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Notation

List of mathematical symbols

In this text, the following mathematical symbols are used.

Euclidean norm for vectors.
Il Induced norm for matrices.

R Real numbers.

R" n-dimensional Euclidean space.

R Set of n x m real matrices.

Rt Positive real numbers.

CY([~h,0],R™) Set of continuously differentiable functions
on the interval [—h, 0].

x(t, ¢) or z(t) Solution of the system with initial conditions ¢.

(o) System state.

T Matrix transposition.

Amin(A), (Amax(A4)) Smallest (largest) eigenvalue of a symmetric matrix A.

P>0,(P<0) Symmetric positive (negative) definite matrix P € R™*™.

QT Transpose of the matrix Q € R™™.

— Mapping of the elements of the domain to the
elements of the range.

= Implies.

v For all.

= Exists.

€ Belongs to.

()t Inverse operator.

tr(-) Trace operator.

|

The notation ||, for any function ¢ from C'([—h;0],R") is
Do) (16 ()]) and [|], = max (|6 ()], 16 ()1 ).
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Acronyms list

ADAMS Advanced Drillstring Analysis and Measurement System.

AlIC Active Isolation Control.

ANC Active Noise Control.

ASC Active Structural Control.

BHA Bottom Hole Assembly.

BMI Bilinear Matrix Inequality.

DOF Degree Of Freedom.

LMI Linear Matrix Inequality.

MWD Measure While Drilling.

ODE Ordinary Differential Equation.
PDC Polycrystalline Diamond Compact.
PDE Partial Differential Equation.
PID Proportional-Integral-Derivative.
RMS Root Mean Square.

ROP Rate of Penetration.

STRS Soft Torque Rotary System.
TOB Torque on the bit.

TVA Tuned Vibration Absorbers.

WOB Weight On Bit.
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Analysis, Modeling and Control of an Oilwell
Drilling System

Abstract: In drilling operations, the drillstring interaction with the
borehole gives rise to a wide variety of non-desired oscillations. The main
types of drilling vibrations are torsional (stick-slip), axial (bit-bounce) and
lateral (whirling). The analysis and modeling of rotary drilling vibrations is a
topic whose economical interest has been renewed by recent oilfields discoveries
leading to a growing literature. The first part of this work concerns the mod-
eling problem of a vertical oilwell drilling system. The wave equation subject
to mixed boundary conditions is used to reproduce torsional oscillations of the
drill string. By means of a direct transformation we derive an input-output
model described by a neutral-type time-delay equation which clearly simplifies
the simulation of the torsional dynamics. Axial vibrations are modeled by an
ordinary differential equation describing a damped harmonic oscillator. The
proposed modeling strategies are validated via simulations by testing known
experience-based techniques to reduce drilling vibrations. In the second part
of the work, based on the different modeling approaches, we develop effective
control strategies to suppress drilling oscillations. Lyapunov techniques allow
us to analyze the system stability and lead the synthesis of stabilizing feedback
controllers by means of the solution of linear and bilinear matrix inequalities.
The performance of the proposed approaches is highlighted through simula-
tions showing an effective suppression of the undesirable phenomena stick-slip
and bit-bounce. The special significance of this research project lies in the
fact that the proposed control techniques can be easily extended to be applied
to more general systems.






Résumé

Introduction Générale

La présence d’intenses vibrations dans les tiges de forage a été considérée
pendant de nombreuses années comme 'une des causes les plus importantes
de la mauvaise performance du processus de forage. Pour le secteur pétro-
lier, 'amélioration des opérations de forage est une question cruciale d’intérét
économique.

Malgré le progrés technologique, les phénoménes vibratoires qui aug-
mentent considérablement les coiits de forage continuent & se produire. Avant
1960, les analyses effectuées pour résoudre le probléme ont porté sur le type et
la résistance du matériau utilisé pour la construction du train de tiges, cepen-
dant, les tendances ont changé, les analyses récentes étudient le comportement
dynamique de la tige de forage [54].

Les différents types de vibrations qui affectent le taux de pénétration et
provoquent la détérioration prématurée des composants du systéme peuvent
étre classés en trois catégories en fonction de la direction dans laquelle les
oscillations se produisent, ceux-ci sont :

- de torsion ou de rotation, également connus comme phénoméne de coller-
glisser (stick-slip),

- axial ou longitudinal, caractérisés par le rebond du trépan (bit-bounce),

- latérale ou transversale, mouvement rotatif irrégulier qui se produit
lorsque la tige de forage opére hors de 'équilibre (whirling).

La présence de vibrations empéche I'exécution efficace du processus de
forage, car elle provoque une détérioration prématurée des mécanismes [79],
cause une utilisation excessive d’énergie [78] et peut induire une instabilité
dans le puit en réduisant le contrdle directionnel |37].

Ci-dessous une bréve description des causes et conséquences possibles des
modes de vibration mentionnés.

- Vibrations de Torsion. L’application d’une vitesse constante a ’extré-
mité supérieure de la tige ne se traduit pas nécessairement par un mouvement
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régulier de rotation du trépan, en fait, la vitesse angulaire & I'extrémité infé-
rieure présente habituellement des fluctuations de grande amplitude pendant
une fraction significative du temps de forage. Cette vitesse de rotation non
uniforme est principalement due a la flexibilité de torsion de la tige [105]. Les
vibrations de torsion provoquent une rotation irréguliére qui endommage les
connexions des segments de tige de forage et le trépan. De plus, le proces-
sus de forage est prolongé car les vibrations réduisent le taux de pénétration.
Les oscillations de torsion sont détectées par les fluctuations de la puissance
nécessaire pour maintenir une vitesse de rotation constante.

- Vibrations Axiales. Les oscillations longitudinales impliquent un mou-
vement de la tige le long de 'axe, en raison de l’accouplement des éléments
du mécanisme, la présence de ceux-ci peuvent provoquer indirectement le dé-
placement latéral de I’arbre [104]. Les vibrations axiales causent des collisions
répétées entre 'outil de forage et la roche, ce qui conduit a la destruction
du trépan. Le rebondissement du dispositif de forage est lié a 'utilisation
d’un type spécifique de outil de forage appelé trépan "tricone" ou a rouleaux
coniques qui est composé des lobes multiples, cela entraine une interaction
irréguliére avec le fond du puit en perdant le contact avec la formation ro-
cheuse.

- Vibrations Latérales. Les oscillations transversales peuvent se pro-
duire sans étre détectées a la surface. A I'extrémité inférieure, I'arbre entre
en collision avec les parois du puit, ce qui provoque la création d’'un orifice
excentrique et endommage gravement les composants du systéme [83]. Les vi-
brations latérales perturbent gravement la structure du puit et modifient la
direction du forage [54]. La rotation irréguliére est induite par centrifugation
lorsque le centre de gravité du collier de forage n’est pas situé exactement
dans la ligne centrale du puit provoquant un inclinaison de la tige [116]. Ce
comportement est intensifié en raison de ’effet combiné du fluide d’amortisse-
ment, le retrait de dispositifs stabilisants, et le frottement de la chaine contre
les parois du puit [115].

Compte tenu de tous les problémes liés au phénoméne vibratoire, diverses
méthodes ont été proposées au cours des années pour éliminer ou au moins
réduire le probléme. Les ingénieurs pétroliers et les experts ont développé
des méthodes empiriques basées sur I'expérience. Les plus courantes sont la
réduction du poids sur le trépan et 'augmentation de la vitesse angulaire a
Pextrémité supérieure. Ces solutions sont utiles pour prévenir ’apparition de
vibrations, toutefois, elles impliquent une diminution du taux de pénétration.
Il existe des solutions plus sophistiquées pour réduire le phénoméne de coller-
glisser, nous énoncons ci-dessous quelques-unes.
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Commande par retour du couple

Avec la méthode de commande par retour du couple, les oscillations de
torsion peuvent étre évitées si la vitesse de la table tournante est modifiée en
fonction des variations de torsion. La vitesse a la surface est ajustée de telle
sorte que ’onde de torsion qui se propage le long de la tige est amortie, au lieu
d’étre réfléchie en retour vers le bas de la colonne de forage. L’inconvénient
de cette méthode est qu’elle requiert une mesure précise du couple, qui, dans
un processus réel est difficile a obtenir [51], [67].

Systéme rotatif de couple souple (Soft Torque Rotary System
STRS)

La compagnie hollandaise Shell, conscient du probléme qu’implique une
mesure précise du couple, a concentré ses recherches sur 'amélioration de com-
mande de vibrations par retour du couple durant la décennie 1990 [54], [55].
La méthode développée consiste a calculer le couple sur I'extrémité inférieure
en mesurant le courant du moteur, et a I'utiliser dans la boucle de retour. Les
oscillations sont réduites par un réglage approprié de la commande, de sorte
que le systéme se comporte comme un amortisseur réglé actif, similaire aux
amortisseurs que 'on utilise pour éviter des oscillations induites par le vent
dans les lignes de transmission d’énergie. Ce systéme a été appelé systéme ro-
tatif de couple souple. Des essais expérimentaux ont montré une amélioration
de la performance du processus de forage et une réduction considérable des
défaillances du mécanisme. Le systéme rotatif de couple souple est disponible
commercialement depuis plusieurs années et est utilisé dans différents endroits
a travers le monde.

Commande Proportionnel-Intégral-Dérivé (PID)

Une méthode simple pour traiter le probléme de coller-glisser a été présen-
tée par Pavone et Desplans en 1994 [89]. Ils ont trouvé que grace a une analyse
de stabilité on peut déterminer les parameétres d’un controleur Proportionnel-
Intégral-Dérivé qui élimine les oscillations de torsion. Les données analysées
ont été obtenues sur le systéme TRAFOR qui est un mécanisme de mesure
développé par I'Institut Francais du Pétrole. Un résultat important de cette
recherche est la relation trouvée entre le couple et la vitesse a l'extrémité
inférieure.

Commande H

En 1998 Serrarens, van de Molengraft et van den Steen ont proposé une
méthode de commande H,, pour supprimer les oscillations de coller-glisser
[107]. Le commande H., a été largement utilisée pour traiter les problémes de
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vibrations, comme par exemple dans les processus de coupure ou il s’emploie
a éliminer les oscillations (chattering) dans les machines. Le controleur H,
supprime les vibrations malgré le fait qu’il est linéaire et invariant dans le
temps et le frottement sur le trépan est fortement non linéaire. Cette métho-
de n’a pas été essayée dans le cadre des plates-formes réelles, cependant les
résultats de prototypes expérimentaux montrent une bonne performance.

D-OSKIL

Une méthode alternative pour éliminer les oscillations de torsion consiste
a utiliser le poids sur l'outil de forage comme entrée de commande supplé-
mentaire. La méthode appelée Drilling OScillation KILler (D-OSKIL) a été
introduite par Canudas-de-Wit et al. en 2005 [26], [27]. Afin de garantir un
taux de forage adéquat, il est nécessaire de maintenir un certain poids sur le
trépan, cependant I’augmentation de cette variable conduit & des oscillations
de torsion. L’objectif de la méthode proposée est de trouver une relation op-
timale entre le taux de forage et de poids sur le trépan. Quand les oscillations
de torsion sont détectées, cette méthode permet une réduction du poids sur
le dispositif de coupure a travers la manipulation de la force sur le crochet de
levage du train de tiges, I’arbre est tiré vers le haut pour réduire le poids sur le
trépan. Les résultats expérimentaux obtenus avec un prototype de laboratoire
montrent une réduction substantielle des oscillations de torsion.

Amortisseur de vibrations actif

En 2007, Zamanian, Khadem et Ghazavi ont étudié les vibrations de coller-
glisser pour une tige de forage avec un trépan de trainage |122]. Cette recherche
a montré que les vibrations de torsion peuvent étre évitées en augmentant
I’amortissement du fluide ou boue de forage et en sélectionnant convenable-
ment le taux d’amortissement actif. Les mesures du mouvement relatif de
I'outil de forage et le train de tiges sont prises en temps réel durant le proces-
sus, de fagon que les propriétés d’amortissement sont constamment modifiées.

Compensation des erreurs de modélisation

En 2008, Puebla et Alvarez-Ramirez ont introduit une approche de com-
mande basé sur la compensation des erreurs de modélisation pour éliminer
le phénoméne de coller-glisser. Le schéma de commande de retour suggéré
permet de faire face aux incertitudes du modéle de frottement et des para-
métres du systéme. La tige de forage est modélisée comme un pendule de
torsion, actionné par un moteur électrique, qui comprend des inerties amor-
ties assemblées mécaniquement par un axe élastique. Dans [93] deux schémas
de commande sont présentés : la commande en cascade, qui utilise comme
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entrée unique de commande les propriétés électriques du moteur, et le schéma
de commande décentralisée, qui régle les oscillations dans la table tournante
a travers le moteur et les vibrations dans l'extrémité inférieure au moyen
du poids sur le trépan. Les simulations numériques présentées montrent une
suppression satisfaisante de vibrations, bien qu’il n’y ait pas actuellement de
systéme disponible commercialement basé sur cette méthode de commande.

Commande pour Patténuation des vibrations avec stabilité ga-
rantie

Nos contributions a la conception de lois de commande pour 1’élimination
d’oscillations dans un systéme de perforation vertical sont basés sur différentes
approches de modélisation. Dans [46], nous présentons un modéle a paramétres
distribués qui décrit la dynamique de torsion de la colonne de forage. L’equa-
tion des ondes a une dimension couplée a des conditions mixtes aux frontiéres
décrit le comportement rotatif le long de I’arbre. Dans cet article, des bornes
sur les solutions du systéme ont été présentés. Dans [99], sur la base de cette
stratégie de modélisation, nous proposons une fonction d’énergie, qui en per-
mettant une analyse de la dissipativité du systéme, conduit & la conception
d’un controleur pour la suppression du phénoméne de coller-glisser. Dans ce
travail, nous dérivons un modéle simplifié représenté par une équation a re-
tards de type neutre obtenu a travers de la transformation de D’Alembert qui
simplifie I'analyse et facilite le calcul de simulations du systéme. Pour la vali-
dation du modéle proposé, nous avons examiné les stratégies pratiques pour
éliminer les oscillations de torsion utilisées sur les plates-formes réelles. Le
modéle du couple sur le dispositif de coupe qui représente I'interaction entre
la formation rocheuse et le trépan est décrit par une fonction non linéaire qui
dépend de la vitesse angulaire a 'extrémité inférieure et comprend la fonction
signe. Dans [100], on présente une analyse de la stabilité exponentielle du sys-
téme de forage en utilisant la théorie de systémes a commutation. Dans [101],
on concoit une loi de commande non linéaire pour supprimer les oscillations de
torsion a travers d’une représentation polytopique du modéle a retards. Dans
[102], a partir d'un modéle couplé des oscillations axiales et de torsion, nous
avons concu, au moyen de la méthode de lellipsoide attractif, deux contro-
leurs linéaires pour éliminer simultanément le phénomeéne de coller-glisser et
de rebond du trépan. Les entrées de commande correspondent a la vitesse an-
gulaire fournie par le table tournante pour éliminer les vibrations de torsion et
au taux de perforation pour supprimer les oscillations axiales. Puisque toutes
les approches présentées sont basés sur la théorie de Lyapunov, la stabilité
du systéme, dans tout cas, est garantie. Tout au long de ce document, on
explique en détail les méthodologies proposées qui s’attaquent au probléme
de vibration.
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Motivation et objectifs

Alors que la technologie évolue, de nouveaux défis sont posés et la com-
plexité dans le forage des puits de pétrole augmente. Les nouvelles technologies
ont permis ’exploration pétroliére dans des eaux toujours plus profondes ce
qui requiert des analyses de plus en plus sophistiquées pour assurer la suppres-
sion intégrale des oscillations indésirables. Les chercheurs ont généralement
étudié chaque mode de vibration individuellement, puis, il ya surtout des so-
lutions individuelles pour chacun des problémes de vibrations. Par ailleurs,
trés peu de travaux ont fourni une analyse de stabilité propre des stratégies
de commande proposées.

Dans cette thése, nous développons une analyse exhaustive des oscillations
de torsion et axiales couplées qui se produisent au cours du processus de
forage, permettant de concevoir des controleurs stabilisants pour supprimer
simultanément le phénoméne de coller-glisser et le rebond du trépan. Nous
visons & développer une analyse de stabilité du systéme de forage basée sur la
théorie de Lyapunov.

Le premier objectif de cette thése est de trouver une description mathéma-
tique précise du comportement mécanique du systéme de forage. Le modéle de
forage doit reproduire de maniére efficace le couplage mutuel entre les modes
de vibration observés dans les plates-formes réels.

Le deuxiéme objectif de nos recherches concerne ’analyse de la stabilité
et la conception de lois de commande pour supprimer ou au moins réduire a
des niveaux acceptables, les oscillations de forage les plus critiques.

Chapitre 2

Dans le processus de forage pour 'extraction du pétrole, le puit est créé par
un dispositif de coupe appelé trépan ou fraise. La tige de forage est composée
du mécanisme inférieur de perforation (BHA, par ses sigles en anglais Bottom
Hole Assembly) et des segments tubulaires assemblés pour former le train
de tiges. Le mécanisme inférieur de perforation comprend le trépan, deux ou
plusieurs dispositifs stabilisants qui empéchent le déséquilibre de la colonne
et une série des lourds trongons tubulaires connus comme colliers de forage.
Au fur et & mesure du forage, la longueur de la colonne doit étre augmentée
en ajoutant des troncons. Un élément important du processus de forage est
la boue ou fluide de perforation qui a la fonction de nettoyer, de refroidir et
de lubrifier le trépan. La colonne de perforation est mise en rotation depuis la
surface au moyen d’un moteur électrique actionnant une table tournante.

La complexité du systéme de forage pose des défis de modélisation et de
commande. Le modéle doit décrire avec précision les phénoménes les plus
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importants qui se produisent dans des plates-formes réelles et doit étre suffi-
samment simple pour des fins d’analyse.

L’équation d’onde est largement utilisée pour reproduire le comportement
oscillatoire des systémes physiques. Dans les années soixante, quelques ana-
lyses ont été réalisées en utilisant cette équation pour décrire le comportement
de torsion du train de tiges [6], [39]. Cette stratégie de modélisation a égale-
ment été adoptée en [28], [111], [112] et [113].

Normalement, quand un modéle a parameétres distribués est soumis a des
non-linéarités et a des incertitudes, 'analyse et les simulations ne sont pas
des taches faciles. Il est donc souhaitable d’obtenir un modéle plus simple
impliquant uniquement les variables d’intérét principal. Grace & une transfor-
mation directe, il est possible de dériver un modéle d’entrée-sortie décrit par
une équation a retards de type neutre qui simplifie clairement ’analyse et les
simulations. La procédure qui permet de transformer une équation différen-
tielle partielle en systéme a retards de type neutre a été présentée pour la
premiére fois dans [3], voir aussi [5], [10], [19], [21], [22], [30], [40], [49] et [99].

Ce chapitre présente I’équation d’onde & une dimension décrivant le com-
portement en torsion de la tige. Le modéle a paramétres distribués est soumis
a des conditions aux frontiéres mixtes sélectionnées en fonction du comporte-
ment observé aux deux extrémités de la tige. On présente aussi I’équation de
type neutre qui rattache des variables aux limites supérieure et inférieure de
la tige.

Modéle a paramétres distribués

Le comportement de torsion d’une tige de perforation de longueur L, décrit
par I'angle de rotation 6(,t) peut étre modélisé par ’équation d’onde [21],
[22], [28], [46], [111], [112], [113] :

020 020

GJ— (& t) — [ﬁ

0
e (&ﬂ—ﬂ%(i,t)zo, £e(0,L), t>0. (1)

L’angle de torsion 6 dépend de la coordonnée longitudinale ¢ et du temps ¢,
B > 0 est 'amortissement visqueux et structurel considéré le long de la tige,
les paramétres I, G et J correspondent a 'inertie, le module de rigidité et le
moment d’inertie géométrique respectivement.

Les conditions aux frontiéres sont [99] :

09 020 0
GIge(Lt) + Ingz(L,t) = =T (—(L,t)), 2)

ng—z(O,t) = G <@(O,t) - Q(t)) , (3)



8 Résumé

ou Ip représente l'inertie concentré a ’extrémité inférieure (£ = L). Le couple
T, qui décrit 'interaction du trépan avec la roche, est une fonction de la
vitesse angulaire de I'outil de forage. A la frontiére supérieure (¢ = L), on
considére que la vitesse angulaire du moteur {2 ne correspond pas a la vitesse
de rotation de I'extrémité supérieure de la tige 3 26 -(0,1), ce qui occasionne une
torsion locale.

Modéle a retards de type neutre

Comme la plupart de la dissipation d’énergie dans le processus de forage est
effectuée dans 'interface trépan-roche, on peut considérer que I'amortissement
le long de la structure est faible, soit 5 = 0, donc le modéle a paramétres
distribués (1) est réduit a ’équation d’onde & une dimension :

020 , 020 I
8_52(57t) o2 (§7t)7 § S (07 L)v b= m (4)

Une conversion directe de I'équation d’onde (4) avec des conditions aux
frontiéres (2-3) conduit au modéle a retards de type neutre suivant qui décrit
le comportement de la colonne de forage [99] :

St) — Ti(t—2T) — —Wa(t) — TWa(t — 20 (5)
—iT (=(8) + iTT (=(t — 2T)) + TIQ(t - T),

ou z(t) est la vitesse angulaire & 'extrémité inférieure. Les constantes impli-
quées sont données par :

2We, — \/IG \/[G [

T a4+ VIGT e+ VIGT Iy

De la méme maniére on peut obtenir une expression a retards qui décrit le
comportement a la partie supérieure :

O()+Yo(t—2T) = (co/A) [Qt) + Qt — 2T)]—(2/A) [Ig2(t = T) + T (2(t — T))]
(7)
ou v(t) est la vitesse angulaire a I'extrémité supérieure et A = c,+vVIGJ.

La transformation du modéle est réalisée au moyen de la méthode de
D’Alembert qui propose une solution générale de I’équation d’onde. Alter-
nativement, elle peut étre effectuée en utilisant des techniques du domaine
fréquentiel (transformée de Laplace).
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Chapitre 3

jl - | Vibrations
\ ¥ /" de torsion
4_ I\.
Vibrations
latérales
Vibrations
axiales

FIGURE 1 — Vibrations dans la tige de forage.

L’interaction de la colonne de perforation avec le puit donne lieu a trois
types d’oscillations qui peuvent étre classifiés conformément a la direction dans
laquelle elles apparaissent : de torsion (oscillations de coller-glisser), axiales
(phénoméne de rebond du trépan) et latérales (mouvement tournant irrégulier
occasionné par le déséquilibre de la colonne de perforation).

Ce travail se concentre sur I'étude du mode le plus critique des vibrations,
le phénoméne de coller-glisser. Cependant, puisque la présence de vibrations
de torsion contribue a 'apparition d’oscillations axiales, des analyses sur le
phénoméne de rebond du trépan seront aussi présentées.

Ce chapitre aborde le probléme de la modélisation des phénoménes de
coller-glisser et de rebond du trépan. Il pose aussi une approche empirique de
réduction des vibrations de torsion. Les stratégies pratiques, qui reflétent I'ex-
périence des ingénieurs pétroliers et des experts qualitativement, consistent
a manipuler convenablement certains paramétres du systéme tels que la vi-
tesse de rotation, le poids sur le trépan et les caractéristiques du fluide de
perforation.

Dynamiques de torsion

En général on suppose que les instabilités qui conduisent éventuellement
au phénomeéne de coller-glisser découlent du modéle de frottement qui décrit
empiriquement I'interaction entre la roche et le trépan.
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L’équation non-linéaire suivante, introduite dans [85], permet de modéliser
le phénoméne physique qui se produit au niveau du trépan

T (2(t)) = epz(t) + Wop Rppn (2(t)) sign (2(t)) . (8)

Le terme ¢,z(t) correspond & un amortissement visqueux qui modélise
I'influence de la boue ou fluide de forage. Le terme Wy, Ry (2(2))sign(z(¢))
est un couple de frottement sec qui représente le contact fraise-roche. Ry, > 0
et W, > 0 sont le rayon et le poids sur le trépan respectivement. Le coefficient
de frottement sec uy(2(t)) est décrit par

_by,
i (2(8)) = pie + (pis — pre)e 70 (9)

OU fgh, teb € (0, 1) sont les coefficients de frottement statique et de Coulomb
et 0 < v, < 1 est une constante qui définit la vitesse de décroissance.

Dynamiques axiales

Les modes de vibrations axiales et de torsion sont couplés et se produisent
simultanément. La grande vitesse du trépan causée par le phénoméne de coller-
glisser peut induire des vibrations axiales de grande amplitude en causant le
rebond du trépan.

Le modéle de 'oscillateur harmonique amorti peut étre utilisé pour décrire
les dynamiques axiales de la tige de perforation |28] :

moY + oV + ko(Y — ROPt) = —ui T (2(t)), (10)

oil les notations Y, Y et Y représentent les variables axiales de position, vitesse
et accélération respectivement, la vitesse de perforation ROP (par ses sigles
en anglais Rate Of Penetration) est une vitesse axial imposée a la surface, my,
o, et ko symbolisent la masse, I’amortissement et la constante du ressort. La
constante u; dépend de la géométrie du trépan [28].

L’accouplement entre le modéle de torsion (5) et axial (10) découle du
couple sur le trépan qui influe sur les deux dynamiques.

Le changement de variable y = Y — ROPt conduit au modéle équivalent
suivant :

moij + co (§ + ROP) + koy = T (=(1)). (11)
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Résultats des simulations

Les parameétres du modéle utilisés dans les simulations sont les suivants
[28], [84] :

G =793z10°Nm~2,  I=0.095Kg m, L = 1172m,

J =1.19210"°m?, Ry = 0.155575m, v =1,
W, = 97347N, Iy = 89Kg m?, ¢a = 2000N m s, (12)
Meb = 05, Msb = 08, Yo = 09,

cp = 0.03N m s rad™', my = 37278Kg, co = 16100kg s,
ko = 1.55 x 10°Kg s™2, ROP =0.0lm s~ ', 3 = 257m~".

Les Figures 2 et 3 montrent la réponse du systéme en boucle ouverte. La
simulation du systéme (5), (8-9) montrée dans la Figure 2 illustre la présence
du phénoméne de coller-glisser.

75 : . . , a0
: 0 FPPR UUORR e SORPP ..........
aob bl : : : : :
BOHy- - 5 ...... [ETTTTr ERRERTRERY TRTTPITRY. SRRPRRRRE
Im 151 Irﬂ sOHE] ..... ...... ........ .......... ..........
¢ 2 wbl| [
N0 Nk ; : ; R
= = : : :
b v ag LAY Lo SRR ]
SEEFE-H 1 A i: : : :
J L
il ! H ; il H ! H : i
1} 20 an 50 1] 1o 20 30 an a0 [=t1]
Temps (=) Temps (s)
(a) (b)

FIGURE 2 - Vitesse angulaire & l'extrémité inférieure z(t) pour : (a) Q(t) =
10rad s~! (phénomeéne de coller-glisser), (b) Q(t) = 40rad s~

On suppose que lorsque la tige de perforation n’est pas en contact avec le
fond du puit, la vitesse angulaire est la méme aux deux extrémités. Lorsque
le trépan commence a interagir avec la formation de roche le systéme est
inévitablement perturbé et des vibrations axiales et de torsion peuvent se
produire simultanément.

La présence de fluctuations de la vitesse angulaire du trépan induit I'ap-
parition des vibrations axiales comme le montre la Figure 3.

Il est clair que, pour un controle efficace des vibrations de la colonne,
découlant de I'interaction du trépan avec le puit a l'extrémité inférieure, la
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mesure et la rétroaction de certaines variables au niveau du trépan sont requi-
ses.

4 . 3
e T S ...................... 3 N S
2 O O SO USUUUURN SURPRR T ]
1 0

y(t) (m)
y(t) (m)

1 ] | N P SO
ol O SR . S P Y SO
all O SR gl

4 ; ; ; ; 5 ; ; ; ; ;

0 10 0 El] 40 50 0 10 0 El] 40 50 §0
Temps (=) Temps (s)
(a) (b)

FIGURE 3 — Variable y = Y—ROPt pour : (a) Q(¢) = 10rad s~! (rebond du
trépan), (b) Q(¢) = 40rad s~

Stratégies empiriques pour réduire le probléme de coller-
glisser

Dans la pratique, 'opérateur du processus de forage commande, depuis
la surface, certains paramétres du systéme tels que le poids sur le trépan, les
caractéristiques du fluide de perforation et la vitesse angulaire fournie par la
table tournante pour optimiser ’opération de perforation.

Nous présentons les principales stratégies empiriques utilisées pour préve-
nir ou réduire les oscillations de torsion.

Réduction du poids sur le trépan

L’expérience dans l'industrie du forage montre qu’en considérant une vi-
tesse angulaire () fixe a la surface, la réduction du poids sur le trépan induit
I’élimination du phénoméne de coller-glisser.

Augmentation de la vitesse angulaire fournie par la table tournante

Des preuves expérimentales indiquent une atténuation du phénomeéne de
coller-glisser par augmentation de la vitesse angulaire a I'extrémité supérieure.
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Introduction d’une loi de variation du poids sur le trépan

Une solution alternative pour éliminer les vibrations de coller-glisser est la
manipulation du poids sur le trépan. La loi de variation suivante est proposée
dans [84].

Wop(2(t)) = Ky [2(£)] + Wano, (13)
ou Wopo > 0 et Wop > Wepg. L'expression (13) implique une réduction du
poids sur le trépan lorsque la vitesse angulaire a lextrémité inférieure z(t)

diminue et une valeur minimale du poids sur le trépan Wy, pour garantir une
vitesse de perforation adéquate.

Augmentation de Pamortissement a ’extrémité inférieure

(2) (b)
e ! ! ; ! ; !
-1 S PO St S OO U PP PPRR . :
‘.—;\ 20 ‘-'r.'
<15 =l
@ o
oot — :
— SR s
= 0 )
K 5 ;
0 10 20 El] 40 50 &0

(rad s

z(t) (rad 5_1]

z(t)

i L i . i i ; i ;
“n 10 2 0 a0 50 60 0 1 20 0 40 50 &0

FIGURE 4 — Vitesse angulaire a ’extrémité inférieure pour différentes valeurs
de ¢, (N m srad™!) : (a) 0.8, (b) 15, (c) 65, (d) 150.

Une autre stratégie pour I'atténuation des oscillations de torsion consiste
a augmenter 'amortissement au niveau du trépan. Cela peut étre fait, dans
la pratique, au moyen de la manipulation des caractéristiques du fluide de
forage.

La Figure 4 montre les trajectoires de la vitesse angulaire a 'extrémité
inférieure du systéme (5) sujet au modéle de couple (8-9) pour différentes
valeurs du coefficient d’amortissement ¢, indiquant que 'augmentation de ce
coefficient réduit le phénoméne de coller-glisser.
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On conclut que ces stratégies empiriques réduisent d’une maniére satis-
faisante 'amplitude des oscillations de perforation, cependant, celles-ci ne
peuvent pas garantir une performance optimale du processus. L’augmenta-
tion de la vitesse de rotation peut causer des problémes de vibration latérale,
et de plus, une réduction substantielle du poids sur le trépan pourrait arréter
la perforation. Ces lignes directrices opérationnelles ne sont pas suffisantes
pour éliminer les vibrations de perforation, demandant l'introduction d’ac-
tions de commande. Les deux chapitres suivants abordent la conception de
lois de commande pour éliminer ces vibrations indésirables dans le train de
tiges.

Chapitre 4

Ce chapitre aborde le probléme d’analyse de la stabilité et la réduction des
vibrations de perforation dans le cadre des systémes a paramétres distribués.

Une fonction d’énergie permet d’analyser la dissipativité du systéme et
conduit a concevoir une loi de commande qui garantit la suppression du phé-
noméne de coller-glisser. Cette approche est basée sur I'équation d’onde dé-
crivant le comportement en torsion de la tige de forage.

Ce chapitre aborde également le probléme des vibrations couplées. On dé-
veloppe une approche d’inégalités matricielles pour une classe des systémes
dans lesquels ’équation d’onde est couplée a I’équation différentielle ordinaire.
Cette approche permet la synthése de controleurs stabilisants qui garantissent
I’élimination simultanée des phénoménes de coller-glisser et de rebond du tré-
pan.

Analyse de la dissipation d’énergie
L’équation suivante correspond au modéle normalisé du systéme de forage

21u(0,t) = 04250 (0, 1) — dz(0,t), t>0, 0<o <1, (14)

GJ

7z et d= ?, avec conditions aux frontiéres mixtes

ol a=

Za(ovt) =9 (Zt<07t) - u1<t))7 S (07 1)? t>0,

. 15
2o(1,t) = —kz(1,t) — qun(z(1,¢))sign(z(1,t)) — hzu(1, 1), (15)
uy (%) est la vitesse angulaire fournie par la table tournante et g = CG“ﬁ, k= %,

— WopByL p _ IpL
Q= =% h=275
On considére la fonction d’énergie suivante

E(t) = /Olazg(a, t)do + /Olzf(a, t)do + ahzf(1,t). (16)
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Sa dérivée par rapport au temps le long des trajectoires de (14-15) est :

Cpuy = 2a/1 2o (0,8 210 (0, )l + 2020(1, ) (— ez (1, 1)

—qun(ze(1,))sign(z (1, 1)) — hzu(1,1))

—2a92(0,1) (2(0, 1) — ua(t))

—2a/0 2,(0,t)215(0, t)do — 2d/O zi(o,t)2z¢(0, t)do
+2ahz,(1,t)z,(1,1),

puisque
pn (2 (1, 1))sign(z(1,£)) (1, 1) = (2 (1, 2)) [z (1, 2)]

on obtient,

LE(t) = —2aqun(z(1,1)) |2(1, 1) 2df (0,t)do (a7)
—2agz(0,t) (2,(0,¢t) — ul(t)) - Qakzt (1, t)

Pour assurer la dissipation d’énergie, la loi de commande wu;(¢) doit garantir
la négativité de (17).

En choisissant la structure suivante pour u, (t),

(=(1,1))*

ur(t) = (1 —¢1)z(0,t) + 2¢12(1,t) — 4 208

avec c; > 0, on obtient

FE(t) = —2ag(2(1, ) |2 (1, 6)] — 2d [ 2
—2agcy (z(1,t) — zt(O t))
— 2akz%(1,1t).

Puisque pp(2:(1,t)) > 0 et a, q, k, d, g sont des constantes positives, donc
LE(t) <0 et la dissipation d’énergie du systéme est assurée. Intuitivement,
la dissipation d’énergie pourrait correspondre a l'atténuation des oscillations
de torsion, ce qui serait confirmé par une simulation du systéme en boucle
fermée avec la loi de commande (18).

La Figure 5 montre le résultat de la simulation du modéle (5), (8-9) en
boucle fermée avec le controleur (18). Il est clair que, la loi de commande
proposée conduit a la réduction des vibrations de coller-glisser.
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FIGURE 5 — Suppression du phénoméne de coller-glisser au moyen de 'appli-
cation de la loi de commande (18) avec ¢; = 0.3.

La Figure 6 montre la trajectoire de la variable longitudinale y(t) aprés
'application de la commande proposée (18). On observe donc que I’élimination
du phénoméne de coller-glisser induit la réduction des vibrations axiales.

0 é 10 'II5 2ID 2I5 30
Temps (s)

FIGURE 6 — Réduction des vibrations axiales en appliquant la loi de commande
(18) avec ¢; = 0.3.

Commande pour la suppression des vibrations couplées

Le systéme suivant correspond au modéle de torsion normalisé (1) avec
des conditions aux frontiéres (2-3) sujet au modeéle de couple sur le trépan
(8-9) 1li¢ au modéle axial (11). Ce systéme décrit le couplage des dynamiques
de torsion décrites par I’équation d’onde avec le comportement longitudinal
de la tige de forage représenté par une équation différentielle ordinaire.
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ztt(Cvt) = aZCC(C7t) - dzt((at)v C € (0’ 1)7 > 07 (19)
ZC<07 t) =9 (Zt(07 t) — (t)) ) (20)
ze(Lt) = —hzu(l,t) — k2 (1,t) — ¢Tu(2:(1, 1)) + w, (21)

(1) = Aw(t) + Bus(t) + Bvzs(1,8) + ByTu(z(1, 0)). (22)

Les entrées de commande uq, uy correspondent a la vitesse angulaire €2 fournie
par la table tournante et a la vitesse de forage ROP respectivement. Le vecteur
x(t) et les paramétres du modéle sont définis comme suit :

i GJ 15} Col

z(t) = [y(t) y@®)]", a= TI2’ d= T 9= G
Il ol WaRl
“cr "Tar 1T Tar

Les matrices constantes sont définies par :

0 1 0 0 0
RN PR K R |

mo mo mo mo mo
Le terme non linéaire T, est défini comme suit :

— 22t (1,0)]

Toa(4(18)) = (1o + (s — pren)e™ ) sign (24(1,1)).

