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Jesús Guillermo Falcón Cardona

as the fulfillment of the requirement for the degree of

Ph.D. in Computer Science

Advisor

Dr. Carlos Artemio Coello Coello

Mexico, Mexico City November 2020



iv



Resumen

Los indicadores de calidad (ICs) son funciones que le asignan un valor real a un
conjunto que representa una aproximación a un frente de Pareto generado por un
optimizador multi-objetivo, dependiendo de propiedades de calidad espećıficas. En
la comunidad de optimización evolutiva multi-objetivo, los ICs han sido principal-
mente empleados en dos maneras: (1) para la evaluación de algoritmos evolutivos
multi-objetivo (AEMOs), y (2) para guiar el proceso evolutivo de AEMOs, siendo el
componente principal de sus mecanismos de selección. Con respecto al primer caso,
una de las ĺıneas de investigación más importantes ha sido la búsqueda de nuevos
ICs unarios que midan la convergencia hacia el frente de Pareto y que tengan la
propiedad de Pareto-compatibilidad, es decir, que sus preferencias sean compatibles
con la relación de dominancia de Pareto que es el criterio t́ıpicamente empleado al re-
solver problemas de optimización multi-objetivo (POMs). Actualmente, el indicador
de hipervolumen y sus variantes son los únicos ICs unarios Pareto-compatibles. Por
otra parte, los ICs han promovido el diseño de nuevos esquemas de selección que
permitan a los AEMOs incrementar su presión de selección para resolver POMs que
tengan más de tres funciones objetivo (los denominados problemas de optimización
con muchos objetivos) y para generar aproximaciones a los frentes de Pareto con
diversas distribuciones de soluciones debido a las preferencias espećıficas de los ICs.

Recientemente, se ha enfatizado que el desempeño de algunos AEMOs del estado
del arte depende de la forma del frente de Pareto del POM a resolverse. Desafortu-
nadamente, los mecanismos de búsqueda de estos AEMOs están sobre-especializados
para resolver problemas de prueba cuyos frentes de Pareto están altamente correla-
cionados con la forma de un simplex. En consecuencia, es necesario diseñar AEMOs
cuyo desempeño sea invariante a la forma del frente de Pareto.

Esta tesis está enfocada en tratar el problema de dependencia de los AEMOs a
las geometŕıas de los frentes de Pareto y el diseño de nuevos ICs Pareto-compatibles.
Con respecto a la dependencia a la forma de los frentes, se propone el uso de múltiples
mecanismos de selección basados en indicadores bajo dos esquemas principales: com-
petición y cooperación. La idea subyacente de ambos esquemas es superar las de-
bilidades de un mechanismo de selección basado en un indicador con las fortalezas
de otros. Al combinar múltiples mecanismos de selección basados en indicadores
se mostró a través de diversas propuestas que es posible generar aproximaciones a
los frentes de Pareto con buenas propiedades de convergencia y diversidad, indepen-
dientemente de la forma geométrica del frente, usando los esquemas competitivo y
cooperativo. Por otra parte, se propuso la combinación matemática de uno o más ICs
debilmente Pareto-compatibles con al menos uno que sea Pareto-compatible, dando
como resultado un nuevo indicador Pareto-compatible. Esta propuesta permite in-
crementar el número de ICs Pareto-compatibles disponibles para ser usados tanto en
la evaluación de AEMOs como en sus mecanismos de selección.



Abstract

Quality indicators (QIs) are set functions that assign a real value to a set that
represents the Pareto front approximation generated by a multi-objective optimizer,
depending on specific quality properties. In the evolutionary multi-objective op-
timization community, QIs have been mainly employed in two ways: (1) for the
assessment of multi-objective evolutionary algorithms (MOEAs), and (2) to guide
the evolutionary process of MOEAs, being the backbone of selection mechanisms.
Concerning the former case, one of the most important research paths has been the
finding of new unary QIs that measure convergence towards the Pareto front, hav-
ing the Pareto-compliance property, i.e., their preferences should be compliant with
the Pareto dominance relation which has been the typical optimality criterion when
solving multi-objective optimization problems (MOPs). Currently, the hypervolume
indicator and its variants are the only known unary QIs Pareto-compliant. On the
other hand, QIs have promoted the design of new selection mechanisms that allow
MOEAs to increase their selection pressure to solve MOPs having more than three
objective functions (the so-called many-objective optimization problems) and to gen-
erate Pareto front approximations with different distribution properties due to the
inner preferenes of QIs.

Some studies have stressed out that the performance of some state-of-the-art
MOEAs depends on the Pareto front shape of the MOPs being tackled. Unfortu-
nately, the search mechanisms of these MOEAs are overspecialized to solve bench-
mark problems with Pareto front shapes highly correlated with the shape of a simplex.
In consequence, it is necessary to design MOEAs whose performance is invariant to
the Pareto front shape.

In this thesis, we focus on tackling the Pareto front shape dependence of MOEAs
and the design of new Pareto-compliant QIs. Regarding the shape dependence, we
propose to use multiple indicator-based selection mechanisms under competitive and
cooperative schemes. The underlying idea of both schemes is to overcome the weak-
nesses of an indicator-based selection mechanism with the strengths of the others.
When combining multiple indicator-based selection mechanisms, we showed through
different proposals that it is possible to generate Pareto front approximations hav-
ing good convergence and diversity, regardless of the geometrical shape, using both
the competitive and the cooperative approaches. On the other hand, we proposed
the mathematical combination of one or more weakly Pareto-compliant QIs with at
least one Pareto-compliant indicator to produce new Pareto-compliant QIs. This ap-
proach allows to increase the number of Pareto-compliant indicators to be used for
the assessment of MOEAs or in their selection mechanisms.
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Chapter 1

Introduction

In the engineering, scientific and industrial fields, there exist problems that involve
the simultaneous optimization of several, often conflicting, objective functions. These
are the so-called multi-objective optimization problems (MOPs). Due to the conflict
among the objectives, MOPs do not have a single solution (as in the case of single-
objective optimization problems) but a set of them that represent the best possible
trade-offs among the objective functions. The solutions of an MOP conform the
so-called Pareto optimal set (defined in decision variable space), and its image, in
objective function space, is called Pareto optimal front.

Recently, multi-objective evolutionary algorithms (MOEAs) have become a pop-
ular choice for tackling complex MOPs [24]. MOEAs are stochastic population-based
metaheuristics that employ the principles of natural selection (i.e., the survival of
the fittest individuals in a population) to drive a set of solutions towards the Pareto
optimal front. Unlike most of the mathematical programming techniques applied to
MOPs that generate a single solution per execution [108], MOEAs generate a Pareto
front approximation at each execution, i.e., they are set-based methods. However,
MOEAs cannot ensure optimality of solutions due to the use of stochastic mechanisms.
For several years, most MOEAs have incorporated the concept of Pareto dominance
in their selection mechanisms [63, 31, 154]. Pareto-based MOEAs have shown a good
performance when tackling MOPs with two and three objective functions. However,
the selection pressure of Pareto-based MOEAs quickly dilutes when solving MOPs
having four or more objective functions, i.e., the so-called many-objective optimiza-
tion problems (MaOPs). This dilution is due to the rapid increase of the size of the
search space and also of the number of solutions preferred by the Pareto dominance
relation, which eventually causes a Pareto-based selection mechanism to choose so-
lutions at random [77]. Consequently, to improve the performance of MOEAs on
MaOPs, three main methodologies have been proposed: (1) the use of reference sets
to guide the convergence of MOEAs [30], (2) decomposition of the MOP into multiple
single-objective problems to be simutaneously solved [147], and (3) the use of quality
indicators (QIs) to design selection mechanisms [8, 18, 100]. In this thesis, we focus
on the latter methodology, i.e., the design of new selection mechanisms based on QIs
to improve the performance of MOEAs on MaOPs. Additionally, we also propose

1



2 Chapter 1

new advances on the design of QIs that are compliant with the Pareto dominance
relation.

1.1 Motivation

Currently, the difficulties of Pareto-based MOEAs are well known when dealing with
multi-objective optimization problems having four or more objectives [77, 89]. As
a consequence, indicator-based MOEAs (IB-MOEAs) have become a popular option
[152, 8, 15, 43]. These MOEAs employ QIs, which are functions that assess Pareto
front approximations [158], depending on certain quality aspects such as convergence
and diversity of solutions, to define selection mechanisms. IB-MOEAs transform the
MOP into a single-objective optimization problem, i.e., the optimization of a given
QI. To this end, IB-MOEAs solve or approximate at each iteration an indicator-based
subset selection problem [4].

In the specialized literature, there exists several QIs [133, 84, 95]. QIs focused
on assessing convergence or convergence-diversity have been commonly employed to
guide the selection process of MOEAs. Zitzler [148] introduced the hypervolume
indicator (HV) that rewards the convergence to the Pareto optimal front as well
as the extent of solutions along it. HV measures the size of the objective function
space dominated by an approximation set and bounded by an anti-optimal reference
point. Currently, HV and its variants are the only unary QIs that are known to be
Pareto-compliant1. Nevertheless, its computation is highly time-consuming as the
dimensionality of the approximation set increases. Hence, this high computational
cost has prevented its use by IB-MOEAs when tackling MaOPs. Consequently, other
less expensive QIs, but with weaker mathematical properties, have been proposed to
guide MOEAs’ selection mechanisms. For instance: the R2 indicator [17], Inverted
Generational Distance plus (IGD+) [74], the additive ε indicator (ε+) [158], and the
averaged Hausdorff distance (∆p) [118]. In spite of the plethora of QIs currently
proposed, no one can assess all the desired features of an approximation set, since
each QI exhibits specific preferences over the set of all approximation sets. In other
words, each QI guides the search of an MOEA according to its preferences and, thus,
each one will produce Pareto front approximations with specific characteristics.

Additionally, a challenging open research topic is the design of more general
MOEAs. A wide variety of state-of-the-art MOEAs employ a set of convex weight
vectors2 to guide their selection mechanisms. These weight vectors lie on an (m− 1)-
simplex. However, Ishibuchi et al. [75] empirically showed that the use of convex
weight vectors overspecializes MOEAs on MOPs whose Pareto fronts are strongly
correlated to the simplex shape formed by such weight vectors. In other words, the
performance of such MOEAs strongly depends on the Pareto front shape of the MOP

1A QI is Pareto-compliant if its resulting values when evaluating approximation sets, are com-
pliant with the Pareto dominance relation.

2A vector ~w ∈ Rm is a convex weight vector if and only if
∑m
i=1 wi = 1 and wi ≥ 0 for all

i ∈ {1, . . . ,m}.
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being tackled, which makes them unable to solve MOPs with different Pareto front
geometries. Hence, IB-MOEAs can be employed to overcome this overspecialization
due to the different properties that each QI offers.

1.2 Problem statement

As a consequence of the associated issues with Pareto-based selection mechanisms
when dealing with MaOPs, a potential research area is the design of new selection
schemes that overcome such problems. IB-MOEAs have shown remarkable results
when tackling MaOPs. Since each QI exhibits specific solution preferences, an IB-
MOEA based on a single QI will certainly exhibit noteworthy results on MOPs related
to such preferences. However, its performance will degrade in problems out of the
scope of the QI’s preferences. Hence, we focus on the design of selection mecha-
nisms that take advantage of the strengths of multiple indicators to solve low- and
high-dimensional MOPs, covering a wide range of difficulties and Pareto front shapes.
Regarding problem difficulties, we aim to solve MOPs with the following characteris-
tics:

• Multi-frontality: it is related to objective functions that have several locally
optimal solutions.

• Deceptiveness: this characteristic is associated to objective functions where
the search space favors false optimal solutions.

• Nonseparability: it implies dependencies beween decision variables.

• Bias: An MOP is said to be biased when there is a significant density variation
between the Pareto optimal set and the Pareto optimal front.

Additionally, we are interested in solving MOPs with distinct Pareto front shapes,
namely, convex, concave, linear, disconnected, degenerate, mixed, simplex-like and
non-simplex-like shapes.

1.3 Objectives

The main goal of this thesis is to advance the state-of-the-art of indicator-based
MOEAs, through the proposal of new selection mechanisms that combine the search
skills of multiple indicator-based selection mechanisms. The specific goals are the
following:

• Comprehensively review the state-of-the-art IB-MOEAs with the aim of propos-
ing the first taxonomy that helps the specialized community to classify them.
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• Study the advantages and drawbacks of different indicator-based selection mech-
anisms with the purpose of determining their convergence and distribution prop-
erties. This analysis will be a fundamental part to know the practical properties
of quality indicators when embedded into selection schemes.

• Analyze multiple indicator-based selection mechanisms in order to produce a
hyper-heuristic that selects the best one, according to the problem characteris-
tics.

• Investigate the cooperation between multiple indicator-based selection mecha-
nisms to design an MOEA able to take advantage of the individual strengths of
such indicators.

• Propose at least a new quality indicator to assess convergence or convergence-
diversity of MOEAs.

• Provide a statistical study of the proposed algorithms using different test prob-
lems and real-world applications.

1.4 Research hypothesis

Our new indicator-based selection mechanisms will rely on the following hypotheses:

• Since each QI has different preferences over solutions, it is possible to take ad-
vantage of multiple QIs to design selection mechanisms such that the weaknesses
of a specific QI could be compensated with the strengths of other(s).

• A more general MOEA, i.e., an MOEA whose performance does not strongly
depend on the Pareto front shapes, could be designed on the basis of the com-
bination of the individual search capabilities of indicator-based selection mech-
anisms.

• Through the mathematical combination of QIs, it is possible to create a family
of combined indicators, having specific mathematical properties such as Pareto-
compliance.

1.5 Publications and Awards

In this section, we list the current contributions and awards related with this thesis.
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Conference publications

1. Jesús Guillermo Falcón-Cardona and Carlos A. Coello Coello, A Multi-
Objective Evolutionary Hyper-heuristic based on Multiple Indicator-based Den-
sity Estimators. In Proceedings of the 2018 Genetic and Evolutionary Computa-
tion Conference (GECCO’2018), ACM Press, Kyoto, Japan, 2018 pp. 633–640.
ISBN: 978-1-4503-5618-3. Nominated to Best Paper Award.

2. Jesús Guillermo Falcón-Cardona and Carlos A. Coello Coello, Towards
a More General Many-Objective Evolutionary Optimizer using Multi-Indicator
Density Estimation. In Proceedings of the 2018 Genetic and Evolutionary Com-
putation Conference Companion (GECCO’2018), ACM Press, Kyoto, Japan,
2018, pp. 1890–1893. ISBN: 978-1-4503-5764-7. Nominated to Best Stu-
dent Paper Award.

3. Jesús Guillermo Falcón-Cardona and Carlos A. Coello Coello, Towards
a More General Many-Objective Evolutionary Optimizer. In Proceedings of
the 15th International Conference on Parallel Problem Solving from Nature
(PPSN XV), Springer Lecture Notes in Computer Science Vol. 11101, Coimbra,
Portugal, 2018, pp. 335–346. ISBN: 978-3-319-99258-7.

4. A. M. Abdelbar, K. M. Salama, Jesús Guillermo Falcón-Cardona, and
Carlos A. Coello Coello, An Adaptive Recombination-Based Extension of the
iMOACOR Algorithm. In Proceedings of the 2018 IEEE Symposium Series on
Computational Intelligence (SSCI), Bangalore, India, 2018, pp. 735-742, doi:
10.1109/SSCI.2018.8628657.

5. Jesús Guillermo Falcón-Cardona, Carlos A. Coello Coello and Michael
T. M. Emmerich, CRI-EMOA: A Pareto-Front Shape Invariant Evolutionary
Multi-Objective Algorithm. In Proceedings of the 10th International Confer-
ence on Evolutionary Multicriterion Optimization (EMO’2019), Springer Lec-
ture Notes in Computer Science Vol. 11411, East Lansing, MI, USA, 2019, pp.
307–318. ISBN: 978-3-030-12597-4.

6. Jesús Guillermo Falcón-Cardona, Michael T. M. Emmerich and Carlos A.
Coello Coello, On the Cooperation of Multiple Indicator-based Multi-Objective
Evolutionary Algorithms. In Proceedings of the 2019 IEEE Congress on Evolu-
tionary Computation (CEC’2019), IEEE Press, Wellington, New Zeland, 2019,
pp. 2050-2057, doi: 10.1109/CEC.2019.8790315..

7. Jesús Guillermo Falcón-Cardona and Carlos A. Coello Coello, Conver-
gence and Diversity Analysis of Indicator-based Multi-Objective Evolutionary
Algorithms. In Proceedings of the 2019 Genetic and Evolutionary Computa-
tion Conference (GECCO’2019), ACM Press, Prague, Czech Republic, 2019,
pp. 524–531. ISBN: 978-1-4503-6111-8.
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8. Jesús Guillermo Falcón-Cardona, Michael T. M. Emmerich and Carlos A.
Coello Coello, On the Construction of Pareto-compliant Quality Indicators. In
Proceedings of the 2019 Genetic and Evolutionary Computation Conference
Companion (GECCO’2019), ACM Press, Prague, Czech Republic, 2019, pp.
2024–2027. ISBN: 978-1-4503-6748-6. Nominated to Best Student Paper
Award.

9. Jesús Guillermo Falcón-Cardona, Hisao Ishibuchi and Carlos A. Coello
Coello, Riesz s-energy-based Reference Sets for Multi-Objective Optimization. In
Proceedings of the 2020 IEEE Congress on Evolutionary Computation (CEC’-
2020), IEEE Press, Glasgow, Scotland, 2020. Nominated to Best Paper
Award.

10. Jesús Guillermo Falcón-Cardona, Arnaud Liefooghe and Carlos A. Coello
Coello, An Ensemble Indicator-based Density Estimator for Evolutionary Multi-
Objective Optimization. In Proceedings of the 16th International Conference on
Parallel Problem Solving from Nature (PPSN XVI), Springer Lecture Notes in
Computer Science Vol. 12270, Leiden, The Netherlands, 2020, pp. 201–214.
ISBN: 978-3-030-58114-5.

11. Jesús Guillermo Falcón-Cardona, Hisao Ishibuchi and Carlos A. Coello
Coello, Exploiting the Trade-off between Convergence and Diverity Indicators.
In Proceedings of the 2020 IEEE Symposium Series on Computational Intelli-
gence (SSCI), Camberra, Australia, 2020. Accepted.

12. Jesús Guillermo Falcón-Cardona Edgar Covantes Osuna and Carlos A.
Coello Coello, An Overview of Pair-Potential Functions for Multi-Objective Op-
timization. In Proceedings of the 11th International Conference on Evolutionary
Multicriterion Optimization (EMO’2021), Springer Lecture Notes in Computer
Shenzhen, China, 2021. Under Review.

Journal publications

1. Jesús Guillermo Falcón-Cardona and Carlos A. Coello Coello, A new in-
dicator-based many-objective ant colony optimizer for continuous search spaces.
Swarm Intelligence, 11, 71-100, 2017.

2. Jesús Guillermo Falcón-Cardona and Carlos A. Coello Coello, Indicator-
based Multi-Objective Evolutionary Algorithms: A Comprehensive Survey. ACM
Computing Surveys, 53(2), April 2020.

3. Jesús Guillermo Falcón-Cardona, Michael T. M. Emmerich and Carlos A.
Coello Coello, On the Combination of Quality Indicators for Multi-Objective
Optimization. Evolutionary Computation Journal, 2020. Under Review.
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4. Jesús Guillermo Falcón-Cardona, Raquel Hernández Gómez, Carlos A.
Coello Coello and Ma. Guadalupe Castillo Tapia, Parallel Multi-Objective Evo-
lutionary Algorithms: A Comprehensive Survey. ACM Computing Surveys,
2020. Under Review.

5. Jesús Guillermo Falcón-Cardona, Hisao Ishibuchi and Carlos A. Coello
Coello and Michael Emmerich, Studying the Effect of the Cooperation of In-
dicator-based Multi-Objective Evolutionary Algorithms. IEEE Transactions on
Evolutionary Computation. Under Review.

6. Jesús Guillermo Falcón-Cardona, Hisao Ishibuchi and Carlos A. Coello
Coello, Discretizing Pareto Fronts using Pair-Potential Functions. IEEE Trans-
actions on Evolutionary Computation. To be submitted.

7. Jesús Guillermo Falcón-Cardona, Arnaud Liefooghe and Carlos A. Coello
Coello, On the Ensemble of Indicator-based Density Estimators. IEEE Trans-
actions on Evolutionary Computation. To be submitted.

Book Chapters

Jesús Guillermo Falcón-Cardona, Guillermo Leguizamón, Carlos A. Coello Coello,
and Ma. Guadalupe Castillo Tapia, Multi-Objective Ant Colony Optimization: An
Updated Taxonomy and Review of Approaches. World Scientific Review. Submitted.

Awards

2018 IEEE Computational Intelligence Socienty Graduate Student Research Grants
due to the Project Advancing Indicator-based Multi-Objective Optimization: Hyper-
heuristic and Indicator Design.

1.6 Structure of this work

Including this introduction, this thesis consists of nine chapters and two appendices.
A brief description of each of them is given in the following.

Chapter 2 includes an introduction to evolutionary algorithms and it provides
basic mathematical concepts on multi-objective optimization, giving, in each case, a
brief review of the related work. All this terminology is necessary for the understand-
ing of the following chapters.

Chapter 3 is devoted to comprehensively review the state-of-the-art of indicator-
based Multi-Objective Evolutionary Algorithms. For this purpose, a taxonomy was
proposed to classify the current indicator-based mechanisms that have been coupled
to MOEAs. The advantages and drawbacks of each proposal are analyzed to provide
a reference for their use.
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Chapter 4 introduces an empirical study on the convergence and diversity prop-
erties of IB-MOEAs when tackling MOPs having different Pareto front shapes and
difficulties. Regarding convergence, we found general and particular strengths and
weaknesses of IB-MOEAs that particularly depend on the characteristic of the MOP
being solved. Concerning diversity, we analyzed the spread and uniformity of solu-
tions related to each IB-MOEA for low-dimensional MOPs, i.e., those having two and
three objective functions.

Chapter 5 focuses on the competition of IB-MOEAs when solving an MOP. For
this aim, we propose a hyper-heuristic that, depending on an online convergence
analysis, selects the best suited indicator-based density estimator (IB-DE) to be exe-
cuted during a time window. Hence, the IB-DEs compete to be executed as often as
possible. This approach is the first one that uses multiple IB-DEs in a MOEA.

Chapter 6 explores the cooperation of IB-MOEAs instead of its competition. The
cooperation is due to an MOEA based on the island model, where each individual
island executes in isolation a steady-state IB-MOEA with a micro-population. After
a given number of generations, a migration process is allowed to increase the diversity
of the islands. This approach was compared with respect to panmictic IB-MOEAs,
showing that the cooperation combines the strengths of the individual IB-MOEAs,
and compensates for their weaknesses.

Chapter 7 proposes the first theoretical development for the combination of quality
indicators to produce Pareto-compliant QIs. Based on the proposed mathematical
framework, it is possible to construct a family of Pareto-compliant QIs based on the
combination of at least one Pareto-compliant QI with one or more weakly Pareto-
compliant indicators. This proposal gives an insight of the existence of more Pareto-
compliant QIs besides the hypervolume.

The conclusions of this thesis, as well as some possible future research paths, are
highlighted in Chapter 9.

Appendix A presents the test problems used throughout all the experiments. Ap-
pendix B contains numerical results related to some of the experiments in this docu-
ment.
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Chapter 2

Background

This chapter provides some fundamental concepts and mathematical notation that are
adopted throughout this document. Section 2.1 covers the mathematical foundation of
multi-objective optimization, defining the multi-objective optimization problem, the
most commonly employed optimality criterion, and some special reference vectors.
Section 2.2 introduces multi-objective evolutionary algorithms which are bio-inspired
metaheuristics designed to solve multi-objective optimization problems. We finish
this chapter with a summary in Section 2.3.

2.1 Multi-Objective Optimization

Multi-objective optimization problems (MOPs) arises in several engineering, indus-
trial and scientific applications. MOPs involve the simultaneous optimization of
several, often conflicting, objective functions. Due to the conflict among objective
functions, the solution to an MOP is defined by a set of solutions that represent the
best possible trade-offs among the objectives. In other words, trade-off solutions are
solutions in which an objective value cannot be improved without worsening another
one. The solution set of an MOP is denoted as the Pareto set (PS∗) and its image,
in objective function space, is the so-called Pareto front (PF∗).

2.1.1 Problem definition

According to Coello et al. [24], a multi-objective optimization problem1 is mathe-
matically defined as:

min
~x∈X

{
~f(~x) := [f1(~x), f2(~x), . . . , fm(~x)]T}

}
(2.1)

subject to:

gi(~x) ≤ 0 i = 1, 2, . . . , q (2.2)

1To transform a minimization problem into a maximization one, we can use: max f = −min(−f)

9
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Figure 2.1: Illustration of an optimization problem ~f : R2 → R2. Black dots in the
left-hand side of the figure are solutions in PS∗ and the ones in the right-hand side
are their image in PF∗.

hj(~x) = 0 j = 1, 2, . . . , p (2.3)

where ~x = (x1, x2, . . . , xn)T is the n-dimensional vector of decision variables and
X ⊆ Rn is the decision variable space; fk : X → R, k = 1, . . . ,m are the objective
functions and gi, hj : X → R, i = 1, . . . , q, j = 1, . . . , p are the constraint functions
of the problem which define the feasible region Ω in objective function space. Figure
2.1 exemplifies a bi-objective optimization problem.

2.1.2 Pareto optimality

Unlike single-objective optimization problems where it is straightforward to compare
two given solutions ~x, ~y ∈ Rn by simply checking their objective values (i.e., if f(~x) <
f(~y) or f(~y) < f(~x) or f(~x) = f(~y)), regarding MOPs, the comparison is not direct

since ~f(~x) and ~f(~y) are in Rm. In consequence, the Pareto dominance relation, which
is defined in the following, is employed to compare m-dimensional vectors. In the
remaining of this section, let ~x, ~y, ~z ∈ X be three vectors of decision variables.

Definition 2.1.1 (Pareto Dominance). ~x Pareto dominates ~y (denoted as ~x ≺ ~y

or ~f(~x) ≺ ~f(~y)) if fi(~x) ≤ fi(~y) for all i = 1, 2, . . . ,m and there exists at least one
index j ∈ {1, 2, . . . ,m} such that fj(~x) < fj(~y).

This definition indicates that ~x Pareto dominates ~y if the former is as good as
the latter in every objective value and it is better in at least one of them. Pareto
dominance is a binary relation that imposes a strict partial order in Rm, i.e., ≺ is
irreflexive (~x 6≺ ~x), asymmetric (~x ≺ ~y ⇒ ~x 6≺ ~y), and transitive (~x ≺ ~y ∧ ~y ≺ ~z ⇒
~x ≺ ~z). Four possible results are related to ≺: (1) ~x ≺ ~y, (2) ~y ≺ ~x, (3) ~x = ~y, or
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~f (~a)

f1

f2

~f(~d)~f(~c)

~f(~b)

Figure 2.2: Given the images, in the objective function space, of four vectors of
decision variables: ~a,~b,~c, ~d ∈ R2, the following relations are shown: ~a ≺ ~b, ~a ≺ ~c,
~a ≺≺ ~d, ~c ≺ ~d, ~b ≺ ~d, and ~c ||~b.

(4) when ~x 6≺ ~y ∧ ~y 6≺ ~x, then ~x and ~y are incomparable or mutually non-dominated,
denoted as ~x || ~y.

Based on the Pareto dominance relation, two more binary relations are constructed
by relaxing or toughening the conditions, giving rise to the weak Pareto dominance
and the strict Pareto dominance, respectively.

Definition 2.1.2 (Weak Pareto Dominance). ~x weakly Pareto dominates ~y (de-

noted by ~x � ~y or ~f(~x) � ~f(~y)) if fi(~x) ≤ fi(~y) for all i = 1, 2, . . . ,m.

Definition 2.1.3 (Strict Pareto Dominance [24]). ~x strictly Pareto dominates ~y

(denoted by ~x ≺≺ ~y or ~f(~x) ≺≺ ~f(~y)) if fi(~x) < fi(~y) for all i = 1, 2, . . . ,m.

On the one hand, weak Pareto dominance is a binary relation that imposes a
partial order in Rm, i.e., � is reflexive (~x � ~x), antisymmetric (~x � ~y ∧ ~y � ~x ⇒
~x = ~y), and transitive (~x � ~y ∧ ~y � ~z ⇒ ~x � ~z). On the other hand, strict Pareto
dominance imposes a strict partial order as in the case of the Pareto dominance.
Figure 2.2 shows the relations of four vectors in a two-dimensional objective space.

In multi-objective optimization, the common optimality criterion is defined in
terms of the Pareto dominance relation as follows.

Definition 2.1.4 (Pareto Optimality [24]). A vector of decision variables ~x∗ ∈ X is

Pareto optimal if there does not exist another ~x ∈ X such that ~f(~x) ≺ ~f( ~x∗).

Thus, a solution is Pareto optimal if its image is not dominated by any other
feasible solution’s objective vector.

Definition 2.1.5 (Pareto set). The Pareto set P∗ is defined by:

PS∗ := {~x∗ ∈ X | ~x is Pareto optimal} (2.4)
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Definition 2.1.6 (Pareto front). The Pareto front PF∗ is defined by:

PF∗ :=
{
~f(~x∗) ∈ Ω | ~x∗ ∈ PS∗

}
(2.5)

The elements of the Pareto set are the solutions of an MOP and, their image
conform the Pareto front. Solutions in PF∗ represent the best possible trade-offs
among the objectives. Such solutions cannot be improved in one objective without
being worsened in another one. In consequence, when solving an MOP, we thus wish
to determine the Pareto set from the set X that satisfy Eqs. (2.2) and (2.3).

2.1.3 Reference points

The Pareto front of an MOP is bounded by two special reference points: the ideal
and nadir vectors. Next, we provide their mathematical definitions.

Definition 2.1.7 (Ideal Vector). Each component of the Ideal Vector (~z∗ ∈ Rm) is
defined as follows: z∗i = min~x∈X fi(~x) for i = 1, 2, . . . ,m.

Definition 2.1.8 (Nadir Vector). Each component of the Nadir Vector (~znad ∈ Rm)
is constructed as follows: znadi = max~x∈PS∗ fi(~x) for i = 1, 2, . . . ,m.

The ideal vector is constructed using the minimum of each of the objective func-
tions. This reference point is particularly easy to calculate since to obtain each one if
its components, we have to minimize each objective function of the MOP separately.
On the other hand, the nadir vector is an anti-optimal point that contains the worst
values of the Pareto optimal front. Unlike the ideal vector, the nadir point is difficult
to obtain or approximate, since it is necessary to have the Pareto optimal point before
[108].

Definition 2.1.9 (Utopian vector). Given ~z∗ and a vector ~ε = (ε1, . . . , εm)T (where
εi > 0 for all i ∈ {1, 2, . . . ,m}), the Utopian Vector (~z∗∗) is defined as follows:
~z∗∗ = ~z∗ − ~ε.

The utopian vector is a special reference point that dominates both the ideal and
nadir vectors, and, in consequence, al Pareto optimal solutions. Figure 2.3 shows the
three reference points for a Pareto front in a two-dimensional objective space.

Finally, there are cases where the objective functions have different scales, i.e.,
they are incommensurable. Consequently, it is advisable to rescale the objective
functions so that their objective value are of approximately the same magnitude. To
this aim, the ideal and nadir vectors are employed to normalize the objective values
as follows:

f ′i(~x) =
fi(~x)− z∗i
znadi − z∗i

, i = 1, . . . ,m, (2.6)

where the range of each objective function is [0, 1].
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Figure 2.3: Reference points: ideal vector (~z∗), nadir vector (~znad), and utopian vector
(~z∗∗).

2.2 Multi-Objective Evolutionary Algorithms

Throughout the years, MOPs have been tackled by mathematical programming tech-
niques [108]. However, and in spite of their efficiency, these methods have several
limitations, e.g., they are sensitive to the shape of the Pareto front and continuity
and differentiability assumptions are required. Additionally, they usually generate a
single solution per execution. These limitations have motivated the development of
alternative solution methods to tackle complex MOPs, from which multi-objective
evolutionary algorithms (MOEAs) have become a popular choice [24].

MOEAs are population-based and gradient-free metaheuristics that employ the
Darwin’s principle of natural selection (i.e., the survival of the fittest individuals) to
drive a set of solutions towards PF∗. In consequence, MOEAs produce a finite Pareto
front approximation or approximation set (see Definition 2.2.1) on a single algorithmic
execution. However, unlike mathematical programming techniques, MOEAs do not
ensure optimality of solutions since their performance is based on heuristic decisions.
The vast majority of MOEAs can be classified as a posteriori methods [108], i.e., they
do not take into account beforehand the preferences of the decision maker, instead,
MOEAs produce approximation sets, aiming to achieve the following three goals [150]:

1. convergence: to generate solutions as close as possible to the Pareto optimal
front,

2. coverage: to produce solutions all along the Pareto optimal front,

3. uniformity: solutions should be evenly distributed.

Figure 2.4 shows Pareto front approximations having different convergence, cover-
age and uniformity characteristics. The approximation set is then presented to the
decision maker who will choose a solution to the problem being solved, based on
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Figure 2.4: (I) Convergent approximation set but not covering the entire Pareto front,
(II) evenly distributed approximation set but not convergent, (III) convergent solu-
tions but not evenly distributed, (IV) desired Pareto front approximation: convergent,
evenly distributed and covering the whole Pareto optimal front.

his or her preferences. Since 1984, when David Schaffer proposed the first MOEA
[117], these metaheuristics have been efficiently employed to tackle complex MOPs
[63, 120, 31, 155, 152, 8, 60, 101, 42].

Definition 2.2.1 (Approximation set). Let A ⊆ Ψ be a set of m-dimensional ob-
jective vectors, where |A| = µ. A is called a Pareto front approximation or
approximation set if any element of A does not weakly dominate any other vector
in A. The set of all approximation sets for an MOP is denoted as Ψ.

MOEAs are iterative set-based method whose main goal is to produce Pareto front
approximations, exhibiting the three characteristics mentioned before. Each MOEA
has a population Pt = {~x1, ~x2, . . . , ~xµ} (where t is the iteration number) that has to
be evolved using the evolutionary operators: mating or parent selection (π), variation
(ν), and survival selection (σ). In the following, let AN represent a subset of size N
of the set A and let (A,M) be a multiset of the set A, where M : A→ N.

1. π : X µ → (X µ,M). This operator chooses from X µ, µ solutions that will shape
the mating pool, i.e., the parent solutions employed to create new ones via the
variation operators. Since a solution can be chosen zero or more times, the
mating pool is represented as the multiset (X µ,M). In the literature, there are
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several mating selection mechanisms, but the common strategies are random
sampling and binary tournament [24].

2. ν : (X µ,M) → X λ. Variation operators produce λ new individuals from
the mating pool. Variation operators aim to explore and exploit the decision
variable space. A wide range of variation operators have been proposed to
handle different encoding representations of the decision vector. Regarding real
numbers encoding, the most common choices are: simulated binary crossover
(SBX) and polynomial-based mutation [28].

3. Survival selection σ determines the solutions that will conform the next gener-
ation. This selection function has two variants: (1) σ(µ,λ) : X λ → X µ in which
the best µ (µ ≤ λ) solutions from X λ replace the parent population, and (2)
σ(µ+λ) : (X µ∪X λ)→ X µ where the best µ individuals from the union of parent
and offspring solutions are chosen. Regarding the latter selection scheme, the
simplest case is the steady-state selection, which refers to σµ+1. However, σ(µ+λ)

is preferred to incorportate elitism which is an important strategy of MOEAs
to guide the population towards the Pareto optimal front [24].

Based on the evolutionary operators, an MOEA can be defined by the iterative
rule: Pt+1 = σ {Pt ∪ ν[π(Pt)]}. Additionally, some MOEAs use a secondary popu-
lation (also known as archive) A that keeps the non-dominated solutions found so
far as a way to introduce elitism. The general framework of an MOEA is shown in
Algorithm 1. First, the main population Pt=0 and the archive A are initialized in
lines 1 and 2, respetively. Lines 4 to 11 show the main loop of an MOEA. At each
iteration, mating selection is performed to select µ parent solutions from either Pt
or A. Variation operators (e.g., crossover and mutation) further explore this set M
of parent solutions to create the set O of λ offspring solutions. Then, the archive
A is updated using the non-dominated offspring solutions in line 7. The next step
involves performing the survival selection strategy, using either a (µ, λ) or a (µ + λ)
selection rule, to shape the next generation Pt+1. Finally, an MOEA returns Pt or A,
depending on its specific design. However, both of them contain an approximation
to the Pareto optimal front.

2.2.1 Many-Objective Optimization

For several years, most MOEAs have incorporated the concept of Pareto dominance2

in their selection mechanisms [24]. Pareto-based MOEAs have shown a good perfor-
mance when tackling MOPs with two and three objective functions [155, 31]. How-
ever, the selection pressure of Pareto-based MOEAs quickly dilutes when solving
MOPs having four or more objective functions, i.e., the so-called many-objective op-
timization problems (MaOPs). This dilution is due to the rapid increase in the search

2A vector ~u Pareto dominates another vector ~v if the former is as good as the latter in every
element and it is better in at least one of them.
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Algorithm 1: MOEA general framework

1 Generate initial population P0 of size µ;
2 Initialize A with the non-dominated solutions from P0 ;
3 t← 0;
4 while stopping criterion is not fulfilled do
5 M ← Select µ parents from Pt or A;
6 O ←Generate a set of λ offspring solutions based on M , using variation

operators;
7 Update archive A using O;
8 S ← Select survival solutions using a σ(µ,λ) or σ(µ+λ) strategy;
9 Pt+1 ← S;

10 t← t+ 1;

11 end
12 return Pt or A

space that produces also an increase of the number of solutions preferred by the Pareto
dominance relation, which eventually causes a Pareto-based selection mechanism to
choose solutions at random [44, 77]. In recent years, the design of methods that im-
prove the performance of MOEAs on MaOPs has received much interest since these
problems are widespread in science and engineering applications [47]. In general, the
most popular methodologies to improve the performance of MOEAs on MaOPs are
the following:

1. MOEAs using relaxed Pareto dominance relations: In this case, the main idea
is to employ alternative preference relations that relax the Pareto dominance
relation [98]. Relaxed preference relations induce a finer grain order on the
solutions belonging to MaOPs, which directly increases the selection pressure
of MOEAs. Some examples of these preference relations are the following: the
(1 − k)-dominance relation proposed by Farina and Amato [44], the favour
ranking proposed by Drechsler et al. [37], and the expansion relation that
controls the dominance area of solutions [116].

2. Decomposition-based MOEAs: This methodology aims to transform an MOP
into multiple single-objective optimization problems (SOPs), using scalarizing
functions such as the weighted Tchebycheff function. The distinctive feature
of these MOEAs is that all the SOPs are solved in a single run, producing an
entire approximation set. The most typical approach within this class is the
MOEA based on Decomposition (MOEA/D) [147, 129].

3. Reference set-based MOEAs: The Non-dominated Sorting Genetic Algorithm
III (NSGA-III) [30] best represents this category. In this case, a reference
set is constructed to guide the search process by measuring the quality of the
population conforming it. According to Li et al. [89], the two main aspects
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related to this methodology are: (1) how to construct the reference set when no
information about the Pareto optimal front is available, and (2) how to measure
the quality of solutions using the reference set.

4. Indicator-based MOEAs: These MOEAs employ quality indicators, which are
functions that assess approximation sets, to define selection mechanisms. The
underlying idea is to optimize the indicator value of the population throughout
the evolutionary process. The S-Metric Selection Evolutionary Multi-Objective
Algorithm (SMS-EMOA) [8] is the most representative indicator-based MOEA
(IB-MOEA). It employs the Hypervolume indicator (HV) [156] that measures
the dominated volume of an approximation set, bounded by a reference point
that is dominated by all the points in the approximation set. SMS-EMOA
imposes a total order among the solutions by calculating their contribution to
the hypervolume indicator.

In this thesis, we are interested in the design of IB-MOEAs to advace the state-of-
the-art. The following chapter is completely focused on introducing IB-MOEAs and
their related mathematical concepts.

2.3 Summary

This chapter introduced the mathematical terminology related to multi-objective op-
timization. First, we formally defined the multi-objective optimization problem and
the most commonly optimality criterion, i.e., the Pareto dominance relation. Addi-
tionally, we defined the weak and strict Pareto dominance relations that will be useful
for the next chapter. Moreover, we introduced three special reference vectors: the
ideal, nadir, and utopian vectors. Then, we described the principal characteristics of
an MOEA, emphasizing their main components to define its general algorithmic struc-
ture. Finally, we stated the issues that Pareto-based MOEAs have when dealing with
MOPs having more than three objective functions, i.e., the so-called many-objective
optimization problems. Finally, we briefly illustrated four strategies that MOEAs
follow to tackle MaOPs: (1) relaxed Pareto dominance relations, (2) decomposition-
based MOEAs, (3) reference set-based MOEAs, and (4) indicator-based MOEAs.
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Chapter 3

Indicator-based Multi-Objective
Evolutionary Algorithms

This chapter is devoted to formally introduce quality indicators and to provide a
comprehensive review of the state-of-the-art related to indicator-based MOEAs. Sec-
tion 3.1 introduces quality indicators which are functions that evaluate the quality
of MOEAs’ outcomes. Section 3.2 provides an in-depth review of the state-of-the-art
of indicator-based MOEAs following a taxonomy proposed by us. Section 3.3 briefly
describes some real-world problems solved by indicator-based MOEAs. Section 3.4
highligths some possible research directions. Finally, a summary of the chapter is
outlined in Section 3.5.

3.1 Quality Indicators

Quality indicators (QIs) are functions that assign a real value to one or more approx-
imation sets, depending on certain quality aspects such as convergence and diversity
of solutions. The origins of QIs can be traced back to the mid-1990s where some
isolated efforts were undertaken to try to (numerically) assess the performance of
MOEAs [120, 88, 41, 48]. However, the Ph.D. thesis of David Van Veldhuizen [133]
can be considered as the cornerstone of QIs due to his comprehensive review of most
of the QIs available at that time. In 2003, Zitzler et al. [158] provided the first theo-
retical analysis of QIs, using a mathematical framework to understand how QIs were
related to a set of outperformance relations. In the last few years, Jiang et al. [82]
and Liefooghe and Derbel [97] have conducted empirical studies aiming to determine
the correlation between different QIs and their behavior when assessing a wide vari-
ety of Pareto front shapes. Additional reviews of QIs to evaluate the performance of
MOEAs have been published by some researchers [122, 115, 141, 52, 39, 145, 45].

Quality indicators are set functions that simultaneously assign a real value to k ap-
proximation sets. However, this definition is not enough to describe QIs because they
possess several features (see Fig. 3.1). Overall, Knowles and Corne [84], Zitzler et al.
[151] and Jiang et al. [82] have distinguished their following characteristics: cardinal-
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QIs features

Cardinality

Performance criteria

Pareto compliance

Knowledge-dependent

Parameter-dependent

Scaling invariance

Scalability 

Convergence-Diversity

Diversity

Convergence

Capacity

Distribution-Spread

Spread

Distribution

Runtime complexity

Figure 3.1: Main features of quality indicators.

ity, performance criteria, Pareto compliance, scalability, scaling invariance, knowledge
and parameter dependence as well as computational complexity. The cardinality of
a QI is the number k of approximation sets that can be simultaneously assessed.
Performance criteria are related to what the QI measures: capacity,1 convergence,
diversity (divided into distribution and spread of solutions) or convergence-diversity.
Pareto compliance is directly related to convergence QIs. The sensitivity of a QI
to the different units and scales of the objective functions determines its scaling in-
variance. If the computation of the indicator requires knowledge of the MOP being
solved, then it is knowledge-dependent. Similarly, a QI is parameter-dependent if it
needs user-supplied parameters. A critical aspect in practice is its runtime complex-
ity. Additionally, it is crucial that indicators can properly deal with solution sets to
MOPs having a different number of objectives as current MOEAs generate approxi-
mation sets in high-dimensional objective spaces, i.e., QIs should be scalable. In this
Ph.D. thesis, we focus our attention on unary QIs since they have have been widey
employed for the design of selection mechanisms of MOEAs (see Section 3.2 in page
28). Unary QIs2 are mathematically defined as follows.

Definition 3.1.1 (Unary Quality Indicator). A unary quality indicator I is a function
I : Ψ → R, which assigns a real value to each approximation set A ∈ Ψ, where Ψ is
the space of all approximation sets for an MOP.

Regarding QIs that measure the convergence of an approximation set to the Pareto
optimal front, an important property is Pareto compliance. First, since QIs evaluate
approximation sets produced by MOEAs, the more general notion of quality is the
Pareto dominance between sets. Table 3.1 describes five set dominance relations on

1According to Jiang et al. [82] “capacity QIs quantify the number or ratio of non-dominated
solutions in the approximation set that conforms to the predefined requirements”.

2From this point onwards, unary indicators are denoted as QIs.

CINVESTAV-IPN Computer Science Department



Indicator-based Multi-Objective Evolutionary Algorithms 21

Table 3.1: The five relations on approximation sets based on Pareto dominance rela-
tions. A ≺≺ B ⇒ A ≺ B ⇒ AC B ⇒ A � B.

Relation Description Name

A ≺≺ B ∀~b ∈ B,∃~a ∈ A : ~a ≺≺ ~b Strictly dominates

A ≺ B ∀~b ∈ B,∃~a ∈ A : ~a ≺ ~b Dominates

AC B ∀~b ∈ B,∃~a ∈ A : ~a � ~b ∧ A 6= B Better

A � B ∀~b ∈ B,∃~a ∈ A : ~a � ~b Weakly dominates

A ‖ B A 6� B ∧ B 6� A Incomparable

the basis of the Pareto dominance relations defined in Section 2.1.2. Hansen and
Jaszkiewicz [55] defined the cases in which the evaluation of two approximation sets
by a certain indicator is compatible with the result of a Pareto-based outperformance
relation applied to these two sets. Hence, an indicator could be compliant or weakly
compliant with the outperformance relation C that is defined in Table 3.1. Both
properties are defined in the following. Without loss of generality, let us assume that
a greater indicator value corresponds to a higher quality.

Property 3.1.1 (Pareto compliance). Given two approximation sets A and B, a
unary indicator I is C-compliant (Pareto compliant) if AC B ⇒ I(A) > I(B).

Property 3.1.2 (Weakly Pareto compliance). Given two approximation sets A and
B, a unary indicator I is weakly C-compliant (weakly Pareto compliant) if AC B ⇒
I(A) ≥ I(B).

Since the late 1990s, several QIs have been proposed [95]. Van Veldhuizen [133]
proposed different indicators, including the Generational Distance (GD) and Error
Ratio (ER), among others. GD measures the average distance from the approximation
set to a reference set, while ER reports the number of solutions of the approximation
set that do not belong to PF∗. Zitzler and Thiele [156] introduced the hypervolume
indicator (HV) that rewards the convergence towards PF∗ as well as the extent
of solutions along the Pareto front. Hansen and Jaszkiewicz [55] proposed the R-
family indicators (R1, R2 and R3) from a set of outperformance relations and some
utility functions. Coello Coello and Cruz Cortés [23] proposed to measure the average
Euclidean distances between the true Pareto front (or the reference set) and the
approximation produced by an MOEA. Since this is exactly the opposite way in
which GD operates, this indicator was called Inverted Generational Distance (IGD)
and its use was reported for the first time in [25].3 More recently, Ishibuchi et al.
[74] proposed the Inverted Generational Distance plus (IGD+) that determines the

3The original proposal of IGD was published in a journal but it appeared until 2005, whereas its
first reported use was at a conference paper that was published in 2004.

CINVESTAV-IPN Computer Science Department



22 Chapter 3

Table 3.2: Summary of properties of QIs. C means Convergence, C/D means
Convergence-Diversity, and D denotes Diversity.
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HV C/D Strict Reference point No No Yes Super-polynomial

R2 C/D Weak Reference point
Weight vectors

Utility functions
No Yes θ(m|Z| · |A|)

GD C No Reference set p > 0 Yes Yes θ(m|Z| · |A|)
IGD C/D No Reference set p > 0 Yes Yes θ(m|Z| · |A|)

IGD+ C/D Weak Reference set No Yes Yes θ(m|Z| · |A|)
∆p C/D No Reference set p > 0 Yes Yes θ(m|Z| · |A|)
ε+ C Weak Reference set No No Yes θ(m|Z| · |A|)

Riesz
s-energy

D No No s > 0 Yes Yes θ(m|A|2)

distance between an approximation set and a reference set, using a distance measure
that adopts Pareto dominance. In spite of the plethora of QIs currently proposed, no
one can assess all the desired features of an approximation set, since each QI exhibits
a specific preference, and, in this regard, Zitzler et al. claimed that it is necessary
an infinite number of QI values to characterize the quality of an approximation set
[158]. Hence, we should choose a QI depending on the type of conclusions we would
like to draw.

In the following, we describe seven convergence QIs (hypervolume indicator, R2,
GD, IGD, IGD+, ∆p, and ε+) that have mainly promoted the design of MOEAs’
selection mechanisms, and one indicator focused on measuring the uniformity of so-
lutions in the large class of rectifiable d-dimensional manifolds. For all definitions,
let A denote an approximation set and Z be a reference set4. The main properties
of the adopted QIs are summarized in Table 3.2. For a complete review of QIs, the
reader is referred to the survey of Li and Yao [95].

Definition 3.1.2 (Hypervolume indicator [148]). Let Λ denote the Lebesgue measure
in Rm, HV is defined as follows:

HV(A, ~zref ) = Λ

(⋃

~a∈A

{~x | ~a ≺ ~x ≺ ~zref}
)
, (3.1)

where ~zref ∈ Rm is a reference point which should be dominated by all points in A.

4We denote a reference set Z as a finite subset of solutions from the Pareto optimal front, i.e.,
Z ⊆ PF∗.
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Figure 3.2: Shaded area corresponding to the hypervolume indicator value.

HV is a convergence-diversity QI that measures the extent of volume dominated
by A and bounded by ~zref (see Figure 3.2). Currently, HV and the closely related
logarithmic HV [50], the weighted HV [2], and the free HV [40] are the only known
Pareto-compliant QIs. The two main drawbacks of HV are the following. First,
under NP 6= P, its computational cost increases super-polynomially as the number of
objective functions does [7]. The other issue is related to ~zref since the preferences
of HV strongly depend on it [2, 71]. In other words, the specification of the reference
point is dependent on the Pareto front shape. It has been shown that the distribution
of points provided by selecton mechanisms based on HV is often concentrated on the
boundary and in knee point regions.

Definition 3.1.3 (Unary R2 indicator [17]). The unary R2 indicator is defined as
follows:

R2(A,W ) =
1

|W |
∑

~w∈W

min
~a∈A
{u~w(a)}, (3.2)

where W is a set of m-dimensional weight vectors and u~w : Rm → R is a utility
function, parameterized by ~w ∈ W , that assigns a real value to each solution vector.

The R2 indicator is a convergence-diversity QI that measures the average mini-
mum utility values of the approximation set with respect to a set of weight vectors.
Figure 3.3 exemplifies its computation, where each objective vector is associated to
a weight vector depending on the optimization of the utility function. Its computa-
tional cost is Θ(m|W | · |A|). Unlike the hypervolume indicator, the time complexity
of R2 scales only linearly with the number of objectives. Its time complexity is, how-
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Non-optimal objective vector
Optimal objective vector
Weight vector

Figure 3.3: Computation of the R2 indicator: optimal objective vectors, according to
the utility function, are associated to weight vectors by dashed lines.

ever, proportional to the number of weight vectors5, which has to grow exponentially
in size, if the number of objectives increases and the same sampling resolution is de-
sired. A major conceptual difference with regard to the hypervolume indicator is that
the R2 indicator does not require an anti-optimal reference point. Instead it works
with an ideal or utopian reference point. Hence, it would be desirable to use the R2
indicator.

A problem, however, arises due to the fact that the R2 indicator is not Pareto-
compliant, and it is only weakly Pareto-compliant. This makes it possible that a set
might have equal R2 indicator value than another set, although it is dominated in
the set order, or that sets degenerate if this indicator is used as a guideline in Pareto
optimization. One might argue that these are rare cases, as they always involve
shared coordinate values among points, and in most cases the R2 indicator works
welll when comparing sets. In fact, in continuous unconstrained optimization such
cases this might occur with a low probability, but it is relatively likely in continuous
optimization and in cases where box constraints are introduced.

Definition 3.1.4 (Generational Distance [135]). GD evaluates the average distance
from each ~a ∈ A to its closest reference point ~z ∈ Z. It is defined as follows:

GD(A,Z) =
1

|A|

(∑

~a∈A

d(~a,Z)p

)1/p

, (3.3)

where p > 0 is a user-defined parameter (usually set to p = 2) and d is the Euclidean
distance from ~a ∈ A to its nearest member of Z:

d(~a,Z) = min
~z∈Z

√√√√
m∑

i=1

(ai − zi)2. (3.4)

5The Simplex-Lattice-Design method is usualy employed to construct the set of weight vectors
[147]. Using this method, the number of weight vectors is the following combinatorial number:
N = CH+m−1

m−1 ,where H ∈ N is a user-supplied parameter that determines the number of divisions
of the space, and m is the number of objectives.
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Reference setApproximation set

Figure 3.4: Difference between GD and IGD indicators.

Definition 3.1.5 (Inverted Generational Distance [23]). In contrast to GD, IGD
measures the average distance from each reference point to its nearest solution in A
as follows:

IGD(A,Z) = GD(Z,A) =
1

|Z|

(∑

~z∈Z

d(~z,A)p

)1/p

, (3.5)

where p > 0 is a parameter usually set to p = 2.

Definition 3.1.6 (Inverted Generational Distance plus [74]). The IGD+, for mini-
mization, is defined as follows:

IGD+(A,Z) =
1

|Z|
∑

~z∈Z

min
~a∈A

d+(~z,~a) (3.6)

where d+(~z,~a) =
√∑m

k=1 (max{ak − zk, 0})2.

