L*(Q). Then, from the strict convexity and strict concavity proved in
Proposition 34, we have

3(0,9) < 3(v,9) <3(v,).
On the other hand, - - -
I, ¢) <d(®,4) <3(0,7).

These lead to a contradiction, and therefore the saddle point (7,) is unique. O

Summarizing, what we found in this section is that given a leader control h, there exists
a unique solution to the robust control problem stated in Definition 26. Moreover, it is
characterized by the coupled system (2.49). However, this characterization added a second
equation coupled to the original system, so we need to take into account system (2.49) to
obtain a solution to the leader’s minimization problem (see Remark 27).
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2.3 The null controllability problem: the observability in-
equality

Once the optimal strategy for the follower control has been chosen (see Section 2.2.2), the
next step in the hierarchic methodology is to obtain an optimal control A such that

J(h) = mgn J(h) subject to y(-,T)=0. (2.50)

where y can be found from the solution (y, ¢) to (2.49). We start by proving an observability
inequality for the adjoint system to the linearized version of (2.49)

—pt — Ap + ap = Oxo, in @,

—_1 1 i
Oy — A0+ b = —hoxo + 59 inQ, (2.51)
0=0=0 on X,

o(z,T) = T (z), 6(x,0)=0 in Q,

where a,c € L*(Q) and ¢! € L%*(Q). Such inequality will be the main tool to conclude
the proof of Theorem 28.
The main result of this section is the following one:

Proposition 37. Assume that wNO4 # O and that v and ¢ are large enough. There exist
a positive constant C only depending on Q, w, O, O4, ||a]lcc; ||¢||co, and T, and a weight
function p = p(t) blowing up at t = T only depending on Q, w, O4, ||a|lco, ||¢|lcc and T
such that, for any o1 € L%(Q), the solution (p,0) to (2.51) satisfies

/|<p(0)\2da:+// p2\9]2dxdt§0// || dadt. (2.52)
Q Q wx(0,T)

We postpone the proof of this result until the end of this section. The main tool to
prove Proposition 37 is a well-known Carleman inequality for linear parabolic systems.

First, let us introduce several weight functions that will be useful in the reminder of this
section. We introduce a special function whose existence is guaranteed by the following
result [33, Lemma 1.1].

Lemma 38. Let B CC Q be a nonempty open subset. Then, there exists n° € C%(Q) such
that

n(z) >0 allx e, n°laq =0,

V0| >0 for all x € Q\B.

For A > 0 a parameter, we introduce the weight functions

eAMClloe — A(2n°lloo+n°(2)) A 2ln°lloo+n° ()

alw,t) = HT — 1) @) = 7y

(2.53)
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For m € R and a parameter s > 0, we will use the following notation to abridge estimates:
Im(S, A;Z) . // e—25a($€)m—2Am—1’vz‘2 + // 6—2304(Ss)m)\m—&-l‘21,’27
Q Q

I 3(s, \; 2) = / / e (sE) AT 22,
Bx(0,1)

First, we state a Carleman estimate, due to [42], for solutions to the heat equation:

(2.54)

Lemma 39. Let B CC ) be a nonempty open subset. For any m € R, there exist positive
constants Sm, Am, and Cp, such that, for any s > spm, X > A\, F € L*(Q) and every
20 € L3(Q), the solution z to

z—Az=F m Q,

z=0 on X,

2(x,0) = 2%(x) in Q,
satisfies

(s, )i 2) < Con <Im3(s,x;z) + / / 6_25“(3A£)m_3|F|2da:dt) | (2.55)
Q

Furthermore, C,, only depends on w, B and m and s, can be taken of the form s, =
om(T + T?) where o,, only depends on w, B and m.

Remark 40. Note that by changing ¢ for T'—¢, Lemma 39 remains valid for linear backward
in time systems. Therefore, we can apply it interchangeably in what follows.

The observability inequality (2.52) is consequence of a global Carleman inequality and
some energy estimates. We present below a Carleman inequality for the solutions to system
(2.51):

Proposition 41. Under assumptions of Proposition 37. There exist positive constants
constant C' and oo such that the solution (p,0) to (2.51) satisfies

Is(s, \;0) + I3(s, A;0) < C// e 2505T 8T |2 (2.56)
wx(0,T)
for any s > sy = oo(T + T? + T2(HaHgé3 + HCH%S + |la — cHéé2)), any A > C and every

oT e L2(Q).

Proof. Hereinafter C' will denote a generic positive constant that may change from line to
line. We start by applying Carleman inequality (2.55) to each equation in system (2.51)
with m =3, B =w CC wp:=wnN O, and add them up, hence

13(8, )\7 SO) + 13(87 )‘a 9)

§C<hM&M@+hM®M®+//6%ﬂwmﬁhﬁ
Q

+[éa%ﬂ—émm+éwﬁ+[ée%wﬂﬁ¢ﬁ+[éa%ﬂﬂéwﬁ.
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Taking the parameter s large enough we can absorb some of the lower order terms in the
right-hand side of the above expression. More precisely, there exists a constant o7 > 0,
such that

I3(S7 A; QD) + -[3(5’ A; 9)

<C <I3,w’(8>)‘§ @) + I (s, 0) + //Q e > 0xo,” + //Q e 3 — Loxo + jzso!2>

is valid for every
s 251 = o(T+ 1%+ T*(|all 2’ + [|e| 7)) (2.57)

Then, taking the parameter \ large enough we get

Is(s, A\ 0) + I3(s, A, 0) < C (I&w/(s, X @) + I3 (s, A 9)) i (2.58)

for every s > s1 and A > C.
The next step is to eliminate the local term on the right hand side corresponding to 6.
We will reason out as in [37] and [61]. We consider a function ¢ € C§°(RY) verifying:

0<(<1inQ, (=1 inw, suppl C wp, (2.59)
AC 00 VC 00 N
<1/2 € L*(Q), s e L>®(Q)". (2.60)

Such function exists. It is sufficient to take ¢ = ¢* with ¢ € C§°(Q) veryfing (2.59).

Let s > s; with s; given in (2.57). We define u := e~ 2**s3)\*¢3.  Multiplying the
equation satisﬁed by ¢ in (2.51) by u(6, integrating by parts over @) and taking into
account that u(z,0) vanishes in {2 we obtain

// uc|f|? X0, = // a—ccp@u{—{—// w@(@tu—// WA (ul)
2 [[ v ops 5 [ lpptuc (261)

=0+ I+ I3+ 1y + Is.

Let us estimate each I;, 1 < i < 4, we keep the last term as it is. From Hoélder and Young
inequalities, we readily obtain

n- [ /Q (a-etuc <1 [ /Q wClo + 35-la = el [ /Q ol (262)

for any §; > 0. Observe that
|0u| < 3s3A1E2¢e7 25 4 253 \1E3e 7255y,
< CTS3>\4£4 —2sa + CTS4)\4£5€—2504’
< CTs*Nighe™?
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where we have used that a; < CT§2. Then, we can estimate

L) < / / llollawl¢ < CT / / SN2 o] 0]
Q Q
2
<6 / / wclo? + E / / SANETe 250 o2
Q o2 JJq

<5 [ /Q wlop+ 5 | /Q STAIET 20 o 2 (2.63)

for any do > 0, where we have used in the last line that s > o7
In order to estimate I3, we compute first

A (e720NAERC) = A (e 2PNIEY) ¢ + ACe 2P NIED 4 2V (e 20PN VC (2.64)
and

|A (6—250453)\453) | < C€—2sa85)\6§5’ (2.65)
|V (67280483)\453) ’ < 067230484)\5647 (266)

where the above inequalities follow from the fact that
v = —9i& = —CAOm°E < CAE.

Then, from (2.64)—(2.66) and using (2.60), we obtain
Bl<C [[eloeesngc e [[ ploee it
Q Q
+C// ‘80"9‘67230484)\5&461/2.
Q

Using Hoélder and Young inequalities and (2.59) yield

C —a8x
Bl <6 ([ uger+ © [ e
Q 3 J Jwox(0,7)

+C// 628a53>\4§3’¢|2_’_c// 672$a85)\6§5|(p|2
03 J Jwox(0,7) 03 J Juox(0,7)

for some 83 > 0. Note that £~! < OT?/4, then, for any v, € N with v > u we have
(S = sMEVEhT < CsMe¥ (T /4)~ 1) < Cs7¢”, (2.67)

since s > CT?. Hence,

C
|I3] < 53// uC|* + 5 // e 25T X8ET ]2 (2.68)
Q 3 wo x(0,T)
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Using (2.60), (2.66) and (2.67), we estimate I as
11 <0 [[ e (SALT8lelc? + 5N Vollolc)
Q

< E// e ANV + ¢ // e 25T \BET | |2 (2.69)
Q € JJwox(0,T)
for e > 0.

Setting 6; = 1/6, 1 < i < 3, and ¢ = % with C' the constant in (2.58), and upon
substituting estimates (2.62)-(2.63) and (2.68)—(2.69) in (2.61), we obtain

J[ emmsxigppro,<c [ e fla— st Nl + AP
Q on(O,T)

1 —2sa 2 2 1 —2sa ;314 ¢3 2
+2C//Qe S)\f‘ve+’}’2//cg€ PN ol

Thus, in view of (2.58)-(2.59) and (2.70), we obtain

(2.70)

// 6725& (SA2§]V¢]2+33)\4§3]¢>|2) +// 672804 (8)\2§|v0|2+83)\4€3|0|2)
Q Q

SCHCL _ cHgo// 6725a83>\4€3‘90|2 +C// 6723a57>\8§7’¢|2
wo X (O,T) wo X (O,T)

C —Z80
+2// e 2 33)\453’Q0|2-
v Q

Taking s > CT?||la — cHééQ, the above inequality now reads

// 672801 (SAQS\V¢]2+53)\4§3]¢|2) +// 672804 (S>\2§|v9|2+83)\4£3|0|2)
Q Q

o (2.71)
SC// 62SQS7A8§7|QD|2+2// 67250483)\453“0‘2.
wo x (0,T) Y Q
for every s > so with
sy = 0o(T + T2 + T?(||a|2L* + ||cl|2? + [la — cl[3?)). (2.72)

for some o9 only depending on €2, w and Og4.

Observe that the last term in (2.71) has the same power of s, A and £ as in the
corresponding term on the left-hand side. Thus, provided = is large enough, we can absorb
it into the right-hand side. Finally, since wy C w, we obtain the desired inequality (2.56).
Therefore the proof is complete. O
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Now, we are going to improve inequality (2.56) in the sense that the weight functions
do not vanish at t = 0. First, let us consider the function

(o) = {T2/4 for 0<t<T/2
tT —t) for T/2<t<T,
and the functions
e’ lloo — ACIN° oo +n° () A 2l7° [loo+1°(2))
B*(t) = max S(z,t), ¢*(t) = min¢(,1).
z€Q e

With these definitions, we have the following:

Proposition 42. Let s and A as in Proposition 53 and €,~ be large enough.Then there
exists a positive constant C' depending on Q, w, wq, s, A, ||a]|co; ||c]lco and T such that

1O 22 // 290" ()3 ot + //Q 29" ()3 0|2 dad
< C'// e 2P ¢7|p|?dxdt,
wx(0,T)

for any @ € L?(2), where (p,0) is the associated solution to (2.51).

(2.73)

Proof. The proof is standard and relies on several well-known arguments [31]. First, by
construction o =  and £ = ¢ in Q x (T//2,T), hence

T T
/ /625a§3|(p2+/ /e2sa€3|0|2
T/2J0 T/2JQ
T T
:/ /6_256¢3’g0|2—|—/ /6_286¢3|92.
T/2JQ T/2JQ

Therefore, from (2.56) and the definition of § and  we obtain

T T
[ [emaeps [ [ersgppec [[ e (2.74)
T/2J0 T/2J0 wx(0,T)

On the other hand, for the domain Q x (0,7/2), we will use energy estimates for system
(2.51). In fact, let us introduce a function n € C1([0,T]) such that

n=1in[0,7/2], n=0in [3T/4,T], |7 (t)|<C/T.

Using classical energy estimates for ¢ solution to the first equation of system (2.51) we
obtain

1
IO+ el mnyan < © (7ol mmmnaaan + 19000 myauen ) -
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From the definition of 7, Poincaré inequality and adding HHH%Q(O 7/2:12(qy)) O both sides
of the previous inequality we have

O Z2() + el Z2(0/2:02()) + 1017207722200

) ) ) (2.75)
<C (||%0|‘L2<T/2,3T/4;L2<9>) O (72,37 4,0200)) + ||9”L2<0,T/2;L2<n>)> :
In order to eliminate the term H9||%2(0 T/5L2() in the right hand side, we use standard
energy estimates for the second equation in (2.51), thus

Hhun® = e L1 5 /o)

< min{v“,l”“}//QMQ' (2.76)

Replacing (2.76) in (2.75) and since v and ¢ are large enough we obtain

le(O) 720y HlellT20,7/2,2209) + 101200721200 (2.77)
<c (HSD||%2(T/2,3T/4;L2(Q)) + ||9H%2(T/2,3T/4;L2(Q))> :

Using (2.74) to estimate the terms in the right hand side of (2.77) and taking into
account that the weight functions are bounded in [0,37"/4] we have the estimate

IO / / 25043 pf? + / / e 2053
=¢ (//wX(QT) 6_28%7@‘2) .

This estimate, together with (2.74), and the definitions of ¢* and * yield the desired
inequality (2.73). O

Proof of Proposition 37. The observability inequality (2.52) follows immediately from Propo-
sition 42. Indeed, let us set s = sy as in (2.72) and define p(t) = e*?". Thus p(t) is a
non-decreasing strictly positive function blowing up at ¢ = 7' that depends on €, w, Oy,
la]|oo, ||¢]loo and T', but can be chosen independently of O, ¢ and 7.
We obtain energy estimates with this new function for 8 solution to the second equation
of (2.51). More precisely

1 1
// p~ 202 dxdt < C 4// p 2| Pdadt + 4// p 2| Pdzdt
g ¢ J Joxq.m)
< C// p 2 lelPdat
Q

Since e72%%¢7 < C for all (z,t) € Q and noting that the right hand side of the previous
inequality is comparable to the left hand side of inequality (2.73) up to a multiplicative
constant, we obtain (2.52). This concludes the proof of Proposition 37. O
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2.4 Proof of Theorem 28

In this section, we will end the proof of Theorem 28. We have already determined an
optimal strategy for the follower control (see Proposition 36). It remains to obtain an
strategy for the leader control h such that (y, q) solution to (2.49) verifies y(71") = 0.

The proof is inspired by well-known results on the controllability of nonlinear systems
(see, for instance, [65, 61, 14, 28]) where controllability properties for linear problems and
suitable fixed point arguments are the main ingredients.

Proof of Theorem 28. We start by proving the existence of a leader control & for a linearized
version of (2.49). In fact, for given a,c € L=(Q), yo € L*(Q) and yq € L*(O4 x (0,T)), we
consider the linear system

ye— Dy +ay =hxe — paxo + ¢ nQ,

—qt — Aq+cq = (y — ya)Xxo, in Q, 2.78)
y=q=0 on X,
y(z,0) = yo(x), q(x,T)=0 in Q.

and the corresponding adjoint system (2.51). Then, the following result holds

Proposition 43. Assume that w N Oy # 0. Let C and p as in Proposition 37. For any
e >0, any yo € L*(Q), and any yq € L*(Og x (0,T)) such that

// P |lyaldzdt < +oo
Q

there exists a leader control he € L*(w x (0,T)) such that the associated solution (ye,q.) to
(2.78) satisfies
lye(D)lz20) <€ (2.79)

Moreover, the controls {h:}eo are uniformly bounded in L?(w x (0,T)), namely
1Pell L2 s oy < VC (ol 2y + lovallreg) » Ve > 0. (2.80)

Proof. The proof is by now well-known. For the sake of completeness, we sketch some of
the steps. For any fixed € > 0, consider

1
F. (T = // \(p\Qda;dt—i-EHgoTHLz(Q) —i—/ Yo (0)dx — // Oyq dxdt, (2.81)
2 ) Juxom) Q 04%(0,T)

where (¢, 6) is the solution to (2.51) with initial datum ¢! € L?(Q). It can be verified that
(2.81) is continuous and strictly convex. From Holder and Young inequalities and using
the observability inequality (2.52) is not difficult to see that

1
sz [ R e (I L ey B
wx (0,
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hence (2.81) is also coercive. Consequently, F. reaches its minimum at a unique point
ol € L*(Q). When ¢! # 0, the optimality condition can be computed, that is

o7
// pep dxdt + ( ; ,¢T>
wx(0,T) ”905 ” L2(Q)

+ / yop(0)dz — / / yaf dedt =0, Vo' € L*(Q),
Q 0gx(0,T)

(2.82)

where (¢, 0.) is the solution to (2.51) with initial condition . Set h. = @.X., then
(Ye, g=) solution to (2.78) associated to this control verifies (2.79). To conclude, observe
that setting ¢! = ! in (2.82) and using the observability inequality (2.52) yields estimate
(2.80). O

Now, we will apply a fixed point argument to prove an approximate controllability
result for the nonlinear system (2.49). For a given globally Lipschitz function f € C?(R)
verifying f(0) = 0, we can write

f(s)=g(s)s, VseR,

where g : R — R is a continuous function defined by

1
ols) = /0 ['(os) do.