La variable bornée w représente la présence des incertitudes, des perturbations
et(ou) des erreurs de modélisation ; on suppose qu’elle satisfait :

w? <e. (23)

Lemme 1 On considére une fonctionnelle V(z¢(+,t),2:(-,t), z¢) telle que

/O ET(Cut)P2(<7t)dC < V(ZC(’7t)7Zt(”t)v xt) < V(ZC('7t)7Zt<'7t)v xt) (24)

d
—V(zc(-1),2(-, 1), @) + 0V (2c(-t),2e(-, 1), &) < Pe VE>0, 0 >0, >0,

dt
(25)

ot Z(C,t) = [2¢(¢,t)  2z(C, 1) xt]T et P est une matrice symétrique définie
positive. Alors, pour toute fonction initiale $(C,t) = [oc(C)  é1(C)  xo]”, le
probleme de valeurs auzx frontieres (19-22) satisfait la borne suivante

Be

[ Fcapscai < e, o0, w+E o)
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pour t > T,(p,s) >0 ou

10,6) = i TV 00, an(0) ).

Compte tenu du résultat antérieur, nous cherchons une fonction qui satis-
fait les conditions du Lemme 1. Soit la fonctionnelle de Lyapunov-Krasovskii
suivante

V(ze(5t)z( 1), m) = Vilze(Gt) + Val(z(C, 1))
+Va(zc(G1),2(C, 1)) + Vala),

ou
Viz(G) = / (¢, 0)dC
Va(z(C 1) = p / zfctdc,

Va(zc(C:t),2(C, 1) = 2x (C+1)Z<(C t)2(¢, t)dg,
V4(17t> = ZET(t)Rx(t).

N

La fonctionnelle proposée peut s’écrire comme

V<ZC('7t)>Zt('>t)a mt) = /0 ET(C,t)PE(C,t)dC, E(C,t) = [ZC<C>t) Zt(Cat) x(t)]Ta

ap x(C+1) 0
P=1 x(+1 P 0 >0 p>0 a>0 R>0.
0 0 R

En prenant la dérivée par rapport au temps de V' (z¢(+, 1), 2:(-, t), z¢) le long
des trajectoires du systéme (19-22) en boucle fermée avec les lois de commande
de la forme

ur(t) = crizu(1,t) + cro2e(1,t) + 13T (2e(1, 1)) + c142:(0, 1), (27)

us(t) = cox(t), (28)

et en considérant le terme positif —3(w? — €) résultant de la condition (23),
Iinégalité suivante est satisfaite

d

1
SV V()= e < [l + i,
0
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ou
m = ( Zt(Cat) ZC(Cat) )T7
e = (zu(1,t) 2(1,t) Tu(z(1,1)) 2(0,t) x(t) w )T,
et
T - —2pd —x+op —dx((+1)+ox((+1) | (29)
* —ax + opa
[ 2axh? —axg®c?, @1 P13 Py 0 —2axh
* @22 @23 @24 ElTR —QGXk + pa
. * * (1333 (1)34 EéFR —QCLX(]
v * ok Dy 0 0 » (30)
* * * * Ti+o0oR 0
i * * * * * 2ay —
ou
®5 = 2axhk — pah — axg®ciicia Doy = axg’cia (1 — cra) + pagers
®13 = 2axhg — axg®ciics D33 = 2axq® — axg’ci,
Oy = axg’en (1 — c14) + pagern P34 = axg’crs (1 — c14) + pageas
oy = 2axk® + 2y — 2pak — axg3c3, Dy = —axg® (1 — 014)2 — X
Do3 = 2axkq — pag — axg*ciacis — 2pag + pagcyy

Tl = ATR —f‘ RA + CgBTR —|— RBCQ.
Le théoréme suivant stipule le résultat de stabilisation du systéme (19-22).

Théoréme 1 Les trajectoires du systéme de perforation décrit par le modele
couplé (19-22) en boucle fermée avec les lois de commande (27) et (28) ad-
mettent la borne (26) si les inégalités matricielles P > 0, ¥ < 0 et ® < 0 sont
satisfaites pour p >0, x >0, B > 0, R > 0 et quelconques c¢q1, 12, 13, C14, Co.

Les paramétres utilisés dans les simulations suivantes sont ceux indiqués
dans (12). Le taux maximal de décroissance exponentielle pour laquelle les
conditions du Théoréme 1 sont satisfaites est 0 = 0.8. Un résultat de I'inégalité
matricielle linéaire ¥ < 0 avec ¥ définie dans (29) est :

p=0.7406, y = 0.9559.

Sur la base des valeurs précédentes, on trouve pour I'inégalité matricielle bi-
linéaire ® < 0 avec ® définie dans (30), la solution suivante :

e = —0.0067, c12 = —0.04699, c13 = —0.0548,

1
e =0.6642, ¢ =[0 2.0234], B = 16.8149, (31)
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551.7373 11.7383
11.7383  13.4465 |

Une simulation du modéle (5) sujet a la fonction du couple sur le trépan
(8-9) en boucle fermée avec la loi de commande (27) et du modéle (11) en
boucle fermée avec le controleur (28) illustre la performance de la stratégie
proposée. La Figure 7 montre 1’élimination des phénoménes de coller-glisser
et de rebond du trépan.

R:

(m)

Iﬂg(t)

5 ! ; ; 5 ; ; ;
0 5 10 15 20 0 5 10 15 Bl
Temps (s) Temps (s)

2(1,¢) (rad s™')

é 1ID 1I5 20
Temps (s) Temps (s)

FIGURE 7 — Trajectoires de torsion et axiales du systéme de perforation en
boucle fermée avec les controleurs uy et up indiqués dans (27) et (28).

Nous pouvons conclure que la méthodologie de commande basée sur ’ana-
lyse de dissipation d’énergie est réalisée d’'une maniére plus simple et directe
par rapport a 'approche d’inégalités matricielles, cependant, celle-ci offre une
élimination intégrale des vibrations couplées dans la tige de forage. En ce qui
concerne la taille de la commande, on peut observer que la trajectoire du
controleur (27) est plus proche de la trajectoire la référence, ce qui semble
assez convenable en considérant la présence de restrictions de saturation sur
les entrées de commande. Ce probléme particulier sera abordé dans le chapitre
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suivant. Il est bien connu que les modéles a paramétres distribués constituent
une description proche de la réalité, cependant, le manque d’outils numériques
pour la simulation des systémes de dimension infinie sujets & des non-linéarités
et & des incertitudes conduit a I'idée d’aborder le probléme depuis une pers-
pective différente. Le chapitre suivant attaque le probléme de commande des
vibrations a partir du modéle a retards de type neutre qui décrit le compor-
tement du systéme de forage vertical considéré.

Chapitre 5

Ce chapitre aborde le probléme de 'analyse de stabilité et de commande
des vibrations du train de tiges dans le cadre de systémes a retards.

Comme nous ’avons déja expliqué, le comportement en torsion de la tige
de forage peut étre modélisé par une équation non-linéaire a retards de type
neutre qui représente la relation entrée-sortie du systéme. Dans ce chapitre, ce
modeéle est transformé en un ensemble de modéles linéaires, non-linéairement
pondérés, ce qui permet de mettre a profit les outils pour 'analyse et la
commande des systémes linéaires. Au moyen d’une analyse de stabilité de
Lyapunov, on obtient des conditions de stabilité et de stabilisation en termes
d’inégalités matricielles linéaires. La loi de commande proposée garantit la
stabilité en boucle fermée du systéme et élimine efficacement les oscillations
de torsion. Par la suite, on aborde le probléme de vibrations axiales et de tor-
sion couplées. On obtient, au moyen de la méthode de ellipsoide attractif, la
synthése de commandes stabilisants qui garantissent une élimination intégrale
des vibrations de perforation. Cette approche souléve un probléme d’optimi-
sation soumis aux conditions de stabilisation pratique en termes d’inégalités
matricielles bilinéaires.

Commande des vibrations de torsion : approche multimo-
déle

On examine dans cette section la stabilisation des systémes non linéaires
a retards de type neutre qui peuvent se transformer en un systéme multimo-
déle, c’est a dire, un ensemble de modéles linéaires non-linéairement pondérés
représentés par :
#(t) — Di(t —m) = > hi(w) {Aw(t) + A a(t — 1) + Bu(t)},  (32)
ielr
ou 7 > 0 est le retard constant, I” est I'ensemble des nombres entiers

{1,...,7}, et r est le nombre de sous-systémes nécessaires pour décrire le sys-
téme multimodéle. Les h;(-) sont des fonctions scalaires de pondération qui
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remplissent les conditions de convexité suivantes :

Y hiw) =1 Vi=1,.r  hiz)>0. (33)

Afin de garantir la stabilité de 'opérateur de différence on considére que
|D| < 1.

Le théoréme suivant présente un algorithme qui permet la synthése d’un
gain K tel que la loi de commande u(t) = Kz(t — ;) stabilise exponentielle-
ment le systéme en boucle fermée

(t) — Di(t —m) = Y hi(w) {Ai(t) + (A, + BK)a(t — 7))}, (34)

el”

avec un taux de décroissance garanti o.

Théoréme 2 Le systéme en boucle fermée (34) est a-stable s’il existe un
nombre réel € > 0 et des matrices P, > 0, P, Q = QT, R = R”, et Y de
dimension n X n, telles que pour tout i € I" linégalilé matricielle linéaire
sutvante est satisfaite

&, aT149 T D) P
' £ey) e DP -0 @ - Q1 Py
* —R/Tl 0 ’ o *x (DQQ ’

* * —Q

9 = (A, —aD)P + BY,
®, = (Aj+al, + ™ (A, —aD)) P
+PT (4A; + ol + ™ (Aiy, —aD) + BY +YTBT,
®1y = Pl —P4+ePT (A +al, + ™ (A, —aD))" +eYTBT,
by = —c¢ (]5 + PT) +nR+Q.

De plus, le gain de retour est donné par K =Y P~

Pour appliquer le résultat antérieur au systéme de perforation, on doit
obtenir une représentation polytopique du modéle non linéaire (5), (8-9).
En considérant pg, = 0, et le changement de variable suivant

21(t) = 2(t) — Qo, (35)

on obtient ’expression non linéaire suivante qui décrit le comportement du
systéme a 'extrémité inférieure :
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T1(t) +diqy(t —2T) = apz1(t) + ayzq(t — 20) + bu(t — T)

—c e—%?@l“”%)sign (21(t) + Q) (36)
+cYe (ot 2H0) oy (xq1(t —2I") + Q) ,
ol ag = -V — al—TcBb TV, d=-"T,b=1Ilet ¢ = M’”—Nous

proposouns le Changement de variables suivant :

alt) = xl(t) alors, on a {
so(t) = e WA+ ’ () = =250 (1) 30 (1).
Le systéme (36) peut s’écrire comme
i(t) — Di(t — 2T') = A(z)z(t) + Aor(z)x(t — 2T) + Bru(t —T), (37)

ou 'entrée de commande u(t) correspond a la vitesse angulaire fournie par la
table tournante, et ou :

o(t) = palt) o D:(gg), s ).
Aor (1 ( T L — e Ysign (5 (t — 2T7) 4+ Q) ) ,
0
Al) = ( (\If + cb) —cosign (52 (t) + Qo) ) '
0 — 50 (t)

On observe que les éléments des matrices D et Br sont constants, et que
le terme cyYsign (s (t — 2I") + Q) de la matrice Asp(z) est borné. Puisque
371(t) est une variable bornée, alors la matrice A(x) 'est aussi.

La représentation polytopique suivante est obtenue,

A(z)x(t) + Agr(x)z(t — 2T) Zh ;) (Asz(t) + Apra(t — 2I)),  (38)

ou les matrices A; et Ajor ont seulement des coefficients constants [108|.
En utilisant les parameétres donnés dans (12), les matrices A(x), Aor(z),
Br et D du systéme (37) prennent les valeurs suivantes :

0.7396 0 5 8593

D_< 0 0)’BF—( 0 )
Alz) = ~3.3645 —136.1327sign(on (1) + ) |
0 —0.95,(¢)

Agr(z) = < —2.3878 100.680251gn(;8(t —2T") + Q) ) .
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Pour obtenir une représentation polytopique du systéme, les matrices A(x)
et Aor(x) doivent étre bornées, celles-ci dépendent de trois fonctions indépen-

dantes : 37 (t), sign(sa () + Qo) et sign(se (t — 2I") + Qo).
Pour la matrice A nous avons :

(23 483)

—136.1327 = ajy < abs(x) < a3y =0,
—0'9Accmax = aég S aé3($) S CL§3 = —O_9Decmax’

AcCmax et Decpay correspondent a 'accélération et a la décélération maximales
respectivement. Pour la matrice Aor(x) nous avons :

—2.4878  abpos()
A _ 2I'23
ior () ( 0 0 ) )
0 = aypas(2) < aypo(w) < agpos(w) = 100.6802.

En appliquant le résultat du Théoréme 2 au systéme de forage en boucle
fermée avec la loi de commande u(t) = Kxz(t — I'), la solution suivante est
obtenue :

K=YP'=(044 —425).
En considérant le changement de variable (35), la loi de commande stabilisante
pour le systéme (36) est donnée par

u(t) = 0.442(t — T) — 4.25¢ 70 — 0,440, (39)

La Figure 8 montre une élimination efficace du phénomeéne de coller-glisser en
appliquant la loi de commande (39).

z(t) (rad s_])

i 5 10 15 20 25 30

Temps (s)

FIGURE 8 — Trajectoire z(t) du modéle de torsion en boucle fermée avec la loi

de commande (39) avec Qy = 20rad s~
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Commande des vibrations couplées : méthode de Dellip-
soide attractif

Cette section aborde le probléme de commande des vibrations couplées
dans le systéme de forage. On propose une méthodologie pour la synthése de
controleurs stabilisants basée sur une combinaison de la méthode de Lyapunov
et le principe des ensembles attractifs qui pose un probléme d’optimisation
sujet aux restrictions matricielles bilinéaires. La stratégie proposée garantit
I’élimination des oscillations axiales et de torsion couplées et permet de déter-
miner 'ellipsoide minimal attractif pour les trajectoires du systéme en boucle
fermée.

Définition 1 [66] Un ellipsoide centré a lorigine est définie comme un en-
semble de R™ tel que Ey = {:L‘ ER": 2T Mz < 1}, ou M est une matrice
symétrique définie positive.

Définition 2 (Ellipsoide attractif) [86/ Un ellipsoide £ est un domaine
attractif pour le systéme (42) si

1) ¢(0) € €, 6 € [—h,0] implique que x(t,p) € E, t > 0,

2)6(0) € R™\E, pour 6§ € [—h,0] implique qu’il existe T,, 0 < T, < oo, tel que
2(t,¢) € E,t > 0.

Lemme 2 On considére une fonctionnelle V(x;) qui satisfait
T () Pa(t) < V(w,) < a (40)

ot P est une matrice symétrique définie positive et

%V(xt) +oV(z,) <p, Vt>0, >0, 5>0. (41)

Alors, pour toute fonction initiale ¢ € PC([—h,0], R"), la solution x(t,¢) est
contenue dans [’ellipsoide £ = {x e R": 2T Pz < 1} P = (% + §> P,¢>0
pour t > T,(¢,¢) >0 ou

2
7,(6,9) = +1n (_&Mh _ﬁ).

S N%

Considérons un systéme a retards de type neutre sous la forme :

() + Di(t —27) = Aox(t) + Ajx(t — 27) + Brug(t — 7) (42)
+Baus(t) + Cof(2(t) + Cof (x(t — 27)) + w,
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ol w satisfait
lwll, =w Kow <1,  ¢>0. (43)

Conformément a ’application considérée, les structures suivantes pour u; et
Uy sont proposées

uy(t — 1) = Koi(t — 27) + Kyz(t — 27), (44)

us(t) = Koz (t). (45)

On considére que la loi de commande uy est soumise & la restriction :
|ua(t)] < @2, (46)

ou uy est le niveau de saturation, c’est a dire, le vecteur us(t) = col
{ud(t),...,ult(t)} est soumis aux restrictions d’amplitude suivantes :

)| <), 0<a), j=1,..,m

L’objectif est de trouver les conditions qui garantissent que ’ellipsoide
défini par €5 = {x e R": 2TPzx < 1}, soit un ensemble attractif pour les
trajectoires du systéme (42) en boucle fermée avec (44-45), c’est a dire,
Timy 0oz (t)Px(t) < 1. De plus, les matrices Ky, K1, Ky € R™*™ et P doivent
garantir la minimisation de Iellipsoide &5. Etant donné que la matrice P est
inversement proportionnelle aux axes de ’ellipsoide, se pose le probléme d’op-
timisation suivant :

min tr(P~1) (47)
sujet A P € Yy, Ko, K1, Ky € 55,

ol X1, Yo, définissent I’ensemble de matrices admissibles, de dimensions n x n
et m X n respectivement, qui garantissent la propriété d’invariance de 'ellip-
soide £5.

On considére la fonctionnelle

Vizy) = :L’T(t)P:L’(t)+/ e 02T (5)Sx(s)ds (48)

t—27
0 gt
+27/ / e?37 (5) Ri:(s)dsdh.
=27 Jt+60

En prenant la dérivée de V(x;) par rapport au temps et en suivant I’ap-
proche descripteur, on obtient :

dV(l't)
dt

+ oV (z) — B < nldn,
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ou le vecteur n est défini comme

n=(w(t) a(t —27) @(t) @(t = 27) w(t — 7) uz(t) fla(t)) fla(t —27)) w)",

et ® est une matrice symétrique avec éléments ®;;, i = 1,..,9, 7 = 1,...,9
définie comme :
[ ®); D1y Dz Dy Dy Dy o, PIC)+ AOTPS Pl + Ang |
x Doy ATPy Dy Doy ATP, ATH; AT P AT P,
* * P33 D3y P35 Py 37 Pg,TCl — B3 P3T — By
* * * (1344 (1)45 (I)46 CI)47 PECI — DTPS P4T - DTPQ
* * * * @55 (1)56 (1)57 P5TOl+B?P8 P5T—|—BITP9 >
* * * * * (I)GG @67 chl+BgP8 Pg—FB;Pg
* * * * * * b, PIC +CIP PF+ CIP
* * * * * * * PIfC,+ctpr Pl + CT P
* * * * * * * Dgg

ou :

@11:A5P2+P5A0

@24:A{P4+K1TP11

<D4GZP4TBQ—DTP6

+S+UP—6_02TR +P£K0 @47:PECO—DTP7
+ PuuKs + KT Py o5 = AT Ps + KT Py ®55 = PI By + B Ps
@1226702TR+P2TA1 —PII; —P%—Plo

®3=P— Pl + Al'P;
by =—-PID+ AT P,
(1315 :PgBl+AgP5
@16:P2,TBQ+A31P6
+ K3 Pis — P,

(I)17ZP2TCO—|—Agp7
Byy = —77?7(S + R)

+ PLK, + K] Py
@23 = AF{P:),

$s3 = 472R — Py — PT
®y = —PID— P,
®y5 = PIB, — P;
®y = PT B,y — Py
$g; = PICy — Py
dy=—PI'D— DTP,
+ PL Ky + KI'P,y

&5 = PTB — DT P;

+ KI'Pyy— PL

56 = PL By + Bl P
b5; = PICy+ BT P,
(I)GﬁngBz‘i‘ngﬁ
_PE),_PB
@67:P6TCO+ng7
@77:P7TCO+CEP7
Pgg = P + Py — BK,,.

Il est clair que si ¢ < 0, la condition (41) du Lemme 2 est satisfaite.

L’introduction de I'inégalité supplémentaire :

H I,

S p-1
I P >0, H>P

=

permet de réduire le probléme d’optimisation non linéaire (47) au probléme
linéaire min tr(H). En utilisant la propriété du complément de Schur, on peut
démontrer que la minimisation de la trace de H implique la minimisation de
la trace de P~1 [48].
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Pour prendre en compte les restrictions physiques sur les entrées de com-
mande, on considére 'inégalité suivante :

a —J JT
I, = ( (5“)“2]3 k2 )zo j=1,...m,

* Uy

o kJ est la ligne j de la matrice K.
Le résultat sur l'ellipsoide minimal attractif pour le systéme (42) est énoncé
dans le théoréme suivant.

Théoréme 3 Considérons le probléeme d’optimisation suivant
min ¢r(H)
sujet a

A:={H,P,S R, Ko, K1,K>, P, 8}, k=1,..,14,
d <0,

H >0,

Zi>0 j=1,..,m,

P>0, >0, R>0, >0, >0, ¢>0,

avec une solution optimale A= {]:I, p, 5’, f%, KO, Kl, Kg, Pk,B} Jk=1,..,14.

L’ellipsoide £ (0, ]5) déterminé par la matrice (% + g) P, est un ensemble mi-

nimal attractif pour les trajectoires du systéme (42) en boucle fermée avec les
2

controleurs (44-46) pour t > T,(¢,<) = = In (O‘”;ﬂ = ﬁ) .

So

Les dynamiques axiales et de torsion couplées de la tige de perforation sont
décrites au moyen de I’équation suivante :

&(t) + Di(t — 2T") = Agz(t) + Arz(t — 2I') + Byuy(t — I') + Baus(t)
+ Cof(x1(t) + Qo) + Crf(x1(t — 2T) + Q) + w, (49)

ol 2(t) = [ m(t) za(t) wa(t) "

wi(t) = 2(t) = Qo,  @2() = y(t) =Y () = ROPL, 5(t) = (1),

~y -2 0 0 e ) I
B B
AU - 0 0 1 y A1 - 0 0 0 5 B1 - 0
_ pacp _ ko co Hich 0 0 0
mo mo mo mo
0 — = -T 0 0
B
BQ — O y O() — O y Cl - O y D: O O 0 y
e —m 0 0 00
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le retard est donné par I' = ,/%L, les entrées de commande u; et us cor-

respondent a la vitesse angulaire Q(t) fournie par le moteur et au taux de
perforation ROP, respectivement, f(-) correspond au terme non linéaire du
modéle du couple sur le trépan :
T (2(t)) = Wop Ry, <Ncb+(:usb - Mcb)ei’%lz(t)‘) sign (z(t)) - (50)

Les paramétres utilisés dans les simulations suivantes sont donnés dans
(12). Nous considérons qu’a cause des conditions physiques du systéme, 1’en-
trée de commande uy(t) est soumise a la restriction |uq(t)| < e ont @y = 100,
et que la condition initiale ¢ satisfait ||¢||, = 2. Pour obtenir la synthése des
controleurs (44-45) en utilisant le Théoréme 3, un outil numérique approprié
pour résoudre les problémes qui impliquent des restrictions bilinéaires, comme
le paquet "PENBMI" de MATLAB, est requis.

Le taux maximum de décroissance exponentielle pour laquelle les condi-
tions du Théoréme 3 sont satisfaites est ¢ = 1.5. La solution au probléme
d’optimisation est donnée par :

6.1522 2.5914 0.2713 0.4238
P = 2.5914 13.0989 3.4865 |, eig(P) = 5.4240
0.2713 3.4865 1.4203 14.8236

Amax (S) = 318.9226, Amax (R) = 3.9407, = 1.3620, a = 254.1923,
Ko = [-01272 0 0], K;=04429 0.0196 0.0088 ],

Ky, = [24.3378 305.7411 120.3589}.

En choisissant ¢ = 0.1 on observe que les trajectoires du systéme de per-
foration sont contenues dans l'ellipsoide £5 = {x eR":2TPx < 1}, pour

t > T,(¢,5) = 0.6667In (2541.9 4|7 — 9.0800) = 6.1510s. La Figure 9 montre
Iellipsoide minimal attractif pour les trajectoires du systéme (49).

Les résultats de simulation montrent une performance satisfaisante des
controleurs proposés, cependant, en vue de la réponse oscillatoire des tra-
jectoires dans le cas de boucle fermée, le temps dans lequel les vibrations
de torsion sont éliminées et la complexité de la solution des inégalités ma-
tricielles, nous pouvons conclure que le controleur non-linéaire (39) qui est
dérivé de 'approche multimodéle est la meilleure solution pour éliminer le
phénoméne de coller-glisser. Cependant, la méthode de 'ellipsoide attractif,
bien qu’elle implique certain conservatisme dérivé de 'introduction des va-
riables de pondération libre de I'approche descripteur, fournit une solution
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intégrale au probléme des vibrations couplées. Cette stratégie permet d’ob-
tenir la synthése de controleurs stabilisants qui garantissent ’élimination des
vibrations axiales et de torsion méme en présence de restrictions de saturation
dans I'entrée de commande.

FIGURE 9 — z1(t) vs. 25(t) vs. x3(t) en convergeant a Uellipsoide £(0, P).

Conclusions générales et perspectives

Le document présent résume les contributions principales dérivées d’une
recherche exhaustive sur la modélisation, ’analyse et la commande des vibra-
tions qui se produisent dans le processus de perforation.

Le phénomeéne de coller-glisser, qui constitue la source principale de dé-
faillances dans les opérations de forage, est le point focal de ce projet de thése,
cependant, puisque 'apparition de vibrations de torsion contribue a I'excita-
tion des oscillations axiales, une attention particuliére a été portée au couplage
des vibrations.

Sur la base des différentes stratégies de modélisation proposées pour décrire
la dynamique de la tige de forage, des analyses de stabilité et stabilisabilité
ont été réalisées. Certes, I'équation d’onde est la description la plus proche
de la réalité, car elle reproduit le comportement distribuée du systéme, mais
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la complexité des simulations nous conduit & dériver un modéle simplifié qui
représente raisonnablement le comportement du systéme et qui permet d’ex-
ploiter les techniques de la théorie de commande pour systémes a retards.

L’approche des inégalités matricielles dérivé de la théorie de Lyapunov est
un outil efficace pour 'analyse de stabilité et pour la commande des systémes
dynamiques. Grace a cet outil le systéme de perforation a été analysé en
utilisant les différentes stratégies de modélisation proposées.

Nous avons concu des controleurs stabilisants linéaires et non linéaires
pour I’élimination des vibrations couplées impliquant la mesure de certaines
variables & I'extrémité inférieure de la tige.

Nous pouvons conclure que le modéle a retards de type neutre constitue
une représentation simple et fiable de la dynamique de forage. Par ailleurs,
les techniques de commande proposées pour supprimer les oscillations de fo-
rage sont nouvelles, simples et efficaces par rapport a celles déja existantes.
Ils permettent 'opération de forage a faible vitesse, ce qui est impossible sans
une loi de commande. Les stratégies présentées ont un large domaine d’appli-
cation puisque elles peuvent étre généralisées pour traiter de nombreux autres
problémes d’ingénierie, physiques, biologiques, etc.

Perspectives

Pour décrire complétement le comportement de la tige de perforation pen-
dant le processus de forage, les travaux futurs, doivent inclure un modéle ap-
proprié pour les dynamiques des vibrations latérales. De plus, des parameétres
inconnus et variants dans le temps du systéme et des entrées de commande
supplémentaires pourraient étre pris en considération.

Il serait aussi intéressant d’analyser le comportement de la tige de forage
dans différents environnements opérationnels, par exemple, le forage offshore,
dans lequel le procédé est effectué par une plate-forme située en mer.

Un large éventail de lignes de recherche peut émerger de ce projet de thése,
puisque les phénoménes vibratoires qui se produisent fréquemment dans les
différents types de dispositifs et de machines représentent une source majeure
d’échec, de mauvaises performances et de problémes de sécurité.






Resumen

Introduccion General

La presencia de intensas vibraciones en la sarta de perforacion ha sido
considerada por muchos anos como una de las méas relevantes causas del bajo
rendimiento en el proceso de perforaciéon. En la industria del petréleo, la me-
jora del desempeno en las operaciones de perforacion es una cuestion crucial
de interés econémico.

A pesar del avance tecnolégico, los fenémenos vibracionales que afectan
considerablemente los costos de perforacion siguen ocurriendo. Antes de 1960
los estudios realizados para resolver el problema se enfocaron en el tipo y
resistencia del material usado para la construccion de la sarta de perfora-
cion, sin embargo las tendencias cambiaron, los andlisis recientes estudian el
comportamiento dindmico de la barra [54].

Los diferentes tipos de vibraciéon que afectan la tasa de penetracion y cau-
san el deterioro prematuro de los componentes del sistema pueden clasificarse
en tres categorias que dependen de la direccion en la que las oscilaciones se
producen, estas son:

- torsionales o rotacionales, también conocidas como fenémeno atore-
deslizamiento (stick-slip),

- axiales o longitudinales, caracterizadas por el rebote del dispositivo de
corte (bit-bounce),

- laterales o transversales, movimiento giratorio irregular que ocurre cuan-
do la barra opera fuera de balance (whirling).

La presencia de vibraciones impide un desempeno eficiente del proceso de
perforacion, puesto que causa un deterioro prematuro del equipo [79], ocasio-
na un uso excesivo de energia [78] y puede inducir inestabilidad en el pozo
reduciendo el control direccional [37].

A continuacién se presenta una breve descripcion de las causas y conse-
cuencias posibles de los tipos de vibracion mencionados.
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- Vibracién Torsional. La aplicacién de una velocidad constante en el
extremo superior de la barra no necesariamente se traduce en un movimiento
de rotacion constante del dispositivo de corte, de hecho, la velocidad angular
en el extremo inferior exhibe comtinmente grandes fluctuaciones de amplitud
durante una fraccion significativa del tiempo de perforacion. Esta velocidad
rotacional no uniforme se debe principalmente a la gran flexibilidad torsional
de la barra [105]|. Las vibraciones torsionales causan una rotaciéon irregular
que dana las conexiones de los segmentos de tuberia que conforman la sarta y
el dispositivo de corte. Ademaés el proceso de perforacion se prolonga puesto
que las vibraciones reducen la tasa de penetracion. Las oscilaciones torsionales
se detectan por las fluctuaciones en la potencia necesaria para mantener una
velocidad constante de rotacion.

- Vibraciéon Axial. Las oscilaciones longitudinales involucran el movi-
miento de la barra a lo largo del eje, debido al acoplamiento de los com-
ponentes del mecanismo, la presencia de éstas puede indirectamente inducir
desplazamientos laterales de la barra [104]. Las vibraciones axiales causan que
el dispositivo de corte (broca) colisione contra el suelo repetidamente lo que
puede ocasionar su destruccion. El patréon de rebote del dispositivo de corte
esta relacionado con el uso de un especifico tipo de broca conocida como bro-
ca "tricone.® de rodillo conico que esta formada por multiples 16bulos, lo que
conduce a una interaccion irregular con el fondo del pozo.

- Vibracién Lateral. Las oscilaciones longitudinales pueden presentarse
sin ser detectadas en la superficie. En el extremo inferior, la barra colisiona con
las paredes del pozo creando un orificio excéntrico y danando gravemente los
componentes del sistema [83]. Las vibraciones laterales deterioran severamente
la estructura del pozo y afectan el direccionamiento de la perforacion [54|. El
movimiento giratorio irregular se produce cuando el centro de gravedad de
los collares de perforacion no esta situado exactamente en la linea central del
pozo, ocasionando una inclinaciéon de la barra [116]. Este comportamiento se
intensifica debido al efecto combinado del fluido de amortiguacion, la remocion
de dispositivos estabilizadores, y el roce de la sarta contra las paredes del pozo
[115].

Debido a todos los problemas que acarrea el fenémeno vibracional, se han
propuesto diversos métodos para eliminar o al menos reducir las oscilaciones
en la sarta. Los ingenieros petroleros y expertos han desarrollado algunos mé-
todos empiricos. Los méas comunes son la reduccién en el peso que soporta la
broca y el incremento de la velocidad angular en el extremo superior. Estas
soluciones han demostrado ser tutiles para prevenir la ocurrencia de vibra-
ciones, sin embargo, implican un bajo desempefio en la tasa de perforacion.
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Existen algunas soluciones més sofisticadas para reducir el fenémeno de atore-
deslizamiento, a continuaciéon enlistamos algunas de estas.

Realimentaciéon del torque

Con el método de control por realimentacion del torque, la velocidad de la
mesa giratoria se modifica en funcion de las variaciones de torsion para evitar
oscilaciones de atore-deslizamiento. La velocidad en la superficie se ajusta de
tal modo que las ondas torsionales que viajan a lo largo de la barra sean
amortiguadas en vez de reflejarse nuevamente hacia abajo de la sarta. Un
inconveniente de este método es que necesita una medicion precisa del torque,
que en la practica es dificil de obtener [51], [67].

Sistema rotatorio de torque suave (Soft Torque Rotary System
STRS)

La compania holandesa Shell, consciente del problema que implica una me-
dicion precisa del torque, centrd su investigacion en la mejora del control de
vibraciones por realimentacion del torque durante la década de 1990 [54], [55].
El método desarrollado consiste en calcular el torque en el extremo inferior
mediante el uso de la corriente del motor, y usarlo en el lazo de realimen-
tacion. Las oscilaciones se reducen mediante una sintonizacién adecuada del
controlador, lo que hace que el sistema se comporte como un amortiguador
sintonizado activo, similar a los amortiguadores que se utilizan para evitar os-
cilaciones inducidas por el viento en las lineas de transmisiéon de energia. Este
sistema fue nombrado sistema rotatorio de torque suave. Pruebas experimen-
tales muestran una mejora del desempeno de la perforacion y una reducciéon
considerable de fallas en el mecanismo. El sistema rotatorio de torque suave
ha estado disponible comercialmente por muchos anos y es usado en diferentes
lugares al rededor del mundo.

Control Proporcional-Integral-Derivativo (PID)

Un método simple para tratar el problema de atore-deslizamiento fue pre-
sentado por Pavone y Desplans en 1994 [89]. Ellos encontraron que a través de
un anélisis de estabilidad se pueden determinar los parametros de un controla-
dor Proporcional-Integral-Derivativo que elimina las oscilaciones torsionales.
Los datos analizados se obtuvieron del sistema TRAFOR que es un mecanis-
mo de medicién desarrollado por el Institut Frangais du Pétrole. Un resultado
importante de esta investigacion fue la relacion encontrada entre el torque y
la velocidad en el extremo inferior.
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Control H.

En 1998 Serrarens, van de Molengraft y van den Steen propusieron un
método de control H,, para suprimir las oscilaciones de atore-deslizamiento
[107]. El control H, se ha usado ampliamente para tratar problemas vibracio-
nales, como por ejemplo en los procesos de corte donde se usa para eliminar
las oscilaciones (chattering) en la maquinaria. El controlador H., suprime las
vibraciones a pesar de que es lineal e invariante en el tiempo y la friccion sobre
la broca es fuertemente no lineal. Este método no ha sido probado en platafor-
mas reales, sin embargo, los resultados obtenidos en prototipos experimentales
muestran un buen desempeno.

D-OSKIL

Un método alternativo para eliminar las oscilaciones torsionales consiste en
usar el peso sobre la broca como entrada de control adicional. El método llama-
do Drilling OScillation KILler (D-OSKIL) fue introducido por Canudas-de-
Wit et al. en 2005 [26], [27]. Para asegurar una tasa de perforacién adecuada,
es necesario mantener cierto peso sobre la broca, sin embargo, el incremento
de esta variable conduce a oscilaciones torsionales. El objetivo del método
propuesto es encontrar una relacion 6ptima entre la tasa de perforacion y el
peso sobre la broca. Cuando las oscilaciones torsionales se detectan, el méto-
do permite una reducciéon del peso sobre el dispositivo de corte a través de la
manipulaciéon de la fuerza en el gancho de elevaciéon de la sarta de perforacion
en la plataforma, la barra de perforacion se eleva ligeramente para reducir el
peso sobre la broca. Los resultados obtenidos mediante pruebas experimenta-
les en un prototipo de laboratorio muestran una reduccion considerable de las
oscilaciones torsionales.

Amortiguador de vibraciones activo

En 2007, Zamanian, Khadem and Ghazavi estudiaron las vibraciones de
atore-deslizamiento en una barra de perforaciéon con una broca de arrastre
[122]|. Esta investigacion mostr6 que las vibraciones torsionales pueden evi-
tarse incrementando el amortiguamiento del fluido o lodo de perforaciéon y
seleccionando adecuadamente la tasa de amortiguamiento activo. Las medi-
ciones del movimiento relativo de la broca y la sarta de perforaciéon son to-
madas en tiempo real durante el proceso, de esta manera las propiedades de
amortiguacion se modifican constantemente.

Compensacion del error de modelado

En 2008, Puebla y Alvarez-Ramirez introdujeron un enfoque de control
basado en compensaciéon del error de modelado para eliminar el fenémeno
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atore-deslizamiento. El esquema de control de realimentaciéon sugerido permi-
te lidiar con las incertidumbres en el modelo de friccion y en los pardmetros
del sistema. La barra de perforacion se modela como un péndulo torsional,
accionado por un motor eléctrico, que consta de inercias amortiguadas aco-
pladas mecanicamente por un eje elastico. En [93] se exponen dos esquemas de
control: el esquema de control en cascada, que usa las propiedades eléctricas
del motor como tnica entrada de control, y el esquema de control descentra-
lizado, que regula las vibraciones en la mesa giratoria a través del motor y las
vibraciones en el extremo inferior de la barra mediante el peso sobre la broca.
Las simulaciones numeéricas presentadas muestran que el método elimina sa-
tisfactoriamente las vibraciones. No existen sistemas basados en este método
de control disponibles comercialmente.