GD was proposed by Van Veldhuizen and Lamont [135] and it estimates how far
are the elements in A from those in Z, i.e., it exclusively measures the convergence of
the approximation set. Since GD is non-Pareto-compliant, in some cases, it produces
misleading results when comparing MOEAs [158, 74]. Additionally, GD is sensitive
to the size of the approximation set [9]. For example, an important problem takes
place when A has very few points, but they all are clustered together. In order
to overcome this issue, Coello Coello and Cruz Cortés [23] proposed IGD, which
unlike GD, measures the average distance from Z to A. The difference between GD
and IGD is shown in Figure 3.4. Unfortunately, IGD is also not Pareto-compliant
QI. In furtherance of improving the mathematical properties of IGD, Ishibuchi et
al. proposed IGD+ [74] that is a variant of it that adopts Pareto dominance in the
Euclidean distance. For this purpose, they modified the Euclidean distance as shown
in Figure 3.5. Given ~z ∈ Z and ~f(~a), ~f(~b) ∈ A, they proposed to measure the distance
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Figure 3.5: Comparison between the typical Euclidean distance employed by IGD in
the left-hand side of the figure, and the distance employed by the IGD+ indicator in
the right-hand side.

to the dominated region of ~f(~a) from ~z since both are mutually non-dominated, while

they employed the usual Euclidean distance from ~z to ~f(~b) since ~z ≺ ~f(~b). Due to this
modification, IGD+ is weakly Pareto-compliant. Bezerra et al. [9] broadly discuss
the differences between IGD and IGD+. However, an important issue that GD, IGD,
and IGD+ share is how to construct Z when no information about PF∗ is available
[73]. The computational cost of these indicators is θ(m|Z| · |A|).

Definition 3.1.7 (Averaged Hausdorff Distance (∆p) indicator [118]). For a given
p > 0, ∆p is defined as follows:

∆p(A,Z) = max {GDp(A,Z), IGDp(A,Z)}. (3.7)

∆p is composed of two indicators: GDp and IGDp which are slight modifications
of GD and IGD, respectively. These are defined as follows:

Definition 3.1.8 (GDp indicator [118]).

GDp(A,Z) =

(
1

|A|
∑

~a∈A

d(~a,Z)p

)1/p

. (3.8)

Definition 3.1.9 (IGDp indicator [118]).

IGDp(A,Z) = GDp(Z,A) =

(
1

|Z|
∑

~z∈Z

d(~z,A)p

)1/p

. (3.9)
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Although the Hausdorff distance is a metric in the mathematical sense on the set
of compact subsets of Rm, it tends to penalize outlier solutions that are commonly
generated by MOEAs. Consequently, Schütze et al. introduced the ∆p indicator that
measures the averaged Hausdorff distance of the approximation set to the reference set
[118]. ∆p is based on the indicators GDp and IGDp which are slight modifications of
the original GD and IGD indicators that aim to reduce the penalization of outliers. It
is worth noting that such averaging of the distances leads to violations of the triangle
inequality, and hence, ∆p is not a metric. Additionally, ∆p is a non-Pareto-compliant
QI, and it assesses convergence and distribution simultaneously. Similarly to GD,
IGD and IGD+, this indicator requires a reference set which is difficult to construct
without information of the Pareto optimal front.

Definition 3.1.10 (Unary ε+ indicator [158]). Mathematically, it is defined as fol-
lows:

ε+(A,Z) = max
~z∈Z

min
~a∈A

max
1≤i≤m

{zi − ai}. (3.10)

Zitzler et al. [158] introduced the unary ε-indicator to measure the minimum dis-
tance that an approximation set needs to be translated in each dimension to weakly
Pareto dominate a reference set. Consequently, ε+ exclusively assesses the conver-
gence of a Pareto front approximation. It is worth emphasizing that ε+ is a weakly
Pareto-compliant QI. Although it is a parameterless QI, a reference set is required
for its computation. Additionally, ε+ is not very sensitive to small changes of the
solutions in A [14].

Each solution in an approximation set contributes to the total indicator value.
This individual contribution is important when designing selection mechanisms to
impose a total order among solutions [8]. Hence, for an indicator I in the set
{HV,R2,GD, IGD, IGD+, ε+,∆p}, the individual contribution is defined as follows.

Definition 3.1.11 (Indicator contribution). The individual contribution C of a so-
lution ~a ∈ A to the indicator value is given by the formula:

CI(~a,A) = |I(A)− I(A \ {~a})|. (3.11)

Definition 3.1.12 (Riesz s-energy indicator [56]). For a given s > 0, the Riesz
s-energy indicator is defined as follows:

Es(A) =
∑

i 6=j

‖~ai − ~aj‖−s (3.12)

Riesz s-energy is an indicator that assess the uniformy of solutions, where s is
a fixed parameter that controls the degree of uniformity of the solutions in A. As
s → ∞, Es prefers more uniform solutions. Riesz s-energy has been found to lead
to uniformly distributed point sets for the large class of rectifiable d-dimensional
manifolds. Moreover, s is not a shape-dependent parameter [57]. The individual
contribution to Es is defined in the following.
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Definition 3.1.13 (Riesz s-energy individual contribution). The individual contri-
bution C of a solution ~a ∈ A to the Riesz s-energy indicator is as follows:

CEs(~a,A) =
1

2
[Es(A)− Es(A \ {~a})] . (3.13)

3.2 IB-MOEAs: state-of-the-art

Multi-Objective Evolutionary Algorithms aim to determine a set of solutions that
satisfy specific optimality properties. The Pareto dominance relation [24] has repre-
sented the most general optimality notion. However, the degree of freedom to deter-
mine what is an optimal solution is still considerable. In consequence, QIs integrated
into MOEAs, i.e., the so-called indicator-based MOEAs (IB-MOEAs), introduce ad-
ditional information that describes the preference of the user and improves the notion
of optimality imposed by the Pareto dominance relation [152, 123]. The underlying
idea of IB-MOEAs is to optimize an indicator value through the evolutionary process
[123]. Since 2003, IB-MOEAs have been developed to overcome the drawbacks of
Pareto-based MOEAs, with a particular emphasis on diversity issues and the dilution
of selection pressure when tackling MaOPs [136, 89]. In this section, we review the
development of IB-MOEAs from the earliest proposals to the current state-of-the-art
approaches.

3.2.1 Our Proposed Taxonomy

Currently, several indicator-based mechanisms (IB-Mechanisms) have been designed
and integrated into MOEAs. However, there is no clear distinction among them.
Consequently, we introduce a taxonomy (see Figure 3.6) to classify IB-Mechanisms
based on a comprehensive review of the state-of-the-art approaches. It is worth
emphasizing that this is the first taxonomy ever proposed to classify the mechanisms
of IB-MOEAs.

Our taxonomy, shown in Figure 3.6, is based on the primary MOEAs’ mecha-
nisms described in Section 2.2, i.e., mating selection and selection schemes applied
on the main population and the archive. It is worth emphasizing that our taxonomy
aims to classify the indicator-based mechanisms that MOEAs have adopted, rather
than classifying IB-MOEAs themselves. IB-Mechanisms are divided into two cate-
gories: (1) IB-Mating Selection, and (2) IB-Selection. On the one hand, IB-Mating
Selection aims to select µ parents to create λ promising offspring solutions. These IB-
Mating Selection methods can be variations, for instance, of the commonly employed
tournament selection, roulette wheel selection, or proportional selection [10, 24] or
new proposals, but applying QIs as the core of the methods. On the other hand,
IB-Selection comprises three classes: (1) IB-Environmental Selection (IB-ES), (2)
IB-Density Estimation (IB-DE), and (3) IB-Archiving (IB-AR). The main difference
between IB-Mating Selection and IB-Selection is that the latter aims to solve or ap-
proximate the Indicator-based Subset Selection Problem (IBSSP) [4] that is defined
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Figure 3.6: IB-Mechanisms are divided into two main categories: (1) IB-Selection,
and (2) IB-Mating Selection. Furthermore, the former category is classified in three
groups: IB-Environmental Selection, IB-Density Estimation, and IB-Archiving.

as follows:

Definition 3.2.1 (Indicator-based Subset Selection Problem). Let Z ⊆ Rm be a
space of m-dimensional vectors, and let I be a unary quality indicator. Without loss
of generality, we assume that this indicator is to be maximized. Given R ⊆ Z, a
reference set of cardinality N , and k ≤ N a positive subset size, the IBSSP consists
in determining the set S ⊆ R of maximal quality:

arg max
S⊆R
|S|=k

I(S). (3.14)

In other words, IBSSP aims to select a subset of k ≤ N solutions that optimizes the
indicator value. The solution space size of IBSSP is

(
N
k

)
. Apart from the inherent

complexity of computing indicator values, this makes of IBSSP a challenging com-
binatorial optimization problem. The next question to solve is why IB-Selection is
divided into three categories since, at first sight, they seem to overlap.

On the one hand, IB-Archiving corresponds to selection rules that update the
external population A. The first proposed IB-MOEA implements an IB-AR scheme
based on the hypervolume indicator [85, 87]. In this regard, many MOEAs have an
external population whose purpose is to maintain an approximation to the Pareto
front, i.e., the global non-dominated solutions generated by the MOEA [24]. Each
time a new point is considered for addition to the archive, it must be analyzed for
non-dominance concerning the points currently stored. Hence, at the end of the
evolutionary process, the archive will only include solutions that are non-dominated
for all the objective vectors that have been generated by the MOEA (i.e., the global
non-dominated solutions).
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On the other hand, IB-ES and IB-DE are exclusively applied to the main popu-
lation P . These two mechanisms are shown in line 8 of Algorithm 1. However, there
is no clear distinction between IB-ES and IB-DE. Environmental selection dictates
which solutions should survive at each generation. Thus, this mechanism has partic-
ular importance because convergence is closely related to it. Thiele [123] has pointed
out that IB-ES can be designed using two algorithmic methodologies: hierarchical
selection and selection based on fitness assignment. Hierarchical selection imposes a
partial order among the solutions in P just as the non-dominated sorting algorithm
[31] does, but it needs a refinement using a density estimator. On the contrary, fitness
assignment imposes a total order among the solutions which implies that a density
estimator is not required. As we previously mentioned, density estimators refine the
partial order imposed by hierarchical environmental selection mechanisms. In this
regard, they perform as the second selection criterion to reduce the size of the joint
population of parents and offspring, aiming simultaneously to enhance diversity. Al-
though they have different purposes, an IB-DE can perform as an IB-ES under certain
conditions. For instance, when the non-dominated sorting algorithm is coupled with
an IB-DE [8, 18, 43], the latter will eventually replace the former since it tends to
create a single rank of solutions when tackling MaOPs, i.e., it loses selection pressure.
Hence, only when an IB-DE is working with an environmental selection mechanism
that loses selection pressure, it will perform as the primary selection mechanism.
Otherwise, an IB-DE will perform as the second selection criterion.

In the following sections, we will review several IB-Mechanisms that have been
proposed until the end of 2018. The review will be done following our taxonomy. For
each proposal, we will focus on discussing their properties, advantages, and draw-
backs.

3.2.2 IB-Selection

The first IB-MOEA was proposed by Knowles et al. [87] in 2003. This algorithm
employed an archiving update rule based on the hypervolume indicator. Since then,
a plethora of proposals have been published in the specialized literature. In this
section, we present a review of the most important MOEAs that use an IB-Selection
mechanism. Tables 3.3, 3.4, and 3.5 summarize MOEAs adopting IB-ES, IB-DE, and
IB-AR methods, respectively.

3.2.2.1 IB-Environmental Selection

Hypervolume indicator: Zitzler and Künzli [153] proposed the Indicator-Based
Evolutionary Algorithm (IBEA) whose general framework is shown in Algorithm 2.
The underlying idea of IBEA is to provide a general framework for (µ + λ) environ-
mental selection based on arbitrary binary indicators that are integrated into a fitness
function (see line 5). This fitness function measures the loss in quality when each
~x ∈ Q is removed. According to the authors, the exponential function is employed
to amplify the influence of dominating solutions members over dominated ones. This
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Table 3.3: IB-Environmental Selection mechanisms. The algorithmic structure of the
IB-ES is termed as ‘Algorithmic approach’ while ‘Method’ indicates what kind of
information is employed to select the solutions. For each approach, we show the test
problems and the number of objective functions on which the IB-MOEA was tested
on.

Indicator Algorithm
Algorithmic

approach
Method Problems # Objetives Year Ref.

HV

IBEAHV Greedy Fitness assignment ZDT, KUR, DTLZ 2 & 3 2004 [152]

Iterative-IBEA Greedy Fitness assignment
500-item 0/1

Knapsack problem
2 - 4 2007 [76]

iSMS-EMOA Greedy Worst contribution DTLZ & WFG 3 - 6 2013 [103]
DIVA Greedy Fitness assignment WFG 2 2014 [130]
IBEA2 Greedy Fitness assignment ZDT, DTLZ, WFG 2 - 5 2016 [81]
mIBEA Greedy Fitness assignment DTLZ 3 2017 [96]

aviSMS-EMOA Greedy Worst contribution DTLZ & WFG 3 - 6 2017 [106]

R2

R2-MOGA Hierarchical Worst contribution ZDT, DTLZ, WFG 2 - 10 2013 [35]
R2-MODE Hierarchical Worst contribution ZDT, DTLZ, WFG 2 - 10 2013 [35]
R2-IBEA Greedy Fitness assignment ZDT & DTLZ 2 - 5 2013 [131]

MOMBI Hierarchical
Scalarizing function

optimization
DTLZ & WFG 2 - 8 2013 [59]

MOMBI-II Hierarchical
Scalarizing function

optimization
DTLZ & WFG 3 - 10 2015 [60]

TS-R2EA Hierarchical
R2 contribution

and fitness assignment
DTLZ & WFG 3 - 15 2018 [91]

R2-MOEA/D Decomposition Worst contribution DTLZ & WFG 3 - 15 2018 [92]

IGD+ IGD+-EMOA
Linear Assignment

Problem
Kuhn-Munkres

algorithm
DTLZ & WFG 2 - 8 2015 [100]

IGD+-EMOA II
Linear Assignment

Problem
Kuhn-Munkres

algorithm
DTLZ, WFG,
MAF, Viennet

2 - 8 2018 [101]

GD
GD-MOEA Greedy

Minimize distance
to PF∗ DTLZ, WFG 3 - 6 2015 [104]

GDE-MOEA Greedy
Minimize distance to
PF∗ and ε dominance

DTLZ, WFG 3 - 6 2015 [105]

ε+

IBEAε+ Greedy Fitness assignment
ZDT6, KUR,

DTLZ2, DTLZ6
2 - 3 2004 [152]

AGE Greedy Worst contribution DTLZ 2 - 20 2011 [14]
AGE-II Greedy Worst contribution DTLZ, WFG 2 - 20 2013 [137]

Two Arch2 Greedy Fitness assignment DTLZ, WFG 2- 20 2014 [138]

∆p
∆p-DDE Greedy Worst contribution ZDT, DTLZ 2 - 10 2012 [113]

∆p-MOEA
Greedy

Hierarchical
Minimize point-to-set

distance
WFG 3 - 6 2016 [107]
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fitness function also requires a fitness scaling factor κ that depends on the indicator
being used and the MOP. The IB-ES, decribed in lines 6 to 10, is a greedy algorithm
that deletes at each iteration the solution having the minimal fitness value while
|Q| > µ. To illustrate the effectiveness of IBEA, its authors proposed the IBEAHV

that uses a binary hypervolume indicator. IBEAHV was compared to NSGA-II [31]
and SPEA2 [155] on the 100-item 0/1 knapsack problem and the low-dimensional con-
tinuous MOPs: ZDT6, DTLZ2, DTLZ6 and Kursawe (KUR) [24]. IBEAHV outper-
formed NSGA-II in almost all MOPs. Interestingly enough, however, the bi-objective
KUR problem, which has a disconnected and a concave Pareto front, was the most
challenging problem for IBEAHV.

An important disadvantage of IBEA is related to the κ parameter which is de-
pendent on the MOP and the indicator employed. Regarding this drawback, IBEA2
[81] was proposed to adaptively adjust parameter κ. This adaptive mechanism looks
for the best κ parameter using the Nelder-Mead method where the objective function
is defined as a similarity measure between two sets: one produced by the IB-ES of
IBEAHV and another one using a density estimator based on HV [83]. IBEA2 was
tested on the ZDT, DTLZ and WFG test problems using for 2 to 5 objective functions,
comparing its performance to that of NSGA-II, SPEA2, MOEA/D and IBEAHV in
terms of HV. Based on the analysis of the experimental results, IBEA2 was found
to be a very good optimizer for MOPs whose Pareto fronts are linear, concave and
degenerated. However, it has low performance when tackling MOPs having discon-
nected, mixed and multifrontal Pareto fronts. Additionally, the results show that due
to the use of the adaptive mechanism, IBEA2 is better than IBEAHV in most of the
test problems adopted.

Another improvement of the IBEA framework is the modified IBEA (mIBEA),
proposed by Li et al. [96]. Its main motivation was to improve the bad distri-
bution of points generated by IBEAHV. To this aim, the authors hybridized the
IBEA framework with the non-dominated sorting algorithm to exclude dominated
solutions at each generation. Due to this modification, the scaling of the objective
functions scores is no longer affected by dominated solutions which are far away from
the best non-dominated solutions. The uniformity and convergence analysis of solu-
tions showed that mIBEA performs better than IBEAHV. However, the authors did
not show an exhaustive performance analysis with respect to other state-of-the-art
MOEAs.

In 2007, Ishibuchi et al. [76] proposed the Iterative-IBEA6 that produces at each
execution a single solution to maximize the HV value. In other words, it iteratively
constructs the final solution set S. At execution k, Iterative-IBEA uses HV(S(k−1) ∪
{~u}) as its fitness function (where S(k−1) is the solution set generated in the previous
execution, thus, |S(k−1)| = k−1). The IB-ES computes the fitness values of the (µ+λ)
solutions and deletes the worst λ individuals. If we want a Pareto front approximation
of size N , we have to execute Iterative-IBEA the same number of times which implies
a high-computational cost due to the use of the hypervolume indicator. This IB-

6Although this MOEA is called IBEA, it does not follow the IBEA framework of Algorithm 2.
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MOEA was only compared to NSGA-II on the 500-item 0/1 knapsack problem for 2,
3 and 4 objective functions.

Ulrich et al. [130] proposed the Diversity Integrating Hypervolume-based Search
Algorithm (DIVA) that combines a decision space diversity measure and HV into one
single set measure, where the trade-off between the two measures is tunable. DIVA
employs a greedy environmental selection that aims to remove the worst contributing
solutions to HV to obtain the best µ solutions out of a set of (µ + λ) individuals.
DIVA was tested on the WFG test suite for two objective functions. Experimental
results showed that DIVA significantly improves diversity compared to HypE [3] (see
Section 3.2.2.2, in page 41) due to the integration of the diversity measure into HV.
However, its main drawback is related to the high computational cost associated with
both HV and the diversity measure adopted.

Since the main limitation of the above-mentioned proposals is the expensive cal-
culation of HV, Menchaca-Mendez and Coello Coello [103] proposed an IB-ES that
exploits the locality property of HV.7 This approach, called iSMS-EMOA, generates
at each generation one offspring solution that must compete, regarding its HV con-
tribution, with its nearest neighbor in objective space and r ≥ 1 randomly chosen
solutions from the population (they set r = 1). In consequence, it only needs to
compute r + 2 HV contributions instead of handling the whole population. iSMS-
EMOA was compared to SMS-EMOA and HypE on the DTLZ test suite for 3 to 6
objective functions, regarding HV. The stopping criterion of all MOEAs was 50,000
function evaluations or a maximum of four hours of running time (since SMS-EMOA
computes the exact HV, it is very time-consuming for many-objective problems).
For 3 and 4 objectives, iSMS-EMOA presented a competitive performance compared
to SMS-EMOA. However, for 5 and 6 objective functions, iSMS-EMOA completely
outperformed the adopted MOEAs since they ran out of running time. Hence, iSMS-
EMOA can be considered as a promising approach for solving MaOPs due to its less
expensive IB-ES while still relying on the nice mathematical properties of HV.

Finally, in 2017, the same authors proposed an improvement of iSMS-EMOA.
denoted as approximate version of the improved SMS-EMOA (aviSMS-EMOA) [106].
The idea of aviSMS-EMOA is to combine the selection scheme of iSMS-EMOA with
a recently proposed mechanism to approximate the hypervolume contributions with a
minimal error [12]. Due to the exploitation of the locality property and the mechanism
to approximate HV contributions, aviSMS-EMOA is able to balance the quality of the
outcome set and the running time required to obtain it. In its experimental results,
considering the DTLZ and WFG test suites, aviSMS-EMOA was able to outperform
both iSMS-EMOA and HypE. However, SMS-EMOA obtained better results since
it employs the exact calculation of the hypervolume, but if the trade-off between
computational cost and quality is taken into account, then aviSMS-EMOA is a very
competitive alternative to the use of SMS-EMOA.

7For two dimensions, “given three consecutive points on the Pareto front, moving the middle point
will only affect the HV contribution that is dedicated to this point, but the joint HV contribution
remains fixed” [2].
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Algorithm 2: IBEA general framework

Input: Fitness scaling factor κ
Output: Pareto front approximation

1 Randomly initialize population P of size µ;
2 while stopping criterion is not fulfilled do
3 Create the set O of λ offspring solutions;
4 Q← P ∪O;

5 fitness(~x) =
∑

~y∈Q\{~x}−e−I({~y},{~x})/κ,∀~x ∈ Q;

6 while |Q| > µ do
7 ~xmin ← arg min~x∈Q fitness(~x);

8 Q← Q \ {~xmin};
9 Update fitness values of all individuals in Q;

10 end

11 end
12 return P

R2 indicator: In 2013, Phan and Suzuki [131] proposed R2-IBEA following the
scheme of IBEA (see Algorithm 2) but adopting a binary version of R2. Addition-
ally, the authors suggested two new mechanisms. First, a hypervolume-based weight
vector generation approach that uniformly distributes the weight vectors required by
R2, aiming to maximize HV. Additionally, they proposed an adaptive reference point
adjustment mechanism that aids R2-IBEA to reduce the bias of the R2 indicator to
prefer the knee of the Pareto front therefore promoting the generation of uniform solu-
tions. The performance of R2-IBEA was examined on MOPs from the ZDT and DTLZ
test suites (using 3 and 5 objectives), using the HV, GD, IGD and ε+ indicators and it
was compared with Pareto-based, indicator-based and decomposition-based MOEAs.
Although R2-IBEA had remarkable results in almost all problems in terms of con-
vergence and diversity, it is worth emphasizing its poor performance on multifrontal
MOPs, i.e., ZDT4 and DTLZ3 for 2 and 3 objective functions, respectively. For 5-
dimensional problems, R2-IBEA obtained the best HV value in problems DTLZ1,
DTLZ3, DTLZ4 and DTLZ7. However, the authors did not test their proposal on
degenerated problems (DTLZ5 and DTLZ6).

In the same year, Dı́az-Manŕıquez et al. [35] proposed a hierarchical IB-ES simi-
lar to the non-dominated sorting scheme of NSGA-II. However, instead of computing
ranks of non-dominated solutions, they suggested the creation of ranks of contributing
solutions to the R2 indicator. The first layer contains solutions that do contribute to
R2; then, these solutions are temporarily removed and a new layer is generated. This
process continues until there are no more solutions left. The authors embedded this
IB-ES into two search engines: a genetic algorithm and a differential evolution algo-
rithm, giving rise to the R2-Multi-Objective Genetic Algorithm (R2-MOGA) and the
R2-Multi-Objective Differential Evolution (R2-MODE). Both proposals were com-
pared to NSGA-II, MOEA/D and SMS-EMOA on the ZDT, DTLZ, and WFG test
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suites using 2 and 3 objective functions. According to their HV results, R2-MOGA
and R2-MODE had a poor performance on these MOPs. Additionally, the authors
experimented on MaOPs, comparing R2-MOGA and R2-MODE to SMS-EMOA and
HypE using the HV indicator. They employed the DTLZ1-DTLZ4 test instances
with 4 to 10 objective functions. These results indicated that their two proposals
were competitive with respect to SMS-EMOA and HypE regarding HV. Addition-
ally, the proposed approaches outperformed the HV-based MOEAs adopted in the
comparison in terms of computational time.

Hernández Gómez and Coello Coello [59] proposed the R2-ranking algorithm
which is similar to the one previously described. However, instead of creating ranks of
R2-contributing solutions, this approach identifies solutions that optimize the set of
utility functions involved in the definition of R2. This selection mechanism was imple-
mented in the Many-Objective Metaheuristic Based on the R2 Indicator (MOMBI).
The authors adopted the DTLZ and WFG test suites in their experiments, assessing
the performance of MOMBI, MOEA/D, and SMS-EMOA in terms of HV using MOPs
with 2 to 8 objective functions. From the results, it is evident that MOMBI outper-
formed the other MOEAs on the multifrontal MOPs and those having disconnected
and mixed Pareto front shapes, such as DTLZ7 and WFG1, respectively. However,
MOMBI was outperformed by the other MOEAs on degenerated MOPs (DTLZ5,
DTLZ6, and WFG3) and concave MOPs (DTLZ2 and WFG4-WFG9). Regarding
concave MOPs, the distribution of points generated by MOMBI was strongly biased
towards the knee of the Pareto front due to the adoption of the weighted Tchebycheff
utility function (WTCH). Additionally, a running time analysis showed that MOMBI
was less computationally expensive than SMS-EMOA and that it was slightly more
costly than MOEA/D.

In furtherance of solving the distribution bias of MOMBI, the same authors pro-
posed MOMBI-II [60] that uses the achievement scalarizing function (ASF) instead of
WTCH, where the former promotes a more uniform distribution of points. Addition-
ally, MOMBI-II employs a mechanism to statistically estimate the nadir point that
is needed to normalize the population. MOMBI-II was tested on one linear MOP
(DTLZ1) and 5 concave MOPs (DTLZ2-DTLZ4, WFG6 and WFG7) using 3 and
5 objective functions and it was compared to numerous MOEAs, using the indica-
tors HV and ∆p. The results show that due to the use of ASF, MOMBI-II produces
evenly distributed solutions in the considered MOPs, outperforming all of the adopted
MOEAs. However, the authors did not test MOMBI-II in MOPs having complicated
Pareto fronts such as DTLZ5, DTLZ6, WFG3 nor in MOPs having degenerated or
disconnected Pareto fronts such as DTLZ7 and WFG2.

In recent years, some studies have emphasized that MOEAs using a set of con-
vex weight vectors,8 using, for example, the Simplex Lattice Design method [147],
may lose diversity when solving MaOPs [60, 30]. This is the case of all the above
mentioned R2-based MOEAs (except for R2-IBEA). In consequence, Li et al. [91]
have enhanced the diversity management of the R2 environmental selection mecha-

8A vector ~w is a convex weight vector if and only if
∑m
i=1 wi = 1 and ∀i ∈ {1, . . . ,m}wi ≥ 0.
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nisms by taking advantage of the Reference Vector guided Evolutionary Algorithm
(RVEA) [20]. This selection mechanism first divides the population into contributing
and non-contributing solutions to the R2 indicator, keeping the contributing ones. If
the next population is not complete, the remaining solutions are selected from the
non-contributing ones, enhancing diversity with the RVEA mechanism that clusters
the population into different subregions where a weight vector defines each subregion.
Then, the idea is to avoid deleting solutions from isolated subregions, i.e., to remove
solutions from the most crowded subregions. The proposed approach, called Two-
Stage R2 Evolutionary Algorithm (TS-R2EA), was mainly compared to MOMBI-II
and RVEA on the DTLZ and WFG test suites for 3 to 15 objective functions, using
the HV and IGD+ indicators. Statistically, TS-R2EA had a better performance on
MaOPs with more than 10 objective functions and on multifrontal problems such as
DTLZ1. However, it did not show good results when tackling test problems with
irregular Pareto fronts, namely, WFG1, WFG2 and WFG3 which have mixed, dis-
connected and degenerated Pareto front geometries.

In 2018, Li et al. [92] proposed an environmental selection mechanism that com-
bines the R2 indicator with the decomposition strategy of MOEA/D [147]. The
motivation of this algorithm (called R2-MOEA/D) is that in some cases a simple
R2 selection strategy may lose the diversity of solutions in objective space. Based
on the set of weight vectors required by R2, the authors defined subspaces where
the solutions are assigned depending on their proximity to each weight vector. In-
stead of using the scalarizing values for each solution as in MOEA/D, R2-MOEA/D
assigns to each solution its contribution to R2. The underlying idea of this hybrid
selection scheme is to avoid deleting solutions from isolated subregions even if the
pure R2 selection mechanism aims to do it. In this way, a better diversity of so-
lutions is promoted. To the authors’ best knowledge this is the first approach that
combines an IB-Mechanism with a decomposition strategy. Compared to MOMBI-II,
R2-MOEA/D produces better results regarding the ∆p indicator that assesses conver-
gence and diversity simultaneously. However, due to the use of convex weight vectors,
it is likely that the performance of R2-MOEA/D strongly depends on specific Pareto
front shapes [75].

IGD+++ indicator: Manoatl and Coello Coello introduced the IGD+-EMOA which
is the only algorithm currently available (to the authors’ best knowledge) that uses an
environmental selection based on IGD+ [100]. It transforms the selection process into
a Linear Assignment Problem (LAP) such that the best relationship between the ref-
erence set and the population is found from the modified Euclidean distance of IGD+.
The authors proposed to use the Kuhn-Munkres’ algorithm to solve the LAP. The
reference set is a crucial aspect of IGD+-EMOA. Manoatl and Coello Coello proposed
the construction of this set using γ-superspheres [38] to approximate convex, linear
or concave geometries of the Pareto front. A γ-supersphere is a type of curve defined
as: {(y1, . . . , ym) ∈ Rm

+ |yγ1 + · · ·+yγm = 1}, where γ ∈ Rm
+ is a parameter that controls

the geometry of the curve. The authors proposed to find the value of γ by solving a
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root-finding problem using Newton’s method. However, due to the limitation of ge-
ometries that can be approximated using this strategy, IGD+-EMOA cannot properly
solve MOPs having degenerated and disconnected Pareto front shapes. IGD+-EMOA
II [101], proposed by the same authors, aims to solve the problem of the previous
version with difficult Pareto front shapes. Its main contribution is a new method
to generate the reference set. This mechanism employs an external archive of non-
dominated solutions from which certain ones are selected to be part of the reference
set based on their contribution to the hypercube (a concept closely related to the hy-
pervolume). Regarding the experimental results, it is confirmed that the HV-based
strategy to build the reference set allows IGD+-EMOA II to solve MOPs having com-
plex Pareto front shapes, for example, the Viennet problems [134] and the MAF test
suite [21], making it a very versatile multi-objective optimizer.

GD indicator: Menchaca and Coello Coello [104] proposed the Generational Dis-
tance-based Multi-Objective Evolutionary Algorithm (GD-MOEA) that employs an
environmental selection scheme based on GD. However, since GD only promotes
convergence leaving aside diversity, the authors introduced a mechanism based on
Euclidean distances that compensates for this deficiency. At each iteration, the pop-
ulation is divided into non-dominated and dominated solutions. In case that we have
less than µ non-dominated solutions, the remaining solutions are selected from the
dominated ones using a GD-based environmental selection mechanism in which the
non-dominated individuals represent the reference set. The IB-DE aims to choose
the nearest dominated solutions to the reference set, diversifying the set by analyzing
its nearest neighbors. If the number of non-dominated solutions is greater than µ,
then the diversity mechanism is applied. GD-MOEA was compared to MOEA/D
and HypE on the DTLZ and WFG test suites using 3 to 6 objective functions, and
adopting the hypervolume indicator. The results reported by the authors showed
that HypE outperformed GD-MOEA in 75% of the test problems and the latter out-
performed MOEA/D in 67% of the MOPs. It is worth noting that GD-MOEA had
difficulties to solve multifrontal MOPs such as DTLZ1 and DTLZ3. We can only
distinguish a good performance of GD-MOEA on problems DTLZ7 and WFG7 for
high-dimensional objective spaces. Regarding running time, GD-MOEA is 168 times
faster than HypE and 1.46 times slower than MOEA/D.

Menchaca et al. [105] found that the diversity mechanism of GD-MOEA did not
sufficiently increase the selection pressure when tackling MaOPs. Thus, they replaced
the old diversity mechanism with one based on the additive ε-dominance9 whose aim is
to uniformly distribute solutions among the hypercubes produced by this dominance
relation. The new algorithm, called GDE-MOEA, controls the ε value that divides
objective function space. To validate the performance of GDE-MOEA, the authors
employed the same experimental setup of GD-MOEA and this algorithm was also

9Given ~x, ~y ∈ X and ε > 0, ~x is said to ε+-dominate ~y (denoted by ~x ≺ε+ ~y or ~f(~x) ≺ε+ ~f(~y)) if
for all i = 1, 2, . . . ,m fi(~x) ≤ (fi(~y) + ε) and there exists at least one index j ∈ {1, 2, . . . ,m} such
that fi(~x) < (fi(~y) + ε).
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included. From the results, it is clear that GDE-MOEA is a bad option for MOPs
similar to DTLZ1 and DTLZ2 since in all cases it was outperformed by the adopted
MOEAs. However, with respect to HV, GDE-MOEA was an outstanding optimizer
for disconnected problems such as DTLZ7 and WFG2 in which it consistently obtained
the best results. In general, GDE-MOEA had better results than GD-MOEA and
MOEA/D. Unlike GD-MOEA that was outperformed by HypE, GDE-MOEA had a
competitive performance with respect to this HV-based MOEA.

ε+ε+ε+ indicator: When Zitzler and Künzli proposed the IBEA framework (see Algo-
rithm 2), they also showed the effectiveness of the binary ε+ indicator in its selection
mechanism, giving rise to IBEAε+ [153]. The experimental scenario was the same
as that of IBEAHV’s. However, IBEAε+ performed significantly better on the prob-
lem DTLZ6 which is a degenerated MOP that other MOEAs cannot properly solve
because of the generation of numerous weakly dominated solutions.

The Approximation-Guided Evolutionary Multi-Objective Optimizer (AGE) [14]
employs a greedy environmental selection mechanism that reduces the population size
based on the worst contribution to the ε+ indicator.10 An external archive that stores
non-dominated solutions is employed as the reference set. AGE does not need addi-
tional parameters, unlike IBEAε+ . Furthermore, the authors proposed a fast method
to reduce the number of calculations related to the greedy selection mechanism. AGE
was comprehensively tested on four MOPs of the DTLZ test suite, varying the num-
ber of objective functions from 2 to 20. Experimental results showed that AGE does
not perform well on MOPs having 2 and 3 objective functions and it is competitive
in MaOPs with respect to SMS-EMOA, IBEAHV and NSGA-II.

Wagner and Neumann proposed AGE-II [137] that tackles the two main limita-
tions of AGE. First, AGE adopts an unbounded external archive whose update rule
is solely based on Pareto dominance, slowing down its execution time. In contrast,
AGE-II uses a bounded external archive adopting ε dominance in the update rule.
However, this introduces the need for a parameter εgrid for the ε dominance. To
improve performance in MOPs with 2 and 3 objective functions, AGE-II proposes
a crowding distance-based parent selection that aims to maintain a diverse genetic
material for the variation operators. Experimental results based on HV showed that
AGE-II outperforms its predecessor, AGE, for MOPs in low- and high-dimensional
objective space. Additionally, under time constraints, AGE-II is also able to be com-
petitive or even get better results than SMS-EMOA and IBEAHV. AGE-II presented
remarkable results for multifrontal problems, i.e., DTLZ1 and DTLZ3.

The Two Archive algorithm 2 (Two Arch2) [138] is a hybrid MOEA that uses
two subpopulations, one dedicated to maintain convergence and the other to preserve
diversity. Two Arch2 was especially designed to tackle MaOPs. To this purpose, the
convergence subpopulation is updated based on the ε+ indicator, using the scheme
of IBEAε+ . The current solutions of the convergence subpopulation and the non-
dominated solutions from the newly created offspring are merged into a single tem-

10In the original paper, the authors denoted the ε+ indicator as the α indicator.
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porary population Q. If Q exceeds its maximum allowable size, a greedy selection is
performed by calculating the fitness values of all solutions, using the equation on Line
5 of Algorithm 2 with κ = 0.05. The solution with the lowest fitness value is removed
and, then, all fitness values are updated. This process continues until Q reaches its
maximum size. The other subpopulation of Two Arch2 aims to maintain diversity
by using an update rule based on a L1/m norm, where m is the number of objective
functions. Both subpopulations interact to produce a Pareto front approximation
with both convergence and diversity properties. Two Arch2 was tested on MOPs
from the DTLZ and WFG benchmarks, varying the number of objective functions
from 2 to 20. The performance of Two Arch2 was compared with respect to IBEAε+

and AGE-II, outperforming both algorithms in low- and high-dimensional MOPs.

∆p∆p∆p indicator: In 2012, Rodŕıguez Villalobos and Coello Coello [113] proposed to
use the ∆p indicator in a selection mechanism coupled to differential evolution, giving
rise to the ∆p-DDE algorithm. The selection method used in this case is a greedy
algorithm that removes the worst contributing solutions. Since ∆p is based on GDp

and IGDp, the authors decided to give more importance to the latter because it
rewards both convergence and distribution while the former is specifically focused
on convergence. Hence, when the individual ∆p contributions of all solutions are
computed, the first criterion to check is the IGDp contribution. It is worth noting
that unlike other IB-MOEAs using a greedy strategy, ∆p-DDE only needs to compute
all contributions once and then it identifies the best µ solutions. In consequence, this
reduces its computational cost. Regarding the reference set, it is constructed by
fitting the current non-dominated points of the population into a frame formed by
the approximations to the ideal and nadir points, uniformly distributing the points
using a distance measure. Regarding HV results on the ZDT and DTLZ test suites,
∆p-DDE produced poor solution sets for discontinuous problems (such as DTLZ7
and ZDT3) and the degenerated DTLZ5 and DTLZ6 problems. However, it had
outstanding results when tackling multifrontal problems such as DTLZ1 and DTLZ3.
Unfortunately, ∆p-DDE was not exhaustively tested on MaOPs, and the authors
only considered the many-objective version of DTlZ2 in which SMS-EMOA obtained
better results than ∆p-DDE.

In a further paper, Menchaca et al. designed the ∆p-selection mechanism that
was integrated into the ∆p-MOEA [107]. Unlike ∆p-DDE which prefers to use IGDp

for selection, ∆p-MOEA switches between IGDp and GDp to select solutions, depend-
ing on which of these two QIs best assesses the population. The GDp-selection is
the same as GDE-MOEA. The IGDp-based environmental selection is similar to the
non-dominated sorting mechanism of NSGA-II but considering the proximity of the
solutions to the reference set. Concerning the reference set, it is constructed using
the non-dominated solutions and ε dominance to assign each solution to a certain
hypercube. ∆p-MOEA was compared to MOEA/D and HypE on the WFG test suite
using 3 to 6 objective functions, adopting HV and ∆p as QIs. ∆p-MOEA outperforms
both MOEAs, only showing poor results for WFG1 whose Pareto front is mixed (i.e.,
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it combines convex and concave shapes). Additionally, ∆p-MOEA performs better
on discontinuous MOPs such as WFG2 where ∆p-DDE fails. It is worth noting that
even ∆p-MOEA has better results than GD-MOEA and GDE-MOEA.

Discussion Due to its strong mathematical properties, the hypervolume seems to
be the best option to design environmental selection schemes. It has been proved
that the maximization of the HV is related to finding the Pareto optimal set [46].
However, its high computational cost is a critical drawback. From Table 3.3, we
observe that none of the HV-ES performs a hierarchical selection; as a matter of fact,
all of them are greedy algorithms. The lack of HV-based hierarchical mechanisms is
related to the complexity of the hypervolume subset selection problem (HSSP) which
is NP-hard [13]. The solution of the HSSP would allow us to find a subset of solutions
that maximizes the HV value. However, there is no polynomial-time algorithm able to
solve the HSSP unless P = NP. Due to the computational limitations involved, greedy
strategies have to be implemented. Nevertheless, Bradstreet et al. [11] claim that a
greedy strategy does not always produce the desired results. From the HV-selection
mechanisms presented before, the one implemented in iSMS-EMOA and aviSMS-
EMOA should be strongly considered. The key aspect of both IB-MOEAs is to exploit
the locality property of HV to reduce the number of times the HV-contribution is
computed. These algorithms considerably reduce the computational time with respect
to the other proposals without sacrificing the quality of the generated approximation
in a significant way.

Other indicators have been employed to avoid the drawbacks of the HV. The R2
indicator is a remarkable option because of its weak Pareto compliance. MOMBI-II
and TS-R2EA are perhaps the bestR2-based algorithms currently available. However,
since all R2-based MOEAs need to be supplied a set of convex weight vectors, that
forms an (m − 1)-simplex, in order to define the utility functions and to maintain
diversity. This requirement is indeed its main drawback. As the dimensionality of the
objective space increases, the number N of weight vectors increases in a combinatorial
fashion, i.e., N = Ch+m−1

m−1 , where h is an integer parameter [17, 93]. Maintaining
a relatively small N in MaOPs affects the number of intermediate vectors in the
simplex. A two-layer set of weight vectors has been used to overtake this last issue
[30]. Another important problem related to the set of weight vectors is a possible
overspecialization on Pareto fronts that are strongly coupled with these vectors [75].
Regarding ε+, ∆p, GD and IGD+, their performance is strongly related to the way in
which the reference set is built [73]. Each approach proposes a different way to define
the reference set. However, from the experimental results, the method to construct
the reference set of IGD+-EMOA II seems the best option currently available since
it is based on a HV-based method which is less computationally expensive. Its usage
allows IGD+-EMOA II to solve problems having complex Pareto front shapes which
directly tackles the problem stated by Ishibuchi et al. [75].
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Table 3.4: IB-Density Estimators. The ‘Method’ determines how the solutions are
selected. For each IB-MOEA, it is shown in which problems it has been tested on as
well as the number of objectives adopted in each case.

Indicator Algorithm Method Problems # Objectives Year Ref.

HV

ESP Worst contribution ZDT 2 2003 [66]
SIBEA Worst contribution ZDT 2 2007 [149]

SMS-EMOA Worst contribution ZDT & DTLZ 2 & 3 2007 [8]
MO-CMA-ES Worst contribution ZDT & FON 2 2007 [67]

SMS-EMOA-Apr
HV contribution
using ASF-based
approximation

DTLZ 3 & 6 2010 [79]

HypE HV approximation
DTLZ, WFG

knapsack problem
2, 3, 5, 7,
10, 25, 50

2011 [3]

FV-MOEA Worst contribution ZDT, DTLZ, WFG 2 - 5 2015 [83]
I-SIBEA Worst contribution ZDT & DTLZ 2 & 3 2015 [22]

R2 R2-EMOA Worst contribution ZDT, DTLZ 2 2015 [18]

IGD+ IGD+-MaOEA Worst contribution DTLZ & DTLZ−1 3 - 7 2018 [43]

IGD
MyO-DEMR Worst contribution DTLZ

2, 3, 5, 8,
10, 15, 20

2013 [34]

MOEA/IGD-NS Worst contribution ZDT & DTLZ 2 - 3 2016 [124]

MaOEA/IGD
Linear Assignment

Problem
DTLZ & WFG 8, 15, 20 2018 [121]

AR-MOEA Worst contribution
DTLZ, DTLZ−1,

WFG, MAF
3, 5, 10 2018 [125]

∆p RIB-EMOA Worst contribution DTLZ 3 - 10 2014 [146]

3.2.2.2 IB-Density Estimation

Hypervolume indicator: In 2007, Beume et al. introduced the S-Metric Selection
Evolutionary Multiobjective Optimization Algorithm (SMS-EMOA) [8] which is a
steady-state11 version of NSGA-II, in which the density estimator originally based on
crowding distance is replaced by one that removes the least HV-contributing solution.
Algorithm 3 provides the general framework of SMS-EMOA. At each generation, the
union set P∪{~anew} (where ~anew is the newly created solution and P is the population)
is categorized in layers or ranks {R1, R2, · · · , Rk} using the Pareto dominance relation
(see line 5). If Rk has more than one solution, then we need to delete in line 8
the solution ~qworst that has the least HV contribution (this is the HV-based density
estimator). In case Rk has one solution, this one is eliminated since it is the worst
solution regarding Pareto dominance. Due to the mathematical properties of HV,
SMS-EMOA can theoretically solve any MOP, producing convergent and uniformly
distributed solutions along the Pareto front (although it prefers the Pareto front knee
since solutions in this part of the front have a more substantial HV contribution).
An essential aspect of SMS-EMOA is that it can solve MOPs whose Pareto front is
degenerated such as DTLZ5, DTLZ6, and WFG3, which are very difficult for other
MOEAs, including IB-MOEAs. However, it has some drawbacks. First, when solving
MaOPs the number of ranks tends to one, forcing SMS-EMOA to calculate the HV

11It implements a (µ+ 1)-selection scheme.
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Algorithm 3: SMS-EMOA general framework

Output: Pareto front approximation
1 Randomly initialize population P of size µ;
2 while stopping criterion is not fulfilled do
3 Create a new offspring solution ~anew;
4 Q← P ∪ {~anew};
5 {R1, . . . , Rk} ← non-dominated sorting(Q);
6 if |Rk| > 1 then
7 zmax

i ← max~q∈Q fi(~q),∀i = 1, . . . ,m;
8 ~qworst ← arg min~q∈Rk HV (Q,~zmax)−HV (Q \ {~q}, ~zmax);

9 else
10 ~qworst is equal to the sole solution in Rk;
11 end
12 P ← Q \ {~qworst};
13 end
14 return P

contributions of the whole population which implies an additional computational
cost to the already expensive calculation of HV in high-dimensional objective spaces.
Recently, it has been empirically shown that the reference point employed by HV is
dependent on the MOP and its geometry [71, 69]. This has a severe impact on the
performance of HV-based MOEAs.

Although SMS-EMOA is the most remarkable HV-based MOEA, the underlying
idea of its density estimator had been previously presented by Huband et al. in 2003
in their Evolution Strategy with Probabilistic Mutation (ESP) algorithm [66]. The
only difference between SMS-EMOA and ESP is that the latter is a (µ+λ)-Evolution
Strategy (ES) which implies that the HV-based density estimator has to compute
much more HV contributions than the HV-based density estimator of SMS-EMOA.
This is a critical aspect that avoids the use of ESP and that is why all HV-based
proposals employ a steady-state scheme. ESP was compared to a variety of other
MOEAs, outperforming them on the ZDT test suite due to the use of its HV-based
density estimator.

Igel et al. [67] proposed the Multi-Objective Covariance Matrix Adaptation Evolu-
tion Strategy (MO-CMA-ES) that uses two types of density estimators: one adopting
crowding distance (as NSGA-II) and another one which is the same as that adopted
in SMS-EMOA and ESP. A steady-state MO-CMA-ES was tested on the ZDT test
suite and the Fonseca problem (FON) [24], obtaining similar results to SMS-EMOA.

On the other hand, Zitzler et al. [149] defined the weighted HV indicator which
allows the user to incorporate preferences through a set of weight vectors (as R2-based
MOEAs do), preserving the Pareto compliance of the original HV indicator. A den-
sity estimator based on this weighted HV was integrated into the NSGA-II framework
that performs a (µ + λ)-selection scheme, giving rise to the Simple Indicator-Based
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Evolutionary Algorithm (SIBEA). Due to the incorporation of preferences, SIBEA
can focus the search on a specific region of the objective space and it can circumvent
the bias towards the knee of the Pareto front that is related to traditional HV-based
mechanisms. However, SIBEA is restricted to bi-objective MOPs due to the math-
ematical definition of the weighted HV that makes it computationally expensive.
Additionally, due to the (µ + λ)-selection scheme, the execution of SIBEA is very
time-consuming even for bi-objective MOPs.

Due to the high computational cost of the hypervolume, some authors have pro-
posed its approximation. Bader and Zitzler [3] proposed the Hypervolume Estimation
Algorithm for Multiobjective Optimization (HypE). HypE uses Monte Carlo sampling
with the aim of approximating the HV contributions. The authors stated that “the
main idea is that the actual indicator values are not important, but rather the rank-
ings of solutions induced by the hypervolume indicator” [3]. HypE is a (µ + λ)-EA
that works under the same framework of NSGA-II. It is worth noting that HypE uses
the exact HV contribution for two and three dimensions of the objective space and,
in case of MaOPs, it employs the approximation. Additionally, the quality of the so-
lution set is sensitive to the number of samples that the Monte Carlo method adopts.
Although the quality of the solutions is a bit lower than those of SMS-EMOA, the
computational cost of HypE in MaOPs is considerably lower. HypE was compared to
NSGA-II, SPEA2 and IBEAHV on the DTLZ and WFG test suites using 2, 3, 5, 10,
25 and 50 objective functions. According to the hypervolume results, HypE performs
better than the adopted MOEAs which implies that the approximation of the ranks
produced by HV allows an MOEA to get good results.

Ishibuchi et al. [79] proposed an HV approximation approach based on the use of
achievement scalarizing functions (ASFs) [110]. They decided to use ASFs because:
(1) they have shown to be effective when solving MaOPs, and (2) the accuracy and
computational load can be adjusted through the number of weight vectors employed.
The idea of the approximation is to measure the distance from the reference vector
employed by HV to the solution set using the ASFs. This approximation method
was incorporated into SMS-EMOA, giving rise to SMS-EMOA-Apr. The authors
claim that this new approach drastically decreased the runtime of SMS-EMOA. Fur-
thermore, they observed that the use of an approximation to HV does not severely
deteriorate the quality of the solutions produced. However, SMS-EMOA-Apr was only
tested in DTLZ1 and DTLZ2, leaving aside MOPs with interesting properties. It is
worth noting that the accuracy of this approximation method strongly depends on
the number of weight vectors. As the dimensionality of the objective space increases,
it would be necessary to provide even more weight vectors than those commonly
employed by R2-based MOEAs which will increase the runtime of the algorithm.

In 2015, Jiang et al. [83] presented the Simple and Fast Hypervolume Indicator-
Based MOEA (FV-MOEA). The main contribution of this work is a new method
to update the exact HV contributions of different solutions based on the locality
property of HV. The IB-density estimator using this fast HV calculation was incorpo-
rated into the NSGA-II framework. Experimental results confirmed the superiority
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of FV-MOEA regarding HV as well as its lower cost with respect to SMS-EMOA
and IBEAHV. The distribution of points is similar to other HV-based MOEAs. A
possible drawback of FV-MOEA is that the locality property is well-defined for the
two-objective case, while it is not entirely stated for m > 2 objectives.

Finally, the Interactive Simple Indicator-Based Evolutionary Algorithm (I-SIBEA),
introduced by Chugh et al. [22], is an interactive MOEA [108], i.e., it asks the de-
cision maker (DM) to provide preference information throughout the evolutionary
process. I-SIBEA uses a density estimator based on the weighted HV to reduce the
population size, and it collects data from the decision maker, related to preferred and
non-preferred solutions. Since I-SIBEA is an interactive MOEA, it asks for preference
information through the search process. Due to this interaction, the solution process
of I-SIBEA could be complicated, especially when the decision maker does not have
a clear idea of his preferences. However, focusing the search on some areas of the
objective space could be beneficial when solving MaOPs because of the reduction of
the search space. Additionally, the DM can decide how many times s(he) wants to
interact with the algorithm and how many solutions s(he) wants to compare while
interacting. Therefore, the DM does not need to compare more solutions than s(he)
is able to consider at a time. Unfortunately, the comparative study only included
ZDT4, DTLZ1 and DTLZ2 problems using 2 and 3 objective functions. These MOPs
are not very challenging for most MOEAs.

R2 indicator: Brockhoff et al. [18] proposed the R2-EMOA that substitutes the
HV-based density estimator of SMS-EMOA by one based on the R2 indicator. R2-
EMOA obtained promising results because of the weakly Pareto compliance of the R2
indicator and the even distribution of points promoted by the required set of convex
weight vectors. Another remarkable feature of R2-EMOA is that it is less compu-
tationally expensive than SMS-EMOA, allowing it to solve MaOPs at an affordable
computational cost. However, the cardinality of the set of weight vectors increases
in a combinatorial fashion as the number of objective functions does. Moreover, the
performance strongly depends on the utility function that is employed. Each utility
function allows R2-EMOA to find solutions in different regions of the objective space
[110]. The authors performed an empirical analysis of their greedy heuristic strat-
egy, i.e., the R2-based density estimator could produce the µ-optimal distributions
associated with the R2 indicator. To this aim, they employed some ZDT and DTLZ
problems. The experimental results showed that R2-EMOA produces approximation
sets similar to the µ-optimal distributions. However, no comprehensive comparative
study is available yet.

IGD+++ indicator: Motivated by the overspecialization of MOEAs using convex
weight vectors (as search directions, reference sets or as part of a quality indicator)
on certain benchmark problems, Falcón-Cardona and Coello Coello have proposed
an MOEA that employs the IGD+ indicator as its density estimator [43]. Based
on an empirical analysis, they found out that an IGD+-based search could produce
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similar Pareto front approximations to those of SMS-EMOA. Hence, they proposed
the IGD+-Many-Objective Evolutionary Algorithm (IGD+-MaOEA) that replaces the
HV density estimator of SMS-EMOA in Algorithm 3 by the IGD+ contributions of
all solutions in the last dominated rank. Additionally, they introduced a method to
reduce the computational cost of computing the IGD+ contributions of the entire
population. The authors compared IGD+-MaOEA with respect to IGD+-EMOA,
NSGA-III, MOEA/D and SMS-EMOA on the DTLZ and DTLZ−1 [75] test suites
using 3 to 7 objective functions. The DTLZ−1 test suite is a slight modification of the
original DTLZ test suite, where all the objective functions of the MOPs are multiplied
by −1, producing in some cases MOPs whose Pareto front is not correlated to the
simplex that a set of convex weight vectors forms. On the basis of the HV results,
IGD+-MaOEA is very competitive with respect to the adopted MOEAs in the DTLZ
test suite and it outperforms all the other MOEAs when tackling the DTLZ−1 test
problems. On the basis of these results, the authors claimed that IGD+-MaOEA is a
more general many-objective optimizer since its performance does not depend on the
Pareto front shapes. An in-depth description of IGD+-MaOEA is given in Chapter 6
since this algorithm is part of this Ph.D. thesis.