The continuity of f and f’ and the density of C2°(Q) in L?(Q) allow to see that g(z) and
f'(2) belong to L>(Q) for every z € L?(Q).

For each z € L?(Q), let us consider the linear system (2.78) with a = a, = g(z) and
¢ = ¢, = f'(2). Thanks to the hypothesis on f, there exists M such that

lazlloos lle:lloo < M, ¥z € L2(Q). (2.83)

In view of Proposition (43), for any given & > 0 there exists a leader control h, € L*(w x
(0, 7)) such that the solution (y.,q.) to (2.78) corresponding to a., ¢, satisfies

(Tl z2(0) < e

Moreover, we have the estimate (uniform with respect to ¢ and z)

Hh2HL2(w><(O,T)) < \E(HyOHB(Q + prdHL2(Q))7 Vz € LQ(Q)a (2.84)

where C only depends on €2, Oy, O, M and T and p only depends on €, Oy, M and T
We consider the mapping A : L?(Q) — L?(Q) defined by Az = y, with (y.,q.) the solu-

tion to (2.78) associated to the potentials a., ¢, and the control h, provided by Proposition

43. By means of the Schauder fixed point theorem, we will deduce that A possesses at least
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one fixed point. It can be proved that if ¢ and «y are large enough then (2.78) has a unique
solution y, € W(0,T) veryfing

ly=llwomr) < C 1+ 11l L2@wx(0.1)) (2.85)

where C only depends on ©, O, O4, v, ¢, K, 3o, yqg and T. In view of (2.83)—(2.85),
we deduce that A maps L?(Q) into a bounded set of W (0,7). This space is compacty
embbeded in L?(Q), therefore it exists a fixed compact set K such that

AML*(Q)) € K.
It can be readily verified that A is also a continuous map from L2?(Q) into L?(Q).

Therefore, we can use Schauder fixed point theorem to ensure that A has at least one fixed
point y = y., where (y.,¢-) together with the control h. = h,,_ solve

Yert — AYe + 9(Ye)ye = heXew — Z%QEXO + %q‘s in Q,

~Get + Age + f'()ge = (Y — ya)Xo, i @, (2.86)
Ye=¢- =0 on %,
ye(z,0) = o(x), ge(2,T) =0 in €2,

verifying (2.79).

To conclude the proof of Theorem 28, we will pass to the limit in (2.86) and (2.79).
Thanks to (2.84), the control h. is uniformly bounded in L?(w x (0, 7). Since (2.83) holds,
the solution (y., g-) lies in a bounded set of W (0,T) x W (0,T) and therefore in a compact
set of L2(Q) x L?(Q). Then, up to a subsequence, we have

he = h weakly in L*(w x (0,7)),

(¥e,¢e) = (y.0) in L*(Q) x L*(Q),
y-(T) = y(T) in L*Q),

for some h € L?(w x (0,T)) and some (y,q) € W(0,T) x W(0,T). Due to the continuity
of g, we can pass to the limit in (2.86), thus (y, ¢) solves (2.49) with leader control h and
initial datum yo. Moreover, passing to the limit in (2.79) we conclude that y(-,7) = 0.
Therefore the proof is complete. O

2.5 Proof of Theorem 29

In the previous sections, we proved the existence of a robust Stackelberg control for a non-
linear system when (v, ) € L%(O x (0,T)) x L*(Q). Here, we will follow the arguments to
show that a similar result can be obtained when the follower control v and the perturbation
1 belong to the bounded sets (2.8)—(2.9), respectively.
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As stated in the theorem, we consider the linear system
Yo — Ay +ay = hxw +oxo +¢ inQ, (2.87)
y=0 onX, y(x,0)=yo(xr) in . ‘

where a € L®(Q) and gy € L?(Q) is given.
It is clear that for given yo € L?(Q), any h € L?(w x (0,7T)) and each (v, 1)) € Vg x ¥aq,
system (2.87) admits a unique solution y € C([0,7T]; L?(2)) N L?(0,T; Hg (2)).

As before, we begin by proving the existence of a saddle point (v,1)) for the cost
functional (2.2). The following result will give us conditions to determine its existence:

Proposition 44 (Prop. 2.1, p. 171, [26]). Let J be a functional defined on X x'Y, where
X andY are convex, closed, non-empty, bounded sets. If

1. Yv € X, ¢ J(v,1) is concave and upper semicontinous,
2.V eY, v J(v,1) is convex and lower semicontinous,

then J possesses at least one saddle point (v,v) and

d(0,9) = gg)rgzlég J(v, 1) = max inf J(v,1)).

We will apply Proposition 31 to (2.2) with X = Vg and Y = ¥,4. In fact, verifying
the conditions 1-2 will be easier than in the nonlinear case. Recall that in the first part of
the hierarchic control the leader control h is fixed. First, we have the following;:

Lemma 45. Let h € L*(w x (0,T)) and yo € L?(2) be given. The mapping (v,1))
y(v, 1)) from Vg x Vg into L2(0,T; HY(2)) is affine, continuous, and has Gateau derivative
y'(V', ") in every direction (v',1)') € L*(O x (0,T)) x L*(Q). Moreover, the derivative
y' (v, ") solves the linear system

. (2.88)
y=0 onX, ¢(x,00=0 inQ.

{yé — Ay +ay =v'xo +¢" inQ,
Proof. The fact that (v,) — y(v,v) is affine and continuous follows from the linearity of
(2.87) and well-known energy estimates for the heat equation. In the same way, thanks to
linearity, the existence of the Gateau derivative and its characterization can be obtained
by letting A tends to 0 in the expression 3 := (y(v + A/, ¢ + M) — y(v,¥)) /. O

With this lemma, we are in position to check conditions 1-2 of Proposition 44. This
will give the existence of at most one saddle point of functional (2.2).

Proposition 46. Let yg € L?>(Q) and h € L?(w x (0,T)) be given. Then, for v sufficiently
large, we have that
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1. Y € Wyq, v Jp(v,1) is strictly convex lower semicontinuous,
2. Yv € Vya, ¥ — Jr(v,7) is strictly concave upper semicontinuous.

Proof. Condition 1. Thanks to Lemma 45, the map v — J,(v, ) is lower semicontinuous.
Since v — y(v, 1)) is linear, the strict convexity of J, can be readily verified.

Condition 2. Also, by Lemma 45, the map 1 — J.(v,1)) is upper semicontinuous. To
prove the concavity, we will argue as in the nonlinear case. To this end, consider

9(7—) = JT(U, Y+ TT//)-

Then, it is sufficient to prove that §(7) is concave with respect to 7. We compute

5= [ T w7 / /Q (6 + 9,

where ¢’ is solution to (2.88) with v/ = 0. It is clear that ' is independent of 7, hence

5= [[ oWt [

From classical energy estimates for the heat equation, we obtain

§"(1) < =(v’ = ON¥' |72 VW' € LP(Q),

where C'is a positive constant only depending €2, Oy, ||a||cc and T". Then, for a sufficiently
large value ~y, we have §”(7) < 0, V7 € R. Thus, the function § is strictly concave, and the
strict concavity of i +— J,.(v, 1)) follows immediately. This concludes the proof. O

Combining the statements of Propositions 44 and 46, we are able to deduce the existence
of at most one saddle point (7, 1,5) € Vaa X Y4q. Unlike the nonlinear case, the solution
(9,%) to the robust control problem may not necessarily satisfy (2.41), unless it is located
in the interior of the domain V.4 x ¥ ,q4.

To characterize in this case the solution to the control problem, we use the fact that if

(v,) is a saddle point of J, then
Jr(0,9) < (1= N0+ M, 9), Yo € Vyq,

or equivalently
0< Jo(0+ Av—10)) = Jo(0,%), Yo E Vg

Dividing by A and taking the limit as A — 0, we obtain from the above expression

0< // (y —ya)§ + £ // v(v —0), (2.89)
04%(0,T) Ox(0,T)
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where y is the solution to (2.87) evaluated in (7,) and ¢ stands for the directional deriva-
tive (2.88) in the direction (v—v,0). We introduce the adjoint state ¢ solution to the linear
system

{_Qt —Aq+aq=(y—ya)xo, inQ, (2.90)

g=0 onX, ¢z,T)=0 inQ.

Multiplying (2.90) by § and integrating by parts in L?(Q), it is not difficult to see that we
can rewrite (2.89) as

og// (q+20) (v —0), Yo € Vgq.
0x(0,T)

Also, from the properties of the saddle point (v,1)), we have

‘]7”(777 (1 - )‘)i + Mﬁ) < 3(6a J))? V’lﬁ € \Ilad-

Arguing as above, we deduce that

//OdX(O’T) (y —ya)g — 7 //oxm,T) (¥ — ) <0, (2.91)

where y is the solution to (2. Z) evaluated in (v,1)) and § denotes the directional derivative
(2.88) in the direction (0, —1). If we multiply (2.90) by 7 and integrate by parts in L?(Q),
we can rewrite (2.91) as

//Q<q 2R — D) <0, Vi € Ty

In this way, we have that (o,1)) satisfies the robust control problem (2.4) if (y,p,,)
satisfies the following optimality system:

—Ay+ay=hy, +0xo+¢ inQ,

—qt — Aq+aq = (y — ya)xo, in @, (2.92)
y=q=0 onX, y(z,0)=yo(x), q(z,T)=0 1inQ,
U €Vad, b E Vaq, (2.93)
/ / (g +20) (0 —5) >0, Vo e Vo, (2.94)
0x(0,T)
/ / =)W =) S0, V€ Uy, (2.95)

From the hierarchic control methodology, the next step is obtain a leader control A such
that y solution to the coupled system (2.92) satisfies y(T') = 0. The idea is to apply the
results from Section 2.4. We follow the spirit of [6].
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First, note that v satisfying the variational inequality (2.95) can be written as the
projection onto the convex set ¥4, that is,

b =1y, (7%Q> :
The same is true for (2.94). In this case, we have

v = Hvad (_g%q,o) .

In view of this, the optimality system (2.92)—(2.95) now reads

Yo — Ay +ay = hyxw + y,, (= zdlo)xo + v, (59) nQ,
—a — A = (y — i
q — Aq+aq=(y—ya)xo, inQ, (2.96)
y=q=0 onX,
y(x,0) = yo(x), q¢(z,T) =0 in Q,

As in the semilinear case, we will analyze the null controllability of (2.96) by means of a
fixed point method. To do this, note that for every z € L?(Q), Ily,, can be expressed in
the form Iy _,(2) = p(z)z where the function p(z) is defined as

1, if z(z,t) € Ey
p(z) = .
Mg, (2)/z, otherwise.

for a.e. (z,t) € Q. Here, Ilg, denotes the projection of R onto the interval Es.
Defined in this way, 2z — p(z) is continuous on L?(Q) and ||p(2)|ls < 1, Vz € L*(Q).

Analogously, we can define a function o such that Ily , can be expressed in the form
Ily,, = o(2)z for every z € L?(0 x (0,T)).

Therefore, the controllability problem is now to find h € L?(w x (0,T)) such that the
solution to

e — Ay +ay = hxw — 6(a0) paxo + plg)5zq in Q,

—qt —Aq+aq = (y —ya)xo, inQ, (2.97)
y=q=0 onX,

y(:I:?O) = yO(x)a Q(va) =0 in Qa

verifies y(7')=0. In system (2.97), 6(q) stands for 6(¢) = O'(,Y%th)) while p(gq) denotes
p(q) = p(v%q). We will establish the null controllability for (2.97) arguing as in section 2.4.
For each G € L?(Q), let us consider the linear system

ye — Ay +ay = hxw — 6(Q) maxo + p(G)5zq in Q,

—q —Agq+aq=(y — ya)xo, inQ, (2.98)
y=q=0 onX,

y(.’E,O) :y0($>, Q(.Z',T) =0 in.
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In this case, adapting the arguments in Section 2.3, is not difficult to obtain an observability
inequality (see Eq. 2.52) for the solutions to the adjoint system

—pt — Ay 4 ap = bxo, in @,
b~ A0+ ab = —L5(Dexo + ide i Q,
p=0=0 on X,
o(x,T) = pT(z), 6(x,0)=0 in Q.

_ With this new observability estimate and following Section 2.4, we can build a control
h associated to each § € L?(Q) such that

19(T) 20 <e, (2.99)

where we have denoted by 7 the first component of (g, ¢) solution to (2.98) with this control.
Moreover, the control h satisfies

WNZHL2(w><(O,T)) <C, (2.100)

for some C' > 0 that can be chosen independently of v and £.

Thanks to (2.100), the controlled solution (g, q) is uniformly bounded in W (0,T) x
W(0,T). Therefore, we can deduce that the mapping ¢ — ¢ has at least one fixed point.
The rest of the proof follows as in Section 2.4.
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Chapter 3

Stackelberg-Nash controllability
for linear parabolic coupled
systems

3.1 Introduction

Let © be an open and bounded domain of R with boundary 9Q of class C? and w be
an open and nonempty subset of 2. Given T' > 0, we consider the following system of
coupled parabolic PDEs with leader control localized in w and follower controls localized
in wy,ws C Q with w; Nw = (). More precisely

Y1t — Ayr +anyr + a12y2 = hixw + v xw, + 02w, in Q = Q x (0,T),
Y2t — Ay + az1y1 + any2 = hax, in Q,

yj =0o0on X =00 x (0,7), j=1,2,

yj(x,0) = y)(z) in Q, j=1,2,

(3.1)

where a;; = a;j(x,t) € L*=(Q) and y;-) € L%(Q) are given.

In system (3.1), y = (y1,y2)" is the state, v/ = v/ (x,t) and h; = h;(z,t) are the fol-
lower and leader control functions, respectively, while x,, and x., denote the characteristic
functions of w and w;.

Observe that for each h; € L?(w x (0,T)), v; € L*(w; x (0,T)), and yjo € L*(Q), j =
1,2, system (3.1) admits a unique weak solution y € [C ([0, T]; L*(2)) N L? (0, T; Hg(2))]?,
hereinafter denoted as

y = y(x,t; hy, ha, vt v?).

In the case where only a (leader) control is exerted on w, there exist several papers
devoted to the controllability of non-scalar parabolic systems, see for instance [1], [2], [39],
or [4] for a recent survey on the controllability of coupled parabolic problems. In particular,
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in [37] the authors proved that system (3.1) is null controllable whenever a single control
is applied in the first equation of the coupled system, as long as as; has a fixed sign on an
open subset of w. Indeed, when dealing with the null controllability of system (3.1), it is
not necessary to apply a second control hy to obtain y;(7T") = y2(T") = 0.

Now, we introduce the control point of view where we assume that we have a hierarchy
in our wishes and we will describe the Stackelberg-Nash strategy for system (3.1). Let
01,4024 C € be open subsets, representing the observation domains of the followers,
which are localized arbitrarily in €. Define the functionals

Ji(h17h2,7jl,’(}2) = ?l // ‘yl - yi,dp + ‘y2 - yad’Zdl‘dt
03,ax (0,1)

+ “Z// i Pdedt, i =1,2,
2 JJuwix0,1)
and the main functional

1 1
J(hi,hg) = = |h1 |Pdadt 4 = |ho|?dxdt, (3.3)
2 ) Jux 1) 2 ) Juxo1)

where o, y1; > 0 are constants and y, = (yid, yéﬂd)lt is a given function in L?(01 4% (0,T)) X
L*(Og9,4 x (0,T)).