Controladores de vibracion con estabilidad garantizada

Nuestras contribuciones al diseno de control para la eliminacion de osci-
laciones en un sistema de perforacion estan basadas en diferentes enfoques
de modelado. En [46] presentamos un modelo de parametros distribuidos que
describe la dinamica torsional de la sarta. La ecuaciéon de onda unidimensio-
nal acoplada a condiciones mixtas en las fronteras describe el comportamiento
oscilatorio a lo largo de la barra. En este trabajo se presentaron cotas de las
soluciones del sistema. En [99], con base en esta estrategia de modelado, se
propone una funciéon de energia, que permitiendo un analisis de disipativi-
dad del sistema, conduce al disenno de un controlador para la eliminacion del
fenémeno atore-deslizamiento. En este trabajo, derivamos un modelo simpli-
ficado representado por una ecuacién con retardos de tipo neutral obtenido
a través de la transformacién de D’Alembert que simplifica el analisis y fa-
cilita el computo de simulaciones del sistema. Para la validacion del modelo
propuesto, hemos examinado algunas estrategias practicas para eliminar las
oscilaciones torsionales utilizadas en plataformas reales. E1 modelo del torque
sobre el dispositivo de corte, que representa la interaccion entre la formacion
de roca y la broca, es descrito por una funcién no lineal que depende de la
velocidad angular en el extremo inferior y esta sujeta a la funcion signo. En
[100], se presenta un analisis de estabilidad exponencial del sistema de perfora-
cion utilizando la teoria de sistemas conmutados. En [101], disenamos una ley
de control no lineal para eliminar las oscilaciones torsionales a través de una
representacion politopica del modelo con retardos. En [102], con base en un
modelo que describe el acoplamiento entre las vibraciones torsionales y axiales,
se disenaron dos controladores lineales para eliminar simultdneamente el fe-
nomeno de atore-deslizamiento y el de rebote de la broca, mediante el método
del elipsoide atractivo. Las entradas de control corresponden a la velocidad
angular provista por la mesa giratoria para eliminar las vibraciones torsio-
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nales, vy la tasa de perforacion para suprimir las oscilaciones axiales. Puesto
que todos los enfoques presentados estan basados en la teoria de Lyapunov,
la estabilidad del sistema, en cualquier caso, estd garantizada. A lo largo de
este trabajo se explican de forma detallada las metodologias propuestas que
atacan el problema vibracional.

Motivacion y Objetivos

Conforme la tecnologia evoluciona, se plantean nuevos desafios y la com-
plejidad del proceso de perforacion de pozos aumenta. El desarrollo de nuevas
tecnologias ha permitido la exploracion petrolera en aguas profundas, lo que
exige soluciones de control cada vez més sofisticadas para la eliminacion in-
tegral de oscilaciones no deseadas. Los trabajos que abordan el problema vi-
bracional en la barra de perforacion, por lo regular, han analizado de manera
individual cada uno de los modos de oscilacién, por lo que existen princi-
palmente soluciones particulares a cada problema de vibracién. Ademas, solo
algunos trabajos proveen un anélisis de estabilidad de las estrategias de control
propuestas.

En esta tesis, desarrollamos un analisis de las oscilaciones acopladas que
ocurren durante el proceso de perforacion que permite el diseno de contro-
ladores estabilizantes para eliminar simultdneamente los fenémenos de atore-
deslizamiento y de rebote de la broca. Los analisis de estabilidad del sistema
de perforacion presentados estan basados en la teoria de Lyapunov.

El primer objetivo de la tesis consiste en encontrar una descripciéon ma-
tematica precisa del comportamiento mecanico del sistema de perforacién.
El modelo debe reproducir eficazmente el acoplamiento entre los modos de
vibracion observados en las plataformas reales.

El segundo objetivo de la investigacion es el desarrollo de un anélisis de
estabilidad y el diseno de leyes de control para eliminar, o al menos reducir a
niveles aceptables, la amplitud de las oscilaciones de perforacion mas criticas.

Capitulo 2

En el proceso de perforacion para extraccion de petroleo, el pozo se crea
mediante un dispositivo de corte llamado broca o barrena. La columna de
perforacion consta del mecanismo inferior de perforacion (BHA, por sus siglas
en inglés Bottom Hole Assembly) v de segmentos tubulares unidos para formar
la sarta de perforaciéon. El mecanismo inferior de perforaciéon consta de la
broca, dos o més estabilizadores que impiden el desbalance de la columna y una
serie de secciones de tubo mas pesados conocida como collares de perforacion.
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A medida que la perforacion avanza en profundidad, la longitud de la columna
debe aumentarse adicionando secciones de tuberia. Un elemento importante
del proceso es el lodo o fluido de perforacion que tiene la funcion de limpiar,
enfriar y lubricar la broca. La sarta de perforacion se hace girar desde la
superficie mediante un motor eléctrico que acciona la mesa giratoria.

La complejidad del sistema de perforacion plantea desafios de modelado y
control. El modelo debe describir con precision los fen6menos mas importantes
que ocurren en plataformas reales y tiene que ser lo suficientemente simple
para propositos de analisis.

La ecuacion de onda es ampliamente utilizada para reproducir el compor-
tamiento oscilatorio de los sistemas fisicos. En los anos sesenta, se llevaron
a cabo algunos anélisis utilizando la ecuaciéon de onda para describir el com-
portamiento torsional de la sarta de perforacion [6], [39]. Esta estrategia de
modelado también se adopt6 en 28], [111], [112] y [113].

Normalmente, cuando un modelo de pardmetros distribuidos esta sujeto a
no linealidades e incertidumbres, el andlisis y las simulaciones no son tareas
faciles. Es conveniente entonces, obtener un modelo mas simple que involucre
las variables de interés principal. Por medio de una transformaciéon directa
es posible derivar un modelo de entrada-salida descrito por una ecuacion con
retardos en el tiempo de tipo neutral que claramente simplifica el analisis
y las simulaciones. El procedimiento que permite transformar una ecuaciéon
diferencial parcial en un sistema con retardos de tipo neutral se presentd por
primera vez en [3], véase también en [5], [10], [19], [21], [22], [30], [40], [49] ¥
[99].

En este capitulo se introduce la ecuaciéon de onda unidimensional que des-
cribe el comportamiento torsional de la columna. El modelo de parametros
distribuidos esté sujeto a condiciones de frontera mixtas escogidas de acuerdo
al comportamiento observado en ambos extremos de la sarta. Se presenta tam-
bién la ecuaciéon de tipo neutral que relaciona las variables en ambos extremos
de la columna.

Modelo de parametros distribuidos

El comportamiento torsional de una columna de perforaciéon de longitud

L, descrito por el angulo de rotacion 6(,t), puede ser modelado a través de
la ecuacion de onda [21], [22], [28], [46], [111], [112], [113]:

020 020

GJ— (& t) — [ﬁ

o¢? (57@ - 5%(&@ =0, e (O,L), t> 0. (51)

El 4ngulo de torsion 6 depende de la coordenada longitudinal £ y el tiempo t,
£ > 0 es el amortiguamiento viscoso y estructural considerado a lo largo de la
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barra, los pardmetros I, G y J corresponden a la inercia, el modulo de rigidez
y el momento geométrico de inercia respectivamente.
Las condiciones en las fronteras son [99:

o 50 o0
G‘]ag<L t>+IB82(Lvt) = _T(at<L t)> (52)
GJg—z(O,t) _ @Z(o P Q(t)) , (53)

donde Ip representa la inercia concentrada en el extremo inferior (£ = L). El
torque T', que describe la interaccion de la broca con la roca, esta en funcion de
la velocidad angular del dispositivo de corte. En la frontera superior (£ = L),
se considera que la velocidad angular proveniente del motor €2 no coincide
con la velocidad rotacional del extremo superior de la barra %(O, t), lo que
ocasiona una torsion local.

Modelo con retardos en el tiempo de tipo neutral

Dado que la mayor parte de la disipacién de energia en el proceso de
perforacion se lleva a cabo en la interfaz broca-roca, puede considerarse que
el amortiguamiento a lo largo de la estructura § es nulo, asi, el modelo de
pardametros distribuidos (51) se reduce a la ecuacion de onda unidimensional:

0?0 ,0%0 I
t 1), € (0,L), =1/ == 54
EE0=rapEn, gD, =g (54

Una transformacion directa de la ecuacion de onda (54) con condiciones
de frontera (52-53) permite obtener el siguiente modelo con retardos de tipo
neutral que describe el comportamiento de la sarta de perforacion [99]:

St) = Tt —2T) = —Wa(t) — TW(t— 20) (55)
—éT (=()) + iTT (=(t — 2T)) + TI(¢ - T),

donde z(t) es la velocidad angular en el extremo inferior, las constantes invo-
lucradas estan dadas por:

2We, — \/[G \/IG [

G+ VIGT e+ VIGT Iy

Similarmente puede obtenerse una expresion con retardos que describe el com-
portamiento en el extremo superior:

D)+ Ti(t—2T) = (ca/A) [QUt) + Qt — 20)]—(2/A) [Tt — T) + T (2(t _(r)))]
57
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donde ©(t) es la velocidad angular en el extremo superior y A = ¢,+vVIGJ.

La transformacion del modelo se lleva a cabo mediante el método de
D’Alembert que propone una solucién general de la ecuacién de onda. Al-
ternativamente, puede hacerse también usando técnicas en el dominio de la
frecuencia (transformada de Laplace).

Capitulo 3

. | Vibraciones
1\ A torsionales

N

- I‘
Vibraciones
laterales

Vibraciones
axiales

Figura 10: Vibraciones en la barra de perforacion.

La interaccion de la columna de perforacion con el pozo da lugar a tres
tipos de oscilaciones que pueden ser clasificarse de acuerdo con la direccién
en la que aparecen: torsionales (oscilaciones de atore-deslizamiento), axiales
(fenomeno de rebote de la broca) y laterales (movimiento giratorio irregular
ocasionado por el desbalance de la barra de perforacion).

Este trabajo se enfoca en el estudio del modo de vibracién més critico, el
fenémeno atore-deslizamiento. Sin embargo, puesto que la presencia de vibra-
ciones torsionales contribuye a la aparicion de oscilaciones axiales, también
seran presentados algunos anélisis sobre el fendmeno de rebote de la broca.

Este capitulo aborda el problema de modelado de los fenémenos de atore-
deslizamiento y de rebote de la broca. También se plantea un enfoque empirico
para reducir las vibraciones torsionales. Las estrategias practicas, que reflejan
cualitativamente la experiencia de los ingenieros petroleros y expertos, consis-
ten en manipular adecuadamente algunos parametros del sistema tales como
la velocidad de rotacion, el peso sobre la broca y las caracteristicas del fluido
de perforacion.
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Dinadmicas Torsionales

Generalmente se asume que el incremento de inestabilidades que conducen
eventualmente al fenémeno de atore-deslizamiento emerge del modelo friccio-
nal que empiricamente captura la interacciéon entre la roca y la broca.

La ecuacion no-lineal siguiente, introducida en [85|, permite modelar el
fenémeno fisico que se produce a nivel de la broca

T (2(t)) = cpz(t) + Wop R (2(t)) sign (z(t)) . (58)

El término ¢,z(t) corresponde a un amortiguamiento viscoso que moela la
influencia del lodo o fluido de perforacion. El término Wy, Ry, (2(t))sign(z(t))
es un torque de friccion seca que representa el contacto broca-roca. R, > 0y
Wop > 0 son el radio y el peso sobre la broca respectivamente. El coeficiente
de friccion seca up(z(t)) es descrito por

b
~Loja(o)

fin (2(t) = pen + (psb — Hen)e : (59)

donde pgp, per € (0, 1) son los coeficientes de friccion estética y de Coulomb,
0 < v, < 1 es una constante que define la tasa de decaimiento.

Dinadmicas axiales

Las vibraciones torsionales estan acopladas a las oscilaciones axiales y ocu-
rren simultaneamente. La alta velocidad de la broca causada por el fenémeno
atore-deslizamiento puede inducir vibraciones axiales de gran amplitud cau-
sando el rebote de la broca.

El modelo del oscilador arménico amortiguado puede utilizarse para des-
cribir las dindmicas axiales de la barra de perforacion [28]:

moY + oY + ko(Y — ROPt) = — iy T (2(1)), (60)

donde Y, Y y Y representan las variables axiales de posicion, velocidad y
aceleracion respectivamente, la tasa de perforacion ROP (por sus siglas en
inglés Rate Of Penetration) es una velocidad axial impuesta en la superficie ,
mg, Co, ¥ ko simbolizan la masa, amortiguamiento y constante de resorte. La
constante y; depende de la geometria de la broca [28].
El acoplamiento entre el modelo torsional (55) y el axial (60) se debe al
torque sobre la broca que influye en ambas dinamicas.
El cambio de variable y = Y — ROPt da lugar al siguiente modelo equiva-
lente:
moi + co ( + ROP) + koy = T (=(2)) (61)
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Resultados de simulaciones

Los parametros del modelo usados en las simulaciones son los siguientes
[28], [84]:

G =7932z10°Nm2,  I=0.095Kg m, L = 1172m,

J =1.19210"°m?, Ry = 0.155575m, v =1,
W, = 97347N, Iy = 89Kg m?, ¢a = 2000N m s, (62)
Meb = 05, Msb = 08, Yo = 09,

cp = 0.03N m s rad™, my = 37278Kg, co = 16100kg s *,
ko = 1.55 x 10°Kg s™2, ROP = 0.0lm s~ !, gy =257m .

Las Figuras 11 y 12 muestran la respuesta del sistema en lazo abierto. La simu-
lacion del sistema (55), (58-59) mostrada en la Figura 11 ilustra la presencia
del fenémeno atore-deslizamiento.
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Im 151 RIEIE Im sO - ..... ...... ........ .......... ..........
E : g aolH L
b : NP ] ] ] :
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Figura 11: Velocidad angular en el extremo inferior z(t) para: (a) Q(¢) = 10rad
s~! (fenémeno atore-deslizamiento), (b) Q(t) = 40rad s~

Se asume que cuando la barra de perforacion no estd en contacto con el
fondo del pozo, la velocidad angular es la misma en ambos extremos. Cuando
la broca empieza a interactuar con la formaciéon de roca el sistema es inevita-
blemente perturbado y las vibraciones axiales y torsionales pueden producirse
simultaneamente.

La presencia de fluctuaciones en la velocidad angular en la broca induce
la aparicion de vibraciones axiales de gran magnitud, como se muestra en la
Figura 12.

Esta claro que las vibraciones de la columna se derivan de la interaccion de
la broca con el pozo en el extremo inferior, entonces, para un control eficaz de
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vibraciones, se requiere de la medicion y realimentacion de algunas variables
a nivel de la broca.

4 3
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Figura 12: Variable y = Y—ROP¢ para: (a) Q(t) = 10rad s~! (rebote de la
broca), (b) Q(t) = 40rad s~*.

Estrategias empiricas para reducir el problema de atore-
deslizamiento

En la practica, el operador del proceso controla desde la superficie parame-
tros como el peso sobre la broca, las caracteristicas del fluido de perforacion y
la velocidad angular provista por la mesa giratoria para optimizar la operaciéon
de perforacion.

A continuacion presentamos las principales estrategias empiricas usadas
para prevenir o reducir las oscilaciones torsionales.

Reduccion del peso sobre la broca

De acuerdo con la experiencia en la industria de perforacion, considerando
una velocidad angular fija en la superficie €2, la reduccion del peso sobre la
broca puede inducir la eliminacién del fené6meno atore-deslizamiento.

Incremento de la velocidad angular provista por la mesa giratoria

Pruebas experimentales indican una atenuacién del fenémeno atore-
deslizamiento por medio de un incremento en la velocidad del extremo su-
perior.
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Introduccién de una ley de variacién del peso sobre la broca

Una solucién alternativa para eliminar las vibraciones de atore-

deslizamiento es la manipulacion del peso sobre la broca. En [84] se propone
la siguiente ley de variacion:

Wop(2(1)) = Ky [2(1)] + Wapo, (63)

donde Wopo > 0y Wop > Wope. La expresion (63) implica una reduccion del
peso sobre la broca cuando disminuye la velocidad angular de la broca z(t)

y un valor minimo del peso sobre la broca W,y para garantizar una tasa de
perforacion adecuada.

Incremento del amortiguamiento en el extremo inferior
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Figura 13: Velocidad angular en el extremo inferior para diferentes valores de
cp (Nmsrad™!): (a) 0.8, (b) 15, (¢) 65, (d) 150.

Otra estrategia para la atenuacion de oscilaciones torsionales consiste en
incrementar el amortiguamiento al nivel de la broca. Esto puede hacerse en
la practica mediante la manipulacién de las caracteristicas del lodo de perfo-
racion.

La Figura 13 muestra las trayectorias de la velocidad angular en el extremo
inferior del sistema (55) acoplado al modelo del torque (58-59) para diversos
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valores del coeficiente de amortiguamiento ¢, indicando que el incremento de
este coeficiente reduce el fenémeno de atore-deslizamiento.

Se concluye que las estrategias empiricas reducen satisfactoriamente la
amplitud de las oscilaciones de perforacion, sin embargo, éstas no pueden
garantizar un desempeno 6ptimo del proceso. El aumento de la velocidad de
rotacion puede causar problemas de vibracion lateral, y ademés, una reducciéon
sustancial del peso sobre la broca podria detener la perforaciéon. Las directrices
operacionales empiricas no son suficientes para eliminar las vibraciones de
perforacion, por lo que se requiere la introduccion de acciones de control. Los
siguientes dos capitulos abordan el diseno de controladores para la eliminacién
de vibraciones no deseadas en la columna de perforacion.

Capitulo 4

En este capitulo, se aborda el problema de analisis de la estabilidad y la
reduccion de las vibraciones de perforacién en el marco de los sistemas de
parametros distribuidos.

Una funcién de energia permite analizar la disipatividad del sistema y
conduce al diseno de una ley de control que garantiza la supresion del fenémeno
atore-deslizamiento. Este enfoque se basa en la ecuacién de onda que describe
el comportamiento torsional de la columna de perforacion.

En este capitulo también se aborda el problema de vibraciones acopladas.
Desarrollamos un enfoque de desigualdades matriciales para una clase de sis-
temas en el que la ecuacién de onda estd acoplada a la ecuacion diferencial
ordinaria. Este enfoque permite la sintesis de controladores estabilizantes que
garantizan la eliminacion simultanea de los fendmenos de atore-deslizamiento
y rebote de la broca.

Analisis de disipacién de energia
La siguiente ecuacion corresponde al modelo normalizado del sistema de
perforacion
2i(0,t) = azp0(0,t) —dz(o,t), t>0, 0<o <1, (64)

donde a = 7 L2 yd= ?, con condiciones de frontera mixtas

2(0,t) = g (2(0,1) —w(t)), o0€(0,1), ¢>0,

. 65
2o(1,t) = —kz(1,t) — qun(z:(1,¢))sign(z(1,t)) — hzu(1, 1), (65)
uy(t) es la velocidad angular provista por la mesa giratoriay g = %7, k = %,

obRbL IBL
q¢= =% h= 3475
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Considere la siguiente funcion de energia

1 1
E(t) = / az2(o,t)do + / 2 (o, t)do + ahzf(1,1). (66)
0 0
Su derivada con respecto al tiempo, a lo largo de las trayectorias de (64-65)
es:
d 1
%E(t) = 2a/ 25(0,t) 215 (0, 1) do + 2az,(1,1) (—kz (1, 1)
0
—qu(z(1,1))sign(z(1,t)) — hzu(1,1))
_2agzt(07 t) (Zt<07 t) - ul(t>)
1 1
—2a/ 2,(0,t) 215 (0, t)do — 2d/ zi(0,t)2z¢(0, t)do
0 0
+2ahz(1,1)z,(1,1),
puesto que
(2 (1, 8)sign (=41, 1) z0(1,1) = (1, 8)) [2(1, 1)
se obtiene,

1
LE(t) = —2aqup(z(1, 1)) |2(1,8)| — 2d [, 2} (0, t)do (67)
—2agz:(0,t) (2:(0,¢) — uy(t)) — 2akz2(1,1).

Para asegurar la disipacion de energia, la ley de control u;(t) debe garan-
tizar la negatividad de (67).

Escogiendo la estructura siguiente para u;(t),

(=(1,1))*

ur(t) = (1 —¢1)2z(0,t) + 2¢12(1,t) — 4 200

con c; > 0, se obtiene

LR(t) = —2aquy(2(1,1)) |2(1, 1) — 2d [ 22(C,t)d¢
— 2agcy (z(1,1) — z(0,1))?
— 2akz2(1,1).

Tomando en cuenta que puy(2z(1,t)) > 0y a, q, k, d, g son constantes
positivas, entonces, %E(t) < 0, y la disipaciéon de energia en el sistema esta
garantizada. Intuitivamente, la disipaciéon de energia podria corresponder a la
atenuacion de oscilaciones torsionales, lo que serfa confirmado mediante una
simulacion del sistema en lazo cerrado con la ley de control (68).
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La Figura 14 muestra el resultado de la simulacién del modelo (55), (58-
59) en lazo cerrado con el controlador (68). Claramente, la ley de control
propuesta conduce a la reduccion de las vibraciones de atore-deslizamiento.

15 20
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e
—
—_—
=
-
—
'
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1} 5 10 15 20 25 a0 0 ] 10 15 20 25 30
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Figura 14: Eliminacion del fenémeno atore-deslizamiento mediante la aplica-
ciéon de la ley de control (68) con ¢; = 0.3.

La Figura 15 muestra la trayectoria de la variable longitudinal y(¢) tras la
aplicacion del controlador propuesto (68). Como puede observarse, la elimi-

nacion del fenémeno atore-deslizamiento induce la reduccién de vibraciones
axiales.

a 5 10 1I5 2ID 2I5 30
Tiempo (s)

Figura 15: Reduccion de oscilaciones axiales mediante la aplicacion de la ley
de control (68) con ¢; = 0.3.

Control para la eliminacién de vibraciones acopladas

El siguiente sistema corresponde al modelo de torsion normalizado (51) con
condiciones de frontera (52-53) sujeto a la funcion del torque sobre la broca
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(58-59) acoplado al modelo axial (61). Este sistema describe el acoplamiento
de las dindmicas torsionales descritas por la ecuaciéon de onda con las dinami-
cas longitudinales de la sarta de perforacion representadas por una ecuacion
diferencial ordinaria.

z(Ct) = az(Ct) —dz(C 1), (€(0,1), t>0, (69)
ZC(Ov t) = 9 (Zt(()? t) —Uu (t)) ) (70)
w(L1) = —hea(L,t) = k(L 8) — qTo(z(1, 1)) + w, (71)

(1) = Ax(t) + Bus(t) + Evzr(1,8) + ByTa(z(1,1). (72)

Las entradas de control u;, us corresponden a la velocidad angular €2 provista
por la mesa giratoria y a la tasa de perforacion ROP respectivamente. El
vector z(t) y los parametros del modelo, estan definidos a continuacion:

y GJ B CoLl
l’(t) = [y<t> y(t)]T, a = m, d= 7) g = E’
B = IsL L= L ~ W By L

Las matrices constantes estan dadas por:
0 1 0 0 0
mo mo mo

El término no lineal T esta definido por:

b

Tateu(1,0) = (o + Gt — e 550 g (2(1,0).

La variable acotada w representa la presencia de incertidumbres, perturbacio-
nes y/o errores de modelado; se asume que ésta satisface:

w?<e. (73)

Lema 1 Considere la una functional V(zc(-,t),z:(-,t), x1) que satisface

/0 PR )AC S V(ze(4t),26 (1), 1) < V(ze(t),2e(, 1), x0)  (74)

d
—V(ze(t),2e(, 1), x) + 0V (2e(-5t),2(, 1), ) < Be VE>0, 0>0, >0,

dt
(75)

donde Z(C,t) = [2(C,t)  2(C, 1) xt]T y P es una matriz simétri-
ca positiva definida. Entonces, para cualquier funcion inicial ¢((,t) =
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[0c(C)  01(¢) mo]", el problema de valores en la frontera (69-72) satisfa-
ce la cota siguiente

| CoPscdc < V00, a0, w2, (70

para t > T,(¢,<) > 0 donde

10ns) = o (LV(06(0), 010, a0)).

En vista del resultado anterior, buscamos una funcional que satisfaga las
condiciones del Lema 1. Considere la funcional de Lyapunov-Krasovskii si-
guiente

Vi(zc(ht),z(5 1), ) = Vilz(G)) + Va(z(C, 1))
+Va(2c(C,),2(C, 1) + Vale),

donde

Vi(ze(¢t)) = pa | 22(¢,)dC,

o\.\

1

Va(=(C.1) = p / 2(¢,0)d
Va(ze(CDm(G 1) = 2x / (€ +1) (¢ 1) (€. ),
Vilz,) = 27 (t)Ra(t).

La funcional propuesta puede escribirse como

V<ZC('7t)7Zt('>t)7 mt) = /0 2T(C>t)P2(Cat)dC7 g(C,t) = [ZC<C>t) Zt(Cat) x(t)]Ta
ap  x(C+1)

0
P=1 x(C+1) P 0 >0 p>0 a>0 R>0.
0 0 R

Tomando la derivada con respecto al tiempo de V(z¢(-,t), z(-,t), ;) a lo
largo de las trayectorias del sistema (69-72) en lazo cerrado con las leyes de
control de la forma

ur(t) = crizu(1,t) + croze(1,t) + 13T (2e(1, 1)) + c142:(0, 1), (77)

us(t) = cox(t), (78)
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y considerando el término positivo —f(w? — ¢) derivado de la condicion (73),
la desigualdad siguiente se satisface

d 1
ZV()+oV()—pe< / i Unid¢ + 1y O,
0
donde
m o= (z(t) 2 t))",
e = (zu(1,t) 2(1,t) Tu(ze(1,1)) 2:(0,t) x(t) w )T,
y
T — —2pd —x+op —dx((+1)+ox((+1) | (79)
* —ax + opa
[ 2axh? — axg®c?, Py D3 Py 0 —2axh
* CI)QQ @23 (I>24 ElTR —QCLXIC —l—pa
* * @33 @34 E’2TR —QGXQ
P —
* * * (1)44 0 0 ’ (80)
* * * x YT14+0R 0
L * * * * * 2ax — B
donde
®y = 2axhk — pah — axg®ciicia Doy = axg®ciz (1 — c14) + pagers
D13 = 2axhq — axg*ciicis D33 = 2axq* — axg*cis
1y = axg?cnn (1 — c1a) + pagen 3y = axg?ciz (1 — cua) + pagess
Doy = 2axk? + 2x — 2pak — axg*cl, Dy = —axg?® (1 — 014)2 — X
D3 = 2axkq — paq — axg’ciacis — 2pag + pageiy

YT, =A"R+ RA+ ¢l B'R + RBcs.

El resultado de estabilizacion del sistema acoplado (69-72) se establece en el
siguiente teorema.

Teorema 1 Las trayectorias del sistema de perforacion descrito por el modelo
acoplado (69-72) en lazo cerrado con los controladores (77) y (78) admiten la
cota (76) si las desigualdades matriciales P > 0, U < 0 y ® < 0 se satisfacen
para p >0, x>0, >0, R>0 y cualesquiera c11, c12, C13, C14, Ca-

Los pardmetros usados en las siguientes simulaciones estédn indicados en
(62). La maxima tasa de decaimiento exponencial para la cual las condicio-
nes del Teorema 1 se satisfacen es ¢ = 0.8. Un resultado de la desigualdad
matricial lineal ¥ < 0 con ¥ definida en (79) es

p=0.7406, y = 0.9559.
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Con base en los valores anteriores, se encuentra, para la desigualdad matricial
bilineal ® < 0 con ® definido en (80), la solucion siguiente:

C11 = —00067, Cig = —004699, Ci3 = —00548, (81)
ey =0.6642, ¢y =[0 2.0234], S = 16.8149,
n— 551.7373 11.7383
© | 11.7383 13.4465 |-

Un simulacion del modelo (55) acoplado a la funcion del torque sobre la
broca (58-59) en lazo cerrado con la ley de control (77) y del modelo (61)
en lazo cerrado con el controlador (78) ilustra el desempeno de la estrategia
propuesta. La Figura 16 muestra la eliminacion de los fenémenos de atore-
deslizamiento y de rebote de la broca.

(m)

us(t)

D 5 10 E 20 “n 5 T 5 20
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Figura 16: Trayectorias torsionales y axiales del sistema de perforacion en lazo
cerrado con los controladores u; y uy dados en (77) y (78).

Podemos concluir que la metodologia de control basada en el anéalisis de
disipacion de energia se lleva a cabo de una manera mas simple y directa
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en comparacion con el enfoque de desigualdades matriciales, sin embargo es-
te ultimo provee una eliminacion integral de las vibraciones acopladas en la
barra de perforacion. Con respecto al tamano del controlador, puede obser-
varse que la trayectoria del controlador (77) es mas cercana a la trayectoria
referencia, lo cual resulta bastante conveniente considerando la presencia de
restricciones de saturacion en las entradas de control. Este problema particu-
lar serd abordado en el siguiente capitulo. Es bien sabido que los modelos de
parametros distribuidos constituyen una descripcion cercana a la realidad, sin
embargo, la falta de herramientas numéricas para la simulacién de sistemas
infinito-dimensionales sujetos a no linealidades e incertidumbres conduce a
la idea de abordar el problema desde una perspectiva diferente. El siguiente
capitulo ataca el problema de control de vibraciones con base en el modelo
con retardos de tipo neutral que describe el comportamiento del sistema de
perforacion vertical considerado.

Capitulo 5

En este capitulo se aborda el problema de analisis de estabilidad y control
de vibraciones en la sarta de perforacion en el marco de sistemas con retardos.

Como se explicd antes, el comportamiento torsional de la barra de per-
foracion puede modelarse mediante una ecuaciéon no-lineal con retardos de
tipo neutral que representa la relaciéon entrada-salida del sistema. En este
capitulo, este modelo es transformado en un conjunto de modelos lineales, no-
linealmente ponderados, lo que permite aprovechar las herramientas de ana-
lisis y control para sistemas lineales. Mediante un analisis de estabilidad de
Lyapunov, se obtienen condiciones de estabilidad y estabilizacion en términos
de desigualdades matriciales lineales. La ley de control propuesta garantiza la
estabilidad en lazo cerrado del sistema y elimina eficazmente las oscilaciones
torsionales. Posteriormente, se aborda el problema de vibraciones acopladas
de tipo axial y torsional. Mediante el método del elipsoide atractivo se obtie-
ne la sintesis de controladores estabilizantes que garantizan una eliminacién
integral de las vibraciones de perforacion. Este enfoque plantea un problema
de optimizacion sujeto a condiciones de estabilizacion practica en términos de
desigualdades matriciales bilineales.

Control de vibraciones torsionales: enfoque de aproxima-
cién multimodelo

En esta seccidn se investiga la estabilizacion de los sistemas no lineales
con retardos de tipo neutral que pueden transformarse en un sistema multi-
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modelo, esto es, un conjunto de modelos lineales no-linealmente ponderados
representados por:

#(t) — Di(t —m) = > hi(w) {Ai(t) + Aima(t — 1) + Bu(t)},  (82)

iel”

donde 71 > 0 es el retardo de tiempo constante, I" es el conjunto de nimeros
enteros {1,...,7}, y r es el nimero de subsistemas que se requieren para des-
cribir el sistema multimodelo. Los h;(+) son funciones escalares de ponderacion
que satisfacen las condiciones de convexidad siguientes:

Y hiw) =1 Vi=1,.r  hiz)>0. (83)

Para garantizar la estabilidad del operador en diferencias se considera que
|D| < 1.

El teorema siguiente presenta un algoritmo que permite la sintesis de una
ganancia K tal que la ley de control u(t) = Kx(t — 71) estabiliza exponencial-
mente el sistema en lazo cerrado

#(t) — Di(t —m) = > hi(w) {Ai(t) + (A, + BK)z(t — 7))}, (84)

el
con una tasa de decaimiento garantizada a.
Teorema 2 FEl sistema en lazo cerrado (84) es a-estable si existe un nimero

real € > 0 y matrices P, >0, P, Q = Q", R=R", yY de dimension n x n,
tales que para todo i € I" la siguiente desigualdad matricial lineal se satisface

* —R/Tl 0 ’ * (1322

(20) (2)
! ey ce® DP <0 o, = ( Dy Dyo ) 7

* * —Q

v = (A, —aD)P+ BY,
®, = (Aj+al, + ™ (A, —aD)) P
+PT (4A; + oy + ™ (Aiy, —aD) + BY +YTBT,
®1y = P —P4+ePT (A +al, + ™ (A, —aD))" +eYTBT,
Dy = —¢ (]5 + pT) + 1R+ Q.

Ademds, la ganancia de retroalimentacion estd dada por K =Y P~
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Para aplicar el resultado anterior al sistema de perforaciéon, debe obtenerse
una representacion politopica del modelo no lineal (55), (58-59).
Considerando p., = 0, y el cambio de variable siguiente

21(t) = 2(t) — Qo (85)

se obtiene la siguiente expresiéon no lineal que describe el comportamiento
del sistema en el extremo inferior:

q(t) +dii(t —2I') = apz1(t) + arxq(t — 21) + bu(t — T)
et T gian (o (1) + Q) (86)
+cYe (1t 2F)+Q°)51gn (x1(t —2T") + Qo)

donde ag = —W — &, ay = T2 =TV, d = =T, b = Il et ¢, = Hebiosan,

B
Proponemos el cambio de Varlables siguiente:

b ()40 entonces se tiene { .

El sistema (86) puede escribirse como
i(t) — Di(t — 2I') = A(x)z(t) + Aor(z)x(t — 2I") + Bru(t —T), (87)

donde la entrada de control u(t) corresponde a la velocidad angular provista
por la mesa giratoria, y donde:

o) =balt) )" =(3 o). B=(7 ).

Ao () = ( T <;—g - \IJ) e Ysign (s (t — 2I") + Q) ) ’

0 0
Az) = ‘(W+%)—@%Mm®+ﬁw
0 — 254 (1) '

Observe que los elementos de las matrices D y Br son constantes, y que
el término co Ysign (s (t — 2I") + Q) de la matriz Ayp(x) esta acotado. Puesto
que 371 (t) es una variable acotada, entonces la matriz A(z) también lo es.

Se obtiene la siguiente representacion politopica,

A(x)z(t) + Aor(z)x(t — 2T) Z hi(xy) (Aix(t) + Aprz(t —2T0)),  (88)

el”

donde las matrices A; y Ajor tienen solamente coeficientes constantes [108].
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Utilizando los parametros dados en (62), las matrices A(z), Aor(z), Bry
D del sistema (87) toman los siguientes valores:

0.7396 0 5 8523
D_< 0 0)’BF—< 0 )
Ay = (33045 —136.132Tsign(a(t) + ) )

—2.4878 100.6802sign (5, (¢ — 2T") + )
AQF(ZL’) = 0 O .

Para obtener una representacion politopica del sistema, las matrices A(x)
y Aor(x) deben ser acotadas. Estas dependen de tres funciones independientes:
301(t), sign(sa (t) + Qo) y sign(se(t — 2I") + Qo).

Para la matriz A se tiene:

wa- (9" 483)

—136.1327 = ajy < aby(z) < asy =0,

—0.9AcCmax = a33 < a43(7) < aj3 = —0.9Decpsy,

Accpax v Decnay corresponden a la aceleracion y desaceleracion maximas res-
pectivamente. Para la matriz Aop(x) se tiene:

A () = < —2.3878 a2F2§(x) > |

0 = aypa3(7) < ahras(w) < ajpas(w) = 100.6802.

Aplicando el resultado del Teorema 2 al sistema de perforacién en lazo
cerrado con la ley de control u(t) = Kxz(t—T"), se obtiene la solucion siguiente:

K=YP'=(044 —425).

Considerando el cambio de variable (35), la ley de control estabilizante para
el sistema (86) esta dada por

Ib o (t—T)

u(t) = 0.44z2(t — T) — 4.25¢ "1 _ 0,440 (89)

La Figura 17 muestra la eliminacion eficaz del fenémeno de atore-
deslizamiento mediante la aplicacion de la ley de control (89).
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Figura 17: Trayectoria z(¢) del modelo torsional del sistema de perforacion en
lazo cerrado con la ley de control (89) con Qy = 20rad s~

Control de vibraciones acopladas: método del elipsoide
atractivo

Esta seccion aborda el problema de control de vibraciones acopladas en el
sistema de perforacion. Se propone una metodologia para la sintesis de contro-
ladores estabilizantes para el sistema de perforacion basada en una combina-
cion del método de Lyapunov y el principio de conjuntos atractivos que plantea
un problema de optimizacion sujeto a restricciones matriciales bilineales. La
estrategia propuesta garantiza la eliminacion de las oscilaciones axiales y tor-
sionales acopladas y permite determinar el elipsoide minimo atractivo para
las trayectorias del sistema en lazo cerrado.