IGD indicator: In 2013, Denysiuk et al. [34] introduced the Many-Objective Dif-
ferential Evolution with Mutation Restriction (MyO-DEMR) based on the NSGA-II
framework. MyO-DEMR replaces the density estimator of NSGA-II by one based on
the individual contributions to the IGD indicator. The reference set Z is equal to the
hyperplane that dominates the set of solutions in the rank Rj that makes the popula-
tion size to exceed µ solutions. After calculating the individual contribution of each
solution in Rj, the contributions are sorted in descending order, and the elements that
make the population equal to µ are kept. This strategy differs from the one employed
by R2-EMOA where each time a solution is removed, all the contributions must be
recomputed. Hence, this saves computational time. MyO-DEMR showed competitive
results with respect to state-of-the-art algorithms, producing well-covered and well-
distributed solutions for problems with up to 20 objectives. However, MyO-DEMR
was not tested on MOPs having degenerated and discontinuous Pareto fronts. It is
worth noting that MyO-DEMR presented remarkable results for multifrontal MOPs
such as DTLZ1 and DTLZ3, although the authors mentioned that this behavior was
due to the restriction strategy contained in the differential evolution search engine.

Tian et al. [124] proposed an enhanced IGD indicator, called IGD with noncon-
tributing solution detection (IGD-NS). This indicator defines a value on the basis
of all noncontributing solutions which penalizes the original IGD value. Noncon-
tributing solutions are the ones which are avoided to be the nearest neighbors of any
point in the required reference set. The authors proposed the MOEA/IGD-NS that
employs Pareto dominance as its environmental selection mechanism and a density
estimator that removes the worst IGD-NS contributing solutions, i.e., it follows the
NSGA-II scheme. MOEA/IGD-NS has an external archive that stores non-dominated
solutions, improving their diversity with a scheme similar to that of RVEA, i.e., it
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clusters solutions in different subregions [20]. This external archive is employed as
the reference set of IGD. Evidently, the identification of noncontributing solutions
increases the computational cost of MOEA/IGD-NS in comparison to MyO-DEMR.
Experimental results on low-dimensional instances of the ZDT and DTLZ test suites
showed that MOEA/IGD-NS produces evenly distributed solutions. Nevertheless,
the authors claimed that MOEA/IGD-NS could not solve MaOPs because it is com-
plicated to maintain an external archive with both a good convergence and a good
diversity. Hence. the performance of the approach is not scalable.

In 2018, Sun et al. [121] introduced the IGD Indicator-based Many-Objective Evo-
lutionary Algorithm (MaOEA/IGD). This IB-MOEA first constructs an ideal version
of the Pareto front on the basis of the (m−1)-dimensional hyperplance that is shaped
by the set of approximated extreme points. This hyperplane is employed to classify
the population in three groups based on the Pareto dominance relation: (1) rank
R1 contains points that dominate the hyperplane, (2) rank R2 has points mutually
non-dominated with the hyperplane, and (3) points dominated by the hyperplane
belong to rank R3. Unlike the non-dominated sorting procedure that creates different
ranks of solutions, the previous classification only generates three ranks of solutions
that are added to the next population whenever the population size is not exceeded.
It is worth noting that depending on the rank, a distance between a point and the
reference set (the hyperplane) is measured: a negative Euclidean distance, a modified
Euclidean distance of IGD+ and an Euclidean distance for R1, R2 and R3, respec-
tively. Starting from the rank that exceeds the population, the remaining solutions
are selected by transforming the selection problem into a Linear Assignment Prob-
lem just as Manoatl and Coello Coello proposed in IGD+-EMOA [100]. The authors
were interested in showing the effectiveness of MaOEA/IGD in MaOPs. Thus, they
compared it with NSGA-III, MOEA/D, HypE and RVEA on the DTLZ and WFG
test suites using 8, 15 and 20 objective functions, adopting the hypervolume indica-
tor. Their experimental results showed that MaOEA/IGD performs better than the
other MOEAs on MaOPs with 8 and 20 objective functions and its performance is
significantly better for MaOPs DTLZ1, DTLZ7, WFG1, and WFG3, which covers a
wide range of Pareto front shapes. However, an important aspect to consider is that
its performance mainly depends on the proper construction of the approximated hy-
perplane. The method to approximate the extreme points that shape the hyperplane
is very time-consuming since it involves m additional approximation sets and it may
sometimes fail to produce good points.

As in the case of IGD+-MaOEA whose primary motivation is the overspecializa-
tion of MOEAs using convex weight vectors on specific benchmark problems, Tian
et al. presented the Adaptive Reference Set-based MOEA (AR-MOEA) [125] as an
alternative to deal with a wider variety of Pareto front shapes. AR-MOEA is an
improvement of MOEA/IGD-NS since the latter had a poor performance on MOPs
having different Pareto front geometries. Although IGD-NS solves some of the prob-
lems of IGD when selecting solutions, the former tends to choose non-contributing
solutions that are clustered together and too near to a reference point. Consequently,
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the density estimator based on IGD-NS of AR-MOEA also includes an adaptive refer-
ence set that approximates the inner geometry of the Pareto front, using an approach
similar to that of RVEA [20]. Hence, AR-MOEA takes advantage of both the adap-
tive reference set and the IGD-NS-based selection. AR-MOEA follows the framework
of NSGA-II, i.e., it uses Pareto dominance as its main selection criterion and, addi-
tionally, the IGD-NS density estimator is adopted to delete the worst-contributing
solution from the last rank of solutions. AR-MOEA was tested on several test prob-
lems that cover a wide range of Pareto front shapes. They used the DTLZ, DTLZ−1,
WFG and MAF test suites adopting 3, 5 and 10 objective functions. Their experimen-
tal results showed that AR-MOEA is a more versatile optimizer since its performance
does not depend on the Pareto front shape. For 3-objective functions, AR-MOEA
could rank first in terms of HV values only on DTLZ4, WFG3 and MAF4. In case
of MaOPs, its performance was competitive with respect to NSGA-III, RVEA and
MOMBI-II.

∆p∆p∆p indicator: The Reference Indicator-Based Evolutionary Multi-Objective Algo-
rithm (RIB-EMOA) proposed by Zapotecas et al. in 2014 [146] is a steady-state
MOEA that adopts ∆p as its second selection criterion. RIB-EMOA follows the SMS-
EMOA framework although it tries to save some computations of ∆p contributions.
Regarding the required reference set, the authors proposed to generalize its construc-
tion using Lamé superspheres such that specific Pareto front geometries are approxi-
mated, namely, linear, concave and convex shapes. Experimental results showed that
RIB-EMOA has some difficulties when solving multifrontal MOPs, namely DTLZ1
and DTLZ3 as well as MOPs having degenerated Pareto fronts, e.g., DTLZ5 and
DTLZ6. Nevertheless, RIB-EMOA presents better results than IGD+-EMOA (see
Section 3.2.2.1) which uses a similar strategy to build the reference set, in MOPs
having degenerated and discontinuous Pareto fronts.

Discussion IB-Density estimators are mechanisms that aim to reduce the popu-
lation size of MOEAs once the main selection criterion has been applied. Unlike
mechanisms such as crowding distance or fitness sharing, the advantages of IB-DEs
become clear when solving MaOPs because the use of quality indicators increase the
selection pressure once the Pareto dominance relation cannot properly rank solutions
in several layers. It is worth emphasizing that most of the IB-MOEAs from Ta-
ble 3.4 are based on the NSGA-II framework (a number of them adopt a steady-state
version).

The main issue with HV-based MOEAs is the high computational cost associated
with computing exact HV contributions. However, as stated by Ishibuchi et al. [79],
the use of an approximation to the HV does not severely deteriorate the quality of
the solutions and allows a significant reduction in the computational cost required.
However, the approximation of HV is currently an open research area. A remarkable
approach within this class is FV-MOEA which calculates exact HV contributions us-
ing an efficient algorithm based on the locality property of HV. FV-MOEA is indeed
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Table 3.5: IB-Archiving methods. The ‘Method’ determines how the solutions are
selected. For each IB-MOEA, it is shown in which problems it has been tested on as
well as the number of objectives of the MOPs adopted.

Indicator Algorithm Method Problems # Objectives Year Ref.

HV
LAHC Worst contribution

General point
sequences

2 & 3 2003 [87]

ε-MOPSOUD
MRV Worst contribution ZDT & DTLZ 2 & 3 2009 [80]

∆p

∆p-EMOA Worst contribution
DTLZ, ZDT

spheres model, DENT
2 2011 [51]

∆p-M-EMOA Worst contribution DTLZ & Viennet 3 2012 [128]
∆p-T-EMOA Worst contribution DTLZ & Viennet 3 2013 [114]
SMS-DPPSA Worst contribution DTLZ 4 2013 [36]

PS-EMOA Worst contribution DTLZ 4 2013 [36]

capable of producing solutions of the same quality as SMS-EMOA but at a consider-
ably lower computational cost. However, scalability is an issue in this case, since for
high-dimensional objective spaces the locality property is difficult to interpret.

Regarding the other approaches, they produce competitive results although the
Pareto compliance property is not held in the worst case. R2-EMOA produces com-
petitive results but it is necessary to analyze its performance in high-dimensional
objective spaces. Its main drawbacks are the need for a set of convex weight vectors
whose cardinality increases with the number of objective functions as well as a possi-
ble overspecialization on certain Pareto fronts due to the method adopted to generate
the weight vectors. The performance of RIB-EMOA, MyO-DEMR and MOEA/IGD-
NS is strongly dependent on the construction of the reference set. Hence, it would be
useful to analyze the impact that the reference sets have on the performance of these
approaches, with the aim of designing an adaptive method that could generalize their
use. Two interesting MOEAs within this class are AR-MOEA and IGD+-MaOEA.
The motivation of these two IB-MOEAs is to avoid the overspecialization of MOEAs
on certain benchmark, i.e., they have traced the path to design more general many-
objective optimizers whose performance does not depend on some particular Pareto
front shapes. Both algorithms have been tested on different benchmarks that cover
a wide range of Pareto front geometries. In the future, it would be interesting to
compare both algorithms to determine their advantages and drawbacks.

3.2.2.3 IB-Archiving

Hypervolume indicator: To the authors’ best knowledge, the Lebesgue Archiving
Hillclimber (LAHC) was the first IB-Mechanism ever proposed [87]. The operation of
the archiver A is very simple. If we try to add a solution ~unew to the archive and the
archive is full, then the solution from A∪{~unew} having the least contribution to HV,
is deleted. This is similar to the operation of an HV-based steady-state MOEA, such
as SMS-EMOA (see Algorithm 3) although LAHC operates on an external archive.
LAHC was tested on general point sequences that intend to approximate different
Pareto front geometries. However, the experimental analysis did not include the

CINVESTAV-IPN Computer Science Department



Indicator-based Multi-Objective Evolutionary Algorithms 49

implementation of LAHC in an MOEA. In spite of this, it is very likely that some
MOEA using LAHC behaves in a similar way to SMS-EMOA, since LAHC operates
under a similar principle.

Jiang and Cai [80] introduced the ε-MOPSOUD
MRV that uses an archive accep-

tance rule called Minimum Reduced Hypervolume (MRV) that combines HV and
ε-dominance. The solutions in the archive are placed on the hyperboxes created by
the ε-dominance mechanism. Considering a hyperbox with more than one solution
inside, the update rule will delete the solution having the lowest contribution to the
HV. By doing this, convergence and diversity of the archive is promoted. Experi-
mental results showed that the combination of ε-dominance and HV in the archive
improves both convergence and diversity of the Pareto front approximations. How-
ever, ε-MOPSOUD

MRV was only tested on the ZDT and DTLZ test suites using 2 and
3 objective functions.

∆p∆p∆p indicator: Gerstl et al. [51] introduced the first MOEA based on the ∆p indi-
cator. This MOEA, called ∆p-EMOA, is a modified version of the SMS-EMOA (see
Section 3.2.2.2) which is restricted to two-dimensional objective spaces. ∆p-EMOA
adds a ∆p-based archive to the SMS-EMOA to improve diversity by compensating
the distribution bias of the SMS-EMOA’s HV-based density estimator. The reference
set for ∆p is constructed from the current population produced by SMS-EMOA which
is linearly interpolated, aiming to distribute solutions evenly. Each time a new solu-
tion is considered to be added to the archive, the ∆p contributions of all solutions,
including the new one, are calculated, and the one with the worst value is removed.
Unfortunately, the authors did not show an exhaustive performance analysis. How-
ever, a clear disadvantage of ∆p-EMOA is its reference set construction method that
relies on linear interpolation of the main population which makes the MOEA unable
to solve MOPs with more than three objective functions.

In order to scale up ∆p-EMOA, Trautmann et al. proposed ∆p-M-EMOA [128]
which is able to solve three-objective problems. The mechanism to construct the
reference set uses the Multi-Dimensional Scaling (MDS) method to perform a dimen-
sionality reduction from m dimensions to two-objective spaces. The solution having
the worst ∆p contribution within a set of grid points inside the ε+-convex hull of the
population in MDS space is removed from the archive. The experimental study pre-
sented by the authors considered DTLZ1, DTLZ2, DTLZ3 and the Viennet problem
with 3 objective functions and to assess performance, the ∆p indicator was employed.
From the experimental results, it is clear that ∆p-M-EMOA produces Pareto front
approximations with more uniform solutions than those generated by SMS-EMOA,
NSGA-II and MOEA/D. However, as in the case of the ∆p-EMOA, the archiving
strategy is computationally expensive. It is worth noting, however, that reducing the
dimensionality always to two-dimensional objective spaces may lead to the loss of
important information, especially when dealing with MaOPs.

Regarding ∆p-M-EMOA, Rudolph et al. [114] claimed that the sequential gen-
eration of reference sets in ∆p-M-EMOA is highly complex. Hence, they proposed
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the ∆p-T-EMOA which follows the direction of ∆p-EMOA, but it can solve three-
dimensional MOPs using a triangulation technique to generate the reference set. Us-
ing this technique, they circumvented the dimensionality reduction of ∆p-M-EMOA.
This archiving strategy is considerably faster than that of ∆p-M-EMOA. An impor-
tant issue of ∆p-T-EMOA is the detection of the border of the Pareto front and its
inability to solve MaOPs. ∆p-T-EMOA was compared to ∆p-M-EMOA, SMS-EMOA,
MOEA/D and NSGA-II using the same experimental setup as in ∆p-M-EMOA. From
the experimental results, it is clear that the ∆p-based archive improves the uniformity
of solutions, outperforming all the adopted MOEAs. Additionally, the archive update
rule of ∆p-T-EMOA is less computationally expensive than the one of ∆p-M-EMOA.

Finally, Domı́nguez et al. [36] proposed two algorithms that can be seen as an
improvement of ∆p-EMOA: ∆p-M-EMOA and ∆p-T-EMOA. For this purpose, the
core idea is the use of the Part and Selection Algorithm (PSA). Unlike SMS-EMOA,
SMS-EMOA with PSA (SMS-EMOA-DPPSA) adds a ∆p-based external archive to
store convergent and evenly spaced solutions that are not outliers. PSA processes the
current population to generate a reference set of a given size. Roughly speaking, PSA
is similar to a clustering algorithm because it partitions the set of solutions according
to a dissimilarity function aiming to group alike solutions. Using the reference set
described above, the archiver removes the worst ∆p contributing solutions until the
desired population size is reached. As SMS-DPPSA is a variant of SMS-EMOA,
it uses a density estimator based on the hypervolume. Hence, it is highly expensive
when solving MaOPs. In order to circumvent this issue, PS-EMOA is introduced. PS-
EMOA uses Pareto dominance as its main selection criterion and PSA to get samples
of the current archive. The above algorithm is the online version of PS-EMOA.
Domı́nguez et al. also proposed an offline version of PS-EMOA that first executes
the online version to store all possible non-dominated solutions in the archive and,
after that, the ∆p archiver is run to prune it, optimizing the ∆p value. When using
DTLZ1, DTLZ2 and DTLZ3, both algorithms were able to produce evenly distributed
solutions due to the bias of ∆p. Unfortunately, SMS-DPPSA and PS-EMOA were
only well-suited for MOPs having a maximum of four objective functions.

Discussion Unlike IB-ESs or IB-DEs, IB-ARs have received little attention from
the EMOO community. It is worth noting that some important reasons for this is the
computational overhead associated with the use of unbounded archives [85]. Also, and
mainly for pragmatic reasons (e.g., to allow a fair comparison with other MOEAs),
most approaches have adopted bounded archives.

In spite of the nice mathematical properties of HV, its high computational cost has
prevented its use in more mechanisms. The only two HV-archivers currently available
employ the same mechanism, i.e., they remove the solution associated with the lowest
HV-contribution. Therefore, there is no real improvement when considering these
archivers. Regarding ∆p-EMOA and its variants, the main drawback is that they
are hard-wired to a specific dimensionality of the objective space, i.e., they are not
MOEAs intended for general use. Furthermore, the construction of the reference set
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Table 3.6: IB-Mating Selection mechanisms. ‘Method’ is related to the basic algo-
rithm on which the mechanisms are based on and ‘Comparison’ is related to the
information employed to select solutions.

Indicator Algorithm Method Comparison Year Ref.

R2 R2-IBEA Binary tournament Comparison of binary R2 value 2013 [131]

IGD
MaOEA/IGD Binary tournament Comparison of rank and distance value 2018 [121]
AR-MOEA Binary tournament Comparison of IGD-NS contribution 2018 [125]

in all cases is highly complicated, and they do not offer a clear advantage over other
IB-MOEAs that adopt a reference set. Clearly, there is a lot of room for improvement
in IB-Archiving techniques.

3.2.3 IB-Mating Selection

IB-Mating Selection involves the identification of good parent solutions based on
quality indicator values. This type of selection mechanisms does not aim to solve or
approximate the indicator-based subset selection problem. Instead, this mechanism
tries to produce promising offspring solutions to accelerate the evolutionary process.
Unfortunately, the EMOO community has not tuned at all its gaze towards these
mechanisms. To the author’ best knowledge, there are currently three MOEAs that
use IB-Mating Selection. Such methods are summarized in Table 3.6. It is worth
emphasizing that none of the authors of the approches has conducted experiments to
determine the actual contribution in the search process of these IB-Mating Selection
methods. In the following, we will briefly describe the functioning of them that are
entirely based on a binary tournament selection scheme.

By adopting a binary tournament selection scheme [24], R2-IBEA iteratively fills
its gene pool by selecting those solutions that have a higher value regarding the
binary R2 indicator. Since the binary R2 indicator is weakly Pareto-compliant, R2-
IBEA always ensures to select solutions that are better in terms of weak Pareto
dominance, i.e., the solutions having non-zero contribution. In second place, we
have MaOEA/IGD [121] that creates a binary tournament where the comparisons
among solutions are made on the basis of their rank and their distance value to the
hyperplane (the reference set for the IGD indicator). The first stage is to compare the
ranks of solutions, where the lower the rank, the better. In case that both solutions
have the same rank, their distance values (negative Euclidean distance, the modified
Euclidean distance of IGD+ or Euclidean distance) are compared and the one having
the minimum value is chosen. If there is a tie, a random solution is selected. This
IGD-based mating selection scheme aims to choose solutions having a good degree of
convergence. Finally, AR-MOEA [125] computes the IGD-NS contribution of those
solutions that are selected to compete in the tournament. The one having the larger
contribution (the authors called it fitness value) wins the competition and it is added
to the gene pool. As in the case of MaOEA/IGD, this mating selection process aims to
generate offspring solutions on the basis of the best solutions in terms of convergence.
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Table 3.7: Real-world applications solved by IB-MOEAs.

IB-MOEA Real-world problem # Objectives Year Ref.

SMS-EMOA Airfoil design optimization 2, 3 2007 [8]
IBEAHV

HypE
Permanent magnet motor design 2 2012 [1]

SMS-EMOA Civil engineering structural design 2 2013 [99]
SMS-EMOA Power distribution network reconfiguration 2 2014 [142]

MOMBI Analog integrated circuit optimization 5 2015 [27]
SMS-EMOA Inventory routing problem 3 2016 [144]
SMS-EMOA Building spatial design 2 2017 [132]

MOMBI2 Route planning 3 2018 [109]
IBEAHV Software product line 5 2019 [54]

3.3 Real-world Applications

In this section, we make a brief review of real-world applications tackled by IB-
MOEAs. Table 3.7 summarizes the most relevant applications, emphasizing the real-
world problem, the number of objectives related to the problem, and the publication
year which was used to sort the proposals in chronological order.

The airfoil design problem is a very important real-world application whose opti-
mization implies huge potential savings and more secure flight characteristics. When
tackling this problem, one aims to maximize the lift to ensure safe and stable flight
qualities, while minimizing the drag during the cruising flight, which has a posi-
tive impact on the minimization of the energy consumption. SMS-EMOA [8] was
tested by its authors on two test cases: (1) airfoil redesign of models NACA0012
and NACA4412, adopting two objective functions, and (2) the minimization of three
drag coefficients related to the airfoil RAE2822. A computational fluid dynamics
tool, based on the solutions of the Navier-Stokes equations, was employed as the
simulation method that evaluates the solutions created by SMS-EMOA. Hence, the
objective function evaluation is very time-consuming which encourages the authors
to employ metamodels to reduce the computational costs. For both cases, SMS-
EMOA was compared to NSGA-II, outperforming it due to the hypervolume-based
density estimator, according to the authors. Additionally, SMS-EMOA using a Krig-
ing metamodel was compared to the basic SMS-EMOA, where the former presents
better-distributed solutions.

Another application of IB-MOEAs to real-world problems is related to the design
of permanent magnet motors. In 2011, Andersen and Santos [1] employed IBEAHV

and HypE for the parameter optimization of a permanent magnet motor. The au-
thors defined the problem as a bi-objective MOP, where the goals were to maximize
efficiency and minimize cost. For comparison purposes, they used the hypervolume
indicator but they fixed one of the components of the reference point to 96% of effi-
ciency since lower values are of no interest. According to the results, both IB-MOEAs
produced numerous solutions with efficiency greater or equal to 96% while generating
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scarce solutions with lower efficiency. Regarding HV, HypE was slightly better than
IBEAHV and it was also less time-consuming.

Civil engineering is a discipline highly related to MOPs that usually involves two
main goals: minimizing financial cost and maximizing the final design safety. The
structural design of bridges is a clear example of this type of MOPs. In 2013, Luna
et al. [99] tackled the design of a cable-strayed bridge with two pillars (towers). The
bridge had a total length of 162 m and the deck length and width are 90 m and 9
m, respectively. The authors aimed to minimize the total weight of the structure and
the summation of the deformations in specific points of the deck and the columns.
The bi-objective MOP involved 191 decision variables and 4948 side-constraints. Due
to the high computational cost of evaluating the objective functions, the authors
proposed a distributed SMS-EMOA, under the master-slave paradigm, in order to
parallelize the computation of the objective functions. For comparison purposes, the
distributed SMS-EMOA was compared with a distributed NSGA-II, where the former
showed better convergence results, according to the empirical attainment surfaces [53].
However, the authors could not conclude which MOEA was better since SMS-EMOA
had a strong bias towards the Pareto front’s knee and NSGA-II produced a better
coverage towards extreme regions.

In 2014, Yang et al. [142] proposed to tackle the power distribution network recon-
figuration problem (DNRP). Roughly, this problem aims to optimize a distribution
system so that the security, efficiency and reliability of the system are enhanced. For
this purpose, the network reconfiguration is related to the change of the topology of
the power network by operating the switches to minimize power loss. Since DNRP
is an NP-hard problem, several metaheuristics have been proposed to solve it. The
authors decided to employ SMS-EMOA and NSGA-II to solve the DNRP adopting
two objective functions: minimize power loss and voltage profile enhancement. Both
SMS-EMOA and NSGA-II were modified to adopt a sequences-based encoding. Based
on the use of attainment surfaces, SMS-EMOA was found to outperform NSGA-II
since the Pareto front of the MOP was concave, and SMS-EMOA has been found to be
able to produce outstanding results when dealing with such Pareto front geometries.

In logistics, the inventory routing problem (IRP) has been typically formulated
as a bi-objective MOP. However, Yang et al. [144] have recently extended this prob-
lem to three objective functions to be minimized: routing cost, inventory cost and
stockout cost. Additionally, the authors decided to model the multi-objective IRP
with uncertain demand, i.e., in this problem, products are repeatedly delivered from
a single supplier to a set of n geographically dispersed customers in a given number
of days. To model the uncertain demand, a Poisson distribution was employed. SMS-
EMOA and NSGA-II were used to solve different instances of the problem, mainly
varying the number of customers from 80 to 200. The experimental results, based on
the hypervolume indicator, showed that both MOEAs behave similarly.

De la Fraga and Tlelo-Cuautle [27] proposed the use of MOMBI to improve the op-
timal sizing of amplifiers design with MOSFETs. This is an analog integrated circuit
optimization problem, which involves the optimization of five objectives: maximize
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gain, bandwidth and slew rate and minimize power dissipation and setting time. The
problem has twelve inequality constraints. Since the original version of MOMBI is
unable to deal with constrained MOPs, the authors introduced two modifications to
this IB-MOEA: 1) the implementation of a mating selection scheme that takes into
account both feasible and infeasible solutions, and 2) they modified the R2 selection
mechanism to give more importance to feasible solutions. The authors compared the
performance of MOMBI with respect to NSGA-II, and found that the former obtained
better results than the latter.

In 2017, Van der Blom et al. [132] studied the multi-objective building spatial de-
sign problem, aiming to optimize: (1) structural efficiency, and (2) energy efficiency.
According to the authors, structural efficiency encompasses the maximal contribution
of every individual structural element to the full structure, while energy efficiency al-
lows reductions to both the impact on the environment and on the financial costs.
The problem was tackled using a tailored version of SMS-EMOA that uses specific
mutation and initialization operators that deal with mixed-integer problems. The
authors adopt landscape analysis to identify the main problem’s features and to in-
vestigate the behavior of the mutation operator. Experimental results, based on the
use of attainment surfaces, showed that the tailored version of SMS-EMOA adopted
by the authors had a good performance when solving the problem. Additionally, the
proposed operators reduced the violation of the constraints of the problem.

Regarding intelligent transport systems, route planning is a problem of remarkable
importance. In 2018, Osaba et al. [109] focused on tackling a last-mile package
delivery routing problem with third-party drop-off points, applied to bike routes in
Madrid, Spain. They modelled this as a MOP with three objectives: minimize the
travelled distance and maximize both the safety of the biker and the profit. Several
MOEAs, including NSGA-II, NSGA-III, MOEA/D and MOMBI2 were adopted to
tackle the problem. From the results in three different scenarios, MOMBI2 showed
the worst performance according to the hypervolume indicator. However, the authors
did not provide any explanation for this poor performance of MOMBI2.

In recent years, software product line (SPL) engineering has attracted the at-
tention of the industry to reduce development costs, improve software quality and
shorten time to market. The main goal of SPL is to generate an optimal product
that meets specific requirements of stakeholders, i.e., the so-called configuration opti-
mization problem. In 2019, Guo et al. [54] proposed to use IBEAHV hybridized with
the satisfiability modulo theories (SMT) for solving the five-objective SPL configura-
tion optimization problem. SMT helped IBEAHV to reduce its huge decision variable
space and to validate the satisfaction of the constraints defined in the feature model.
The proposed hybrid IBEAHV showed effectiveness and capability to scale when solv-
ing five large real-world SPLs, ranging from 1,244 to 6,888 features and from 2468 to
343,944 constraints, using the indicators HV, ε+ and IGD.
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3.4 Future Research Directions

In spite of the numerous IB-MOEAs that have been proposed, this is a research area
with several potential topics for future research. Some of them are briefly described
next.

3.4.1 Design of Multi-Indicator-based MOEAs

Currently, IB-MOEAs are based on a single indicator that imposes a certain search
bias originated by its own strengths and weaknesses. Hence, a possible research di-
rection is to propose Multi-Indicator-based MOEAs (MIB-MOEAs). The core idea of
MIB-MOEAs would be to combine the properties of each indicator-based mechanism
to obtain a better global search behavior. Phan and Suzuki [111] were apparently
the first to propose a MIB-MOEA (called BIBEA) that boosts existing IB-selection
operators, using the AdaBoost algorithm. The proposed multi-indicator selection
scheme aims to select the potential parents for crossover. In a further work, Phan
et al. [112] proposed BIBEA-P which improves BIBEA’s parent selection scheme
by using an ensemble learning method. The authors also proposed a multi-indicator
environmental selection mechanism. An issue of both proposals is that they require
supervised offline training, using certain MOPs. Hence, apparently, they would not
be able to solve any type of MOP. Unfortunately, the experimental results did not
show that the proposals outperformed state-of-the-art MOEAs. Unlike BIBEA and
BIBEA-P which are ensemble methods, the Stochastic Ranking-based Multi-Indicator
Algorithm (SRA) [90] is an MOEA that aims to balance the search biases of the in-
dicators ε+ and SDE. SRA is a steady-state MOEA that uses the stochastic ranking
algorithm as its environmental selection mechanism to sort the population using the
two considered indicators as its sorting criteria. After the sorting is done, the worst
solution is deleted. The authors showed a comprehensive series of experiments using
benchmark problems in low- and high-dimensional objective spaces, comparing their
results with those produced by a wide variety of state-of-the-art MOEAs. On the
other hand, Hernández Gómez and Coello Coello [61] proposed an MOEA, called
MOMBI-III, that combines the convergence effect of an R2-selection mechanism and
a density estimator based on the Riesz s-energy indicator for improving diversity. Ad-
ditionally, the R2-selection mechanism employs a hyper-heuristic to select the most
suitable utility function for the R2 indicator. Their experimental results showed that
MOMBI-III outperforms several state-of-the-art MOEAs.

The idea of employing MIB-MOEAs is further explored in this Ph.D. thesis in
Chapters 5 and 6.

3.4.2 Use of Hyper-heuristics

Due to the No Free Lunch Theorem [140], IB-MOEAs cannot possibly have a good
performance in all types of MOPs. With the aim of reducing the effect of the NFL,
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hyper-heuristics arise as a good option because they find from among a pool of low-
level heuristics, the one that is more suitable for a certain problem [19]. Hence, a
hyper-heuristic could decide which is the most effective indicator-based mechanism
depending on the MOP being tackled. Such hyper-heuristic is proposed in Chapter
5 where from a pool of density estimators based on the indicators R2, IGD+, ε+ and
∆p, the most suitable choice is selected for a given problem.

3.4.3 Parallel IB-MOEAs

We believe that it is possible to take advantage of parallelism in at least two ways.
First, by designing parallel IB-mechanisms that reduce the computational cost of IB-
MOEAs. In this regard, Hernández Gómez and Coello Coello [62] proposed a parallel
version of SMS-EMOA based on the island model, where each island has a micro
population. This version can substantially reduce the computational cost of SMS-
EMOA without sacrificing the population’s quality in a significant way, regarding HV.
On the other hand, the interactions of subpopulations, using different IB-Mechanisms,
in a parallel model (e.g., the island model) could produce new global search behaviors.
This research path is exploited in Chapter 6.

3.4.4 QIs and IB-MOEAs’ Theory

Currently, the understanding of QIs and IB-MOEAs is far from being complete. Re-
garding QIs, it is necessary to mathematically analyze them not only in an individual
fashion but also when they are combined. An open research direction is to mathemat-
ically prove if there are other unary Pareto-compliant QIs besides the hypervolume.
Chapter 7 investigates the mathematical combination of QIs to produce new ones
having the Pareto compliance property. Additionally, we have to turn our attention
to the design of efficient algorithms for the exact hypervolume computation [139]
or, at least, a good approximation of it that can be obtained at a relatively low
computational cost [78, 119]. Regarding IB-MOEAs, it would be valuable to have
a theoretical study that characterizes IB-Selection mechanisms with respect to their
speed of convergence, distribution, and spread of solutions. Hence, Chapter 4 pro-
vides an empirical study, aiming to characterize steady-state IB-MOEAs. It would
also be interesting to propose new selection mechanisms based on existing or on new
QIs and investigate their properties from a theoretical point of view. Finally, a the-
oretical aspect around IB-MOEAs that is worth analyzing is why mechanisms based
on non-Pareto-compliant indicators can indeed produce good results, e.g., ∆p-MOEA
or MOEA/IGD-NS. It is clear that from the point of view of quality comparison
of MOEAs, Pareto-compliance is required to avoid generating misleading results.
However, based on the results of IB-MOEAs using non-Pareto-compliant indicators,
convergence of an IB-MOEA is apparently not strictly related to the use of a Pareto-
compliant QI. Hence, an interesting topic for future research is to determine if it
is really necessary to adopt a Pareto-compliant QI as part of a MOEA in order to
produce high-quality results. If not, it is clearly important to know the reasons.
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3.5 Summary

This chapter introduced quality indicators and indicator-based MOEAs. QIs are set-
functions which measure the quality of approximation sets, regarding convergence,
spread, and uniformity of solutions. In the literature, there exist several QIs, how-
ever, those focused on assessing convergence have mostly attracted the attention of
the evolutionary multi-objective optimization community to compare MOEAs and
to design selection mechanisms. Among the plethora of convergence QIs, the most
representative ones are the following: HV, R2, GD, IGD, IGD+, ε+, and ∆p. Addi-
tionally, we introduced two QIs that measure the uniformity of solutions: the Riesz
s-energy indicator and the Solow-Polasky-Diversity indicator. Moreover, we provided
a comprehensive review of the IB-MOEAs’ state-of-the-art based on a taxonomy that
we proposed. it is worth noting that our taxonomy aims to classify IB-Mechanisms
instead of IB-MOEAs, since these IB-Mechanisms can be coupled to any MOEA. Fi-
nally, we briefly described some real-world problems solved by IB-MOEAs and some
possible future research paths.
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Chapter 4

Convergence and Diversity
Properties of IB-MOEAs

This chapter introduces an empirical analysis of IB-MOEAs, emphasizing their con-
vergence and diversity properties. Section 4.1 explains the main motivation to pro-
duce such analysis. Previous analysis on QIs and IB-MOEAs are outlined in Section
4.2. The experimental design and methodology is specified in Section 4.3. Section
4.4 is devoted to show our experimental results. Finally, a summary of the chapter is
presented in Section 4.5.

4.1 Motivation

In the specialized literature there exists a plethora of QIs, each one representing
different preferences [95]. Among this large set, QIs focused on measuring convergence
to the Pareto optimal front have strongly impacted the development of MOEAs, being
the backbone of selection mechanisms (see Chapter 3). An IB-Mechanism presents
the same preferences of its baseline QI during the evolutionary process which implies
that it has specific strengths and weaknesses depending on the MOP being solved.
In spite of the wide range of IB-MOEAs currently available, there is no empirical or
theoretical study that compares the strengths and weaknesses of IB-MOEAs in terms
of convergence and diversity solutions. Convergence and diversity (divided into spread
and uniformity) are the two main characteristics on an MOEA, according to Zitzler et
al. [150]. Hence, it would be valuable to characterize the convergence and diversity
properties of multiple IB-MOEAs when tackling MOPs having different difficulties
and Pareto front shapes. In this chapter, we aim to empirically investigate the above
mentioned properties of five steady-state IB-MOEAs that employ the indicators HV,
R2, IGD+, ε+, and ∆p in a density estimator. The purpose of this study is to get a
better understanding of the strengths and weaknesses of each IB-MOEAs such that
(1) recommendations of IB-MOEAs can be made depending on the characteristics of
the problem, and (2) the knowledge obtained from the study could guide the design
of hyper-heuristics (see Chapter 5).
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4.2 Previous Related Work

In 2008, Brockhoff et al. [16] performed a theoretical analysis of hypervolume-based
algorithms. The authors aimed to gain insights into the optimization process of
HV-based MOEAs by carrying out rigorous running time analyses. The study was
focused on convergence and spread properties of the (µ+1)-SIBEA which is a steady-
state version of SIBEA [149]. Regarding convergence, they measured the expected
running time to achieve a Pareto front approximation sufficiently close to the Pareto
optimal front of the LOTZ problem. As a result, they provided theoretical upper
bounds to achive the desired degree of convergence. Concerning spread, they assessed
this feature by means of the multiplicative ε-dominance relation1. The idea was to
determine the time until the IB-MOEA achieved a good approximation to a large
Pareto front, attending the ε-dominance that leads to approximation sets with good
spread. An important drawback of this study is that the analysis neither covers
different Pareto front shapes nor MOPs having a wide variety of difficulties. Hence,
more general conclusions cannot be drawn.

Regarding the R2 indicator [17], Brockhoff et al. [18] theoretically analyzed its
optimal µ-distributions for bi-objective MOPs as a first step. Then, the conclusions
that they obtained were enhanced with empirical observations with respect to the
optimal µ-distributions on different Pareto front shapes, namely, convex, linear, con-
cave, and disconnected related to the problems ZDT1, DTLZ1, DTLZ2, and DTLZ7
respectively. For this empirical study, they varied the set of weight vectors required
by R2, focusing on the number of vectors and the method to generate them. The
authors measured the variability of the distribution of points for each combination of
test problem, number of weight vectors, and weight distribution. Although this study
gives remarkable insights on the preferences of the R2 indicator, it does not consider
convergence features.

4.3 Experimental Design

The aim of our experiments is to empirically analyze the convergence and diversity
properties of steady-state MOEAs that employ density estimators based on the in-
dicators: HV, R2, IGD+, ε+, and ∆p that were introduced in Section 3.1. In other
words, we study the above mentioned properties of SMS-EMOA, R2-EMOA, IGD+-
MaOEA, ε+-MaOEA, and ∆p-MaOEA. All these IB-MOEAs follow the structure of
SMS-EMOA. However, Algorithm 4 shows the generic steady-state IB-MOEA that
can employ the adopted QIs. The main loop of the generic steady-state IB-MOEA
is in lines 2 to 14. At each iteration, a single solution is created from the population
P using genetic operators. This solution is then temporarily added to P to form
the population Q in line 4, Then, Q is divided into a set of layers R1, . . . , Rt, us-
ing the nondominated sorting algorithm [31], where Rt contains the worst solutions

1Given ~x, ~y ∈ X and ε > 0, ~x ε∗-dominates ~y, denoted by ~x �ε∗ ~y or ~f(~x) �ε∗ ~f(~y) if fi(~x) ≤
fi(~y) · (1 + ε) and there exists at least one index j ∈ {1, 2, . . . ,m} such that fj(~x) < fj(~y) · (1 + ε).
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according to the Pareto dominance relation. If Rt has more than one solution, an
indicator-based density estimator (IB-DE) is executed. First, an IB-DE calculates
the individual indicator contributions of all solutions in a given set using Eq. (3.11),
and, finally, it deletes the solution having the minimum contribution.

Algorithm 4: Generic steady-state IB-MOEA

Input: Indicator I
Output: Pareto front approximation

1 Randomly initialize population P ;
2 while stopping criterion is not fulfilled do
3 Generate offspring ~q from population P ;
4 Q← P ∪ {~q};
5 Obtain ~z∗ and ~znad from Q and normalize it;
6 {R1, . . . , Rt} ← non-dominated sorting(Q);
7 if |Rt| > 1 then
8 ~rworst ← arg min~r∈Rt CI(~r,Rt);
9 end

10 else
11 ~rworst is the single solution in Rt;
12 end
13 P ← Q \ {~rworst};
14 end
15 return P

For all the experiments that are described in the following, we adopted the
Deb-Thiele-Laumanns-Zitzler (DTLZ) [32], Walking-Fish-Group (WFG) [65], Vien-
net (VIE) [133], Lamé superspheres [38], DTLZ−1, and WFG−1 [75] test suites with
two and three objective functions. Table 4.1 describes the MOPs employed in the
study, emphasizing their Pareto front geometry and whether PF∗ is correlated with
the shape of a simplex formed by a set of convex weight vectors2. In all cases, we
performed 30 independent executions of each algorithm with each test instance.

The goals of our convergence analysis are twofold. First, investigate the percentage
of successful executions (denoted as “hit rate”) on which an IB-MOEA is sufficiently
close (attending a specific criterion) to PF∗, and, on average, how many function
evaluations are required to fulfill this condition (convergence speed). Second, we
aim to evaluate the final Pareto front approximations generated by the adopted IB-
MOEAs, using multiple convergence QIs.

Regarding the first goal, we claim that an IB-MOEA is close enough to a reference
set Z ⊂ PF∗ if its population (P ) at some iteration t meets the following criterion
(called ε+-convergence): ε+(Pt,Z) ≤ ε̄, where ε̄ is a parameter set to 0.05 and 0.1
for two and three objectives, respectively. If the IB-MOEA has ε+-convergence, that

2A vector ~w ∈ Rm is a convex weight vector if and only if
∑m
i=1 wi = 1 and wi ≥ 0,∀i = 1, . . . ,m
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Table 4.1: MOPs adopted in our study. For each case, the Pareto front geometry is
described, indicating whether it is correlated or not with the shape of a simplex.

MOP
Pareto front

shape
Simplex-like

DTLZ5 Degenerate ×
DTLZ5−1 Convex ×
DTLZ7 Disconnected ×

DTLZ7−1 Disconnected ×
WFG1 Mixed

√

WFG1−1 Mixed ×
WFG2 Disconnected

√

WFG2−1 Slightly concave ×
WFG3 Degenerate ×

WFG3−1 Linear ×
Lamé γ = 0.25 Highly convex ×
Lamé γ = 0.50 Convex

√

Lamé γ = 1.00 Linear
√

Lamé γ = 2.00 Concave
√

Lamé γ = 5.00 Highly concave
√

Mirror γ = 0.25 Highly concave ×
Mirror γ = 0.50 Concave ×
Mirror γ = 1.00 Linear ×
Mirror γ = 2.00 Convex ×
Mirror γ = 5.00 Highly convex ×

VIE1 Convex ×
VIE2

Mixed
(convex and degenerate)

×
VIE3 Degenerate ×
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execution is marked as successful; otherwise, the execution is marked as failed. The hit
rate (hr) is the number of successful cases divided by the total number of executions
(30 in our experiments). On the basis of hr, we are interested in determining the
strengths and weaknesses of each IB-MOEA, depending on the MOP being tackled.
A strength is related to hr = 1.0 (i.e, when in all executions, ε+-convergence was
achieved), and a weakness is associated with hr values in the range [0, 1), where
hr = 0.0 indicates that an IB-MOEA is unable to solve the MOP. On the other hand,
we consider the speed of convergence as the mean value at which an IB-MOEA reaches
ε+-convergence. For each MOP, we investigate which is the fastest IB-MOEA, using
the one-tailed Wilcoxon test, with a significance level of α = 0.05, to compare the
means. Thus, we have statistically significant evidence to draw conclusions.

To analyze the final convergence quality of the IB-MOEAs, we decided to employ
the indicators: HV, R2, IGD+, ε+, and ∆p. Additionally, we adopted the Hausdorff
distance (HD) which is a well-known metric defined as follows:

Definition 4.3.1 (Hausdorff distance). Given two sets A and B of m-dimensional
points, the distance between sets is given by:

δ̃(A,B) = max
~a∈A

min
~b∈B

∥∥∥~a−~b
∥∥∥. (4.1)

Then, the Hausdorff distance is defined as follows:

HD(A,B) = max(δ̃(A,B), δ̃(B,A)). (4.2)

The reason to use HD is due to its neutrality when assessing the IB-MOEAs, i.e., none
of them employ HD in their selection mechanism. Considering the QIs, we opted for
a neutral comparison. If we compare a set of IB-MOEAs, using an indicator I, where
one of the algorithms uses I in its selection mechanism, the comparison will be biased
to this particular IB-MOEA. Hence, we leave aside that algorithm when comparing
with I. For example, if we compare the IB-MOEAs using HV, SMS-EMOA does not
take part in the comparison. To obtain statistically significant evidence, we employ
the one-tailed Wilcoxon test with α = 0.05 for each measure.

Concerning the diversity analysis, we decided to evaluate the diversity of solutions
by means of two quality indicators: the Riesz s-energy indicator and the Solow-
Polasky-Diversity indicator (SPD) [5]. The first one was introduced in Section 3.1,
and SPD is a variant of the Weitzman Diversity [5] that has a lower computational
cost. SPD aims to measure the number of species on a population of size N . SPD
tends to N , if the distance between all species tends to be very large; and it tends
to one, if the species are very similar with respect to each other. SPD depends on
a parameter θ > 0 that determines how fast the population tends to N when the
distance increases. Using both indicators, we determine which IB-MOEA produces
uniformly distributed solutions on each Pareto front. For both QIs, we employ the
one-tailed Wilcoxon test as in the final convergence analysis.
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4.4 Results

This section aims to present our experimental results. For all experiments, Section
4.4.1 describes the global experimental settings for all the adopted IB-MOEAs and
test instances. The next two sections are devoted to describe the convergence and
diversity results related to SMS-EMOA, R2-EMOA, IGD+-MaOEA, ε+-MaOEA, and
∆p-MaOEA.

4.4.1 Experimental Settings

In order to allow a fair comparison, in all the experiments, the IB-MOEAs used the
same population size µ = CH+m−1

m−1 which is equal to the number of convex weight
vectors employed by R2-EMOA. H is a parameter that controls the number of convex
weight vectors [147]. Hence, µ is equal to 100 and 105 for two and three objectives,
respectively. We adopted a maximum number of function evaluations as the stopping
criterion which was set to 50,000 and 60,000 for two and three objectives, respectively.
All the IB-MOEAs employed simulated binary crossover and polynomial-based muta-
tion as their genetic operators [31]. For all the objectives, the crossover and mutation
probabilities were set to 0.9 and 1/n, respectively, where n is the number of decision
variables. Both the crossover and the mutation distribution indexes were set equal
to 20. At each iteration, SMS-EMOA employs the vector of worst objective values of
the population as the reference point of HV and the layer R1 as the reference set in
{IGD+, ε+,∆p}-MaOEA. Regarding the MOPs, the number of decision variables of
problems DTLZ, DTLZ−1, and Lamé superspheres is n = m+K − 1, where K = 10
for DTLZ5 and DTLZ5−1; K = 20 for DTLZ7 and its minus version; and, K = 5 for
the Lamé and Mirror problems that are determined by a different γ value in Table 4.1.
Considering the WFG and WFG−1 test instances, n was set to 24 and 26 for two and
three objective functions, respectively. In both cases, the number of position-related
parameters is two. The decision space of the three VIE problems is of dimension two.
Finally, for each MOP, we uniformly sampled its PF∗ to generate the reference set
required to measure the ε+-convergence. The cardinality of the reference sets was
set to 200 and 300 for two- and three-dimensional MOPs. These reference sets are
employed by all IB-MOEAs.

4.4.2 Convergence Analysis

Table 4.2 shows the hit rate and speed of convergence for each MOP of all IB-MOEAs.
The fastest IB-MOEA is shown in grayscale, and the symbol # is placed when its
speed of convergence is significantly better than that of the other IB-MOEAs based
on a one-tailed Wilcoxon test, using a significance level of α = 0.05. From the
table, it is possible to establish the strengths and weaknesses of the IB-MOEAs.
We express as a general strength those test instances where all the IB-MOEAs have
hr = 1.0 (denoted by the symbol

√
), and a general weakness where all the IB-

MOEAs have the symbol × related to hr = 0.0. On the one hand, Lamé and Mirror
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problems, DTLZ5 in both 2D and 3D, DTLZ7−1 in 2D, WFG2−1 in 2D, VIE2 and
VIE3 correspond to the general strengths of the adopted IB-MOEAs. On the other
hand, DTLZ5−1 in 3D, DTLZ7 in 3D, all WFG1 and WFG1−1 test instances, WFG2
in 2D and WFG3−1 in 3D correspond to the general weaknesses. Figure 4.1 supports
our claim of general weaknesses since it shows the IB-MOEAs’ median ε+ convergence
graphs for all the above-mentioned problems. From this figure, we can see that no IB-
MOEA reaches the ε+-convergence condition because in some cases (DTLZ5−1 in 3D
and DTLZ7 in 3D) the IB-MOEAs get stuck in a higher ε+ value, or the algorithms’
behavior is particularly chaotic (WFG1−1 in 2D, WFG1−1 in 3D and WFG−1 in
3D). Considering the 23 MOPs belonging to the DTLZ, DTLZ−1, WFG, WFG−1

and VIE test suites (which are more difficult problems than the Lamé superspheres
where all the IB-MOEAs achieved ε+-convergence), IGD+-MaOEA ε+-converged in
the largest number of MOPs (i.e., 14 problems) although SMS-EMOA and ε+-MaOEA
also showed outstanding results since they ε+-converged in 12 and 13 test instances,
respectively. Taking into account the total number of MOPs having hr = 0.0 and
hr ∈ (0, 1), ∆p-MaOEA and R2-EMOA are the worst IB-MOEAs, having a total
of 13 and 15 MOPs under these conditions, respectively. In general, SMS-EMOA
presents the best results regarding the speed of convergence because, considering all
the MOPs, it was the fastest in 20 out of 43 problems. Additionally, SMS-EMOA
and IGD+-MaOEA ε+-converged in a similar number of cases. Consequently, the
latter IB-MOEA can be considered to obtain ε+-convergence at a lower computational
cost and obtaining similar results to SMS-EMOA. In terms of ε+-convergence, R2-
EMOA is the worst IB-MOEA when tackling MOPs having non-simplex-like Pareto
fronts. Although in Mirror problems it always presents ε+-convergence, the diversity
of solutions is not good, since there is a strong bias to the boundaries of the Pareto
fronts. This poor performance is explained by the use of convex weight vectors.
Recently, Ishibuchi et al. [75] empirically showed that MOEAs using convex weight
vectors do not perform very well when tackling MOPs whose Pareto front shapes are
not correlated to the geometry of a simplex. In our experiments, most of the problems
are not correlated with the simplex shape.

Table 4.2: Hit rate and, in paretheses, the mean value at which IB-MOEAs achieved
ε+-convergence (NA means no convergence). The symbols

√
and × denote hit rate

values of 1.0 and 0.0, respectively.

MOP Dim. SMS-EMOA R2-EMOA IGD+-
MaOEA

ε+-MaOEA ∆p-MaOEA

DTLZ5
2

√

(1.7953e+03)

√

(1.7531e+03)

√

(1.7720e+03)

√

(1.7342e+03)

√

(1.9022e+03)#

3

√

(1.2437e+03)#

√

(1.1537e+03)

√

(1.1612e+03)

√

(1.2500e+03)

√

(1.2542e+03)

DTLZ5−1
2

√

(4.6186e+03)
0.03

(2.2050e+02)

√

(4.7308e+03)

√

(4.6646e+03)

√

(4.8778e+03)

3
×

(NA)
×

(NA)
×

(NA)
×

(NA)
×

(NA)

DTLZ7
2

√

(6.9824e+03)

√

(7.0057e+03)

√

(7.1448e+03)
0.97

(6.7282e+03)

√

(7.3211e+03)#

3
0.93

(7.8334e+03)
0.90

(1.1067e+04)
0.87

(1.3126e+04)
0.87

(1.5227e+04)
0.93

(1.6307e+04)
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Table 4.2 – Continuation
MOP Dim. SMS-EMOA R2-EMOA IGD+-

MaOEA
ε+-MaOEA ∆p-MaOEA

DTLZ7−1
2

√

(7.1510e+03)

√

(7.4723e+03)

√

(7.1924e+03)

√

(7.2936e+03)

√

(7.1836e+03)

3
0.93

(8.9018e+03)

√

(1.2634e+04)
0.97

(1.1393e+04)
0.93

(1.2545e+04)
0.93

(1.3663e+04)

WFG1
2

×
(NA)

×
(NA)

×
(NA)

×
(NA)

×
(NA)

3
×

(NA)
×

(NA)
×

(NA)
×

(NA)
×

(NA)

WFG1−1
2

×
(NA)

×
(NA)

×
(NA)

×
(NA)

×
(NA)

3
×

(NA)
×

(NA)
×

(NA)
×

(NA)
×

(NA)

WFG2
2

0.27
(3.0219e+03)

0.33
(6.0751e+03)

0.43
(4.7089e+03)

0.37
(5.6407e+03)

0.37
(4.3414e+03)

3

√

(1.4918e+04)
0.70

(3.2334e+04)

√

(2.2177e+04)#

√

(2.3527e+04)#
×

(NA)

WFG2−1
2

√

(4.3107e+03)

√

(4.4171e+03)

√

(4.4526e+03)

√

(4.5908e+03)#

√

(4.3400e+03)

3
0.93

(1.6933e+04)
0.43

(1.5769e+04)

√

(2.3580e+04)

√

(2.3414e+04)
×

(NA)

WFG3
2

√

(1.0974e+04)
0.13

(3.7698e+03)

√

(1.4113e+04)#

√

(1.3696e+04)#

√

(1.7184e+04)#

3

√

(2.4031e+04)#
×

(NA)

√

(1.6327e+04)

√

(1.6975e+04)
×

(NA)

WFG3−1
2

√

(6.8804e+03)
0.13

(2.9965e+03)

√

(7.7343e+03)#

√

(8.5882e+03)#

√

(8.1575e+03)#

3
×

(NA)
×

(NA)
×

(NA)
×

(NA)
×

(NA)

VIE1 3
×

(NA)
×

(NA)

√

(9.6216e+02)#

√

(7.6183e+02)
×

(NA)

VIE2 3

√

(1.1300e+02)

√

(8.1733e+01)

√

(8.6866e+01)

√

(1.2800e+02)#

√

(1.1403e+02)#

VIE3 3

√

(5.3703e+02)#

√

(5.3556e+02)#

√

(4.4373e+02)

√

(4.9020e+02)#

√

(4.4970e+02)

LAME
γ = 0.25

2

√

(2.5740e+02)

√

(2.9206e+02)

√

(2.6496e+02)

√

(2.8333e+02)

√

(3.1156e+02)#

3

√

(7.7591e+02)

√

(7.9923e+02)#

√

(7.8209e+02)

√

(8.0177e+02)#

√

(8.0298e+02)#

LAME
γ = 0.50

2

√

(8.0370e+02)

√

(7.7716e+02)

√

(7.9970e+02)

√

(8.3353e+02)#

√

(8.1173e+02)

3

√

(6.3380e+02)#

√

(6.8466e+02)#

√

(5.8176e+02)

√

(6.4490e+02)#

√

(7.1123e+02)#

LAME
γ = 1.00

2

√

(1.1465e+03)

√

(1.1300e+03)

√

(1.1749e+03)

√

(1.1643e+03)

√

(1.2303e+03)#

3

√

(1.3446e+03)

√

(1.3694e+03)

√

(1.4573e+03)

√

(1.4124e+03)

√

(1.7711e+03)#

LAME
γ = 2.00

2

√

(1.2589e+03)

√

(1.3292e+03)

√

(1.2923e+03)

√

(1.2617e+03)

√

(1.3706e+03)

3

√

(1.6940e+03)

√

(1.8636e+03)#

√

(1.7630e+03)

√

(2.0713e+03)#

√

(2.2545e+03)#

LAME
γ = 5.00

2

√

(1.5477e+03)#

√

(1.3754e+03)

√

(1.2766e+03)

√

(1.4851e+03)

√

(1.3932e+03)

3

√

(1.8804e+03)

√

(2.0437e+03)

√

(2.1801e+03)

√

(1.9688e+03)

√

(2.3004e+03)#

MIRROR
γ = 0.25

2

√

(1.5231e+03)

√

(1.2931e+03)

√

(1.6226e+03)

√

(1.5719e+03)

√

(1.3624e+03)

3

√

(1.9233e+03)

√

(2.8885e+03)#

√

(2.0911e+03)

√

(3.8951e+03)#

√

(2.2205e+03)#

MIRROR
γ = 0.50

2

√

(1.0793e+03)

√

(1.1544e+03)

√

(1.1348e+03)

√

(1.1000e+03)

√

(1.3918e+03)#

3

√

(1.3298e+03)

√

(1.5272e+03)#

√

(1.7857e+03)#

√

(2.4530e+03)#

√

(3.0045e+03)#
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Figure 4.1: Convergence graphs for MOPs which represent general weaknesses for all
the adopted IB-MOEAs. The x-axis is related to the number of iterations and the
y-axis is the ε+ value.