The main objective is to choose h = (h1, ho)! minimizing J subject to the null control-
lability constraint

(3.2)

y(-, T;hy, ho, vl 0?) =0 in Q. (3.4)

The second objective is the following. Given the functions h and yj, we want to choose
the control v* minimizing J;. Intuitively, this is that throughout the interval t € (0,7)
y(x,t; hy, ha,v) “do not deviate much” from y5(z,t), (3.5)
in the observability domain O; 4.
To achieve simultaneously (3.4) and (3.5), the control process can be described as
follows:

e For a fixed leader control h = (hy,ho)!, find controls (v',%?) (depending on h) and
the corresponding state solution y = y(h1, ho,v',7%) to (3.1) satisfying the Nash
equilibrium related to the functionals (.Jy,.J2). That is, given h, find (7',7?) such
that

or equivalently

Ji (h, o', %) = min.Jy (h,v',7%), (3.6)
Ja (h,fl,v ) = min Jo (h,vl,UQ) (3.7)
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Any pair (v!,9?) satisfying (3.6)-(3.7) is called a Nash equilibrium for (Ji,.J2).
Thanks to the linearity of system (3.1), J; and Jy are strictly convex functionals.
Then (v',9?) is a Nash equilibrium with respect to (Ji, Jo) if and only if

<g£(h,vl,v2),vl> =0 Yole L*w x(0,7)), (3.8)
0J2 0 1 oy o 2 _ 72
W(h,v ,0°),0° | =0 Yo € L*(wy x (0,7)). (3.9)

e After identifying the Nash equilibrium and the associated state y = y(h, vt(h),v%(h))
for each h = (hy, hg)t, we look for an optimal control h such that

J(h1, ho) = min J (s, ha, @' (h), 7 (h)) (3.10)
1,12

subject to the restriction

y(-, Ty hi, ha, 7 (h),5%(R)) =0 in Q. (3.11)

3.1.1 Main results

Within this spirit, the main contributions of this chapter can be stated as follows. Assume
that
01,04 = 02,4, (3.12)

denoted in the following sections as Q4. Our first result is the following:
Theorem 47. Suppose that (3.12) holds and that p;, i = 1,2, are large enough. Then,

there exists a positive function p = p(t) blowing up at t = T such that for any yzl €
[L2(0g4 x (0,T))]? satisfying

/ / Pyl dadt < 00, 0,5 =1,2, (3.13)
odX(O,T)

and any y° € L*(Q)2, there exists a control h = (hi,hs) € [L*(w x (0,T))]? and the
corresponding Nash equilibrium (o', 9%) such that the solution of (3.1) satisfies (3.11).

When dealing with the controllability of non-scalar parabolic systems, one of the main
questions is if it is possible to control many equations with few controls. There are various
positive answers in the context of controllability problems (see [4] for a survey on this
topic). Therefore, in the case of hierarchic control, it is natural to ask if we can remove
the action of one of the leader controls.

To this purpose, consider the modified follower functionals

Ji(h,v' v?) = 5 // Y1 — Y14
de(O,T)

+ “Z// p2|vi|Bdzdt, i = 1,2,
2 JJuwix0,1)

>+ ly2 — yh gl dedt
(3.14)
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where p. = p«(t) is a suitable weight function to be clarified below. We will prove that by
introducing this new function penalizing the action of the followers, we can eliminate the
action of the leader control hy. More precisely, we have the following:

Theorem 48. Suppose that (3.12) holds, u;, i = 1,2, are large enough and assume hg = 0.
If
a1 > ag >0 or —asg >ag>0 in (Od ﬁw) X (O,T), (3.15)

there exists a positive function p = p(t) blowing up at t =T such that if (3.13) holds, then
for any y° € L?(2)? there exists a Stackelberg-Nash strategy (hy,v',v%) for the functionals
given by (3.3) and (3.14), with hy subject to y1(T) = y2(T") = 0.

Remark 49. Some remarks are in order.

e The hierarchical control is largely motivated by applications where more than one
objective is desirable in the behavior of the system under study. For instance, if
y = y(z,t) represents the concentration of a chemical product, the methodology is
to reach the state 0 by means of a control h acting on w, but at the same time try
to keep the concentration near a reasonable quantity in Oy along the time interval
(0,T) by means of control v.

e Just as in [6], the condition py;i?d € L%*(Q) seems natural and it means that the
follower objectives y; 4 approach 0 as ¢ — T'. This is because the leader control h
should not find any obstruction to control the system. It remains an open problem
to verify if this condition is necessary, even in the scalar case.

e Equation (3.15) is exactly the sign condition employed on [37] to prove the null
controllability of (3.39) when a single control is applied. Moreover, such condition
can be applied repeatedly to study the null controllability for non-scalar parabolic
problems in cascade form, see [37].

e It remains as an open problem, in [6] and here, to eliminate the condition Oy 4 = Og 4.
Intuitively it should be more difficult to drive the solution close to two different
objectives in the same subset than close to two different ones in different subsets.

e Unlike other papers as [41] (in the scalar case) or [7] (in the coupled case), we are
supposing that the follower controls are being applied in some sets w; disjoint of the
leader set w. This leads to a more realistic situation, because otherwise once the
followers choose a policy, the leader modifies its behavior at the same points.

The rest of the chapter is organized as follows. We devote sections 3.2 and 3.3 to prove
Theorem 47. In the first one, we give sufficient conditions for the existence and uniqueness
of Nash equilibrium, as well as its characterization, while in the second, we prove that the
leader controls solve the problem of null controllability. In section 3.4, we prove Theorem
48. Lastly, we present some concluding remarks in section 3.5.
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3.2 Nash equilibrium

3.2.1 Existence and uniqueness

In this section, we recall an existence and uniqueness result concerning the Nash equilibrium

in the sense of (3.8)—(3.9) (see, for instance, [25]). We follow the same spirit as in [41] to

present the result. Here, no hypotheses are required regarding the control sets w; and w or

the observation sets O; 4, so we keep the notation from the problem formulation.
Consider the functionals given by (3.2) and define the functional spaces

H; = L*(w; x (0,T)), i=1,2,
H= f}’fl X j‘fg.

as well as the operator
A; € L(H;, L*(Q)?)  defined as A’ = 3/,
where y' = (y¢,y4)! is solution of

Yie — Ayl + any) + a12ys = v'xw, in Q,
Yo — Ayy + a1y +azy; =0 in Q,
yi(0)=0inQ, yi=0o0n%, j=1,2

With this notation, for any h € [L?(w x (0,T))]?, we write the solution of (3.1) as follows
Yy = Alvl + AQ’U2 + Q(h),
where g(h) = (q1(h), g2(h)) solves the system

—Aqi +anqi + ai2g2 = hixe in @,
QQ +— Ag +a2q1 +axq = hoxo inQ,
qj(O) = yj inQ, ¢=0onX% j=12.

Then, the functionals (3.2) can be rewritten as
Ji(h, o' v?) = Hi // |02 dxdt + —- // Aot + Agv? — 352 dxdt,
w; X 0 T oi,dX(O»T)
fori=1,2,

where 7}, =y, — q(h)|o, ,» (4,5 = 1,2) and || - || stands for the usual Euclidian norm. We
have that (v!,%?) is a Nash equilibrium if and only if satisfies (3.8)-(3.9), this is

1L // voldrdt + o // (A10" + Aov? — §3) - Av'dzdt = 0, (3.16)
wiX(O,T) Oi,dX(O»T)
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for i = 1,2 and for any (v',v?) € H. It follows that
i i * —1 —2 ~i] _
123 (’U , U )wiX(O,T) + Q; (Az |:(A1'U + AQU )‘Oi,d - yd:| , U >wi><(0,T) - O?
where (-, )4 denotes the internal product in L2(A) and A} € £([L?(Q)]?,H;) is the adjoint
operator of A;. Hence,
1T + AL [(A@l + A7), J = A, i K, i=1,2.
For all v = (v}, v?), we define the operator R = (Ry, Re) € £L(3, H) as

Riv = piv' + oA} [(Alvl + AQUZ)XOM] ,

for each i = 1,2. Therefore, v = (v%,7?) is a Nash equilibrium if and only if

RO = (a1 Af7} 00M353)", i =1,2, (3.17)

where the right hand side is a given fixed element of H. Let us calculate

2

e vl = Z; Hill0 2o,y + 01 (Mav' + Aov®, Mvt) o (3.18)

+ o (Alvl + A2U2, A2U2)O2 X (0T) "
We have the following result:

Proposition 50. Assume that py and ps are sufficiently large (see Eq. (3.19) below).
Then, for each h = (h1,hs) € [L*(w x (0,T))]?, there ewists a unique Nash equilibrium
(@ (h),v2(h)) in the sense of (3.8)—(3.9).

Proof. By developing the product of cross terms in (3.18) and applying Young’s inequality
to them, we obtain
o1
(Rv,v)3 > o |15, + p2l|v?(l3, — ZHAzxm,d\I?{l,deQH?@

Q2
= 7 1Aaxo, a5, 10" 156,

where || [l3(, , denotes the norm in the space £(Hsz_;, L*(Q;4 x (0,T))) for i = 1,2. Then,
for parameters 1 and ps large enough such that
4 > az||Arx0, 4[5, 0
S (3.19)
Apg > arlAaxo, 4 l5¢, 4
we get

. s
(Rv,v)ac > 9[vll3e; v = min {m - Tl!\/\istfi,dllgfg,i,d} > 0. (3.20)
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We define the functional a(v,u) : H x H — R as
a(v,u) = (Rv,u)x

Then, from the definition of R and the estimation (3.20), we have that a is a continuous
and coercive bilinear form. Applying the Lax-Milgram theorem (see e.g. [11]), we conclude
that for all ¢ € JH, there exists a unique element v € H such that

a(v,u) = (p,u) Yu e X,

Indeed, setting ¢ = (a1A}Yy, agAgﬂg)t (see Eq. (3.17)) we obtain the desired result. Thus,
we have proved the existence and uniqueness of the Nash equilibrium related to (Ji, J2). O
3.2.2 Characterization of the Nash equilibrium

We have shown that for p; and po large enough, there exist a unique Nash equilibrium for
(J1,J2). We want to express it in terms of a new adjoint variable. In view of (3.16), we
have that (v!,9?) is a Nash equilibirum (in the sense of (3.8)—(3.9)) if and only if

o / / (1 — ¥t .a) Ui + (v2 — vh.q) Yodadt
0,.4%(0.T)

(3.21)
i // vd'dedt =0, V8 € LP(wi x (0,T)), i = 1.2,
(0,7)
where 7' = (71, Né)t is the solution of system
ﬂzl,t — A7+ allyl + alzyg = U'Xu, in Q,
Yo — AYs + aznyi + aznys =0 in Q, (3.22)
ZJ; 0) =01in Q, yj—OonE, ji=1,2.
Let us introduce the adjoint state to (3.22), that is, p’ = (p’i,pé)t solution of
_Pi,t — Apl + anpi + agiph = i (y1 — yivd X0, 4 in @,
—Pé,t — Aphy + a12p} + agph = a; (y2 — yéﬁd X0 4 in Q, (3.23)

pi(T)=0inQ, pi=0onX%, j=1,2

If we multiply (3.23) by 7 in L?(Q)? and integrate by parts, we obtain

// @i (Y1 = Y1) X0, 01 — anphyidedt = // P (V' Xwr — a1285) dedt,
/ /Q o (10 = ) o oo = [ (oo -+ a7t
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Adding up the above expressions and replacing on (3.21) we have
// piotdzdt + p; // 70t dzdt = 0,
UJZ'X(O,T) wiX(O,T)

(P + i) w; = 0.

which implies that

Therefore, given h € [L?(w x (0,T))]?, the pair (v%,7?) is a Nash equilibrium for problem

(3.6)—(3.7) if and only if
v =——pil, =12

where p; can be found from (y, p*) solution to the coupled system

Y1t — Ay + anyi + a12y2 = hixw — 2-PiXw — 7577 X,
Yo — Ay2 + a21y1 + azy2 = haXw

—pl — AP+ anpl + anph = i (11 — v 4) X0,

—ph ; — Aph + aroph + agaph = i (y2 — vh 4 ) X014

yi(0) =y, pi(T) =0, y;=p,=0o0n%, i,j=12

3.3 Proof of Theorem 47

in @,
in Q,
in @,
in @,

(3.24)

Recall that the main goal in the hierarchic methodology is to prove the null controllability
of (y1,y2) at time T. However, the computation of the follower controls satisfying (3.6)-
(3.7) added four additional equations coupled to the original system under study. Hence,
we now look for a pair (hy,hg) € [L?(w x (0,T))]? such that the solution of (3.44) satisfies

(3.10)-(3.11).

It is classical by now that null controllability is related to the observability of a proper
adjoint system (see, for instance, [64], [30]). For our particular case, let us consider the

adjoint system

—p14 — Ap1 + a1 + anpr = arbixo, , + 203 x0, ,
—@a1 — Ay + aia01 + agps = arbyxo, , + a2b3x0, ,

0 ; — A0} + a110] + ainb = _i@lei

0%725 — AGy + a2107 + axb;, =0

@i (T)=fj, 0;(0)=0n Q, ¢;=60;=00n%, i,j=12.

in Q,
in Q,
in @,
in Q,

(3.25)

The main task is to prove an observability inequality for system (3.25). Taking into con-
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sideration the assumption (3.12) we can simplify the previous system as follows

(—p14 — A1 + a1 + a2 = (a10F + a20?)xo, in Q,
—pa1 — Ao + ar12¢1 + azpr = (16} + a263)xo, in Q,
Zl'¢ — AGL + a110% + a190, = —igplxwi in Q, (3.26)
05 — A0S + a2 ] + a2l =0 in Q,
L0 (T) = fj, 05(0)=0inQ, ¢;=0=00n%, j=1,2.

We have the following result:

Proposition 51. Under assumptions of Theorem 47, there exist a positive constant C' and
a positive weight function p = p(t) blowing up at t =T such that

2
1O a0y + 2Oy + 3= [ o7 (658 + 641)
i=1

<C (// (lp1l® + lg2?) dxdt) ;
wx(0,T)

for any (f1, f2) € [L*(Q)]?, where (¢,0") is the associated solution to (3.28).

(3.27)

Remark 52. It remains an open problem if the required observability inequality holds true
when 01 4 # Oz 4. See [5] for some results in this direction for the scalar case.

The proof of Proposition 51 relies on various well-known arguments. For the moment,
suppose that the proposition holds and let us end the proof of Theorem 47. There are
several ways to prove that inequality (3.27) implies the existence of a pair (hy,ha) of
minimum norm. We sketch one of them. First, we prove that

I fl = [[ o A lal?)
wx (0,

where (¢1,¢2) are the first two components of the solution to (3.28) defines a norm in
[L%(Q)]?. This can be readily verified by means of Proposition 55 below or directly from
(3.27), providing a unique continuation property. Then, we define W as the completion of
[L2(2)]? with this norm and set

(1) =51l + [ RerOde + [ s8a(0)do

2
- Z a; // (0195 a + 0595 4) dadt,
i=1 odX(O,T)
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where (@, 6") is the solution to (3.28). It is clear that JF is continuous and strictly convex.
Moreover, the observability inequality (3.27) allows to prove that

I(fi, f2) > 1|!(f1,f2)||124/—0< [ tiae+ [ 148pas

2
+> af //Qp2 (19 a” + 1954l dwdt>,
=1

where C' and p are provided by Proposition 51. Therefore, J is coercive in W. Note that
here, we have used the growth assumption (3.13).ACollsequently, from classical results (see,
for instance, [30]), the existence of a minimizer (fi, f2) solution to

I(f1,f2) = min_ I(f1, f2)

(f1,f2)eW

is guaranteed. Thus, the pair (h1,h2) = (P1Xw, P2Xw), Where (@1, p2) is the solution
to (3.28) corresponding to this minimizer solves the leader problem (3.10)—(3.11). This
concludes the proof of Theorem 47.

3.3.1 Proof of the observability inequality

This section is devoted to the proof of Proposition 51. The observability inequality (3.27)
is consequence of a global Carleman inequality and some energy estimates. Here, we follow
the spirit of Section 2.3 to present the result.

In view of assumption (3.12), we may simplify (3.26) as

,

—p1t — A1 + an1p1 + a2192 = Yixo, in Q,

—p2,0 — Ao + ar2¢1 + a2z = Yaxo, in Q,

Y1y — AV +any + azhy = — (%le + %xu&) ©1 in Q, (3.28)
VYo — Athy + anthy + axny, =0 in Q,

0i(T)=f;, ;000 =0inQ, @ =¢;=0onx, j=1,2,

where 1; = oz19]1- + a29]2- for 7 = 1,2. Using the notation introduced in (2.53)—(2.54),
we present below a Carleman inequality for the solutions to system (3.28). This will be
essential to prove the observability inequality (3.27).

Proposition 53. Under assumptions of Theorem 47. There exist positive constants C' and
o1 such that (p,1) solution to (3.28) satisfies

I3(s, X; 1) + I3(8, A 2) + I3(s, A;91) + I3(s, A1)

<C (// 6*280137)\857 (|¢1|2 + |<,02|2) dl‘dt) '
wx (0,71

(3.29)
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for any s > s1 = o1(T +T? + T2[maX1§i7j§2 Haingég]), any A > C and every (f1, f2) €
[L2())°.