Definicién 1 [66] Un elipsoide con centro en el origen se define como un
conjunto en R" tal que Eyy = {x eR": 2T Mz < 1}, donde M es una matriz
simétrica definida positiva.

Definicién 2 (Elipsoide atractivo) [86]/ Un elipsoide £ es un dominio
atractivo para el sistema (92) si

1) ¢(0) € €, 6 € [—h,0] implica que x(t,¢) € E, t >0,

2)6(0) € R"\E, para 0 € [—h,0] implica que existe T,, 0 < T, < oo, tal que
x(t,p) € £, t > 0.

Lema 2 Sea la funcional V() que satisface
2T () Pr(t) < V(w) < allady, (90)

donde P es una matriz simétrica definida positiva y

d
EV(QL}) +UV(I’,§) < 5, Vt>0, o>0, /8 > 0. (91)
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Entonces, para cualquier funcion inicial ¢ € PC([—h,0],R"), la solucion
x(t, @) estd contenida en el elipsoide Ep = {x e R":aTPr < 1}, P =

(% - g) P, >0 para t > T,(¢,5) > 0 donde

2
T,(6.5) = ~1In (M - ﬁ) .

S So

Considere un sistema con retardos de tipo neutral de la forma:

(t) + Di(t —27) = Aox(t) + Ayz(t —27) + Biuy(t — 1) (92)
+Baua(t) + Cof (x(t)) + Cof(x(t — 27)) + w,
donde w satisface
lwllg, =wKow <1,  ¢>0. (93)

De acuerdo con la aplicaciéon que se considera, se proponen las siguientes
estructuras para u; y us

ur(t — 1) = Ko (t — 27) + Kyx(t — 27), (94)
us(t) = Kox(t). (95)
Se asume que la ley de control u, esta sujeta a la restriccion:
|ua(t)] < U2, (96)
donde s es el nivel de saturacion, esto es, el vector wus(t) = col

{ud(t),...,udt(t)} esta sujeto a las restricciones de amplitud siguientes:
lu(t)] <@, 0<u) j=1,..,m.

El objetivo es encontrar las condiciones que garanticen que el elipsoi-
de definido por €5 = Sz € R": 2T Px < 1}, sea un conjunto atractivo pa-
ra las trayectorias del sistema (92) en lazo cerrado con (94-95), esto es,
fmy_,eoz” (1) Px(t) < 1. Ademas, las matrices Ko, K1, Ko € R™" y P deben
garantizar la minimizacion del elipsoide £5. Dado que la traza de la matriz P
estd inversamente relacionada con los ejes del elipsoide, se plantea el siguiente
problema de optimizacién:

min tr(P1) (97)
sujeto a P € 3y, Ko, K1, Ky € o,

donde X1, 5, definen el conjunto de matrices admisibles de dimensiones nxn y

m X n respectivamente que garantizan la propiedad de invarianza del elipsoide
Ep.
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Counsidere la funcional

Viz,) = xT(t)Pa:(t)~|—/t_2 02T (5)Sx(s)ds (98)

0yt
+27/ / e?537 (5) Rix(s)dsdh.
—27 Jt+6

Tomando la derivada de V(x;) con respecto al tiempo y siguiendo el enfo-

que descriptor, se obtiene:

av
# + oV (z:) — B < nldn,

donde el vector n estd definido como

n=(x(t) ot —27) @(t) @(t — 27) wi(t — 7) uz(t) f(2(t)) flax(t = 27)) w)",

y ® es una matriz simétrica con elementos ®;;, 7 =1,..,9, j = 1, ..., 9 definida
como:
[ Dy Dy By Dy Py Py o, PICy+ APy PP+ AL P, |
x Dy APy Doy Py AP AP, Al P AT Py
* * O3z D3y P35 Dag 37 PgTCl — B3 P?:‘F — Py
* * x @44 @45 @46 (1347 P4TC'1 — DT.Pg PE — DTPQ
* * * x Dy Dy b5, PICy+BI'Py PI+BIPy |,
* * * * * D bs; PIC,+ BIPs PI+ BIP
* * * * * * b, PIC +CTP PI+ CTP
% * k% * x PIC,+CTpy P+ CTR,
* * * * * * * * Dy
donde:
@11:A5P2+P271A0 @24:A?P4+Kfpn @46:P4TBQ—DTP6
+S—|—0P—e_"2TR —|—P17;K0 <I>47ZP4TCO—DTP7
+ PuuK> + Kj Py o5 = AT Ps + K Py $55 = P By + B Ps
(I)lzze_JQTR—i-P;Al _Plg —Plj(;—Plo
@13:P—P5+A81P3 @33:4T2R—P3—Pér @56:P5TB2+B%1P6
O1y=—-P{D+ AP, Oy =—-P{D— P, 57 = Iy Co + By Iy
b5 = PI'B, + AL P; by5 = PI'B) — P; g5 = PI' By + BI By
P15 = Py By + Al Py $35 = P{ By — Py — Pl — Pi3
+K2TP13—P1’141 (1)37:P3TCO—P7 (1)67:P6TC()+ng7
O, = PICy+ AT P, by =—-PI'D—-DTP, Oy = PICy+ CL Py
Bgy = —e 2 (S + R) + P Ko+ KfPu  ®g = P + Py — BKL,.

+P1,1;K1+K1TP12 @45:PZB—DTP5
q)gng{Pg +KgP10—Pﬂ
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Claramente, si ® < 0, la condicion (91) del Lema 2 se satisface.
La introduccién de la desigualdad adicional:

H I, 1
= >
H []n P]>O,H_P

permite reducir el problema de optimizacion no lineal (97) al problema lineal
min tr(H). Usando la propiedad del complemento de Schur, se puede demos-
trar que la minimizacion de la traza de H implica la minimizaciéon de la traza
de P! [48].

Para tomar en cuenta las restricciones fisicas en las entradas de control, se
considera la desigualdad siguiente:

s —J JjT
T, = ( (B“)“QP & )zo j=1,..m,

* u?

donde kJ es la fila j de la matriz K.
El resultado sobre el elipsoide minimo atractivo para el sistema (92) se
enuncia en el siguiente teorema.

Teorema 3 Considere el problema de optimizacion siguiente
min ¢r(H)
sujeto a

A= {H7P757R7K07K1>K27Pk,ﬁ}, kzl,...,14,
P <0,

H >0,

Z; >0 j=1,...m,

P>0 >0 R>0, >0, >0, ¢>0,

con solucion dptima A= {[:I, f’, S’, R,KU,Kl,KQ,pk,B}, k=1,..14. El

elipsoide E(O,P) determinado por la matriz (% + g) p, es un conjunto mi-

nimo atractivo para las trayectorias del sistema (92) en lazo cerrado con los
2

controladores (94-96) para t > T,(¢,s) = L1n (% - ﬁ) :

So

Las dindmicas axiales y torsionales acopladas de la sarta de perforacion
se describen mediante la siguiente ecuacion:

&(t) + Di(t — 2T") = Agz(t) + Ayz(t — 2I') + Byug(t — I') + Baus(t)
+ Cof(x1(t) + Qo) + Crf(x1(t — 2T) + Q) + w, (99)
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~y—2 0 0 R ) 2 I
B B
Ay = 0 0 1|, A= 0 00|,Bi=]0
_ _ ko o Bich 0 0 0
mo mo mo mo
0 -+ X -T 0 0
B B
By=| 0 |,C=| 0 |,Ci=]0]|,D=| 0 00],
_7;:1_(1) _7/;_10 0 0 00

el retardo estd dado por I' = 4/ %L, las entradas de control u, y us correspon-

den a la velocidad angular Q(t) provista por el motor y a la tasa de perforacion
ROP respectivamente, f(-) corresponde al término no lineal del modelo del
torque sobre la broca:

T (2(1)) = Wop Ity (ch+(/~‘sb - Mcb)e_%z(t)') sign (2(t)) . (100)

Los parametros usados en las simulaciones siguientes estan dados en (62).
Consideramos que debido a las condiciones fisicas del sistema, la entrada de
control uy(t) esta sujeta a la restriccion |us(t)| <@g donde uy = 100, y que la
condicion inicial ¢ satisface ||¢||, = 2. Para obtener la sintesis de los controla-
dores (94-95) usando el Teorema 3 se requiere una herramienta computacional
apropiada para resolver problemas que involucren restricciones bilineales, tal
como el paquete "PENBMI"de MATLAB.

La maxima tasa de decaimiento exponencial para la cual las condiciones del
Teorema 3 se satisfacen es ¢ = 1.5. La solucién al problema de optimizaciéon
esta dada por:

6.1522 2.5914 0.2713 0.4238
P = 2.5914 13.0989 3.4865 |, eig(P) = 5.4240 |
0.2713 3.4865 1.4203 14.8236

Amix (S) = 318.9226, Anax (R) = 3.9407, 8 =1.3620, a = 254.1923,
Ky = [ —01272 0 0], K,=10.4429 0.0196 0.0088 |,

Ky, = [24.3378 305.7411 120.3589}.
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Escogiendo ¢ = 0.1 se observa que las trayectorias del sistema de per-
foracion estan contenidas en el elipsoide £5 = {x eR":2TPx < 1}, para

t > T,(¢,5) = 0.6667In (2541.9 4|7 — 9.0800) = 6.1510s. La Figura 18 mues-
tra el elipsoide minimo atractivo para las trayectorias del sistema (99).

Los resultados de simulaciéon muestran un desempeno satisfactorio de los
controladores propuestos, sin embargo, en vista de la respuesta oscilatoria de
las trayectorias en lazo cerrado, el tiempo en el que las vibraciones torsionales
se eliminan y la complejidad de la solucién de las desigualdades matricia-
les, podemos concluir que el controlador no-lineal (89) derivado del enfoque
de aproximaciéon multimodelo es la mejor soluciéon para eliminar el fenémeno
atore-deslizamiento. Sin embargo, el método del elipsoide atractivo, aunque
involucra cierto conservatismo derivado de la introduccion de las variables de
ponderacion libre del enfoque descriptor, provee una soluciéon integral al pro-
blema de las vibraciones acopladas. Esta estrategia permite obtener la sintesis
de controladores estabilizantes que garantizan la eliminacion de las vibracio-
nes axiales y torsionales incluso en presencia de restricciones de saturacion en
la entrada de control.

Figura 18: ,(t) vs. 25(t) vs. x3(t) convergiendo al elipsoide £(0, P).
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Conclusiones generales y perspectivas

En este trabajo se resumen las principales contribuciones derivadas de
una exhaustiva investigacion sobre el modelado, el anélisis y el control de
vibraciones que se producen en el proceso de perforacion.

El fenémeno de atore-deslizamiento, que constituye la fuente principal de
fallos en las operaciones de perforacion, es el tema central de este proyec-
to de tesis, sin embargo, puesto que la ocurrencia de vibraciones torsionales
contribuye a la excitacion de oscilaciones axiales, también se ha analizado el
acoplamiento de vibraciones.

Con base en las diferentes estrategias de modelado propuestas para descri-
bir las dindmicas de la sarta de perforacion, se realizaron diversos analisis de
estabilidad y estabilizacion. Ciertamente, la ecuacién de onda provee una des-
cripcion cercana a la realidad, puesto que reproduce el comportamiento distri-
buido del sistema, sin embargo, la complejidad que implican las simulaciones,
conduce a derivar un modelo simplificado que representa razonablemente el
comportamiento del sistema y permite aprovechar las técnicas de la teoria de
control para sistemas con retardos.

El enfoque de desigualdades matriciales derivado de la teoria de Lyapunov
es una herramienta eficaz para el anélisis de estabilidad y control de sistemas
dindmicos. Utilizando esta metodologia, el sistema de perforacion fue analiza-
do con base en las diferentes estrategias de modelado propuestas.

Hemos disenado controladores estabilizantes, lineales y no lineales, para
la eliminacion de vibraciones acopladas que involucran la medicion de ciertas
variables en el extremo inferior de la barra.

Podemos concluir que el modelo con retardos de tipo neutral constituye
una representacion simple y fiable de la dindmica torsional del sistema de
perforacion. Ademés, las técnicas de control propuestas para eliminar las osci-
laciones de perforacion son novedosas, simples y eficaces en comparaciéon con
las estrategias existentes. La implementacion de las leyes de control que hemos
propuesto permite perforar a bajas velocidades, lo que de otro modo resulta
imposible. Las estrategias presentadas tienen un amplio dominio de aplica-
cion puesto que se pueden generalizar para tratar muchos otros problemas
ingenieriles, fisicos, biologicos, etc.

Perspectivas

Para describir completamente el comportamiento de la sarta durante el
proceso de perforacion, los trabajos futuros deberén incluir un modelo apro-
piado para las dindmicas laterales. Ademaés, los parametros desconocidos y
variantes en el tiempo, podrian tomarse en consideracion.
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También seria interesante analizar el comportamiento de la columna de
perforacion en distintos entornos operacionales, por ejemplo, la perforacién
offshore, en la que la plataforma esta situada en el mar.

Una amplia gama de lineas de investigacion pueden surgir de este proyecto
de tesis, dado que los fenémenos vibratorios que se producen en los diferentes
tipos de dispositivos y maquinarias representan una fuente importante de
fallos, bajo rendimiento y problemas de seguridad.



Chapter 1

(General Introduction

1.1. General context. Drilling vibration

The presence of drillstring vibrations is the main cause of loss of perfor-
mance in the perforation process for oil and gas. It provokes premature wear
and tear of drilling equipment resulting in fatigue and induced failures such
as pipe wash-out and twist-off [79]. Tt also cause significant wastage of drilling
energy [78] and may induce wellbore instabilities reducing the directional con-
trol and its overall shape [37]. In the oil industry, the improvement of drilling
performance is a matter of crucial economical interest.

Many studies have been conducted to identify and recognize the different
types of vibrations during drilling operation. These have led to the iden-
tification and classification of vibrations into three separate and distinctive
categories namely torsional (stick-slip oscillations), axial (bit bouncing phe-
nomenon) and lateral (whirl motion due to the out-of-balance of the drill-
string). Below is a brief description of each one of them.

- Torsional vibration. Downhole measurements show that applying a
constant rotary speed at the surface does not necessarily translate into a
steady rotational motion of the bit. In fact, the downhole torsional speed
typically exhibits large amplitude fluctuations during a significant fraction of
the drilling time. This self-excited rotational motion, also known as stick-
slip, is induced by the nonlinear relationship between the torque and the
angular velocity at the bit [55]. The torsional flexibility of the drilling assembly
exacerbates a non-uniform oscillatory behavior causing rotational speeds as
high as ten times the nominal rotary table speed or a total standstill of the bit
[105]. Torsional vibrations provoke fatigue to drill collar connections, damages
the drill bit and slow down the drilling operation thereby prolonging the overall
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drilling process. They are detectable at the drillfloor by fluctuations in the
power needed to maintain a constant rate of surface rotation

- Axial vibration. This vibration mode consist of irregular movements
of the drilling components along its longitudinal axis causing bit bounce and
rough drilling behavior that destroys the drill bit, damages the Bottom Hole
Assembly (BHA) and increases total drilling time. Although, due to downhole
coupling mechanisms, it also excites lateral displacements of the string [104].
The bit bounce pattern may be detected at the surface, it is likely to develop
when drilling with a bit of roller-cone type, also called tricone or rock bit,
consisting of multiple lobes which leads an erratic interaction of the bit with
the bottom of the well making the bit to loose contact with the rock formation.

- Lateral vibration. One of the most destructive drillstring oscillations
is the whirling phenomenon, it may be unleashed with no indication at the
surface. Deep in the hole, the rotating BHA interacts with the borehole wall
generating shocks from lateral vibrations. The collisions with the borehole
wall will produce eccentric hole and the shocks can damage components of the
BHA [83]. The lateral oscillations of the drillstring cause severe damage to the
borehole wall and affect the overall drilling direction [54]. Drill collars whirling
are simply the centrifugally induced bowing of the drill collar resulting from
rotation. If the center of gravity of the drill collar is not initially located
precisely on the centerline of the hole, then as the collar rotates, a centrifugal
force acts at the center of gravity causing the collar to bend [116]. Forward and
backward whirling behaviors can further intensify due to the combined effect
of fluid damping, stabilizer clearance, and friction of the drilling assembly
against the borehole wall [115].

Currently, drilling of deepwater wells for oil and gas production have
opened new horizon for petroleum engineers and experts to try to mitigate
the influence of vibration during drilling operation. Even though new tech-
nology has been deployed, such phenomena still occurs affecting considerably
on drilling costs and daily operations. Before 1960s, studies were focused
on material strength of the drillstring components but the trends have since
changed to emphasize on its dynamic behavior [54].

1.2. Literature review

The great practical significance of oilwell drillstrings has attracted the at-
tention of many researchers. In order to reduce the costs of failures, extensive
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research effort has been conducted in the last five decades to suppress the
drillstring vibrations, several methodologies have been proposed, both from
practical and theoretical viewpoints, see for example the references cited in
the survey [68]. Next, we present a brief chronological compilation of the main
contributions on the subject.

The first analytical and experimental study of drillstring vibration was
conducted initially in the sixties [6], [39]. Bailey and Finnie of Shell Develop-
ment Company introduced the very first model of drillstring vibrations. They
gave an analytical treatment of longitudinal and torsional vibrations starting
from the wave equation. A surface measurement package was developed and
placed beneath the rotary table to measure torque, axial force, rotation and
axial displacement while drilling.

In 1968, researches from Esso Research Company reported on using a
downhole recording tool to measure downhole forces and motions [34]. The
tool could measure axial, torsional and bending forces and moments; axial,
lateral and angular accelerations; internal and external pressure. Large Weight
On Bit (WOB) fluctuations were measured. The WOB even dropped to zero
in some cases, which implied that the bit had lifted off the bottom; they
termed this bit-bounce. In the same year, Miller and Rollins showed raw
relationships between Torque On Bit (TOB) and surface rotation speed for
different formations [81]. The surface torque seemed to be independent on the
surface rotation speed.

In 1982, Belokobyl’skii and Prokopov of the Leningrad Polytechnic Insti-
tute presented one of the first analytical treatments of stick-slip vibrations in
drillstrings [12]. A large part of this treatment was based on earlier analytical
results found by research on stick-slip in general. The authors introduced the
subject of friction which induces torsional drillstring vibrations.

Besaisow et al. described the Advanced Drillstring Analysis and Measure-
ment System (ADAMS) which only measures surface data [15], [16], [17]. The
surface measurements had a large spectral content, and the authors provided
a variety of explanations for the peaks that were observed.

In 1986, the French oil company "EIf Aquitaine" started the DYNAFOR
research project with the purpose of improving drilling performance through
a better knowledge of dynamic phenomena. A surface measurement device
called the "Dynamétre" was developed enabling measurement of tension,
torque and accelerations in three directions at the top of the drillstring.
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In 1987, Peltier et al. proposed a linear relationship between TOB and
WOB [90]. The authors verified that the torque can be related to bearing wear
of the bit. In the same year, Dawson, Lin and Spanos investigated torsional
stick-slip oscillations in drillstrings semianalytically [33]. They assumed a
piecewise linear friction curve in the slip phase and applied this to a one Degree
Of Freedom (DOF) model. The model predicted a critical rotary speed above
which stick-slip oscillations would not occur. This was also observed in the
field. They suggested that the oscillations could be reduced by lowering the
static friction coefficient.

In 1988, Aarrestad and Kyllingstad of Rogaland Research Institute ana-
lyzed the coupling between bit torque and axial load at the bit for tricone bits
drilling a bottomhole with a three lobbed pattern [1]. The authors studied
downhole data obtained with a hardwire Measure While Drilling (MWD) tool.
In the same year, Kyllingstad and Halsey treated the drillstring as a simple
torsional pendulum and assumed a signum friction model with static point
[51], [67]. This simple one DOF model made it possible to give analytical
expressions for stick and slip time. Torque control via feedback at the sur-
face was identified as a possible way to eliminate stick-slip. The idea behind
the torque feedback concept is to allow the rotary table speed to respond to
dynamic torque oscillations in such a way that the rotary table absorbs or
dampens the vibrations. The system incorporated a torque and a velocity
sensor mounted on the drillstring. The signals were processed in a computer-
based feedback system and used to control the drive’s speed. This system was
the first controller to avoid stick-slip oscillations in drillstrings. However, the
sensor package proved to be vulnerable and expensive.

In 1989, Cook et al. presented the first real-time downhole Root Mean
Square (RMS) measurements of forces, accelerations and fluid pressures [31].
The quantities as RMS values were transmitted to surface using mudpulse
telemetry.

In the late 1980s the Institute Frangais du Pétrole designed the TRAFOR
system, a research tool to improve knowledge about drilling and how to model
it. The TRAFOR system consists of a downhole measurement sub, called
the Télévigile, and a surface measurement device known as the Survigile.
The signals of the Télévigile and Survigile are gathered by a computer and
synchronized. The Télévigile is connected to the surface equipment through
an electric wire. Downhole WOB, TOB, accelerations in three directions and
bending moments in two directions are measured. Torque, tension and rotary
speed are measured at surface. The great merit of the TRAFOR system is
the ability to measure both downhole and surface data at real-time.
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In 1990, Lin and Wang investigated stick-slip oscillations in drillstrings
numerically and came to conclusions already drawn in papers about stick-slip
in general [72], |73].

In 1991, Dufeyte and Henneuse of Elf Aquitaine investigated the data of
the DYNAFOR project between 1988 and 1990. Stick-slip oscillations were
present during 50% of the time and were found to be highly detrimental to
bits, drilling tools and drillpipe [36]. The authors verified the possible elim-
ination of stick-slip oscillations using torque feedback. Lubricant tests were
successful in eliminating stick-slip. As the lubricant passed the BHA the fric-
tion characteristic was changed which eliminated stick-slip vibrations. Stick-
slip was prevalent with downhole mudmotors due to the practice of slowly
rotating drillstring during these operations. This observation was confirmed
numerically in [69].

In 1992, Brett studied torsional stick-slip oscillations with Polycrystalline
Diamond Compact (PDC) bits on a laboratory test drilling machine, on a
full scale test rig and theoretically [24]. Friction curves relating TOB versus
angular velocity of the bit were obtained experimentally in the laboratory with
a sharp and a dull PDC bit. The obtained friction curves showed a smoothly
decreasing torque with increasing speed but the number of data points used
was too small especially at low speeds thus no information about the static
friction torque was obtained. The author noted that in the field, the stick-slip
is reduced by decreasing WOB and/or increasing rotary speed, but suggested
that increased speed can excite other forms of vibration.

Dubinsky, Henneuse and Kirkman, in 1992, gave a historical overview of
Russian, European and American research in surface monitoring of downhole
vibrations [35]. The Russians aimed their attention in the 1970s on optimizing
the performance of turbines. A method was developed to detect stick-slip
vibrations while using a turbine by inspecting the auto-spectral density of
the surface axial accelerations. In the United States the goal was to reduce
drillstring failures. The authors suggested that downhole dysfunctions are
always observable at surface.

In 1994, Pavone and Desplans gave a description of the TRAFOR, system
and some experimental results [89]. The most remarkable result of this contri-
bution is the relation found between the TOB and the bit rotary speed. The
characteristic is clearly showing a stick phase and lower torques for higher
speeds (a negative slope). The authors proposed a Proportional-Integral—
Differential (PID) control and the use of an anti stick-slip tool to prevent
stick-slip.



70 Chapter 1. General Introduction

Shell Research in Rijswijk, The Netherlands, focused their research since
1990 on the improvement of the torque feedback system developed by Halsey et
al. at Rogalandforskning Institute. The Soft Torque Rotary System (STRS),
which obtains the information of speed and torque directly from the voltage
and current measured at the motor terminals, was developed. Much attention
was paid to the proper tuning of the STRS [54], [55].

In 1997, Van den Steen conducted a comprehensive study on the STRS
[114]. The author gave a detailed model of the drive system and presented
a model of the drillstring in the form of transmission matrices. A constant
TOB was assumed in the slip phase. The resulting nonlinear model was thus
linear in both stick and slip phase. This allowed fast numerical computation of
stick-slip cycles by making use of fundamental solution matrices. The author
studied different optimal control criteria for the STRS: maximized minimum
damping, minimum power of the BHA velocity spectrum and maximum sup-
pression of stick-slip oscillations.

In 1998, Serrarens developed an H., controller as an alternative for the
STRS [107]. The author concludes that the H., controller performs better
than the STRS, however, the system has a few drawbacks compared to the
STRS: the controller does not satisfy hyperstability, no closed analytical solu-
tion has been found for the optimal weighting functions (tuning parameters)
and the physical mechanism of the STRS is well understood while that of the
Hoo controller is difficult to interpret.

In 1999, Tucker and Wang analyzed a control mechanism designed to sig-
nificantly ameliorate the sustained excitation of torsional oscillations due to
frictional torques generated by an active bit during drilling operations [111].
The proposed mechanism of torsional rectification is compared with existing
STRS in a series of mathematical models.

In 2003, Christoforou and Yigit presented a fully coupled model for axial,
lateral, and torsional vibrations of actively controlled drillstrings [29]. They
proposed an active control strategy based on optimal state feedback designed
to control the drillstring rotational motion. Torsional vibrations are directly
controlled, meanwhile, due to the oscillations coupling, axial and lateral vi-
brations are indirectly reduced to acceptable levels.

In 2004, Navarro-Lopez and Suarez presented a dynamic drillstring model
reproducing stick-slip vibrations under different operating conditions [84].
They took up the idea of introducing a PID controller structure at the sur-
face in order to control the rotary speed. In the same year, Abdulgalil and
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Siguerdidjane addressed the problem of stick-slip suppression by introducing
a nonlinear controller based on an input-state feedback linearization of the
nonlinear friction torque [2].

In 2005, Canudas-de-Wit et al. presented a new mechanism, named the os-
cillation killer (OSKIL) intended for extinguish limit cycles [26]. The method
named D-OSKIL is applied to eliminate the stick-slip limit cycle in a drilling
system with dry friction, it uses the WOB force as an additional control vari-
able [27|. This paper reports experimental implementation of such a mecha-
nism, in a laboratory testbed. The D-OSKIL mechanism conduces to some
other contributions on the subject [77], [9].

In 2007, Zamanian, Khadem and Ghazavi studied self-excited stick-slip
oscillations of a rotary drillstring with a drag bit [122]. This research shows
that by increasing the damping of drilling mud, and by an appropriate selec-
tion of active damping ratios, the stick-slip oscillations can be avoided and
the rotary table vibrations may be damped. In the same year, a dynamic
sliding-mode control is used to avoid different bit sticking problems present
in a conventional vertical oilwell drillstring [85].

In 2008, Puebla and Alvarez-Ramirez addressed the robust suppression of
stick-slip oscillations in oil drillstrings [93]. The control approach is based on
modeling error compensation techniques to provide robustness against uncer-
tain parameters and friction terms.

In 2011, Bi et al. studied coupled axial torsional drilling oscillations by
using the finite element method [18|. They explained that in the resonance
state, the drilling string collides with the wall causing serious damage on the
drilling string in a short time. The distributional regularities of the coupled
resonant frequency were obtained through computer analysis. They conclude
that the resonance state can be avoided by changing the rotary speed.

In 2012, Kreuzer and Steidl presented a method for controlling drilling
vibrations by decomposing the drill string dynamics into two waves traveling
in the direction of the top drive and in the direction of the drill bit [63].
The decomposition is derived from the wave equation governing the string
vibrations. The velocity of the top drive is controlled in order to absorb
the wave traveling in the direction of the top drive, thus achieving a reflection
coefficient of zero for the frequency range of the undesired torsional vibrations.
In the same year, Boussaada et al. studied the control of axial and torsional
vibrations [21], [22]. Their analysis is based on the center manifold theorem
and normal forms theory, they design two control laws allowing to suppress
the undesired vibrations guaranteeing a regular drilling process.
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Our contributions on stability analysis of the drilling system and vibra-
tion control are based on different modeling strategies. In [46] we presented
a wave equation model describing torsional oscillations in a vertical oilwell
drilling system, ultimate bounds on the solutions were obtained. In [99],
based on the distributed parameter model, the proposal of an energy function
allows a dissipativity analysis leading to the design of a stabilizing controller
to suppress the stick-slip phenomenon. Furthermore, we presented a neutral-
type time-delay model obtained through the D’Alembert transformation of
the wave equation which simplifies analysis and simulations of the system.
In order to validate the obtained model we tested the main practical strate-
gies used in the field to eliminate the stick-slip. The nonlinear TOB model
subject to a sign function allows to interpret the model as a switching sys-
tem. Exponential stability analysis based on the switched systems theory was
developed in [100]. A polytopic representation of the nonlinear time-delay
model was presented in [101]. Based on this approach, we have designed a
stabilizing controller to suppress torsional vibrations. A coupled model for
axial and torsional oscillations was presented in [102]|. Via attractive ellipsoid
method we have designed stabilizing controllers able to eliminate bit-bounce
and stick-slip.

1.3. Motivation and objectives

Oscillations in drillstrings are a well studied topic, a great number of meth-
ods have been suggested through the years to eliminate the problem. As the
technology in the oil industry has evolved, the complexity in drilling oil wells
has expanded. New technology has made it possible to drill deeper and deeper
wells which demand high performance techniques guaranteeing an integral
suppression of undesirable oscillations. Authors generally have studied every
vibration mode individually, then, there are mostly particular solutions for
each of the vibration problems. Furthermore just a few works have provided
a proper stability analysis of their proposed control strategies.

This research project aims at analyzing the most frequently occurring vi-
bration phenomena arising in drilling systems.

The first objective is to obtain a mathematical description of the string be-
havior during the drilling operation, able to efficiently reproduce the vibration
coupling observed in real wells.

The second objective of our research concerns the drilling system stabil-
ity analysis and control of drilling vibrations. We intend to design feedback
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controllers to suppress, or at least reduce to acceptable levels the oscillatory
behavior. The control solution proposals should guarantee the closed-loop
system stability and the simultaneously suppression of the stick-slip and bit-
bounce.

1.4. Thesis plan

The remaining chapters of this thesis are organized as follows:

In Chapter 2 the drilling system modeling is presented. A distributed pa-
rameter model described by a hyperbolic Partial Differential Equation (PDE)
with mixed boundary conditions describes the behavior of the drilling system
along the rod. Using some mathematical procedures as the D’Alembert trans-
formation and frequency domain techniques it is possible to derive a simpler
model for the drilling system which involves only the variables of our inter-
est. Such transformation leads to a neutral-type time-delay model describing
the torsional behavior of the system, the time-delay is directly dependent on
the length of the drillstring. Axial dynamics are reproduced by means of the
damped harmonic oscillator model.

Chapter 3 studies the main kinds of oscillations occurring during drilling
operations: the torsional vibrations also known as stick-slip phenomenon and
the axial vibrations commonly referred to as bit-bouncing phenomenon. Based
on the torsional model of the drilling system described by a neutral-type time-
delay equation, the main practical strategies to reduce the stick-slip vibrations
are tested. The proposed model is validated through simulations.

Chapter 4 concerns the stability analysis and control of drilling vibra-
tions based on the wave equation model. The proposal of a Lyapunov func-
tional for the distributed torsional model allows to provide an ultimate bound
for a measure of the distributed variables describing the system in terms of
Linear Matrix Inequality (LMI) type conditions. Based on the coupled wave-
Ordinary Diffetential Equation (ODE) model, a control strategy allowing the
suppression of axial-torsional coupled vibrations is developed.

In Chapter 5 we address the problem of drilling vibrations suppression
within the framework of time delay systems, torsional dynamics of the drill-
string are modeled by a neutral-type time-delay equation subject to a non-
linear expression approximating the rock-bit contact which involves the sign
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function, the TOB model leads the analysis of the drilling model using dif-
ferent techniques of the control theory. Using switching systems theory, ex-
ponential stability conditions are obtained. A control strategy to suppress
torsional vibrations is developed through a multimodel approximation of the
nonlinear system. The attractive ellipsoid method allows us develop an ef-
ficient methodology to the control synthesis guaranteeing the simultaneous
elimination of stick-slip and bit-bounce.

General conclusions are given in Chapter 6.
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Chapter 2

Drilling system modeling

2.1. Introduction

A sketch of a simplified drillstring system is shown in Figure 2.1.
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Figure 2.1: Basic scheme of a vertical drilling system.

The main process during well drilling for oil is the creation of borehole
by a rock-cutting tool called a bit. The drillstring consists of the BHA and
drillpipes screwed end to end to each other to form a long pipe. The BHA
comprises the cutting device (bit), stabilizers (at least two spaced apart) which
prevent the drillstring from unbalancing, and a series of pipe sections which
are relatively heavy known as drill collars. While the length of the BHA
remains constant, the total length of the drill pipes increases as the borehole
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depth does. An important element of the process is the drilling mud or fluid
which among others, has the function of cleaning, cooling and lubricating the
bit. The drillstring is rotated from the surface by an electrical motor located
at the rotary table.

Drilling system complexity brings out a modelling and a control problem.
The model must accurately describe the most important phenomena arising
in real wells and it has to be simple enough for analysis and control purposes.

In general, the models that have been used in literature to describe drill-
string systems can be classified into two main categories: distributed param-
eter models and lumped parameter models.

To keep a more simple analysis, many contributions consider the drillstring
as a torsional pendulum described by a lumped parameter model with one or
multiple DOF. In [51] and [73] they consider a one DOF model, in [24], [27],
[55], [84] and [107], they propose a two DOF mode, in [85], a discontinuous
model of four DOF is introduced.

Lumped parameters models have been shown to be easy enough for the
analysis, but in some cases, the distributed nature of the system can not be
neglected. It is natural to think that a distributed parameter model of the
system is more suitable to properly describe the oscillation phenomena.

The wave equation is widely used to reproduce the oscillatory behavior of
physical systems. In the 1960s, some analyses have been carried out using
the classical wave equation to describe the torsional behavior of drillstring
assemblies [6], [39]. This modeling strategy was also adopted in [28], [111],
[112] and [113].

Normally, when a distributed parameter model is subject to nonlinearities
and uncertainties, analysis and simulations are not easy tasks. In this case, it
is desirable to derive a simpler model involving only the variables of main in-
terest. By means of a direct transformation, an input-output model described
by a neutral-type time-delay equation which clearly simplifies the analysis and
simulations, can be obtained. The procedure allowing to transform the PDE
model to a delay system of neutral type was presented for the first time in [3],
see also [5], [10], [19], [21], [22], [30], [40], [49] and [99].

In this chapter, we introduce an unidimensional wave equation to describe
the drillstring torsional behavior. The distributed parameter model is subject
to mixed boundary conditions chosen accordingly to the observed dynamics
at both extremities of the string. Neutral-type time-delay equations relating
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variables at both ends of the rod are obtained. We explain in detail the
transformation techniques (D’Alembert and Laplace methods) allowing the
simplified model derivation. Formal stability analysis of the neutral-type time-
delay model is provided.

2.2. Distributed parameter model

The purely torsional excitations of a drillstring of length L, described by
the rotary angle 6(&,t) can be modeled by the wave equation [21], [22], [28],
[46], [111], [112], [113]:

020 020

GIgal6) ~T5n

00
€0-Fo (6D =0, €e(.L), t>0, (21)
with the twist angle 6 depending on the length coordinate £ and time t. The
parameters I, G and J are the inertia, the shear modulus and the geometrical
moment of inertia respectively. A damping 5 > 0 which includes the viscous
and structural damping, is assumed along the structure.

The boundary conditions are chosen according to the dynamics taking
place at the upper and lower ends of the drill string. In [28] the following
boundary conditions are considered:

0(0,t) = Q, (2.2)
GJ?—Z(L,t)nLIB%(L,t) S (%(L,t)). (2.3)

A lumped inertia Ig is chosen to represent the assembly at the bottom hole.
It is assumed that the speed of the surface (¢ = 0) is restricted to a constant
value Q, the other extremity (£ = L), which symbolizes the bit, is subject to
a torque T', which is a function of the bit speed.

The following nonlinear equation, introduced in [85], allows to approximate
the physical phenomenon at the bottom hole

T (%(L,t)) = cb%(L,t)JrWObRbub (%(L,t)) sign (%(L,t)) ,(2.4)

%(Lﬂf) is a viscous damping torque at the bit which

approximates the influence of the mud drilling and the term
Wob Ry (32(L, t))sign(2(L,t)) is a dry friction torque modelling the

the term ¢
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bit-rock contact. Ry > 0 is the bit radius and Wy, > 0 the WOB. The bit
dry friction coefficient p,(92(L,t)) is modeled as

00 _db |28
o (G 20) =+ G = e HEC (25)

where pig, iy, € (0,1) are the static and Coulomb friction coefficients and
0 < 1 < 1is a constant defining the velocity decrease rate. The constant
velocity vy > 0 is introduced in order to have appropriate units.