Table 4.2 – Continuation
MOP Dim. SMS-EMOA R2-EMOA IGD+-

MaOEA
ε+-MaOEA ∆p-MaOEA

MIRROR
γ = 1.00

2

√

(1.1329e+03)

√

(1.0767e+03)

√

(1.0744e+03)

√

(1.1544e+03)

√

(1.0866e+03)

3

√

(1.2397e+03)

√

(1.7526e+03)#

√

(1.5057e+03)#

√

(1.5364e+03)#

√

(1.6742e+03)#

MIRROR
γ = 2.00

2

√

(9.7663e+02)

√

(1.0505e+03)

√

(1.0823e+03)#

√

(1.0434e+03)

√

(1.0154e+03)

3

√

(1.2303e+03)

√

(1.3343e+03)

√

(1.3394e+03)

√

(1.3497e+03)

√

(1.3900e+03)#

MIRROR
γ = 5.00

2

√

(8.6050e+02)

√

(8.3893e+02)

√

(9.1160e+02)#

√

(9.0470e+02)

√

(8.6323e+02)

3

√

(9.3666e+02)

√

(9.5646e+02)#

√

(8.7250e+02)

√

(9.6340e+02)#

√

(9.1113e+02)

Regarding the final convergence results, Table 4.3 presents the Hausdorff distance
results while Tables B.1, B.2, B.3, B.4, and B.5 show the results for HV, R2, IGD+,
ε+, and ∆p, respectively in Appendix B. However, we summarize in Fig. 4.2 the count
of the first and second places obtained by the IB-MOEAs on the QIs. Based on HD,
∆p-MaOEA and SMS-EMOA are the best IB-MOEAs because they obtained very
similar results: the former is the best in 16 MOPs while the latter gets the first
place in 15 test instances. ε+-MaOEA is ranked as the worst algorithm since it only
obtained the first place in one MOP, namely WFG3 in 3D. It is worth noting that
although the behavior of ∆p-MaOEA was not very good with respect to the hit rate
and speed of convergence (as it is the case of ε+-MaOEA), it obtains good results on
the basis of HD. Based on this and the complete analysis of final convergence, it is
possible to see that not always the fastest algorithm obtains the best final conver-
gence performance. Hence, we believe that the hit rate and convergence speed can
provide valuable insights about the exploration ability of the corresponding IB-DEs,
while the final convergence results help us to determine what is the exploitation (or
refinement of the approximated Pareto fronts) ability associated with the IB-DEs. To
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Figure 4.2: Heat map that shows the number of times an IB-MOEA was ranked first
or second, according to the indicators HV, R2, IGD+, ε+, ∆p, and Riesz s-energy.
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support this fact, from Figure 4.2, we observe that SMS-EMOA is the best algorithm
for IGD+, ε+, and ∆p; while ∆p-MaOEA is the best for HV and R2. Considering
the second places on each QI, we have IGD+-MaOEa for HV, SMS-EMOA for R2,
ε+-MaOEA regarding IGD+, IGD+-MaOEA for ε+, and, finally, R2-EMOA for ∆p.
Due to the high correlation between HV and ε+ [97], and HV with IGD+ [43], it is
clear why SMS-EMOA significantly outperforms the other IB-MOEAs on these QIs.
Additionally, the first place of SMS-EMOA in ∆p is due to its good distribution of
solutions (which is discussed in the next section) in comparison to the uniformity
of solutions produced by R2-EMOA, IGD+-MaOEA, and ε+-MaOEA. On the other
hand, ∆p-MaOEA obtains the first place in HV because its spread and uniformity of
solutions are better than those of the other IB-MOEAs, which is something rewarded
by HV. The same arguments hold for the case of R2, which is also highly correlated
with HV although it prefers uniformly distributed solutions on linear and concave
Pareto fronts.

Based on the results of both experiments, the following conclusions are drawn. The
IGD+-based or the ε+-based density estimators (DEs) can be plugged onto MOEAs to
provide a higher probability to obtain ε+-convergence although at a slower rate. HV-
DE is better if we are interested in a faster convergence. However, we have to consider
that the cost of repeatedly computing HV contributions is time-consuming since the
cost of HV increases super-polynomially with the number of objective functions. In
order to refine the Pareto fronts produced by the recommended IB-DEs, we can choose
∆p-DE since it provided excellent final convergence results regarding HD, HV, and
R2. On the other hand, due to the use of convex weight vectors, R2-EMOA arises as
the worst option when the Pareto front of the MOP is not correlated with the shape
of a simplex. This result is supported in [75]. The rest of IB-MOEAs are not strongly
sensitive to the Pareto front geometry.

Table 4.3: Mean and, in parentheses, standard deviation of the Hausdorff distance.
The two best values are shown in gray scale, where the darker tone corresponds to
the best value. A symbol # is placed when the best algorithm performed significantly
better than the others based on a one-tailed Wilcoxon test, using a significance level
of α = 0.05.

MOP Dim. SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ5
2

3.077574e-02#
(1.815526e-03)

9.510878e-03
(1.521790e-04)

6.093201e-02#
(9.932257e-03)

5.993075e-02#
(1.089149e-02)

1.850188e-02#
(2.812982e-03)

3
3.216520e-02#
(1.796077e-03)

7.066692e-02#
(3.992978e-02)

5.988385e-02#
(1.002451e-02)

5.989544e-02#
(1.132659e-02)

1.874597e-02
(3.463474e-03)

DTLZ5−1
2

7.843520e-02#
(4.729278e-03)

1.699884e+00#
(2.473119e-01)

4.344041e-01#
(1.048696e-01)

3.853122e-01#
(1.114517e-01)

6.256021e-02
(8.528846e-03)

3
3.829379e-01

(1.460900e-02)
1.444826e+00#
(2.827319e-01)

1.192761e+00#
(2.420971e-01)

1.156801e+00#
(2.427119e-01)

5.146270e-01#
(1.033163e-01)

DTLZ7
2

2.202549e-02
(2.005463e-03)

4.852905e-02#
(2.302330e-02)

3.065463e-02#
(5.417997e-03)

7.589137e-02#
(2.481287e-01)

3.470451e-02
(2.569990e-02)

3
5.261453e-01#
(4.365759e-01)

3.669089e-01
(3.613377e-01)

4.845426e-01#
(3.995423e-01)

5.441027e-01#
(5.347534e-01)

3.366100e-01
(2.958924e-01)

DTLZ7−1
2

1.187580e-02
(1.004169e-03)

3.711496e-02#
(1.834241e-02)

1.761300e-02#
(6.396731e-03)

1.807463e-02#
(8.560824e-03)

1.302961e-02#
(4.361443e-03)

3
5.481802e-01#
(1.776795e-01)

4.797460e-01
(1.518527e-02)

5.339010e-01#
(1.174193e-02)

5.750645e-01#
(1.711356e-01)

5.522249e-01#
(1.795489e-01)

WFG1
2

2.213367e+00
(3.948808e-01)

2.830692e+00#
(4.206011e-01)

2.328385e+00#
(5.420895e-02)

2.202644e+00#
(4.914847e-01)

2.136225e+00
(4.735624e-01)

3
2.197492e+00
(4.125112e-01)

2.811781e+00#
(3.559170e-01)

3.085727e+00#
(2.095829e-01)

3.249765e+00#
(1.731195e-01)

3.072379e+00#
(2.837441e-01)
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Table 4.3 – Continuation

MOP Dim. SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

WFG1−1
2

2.348346e+00#
(5.013607e-01)

3.560577e+00#
(1.614038e-01)

2.579248e+00#
(3.822815e-01)

2.587287e+00#
(3.687097e-01)

1.835583e+00
(7.891345e-01)

3
3.144431e+00
(4.566521e-01)

3.644217e+00#
(9.520948e-02)

3.640692e+00#
(5.683441e-02)

3.712366e+00#
(5.591896e-02)

3.574088e+00#
(1.509626e-01)

WFG2
2

7.505522e-01
(4.193102e-01)

7.315594e-01#
(3.822844e-01)

6.113520e-01
(4.534472e-01)

6.719010e-01
(4.426562e-01)

6.680274e-01
(4.464939e-01)

3
1.949492e+00#
(1.831101e-01)

1.972061e+00#
(8.818055e-02)

2.161069e+00#
(1.890187e-01)

2.107503e+00#
(1.540904e-01)

1.428000e+00
(3.529359e-01)

WFG2−1
2

2.490296e-02
(1.333398e-03)

1.638632e-01#
(8.150410e-02)

4.685722e-02#
(8.561709e-03)

4.639651e-02#
(7.032178e-03)

4.923717e-02#
(8.955797e-03)

3
1.330635e+00#
(8.981255e-02)

7.730115e-01#
(6.995659e-02)

9.290884e-01#
(1.391188e-01)

9.289295e-01#
(8.444951e-02)

6.880378e-01
(7.977693e-02)

WFG3
2

2.707010e-02
(1.121240e-03)

4.011508e-01#
(1.575776e-01)

5.339123e-02#
(1.394259e-02)

5.038746e-02#
(1.123899e-02)

5.753183e-02#
(1.266287e-02)

3
2.108328e+00#
(4.214193e-02)

2.124371e+00#
(4.720215e-02)

1.490614e+00
(1.557406e-01)

1.445250e+00
(1.461410e-01)

1.723725e+00#
(1.199918e-01)

WFG3−1
2

2.466026e-02
(1.343378e-03)

4.682168e-01#
(1.769721e-01)

5.507582e-02#
(1.385543e-02)

5.835986e-02#
(2.302785e-02)

6.257074e-02#
(1.894104e-02)

3
4.196883e-01

(2.153138e-02)
5.821841e-01#
(1.038923e-01)

4.439020e-01
(8.330356e-02)

5.805365e-01#
(1.639781e-01)

4.858140e-01#
(7.909681e-02)

VIE1 3
1.478014e+00#
(5.721134e-03)

1.118123e+00#
(2.293143e-01)

9.590722e-01
(4.065934e-01)

1.031676e+00
(3.252150e-01)

1.544479e+00#
(8.848777e-02)

VIE2 3
7.659238e-02#
(1.139953e-02)

4.321739e-01#
(1.981138e-01)

5.138187e-01#
(2.077573e-01)

5.449889e-01#
(2.015539e-01)

6.188452e-02
(1.909836e-02)

VIE3 3
3.597325e+01#
(2.535381e-03)

3.580163e+01#
(1.483174e-01)

3.570980e+01
(1.239652e-01)

3.580249e+01#
(1.644133e-01)

3.596517e+01#
(2.413054e-02)

LAME
γ = 0.25

2
7.231123e-02

(1.543747e-03)
7.627063e-01#
(9.379871e-02)

4.361314e-01#
(5.303411e-02)

4.347943e-01#
(7.209262e-02)

1.048069e-01#
(1.075039e-02)

3
3.030839e-01#
(6.199006e-02)

8.535220e-01#
(2.947354e-01)

7.241131e-01#
(2.688209e-02)

7.221472e-01#
(3.477759e-02)

1.995764e-01
(3.077426e-02)

LAME
γ = 0.50

2
2.530849e-02#
(1.564295e-03)

5.402476e-01#
(1.162890e-01)

1.272472e-01#
(3.749616e-02)

1.376205e-01#
(3.691710e-02)

1.778939e-02
(2.712181e-03)

3
1.101923e-01#
(6.031892e-03)

5.446090e-01#
(1.387246e-02)

4.659930e-01#
(6.140304e-02)

4.938630e-01#
(6.053914e-02)

8.932232e-02
(2.425611e-02)

LAME
γ = 1.00

2
7.589236e-03

(2.965523e-04)
1.007102e-01#
(5.897155e-02)

1.313399e-02#
(1.948516e-03)

1.329846e-02#
(1.638165e-03)

1.973800e-02#
(1.835242e-02)

3
7.173814e-02#
(3.872626e-03)

6.206041e-02
(4.862174e-03)

1.050844e-01#
(1.151115e-02)

1.179165e-01#
(1.197276e-02)

1.111155e-01#
(1.292641e-02)

LAME
γ = 2.00

2
3.186574e-02#
(1.316612e-03)

1.007065e-02
(3.261561e-04)

6.141609e-02#
(9.949159e-03)

5.921995e-02#
(8.479438e-03)

1.728853e-02#
(2.514175e-03)

3
1.621467e-01#
(4.555663e-03)

9.639930e-02
(2.367559e-04)

1.966129e-01#
(2.248088e-02)

1.876308e-01#
(2.027803e-02)

1.376867e-01#
(1.443447e-02)

LAME
γ = 5.00

2
1.409980e-01#
(3.315905e-03)

3.417753e-02
(1.948163e-04)

2.234118e-01#
(1.061329e-02)

2.127717e-01#
(1.603388e-02)

3.489903e-02#
(2.347631e-03)

3
3.577989e-01#
(7.878295e-03)

1.500669e-01
(2.526744e-04)

3.969645e-01#
(1.906622e-02)

3.821651e-01#
(1.966347e-02)

1.778417e-01#
(1.827104e-02)

MIRROR
γ = 0.25

2
1.685054e-01#
(3.830728e-03)

4.997593e-02#
(5.020421e-05)

2.907454e-01#
(1.526963e-02)

2.850196e-01#
(1.893000e-02)

4.843340e-02
(1.701295e-03)

3
2.413126e-01#
(4.093401e-03)

9.262397e-02#
(9.708269e-03)

3.422523e-01#
(1.479797e-02)

3.950458e-01#
(1.099417e-01)

4.999952e-02
(5.118307e-03)

MIRROR
γ = 0.50

2
3.741539e-02#
(2.082645e-03)

1.035331e-02
(4.401563e-05)

7.385466e-02#
(1.007731e-02)

7.193065e-02#
(1.092477e-02)

1.851470e-02#
(2.759508e-03)

3
9.976228e-02#
(4.064284e-03)

1.124747e-01#
(1.086035e-02)

1.379254e-01#
(1.743578e-02)

1.642352e-01#
(5.671047e-02)

8.372362e-02
(1.921881e-02)

MIRROR
γ = 1.00

2
7.641986e-03

(2.312297e-04)
9.860330e-02#
(5.241803e-02)

1.309680e-02#
(1.941996e-03)

1.331902e-02#
(1.416358e-03)

1.665265e-02#
(2.918066e-03)

3
9.906263e-02

(4.510345e-03)
1.451629e-01#
(1.909890e-02)

1.056237e-01
(1.339696e-02)

1.072790e-01#
(1.482283e-02)

1.079255e-01#
(1.363654e-02)

MIRROR
γ = 2.00

2
2.203991e-02#
(1.670770e-03)

4.544187e-01#
(7.917778e-02)

9.258290e-02#
(2.505483e-02)

1.040329e-01#
(3.609639e-02)

1.716760e-02
(2.927445e-03)

3
1.213664e-01

(4.470778e-03)
3.538615e-01#
(3.696266e-02)

3.368791e-01#
(4.317780e-02)

3.547486e-01#
(4.127689e-02)

1.458980e-01#
(1.747558e-02)

MIRROR
γ = 5.00

2
5.878550e-02

(1.711243e-03)
6.881999e-01#
(6.701582e-02)

3.174689e-01#
(4.997798e-02)

3.425114e-01#
(4.141809e-02)

6.861973e-02#
(4.090946e-03)

3
3.402385e-01#
(3.222692e-03)

7.875241e-01#
(1.882810e-02)

7.533097e-01#
(3.185327e-02)

7.785876e-01#
(5.575465e-02)

2.116174e-01
(3.172115e-02)

4.4.3 Diversity Analysis

To assess the diversity of solutions in the outcomes of IB-MOEAs, we decided to
employ two QIs: the Solow-Polasky Diversity indicator (SPD) [39] and the Riesz s-
energy indicator (Es) [56]. Table 4.4 shows the SPD results while Table B.6 presents
the Es numerical results and Fig. 4.2 summarizes them. Both SPD and Es values show
evidence that ∆p-MaOEA produces Pareto front approximations with high diversity.
In the second place, we have SMS-EMOA for both QIs as well. ε+-MaOEA has the
worst diversity results since it does not produce the best value in any of the test cases
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adopted. The results of ε+-MaOEA can be explained by the fact that ε+ exclusively
assesses convergence while the other indicators adopted in our study simultaneously
assess convergence and diversity. Hence, the ε+-based DE only promotes convergence.
On the other hand, from Table 4.4, it is easy to see that in most cases where ∆p-
MaOEA obtains the best value, such results are related to MOPs with Pareto fronts
not correlated with the form of a simplex, such as DTLZ5 in 3D, DTLZ7 in 3D,
WFG2−1 in 3D and all the VIE problems. Regarding the Lamé problems, SMS-EMOA
has the best results on the convex and linear instances, while R2-EMOA performs
better in concave Pareto fronts. This behavior holds on the Mirror problems. In
Figure 4.3, we show some Pareto fronts produced by the IB-MOEAs to support our
claims. For instance, no IB-MOEA was able to generate the complete front of WFG1
in 2D (that is why this problem was highlighted as a general weakness in the previous
section). Also, in the Lamé γ = 2.0 with three objectives, R2-EMOA produces evenly
distributed solutions while for its mirror version, it fails to cover the entire Pareto
front. For this latter problem, we can see from the figure that the distributions of
both IGD+-MaOEA and ε+-MaOEA are not too uniform and their spread is deficient.

Table 4.4: Mean and, in parentheses, standard deviation of the Solow-Polasky diver-
sity indicator. The two best values are shown in gray scale, where the darker tone
corresponds to the best value. A symbol # is placed when the best algorithm per-
formed significantly better than the others based on a one-tailed Wilcoxon test, using
a significance level of α = 0.05.

MOP Dim. SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ5
2

8.799243e+00#
(2.420473e-03)

8.817050e+00
(8.601901e-04)

8.692179e+00#
(3.515960e-02)

8.698178e+00#
(3.673926e-02)

8.799056e+00#
(2.640527e-02)

3
8.802124e+00#
(1.842481e-03)

8.539616e+00#
(2.631087e-01)

8.699035e+00#
(3.573762e-02)

8.698818e+00#
(4.114915e-02)

8.806127e+00
(3.350134e-02)

DTLZ5−1
2

2.742359e+01
(4.815321e-02)

1.321604e+01#
(9.843791e-01)

2.363707e+01#
(4.646154e-01)

2.387372e+01#
(6.603154e-01)

2.722379e+01#
(1.251890e-01)

3
8.788601e+01#
(4.577521e-01)

7.726040e+01#
(1.951105e+00)

7.816839e+01#
(2.541094e+00)

7.747251e+01#
(2.386478e+00)

8.936051e+01
(8.589468e-01)

DTLZ7
2

1.075924e+01#
(9.485348e-03)

1.055704e+01#
(1.764871e-01)

1.066020e+01#
(6.687948e-02)

1.041361e+01#
(1.293614e+00)

1.085721e+01
(1.688882e-01)

3
3.659716e+01#
(6.215085e+00)

4.027530e+01#
(6.216719e+00)

3.504953e+01#
(6.740447e+00)

3.403047e+01#
(7.516555e+00)

4.140520e+01
(5.385747e+00)

DTLZ7−1
2

6.946015e+00#
(4.422645e-03)

6.829293e+00#
(1.069516e-01)

6.904642e+00#
(4.677685e-02)

6.902470e+00#
(4.532370e-02)

6.970949e+00
(3.234239e-02)

3
2.084053e+01#
(3.712756e+00)

2.440047e+01
(1.172822e+00)

2.032370e+01#
(5.897520e-01)

1.951134e+01#
(3.352975e+00)

2.315315e+01
(4.036582e+00)

WFG1
2

1.154858e+01
(1.062588e+00)

7.966541e+00#
(1.461112e+00)

1.095551e+01#
(3.125391e-01)

1.122544e+01#
(1.345348e+00)

1.174460e+01
(1.270376e+00)

3
6.254917e+01

(4.372476e+00)
5.412430e+01#
(2.518273e+00)

4.603504e+01#
(4.082818e+00)

4.426244e+01#
(3.908723e+00)

5.570082e+01#
(4.245888e+00)

WFG1−1
2

1.203741e+01#
(1.365288e+00)

5.778459e+00#
(8.738993e-01)

1.084528e+01#
(1.389314e+00)

1.078942e+01#
(1.273548e+00)

1.334489e+01
(1.901042e+00)

3
5.665910e+01

(2.887329e+00)
4.855241e+01#
(1.400438e+00)

5.763648e+01
(3.496319e+00)

5.725661e+01
(3.691241e+00)

5.752122e+01
(3.486851e+00)

WFG2
2

1.997145e+01
(1.973586e+00)

1.926807e+01#
(2.128501e+00)

2.028923e+01#
(2.203759e+00)

1.995404e+01#
(2.181330e+00)

2.046291e+01
(2.145987e+00)

3
6.717654e+01#
(7.372088e-01)

8.027439e+01#
(6.586682e-01)

6.535570e+01#
(2.440267e+00)

6.372450e+01#
(2.121404e+00)

8.892057e+01
(1.556707e+00)

WFG2−1
2

2.078503e+01
(5.416172e-03)

1.977792e+01#
(4.077274e-01)

2.059536e+01#
(4.728328e-02)

2.061597e+01#
(5.553223e-02)

2.057292e+01#
(3.591416e-02)

3
8.602704e+01#
(4.711341e-01)

8.723124e+01#
(1.551029e+00)

8.456642e+01#
(1.814969e+00)

8.448289e+01#
(2.090042e+00)

9.829389e+01
(7.357824e-01)

WFG3
2

2.296039e+01
(1.291320e-02)

1.963773e+01#
(1.165537e+00)

2.249084e+01#
(1.543758e-01)

2.255296e+01#
(1.258089e-01)

2.248167e+01#
(1.233345e-01)

3
5.567263e+01#
(5.521267e-01)

6.133350e+01#
(2.321322e+00)

5.456024e+01#
(2.082674e+00)

5.449212e+01#
(2.207354e+00)

6.617536e+01
(2.082402e+00)

WFG3−1
2

2.297874e+01
(6.553550e-03)

1.940599e+01#
(1.115155e+00)

2.249152e+01#
(1.306431e-01)

2.244912e+01#
(1.858592e-01)

2.244101e+01#
(1.810237e-01)

3
8.841161e+01#
(3.785907e-01)

7.898779e+01#
(1.483873e+00)

9.134386e+01
(6.203059e-01)

9.023680e+01#
(8.485443e-01)

8.936711e+01#
(7.411444e-01)

VIE1 3
6.805718e+01#
(2.521458e-01)

6.740573e+01#
(2.310275e+00)

5.453501e+01#
(1.807842e+00)

5.552227e+01#
(1.601203e+00)

8.005502e+01
(1.007591e+00)
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Table 4.4 – Continuation

MOP Dim. SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

VIE2 3
1.154615e+01#
(8.125594e-02)

8.685414e+00#
(7.102800e-01)

7.650740e+00#
(6.617115e-01)

7.504154e+00#
(6.006657e-01)

1.206634e+01
(1.333495e-01)

VIE3 3
2.270243e+01#
(5.071533e-01)

2.839043e+01#
(3.382631e+00)

3.244248e+01#
(1.354320e+00)

3.226683e+01#
(1.642415e+00)

4.040227e+01
(7.245011e-01)

LAME
γ = 0.25

2
8.941437e+00#
(5.772376e-02)

3.466396e+00#
(7.335002e-01)

5.424995e+00#
(4.050875e-01)

5.319769e+00#
(5.079335e-01)

1.034601e+01
(8.009878e-02)

3
8.305585e+00#
(4.656517e-01)

3.211022e+00#
(4.651394e+00)

3.245153e+00#
(4.269564e-01)

3.169452e+00#
(5.650221e-01)

1.526692e+01
(2.753743e-01)

LAME
γ = 0.50

2
9.048334e+00
(2.749814e-03)

4.986518e+00#
(6.211100e-01)

7.998533e+00#
(3.082688e-01)

7.950827e+00#
(2.356451e-01)

9.036493e+00#
(4.215163e-02)

3
1.564823e+01#
(7.329384e-02)

7.704771e+00#
(2.898069e-01)

9.790586e+00#
(9.073317e-01)

9.538096e+00#
(7.712106e-01)

1.653927e+01
(3.867472e-01)

LAME
γ = 1.00

2
8.058952e+00
(4.966752e-05)

7.331385e+00#
(4.002672e-01)

8.023044e+00#
(2.398873e-02)

8.023164e+00#
(2.213841e-02)

8.057805e+00#
(1.033550e-01)

3
2.323513e+01
(2.566032e-02)

2.237926e+01#
(1.294749e-01)

2.128746e+01#
(3.254218e-01)

2.098928e+01#
(4.041683e-01)

2.221247e+01#
(4.165485e-01)

LAME
γ = 2.00

2
8.798746e+00#
(2.632126e-03)

8.816465e+00
(8.420813e-04)

8.686890e+00#
(3.921337e-02)

8.694720e+00#
(3.146748e-02)

8.783966e+00#
(1.916459e-02)

3
3.186759e+01#
(9.079239e-02)

3.339525e+01
(4.378280e-02)

3.023575e+01#
(3.969481e-01)

3.043253e+01#
(4.591035e-01)

3.098430e+01#
(4.273541e-01)

LAME
γ = 5.00

2
8.877808e+00#
(4.605688e-02)

9.919260e+00
(1.664460e-03)

7.541355e+00#
(1.632247e-01)

7.715249e+00#
(1.916045e-01)

9.879156e+00#
(3.017395e-02)

3
2.502635e+01#
(1.259251e-01)

4.221664e+01
(1.023175e-02)

2.400398e+01#
(6.107517e-01)

2.512005e+01#
(7.301891e-01)

3.861530e+01#
(7.545026e-01)

MIRROR
γ = 0.25

2
8.841968e+00#
(4.921558e-02)

1.036926e+01
(1.776357e-15)

6.736968e+00#
(1.987818e-01)

6.823645e+00#
(2.712274e-01)

1.030823e+01#
(3.404778e-02)

3
1.093615e+01#
(8.161102e-02)

1.416913e+01#
(1.578056e-01)

8.310661e+00#
(2.339188e-01)

8.203387e+00#
(4.731011e-01)

1.477297e+01
(1.127953e-01)

MIRROR
γ = 0.50

2
9.041054e+00#
(3.636536e-03)

9.073550e+00
(7.303778e-04)

8.864132e+00#
(5.197892e-02)

8.861065e+00#
(6.512181e-02)

9.012983e+00#
(3.688009e-02)

3
1.697328e+01
(2.304582e-02)

1.640375e+01#
(9.601057e-02)

1.587693e+01#
(1.940042e-01)

1.557452e+01#
(4.660800e-01)

1.606433e+01#
(2.022736e-01)

MIRROR
γ = 1.00

2
8.058956e+00
(4.227378e-05)

7.351128e+00#
(3.632428e-01)

8.019590e+00#
(2.783349e-02)

8.020846e+00#
(2.282434e-02)

8.010456e+0#0
(3.325008e-02)

3
2.359319e+01
(2.318634e-02)

2.190992e+01#
(2.844364e-01)

2.227936e+01#
(3.610438e-01)

2.217250e+01#
(3.822628e-01)

2.134092e+01#
(3.833550e-01)

MIRROR
γ = 2.00

2
8.799740e+00
(1.840336e-03)

4.916376e+00#
(3.814669e-01)

7.952831e+00#
(2.387585e-01)

7.866694e+00#
(2.710103e-01)

8.736439e+00#
(4.902078e-02)

3
3.162068e+01
(3.684369e-02)

2.706497e+01#
(6.640911e-01)

2.126063e+01#
(1.065545e+00)

2.087369e+01#
(1.212016e+00)

2.952776e+01#
(5.195778e-01)

MIRROR
γ = 5.00

2
8.713909e+00#
(4.863761e-02)

2.961759e+00#
(3.079325e-01)

6.252545e+00#
(3.950805e-01)

6.073869e+00#
(3.581654e-01)

9.810047e+00
(5.141206e-02)

3
2.442199e+01#
(1.206717e-01)

1.850840e+01#
(8.730292e-01)

1.260572e+01#
(1.243608e+00)

1.200266e+01#
(1.300137e+00)

3.611698e+01
(7.843774e-01)

4.5 Summary

In the literature, a wide variety of IB-MOEAs have been proposed, each one ex-
hibiting different convergence and diversity properties associated to the underlying
IB-Mechanism. However, a comparison study, focused on the two above mentioned
properties, between multiple IB-MOEAs had not been published. In this chapter,
we proposed an empirical convergence and diversity analysis of five steady-state IB-
MOEAs, using the indicators: HV, R2, IGD+, ε+, and ∆p as the backbone of density
estimators. In other words, we compared SMS-EMOA, R2-EMOA, IGD+-MaOEA,
ε+-MaOEA, and ∆p. Regarding the convergence study, we focused on two goals:
(1) investigating the rate at which an IB-MOEA converges to the Pareto optimal
front on the basis of the ε+ indicator (we called it ε+-convergence), aiming to deter-
mine their strengths and weaknesses, and (2) analyzing the final IB-MOEAs’ Pareto
front approximations using six convergence measures, i.e., HV, R2, IGD+, ε+, ∆p,
and the Hausdorff distance. On the other hand, we employed the indicators Riesz
s-energy and Solow-Polasky-Diversity to measure the divesity of the approximation
sets to determine which IB-MOEAs tend to produce evenly distributed solutions in
spite of the Pareto front shape. The experimental results indicated that SMS-EMOA,
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Figure 4.3: Approximated Pareto fronts produced by all the adopted IB-MOEAs.
Each approximation set corresponds to the median of the Solow-Polasky Diversity
indicator.

CINVESTAV-IPN Computer Science Department



74 Chapter 4

IGD+-MaOEA and ε+-MaOEA have remarkable convergence results on MOPs hav-
ing Pareto front shapes not correlated with a simplex while all IB-MOEAs performed
correctly on Lamé superspheres problems whose Pareto fronts are regular. Regarding
the diversity analysis, ∆p-MaOEA tends to produce evenly distributed Pareto front
approximations regardless of the Pareto front geometry.

CINVESTAV-IPN Computer Science Department



Chapter 5

On the Competition of IB-MOEAs

Commonly, IB-MOEAs have been designed on the basis of a single QI, scarcely ex-
ploring the idea of using multiple indicators. In this chapter, we investigate how
the competition of multiple IB-Mechanisms, through two proposals, leads to better
convergence and diversity results when tackling MOPs. Section 5.1 states the main
motivation of our research. Section 5.2 briefly introduces the previous related work.
Sections 5.3 and 5.4 are devoted to present our two proposals that exploit the com-
petition of multiple IB-DEs. Finally, a summary of the chapter is provided in Section
5.5.

5.1 Motivation

In the specialized literature, there are several IB-MOEAs (see Chapter 3). A common
feature of these IB-MOEAs is that they are mainly based on a single QI, which implies
that an IB-MOEA benefits from its strengths and is affected by its weaknesses. For
instance, HV-based MOEAs generate a high number of solutions around the Pareto
front’s knee and on the boundaries for concave Pareto fronts, while they tend to
generate evenly distributed solutions for convex and linear Pareto fronts and they
also have good performance on degenerate ones [2, 8, 16]. On the contrary, R2-based
MOEAs generate well-distributed solutions on concave Pareto fronts but they do not
on convex, degenerate or disconnected Pareto fronts since the convex weight vectors,
employed by the R2 indicator, do not properly intersect such geometries [18, 59, 75].
In Chapter 4, we investigated the convergence and diversity properties of several
steady-state IB-MOEAs, having as the main result their strengths and weaknesses.
The aim of this Chapter is to take advantage of the results of Chapter 4 to design
two proposals where the competition between multiple IB-DEs is promoted to obtain
Pareto front approximations with better convergence and diversity properties.

75
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5.2 Previous Related Work

In this section, we briefly introduce the Multi-Indicator-based MOEAs (MIB-MOEAs)
that have been proposed so far.

The first MIB-MOEA was the Boosting Indicator-Based Evolutionary Algorithm
(BIBEA) [111] that was proposed by Phan and Suzuki in 2011. BIBEA incorporates
a parent selection mechanism that aggregates the indicators HV and ε+ using the Ad-
aBoost algorithm [49]. Through an offline learning process that uses Pareto optimal
points of a given MOP, AdaBoost searches for a set of weights that assigns preferences
to each of the indicator-based parent tournament selection operators such that the
error related to the selection of Pareto or non-Pareto optimal solutions is minimized.
Having computed the weights, BIBEA employs them to construct its multi-indicator
parent selection mechanism. Unfortunately, the authors only provided an analysis
of convergence and diversity of BIBEA, leaving the comparison with other MOEAs
out of the study. One year later, Phan et al. [112] introduced a variant of BIBEA,
called BIBEA-P. The three main differences concerning BIBEA are the following: (1)
AdaBoost is replaced by Pdi-Boosting, (2) a boosting indicator-based environmental
selection is added, and (3) a comparison with other MOEAs is presented. The new
environmental selection uses the indicator that produces the minimum selection error
in the training stage. Thus, it is very similar to BIBEA. The experimental results
provided by its authors indicated that BIBEA-P could outperform NSGA-II [29],
SMS-EMOA [8], and IBEA [152].

Unlike BIBEA and BIBEA-P which are ensemble methods, the Stochastic Ran-
king-based Multi-Indicator Algorithm (SRA) [90] is an MOEA that aims to balance
the search biases of the indicators ε+ and SDE [94]. SRA is a steady-state MOEA
that uses the stochastic ranking algorithm as its environmental selection mechanism
to sort the population using the two considered indicators as its sorting criteria.
After the sorting is done, the worst solution is deleted. The authors show exhaustive
experimentation using benchmark problems in low- and high-dimensional objective
spaces, comparing their results with those produced by a wide variety of state-of-the-
art MOEAs.

The Stochastic Ranking-based Multi-Indicator Algorithm (SRA) [90] is an MOEA
that aims to balance the search biases of the indicators ε+ and SDE. SRA is a steady-
state MOEA that uses the stochastic ranking algorithm as its environmental selection
mechanism to sort the population using the two considered indicators as its sorting
criteria. After the sorting is done, the worst solution is deleted. The authors showed
a comprehensive series of experiments using benchmark problems in low- and high-
dimensional objective spaces, comparing their results with those produced by a wide
variety of state-of-the-art MOEAs.

More recently, Hernández and Coello [61] proposed MOMBI-III which is a hyper-
heuristic that selects the best utility function for its environmental selection based
on the R2 indicator. Additionally, MOMBI-III uses an IB-DE that calculates the
contributions to the Riesz s-energy indicator [56] to reduce the joint population of
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Figure 5.1: Memoization structure that stores the minimum and second best value
per row of the IGD+ cost matrix. We assume that M = N .

First Second

Memoization

parents and offspring to a specific size. Thus, MOMBI-III combines the effect of R2
selection and the Riesz s-energy density estimation.

5.3 Competition through a Hyper-heuristic

In this section, we explore the idea of the competition of multiple IB-DEs by means
of a new MOEA which is called Multi-Indicator Hyper-heuristic (MIHPS). First, we
outline the framework for the fast computation of the contribution to the indicators
R2, ε+, ∆p and IGD+. Then, we describe the hyper-heuristic built from the four
IB-DEs and a Markov chain. Finally, we discuss the performance of MIHPS through
exhaustive experiments.

5.3.1 Fast Individual Indicator Contribution

The contribution C of a single solution ~a ∈ A to an indicator I ∈ {R2, ε+,∆p, IGD+}
is defined as follows: C(~a,A) = |I(A)− I(A\{~a})|. For the indicators R2, IGD+, ε+

and ∆p, it can be easily verified that their computation takes Θ(mN2), assuming that
|A| = |Z| = |W | = N . Thus, for a single solution, it takes Θ(mN2)+Θ(m(N−1)2) =
Θ(mN2) and for all N solutions it takes Θ(mN3). For instance, R2-EMOA imple-
ments this computational-expensive method for calculating the contributions. Hence,
we propose a framework for contribution computation of indicators whose definition
involves subproblems of maximization or minimization in pursuance of reducing the
previously indicated complexity Θ(mN3).

Without loss of generality, we focus the analysis on IGD+. However, this analysis
can be easily adapted for the other indicators previously mentioned. In the left-hand
side of Figure 5.1, we show a cost matrix where d+

ij = d+(~aj, ~zi) (see Eq. (3.6)). To
compute IGD+ using this matrix, we look at the minimum value of each row, sum the
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values and divide the result by N . In case a solution ~a, associated with one or more
of the minimum values, is removed from A, it will be enough to find the second lowest
value in the involved rows. Based on this, a memoization structure is shown at the
right-hand side of Figure 5.1, where each row stores the minimum value, the second
minimum and the corresponding pointers to the associated elements in A. Hence, the
memoization structure can be used in furtherance of reducing the cost of computing
the contributions.

Algorithm 5 describes how to compute the contributions to IGD+. First, the
IGD+(A,Z) value is calculated and assigned to the variable IIGD+ , using the mem-
oization structure. Ci is the variable which will store the individual contribution of
the ith element of A. The main loop is outlined in lines 4-12, where the contribution
of each solution is computed taking advantage of the memoization structure. ψ is
a temporary variable which accumulates the IGD+ value of A \ {~ai}. For each ele-
ment, we only have to determine if it participates in the IGD+ value; if so, we look
for the second best value memoized. The obtained values are added to ψ. Finally,
ψ is divided by N and assigned as the contribution of the considered element. The
complexity of calculating the IGD+ value remains as Θ(mN2), and the main loop
takes Θ(N2). Hence, the required time for computing the individual contributions of
all solutions in A is Θ(mN2).

Algorithm 5: Fast IGD+ Individual Contributions

Input: Approximation set A; Reference set Z
Output: IGD+ individual contributions

1 Initialize Memoization;
2 IIGD+ ← IGD+(A,Z,Memoization);
3 ∀i ∈ {1, . . . , |A|}, Ci ← 0;
4 for i = 1 to N do
5 ψ ← 0;
6 for j = 1 to N do

7 if Memoization[j].~af1 = ~ai then
8 ψ ← ψ +Memoization[j].d+

js;

9 end
10 else
11 ψ ← ψ +Memoization[j].d+

jf ;

12 end

13 end
14 ψ ← ψ/N ;
15 Ci ← |IIGD+ − ψ|;
16 end
17 return {Ci}i=1,...,|A|
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5.3.2 Hyper-heuristic

On the basis of the selected indicators, four IB-DEs are defined, namely {IGD+-DE,
R2-DE, ε+-DE, ∆p-DE}. This set of IB-DEs is the heuristic pool (Hpool) from which
the hyper-heuristic chooses the most suitable one depending on the MOP being solved.
Our proposed hyper-heuristic is a modified version of the work of McClymont and
Keedwell [102] where a Markov chain (MC) is employed. The reasons to use an
MC are: (1) its low computational cost, (2) the good performance shown in [102],
and (3) the related randomness avoids stagnation on a single IB-DE. The hyper-
heuristic requires two steps: (1) performance information collection, and (2) heuristic
selection. First, once an IB-DE is selected, it is executed during Tw generations.
At each generation, the quality of the produced population is measured using the
R2 indicator, and each sample is stored in a list associated to the IB-DE in Hpool.
We decided to use the R2 indicator because it is highly correlated to the HV [97].
Algorithm 6 outlines the second step which involves the use of the Markov chain (see
Figure 5.2), the gathered R2 values and a control structure denoted as Chh. At the
beginning, in line 1, we check if the current IB-DE has been executed. If so, the
counter variable of Chh is augmented by one; otherwise, the transition probability
is updated, and a new IB-DE is selected (lines 4 to 19). Let i be the last IB-DE
executed and j be the current one. Only the probability pij is updated. Based on
the R2 values of the current heuristic, we calculate in line 6 a linear regression model
where only the slope b and the standard deviation σ of the data are relevant. Using
these two values, in lines 7 to 14, we modified pij in three cases: (1) adding 2α if the
slope is non-negative and σ ≥ σ̄, where σ̄ is a threshold value set to 0.1, (2) adding α
if the slope is non-negative but σ < σ̄, and (3) subtracting β if the slope is negative.
We set α = β = 0.1. In line 15, we normalized all values in the ith row of the matrix
and, finally, we select a new IB-DE using roulette wheel selection.

5.3.3 MIHPS

The general framework of MIHPS is described by Algorithm 7. MIHPS is similar
to SMS-EMOA, but the HV-based DE is replaced by the mechanism described next.
MIHPS requires two parameters: a set of weight vectors W for the R2 indicator and
the time window Tw that determines the number of times a heuristic needs to be
executed. The structures Chh and Hpool required by Algorithm 6 are initialized in
line 1, and the population is randomly initialized using a uniform distribution in line
2. The main loop of MIHPS is shown in lines 3 to 17. First, two randomly-selected
solutions of P create a new offspring using SBX and polynomial-based mutation in
lines 4 and 5. Then, the union of P and the newly-created solution is assigned to Ψ in
furtherance of ranking it using the nondominated sorting algorithm [29] in pursuance
of generating a set of layers {L1, . . . , Lk}. L1 has the nondominated solutions in Ψ,
and Lk is composed by the worst individuals regarding the Pareto dominance relation.
If the cardinality of Lk is greater than one, an IB-DE is executed. In this case, Z,
used by IGD+, ε+ and ∆p, is set to L1. Depending on the current IB-DE, the indicator
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Algorithm 6: Switch of Heuristics

Input: Hpool, Chh, Tw
Output: Update current heuristic being executed

1 if Chh.counter < Tw then
2 Chh.counter ← Chh.counter + 1;
3 end
4 else
5 i← Chh.lastH, j ← Chh.currentH;
6 d← Hpool[j].data;
7 {b, σ} ← ComputeData(d);
8 if b ≥ 0 and σ ≥ σ̄ then
9 Chh.pij ← Chh.pij + 2α;

10 end
11 else if b ≥ 0 and σ < σ̄ then
12 Chh.pij ← Chh.pij + α;
13 end
14 else if b < 0 then
15 Chh.pij ← Chh.pij − β;
16 if Chh.pij < 0 then
17 Chh.pij ← 0;
18 end

19 end
20 Normalize Chh.pit, t = 1, . . . , |Hpool|;
21 Clear data of the current heuristic;
22 Chh.lastH ← Chh.currentH;
23 Chh.currentH ← RouletteWheel();
24 Chh.counter ← 0;

25 end
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Figure 5.2: Markov chain and its corresponding transition matrix. Each element
pij ∈ [0, 1] of the matrix indicates the probability of going from the ith IB-DE to the
jth one. For a row i,

∑4
j=1 pij = 1. All initial transition probabilities pij are set to

1/|Hpool|.

(a) Markov chain (b) Transition matrix

contribution of each element in Lk is calculated using the proposed framework in line
10 to identify the worst contributing solution pmin. In line 14, the solution pmin is
deleted from Ψ and the resulting population is set as the population for the next
iteration and assessed by the R2 indicator. This R2-value is added to the list of
the current IB-DE executed. Finally, in line 21, Algorithm 6 is invoked to select,
if necessary, a new IB-DE. MIHPS returns the main population as the Pareto front
approximation.

5.3.4 Experimental Results

In this section, we investigate the performance of MIHPS,1 considering the nine in-
stances of the Walking-Fish-Group (WFG) [64] test suite for 2, 3, 5, 6 and 10 objective
functions. The main properties of the WFG problems are depicted in Table 5.1. We
present two experiments: (1) a comparative study that includes the state-of-the-art
algorithms MOEA/D2 [147] (based on decomposition), NSGA-III3 [30] (based on ref-
erence points) and R2-EMOA4 [18] (based on the R2 indicator), and (2) an analysis
of the IB-DE preference of MIHPS.

1The source code is available at http://computacion.cs.cinvestav.mx/~jfalcon/MIHPS/

mihps.html
2Available at http://dces.essex.ac.uk/staff/zhang/webofmoead.htm
3Available at http://web.ntnu.edu.tw/~tcchiang/publications/nsga3cpp/nsga3cpp.htm
4We employed the implementation from EMO Project 1.36 available at http://computacion.

cs.cinvestav.mx/~rhernandez/
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Algorithm 7: MIHPS general framework

Input: Set of weight vectors W , Tw
Output: Pareto front Approximation

1 Initialize Chh and Hpool;
2 Randomly initialize population P ;
3 while stopping criterion is not fulfilled do
4 {p, q} ← Select(P );
5 offspring← V ariation(p, q);
6 Ψ← P

⋃{offspring};
7 {L1, L2, . . . , Lk} ← nondominated-sorting(Ψ);
8 if |Lk| > 1 then
9 Z ← L1;

10 {Ci}i=1,...,|A| ← Contribution(Lk,W,Z, Chh, Hpool);
11 Find solution pmin ∈ Lk having the minimum contribution value in

{Ci}i=1,...,|A|;

12 end
13 else
14 pmin is equal to the sole individual in Lk;
15 end
16 P ← Ψ \ {pmin};
17 δ ← −R2(P,W );
18 AddQualityMeasure(Chh, Hpool, δ);
19 Chh ← Switch(Chh, Hpool, Tw, );

20 end
21 return P

Table 5.1: Properties of the WFG test problems

Problem Separability Frontality Geometry
WFG1 separable unifrontal convex, mixed

WFG2 non-separable
f1:m−1 unimodal
fm multimodal

convex
disconected

WFG3 non-separable unifrontal linear, degenerated
WFG4 separable multifrontal concave
WFG5 separable deceptive concave
WFG6 non-separable unifrontal concave
WFG7 separable unifrontal concave
WFG8 non-separable unifrontal concave
WFG9 non-separable multifrontal, deceptive concave
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Table 5.2: Parameters adopted in our experiments.

Objectives (m) 2 3 5 6 10
Population size 120 120 126 126 220
Objective function
evaluations (×103)

50 50 70 80 120

W
F

G variables (n) 24 26 30 32 40
position-related

parameters
2 2 4 5 9

Weight-vector
partitions (H)

119 14 5 4 3

5.3.4.1 Experimental Settings

The adopted parameter values used by all MOEAs are described in Table 5.2. From
this table, the parameter H is related to the Simplex Lattice Design (SLD) [147] that
generates the set W of weight vectors required by all the MOEAs. Consequently,
|W | = CH+m−1

H−1 . MIHPS and the selected MOEAs employ Simulated Binary Crossover
(SBX) and Polynomial-based mutation (PBX) as their variation operators. For two
and three objectives, the crossover probability and distribution index were set to 1.0
and 20, respectively; while for high-dimensional objective spaces, these parameters
were set to 1.0 and 30. For PBX, its probability and distribution index were set to
1/n and 20, respectively. The stopping criterion consisted of reaching a maximum
number of function evaluations of the MOP, as depicted in Table 5.2. The parameter
Tw of MIHPS is equal to the population size, and the niche size of MOEA/D was set
to 20 in all cases.

For performance assessment of the MOEAs, we selected the hypervolume and the
Riesz s-energy indicators, defined in Eqs. (3.1) and (3.12), respectively. HV requires
a reference point which for WFG1-WFG9 was set to (2i+ 1)i=1,2,...,m, where m is the
number of objective functions. The Riesz s-energy indicator needs a parameter s > 0
that was set equal to m− 1.

We performed 30 independent runs of each of the four compared MOEAs using all
the test instances. Tables 5.3, 5.4 and 5.5 show the statistical results for the HV and
Riesz s-energy indicators, respectively. In these tables, the two best values among
the algorithms are emphasized in grayscale, where the darker tone corresponds to
the best value. A sharp symbol (#) is placed when MIHPS performed significantly
better than the other approaches based on a one-tailed Wilcoxon rank sum test using
a confidence level of 95%.

5.3.4.2 Comparative Results

In this section, we compare MIHPS against MOEA/D, NSGA-III and R2-EMOA.
The HV results shown in Table 5.3 indicate that for two objective functions, MIHPS
is competitive with respect to NSGA-III which obtains the best result in 5 out of
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Figure 5.3: Pareto fronts produced by MIHPS. All fronts correspond to the HV’s
median.

9 problems, while MIHPS gets the best result in 4 test instances and the second
best value in the remaining MOPs. In case of three objective functions, MIHPS
outperforms the other algorithms, having the best value in 7 instances and the second
place in the rest of MOPs. In these two-objective spaces, WFG2, whose Pareto
front is disconnected, presents the highest difficulty to MIHPS since it cannot obtain
the best HV value. Considering MOPs having 5 and 6 objective functions, MIHPS
maintains its good performance because it obtains the best value in 15 out of the
18 instances. In this regard, we observe that in both cases MIHPS obtains the best
result in WFG2. Finally, when tackling 10-dimensional MOPs, MIHPS reduces its
performance, although it obtains the best value in 55% of the problems. However,
in WFG1, MIHPS was outperformed by MOEA/D and NSGA-III. In general, when
MIHPS obtains the best value, the difference concerning NSGA-III does not look
huge, although the Wilcoxon test states that the difference is indeed statistically
significant. For the cases when MIHPS obtains the second place, the differences
tend to be significant. Finally, the Riesz s-energy results in Table 5.4 indicate that
MIHPS has a competitive performance in low-dimensional MOPs and outperforms
all the other MOEAs used in our study when dealing with many-objective problems.
Figure 5.3 shows some Pareto front approximations produced by MIHPS that support
the Riesz s-energy results.
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Table 5.3: Mean and standard deviation (in parentheses) of the hypervolume indicator
for the compared MOEAs and MIHPS.