Proof. Let us define wyg = w N Q4. Since wy # 0, there exists some subset W’ CC wy. We
start by applying Carleman inequality (2.55) to each equation in system (3.28) with m = 3
and B = w’. By adding them up, we obtain

I3(s, A1) + 13(s, X;02) + I3(s, A h1) + 13(s, A;402)
2

2
<O (Bl + Touslss X)) + 3 [[ @ lino, st
=1 j=17"7¢
+//Q e = o1 Xy — S2p1 X, [ ddt

2 2
+ZZ//Q e 2 (lajill 2|05 ]® + llaijl|Ze51?) dadt

i=1 j=1

Taking the parameters s and A large enough we can absorb the lower order terms into the
left-hand side in the previous inequality. More precisely, we have

I3(s, A1) + I3(5, As 2) + I3(s, A1) + I3(s, Asab2)

2 2 (3.30)
SO\ Isw(s, Xie) + Y Taw(s, Ny) |,

j=1 J=1
valid for every A\ > C' and every

S 60— g (T + T2 1+ T2 12/3)y.
s>sy=0(T+T°+ [1£3}§2”CLUHOOD

The next step is to eliminate the local terms corresponding to ¢ and 2. We will reason
out as in Chapter 2. We consider a function ¢ € C°(R") verifying:

0<(¢<1inQ, (=1 inw, supp( C wo,

A v
<1/<2 e L™(Q), leQ e L=(Q)V.

(3.31)

Define u := e~ 25%s3\*¢3. Then, we multiply the equations satisfied by ¢ and 9 in system
(3.28) by u(y and u(iq, respectively, and integrate over ). We add those expressions to
obtain

// ug ([91]? + [2]?) xo, :// uCPr(—p1s — A1 + anpr + azip2)
N Q (3.32)

+ // uCPa(—pat — Ap1 + app1 + azps:).
Q
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Following the arguments in Section 2.3, we can integrate several times with respect to
the time and space variables in the right hand side of the above expression to obtain the
following

I3w (S A; 1,/}1)4-]30_, (S )\ Qﬂg) <€CA (13(8 A; 1/)1 —i—Ig(S A; @Dg))

s s (3.33)
Con ( /[ et + [ 2504\ |2>
w0>< OT UJ()X OT

where ¢ > 0 and Cy, C. 4 are new constants only depending on Q, w’, w and ||a;;|co-
Replacing (3.33) in (3.50) with e small enough and noting that wy C w, we obtain the
desired inequality. This concludes the proof of Proposition 53. O

As in Section 2.3, we are going to improve inequality (3.29) in the sense that the weight
functions do not vanish at t = 0. We consider the function

© {T2/4 for 0<t<T)/2,
HT —t) for T/2<t<T,
and the functions
A oo — A2I1° 0o +n° () eA2[n°lloo+n°(2))
Slast) = 0 L et) = .
B*(t) = max B(z,t), ~*(t) =miny(z,?).
€ z€Q

With these definitions, we have the following

Proposition 54. Let s and \ as in Proposition 53 and p; be large enough. Then there
exists a positive constant C' depending on ), w, wq, s, A and T such that

10220 + 20020 // 25 (4713 ([ 2 + [y [2) vt

725ﬁ* 2 .CU 236 7 2 -
+//Q ()3 (o + [a]?) d dt<0<// - (ler? + |pal?) d dt)

(3.34)

for any (f1, fo) € [L?())?, where (¢,v) is the associated solution to (3.28).

Proof. We follow the arguments of the proof of Proposition 42. First, by construction
a=pfand £ =vin Q x (T/2,T), hence

T T
/ / 2593 (|12 + [ipal?) ddt + / / e (| 2 4 |12 dadt
T/2J0 T/2J0

T T
- / / 283 (|ou? + [ial?) dardt + / / 2903 (| + opnl?) drdt
T/2/Q T/2JQ



CHAPTER 3. STACKELBERG-NASH CONTROLLABILITY 73

Therefore, from (3.29) and the definition of § and  we obtain
T T
[ [ e (ol + oaP)dode+ [ [ 953 (ual? + 0aP) o
T/2/Q T/2J0Q

<C (// e 2P (|1]? + |2)?) dwdt)
on(O,T)

On the other hand, for the domain © x (0,7'/2), we will use energy estimates for system
(3.28). In fact, let us introduce a function € C*([0,T]) such that

n=1in[0,7/2], n=0in [3T/4,T], |n'(t)] <C/T.

(3.35)

Using classical energy estimates for ny1 and 7po solution to the first and second equation
of system (3.28) we obtain

H(pl(O)H%Q(Q) + HSOQ(O)H%Q(Q) + ”901“%2(07,11/2;1{6(9)) + "902“%2(0,'11/2;];[6(9))
. 1
<cC <T2\|<P1\\%2(T/2,3T/4;L2(9>) + paleelieyzaryacee

+ ||77¢1H%2(0,3T/4;L2(Q)) + ||77¢2|%2(0,3T/4;L2(Q))> :

From the definition of 7 and adding H%H%Q(O T/2:12() On both sides of the previous in-
equality we have

2 2
||<P1(0)H%2(Q) + HSOQ(O)H%Z(Q) + Z ||<Pj||%2(o,T/2;L2(Q)) + Z H%H%%O,T/zm(g))
i=1 j=1

2 2 2
<C Z H(Pj|’%2(T/2,3T/4;L2(Q)) + Z Wj”%2(T/2,3T/4;L2(Q)) + Z ijHQLQ(O,T/Q;LQ(Q))
j=1 j=1 j=1
(3.36)

In order to eliminate the terms ||1); H%Q 0.1/%L2() in the right hand side, we use standard
energy estimates for the third and fourth equation in (3.28), thus

// (1 ]? + [o]*)dadt < O< )// o1 |2 dadt. (3.37)
Qx(0,T/2) I Qx(0,T/2)

Replacing (3.37) in (3.38) and since u;, i = 1,2, are large enough we obtain

2 2
le1(0)]172(0) + 201720y + D il 7200 /2220 + D 151132 0.7/2:0200)
=1 =1
’ (3.39)

> Neilliaryzsryaz@y + D Wil Ta@asr sz @)
=1 =1
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Using (3.35) to estimate the first four terms in the right hand side of (3.38) and taking
into account that the weight functions are bounded in [0,37'/4] we have the estimate

T/2
o120y + 2 (0) ey + /O /Q 253 (|1l + |al?) dadt

/2
+/ / e 2093 (|91 + [¢ha]?) dwdt < C (// e 2B (|1 + | pal?) dxdt) :
o Ja wx (0,7)

This estimate, together with (3.35), and the definitions of v* and S* yield the desired
inequality (3.34). O

Now we conclude the proof of Proposition 51. To this end, define p(t) = ¢**". Thus,
p(t) is a non-decreasing strictly positive function blowing up at ¢ = 7. We obtain energy
estimates with this new weight function for (6%, 63) solution to the third and fourth equation
of system (3.26). More precisely,

[ oeir + wiprasae<c [y aPasd, =12
Q wix(O,T)

Since e72%847 < C for all (z,t) € Q and noting that the right hand side of the previous
inequality is comparable to the left hand side of inequality (3.34) up to a multiplicative
constant, we obtain (3.27). This concludes the proof of Proposition 51.

3.4 Proof of Theorem 48

In this section, we present a Stackelberg-Nash strategy where only one leader control is
applied. As mentioned before, one important subject in the controllability of non-scalar
systems is the possibility to control many equations with few controls.

Let us consider system (3.1) with hy = 0, namely,

Y1, — Ayr + anyr + ar2y2 = hxw + vl xw, +0%xw,  in Q,
Y24 — Aya + a1y + agey: =0, in Q, (3.39)
yj(z,0) = y?(a:) in€, yj=0o0n%, j=1,2,

where a;; € L>(Q) and y? € L?(Q) are given. Observe that in (3.39) the leader and
follower controls act only on the right-hand side of the first equation.

In order to achieve the hierarchic control described in Section 3.1, we need to introduce
some changes in the functionals to be minimized. In fact, the modification to the main
functional is straightforward, we consider in this case

1
J(h) = // |h|2dadt. (3.40)
2 J Jux(0,1)
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On the other hand, we will modify the follower functionals by adding a weighted norm in
(3.2). To this end, consider a(z,t) as in (2.53). We write

a*(t) = max a(x, t), a(t) = mina(z, t) (3.41)
z€Q zEQ

Then, for a given function p, = p.(t) verifying
palt) > 12, (3.42)

we take

Ji(h,ful’qﬂ) — ;/A o ’yl _ yi,d 2 + !yz . yé,dlzdxdt
ax (U,

+ “// P20l Pdzdt, i =1,2,
2 ) Juwixo,1)

where a;, j1; > 0 are constants and y} = (yid, yéd)t are given functions in L?(w; 4 x (0,7)),
i=1,2.

Note that a function p,(t) satisfying (3.42) must blow up as ¢t — 0 and ¢t — T'. Therefore,
minimizing the functionals (3.43) will lead to follower controls v' vanishing at t = 0 and
t = T. This subtle change allow us to eliminate the local term corresponding to (2 in
(3.34) and then we can obtain an observability inequality with only ¢; in the right-hand
side.

By adapting the methods discussed in Section 3.2, it can be readily verified that the
pair (v1,2) is a Nash equilibrium for (3.43) if and only if

(3.43)

1 .
@i == _*P;2p117 1= 1727
i

where pé, Yj, 1, = 1,2, are solution to the system:

(Y14 — Ay1 + an1yr + a2y2 = hxw — ﬁpfp%)(wl - iﬂ»ﬁp?)@z in Q,

Y26 — Ay + a1y + azyz =0 in Q,
—p}; — APy + anpl + anph = i (y1 — v} 4) xo, inQ,  (344)
—pzé,t - Ap% + al2pli + a22p§ =05 (Y2 — yé,d X0Oq4 in @,

yj(0) =4, pi(T) =0, y;j=ps=0o0nX%, ij=12

Indeed, since p, > C for some C > 0 independent of u;, we can obtain bounds similar to
(3.19) and apply the results of Proposition 50 to obtain the existence and uniqueness of
the Nash equilibrium. This proves the first part of Theorem 48.

To finish the proof, we need to establish an appropriate observability estimate. This
can be obtained by following exactly the proof in Section 3.3.1 but introducing the weight
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function p;2. We prove here a Carleman inequality for the “simplified” adjoint system
0 (3.44) (see the change of variable introduced in Eq. (3.28)). To do this, consider the
system:

—p1t — Ap1 + a11p1 + a2192 = Y1xo, in Q,

—p2t — Apa + ar2p1 + a2 = Yaxo, in @,

Yy — APy +any + aphy = —pi 2 (%le + %xm) 01 in Q, (3.45)
VYo — Ay + anihy + agehy =0 in Q,

i (T)=f;, ¥;(00=0inQ, ¢;=v;,=0o0n%, j=12.

We have the following result:

Proposition 55. Assume that wNO # 0 and that p;, i = 1,2, are sufficiently large. There
exists a positive constant C' such that the solution (p, 1) to (3.45) satisfies

J[ 22608 enP + loaldude + [ [ (562w + [0af? o
Q Q

(3.46)
< C// e 25%(5£)5 |1 |2 dadt.
wx (0,7

for every (f1, f2) € [L*(Q)]?.

Proof. The first part of the proof is similar to the proof of Proposition 53. We define
wo := w N Oy and consider subsets w’, & such that w’ CC & CC wy.

Note that systems (3.45) and (3.28) are the same except for the third equation. We
apply Carleman inequality (2.55) to each equation in (3.45) with m = 3 and B = w'.
Adding them up and arguing as in the proof of Proposition 53 we can use the parameters
s and A to absorb the lower order terms. More precisely, we obtain

I3(5,0.01) + I3 (s, X 02) + Is(5, A 001) + I3(5, s 402)

<C ngw 8, A5 5) —i-zfsw 8, A ;) (3.47)

7j=1

// = p? 901Xm+fj§solxw2)l2dwdt>,

for all A and s large enough.
We will estimate the last term in the above expression. From (3.41) and (3.42), we
have that

/ /Q ¢ = (i + ) Pdodt < [ / e (B X, + 221X (3.48)
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On the other hand, it is not difficult to see that for all ¢ > 0 and any M > 0, there
exists Cz s > 0 such that
esa* < 068(1+6)aSM)\M£M

thus, taking ¢ = 1 and M = 3/2 in the above expression, we deduce from (3.48) that

// e (G e + o) // e (Gt erx T o)l

<c| / 200" A3 (Lo, + LX)

< C’// —2sa 3)\353 algolxwl + & galeQ)|2. (3.49)

Note that the power of A on the above estimate is lower than in the term I3(s, \; ¢1). We
substitute (3.49) in (3.47) and since p; are large enough, we can take A > C' (with C' > 0
not depending on p;) to absorb the remaining terms and obtain

I3(s5, A5 01) + I3(8, A 02) + I3(s, A 901) + I3(s, A 42)

2 2 (3.50)
SC{ D Iaw(s,Xie)) + Y Iauw(s, A ;)

Jj=1 Jj=1

Proceeding exactly as before (see Egs. (3.31)-(3.33)), we can eliminate from the right-hand
side the local terms in ¥; and 19, thus obtaining

I3(5, s 01) + I3(5, As 2) + I3(5, A1) + I3(s, A5 aba)

Cgen (3.51)
<C <// e 25T (|1 ) + |2]?) dwdt) :
&x(0,T)

Up to here, we have the same result as in Proposition 53. Now, we want to eliminate the
local terms corresponding to 2 in the right-hand side of (3.51). Condition (3.15) and the
weight function p, will be useful in this step.

We fix s and A to a sufficiently large values. Given the subset &, we consider a function
i) € O°°(RY) verifying:

0<7<1in ), fn=1in®, supp”n Cwo

Al e Vi
,,71/26L () and 772

(RS

We denote i = e~2%%(s£)” to abridge the notation. Recall that the coefficient ag; satisfies
(3.15) and, for simplicity, assume that ag; > ag in wNOyx (0,7"). We multiply the equation
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satisfied by o1 in system (3.45) by ufp2 and integrate in Q. We obtain

ao// ~259(5€)|¢pa| < // @ijazt ||
w><(0T

= //Q(<P1,t + Ap1 — arpr)uijps + / Q%Xodﬂﬁm (3.52)

4
= Z K,.
n=1
We proceed to estimate each of the terms K;. We have

K| = ' / /Q 6250‘(85)777902801,tdwdt‘

N '//Q(G_ZSQ(SQ%SDQ)tsﬁldmdt'

<1 / / e 2(s8) o dadt + &2 / / e~ 25Y(5€)3 | o |2 dadt
Q Q
+(Cey +Cs,) / / e~ 25%(5£) )1 |2 dadt,
wo X (0,7

for some e1,e9 > 0. Then, it is not difficult to see that

[ K| = '// 6_28“(85)777902A<P1dxdt’
Q

—| [ et iparonanar
Q
<es / / 25 (5) | Ao 2ddi + Oy / / e~ 25 (56) 5| oy drdt
Q wo X (0,7
+e4 // e~ YsE| V| ?dxdt + C, // e 25Y(s€) P o1 | P dardt
Q on(O,T)
+e5 // e 25Y(s€)3 | o |2dadt + C-, // e 25 (€)1 |2dadt.
Q on(O,T)

The estimate of K3 is straightforward. For K, we get

K| = ‘ / / e‘QSa(ssﬂwwldmt’
Q
1 1
<3 / / e (&) il oo dadt + / 1| 2dadt.

Observe that given g > 0, we have e=25%(s¢)1! < g4 for s large enough, whence

1
1Ky < 58 / / =25 (V37| o | 2ddt + = / o [2dadt.
2 JJg 2JJq
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Putting all the estimates together, and choosing appropriate constants ;, ¢ = 1,...,6, we
obtain from (3.51) and (3.52)

J[ 0P + loadudt [ 256?40l o
Q Q

< C// e 25%(5£)5 |1 |?dxdt + C'// |41 |2dadt.
wx(0,T) Q

To eliminate the last term in the right hand side of the previous equation, we obtain energy
estimates for the third and fourth equation in system (3.45), more precisely

// (n2 + [ >dmdt<c<“i )// (o122 Pt
<C< I >// T ke[,

Since e72%¢" < 725 and provided that p; are large enough, we can put the above estimate
in (3.53) and absorb the remaining term into the left hand side. Therefore the proof is
complete. ]

(3.53)

With the new Carleman estimate (3.46), we can obtain an observability inequality
following the procedure of Section 3.3.1 . Such inequality will only have (1 as an observation
term in the right-hand side and will imply the null controllability of (3.44). This concludes
the proof of Theorem 48.

3.5 Concluding remarks

The first main result of this chapter can be easily extended to the control problem

Y1t — Ayr +anyr + aeye = hixe, +vxo in Q,
Yot — Ay + a21y1 + a22y2 = haxw, inQ, (3.54)
yj(z,0) =yj0in, y;=0o0nx, j=1,2.

as long as wy Nwy # (. Indeed, it is enough to consider a set wy CC wy Nws and then apply
the results of this paper to this new set to obtain a hierarchic control result. However, the
same is not true when wi Nwy = @. The techniques shown in this chapter fail to obtain
an observability inequality as (3.27) since we cannot use Carleman estimates with different
weights (related to wy and wq) and eliminate all the local terms that appear on the right
hand side. Indeed, to eliminate some of them we will need an upper estimation on the
first Carleman weight by the second, and to eliminate the others we will need the contrary.
This is due that we have a system of four equations fully coupled.
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On the other hand, one would expect to use results of simultaneous control (see, for
instance, [53]) when the same control is applied in both equations, that is, h = hy = ha.
By means of the transformation §1 = y1 + y2, J2 = y1 — y2 one can transform (3.54) into

U1t — Ay1 + anyi + a12¥2 = hxe +vxo in Q,
Jot — Ao + @191 + agefia = vxeo in Q,
7j(x,0) =7j0inQ, y;=0o0nx, j=1,2,

for some new coefficients a;; € L*°(Q). However, the result of hierarchic control when only
a single control is applied uses the modified functional (3.14) which is different from the
one we have employed in the result with two controls (see Theorem 47). Moreover, we
can design the follower control v but when returning to the original variable, the follower
objective is no longer fulfilled.