The boundary condition (2.3) coupled to the torque on the bit model
(2.4-2.5) satisfactorily reproduces the behavior at the ground level, however
(2.2) does not reflect an important dynamic occurring at the top extremity.
The angular velocity coming from the rotor {2 does not match the rotational
speed of the load %(O, t), this sliding speed results in the local torsion of the
drillstring. In order to take into account this phenomenon, we introduce the
following boundary condition which is validated in [99]:

ng—z(o, t) = ca (%(o, t) — Q(t)) . (2.6)

Alternative boundary conditions to represent the drilling behavior at the
upper extremity are derived from the classical Newton equation such as the
following one introduced in [32]:

020 00 00
Jr—=(0,t) +O(t) = =T, | =(0,t), —(L,1 2.7
5 00) 4600 = Ty (510,00, 5 (2.0)) 27)
where Jr is the effective moment of inertia of the top-drive The forcing
function O(t¢) denotes the external torque delivered by the top-drive, taken as
control input with the following structure

o(t) = r, (%(o, t) — Q0> ok (000,8) — Qot)

where k, and k; are the rotary speed control parameters and €2 is the
target angular speed. The function 7},,, depending on the angular velocities at
the top and bottom extremities, describes the transmitted torque and damping
due to viscous effects.

Throughout this work we assume the existence of the solutions to the
considered boundary value problems with appropriate initial conditions.
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2.3. Neutral-type time-delay model

Integration along characteristics of the hyperbolic PDE allows the asso-
ciation of certain system of functional differential equations to the mixed
problem, more precisely, a one-to-one correspondence may be established and
proved between the solutions of the mixed problem for hyperbolic PDE and
the initial value problem for the associated system of functional equations [94],
[95].

By reducing the boundary value problem introduced in the above section
to a neutral-type time-delay equation we are able to exploit techniques from
dynamic systems theory to gain insight into the complexity involved in the
analysis and simulation of infinite dimensional systems.

Since most of the energy dissipation in drilling systems is taking place at
the bit-rock interface, we consider that the damping along the structure 3 is
null. The distributed parameter model (2.1) reduces to the unidimensional
wave equation:

e =roten, ce.D) 2.8)

where p = %

A direct transformation of the wave equation model (2.8) with bound-
ary conditions (2.3-2.6) allows to obtain the following neutral-type time-delay
model describing the drilling behavior [99]:

() —Y2(t—2I') = —Wz(t) — TWz(¢t —2I") (2.9)
—éT (2(t)) + %BTT (2(t—2T)) + IQ(t - T),

where z(t) is the angular velocity at the bottom extremity, and

2We, ” ca —VIGJ] \/]G / I

T+ VIGT e+ VIGT Iy

Similarly, we obtain a neutral type retarded expression for the behavior at the

(2.10)

upper extremity of the drillstring:

V(t)+Yo(t—2T) = (co/A) [Qt) + Q(t — 21)]—(2/A) [Ip2(t = T) + T (2(t = T))]
(2.11)
where v(t) is the displacement from the unexcited position at the top extremity

and A = c,+vIGJ.
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The input-output model obtained from (2.8) with the boundary conditions
(2.2-2.3) considered in [28] is:

VIGT VIGT
7, A+
B

it —or) = —[iT(t) (2.12)

Z1(t) — 2 (t—20) +

B
1 2V 1
+[—T(t —2T) + GJQ(t -1,

B B
where 2 (t) corresponds to the angular velocity at the bit level [98].

The following neutral-type model is derived from (2.8) coupled to the
boundary conditions (2.3-2.7),

VIGT VIGT 1d
(1) — Zo(t — 2T) + Z(t) + Gt —20) = ———T() (2.13)
Iy I Ip dt
1d WIGT WIGT
— Tt - — Qt—T)— 27 (+-T).
+ Iy dt ( ) IgJr ( ) IgJr top ( )

where 2y(t) stands for the angular speed at the bottom end. Setting Z;(t) =
(), Za(t) = 59(t), Z(t) = [ Zi(t) Za(t) |, we can rewrite (2.13) in matrix
form as follows:

Z) + D2t —20) = AoZ(t) + AZ(t — 2T) + Colm(t)

dt
- d - .
—l—ClaT(t —2I") + CoThop (t — 1) + BQ(t — 1),
where
- 0 0 ~ 0 1 « 0 0
D = |: :| ) AO = ) Al = )
0 —1 0 —¢t 0 —¢s
~ 0 ~ 0 ~ - 0
Co = | 11, Gi=] 1|, G=B=| e |-
Is I IgJr

This model is not a suitable representation of torsional vibrations since
the function T" used to approximate the rock-bit contact is generally assumed
non-differentiable.

A similar reduction of analogous PDE boundary value problems to time-
delay equations, and the techniques exploited here, have relevance to a broad
range of other engineering, physical and biological problems. These include
power transmission line networks [23|, laser optical fibres, sonar/radar rang-
ing technologies [11], cardiovascular system dynamics and many other appli-
cations [53], [52], [88], [106].
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Next, we present two different ways to develop this transformation [98§],
[99]. Tt should be pointed out that this is an exact transformation, i.e., the
model (2.9) is not an approximation of the wave equation model (2.8).

2.3.1. D’Alembert transformation

The d’Alembert method provides a solution to the one-dimensional wave
equation (2.8) that describes the torsional vibrations of a drillstring. The
general solution is obtained by introducing new variables v = t + p&, and
n =t — p&, which result from the application of the method of characteristics
to (2.8).

Applying the chain rule yields:

9 _ o mo
o6 0£0y  OEOn
0 0
= pa_V_pa_n’ (2~14)

o _ 10 mo
ot ot 0y 0t dn
0 0
= 8_’}/ + 8_77 (2.15)

Using (2.14) and (2.15) to compute the left and right sides of (2.8) gives

0 _ (00 90N\ ( 90 96
a2 — \Pay " Pay ) \Poay ~ Pay
,0%0 0% %0

= PP =2 2 2.1
PoE W g, T g (2.16)

g _ (0 o) (0 o)
ot? oy On oy On
_ 829+2 020 +829

oy TOovyon  on*

(2.17)

Now, substituting (2.16) and (2.17) into (2.8) yields

%0
oyon
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This PDE has the general solution

0(&,t) = o(y)+v(n) (2.18)
= ¢t +p&) +Y(t — ps),

where ¢ and 1 are arbitrary continuously differentiable real-valued functions,
with ¢ representing a left-traveling wave and 1 a right-traveling wave.

According to (2.14) and (2.15), we have:

w0 _ o o
ot 0y On
o0 _ v oo
ac — Poy " Pay
The boundary conditions (2.3-2.6) can be rewritten as
99 O .\ ca (09 o
po0 -t = &5 (04 Ghw-am), @
00 0y Iy (9% 0%
pay(tjtr) —pan(t—l—‘) ~a7 (672(t+r)+ 8772(75—1“) (2.20)
1 d¢ o
_ET <8—7(t +T) + 8_7)<t — F)) :
where I' = pL.

By considering ¢ and 1 as functions of the time ¢, and denoting by z(t)
the angular velocity at the bottom extremity we obtain

A(t) = %(L, £) = Gt +T) + ot — ), (2.21)

and we can rewrite (2.19) and (2.20) as:

o) —pilt) = == (o0 +in ), (222

GJ
: : Iy . 1
PAEAT) —plt-T) = 20~ T M), (229
Equation (2.21) implies that
P(t) = —th(t — 2I) + z(t — ), (2.24)
substituting (2.24) into (2.23) yields
2= T) + p(t) = 2220 — T (+(0),

GJ
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then, we can write v as:

Pt —T) = %z(t) + 2;2J2(t) + QP%T (=(1)). (2.25)
Substituting (2.25) into (2.24) gives
. 1 I . 1
60) = 52t =) = o2t =T) = T (+(e = T)). (2.26)
We can write (2.22) as
(p—55) 80 = (p+ 55) () = —=900). (2.27)

Substituting the expressions for ¢ and ¢ given in (2.25) and (2.26) into (2.27)
yields:

(r-2) <%z(t ) QPInga - QP%T (o(t — r)))

=) (%z(t 4T+ QPIng(t L)+ %%T(z(tjtl“))) =~ 20(),

o+

or

( - éj) (%z(t —or) — QngJz"(t —or) — %%T(z(t —~ 2I‘)>>

Ca

~(p+ (‘;J) (%z(t) + 2;2Jz'(t) + %%T(z(t))) — —Z20(-T).

Simplifying, we get

() — %2@ —2T") + \/ﬁG_Jz(t) - <C< B @\)/EG_JZ@ _ory—
Ca + B co + ;
2VIG e, 1 o —VIGT
(Ca N W) IBQ(t -T) - ET(z(t) + (Ca + W) ]BT(z(t —20),

which corresponds to (2.9), where z(t) stands for the angular velocity at the
bottom end.

Similarly, to obtain the neutral-type equation (2.13) we define z,(t) as the
angular velocity at the bottom end: z(t) = 2(L,t) = ¢(t + ') + (¢t — I).
For the sake of simplicity, we consider that 7" and 7},, are arbitrary time
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dependent functions. The boundary condition (2.7) can be rewritten in terms
of the D’Alembert solution as

D*¢ 0*

JTa 2()+JT62()+Q(25)=—TtOp(t), (2.28)
equivalently ) )
Jro(t) + Jrp(t) + Qt) = —Tiop (1) . (2.29)
Following the steps presented before, we obtain:
. 1 Iy . 1 d
t—1") = —25(¢t t ——T(t
et —T) 2Zﬂ)_%2pGJZﬂ)_%2pGJdt (2),
" Iy . 1 d
t) = =4t —T)— t—T)————T(t-T).
8(t) = 5ialt = T) = b alt = 1) = s T (= T)

By substituting the above expressions into (2.29), we rewrite (2.29) as

1. Iy 1 d

Z(t+ 1)+ LiT(t + F)) + Q) = =Ty (1),

1
+Jr (—Zg(t +1)+

2 2pGJ 2pGJ dt
equivalently,
1
500 — 5t — 20 + P9 s —ary £ P9 sy = L Ly oy

B ]B ]B dt

1 d 2pGJ 2pGJ
———Tt)——Qt—-T1)— ——T4,, (t —T).
IBdt () IBJT ( ) IBJT tp( )

The expression (2.11) is similarly obtained by defining v(¢) as the displace-
ment from the unexcited position at the top extremity:

v(t) = 0(0,1) = o(t) + (1).

Equation (2.12) is analogously derived using the boundary conditions (2.2-
2.3).

2.3.2. Frequency domain analysis

The frequency domain analysis of the drilling model (2.8) with boundary
conditions (2.3-2.6) using the Laplace transform is an alternative way to obtain
the neutral type model (2.9).
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Definition 1 The unilateral Laplace transform of 0(&,t) is defined by

o0

£(0(6,1)) = / e (€, 1)t = (€, 5),

0

where 0(&,t) is defined for t > 0. The inverse Laplace transform is given by
the following complex integral

c+ioo
£ ) = —— [ d(e,s)etds = B¢ t).

= om

c—100

Lemma 1 Let 6 :[0,4+00) — R be a piecewise continuous function on every
finite interval |a,b] in [0,4+00). If there exist nonnegative constants M, c,
to > 0 and sy € R, such that

0(t)| < Me®  for all t > t,

then, the Laplace transform of 0(t) exists, i.e., there is a number sy such that
L(0(t)) exists for s > so.

According to the Definition 1, the Laplace transform of 22 is:

ot
00\ [ 00
0

integration by parts gives
Y. . A
£(57) = [ o= 06,0 = s(e.s) - 0(6.0)
0

where 0 is the Laplace transform of 6.

. . 2
Similarly, for %

20\ 00\  00(¢,0)
f(@) - Sf(a)‘ o

= SQé(ﬁ» 8) - 80(57 0) -

we have:

90(¢,0)
ot

fol2)

Now, for 5¢ e have:

oo

89 7St@
‘ <a_5) = [ g

0



88 Chapter 2. Drilling system modeling

applying the Leibnitz rule yields

o0 a o0
~st0 dt — —Sthdt
oG =g o

then,

Similarly,

POE) [ LOPEL) O [ . P s)

Summarizing,

£ <8208(t€, t)) = 52é<£7 S) - 86(57 0) - 915(57 0)7
£(250) = st -0,
20(¢, 1)\  9%0(¢,s)
£< o2 > = Toe
a0(e,t)\  90(E,s)
£( ¢ ) - o

For zero initial conditions, in terms of Laplace transform, (2.8) can be
rewriten as

0%0(¢,s) s
The general solution of (2.30) is
B(€, ) = 01(s)eV T + Oy (s)e VT, (2.31)

where 6 (s) and 65(s) are particular solutions to be determined. The derivative
of (2.31) is

(8, s) _ 01 (s)y/ %Jﬁe\/gs£ — 0s(s) ése@sé' (2.32)
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For the sake of simplicity, consider that the torque 7" is an arbitrary time
dependent function. From the boundary conditions (2.3-2.6) we have:

Gjaeg)g,s) = o (s00.9 - ). (233)
GJae(L’S)—l—IBsZé(L,s) = —T(s). (2.34)

23

Using (2.31), (2.32), we get:

GJ (91(8)\/%5 — 9%5)\/%5) = ¢a (s (01(5) + Oa(s)) — Qs))
“ (9”@“_ () e )

+ Iys? (Ql(s)e arsl ez(s)e—\/%sL) — _T(s).

In matrix form,

(et s ey o (i me) ) (0 )= (590)

where I' = /25 L. Then, the particular solutions 6, (s) and 65(s) are:

( 6.(s) ) 1 ( e 1 (—VIGTs + Ips*) VIGTs + s ) ( —caf2(s) )

bas) ) D(s) —e"*(VIGJs + Igs®)  VIGJs — c,s —T(s)

where

D(s) =s [e*FS(—\/IGJs + Ips®)(VIGT —c,) +e"*(VIG s + Ips*)(VIGJT + ca)} .

—e 1S(—VIGJTs + Igs?)c,(s) — (VIGTs + cy8)T(s)

—e 5(—/IGJs + I5s?)caf(s) — e T3 (VIGJs + ca5)T ()

sle=Ts(—VIGJs + Ips?)(VIGJ — ¢,) + e's(VIGTs + Igs?)(VIGT + ¢,)]

sle=s(—VIGJs + Ips®)(VIGT — ¢,) + (WVIGJTs + Ips?)(VIGJT + ¢,)]

—e2US(—/IGJ + I58)ca§(s) — e VS (VIGT + ¢,)T(s)
e=20s(—/IGJs + I5s?)(VIGJ — ¢u) + (VIGJs + I5s?)(VIGJ + ¢,)’
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and
bo(s) — els(VIGJTs + Is*)c,Q(s) — (VIGJTs — c,8)T(s)
’ sle T3 (—VIGTs + Ips?)(VIGT — ) + e (VIGTs + I5s?) (VIGT + ¢,)]

(VIGJTs + 155*)ca€(s) — e 15(VIGTs — c,8)T ()
sle™2s(—vIGJs + Is?)(VIGT — ¢,) + (VIGJs + IBSQ)(\/IGJ + ca)]

(VIGJT + Ips)caf(s) — e PS(VIGT — ¢,)T(s)
=25 (/TG Js + I5s2)(VIGT — ca) + (VIGTs + Is2)(VIGT + ca)

Let z(s) be the angular velocity at the bottom extremity:
2(s) = s0(L,s) = s (01(s)e™™ + Oa(s)e "),
substituting the particular solutions #; and 6, yields

s[—e T (—VIGT + Ips)ca(s) — (VIGT 4 ¢.)T(s)]
e~ 2s(—/IGJs + Ips?)(VIGT — cu) + (VIGJs + Ips?)(VIGJ + c,)
N s[e T (VIGT + Ips)caQ(s) — e 2 (VIGT — ¢a)T(s)]
e=20s(—/IGJs + Igs®)(VIGT — cu) + (VIGJTs + Ips?)(VIGT + c,)’

simplifying

z(s)

—e US(—VIGT + Ips)ca(s) — (VIGT + ¢,)T(s)
e=20s(—\/IGJ 4 Is)(VIGJ — ¢,) + (WVIGJ + Is)(VIGJ + ¢,)
N e (VIGT + Is)caQ(s) — e 25 (VIGT — ¢,)T(s)
=25 (—/IGJ + Ips)(VIGT — ¢3) + (VIGT + Is)(VIGT + ¢,)’

equivalently,

2(s)[e " (—VIGJ + Ips)(VIGJ — cu) + (VIGJT + Igs)(VIGT + c,)] =
— e (—VIGJ + Ips)c.Q(s) — (VIGJ + ¢ca)T(s)
US(VIGT 4 Ips)caf(s) — e T5(VIGT — ¢,)T(s),

2(s) =

or,

VIGT(VIGT — cy)ex(s) + In(VIGT — ¢,)se2x(s)
+VIGI(VIGT 4 ¢y)2(s) + Is(VIGT + ca)s2(s) =

+ VIGJcae ™50 (s) — Ipcase™Q(s) — (VIGJT + ca)T(s)

+ VIGJc,e ™50 (s) + Ipcase ™50 (s) — (VIGT — cy)e 1T (s).

Rearranging terms we get
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Is(VIGJ + cy)s2(8) + Ig(VIGJT — c;)se 2 2(s)
+VIGI(VIGT + ¢3)2(s) = VIGI(VIGT — ¢y)e 2 2(s) =
+ 2V IGJc,e ™ 5Q(s) — (WIGT + ca)T(s) — (VIGT — ca)e 15T (s),

multiplying the above expression by 1/[Ig(VIGJ + ¢,)] yields

( ) \/m Se—QF Z(S)—}— VIGJZ(S)_ V[GJ(V[G‘]_Ca)e—QFsZ(S)_
JIGT + ¢ Iy Is(VIGT + c,) a
2V IGJc, s B i _ (VIGJ —ca)  _opy
N e M PRl W/ e Fe M
equivalently,
s52(s) — ]GJ e s 2(s) + —IGJZ(S) + (¢ = VIG)) IGJe_2FsZ(8) =
Ca+ \/IG Iy (ca+VIGT)Ig B
2VIGJe,  _pg 1 ca — VIGJ a=20s (g
tarvionn, ORI e W

Finally, taking the inverse Laplace transform of the above expression we
obtain the neutral-type time-delay equation describing the drilling system
behavior given by (2.9).

2.3.3. Formal stability analysis

The term formal stability was introduced in [25]. According to [91], it
means that a neutral type delay system has only a finite number of zeros in
the right half complex plane. The formal stability property corresponds to
the stability of the difference operator associated with the neutral system. Its
well known that the formal stability is a necessary condition to the stability
and stabilization of such systems [76].

Definition 2 [76] Consider a system of the form

B(t) = 3 Eyi(t — hT) + 3 Aga(t — kT)

k=t k=0 (2.35)
+ Z Bku(t — kF) -+ Z C’kf(x(t — /{ZF)),

where x(t) € R" is the state, u(t) € R™ is the control input and f(-) is a
nonlinear bounded function depending on the state. Such system s said to be
formally stable if

Rank(I, — E(s)) =n, Vs such that Re(s) >0,
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where
q

E(s) =Y Epe* (2.36)

k=1

and Re(s) denotes the real part of the complex number s.

The drilling model (2.9) is a scalar neutral-type equation with

. ca —VIGJT
E(s)= 2" ——“¢ 2
(s) o +VIGJ

S

This model is formally stable if

o — VIGJT
ca + VIGJ

1-— e ?'" £ (0 Vs such that Re(s) > 0.

Since
e 2" <1, Vs such that Re(s) > 0,

and

ca — VIGJ
ca +VIGJ

we can conclude that the neutral type model (2.9) is formally stable.

<1, forec, >0,

Notice that, the model (2.12) is not formally stable since E(s) =e~2" and

A

the equality 1 — E(s) = 0 is satisfied for s = 0.

2.4. Conclusion

A distributed parameter model of the drillstring behavior described by a
hyperbolic PDE was presented. This model corresponds to the unidimensional
wave equation, widely used to represent the oscillatory behavior of physical
systems. Coupled to this equation, mixed boundary conditions are chosen
according to the dynamics observed at both ends of the string. The boundary
condition at the bottom end is subject to a TOB model which constitutes
a crucial aspect of the model since it allows to reproduce the stick-slip phe-
nomena; an explicit nonlinear TOB model will be given in the next chapter.
For the boundary condition at the upper extremity, we have presented two
options, one of them, equation (2.2), considers a constant rotary speed at the
top end, the other one, equation (2.6), assumes a sliding velocity at the upper
part resulting from the non-matching velocities, of the load and of the rotary
table.
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By means of a direct transformation, input-output models have been de-
rived from the undamped wave equation model. Two different procedures
allowing the model transformation have been presented: the D’Alembert
method and Laplace techniques. The model transformation leads to neutral-
type time-delay equations describing the behavior at each extremity of the
string; equation (2.9) was derived using the boundary condition (2.6) and
equation (2.12) using (2.2).

The formal stability property is a necessary condition to the stability and
stabilization of neutral-type time-delay systems, we have shown that model
(2.9) is formally stable meanwhile model (2.12) is not. Subsequent discussions
on stability analysis and control design will be based on the formally stable
model.






Chapter 3

Undesirable vibrations in oilwell
drilling systems

3.1. Introduction

The drillstring interaction with the borehole gives rise to a wide variety of
non-desired oscillations which are classified depending on the direction they
appear.

Three main types of vibrations (illustrated in Figure 3.1) can be distin-
guished: torsional (stick-slip oscillations), axial (bit bouncing phenomenon)
and lateral (whirl motion due to the out-of-balance of the drillstring).

Torsional
|| A vibrations

|

[

\

1
\ [
= f

#

»

Lateral
vibrations

Axial
vibrations

Figure 3.1: Vibrations in oilwell drillstrings.
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Throughout this work, we will focus on the most frequently occurring
vibration mode: the stick-slip phenomenon. Since the presence of torsional
vibration usually excites axial vibration, some analysis on the bit-bounce will
also be presented.

This chapter addresses the problem of modeling the stick-slip and bit-
bounce behaviors. In order to properly represent the stick-slip phenomenon,
it is important to have a suitable model describing the rock-bit interaction.

In the next section, we present a mathematical description for the bit-rock
contact; the model consists of a dry friction combined with an exponential
decaying law which introduces the discontinuity in the open-loop system. The
bit-bounce is approximated by means of the damped harmonic oscillator model
describing the axial dynamics. Axial and torsional models that adequately
capture the drilling dynamics are coupled via the TOB function describing the
rock-bit contact; they will be used to simulate the effects of varying operating
conditions on stick-slip and bit-bounce interactions.

This chapter also refers to practical approaches that reduce the stick-slip
behavior. The practical strategies that qualitatively capture the driller’s ex-
pertise consist of the alignment of different drilling parameters: rotary speed,

WOB and drilling fluid.

3.2. Torsional dynamics

Torsional drillstring vibrations appear due to downhole conditions, such
as significant drag, tight hole, and formation characteristics. It can cause the
bit to stall in the formation while the rotary table continues to rotate. When
the trapped torsional energy (similar to a wound-up spring) reaches a level
that the bit can no longer resist, the bit suddenly comes loose, rotating and
whipping at very high speeds. This stick-slip behavior can generate a torsional
wave that travels up the drillstring to the rotary top system. Because of the
high inertia of the rotary table, it acts like a fixed end to the drillstring and
reflects the torsional wave back down the drillstring to the bit. The bit may
stall again, and the torsional wave cycle repeats |84].

The whipping and high speed rotations of the bit in the slip phase can gen-
erate both severe axial and lateral vibrations at the BHA. The vibrations can
originate problems such as drill pipe fatigue problems, drillstring components
failures and wellbore instability [64].
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Torsional vibrations are characterized by stick phases, during which the
rotation stops completely, and slip phases, during which the angular veloc-
ity of the tool increases up to two times the nominal angular velocity. This
phenomenon occurs when a section of the rotating drillstring is momentar-
ily caught by friction against the borehole, then releases. The bit might
eventually get stuck and then, after accumulating energy in terms of torsion,
be suddenly released, the collar rotation speeds up dramatically and large
centrifugal accelerations occur. The stick-slip phenomenon is identified by
periodic torque fluctuations.

It is usually assumed that the growth of instabilities leading eventually to
stick-slip oscillations arises from the friction model, which empirically captures
the bit-rock interaction. The most common friction models include velocity
weakening laws as in [28], stiction plus Coulomb friction [55], [107], and the
Stribeck effect characterized by a decreasing friction-velocity map localized
around zero velocity [70], [84].

The friction torque model (2.4-2.5) rewritten as
T (2(1)) = coz(t)+Won Rppu, (2(2)) sign (2(2)) , (3.1)

_ _ 2 2(1)]
fn (2(1)) = pieb + (Hsh — pep)e 1, (3.2)
leads to a decreasing TOB with increasing bit angular velocity for low ve-
locities which acts as a negative damping (Stribeck effect) and is the cause
of stick-slip self-excited vibrations. The exponential decaying behavior of
T (2(t)) coincides with experimental torque values.

The vibrations of the drillstring lead to fatigue and diminish the accuracy
of the drilling process. Thus, control actions are necessary in order to induce
the suppression of this undesirable behavior.

The angular velocity coming from the rotary table €(¢) is usually taken as
control input u(t). We consider here, the following structure:

a(t) = ult) + Qo (3.3)

where u(t) is a stabilizing controller which should eliminate the stick-slip phe-
nomenon and () is the constant angular velocity desired at the bottom end.
In view of the model for the TOB (3.1-3.2) and (3.3) we can rewrite (2.9) as:

A(t) — Ti(t —20) = (-qf - ;—;) 2(t) + <% - Nf) At—2T)  (3.4)

Tt — T) 4TI, — éTm (=(8)) + %Tm (=(t - 21)),
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where T}, stands for the nonlinear term of the TOB model (3.1), i.e.,

b

Tt (1)) = Won By (st s, — i)™ sign ((0)). (3.)

In order to shift the operating point, we introduce the new variable x;
defined as:

Then, we obtain the following equivalent system:
1 (t) +diy(t —20) = apz1(t) + arz1(t — 2T") + bu(t — T) (3.7)

1 T
__Tnl ([E1<t> + QO) + _Tnl (ZL’l(t — QF) + Qo) + W,
Iy Iy

where |d| < 1, and

3.3. Axial dynamics

Axial vibrations, also known as bit-bouncing phenomenon happens when
the bit loses contact with the rock, hitting the drill area with great strength.

Axial and torsional vibrations are generally quite complex in nature. They
are self-excited oscillations intimately coupled together and may occur simul-
taneously. For example, the high bit speed level caused by stick-slip torsional
motion can excite severe axial vibrations in the BHA, which may cause bit
bounce, excessive bit wear and reduction in the penetration rate.

The wave equation modeling approach constitutes a reliable approxima-
tion of the drillstring axial behavior. In [21], [22| the axial excitations of
a drillstring of length L, described by the longitudinal position U(&,t) are
modeled by the wave equation:

0*U L 02U
W(ﬁﬁ) = 028_§2<€’t)’
.o OU LoU v

. 0*U o v OU . (oU
MW(L,t) = —Erg—g(L,t) + F (—(L,t))
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where H(t) is the brake motor control and d%—[i

force of viscous type, E is the elasticity Young’s modulus, the wave speed is

(0,t) represents a friction

expressed by ¢ = \/Eu/p, [ is the averaged section of the drillpipe, p and M

stand for the density and mass of the string respectively and the function F
approximates the nonlinear dynamics at the bottom extremity.

A simplified model described by an ordinary differential equation is pre-
sented in [28], the damped harmonic oscillator model is used to represent the
axial dynamics of the drillstring:

moY + oY + ko(Y — ROPt) = — iy T (2(1)), (3.9)

where Y, Y and Y stand for the axial variables: position, velocity and ac-
celeration respectively, the Rate Of Penetration (ROP) is a constant axial
speed imposed at the surface, mg, ¢, and kg represent the mass, damping and
spring constant. The constant p; depends on the bit geometry (bit radius,
rake angle), it is easily obtained for a flat bit [28].

This modeling strategy is inspired by the fact that any mass subject to a
force in stable equilibrium acts as a harmonic oscillator for small vibrations.

In this work we analyze the drilling vibration coupling based on the simpli-
fied axial model. The coupling between the torsional model (2.9) and the axial
model (3.9) is due to the TOB affecting both dynamics. Simulation results
presented in the following section confirm that these vibration phenomena
affect each other.

The change of variable

y =Y — ROPt

yields the following equivalent model:

mol + co (§ + ROP) + koy = —p T (2(1)) . (3.10)

3.4. Simulation results

The model parameters used in the following simulations are shown below,
they represent a typical case in oilwell drilling operations [28], [84].
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G =79.32z10°Nm™ 2, I =0.095Kg m, L = 1172m,

J =1.19210°m?, Ry, = 0.155575m, vy =1,
W, = 97347N, Iy = 89Kg m?, ¢a = 2000N m s, (3.11)
Meb = 05, Msb = 08, Yo = 09, '
ey = 0.03N m s rad™, my = 37278Kg, co = 16100kg s,
ko = 1.55 x 10°Kg s2, ROP =0.0lm s~ !, j; = 257m~".
25 : T ; T &0 T ; ;
; : ' o SRS SO AN OSSO
aob b : : : : §
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Figure 3.2: Angular velocity at the bottom extremity z(¢) for: (a) Qy = 10rad
s7! (stick-slip), (b) Qg = 40rad s~ .

The simulations are developed using the variable step Matlab-Simulink
solver ode45 (Dormand Prince Method). Figures 3.2-3.5 show the response
when there is no feedback control.

Equations (2.9), (3.1-3.2) describe the drillstring behavior and the occur-
rence of stick-slip oscillations. A simulation of the system (2.9), (3.1-3.2) is
shown in Figure 3.2. Notice that when the phenomenon occurs, as reported
in real wells, important torque fluctuations appear [64].

It is assumed that the rotary table and the bit are rotating at the desired
speed when the bit is off bottom. When the bit starts to interact with the
formation the system will inevitably be disturbed with the possibility of axial
and torsional vibrations, occurring simultaneously.
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Figure 3.3: Torque on the bit T'(2(t)) for: (a) Qo = 10rad s, (b) Q¢ =40rad

gL,

Though the rotary table speed does not change, significant stick-slip be-
havior is seen at the bit as shown in Figure 3.2. Notice that increasing the
angular velocity (¢) leads to the reduction of the stick-slip. The qualitative
agreement between this result and the field data observed in [51] is remarkable.

Y(#) (m)
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Time (s)

(a)

Y(t) (m)

0 10 20 el 40 50 0

Time (g)
(b)

Figure 3.4: Axial displacement of the drillstring Y (¢) for: (a) 2y = 10rad s™*
(bit-bouncing), (b) Qp = 40rad s .

The bit momentarily stops causing the TOB to reach very high values
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(Figure 3.3). When the bit starts slipping, the energy stored in the drillstring
is released causing very large torsional vibrations. During this time the bit
remains in contact with the formation. It appears that some of the energy
stored during stick phase is transferred into axial vibrations.

y(t) (m)
y(t) (m)

"o 10 20 0 40 m0 “o 10 20 El| an 50 |
Time (s) Time (s)
(a) (b)

Figure 3.5: Variable y = Y—ROPt for: (a) 2y = 10rad s (bit-bouncing),
(b) Qo = 40rad s~ 1.

The simulation result shown in Figure 3.4 confirm that the fluctuations of
angular velocity at the bit level excites axial vibrations.

The axial resonance causes the bit to lose contact with formation (bit
bounce). Once the bit is off-bottom, the TOB is zero, and consequently, the
critical frequencies for lateral and axial vibrations change [29]. Since there is
no feedback, these large amplitude vibrations remain with continuous energy
exchange between various modes of vibration. Clearly, this type of behavior
will eventually lead to failure due to very large and often cyclic stresses present
at different sections of the drillstring.

It is clear that most of the downhole vibrations are driven by bit motion.
Therefore, for an effective control of vibrations, the measurement and feedback
of certain variables at the bit level are required.
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3.5. Practical strategies to reduce the stick-slip
phenomenon

In practice, the driller operator typically has access to the surface-
controlled drilling parameters, such as the WOB, drilling fluid flow through
the drill pipe, the drillstring rotational speed and the density and viscosity of
the drilling fluid to optimize the drilling operations.
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Figure 3.6: Reduction of stick-slip phenomenon by decreasing the WOB.
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Next, we present some of the main strategies based on drillers’ experience
used in practice to reduce the stick-slip phenomenon.
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Figure 3.7: Reduction of stick-slip phenomenon by increasing 2.

3.5.1. Decreasing the weight on the bit

According to drillers’experience, for a fixed angular velocity at the surface
), reducing the WOB makes the stick-slip phenomenon disappear, and when
the WOB is very large the bit is stopped [103]. A simulation of the system
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(2.9-3.1) with Q = 10rad s~ and the WOB decreased from 97347N to 31649N
shows an important reduction of the stick-slip oscillations (Figure 3.6).
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Figure 3.8: Reduction of stick-slip oscillations by using the variation law
(3.12).

To ensure an optimal perforation rate it is necesary to maintain a cer-
tain amount of weight on the cutting device. A shortcoming of the proposed
empirical method is that, to reduce torsional oscilations, it may require a sub-
stantial reduction of the WOB implying an inefficient drilling speed or even
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stopping the perforation process.

3.5.2. Increasing the angular velocity at the upper part

Experimental results indicate that the stick-slip phenomenon is avoided by
increasing the velocity €2 provided by the rotary table. The simulation results
of Figure 3.7 show that the stick-slip vibrations are reduced by means of
increasing the velocity at the top extremity from Q = 10rad s™! to Q = 20rad
s~! while the WOB remains constant (W, = 97347N).

The disadvantage of the strategy lies in the fact that a substantial in-
crement of the angular speed induce lateral problems like irregular rotation
causing repeated collisions between the rod and the borehole walls producing
an eccentric hole. The shocks may damage the drilling system components
and deteriorate the borehole wall affecting the overall drilling direction.

3.5.3. Introducing a variation law of the weight on the
bit

From field data experience and from simulations of the model studied, it is
concluded that the manipulation of the WOB can be a solution for stick-slip
oscillations even for low velocities at the surface 2. Increasing velocities at
the rotary top driving system may lead to lateral vibrations, that is why the
manipulation of the WOB can be an alternative solution in order to attenuate
stick-slip oscillations.

The variation of the WOB is proposed in [84] as follows:

Wob(Z(t)) = KW |Z(t)| + Wobo, (312)

with Wope > 0 and Wy, > Wope. The variation law (3.12) implies a WOB
reduction for a decreasing z(t). Furthermore, considering that low values of

WOB would make drilling stop, the constant value W,,o guarantees a desirable
ROP.

The simulation results of Figure 3.8 show the successful stick-slip elim-
ination by means of the introduction of the variation law (3.12). We have
considered a drilling parameters combination for which torsional oscillations
occur, i.e., = 10rad s~ and Wy = 97347N.

The variation of the weight on the bit seems to be a good strategy to
counteract torsional oscillations, in fact, nowadays many control strategies are
based on the manipulation of this variable. However, due to the occurence of
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the stick-slip phenomenon, the formulation (3.12) may demand abrupt fluc-
tuations of the weight on the bit, which under certain circumstances, may
be impossible to implement, i.e., since the drill collars provide the WOB, the
implementation of this methodology would require the sudden addition and
removal of drill collar sections.

3.5.4. Increasing the damping at the down end
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Figure 3.9: Angular velocity at the bottom extremity for diferent values of ¢,
(N m s rad™!): (a) 0.8, (b) 15, (c) 65, (d) 150.

An alternative strategy to reduce the stick-slip oscillations at the BHA
consists in increasing the damping at the down end of the drillstring. This
can mainly be done in two ways: modifying the drilling fluid characteristics
(it could be approximated by means of increasing the damping coefficient ¢;,)
and with the inclusion of vibration absorbers at the BHA in order to dampen
torsional vibrations generated at the bit and prevent them from travelling up
and back down the drillstring [84].
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Angular velocity trajectories at the bit level of the system (2.9) coupled
to the TOB model (3.1-3.2) for different values of ¢, are shown in Figure 3.9.

The strategy of modifying drilling fluid characteristics is a good option to
be applied jointly with a more sophisticated methodology to avoid drillstring
vibrations. In practice, the single application of this empirical method is
insufficient to suppress the stick-slip.

3.6. Conclusion

The proposed axial-torsional model has been validated through simulations
in close agreement with field observations regarding the stick-slip and bit-
bounce.

We have presented the main practical strategies used in the field to reduce
torsional vibrations. The most common operational instructions to avoid the
stick-slip are the increase of the rotary table speed and the reduction of the
WOB. Some other strategies are based on the manipulation of BHA charac-
teristics such as the modification of the drilling fluid characteristics to increase
the damping at the down end and the introduction of a variation law of the
WOB of the form (3.12). Simulations obtained after applying such method-
ologies are in accordance with experimental field data.

Practical solutions satisfactorily reduce the amplitude of drilling oscilla-
tions, however they can not guarantee an optimal drilling operation. In-
creasing the rotary speed may cause lateral problems such as backward and
forward whirling, impacts with the borehole wall and parametric instabilities.
Furthermore a substantial reduction of the WOB would make drilling stop,
thus, simple operational guidelines are not sufficient to eliminate drilling vi-
brations, control actions are required. The next two chapters are devoted to
the control design to suppress undesirable behavior.