Dim. MOP MIHPS MOEA/D NSGA-III R2-EMOA

2

WFG1
5.353823e+00
(4.539967e-01)

5.085414e+00#
(2.839145e-01)

6.627788e+00
(3.886166e-01)

4.972801e+00 #
(2.120000e-01)

WFG2
1.087631e+01
(4.043935e-01)

9.812547e+00#
(5.469032e-01)

1.091544e+01
(3.990434e-01)

1.076935e+01#
(3.672361e-01)

WFG3
1.090360e+01
(1.338370e-02)

1.076476e+01#
(7.102684e-02)

1.090323e+01
(1.312870e-02)

1.085161e+01#
(2.379180e-02)

WFG4
8.650363e+00
(2.063378e-02)

8.497784e+00#
(2.407267e-02)

8.650159e+00#
(7.209313e-03)

8.592620e+00#
(2.586712e-02)

WFG5
8.157830e+00
(3.768882e-02)

8.105310e+00#
(6.867330e-03)

8.185022e+00
(3.730594e-02)

8.133849e+00#
(1.887475e-02)

WFG6
8.350939e+00
(5.352283e-02)

8.164502e+00#
(1.036161e-01)

8.373642e+00
(3.334034e-02)

8.328502e+00
(3.833023e-02)

WFG7
8.664098e+00
(2.142694e-02)

8.558870e+00#
(1.836725e-02)

8.670626e+00
(3.901721e-03)

8.625866e+00#
(1.282143e-02)

WFG8
8.067041e+00
(3.917163e-02)

7.927696e+00#
(3.876792e-02)

8.062539e+00
(2.129901e-02)

7.979584e+00 #
(4.206135e-02)

WFG9
8.371848e+00
(1.574505e-01)

8.097411e+00#
(1.679919e-01)

8.298658e+00#
(2.206774e-01)

8.238317e+00#
(2.196850e-01)

3

WFG1
5.189445e+01

(1.907972e+00)
4.994533e+01#
(2.615320e+00)

4.917540e+01#
(1.742752e+00)

4.582011e+01#
(1.903103e+00)

WFG2
9.999710e+01
(2.691156e-01)

9.425491e+01#
(1.887090e+00)

1.000303e+02
(2.020421e-01)

9.792476e+01#
(4.795771e-01)

WFG3
7.351098e+01
(8.728010e-01)

6.949014e+01#
(2.043137e+00)

7.359113e+01
(3.698540e-01)

7.136640e+01#
(7.927364e-01)

WFG4
7.598303e+01
(1.185769e-01)

7.398207e+01#
(3.092256e-01)

7.586556e+01#
(1.753519e-01)

7.265719e+01#
(3.311758e-01)

WFG5
7.343176e+01
(3.575197e-01)

7.173103e+01#
(4.978797e-01)

7.342821e+01#
(1.084695e-01)

7.196333e+01#
(4.816689e-01)

WFG6
7.376195e+01
(3.751150e-01)

7.200035e+01#
(6.485353e-01)

7.356399e+01#
(3.730537e-01)

7.084095e+01#
(6.665309e-01)

WFG7
7.653560e+01
(7.852050e-02)

7.046696e+01#
(2.114407e+00)

7.640131e+01#
(8.117286e-02)

7.080832e+01#
(1.568479e+00)

WFG8
8.067041e+00
(3.917163e-02)

7.927696e+00#
(3.876792e-02)

8.062539e+00
(2.129901e-02)

7.979584e+00 #
(4.206135e-02)

WFG9
7.386404e+01
(5.158326e-01)

6.675524e+01#
(2.213615e+00)

7.319658e+01#
(7.798323e-01)

6.578887e+01#
(1.219647e+00)

5

WFG1
4.535121e+03

(1.993775e+02)
4.522924e+03

(1.145447e+02)
4.049661e+03#
(1.445036e+02)

4.194966e+03#
(1.358394e+02)

WFG2
1.023085e+04

(3.828319e+01)
9.147103e+03#
(2.989196e+02)

1.022660e+04
(2.444328e+01)

9.984285e+03#
(6.289957e+01)

WFG3
6.788535e+03

(6.801749e+01)
5.831355e+03#
(1.740491e+02)

6.705622e+03#
(6.623165e+01)

5.038991e+03#
(7.488139e+02)

WFG4
8.920978e+03

(2.213267e+01)
8.212950e+03#
(2.178634e+02)

8.904989e+03#
(2.089724e+01)

7.421184e+03#
(2.591330e+02)

WFG5
8.624539e+03

(1.603036e+01)
8.104988e+03#
(1.012979e+02)

8.618204e+03#
(1.271126e+01)

7.948213e+03#
(1.147386e+02)

WFG6
8.645060e+03

(4.070264e+01)
7.556842e+03#
(1.664222e+02)

8.640890e+03
(4.979948e+01)

7.939967e+03#
(8.654630e+01)

WFG7
8.915641e+03

(4.822879e+01)
7.760876e+03#
(1.586662e+02)

8.950470e+03
(1.940161e+01)

4.558253e+03#
(3.763958e+02)

WFG8
8.424204e+03

(3.017833e+01)
7.008822e+03#
(3.386477e+02)

8.415246e+03
(2.900889e+01)

7.641489e+03#
(7.184083e+01)

WFG9
8.263995e+03

(1.370648e+02)
7.417024e+03#
(9.145927e+02)

8.356364e+03
(1.276761e+02)

4.747704e+03#
(1.345621e+03)

6

WFG1
5.480387e+04

(1.859254e+03)
5.551582e+04

(1.195407e+03)
4.624351e+04#
(7.644434e+02)

4.929380e+04#
(1.413982e+03)

WFG2
1.332612e+05

(6.368992e+02)
1.178550e+05#
(3.855927e+03)

1.315301e+05#
(8.750023e+02)

1.300786e+05#
(1.364547e+03)

WFG3
8.454601e+04

(1.418348e+03)
6.780238e+04#
(3.173871e+03)

7.863759e+04#
(1.621669e+03)

4.844251e+04#
(1.260649e+03)

WFG4
1.200307e+05

(4.138230e+02)
9.790915e+04#
(4.401103e+03)

1.173793e+05#
(4.685098e+02)

9.324355e+04#
(5.224468e+03)

WFG5
1.162325e+05

(1.007331e+02)
1.031395e+05#
(1.400494e+03)

1.148425e+05#
(2.629454e+02)

1.005002e+05#
(2.553915e+03)

WFG6
1.168731e+05

(6.069773e+02)
8.312614e+04#
(1.675956e+03)

1.149958e+05#
(6.346863e+02)

1.046326e+05#
(1.418536e+03)

WFG7
1.207436e+05

(6.783023e+02)
8.756181e+04#
(1.405257e+03)

1.188896e+05#
(7.429985e+02)

5.244257e+04#
(3.756718e+03)

WFG8
1.130648e+05

(5.882422e+02)
6.120502e+04#
(1.312103e+04)

1.108116e+05#
(5.780063e+02)

9.887326e+04#
(1.270952e+03)

WFG9
1.109319e+05

(1.703241e+03)
8.840778e+04#
(1.287881e+04)

1.095528e+05#
(1.821095e+03)

3.610090e+04#
(2.027429e+03)

10

WFG1
4.263671e+09

(5.387522e+07)
4.626119e+09

(9.082857e+07)
4.333786e+09

(4.767509e+07)
3.619171e+09#
(4.265568e+07)

WFG2
1.346432e+10

(4.695801e+07)
1.153362e+10#
(4.307707e+08)

1.343510e+10#
(5.838755e+07)

1.290151e+10#
(1.470863e+08)

WFG3
7.253349e+09

(2.738702e+08)
3.407782e+09#
(4.406816e+08)

7.851751e+09
(1.420734e+08)

3.849045e+09#
(7.035893e+07)

WFG4
1.263112e+10

(1.101730e+08)
8.323219e+09#
(7.081503e+08)

1.263780e+10
(8.783143e+07)

5.596499e+09#
(2.750563e+08)

WFG5
1.240345e+10

(2.216323e+07)
9.239992e+09#
(2.118588e+08)

1.237722e+10#
(2.716038e+07)

3.990706e+09#
(1.057584e+08)

WFG6
1.253598e+10

(6.372494e+07)
6.359273e+09#
(9.586607e+08)

1.250108e+10#
(5.551767e+07)

5.453261e+09#
(1.016168e+09)
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Table 5.3 – Continuation
Dim. MOP MIHPS MOEA/D NSGA-III R2-EMOA

WFG7
1.303975e+10

(3.716490e+07)
6.249289e+09#
(5.201314e+08)

1.306886e+10
(3.687103e+07)

4.403681e+09#
(1.233729e+08)

WFG8
1.190158e+10

(7.705432e+07)
2.888315e+09#
(9.700244e+08)

1.182430e+10#
(9.381721e+07)

6.936492e+09#
(8.189270e+08)

WFG9
1.167146e+10

(2.269656e+08)
6.798907e+09#
(2.162391e+09)

1.162166e+10#
(2.416780e+08)

3.605102e+09#
(1.128297e+08)

Table 5.4: Mean and standard deviation (in parentheses) of the Riesz s-energy indi-
cator for the compared MOEAs and MIHPS.

Dim. MOP MIHPS MOEA/D NSGA-III R2-EMOA

2

WFG1
1.872714e+07

(5.589395e+07)
2.078402e+09#
(6.179776e+09)

4.220447e+08#
(1.823807e+09)

3.052235e+07#
(3.882580e+07)

WFG2
1.764804e+07

(4.335797e+07)
1.360580e+11#
(4.224067e+11)

7.707419e+08#
(3.611565e+09)

3.652743e+07#
(1.003287e+08)

WFG3
3.500463e+05

(2.876591e+04)
4.201784e+05#
(6.809222e+03)

6.939978e+06
(3.590074e+07)

4.135505e+05
(2.349694e+05)

WFG4
7.867810e+05

(1.057606e+06)
3.489431e+05

(7.920373e+03)
5.910070e+05

(5.234480e+05)
9.951450e+05#
(8.112717e+05)

WFG5
3.567459e+05

(1.003470e+05)
4.003092e+05#
(3.341154e+03)

3.741169e+05#
(2.671847e+04)

1.074483e+06#
(2.293603e+06)

WFG6
8.297581e+05

(9.897593e+05)
6.037467e+07

(2.375227e+08)
8.222445e+05

(1.287128e+06)
1.185283e+07#
(5.119626e+07)

WFG7
6.005176e+05

(4.064338e+04)
3.516485e+05

(2.187221e+03)
4.151943e+05

(2.517076e+05)
2.644334e+08#
(1.396116e+09)

WFG8
9.255261e+05

(1.969640e+06)
3.489084e+05

(6.242702e+03)
6.244380e+07#
(9.195854e+07)

1.143237e+06 #
(7.077474e+05)

WFG9
6.781110e+05

(4.898496e+05)
5.372987e+07

(1.257882e+08)
5.781309e+05

(5.713066e+05)
1.237779e+06

(1.588538e+06)

3

WFG1
6.143577e+07

(1.673973e+08)
8.654171e+13#
(3.671307e+14)

2.001574e+11#
(6.000690e+11)

1.008461e+09
(3.820614e+09)

WFG2
6.624223e+04

(9.279462e+04)
2.397235e+12#
(1.740974e+12)

5.495017e+04
(4.524221e+04)

1.443613e+08#
(3.538534e+08)

WFG3
3.520209e+08

(1.101941e+09)
3.964626e+14#
(1.471524e+15)

6.718343e+13#
(3.589166e+14)

3.814376e+08
(1.482391e+09)

WFG4
1.231146e+04

(2.935879e+02)
1.901945e+04#
(3.334860e+02)

1.377282e+04#
(2.686847e+02)

5.462352e+04#
(6.098394e+04)

WFG5
1.117281e+04

(3.901057e+02)
1.980568e+04#
(6.562792e+02)

1.325976e+04#
(9.325864e+01)

8.490656e+04#
(1.384068e+05)

WFG6
7.041258e+05

(3.731772e+06)
1.886531e+04

(7.058645e+02)
8.661346e+04

(3.057806e+05)
6.563986e+06#
(2.934294e+07)

WFG7
1.139288e+04

(2.613867e+02)
1.946851e+04#
(2.373307e+03)

1.332989e+04#
(1.499702e+02)

6.844411e+07#
(2.577339e+08)

WFG8
6.334416e+06

(2.629782e+07)
3.223364e+04

(1.063549e+04)
5.425657e+06

(1.419605e+07)
3.641170e+06

(8.239984e+06)

WFG9
3.184319e+04

(4.393248e+04)
6.666673e+10#
(3.590110e+11)

6.667038e+10#
(3.590103e+11)

3.207396e+05#
(8.767693e+05)

5

WFG1
9.801655e+08

(4.316843e+09)
8.428701e+21#
(3.989661e+22)

1.333338e+19#
(7.180219e+19)

6.356396e+11#
(3.274853e+12)

WFG2
3.412454e+04

(1.397693e+05)
9.851610e+21#
(3.854359e+22)

3.435707e+11#
(1.821926e+12)

3.979127e+08#
(9.931633e+08)

WFG3
1.922689e+15

(1.034797e+16)
1.134485e+23#
(6.037710e+23)

5.378389e+19#
(1.542099e+20)

1.829545e+13
(8.819243e+13)

WFG4
2.513006e+02

(1.532131e+01)
1.000468e+44#
(5.385078e+44)

3.037938e+06#
(8.843297e+06)

3.887261e+02
(6.295909e+02)

WFG5
1.959483e+02

(9.455351e+00)
4.882370e+35#
(9.117700e+35)

2.267384e+12#
(1.138301e+13)

4.307820e+02#
(1.013691e+03)

WFG6
1.859204e+02

(1.167860e+01)
1.173885e+36

(4.338642e+36)
1.755902e+10

(8.993706e+10)
1.467884e+03

(5.302806e+03)

WFG7
2.164027e+02

(3.118630e+01)
2.165757e+46#
(7.500306e+46)

5.257040e+09#
(2.069378e+10)

8.848340e+05#
(2.569514e+06)

WFG8
1.845485e+02

(1.050481e+01)
9.282909e+30#
(4.513332e+31)

2.933885e+09#
(1.555046e+10)

8.543378e+12
(4.600747e+13)

WFG9
2.590924e+02

(7.018357e+01)
1.632844e+34#
(7.170632e+34)

1.113532e+05#
(3.526911e+05)

6.328721e+05#
(1.575043e+06)

6

WFG1
6.047165e+08

(2.970199e+09)
1.146783e+25#
(1.045436e+25)

6.666671e+22#
(3.590110e+23)

1.078332e+12#
(5.048390e+12)

WFG2
5.221297e+03

(2.543207e+02)
7.565683e+26#
(2.720479e+27)

1.905108e+12#
(1.025097e+13)

5.201325e+10#
(1.625235e+11)

WFG3
1.653878e+18

(8.797877e+18)
2.000000e+23

(6.000000e+23)
1.333333e+23

(4.988877e+23)
1.204432e+03

(1.089896e+03)

WFG4
5.609587e+01

(4.538698e+00)
7.653501e+55#
(2.292190e+56)

1.354861e+14#
(7.296046e+14)

3.297595e+02
(1.563612e+03)

WFG5
3.818705e+01

(2.517843e+00)
6.406495e+43#
(1.354844e+44)

2.530719e+09#
(8.470160e+09)

1.927523e+02
(5.843129e+02)

WFG6
3.465443e+01

(2.886772e+00)
9.787867e+43#
(3.027649e+44)

6.666667e+22#
(3.590110e+23)

8.009979e+02
(3.432225e+03)

WFG7
4.038720e+01

(4.437763e+00)
6.635666e+55#
(2.699486e+56)

1.087107e+12#
(5.838292e+12)

7.460269e+04#
(3.384252e+05)

WFG8
3.997036e+01

(4.850055e+00)
3.528092e+36#
(1.620639e+37)

6.666667e+22#
(3.590110e+23)

1.833067e+02
(7.276364e+02)

WFG9
4.452187e+01

(1.485791e+01)
4.653538e+42#
(2.441525e+43)

4.219370e+05#
(1.138974e+06)

9.827496e+06#
(5.228468e+07)
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Table 5.4 – Continuation
Dim. MOP MIHPS MOEA/D NSGA-III R2-EMOA

10

WFG1
6.025963e+07

(4.819117e+07)
1.334400e+59#
(7.180024e+59)

2.666667e+39#
(1.123487e+40)

3.801374e+13#
(1.496857e+14)

WFG2
1.805484e+04

(4.251975e+03)
1.600000e+60#
(8.616264e+60)

6.939858e+30#
(3.712175e+31)

3.715520e+20#
(2.000830e+21)

WFG3
1.352050e+04

(7.158030e+04)
3.968305e+49#
(1.575951e+50)

4.695580e+39#
(1.121605e+40)

1.014720e+01
(1.772339e+00)

WFG4
3.429733e+00

(2.657303e+00)
7.893333e+111#
(4.250690e+112)

4.071902e+00#
(1.264681e+00)

2.097761e+01#
(2.430840e+01)

WFG5
1.266066e+00
(1.792841e-01)

2.438414e+72#
(5.575768e+72)

3.892117e+00#
(2.723236e-01)

2.960655e+02#
(3.920714e+02)

WFG6
1.082768e+00
(1.733274e-01)

6.860262e+71#
(3.694218e+72)

3.985430e+00#
(3.971706e-01)

1.323056e+06#
(6.788670e+06)

WFG7
1.381504e+00
(2.415390e-01)

2.572763e+102#
(9.786282e+102)

3.869951e+00#
(4.029032e-01)

3.825779e+01#
(6.971002e+01)

WFG8
3.184230e+00

(2.265388e+00)
2.055197e+62#
(6.219703e+62)

3.212638e+01#
(1.459811e+02)

9.061778e+03#
(4.659196e+04)

WFG9
2.201585e+00

(2.067237e+00)
4.338407e+70#
(1.149034e+71)

8.802783e+00#
(8.806394e+00)

2.885282e+01#
(3.981606e+01)

5.3.4.3 Selection Bias

The probabilistic selection of an IB-DE performed by MIHPS is biased by its perfor-
mance, regarding the R2 indicator. Consequently, it is straightforward to think that
the R2-DE will be preferred as it intends to improve the values of R2 produced by the
population. Our experimental results support this fact, showing that the R2-DE is
preferred at the end of the search in almost all problem instances. However, the other
IB-DEs are used at the beginning of the search. Figure 5.4 shows an example of the
previous argument on WFG4 with three objectives. Hence, we considered necessary
to determine if the combination of the indicators has an impact on the convergence
of MIHPS. For this purpose, we compared MIHPS with a version of it where only
R2-DE is turned on (denoted as MIHPS-R2), using the parameter values shown in
Table 5.2. Due to space limitations, Table 5.5 presents the comparison regarding
the HV indicator, for low-dimensional instances of the WFG test suite. It can be
seen that MIHPS outperforms MIHPS-R2 in a statistically significant way because it
obtains the best HV value in 15 out of 18 problem instances. For the three problems
where MIHPS does not obtain the best result, the difference is not very significant.
Hence, these results strongly support that even though R2-DE is mostly preferred by
MIHPS, the execution of the other IB-DEs contributes to a better convergence, as
confirmed by the results shown in Tables 5.3 and 5.4.

5.4 Competition through Ensemble Learning

In this section, we introduce our second approach that exploits the competition of
IB-MOEAs. Unlike MIHPS that uses a hyper-heuristic to promote the competition,
here we use the AdaBoost algorithm [49] (which is a well-known Ensemble Learning
technique) as the backbone of the competition. The main thesis of the AdaBoost
algorithm is to construct a stronger mechanism from weaker ones. In our approach,
denoted as Ensemble Indicator-Based MOEA (EIB-MOEA), the IB-DEs (which are
the weak mechanisms) are combined using the AdaBoost algorithm. The underlying
idea is that they have to compete to gain more relative importance in the decision
of the ensemble mechanism. In the following, we widely describe the algorithmic
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Table 5.5: Mean and standard deviation (in parentheses) of the hypervolume indicator
for MIHPS and MIHPS-R2.

Dim. MOP MIHPS MIHPS-R2

2

WFG1
5.353823e+00
(4.539967e-01)

4.909215e+00#
(2.354320e-01)

WFG2
1.087631e+01
(4.043935e-01)

1.088208e+01
(4.060801e-01)

WFG3
1.090360e+01
(1.338370e-02)

1.083356e+01#
(3.044440e-02)

WFG4
8.650363e+00
(2.063378e-02)

8.584441e+00#
(2.619502e-02)

WFG5
8.157830e+00
(3.768882e-02)

8.132564e+00#
(1.937931e-02)

WFG6
8.350939e+00
(5.352283e-02)

8.305956e+00#
(4.739550e-02)

WFG7
8.664098e+00
(2.142694e-02)

8.620447e+00#
(2.985012e-02)

WFG8
8.067041e+00
(3.917163e-02)

7.986139e+00#
(3.097071e-02)

WFG9
8.371848e+00
(1.574505e-01)

8.263080e+00#
(1.838899e-01)

3

WFG1
5.189445e+01

(1.907972e+00)
5.188408e+01

(1.610899e+00)

WFG2
1.085075e+01
(3.864759e-01)

1.088208e+01
(4.060801e-01)

WFG3
7.351098e+01
(8.728010e-01)

7.302124e+01#
(3.418580e-01)

WFG4
7.598303e+01
(1.185769e-01)

7.594650e+01#
(1.511291e-01)

WFG5
7.343176e+01
(3.575197e-01)

7.347454e+01
(9.055205e-02)

WFG6
7.376195e+01
(3.751150e-01)

7.358466e+01#
(3.801285e-01)

WFG7
7.653560e+01
(7.852050e-02)

7.648279e+01#
(7.837593e-02)

WFG8
7.265162e+01
(2.082143e-01)

7.261357e+01#
(1.609685e-01)

WFG9
7.386404e+01
(5.158326e-01)

7.346278e+01#
(9.396951e-01)
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Figure 5.4: IB-DE preference on WFG4 with 3 objective functions. Since MIHPS
is a steady-state MOEA, the number of generations is equivalent to the number of
function evaluations.

structure of EIB-MOEA, and we also present a discussion of its performance.

5.4.1 General Description

The proposed EIB-MOEA is a steady-state MOEA based on SMS-EMOA [8]. Its
general framework is outlined in Algorithm 8. EIB-MOEA requires a set of k indi-
cators {I1, . . . Ik} and a time window frame Tw as input parameters. In Line 2, all
the components of the weight vector ~w are set to 1/k. This weight vector is em-
ployed in the ensemble indicator-based density estimator (EIB-DE), and contains the
relative importance given to each indicator at the current iteration. Lines 6 to 30
describe the main loop of EIB-MOEA. At each iteration, a single offspring solution
~q is created using variation operators. This newly created solution is added to the
population A to create the temporary population Q. The non-dominated sorting
algorithm [31] processes Q to create a set of layers {R1, . . . , R`}. If R` contains more
than one solution, the ensemble indicator-based density estimator is executed. First,
the population is normalized in Line 13. Then, for each indicator Ij, j ∈ {1, . . . , k},
the individual indicator contributions of all solutions in R` are computed and stored
in the vector CIj . By sorting this vector in ascending order, for each ~r ∈ R` we

obtain rankIj(
~F (~r)) ∈ {1, 2, . . . , |Rl|} that returns the ranking of the solution in the

sorted CIj , where rank 1 corresponds to the worst-contributing solution to Ij. In Line
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Algorithm 8: EIB-MOEA’s general framework

Input: Set of indicators {I1, . . . , Ik}; time window size Tw
Output: Pareto front approximation

1 Randomly initialize population A;
2 wi = 1/k, i ∈ {1, . . . , k};
3 Initialize performance matrix P ∈ Rk×Tw ;
4 Initialize learning matrix Ψ ∈ {0, 1}k×Tw ;
5 g = 0;
6 while stopping criterion is not fulfilled do
7 Create an offspring solution ~q based on A;
8 Q = A ∪ {q};
9 {R1, . . . , R`} = NondominatedSorting(Q);

10 if |R`| > 1 then
11 zmin

i = min~a∈A fi(~a), i ∈ {1, . . . ,m};
12 zmax

i = max~a∈A fi(~a), i ∈ {1, . . . ,m};
13 Normalize {R1, . . . , R`} using ~z min and ~z max;
14 for j = 1 to k do

15 CIj(~r,R`) = |Ij(R`)− Ij(R` \ {~F (~r)})|,∀~r ∈ R`;
16 Sort CIj in ascending order;

17 ∀~z ∈ R`, compute rankIj(
~F (~r)), using the sorted CIj ;

18 end

19 ~aworst = arg min~r∈R`

{
H
(
~z = ~F (~r)

)
=
∑k

j=1wjrankIj(~z)
}

;

20 Learning(Q,R`, {I1, . . . , Ik}, g,~aworst, P,Ψ);
21 g = g + 1;

22 end
23 else
24 Let ~aworst be the sole solution in R`;
25 end
26 A = Q \ {~aworst};
27 if g = Tw then
28 UpdateWeights(~w, P,Ψ, Tw, k);
29 g = 0;

30 end

31 end
32 return A;
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19, the worst-contributing solution, using EIB-DE, is obtained. The learning process
(see Algorithm 9), which is a fundamental part to update the weight vector ~w, is
performed in Line 20, and then, the counter g is incremented by one. In Line 25,
~aworst is eliminated from Q to shape the population for the next generation. In case g
is equal to Tw, ~w is updated following Algorithm 10 and g is set to zero. Finally, once
the stopping condition is satisfied, A is returned as the Pareto front approximation.

5.4.2 Learning Process

Algorithm 9: Learning

Input: Population A; worst set R; set of indicators {I1, . . . , Ik}; index t;
selected solution ~aworst; performance matrix P ; learning matrix Ψ

Output: Updated Ψ
1 for j = 1 to k do

2 ~ajworst = arg min~r∈R |Ij(R)− Ij(R \ {~F (~r)})|;
3 Aj = A \ {~ajworst};
4 Pjt = Ij(Aj);
5 if Pjt > Pj,t−1 mod Tw ∧ ~ajworst = ~aworst then
6 Ψjt = 0;
7 end
8 else
9 Ψjt = 1;

10 end

11 end
12 return Ψ

The learning process, described in Algorithm 9, is based on analyzing the behavior
of the population using all indicators. For each indicator Ij, j ∈ {1, . . . , k}, we obtain
its worst-contributing solution ~ajworst, where R represents the last layer of solutions
with respect to non-dominated sorting. In Line 3, we simulate the elimination of ~ajworst

from the population A to generate the set Aj that is assessed by Ij. This indicator
value is stored in the performance matrix at position (j, t), i.e., Pjt = Ij(Aj). It
is worth noting that each row of P , represented as Pj, works as a circular array of
size Tw. If Pjt is greater than the previous sample in Pj (which implies an increase
in quality) and ~ajworst is the same as the worst-contributing solution to EIB-DE, the
selection is marked as successful and a zero value is stored in the learning matrix Ψ
in the same position (j, t). Otherwise, we set Ψjt = 1.

5.4.3 Updating the Relative Importance of QIs

After executing EIB-DE and the learning algorithm a total of Tw times, the weight
vector has to be updated. Algorithm 10 sketches the update process which is based on
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Algorithm 10: UpdateWeights

Input: Weight vector ~w; performance matrix P ; learning matrix Ψ; time
window size Tw; number of indicators k

Output: Updated ~w
1 for j = 1 to k do

2 ej =
wj
Tw

∑Tw
i=1 Ψji;

3 Validate that ej ∈ (0, 1);

4 αj = 1
2

ln
(

1−ej
ej

)
;

5 Build linear performance model based on Pj;
6 Get the angle θj of the linear model;

7 wj =

{
wje

−αj , θ > 0

wje
αj , otherwise

;

8 Validate that wj > 0;

9 end
10 wj =

wj∑k
i=1 wi

, j ∈ {1, . . . , k};
11 return ~w;

the AdaBoost algorithm [49], whose aim is to minimize the exponential loss. For each
indicator Ij, j ∈ {1, . . . , k}, the selection error ej is calculated using the jth row of the
learning matrix Ψ, taking into account that ej should be in the open interval (0, 1)
to avoid numerical problems in the calculation of the factor αj. Using the indicator
values in Pj, a linear model is constructed to obtain its angle θ. In Line 7, we set the
weight wj = wj e

−αj if the θ is strictly positive, which implies an increasing quality
of the population due to the use of the density estimator based on Ij. Otherwise, we
set wj = wj e

αj . To avoid having the EIB-DE composed of a single indicator, we do
not allow the existence of zero weights. At last, all weights are normalized in Line 10
and the updated weight vector is returned.

5.4.4 Experimental Analysis

In this section, we analyze the performance of the proposed approach5. First, we
compare EIB-MOEA with its average ranking version, i.e, an EIB-MOEA where the
weights for the ensemble are the same for all indicators (denoted as avgEIB-MOEA)
to show that the adaptive mechanism produces better quality results. Then, we
perform an exhaustive analysis where we compare EIB-MOEA with SMS-EMOA,
R2-EMOA, IGD+-MaOEA, ε+-MaOEA, and ∆p-MaOEA, which are all steady-state
MOEAs using density estimators based on the HV, R2, IGD+, ε+, and ∆p indicators,
respectively. In all test instances, each MOEA is independently executed 30 times.

5The source code of EIB-MOEA is available at http://computacion.cs.cinvestav.mx/

~jfalcon/Ensemble/EIB-MOEA.html.
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5.4.4.1 Parameters Settings

In order to determine the performance of EIB-MOEA and of the IB-MOEAs, we
employ the benchmark functions DTLZ1, DTLZ2, DTLZ5, DTLZ7, WFG1, WFG2,
WFG3, and WFG4, together with and their corresponding minus versions proposed
in [75] for two and three objective functions. We adopted these problems because
they all have different search difficulties and Pareto front shapes. The number n of
decision variables was set as follows. For DTLZ instances and their minus versions,
n = m+K− 1, where m is the number of objective functions and K = 5 for DTLZ1,
K = 10 for both DTLZ2 and DTLZ5, and K = 20 for DTLZ7. Regarding the WFG
and WFG−1 test problems, n was set to 24 and 26, for two- and three-objective in-
stances and in both cases the number of position-related parameters was set to 2. For
a fair comparison, all the MOEAs employ the same population size µ = 120, and the
same variation operators: simulated binary crossover (SBX) and polynomial-based
mutation (PBM) [31] for all test instances. The crossover probability is set to 0.9,
the mutation probability is 1/n (where n is the number of decision variables), and
both the crossover and mutation distribution indexes are set to 20. We considered
50,000 function evaluations as the stopping criterion for all MOPs. We employ the
achievement scalarizing function for the R2-based density estimator. In every gener-
ation, we employ the set of non-dominated solutions as the reference set required by
IGD+, ε+, and ∆p. Regarding EIB-MOEA and avgEIB-MOEA, we set Tw = µ.

5.4.4.2 Experimental Results

For the performance assessment of EIB-MOEA, avgEIB-MOEA and the other IB-
MOEAs, we use eight quality indicators: HV, HV relative deviation (HVRD), R2,
IGD+, ε+, ∆p, and, for diversity, we employ Riesz s-energy [56] and the Solow-Polasky
Diversity indicator [39]. The indicator values for two- and three-objective instances of
the DTLZ and DTLZ−1 test problems are shown in Figures 5.5 and 5.6, respectively.
The boxplots for the WFG and WFG−1 instances with two and three objective func-
tions correspond to Figures 5.7 and 5.8, respectively. Table 5.6 shows the statistical
ranks obtained by each algorithm over all benchmark functions with respect to each
considered indicator. The rank corresponds to the number of algorithms that signifi-
cantly outperform the algorithm under consideration with respect to a Mann-Whitney
non-parametric statistical test with a p-value of 0.05 and a Bonferroni correction (a
lower value is better). Figure 5.9 shows the summary of the statistical ranks. The
complete numerical results related to Figure 5.9 are shown in Tables B.7 to B.13 in
Appendix B.

Regarding the comparison of EIB-MOEA with avgEIB-MOEA, Figure 5.9 shows
that the former gets better statistical ranks for HV, R2, IGD+, ε+, Riesz s-energy,
and SPD. From these indicators, the increase in quality is more evident for the hyper-
volume indicator. This means that the ensemble of multiple indicator-based density
estimators allows EIB-MOEA to produce approximation sets closer to the Pareto
front. As a consequence, EIB-MOEA is able to obtain good results regarding the
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Table 5.6: Statistical ranks obtained by every algorithm on benchmark functions
with respect to each considered indicator. Values in bold face correspond to the
best-performing algorithm for the problem and indicator under consideration.
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avg

HV

EIB-MOEA 1 2 2 2 1 1 1 0 1 1 1 0 0 0 1 1 0 0 0 0 0 0 1 1 0 2 0 1 0 1 1 1 0.7
avgEIB-MOEA 1 2 2 2 2 2 1 0 2 2 1 0 1 1 1 1 1 2 1 1 0 0 1 2 1 1 2 2 1 2 1 2 1.3
SMS-EMOA 0 0 1 5 0 0 0 4 0 0 0 2 5 1 0 0 1 0 2 1 0 2 0 0 0 0 0 0 1 0 0 0 0.8
R2-EMOA 0 1 0 6 3 3 4 6 3 5 4 6 1 3 3 3 1 5 3 1 0 3 2 5 3 2 2 3 4 5 3 3 3.0

IGD+-MaOEA 4 5 4 0 4 4 5 2 4 3 4 3 3 4 5 4 1 3 5 2 0 3 5 3 4 2 4 4 3 3 5 3 3.4

ε+-MaOEA 4 5 4 1 4 5 4 2 4 3 4 3 3 5 5 4 1 3 5 1 0 3 4 3 4 2 4 4 3 3 5 3 3.4
∆p-MaOEA 4 4 6 4 6 6 3 5 6 6 3 5 6 6 3 4 1 5 1 2 0 6 4 6 6 6 6 6 6 6 3 6 4.6

R2

EIB-MOEA 2 1 1 0 1 3 2 1 1 1 1 1 0 0 1 5 0 0 0 0 0 1 1 0 0 0 0 1 1 3 1 1 0.9
avgEIB-MOEA 1 2 1 1 1 1 1 1 1 1 1 2 0 4 1 1 1 2 1 1 0 1 1 1 0 0 1 3 1 2 1 3 1.2
SMS-EMOA 1 1 2 5 4 4 1 0 4 1 1 0 5 1 3 4 1 0 2 1 0 6 0 1 0 0 1 0 3 4 0 0 1.8
R2-EMOA 0 0 0 6 0 0 4 4 0 6 4 3 0 3 1 1 1 5 2 1 0 0 0 1 5 4 1 2 0 0 3 2 1.8

IGD+-MaOEA 3 4 5 1 5 5 5 5 5 4 5 5 4 4 1 4 1 3 5 2 0 3 4 4 0 5 4 4 5 5 5 5 3.8

ε+-MaOEA 3 4 5 2 5 5 5 5 5 3 5 5 4 2 1 1 1 3 5 1 1 3 4 5 0 5 4 4 5 5 5 5 3.6
∆p-MaOEA 6 5 4 1 2 1 0 1 2 0 0 4 0 2 0 0 1 3 1 2 0 1 4 4 6 0 4 6 2 0 1 1 2.0

IGD+

EIB-MOEA 1 2 2 0 1 1 1 0 1 1 1 0 0 0 1 1 0 1 0 0 0 0 1 0 0 4 1 0 0 1 1 0 0.7
avgEIB-MOEA 0 2 2 0 1 2 1 0 1 1 1 0 0 1 1 1 1 1 1 1 0 0 1 2 0 3 1 2 2 1 1 1 1.0
SMS-EMOA 0 0 0 1 0 0 0 0 0 0 0 2 6 1 0 0 1 0 2 1 0 2 0 0 0 0 0 0 0 0 0 0 0.5
R2-EMOA 1 1 0 5 3 2 4 6 1 6 4 6 2 5 6 3 1 5 3 1 0 5 3 5 5 4 1 5 3 3 4 5 3.4

IGD+-MaOEA 1 2 4 3 4 4 4 3 4 3 4 3 2 5 3 3 1 1 5 2 0 3 3 3 0 1 4 2 4 3 4 3 2.8

ε+-MaOEA 1 2 4 3 4 4 4 3 4 3 4 3 2 3 3 3 1 2 5 1 0 3 3 3 0 1 4 3 4 3 3 3 2.8
∆p-MaOEA 6 6 6 6 6 6 3 3 6 5 3 5 3 4 3 6 1 6 1 1 0 6 6 6 6 6 6 6 6 6 3 6 4.7

ε+

EIB-MOEA 3 2 2 0 1 2 1 0 1 1 1 0 0 0 1 0 0 1 0 0 0 0 1 0 1 2 2 0 1 1 1 0 0.8
avgEIB-MOEA 2 2 2 0 1 2 1 0 1 1 1 0 0 1 1 0 1 1 1 1 0 0 1 0 1 2 2 0 2 1 1 0 0.9
SMS-EMOA 1 0 1 2 0 0 0 0 0 0 0 0 6 0 0 1 1 0 2 1 0 3 0 0 0 0 0 0 0 0 0 0 0.6
R2-EMOA 0 1 0 5 3 1 3 6 1 6 3 6 2 3 6 3 1 3 2 1 0 5 4 5 1 5 0 3 1 5 4 3 2.9
IGD+-MaOEA 4 2 4 2 4 4 3 3 4 4 4 3 2 5 3 3 1 3 5 4 0 3 4 3 4 1 4 3 4 3 3 3 3.2
EPS+-MaOEA 4 4 4 2 4 4 4 3 4 3 4 3 2 5 3 3 1 2 5 4 0 0 4 3 4 1 4 3 4 3 3 3 3.1
DELTAp-MaOEA 4 4 4 5 6 6 4 3 5 4 3 3 2 2 3 3 1 3 1 4 0 6 3 5 4 6 4 6 6 5 3 3 3.8

∆p

EIB-MOEA 3 3 0 0 1 1 2 1 1 0 2 2 0 1 1 0 0 0 0 0 0 1 1 1 0 4 0 0 2 2 2 2 1.0
avgEIB-MOEA 0 2 0 0 1 1 2 1 1 0 2 0 0 1 1 0 1 2 1 1 1 1 1 1 0 4 0 0 1 1 2 2 1.0
SMS-EMOA 0 0 0 4 4 4 1 0 4 2 0 0 6 6 0 4 1 0 2 1 0 3 0 6 0 2 2 3 2 4 1 0 1.9
R2-EMOA 0 1 0 6 0 0 4 4 0 4 4 4 3 4 4 2 1 6 2 1 0 4 1 3 3 0 0 6 0 0 4 4 2.3

IGD+-MaOEA 3 2 4 2 5 5 5 5 5 4 5 5 4 1 4 3 1 3 5 2 0 4 4 4 3 1 4 2 5 6 5 5 3.6

ε+-MaOEA 3 2 4 2 5 4 5 5 5 4 5 5 4 1 4 2 1 3 5 1 3 4 4 4 3 0 4 2 5 4 5 5 3.5
∆p-MaOEA 2 4 6 5 1 2 0 1 1 0 0 2 0 0 1 6 1 3 1 1 0 0 6 0 6 4 6 5 2 2 0 1 2.2

Riesz s-energy

EIB-MOEA 3 1 2 2 2 3 2 1 3 2 2 1 1 2 6 1 0 2 0 1 2 3 1 4 3 1 1 2 1 1 3 2 1.9
avgEIB-MOEA 2 2 2 3 2 4 2 2 3 2 2 1 2 4 2 1 1 3 1 3 2 1 3 2 2 1 1 2 1 1 1 2 2.0
SMS-EMOA 1 0 1 3 1 1 0 0 1 0 0 1 1 1 0 0 1 1 1 2 0 3 0 2 0 4 0 3 0 2 0 0 0.9
R2-EMOA 0 2 0 6 0 1 6 6 0 6 4 6 6 6 5 6 6 6 2 5 6 6 5 6 1 6 6 6 6 6 4 6 4.5

IGD+-MaOEA 4 1 4 0 4 2 4 2 5 2 4 2 4 1 3 1 4 2 4 1 4 2 1 1 4 1 3 0 4 1 5 2 2.6

ε+-MaOEA 4 2 4 1 4 3 4 2 5 2 4 2 4 2 3 1 4 2 4 2 4 2 1 2 4 1 3 1 4 1 5 2 2.8
∆p-MaOEA 6 2 6 1 5 0 1 0 2 1 1 0 0 0 1 5 1 0 1 0 0 0 6 0 6 0 5 2 1 0 1 0 1.7

SPD

EIB-MOEA 3 0 0 0 1 1 2 0 1 0 2 0 0 1 1 2 0 0 0 0 0 1 2 1 2 1 2 0 1 2 2 1 0.9
avgEIB-MOEA 0 0 0 0 1 1 2 2 1 0 2 0 0 1 1 0 1 2 1 1 0 1 2 1 2 1 2 0 1 1 2 2 1.0
SMS-EMOA 3 1 0 0 3 3 0 0 3 1 0 3 3 3 1 3 1 0 2 2 0 4 0 3 0 3 0 5 3 2 0 0 1.6
R2-EMOA 3 0 0 6 0 0 4 6 0 4 4 6 3 2 1 3 1 6 3 6 1 3 1 6 0 6 0 6 0 5 4 6 3.0

IGD+-MaOEA 1 5 0 0 5 5 5 4 5 4 5 4 3 4 4 5 2 4 5 2 2 4 4 3 4 3 4 2 5 4 5 4 3.6

ε+-MaOEA 1 5 0 0 5 5 5 4 5 4 5 4 3 5 4 5 4 4 5 2 4 4 4 3 4 4 4 3 5 4 5 4 3.8
∆p-MaOEA 1 0 0 0 2 4 1 0 2 0 1 0 0 0 0 1 1 2 1 2 0 0 4 0 4 0 4 4 1 0 1 0 1.1
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Figure 5.5: Indicator values for two-objective DTLZ benchmark functions.

other convergence indicators, namely R2, IGD+, ε+, and, to a lower extent, for ∆p.
However, producing better convergent approximation sets is not strictly related to
producing higher diversity, as shown by the Riesz s-energy and SPD values, where
EIB-MOEA is hardly better than avgEIB-MOEA. Overall, these results support that
the adaptive mechanism allows EIB-MOEA to perform better in comparison with
the average ranking version. On the other hand, for the comparison of EIB-MOEA
against state-of-the-art steady-state IB-MOEAs, Figure 5.9 shows that our proposed
approach maintains a robust performance over all the considered QIs. Figures 5.5
to 5.8 illustrate that EIB-MOEA and SMS-EMOA obtained the best HV values.
Overall, SMS-EMOA performs better on the original benchmark problems, but the
quality of its approximate Pareto fronts is just slightly better than those produced by
EIB-MOEA. In contrast, for the DTLZ−1 and WFG−1 test suites, EIB-MOEA sig-
nificantly outperforms SMS-EMOA. This evidence is supported by Figure 5.9, where
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Figure 5.6: Indicator values for three-objective DTLZ benchmark functions.

we can see that there is a tie between EIB-MOEA and SMS-EMOA in terms of the
HV statistical rank. However, we claim that EIB-MOEA has a robust performance
since it is significantly better regarding the DTLZ−1 and WFG−1 test suites, whereas
SMS-EMOA is just slightly better on the original benchmark problems. Additionally,
for IGD+ and ε+ which are QIs whose preferences are highly correlated to those of
HV, Figure 5.9 shows a similar behavior as in the case of HV. This is also supported
by the detailed boxplots reported for the different test problems. Regarding the R2
indicator, R2-EMOA presents the best results for MOPs whose Pareto front maps to
the simplex shape; e.g., DTLZ1, DTLZ2, and WFG4. This behavior is expected since
R2-EMOA uses a set of convex weight vectors [75]. However, for the DTLZ−1 and
WFG−1 test suites, R2-EMOA does not perform well and EIB-MOEA presents the
best overall results. This indicates that the ensemble mechanism of EIB-MOEA allows
to circumvent the weaknesses of the individual indicator-based density estimators, in
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Figure 5.7: Indicator values for two-objective WFG benchmark functions.

this case the one based on R2. Finally, in terms of diversity, Figures 5.5–5.8 show that
EIB-MOEA generates well-diversified approximation sets when dealing with MOPs
whose Pareto front is irregular; i.e., different from the simplex shape. This is the case,
for example, of WFG1, WFG1−1, DTLZ1−1, and DTLZ−1. Nevertheless, EIB-MOEA
is able to produce competitive results with respect to Riesz s-energy and SPD, while
SMS-EMOA is the best-ranked algorithm for the former indicator and ∆p-MaOEA
is the best for the latter. As such, although EIB-MOEA is able to obtain very good
HV values, there is still room for improvement in terms of diversity, e.g. by adding
diversity-related indicators into the ensemble controlled by EIB-MOEA.
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Figure 5.8: Indicator values for three-objective WFG benchmark functions.
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Figure 5.9: Statistical ranks obtained by each algorithm over all benchmark functions
with respect to each considered indicator.
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5.5 Summary

Traditionally, IB-MOEAs have employed a single indicator as the backbone of selec-
tion mechanisms. However, the use of multiple QIs to guide the evolutionary process
had not been widely explored. This Chapter aimed to investigate the competition
of multiple indicator-based density estimators to improve the performance of steady-
state MOEAs. To this aim, we proposed two IB-MOEAs, denoted as MIHPS and
EIB-MOEA. On the one hand, MIHPS promotes the competiton between four IB-DEs
based on the indicators R2, IGD+, ε+, and ∆p. The IB-DEs compete to be executed
as much as possible during the evolutionary process, depending on how they help
MIHPS’ global convergence quality. In other words, the heuristic selection mecha-
nism selects an IB-DE to be executed at Tw generation where the decision is biased
by the past performance of the IB-DE. A Markov chain is the core of the heuristic
selection mechanism. The experimental results, using the WFG test suite for 3 to 10
objective functions, showed that the indicators IGD+ and ε+ are better at the early
stages of the evolutionary process to speed up convergence, while the R2 indicator
is better at the end of the search process to refine convergence and diversity of solu-
tions. The ∆p indicator did not have a significant impact. Additionally, regarding the
comparison of results, MIHPS outperformed NSGA-III, MOEA/D and R2-EMOA on
most of the test problems. On the other hand, EIB-MOEA uses the AdaBoost algo-
rithm to ensemble five IB-DEs: the four ones employed by MIHPs and an additional
one which is based on the hypervolume indicator. The weight vector employed by
AdaBoost is adapted online through a learning mechanism that constantly evaluates
the quality of the population, using the five baseline quality indicators. Hence, the
IB-DEs compete to obtain a better weight so that they could be preferred more of-
ten. EIB-MOEA was tested on the DTLZ, DTLZ−1, WFG, and WFG−1 benchmark
problems for two and three objective functions. Its performance was compared with
respect to the other IB-MOEAs using the five QIs employed in EIB-MOEA. The
numerical results using several QIs showed that EIB-MOEA performs more robustly
than the other IB-MOEAs.
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Chapter 6

On the Cooperation of IB-MOEAs

Section 6.1 introduces our main motivation to explore the cooperation as a solution
strategy. Section 6.2 sketches the previous related work. Section 6.3 presents the
design of an MOEA whose performance does not depend on the Pareto front shape
due to the use of two complementary IB-DEs. Section 6.4 is devoted to describe an
MOEA based on the island model where multiple IB-MOEAs cooperate. Finally, a
summary of the Chapter is detailed in Section 6.5.

6.1 Motivation

In the previous Chapter, we investigated the competition of IB-Mechanisms as a way
of taking advantage of their strengths and to compensate for their weaknesses. In
spite of the good performance of MIHPS, we found a selection bias towards the R2-
based mechanism in the final stages of the evolutionary process while the density
estimators based on the indicators IGD+, ε+, and ∆p were preferred at the early
stages. Due to the bias to R2-DE, the final Pareto front approximations of MIHPS
presented features strongly related to the preferences of the R2 indicator. In this
Chapter, we examine the cooperation between IB-Mechanisms and IB-MOEAs to
obtain better convergence and diversity results regardless of the MOP being tackled.
Regarding the cooperation between IB-Mechanisms, we exploit the idea of Zitzler et
al. [157] where several indicators are applied succesively to refine the preferences of
the previous ones. This way, we succesively apply two IB-DEs, aiming to complement
their preferences. Concerning the cooperation between IB-MOEAs, we employ the
island model [24] to evolve different subpopulations under the actions of specific IB-
Mechanisms to explore different regions of the search space. After some iterations, the
subpopulations are merged and the best individuals are saved. Finally, a migration
process is performed to increase the diversity of the subpopulations.
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6.2 Previous Related Work

Currently, there are different strategies for designing MOEAs, such as the decompo-
sition of a MOP into several single-objective optimization problems [147], the use of
reference sets to guide the population towards the Pareto front [30], and the genera-
tion of selection mechanisms based on (unary) quality indicators1 [60]. A wide variety
of state-of-the-art MOEAs based on the previously indicated strategies employ a set
of convex weight vectors as search directions for the decomposition, in a method to
construct reference sets, or as part of the definition of a quality indicator. A vector
~w ∈ Rm is a convex weight vector if

∑m
i=1wi = 1 and wi ≥ 0 for all i = 1, . . . ,m.

These weight vectors lie on an (m− 1)-simplex. However, Ishibuchi et al. [75] empir-
ically showed that the use of convex weight vectors overspecializes MOEAs on MOPs
whose Pareto fronts are strongly correlated to the simplex formed by such weight vec-
tors. In other words, such MOEAs are unable to produce good results when tackling
MOPs whose Pareto fronts are not highly coupled with the (m− 1)-simplex. In con-
sequence, more general MOEAs need to be designed to avoid this overspecialization
on specific benchmark problems such as the DTLZ and the WFG test suites.

There are MOEAs that do not use in any of their mechanisms a set of con-
vex weight vectors. An example is the Nondominated Sorting Genetic Algorithm II
(NSGA-II) [29] which uses Pareto dominance2 in its main selection mechanism and
crowding distance as its second selection mechanism. However, the selection pressure
of NSGA-II dilutes when tackling MOPs having four or more objective functions. Ad-
ditionally, the crowding distance density estimator cannot produce evenly distributed
Pareto fronts in high dimensionality. Another example is the S Metric Selection
Evolutionary Multi-Objective Algorithm (SMS-EMOA) [8] which is a steady-state
MOEA that replaces the crowding distance of NSGA-II by the contribution of points
to the hypervolume (HV) indicator. The HV is a performance indicator that measures
convergence and maximum spread simultaneously. HV is the only unary indicator
which is known to be Pareto-compliant3, but its use in MOEAs with many objectives
is limited due to its high computational cost. In 2015, Menchaca-Méndez and Coello
proposed an environmental selection mechanism based on the Generational Distance
(GD) indicator [105] coupled with a diversity mechanism that adopts ε dominance
to divide the objective space into hypercubes where the solutions are distributed. A
clear disadvantage of GDE-MOEA is the determination of the ε value which is re-
quired to divide high-dimensional objective spaces and which has an impact on the
generation of evenly distributed solutions. Finally, ∆p-MOEA, proposed by Menchaca
et al. [107], is an improvement of GDE-MOEA in which instead of using GD in its

1A unary indicator I is a function that assigns a real value to set of points A = {~a1, . . . ,~aN},
where ~ai ∈ Rm.

2Given ~u,~v ∈ Rm, ~u Pareto dominates ~v (denoted as ~u ≺ ~v) if and only if ∀i = 1, . . . ,m, ui ≤ vi
and there exists at least an index j ∈ {1, . . . ,m} : uj < vj .

3Let A and B be two non-empty sets of m-dimensional vectors and let I be a unary indicator. I
is Pareto-compliant if and only if A dominates B implies I(A) > I(B) (assuming maximization of
I).
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selection mechanism, it adopts the ∆p indicator. ∆p-MOEA improves the diversity
of the solutions produced, but it still depends on the calculation of the ε value to
construct a reference set.

6.3 Cooperation of Multiple IB-DEs

In this section, we explore the idea of the cooperation of multiple IB-Density Es-
timators in a single MOEA. For this purpose, we present the IGD+-based Many-
Objective Evolutionary Algorithm (IGD+-MaOEA), following the framework of the
SMS-EMOA [8], as a first step towards a more general optimizer. Then, we pro-
pose an extension of IGD+-MaOEA where a Riesz s-energy-based density estimator
is incorporated, helping the IGD+-DE to improve the diversity of solutions.

6.3.1 A First Approach

IGD+-MaOEA is a steady state MOEA similar to SMS-EMOA [8]. However, instead
of using HV contributions, this approach uses IGD+-DE. Algorithm 11 describes the
general framework of IGD+-MaOEA, where the main loop is presented in lines 2 to
13. First, a new solution q is generated by variation operators4. q is added to P
to create the temporary population Q which is ranked by the nondominated sorting
method in line 5. If the layer Rk has more than one solution, then IGD+-DE is
executed in line 7, using Algorithm 5 where the set of nondominated solutions R1

performs as the reference set Z. In case |Rk| = 1, the sole solution of Rk is deleted.
For both cases, ~uworst denotes the solution to be deleted. In line 12, the population
for the next generation is set. At the end of the evolutionary process, the current
population P is returned.

6.3.1.1 Experimental Design

In order to assess the performance of IGD+-MaOEA,5 we used the Deb-Thiele-
Laumanns-Zitzler (DTLZ) test suite and its minus version, DTLZ−1 proposed by
Ishibuchi et al. [75] adopting m = 3, 4, 5, 6, 7 objective functions. For all DTLZ and
DTLZ−1 instances, n = m+K − 1, where K is set to 5 for DTLZ1, 10 for DTLZ2-6
and 20 for DTLZ7 [24]. The values of K apply to the corresponding minus problems.
The purpose of using DTLZ−1 is to show that IGD+-MaOEA is more general than
traditional MaOEAs based on the use of convex weight vectors. We compared IGD+-

4Simulated binary crossover (SBX) and polynomial-based mutation operators are employed. [31]
5The source code is available at http://computacion.cs.cinvestav.mx/~jfalcon/IGD+-MOEA.

html
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Algorithm 11: IGD+-MaOEA general framework

Output: Approximation to the Pareto front
1 Randomly initialize population P ;
2 while stopping criterion is not fulfilled do
3 q ← V ariation(P );
4 Q← P ∪ {q};
5 {R1, . . . , Rk} ← NondominatedSorting(Q);
6 if |Rk| > 1 then
7 C ← IGD+DE(A = Rk,Z = R1);
8 Let ~uworst the solution with the minimum IGD+ contribution in C;

9 end
10 else
11 Let ~uworst the sole solution in Rk;
12 end
13 P ← Q \ {~uworst};
14 end
15 return P

MaOEA with respect to NSGA-III6, MOEA/D7, IGD+-EMOA8 and SMS-EMOA9

(the latter for only MOPs having 3 and 4 objective functions). Results were com-
pared using the hypervolume indicator. On this regard, we use the following reference
points: (1, 1, . . . , 1) for DTLZ1/DTLZ1−1, (1, 1, . . . , 1, 21) for DTLZ7/DTLZ7−1 and
(2, 2, . . . , 2) for the remaining MOPs.

Since our approach and all the considered MaOEAs are genetic algorithms that use
SBX and PBX, we set the crossover probability (Pc), crossover distribution index (Nc),
mutation probability (Pm) and the mutation distribution index (Nm) as follows. For
MOPs having 3 objective functions Pc = 0.9 and Nc = 20, while for MaOPs, Pc = 1.0
and Nc = 30. In all cases, Pm = 1/n, where n is the number of decision variables
and Nm = 20. Table 6.1 shows the population size, objective function evaluations
(employed as our stopping criterion) and the parameter H for the generation of the
set of convex weight vectors described in [147]. The population size N is equal to the
number of weight vectors, i.e., N = CH+m−1

m−1 . In all cases, the neighborhood size T of
MOEA/D is set to 20.

6We used the implementation available at: http://web.ntnu.edu.tw/~tcchiang/

publications/nsga3cpp/nsga3cpp.htm.
7We used the implementation available at: http://dces.essex.ac.uk/staff/zhang/

webofmoead.htm
8 Its author, Edgar Manoatl López provided the source code.
9We adopted the implementation of jMetal 4.5.
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Table 6.1: Common parameters settings

Objectives 3 4 5 6 7
Population size (N) 120 120 126 126 210
Objective function
evaluations (×103)

50 60 70 80 90

Weight-vector
partitions (H)

14 7 5 4 4

Table 6.2: Average runtime (in seconds) of IGD+-MaOEA and SMS-EMOA on DTLZ
and DTLZ−1 benchmarks for 3 objective functions.

MaOEa Type DTLZ1 DTLZ2 DTLZ3 DTLZ4 DTLZ5 DTLZ6 DTLZ7

IGD+-MaOEA
Original 55.87 s 81.66 s 42.44 s 72.80 s 54.92 s 65.31 s 76.26 s
Minus 78.45 s 91.74 s 68.86 s 92.13 s 93.18 s 102.94 s 81.92 s

SMS-EMOA
Original 963.43 s 2144.43 s 359.28 s 1648.35 s 995.15 s 1944.93 s 1785.38
Minus 1453.27 s 1868.63 s 1125.25 1906.52 s 1947.56 s 1950.85 1364.88

6.3.1.2 Comparison with MaOEAs based on Convex Weight Vectors

Tables 6.3 and 6.4 show the average HV and the standard deviation (in parentheses)
obtained by all the algorithms compared. The two best values among the MaOEAs are
highlighted using grayscale, where the darker tone corresponds to the best value. Aim-
ing to have statistical confidence of the results, we performed a one-tailed Wilcoxon
test using a significance level of 0.05. Based on the Wilcoxon test, the symbol #
is placed when IGD+-MaOEA performs better than other MaOEA in a statistically
significant way.

Regarding the original DTLZ problems, in Table 6.3 it is shown that IGD+-
MaOEA achieves the best performance in 9 out of 35 problems. Our proposed ap-
proach obtained the best HV values in DTLZ3, DTLZ5 and DTLZ6. For DTLZ7,
IGD+-MaOEA obtained the second best value when using from 5 to 7 objective
functions. Regarding DTLZ1, DTLZ2 and DTLZ4, our proposed approach never ob-
tained the first or the second best HV values among the compared MaOEAs in a
statistically significant manner. Nevertheless, it is worth noting that numerically, the
differences in all cases are minimal. On the other hand, NSGA-III obtained the best
HV values in 7 of the 35 instances, being the best in DTLZ1 and DTLZ7. Overall,
IGD+-EMOA obtained the worst place in the performance rank because it only pro-
duced the best HV values in 2 instances. Hence, we conclude that IGD+-MaOEA
outperforms MOEA/D and IGD+-EMOA and is competitive concerning NSGA-III.