The hierarchic control is an interesting and challenging problem because there are many
available configurations (where the leader and follower controls may be placed) and several
controllability constraints that may be imposed. As discussed in [6], some problems have
been solved for the scalar problem, but other difficulties arise when dealing with coupled
systems. Thus, the results are far from being complete.
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On numerical results for the
insensitizing control problem
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Chapter 4

Insensitizing controls for the heat
equation: a numerical approach

4.1 Introduction

Let Q C R, n > 1, be a bounded and open set with boundary 09 € €. Let 7' > 0 and w
be an open and non empty subset of 2. We consider the following parabolic system

oy —Ay+ fly)=1l,w+& inQ=0x(0,7),
y=0 onX=0900x(0,T), (4.1)
y(x,0) =yo +Two in £,
where f is a globally Lipschitz-continuous function, & and yo are given in L?*(Q) and L?(12),
respectively. In (4.1), y = y(x,t) is the state and v = v(x, t) is a control function supported
in w.
The data of equation (4.1) are incomplete in the following sense:
e wy € L?(Q) is unknown and |wo|r2(0) = 1,
e 7 € R is unknown and small enough.

Let U be a differentiable functional defined on the set of solutions to (4.1). We say that
the control h insensitizes ¥(y) if

OV (y(z,tv,7))
or

_0‘ =0, Vg € LX(Q) with [wor2) = 1. (4.2)

When (4.2) holds the functional W is locally insensitive to the perturbation 7wg. There
are several possible choices of ¥. One possible choice of ¥ is the square of the L?-norm of
the state in some observation subset O C €2, namely,

T
U(y) = ;/O/Oyzdmdt. (4.3)
83
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It is by now well known that the insensitivity condition (4.2) is equivalent to a null control
problem. This equivalence is given in the following result.

Proposition 56. Let us consider the following cascade system of heat equations:

Oy —Ay+ fly) =1,0+& inQ,
y=0 onZ, (4.4)
y(z,0) =4° inQ,

—0ig — Aq+ f'(y)g=1oy inQ,
qg=0 on%, (4.5)
q(z, T) =0 n .
Then, the insensitivity condition (4.2) is equivalent to find v such that
q(0) =0. (4.6)

Observe that (4.6) is precisely a null controllability property for the cascade system
(4.4)-(4.5). However, this situation is more complex than a standard control problem. In
fact, two main difficulties arise. On one hand, the control v acts indirectly on the equation
satisfied by ¢ by means of the variable y. On the other, note that (4.4) is forward in time
while (4.5) is backward in time. The irreversibility of the heat equation imposes additional
difficulties that do not appear in classical cascade systems in which both equations are in
the same direction of time (see [37]).

This problem, originally addressed by Lions [49], has been thoroughly studied in dif-
ferent contexts. In [12], the authors relaxed condition (4.2) as follows: given ¢ > 0, the
control v is said to e-insensitize ¥ if

‘ OV (y(z,t;v,7))
or

‘ <e.
7=0

More precisely, e-insensitivity is equivalent to |q(0)[z2(q) < €, which corresponds to an
approximate controllability problem, instead of a null control problem. In this context, the
authors proved the existence of such controls in the presence of both unknown initial and
boundary data. In [61], two main results are given. On one hand, the author proved that
we cannot expect the existence of insensitizing controls for every yo € L?(Q) when Q\w # (),
even if f = 0. On the other hand, for yy = 0 and a suitable hypothesis on the source term
&, the author proved the existence of insensitizing controls such that (4.2) holds. This
result was generalized in [13] and [14] to nonlinearities with certain superlinear growth and
nonlinear terms depending on the state y and its gradient. Regarding the class of initial
data yo that can be insensitized, the work of de Teresa and Zuazua [62] gives different
results of positive and negative nature. More recently, there are many works within the
context of insensitizing controls for other functionals rather than (4.3) and equations of
different nature. For instance, in [39], the author considers a functional involving the
gradient of the state for a linear heat system and in [38] treats the case of the curl of the
solution for a Stokes system. In [40] and [21], the authors studied the insensitizing controls
of the Navier-Stokes equation and the Boussinesq system.
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4.1.1 Statement of the problem

In this article, we are interested in studying the insensitizing control problem from another
perspective. The main goal of this paper is to present methods and results concerning the
numerical computation of insensitizing controls for one dimensional parabolic problems.

Basically, the strategy is as follows: first we build a semi-discrete approximation of the
PDE under study and by means of semi-discrete Carleman estimates we deduce a “relaxed”
observability inequality. This allows us to establish the existence of insensitizing controls
within this framework. Then, we will use the penalized HUM approach discussed in [15]
to actually compute the controls.

We begin by considering the following 1-D semi-discrete system

ey + A%y + f(yn) = Lovn + & in @ = (0,L) x (0,7T),
yp =0 on X ={0,L} x (0,T), (4.7)
Yn(0) = yno + Twppo in (0, L).

where f is a O globally Lipschitz-continuous function, with f(0) = 0. Here A™ is the
discrete approximation of A := —92 for a mesh 91 with step size h. These notions will
be precisely introduced below. As in the continuous case, we are interested in proving the
existence of controls that insensitize the functional

1 T
W) =5 [ [ Pt (48)

where yj, is the solution to (4.7). Following the ideas of the continuous case, it can be
proved that the insensitizing control problem for (4.7) is equivalent to steer g,(0) to 0
where (yp, qn) is the solution to

Oyn + Ay + f(yn) = Lovn + & in Q,
—Byqn + A% qn + [ (yn)an = loyn  in Q,
Yh=qn=0 on,

yn(0) =9?, qn(T)=0 1in (0,L).

(4.9)

To accomplish this, we follow the strategy outlined in [61], but taking into account the
particularities associated with the semi-discrete nature of the problem. In fact, in a first
step, we will study controllability properties of the linearized version of (4.9). Then, a
fixed point argument allow us to obtain the controllability result for the nonlinear system.

Using a series of tools developed in [16, 17, 19], we are able to prove an observability
inequality of the form

M -¢
//Qe t |Zh|2 < Cobs (th”%Q(wX(O,T)) +e h ‘pg‘%Q(Q)> )
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valid for every solution of the adjoint linear system

—Ovzn + AM 2, + apzn = 1lop,  in Q,
Oon + A% pp 4+ bppp, =0 in Q,

zp =pr =0 1in X,

z(T) =0, p(0)=p) in(0,L).

Note that there is an additional term in the right hand side of the inequality (as compared
with the one obtained in the continuous case, see Eq. (8) in [61]). In fact, because of
the presence of this term we refer to it as a relared observability inequality. Indeed, as
discussed in [16], [19], in some cases this term cannot be avoided. This is connected to
an obstruction of the null controllability of the semi-discrete heat equation, as pointed
out by a counter-example due to O. Kavian, see for instance [66]. The study of relaxed
observability estimates for discretized parabolic equations was initiated by [44]. We refer
to [15] for a review.

Actually, with the previous inequality we are able to prove that there exists v, with
[vnll 2 @wx (0,r)) < C, for some positive constant C' not depending on h, such that

|an(0)[r2() < CVOR) 1 L2 (ene):

where L?(ey) is a weighted space to be clarified and ¢(h) is a function of the discretization
parameter such that

. o(h)

hzn_g(r)lf o > 0. (4.10)
This means we do not exactly achieve null controllability at the discrete level, nevertheless
we reach a small target, whose size goes exponentially to zero as the mesh size h — 0.

Thus we speak of ®(h)-insensitizing controls, which should not be confused with the

notion of e-insensitivity (as discussed in [12], [43]): here, the size of the neighborhood
reached by the solution at time T is not fixed, but is a function of the discretization step.

4.1.2 Discrete settings and notation

Following [16] and [19], we establish the framework of the discrete setting to clarify the
exposition of the results. In particular, the notation introduced on those articles, allows to
carry out most of the computations in a very intuitive manner. In particular, it enables to
emulate as close as possible the continuous insensitizing problem as addressed for instance
in [61], [14].

As mentioned above, we restrict our analysis to semi-discrete systems in one dimension
space.

Let us set Q = (0, L) and consider the elliptic operator A = —9? with homogeneous
Dirichlet boundary conditions. We introduce finite differences approximations of the op-
erator A. Let 0 =29 < 21 < ... < zy < zny4+1 = L. We refer to this discretization as to
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the primal mesh 9 := {z; :i =1,..., N}. We define |M| := N. We set h; 1 = z;41 —
_ 2
and x; 41 = = (xiy1—x)/2,1=1,...,N. We call M := {:L’l+% :1=0,..., N} the dual mesh
and we set h; = (hi+% +hi_1)/2 —.Z‘H_%' — 1, i=1,...,N.
We denote by R™ and Bﬁm the sets of discrete functions defined on 9t and 9, respec-
tively. If u € R™ (resp. Rm), we denote by w; (resp. u, " 1) its value corresponding to z;
2

(resp. l’l+%) For u € R™ we define

R A}

Since no confusion is possible, by abuse of notation, we shall often write v instead of u™
Additionally, for u € R™ we define

N
m
u:= [ v (r)dr = hiu;.

For some u € R™ we shall need to associate boundary conditions u%™ = {ug, uni1}-.
The set of such extended discrete functions is denoted by R Homogeneous Dirichlet
boundary conditions then consist in the choice uy = uny1 = 0, in short w9 — 0 or even

om

ulpo =0.
For u € R™ we define

N
- Z 1[zi7$z‘+1]ui+% S LOO(Q),
=0

As above, for u € Rﬁ, we set

fi- oS,

=0

m\»—A
l\.’:\»ﬁ

In the same manner, we define the following L?-inner product on R™ (resp. Rﬁ)

(u,v)r2(0 /uv—/ (g
<resp. usz /uv—/ d:c)

The associated norms will be denoted by |u| r2(Q)- We use similar definitions and notations
for functions restricted to the domains O and w
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For semi-discrete functions u(t) in R™ (or Rﬁ) for all t € (0,T), we define the following

L?-norm
1/2
()l 2 = ( / / u(t rdt) .

Endowing the space of semi-discrete functions L2(0, T; R™) (resp. L?(0,T;R™)) with this
norm yields a Hilbert space. .

Analogously, we shall define the space L>(0, T;R™) (resp. L°°(0,T;R™)) by means of
the norm

||u(t)HLoo(Q) = esssup ( sup |u1(t)]> .

te(0,7) \ie{l,..,N}

Similarly, we shall use such norms for spaces of semi-discrete functions defined on (or
restricted to) the domains w x (0,7") or O x (0,7T).

In order to manipulate the discrete functions, we define the following translation oper-
ators for indices:

(TJFU)H% = Ui, (TﬁU)H% =u;, +=0,...,N.

A first-order difference operator D; and an averaging operator A; are then given by

1 _
(Du)i+% = - (ttu—7 u)i+%,
2 (4.11)

_ 1 -
(Au)i+% =1 = §(T+u+7 u)2+%

Both map RMUIM into RO,
Likewise, we define on the dual mesh translation operators 7+ as follows

(77u); = Uiy 1, (T7u); = Ui 1, i=1,...,N.
Then, a difference operator D and an averaging operator A (both mapping R™ into R™)

are given by

— 1
(Du); == —(77u — 77u);

hi ) (4.12)
(Zu)z =U; = §(T+U + T_u)i

Note that there is no need for boundary conditions here.
A continuous function f defined on 2 can be sampled on the primal mesh, that is,
™ ={f(z;):i=1,...,N}, which we identify to

N

fm:21[xl_%7xl+%]fz, fZ:fZ(x’L)a i1=1,...,N.

i=1
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We also set

FO = {f (o), flans1)} = {£(0), F(L)},
UM _ L ()i =0,...,N+1}.

The function f can also be sampled on the dual mesh, i.e., fﬁ = {f(mH%) :1=0,...,N},
which we identify to

N

fmzzl[xz,x,+1}f7,+%7 fH—% :f(:IZH_%), i=0,...,N.
=0

In the sequel, we will use the symbol f for both the continuous function and its sampling
on the primal or dual mesh. Indeed, from the context, one will be able to deduce the
appropriate sampling. For example, with u defined on the primal mesh 97, in an expression
like D(pDu) where p : Q — R is a given function, it is clear that the function p is sampled
on the dual mesh 9 as Du is defined on this mesh and the operator D acts on functions
defined on this mesh as well.

Remark 57. In the sequel, we use meshes with constant discretization steps to simplify
the notation. In this case, h; = h and h, 1 = h, Vi. Thus, we can write z; = ih and
2

i1 o= (i + %)h The introduction for more general meshes is possible, see [17] for a
2
detailed discussion.

4.1.3 Statement of the main results

Hereinafter we omit the subscript A, in the case of discrete functions, for the sake of
concision. Also we use [[,u = fOT Jo u(t)dt. With the notation we have introduced, a suit-

able finite-difference approximation of the elliptic operator Ay = —d2y with homogeneous
Dirichlet boundary conditions is A™y = —D(Dy) for y € RPVIM gatisfying o™ = 0, so
that

1 .
(Amy)i =752 (Yiv1 —2yi +yi—1), i=1,...,N.

We introduce the weight ep(t) = exp(Mt~!) and define the Hilbert space

13(exe) = {f € I3(Q) //Q extlfI? < oo},

endowed with the natural norm.
Remark 58. Any f € L?(Q) compactly supported in € x (0, 7], belongs to L?(ey).

We now state our main insensitivity result:
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Theorem 59. Let f € CY(R) be globally Lipschitz with f(0) = 0. Assume that wN O # ()
and yo = 0. Then, there exists a positive constant M depending on 2, w, O and T such
that for any & € L?(en), any h chosen sufficiently small and any ¢(h) verifying (4.10),
one can find a semi-discrete control function v € L*(Q) uniformly bounded as

[Vl 22 @ 0,7)) < CobslI€ll L2(ene)s
with Cops given in (4.15), such that the functional given by (4.8) is ¢(h)-insensitized.
Remark 60. Some remarks are in order:

e Roughly speaking, the condition yg = 0 is due to the fact that the first equation
in (4.9) is forward in time and the second one is backward in time. Most of the
results regarding insensitizing controls assume this condition. We refer the reader to
[62] for a compendium on the possible initial conditions that can be insensitized. As
suggested on that work, the answer is not obvious.

e Observe that the condition f(0) = 0 is in concordance with the assumption on &.

e The assumption w N O # () is essential to prove an observability inequality (see
Eq. (4.14) below), which is the main ingredient in the proof of Theorem 59. In
the continuous and linear case, there are some results on the controllability of non-
scalar parabolic systems when w N O = (. In [3], the authors proved several null
controllability results for a 1-D coupled parabolic system in which both equations
are forward in time. In that work, some new interesting phenomena appear, such the
minimal time for controllability or the geometrical dependence of the sets w and O.

e Also, in [43] the authors prove that in the continuous insensitizing problem, the
assumption on w N O may be omited. Nevertheless, one can only achieve an e-
insensitizing result. The insensitivity problem when w N O = () remains as an open
problem, both in the continuous and semi-discrete case.

e Additionally, we may ask for simultaneous ¢(h)-null and ¢(h)-insensitizing controls,
that is, to control (y, q) solution to (4.9) such that

o 1/2
WD) ooy + 9(0) 20y < CV/OT) ( / /Q ew—wm?) |

for a (possibly) different constant M’. Observe that we only need to impose an extra
condition on £ at time t = T.

The rest of the chapter is organized as follows: in section 4.2 we prove an observability
inequality that is indeed one of the main results on this chapter. In section 4.3, we prove our
main theorem. Finally, we devote section 4.4 to make an extensive discussion on numerical
methods for the computation of insensitizing controls.
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4.2 The observability inequality

In this section we prove an observability inequality that is the semi-discrete counterpart
of the presented in [61] or [14]. This result will be the main tool in the proof of Theorem
59. As mentioned in the introduction, the ¢(h)-insensitivity problem is equivalent to find
a uniformly bounded control v such that

19(0)|22(0) < CVO(M)Ell L2 (en0)

where (y,q) is the solution to (4.9). It is well-known that controllability properties for
system (4.9) are related to the observability of the linear adjoint system, in this case, given
by

—z+ A"z +az=10p inQ,

op+ATp+bp=0 inQ,

z=p=0 on X,

2(T)=0, p0)=p’ inQ.