Chapter 4

Stability analysis and control of
drilling vibrations:

distributed parameter model
approach

4.1. Introduction

In this chapter, we address the problem of stability analysis and drilling
vibration reduction in the framework of distributed parameter systems.

In Chapter 2 the distributed parameter model of a vertical oilwell drilling
system was introduced. As we have explained, the wave equation model is
subject to mixed boundary conditions chosen according the observed dynamics
at both extremities of the drillstring; the bottom boundary condition (2.3) is
subject to a TOB function describing the rock-bit interaction, for the upper
boundary condition we have presented two different options, one of them,
equation (2.2), considers a constant speed at the top end, the other one,
equation (2.6), considers a local torsion of the string at the upper part.

In this chapter, we deal with the wave equation model subject to the upper
boundary condition (2.2). We assume that the TOB model is unknown, an
additive perturbation is considered at the bottom boundary condition (2.3)
to take into account unmodeled dynamics and/or external disturbances; with
this consideration it is impossible to achieve exponential stability, instead, we
seek ultimate bounds on the response.

Subsequent analysis involve the TOB model (3.1-3.2). A proposal of energy
function allows a dissipativity analysis of the drilling system. In a first stage,
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the drilling system is analyzed assuming a constant speed provided by the
rotary table, without control actions. The energy dissipation concept leads
to the idea of designing a controller guaranteeing a non-growth of energy
during the drilling process. Thinking that the system dissipates energy when
the stick-slip is not occurring, the obtained controller should be effective in
suppressing torsional oscillations. To derive this analysis we consider the wave
equation model subject now to the boundary conditions (2.3-2.6).

Finally, we address the problem of coupled axial-torsional vibrations, we
derive matrix inequality conditions to the synthesis of stabilizing controllers
to suppress the stick-slip and bit-bounce. The LMI approach to stability and
control of distributed parameter systems is an interesting area just opening
up for research. In [44] LMIs are shown to provide effective and simple tools
for control of systems described by PDEs. Here, we extend this approach to a
class of coupled wave-ODE system, stabilization conditions are derived from
an appropriate functional to handle the problem of control of coupled drilling
oscillations.

4.2. Ultimate Boundedness on the response of
a drilling pipe model

In particular, although the dimensional parameters of the plant are known,
a linearization of the behavior of the torque at the bottom hole boundary
introduces uncertainty. Moreover, it is reasonable to consider the presence
of a bounded additive noise signal w(t) at the bottom in order to account
for external disturbances and modeling errors. It is clear that under these
circumstances, exponential or asymptotic stability cannot be achieved, we
will seek instead ultimate boundedness of the solution [56].

The stationary solution of the drilling system described by (2.1) coupled
to the boundary conditions (2.2-2.3) is:
T(Q Q Q
), 59,) e L

0 o . R g2
o1&, 1) = ( GJ  GJ 2GT

The change of variable 2(£,t) = 6(&,t) — 6°(£,t) leads to an equivalent
autonomous system for which the function 2°(¢,#) = 0 is a solution. Nonlinear
phenomena at the bottom extremity such as stick-slip and noise due to the bit
interaction are modeled with the additive bounded disturbance w(t) such that
lw(t)] <w, t € (0,00). This additive noise is consistent with the TOB model
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given in (3.1) in which an additive nonlinear dry friction term is considered
to approximate the rock-bit contact.

The distributed model is rewritten as:

8 0

0z
852 (f t) 8t2 (f t) Ba(gut) = 0, f € (O,L),

subject to the boundary conditions:

2(0,t) =0,
0z 0%z
GJ—(L,t)+1
ag( )+ s 5
The end ¢ = 0 is now fixed and the wave propagation has not changed. The
stability of the trivial solution z°(&,t) is equivalent to the stability of the
equilibrium 6°(&, ).

(L,t)=T(Q)—T (Q+ %(L t)) + w(t).

We consider a linearization of the torque 7"

TQ) =T (Q+ z(L,t)==T'(Q+ 0z(L,t)z(L,t), 6€(0,1).

For the sake of simplicity, we introduce the normalized rod length o = £/ L.
The normalized drill pipe model is then:

GJ 0%z 0?2 0z
T2 92 ) T Igp(@ ) = 5 t) =0, o 0.1, (41)

with boundary conditions:

2(0,t) =0,

GJ 0z 0z

7 80(1 t) +IBa 2( 1) ==T'"(Q+ 0z (L, t))z(1,t) + w(t), 6 € (0,1),

and initial conditions:

Z(Uv O) = C(J), ZJ(J, 0) = C(U) c L2(O, 1)’
z(0,0) = (, (o) € Ly(0,1). (4.2)

When the disturbance term w(t) is not identically zero, we cannot prove
exponential stability of the solution. However, it is possible to prove ultimate
boundedness of the solutions for a bounded w(t). We introduce the following
technical lemma.
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Lemma 2 [}5]. Let V : [0,00) — RT be an absolutely continuous function.
If there exists 6 > 0, b > 0 such that the derivative of V satisfies almost
everywhere the inequality

d 2
V(1) + 28V (1) — bu?(t) <0,

then it follows that for all w(t) satisfying |w(t)| < w, the inequality
V(t) < e BV (1) + (1 — e‘25(t—t°))2—%w2,

holds.

Proof 1 Multiplying by e~ the inequality £V +26V < bw? and integrating
further from ty to t, we have

t t
/ dile(e%(@—“vw))de <b / X2 (6)d,
to to

thus,
V(t) . 6—26(t—t0)v(t0) < 2_176(1 . 6_26(t_t0))w2,

and the result follows.
For later use, we recall the following result.

Lemma 3 [118]. Let = € W'%([a,b],R) be a scalar function with z(a) = 0.
Then

b
Matyeinz’ (o) < (b— a)/ (#(0))*do. (4.3)

The lumped inertia I is considered to be negligible, we assume that 7" is
bounded: 0 < Ty <T" < T,. Then we have:

z2u(0,1) = azp6(0,t) + dzi(0,t), t>ty, 0<o <1, (4.4)
with the boundary conditions:

2(0,t) =0,

2o(1,1) = —kz(1,t) + rw(t), t >0, (4.5)
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where a = &4 d ==L <0,r =% and k = £, satisfying 0 < ko < k < ky
with k; = £1 i = 0,1. The initial conditions are given by (4.2).

Now, we look for conditions such that the inequality 7 d SV +20V — bw? <0
holds. To this end, consider the Lyapunov functional

1 1 1
V(zo(+t),2:(+, 1)) :p/ azi(a, t)da+p/ zf(a, t)da—l—?x/ 024(0,t)z(0,t)do
0 0 0

proposed in [87] with constants p > 0 and small enough y. In [44] the following
LMI

m’;j]m (4.6)

was introduced to guarantee that V' > 0 for fo (0,t) + 22(0,t)]do > 0.

Theorem 1 Given ¢ > 0, if there exist p > 0 and x > 0 such that (4.6) and
two LMIs

—2akip+x O 0 —axk;r +apr ak;x
* e (20 +d)x 0 0
* * U3 0 0 <0, 1=0,1,
* * * —b+ yar? 0
* * * * —ay
(4.7)
where
Yy = —ax + 20ap, (4.8)

W3 = —x + 2pd + 20p,

are feasible, then the solutions of the boundary-value problem (4.4), (4.5) with
initial conditions (4.2) satisfy the inequality

mazaepn2(o.t) < / (22(0,8) + (0, B)]do < 22210 / (o) +¢2(0)]do

a1
b,
04125w

n (4.9)

where
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Proof 2 As the LMI [ ;i );a ] > 0 is affine in o € [0,1], it follows from

Schur complements and Rayleigh’s Theorem that

al/o [22(0,t) + 22(0,t)]do < V(2,(-t),2(-, 1)) < 012/0 [22(0,t) + 22(0,t)]do,

(4.11)
with oy and oy satisfying (4.10).

Nezxt, we find %V. Following [44], we derive

% <2 fol aztzgdcr> =2 fol 0zuzedo + 2 fol 021 25ed0
= 2a fol 0250 (0,t)zodo + 2 fol 02 20¢do + 2d fol oz(0,t)z.do.

Integration by parts gives

1 1 1
2/ 02 2g1do = —2/ 02 2pdo — 2/ 22do + 222(1,1),
0 0 0

and

1 1
2/ 021251 do = —/ zido + 22 (1,1).
0 0
Similarly,
1 1
2/ 020 (0,t)25do = —/ 22do + 22(1,1).
0 0
Substitution of the boundary condition yields
d 1 1
2% (/ aztz(,da) = —/ (224 az2)do + 22(1, t) + a (—kz(1,t) 4+ rw(t))?
0 0

1
+2d/ ozi(o,t)z,do.
0

Thus, differentiating V' along (4.4), we obtain

d 1 1
—V = 2p/ azy(0,t)z15(0, t)do + 2p/ ze(0, 1)z (o, t)dE
0 0

dt
d 1
+2X£ (/0 O'thad0'>

= 2p/0 [azy(0,1) 215 (0,1) + az(0, ) 250 (0, t)]do

1 1
+2pd/ zi(o,t)z(0, t)do + QXi (/ aztzoda) :
0 dt \Jo
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Then, integrating by parts and substituting the boundary condition (4.5),
we obtain

/Ozt(a,t)zw(a,t)da = zt(a,t)za(a,t)|é—/0 2o (0, 1) 24 (0, t)do
= zt(l,t)(—k:zt(l,t)—i-rw(t))—/0 2o (0, 1) 25 (0, t)do.

Therefore

LV = —2apkz}(1,t) + 2apz (1, t)rw(t) + 2pd fol zi(0,t)z(0, t)do
£ [ Jy (2 4+ az)do + 221, ) + az2(1, £) + 2 [ 05(0, V) zdo |

It follows that
LV + 26V — bw? = —2apkz}(1,t) + 2apz(1, t)rw(t) + 2pd fol z(o,t)2 (0, t)do
X| = Jo (22 + az2)do + 22(1,) + a(—kz(1,t) + rw(t)? + 2d [, oz(0, t)zgdo}
+ [, 20[apz2(0,t) + 2x02, (0, t) 2z (0, t) + pzi (o, t)]do — bw?.
(4.12)

By setting 97 (0,t) = [2(1,1) 2,(0,t) z(0,t) w(t)], we conclude that

d 1
SV 20V — bu? = / 9 (0, )00, )dor < 0,
0
if
—2akp + (1 +ak*)x 0 0 —axkr + apr
B * Py (20 +d)xo 0
U= ) ; o . <0, (4.13)
* * * —b+ yar?

with notations given in (4.8). Applying Schur complements to ak*y in (4.13)
and using the affinity of the resulting LMI in o € [0,1] and k € [ko, k1], it is
easy to see that (4.13) holds if (4.7) is feasible.

Then, if (4.7) is feasible, it follows from (4.11) and Lemma 2 that

a1 fO U t + 2 (U t)]dO' < V('ZU( ) ) Zt(at))

< Vo o)l to))e 20 1 51 2 etz

< o200t to)f CQ +<2( Jdo + 2%(1 _6—25(t—t0))w2_
In addition, it follows from (4.3) that

1 1
mazyeon (0, 1) < / (20 (0, 1)) 2dor < / :2(0,1) + 22(0, 1)]do.
0 0
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Remark 1 The inequality (4.9) means that (4.4), (4.5) is input-to-state sta-
ble. The conditions for exponential stability of the disturbance free system
given in Theorem 1 coincide with the ones from [44].

4.2.1. Stick-slip oscillations and the non-growth of en-
ergy

In this subsection we give a new look at the problem. We leave out the
bounded additive noise signal w(t) taken into account for external distur-
bances in previous analysis and we consider the TOB model given in (3.1-3.2)
to develop a dissipativity analysis of the system. Notice that z/(1,¢) stands
for the angular velocity at the bottom extremity, then the variable z(¢) of
(3.1-3.2) corresponds to z(1,t).

The boundary conditions of the drilling system described by the wave
equation (4.4) are:

Zt(07 t) = 0,
20(1, t) = _kzt(lvt) - qlub(zt(]-?t))S1gn(zt(1vt)) - hztt(17t>a t> 07
(4.14)
where k = Cé:—ﬁ, q= —W‘g};bL and h = %
Consider the energy function
1 1
E(t) = / az2(o, t)da—i—/ 22 (o, t)do + ahzf(1,1). (4.15)
0 0

Differentiating E(t) along (4.4), yields

d

1
—E(t) = 2/ azy(0,t)215(0, t)do

1
+2 / 210 8) 2000 )0 + 2ah(1, )2 (1, 1),
0

= 2/0 [az,(0,1) 215 (0, 1) + az(0,t) 250 (0, t)]do

1
+2d/ Zt<0', t)Zt(O', t)dO' + 2ahzt(1,t)ztt(1,t).
0
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Integrating by parts and substituting the boundary condition (4.14) gives

/Ozt(a,t)zw(a,t)da = zt(a,t)zg(a,t)|é—/0 2o (0, 1) 25 (0, t)do
= z(1L,t)(=kz(1,t) — qup(z(1,1))sign(z(1,1))
—hztt(l,t))—/o 2o (0,1) 25 (0, t)do.

Hence,

LE(t) =2 fol azy(0,t)215(0, t)do

+ 2az(1,t)(—kz(1,t) — qun(ze(1,t))sign(z(1,t)) — hzy(1,1))
—2a [ 215 (0,1)2,(0,t)do
+2d fol zi(0,t)ze(0,t)do + 2ahz(1,t) 2 (1, 1).

Since pp(z¢(1,1))sign(z(1,¢))z(1,t) = pp(2:(1,¢)) |z:(1, )|, we have

1
%E(t) = —2akz(1,t) — 2aquy(z(1,1)) |z (1,1)| + Qd/ 22(o,t)do.
0

Taking into account that s, (2:(1,¢)) > 0 and that d < 0, we find that

d
%E(t) < —2akz?(1,t) < 0.

The non-growth of the energy of the drilling system (which reflects the
oscillatory behavior of the system) is established:

Proposition 1 For all solutions of (4.4) under the boundary conditions
(4.14), the energy given by (4.15) does not grow.



Chapter 4. Stability analysis and control of drilling vibrations:
118 distributed parameter model approach

4.2.2. Numerical results

The numerical results presented below are for the following parameter
values:

G = 79.3z10°N/m? I =0.095Kg-m,
T = 3000N -m, J=1.19210"m?,
L = 3145m.

The LMI conditions of Theorem 1 lead to the following pairs (9, b).

Case 1 2 3 4 5
) 0.08 0.06 0.04 0.01 0.0001
b 3.2521 1.0707 1.2145 1.5221 1.7951

o 5.0009 1.0934 1.2657 1.6273 1.9328
o 5.9854 1.3019 1.5074 1.9383 2.3023

For § = 0.04, 8 = 0 and initial conditions z,(0,ty) = ¢, z(0,ty) = G (o),
the expression (4.9) in Theorem 1 provides the following ultimate boundedness
condition:

1 1
/ [22(0,t) + 22(0,t)]do < 1.19096_0'08t/ [C2(0)+(%(0)]do + 11.9944w.
0 0

For 0 = 0.04, 8 = 0.1Ns, the ultimate bound is:

1 1
/ [22(0,t) + 22(0,t)]do < 1.1854¢ 08 / [C2(0)+(%(0)]do + 18.8654w.
0 0

4.3. Control design: dissipativity analysis

So far, we have analyzed the drilling system assuming a constant velocity
at the rotary table end, with no control actions. Based on the ideas presented
in the previous section about the energy dissipation, it is possible to design a
stabilizing controller ensuring the suppression of the stick-slip phenomenon.
To this end, we consider the wave equation (2.1) coupled now to the boundary
conditions (2.3-2.6).

Taking into account the TOB model (3.1-3.2), the normalized drilling sys-
tem is:

2i(0,t) = azp0(0,1) —dz(o,t), t>0, 0<o <1, (4.16)
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where a = IGLJQ and d = 6 coupled to the mixed boundary conditions:

2:(0,t) = g (2:(0,t) —uys(t)), o€(0,1), t>0,

. 4.17
2.(1,t) = —kz(1,t) — qup(z:(1,1))sign(z(1,t)) — hzu(1,1), (4.17)
where u;(t) is the angular velocity coming from the rotary table and g = %~
L= ol ,— WaRL 1 _ IpL

- GJ» GJ GJ

As in the previous section, we consider the energy function given in (4.15).

Differentiating F(t) along (4.16), yields

LR(t) =2 [ az,(0,t) 20 (0, t)do + 2 [} 2(0,t)2(0,t)do
+ 2ahz,(1,t)z,(1,1),

LE(t) = Qafo 2o (0, 1) 245 (0, 1) + 2(0, 1) 250 (0, )] do
— 2df0 zi(o,t) 2z (o, t)do + 2ahz,(1,t)z,(1,t).

Integrating by parts and substituting the boundary conditions (4.17) gives

fo 2(0,8) 20 (0, t)do = 2(0,1)25(0, 1) ] — fo 25(0,1) 210 (0, t)do
= (L )(=ka (1, 1) — qun(z(1,1))sign(z(1, 1)) — hzu(1,1))
— 92(0,1) (2(0,t) — s (t)) — [, 20(0,t) 210 (0, t)do.

Hence,

CB() = 2a/0 20, 8) 210 (0, ) + 2041, ) (—kz(1, )

—qun(z(1,1))sign(z(1,1)) — hzu(1,t))
—2ag2z;(0,1) (2(0,¢) — ui(?))

1 1
24 / 20 (0, 8) 220 (0, ) dor — 2 / w10, 8) 240, 1) do
0 0

+2ahz,(1,t)z,(1,1),

Mb<zt(1>t))Sign(zt(Lt))Zt(l? t) = ﬂb(zt(la t)) ‘Zt(Lt)‘ )
we have

LE(t) = —2aq,(2(1,1)) |2(1,£)| — 2d [, 2 (0, t)do

—2a92(0,1) (2(0,t) — ui(t)) — 2akzf(1,1). (4.18)
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In order to ensure the dissipativity of the system, the control law w;(t)
should allow the negativity of (4.18).

Choosing as a control law the following expression

(2(L,8))°

ur(t) = (1 —c1)z(0,t) + 2¢124(1,t) — 4 0.8

(4.19)

where ¢; > 0 is a free design parameter we obtain that

LE(t) = —2aquy(z(1,1)) [2(1,8)] — 2d [y 22(¢,)dC
—2agcy (z(1,t) — zt(O,t))2
— 2akz2(1,t).

Taking into account that u,(2:(1,¢)) > 0 and a, ¢, k, d and g are positive
constants we find that £E(¢f) < 0. The energy dissipation of the drilling
system is established:

Proposition 2 For all solutions of (4.16) under the boundary conditions
(4.17), the energy given by (4.15) does not grow if the control law (4.19)
15 applied.

4.3.1. Simulation results

We have shown that the control law (4.19) ensures a dissipative behavior
of the drilling system. This could lead to the idea that the system dissipates
energy when the stick-slip phenomenon is not happening. To assert this idea,
we aim to simulate the drilling system in closed loop with the proposed con-
troller (4.19). A simple way to do this is by using the neutral-type models
(2.9-2.11) subject to the TOB model (3.1-3.2) coupled to the boundary condi-
tions (2.3-2.6). The control law (4.19) is rewritten in terms of the neutral-type
model variables as:

(1)

(1)’

where z(t) is the angular velocity at the bit level and ©(t) the angular velocity
at the upper part. The simulation results of Figure 4.1 show that the stick-slip
vibrations are reduced by means of the application of the control law (4.19)
depending on the angular velocity at the top and bottom extremities.

ur(t) = (1 —c)o(t) + 2¢12(t) — ¢
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%(1,t) (rad s_l)
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Figure 4.1: Stick-slip elimination by means of applying the control law (4.19)
with ¢; = 0.3.

As previously explained, the occurrence of stick-slip is one of the factors
leading to axial oscillation resulting in bit bounce, so it’s interesting to know
the effect of the proposed controller application on the bit-bounce. The tra-
jectory of the longitudinal variable y(¢) of model (3.10) is shown in Figure
4.2. As can be seen, due to the coupling of the axial and torsional dynamics,
the elimination of the stick-slip conduces to the reduction of the bit-bounce.
Axial vibrations are reduced by means of the controller u;(t) because their
primary excitation source was eliminated.

y(t)

1] é 10 'II5 2ID 2I5 an
Time (s)

Figure 4.2: Bit-bounce reduction by means of applying the control law (4.19)
with ¢; = 0.3.
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4.4. Control of axial-torsional vibrations:
coupled wave-ODE approach

In the previous section, based on the wave equation model describing tor-
sional behavior, we have obtained an effective controller to eliminate the stick-
slip which indirectly reduces axial vibrations. Now, we will perform a compre-
hensive analysis of the torsional drilling model coupled to the axial model to
obtain stabilizing controllers aimed at eliminating the stick-slip and the bit-
bounce. To this end, we propose a Lyapunov-Krasovskii functional suitable
for the coupled PDE-ODE model which allows to obtain practical stabilization
conditions in terms of matrix inequalities.

Consider the torsional drilling model (2.1) coupled to the boundary condi-
tions (2.3-2.6) and subject to the TOB model (3.1-3.2), consider also the axial
model given in (3.10). The following normalized wave-ODE model describes
the torsional-axial dynamics of the drilling system:

2u(C,t) = azee((t) —dz(¢,t), (¢€(0,1), t>0, (4.20)
20(0,t) = g(2(0,t) —uyi(t)), (4.21)
ze(L,t) = —hzu(1,t) — kz(1,t) — qTu(2(1,1)) + w, (4.22)

i(t) = Ax(t) + Bus(t) + Erz(1,1) + ExTu(2(1, 1)), (4.23)

where the control inputs wuy, uy correspond to the angular velocity coming
from the rotary table © and the ROP respectively, the vector z(¢) and the
model parameters are given by:

. GJ 15} ca L

_ T _ Y -~ - 2
p o InL ol WaRl
o " TariT Tar

and the constant matrices are defined as:

0 1 0 0 0
a8 L] ome[ %] ome] fa] e[ b ]

mo mo mo mo mo

The nonlinear term Ty, is defined below,
b

Tor(au(1,6)) = (e + (o, — pen)e 1) sigm (24(1,1)).

As in Section 4.2, we consider an additive bounded variable w which allows
us to take into consideration uncertainties, disturbances and/or unmodeled
dynamics in the system, we assume that w satisfies:

w? <e. (4.24)
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Lemma 4 Let the functional V(z¢(-,t),2(-, 1), ;) satisfying

/0 gT(gat)P'g(Cat)dC < V(ZC('>t)>Zt('>t>v th) < V(ZC('>t)vzt('>t)’ mt) (4'25)

iV(zC(-,t),zt(-,t), x) + oV (ze(-t),2e(-,t), &) < Pe V>0, 0 >0, >0,

dt
(4.26)
where 3(C,t) = [2c(C, 1) 2(C 1) a)” and P is a symmetric positive defi-

nite matriz. Then for any initial function ¢(C,t) = [¢c(C)  ¢1(C) zo]", the
boundary-value problem (4.20-4.23) satisfies the ultimate bound:

Be

| copcnic < e o0, a0, )+ F @

fort > T,(¢p,5) > 0 where
1

130,6) = 2 (2V60), an(0) ).

Proof 3 Multiplying (4.26) by ¢°? gives

d_d@ (eagV(zc(-,t),zt(-,t)), xt) < Bee?.

Integrating the above expression from 0 to t yields

V(ZC("t)7zt("t)7 xt) < e_gtv(¢C(C)a ¢1(C)7 fEO) + % (1 — G_Ut) .
It follows from (4.25) that

/O AP A < eV (e(€), ¢1(Q), on% (1— e

< VU, GO, w) E 1 (428)

we look for the time instant Ta(qg,g) at which the solution of the~ boundary-
value problem (4.20-4.23) satisfies (4.27). In view of (4.28), T,(¢,<) should
quarantee fol ZT(C, ) PE(C, t)dC <6+ % for a small enough ¢ > 0, i.e.,

S :e_UTaV<¢C(C)7 ¢1(C>7 ZL’O),
from the above expression we have

T %V(<z><<<>, 61(C), o),

and the result follows.
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4.4.1. Practical stabilization conditions
We look for conditions such that the inequality

d

dtv< 2e(t),2e(+, 1), @) + oV (ze (- ),z (-, 1), ) — Be <0

holds. To this end, consider the Lyapunov-Krasovskii functional

Vi(zc ()2 (1), @) = Vi(zc(Cit)) + Va(=z(¢, 1))
+VE5(ZC(C7t>7Zt(C7 t)) + ‘/4(‘%‘13)7

where

Vi(z(Gt)) = (¢, t)dg,

of
[+

Va(z(G1) = p ZfCt

Va(2¢(Cit),2(¢, 1) = 2x (C+1)Zc(C t)z(¢, t)dC,
Vi(z,) = a"(t)Ra(t),

N

which can be written as:

V('ZC('?t):Zt('»t)a mt) = /0 2T(C>t)P2(Cat)dC7 g(C,t) = [ZC<C>t) Zt(Cat) x(t)]Ta

ap x(C+1) 0
P=1| x(C+1) P 0 >0 p>0 a>0 R>0.
0 0 R

The time derivative of V] is:

A(eclCt)alCot) = 200 [ 2c(C.0(C0C. (4.29)

The time derivative of V5 is:

%mmm%mm—%zzﬂﬁ%mmm

substituting the wave equation (4.20) yields:

_ 1 1
Va(z:(Cit),2¢c (G0 1) = 2pa/0 zt(C,t)Z«(C,t)dC—%d/O 2(C, 1),
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integration by parts of fol 2e(C, t)zec (¢, 1)dC with uw = 2((, 1), dv = z¢¢((, t)dC,
du = z(C,t), v = 2:((,t) gives:

1 1
/0 (60 0) 26 (G 0dC = 24(C 1)z (G )1 — / 2 (G 1) (C )C.

Then we obtain:

1
Va(2e(Ct)2(C ), 2c(Cot)) = 2pa (G, 2e(C. 1)} — 2pa / 200G, 1) 2 (¢ B)dC
1
—2nd 2 dc. 4,
p / 2(C,1)dC (4.30)
The derivative of V3 is:
1
%(ZC(C7t>’zt(C7t)7 Ztt(Cat)7 ZCt(Cvt» - 2X/0 (C+1) ZC(Cat)Ztt(Cat)dC
1
12y / (€4 1) 2(C, 1)20(C, 1),
0
substituting the wave equation (4.20) yields:
1
Va(2e (G056 1), 2e(Cot), 2a(Ci8) = 2ax / (€ +1) (¢, £) 2 (€, DG
1
—2dy [ (¢4 1) (G (e
0

2y / (€ + 1) 2(C, £)z(C. ).
(4.31)

Integration by parts of fol (C+ 1) 2(C,t)zec (€, t)dC with w = (¢4 1) 2:(C, 1),
dv = z¢c (¢, 1)dC, du = (¢4 1) zee(C, t) + 2¢(C, 1), v = 2z¢(C, 1) gives:

1 1

o= [ G Dt 0
1

- [ e

/0 €+ D) 267G = (C+1)22(C1)

then we obtain:

2 / (€ + 1) 2e(C )2 (C )dC = (¢ +1) 21! — / (¢ 0dC. (4.32)

Now, observe that

220 (C.1) 2o t) = a% (2(6,1)
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then,

2 [ zalcnacnic= [ €40 2 e

c (
Integration by parts of fo (C+1) aac (22(¢, 1)) d¢ with u = (C+ 1), du = 1,
v =22((,t) gives

1

2 /O (€4 1) 2eC, )¢ D = (C+ 1) 21! — /0 2(C0dC. (433)

Substituting (4.32) and (4.33) into (4.31) yields:
. 1
V(e alG,8) = ax (C+1) 2260 — ax / 20
1
~2dy [ ¢+ 1) (¢ (6 )i
0

1
DRl - [ G @3
The derivative of Vj along the trajectories of (4.23) is
Vi(z,) = @7 (t)Rx(t) + 27 (t)Ri(t)
= (Az(t) + Bus(t) + E1z(1,t) + BT (z(1,1)" Rx(t)
+2 ()R (Az(t) + Buy(t) + Er1z(1,t) + EyTo(2(1,1))) .
Consider the following structure for the controller uy(t):
us(t) = cox(t) (4.35)
where ¢, € RY*2, then we obtain:
Vi(z) = @7 (t)Ra(t) + 27 (t) Ri(t)
= [Ax(t) + Bega(t) + Erz(1,t) + EoTu(z(1,8)]" Rx(t)
+2 () R[Az(t) + Beax(t) + Eiz(1,1) + EyT(z(1,1))],
or
Vi(we) = 27 () T12(t) + T3 Ra(t) + 27 () RY s, (4.36)
where Tl ATR -+ RA -+ CgBTR + RBCQ, TQ = Elzt(l, t) + EQTIﬂ(Zt(l, t))
In view of (4.29), (4.30), (4.34) and (4.36) we obtain:
V()= 2pafy 2(C,D)2a(C, 1)dC — 2pa Jo 2c(Ct)2(¢ 1)dC
—2pdfozt ¢, t)d¢ — axfozcgtdc
—2dx [y (C+1) 2(¢ )2(C )¢ = x fy 27 (C. )¢

+2pa 2(C, 1)z (G, )]y + ax (¢ +1) 22(C, 1))
X (CH 1) 22(¢ )]y + 2T (1) Tya(t) + Tng@) + 2T (t)RYs.
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Then,

V() +oV() = =2pd [y (G 0dC = ax fy (G 0dC

—2dx [, (C+ 1)z (¢, t)z(¢, )dC — x [, 27 (¢,t)d¢

+2T ()T 12(t) + YT Rx(t) + 27 (t) RY o

+opa [y 22(C)dC + op [ 22(C 1)dC

20y [i (C+1) 2¢(C,1)2(C, 1)dC + oaT () Ra(t) + 11,
(4.37)

where

II = 2pa Zt(C7 t)ZC(Ca t)|(1) +ax (C + 1) Z?(C7 t)‘é +X (g + 1) th(Cv t)‘é
= 2xz7(L,t) + 2ax22(1, 1) 4 2paz (1, 1)z (1, 1) — x2;(0,t)
—axzZ(0,t) — 2paz(0,)z¢(0,t).

Introducing the boundary conditions (4.21-4.22) we get,

T = 2xz7(1,8) + 2ax (=hau(l,0) = kz(1,1) = ¢Tu(z(1,1) + w)?
+2pazi(1,t) (—hzu(1,t) — kzy(1,8) — ¢Tu(2:(1, 1)) + w)
—xz(0,1) = ax (9 (2(0,1) — ur(1)))* = 2paz(0,¢) (g (2(0,) — wi(t))).

Considering the following controller structure
ur(t) = crrzu(1,t) + cro2e(1,t) + 13T (2e(1, 1)) + c1424(0, 1), (4.38)
we get

II = 2ax[R*25(1,t) + 2hkz(1,¢)24(1, ) + 2hqz (1, t) T (2(1, 1))
—2hz (1, )w + k222 (1, 1) 4 2kqz (1, 6) T (2 (1, 1)) — 2kz (1, t)w
+* T (z(1,t)) — 2qT(2(1,t))w + w?]
+2x22(1,t) + 2paz(1,t) [~hzy(1,t) — kz,(1,1) — qTu(2(1,1)) + W)
—axg? [cflzft(l, t) + 2ci1c122: (1, 1) 2 (1, 1) + 2cq1c1320(1, 6) T (24(1, 1))
—2c11 (1 = c14) 2:(1,8)2:(0, 1) + 1522 (1, 1)
+2c19¢132(1,6) T (20(1,1)) — 2¢12 (1 — c14) 2¢(1, 1) 2,(0, t)
22 (2(1, 1)) — 2¢13 (1 — c14) Tur(2:(1,1))2(0, 1)
+ (1= c10)* 2 (0,8)] — x27(0,2)
—2pagzi(0,t) [2:(0,t) — c112u(1, 1) — c1224(1, 1)
—c13Tm(2e(1,t)) — c142¢(0,1)] .

The condition (4.24) implies that w? — ¢ < 0, then, for a 3 > 0, we have that

— Bw?—¢) > 0. (4.39)
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In order to take into account the perturbation restriction we can add to (4.37)
the term (4.39). We obtain after symmetrization of the cross terms:

d 1
—V()+oV()—pe< / i Unid¢ + 1y O,
0
where
m = ( Zt<C7t) ZC(Cat) )Tu
me = (zu(1,t) z(1,t) Ta(z(1,%)) 2(0,t) x(t) w )T,
and
T - —2pd —x+op —dx((+1)+ox((+1) | (4.40)
* —ax + opa
2axh? — axg’cl, P1p P13 Py 0 —2axh
* (I)QQ @23 @24 ElTR —2CLXI{? + pa
_ * * ®g3 Py EIR —2axq
¢ = * * x Dy 0 0 (441
* * * x YTi+0oR 0
* * * * * 2ay —
with
®5 = 2axhk — pah — axg*ciicio oy = axg’cir (1 — cua) + pagers
P13 = 2axhq — axg*ciics P33 = 2axq® — axg*cis
D14 = axgien (1 — c14) + pagern B34 = axg’cs (1 — c14) + pagess
Doy = 2axk? + 2y — 2pak — axg3c3, Py = —axg?® (1 — 014)2 - X
Doy = 2axkq — paq — axg*ciacis — 2pag + pagciy.

Tl = ATR + RA + CgBTR + RBCQ

Summarizing the above ideas, the result on the practical stabilization of the
wave-ODE model (4.20-4.23) can be stated as follows:

Theorem 2 The trajectories of the drilling system described by the coupled
wave-ODE model (4.20-4.23) in closed loop with the controllers (4.38) and
(4.35) admits the ultimate bound (4.27) if the matriz inequalities P > 0,
U <0 and ® < 0 are satisfied for somep >0, x >0, >0, R >0 and any

C11, C12, €13, C14- Ca.
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4.4.2. Numerical results

The parameters used in the following simulations are given in (3.11). The
maximum exponential decay rate for which the conditions of Theorem 2 are
satisfied is o0 = 0.8.

A feasible result of the LMI U < 0 with U given in (4.40) is:
p=0.7406, = 0.9559.

Using the above values, a feasible result of the Bilinear Matrix Inequality
(BMI) ® < 0 with ® given in (4.41) is:

cip = —0.0067, c1o = —0.04699, c13 = —0.0548,

c14 = 0.6642, o =1[0 2.0234], = 16.8149, (4.42)

5951.7373 11.7383

R=1 117383 134465 |

The performance of the proposed controllers is illustrated by simulations
of the drilling model describing the rotational and longitudinal dynamics of
the rod. The axial dynamics are described by a simple nonlinear ODE sub-
ject to the TOB model describing the rock-bit contact, the simulation can be
easily developed using Matlab. Conversely, the simulation of a nonlinear PDE
subject to mixed boundary conditions is not a direct task, however, the sim-
plified neutral-type model provides a reliable approximation of the torsional
dynamics and it can be readily simulated.

The variables z(t) and v(t) of the neutral-type models (2.9-2.11) stand
for the angular velocities at the bottom and upper extremities respectively
(z¢(1,1), 2(0,t)). The proposed controller u; given in (4.38) can be rewritten
as:

Ul (t) = cnz’(t) + Clgz(t) + Clngl(Z(t)) + 614U(t).

Figure 4.3 show the trajectories of the drilling system described by the
model (2.9-2.11), (3.10) coupled to the TOB function (3.1-3.2) in closed loop
with the controllers (4.35) and (4.38). The elimination of stick-slip and bit
bounce phenomena is achieved. The controller gain values are given in (4.42).
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Figure 4.3: Torsional and axial trajectories of the drilling system in closed
loop with the controllers u; and uy given in (4.38), (4.35).

4.5. Conclusion

Drilling system analyses were carried out through the wave equation
model. In a first stage, it is considered that the system is subject to a con-
stant rotary speed provided by the rotary table and it is not under control
actions. Ultimate bounds on the solution were found, the non-growth of en-
ergy was established even in presence of stick-slip vibrations. However, this
property is not sufficient to guarantee an optimal drilling process, in fact, the
occurrence of stick-slip is the major source of failures in oil fields. Here, we
have developed two different control strategies to deal with the drilling vibra-
tion problem. The first one is based on an energy dissipation analysis, the
proposal of an energy function leads to the control law given in (4.19) which
ensures the stick-slip suppression. The second one uses Lyapunov techniques,
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two control laws have been proposed, one of them to suppress the stick-slip
and the other one to eliminate the bit-bounce; they are given in (4.38) and
(4.35) respectively. Stabilization conditions in terms of matrix inequalities
were found.

As can be noticed, the controller based on the energy dissipation, given in
(4.19), is strategically designed to ensure the negativity of the proposed energy
function, it involves a free design parameter ¢; and the angular velocities at
the upper and lower ends of the string. This controller provides a simpler
structure in comparison with the controller given in (4.38) which in addition
involves the angular acceleration at the bit level and requires knowledge of
the nonlinear TOB function describing the rock-bit contact. Furthermore,
the controller based on Lyapunov techniques involves certain conservatism
derived from the matrix inequalities.