Table 6.4 shows the statistical results for the DTLZ−1 test suite. IGD+-MaOEA is
the best MaOEA in these problems because it obtained the best HV values in 27 out
of 35 instances. Its performance is more evident when tackling the instances having
many objectives. In case of three-dimensional problems, it obtained the second best
overall HV values, being SMS-EMOA the best optimizer. It is worth noticing that
none of the MaOEAs that use convex weight vectors obtained the best HV value in
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Figure 6.1: Pareto fronts produced by IGD+-MaOEA and SMS-EMOA for DTLZ1−1,
DTLZ2 and DTLZ7−1 for 3 objective functions. Each front corresponds to the median
HV values.

any of the problems. This clearly evidences their overspecialization in MOPs whose
Pareto fronts are closely related to the shape of an (m − 1)-simplex. MOEA/D
obtained the second place in 16 problems and NSGA-III in 15. IGD+-EMOA is the
worst MaOEA in these problems as it never obtained the best HV values nor the
second best ones. Hence, it is evident that the strategy based on weight vectors for
the construction of the IGD+-EMOA’s reference set has a negative impact on its
performance. Moreover, based on the direct comparison between IGD+-MaOEA and
IGD+-EMOA, the former can be considered as a better optimizer.

6.3.1.3 Comparison with SMS-EMOA

From Tables 6.3 and 6.4, it is clear that SMS-EMOA outperforms IGD+-MaOEA
for the DTLZ benchmark and both are competitive regarding the DTLZ−1 instances.
However, the aim of SMS-EMOA is to maximize HV and this indicator is being
employed for comparison purposes. In spite of this comparison advantage of SMS-
EMOA, it is worth noting that the overall HV difference between both algorithms is
not very significant. A fact that must be highlighted is that IGD+-MaOEA generates
similar distributions to those of SMS-EMOA. This is shown in Fig. 6.1 where the
Pareto fronts for DTLZ2 are similar. This distribution is due to the use of the set
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Table 6.3: Hypervolume results for the compared MOEAs on the DTLZ problems.
We show the mean and standard deviations (in paretheses). The two best values are
shown in gray scale, where the darker tone corresponds to the best value. The symbol
# is placed when IGD+-MaOEA performs better in a statistically significant way.

MOP Dim. IGD+-MaOEA IGD+-EMOA NSGA-III MOEA/D SMS-EMOA

DTLZ1

3
9.664790e-01

(2.049666e-03)
9.740508e-01

(4.467021e-04)
9.741141e-01

(3.120293e-04)
9.740945e-01

(2.619649e-04)
9.745172e-01

(5.241259e-05)

4
9.846496e-01

(2.656403e-03)
9.943998e-01

(9.261547e-05)
9.942231e-01

(8.570576e-04)
9.944018e-01

(6.220464e-05)
9.946409e-01

(2.134463e-05)

5
9.881899e-01

(3.232379e-03)
9.943585e-01

(2.338311e-02)
9.986867e-01

(3.379577e-05)
9.986355e-01

(3.735697e-05)

6
9.906617e-01

(2.651917e-03)
9.035094e-01#
(7.491169e-02)

9.996492e-01
(2.587221e-05)

9.996231e-01
(1.535746e-05)

7
9.948828e-01

(1.318848e-03)
9.264419e-01#
(6.287378e-02)

9.999224e-01
(7.339504e-06)

9.998569e-01
(2.567104e-05)

DTLZ2

3
7.420261e+00
(1.353052e-03)

7.421843e+00
(1.327349e-04)

7.421572e+00
(6.064709e-04)

7.421715e+00
(1.372809e-04)

7.431551e+00
(5.463841e-05)

4
1.556161e+01
(2.748489e-03)

1.556734e+01
(4.007277e-04)

1.556646e+01
(6.681701e-04)

1.556718e+01
(2.213968e-04)

1.558874e+01
(6.349012e-05)

5
3.166574e+01
(5.201361e-03)

3.166818e+01
(3.831826e-04)

3.166721e+01
(6.548007e-04)

3.166781e+01
(5.129480e-04)

6
6.373545e+01
(5.321646e-03)

6.182623e+01
(4.486397e+00)

6.373806e+01
(1.136133e-03)

6.373808e+01
(6.532194e-04)

7
1.278044e+02
(5.835291e-03)

1.117158e+02+
(1.213189e+01)

1.278161e+02
(1.524540e-03)

1.278230e+02
(4.937498e-04)

DTLZ3

3
7.304310e+00
(5.416726e-01)

5.978405e+00#
(2.296587e+00)

6.762070e+00#
(1.512456e+00)

7.191410e+00#
(9.234976e-01)

7.116381e+00#
(1.038033e+00)

4
1.554332e+01
(1.357241e-02)

1.553667e+01
(2.805291e-02)

1.426614e+01#
(3.337968e+00)

1.525936e+01#
(9.041126e-01)

1.557833e+01
(4.705930e-03)

5
3.165020e+01
(9.384670e-03)

3.165404e+01
(6.820552e-03)

2.926244e+01#
(5.291705e+00)

2.921654e+01#
(6.617692e+00)

6
6.371498e+01
(1.113938e-02)

5.883028e+01#
(5.646345e+00)

5.837271e+01#
(1.552667e+01)

5.395689e+01#
(1.319237e+01)

7
1.277759e+02
(1.177247e-02)

1.178341e+02#
(3.658990e+00)

1.164877e+02#
(2.147719e+01)

1.086977e+02#
(2.778728e+01)

DTLZ4

3
6.874113e+00
(7.238869e-01)

7.037545e+00
(7.189670e-01)

7.218780e+00
(4.062937e-01)

7.421636e+00
(1.147608e-04)

6.960992e+00
(5.030399e-01)

4
1.495718e+01

(1.406114e+00)
1.491851e+01

(1.029726e+00)
1.540943e+01
(3.164949e-01)

1.556707e+01
(2.297960e-04)

1.506728e+01
(6.892799e-01)

5
3.141161e+01
(5.091958e-01)

3.011363e+01#
(1.320577e+00)

3.163040e+01
(1.455720e-01)

3.166733e+01
(4.792449e-04)

6
6.342094e+01
(8.053848e-01)

6.220439e+01#
(4.109418e-01)

6.374155e+01
(5.870500e-04)

6.373585e+01
(1.078543e-03)

7
1.276686e+02
(5.342428e-01)

1.268979e+02#
(4.641205e-01)

1.278235e+02
(5.765414e-04)

1.278246e+02
(3.325992e-04)

DTLZ5

3
6.103250e+00
(3.206747e-04)

4.126358e+00#
(1.356638e-01)

6.086240e+00#
(3.462620e-03)

6.046024e+00#
(2.227008e-04)

6.105419e+00
(1.265596e-05)

4
1.195066e+01
(1.060364e-02)

8.053758e+00#
(6.181680e-02)

1.176583e+01#
(3.990838e-02)

1.187250e+01#
(4.856384e-03)

1.200938e+01
(7.506854e-04)

5
2.352758e+01
(5.631168e-02)

1.617222e+01#
(1.916164e-01)

2.162912e+01#
(9.476133e-01)

2.328373e+01#
(1.640165e-02)

6
4.655654e+01
(1.477530e-01)

3.216498e+01#
(2.350120e-01)

4.222308e+01#
(1.270959e+00)

4.584961e+01#
(4.179642e-02)

7
9.259723e+01
(2.885851e-01)

6.433872e+01#
(6.900391e-01)

8.421920e+01#
(2.089834e+00)

9.094108e+01#
(1.339743e-01)

DTLZ6

3
5.822452e+00
(9.468474e-02)

5.524093e+00#
(8.062048e-01)

5.755154e+00#
(7.832234e-02)

5.774939e+00#
(8.361881e-02)

5.838678e+00
(7.196085e-02)

4
1.141949e+01
(1.435037e-01)

9.520791e+00#
(5.465663e-01)

5.969793e+00#
(6.529944e-01)

1.136532e+01
(1.519071e-01)

1.112687e+01#
(1.725538e-01)

5
2.243194e+01
(2.205059e-01)

1.230783e-02#
(1.960431e-02)

6.433325e-02#
(1.002102e-01)

2.217372e+01#
(3.778954e-01)

6
4.395244e+01
(4.872918e-01)

6.039732e+00#
(1.208422e+01)

0.000000e+00#
(0.000000e+00)

4.349163e+01#
(5.731473e-01)

7
8.562322e+01
(8.346399e-01)

3.737526e+01#
(3.051737e+01)

0.000000e+00#
(0.000000e+00)

8.668146e+01
(1.610733e+00)

DTLZ7

3
1.613138e+01
(1.102308e-01)

1.571995e+01#
(7.026627e-02)

1.631926e+01
(1.253568e-02)

1.620770e+01
(1.240925e-01)

1.637100e+01
(7.629934e-02)

4
1.435812e+01
(1.541455e-01)

1.364183e+01#
(1.305431e-01)

1.462787e+01
(3.713300e-02)

1.406944e+01#
(5.544544e-02)

1.483349e+01
(1.533320e-01)

5
1.221977e+01
(5.193563e-01)

1.133320e+01#
(1.223979e-01)

1.284401e+01
(3.182259e-02)

6.515913e+00#
(1.170945e+00)

6
1.035596e+01
(4.758743e-01)

9.287520e+00#
(9.704494e-02)

1.082465e+01
(7.434508e-02)

1.366732e+00#
(1.894512e+00)

7
8.804845e+00
(3.468746e-01)

7.339032e+00#
(9.787487e-02)

8.942419e+00
(5.155349e-02)

1.089167e-01#
(1.867035e-01)
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Table 6.4: Hypervolume results for the compared MOEAs on the DTLZ−1 problems.
We show the mean and standard deviations (in paretheses). The two best values are
shown in gray scale, where the darker tone corresponds. The symbol # is placed
when IGD+-MaOEA performs better in a statistically significant way.

MOP Dim. IGD+-MaOEA IGD+-EMOA NSGA-III MOEA/D SMS-EMOA

DTLZ1−1

3
2.264909e+07

(8.207717e+04)
1.140466e+07#
(1.217933e+06)

2.044422e+07#
(2.230718e+05)

1.708422e+07#
(2.776295e+05)

1.640482e+07#
(1.253694e+06)

4
1.663320e+09

(4.001511e+07)
3.783933e+07#
(1.747066e+07)

6.137596e+08#
(8.114743e+07)

3.671230e+08#
(8.437648e+07)

1.176107e+09#
(1.162071e+08)

5
6.119188e+10

(4.760735e+09)
3.145584e+06#
(6.453973e+06)

1.653440e+10#
(7.395153e+09)

1.275157e+10#
(5.929635e+09)

6
1.040799e+12

(2.723386e+11)
5.143618e+05#
(1.818714e+06)

3.525438e+11#
(1.554685e+11)

6.835890e+10#
(4.577981e+10)

7
1.879388e+13

(7.487935e+12)
3.352615e+05#
(1.083160e+06)

5.717044e+12#
(2.906156e+12)

5.582247e+11#
(9.246709e+11)

DTLZ2−1

3
1.210884e+02
(9.009171e-01)

9.369690e+01#
(5.010715e+00)

1.226427e+02
(4.332124e-01)

1.241646e+02#
(1.767939e-01)

1.261046e+02
(1.456397e-02)

4
4.674859e+02

(6.158074e+00)
6.908303e+01#
(2.593222e-01)

4.670265e+02#
(5.036135e+00)

4.782322e+02
(3.762262e-01)

5.109249e+02
(4.731194e-01)

5
1.655899e+03

(3.942682e+01)
1.817170e+02#
(2.352582e+00)

1.529187e+03#
(3.829295e+01)

1.570781e+03#
(5.466206e+00)

6
5.470358e+03

(1.134490e+02)
4.572952e+02#
(8.088396e+00)

4.188435e+03#
(3.496415e+02)

3.701069e+03#
(1.866271e+01)

7
1.926684e+04

(4.521928e+02)
1.187017e+03#
(1.260695e+01)

1.321225e+04#
(1.030901e+03)

1.320162e+04#
(6.203137e+01)

DTLZ3−1

3
5.017451e+09

(1.676399e+07)
3.163373e+09#
(3.448716e+08)

4.769399e+09#
(4.395958e+07)

4.788299e+09#
(5.251105e+07)

3.617983e+09#
(1.229064e+08)

4
5.016984e+12

(2.782494e+10)
1.858417e+11#
(1.368270e+11)

3.421113e+12#
(1.621812e+11)

3.382020e+12#
(8.277136e+10)

2.942443e+12#
(1.497601e+11)

5
4.010397e+15

(5.491013e+13)
2.308672e+10#
(5.932196e+10)

1.418461e+15#
(2.265638e+14)

2.169617e+15#
(3.559794e+13)

6
2.671524e+18

(7.441405e+16)
6.882907e+09#
(2.710629e+10)

4.952138e+17#
(1.783349e+17)

7.151722e+17#
(2.068326e+16)

7
1.792722e+21

(4.730737e+19)
3.686677e+10#
(1.841504e+11)

1.374261e+20#
(6.319205e+19)

8.941855e+20#
(5.275602e+19)

DTLZ4−1

3
1.232680e+02
(5.341538e-01)

8.745995e+01#
(7.308267e+00)

1.231716e+02#
(3.158586e-01)

1.241412e+02
(2.261829e-01)

1.261219e+02
(1.400665e-02)

4
4.872739e+02

(2.714648e+00)
6.889884e+01#
(2.509073e-01)

4.703987e+02#
(3.758543e+00)

4.774396e+02#
(2.932713e-01)

5.114649e+02
(3.829142e-01)

5
1.751991e+03

(1.604473e+01)
1.667599e+02#
(4.139344e+01)

1.532427e+03#
(3.367009e+01)

1.577174e+03#
(3.235047e+00)

6
5.844499e+03

(5.546305e+01)
4.266016e+02#
(3.968221e+02)

4.188345e+03#
(2.845836e+02)

3.654612e+03#
(4.982487e+00)

7
2.024392e+04

(1.637229e+02)
2.470440e+02#
(8.390175e+01)

1.311381e+04#
(6.546800e+02)

1.295551e+04#
(5.175739e+01)

DTLZ5−1

3
1.189566e+02

(1.131492e+00)
1.045511e+02#
(2.925727e+00)

1.212729e+02
(4.506920e-01)

1.230132e+02
(1.173182e-01)

1.248782e+02
(1.400672e-02)

4
4.524837e+02

(6.184888e+00)
1.458893e+02#
(1.837707e+01)

4.617533e+02
(3.033948e+00)

4.737665e+02
(5.201724e-01)

5.067611e+02
(3.943537e-01)

5
1.590424e+03

(3.260130e+01)
1.247849e+03#
(7.727654e+01)

1.526551e+03#
(4.186892e+01)

1.532378e+03#
(6.612506e+00)

6
5.201281e+03

(1.024733e+02)
4.775094e+03#
(8.471898e+02)

3.648377e+03#
(3.589604e+02)

3.670455e+03#
(1.117756e+01)

7
1.798605e+04

(3.438881e+02)
3.663675e+03#
(2.075826e+03)

1.169538e+04#
(9.150133e+02)

1.287945e+04#
(5.086978e+01)

DTLZ6−1

3
1.277596e+03

(8.980299e+00)
5.926270e+02#
(4.387564e+01)

1.281204e+03
(4.388455e+00)

1.290813e+03
(6.053013e-01)

1.307600e+03
(1.645502e+00)

4
9.344785e+03

(1.172155e+02)
7.139870e+02#
(1.364398e+02)

8.894185e+03#
(9.665925e+01)

8.908490e+03#
(7.411574e+00)

9.489564e+03
(6.321189e+01)

5
5.967159e+04

(9.243485e+02)
4.054599e+03#
(5.178149e+02)

4.774990e+04#
(2.111510e+03)

5.337501e+04#
(1.101944e+02)

6
3.401029e+05

(5.077651e+03)
2.826444e+04#
(4.152159e+03)

1.871320e+05#
(4.124992e+04)

1.611984e+05#
(2.134698e+02)

7
2.037163e+06

(1.966308e+04)
6.996351e+04#
(2.447352e+02)

6.943417e+05#
(1.558202e+05)

1.227654e+06#
(7.772613e+03)

DTLZ7−1

3
2.145249e+02
(5.714409e-01)

2.121154e+02#
(5.197201e+00)

2.144482e+02
(1.844494e-02)

2.144785e+02
(3.401603e-03)

2.143458e+02#
(2.207311e-04)

4
5.142917e+02

(2.116147e+00)
4.945863e+02#
(1.805875e+01)

5.130456e+02#
(1.613943e+00)

5.083181e+02#
(1.486713e+01)

5.142100e+02#
(1.152841e+00)

5
1.199552e+03

(5.112678e+00)
4.348046e+02#
(6.886537e+01)

1.190442e+03#
(4.159670e+00)

6.388549e+02#
(5.254422e+01)

6
2.741875e+03

(1.509787e+01)
7.362027e+02#
(1.136842e+02)

2.691994e+03#
(7.841504e+00)

9.262902e+02#
(3.468054e+00)

7
6.176946e+03

(1.308306e+01)
1.355104e+03#
(3.306126e+02)

6.016129e+03#
(2.260447e+01)

1.621765e+03#
(1.220737e+02)
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of nondominated solutions as the reference set in the IGD+-DE algorithm. Hence,
this kind of reference set should be strongly considered in order to approximate the
performance of HV-based MaOEAs using the IGD+ indicator. Moreover, the average
computational cost of IGD+-MaOEA is significantly less compared to SMS-EMOA.
This claim is supported by the average running times shown in Table 6.2.

6.3.2 Improving IGD+-MaOEA

In order to overcome the difficulties of MOEAs that do not use weight vectors, we
propose here an MOEA that takes advantage of the combination/synergy of the
individual effect of two density estimators: one based on the IGD+ indicator [74]
and another one based on the Riesz s-energy indicator [56]. The main idea of our
Evolutionary Multi-Objective Algorithm based on the Combination of the Riesz s-
energy and IGD+ (CRI-EMOA) is to analyze the convergence behavior during the
search process in a statistical manner. If convergence stagnates, the generation of
evenly distributed solutions is promoted using Riesz s-energy; otherwise, the IGD+-
based density estimator will drive the population to PF∗. CRI-EMOA represents an
improvement of IGD+-MaOEA since it is able to produce evenly distributed solutions
on several Pareto front shapes.

6.3.2.1 CRI-EMOA

Quality indicators can be integrated into MOEAs in three different ways: 1) in the
environmental selection mechanism, 2) as an update rule for archives, and 3) as den-
sity estimators (DEs). From these approaches, indicator-based DEs (IB-DEs) have
been widely used. An IB-DE is the secondary selection mechanism of an MOEA. IB-
DEs impose a total order among the solutions of an approximation set by calculating
the individual contribution of each solution to the indicator value. Then, the worst-
contributing solution is deleted from the population. In this work, we employed IGD+

and Riesz s-energy as IB-DEs. Regarding IGD+, the individual contribution C of a so-
lution ~a ∈ A is defined as follows: CIGD+(~a,A,Z) = |IGD+(A,Z)−IGD+(A\{~a},Z)|.
On the other hand, for Riesz s-energy, the individual contribution of ~a ∈ A is given by:
CEs(~a,A) = 1

2
[Es(A)−Es(A\{~a})]. On the basis of the above equations, IGD+-DEs

and Es-DE are respectively defined as follows: (1) aworst = arg min~a∈ACIGD+(~a,A,Z),
and (2) aworst = arg max~a∈ACEs(~a,A), where aworst denotes the solution having the
wost-contributing value.

Algorithm 12 describes our proposed approach, called CRI-EMOA. It is a steady-
state MOEA that adopts Pareto dominance in its environmental selection mechanism
(using the nondominated sorting algorithm [29] in line 7) and an IB-DE as its sec-
ondary selection criterion. The main idea of CRI-EMOA is to exploit the properties
of IGD+ and Riesz s-energy by combining the individual effect of the corresponding
IB-DEs. In other words, we want to drive the population towards the Pareto front
using IGD+-DE and, simultaneously, generating an evenly distributed approxima-
tion to the Pareto front through Es-DE. To this end, CRI-EMOA switches between
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Algorithm 12: CRI-EMOA general framework

Input: Tw, β̄, θ̄
Output: Pareto front Approximation

1 Randomly initialize population P ;
2 t← 0;
3 while stopping criterion is not fulfilled do
4 q ← V ariation(P );
5 Q← P

⋃{q};
6 Normalize Q;
7 {L1, L2, . . . , Lk} ← nondominated-sorting(Q);

8 zmax
i =

{
f ∗i = max~x∈L1 fi(~x), f ∗i > zmax

i

zmax
i , otherwise

;

9 SHV[t mod Tw]← HVappr(t);
10 Statistically analyze the last Tw samples in SHV and generate β and θ; if

k = 1 and β ≤ β̄ and θ ∈ [−θ̄, θ̄] then
11 aworst = arg max~a∈L1 CEs(~a, L1);
12 end
13 else
14 if |Lk| > 1 then
15 aworst = arg min~a∈Lk CIGD+(~a, Lk, L1)|;
16 end
17 else
18 aworst is equal to the sole individual in Lk;
19 end

20 end
21 P ← Q \ {aworst};
22 t← t+ 1;

23 end
24 return P
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Figure 6.2: (a) The Hypervolume approximation adds up all the distances between the
reference point and each nondominated solution, (b) linear model of the convergence
behavior created using the last Tw measures of HVappr.

the two IB-DEs depending on a statistical analysis of the convergence behavior of
the population, using an approximation to the hypervolume indicator (denoted as
HVappr). HVappr is a simplification of the proposal of Ishibuchi et al. [78] and it adds
up all the distances between an anti-optimal reference point ~zmax and the set of cur-
rent nondominated solutions in L1 (see Fig. 6.2a). In line 8, each zmax

i , i = 1, . . . ,m
is updated if and only a worse objective value in L1 is found and, then, HVappr(t) is
computed such that the obtained value is stored in a circular array SHV of size Tw.
After the first Tw generations, SHV will be full, and we can statistically analyze at each
iteration the last Tw samples of HVappr as shown in Fig. 6.2b. In line 10, the mean µ
and the standard deviation σ of the samples are computed such that the coefficient10

of variation β = σ/µ is calculated. Additionally, the angle θ of a linear regression
model of the samples is computed. Based on β and θ, we can exploit the properties
of a certain IB-DE. If the number k of ranks produced by the nondominated sorting
algorithm is equal to one and it holds that β ≤ β̄ and θ ∈ [−θ̄, θ̄] (where β̄ and θ̄ are
user-supplied parameters), it means that the convergence behavior is stagnated since
there is not too much variation of HVappr and the linear model cannot be considered
as ascending or descending. In consequence, we have to promote diversity using Es-
DE in line 12. Otherwise, if |Lk| > 1, IGD+-DE is selected in line 15 in furtherance
of improving the convergence of the population. In case |Lk| = 1, the sole individual
in Lk is selected for elimination. Finally, the selected solution aworst is deleted from
the population, and a new generation is created.

10β is a standardized measure of dispersion that shows the extent of variability to the mean of the
population.
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6.3.2.2 Experimental Design

In this section, we analyze the performance of CRI-EMOA11 when compared to several
state-of-the-art MOEAs: NSGA-III [30], MOEA/D [147], MOMBI2 [60], ∆p-MOEA
[107] and GDE-MOEA [105]. The adopted MOEAs are classified into two main
groups: MOEAs based on convex weight vectors and MOEAs not using convex weight
vectors. NSGA-III12, MOEA/D13 and MOMBI214 belong to the first group while
the remaining MOEAs15 belong to the second group. We adopted MOPs from the
DTLZ and WFG test suites, as well as from the minus versions of them, denoted as
DTLZ−1 and WFG−1 that were proposed by Ishibuchi et al. [75]. The use of the
minus versions of the benchmarks is to determine the performance of the considered
MOEAs on MOPs whose Pareto fronts are not correlated to the simplex formed by
a set of convex weight vectors. Additionally, the Pareto fronts of these MOPs cover
a wide range of geometries such as linear, concave, degenerated, disconnected and
mixed. In each case, we employed 3, 5 and 10 objective functions. In order to assess
the performance of our proposed CRI-EMOA and the other MOEAs adopted in our
comparative study, we applied HV and the Solow-Polasky indicator [39] for assessing
convergence and diversity, respectively. For each MOEA in each test instance, we
performed 30 independent executions.

For a fair comparison, we set the population size N of all MOEAs, equals to the
number of convex weight vectors that some of them employed, i.e., N = CH+m−1

m−1 ,
where m is the number of objective functions and H is a user-supplied parameter.
Hence, in each case, the tuple (m,H,N) was set as follows: (3, 14, 120), (5, 5, 126),
and (10, 3, 220). For the considered number of objective functions, we set 50×103,
70×103, and 120×103 function evaluations as our stopping criterion, respectively.
Since our approach and all the considered MOEAs are genetic algorithms that use
Simulated Binary Crossover and Polynomial-based Mutation as variation operators,
we set the crossover probability (Pc), the crossover distribution index (Nc), the mu-
tation probability (Pm), and the mutation distribution index (Nm) as follows. For
MOPs having three objective functions Pc = 0.9 and Nc = 20, while for MaOPs
Pc = 1.0 and Nc = 30. In all cases, Pm = 1/n, where n is the number of decision
variables, and Nm = 20. Regarding both the WFG and the WFG−1 test problems
with 3, 5 and 10 objectives, we set the number of variables as n = 26, 30 and 40, in
each case using the following position-related parameters: 2, 4, and 9. Considering
the DTLZ and DTLZ−1 instances, the number of variables is equal to n = m+K−1,

11The source code of CRI-EMOA is available at http://computacion.cs.cinvestav.mx/

~jfalcon/CRI-EMOA.html.
12We used the implementation available at: http://web.ntnu.edu.tw/~tcchiang/

publications/nsga3cpp/nsga3cpp.htm.
13We used the implementation available at: http://dces.essex.ac.uk/staff/zhang/

webofmoead.htm.
14We used the implementation available at http://computacion.cs.cinvestav.mx/

~rhernandez/.
15The source code of ∆p-MOEA and GDE-MOEA was provided by its author, Adriana Menchaca

Méndez.
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where K = 5 for DTLZ1 and DTLZ1−1, K = 10 for DTLZ2, DTLZ5 and their minus
versions, and K = 20 for DTLZ7 and DTLZ7−1. For MOEA/D, the neighborhood
size was set to 20 in all cases. Regarding CRI-EMOA, we employed Tw = N , β̄ = 0.1
and θ̄ = 0.25 degrees for all instances.

6.3.2.3 Discussion of Results

Tables 6.5 and 6.6 show the mean and standard deviation (in parentheses) obtained by
all the compared algorithms for the hypervolume and the Solow-Polasky16 indicators,
respectively. The two best values among the MOEAs are highlighted using gray scale,
where the darker tone corresponds to the best value. Aiming to obtain the statistical
confidence of our results, we performed a one-tailed Wilcoxon test using a significance
level of 0.05. Based on the Wilcoxon test, the symbol # is placed when CRI-EMOA
performs better than another MOEA in a statistically significant way.

Regarding the hypervolume indicator, CRI-EMOA is the best algorithm since it
obtained the first place in 50% of the test problems. The second place corresponds
to NSGA-III because it was the best MOEA in 8 out of 42 problems. However,
it is worth emphasizing that for the minus benchmarks, NSGA-III only obtained
one first place, specifically for DTLZ7−1 with 3 objective functions. In this regard,
MOEA/D and MOMBI2 have just one first place in these minus benchmarks, and the
remainder of their first places belong to the original DTLZ and WFG test suites. In
consequence, it is clear the overspecialization of MOEAs using convex weight vectors
on these benchmarks. Considering ∆p-MOEA and GDE-MOEA, their performance
is not so high. In fact, GDE-MOEA never obtains the first place and ∆p-MOEA is
the best algorithm in four test instances.

The Solow-Polasky indicator supports the good results of CRI-EMOA. This indi-
cator measures the number of species present in the population. Thus, a larger value
of the indicator is better because it means a good diversity of solutions. Our proposed
approach produces well-distributed Pareto fronts in 26 out of 42 test instances (see
Fig. 6.3). As a matter of fact, in most cases, when CRI-EMOA obtains the best HV
value, it also obtains the best Solow-Polasky value. Hence, this a first insight that
the synergy between IGD+ and Riesz s-energy is actually responsible of its good per-
formance in both convergence and diversity. Regarding the other MOEAs, NSGA-III
and ∆p-MOEA tie in second place since they obtained the best indicator value in 5
problems. Once again, NSGA-III can only produce good results for the original DTLZ
and WFG problems. The worst algorithm regarding this indicator is MOMBI2.

For DTLZ1 and DTLZ1−1, which have a linear Pareto front, CRI-EMOA does
not obtain the best HV value. However, the Solow-Polasky indicator reflects that
our approach has a better diversity. The top part of Fig. 6.3 shows the DTLZ1−1

fronts produced by all the MOEAs, and it is evident that CRI-EMOA produces
an evenly distributed front in comparison with the adopted MOEAs. MOEA/D and
MOMBI2 generate numerous solutions in the boundary of the front, while ∆p-MOEA,

16The Solow-Polasky indicator requires a parameter θ that was set to 10.
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Figure 6.3: Pareto fronts generated by CRI-EMOA and the adopted MOEAs. Each
front corresponds to the median of the hypervolume value.

GDE-MOEA and NSGA-III do not produce well-distributed solutions. For convex
problems, i.e., DTLZ2−1 and DTLZ5−1, it is evident that CRI-EMOA has a good
performance. This is because it entirely covers the Pareto front, unlike the other
MOEAs which are unable to do the same. This effect is illustrated in the second row
of Fig. 6.3. For more complicated problems such as DTLZ7 and WFG2−1 that assess
the ability of a MOEA to manage subpopulations, it is evident that CRI-MOEA
produces better results. In the light of these results, we can claim that CRI-EMOA
is a more general optimizer because its performance is not strongly linked to certain
types of benchmark problems.

6.4 Cooperation of Multiple IB-MOEAs

Unlike the last section where we investigated the cooperation of multiple IB-DEs,
in this section we propose to perform the cooperation of multiple steady-state IB-
MOEAs (based on the indicators: HV, R2, IGD+, ε+, and ∆p) exploiting the island
model [24]. In this model, a given number of subpopulations isolatedly evolve, each
one in an island. After some iterations, a master island collects all subpopulations to
keep the best individuals, according to some criterion, and, then, perform a migration
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Table 6.5: Mean and standard deviation (in parentheses) of the Hypervolume indi-
cator. A symbol # is placed when CRI-EMOA performed significantly better than
the other approaches based on a one-tailed Wilcoxon test using a significance level
of α = 0.05. The two best values are shown in gray scale, where the darker tone
corresponds to the best value.

MOP Dim. CRI-EMOA NSGA-III MOEA/D MOMBI2 ∆p-MOEA GDE-MOEA

DTLZ1
3

9.739039e-01
(3.858675e-04)

9.741141e-01
(3.120293e-04)

9.740945e-01
(2.619649e-04)

9.663444e-01#
(1.080932e-03)

9.413310e-01#
(1.964370e-02)

9.676446e-01#
(2.362618e-03)

5
9.877798e-01

(3.117917e-03)
9.986867e-01

(3.379577e-05)
9.986355e-01

(3.735697e-05)
9.904662e-01

(1.120127e-03)
3.320501e-02#
(8.565974e-02)

4.840903e-01#
(4.857106e-01)

10
9.963635e-01

(1.065991e-03)
9.999939e-01

(2.139857e-06)
9.996746e-01

(1.025281e-04)
9.961538e-01

(9.574496e-04)
3.040882e-02#
(5.310077e-02)

0.000000e+00#
(0.000000e+00)

DTLZ2
3

7.419537e+00
(3.056980e-03)

7.421572e+00
(6.064709e-04)

7.421715e+00
(1.372809e-04)

7.380040e+00#
(7.076656e-03)

7.371981e+00#
(3.875638e-02)

7.350569e+00#
(2.220661e-02)

5
3.157090e+01
(2.415933e-02)

3.166721e+01
(6.548007e-04)

3.166781e+01
(5.129480e-04)

3.149886e+01#
(2.619865e-02)

3.145814e+01#
(6.277721e-02)

3.139858e+01#
(7.085084e-02)

10
1.021699e+03
(4.906893e-01)

1.023905e+03
(1.423610e-03)

1.023902e+03
(4.192719e-03)

1.022163e+03
(4.299615e-01)

1.022172e+03
(3.206973e-01)

8.223136e+02#
(4.847301e+01)

DTLZ5
3

6.103498e+00
(2.913259e-04)

6.086240e+00#
(3.462620e-03)

6.046024e+00#
(2.227008e-04)

6.018466e+00#
(3.166178e-03)

6.083103e+00#
(4.024434e-02)

6.070736e+00#
(4.307412e-02)

5
2.306362e+01
(2.295313e-01)

2.162912e+01#
(9.476133e-01)

2.328373e+01
(1.640165e-02)

2.175597e+01#
(2.378197e-01)

2.152316e+01#
(1.422545e+00)

1.943602e+01#
(1.234198e+00)

10
6.453781e+02

(4.080592e+01)
6.172582e+02#
(4.132326e+01)

7.043390e+02
(1.714256e+00)

6.054385e+02#
(4.091687e+01)

5.909772e+02#
(7.644220e+01)

9.641241e+01#
(1.554238e+01)

DTLZ7
3

1.634605e+01
(5.285233e-02)

1.631926e+01#
(1.253568e-02)

1.620770e+01#
(1.240925e-01)

1.613885e+01#
(3.101462e-02)

1.612577e+01#
(1.553168e-01)

1.615480e+01#
(1.492618e-01)

5
1.281085e+01
(1.974810e-01)

1.284401e+01
(3.182259e-02)

6.515913e+00#
(1.170945e+00)

1.269646e+01#
(4.907749e-02)

1.255217e+01#
(1.341411e-01)

1.234590e+01#
(2.234605e-01)

10
3.479852e+00
(2.403388e-01)

1.806637e+00#
(4.781492e-01)

2.756082e-03#
(7.839814e-03)

3.033892e+00#
(5.070947e-02)

3.027342e+00#
(9.110566e-02)

2.080502e+00#
(4.312007e-01)

WFG1
3

5.056544e+01
(1.657420e+00)

4.917540e+01#
(1.742752e+00)

4.994533e+01
(2.615320e+00)

5.250059e+01
(1.702362e+00)

3.624458e+01#
(9.571499e-01)

3.857628e+01#
(9.613983e-01)

5
4.509188e+03

(1.444159e+02)
4.049661e+03#
(1.445036e+02)

4.522924e+03
(1.145447e+02)

4.682300e+03
(7.687667e+01)

3.198417e+03#
(8.802857e+01)

3.499936e+03#
(7.077142e+01)

10
5.037589e+09

(8.535179e+07)
4.333786e+09#
(4.767509e+07)

4.626119e+09#
(9.082857e+07)

5.028893e+09
(6.062765e+07)

3.422833e+09#
(2.182108e+07)

3.554077e+09#
(4.491835e+07)

WFG2
3

1.000262e+02
(2.196919e-01)

1.000303e+02
(2.020421e-01)

9.425491e+01#
(1.887090e+00)

9.995196e+01#
(2.218338e-01)

2.860787e+01#
(1.562061e-01)

2.878405e+01#
(3.147546e-02)

5
1.008420e+04

(5.737764e+01)
1.022660e+04

(2.444328e+01)
9.147103e+03#
(2.989196e+02)

1.021265e+04
(2.425440e+01)

2.356563e+03#
(1.302041e+01)

2.352252e+03#
(2.298487e+01)

10
1.348499e+10

(4.708062e+07)
1.343510e+10#
(5.838755e+07)

1.153362e+10#
(4.307707e+08)

1.346239e+10
(6.456777e+07)

2.433110e+09#
(1.405830e+07)

2.417620e+09#
(3.423298e+07)

WFG3
3

7.306197e+01
(3.258533e-01)

7.359113e+01
(3.698540e-01)

6.949014e+01
(2.043137e+00)

7.476737e+01
(2.010304e-01)

2.974536e+01
(2.198130e-01)

3.026476e+01
(9.539859e-02)

5
6.735962e+03

(9.568603e+01)
6.705622e+03

(6.623165e+01)
5.831355e+03#
(1.740491e+02)

6.720322e+03
(8.790247e+01)

2.425136e+03#
(2.737458e+01)

2.467475e+03#
(5.330311e+00)

10
8.262095e+09

(2.467236e+08)
7.851751e+09#
(1.420734e+08)

3.407782e+09#
(4.406816e+08)

7.150575e+09#
(8.942471e+08)

2.435088e+09#
(7.572200e+07)

2.460728e+09#
(2.651078e+07)

DTLZ1−1
3

2.237019e+07
(1.096230e+05)

2.044422e+07#
(2.230718e+05)

1.708422e+07#
(2.776295e+05)

1.754720e+07#
(1.024912e+04)

2.249206e+07
(9.308520e+04)

2.178413e+07#
(1.919526e+05)

5
5.990400e+10

(5.969126e+09)
1.653440e+10#
(7.395153e+09)

1.275157e+10#
(5.929635e+09)

1.829497e+10#
(1.178680e+08)

8.421535e+10
(5.019922e+09)

7.834908e+10
(5.592427e+09)

10
2.331601e+15

(1.332180e+15)
1.690928e+16

(1.594681e+16)
2.068669e+10#
(2.776909e+10)

3.254959e+17
(7.964585e+16)

4.163772e+17
(1.784438e+17)

1.959914e+17
(7.692566e+16)

DTLZ2−1
3

1.255756e+02
(1.372903e-01)

1.226427e+02#
(4.332124e-01)

1.241646e+02#
(1.767939e-01)

1.246298e+02#
(1.975120e-02)

1.202429e+02#
(1.235826e+00)

1.232392e+02#
(4.384877e-01)

5
1.823404e+03

(5.652832e+00)
1.529187e+03#
(3.829295e+01)

1.570781e+03#
(5.466206e+00)

1.377041e+03#
(2.801096e+00)

1.615070e+03#
(3.622796e+01)

1.684100e+03#
(2.422012e+01)

10
3.952305e+05

(6.000728e+03)
2.480210e+05#
(3.215706e+04)

1.837497e+05#
(3.540744e+03)

1.941735e+05#
(4.318334e+03)

4.467775e+05
(1.153133e+04)

4.295481e+05
(1.104582e+04)

DTLZ5−1
3

1.240446e+02
(1.543643e-01)

1.212729e+02#
(4.506920e-01)

1.230132e+02#
(1.173182e-01)

1.233805e+02#
(2.897257e-02)

1.191790e+02#
(1.218659e+00)

1.217996e+02#
(3.913095e-01)

5
1.830136e+03

(8.376583e+00)
1.526551e+03#
(4.186892e+01)

1.532378e+03#
(6.612506e+00)

1.490703e+03#
(3.599646e+00)

1.550531e+03#
(3.545733e+01)

1.663295e+03#
(2.143198e+01)

10
5.043244e+05

(5.933536e+03)
2.353908e+05#
(2.658733e+04)

1.618586e+05#
(2.870596e+03)

1.786897e+05#
(4.650613e+03)

3.841427e+05#
(1.267929e+04)

3.788162e+05#
(1.409232e+04)

DTLZ7−1
3

2.139263e+02
(1.705184e+00)

2.144482e+02
(1.844494e-02)

2.144785e+02
(3.401603e-03)

2.144350e+02
(1.484695e-02)

2.141398e+02
(6.446048e-01)

2.117720e+02#
(5.620357e+00)

5
1.193104e+03

(7.463449e+00)
1.190442e+03#
(4.159670e+00)

6.388549e+02#
(5.254422e+01)

1.197724e+03
(5.760920e+00)

1.195714e+03
(1.560565e+00)

1.167397e+03#
(3.067229e+01)

10
6.493424e+04

(1.799575e+02)
6.282093e+04#
(1.236603e+02)

7.555843e+03#
(6.397426e+02)

6.278498e+04#
(5.606912e+02)

6.374490e+04#
(1.597907e+02)

6.336153e+04#
(1.579373e+02)

WFG1−1
3

4.721465e+02
(5.118363e+01)

5.214593e+02
(2.613138e+01)

3.653092e+02#
(2.305800e+00)

4.717969e+02#
(4.848793e+01)

4.289752e+02#
(4.089696e+01)

4.226979e+02#
(4.328855e+01)

5
8.957760e+04

(1.295509e+04)
6.766707e+04#
(3.634016e+03)

4.312409e+04#
(1.486578e+03)

8.604789e+04
(1.028243e+04)

6.687040e+04#
(8.125469e+03)

5.398842e+04#
(6.022448e+03)

10
1.920711e+11

(1.254828e+10)
1.167307e+11#
(9.811376e+09)

7.403214e+10#
(3.748511e+09)

5.753336e+10#
(1.586430e+09)

1.037099e+11#
(5.197695e+09)

8.712812e+10#
(9.507560e+09)

WFG2−1
3

7.318853e+02
(4.584376e-01)

7.256549e+02#
(2.471515e+00)

7.318071e+02#
(5.137348e-01)

7.277336e+02#
(7.218694e-01)

3.548073e+02#
(4.631427e-01)

3.549143e+02#
(1.951948e-01)

5
1.638383e+05

(1.165835e+03)
1.470928e+05#
(8.586496e+03)

1.122933e+05#
(1.197256e+04)

1.499384e+05#
(4.291788e+02)

4.315723e+04#
(1.487567e+02)

4.156049e+04#
(6.526206e+02)

10
7.365072e+11

(6.254171e+09)
3.658776e+11#
(1.973606e+10)

2.462168e+11#
(2.934157e+10)

8.919695e+10#
(1.091716e+10)

7.359311e+10#
(2.277690e+08)

7.165991e+10#
(8.580112e+08)

WFG3−1
3

6.701244e+02
(9.728569e-01)

6.581207e+02#
(2.461272e+00)

6.559404e+02#
(1.399701e-01)

6.678986e+02#
(4.368737e-01)

3.901185e+02#
(2.837691e+00)

3.929122e+02#
(1.663457e+00)

5
1.460039e+05

(2.618698e+03)
1.271888e+05#
(5.065268e+03)

9.818104e+04#
(4.519958e+03)

1.345863e+05#
(2.667741e+02)

4.822825e+04#
(1.017141e+03)

4.912237e+04#
(6.555485e+02)

10
6.613123e+11

(2.015972e+10)
3.003925e+11#
(2.070638e+10)

1.932277e+11#
(2.123809e+10)

1.572410e+11#
(3.994016e+09)

8.120430e+10#
(2.177319e+09)

8.405921e+10#
(1.518237e+09)
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Table 6.6: Mean and standard deviation (in parentheses) of the Solow-Polasky indi-
cator. A symbol # is placed when CRI-EMOA performed significantly better than
the other approaches based on a one-tailed Wilcoxon test using a significance level
of α = 0.05. The two best values are shown in gray scale, where the darker tone
corresponds to the best value.

MOP Dim. CRI-EMOA NSGA-III MOEA/D MOMBI2 ∆p-MOEA GDE-MOEA

DTLZ1
3

9.944608e+00
(7.332450e-01)

9.394548e+00#
(2.930251e-01)

9.314418e+00#
(3.914884e-02)

9.000566e+00#
(2.446366e-02)

7.811889e+00#
(9.608413e-01)

9.208526e+00#
(7.142910e-01)

5
1.338590e+01
(5.394744e-01)

1.927839e+01
(2.200570e-01)

1.910784e+01
(2.012103e-01)

1.784107e+01
(5.535436e-02)

1.258001e+02
(3.614573e-01)

7.251588e+01
(4.806114e+01)

10
1.785253e+01
(8.881198e-01)

4.215677e+01
(2.267717e+00)

3.557264e+01
(6.064497e-01)

3.493408e+01
(2.073537e+00)

2.196627e+02
(4.229255e-01)

1.937667e+02
(5.463117e+00)

DTLZ2
3

3.395527e+01
(9.380927e-02)

3.394704e+01#
(1.377030e-02)

3.393654e+01#
(1.057577e-03)

3.320388e+01#
(3.200128e-02)

3.071966e+01#
(5.648283e-01)

3.130480e+01#
(3.907121e-01)

5
9.880242e+01

(3.075202e+00)
1.023559e+02
(2.316020e-01)

1.017397e+02
(4.330518e-03)

1.000214e+02
(9.376416e-02)

9.047203e+01#
(1.071667e+00)

8.885177e+01#
(1.407456e+00)

10
2.144437e+02
(8.333968e-01)

2.144143e+02#
(4.461039e-02)

2.140218e+02#
(1.052798e-02)

2.134074e+02#
(2.440550e-01)

2.073661e+02#
(1.076644e+00)

2.149790e+02
(1.820800e+00)

DTLZ5
3

8.835302e+00
(8.683488e-03)

8.689954e+00#
(4.814112e-02)

4.565503e+01
(6.372947e-01)

8.446415e+00#
(1.275105e-02)

8.725615e+00#
(1.118233e-01)

9.131640e+00
(8.893988e-01)

5
5.453458e+01

(3.836635e+00)
7.846618e+01

(3.806546e+00)
2.193721e+01#
(7.192604e-01)

1.733111e+01#
(1.215347e+00)

6.458870e+01
(4.414063e+00)

9.229364e+01
(3.153601e+00)

10
1.426916e+02

(1.105651e+01)
1.855864e+02

(4.441145e+00)
7.636613e+00#
(7.127440e-02)

2.097795e+01#
(1.446842e+01)

1.636387e+02
(1.190412e+01)

2.009986e+02
(2.726407e+00)

DTLZ7
3

4.693189e+01
(4.563587e+00)

4.248938e+01#
(8.838503e-01)

3.411613e+01#
(6.885687e+00)

3.750968e+01#
(4.295088e-01)

3.356066e+01#
(8.918332e+00)

3.791999e+01#
(1.074318e+01)

5
7.703740e+01

(2.640331e+01)
9.605921e+01

(4.006295e+00)
2.595428e+01#
(3.104755e-01)

7.335971e+01#
(1.892378e+00)

1.014229e+02
(7.384253e+00)

8.467007e+01
(2.946531e+01)

10
2.083721e+02

(1.401193e+01)
3.401405e+01#
(4.627073e+01)

6.635493e+00#
(8.377910e-01)

1.539631e+02#
(1.794040e+01)

2.161036e+02
(1.887145e+00)

1.635677e+02#
(5.659825e+01)

WFG1
3

6.266729e+01
(4.306665e+00)

5.624993e+01#
(4.311929e+00)

5.053063e+01#
(2.764405e+00)

5.406056e+01#
(2.296813e+00)

3.936107e+01#
(2.712236e+00)

4.901870e+01#
(2.752851e+00)

5
7.766310e+01

(9.797998e+00)
9.244372e+01

(7.266040e+00)
7.480740e+01

(3.832994e+00)
7.292172e+01#
(5.425443e+00)

5.404634e+01#
(4.708150e+00)

9.197836e+01
(4.116442e+00)

10
1.153389e+02

(1.285140e+01)
8.917693e+01#
(8.545945e+00)

1.552376e+01#
(3.169355e+00)

6.819405e+01#
(8.992674e+00)

9.420152e+01#
(6.434297e+00)

1.681839e+02
(7.642626e+00)

WFG2
3

1.031961e+02
(6.913412e-01)

9.475339e+01#
(5.942618e-01)

7.243218e+01#
(1.099197e+00)

8.113447e+01#
(1.694539e+00)

1.566893e+01#
(4.695226e-01)

1.597100e+01#
(5.210876e-01)

5
9.923778e+01

(3.753788e+00)
1.259866e+02
(5.442239e-01)

9.750359e+01#
(2.449040e+00)

1.226234e+02
(1.081329e+00)

2.491924e+01#
(1.910851e+00)

2.346945e+01#
(2.689896e+00)

10
1.981494e+02

(4.297874e+00)
2.034942e+02

(6.167357e+00)
2.746068e+01#
(9.314055e+00)

1.826284e+02#
(2.286544e+01)

5.897645e+01#
(4.305811e+00)

5.040485e+01#
(7.890364e+00)

WFG3
3

7.979549e+01
(8.271398e-01)

5.447458e+01#
(3.954759e+00)

6.745390e+01#
(1.429561e+00)

4.359786e+01#
(9.246690e-01)

2.088260e+01#
(5.548807e-01)

2.237972e+01#
(2.670741e-01)

5
1.207901e+02

(1.514908e+00)
9.114798e+01#
(4.803291e+00)

1.203892e+02#
(1.120195e+00)

3.884532e+01#
(5.191645e+00)

3.640185e+01#
(1.590306e+00)

3.986356e+01#
(1.669298e+00)

10
2.198151e+02
(1.511883e-01)

1.842494e+02#
(6.381996e+00)

1.685512e+02#
(8.180955e-01)

1.223302e+02#
(2.606946e+01)

7.655449e+01#
(7.601122e+00)

9.569073e+01#
(5.324356e+00)

DTLZ1−1
3

1.238722e+02
(6.478345e-01)

1.192301e+02#
(9.769981e-01)

1.110656e+02#
(2.067972e-01)

1.076858e+02#
(1.612270e+00)

1.194494e+02#
(7.076038e-01)

1.026058e+02#
(2.385964e+00)

5
1.261138e+02
(3.746123e-01)

1.276049e+02
(7.483806e-01)

1.160278e+02#
(3.018754e+00)

6.760143e+01#
(4.891955e+00)

1.256546e+02#
(4.961652e-01)

1.091644e+02#
(2.978643e+00)

10
2.200000e+02
(6.478398e-01)

2.194982e+02#
(5.550208e-01)

1.845834e+01#
(3.362045e+01)

2.177230e+02#
(1.598879e+00)

2.199297e+02#
(1.852502e-01)

1.956693e+02#
(3.843626e+00)

DTLZ2−1
3

1.129425e+02
(2.079720e-01)

9.168006e+01#
(2.394444e+00)

9.466441e+01#
(8.426911e-02)

9.433643e+01#
(1.896075e-01)

8.857439e+01#
(2.604729e+00)

8.818635e+01#
(2.087133e+00)

5
1.259981e+02
(4.099458e-04)

1.134723e+02#
(2.970256e+00)

1.247875e+02#
(1.631879e-01)

4.888021e+01#
(1.111632e+00)

1.185054e+02#
(1.679308e+00)

1.078721e+02#
(2.347639e+00)

10
2.249876e+02

(1.368722e+00)
2.075064e+02#
(3.824826e+00)

2.079851e+02#
(1.899257e+00)

1.810577e+02#
(3.309000e+00)

2.118042e+02#
(2.291510e+00)

1.931317e+02#
(4.552358e+00)

DTLZ5−1
3

1.069995e+02
(2.945855e-01)

8.469885e+01#
(1.989703e+00)

7.942908e+01#
(2.711812e-01)

8.622124e+01#
(1.733700e-01)

8.484735e+01#
(2.558670e+00)

8.305258e+01#
(1.583665e+00)

5
1.259747e+02
(3.780629e-03)

1.041424e+02#
(3.722763e+00)

1.229014e+02#
(1.837627e-01)

4.957223e+01#
(1.976910e+00)

1.180479e+02#
(1.846989e+00)

1.076183e+02#
(2.710724e+00)

10
2.199997e+02
(6.289321e-05)

1.579241e+02#
(1.854156e+01)

1.997485e+02#
(1.822188e+00)

1.636386e+02#
(7.545337e+00)

2.094613e+02#
(2.217251e+00)

1.946215e+02#
(3.565477e+00)

DTLZ7−1
3

2.345500e+01
(6.661044e+00)

2.375280e+01
(1.117994e+00)

2.588876e+01
(3.461387e+00)

1.994117e+01#
(4.519640e-01)

2.178525e+01#
(8.341601e-01)

1.805087e+01#
(8.596927e+00)

5
5.660901e+01

(1.568211e+01)
7.238636e+01

(1.269825e+01)
1.211841e+01#
(1.172186e+00)

4.067053e+01#
(9.192226e+00)

8.003609e+01
(3.156330e+00)

3.632242e+01#
(3.834467e+01)

10
2.043557e+02

(1.375176e+01)
1.347251e+01#
(4.083423e+00)

4.293619e+00#
(1.198274e-01)

8.812385e+00#
(2.123041e+01)

2.008713e+02#
(2.214667e+00)

2.028099e+02#
(5.987172e+00)

WFG1−1
3

6.415681e+01
(4.459890e+00)

5.511082e+01#
(2.648385e+00)

1.663876e+01#
(1.535080e+00)

4.730483e+01#
(1.092483e+00)

4.842279e+01#
(5.020350e+00)

4.279700e+01#
(1.538301e+01)

5
1.210334e+02

(2.192520e+00)
5.596308e+01#
(5.654765e+00)

7.815456e+00#
(1.225035e+00)

3.289189e+01#
(2.858823e+00)

1.098994e+02#
(4.122587e+00)

5.939438e+01#
(3.673750e+01)

10
2.186105e+02
(3.132639e-01)

6.927501e+01#
(2.258115e+01)

2.480353e+00#
(2.063527e+00)

3.476224e+01#
(4.296041e+00)

1.950445e+02#
(6.121614e+00)

1.138247e+02#
(5.884228e+01)

WFG2−1
3

1.140860e+02
(4.325357e-01)

9.532850e+01#
(1.992380e+00)

8.890140e+01#
(1.794800e-01)

9.018353e+01#
(4.679018e-01)

3.230763e+00#
(4.485117e-02)

2.757698e+00#
(2.020626e-01)

5
1.234346e+02
(7.027142e-01)

9.827363e+01#
(2.826007e+00)

4.956629e+01#
(8.529213e+00)

3.689443e+01#
(1.559225e+00)

5.922537e+00#
(7.879377e-01)

2.841850e+00#
(6.498607e-01)

10
2.196197e+02
(9.739353e-02)

2.001692e+02#
(4.030917e+00)

2.500717e+01#
(2.754994e+00)

1.075588e+02#
(1.284360e+01)

1.138578e+01#
(8.309404e-01)

7.783812e+00#
(1.059255e+00)

WFG3−1
3

1.075596e+02
(2.777510e-01)

7.484580e+01#
(2.494935e+00)

6.164392e+01#
(7.387154e-02)

7.097018e+01#
(1.699291e-01)

2.303097e+01#
(7.406376e-01)

2.381595e+01#
(2.661523e-01)

5
1.259055e+02
(2.786019e-02)

8.633630e+01#
(4.246132e+00)

6.654930e+01#
(3.739241e+00)

3.937358e+01#
(1.177063e+00)

3.626087e+01#
(2.423541e+00)

4.063424e+01#
(2.006301e+00)

10
2.199995e+02
(8.710466e-04)

1.929382e+02#
(8.857025e+00)

5.251797e+01#
(3.065445e+00)

1.414077e+02#
(1.791224e+01)

7.135125e+01#
(7.053632e+00)

9.336338e+01
(4.573319e+00)
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R2-EMOA

SMS-EMOA

Master island

Riesz s-energy-based archive

Figure 6.4: cMIB-MOEA is composed of five islands (each one executing a specific
IB-MOEA) and a master island that manages a Riesz s-energy-based archive. The
communication between the master island and the other islands is bidirectional.

process to increase the diversity of the islands.