(4.13)

Thus, the main result in this section is the following;:

Proposition 61. Assume that w N O # (. Then, there exists positive constants Cy, C1,
Cobs and M such that for all T > 0 and all potential functions a and b, under the condition
h S min(ho, hl) with

-1
b= Co (1+ 4+ (lal2 + [0 + lla = B 1L%))

for every p° € R™, the corresponding solution (z,p) to (4.13) satisfies

=1 2
[ e300ePanat < € (10 oy < ey ) (410
where
Cons = xp |C (14 + [lallZL + 62 + fla = bIXL° + T(1 + llalloo + [6]lo) ) |, (4.15)

and
M = C [14T+ T(Jall2L2 + D3 + lla — b))

The main tool to prove this Proposition is a uniform Carleman estimate for semi-
discrete parabolic operators. This strategy was originally developed in [19]. The goal is to
mimic at the discrete level various techniques from the analysis of PDE control problems.

To this end, it s necessary to introduce an auxiliary function ) fulfilling the following
assumption. The construction of such function is classical. Interested readers can see
[33, 19] for additional remarks on this function.



92 4.2. THE OBSERVABILITY INEQUALITY

Assumption 62. Let By CC B be a nonempty open set. Let Q be a smooth open and
connected neighborhood of Q in R™. The function x — (x) is in C*(Q,R), p sufficiently

large, and satisfies form some ¢ > 0
Y >0 inQ, V| > ¢ in Q\By,
and  Op, () < —c <0, forax € Vyq,

where Vg is a sufficiently small neighborhood of O in 0, in which the outward unit normal
ng 1s extended from Of).

Now, let K > ||¢||c and set

p(z) = M@ — A <,

4.16
r(t,x) = W@ ot z) = (r(t,z)) 7! (419
with

s(t) =70(t), T >0,
1
(t+0T)(T + 0T —t)

o(t) =

for 0 < § < 1/2. The parameter ¢ is introduced to avoid singularities at time ¢t = 0 and
t = T. Further comments are provided in [19].

We recall below the Carleman estimate for semi-discrete parabolic operators of the form
PP = 0, + A™. We use the following notation to abridge the estimates:

I (u) s=r |07 2™ D(Du) |3 + 7 1072 Opull3 )
+7 (\\91/26799017“”%2(@ + “91/2676¢m”%2(Q)> + 73"63/2679@%%2@)
Theorem 63. Let B be an open subset of Q. Let a function ¢ satisfying Assumption 62.

We define ¢ according to (4.16). For the parameter X > 1 sufficiently large, there exist Cy,
70> 1, hg >0, g9 > 0, depending on B, By and \ such that

I:(u) <C (||€TWP?UH%2(Q) + T3||93/2679('OU”%2(3x(o,T)))

+Ch™2 <

2
679cpu|t:0’

L*(Q)
forallT > 1o(T+T?),0 < h < hy, 0 < § < 1/2, Th(6T?)™! < g0, andu € €1([0, T]; RMWIM)
satisfying ulpax o,y = 0.

Remark 64. Unlike [19], note that we have added the term 7*1\\9*1/26799"5(Du)“%2(@

in the left-hand side of the Carleman inequality. It follows from the fact that D(Du) =
PP + Opu and

+ |€T0¢u|t—T|%2(Q)> )

7072 D(Du) |72y < 27 02T PR T2 ) + 27107 2T 0l 72 -
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Now we are in position to prove the observability inequality. To manipulate the op-
erators such as D, D and also to provide estimates for the successive application of such
operators on the weight functions, we have summarized the main discrete calculus rules in
Appendix A. We state only the most useful results to accomplish the proof of Proposition
61. For a rigorous discussion on these features we refer the reader to [16], [19].

Proof of Proposition 61. The structure of the proof is similar to [61] and [14]. We have
divided the proof in four steps. We keep track of the dependences of the constants.

Step 1. Let us consider two open sets By and Bs such that By CC By C wNO. We
begin by applying Theorem 63 to the solution p of (4.13) with P?rn = —bp and B = By,
namely

1) < € (17 bRy + 716%™ bll3a 5,0y )

2
+Ch™2 ( ) ,
L2(Q)

for all 7 > 79(T + T?), 0 < h < hg and 7h(dT?)~! < gp. As 1 < COT?, it can be readily
obtained

2
eTﬁw

_|_
L2(Q)

9
e’ pli=o

Dli=T

2
679@ +

Pli=o 12(9)

I-(p) < 07'3H93/2676@p||%2(31X(o,T)) +Cn? (

ctopaf’, )
e

for 71 > 7y sufficiently large and 7 > 7 (T + T2 + TQHngég).
Next, we apply Theorem 63 to the solution z to (4.13) with B = By and P™ = az—1¢p,
hence

I-(z) <C (||€T€@ CLZH%Q(Q) + HGTWPHLQ(Ox(o,T)) + T3H93/2670@ ZH%Q(le(O,T))>

2

+Ch™2 679“"2|t:0

L)’

where we have used the fact that z(7") = 0. Reasoning as before, it is not difficult to see
that

I-(z) <C (l!eTe‘PPHL2(0x(o,T)) + 73"‘93/2670@Z”%Q(le(O,T)))
) (4.18)

€T9¢Zh:0
L*(Q)

+Ch™2

for 7 > m(T + T? + TZHaHgé?’). Then, combining (4.17) and (4.18), we readily obtain

L(2) + I (p) < C (T16%2e%2) 22 ) + T2110%2™9p| 22 ) )

2
4.1
m)) (4.19)

2

+Ch™2 ( el

+ ‘eTa“Dplt:T
L2(Q)
2
eTewthO

+Ch™2

L2(Q)’
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for all 73 sufficiently large and
7> (T + 1% + T2(|lal| 2 + [[]12£))- (4.20)

Step 2. We proceed to obtain an inequality which bounds p with respect to z. For this,
we consider a function n € C°°(£2) such that

0<n<1inQ, n=1in By, suppnC Bo CwnNO, (4.21)
DIPD e 12() and 2% € L2(). (4.22)

Let 7 be as in (4.20). We multiply the equation satisfied by z in (4.13) by 1s3r?p. Then,

we have
[ [ e
By x(0,T) 0x(0,T)
= // (a — b)zns3r?p + // (=02 + A™2 + b2)ns®r?p
Q Q
4
_ Z In: (4.23)
i=1

where we recall that s = 70 and r = e*%.

Let us estimate each I,,, 1 < n < 3. We keep the term I as it will be useful later.
Hereinafter, C' will denote a generic positive constant which may change from line to line.
First, using Holder and Young inequalities we have

I = // (a — b)zns’r’p
Q
1
<o [ nstel? ot bl [ st
470 Q
for any v9 > 0. On the other hand, integrating with respect to ¢t we obtain that
—/ dpzns>rip
/zns3r2p’ // 200y (s*r%p)
(4.25)
:/ 2(0)ns>(0)r //zn@tsr p+//z778r8tp
Q

= Io1 + Iog + o3,

(4.24)

where we have used the fact that z(7") = 0.

Remark 65. Unlike the continous case, note that r(0) # 0, so we have the additional term
Ir.
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First, we estimate Io; as follows

1 3 e
121_/ (0)7_3 (W) e(aT)(TJréT)p(O)

< | O F o)

Therefore

Cr
|121|_262T4/| e 6T2 +254T8/|p e 5T2

where we have applied Young and Hoélder inequalities. From the conditions of Theorem
63, we have % < &g, then

L] < Ch~2 / |2(0) 2577 4+ Ot / Ip(0)2e™ 2% (4.26)
Q Q
Now, we estimate Is5. Note that

o (0°r?) = 0,0°r* + 030r?
= 36%0'r2 + 2631’
= 36%(2t — T)0*r? + 20%r(r76' ()
=30 (2t — T)r? + 20%r%7 (2t — T)60?p()
< 30'Tr% 4 205727 T |p(x)|.

Since 7 > CT
|0:(6°r%)| < CO*rr + CO°77r?

With the estimate above, we have

I < 7 / / 712118 (6%2)
Q
<cr [ [ afal6'nr® + 72
=0 [[ el 4 57

Applying Holder and Young inequalities, we get

C
s < 276 / /Q Srnlpl+ / /Q RENED (4.27)

We keep the term I3 as it will be useful later.
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In order to estimate I3, we integrate by parts using the discrete integration formula

I3 = //Qflimzns?’rzp: _/QD(DZ)USBrzp
- [P0

D (D(yr®p)) = D (T/I;EDP +D (%) 15)
= w2 D(Dp) + D) Dp + D(D(wr*))5+ D (r?) D(5)
= yr2D(Dp) + D(D(r?))p + 2D (%) Dp.

//sz(nr2DDp)—|—D( (72) )—2//52D77T2

=: 131 + I39.

We compute

Thus,

We proceed to estimate I3;. The double averaged functions can be computed with formula
(A.1), that is

2
nr>D(Dp) + D(D(nr?))p = nr*D(Dp) + (p - hQD(Dp)> D (D(nr?)) . (4.28)

We develop
D (D(m“Q)) =D (ﬁDT2 + Dn 7:5)
= 7D(Dr?) + DiiDr? + D(Dn)r + Dy Dr?
— 7 D(Dr?) + r2D(Dyy) + 2Dy Dr.

We use again (A.1) and after a straightforward computation

D (D(nrQ)) = <77 + h;D(Dn)) D(Dr?) + r*D(Dn) + 9Dn Dr?

_ (n + h;D(Dn)> (2rD(Dr) +2Dr + h;D(Drf)

+ rgﬁ(Dn) +2Dn (21"D7r + hQﬁ(DT)ﬁ)

- _ R (1.20)
=r“D(Dn) + 2nrD(Dr) + 2nDr” + ?nD(Dr)

_ _ _ 9 KA _
+ h2rD(Dn)D(Dr) + h2D(Dn)Dr” + ZD(Dn)D(Dr)2

+ 4rDy Dr + 2h*Dn D(Dr)Dr
=: I)(r).



CHAPTER 4. INSENSITIZING CONTROL 97

Thus, we can group together the all the terms of I3 (see eq. (4.28) and (4.29)), to obtain

= | /Q e D(op) - | /Q SPapli(r) — / /Q $82D(Dp) 11 (1)

= 1)+ 1D+ 1. (4.30)

We will keep the first term of the above expression. In order to estimate the second one, we
take into account the result of Proposition 78 and properties (4.22). Reasoning as before,
we can estimate the second term by

C
115P] < 970 // s*rinlp|* + // st |22, (4.31)
Q Y0 JJ Byx(0,T)

The same procedure may be applied to estimate the term I éi’) In that case, we obtain for

any 71 >0
!1'31 | <9y // r2n|D(Dp)|* + // s1572|2|2, (4.32)
Box(0,T)

On the other hand, we compute

2D(nr?) = 2D(nr?)

<r2—|— 4D17Dr>

_ _ R h2_ _
=9 (ﬁD(rQ) + r2 D(n) + ZDn D(Dr2) + 4D(Dn)Dr2> .

Arguing as in the previous steps
- _ R —  RZ___
2D(nr?) =2 <77D7“2 + 72D + ?D(Dn)Dr2 + ?Dn D(Dr2)>

i <2m~m + K20 D(Dr)Dr + 12D + h2D(Dy)rDr

WA W
+ 5 D(Dn)D(Dr)Dr + h*DyrD(Dr) + D D(Dr)”

+ h2D17Dr2>

= IQ(’I“).

Replacing the above expression in I3y we obtain

Iy = — / / &2 Dp h(r)
Q
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Similarly to the previous development, we estimate I3o as

— C
| < 875 / / sy Dp2 + < / / $13r22 2, (4.33)
Q Y2 Bax(0,T)

for any 72 > 0. Notice that the terms Iy, I3 and Iép (see eq. (4.23), (4.25) and (4.30))
satisfy the equation solved by p, that is

//Q 2nsSr? (8tp — D(Dp) + bp) =0.

By means of equations (4.26) and (4.27) we get

1L < 29 / / Sronlpl? + Ch- / 2(0)[2e ™37

(4.34)
// sTrin|z|* + Ch™ / 1p(0)|%e 57
We put together (4.31), (4.32) and (4.33), obtaining
|31 < 970 // s*rnlp|* 4+ 9m // r?n|D(Dp)[* + 82 // sr?n|Dpl?
(4.35)

1
+C<++> // s1572|2)2,
Yo M1 72 B2x(0,T)

Taking estimates (4.24), (4.34) and (4.35) in equation (4.23) and using (4.21), we obtain

/ / 2P <1240 / / P2lpl? + 971 / / 2 D(Dp)? + 82 / / o Dpl?
931x(0T Q
—i—C( _,_74_ > // 3Ha ngO]z\Q—i-slslz]Q}
1 ’}/2 B2>< OT

Cr

+Ch /\ 255 4 Opt /\p(())y?e—m.
Q

Thus, replacing the above expression in (4.19) and taking ; small enough, we select 7 as
n (4.20) to obtain

L(2) + L(p) < Clla — b2, // 2|zy2+c// 515,22
BQX(OT BQX OT

+Ch™ ( e *plir -

T0p
Pli- e

TH(FZI)‘ =0

L2(9)>

RIZET)

+Ch™ /yz )2e 512 + Ch™ /yp 25
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Taking 7 > CT?||la — b||'/® and returning to the original notation, we rewrite the above
inequality as

IT(Z) +IT(p) S C// 6297'(,07_15915’Z|2 + Ch_4/ |p(0)|26_5cTT2
BQX(O,T) Q

+ Ch2( |e™p), ’ + 7% pl_r ’ + €™ 21—
L2(Q)

2
2(9)) (4.36)

=0
L2(5)
+Ch™ /]z 2e 6T2
valid for every
r 2y (T+ T2+ T2(all* + 627 + lla — bl12%))

with 74 large enough.

Step 3. Here, we use standard energy estimates for the heat equation to bound the last
four terms in inequality (4.36).

As O(T) = 6(0) = (T%(1 + 6)5)~!, we have e0¢lt=0 = ¢T0¢li=1 < (U577 SWPzea® and we
compute

LE+L@<C [[ @rersgilp s on? [ (o)
BQX(OT

+Ch™ /p 2e SCTQ—i—Ch /\p 2e 6T2,

(4.37)

as sup,cq ¢ < 0. From energy estimates for p solution to the second equation in system
(4.13), for tq,t € [O,T] with t; < ta, we have

|p(t2)|%2(9) < 62||b||oo(t2—t1)|p(t1)|%2(9)_ (4.38)

In particular, we obtain

/ (D)2 < C / 1p(0) 2372 (4.39)
[9] Q

On the other hand, from energy estimates for z solution to the first equation in (4.13), we
get for t € [0, 7]

T
220y < / 2(1+lol) (50 () 2, d, (4.40)

/ \2<0// Ipl2.
0x(0,T)

Using (4.38) it is not difficult to see that

/Q\Z(O)Fe—fﬁ < C/Q]p(())\ze_;;?. (4.41)

whence
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Replacing accordingly (4.39) and (4.41) in inequality (4.37) we obtain
L(z)+1(p) < C / / (2o 13g15| 12 | o / PO, (442)
B2 ><(0 T Q

Step 4. In the last part of the proof, we use energy estimates and inequality (4.42) to
obtain a modified Carleman inequality with weight functions not decaying at t = T'. To
this end, first we fix

7= 74 (T+ T2+ T(|lal2* + [b2* + lla — B /%)) .

Let us consider
I(t) = (t+0T)(T + 6T —t) for 0 <t <T/2,
- (@2 +01)2 for T/2<t<T,

and the following associated function

By construction, § = ¢ for t € [0,7/2], so that

/ / 27—99093 Z|2 / / 27'94,003|p‘2
/ / 270@03|Z‘2 / / 270"903\p|2.

Then, it follows from (4.42) that

T/2 T/2
/ / eZTUgOUS‘Z‘Q + / / 6270<p0,3|p’2
0 Jo 0o Jo (4.43)

<C / / 20 r 156102 4 Ch / [p(0) 2572
BQX(O,T) Q

Now, consider a function v € C1([0, T]) such that
v=0in[0,7/4], v=1in[T/2,T], |V|<C/T.