The control law obtained from the dissipativity analysis is aimed at elim-
inating the stick-slip phenomenon, albeit indirectly it also reduces the bit-
bounce due to the oscillations coupling. The matrix inequality approach to
control of axial and torsional drilling oscillations allows the design of a control
strategy for each vibration type. The effectiveness of the proposed controllers
is highlighted through simulations showing the elimination of the stick-slip
and bit-bounce.

Summarizing, we can conclude that the first control methodology pre-
sented which is based on the dissipativity analysis of the system was carried
out in a simple and straightforward way, but the obtained controller leads
only to a decrease of axial vibrations. The methodology based on Lyapunov
techniques require a feasible solution of a set of matrix inequalities, neverthe-
less it yields an integral suppression of coupled oscillations. Regarding the
controller size, it can be noticed that the trajectory of the controller (4.38)
is closer to the reference velocity which is quite convenient in view of control
input saturation restriction, this particular issue will be addressed in the next
chapter.

For a physical system, a distributed parameter model is the closest descrip-
tion to reality. However the lack of computational tools to perform simula-
tions of infinite dimensional systems subject to nonlinearities and uncertainties
brings out the idea of taking over the problem from a different perspective. In
the next chapter, we address the problem of the stability analysis and control
of drilling vibration based on the neutral-type time-delay model of the vertical
oilwell drilling system under consideration.






Chapter 5

Stability analysis and control of
drilling vibrations:

neutral-type time-delay model
approach

5.1. Introduction

In this chapter we tackle the problem of stability analysis and control of
drilling vibrations within the framework of time delay systems.

Time-delay systems are also called systems with aftereffect or dead-
time, hereditary systems, equations with deviating argument or differential-
difference equations. They belong to the class of functional differential equa-
tions which are infinite dimensional, as opposed to ODE. There is a great
number of references devoted to this field of active research see for instance
the survey papers [57], |62], [75], [97] and the references therein.

A large number of motivational issues leads the continuous interest and
development on time delay systems research, some of them are listed below.

- Aftereffect is an applied problem, it is well known that, together with the
increasing expectations of dynamic performances, engineers need their mod-
els to behave more like the real process. Many processes include aftereffect
phenomena in their inner dynamics. There are examples in biology, chem-
istry, economics, mechanics, viscoelasticity, physics, physiology, population
dynamics, information technologies, engineering sciences, etc. The interest
for functional differential equations keeps on growing in all scientific areas
and, especially, in control engineering.
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- Delay systems are still resistant to many “classical controllers”, one could
think that the simplest approach would consist in replacing them by some
finite-dimensional approximations. Unfortunately, ignoring effects which are
adequately represented by functional differential equations is not a general
alternative. In the best situation (constant and known delays), it leads to
the same degree of complexity in the control design; in worst cases (time-
varying delays, for instance), it is potentially disastrous in terms of stability
and oscillations [97].

- Delay properties are also surprising since several studies have shown that
voluntary introduction of delays can also benefit the control, see for instance
[80].

- In spite of their complexity, time-delay systems however often appear
as simple infinite-dimensional models in the very complex area of PDEs. As
mentioned in [61], “it is usually not difficult to show that the appearance of
delay in a differential equation results of some essential simplification of the
model”. For instance, hyperbolic PDEs can be locally understood as neutral
delay systems [50], [60] and, conversely, any time-delay can be represented by
a classical transport equation [65].

As explained in Chapter 2, torsional dynamics of the drillstring can be
modeled by a time-delay equation of neutral-type, derived through a direct
transformation of the wave equation model, which constitutes an input-output
representation of the drilling system. Based on this modeling strategy, the
stability analysis and control of the system are performed using some tools of
the broad control theory for time-delay systems.

First, exponential stability analysis of the system is carried out using a
switching systems theory. The TOB model given in (3.1-3.2) comprises a
nonlinear function involving the sign function which allows the system to be
represented as a particular class of state-dependent switching system. The
proposal of an energy functional allows to get LMI-type conditions guaran-
teeing an exponential convergence of the system trajectories.

Subsequent analysis gives stability and stabilization conditions in terms of
LMIs based on a polytopic representation of the drilling system. The nonlinear
neutral-type equation is transformed into a set of linear models, non-linearly
weighted. This approach leads the design of a nonlinear controller ensur-
ing the exponential stability of the closed loop system and consequently the
suppression of torsional oscillations.
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Assuming that the system is subject to perturbations or disturbances aris-
ing from external errors or unmodeled dynamics, as explained in the previous
chapter, an exponential convergence of the system trajectories can not be
guaranteed. However, they may exhibit dynamic behavior which is entirely
acceptable over a specified finite time interval. This leads to the concept of
practical stability or ultimate boundedness with a fixed bound which involves
the notion of invariant sets and is particularly investigated in many problems
of practical importance. Here, we tackle the problem of practical stabiliza-
tion of the drilling system based on Lyapunov techniques and the descriptor
approach introduced in [41]. We aim at designing a stabilizing controller to
suppress the stick-slip phenomenon.

Finally, we analyze coupled axial-torsional vibrations. The attractive el-
lipsoid method allows to the design of stabilizing controllers guaranteeing an
integral elimination of drilling vibrations. This approach gives stabilization
conditions in terms of BMIs and poses an optimization problem to ensure the
minimization of the attractive set retaining the system trajectories. Further-
more, to address the presence of saturation on the control inputs, a set of
additional stability conditions in terms of LMIs will be presented.

The particular significance of this chapter lies in the fact that the presented
methodologies can be easily generalized to be applied to any time-delay system
meeting the stated specifications.

5.2. Stability analysis: switched system ap-
proach

Switched systems, as an important branch of hybrid control systems, have
received great attention of researchers in recent years. A switched system
is a dynamic system that consists of a finite number of subsystems and a
logical rule which orchestrates switching between these subsystems. Such
systems are useful for modeling various real-world systems such as chemi-
cal processes, communication networks, traffic control, manufacturing system
control, among many others.

Switched systems with delay deserve attention because actuators, sensors
and transmission lines may introduce time lags. In fact, many models involve
not only time delay but also the derivative of the past state, due to the
reduction of distributed parameter models into neutral type delay models. In
recent years, some stability criteria of switched systems with time delay have
been obtained (see for instance [59] and [119]). In [74], [109] and [123] the
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stability of switched neutral type delay systems is investigated. The proposed
approaches require that all the neutral difference operators are stable, or that
there exist Hurwitz linear convex combinations of state matrices, which reduce
the scope of the obtained stability conditions.

The neutral-type time-delay model describing torsional dynamics of the
drilling system (3.4) is considered a particular class of switched system since
the nonlinear term of the TOB model involves the sign function:

Y z .
Thi (2(1)) = Wop Ry, (Mcb-ir(usb — ftep)e | (t)\> sign (2()) .
Notice that the switching is autonomous and state-dependent.

In this section we investigate the stability of the drilling system subject
to nonlinear perturbations bounded in magnitude. The proposal of an energy
functional provides stability conditions stated in terms of the solution of a set
of LMIs. The proposed approach avoids the use of convex combinations of
system matrices and reduces the number of variables.

Consider a nonlinear neutral-type time-delay system with state-dependent
switching of the form:

(t) — Coi(t — 1) = Asx(t) + Box(t — 1) + Dou(t) + fio(t,z(t))  (5.1)

+f20(t, x(t — 7))
x(to+0) = ¢(0), VO € [-7,0],

where x(t) € R"™ is the state vector, u(t) € R™ is the control input, 7 is a
positive constant time delay, ¢ is a continuously differentiable initial function
and o € {1,2,..., N} is a piecewise constant switching signal. The matrices

(As, By, C,) are allowed to take values, at an arbitrary time, in the finite set
(A07 Bo’v Co‘) € {(Alu Bl7 01)7 sey (AN7 BN; ON)}

We consider that the nonlinear functions fi,(¢,2(t)), foo(t,z(t — 7)) are
bounded in magnitude, i.e., there exist positive constants ay,, as, such that
[fic(t, 2@ < oo |[z@)]] vt =0, (5.2)

1f2e(t, 2(t =)l < oo lla(t —n)|, o €{l,...N}.

Let u(t) be a state-feedback controller in the form u(t) = Kxz(t — 7).
Substituting this control law into (5.1), we obtain the closed loop system:
i(t) — Coi(t — 1) = Ag(t) + Boa(t — 1) + fio(t, 22(1)) (5.3)
+ fao (L, 22 (t — 71))
Plto+0) = 6(0), V0 € [~7,0],
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where B, = B, + D, K.

In [121], asymptotic stability of switched neutral systems is analyzed.
Here, following the proposed approach, we derive conditions for the expo-
nential stability of nonlinear switched time-delay systems of neutral-type.

Theorem 3 (Asymptotic stability) Given a gain matriz K, the switched
neutral system (5.8) with fi,(t,x(t)) and for(t,x(t — 7)) satisfying (5.2)
15 asymptotically stable if there are symmetric positive definite matrices
P,Q,Q2, Ry such that the LMI

Vi \/§P \/éaliw Wila 0 Ve

* —1 0 0 0 0
* * -1 0 0 0
U, = 4
‘ * * * Wigg agiWWV Wiy <0, (5 )
* * * * -1 0
* * * * * Wies

with

Uy = PA+ATP+Q,+ATWA;, — Ry + a0 + o2, W +2AT A,
Uiy = PB;+ATWDB; + R, +2A! B,

iy = —Qi+ BIWB; — Ry 4 203,] + o3,W + 2B] B;
Vs = BIWC;+2B]C;
VUigg = —Qo+ ClTWCZ + QCiTCi

W = Qu+ 1R

is feasible for alli=1,..., N.

Proof 4 As in [121], we consider the energy functional

t

Vie) = o7 (t)Pa(t) + / 27 (s )le(s)ds—i—/ i7(5)Qai(5)ds(5.5)

t—11
/ / s)R1z(s)dsdb.
—71 Jt+0
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Taking the derivative of V(x;) along the trajectories of any subsystem ith of
(5.8), we have

V(z) = 207()Pi(t) — 2" (t — 1)Quz(t — 1) + 27 ()Q2(t)  (5.6)
—iT(t — 1) Qi (t — 1) + 7 (t) (Q2 + T Ry) &(2)

t
—ﬁ/ 7 (s) Rt () ds.
t—11
Using the Jensen’s inequality we can see that
. t t
-ﬂ/ ﬂ@mmmf;—/ﬂ@wm/ﬂms (5.7)
t—71
t—71 t—71

= —(2(t) —2(t — 7)) Ri(x(t) — x(t — 7).
Then, substituting (5.7) into (5.6) gives

Vie,) < 227(t)P [Ciio(t — 1) + Aga(t) + Biz(t — 1))
—2T(t — 1) Qux(t — 1) + 27 (1) Q12(t)
—iT(t — 1) Qo (t — 7y)
+ [Cii(t — 1) + Aiz(t) + Bua(t — T1>]T W
[Cia'c(t — 1) + Az (t) + Bix(t — Tl)]
—(2(t) —z(t — 1)) ' Ry(2(t) —z(t — 1)) + F;

where W := Qy + 2Ry, and
F, = Fi(m, fi) =22" )P [f1;(-) + fai()] + GTW [f1i(-) + fai(-)] (5.8)
+ () + Fai O WG+ [fra() + o) W [Fu) + fai()]

Gi = Gi(m) = [Cii(t — m) + A(t) + Bia(t — 1)) .

We look for an upper bound on F;. Considering that for any vectors a,b €
R™, the inequality 2a’b < aa + bT'b is satisfied, and taking into account the
bounds (5.2), we obtain

207 ()P fu(-) < «" () PP(t) + fu()" fu(-) < 2" () PP(t) + afjz” (t)a(t),

207 ()P fo(-) < 2" () PP(t)+fu(-)" fu(-) < 2" ())PPa(t)+oda” (t—m)a(t—m1).

Similarly,
GiW i)+ [L()WGE < GIGit fLC)WW fii(-) < GI Gitoia” (HWWa(t),
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GiW fai(-) + fu(Y)WG; Gi G+ [o (YWW faul:)

<
S GZTGrL + Oégil’T(t — Tl)WWQZ@ — T1>,

and

() + LoV W () + fai()] = ()W fua() + fo(OW fai ()
+ fui) W fai () + fai()TW ful)
< ofat (OWa(t) + aga’ (t — m)Walt — )
+afat (WWa(t) +aga’ (t — )t — ).

Substituting the above inequalities into (5.8) yields

F, < 22T (t)PPx(t) + o22” (t)z(t)
+2a227 (t —m)x(t — ) + 2GT G,
20t xt (OWWa(t) + ada’ (t — ) WWa(t — 1)
+afal (Wa(t) + a3’ (t — m)Wa(t — 7).

Then, the derivative of V(x;) along the trajectories of any subsystem ith
of (5.3) satisfies

Ve, < 22T(0)PG;— 27t — 1) Qra(t — 1) + 27 () Qrax(t)
—iT(t — 1) Qo (t — 1) + GITWG,
—(z(t) = 2(t =) Ri(a(t) — 2t — 7))
+227 (t)PPx(t) + o2 2" (t)x(t)
120227 (t — m)x(t — 1) + 2GT Gy + 2032 ()W W (1)
+asat (t — ) WWa(t —7)
+afz" (W (t) + agx” (t — m)Wa(t — 7).

Setting £(t) = (2T(t) 2T(t —7) 2T(t — 7)), the above inequality is
writlen as

V() < E(1)Pi(P,Qu, Qa, R1)ET (1), (5.9)

Qi1 Pip Ping
(I)i: k (I)igz (I)igg s (510)

* * (bi33

where
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®1 = PA+ATP+Q+ATWA; — R +2PP + a1
202 WW + o2, W + 2AT A,

;9 = PB;+ATWB; + R, +2AT B,

b3 = PC;+ ATWC; +2A7C;

Disy = —Qi+ BIWB; — Ry +20a3,1 + ag; WW + a3,W + 2B! B,
®p3 = BIWC; + 2B C;
D33 = —Qo+ CZTWOZ' + QCZ»TCZ'
B; = B;+ D;K
W=aQ 2+ 7‘1231.

By Schur’s complements, it follows that ®; < 0 in (5.10) is equivalent to
U, <0 n (5.4) and the result follows.

5.2.1. Exponential stability conditions

The closed loop system (5.3) is said to be a—stable or "exponentially
stable" with decay rate « if there exists a scalar x > 1 such that for any
continuously differentiable initial condition ¢, the solution x(t, ¢y, ¢) satisfies:

|z(t, o, §)| < 5 |ip] e ),

Using the change of variable:
o*(t) = e™x(t),
we can rewrite the system (5.3) as

i (t) — Cpe®™i*(t — 1) = Aga™(t) + e Bya*(t — 1) (5.11)
— ae®Coz*(t — 1) + fio(t, 2*(t)) + foo (t, 2™ (t — 1)),
z(to +0) = ¢(0), V0 € [-7,0],

where A, = A, + ol and B, = B, + D,K. Notice that the condition (5.2)
imply

/102, 2(2)) |
[f20 (£, 2(¢ = 1))

aig [z (@), vVt =0,
s |lz*(t— )|, o€ {l,.. N}

IAIA



5.2. Stability analysis: switched system approach 141

Our proposal is to find conditions for which the solution x* = 0 of the
transformed system (5.11) is stable. Clearly, these conditions will ensure the
exponential stability of the system (5.3). The following result is based on
Theorem 3.

Theorem 4 (Exponential stability) Given a gain matriz K, the switched
neutral system (5.8) with fi,(t,x(t)) and for(t,x(t — 7)) satisfying (5.2)
15 exponentially stable if there are symmetric positive definite matrices

P, Q,Q2, Ry such that the LMI

Uir V2P 2o, W Wy 0 Wy
* i 0 0 0 0
-1 0 0 0

* *
U, = A2
’ * * * Wigg oW Wiy <0, (5 )
* * * * -1 0
* * * * * W66

with

Uy = PA+ATP+Q+ATWA; — Ry + o}, ] + a3, W + 2AT A,
Uiy = €e*"P (BZ- — aCl-) + e ATW (Bi — aC’i) + Ry + 2em AT (Bi — aC’i)
Uig = € PC; + e ATWC; + 2™ AT C;
Uiy = —Qi+ €™ (B;—aC)" W (B, — aC;) — Ry + 23,1 + a2,V
422 (Bl» - ozC,»)T (BZ- - ozC'i)
U, = €2 (BZ- — oeC’i)T WC; 4 2¢%m (Bi — ozC,»)T C;
Uise = —Qo+ e CiTWCZ- + 2¢%0m CfCi
A = A +al
Bi = Bi+ DK
W = Q:+1iR

s feasible for all1 =1, ..., N.

The torsional drilling model (3.4) is represented as an autonomous state-
dependent switching system as follows,

At) — Ti(t — o) = (—\If - C—b> 2(t) + (%b - T\IJ) 2(t — 2T) (5.13)

+1Q(t = T) + fio (£, 2(2)) + +foo (t, 2(t = 2I")), 0=1,2,
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where the constants T, T', U and IT are defined in (2.10), the angular velocity
coming from the rotary table is taken as the control input.

The functions fi,, for, 0 = 1,2 of system (5.13) are switched according to
the following autonomous state-dependent rule:

for z(t)=0:

fia(t, z(t)) = for(t,z(t —2I')) =0

for z(t) >0: (5.14)

T,
flz(t, Z(t)) = —C1 — C2€ vf ®
b
L fgg(t, Z(t — QF)) = ClT + CQTG vf ® 2F),

with ¢; = W()];Rb fe, and ¢y = WO[#B}%(Msb - Mcb)'

Notice that the switching depends on the angular velocity at the bottom
end of the drillstring z(¢). If we approximate the switching rule (5.14) by the
following one,

for 0 <2z(t) <0.1:
fia(t, z(t)) = far(t, 2(t = 21)) = 0

for z(t) >0.1: (5.15)
l’z
f12(t, Z(t)) = —c; —ce VI (t)
_b
faa(t, 2(t = 2T")) = 4T + Ve s (t zr)’

\

then, the conditions (5.2) on fio(t, 2(t)) and feo(t, z(t — 2I")) are satisfied for
some relatively small constants oy, as. The switching law (5.15) means that
for small values of the angular velocity at the bottom end (z < 0.1rad s71) the
nonlinear part of the TOB has no effect (this actually happens when z = 0).
According to (5.15) we have that for 0 < z(¢) < 0.1:

It 2] = 0 <anll=0)], (5.16)
|ty 2(t =20 = 0= as 2t =20,
and for z(t) > 0.1:
[ Finlt, 2D = [—er = 2”7 <z (5.17)

faa(t, 2t —2D))|| = ||esT + caYe ™

%z(t—2F)‘

| <asl=(t—20)].
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5.2.2. Nwumerical results

Using the model parameters given in (3.11), we obtain I' = 0.3719, ¢; =
85.0829, ¢; = 51.0498. The conditions (5.16-5.17) are satisfied for all ag >
1317.1, g > 974.3.

Figure 5.1 shows a simulation of the trajectory z(t) of the drilling system
(5.13-5.14) with Q(t) = 15rad s~

39 T T T T T T T T T

_ ”ﬁ .......... .......... ........... ......... -

i 10 20 30 40 50 B0 70 80 30 100
Time (s)

Figure 5.1: Angular velocity z(t) of the drilling system described by (5.13-
5.14) with Q(t) = 15rad s

Here, we propose a stabilizing control law that ensures the exponential
convergence of the trajectory z1(t) = z(t) — Qo and consequently the sup-
pression of the stick-slip phenomenon. For stability issues the velocity at the
bottom end must track the angular velocity at the upper part.

In order to achieve the velocity tracking we propose the control law

Q(t —T) = — Aoy (t — 2T) — Ay (¢ — 20, (5.18)

which according to (3.6), in terms of the bit speed, can be written as

Q(t —T) = —Xoi(t — 21") — Ay2(t — 2T) + A Q. (5.19)
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We apply the result of Theorem 4 to analyze the exponential stability of
the drilling system subject to the switching rule (5.15) in closed loop with the
controller (5.18). Notice that oy and oy satisty (5.16-5.17).

After computing the LMIs stated in Theorem 4 with \y = 0.05, A\; = 0.36,
a; = 1320, as = 975 and a = 0.6 we conclude that the closed loop drilling
system coupled to the switching law (5.15) where the functions fi,(t, z(t)),
Jao(t, z(t — 2I")) satisty the conditions (5.16), (5.17) is exponentially stable.

25 T T

bkl SRTPRTTPI L ............. ERTTTIRI e AATTRITI PP

1] 0 A P A VIR

z(t) (rad g7 ! )

il ............. PP UUUTTT SRTERPTR ORI ............. CRTPTP

0 5 10 15 20 x5 0 S 40
Time (s)

Figure 5.2: Angular velocity z(t) of the drilling system described by (5.13-
5.14) in closed loop with the control law (5.19) with Qq(¢) = 15rad s~

The simulation results of Figure 5.2 show the stick-slip elimination by
means of applying the controller (5.19).

5.3. Control of torsional vibrations:
multimodel approximation approach

This section concerns the exponential stabilization of the class of nonlinear
neutral type time-delay systems that can be transformed into a multi-model
system. The approach introduced in [101]|, based on Lyapunov-Krasovskii
techniques, allows to find an effective stabilizing controller for the suppression
of the stick-slip in the oilwell drilling system described by (2.9-3.1). The
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exponential stability properties are proved using an appropriate change of
variables associated with a polytopic representation.

It is well known that nonlinear systems are indeed models closer to reality
in the sense that their validity is not necessarily limited to an immediate
neighborhood of an operating point or a reference trajectory.

In [108] the author presents stabilization results for nonlinear retarded
type time-delay systems which can be represented in two different ways: as
multi-model systems and as uncertain systems.

We investigate the stabilization of a class of nonlinear neutral type time-
delay systems that can be transformed into a multi-model system, i.e., a set
of linear models non-linearly weighted. A multi-model neutral type system
can be represented as follows

#(t) = Di(t —m) = Y hi(w) {Ai(t) + Aia(t — 71) + Bu(t)},  (5.20)

iel”

where 71 > 0 is a constant time delay, the set I is the set of integers {1, ..., 7},
r is the number of subsystems required to describe the multi-model system.
The functions h,(-) are scalar weighting functions satisfying the convexity
conditions:

Y hi(z) =1 Vi=1,.r hz)>0. (5.21)

First, we are going to analyze the a-stability of the open loop system, i.e.,
the system:

B(t) = Di(t —71) = Y hi(w) {Aia(t) + Airya(t — 1)} (5.22)

el”

To guarantee that the difference operator is stable we assume |D| < 1.

The change of variable z,(t) =e*z(t) transforms the system (5.22) into:

Fa(t)D — i (t — 1) = hilry) {(A; + al,) za(t)
iel”

+e*™ (Ajy, —aD) zo(t — 1)} (5.23)

The proposal is to find conditions for which the solution z, = 0 of the
transformed system (5.23) is asymptotically stable. Clearly, these conditions
will guarantee the exponential stability of system (5.22).
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Theorem 5 The solution x(t) = 0 of the system (5.22) is a-stable if there
exist matrices 0 < Py = PL, Py, P3, Q = QT and R = R, such that for all
1 € I the following LMI is satisfied

0 0
) T T
vt (6"‘“ <Am—OéD>) g (6““17) <0 (5.24)
* —R/m 0 ’ '
* * —Q
where
(P 0 _ pT
P._(P2 P3), P =P >0,
g o oopr( 0 LN (0 L), (0 O
. Az _]n Az _In 0 TlR—f—Q ’
A o =A+al,+ (A, —aD).

Proof 5 According to the Leibniz formula,

ot — 1) = at) — /t_ i (s)ds,

we can write the system (5.23) as

Falt) — Detmig(t — 1) =
S D) {[AZ- +al, + ¢ (Ayy, — aD)] za(t) — ™ [Ay, — aD] [ m'a(s)ds} .

t
ielr

Using the descriptor form introduced in [}1] we have

alt) = y(b),
y(t) = D hilw) DT y(t —m) + Asaa(t)

t
— e (A, — aD)/ y(s)ds} ,
t—71

where
Az’ = Az + Oé[n + e“m (Airl - OéD) .

Then, we can write
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where
E = diag{Il,,0},

¢
A= —y(t)+ Dey(t — 1) + Nz (t) — ™ (Air, — aD)/ y(s)ds.
t—11

Following [41], we use the Lyapunov-Krasovskii functional

Vo) = (2Z(t) y*(¢t) )EP ( l:’ya((tt)) ) —l—/_ /t+9 y" (s)Ry(s)dsdo
—l—/t_ yT(5)Qy(s)ds, (5.25)
P:(? ]S ) P=PI'>0 R>0, Q>0.

The functional V,,(t) is positive definite since

(et v ) Br () ) a0 P

Notice that EP = PTE| taking the derivative in t of V,(t) we obtain

| (t)
Valt) =2 ( 21() 4" (t) )PT( S i) -2 ) + iy (1) Ry(1)

ielr
_ /t yT<S)Ry<S)dS + yT(t)Qy(t) _ yT(t . T1)Qy(t _ 7'1)_
Setting £ = ( zo(t) y(t) y(t—m) ) we can write
J 0
R ( ; ” ( " D ) ) =
(0 emDT )P —Q

- /tj y" (s)Ry(s)ds, (5.26)
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In order to obtain an upper bound on =, we use the following property.

For all vectors a, b € R™ and positive definite matric RER™ ", the fol-
lowing inequality is satisfied

+2a"b < a"R7'a + b Rb.

Then, we have

(0 e (A, —aD)T ) P ( Zalt) ) (5.27)

y(t)
t
+ [ iRy
t—71
From (5.26) and (5.27), it yields
= 0
: , T
Va(t) <& v d ( D ) §
(0 emD" )P —-Q

O O P (4l apy ) ()

(0 ™ (A, —aD)T ) P < Zalt) > .

y(t)

Finally, using Schur complements, the system (5.22) is asymptotically stable
iof every matriz, i € I”

0 0
. T T
Vi P ( e (Air, — aD) ) F ( ™ D )
* —R/Tl 0 ’

* * —Q
is negative definite, i.e., if the LMI condition (5.24) is satisfied.

5.3.1. Exponential stabilization results

Having determined the criteria for exponential stability for the open loop
system (5.22), the next step is to define an algorithm that allows the synthesis
of a gain K such that the feedback control law

u(t) = Kx(t —m) (5.28)



5.3. Control of torsional vibrations:
multimodel approximation approach 149

exponentially stabilizes the closed loop system
i(t) — Di(t —m) =Y hi(w) {Ai(t) + (Air, + BK)a(t — 7))}, (5.29)
el

with a guaranteed decay rate a.

By replacing the matrix A;; by the matrix A;;, + BK in Theorem 5 we
obtain that the solution z(¢) = 0 of the system (5.29) is a-stable if there exist
matrices 0 < P, = P, P, P3, Q = QT, R = RT such that for all i € I" the
following BMI is satisfied

v; PT(eaS')lX) PT(eagD>
. “R/m 0 < 0, (5.30)
* * —Q
where
. P 0 _ pT

P (P2 PB), P =P >0,
0 I 0 L\ 0 0

.. —_ pT n n

i P(Ai —IH)J“(Ai —In>P+<071R+Q>’

Ai .= Az -+ Oé]n + e (Ain —+ BK — OéD) 5

X : = (A, + BK —aD).

A well known synthesis gain technique which overcome the bilinearity of
the conditions was introduced by [110]. It consists in to set

P3 = €P2, €€ R7
where P, is a nonsingular matrix, and
P - P2_1.

Define P, = PTP,P, R = PTRP, and Y = K P. Multiplying the right side of
(5.30) by Ay = diag { P, P, P} and the left side by A , we obtain the LMI
stabilization condition stated in the following theorem.

Theorem 6 The system (5.29) is a-stabilizable if there exist a real number
e >0 and n x n matrices P, >0, P, Q = QT, R=R", and Y such that for
all v € I the following LMI is satisfied

o €49 e DP
! ey ce* DP <0
* ~R/1 0 ’

* * —Q



Chapter 5. Stability analysis and control of drilling vibrations:
150 neutral-type time-delay model approach

where
= (Air, —aD)P—i—BY,
( (I)n Dy )
Doy )’
(I)ll = (AZ + Oé]n —+ e (AiTl - OéD)) p
+PT (A + al, + ™ (Air, — D))" + BY + YTBT,
Oy, = P —P+4+ePT (A4 al, + ™ (A, —aD))" +eYTBT,
(I)QQ = —€(p+PT>+TlR+Q
Moreover, the feedback gain is given by

K=YP

In order to apply the above result to the drilling system, we obtain a
polytopic representation of the nonlinear model (3.7). The following nonlinear
expression to describe the drilling behavior at the ground level is obtained by
considering g, = 0,

—Cy e_zf( H0+0) oy (x1(t) + Qo) (5.31)
oy (o1t 20 giom (x1(t —2T") + Qo) ,

where ag = =V — 2, a; = ch — YTV, d=-",b=1Iland ¢, = —"bgb”sb,

We choose the following change of variables:
i (t) =z (t),
%Q(t) =e s

therefore,

Soo(t) = —Lsa(t)e 1O = 2 (1) (1),
System (5.31) can be written as
&(t) — Di(t — 2I") = A(z)x(t) + Aor(x)x(t — 2I') + Bru(t —I'),  (5.32)

where the control input u(t) corresponds to the angular velocity provided by
the rotary table and

z(t) = [a(t) )"
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o= (1) w-(3)

Agr(z) = < T (;—g - \Il> co Ysign (s (t — 2T) + Q) ) 7

0 0
Alz) = ‘«W+%>—®%ﬂm®+9@
0 — 54 (1) .

Notice that the entries of the matrices D, Br are constant, and the entry
e Ysign(se (t —2I") 4+ Q) of the matrix Aor(z) is bounded. If we consider that
371 (t) is a bounded variable then, so is the matrix A(x).

In this case, we can obtain a polytopic representation of the matrices A(z),
AQF(Z’) as:

A(x)x(t) + Agr(z)z(t — 2T) = Z hi(xy) (Ajz(t) + Aprz(t — 2T)),  (5.33)

el

where A;, Ajor have only constant coefficients [108]. The functions h;(z;),
1 € I" are scalar not necessarily known weighting functions satisfying the
convexity property (5.21).

Clearly, the non-linear drilling system (5.31) can be written in the poly-
topic form (5.20) .

5.3.2. Numerical results

Using parameters given in (3.11), the matrices A(z), Aor(z), Br and D of
the oilwell drilling model (5.32) take the following values:

0.7396 0 5 8523
D__< 0 0)’&—< 0 )
Ay = (33045 —136.132Tsign(a(t) + 20) )

Ao () = < —2.3878 100.680231gn(}8(t —2T") + Q) ) .

In order to obtain a polytopic representation of the system, A(xz) and
Aor(z) must be bounded functions.

There are three independent functions involved: 3¢ (¢), sign(se(t) + Q)
and sign (s (t — 2I") 4+ Qo).

According to (3.6), the variable ¢ (t) = () represents the angu-
lar acceleration at the bottom end of the drillstring 2(¢), this is clearly a
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bounded variable in real applications. The variables sign(s¢(t) + €) and
sign(se (t — 2T") + Q) take only the values 1 and 0.

Under the assumption that A(z) and Aop(z) are bounded, we can obtain a
polytopic representation in the form (5.33), where ¢ € I" = 2% = 8. For A(x)

we have .
Ay(w) = ( —3.3645 azzg(x) ) ’
0 ags(x)
with
—136.1327 = a3 < abs(7) < a3 =0,
—0.9AcCmax = G35 < aby(7) < a2y = —0.9Decpay,

where Accpax and Decpax stand for the maximum acceleration and decelera-
tion respectively. For Aor(x) we have

Apr () = ( —2.81878 aQFQS(x) > 7

with
0= a%rz:s(I) < aéms(x) < agms(x) = 100.6802.

Applying the result of Theorem 6 to the polytopic representation of the
drilling system in closed loop with the control law

u(t) = Kx(t — T), (5.34)
we obtain the feasible result:
K=YP'=(044 —425).
Then, the stabilizing control law for the drilling system (5.31) is given by

U(t) = 044x1(t — F) _ 4_256—%’z1(t—f‘)+§207

which according to (3.6), in terms of the bit speed, can be written as:

b 2 (¢t—T)

u(t) = 0.44z(t — T') — 4.25¢ — 0.449. (5.35)

The simulation result of Figure 5.3 show an effective elimination of the
stick-slip phenomenon by means of the application of the controller (5.35).
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Figure 5.3: Angular velocity trajectory z(t) of the drilling system (5.31) in
closed loop with the control law (5.35) with Q = 20rad s~*.

5.4. Control of coupled vibrations:
practical stability approach

In the real world, systems usually exhibit nonlinear characteristics and
uncertainties for which the theoretical definitions of asymptotic or exponen-
tial stability can be too restrictive. Clearly, the state of a system may be
mathematically unstable, but the response oscillates close enough to the equi-
librium, to be considered as acceptable. In this situation, the notion of Lya-
punov asymptotic or exponential stability is not appropriate. More suitable
performance specifications, from an engineering point of view, are given by the
he definition of practical stability, also refereed to as ultimate boundedness
with a fixed bound [50]. These definition characterize the system transient
behavior with estimates of the bounds on the system trajectories [4].

It is worthy of mention that the concept of practical stability is also referred
to as dissipativeness in the sense of Levinson. This qualitative property is
important in the theory of differential equations, especially in the study of
self-sustained and forced nonlinear oscillations [96]. This notion, introduced in
[71], was used in [8] to develop a basic theory of dissipative periodic processes
on Banach spaces applied to retarded functional differential equations.

The dissipativeness definition is stated in |71] as follows:

Définition 3 The system
(t) = f(t, ) (5.36)
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is called dissipative if there exists some R > 0 such that
mt_m |$(t, t07$0)| <R
for any solution x(t;ty,x0) of (5.56).

This qualitative property, called also ultimate boundedness means that all
systems trajectories will eventually enter into a ball of radius R and will remain
there. Various boundedness properties have been considered by Yoshizawa in
[120] and their role in establishing existence of self-sustained and forced os-
cillations has been pointed out there. The basic results on dissipativeness in
the sense of Levinson are also due to Yoshizawa [120]. In [96], some useful
results on the study of systems dynamics are given; the author analyze three
different concepts of dissipativeness: classical (standard) dissipativeness, dissi-
pativeness in the sense of Levinson and dissipativeness in the sense of system
theory. Criteria, applications and connections between these concepts are
proved.

The following result highlight the fact that the knowledge of a Lyapunov
function greatly simplifies the system analysis.

Theorem 7 (Barbashin and Krasovskii) /7] Let V(x) be a Lyapunov
function defined for |x| > p1 such that:
i) 1s radially unbounded i.e.

lim|x‘_>oo V(l’) = +00;

ii) is non-increasing along those solutions such that |x(t)| > p1;
i) V(1) = 4V(2(t) £ 0 for la] > p.

Then system & = f(z) is dissipative in the sense of Levinson.

In this section, based on the notion of dissipativeness in the sense of Levin-
son, we design a feedback controller ensuring the suppression of torsional
drilling oscillations.

Using Lyapunov techniques and the descriptor approach introduced in
[41], we design a stabilizing controller for a nonlinear neutral-type time-delay
system subject to bounded perturbations. The proposed controller ensures the
"practical stability" of the closed loop system. The result is applied to the
torsional drillstring model to find the synthesis of a feedback controller which
ensures the suppression of the stick-slip phenomenon. Due to the intimate
coupling between the torsional and axial vibration, the elimination of the
stick-slip vibration could give rise to the suppression of the bit bounce [29].
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Consider the following time-delay system of neutral-type:

(t) + Di(t —h) = Agx(t) + Ajx(t — h) + n(t), (5.37)
LE(@) = ¢(0>7 NS [_h70]7

where h > 0 is the time delay, D € R™*™ is Schur stable, Ay, A; € R™*", n(t)
satisfies ||n(t)|| < (, (> 0,t>0.

Definition 3 (Practical stability or ultimate boundedness with a fized bound)
The system is e-practically stable if for some € > 0 there exists 0 < T'(g, p) <
oo such that ||x(t, )| < e forallt >T.

Following the ideas introduced in [117], we derive the following result:

Lemma 5 Consider a time-delay system of the form (5.37). If there exists a
functional V(xy) satisfying:

o x@)* < Vi) < agllaly, VE>0, (5.38)
and q

where aq, as, 0 and [ are positive constants, then, for any initial condition ¢
the following "practical” exponential estimate of the response holds:

ool <t (2ol - 2 )+ 2 (510

a0 10

and the system (5.87) is p-practically stable with p > % forallt > T(u, ¢),

where
0. if loll, < /22
D= 1 (5.41)

2 —
W) , elsewhere.
ar1op—p

Proof 6 Premultiplication of (5.39) by ¢ yields

d_de (eV (2)) < Be™.

Integration from 0 to t gives

t t
/ d_dﬁ (e”V (24)) db < / Be??do,
0 0
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equivalently,

eV (zy) — V(0,20) < g (' —1),
or

Vix,) < e 7'V(0,30) + g (1—e).