6.4.1 Our Proposed Approach

In this section, we describe our proposal, called Cooperative Multi-Indicator-based
MOEA (cMIB-MOEA). Our proposed cMIB-MOEA relies on the cooperation of five
IB-MOEAs: SMS-EMOA, R2-EMOA, IGD+-MaOEA and two more IB-MOEAs very
similar to IGD+-MaOEA but using the indicators ε+ and ∆p that are denoted as
ε+-MaOEA and ∆p-MaOEA, respectively. To make possible the cooperation between
the IB-MOEAs, cMIB-MOEA uses an island model as shown in Fig. 6.4. Addition-
ally, a Riesz s-energy-based archive A is employed to maintain uniformly distributed
solutions coming from the IB-MOEAs. Algorithm 13 outlines the master island that
controls each island associated with an IB-DE, and it also manages A. cMIB-MOEA
requires as a parameter a set of indicators; in our case, we use HV, R2, IGD+, ε+,
and ∆p. Each indicator is associated with the above mentioned IB-MOEAs. For
each indicator Ij, j = 1, . . . , k, a subpopulation Pj of size µ/k is randomly initial-
ized, where µ is the size of A. Additionally, the structures of the jth IB-MOEA are
also initialized. Then, in line 5, the set of nondominated solutions extracted from
all the subpopulations is used to initialize A. Lines 6 to 15 outline the main loop
of cMIB-MOEA. First, all the IB-MOEAs are independently executed during fmig
generations, using Algorithm 14, for updating their corresponding subpopulations.
In line 9, the current archive is combined with all the subpopulations and, then, the
set of nondominated solutions is extracted. If the contents of the archive is greater
than µ, a density estimator based on the Riesz s-energy indicator is applied to reduce
its size to µ. Finally, in line 15, the migration process, described in Algorithm 15, is
executed. cMIB-MOEA returns the archive as its final solution set. In the following,
we describe Algorithms 14 and 15.
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Algorithm 13: cMIB-MOEA general framework

Input: Number nmig of solutions to migrate; migration frequency fmig;
Population size µ; Set of indicators I = {I1, . . . , Ik}

Output: Pareto front approximation
1 Set archive A as empty;
2 for j = 1 to k do
3 Randomly initialize subpopulation Pj of size µ/k;
4 Initialize the jth IB-MOEA;

5 end

6 A ← Nondominated(
⋃k
j=1 Pj);

7 while stopping criterion is not fulfilled do
8 for j = 1 to k do
9 Pj ← IB-MOEA(Pj, Ij, fmig) ;

10 end

11 A ← A∪
{⋃k

j=1 Pj

}
;

12 A ← Nondominated(A);
13 Obtain ~z∗ and ~znad from A to normalize A;
14 while |A| > µ do
15 ~aworst ← arg max~a∈ACEs(~a,A);
16 A ← A \ {~aworst};
17 end
18 {P1, . . . , Pk} ← Migration(nmig, {P1, . . . , Pk}, {I1, . . . , Ik});
19 end
20 return A
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Algorithm 14 describes the general framework proposed by Beume et al. in SMS-
EMOA [8]. However, in this case, we describe it in a generic way so that the IB-
MOEA works with a given indicator I from the set {HV,R2, IGD+, ε+,∆p}. Since
each IB-MOEA is executed at every step of cMIB-MOEA during fmig generations,
this number is the stopping condition of the loop in line 2. At every generation,
a single offspring is generated and, then, added to the main population. The joint
population Q is ranked, using the nondominated sorting algorithm to produce the
layers R1, . . . , Rt, where Rt has the worst solutions according to the Pareto dominance
relation. If this layer has more than one solution, all the individual contributions to
the indicator I are calculated using equation (3.11) and obtaining the solution ~rworst

with the minimal C value. Then, ~rworst is deleted from Q and P is updated in line
11.

Algorithm 14: Generic steady-state IB-MOEA

Input: Population P ; Indicator I; migration frequency fmig
Output: Updated population P

1 g ← 0;
2 while g < fmig do
3 Generate offspring ~q from population P ;
4 Q← P ∪ {~q};
5 Obtain ~z∗ and ~znad from Q and normalize it;
6 {R1, . . . , Rt} ← NDsorting(Q);
7 if |Rt| > 1 then
8 ~rworst ← arg min~r∈Rt CI(~r,Rt);
9 end

10 else
11 ~rworst is the single solution in Rt;
12 end
13 P ← Q \ {~rworst};
14 g ← g + 1;

15 end
16 return P

The migration process of cMIB-MOEA is rather simple. If the archive has more
than nmig solutions, then migration is possible. To the jth population, we only
migrate solutions from A that were not produced by the jth IB-MOEA. In other
words, Pj can receive solutions from all other populations Pi, i 6= j. The selection of
the nmig solutions to be migrated to Pj is randomized. The selected nmig solutions
will replace the worst nmig contributing solutions to the indicator Ij, previously
computed. In this case, we employ an elitist replacement scheme.

An essential aspect that it is worth to emphasize is why we employ SMS-EMOA
in spite of its high computational cost. Hernández and Coello [58] empirically showed
that when using SMS-EMOA with micro-populations, i.e., populations of no more
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Algorithm 15: Migration

Input: Number nmig of solutions to migrate; Set of subpopulations
{P1, . . . , Pk}; Set of indicators {I1, . . . , Ik}

Output: Updated subpopulations
1 if |A| > nmig then
2 for j = 1 to k do
3 if there are nmig solutions in A that were not produced by the jth

IB-MOEA then
4 Randomly select nmig solutions from A that were not generated by

the jth IB-MOEA;
5 Replace from Pj its nmig worst-contributing solutions to Ij, using

the previously selected solutions;

6 end

7 end

8 end
9 return {P1, . . . , Pk}

than 30 individuals, then, the running time of SMS-EMOA remains relatively constant
even if the number of objective functions increases. Based on this fact, we set the
size of each subpopulation equals to µ/k such that this number does not exceed 30
individuals.

6.4.2 Experimental Results

In this section, we analyze the performance of cMIB-MOEA17 when compared to
panmictic versions of SMS-EMOA, R2-EMOA, IGD+-MaOEA, ε+-MaOEA, and ∆p-
MaOEA. We adopted MOPs from the Deb-Thiele-Laumanns-Zitzler (DTLZ) [32],
Walking-Fish-Group (WFG) [65], Lamé superspheres [38], Viennet (VIE) [133], and
the DTLZ−1 and WFG−1 test suites [75]. Table 6.7 summarizes the MOPs that we
employed for two and three objective functions, emphasizing their Pareto front shapes.
For each test instance, we performed 30 independent executions. The performance of
cMIB-MOEA and the adopted IB-MOEAs was compared using the quality indicators
HV, R2, IGD+, ε+, ∆p. However, as each of these QIs prefers the IB-MOEA that uses
it as its IB-DE, we decided to leave aside that IB-MOEA for a fair comparison. For
example, when comparing performance using HV, we included all the adopted IB-
MOEAs except for SMS-EMOA. Additionally, we employed the Hausdorff distance
as a neutral convergence measure and the Solow-Polasky indicator for diversity [39].

17The source code of cMIB-MOEA is available at http://computacion.cs.cinvestav.mx/

~jfalcon/cMIBMOEA/cMIB-MOEA.html
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6.4.2.1 Parameter Settings

For a fair comparison, cMIB-MOEA and the other IB-MOEAs use the same popu-
lation size µ as described in Table 6.8. For both two and three objective functions
µ = CH1+m−1

m−1 , where this combinatorial number determines how many convex weight
vectors (as required by R2-EMOA) are generated via the Simplex-Lattice-Design
method. All subpopulations are set to µ/5, where five is the number of subpopula-
tions. The stopping criterion of all the MOEAs is the maximum number of function
evaluations (MaxFeval). Additionally, Table 6.8 indicates the fmig and nmig param-
eters of cMIB-MOEA. All the adopted IB-MOEAs utilize Simulated Binary Crossover
(SBX) and polynomial-based mutation as their variation operators. In all cases, the
crossover probability and the mutation probability were set to 0.9 and 1/n (where
n is the number of decision variables), respectively. Both the crossover distribution
index and the mutation distribution index are equal to 20. Regarding the MOPs, the
number of variables of problems DTLZ, DTLZ−1, Lamé and Mirror is n = m+K−1,
where K = 10 for DTLZ2 and DTLZ5 and their minus versions, K = 20 for DTLZ7
and DTLZ7−1, and K = 5 in all Lamé and Mirror instances that are determined by a
different γ value as shown in Table 6.7. Considering the WFG and WFG−1 problems,
the number of variables are 24 and 26 for two and three objectives, respectively; in
both cases, the number of position-related parameters is two. The decision space of
the three Viennet problems is of dimension two.

6.4.2.2 Discussion of Results

The comparison of cMIB-MOEA with the panmictic IB-MOEAs has two main goals:
1) determine that the cooperation between IB-MOEAs produces better global results,
and 2) show that cMIB-MOEA is a more general multi-objective optimizer. Regard-
ing the first goal, we compared the performance of cMIB-MOEA with the other
IB-MOEAs using the QIs: HV, R2, IGD+, ε+, ∆p, the Hausdorff distance and the
Solow Polasky indicator. From these QIs, the Hausdorff distance is the only neutral
convergence measure, i.e., none of the MOEAs uses it as an IB-DE. Table 6.9 shows
the mean and standard deviation of all IB-MOEAs on each test instance, regarding
the Hausdorff distance. It is worth noting that the reference set required by this met-
ric (and also by IGD+, ε+, and ∆p) was built uniformly sampling the true Pareto front
of all problems, producing sets of size 200 and 300 for two- and three-dimensional
MOPs, respectively. From Table 6.9, cMIB-MOEA is the best optimizer since it ob-
tained the best value in 14 out of 39 problems while SMS-EMOA obtained the second
best-ranked MOEA, having the best result in 9 out of 39 MOPs. In order to rein-
force the evidence that the cooperation between the individual IB-MOEAs benefits
cMIB-MOEA, we also compared it using their baseline QIs, i.e., HV, R2, IGD+, ε+,
and ∆p. Tables B.14 to B.19 show the numerical results for the above mentioned QIs,
respectively and Fig. 6.6 summarize the results. This figure is a heat map that shows
the number of times that each IB-MOEA was ranked first or second according to the
above mentioned QIs. Based on this figure, cMIB-MOEA is also the best optimizer
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Table 6.7: Adopted MOPs in the study. For each case, the Pareto front geometry is
described, indicating if it is correlated with the shape of a simplex.

MOP
Pareto front

shape
Simplex-like

DTLZ2 Concave Yes
DTLZ2−1 Convex No
DTLZ5 Degenerate No

DTLZ5−1 Convex No
DTLZ7 Disconnected No

DTLZ7−1 Disconnected No
WFG1 Mixed Yes

WFG1−1 Mixed No
WFG2 Disconnected Yes

WFG2−1 Slightly concave No
WFG3 Degenerate No

WFG3−1 Linear No
Lamé γ = 0.25 Highly convex No
Lamé γ = 1.00 Linear Yes
Lamé γ = 5.00 Highly concave Yes
Mirror γ = 0.25 Highly concave No
Mirror γ = 1.00 Linear No
Mirror γ = 5.00 Highly convex No

VIE1 Convex No

VIE2
Mixed

(convex and degenerate)
No

VIE3 Degenerate No

Table 6.8: Parameters adopted in the comparison. H1 and H2 are the parameters for
the generation of the set of weight vectors of the R2-EMOA used by cMIB-MOEA
and the corresponding panmictic version.

Dim. H1 H2 µ µ/5 Maxfeval fmig nmig

2 19 99 100 20 50,000 20 5
3 5 13 105 21 60,000 21 5
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Figure 6.5: Pareto fronts generated by cMIB-MOEA and the adopted IB-MOEAs.
Each front corresponds to the median of the Solow Polasky value.

regarding the HV, R2, and ∆p indicators, and it obtained the second place for IGD+

and ε+. cMIB-MOEA obtained the first place in 27 out of 39 MOPs, regarding HV
while for both R2 and ∆p, it is the best MOEA in 22 test instances. As we explained
above, the decision of leaving aside, for example, SMS-EMOA when making an HV-
based comparison is to avoid the preference that HV has towards SMS-EMOA and,
with the aim of providing unbiased results. In the light of the experimental results,
we have the first insight that the cooperation between individual IB-MOEAs instead
of using panmictic versions of them, improves the quality of an optimizer. Since each
individual IB-MOEA is exploring and exploiting different regions of the Pareto front,
according to its QI-based preferences, cMIB-MOEA takes advantage of the strengths
of each IB-MOEA to improve the global behavior. Additionally, we performed some
experiments in order to determine the impact of the migration process, and we con-
cluded that it helps to improve the search progress. In consequence, we claim that
the cooperation is the responsible for getting better results, since cMIB-MOEA is the
best optimizer in four out of six convergence measures, i.e., HV, R2, ∆p, and the
Hausdorff Distance and it gets the second place in the remaining ones, i.e., IGD+ and
ε+.

The second goal of our experiments is to obtain evidence showing that cMIB-
MOEA is a more general optimizer, i.e., that its performance does not depend on the
Pareto front shape as it happens with other MOEAs [75]. Once we know that cMIB-
MOEA has better convergence results, it is possible to analyze the Pareto fronts of all
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the adopted IB-MOEAs using the Solow Polasky Diversity indicator (SPD). Fig. 6.6
reveals that distributions generated by cMIB-MOEA have the best SPD value in 33
out of 39 test instances. In consequence, cMIB-MOEAs outperforms the panmictic
versions of SMS-EMOA, R2-EMOA, IGD+-MaOEA, ε+-MaOEA, and ∆p-MaOEA,
which indicates that its performance is good when dealing with complex Pareto front
shapes as shown in Table 6.7. Figure 6.5 shows a comparison of Pareto fronts pro-
duced by cMIB-MOEA and the adopted IB-MOEAs. From this figure, we can see
that the cMIB-MOEA produces evenly distributed Pareto fronts independently of the
associated geometry. This behavior is not as evident in the other IB-MOEAs.
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6.5 Summary

Employing multiple IB-Mechanisms in a single MOEA or multiple IB-MOEAs that
work together has been a scarcely explored research topic. In this Chapter, we ex-
plored both ideas to design MOEAs whose performance does not depend on the
MOP being tackled. On the one hand, we designed the IGD+-based Many-Objective
Evolutionary Optimizer (IGD+-MaOEA), using an IGD+-based density estimator.
We found that IGD+-MaOEA performed well on MOPs with different Pareto front
shapes. Although IGD+-MaOEA generates Pareto front approximations similar to
those of SMS-EMOA, they are not very uniform. Hence, we proposed to combine the
individual effect of the IGD+-DE with a density estimator based on the Riesz s-energy
indicator which promotes uniform distributions on the large class of d-dimensional
manifolds. The resulting algorithm was called CRI-EMOA and its performance was
found to be superior to that of IGD+-MaOEA, producing uniformly distributed solu-
tions on several Pareto front shapes. Finally, we explored the cooperation of multiple
steady-state IB-MOEAs through the island model. In this approach, SMS-EMOA,
R2-EMOA, IGD+-MaOEa, ε+-MaOEA, and ∆p-MaOEA evolved micro-populations
in an isolated way and after a given number of iterations, a master island gathers
all the subpopulations to keep the best ones, according to the Riesz s-energy indi-
cator, in an external archive. The experimental results showed that the weakness
of an IB-MOEA were compensated by the strengths of the others, producing better
convergence and diversity results than panmictic versions of any of the individual
IB-MOEAs employed.
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Figure 6.6: Heat map that reveals the number of times an IB-MOEA ranked first or
second according to the indicators HV, R2, IGD+, ε+, ∆p, and SPD.
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Chapter 7

On the Combination of Quality
Indicators

This chapter explores the mathematical combination of QIs to produce new ones
having the Pareto-compliance property. Section 7.1 highligths the motivation to
design new Pareto-compliant QIs. The previous related work on the combination
of QIs is briefly described in Section 7.2. The mathematical development on the
combination of QIs is depicted in Section 7.3. Section 7.4 presents the results of
two experiments: (1) an analysis of preferences, and (2) an empirical study of the
optimal µ-distributions. In Section 7.5 we propose an MOEA which exploits the trade-
off between a convergence indicator and a diversity one, following the combination
scheme of QIs. Finally, a summary of the chapter is introduced in Section 7.6.

7.1 Motivation

For almost two decades, several quality indicators have been proposed to compare
MOEAs’ approximation sets [95]. Among the plethora of currently available QIs,
those focused on assesing convergence towards the Pareto optimal front are the most
remarkable. A number of researchers have studied the mathematical properties of
convergence QIs [158, 2, 118, 9, 71, 74, 17], being Pareto compliance (see Property
3.1.1) the most important one. Given two approximation sets A and B, a Pareto-
compliant QI (I) ensures that if A C B, then I(A) > I(B), i.e., the QI reflects the
order structure imposed by C. QIs having this property do not produce misleading
results, according to the Pareto dominance relation, when evaluating approximation
sets. Currently, the hypervolume indicator (see Section 3.1, in page 19) and its
variants (i.e., the logarithmic HV [50], the weighted HV [2], and the free HV [40])
are the only Pareto-compliant QIs. Hence, an important research area is to prove the
existence of other Pareto-compliant QIs, having different preferences to those of HV.

In this chapter, we investigate the existence of new Pareto-compliant QIs by
proposing combinations of QIs. The combination of QIs implies generating new QIs
that represent indicators that have preferences that are intermediate to those of the
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individual indicators. It is worth mentioning that our proposed framework allows to
produce a family of Pareto-compliant QIs based on the combination of one or more
weakly Pareto-compliant indicators with at least one Pareto-compliant QI, using a
vector-based function that is order-preserving. In consequence, the contributions are
the following:

1. The construction of a family of Pareto-compliant QIs whose preferences are
essentially different to those of HV.

2. This framework allows to correct weakly Pareto-compliant QIs, such as R2,
IGD+, and ε+, by making them Pareto-compliant.

3. We introduce an empirical study of the approximate optimal µ-distributions of
some of the new Pareto-compliant QIs, using a steady-state MOEA.

7.2 Previous Related Work

Knowles et al. [86] briefly explained that the combination of indicators, ideally using
Pareto-compliant ones, could lead to powerful interpretations in constrast to employ-
ing a single QI. However, no mathematical definition was provided to this claim. In
a subsequent work, Zitzler et al. [151] explained that the combination of indicators
could lead to overcome the difficult situation of finding an ideal indicator, i.e., a QI
being Pareto-compliant, scaling invariant, and cheap to compute. In consequence,
one has to look for a way to combine the resulting indicator values. They first sug-
gested the use of sequence of indicators to evaluate approximation sets. However, it
was until 2010 when the use of sequence of indicators was mathematically supported
[157]. In this work, Zitzler et al. defined new preference relations based on multiple
indicators. The backbone of this proposal is to create a chain of refinements of indica-
tor preferences. When one indicator is not able to decide which approximation set is
better, the next one in the sequence is employed to refine the preferences, if possible.
In consequence, the use of these indicator-based preference relations could increase
the sensitivity of an order relation. Furthermore, they proposed to use these prefer-
ence relations to create a selection mechanism strongly related to the non-dominated
sorting algorithm [31].

In Section 3.2.2.1 in page 30, we described the DIVA algorithm [130] that employs
an environmental selection mechanism based on a modified hypervolume indicator.
Such HV variant is a combination of the original HV with a decision space diversity
measure. The resulting indicator, named diversity integrating hypervolume indicator,
performs a weak refinement of the order structure imposed by the diversity measure.
However, due to the high complexity of the new indicator, it was only employed for
bi-objective problems. A remarkable aspect is that the diversity could be significantly
increased without worsening the HV value, and there were several cases where the
hypervolume indicator is increased if diversity was also optimized.
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In 2012, Schütze et al. [118] proposed the averaged Hausdorff distance (∆p) that
can be regarded as a combined indicator. ∆p combines the indicators GDp and IGDp

into a single value by selecting the maximum value between both QIs. It is worth
noting that ∆p inherits the non-Pareto compliance of both QIs but it has other inter-
esting properties such as a better management of outlier solutions in approximation
sets and a preference for more uniform distributions of solutions.

Based on the use of sequence of indicators to refine order structures, Yen and
He [145] proposed a framework for the comparison of MOEAs, using an ensemble
of multiple indicators. The method is not a new QI but instead they proposed a
double elimination tournament that uses a pool of multiple QIs to evaluate MOEAs
and, thus, produce a ranking of them. This method allows that MOEAs having
poor performance on some QIs are still able to be selected as the best performing
algorithm. The ensemble method uses multiple QIs collectively to obtain a better
assessment than what could be obtained from any single indicator.

7.3 Combination of Quality Indicators

In this section, we propose the first guideline to combine several QIs into a single
value to generate new combined indicators. Additionally, we provide the mathemat-
ical argumentation to ensure that when combining QIs with specific properties, the
resulting combined indicator will be Pareto-compliant. This leads not only to new
types of indicators but also provides a mechanism to create new Pareto-compliant
indicators with very different properties than the HV in terms of distributions of
points that they favor, and in terms of parameters to be provided by the user. In the
following, we present the mathematical development for the combination of QIs.

Definition 7.3.1 (Combination function). A combination function C : Rk → R
assigns a real value to a vector ~I = (I1, I2, . . . , Ik), where each Ij is the value of a
unary indicator.

Definition 7.3.2 (Combined Indicator). Given an indicator vector ~I = (I1, I2, . . . , Ik)

and a combination function C, a combined indicator I is defined as follows: I = C(~I).

A general combined indicator I is a function that maps a vector of indicator
values to a single real value as it is stated in Definitions 7.3.1 and 7.3.2. Figure
7.1 shows how a combined indicator works. For a given MOP, Ψ contains the set
of all approximation sets of a specific size. Based on an indicator vector ~I, such
approximation sets are evaluated and the obtained vector of indicator values is in
the quality space Q. Finally, the combined indicator I maps the vector of indicator
values to the real numbers. Based on the above definitions, nothing can be said
about the properties of I at this point. Hence, for getting more important theoretical
results, we should say something about the properties of each Ij, j = 1, . . . , k and the
combination function. We are interested in analyzing the Pareto compliance of I.
Based on Properties 3.1.1 and 3.1.2, we construct a special vector of indicators that
is necessary for the refinement of the combined indicator model.
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Figure 7.1: The objective space contains the approximation sets X, Y, and Z that are
mapped to the quality space using an indicator vector. The points ~IX , ~IY , and ~IZ in
quality space are then transformed to a single real value by the combination function
C : R2 → R to generate the real values IX , IY , and IZ .

Definition 7.3.3 (Compliant Indicator Vector). ~I = (I1, I2, . . . , Ik) ∈ Q is called a
compliant indicator vector (CIV) if ∀j = 1, . . . , k, Ij is weakly Pareto compliant and
there exists at least an index t ∈ {1, . . . , k} such that It is Pareto compliant. Q ⊆ Rk

is denoted as the quality space.

For the following Theorem, let us assume, without loss of generality, that the
unary indicators I1, . . . , Ik are to be maximized.

Theorem 7.3.1 (Construction of Pareto-compliant combined indicators). Let I1, . . . , Ik
be unary indicators that form a compliant indicator vector ~I. A combined indicator
I(~I) is C-compliant if it has the order-preserving property:

∀~u,~v ∈ Rk, ~u � ~v ⇒ I(~u) > I(~v).

Proof. Consider two approximation sets A and B such that ACB and let ~IA = ~I(A)

and ~IB = ~I(B), where ~I is a CIV. Then, A C B ⇒ ~IA � ~IB because the Pareto-
compliant indicators get better and the weakly Pareto-compliant ones get better or
stay equal. Moreover, by definition ~IA � ~IB ⇒ I(~IA) > I(~IB). Hence, by transitivity

of ⇒, it holds AC B ⇒ I(~IA) > I(~IB), i.e., I is Pareto-compliant.

Theorem 7.3.1 provides a sufficient condition for constructing Pareto-compliant
combined indicators on the basis of compliant indicator vectors. In other words, a
combined indicator preserves the Pareto-compliant property because of the use of
order-preserving combination functions.

Remark 7.3.1. The condition of Theorem 7.3.1 is sufficient but not necessary. For
instance, given ~I = (I1, I2, . . . , Ik) where I1 is Pareto-compliant and the Ij, j =

2, . . . , k are not Pareto-compliant, the “combined” indicator I(~I) = I1 is also Pareto-
compliant. Hence, there is a large number of possibilities to construct combined indi-
cators.
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An important question that arises is why it is important to construct new Pareto-
compliant indicators. For answering this, let us show by means of an example that
weak Pareto compliance is not sufficient as a guideline for constructing meaningful
indicators. The example is an indicator which we will call Zero indicator. It is defined
as Z : Ψ → R with Z ≡ 0. Clearly, for every A,B ∈ Ψ such that A ≺ B, it implies
Z(A) = Z(B), i.e., Z is weakly Pareto-compliant. Although indicators such as R2,
IGD+ and ε+ are more complex than Z in a mathematical sense, all of them are
weakly Pareto-compliant. Hence, we can see that is not enough to construct a weakly
Pareto-compliant QI but Pareto compliance is desirable to avoid misleading results
when comparing approximation sets. In consequence, there is a need of new Pareto-
compliant indicators and weakly Pareto-compliant QIs can be employed to redefine
the preferences of the hypervolume indicator.

There exists many combination functions that have the property of Theorem 7.3.1.
However, in this paper, we focus on certain utility functions [108, 110] u : Rk → R
that hold the desired property. A utility function (UI) is a model of the decision
maker preferences that assigns to each k-dimensional vector a utility value. Thus, a
combination function C can be defined in terms of these functions. Generally, UIs
employ a convex weight vector ~w ∈ Rk such that

∑k
i=1 wi = 1, wi ≥ 0. This is indeed

neccesary to show u � v, but in general it suffices if only a weight corresponding
to one of the Pareto-compliant indicators is strictly positive. Based on the above, a
Pareto-compliant utility indicator (PCUI) is defined as follows:

Definition 7.3.4 (Utility indicator). Given a utility function u : Rk → R, an in-

dicator vector ~I ∈ Rk that assesses an approximation set A and a weight vector
~w ∈ Rk such that wi > 0, i = 1, . . . , k, we denote a utility indicator as u~w(~I(A)).

If u is also order-preserving as required in Theorem 7.3.1, u~w(~I(A)) is denoted as a
Pareto-compliant utility indicator.

In this work, we focused our attention on two utility functions that are order-
preserving, namely, the weighted sum function (WS) and the augmented Tchebycheff
function (ATCH) [108, 110]. However, there is a plethora of utility functions hav-
ing this property. In the following, we prove that both WS and ATCH are order-
preserving functions and, thus, can be employed to define PCUIs.

Definition 7.3.5. The weighted sum (WS) is defined by the following formula:

WS~w(~x) =
k∑

i=1

wixi, (7.1)

where ~x, ~w ∈ Rk and wi ≥ 0, i = 1, . . . , k.

Lemma 7.3.1. Given two CIVs ~x, ~y ∈ Rk and a weight vector ~w ∈ Rk, wi > 0, i =
1, . . . , k, then if ~x � ~y ⇒WS~w(~x) > WS~w(~y).

Proof. Let’s prove this lemma by induction. Let us consider, without loss of general-
ity, that the first component of both CIVs is related to a Pareto-compliant indicator
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and the rest of components are related to weakly Pareto-compliant indicators, i.e.,
x1 > y1 ∧ xi ≥ yi, i = 2, . . . , k.

Base case: for k = 2, we have x1 > y1∧x2 ≥ y2. Then w1x1 +w2x2 > w1y1 +w2y2.
Inductive hypothesis: Given ~x, ~y ∈ Rk, then

∑k
i=1 wixi >

∑k
i=1wiyi.

Inductive step: We want to prove that
∑k

i=1wixi + wk+1xk+1 >
∑k

i=1wiyi +
wk+1yk+1. Without loss of generality, let us assume that the (k + 1) components
are related to a weakly Pareto-compliant indicator, then xk+1 ≥ yk+1 and for every
wk+1 > 0 it follows that wk+1xk+1 ≥ wk+1yk+1. From the above statement and the
inductive hypothesis, we have the following:

k∑

i=1

wixi + wk+1xk+1 >

k∑

i=1

wiyi + wk+1yk+1

WS~w(~x) > WS~w(~y)

Hence, ~x � ~y ⇒WS~w(~x) > WS~w(~y).

For the Augmented Tchebycheff function, we assume without loss of generality
that ~x ∈ Rk

+. In consequence, the absolute values in the original definition are
not necessary. In fact, by not considering the absolute values, the function is order
preserving in the whole Rk.

Definition 7.3.6 (Augmented Tchebycheff). Given ~x, ~w ∈ Rk with wi ≥ 0, the
Augmented Tchebycheff function (ATCH) is defined as follows:

ATCH~w(~x) = max
i=1,...,k

{wixi}+ α
k∑

i=1

xi (7.2)

Lemma 7.3.2. Given two CIVs ~x, ~y ∈ Rk and a weight vector ~w ∈ Rk, wi > 0, i =
1, . . . , k, then if ~x � ~y ⇒ ATCH~w(~x) > ATCH~w(~y).

Proof. We can prove this lemma by induction. Let us consider, without loss of gener-
ality, that the first component of both CIVs is related to a Pareto-compliant indicator
and the rest of components are related to weakly Pareto-compliant indicators, i.e.,
x1 > y1 ∧ xi ≥ yi, i = 2, . . . , k.

Base case (k = 2): Since ~x � ~y, it is straightforward to see that A = α(x1 +x2) >
α(y1 + y2) = B. Let i∗ = arg maxi=1,2 {wixi} be the index of the maximum value.
Then, we have one of the two following cases:

1. if i∗ = 1, w1x1 > w1y1 and w1x1 ≥ w2x2 ≥ w2y2, or

2. if i∗ = 2, w2x2 ≥ w2y2 and w2x2 ≥ w1x1 > w1y1.
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From these two cases, it is clear that maxi=1,2 {wixi} ≥ maxi=1,2 {wiyi}. However,
since A > B, it follows: ~x � ~y ⇒ max {w1x1, w2x2}+ A > max {w1y1, w2y2}+B.

Inductive hypothesis: For ~x, ~y ∈ Rk, it holds that A = α
∑k

i=1 xi > α
∑k

i=1 yi = B
because ~x � ~y. Let i∗ = arg maxi=1,...,k {wixi} and j∗ = arg maxj=1,...,k {wjyj} be the
indexes related to the maximum values. Due to the construction of ~x and ~y, we have
one of the two following cases:

1. if i∗ = 1, w1x1 > w1y1 and w1x1 ≥ wtxt ≥ wtyt, t = 2, . . . , k, or

2. if i∗ ∈ {2, . . . , k}, wi∗xi∗ ≥ wi∗yi∗ and wi∗xi∗ ≥ w1x1 > w1y1 and wi∗xi∗ ≥
wtxt ≥ wtyt, t = 2, . . . , k ∧ t 6= i∗.

This implies that wi∗xi∗ ≥ wj∗yj∗ . However, since A > B, then it is clear that
~x � ~y ⇒ wi∗xi∗ + A > wj∗yj∗ +B.

Inductive step: We want to prove the following:

~x � ~y ⇒

max
i=1,...,k+1

{wixi}+ α
k+1∑

i=1

xi > max
i=1,...,k+1

{wiyi}+ α
k+1∑

i=1

yi.

Without loss of generality, let us assume that the (k + 1) components are related
to a weaky Pareto-compliant indicator, then xk+1 ≥ yk+1. Based on our inductive
hypothesis, we know that A > B. Taking the summation upper limits equal to k+ 1,
the inequality still holds, thus A = α

∑k+1
i=1 xi > α

∑k+1
i=1 yi = B. Additionally, in

spite of considering the k + 1 elements, maxi=1,...,k+1 {wixi} ≥ maxi=1,...,k+1 {wiyi}
because one of the above two cases happens. Hence, ~x � ~y ⇒ maxi=1,...,k+1 {wixi} +

α
∑k+1

i=1 xi > maxi=1,...,k+1 {wiyi}+ α
∑k+1

i=1 yi.

7.4 Experimental Results

In this section, we present the results of two experiments that aim to provide empirical
information on the following PCUIs:

• WS~w(HV,R2), ATCH~w(HV,R2),

• WS~w(HV, IGD+), ATCH~w(HV, IGD+),

• WS~w(HV, ε+), and ATCH~w(HV, ε+).

These PCUIs are the Pareto-compliant versions of the indicators R2, IGD+, and ε+.
The first experiment investigates the preferences of the adopted PCUIs by measur-
ing the correlation of preferences between them and their baseline QIs when assess-
ing several MOEAs, having special distribution properties, on the Lamé and Mirror
superspheres problems [38]. On the other hand, the second experiment analyzes
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Figure 7.2: Heatmap Kendall rank correlation τ for each pair of set quality indicators,
for each Lamé problem on different dimensions of the objective space.

convergence and distribution properties of a steady-state MOEA, similiar to the
S-Metric Selection Evolutionary Multi-Objective Algorithm (SMS-EMOA) [8], that
uses the PCUIs as part of its density estimator. The proposed algorithm, denoted as
PCUI-EMOA, is tested on MOPs from the benchmarks Deb-Thiele-Laumanns-Zitzler
(DTLZ) [33], Walking-Fish-Group (WFG) [65], and their minus versions, DTLZ−1 and
WFG−1 [75], respectively.

7.4.1 Analysis of Preferences

We analyzed the correlation of preferences of the six adopted PCUIs when assess-
ing the Pareto fronts of several Lamé and Mirror superspheres problems [38]. The
Pareto front geometry of such MOPs is controlled by a parameter γ. Regarding the
Lamé problems, when γ ∈ (0, 1), the Pareto front is convex; a linear Pareto front

CINVESTAV-IPN Computer Science Department



On the Combination of Quality Indicators 137

Figure 7.3: Heatmap Kendall rank correlation τ for each pair of set quality indicators,
for each Mirror problem on different dimensions of the objective space.
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is related to γ = 1; and when γ ∈ (1,∞), the Pareto front is concave. In case
of the Mirror problems, γ ∈ (0, 1) and γ ∈ (1,∞) are related to convave and con-
vex Pareto fronts, respectively. For both Lamé and Mirror problems, we employed
γ = 0.25, 0.50, 0.75, 1.00, 1.50, 2.00, 6.00 for 2, 3, and 4 objective functions. Regard-
ing the construction of the Pareto front approximations, we employed MOEAs that
exhibit particular distribution characteristics to have a representative sample of the
set Ψ (i.e., the set of all approximation sets of a given size for an MOP). For each
test instance, 30 independent executions were produced by each MOEA, where all
algorithms shared the same settings. For all objective functions, the size of all the
produced approximation sets was 120. The adopted MOEAs are classified in five
classes as follows:

• Indicator-based MOEAs: SMS-EMOA [8], MOMBI2 [60], IGD+-MaOEA [43]
and ∆p-MaOEA1.

• Pareto-based MOEAs: NSGA-II [31] and SPEA2 [154].

• Reference set-based MOEAs: NSGA-III [30].

• Decomposition-based MOEAs: MOEA/D [147].

• Image analysis-based MOEAs: MOVAP [62].

Regarding the assessment of the Pareto front approximations generated by the
adopted MOEAs, we used the following settings on the QIs and PCUIs. We assumed
that we did not know anything about the true Pareto fronts of the adopted MOPs to
perform a fair quality comparison. Hence, we employed a very bad reference point for
HV, i.e., ~zref = {2i + 1}i=1,...,m. A set of convex weight vectors (constructed by the
Simplex-Lattice-Design method [147]) was employed as the set W for R2 and as the
reference set for IGD+ and ε+. Since the set of weight vectors is in [0, 1]m, we traslated
all the approximation sets to [1, 2]m. The vector-angle-distance-scaling (VADS) [110]
utility function was employed in R2. Since all these indicators have different scales,
the PCUIs could have problems if they used them without normalization. Therefore,
before evaluating the PCUIs, it is necessary to evaluate all MOEAs with the baseline
QIs and, then, for each indicator, we obtain the maximum and minimum values that
will be used by the PCUIs to normalize the indicator values. For all the six adopted
PCUIs, the weight vector was set as ~w = (0.1, 0.9), where 0.1 is the weight associated
with HV and 0.9 is related to the weakly Pareto-compliant QI. The PCUIs use the
same settings for the baseline QIs.

Concerning the correlation analysis, we employed a similar methodology to the one
used by Liefooghe and Derbel [97]. We aim to correlate the rankings of MOEAs within
each indicator, i.e., by how much do the PCUIs and QIs rank the MOEAs (i.e., the
characteristic Pareto front approximations) similarly. For each test instance and QI,

1We proposed this algorithm based on the framework of IGD+-MaOEA [43] but using the ∆p

indicator in the density estimator.
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the MOEAs are ranked by their mean indicator value. The ranks of MOEAs are then
analyzed for correlation with the remaining QIs using the Kendall’s τ nonparametric
measure of association with a significance value α = 0.05. It is worth emphasizing
that Kendall’s τ quantifies the difference between the proportion of concordant and
discordant pairs among all possible pairwise MOEAs. Since τ ∈ [−1, 1], where τ = −1
means perfect disagreement and τ = 1 means perfect agreement of ranks, we decided
to create intervals of τ values in order to represent them using Heatmaps. Such
intervals are the following: [−1,−0.75), [−0.75,−0.5), [−0.5,−0.25), [−0.25, 0.25],
(0.25, 0.5], (0.5, 0.75], and (0.75, 1]. Figures 7.2 and 7.3 show the results of the non-
parametric statistical test for the correlation, using heatmaps for all adopted Lamé
and Mirror test instances, respectively.

7.4.1.1 Correlation between PCUIs and baseline QIs

Regarding the correlation analysis on Lamé problems in Fig. 7.2, we have the fol-
lowing conclusions. For 2 objective functions, the more linear the Pareto front (i.e.,
γ = 0.75, 1.00, 1.50), the more correlated are the PCUIs with their baseline QIs.
For highly convex Pareto fronts there is more correlation with the weakly Pareto-
compliant QI (i.e., R2, IGD+, and ε+) meanwhile for highly concave MOPs, the
correlation is stronger with HV. Regarding 3-dimensional MOPs, each class of PCUI
shows different behaviors. WS~w(HV,R2) and ATCH~w(HV,R2) are correlated with
both HV and R2 for all test problems. For WS~w(HV, IGD+) and ATCH~w(HV, IGD+),
there is independence with both HV and IGD+ for problems with γ = 0.25 and 0.50
which means that the PCUIs have preferences completely different. For γ = 0.75 and
1.00, there is only correlation with IGD+ and, in the concave cases, the PCUIs are
correlated with both HV and IGD+. Concerning WS~w(HV, ε+) and ATCH~w(HV, ε+),
both are correlated with ε+ in all cases except for γ = 6.00. A noteworthy aspect is
that for 4-dimensional MOPs, there is a strong tendency of all PCUIs to be exclu-
sively correlated with their weakly Pareto-compliant QI while there is independence
with HV. Hence, we could expect that as the dimensionality of the objective space
increases, the PCUIs will be more correlated with the weakly Pareto-compliant QI.
However, the evaluation results of the PCUIs will be Pareto-compliant.

For the Mirror problems in Fig. 7.3, we have some similar results. In general, for 2
objective functions, the PCUIs are strongly correlated with both baseline QIs except
in highly convex and concave MOPs where their preferences are correlated with either
HV or the weakly Pareto-compliant QI. It is worth noting that this result is similar
to the Lamé problems having 2 objectives. WS~w(HV,R2) and ATCH~w(HV,R2) are
correlated with both QIs in all problems except for γ = 6.00 for MOPs with 3 and
4 objectives. On the other hand, WS~w(HV, IGD+) and ATCH~w(HV, IGD+) are only
correlated with both baseline QIs for convex problems and for linear and concave
ones, the correlation is stronger with IGD+ and there is independence with HV in 3-
and 4-dimensional problems. Regarding the PCUIs based on HV and ε+, in all cases
there is only correlation with the latter QI in MOPs with 3 and 4 objective functions.

In summary, there are two important points to emphasize. As the dimensionality
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of the objective space increases, the PCUIs tend to be strongly correlated with the
preferences of their baseline weakly Pareto-compliant QIs and the independence with
the preferences of HV is more accentuated. Since the results of the PCUIs are Pareto-
compliant, it is relevant that in high-dimensional objective spaces the PCUIs show
preferences independent to those of HV because this could encourage the design of
new selection mechanisms of MOEAs that would produce approximation sets with
different distributions to those of SMS-EMOA but retaining the Pareto-compliance
property. In other words, PCUIs could be employed to manipulate the distribution
properties of MOEAs while maintaining the Pareto-compliance property. On the
other hand, in general, a PCUI inherits from its baseline weakly Pareto-compliant QI
the correlation with HV. A reason for this fact is that we are using a combination
vector in the PCUIs that favors the weakly Pareto-compliant QI.

7.4.1.2 Correlation between PCUIs

We analyzed the correlation between the preferences of all PCUIs to ensure that
the combination does produce different indicators. Concerning both the Lamé and
Mirror problems, the correlation analysis indicates that the PCUIs based on the same
weakly Pareto-compliant QI are strongly correlated between them. In consequence,
the use of WS or ATCH is basically producing the same PCUI. In the next section,
we give the reason to this behavior that, in a few words, is due to the formation of a
convex Pareto front in the Quality space. Since both WS and ATCH are able to find
solutions on convex Pareto fronts, thus, both will present almost the same preferences
when they are employed in PCUIs. As a result of this observation, in this correlation
analysis we investigated the Pareto-compliant versions of the indicators R2, IGD+,
and ε+.

Another remarkable conclusion is that the preferences of PCUIs based on a dif-
ferent weakly Pareto-compliant QI are, in general, independent. Hence, each class
of PCUIs are presenting distinct preferences. This is explained by the analysis of
correlation between R2-IGD+, R2-ε+, and IGD+-ε+ that are mostly independent.
Additionally, each PCUI inherits the preferences of its weakly Pareto-compliant QI.
Hence, the PCUI will behave in a similar way to its weakly Pareto-compliant QI but
maintaining the Pareto-compliance property.

7.4.1.3 Pareto fronts in Quality Space

In objective space, we find Pareto fronts that represent the solution to an MOP. These
Pareto fronts are formed due to the conflict among objective functions. In Quality
Space (see Fig. 7.1), it is also possible to find Pareto fronts when the preferences of an
indicator are in conflict with the preferences of another QI. Based on the correlation
analysis previously explained, we found that when there is independence of preferences
between two QIs or when the preferences are negatively correlated (as in the case of
HV and IGD+ for the Mirror problem with γ = 6.00 in 4D), a Pareto front in the
Quality Space Q is formed. Fig. 7.4 shows four examples where it is possible to see
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Figure 7.4: From left to right, it is shown the Quality Spaces: HV-R2 for Lamé
γ = 0.25 2D, HV-IGD+ for Lamé γ = 0.75 4D, HV-IGD+ for Mirror γ = 1.50 3D,
and HV-ε+ for Mirror γ = 6.00 4D. All cases tend to show a Pareto front in Quality
Space.

the tendency to a Pareto front. These plots present the indicator vectors associated
to each execution of the adopted MOEAs in the correlation study for a specific test
instance. Since we are maximizing HV, R2, IGD+, and ε+ to use the PCUIs, it
is possible to see that all plots introduce convex Pareto front shapes. Hence, this
fact supports the observation that there is no critical difference when using WS or
ATCH for constructing PCUIs since both order-preserving utility functions are able
to find solutions in convex Pareto fronts [108, 110]. The rest of cases of independence
on both heatmaps in Figures 7.2 and 7.3 present convex Pareto fronts. In case a
PCUI is employed in the selection mechanism of an MOEA, a compromise between
the indicators will be found, resulting in new distributions on the Pareto fronts that
represent the solution to an MOP. In conclusion, this result supports the fact that
PCUIs could be employed to better control the diversity of an MOEA but maintaining
Pareto-compliance.

7.4.2 Steady-state Selection

In this section, we investigate the effect of using PCUIs in the selection mechanism
of an MOEA. For this purpose, we considered the framework of SMS-EMOA that
uses a density estimator (DE) based on HV but, in our case, a PCUI is employed
in the DE. Algorithm 16 presents the general framework of our proposed PCUI-
EMOA whose main loop is in lines 2 to 12. At each generation, a new solution is
created using genetic operators and, then, this newly created solution is added to
the population P to create the temporary population Q. Then, in line 5, a set of
ranks R1, . . . , Rt are created using the nondominated sorting algorithm [31], where Rt

has the worst solutions according to the Pareto dominance relation. If Rt has more
than one solution, the individual contributions to the PCUI are computed to delete
the worst-contributing solution in line 11. Finally, the Pareto front approximation is
returned when the stopping criterion is fulfilled.

We focused our attention on studying the final distribution properties of PCUI-
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Algorithm 16: PCUI-EMOA general framework
Input: PCUI u~w(~I), where ~I(I1, I2, . . . , Ik)
Output: Approximation to the Pareto front

1 Randomly initialize population P ;
2 while stopping criterion is not fulfilled do
3 q ← V ariation(P );
4 Q← P ∪ {q};
5 {R1, . . . , Rt} ← NondominatedSorting(Q);
6 if |Rt| > 1 then

7 ~pworst = arg min~p∈Rt
{u~w(~I(Rt))− u~w(~I(Rt \ {p}))};

8 end
9 else

10 Let ~pworst be the sole solution in Rt;
11 end
12 P ← Q \ {~pworst} ;

13 end
14 return P

EMOA in comparison with four steady-state MOEAs based on the indicators HV,
R2, IGD+, and ε+, i.e., SMS-EMOA, R2-EMOA, IGD+-MaOEA, and ε+-MaOEA.
The latter is similar to IGD+-MaOEA. Regarding PCUI-EMOA, we employed the
six PCUIs of the previous section. Since all the adopted indicator-based MOEAs
(IB-MOEAs) share the same structure, the parameters settings are the following. For
all objective functions, the population size is 120. All MOEAs use simulated binary
crossover and polynomial-based mutation as their genetic operators [31], where, for
all cases, the crossover probability is set to 0.9, the mutation probability is 1/n (n is
the number of decision variables), and both the crossover and mutation distribution
indexes are set to 20. PCUI-EMOA employs the combination vector as ~w = (0.5, 0.5)
in order to search for distributions similar to both baseline QIs. We tested the adopted
MOEAs on 14 MOPs from the benchmarks DTLZ, WFG, DTLZ−1, and WFG−1 for
2, 3 and 4 objective functions. We employed the problems DTLZ1, DTLZ2, DTLZ5,
DTLZ7, WFG1, WFG2, WFG3 and their minus versions. We selected these MOPs
since they possess Pareto fronts with different geometries, namely, linear, concave,
convex, degenerate, mixed, disconnected, correlated with the simplex shape and not
correlated with it [75].

The distribution analysis is focused on determining if the Pareto front approxi-
mations produced by the six PCUI-EMOAs are similar to the IB-MOEAs that use
their baseline indicators. For each test instance, the MOEAs were executed N = 30
independent times. Thus, each one produces N approximation sets for each MOP.
We investigate the similarity between two sets of approximation sets produced by two
MOEAs, using a similarity measure based on the Hausdorff distance that we propose
in the following:

Definition 7.4.1 (Hausdorff similarity measure). Given two sets A = {A1, . . . , AN}
and B = {B1, . . . , BN}, each one of N Pareto front approximations, the Hausdorff
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similarity measure S is given as follows:

S(A,B) =
1

N

N∑

i=1

median(Ai,B), (7.3)

where median(Ai,B) computes all the Hausdorff distances from Ai to every element
in B and returns the median value.

S calculates the degree of similarity between two sets. However, if we are given
three sets of approximation sets A,B, and C and we would like to know if A is similar
to B, to C, to both or to none of them, a classification function is required. Such
classifier is given as follows.

Definition 7.4.2 (Classifier). Given three sets of approximation sets A,B, and C
and a threshold ε > 0, the classifier function is given as follows:

Cε(S(A,B), S(A,C)) =





−1, S(A,B) ≤ ε ∧ S(A,C) > ε

0, S(A,B) ≤ ε ∧ S(A,C) ≤ ε

1, S(A,B) > ε ∧ S(A,C) > ε

2, S(A,C) ≤ ε ∧ S(A,B) > ε

where -1 means that A is exclusively similar to B; 0 means that A is similar to both B
and C; 1 means that A is not similar to B nor C; and, 2 means that A is exclusively
similar to C.

Based on the classification function, we analyzed the similarities between the ap-
proximation sets produced by the PCUI-EMOAs and their corresponding IB-MOEAs
that use the baseline indicators for the construction of the PCUI. Table 7.1 shows the
results for all the considered test instances. Since all PCUI-EMOAs use ~w = (0.5, 0.5)
as the combination weight vector for the order-preserving utility functions, our hy-
pothesis is that the Pareto front approximations should be similar to both IB-MOEAs
that employ the baseline indicators. This hypothesis is true for several cases related to
the DTLZ and DTLZ−1 problems. Nevertheless, for most of the WFG and WFG−1

problems, the PCUI-EMOAs tend to produce approximation sets with particular
distributions that are not similar to the baseline IB-MOEAs. This fact could be ex-
plained by independence of preferences between HV and the weakly Pareto-compliant
indicators on these MOPs. Considering the linear problems DTLZ1 and DTLZ1−1,
it is clear that in most cases the PCUI-EMOAs produce approximation sets similar
to the IB-MOEAs using their baseline indicators. This result is explained by the cor-
relation analysis of Sect. 7.4.1 where in almost all cases HV, R2, IGD+, and ε+ are
strongly correlated. The most important observation is related to the PCUI-EMOAs
based on WS~w(HV,R2) and ATCH~w(HV,R2). On the one hand, SMS-EMOA [8] pro-
duces uniformly distributed solutions in convex and linear Pareto fronts and there is
a bias towards the knee and boundaries of concave Pareto fronts. Additionally, SMS-
EMOA presents good results in degenerate problems such as DTLZ5 and WFG3. On
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Table 7.1: Distribution similarities between each PCUI-EMOA and the IB-MOEAs
based on the indicators HV, R2, IGD+, ε+. For each test instance, it is shown if the
distribution of the PCUI-EMOA is similar to one or other baseline indicator, to both
or none of them.

MOP Dim.

W
S
~w

(H
V
,R

2
)

A
T

C
H
~w

(H
V
,R

2
)

W
S
~w

(H
V
,I

G
D

+
)

A
T

C
H
~w

(H
V
,I

G
D

+
)

W
S
~w

(H
V
,ε

+
)

A
T

C
H
~w

(H
V
ε+

)

DTLZ1
2 Both Both Both Both Both Both
3 Both Both Both Both Both Both
4 Both Both Both Both Both Both

DTLZ1−1
2 Both Both Both Both Both Both
3 Both Both Both Both Both Both
4 HV HV Both Both HV None

DTLZ2
2 Both Both Both Both Both Both
3 R2 R2 Both Both Both Both
4 R2 R2 None None None None

DTLZ2−1
2 HV HV Both Both Both Both
3 HV HV None None None None
4 None None None None None None

DTLZ5
2 R2 R2 Both Both Both Both
3 HV HV Both Both Both Both
4 HV HV IGD+ IGD+ ε+ ε+

DTLZ5−1
2 HV HV Both Both Both Both
3 HV HV IGD+ IGD+ None None
4 None None None None None None

DTLZ7
2 Both Both Both Both Both Both
3 None None IGD+ IGD+ ε+ None
4 None None None None None None

DTLZ7−1
2 Both Both Both Both Both Both
3 R2 R2 Both Both Both Both
4 None None IGD+ None ε+ Both

WFG1
2 None None None None None None
3 None None None None None ε+

4 None None IGD+ IGD+ ε+ None

WFG1−1
2 R2 R2 None None None None
3 None None None None None None
4 None None None None None None

WFG2
2 None None None None None None
3 None None None None None None
4 None None None None None None

WFG2−1
2 None None None None None None
3 R2 R2 IGD+ IGD+ ε+ ε+

4 None None None None None None

WFG3
2 None None None None None None
3 Both Both Both Both Both Both
4 None None IGD+ IGD+ ε+ ε+

WFG3−1
2 R2 R2 None None None None
3 Both Both Both Both Both Both
4 HV HV Both Both HV HV
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Figure 7.5: Pareto fronts that show the compensation of weaknesses of one indicator
with the strengths of other when coupled to PCUI-EMOA.

the other hand, R2-EMOA [18] does not produce uniformly distributed solutions in
convex Pareto fronts, but it does in linear and concave ones. Regarding degenerate
MOPs, R2-EMOA does not produce good results since its weight vectors do not com-
pletely intersect the Pareto front shape. Hence, SMS-EMOA and R2-EMOA have
specific strengths and weaknesses depending on the MOP being tackled. Regarding
DTLZ2 in two and three objective functions which have concave Pareto fronts, it is
possible to see that the distribution of the PCUI-EMOAs based on WS~w(HV,R2)
and ATCH~w(HV,R2) are similar to the preferences of R2, i.e., R2-EMOA. When we
analyze DTLZ2−1 for the same objective funtions, the distributions are similar to
those of SMS-EMOA. This also happens for DTLZ5 3D which is degenerate where
the distributions are similar to those of SMS-EMOA as well. Hence, we have empir-
ical evidence on the compensation of weaknesses of one indicator with the strengths
of the other baseline indicator when employing PCUI-EMOA. Fig 7.5 shows some
examples of this compensation.

7.5 Exploiting the Trade-off between Convergence

and Diversity Indicators

In section 6.3.2, we proposed the CRI-EMOA algorithm which combines the individual
selection effect of two density estimators based on the Riesz s-energy (Es) [57] and the
Inverted Generational Distance plus (IGD+) [74] indicators. The main idea of CRI-
EMOA is to statistically analyze its convergence behavior (based on an approximation
to the hypervolume indicator [156]) to decide which indicator-based density estimator
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Figure 7.6: Trade-off between the hypervolume indicator and the Riesz s-energy. In
all cases, a well-diversified Pareto front does not have the best hypervolume value
and viceversa.

(IB-DE) should be executed. If the convergence stagnates, the diversity of solutions is
promoted through the Es-DE. On the other hand, if the convergence either decreases
or increases, the IGD+-DE is applied. We empirically showed that the performance
of CRI-EMOA is invariant to the Pareto front shape. However, its main drawback
concerns its statistical analysis of global convergence since the approximation to the
hypervolume indicator (HV) provides noisy results which could lead to not using the
correct IB-DE.