Applying classical energy estimates for the heat equation to system (4.13) with function
v, that is for both vz and vp, we obtain

< 21+ lall)T

1
HVZHQLZ(QX(T/AL,T)) <THZ||%2(Q><(T/4,T/2)) + HVpH2L2(O><(T/4,T))) ;

and

1
HVPH%Z(QX(T/ZL,T)) < Ce?ltl=T <THpH%2(Q><(T/4,T/2))> -
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Combining both inequalities and bearing in mind the definition of v we get

(1+]|alloo+blloc) T (

HZH%Q(QX(T/Q,T)) < Ce? HZH%2(Qx(T/4,T/2)) + HpH%?(Qx(TM,T/Q))) :

Since o(t) is constant on (7°/2,T) we can introduce the weight function on the Lh.s. of the
above inequality, thus

T
/71/2/(262703003’22 < O 2t llalloc+[[blloc) T (HZH%Q(QX(TM,T/Q)) + ”pH%Q(QX(T/ZLT/Q))) )

Taking into account that the weight function o is bounded in [T'/4,T/2] we can estimate
the right-hand side terms by means of (4.43) and obtain that

T ~
/ / €2To<po_3|z|2
T/2JQ
< 20+ allsotblloc)T // (2700 15,15 12 4 C’h‘4/ ’p(oﬂze—é% _
BQX(O,T) Q
This inequality together with (4.43) gives
T ~
/ / 627—04,00_3|Z|2
0 Jo

< Ce2+lalloo+Blloc) T // 6279¢T15015|z|2+0h—4/ Ip(0)[2e~ 5% | .
BQX(O,T) Q

It can be readily verified by means of the definition of ¢ that
Ce= " < Ce 20T < 279953,

where

T -1) o<t<T/2
C\4/T? T/2<t<T.

This, together with the fact that o > (7' + §T?)~! yields

T
/ / |2
0 0

< CT662(1+Ha||oo+Hb||oo)T // 627'9<p7_150,15‘z|2 —|—Ch4/ |p(0)‘26—5%'—2 )
BQX(O,T) Q

We define ¢g := inf g ¢(x). Then

210015915 < (~2070,15915 . £(4) =
e T <e T :
g(t)
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for t € [0, T]. We compute the derivative of g(t), that is
g (t) = 7718200 (T — 26)9 713 (—2¢c07 4 156071).

Thus, for

2 2
o 1BT2(1/4+6(1+6) 15T

2co - 8¢y

the function g¢(t) is strictly decreasing in (0,7'/2) and strictly increasing in (7/2,T). In
particular, this implies that for ¢ € [0, 7], the function f is bounded as

F(8) < F(T)2) = e~ 7% 71593015,

Taking
w21 (T+ T2+ (a2 + 62 + lla — 0] /%))

where 75 = max{74, 15/(8¢p)} we obtain

// 78;0;— z‘2
} (4.44)
< OO Hlalle bl 47 (// Iz!2+0h—4/ !p(o)\ze‘aﬁ).
By x(0,T) Q

To conclude the proof, we recall the conditions from Theorem 63:

— <¢egyp and h <hg.
They need to be fullfilled along with § < §;. We take
=15 (T + T2+ (a2 + |2 + o — 0] /%)) (4.45)

and define hy as
€0 1 -1
h = 25, (1 L el 4 b2+ - bHéé“) .
Ts T

We choose h < min{hg, h1} and 6 = hd1/hy < 0;. With these, we can find 6T2 = gg and
moreover, from (4.44) we have

SCOT
flr e
< 0oL (O lalotbl)T+75) // ‘z|2+0h4/ [p(0) 2T
Bax(0,T) Q
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which gives

SCOT
fl
' (1+llallooHblloo) T+ 77 ) // \z\2+/\p(o) e ).
B2x(0,T) Q

Finally, setting 7 as in (4.45) and recalling that By C w, we obtain the desired result. [

4.3 Proof of Theorem 59

We devote this section to prove the existence of controls insensitizing the L?-norm of the
observation of the solution of (4.9). The proof follows the same spirit as other well-known
results for controllability of nonlinear systems (see [28], [32], [61], ...). We start with
the existence of h-insensitizing controls for a linearized version of (4.9), that is, for given
a € L®(Q), be L>®(Q) and ¢ € L*(Q), we consider the linear system

Oy + Ay +ay = 1,0+ € inQ,
—0q + A™y + by, = loyn  in Q,
y=q=0 onX,

y(0) =4, qu(T)=0 in(0,L).

(4.46)

and the corresponding adjoint system (4.13). The following result holds:

Proposition 66. For T' > 0, there exists a map Li.qp) L2(0, T;R™) — L2(0,T;R™M)
such that if h < min{hg, h1} with hy as given in Proposition 61, for all source term & €
L2(0,T;RM) satisfying

there exits a semi-discrete control function v given by v = Lp.,4)(§) such that the solution
to (4.46) satisfies

1900)|2(0) < Conse™ €]l 22(e00)
and
[l 22Q) < CobsllEll L2(en0)s
with Cyps as given in Proposition 61.

Proof. Consider the adjoint system (4.13). The relaxed observability inequality of Propo-
sition 61 gives

|| et < G (1o oy + = ) (1.43)
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with € = ¢(h) = e~1/*. We introduce the functional

1 €
5 [ R e + [ s (4.49)
wx(0,T) Q

The functional J is continuous, strictly convex and coercive on a finite dimiensional space,
thus it admits a unique minimizer that we denote as pg?’. We denote by (2!, p°P') the
associated solution of the adjoint problem (4.13) with this initial data.

We compute the Euler-Lagrange equation for this minimization problem, namely

// fmz+d%mwwmmy+/ €2=0, Vpo €R™. (4.50)
0,7 Q

where (z,p) is the associated solution to the data py. We set the control v = Ly.q(po) =
1,,2°P* and consider the solution (y, q) to the controlled problem

Oy + Ay + ay = 1,27 + €,
—0iq + A™y + bq = 1oy,
y=q=0,

y(0) =0, ¢(T)=0.

Multiplying the above equation by (z,p) and integrating by parts we obtain

wmon = [[ 7 [l

for any po € R™. Substituting this expression in (4.50) we deduce that

4(0) = —<p". (4.51)

On the other hand, we take py = pJ*" in (4.50), then

t 12
127 oy + b By = — | K=

Since & satisfies (4.47), we introduce the weight function in the right hand side of the above
inequality, thus

112 opt |2 2 1/2 =M, 2 1/2
127 2 0y + €10 2 ( / / et|s|) ( / /Q ez|z|) .

With the observability inequality (4.48) we have

t 12 M
2P e e oy + €10 By < Ci / /Q el
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This yields
s\ 12
Fell ooy = 127 2o < Cobs ( / /Q e )

and
1/2, opt M2 1/
15 e < o | [ ¥ ) (452)
Hence, the linear map
L(T;a,b) : L2(Q) — LQ(W X (O,T)),
Po — Y,

is well defined and continuous. Finally, with (4.51) and (4.52)

1/2
M
14(0) () < Copse €/ ( / /Q et|5|2> ,

which concludes the proof. O

Proof of Theorem 59. Let us define

(s) = @ if s #0,
P =700) ifs=o.

The assumption on f guarantee that g and f’ are both continuous and bounded functions.
We set Z = L2(0, T; R™). For ¢ € Z we consider the linear control problem

Oy + Ay + g Qy=1,0+¢ inQ,
—0q+ A"q+ f'(Q)g= 1oy inQ,

(4.53)
y=q=0 onX,
y(0) =0, ¢(T)=0 in(0,L).
We set ac = g(¢) and be = f'({). Indeed, we have
laclloo, Ibclloe < K, V¢ € 2. (4.54)

Then, we apply Proposition 66, with A chosen sufficiently small, i.e. h < min(hg, h1) with
-1
h=C (1 + A (KB Kl/ﬁ)) ,

and denote by v¢ = L7, p.)(§) and (y¢, q¢) the associated control function and controlled
solution. We have

()] z2() < Ce™ VM€l p2(ens V¢ < ClENL2(en0)- (4.55)
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where C7; > 0 and C = exp [C (1 + % + K23 4 K16 4 T(1+ K))], uniform with respect
to ¢ and the discretization parameter h. Now, we consider a a map

A2 52,
¢y,

where y¢ is the solution to (4.53) associated to a¢ = g(¢) and be = f'(¢), with v¢ as in
(4.55). By classical regularity results for the heat equation we obtain

lycllz2(qy < et Uacloetlvclloo)) (11€]| L2y + 1wvel z2()) -

and taking into account (4.54) and (4.55), we deduce that the image of A is bounded.
Following the methods of [12] and [28], it can be verified that A is continuous and compact
from Z into itself. Therefore, applying Schauder’s fixed point theorem, there exists y € Z
such that A(y) = y. Setting v = L(7,q,,)(§) We obtain

Oy + ATy + f(y) = Lov +€ i Q,
—0iq + A"+ f(y)g = loy inQ,
y=q=0 ond

y(0) =0, ¢(T)=0 in(0,L),

which concludes the proof as we have found a control v that drives the solution of the
semilinear semi-discrete parabolic system to a final state ¢(0) satisfying the estimates
(4.55). O

4.4 The penalized Hilbert Uniqueness Method and its ap-
plication to the insensitizing control problem

The main goal of this section is to present methods and results concerning the numerical
computation of insensitizing controls for the heat equation. The strategy that we follow
here was initially introduced in the seminal work of Lions and Glowinski, see [34, 35], and
it is based on a formulation of the control problem as an adequate optimization problem.
This method, referred as the Hilbert Uniqueness Method (hereinafter HUM), has been
successfully applied in its penalized version to the numerical computation of null controls
for parabolic problems in [18], [15]. This version allows to circumvent some issues related
with the computation of the controls, such as the lack of coercivity of the dual functional,
that leads to severe problems when numerical methods are applied (see e.g. [54] for a
detailed discussion). But most important, as noted in [15], the penalized HUM is almost
problem independent (at least in the linear case). In the practice two numerical schemes are
used to solve forward and backward equations and can be chosen at the user’s convenience.

As noted in Proposition 56, the insensitizing problem is equivalent to a null control
problem for a cascade system of equations. Thus the proposal here is to employ the penal-
ized HUM to characterize and build the minimal L?-norm control satisfying a convenient
minimization problem.
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To this end, we consider a standard fully-discrete scheme for the heat equation with
unknown data. For M > 0, we set 6t = T/M and we consider an implicit Euler scheme
with respect to the time variable, namely

(4.56)

yo = 1Yo + Two,
n+1 n
Y +5t_y + APy = oy, + €7 e [0, M — 1],

where v5; = (v")1<n<m is a fully-discrete control function whose cost, that is the discrete
Lgt(O, T; R™M)-norm, is defined by

M 1/2
HU&HLgt(O,T;Rm) = (E:l 5t|an2(Q)> -
n=
Consider the functional u
1
Ty ==Y 6t | [y"]? 4.57
) =520 [ 10 (157)
n=1
defined on the set of solutions to (4.56). Then, our desire is to insensitize the functional
(4.57), that is to find vs; such that

8\Il(yn(7 5T, U5t))
or

As in the semi-discrete and continuous cases, we have the following result

=0, Ywoe€ L*(Q), |wolrz@) =1 (4.58)

7=0

Proposition 67. Let us consider the following cascade system of heat equations:

0

Y = Yo,

n n 4.59
{y +;t_y +A9ﬁyn+l — lwvn+l + £n+17 Vn € [[O,M _ 1]]’ ( )

M+1 __

q =0,

n_m 4.60
{q — ARG = 10y, Ynoe [1, M]. (4.60)

Then, the insensitizing condition (4.58) is equivalent to
¢ =0.
Proof. Recall that
| M
UAREII [ e

Taking the derivative with respect to 7 and evaluating at 7 = 0 we get that (4.58) is
precisely

M
Zét/ y " =0 (4.61)
n=1 0
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for every wg € R™, |wy| r2() = 1, where y" is the solution corresponding to 7 = 0 and w"
is the derivative of y™ solution to (4.56) at 7 = 0. More precisely, " solves

Y- = Yo,
{y“é{ Wy ATy 1t et e [0,M - 1,

and w"™ solves

wo = Wo
1y 4.62
{“]Jr;t_w + APt =0, nefo,M —1]. (4.62)

We multiply (4.62) by a sequence (¢"™!)g<p<ar—1 in Lgt(O,T;]Rm), that is,

Z &( "+1—w 1AMt qn+1>L2(Q) —0.

After rearranging some terms and from the fact that A™ is a symmetric operator we obtain
M-1 »
- 0 1 n q"—q"
0 ey 350 (0 )

M
+ (wM, qM)LQ(Q) + z:l ot (w",Afmq”) =0.

L2(Q)

M—l)

Adding and subtracting the term (wM M —q in the above expression we get

L2(Q)
n+1

M n

We set ¢M*1 = 0 and take (¢")1<n<m as the solution of the adjoint system to (4.62)
corresponding to a second member 1¢y”, in other words, the sequence ¢" solves

+A9ﬂqn> + (wM’qM+1)L2(Q) =0. (4.63)
L2(Q)

qM—i-l _ 07
qnigfn—kl +Amqn — 1(9yn7 n ¢ [[17M]]

Consequently, we substitute in (4.63) and thus

Z‘St W Y") 12(0) = (w07q1)L2(Q)'

Hence (4.61) is equivalent to ask
(wo,ql) =0 VYuwgy € Rm, |w0|L2(Q) =1,

that is
¢ =0
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With the above notation and following the methodology of the penalized HUM (see for
instance [15]), we introduce the primal fully-discrete functional

Fe pst(vst) Z&/ ™% + *!q !Lz (4.64)

that we wish to minimize onto the whole space L 6t(07 T;R™M).
The first step in the analysis is to identify the correct dual functional.

Proposition 68. For any € > 0, we define the functional

F.‘ h,ot pO Zdt/ ’zn|2 ‘p0’L2 Q) + Z(St 5 2" L2 (yOa )LQ(Q) ; (465)

where the sequence (2", p™), is the solution to the following adjoint problem

M+1 _0
n 4.66
Z;z“"i'ﬂimn_lopa nEHLM]]a ( )
b~ = po,
o 4.67
{p ot Al =0, e [0, M — 1] (4.67)

The functionals Fy p s5¢ and J. p, 5¢ are in duality, in the sense that their respective minimiz-
ers Ve 51 € Lgt((), T;R™) and po. € R™ satisfy

inf Feh&t:Fshét(Us&):_ ehét(pOE):_ianEhﬁt'
L?t (O,T;RWI) 9 b bl bl b 3 9 b Rm«z 9 b

As a consequence
Vet = (22 )1<n<,
where zI' is the solution to (4.66)-(4.67) with initial data po = poc.

Remark 69. We have taken into account an initial condition yp # 0 in (4.59) to compute
the dual functional. This will be useful at a numerical level to illustrate different results
already known about the class of initial data that can be insensitized. Note that when
yo = 0, the functional (4.65) is in fact the fully-discrete version of (4.49)

Proof. Let us introduce the following operator
L e L(L2,(0,T;R™):; R™) defined as Lvg; = Q*, (4.68)

where (Y™, Q™) is the solution to

Y0 =0
YREYT p ANy ™ = 1,0, Wnoe [0, M — 1],

QM+1 _ O
QUL L AMQn — 15V, Vn € [1, M].
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With this notation, we rewrite (4.64) as

M
_ 1 § : n|2 1 012
oo =52 5’5/w‘” P gl ¥ @ iy

= F(vst) + G(Lvg),

where the sequence (9", q"), stands for the free solution to (4.59)-(4.60), that is, the
solution with given data £" and yo but (v™),, = 0. More precisely,

:'3 = Yo,
i 0 4.69
{y gty ANt = entl v e [0, M — 1], (4.69)

sM+1

q =0,
. 4.70
{q—q T AT = 1gm, Wn € [1, M]. (4.70)

Using the duality theory of Fenchel and Rockafellar (see [26]) we have the equality

o B (F 030 L)) = = Inf(F(L"po) + G (-po))

where L* denotes the adjoint operator of L and F* is the conjugate function of F, i.e.,

F*(0) = sup {(0,5) — F(3)}. (4.71)

c

We multiply (4.66) by (Y™),, in L2,(0, T;R™)

M et
St Y ) Z st ( Amzn,yn) |
n=1 LQ(Q)
and after rearranging some terms we obtain
M-1
+1 +1 _ 1 0 M+1
Z ot (p" Y™ )L2(O) = (=Y )LZ(Q) — (2 ’Yn)y(sz)
n=0

n+1 n
+Z(5t< 11 H+A9ﬁyn+1> '
ot 12(0)

Substituting initial conditions and the equation satisfied by (Y™),, in the above expression

yields
M-1 M-1

S0t (LYY g = 36 (L (472)
n=0 n=0
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Now, we multiply (4.67) by (Q"*1),, in L},(0,T;R™)

M pn+1 _ pn
Z6t < _|_‘Aimpn+1’ Qn—H) =0,
" ot L2(Q)
and proceeding as before we readily obtain
M-1
Z ot (pn+1’Yn+1)L2(O) = (pO’Ql)LQ(Q)‘ (4.73)
n=0
Combining (4.72) and (4.73) we get
M-1
Z ot (ZTH_I, lwvn+1)L2(Q) (p07 Ql)LQ(Q)
n=0

= (po, Lvst) 2(q)-

Then, from the definition of the operator L we conclude that

M-1
D ot (e Z& o, 0" ) 120
n=0

whence
L*po = (1u2")1<n<m- (4.74)

Using definition (4.71) is not difficult to see that

F*=F,
SO
Sk Tk 1 2
F*(Lpo) = 226t/w\z”\ . (4.75)
Now, we compute the term G*(pp) as

G*(po) = sup { (po, Po) L2() — G (Do) }

= sup {(po,ﬁo)w(m — 1P + (31@2(9)}
Po

b

= sup {(po,ﬁo +q")r20) — (0, 4" ) r2(0) — 52 [P
Po

Setting po = po + G1

G*(po) = — (po, él)Lz(Q) + sup {(Po,ﬁo)L2(Q) - |ﬁo\i2(g)} :
Po
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The supremum is attained when py = epg therefore
€
G*(=po) = (P0:4") 120y + 5 IP0lZ2 (00 (4.76)

To finish the proof, we rewrite (po, ') in terms of the data of the problem. We multiply
the equation satisfied by (¢"), by (p™)n

M
Z‘St< HATp ) = 0t (" ") 2o -
LQ(Q) n=1

Reasoning as before we obtain

_l’_

( ,PO L2(Q Zét y p L2 (0)* (4.77)

On the other hand, we have

M-—1
Z 5t< +A9ﬂ n+1 n+1> — Z 5t (fn—H’Z”—H)LQ(Q)’
L2(Q)

n=0

and proceeding as before we get

M M
D ot =Y 6t (€ 2") o) + (0, zl)m(m . (4.78)
n=1 n=1

We combine (4.77) and (4.78) and replace in (4.76). With that equation and (4.75) we
obtain the desired result. O

Following the ideas in [15], we consider the penalized HUM where the parameter ¢ =
¢(h) is connected to the discretization parameter h. When properly selected, the method
yields to a satisfactory approximation of an insensitizing control for the original problem.