It follows from (5.38) that

o eI < eV (0,20) + 2 (1= ) S ape gl + 2 (1 -

o

Then, we have
Qg _ 2 s —
¢ 2 22 ot 1— Ot
Jo®I < S ol + - (1= ),

equivalently,

HﬂmFS‘”( wm-ii)+£2

10 10

Observe that for all initial conditions satisfying

s
ol < oo

is satisfied, i.e., |z(t)]] < /% V¥t >0.

o

Otherwise, if

&%) 2 5
J— >_
ol > .

a0
or ||o]], > ’/E’ it follows that

where

e ") .

(5.42)

(5.43)

(5.44)
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In view of (5.42), T, ¢) is obtained from:

o< (2ot - L) <u- L
1

a0 a0

With the following algebraic steps we get (5.41),

(2o - ) <o (- 2,
1 a0 oo

0 I8l = BY _ ()
10 - a0 ’

2
o s 220 |19l — B

aop—f

In (eaT) > In (OKQO' ||¢||i — 5)

Then,

arop —

Tzlln <W>.

o aop—f

Notice that conditions (5.43) and (5.44) imply that ago |||z — 8 > 0,
arop— B >0 and aso H(bHi — B> ayou— B, hence T exists.

5.4.1. Practical stabilization conditions

The following result allows the "practical" stabilization of a class of a
nonlinear neutral-type system.

Theorem 8 Let a neutral-type time-delay system of the form.:

#(t) + Di(t —27) = Apx(t) + Awx(t —27) + Bu(t — 7) + Co f(z(t))
+C1f(z(t —27)) + w, (5.45)

where T is a constant time delay, D € R™" is Schur stable, Ay, A1 € R™*",
B e R™™, f satisfies ||f(x(t))]] < (, ¢ >0,t >0, and w is such that:

lwllg, =wKow <1,  ¢>0. (5.46)
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Consider a control law of the form:

u(t — 1) = Ko (t — 27) + Kyx(t — 27). (5.47)

If there exist positive definite matrices P, S, R € R™", and Py, P3, Py,
Py € R™™", Ps, Bs, Pr € R™™, Py € R™*™, Py, P11, Ko, K1 € R™", and
B > 0 such that the BMI ® < 0 is feasible for some o > 0, where

[ B, Dy, By By By PIC,+ AYPs PIC,+ ATP Dy
x Doy ATPy Doy Doy AT p; AT Py AT Py
* * (1333 (I)34 @35 P3TC()—P6 P3TCl—P7 @38
o * * * by D45 PICo— DTPy PIC,—DTP Dy
- * * * x &5 PICy+ BIPs PIC,+BIP, ®5% |’
*x * * * * PgCO+OgP6 P6TC'1—|—C'0TP7 q)68
* * * * * * PIC, +CTP,  ®yg
* * * * * * * Pgq
) (5.48)
with
+S—e " R+oP + P Ky + KI'Py — Pl
Gy =e 7R+ PLA,; o5 = ATPy + KT'Py b =Pl — DTR
®3=P— Pl + Al'P; - PL 55 = PI By + B P;
¢y =—-PD+ ATP, P33 = 47°R— P — PY, — P — Py
15 = PI'B + AT Ps 3y =—PI'D - P, P55 = PI + Bl Py
g = Pl + Al Py ®35 = PI'By — Ps s = PL + CL By
@22:—6_U2T(S—|—R) (Dggng—Pg @78:P7T+Cfpg
+ PLK, + KT Py &,y =—-PI'D—-DTP, Pgs = PL + Py

+ PL Ky + KT Py — BK,,

then, for any initial condition ¢, the system (5.45) in closed loop with the
control law (5.47) satisfies the "practical” exponential estimate (5.40) with

Q) = )\min (P) (549)
@ = Amax (P) + 27 Amax (S) + 47 Ao (R) .

In addition system (5.37) is p-practically stable for all t > T(u, @), where
T, @) is given in (5.41).

Proof 7 Let the functional

V(z,) = a7( / 0T (5)Sx(s)ds (5.50)

+27/ / " 03T (s)Rir(s)dsdf.
—27 Jt+0
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Notice that condition (5.38) of Lemma 5 is satisfied with oy and asdefined in
(5.49). The time derivative of (5.50) satisfies

d‘/(fL’t>
dt

+ oV (xy) < 2xT(t)Px(t) + o2’ (1) Px(t)
T (t)Sx(t) — e 7% 2T (t — 27)Sx(t — 27) (5.51)
e 7% (x(t) — 2(t — 27))" R (x(t) — z(t — 27))
+ 47'2:1:T(t)R:c( ).

Now, following the descriptor approach introduced in [41], we add to the right
hand side of the inequality (5.51) two null terms derived from the system
dynamic and the controller structure (5.47):

0 = 2[Pa(t) + Psi(t) + Pyi(t — 27) + Psu(t — 7) + Psf(x(t))  (5.52)
+Pf(x(t — 27)) + Bw]" [—2(t) — Di(t — 27) + Agx(t)
T Ay(t — 27) + Bu(t — 7) + Cof (2(1)) + Cs f(a(t — 27)) + ],
0 = 2[Pyu(t—7)+ Poi(t —27) + Pha(t — 27)] [~u(t — 7) (5.53)
+Koi(t — 27) + Kyo(t — 27)],

where PQ, P37 P4, Pg S Rnxn7 P5, P67 P7 S Rnxm’ Pg € Rmxm’ Pl(), PH, K07
K, € R™™. The condition (5.46) implies that w' K, w — 1 <0, then for any
B > 0, we have that —B(wT K, w — 1) > 0. In order to take into account the
perturbation restriction we can add to (5.51) the term

— Bw' K w—1). (5.54)
In view of (5.51-5.54), we obtain after symmetrization of cross terms,

dV (zy)

dt + O-V(‘rt) - ﬁ < 77T(I)77;

where ® is given in (5.48) and

n:(x(t) x(t—27) x(t) #(t—271) wt—7) f(t) f(t—27) w)T

If ® < 0 the condition (5.39) is satisfied and the result follows from Lemma
5.

Remark 2 The synthesis of he controller (5.47) is directly obtained by solving
the BMI ® < 0 with ® given in Theorem 8.



Chapter 5. Stability analysis and control of drilling vibrations:
160 neutral-type time-delay model approach
5.4.2. Numerical results

Next, we present simulation results of the torsional-axial coupled model
(3.7-3.10). We apply the proposed strategy to find the synthesis of a sta-

bilizing controller ensuring the suppression of the stick-slip oscillations and
consequently the reduction of bit bouncing phenomenon.

Given that only the torsional model (3.7) is used to design the stabilizing
controller, such methodology is reduced to the scalar case.

The resulting controller is applied to the coupled model to evaluate its
performance, through simulations.

g0

BOF-

anly

30

20

z(t) (rad s ')

L ; . i]
20 30 40 50
Time (s)

0 10 20 El] i 50
Time (s)

(a) (b)

|

Figure 5.4: Angular velocity at the bottom extremity z(¢) of the drilling
system in closed loop with the control law (5.56) with: (a) Qo = 10rad s™*
(reduction of stick-slip), (b) Q¢ = 40rad s™! (elimination of stick-slip).
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Figure 5.5: Torque on the bit T'(z(t)) of the drilling system in closed loop
with the control law (5.56) with: (a) Qy = 10rad s™!, (b) Qy = 40rad s~

Notice that the torsional drilling model (3.7) is a scalar representation of
the system (5.45) with 21 = x and T" = 7. Using the model parameters given
in (3.11), the constants ag, a1, b and d of the torsional drilling model (3.7)
take the following values:

ap = —3.3645,  a; = —2.4878,
d=—0.7396, b=5.8523,

the time delay is 7 = 0.3719, we assume that w? < 0.8.

Applying the result stated in Theorem 8, it is possible to obtain the syn-
thesis of the controller (5.47) by means of the solution of the BMI & < 0 by
means of an appropriate computational tool such as the package "PENBMI"
of MATLAB.

Choosing 0 = 1.5 we find a feasible solution of the BMI & < 0:
0 =13627, Ky=—0.1264, P, =49788, Py = —97.8304,
S =17.4167, K;=0.3984, P;=39.3970, Py =1.2411 x 105,

R=15.9585, P,=336.8070, Ps=1.1003, Py = 1.5684 x 10%,
P=7.9283, Py=100.1450, P; = —0.8138, P = —4.9447 x 10%.

The controller that "practically" stabilizes the system (3.7) is given by:

u(t) = —0.1264i:(t — 7) + 0.3984x(t — 7). (5.55)
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Furthermore, the following "practical" exponential estimate is satisfied:

z(t)]]> < e (3.0497 ||||; — 0.1146) + 0.1146.

Regarding the change of variable (3.6), the controller (5.55) can be written
in terms of the bit speed z(t) as:

u(t) = —0.1264%(t — 7) + 0.39842(t — 7) — 0.3984€. (5.56)

Figures 5.4-5.7 show the response of the drilling system in colsed-loop with
the control (5.56) involving downhole measurements.

With some initial transient behavior, all vibration amplitudes are reduced
to acceptable levels. This result is remarkable considering the fact that only
torsional motion is being directly controlled.

Clearly, the choice of the desired rotary table speed influences the system
response. The axial vibrations are reduced since their sources of excitation are
eliminated or the magnitudes of excitation inputs are lowered.

i 10 20 a0 a0 50 - 10 20 0 an 50
Time (s) Time (s)

(a) (b)

Figure 5.6: Axial displacement Y () of the drilling system in closed loop with
the control law (5.56) with: (a) Qy = 10rad s™!, (b) Qo = 40rad s~
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Figure 5.7: Axial displacement Y () of the drilling system in closed loop with
the control law (5.56) with: (a) Qy = 10rad s™!, (b) Qo = 40rad s~ .

The model (3.7-3.10) captures the basic characteristics of coupled drill-
string dynamics. It is well known in the drilling industry, that what appears
to be a smooth operation, sometimes unexpectedly results in catastrophic fail-
ure. This is due to lack of proper understanding of the coupled dynamics, or
to changing conditions in the drilling environment.

5.5. Stick-slip and bit-bounce elimination:
attractive ellipsoid method

Stability results of the previous section allow the elimination of torsional
oscillations, which indirectly leads to the bit bounce reduction. Here, based on
the aforementioned stability concepts, we design stabilizing controllers acting
in both directions in which drilling vibrations appear.

Usually, the mathematical model of any physically motivated system is
subject to perturbations due to uncertainties in the system parameters, mea-
surement errors or external disturbances. In [13], [14] and [47] a control strat-
egy allowing the system stability despite model perturbations is introduced;
such strategy guarantees that the system trajectories are retained within a
given domain (invariant set) and ensures the achievement of some target set.
The relation of invariant sets with the Lyapunov theory studied in [20] raises
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the possibility of using it for the control design of dynamic systems, robustness
analysis, and suppression of disturbances.

In this section we address the problem of control design for the suppres-
sion of drilling vibrations via attractive ellipsoid method. Based on a combi-
nation of Lyapunov method and the principle of attractive sets, we develop
an effective methodology allowing the control synthesis for the drilling sys-
tem stabilization through the solution of an optimization problem subject to
bilinear matrix constraints. The proposed strategy, guaranteeing the suppres-
sion of axial-torsional coupled oscillations, allows to determine the minimum
attractive ellipsoid for the trajectories of the closed loop system.

Lemma 6 [92] Let V (x;) satisfying
d

EV(:&) +oV(z,) <pB, YVt>0, 0>0, §>0,
it follows that,

t—o00

Q™

Notice that V (x;) defines an attractive set.

Definition 4 [66] An ellipsoid centered at the origin is a set in R"™ such that
SM:{J;GR”:xTngl},

where M s a symmetric positive definite matrix.

Definition 5 (Invariant ellipsoid) [86] An ellipsoid & is positive invariant
for the system (5.37) if p(0) € £, 0 € [—h,0] implies that x(t,p) € £, t > 0
for every trajectory of the system.

Definition 6 (Attractive ellipsoid) [86/ An ellipsoid € is an attractive do-
main for the system (5.37) if

1) ¢(0) € €, 6 € [—h,0] implies that x(t,¢) € E, t >0,

2)p(0) € R"\E, for some 0 € [—h,0] implies that there exists T,, 0 < T, < oo,
such that x(t,¢) € £, t > 0.
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Lemma 7 Let the functional V(x;) satisfying
2T (8)Pa(t) < V(z) < oy, (5.57)
where P is a symmetric positive definite matriz and
d
—Vi(xy)+oV(zy) <p, Vt>0, 0>0, 5>0. (5.58)

dt

Then for any initial function ¢ € PC(|—h,0],R"™), the solution x(t,d) is re-
tained within the ellipsoid €5 = {x eR":2TPrx < 1} P = (% + §> P,¢>0

fort > T,(¢,5) > 0 where

2
zu¢o=§m<ﬂﬁﬁ—f>.

S N

Proof 8 Multiplying (5.58) by e gives

d_d9 (eV (2)) < Be™.

Integrating the above expression from 0 to t yields

Vizy) < e 7'V(0,z0) + § (1—e").

It follows from (5.57) that

T (t)Px(t) < e 7'V (0, z0) + g (1-—e) <ae” o2 + g (1—e).

Then, we have

B

TOPa(t) < o (aloli - 2) + 2.

For the initial conditions fulfilling o ||¢||i < §, it yields

T (t)Pa(t) < § vt >0,

equivalently xT(t)%Px(t) <1, for all t > 0. Otherwise, if

B

2
alol > 2,

(5.59)
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we look for the time instant T,(¢, <) at which the solution x(t,¢) enters into
the ellipsoid Ep. In view of (5.59), T,(4,<) should guarantee

v () Px(t) < ¢+ g

for a small enough ¢ > 0, i.e.,

o (aloli - ) =<

From the above expression we have

1
= (alor - 2) =eom

and the result follows.

5.5.1. Stabilization conditions:
minimum attractive ellipsoid

Consider a neutral-type time-delay system of the form:

#(t) + Di(t —2r) = Agx(t) + Ay(t — 27) + By (t — 1) (5.60)
+Bous(t) + Cof(x(t)) + Crf(x(t — 27)) + w,

where w satisfies (5.46). In view of the application under consideration, we
propose the following structure for u;:

u(t — 1) = Kot — 27) + Kyx(t — 27), (5.61)

and for uy(t) we use:

us(t) = Kox(t). (5.62)

Moreover, we assume that the control law us is subject to the restriction:
|uz(t)] < o, (5.63)

where w5 is the saturation level, i.e., the vector us(t) = col {ud(t),...,u"(t)}
is subject to the following amplitude constraints:

)| <), 0<a), j=1,..,m



5.5. Stick-slip and bit-bounce elimination:
attractive ellipsoid method 167

Our aim is to find the conditions such that the ellipsoid
Ep :{xER”:xTJS:cgl},

defines an attractive set for the trajectories of the system (5.60) in closed loop
with (5.61-5.62), i.e.,

lim 2 (t)Px(t) < 1.

t—oo -

Furthermore, the choice of the matrices Ko, K1, Ky € R™™ and P must
guarantee the minimality of the ellipsoid £5. Given that the trace of the
matrix P is inversely related to the axes of the ellipsoid Ep, the following
optimization problem arises:

min tr(P~1) (5.64)
subject to P € &1, Ko, K1, Ky € %o,

where 1, Yo, define the set of admissible matrices of dimension n x n and
m X n respectively guaranteeing the invariance property of the ellipsoid &5.

Consider the functional V' (z;) given in (5.50). Notice that condition (5.38)
of Lemma 7 is satisfied with

& = Amax (P) 4+ 27 Amax (S) + 47*Amax (R) .

The time derivative of V(z;) satisfies (5.51). Following the descriptor
approach introduced in [41], we add to the right hand side of the inequality
(5.51) the following null terms derived from the system dynamic and the
controllers structure (5.61-5.62):

0 = 2[Px(t) + Psa(t) + Pyi(t — 27) + Psuy(t — 7) (5.65)
+Psus(t) + Prf(2(t) + Psf(x(t — 27)) + Pow]”
[—&(t) — Di(t — 27) + Aox(t) + Az (t — 27) + Byuy(t — 7)
+Baus(t) + Cof(x(t) + Cof(x(t — 27)) + w],

0 = 2[Poui(t — )+ Pui(t — 27) + Ppx(t — 27)|" (5.66)
[—ui(t —7) + Koi(t — 27) + Kyx(t — 27)],

0 = 2[Piaus(t) + Puz(t)]” [—us(t) + Koz (t)], (5.67)
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where P, P, Py, Py € R™", P5, Py, Pr, Pg € R"™™, Py, P13 € R™™,
Py, Pio, Py, Ko, Ky, Ky € R™™.

In order to take into account the perturbation restriction, we add to (5.51)
the term (5.54). Notice that condition (5.58) is fulfilled.

Finally, we obtain after symmetrization of the cross terms:

dV(fIft)
dt

oV (x,) — B < n'on,
where

n=(a(t) a(t —27) @(t) @(t = 27) wi(t — 7) uz(t) fla(t)) fla(t —27)) w)",

and @ is a symmetric matrix with elements ®;;, ¢ =1,..,9, j = 1, ..., 9 defined
as follows:

[ Dy Py D1z Py Py g Dir PICi+ATR Pl 4+ ATPR ]

x Doy ATPy Dy By ATP, ATH; AT Py AT P,

* * P33 D3y Py Py O3; P3Tol - R P3T — Py

* * * Dy Dy Dye o, PIC,—D'Py PF—DTR

* * * x By Dy b5, PIC,+ By PI'+BTPRy |,

* * * * * D bs; PIC,+ BIPs Pl + BIPR

* * * * * * Oy PICy+CIPy PF+CIPy

* * * * * * * Pfc,+Crp P +CTR,

* * * * * * * * Dy
where:
P = AOTPQ + PI Ay Pyy = AT P+ KT Py Oy = PIBy — DT By

+S+0‘P—€702TR +P17;K0 @47:P4TCO—DTP7

+ PuKs+ K3 Py Py =ATP+ K[ Py ®55=F B+ B P
by =e "R+ PLA; - PL — PE — Py
(1313:P—P2T+A,’5P3 @33:4T2R—P3—Pér (1356:PgB2+BCfP6
@14:—P5D+A5P4 CI)34:—P3TD—P4 @57:P5TC()+B,{P7
@15:P2TBl+A(7;P5 (1)35:P3TBl—P5 @66:PgBQ+BgP6
O = Py By + Al s Oy = PI By — Pg — PL — Pp3

+ KI'P3 — P Oy = PICy — Py bg; = PICy+ BI' P,

(1317:P2TCO+A31P7 @44:—PZD—DTP4 (1377:P%FCO+CSWP7
Dyy = — 7%7(S + R) + Pl Ko + K{ Py g9 = Py + Py — BK,,

+ PLK, + KT Py by = PIB — DT Py

Clearly, if ® < 0, the condition (5.58) of Lemma 7 is satisfied.
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The introduction of the additional inequality:

H I,

'H::{]n e

]>0,H2P‘1

allows us to reduce the nonlinear optimization problem (5.64) to the linear
problem min tr(H). By Schur complements, the trace minimization of H
implies the the trace minimization of P~! [48].

To address the presence of physical constraints on the control inputs, for
example, limits in force, torque, current, flow rate, etc., we combine the ideas
introduced in [38] and [42| with the attractive ellipsoid properties as follows.
From (5.62-5.63) we get the inequality ki < @), j = 1,...,m, then for all
r€€p, Ep= {x eR":a” <% —|—§> Px < 1} we have that:

2 |kjz| < @) {1 + (% +<) xTP:E} <2y j=1,.,m (5.68)

we can write (5.68) as

1 +27 ﬂ% k% 1 =1
; > =1, ...
( & ) * (% + g) u3 P ( +x ) 0, J e MM

by Schur complements, the latter inequalities are equivalent to the following
ones:

(5+¢) wr - @)k = o
g —J JjT
T, = ( (B“)WD k2 ) >0 j=1,..m,

where k7 is the j-th row of the matrix K.

Summarizing the above ideas, the result on the minimum attractive ellip-
soid for system (5.60) is stated as follows:

Theorem 9 Let the optimization problem
min ¢r(H)
subject to

A= {H7P757R7K07K17K2,Pk75}, k’zl,...,14,
d <0,

H >0,

Z; >0 j=1,...m,

P>0 >0 R>0, >0, >0, ¢>0,
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with optimal solution A= {ﬁ,p, S,Ji’,f(o, Ky, K, ]—%B} k=1,...,14. The

ellipsoid £(0, ]5) determined by the matrix <% + C) ]5, 15 a minimum attractive
ellipsoid for system (5.60) in closed loop with the controllers (5.61-5.63) for
E> To(g,6) = Lin (212l - 2.

So

Dynamic systems are usually subject to uncertain time-varying delays. In
[43] an overview on this topic is given. Here we consider the stability of a
neutral-type time delay system of the form:

(t) + Di(t — g(t)) = Aox(t) + Az (t — 7(t)), (5.69)
where ¢(t) and 7(¢) are uncertain time-varying delays such that
7(t) = h +n(t), (5.70)

where h > 0 is a nominal constant value and 7 is a time-varying perturbation.
Following |58], system (5.69) is represented as:

(t) + Di(t — g(t)) = Agx(t) + Arz(t — h) + Ay [z(t — h —n(t)) — x(t — h)],

which is equivalent to
t—h
(t) + Di(t — g(t)) = Aox(t) + Arx(t — h) — Ay / z(s)ds.  (5.71)

t—h—n(t)

In [43], two delay perturbation cases are considered:

- Case 1.- n(t) is a sign-varying piecewise-continuous function satisfying
In(t)| < p < h with known upper-bounds g, i.e.,

7(t) € [h —p, h+ pl.

- Case 2.- n(t) is a non-negative piecewise-continuous function such that
n(t) < p, and thus,

7(t) € [h, h+ .

The main idea for the stability analysis of (5.71) is to consider a Lyapunov
function of the form: V =1V, + V,, where V,, is a nominal Lyapunov function
from which the stability conditions of the nominal system (n = 0) are derived,
and V, consists of an additional term depending on pu.
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Following these ideas, it is possible to determine additional conditions
under which £(0, P) is the minimum attractive ellipsoid for system (5.60-
5.63) subject to uncertain time varying state delay of the form (5.70). In this
case we might choose V,, as in (5.50) with 27 = h. For V, we would consider

I t
Vo= (h+ ,u)/ / e” DT (5)Ryi(s)dsdf, R, >0,
—p Jt+60—h

for the Case 1; for the Case 2:

0yt
Vo= (h+ ,u)/ / e’ V3T (s Ryi(s)dsdf, R, > 0.
—u Jt+0—h

Note that for 4 — 0 we have V, — 0 and thus V" — V,,. The latter
will guarantee that if the conditions for the stability of the nominal system
are feasible, then the stability conditions for the perturbed system will be
feasible for small enough p. The additional stability conditions will be derived
according to the choice of V,, and to the system representation similar to (5.71).

5.5.2. Numerical results

In view of the models (3.7) and (3.10), the torsional-axial coupled dynamics
of the drillstring can be described by the following equation:

©(t) + Di(t — 2I') = Apz(t) + Ayz(t — 2I') + Byuy (t — I') + Baus(t)

where z(t) = [ z1(t) xa(t) x3(t) }Ta

—y—2 0 0 e ) 2 I
B B
Ay = 0 0 1 |, A= 0 00|,B=1]0
K1Ch ko co Bich 0 0 0
mo mo mo mo
0 — X -T 0 0
B
Bo=| 0 |,C=1| 0 |,Ch=|0]|,D=| 0 00|,
o — b 0 0 00

the time delay is given by I' = ,/%L, the control inputs u; and us corre-

sponds to the angular velocity at the surface Q(¢) and the ROP respectively,
f(+) corresponds to the nonlinear term 7y, defined in (3.5).
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The parameters used in the following simulations are given in (3.11). The
trajectories of the open loop drilling model are shown in Figure 5.8.

We assume that due to the physical constraints of the drilling system, the
control input uy(t) (corresponding to the ROP) is subject to the restriction
lug(t)| < ug where uy = 100. We consider that the initial condition ¢ is such
that ||¢[|, = 2. Using Theorem 9 we obtain the synthesis of the controllers
(5.61-5.62) by means of an appropriate computational tool such as the package
"PENBMI" of MATLAB.

The maximum exponential decay rate for which the conditions given in
Theorem 9 are satisfied is ¢ = 1.5. The solution of the optimization problem
is:

6.1522 2.5914 0.2713 0.4238
P = 2.5914 13.0989 3.4865 |, eig(P) = 5.4240 |
0.2713 3.4865 1.4203 14.8236

Amax (S) = 318.9226, Apax (R) = 3.9407, 8 = 1.3620, a = 254.1923,
Ky = [ —01272 0 0], K;=1]0.4429 0.0196 0.0088 |(5.73)

Ky, = [24.3378 305.7411 120.3589}.
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The resulting control input uy(t) is shown in Figure 5.9.

The trajectories of the drilling system (5.72) in closed loop with the con-
trollers (5.61-5.62) with Ky, K, K5 given in (5.73) are shown in Figure 5.10.
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Figure 5.9: Controller uy given in (5.62).

For ¢ = 0.1, the trajectories of the drilling system are retained into the
ellipsoid £5 = {SL’ cR": 2TPx < 1} where

) 7.3906 3.1130 0.3259
P = 3.1130 15.7357 4.1883 |,
0.3259 4.1883 1.7062

for t > T,(¢,<) = 0.66671In (2541.9|¢||} — 9.0800) = 6.1510s. The minimum
attractive ellipsoid obtained for the drilling system (5.72) is shown in Figure
5.11.

The following table shows a comparative analysis of the obtained results
for the drilling example for the case in which the control input is subject to the
restriction |uy(t)| < 100 and when there are no constraints on the controllers.
Clearly, the absence of restrictions on us gives a better performance.

control input us, . (t) o a g Tu(0,5)
restriction on wus(t) 100 1.5 254.1923 1.3620 6.1510s
no restriction on wuy(t) 159 1.6 123.4176 1.6227 5.3140s
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Figure 5.10: Trajectories x1(t), z2(t), z3(t) of the system (5.72) in closed loop
with the controllers (5.61-5.62).

Remark 3 Nowadays there are diverse tools allowing the drilling downhole
measurements in real time like the Drill String Acceleration Tool (DSA) de-
veloped by the Borehole Research Group - Lamont-Doherty Earth Observatory
(BRG-LDEQ) or the Measurement While Drilling (MWD) tool developed by
the Esso Research Company which allows to measure axial, torsional and bend-
ing forces and moments; axial, lateral and angular accelerations; internal and



Chapter 5. Stability analysis and control of drilling vibrations:
176 neutral-type time-delay model approach

external pressure etc. Therefore the proposed controllers given in (5.61-5.62)
are suitable to be applied reqardless of the use of a state observer or estimator.

..........

Figure 5.11: z(t) vs. x5(t) vs. x3(t) converging to the ellipsoid £(0, P).

5.6. Conclusion

Stability analysis and control of drilling vibrations were addressed within
the framework of time-delay systems. Based on diverse analysis approaches,
feedback control solutions have been proposed. The presented control strate-
gies are derived through Lyapunov theory yielding stability and stabilization
conditions in terms of matrix inequalities.

The analyses outlined in this chapter arise from three Lyapunov func-
tionals suitable for each approach. Exponential stability of the drilling sys-
tem, represented as an autonomous switching system, is investigated through
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the functional given in (5.5), LMI-type conditions have been derived. The
Lyapunov-Krasovskii functional stated in (5.25) is appropriate to deal with
the descriptor form of the considered neutral-type system, stabilization condi-
tions in terms of BMIs have been obtained. It was shown that under adequate
manipulations, the bilinearity can be overcome to get linear constraints. For
the practical stability analysis developed in Sections 5.4 and 5.5, the proposed
functional (5.50) involves exponential terms allowing the achievement of the
condition (5.39) stated in Lemma 5. In addition, the strategy of adding null
terms derived from the system dynamics and controllers structure leads BMI

type stability conditions that can be handled using an appropriate computa-
tional tool such as the package "PENBMI" of MATLAB.

The control strategies presented in the first three sections of this chapter
are aimed at the suppressing torsional drilling behavior. To this end, diverse
control structures have been proposed; the control law given in (5.19), cho-
sen for the stability analysis in the framework of switched systems, and the
controller stated in (5.56), arising from the practical stabilization approach,
are state-feedback controllers involving the angular velocity and acceleration
measured at the bit level. Nowadays, in practice, these variables are available
in real time due to the acquired advanced technology. In Section 5.3 the non-
linear feedback controller (5.35), proposed to tackle the problem of stick-slip
suppression, involves only the rotary speed at the bottom of the string.

In Section 5.4 we have analyzed the effect of applying the controller (5.56)
on the bit-bounce. It was shown that the suppression of the stick-slip give rise
to the reduction of axial oscillations. In Section 5.5 a comprehensive analysis
of coupled vibrations has been carried out, the linear feedback controllers
(5.61-5.62), involving the measurement of axial and torsional variables, have
been proposed to simultaneously suppress the stick-slip and the bit bounce.

Simulation results show a satisfactory performance of all the proposed
controllers, however, regarding the oscillating response of the closed loop tra-
jectories, the time taken to suppress the stick-slip and the complexity involved
in the solution of matrix inequalities, we can conclude that the nonlinear con-
troller (5.35) which is derived from the multimodel approximation approach
is the best solution to suppress torsional drilling oscillations. Nevertheless,
the attractive ellipsoid method, albeit involving conservatism and complex-
ity derived from the introduction of free weighting variables of the descriptor
approach, provides an integral solution to the problem of coupled drilling os-
cillations. This strategy allows the synthesis of stabilizing feedback controllers
guaranteeing the elimination of axial and torsional vibrations, even in pres-
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ence of saturation restrictions on the control input. The arising optimization
problem leads to find a minimal attractive set for the system trajectories.



Chapter 6

(General conclusions and future
work

This thesis summarizes the main contributions derived from an exhaustive
research on modeling, analysis and control of vibrations occurring during the
drilling process.

Stick-slip phenomenon consisting in torsional vibration of the drillstring
has been the focal point of this research project since it constitutes the major
source of failures in drilling operations. The occurrence of torsional vibra-
tions contributes to the excitation of axial oscillations which greatly affect the
drilling structure components; special attention has been paid to the vibra-
tions coupling.

Torsional dynamics of the drilling system are modeled by the unidimen-
sional wave equation subject to mixed boundary conditions. The sick-slip
behavior is approximated by a nonlinear friction model reproducing the bit-
rock interaction. By means of a direct transformation, a time-delay equation,
representing a simplified input-output model of the system, was derived. In
order to validate the proposed modeling strategy, system simulations in close
agreement with field observations with regards to the stick-slip and bit-bounce,
were developed. The main empirical practices to tackle the problem were in-
vestigated and tested. Increasing the angular velocity at the top extremity
and reducing the WOB are the most common strategies used in practice to
avoid torsional vibrations; however raising the angular speed provided by the
rotary table may lead to lateral vibrations and lowering the weight on the
cutting device may preclude an adequate penetration rate or even stop the
drilling operation, these shortcomings requires us to develop effective control
solutions.



180 Chapter 6. General conclusions and future work

On the basis of the different modeling strategies proposed to describe drill-
string torsional dynamics, stability and stabilization analyses were carried out.
Certainly, the wave equation model constitute the closest description to re-
ality since it reproduces the distributed behavior of the system. However,
the complexity involved in simulations make us prefer the simplified model
constituting a reliable representation of the system and allowing to exploit
techniques of the broad control theory for time-delay systems.

Just a few works of the available literature have provided a stability anal-
ysis of their proposed methods to treat the drilling vibration problem. Our
control solution proposals are based on Lyapunov techniques and they guar-
antee the closed loop system stability.

Matrix-inequality approach derived from Lyapunov theory is shown to be
a powerful and efficient tool to stability and control of dynamic systems. In
this framework, the oilwell drilling system under consideration was studied
highlighting that this approach is valid in both partial differential and time
delay models. LMI approach for the analysis of distributed parameter models
is an interesting area just opening up for research. Through this methodology,
we have presented a comprehensive analysis of torsional drilling vibrations
described by the wave equation. Ultimate bounds on the system response
were found and a controller derived from the energy dissipation of the system
was designed. In addition, a novel strategy to tackle the problem of boundary
control of coupled wave-ODE systems, was introduced.

Based on the neutral-type time-delay model, we have proposed both linear
and nonlinear controllers to overcome the drilling vibration problem involv-
ing the measurement of variables at the bit level which are readily accessible
by the implementation of real time devices currently available. A significant
advantage was proved for the nonlinear controller whose implementation en-
tails a successful attenuation of torsional oscillations within a few seconds.
We have also introduced an integral solution to the coupled vibration prob-
lem. This particular topic has been poorly studied, in fact, authors generally
study the vibration modes individually. We have designed here, control laws
to simultaneously suppress stick-slip and bit-bounce.

An important tool we have used, combined to the matrix inequality
methodology, is the descriptor approach which albeit involving the introduc-
tion of free weighting variables, leading to an increase of the matrix inequali-
ties size, significantly reduces the overdesign and conservatism entailed in the
existing methods.
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The obtained LMI-type conditions can be handled by using diverse com-
putational tools such as the LMI toolbox of Matlab or the Sedumi and Yalmip
packages. To solve problems stated in terms of BMIs, specific numerical solvers
such as TOMLAB/PENBMI are required.

This research project has addressed several important topics of the control
theory: robustness against perturbations, practical stability and stabilization
of the drilling system subject to additive disturbances was proved; optimiza-
tion problem, a set of conditions ensuring the minimization of the attractive
set retaining the system trajectories were given; control input saturation, ad-
ditional stability conditions to address the presence of physical constraints on
the control inputs arising from limits in force, torque, current, flow rate, etc.
were provided.

We can conclude that the proposed time-delay model constitutes a sim-
ple and reliable representation of the drilling dynamics. Furthermore, the
suggested control techniques to suppress oilwell drilling oscillations are novel,
simple and efficient compared to the existing ones. They lead to drill at lower
speeds, which is, impossible without control. The presented strategies have
a wide domain of application since they can be easily generalized to treat a
broad range of other engineering, physical and biological problems.

6.1. Perspectives

The wave equation model accurately reproduce the propagation of coupled
axial and torsional waves in the rod. Further analyses will be based on this
modeling strategy; the boundary control of coupled PDE-PDE systems is an
interesting and poorly explored topic to be addressed.

To fully describe the rod behavior during the drilling process, the future
work must include a proper model for the lateral dynamics; Euler-Bernoulli
and Timoshenko beam theory could lead to the development of the mathe-
matical description of transversal drillstring motion. The inclusion of models
for the diverse actuators involved in the system (rotary table motor, mud
pump motor and winch motor for pulling/dragging drill pipes and drill col-
lars) would be convenient. In addition, one should take into consideration the
many unknown and varying parameters arising from the fact that drillstring
characteristics change as the drilling operation makes progress such as the
length of the rod and the weight supported by the cutting device.
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Further research on control design to avoid drilling vibrations will be con-
ducted through trajectory tracking control techniques. The controllers struc-
ture should be determined in agreement with the existing saturation levels
of the control inputs, unlike the control laws proposed in this work whose
structure is fixed a priori. Supplementary control inputs (WOB, motor power
supply) and input saturations (constraints in motor torque and power, speed,
acceleration and jerk) should be contemplated. A comparison study on effec-
tiveness and robustness of the control strategies is another particular objective
to be pursued.

On the other hand, the analysis of the drilling process considering dif-
ferent operating conditions is a particularly important research subject. For
instance, we can refer the drilling operation conducted through the seabed
(offshore drilling), in which additional characteristics must be considered: the
depth of water, climatic conditions, the remoteness from the logistical base,
etc.

A wide range of research lines may emerge of this thesis project. It is well
known that vibrations are normally unwanted phenomenal behavior frequently
occurring in structures and machines leading fatigue, failure, unreliability and
noise pollution. Although they may cause safety problems in engineered sys-
tems. The modeling, analysis and control methodologies introduced here,
could be useful to treat the vibration problem in many others mechanisms.
There exist a wide variety of examples in which the oscillation problem may
cause catastrophic failures, one of them is the aircraft wing oscillation. When
an aircraft wing vibrates excessively, passengers in the aircraft become un-
comfortable especially when the frequencies of vibration correspond to natural
frequencies of the human body and organs, in fact, the resonant frequency of
the human intestinal tract should be avoided at all costs when designing high
performance aircraft and reusable launch vehicles because sustained exposure
can cause serious internal trauma. Furthermore, if an aircraft wing vibrates
at large amplitudes for an extended period of time, the wing will eventually
experience a fatigue failure of some kind, which would potentially cause the
aircraft to crash resulting in injuries and/or fatalities. The vibration treat-
ments found in the specialized literature can be separated into two categories,
passive and active, passive treatments include resilient materials and Tuned
Vibration Absorbers (TVA), active solutions require controllers implementa-
tion, three main types can be distinguished: Active Isolation Control (AIC),
Active Noise Control (ANC), Active Structural Control (ASC) [82]. Vibra-
tional problems require continuous research in accordance with the growing
technology.
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