4.5 Numerical results

4.5.1 Computational method

We devote this section to address the actual computation of the fully-discrete insensitizing
controls. As noted in Proposition 68, such controls are the minimizers of F; 5; but may be
also be computed by minimizing the dual functionals J. s;. Since the dual functionals are
defined on the finite dimensional space R™, instead of the larger space Lgt((), T; Rm), it is
convenient to apply optimization algorithms to the dual functionals.

Since these functionals are quadratic and coercive, the conjugate gradient algorithm is
a natural choice to address the minimization problem. To apply this method it is necessary
to compute, at each iteration, the gradient of J; s.
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Proposition 70. For any h > 0, 6t >0, ¢ > 0 and any po € R™, we have
Vdenst(po) =L (1uz) +epo+ Li(§,v0), (4.79)
where L stands for the operator (4.68) and
Ly € L(L*0,T;R™) x R™ R™)  defined as Lyi(€,y0) = ¢

Proof. We begin by computing the directional derivative of (4.65), i.e.

M M
Zét/ Z"Z" + e (po, Do) r2(0) + Z 6t (€",2") 12(0) + (Y0, 2(0)) f2(y » VDo € R (4.80)
n=1 w n=1

where (2",p"),, is the solution to (4.66)-(4.67) with initial condition pp. We rewrite this
derivative in a suitable manner. Using (4.74), we have for the first term that

M
3 st / Lo = (L(1w2), o) (g - (4.81)
n=1 w

Then, we multiply (9", ¢")n solution to the uncontrolled system (4.69)—(4.70) by (2", p™)n,
in L2(0, T; R™) x L2(0,T;R™). Using integration by parts we get

M
D 6t(E", 2 12(0) + (W0, 2(0)) r2(0) = (4" Po)12(0)- (4.82)
n=1

Putting together (4.80)—(4.82) yield the desired result. O

The actual computation of the gradient must be regarded as follows. The last term in
(4.79), which does not depend on py, is actually the solution at final time of the uncontrolled
problem (4.69)-(4.70) with given data yo and £. This computation can be carried once at
the beginning of the program and stored in memory. The second term is easy to compute.

The first term of the gradient require several steps to be computed:

1. In the first step, we solve the adjoint problem with the initial datum pg. This is
achieved in two steps. We begin by solving the homogeneous forward system

pO = Do,
n+1 n
P +5;p + APt =0, neo,M —1].

Then, we solve the backwards system with second member 19p”

ZMHL =,
% + AT = 10p", n € [1, M],
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2. Then, we restrict the solution of (z"), to the domain w and set v = 1,2". This
gives a control in L2, in L%(0,T; R™).

3. Afterwards, we proceed to compute the solution (y™), with this control and zero
initial data. More precisely, we solve

Yy’ =0,
U | Ayttt — g ot € [0, M — 1]

Finally, we solve for the backward problem with second member 15y™

qM-|—1 =0
qn_gtnﬂ + AT = 1py™,  Vn € [1, M].

Remark 71. Note that the procedure to compute the control for a given problem requires
basically two solvers to deal with the numerical computation of forward and backward
parabolic equations. This modularity allows to test different cases without major changes
in the program.

4.5.2 Some experiments

We present here some results obtained from the application of the penalized HUM to the
problem of insensitizing controls. In accordance with the discussion in section 4.4, we
use the standard finite-difference scheme on a uniform mesh of the domain Q = (0,1). We
denote by N the number of points in the mesh. We use the implicit Euler time discretization
and denote by M the number of time intervals. It has been shown in [15] that the results in
those kind of problems does not depend too much on the time step, as soon as it is chosen
to ensure at least the same accuracy as the space discretization. Here we will always take
M = 2000.

We consider the following problem with a control time 7' =1

Oy — 0.10%y = 1,0 + &,

—dyq — 0.102q = 1oy,

y(0,t) = ¢(0,t) =0, y(1,t) =q(1,t) =0,
y(z,0) = yo(z), ¢z, T)=0.

(4.83)

This problem will serve to study a broad class of insensitizing problems. We apply below
the HUM methodology in different contexts that have been studied in the continuous case
over the years.
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a N N R Cost of the control —e—
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Figure 4.1: Convergence properties of the method for insensitizing problem.

The insensitizing problem

The first positive result on the existence of insensitizing controls for (4.83) was developed
in [61]. Here, we extended that result to the case of ¢(h)-insensitizing controls for the
semi-discrete heat equation.

We begin by testing the case of the localized domain w = (0,0.5). To verify the
hypotheses of the main results in [61] and here, we set O = (0.3,0.8) and yo(z) = 0.
The source term ¢ is selected as {(z,t) = 1oy (0.2,1)(,t). This ensures that § € L?(ex).
As discussed above, we choose the penalization term e as a function of h. In particular,
we choose ¢ = ¢(h) = h*. In fact, we use this penalization term for all the simulations
performed in this section. We refer the reader to [15] for a detailed discussion on the
selection of the function ¢(h).

In figure 4.1, we observe the numerical results for the controllability of system (4.83).
As expected and according to the results presented in this chapter, the size of the final
state ¢(0) behaves like y/¢(h) = h? and, moreover, we see that the cost of the control and
the optimal energy remain bounded as h — 0. Recall that in the insensitizing problem, we
look for a control such that the functional

1 (T
U(y) = //y2dxdt, (4.84)
2 JoJo
defined on the solutions of

Oy — 0102y = 1,0+ ¢
y(O,t) = y(l,t) = 0, y($70) = Yo + Two-
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is locally insensitive to the perturbation Twg. To illustrate this fact, we use the computed
control v in the above system and test for different values of 7 and some initial data wy.
In figure 4.2 we observe the value of the insensitizing functional (4.84) for small values of 7
ranging from —0.5 to 0.5. As expected, we observe that the value of ®(y) for the controlled
solution achieves its minimum when 7 = 0.

2.4e-01 4 Initial data wo
] AR coniom)

2.2e-01 _- 8:8:8 sin(§mz) + sin(Prz)
2e-01 B:B:H Lo.0.4)(2) — Loen(x)

1.8e-01 o

1.6e-01

1.4e-01

1.2e-01 M
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4e-02 - w
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~6e-01 ~4e-01 ~2e-01 0e00 2e-01 4e-01 6e-01

T

Figure 4.2: Value of ®(y) for different parameters 7 and initial data wg. Gray markers:
controlled solution. White markers: uncontrolled solution.

The dependence on &

It has been widely discussed if the hypothesis on the source term, namely & € L?(ey), is
indeed necessary to obtain the insensitizing result. Modifying the program accordingly, we
prove for different source terms of the form

£(z,t) = exp (jf) 10(z), (4.85)

In figure 4.3 we illustrate the effect of ¢ during simulations. For some values of M we
mantain the controllability result, but as these values decrease to 0 the convergence rate
of the target ¢(0) is approximately h and not h%. Similarly, the optimal energy and the
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control seems to behave like h=0-5. As discussed in [15], such behaviors might correspond
to the case where the continuous problem is approximately but not null controllable (and
it may even depend on the time 7). In the insensitizing framework, this means that we are
in the context of e-insensitizing (see for instance [12]). In these cases, further investigation
is desirable.

Simultaneous insensitizing and null control

In the continuous case, we can ask for simultaneous null and insensitizing controls, that is,
we look for a uniformly bounded control v € L?*(w x (0,T)) such that

y(T)=0 and ¢(0)=0. (4.86)

For the semi-discrete case, we have an analogous concept. Consider the linear semi-discrete
System

Oy + ATy =1,0+¢ inQ,

—0ig + AMg =1py in Q,

y=q=0 ond,

y(0)=0, ¢T)=0 in (0,L).

Following the proof of Proposition 61, we can obtain the observability inequality

o
// e 1T |z|2 < C (// |2]* + e=C/h (’ZF’%Q(Q) + |P0‘%2(Q))> ; (4.87)
Q wx(0,T)

for the solutions to the adjoint system

—z+ A%z =1op inQ,

Op+A"p=0 inQ,

z=p=0 onX

2(T) = zr, p(0) = po.
Remark 72. Note that weight function in the left-hand side of (4.87) vanishes at ¢ = 0 and
t="T.

Adapting the results of Section 4.3, we can prove the simultaneous insensitizing and
null control by minimizing the dual functional

1 2 & 2 2
Je(2r,po) = 2//w><(0,T) |27+ 5 (\ZF\B(Q) + |p0|L2(Q)) + //Q 32 (4.88)

More precisely, for any ¢ € L?(Q) such that

// T €] < 4o, (4.89)
Q
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Figure 4.3: Different values of M in the source term.
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then the inequality (4.87) together with the minimization of (4.88) yield

M
(D)2 + 19(0) 2@y < Ce=C/h ( / /Q e |§|2) ,

||’U”L2(Q) <C (// et(qjﬁit) |§’2) .
Q

o Cost of the control ——
10! | ‘.:‘.:‘,:E‘ | Size of g, (0) -&-
Size of yp(T) —&—
Optimal energy —a—
1071 g
1073 |- slope 2 |
1075 )
L1
1073 102

h
Figure 4.4: Simultaneous insensitizing and null-control

In this case, we can make numerical simulations to illustrate the simultaneous null and
insensitizing controls. As before, we take w = (0,0.5), O = (0.3,0.8) and yo(z) = 0. For
this test, we choose the source term as

£(z,t) = 1ox(0.208) (2, 1)
which verifies the integrability condition (4.89). In figure 4.4, we observe that the size of

the computed targets y(7T') and ¢(0) behaves as expected, i.e., \/#(h) = h?. Moreover, the
norm of the computed control remains bounded as h — 0.

The class of initial data that can be insensitized

The insensitizing results in Theorem 59 and Theorem 1 in [61] use the fact that yo(z) = 0.
There are very few results identifying the class of initial data that can be insensitized. In
[62], the authors studied some geometric configurations in which the subdomain O to be
insensitized and the control set w play a key role.

When O C w, one may obtain the following inequality

/ 0,2(2,0)% < C / / (0622 + 10222),
0 wx(0,T)
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for solutions to the adjoint system

—Oz — 0%z = 1gp,
atp - 8%1? = 07
2(0,t) =p(0,t) =0, p(1,t) =2(1,t) =0,
z2(x,T) =0, p(z,0)=po.
In this case, we recover a Sobolev norm on z(-,0) and hence the insensitization can be

achieved for initial data in a Sobolev space. We illustrate this fact in figure 4.5. For this
experiment we have used that w = (0.3,0.8), O = (0.4,0.6), £ = 0 and yo(x) = 1(9.2,0.7)(T)-

T T T ] T T T ]
107 | ‘_W‘\A |
107} 1

1072 )

1074 1

1076 )

[ [
1073 1072
h

Figure 4.5: The case where O C w

On the other hand, Theorem 2.2 in [62] states that when O = Q it is possible to
insensitize initial data of the form yo = 3772, bj; with

o
ZeB\/’be]z <oo, B>0,

j=1

where \; and ¢; are the eigenvalues and eigenfunctions of the Dirichlet Laplacian, respec-
tively. In figure 4.6, we present some experiments with different initial data. In the first
case and third, we select initial data satisfying the above condition and, as expected, we
observe that the convergence ratio of ¢(0) is \/¢(h) = h. In the other case, observe that
the size of the target actually goes to 0 but at a lower rate, while the optimal energy blows
up as h™2. This indicates that the system is approximately, but not null controllable.
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Figure 4.6: The case where O = (2
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The case wNO =10

As in other insensitizing results (see e.g. [61], [13], [40], ... ), we use the fact that wNO # 0
in order to locally estimate p in terms of z. Without this hypothesis, we would not be able
to obtain the observability inequality (4.14).

In [43], the authors proved that system (4.83) can be actually e-insensitized when
wNO =0, for any yo € L?(2) and ¢ € L?(Q). Adapting the program, we are able to test
different geometric configurations of w and O.

In the following experiment we set w = (0,0.5), O = (0.8,1), yo(z) = sin?(wz), and
&(x,t) = 0. In figure 4.7, we observe the size of the computed target ¢(0) with a penalization
term ¢(h) = h*. The computed target decreases to 0 as h?6 instead of the expected rate
h?. Since only a result of e-insensitizing is known for the continuous case, the problem may
not be null-controllable or the numerical approximation may require a stronger condition
on the penalization function ¢ (see [15]). Moreover, new phenomena (as minimal-time
controllability) associated to the fact that wNO = () may arise, see [3]. In any case, further
investigation is desirable.

106

10*

102

Figure 4.7: The case where O Nw = ()



Appendix A

Some discrete calculus results

The objective of this appendix is to provide a summary of calculus rules for discrete opera-
tors such as D, D and also to provide estimates for successive applications of such operators
on the weight functions. We state here the results without proof. For a detailed reading
we refer to [16].

To avoid cumbersome notation we introduce the following continuous difference and
averaging operators. For a function f defined on R we set:

Pi@) = fa+ ) @) = fa— b,
Df = 1 (r —77)f,  Af=fi= g+

Discrete versions of the results we give below will be natural, indeed, with the notation
given in the introduction, for a function f continuously defined on R, the discrete function
Df is in fact Df sampled on the dual mesh 91, and D f is Df sampled on the primal mesh
9. We use similar meanings for averaging symbols f, f (see (4.12), (4.11)), and for more

general combinations: for instance DD f will be the function D/D\f sampled on M.
A.1 Discrete calculus formulae
Lemma 73. Let the functions f1 and fa be continuously defined over R. We have
D(f1f2) = D(f1)f2 + fiDfa.
The translation of the result to discrete functions fi, f» € R™ and g1, ¢ € R™ ig

D(f1f2) = D(f1)f> + fiD(f2), D(g192) = D(g1)g2 + 51 D(g2)

Lemma 74. Let the functions f1 and fo be continuously defined over R. We have
_— . h2
fife=fife+ ZD(fl)D(fQ)

123
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The translation of the result to discrete functions fi, f» € R™ and g1, o € R ig

. o 2 2 .
fifa = Jufa+ S DUDDf), 905 = 9152 + 7 D(gn)Dig2).

Lemma 75. Let the funciton f be continuously defined over R. We have

2 ; h?
A% = f = [ +-DDf (A1)

The following proposition covers discrete integration by parts:

Proposition 76. Let f € RN gnd g € R™. Then,
/ f(Dg) = — / (Df)g + fn+19n 11 — fogu,
Q Q 2 2

_ : h h
/Qfg = /Qfg — 5NNy — S fogs

A.2 Some results related to the weight functions

We present here two technical results related to discrete operations performed on the Carle-
man weight functions. These are of particular interest in the demonstration of Proposition
61. We refer the reader to [16], [19] for a complete review of the results and their proofs.
Lemma 77. Let f be a smooth function defined on R. We have
DI = 0+t [ (1= lo) MO A+ b
1

) 1
Nf=f+ thz/ (1= lo)o2f (- +oh)do, j=1,2 h=5, =1
-1

We set 7 = %9 and p = r~!. The positive parameters s and h will be large and small
respectively. We highlight the dependence on s, h and A in the following estimate. We
assume s > 1 and A > 1.

Proposition 78. Provided sh < K, we have

rA/Dp = 700 + 5Oy s ((shz)) =s50,4(1), 7=0,1,
rD?p = r@%p + 820)\’ﬁ ((shZ)) = 32(9,\”@(1).

The same estimates hold with p and r interchanged.
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