Currently, there is a wide range of QIs that aim to assess convergence and diversity
of Pareto front approximations [95]. Since the scope of convergence and diversity QIs
is different, it is clear that their preferences could be in conflict. In Figure 7.6, we show
the Pareto fronts related to some DTLZ [33] and DTLZ−1 [75] benchmark problems.
For each MOP, we generated two subsets using steady-state selection based on HV
and Es and we measured both indicator values. The QI values show that a high
hypervolume value is not strictly related to a well-diversified Pareto front. Hence,
there is a trade-off between both QIs that can be exploited by an MOEA to produce
Pareto front approximations, optimizing both a convergence indicator and a diversity
one.

In this section, we propose to exploit the trade-off between the IGD+2 and the
Riesz s-energy to overcome the drawbacks of CRI-EMOA. To this aim, we mathe-
matically combine IGD+ and Es in a single indicator which is then embedded into

2The decision to use IGD+ instead of HV is because the latter is computationally expensive
when dealing with MOPs having more than three objective functions. Additionally, the preferences
of IGD+ and HV are highly correlated [70].
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Es(A)

IGD+

IGD+(A,Z)

~Is(A \ {a},Z)

Es

~Is(A,Z)

(a) Case 1

~Is(A,Z)

IGD+

IGD+(A,Z)

~Is(A \ {a},Z)

Es

Es(A)

(b) Case 2

Es(A)

IGD+

Es

~I(A)

IGD+(A,Z)

~Is(A \ {a},Z)

(c) Case 3

Figure 7.7: Due to the Pareto non-compliance of the Riesz s-energy indicator, there
are three cases for selection when using ATCH~w(~Is(A,Z)).

a density estimator. Our proposed approach, called Pareto front shape invariant
evolutionary multi-objective algorithm (PFI-EMOA), is based on the framework of
SMS-EMOA [8] but it replaces the HV-DE by our proposed density estimator us-
ing the combined indicator. In the following sections, we describe the algorithmic
structure of the proposal and the experimental results that show its performance.

7.5.1 Design of the Combined Indicator and Density Estima-
tor

The underlying idea of PFI-EMOA is to unify IGD+ and Es in a single QI such that
we exploit the trade-off between both indicators and, then, the new QI is embedded
in a density estimator. To this aim, we employ the theoretical results, described in
the previous sections, to combine IGD+ and Es and, thus, to exploit their trade-off.
Let ~Is(A,Z) = (IGD+(A,Z), Es(A)) be our indicator vector. From the set of order-
preserving functions, we chose the augmented Tchebycheff function (ATCH) that is
defined as follows: ATCH~w(~x) = maxi=1,...,k{wixi} + α

∑k
i=1 xi, where α > 0 and

~w ∈ Rk is a weight vector, holding
∑k

i=1wi = 1 and all of its components should be
strictly positive such that all the indicators contribute to the ATCH value. Hence, the
combined indicator is ATCH~w(~Is(A,Z)). Since we are combining a weakly Pareto-
compliant QI with a non-Pareto-compliant one, according to the theorem 7.3.1 the
proposed combined indicator is not Pareto-compliant.

To design a density estimator based on ATCH~w(~Is(A,Z)), it is necessary to an-
alyze the three cases of Figure 7.7 that arise due to the non-Pareto compliance of
Es. This figure shows the relation between ~Is(A,Z) and ~Is(A \ {~a},Z). In Case 1,
every time a solution is removed from A, the Es value gets better, which implies that
~Is(A,Z) is mutually nondominated with respect to all vectors ~Is(A\{~a},Z). Hence,

ATCH~w(~Is(A\{a},Z)) could be less than, greater than or equal to ATCH~w(~Is(A,Z)).

On the other hand, in Case 2, all vectors ~Is(A \ {~a},Z) are dominated by ~Is(A,Z)
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since they all have a greater Es value. Due to the order-preserving property of ATCH,
ATCH~w(~Is(A,Z)) < ATCH~w(~Is(A \ {a},Z)), for all ~a ∈ A. Finally, case 3 combines

cases 1 and 2, thus, ATCH~w(~Is(A \ {a},Z)) could be less than, greater than or

equal to ATCH~w(~Is(A,Z)). In the three cases, it is evident that there exist non-
contributing solutions to the IGD+ indicator that must be eliminated every time
they appear because they do not contribute to the convergence of the algorithm. In
consequence, we delete the worst-contributing solution to the Riesz s-energy indica-
tor in this case. Regarding the rest of solutions, we delete the solution having the
minimum ATCH~w(~Is(A \ {a},Z)) value.

7.5.2 PFI-EMOA: General Description

Algorithm 17: PFI-EMOA general framework

Input: Combination vector ~w ∈ R2

Output: Pareto front approximation
1 Randomly initialize population P ;
2 while stopping criterion is not fulfilled do
3 Create a single offspring solution ~q using variation operators;
4 Q← P ∪ {~q};
5 {R1, . . . , Rk} ← nondominated-sorting(Q);
6 if |Rk| > 1 then
7 zmax

i ← max~a∈Q ai, i = 1, . . . ,m;
8 zmin

i ← min~a∈Q ai, i = 1, . . . ,m;
9 Normalize {Rj}j=1,...,k using ~zmax and ~zmin;

10 B ← {~b | IGD+(Rk \ {~b}, R1) = IGD+(Rk, R1),∀~b ∈ Rk};
11 if |B| > 0 then

12 ~aworst ← arg max~b∈B CEs(
~b, Rk);

13 end
14 else

15 ~aworst ← arg min~r∈Rk ATCH~w(~Is(Rk \ {r}, R1));
16 end

17 end
18 else
19 ~aworst is the sole solution in Rk;
20 end
21 P ← Q \ {~aworst};
22 end
23 return P ;

Algorithm 17 outlines PFI-EMOA that is a steady-state algorithm based on the
framework of SMS-EMOA [8]. In contrast to CRI-EMOA that requires the parameters
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β̄ and θ̄ to control the switching between the IB-DEs, PFI-EMOA only requires a
weight vector ~w ∈ R2 such that w1 + w2 = 1 and w1, w2 > 0 which control the
importance of the indicators. Lines 2 to 17 encompass the main loop of PFI-EMOA
where the population P (randomly initialized in line 1) is evolved to obtain a Pareto
front approximation. At each iteration, the nondominated sorting algorithm [31]
classifies P and an offspring solution generated through variation operators3 in layers
R1, . . . , Rk according to the Pareto dominance relation. If the cardinality of Rk (which
has the worst solutions according to the Pareto dominance) is greater than one, our
density estimator is applied; otherwise, the sole solution in Rk is deleted. To execute
the density estimator, it is first necessary to normalize the objective values of all
solutions. In line 10, the set B of non-contributing solutions to the IGD+ indicator
is computed and if it has one or more solutions, the one having the worst Riesz
s-energy contribution is selected. Otherwise, the solution in Rk having the worst
trade-off between IGD+ and Es is selected in line 14. In lines 10 and 14, R1 is
employed as the reference set of IGD+. The final step of the loop is to delete in line
17 the selected solution. Finally, P is returned as the Pareto front approximation.

7.5.3 Experimental Results

In this section, we analyze the performance of PFI-EMOA4 by performing three ex-
periments. First, we turn off the Riesz s-energy indicator in the combined indicator
to determine what is its effect on the Pareto front approximations. Then, we com-
pare PFI-EMOA with CRI-EMOA, AR-MOEA [138], RVEA [20], SPEA2+SDE [94],
GrEA [143], and Two Arch2 [138]. We used the WFG [65] and WFG−1 [75] bench-
mark problems with 2 to 6 objective functions to test the convergence and diversity
properties of the selected MOEAs. For each test instance, we performed 30 inde-
pendent executions and to obtain statistical confidence, we performed the Wilcoxon
rank-sum test with a confidence value of 95%. To assess the performance of PFI-
EMOA, we employed four QIs: IGD+ and Es since PFI-EMOA aims to optimize
them, and, as neutral QIs, we used HV and the Solow-Polasky-Diversity indicator
(SPD) [5]. For each test instance, we merged all the solutions from the MOEAs to
produce a subset of mutually nondominated solutions of size 100m (where m is the
number of objective functions) as the reference set required by IGD+. In all cases,
s = m− 1 for Es as suggested in [61]. Regarding HV, the reference point was set as
follows: ~zref = {2i + 1}i=1,...,m for all the WFG problems, and ~zref = (10, . . . , 10) for
all the WFG−1 instances. SPD uses θ = 10 for its computation [5]. Finally, we ana-
lyze the three possible ways in which PFI-EMOA deletes a solution at each iteration,
aiming to determine which combined indicator to adopt.

3We employed the simulated binary crossover (SBX) and the polynomial-based mutation (PBX)
operators [31].

4The source code of PFI-EMOA is available at http://computacion.cs.cinvestav.mx/

~jfalcon/PFI-EMOA.html.
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Figure 7.8: For each considered indicator, the number of test instances for which
PFI-EMOA is ranked first or second when compared to PFI-EMOA/Es.

7.5.3.1 Parameters Settings

Let (m,µ, T ) be a configuration tuple where m is the number of objective func-
tions, µ is the population size, and T is the maximum number of function evalu-
ations. For a fair comparison, PFI-EMOA and the other MOEAs used the same
population size and the same number of function evaluations as their stopping cri-
terion as follows: (2, 120, 40, 000), (3, 120, 50, 000), (4, 120, 60, 000), (5, 126, 70, 000),
(6, 126, 80, 000). Since all the MOEAs employ SBX and PBX as their variation op-
erators, we set the crossover probability (Pc), the crossover distribution index (Nc),
the mutation probability (Pm), and the mutation distribution index (Nm) as follows.
For MOPs having two and three objective functions Pc = 0.9 and Nc = 20, while for
MOPs with m > 3, Pc = 1.0 and Nc = 30. In all cases, Pm = 1/n where n is the num-
ber of decision variables and Nm = 20. The number of decision variables n and the
number of position-related parameters k of both the WFG and WFG−1 test problems
are n = 24+2(m−2) and k = 2(m−1). Regarding PFI-EMOA, we set ~w = (0.5, 0.5)
for two- and three-dimensional MOPs while ~w = (0.9, 0.1) for MOPs having m > 3,
where w1 is related to IGD+ and w2 to Es. CRI-EMOA uses Tw = µ, β̄ = 0.1 and
θ̄ = 0.25 for all MOPs. The size of the convergence archive of Two Arch2 is equal to
the population size and the fractional distance is set to 1/m for all the test instances.
Concerning RVEA, the rate of change of the penalty is set to 2 and the frequency of
employing the reference vector adaptation is equal to 0.1 in all cases. GrEA creates 45,
15, 10, 9, and 9 divisions of the objective space for 2, 3, 4, 5, and 6 objective functions,
respectively. We employed the PlatEMO 2.0 [126] to execute AR-MOEA, RVEA,
GrEA, SPEA2+SDE, and Two Arch2 while for CRI-EMOA, we used the source code
available at http://computacion.cs.cinvestav.mx/~jfalcon/CRI-EMOA.html.
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7.5.3.2 Effect of Riesz s-energy

In this experiment, we analyze what is the effect of the Riesz s-energy indicator in
the final quality of the Pareto front approximations generated by PFI-EMOA. To
this aim, we turned off the Es-contribution in PFI-EMOA, i.e., we set ~w = (1, 0),
where the zero value is related to Es, and we changed ATCH by the weighted sum
function (WS~w(~x) =

∑k
i=1wixi) in the combined indicator. The reason to use WS

instead of ATCH is that even though we set ~w = (1, 0) in ATCH, Es would be taken
into account in the correction factor α

∑k
i=1 xi of ATCH. We denote this modified

PFI-EMOA as PFI-EMOA/Es and we compare it with PFI-EMOA in the 90 test
instances indicated before, using HV, SPD, IGD+, and Es. The complete numerical
results are available in Tables B.20 to B.23 in Appendix B. In Figure 7.8 we show a
summary of the comparison where we stress the number of test instances for which
PFI-EMOA is ranked first or second by each QI. Regarding the SPD and Es values
in the figure, it is clear that Es helps PFI-EMOA to significantly improve the diver-
sity of the Pareto front approximations. On the other hand, PFI-EMOA performs
better than PFI-EMOA/Es in almost 60 out of the 90 test instances for both HV
and IGD+. According to the numerical results, PFI-EMOA/Es is better than PFI-
EMOA for WFG1, WFG6, WFG7, WFG8 and WFG9 in terms of HV. This is because
PFI-EMOA/Es is being guided by an IGD+-DE which produces similar distributions
to HV (see [70]) and, hence, in the performance comparison HV is rewarding this
behavior. In this light, IGD+ prefers PFI-EMOA/Es in some cases because its pref-
erences are similar to those of HV. However, PFI-EMOA obtained the first rank in
both indicators in almost 66.66% of the benchmark problems, which implies that Es
helps to improve the convergence quality as well.

7.5.3.3 Comparison with state-of-the-art MOEAs

We analyzed the convergence and diversity properties of PFI-EMOA with six state-
of-the-art MOEAs: GrEA and RVEA are two approaches that aim to balance conver-
gence and diversity during the evolutionary process, and CRI-EMOA, AR-MOEA,
SPEA2+SDE, and Two Arch2 which were specifically designed to have a good per-
formance regardless of the Pareto front shape of the MOP being tackled. Figure 7.9
presents the statistical ranks obtained by the considered MOPs for each quality indi-
cator. The underlying numerical results are shown in Tables B.24 to B.27 in Appendix
B. From the figure, it is clear that PFI-EMOA simultaneously optimizes IGD+ and
Es, being the best-ranked algorithm. This is also clear from HV and SPD which are
neutral indicators in the comparison, i.e., no algorithm aims to optimize such QIs.
Figure 7.10 shows some Pareto front approximations generated by all the MOEAs,
where it is possible to see that PFI-EMOA produces the best distributions. An
important factor to discuss is the effect of the weight vector ~w in the performance
of PFI-EMOA. Based on a wide range of experiments, we observed that for two-
and three-dimensional objective spaces, IGD+ and Es can be equally important (i.e.,
~w = (0.5, 0.5)) because there are not many mutually nondominated solutions. How-
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Figure 7.9: Statistical ranks obtained by each algorithm over all benchmark functions
with respect to each considered indicator. The lower, the better.

ever, for many-objective problems, the number of mutually nondominated solutions
drastically increases, and, in these cases, IGD+ should apply more selection pressure
while Es helps PFI-EMOA just to refine the ordering of solutions. If we give Es more
importance in high-dimensional spaces, it is more likely to allow dominated solutions
to survive.

7.5.3.4 Selection analysis

At each iteration, PFI-EMOA deletes a solution ~aworst from the population by: (1)
selecting the worst-contributing solution to Es from the set of non-contributing solu-
tions to IGD+, i.e., by line 12 of Algorithm 17, (2) using the ATCH~w(~Is(A,Z))-based
density estimator in line 14, and (3) determining the worst solution in terms of the
Pareto dominance relation in line 17. These three cases are denoted as C1, C2, and
C3. In this section, we analyze the tendency of PFI-EMOA to use these three se-
lection criteria. In Figure 7.11, we present statistical data of the utilization of C1,
C2, and C3 for MOPs WFG1-WFG4 and their corresponding inverted instances for
2 to 6 objective functions. For all two-objective test instances (except for WFG1−1),
C3 is the most employed selection case, followed by C2, and C1. This is because in
two-dimensional objective spaces, it is more likely that the nondominated sorting al-
gorithm creates numerous layers and, therefore, the Pareto-based selection is executed
more times. On the other hand, as the dimension of the objective space increases, the
number of mutually nondominated solutions increases as well [44]. Consequently, for
3 to 6 objective functions, Figure 7.11 shows that C2 is the most employed selection
criterion in a significant manner, followed by C3 and C1. Hence, this result shows
that our proposed combined indicator is mostly guiding the search of PFI-EMOA for
many-objective problems.
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Figure 7.10: Pareto front approximations generated by PFI-EMOA and the selected
MOEAs. Each front corresponds to the median of the hypervolume indicator.

7.6 Summary

In recent years, the existence of new Pareto-compliant QIs having different preferences
to those of the hypervolume indicator has been an open research area. In this chap-
ter, we proposed an answer to this research question by the combination of quality
indicators. Our mathematical development allows to produce a family of Pareto-
compliant QIs based on the combination of one or more weakly Pareto-compliant in-
dicators with at least one Pareto-compliant QI, using a vector-based function that is
order-preserving. For the combination, we proposed to employ the Pareto-compliant
hypervolume indicator and three weakly Pareto-compliant QIs: R2, IGD+, and ε+.
Regarding the order-preserving functions, we employed the weighted sum and the aug-
mented Tchebycheff utility functions as combination functions. Using these elements,
we studied six Pareto-compliant utility indicators, focusing on their preferences when
assessing approximation sets, and their µ-optimal distributions when they are inte-
grated in the selection mechanism of an MOEA. Experimental results show that the
adopted PCUIs (i.e., the Pareto-compliant versions of the indicators R2, IGD+, and
ε+) represent intermediate preferences between the baseline QIs, which clearly broad-
ens the variety of Pareto-compliant QIs. Moreover, this development is an insight to
a mathematical proof of the existence of other Pareto-compliant QIs. Regarding the
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Figure 7.11: Utilization of the three ways to select the worst solution of the population
in Algorithm 17.

empirical analysis of µ-optimal distributions, we used the PCUIs as the backbone of
an indicator-based density estimator for a steady-state MOEA, named PCUI-EMOA.
The results showed that PCUI-EMOA is able to compensate the weaknesses of one
of its base indicators with the strengths of the other.

Finally, we proposed PFI-EMOA which exploits the trade-off between IGD+ and
Riesz s-energy, following the mathematical combination of QIs. Even though, the
combination of both QIs is not Pareto-compliant, the experimental results showed
that PFI-EMOA is able to produce Pareto front approximations, having good conver-
gence and diversity properties simultaneously due to the utilization of the combined
indicator. Hence, this result supports that the combination of QIs is a good way to
control the search properties of an IB-MOEA.
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Riesz s-energy-based Reference
Sets

This chapter explores the construction of reference sets based on the Riesz s-energy
to overcome some difficulties on the currently available methods. Section 8.1 explains
the motivation to study this problem. Section 8.2 describes the previous related
work on the design of reference sets using weight vectors. Section 8.3 introduces our
proposed tool to generate reference sets and Section 8.4 presents the results, regarding
three experiments. Finally, the summary of the chapter is shown in Section 8.5.

8.1 Motivation

Regarding optimization theory, a reference point is a feasible or infeasible point in
objective space that reasonably fulfills the desires of a decision maker [108]. In evo-
lutionary multi-objective optimization, it is usual to employ a set of reference points,
also known as a reference set, in two main directions. First, in the context of MOEAs,
reference sets have been used to guide the population towards the Pareto front [89].
According to Li et al. [89], this class of MOEA uses reference sets based on examined
points (i.e., nondominated solutions gathered during the evolutionary process) or vir-
tually generated points in objective space, using, for instance, the method of Das and
Dennis [26]. The Nondominated Sorting Genetic Algorithm III (NSGA-III) [30] is a
well-known reference set-based MOEA that uses a set of virtual points as its reference
set. On the other hand, reference sets play an important role in the assessment of
MOEAs. Some quality indicators such as IGD [23] and IGD+ [74] require a reference
set for its computation. The idea of these QIs is to determine how close and similar
is an approximation set, generated by an MOEA, to the reference set on the basis of
a distance function.

Regardless of where the reference set is applied, a critical issue is how to construct
it. Currently, the Das and Dennis method, denoted as the Simplex-Lattice-Design
(SLD), that generates a set of convex weight vectors fitting the shape of a simplex,
has been widely employed to generate reference sets [30]. However, the generation of
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a simplex is the main drawback of the SLD method. Ishibuchi et al. [75] empirically
showed that the performance of MOEAs using convex weight vectors strongly depends
on the Pareto front shape of the MOP being tackled. If the weight vectors completely
intersect the Pareto front, the MOEA will have a good performance. Otherwise, the
MOEA will not be able to completely cover the Pareto front shape and will not be
able to produce well-diversified solutions. Concerning the IGD and IGD+ indicators,
if a set of convex weight vectors is used as their reference set, both QIs will reward
similar approximation sets. Hence, both QIs will produce misleading results since they
prefer approximation sets similar to the set of convex weight vectors [72, 68]. Another
difficulty of the SLD method is that the cardinality of the set is the combinatorial
number N =

(
H+m−1
m−1

)
, where m is the dimensionality of the objective space and

H ∈ N is a user-supplied parameter that controls the number of divisions of the
objective space. In the case of high-dimensional objective spaces, the SLD method
will generate a number of reference points that, from a practical point of view, is not
feasible to handle.

Recently, the Riesz s-energy (Es) [57] has been employed to improve the diversity
of MOEAs [61]. This measure arises from the problem of distributing N points on the
unit sphere Sd in Rd+1, having the influence of potential theory and the distribution
of charges. A relevant application of the Riesz s-energy is the discretization of man-
ifolds (e.g., Pareto fronts). According to Hardin and Saff [56, 57], if a manifold has
the d-dimensional Hausdorff measure, the minimization of the Riesz s-energy leads
to asymptotically uniformly distributed solutions. Due to these nice mathematical
properties, the Riesz s-energy can be used as a diversity indicator and, hence, as part
of an MOEA’s selection mechanism, aiming to generate well-diversified Pareto front
approximations. In this regard, in Chapter 6 we have empirically shown that the
use of Es helps MOEAs to avoid the performance dependence on specific MOPs as
pointed out by Ishibuchi et al. [75].

In this chapter, we propose a tool to generate reference sets of benchmark prob-
lems, using the Riesz s-energy. The underlying idea is to exploit the invariance of Es
to produce discretizations of manifolds with a high degree of diversity. Consequently,
we provide reference sets of classical benchmark problems in the EMOO field such
that researchers can use them either to guide MOEAs or for the assessment of MOEAs
on the basis of QIs such as IGD and IGD+. To this aim, we performed several exper-
iments that show the superiority of our Riesz s-energy-based reference sets in terms
of diversity for MOPs having from 2 up to 10 objectives.

8.2 Previous Related Work

In this section, we first describe the Riesz s-energy indicator which is a diversity
indicator that has been hardly considered in the evolutionary multi-objective opti-
mization community. Then, we provide a brief description of the construction of
reference sets using weight vectors.

CINVESTAV-IPN Computer Science Department



Riesz s-energy-based Reference Sets 157

8.2.1 Riesz s-energy

Hardin and Saff [56, 57] proposed the discrete Riesz s-energy to measure the evenness
of a set of points in d-dimensional manifolds. Mathematically, given an approximation
set A = {~a1, . . . ,~aN}, where ~ai ∈ Rm, the Riesz s-energy is defined as follows:

Es(A) =
∑

~x∈A

∑

~y ∈ A
~y 6= ~x

ks(~x, ~y), (8.1)

where

ks(~x, ~y) =

{
||~x− ~y||−s, s > 0

− log ||~x− ~y||, s = 0
(8.2)

The function ks is the Riesz s-kernel, || · || denotes the Euclidean distance, and
s ≥ 0 is a parameter that controls the emphasis on the uniform distribution. As
s → ∞, a more uniform distribution is rewarded. It is worth noting that s ≥
0 is independent of the geometry of the underlying manifold of A. According to
Hardin and Saff [56], the minimization of Es is related to the solution of the best-
packing problem. There are several applications of the Riesz s-energy such as the
discretization of a manifold (statistical sampling), quadrature rules, starting points
for Newton’s method, computer-aided design, interpolation schemes, finite element
tessellations, among others [56].

8.2.2 Reference Sets based on Weight Vectors

In the EMOO field, the Simplex-Lattice-Design method to generate weight vectors
has been widely used [26, 30, 61]. Its authors, Das and Dennis, proposed to generate
uniformly distributed weight vectors in the simplex lattice, where each weight vector
~w ∈ Rm has

∑m
i=1wi = 1, and wi ∈ {0, 1

H
, 2
H
, . . . , H

H
}, i.e., it is a convex weight

vector. H ∈ N is a user-supplied parameter that determines the number of divisions
in each axis. The SLD method generates N = CH+m−1

m−1 weight vectors in the simplex.
This combinatorial number of vectors is an important drawback since as m increases,
N grows in an exponential fashion which, from a practical point of view, is not
desirable for MOEAs or even to evaluate Pareto front approximations using QIs. To
generate reference sets using SLD, the usual way is to determine the best relationship
between the set of points from the Pareto front and the weight vectors via a scalarizing
function u : Rm → R [108]. For instance, a good scalarizing function is the achivement
scalarizing function (ASF) that is defined as follows:

uASF
~w (~x, ~z) = max

i=1,...,m

{ |xi − zi|
wi

}
. (8.3)
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Figure 8.1: Weight vectors generated by SLD and UDH in a three-dimensional space.
The contour of the simplex is shown in red.

where ~x, ~z ∈ Rm are the solution vectors to be evaluated and a reference point1,
respectively.

Another approach for generating evenly distributed weight vectors is the uniform
design using the Hammersley method (UDH) [6]. UDH aims to tackle the three
main drawbacks of SLD: (1) the diversity of weight vectors, (2) the generation of too
many vectors in the boundary of the simplex, and (3) the nonlinear increase of the
set cardinality. Uniform design generates uniformly scattered points in the selected
space. According to Molinet Berenguer and Coello Coello [6], in uniform design, a
set of points is considered uniformly spread throughout the entire domain if it has a
small discrepancy, where the discrepancy is a numerical measure of scatter. Unlike
SLD, the combination of the uniform design and the Hammersley method produces
more uniform solutions and the cardinality of the set is not subject to a formula. We
refer readers to [6] to obtain more details of this method. Figure 8.1 compares the
distribution of points between SLD and UDH. It is clear that UDH does not generate
several solutions in the boundary of the simplex which is a good property in the case
of high-dimensional objective spaces. Similarly to SLD, to generate reference sets
using UDH, the best relationship between each weight vector and a point from the
Pareto front is found using a scalarizing function.

1In multi-objective optimization, ~z is usually the ideal point that has the minimum values for all
the objective functions.
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8.3 A Tool for Reference Set Construction

In the following, we consider A = {~a1, . . . ,~aN} as a finite subset of the Pareto front.
To generate reference sets based on the Riesz s-energy, a subset Z of size µ < N has
to be constructed by solving the so-called Riesz s-energy subset selection problem:

Z = arg min
Z ′ ⊂ A
|Z ′| = µ

Es(Z ′). (8.4)

However, the size of the search space of the above problem is
(
N
µ

)
. Hence, solving

the Riesz s-energy subset selection problem requires a lot of computational effort.
To overcome this difficulty, we follow a heuristic approach to iteratively reduce the
cardinality of A until getting the desired set size. To this aim, we compute the
individual contribution C of each solution ~a ∈ A to the Riesz s-energy as follows:

C(~a,A) =
1

2
[Es(A)− Es(A \ {~a})]. (8.5)

Finally, to reduce the cardinality of A, the worst-contributing solution ~aworst =
arg max~a∈AC(~a,A) is deleted.

The cost of computing Es and C(~a,A) is Θ(N2). In consequence, the cost of com-
puting all N individual contributions is Θ(N3), following a näıve approach. In Figure
8.2, we propose a memoization structure that allows us to reduce the computational
cost of computing the individual contributions to Es. When Es(A) is calculated,
we take advantage of the dissimilarity matrix by storing all kij = k(~ai,~aj), i 6= j.

The memoization structure is a vector ~r ∈ RN , where each rt =
∑N

j=1 ktj. Based
on the components of ~r, it is possible to compute Es(A) as shown in Figure 8.2.
To compute C(~ai,A), we only need to substract kit from each rt, t 6= i such that
Es(A \ {~ai}) =

∑N
t=1,t6=i rt. This update process allows to compute every C(~a,A) in

Θ(N) and, thus, all individual contributions are computed in Θ(N2). Algorithm 18
sketches the above described process.

8.4 Experimental Results

In this section, we compare our Riesz s-energy-based reference sets with reference sets
constructed by the SLD, UDH, and a random selection procedure. For both SLD and
UDH, we use ASF to find the best relationship between the weight vectors and the so-
lutions in the Pareto fronts. For our experiments, we employed MOPs from the bench-
marks: Deb-Thiele-Laumanns-Zitzler (DTLZ) [33], Walking-Fish-Group (WFG) [65],
Irregular MOPs (IMOPs) [127], and the Viennet MOPs (VIE) [24]. We employed
PlatEMO 2.0 [126] to obtain the Pareto fronts, i.e., the sets A = {~ai}i=1,...,N . To
show the properties of the Riesz s-energy-based reference sets, we performed the
following experiments:
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Algorithm 18: Riesz s-energy steady state selection

Input: Pareto front approximation A; size of the desired reference set µ
Output: Reference set

1 Compute dissimilarity matrix;
2 while |A| > µ do
3 ~aworst = arg max~a∈A

1
2
[Es(A)− Es(A \ {~a})];

4 From the dissimilarity matrix, delete the row and column associated to
~aworst;

5 Update the memoization structure ~r;
6 A = A \ {~aworst};
7 end
8 return A;

0

0

0

MemoizationDissimilarity matrix

Es(A) =
∑N

i=1 ri

k12

k21

kN2kN1

k1N

k2N

r1 =
∑N

j=1 k1j

r2 =
∑N

j=1 k2j

rN =
∑N

j=1 kNj

Figure 8.2: Memoization structure that takes advantage of the dissimilarity matrix
to reduce the cost associated to the computation of all the individual contributions
of a set.
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1. We studied the influence of the parameter s in the distribution of solutions,
aiming to determine which is its best value.

2. A diversity comparison of the reference sets produced by the four methodologies
was performed based on the hypervolume indicator (HV), the Solow-Polasky
Diversity (SPD), IGD, and IGD+.

3. We analyzed the effect of all the reference set schemes for the optimal µ-
distributions of the IGD and IGD+ indicators.

4. A set of MOEAs is evaluated by IGD and IGD+ using the four types of reference
sets to analyze the difference in preferences.

It is worth noting that the source code of the Riesz s-energy steady state se-
lection that implements the fast computation of the individual contributions and
the complete numerical results of the proposed experiments are available at http:

//computacion.cs.cinvestav.mx/~jfalcon/ReferenceSets.html.

8.4.1 Influence of the Parameter s

The Riesz s-energy depends on the parameter s ≥ 0 that controls the uniformity of
solutions in the Es-based optimal distribution. Regarding MOEAs, s has been usu-
ally set to m− 1, where m is the number of objective functions. However, we do not
completely know what is the effect of s in the Riesz s-energy optimal µ-distributions.
In consequence, we varied the value of s for different MOPs to observe some distribu-
tion properties. Figure 8.3 shows the distributions related to s = 0, 1, 2, 3, 4, 5, 6, 13
for DTLZ1 3D, DTLZ1 5D, and DTLZ2 3D. From the distributions, there is evidence
that the closer s gets to zero, the stronger the preference of the Riesz s-energy for
boundary solutions. Regarding the three-objective DTLZ1 and DTLZ2, we can see
well-diversified distributions with a slight emphasis on the boundaries when s = 2 and
there is no clear difference between the distributions with s > 2. Hence, this supports
the election of s = m− 1. Although the interpretation of the parallel coordinates of
DTLZ1 5D is difficult, when the “peaks” are crowded, this means that the density
of solutions in the boundary is high. It is worth emphasizing that for large values
of s, the numerical values of the Riesz s-kernel considerably increase, which can pro-
duce numerical instability problems in a computer. Hence, for the experiments in the
following sections, we employed s = m− 1 as suggested in [61].

8.4.2 Assessing Reference Sets

This experiment aims to provide evidence that our proposed approach produces ref-
erence sets having high diversity properties. To this purpose, we generated reference
sets of the problems DTLZ1, DTLZ2, DTLZ5, DTLZ6, DTLZ7, WFG1-WFG4 for 2
to 10 objective functions and we also considered the test instances IMOP1-IMOP8
and VIE1-VIE3 that have a fixed number of objective functions. We adopted these
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(a) DTLZ1 3D

(b) DTLZ1 5D

(c) DTLZ2 3D

Figure 8.3: Approximated Riesz s-energy optimal distributions, varying the value of
the parameter s.
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Table 8.1: Cardinality of the reference sets where H is the parameter of the SLD
method.

mmm N1N1N1 N2N2N2 N3N3N3 N4N4N4 N5N5N5

2 50H=49 100H=99 200H=199 300H=299 500H=499

3 66H=10 105H=13 210H=19 300H=23 496H=30

4 56H=5 120H=7 220H=9 364H=11 560H=13

5 35H=3 126H=5 210H=6 330H=7 495H=8

6 56H=3 126H=4 252H=5 - 462H=6

7 28H=2 84H=3 210H=4 - 462H=5

8 36H=2 120H=3 - 330H=4 792H=5

9 45H=2 165H=3 - - 495H=4

10 55H=2 - 220H=3 - 715H=4

MOPs since all of them cover linear, concave, convex, degenerate, disconnected, and
mixed Pareto front shapes. For all test instances, we produced reference sets of dif-
ferent cardinalities that are shown in Table 8.1 (N1: about 50, N2: about 100, N3:
about 200, N4 about 300, and N5: about 500). As previously mentioned, the Pareto
fronts were obtained from PlatEMO 2.0. Tables 8.2, 8.3, 8.4, and 8.5 show the aver-
age ranking results for the HV, SPD, IGD, and IGD+ comparisons, respectively. SPD
employs θ = 10. IGD and IGD+ employ reference sets of size 2,000 for their compu-
tation in each test instance, where these reference sets were directly obtained from
PlatEMO. Our proposed reference sets are in all cases the best-ranked approaches
considering the SPD indicator which is a pure-diversity QI. On the other hand, HV,
IGD, and IGD+, which are convergence-diversity QIs, mostly prefer the Riesz s-energy
reference sets. The differences with respect to SPD are due to their own preferences
properties, .e.g., HV prefers solutions around the Pareto front’s knee. Consequently,
there is strong empirical evidence that the Riesz s-energy indicator is able to produce
well-diversified reference sets regardless of the geometry of the Pareto fronts and their
dimensionality. Figure 8.4 shows a graphical comparison of the four methodologies for
the five-objective DTLZ5, WFG1, and WFG3 problems. The Riesz s-energy-based
reference sets exhibit better coverage and diversity of solutions in comparison to the
random SLD, UDH, and random selection.

8.4.3 IGD and IGD+ optimal µ-distributions

Our aim is to determine which is the effect of the Riesz s-energy-based reference
sets to approximate the IGD and IGD+ optimal µ-distribution. Based on the results
of the previous section, we hypothesize that their use could improve the diversity
proporties of these distributions. For this experiment, we implemented a steady-state
MOEA (based on the framework of the SMS-EMOA [8]) that uses a density estimator
based on IGD and IGD+. We denoted such algorithms as IGD-MaOEA and IGD+-
MaOEA. Both algorithms employed a fixed reference set whose cardinality is given
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Table 8.2: Average ranking for Hypervolume comparison.

MOP Riesz s-energy Random SLD UDH
DTLZ1 1.184 2.789 2.289 3.736
DTLZ2 1.973 3.710 1.710 2.605
DTLZ5 1.000 2.421 3.8425 2.736
DTLZ6 1.000 2.263 3.842 2.894
DTLZ7 1.531 3.312 2.562 2.593
WFG1 2.500 2.421 1.657 3.421
WFG2 2.684 2.552 1.447 3.315
WFG3 1.000 2.210 3.736 3.052
WFG4 1.552 3.736 2.210 2.500
IMOP1 1.000 2.200 3.600 3.200
IMOP2 1.000 3.600 2.800 2.600
IMOP3 1.000 2.200 3.600 3.200
IMOP4 1.000 3.200 3.400 2.400
IMOP5 1.000 4.000 2.800 2.200
IMOP6 1.200 1.800 3.600 3.400
IMOP7 1.000 4.000 2.600 2.400
IMOP8 1.000 3.800 3.200 2.000
VIE1 1.000 2.666 3.333 3.000
VIE2 1.000 2.000 3.666 3.333
VIE3 1.333 2.666 2.000 4.000

Table 8.3: Average ranking for Solow-Polasky Diversity comparison.

MOP Riesz s-energy Random SLD UDH
DTLZ1 1.473 2.921 1.763 3.842
DTLZ2 1.184 3.131 2.421 3.263
DTLZ5 1.000 2.289 3.894 2.815
DTLZ6 1.000 2.263 3.842 2.894
DTLZ7 1.000 2.218 3.500 3.281
WFG1 1.000 2.631 2.684 3.684
WFG2 1.000 2.342 2.894 3.763
WFG3 1.000 2.342 3.815 2.842
WFG4 1.000 2.552 2.815 3.631
IMOP1 1.000 2.000 3.800 3.200
IMOP2 1.000 3.600 2.600 2.800
IMOP3 1.000 3.000 2.800 3.200
IMOP4 1.000 2.200 4.000 2.800
IMOP5 1.000 4.000 3.000 2.000
IMOP6 1.000 2.800 3.000 3.200
IMOP7 1.000 4.000 2.000 3.000
IMOP8 1.000 3.200 3.000 2.800
VIE1 1.000 2.000 4.000 3.000
VIE2 1.000 2.000 3.666 3.333
VIE3 1.000 2.000 3.000 4.000
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Table 8.4: Average ranking for IGD comparison.

MOP Riesz s-energy Random SLD UDH
DTLZ1 2.921 3.078 2.657 1.342
DTLZ2 1.763 3.342 3.026 1.868
DTLZ5 1.263 2.368 3.605 2.763
DTLZ6 1.263 2.421 3.605 2.710
DTLZ7 1.343 2.125 3.562 2.968
WFG1 3.342 2.526 2.078 2.052
WFG2 2.921 2.263 2.210 2.605
WFG3 1.263 2.368 3.605 2.763
WFG4 1.526 2.947 3.263 2.263
IMOP1 1.000 2.000 3.800 3.200
IMOP2 2.200 4.000 2.200 1.600
IMOP3 1.000 3.800 2.400 2.800
IMOP4 1.000 2.000 4.000 3.000
IMOP5 1.000 2.200 3.800 3.000
IMOP6 1.000 2.000 3.200 3.800
IMOP7 1.000 2.400 3.000 3.600
IMOP8 1.000 2.800 3.400 2.800
VIE1 1.000 2.666 2.666 3.666
VIE2 1.000 2.000 3.666 3.333
VIE3 1.000 2.000 3.000 4.000

Table 8.5: Average ranking for IGD+ comparison.

MOP Riesz s-energy Random SLD UDH
DTLZ1 2.894 2.842 3.000 1.263
DTLZ2 2.131 4.000 1.368 2.500
DTLZ5 1.000 2.342 3.763 2.894
DTLZ6 1.000 2.342 3.763 2.894
DTLZ7 2.218 2.718 3.187 1.875
WFG1 3.763 3.105 1.973 1.157
WFG2 3.421 3.289 1.921 1.368
WFG3 1.236 2.342 3.605 2.815
WFG4 2.473 3.921 1.184 2.421
IMOP1 1.000 2.200 3.000 3.800
IMOP2 1.000 4.000 2.200 2.800
IMOP3 1.000 3.000 3.200 2.800
IMOP4 1.000 2.000 4.000 3.000
IMOP5 1.200 2.000 4.000 2.800
IMOP6 1.000 2.000 3.200 3.800
IMOP7 1.000 2.600 2.600 3.800
IMOP8 1.800 3.600 2.400 2.200
VIE1 1.000 2.333 4.000 2.666
VIE2 1.000 2.000 3.666 3.333
VIE3 1.000 2.333 2.666 4.000
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Figure 8.4: Examples of reference sets for the DTLZ5, WFG1, and WFG2 problems
with five objective functions.

Figure 8.5: Approximated IGD+ optimal distributions of size 100 of the three-
dimensional DTLZ1, DTLZ7, and WFG2 problems. The true Pareto front is shown
in red.
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by the column N5 of Table 8.1. We approximated the optimal µ-distributions of the
problems DTLZ1, DTLZ2, DTLZ5, DTLZ6, DTLZ7, and WFG1-WFG4 with 2 to
10 objective functions, where µ is the population size of the algorithms and we used
µ = 20, 50, 100. To correctly approximate the distributions, we turned off all the
difficulties of the problems. For each test instance, the stopping criterion of both
algorithms was 100,000 function evaluations.

Tables 8.6 and 8.7 show the average ranking results for IGD-MaOEA and IGD+-
MaOEA regarding SPD, IGD, and IGD+ values. Similarly to the previous section,
the SPD indicator shows that the use of the Riesz s-energy-based reference sets allows
both MOEAs to achieve better distributions in comparison to the use of reference sets
based on SLD, UDH, and the random selection. However, the results of both IGD and
IGD+ are different from the SPD results, biasing the preference to the UDH-based
reference sets. This behavior can be explained as follows. For the calculation of
IGD and IGD+, we employed the reference sets produced by the PlatEMO that uses
weight vectors to find Pareto optimal solutions. Hence, there is a correlation between
such reference sets and the results using UDH. Figure 8.5 presents a comparison
of distributions for the DTLZ1, DTLZ7, and WFG2 problems with three-objective
functions. As the SPD in Tables 8.6 and 8.7 indicates, the distributions created using
the Riesz s-energy-based reference set have better diversity of solutions. Based on
these discussions, we can claim that the use of the Riesz s-energy to generate reference
sets could help referece set-based MOEAs to generate Pareto front approximations
with a higher degree of diversity.

8.4.4 Assessment of MOEAs

In this section, we aim to analyze the preference of the IGD and IGD+ indicators
using the four types of reference sets in the IGD- and IGD+-based comparison of
different MOEAs. For this aim, we executed several MOEAs on MOPs having 2 to
6 objective functions. Each MOEA was executed 30 independent times on each test
instance. Tables B.28, B.29, B.30, and B.31 show the IGD results using references
based on Riesz s-energy, SLD, UDG, and Random selection, respectively. Tables
B.32, B.33, B.34, and B.35 show the IGD+ results using references based on Riesz
s-energy, SLD, UDG, and Random selection, respectively. In this section, Table 8.8
shows the numerical results of the IGD comparison only for the WFG2 problem.
We employed the reference sets of cardinality equal to the column N5 of Table 8.1.
The use of different methods to generate reference sets does not radically change the
preference of IGD as it is clear in Table 8.8. Further research is required in this
direction to determine the effect of the Riesz s-energy-based reference on the IGD
and IGD+ comparison.

CINVESTAV-IPN Computer Science Department



168 Chapter 8

Table 8.6: SPD, IGD, and IGD+ average ranking results of the IGD optimal µ-
distributions using the four types of reference sets.

QI MOP Riesz s-energy Random SLD UDH

SPD

DTLZ1 1.962 2.296 1.777 3.962
DTLZ2 2.333 3.481 2.074 2.111
DTLZ5 1.370 2.148 3.777 2.703
DTLZ6 1.592 1.851 3.740 2.814
DTLZ7 1.380 2.428 3.190 3.000
WFG1 1.222 2.037 2.962 3.777
WFG2 1.407 1.814 3.037 3.740
WFG3 1.296 2.296 3.037 3.370
WFG4 1.148 2.148 3.481 3.222

IGD

DTLZ1 2.629 3.037 3.148 1.185
DTLZ2 1.740 3.259 3.370 1.629
DTLZ5 1.259 2.222 3.703 2.814
DTLZ6 1.370 2.111 3.703 2.814
DTLZ7 2.904 2.761 2.476 1.857
WFG1 3.703 2.814 2.185 1.296
WFG2 3.629 2.629 1.888 1.851
WFG3 1.222 2.222 3.666 2.888
WFG4 2.481 2.629 3.259 1.629

IGD+

DTLZ1 2.851 2.888 3.111 1.148
DTLZ2 2.592 3.814 1.185 2.407
DTLZ5 1.148 2.111 3.740 3.000
DTLZ6 1.370 1.888 3.740 3.000
DTLZ7 1.428 2.095 3.619 2.857
WFG1 3.851 3.074 1.925 1.148
WFG2 3.666 3.333 1.851 1.148
WFG3 1.296 2.148 3.666 2.888
WFG4 3.222 3.296 1.333 2.148

8.5 Summary

Currently, reference sets are widely used to guide the population of an MOEA towards
the Pareto front or for the assessment of MOEAs through quality indicators. An
important issue is how to construct the reference set, having good diversity properties
regardless of the dimensionality of the objective space and the geometry of the Pareto
front. In this chapter, we proposed to use the Riesz s-energy to construct reference sets
due to its nice properties that allow to uniformly sample a d-dimensional manifold.
Our experimental results that include the diversity assessment of our reference sets
and three other construction methodologies of reference sets indicate the superiority
of the Riesz s-energy. This superiority was shown in the construction of approximated
optimal µ-distributions for the IGD and IGD+ indicators and for the assessment of
state-of-the-art MOEAs.
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Table 8.7: SPD, IGD, and IGD+ average ranking results of the IGD+ optimal µ-
distributions using the four types of reference sets.

QI MOP Riesz s-energy Random SLD UDH

SPD

DTLZ1 1.777 2.481 1.777 3.962
DTLZ2 1.925 2.333 2.925 2.814
DTLZ5 1.518 2.555 3.740 2.185
DTLZ6 1.555 2.296 3.777 2.370
DTLZ7 1.428 1.809 3.380 3.380
WFG1 1.259 1.925 3.037 3.777
WFG2 1.185 1.851 3.074 3.888
WFG3 1.296 2.444 2.851 3.407
WFG4 2.000 2.148 2.925 2.925

IGD

DTLZ1 2.481 3.074 3.074 1.370
DTLZ2 2.296 1.777 3.111 2.814
DTLZ5 2.333 2.555 3.444 1.666
DTLZ6 2.370 2.444 3.481 1.703
DTLZ7 1.952 1.761 3.666 2.619
WFG1 1.555 1.592 3.185 3.666
WFG2 1.444 1.629 3.148 3.777
WFG3 1.185 2.222 3.777 2.814
WFG4 2.296 1.296 3.407 3.000

IGD+

DTLZ1 2.666 3.074 3.074 1.185
DTLZ2 2.333 3.629 2.148 1.888
DTLZ5 1.296 2.296 3.629 2.777
DTLZ6 1.370 2.185 3.666 2.777
DTLZ7 2.666 3.190 2.428 1.714
WFG1 3.740 3.222 1.592 1.444
WFG2 3.740 3.037 1.925 1.296
WFG3 1.185 2.185 3.740 2.888
WFG4 3.074 3.777 1.592 1.555
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Table 8.8: Mean and, in parentheses, standard deviation of the IGD comparison,
for the WFG2 problem, using the four methods to generate reference sets. The two
best values are shown in grayscale, where the darker tone corresponds to the best
algorithm. The superscript indicates the rank of the algorithm.
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gy 2
3.234381e-017

(5.975547e-02)
1.580167e-011

(1.562619e-01)
2.425274e-016

(1.389113e-01)
1.628697e-012

(1.133657e-01)
2.116046e-014

(1.402733e-01)
2.054706e-013

(1.545234e-01)
2.407449e-015

(1.416473e-01)

3
4.184759e-016

(1.524529e-01)
3.353822e-011

(1.640826e-01)
4.106785e-015

(1.896221e-01)
3.597037e-013

(1.858185e-01)
3.934160e-014

(1.304571e-01)
4.731361e-017

(1.426240e-01)
3.387827e-012

(1.946614e-01)

4
9.748887e-017

(2.014461e-01)
6.478702e-013

(2.399085e-01)
6.169584e-011

(2.333210e-01)
6.909600e-014

(2.427336e-01)
8.551820e-015

(1.974260e-01)
9.490244e-016

(1.679712e-01)
6.207841e-012

(2.577176e-01)

5
1.556550e+007

(2.180828e-01)
8.046459e-011

(2.501754e-01)
8.353550e-012

(2.332823e-01)
1.237189e+005

(3.040188e-01)
1.152309e+004

(1.611949e-01)
1.530695e+006

(2.194192e-01)
8.896438e-013

(2.928290e-01)

6
2.147859e+006

(2.503432e-01)
1.265947e+003

(3.529989e-01)
1.233485e+001

(3.172725e-01)
1.963559e+005

(3.526986e-01)
1.686628e+004

(2.801769e-01)
2.278093e+007

(2.432840e-01)
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(5.532228e-02)
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(1.445513e-01)
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2.212709e-016
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3
2.790953e-013

(1.789936e-01)
2.749698e-012

(1.981554e-01)
3.770123e-017

(2.174194e-01)
3.242739e-016

(1.958300e-01)
2.749419e-011

(1.567955e-01)
3.217098e-015

(1.847323e-01)
3.153545e-014

(2.156497e-01)

4
8.156440e-017

(3.160402e-01)
6.355970e-014

(3.662658e-01)
5.993264e-011

(3.674012e-01)
6.045240e-012

(3.345032e-01)
7.095258e-015

(3.111989e-01)
7.208153e-016

(2.656273e-01)
6.244147e-013

(3.755997e-01)

5
1.333039e+007

(4.444634e-01)
7.221917e-011

(4.213339e-01)
7.631819e-012

(4.415437e-01)
1.028465e+005

(4.727804e-01)
8.547878e-013

(3.092179e-01)
1.213322e+006

(4.193114e-01)
8.743622e-014

(5.053471e-01)

6
1.687462e+006

(4.759212e-01)
1.109226e+001

(5.243480e-01)
1.166047e+003

(5.466763e-01)
1.668561e+005

(5.778571e-01)
1.413500e+004

(5.366980e-01)
1.859156e+007

(4.830788e-01)
1.133397e+002

(5.686533e-01)
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2
2.919313e-017

(5.461468e-02)
1.408839e-011

(1.426805e-01)
2.171267e-015

(1.281298e-01)
1.563367e-012

(9.891542e-02)
1.872846e-014

(1.299533e-01)
1.847227e-013

(1.404722e-01)
2.185182e-016

(1.273169e-01)

3
2.708864e-011

(1.694095e-01)
2.722777e-013

(1.868100e-01)
3.654160e-017

(2.079050e-01)
3.177317e-016

(1.848709e-01)
2.709690e-012

(1.475962e-01)
3.122282e-015

(1.743504e-01)
3.073239e-014

(2.058473e-01)

4
7.117344e-017

(3.442947e-01)
6.117706e-016

(3.712138e-01)
5.899830e-012

(3.619661e-01)
5.401684e-011

(3.481553e-01)
6.079171e-015

(3.394134e-01)
5.969660e-014

(2.934897e-01)
5.908195e-013

(3.861430e-01)

5
1.064249e+007

(5.660817e-01)
6.771401e-012

(4.442194e-01)
7.016092e-013

(4.810877e-01)
8.099523e-015

(5.401982e-01)
5.844477e-011

(3.717637e-01)
9.007483e-016

(5.296794e-01)
7.878792e-014

(5.560114e-01)

6
1.113797e+005

(7.729060e-01)
9.476411e-011

(6.455016e-01)
1.065796e+003

(7.050877e-01)
1.334352e+006

(8.255314e-01)
1.066176e+004

(7.819136e-01)
1.375711e+007

(7.944234e-01)
9.829118e-012

(7.250366e-01)
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d
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2
3.774162e-017

(7.073652e-02)
1.815207e-012

(1.851105e-01)
2.799561e-016

(1.666496e-01)
1.756049e-011

(1.387162e-01)
2.414035e-014

(1.689005e-01)
2.380349e-013

(1.826005e-01)
2.795021e-015

(1.668415e-01)

3
3.982291e-015

(1.543673e-01)
3.310771e-011

(1.628366e-01)
4.045044e-016

(1.907077e-01)
3.548877e-013

(1.845288e-01)
3.856882e-014

(1.287517e-01)
4.542812e-017

(1.439465e-01)
3.340118e-012

(1.954608e-01)

4
8.949975e-017

(2.080101e-01)
6.294227e-013

(2.479606e-01)
6.009273e-012

(2.392728e-01)
6.336071e-014

(2.428153e-01)
7.841559e-015

(2.059607e-01)
8.579769e-016

(1.697523e-01)
6.007684e-011

(2.679241e-01)

5
1.340366e+007

(2.577005e-01)
7.561532e-011

(2.745982e-01)
7.724436e-012

(2.635507e-01)
1.042620e+005

(3.284797e-01)
9.630800e-014

(1.826575e-01)
1.290533e+006

(2.536782e-01)
8.413921e-013

(3.215030e-01)

6
1.785146e+006

(2.413379e-01)
1.162767e+003

(3.138277e-01)
1.147089e+002

(2.690098e-01)
1.634505e+005

(3.288890e-01)
1.405960e+004

(2.730746e-01)
1.901939e+007

(2.322959e-01)
1.124687e+001

(3.105391e-01)
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Conclusions and Future Work

The evolutionary multi-objective optimization community has been benefited by qual-
ity indicators in two main ways: (1) by using QIs to quantitatively compare MOEAs,
and (2) by designing new selection mechanisms that increase the selection pressure of
MOEAs, allowing them to solve many-objective optimization problems. Regarding
the first aspect, the main concern has been the formulation of new Pareto-compliant
QIs, having different preferences to those of the hypervolume indicator. On the
other hand, indicator-based mechanisms have been mainly designed on the basis of
a single QI which implies that the resulting Pareto front approximations will show
characteristics strongly related to the underlying QI. However, the use of multiple
QIs to promote the design of selection mechanisms has been scarcely explored. In
this thesis, we focus on both aspects, i.e, the design of new Pareto-compliant QIs
and multi-indicator-based MOEAs. The main contributions of this thesis are the
following:

1. A comprehensive study of the state-of-the-art IB-MOEAs in chapter 3.

2. An empirical analysis of the convergence and diversity properties of steady-state
IB-MOEAs is provided in chapter 4.

3. We explored the design of multi-indicator-based MOEAs under two schemes:
(1) competition of multiple IB-Density Estimators, using a hyper-heuristic and,
additionally, employing ensemble learning (a machine learning technique), and
(2) cooperation of multiple IB-Density Estimators whose synergy improves the
convergence and diversity results of an MOEA and cooperation between multi-
ple IB-MOEAs, in chapters 5 and 6, respectively.

4. We provided the first mathematical framework for the combination of QIs, giv-
ing as main result the formulation of new Pareto-compliant QIs in chapter 7.
Based on this mathematical development, we proposed an IB-MOEA that ex-
ploits the trade-off between a convergence and a diversity indicator.

5. A tool to construct reference sets, which are widely employed to guide the
evolutionary process of an MOEA and in the calculation of QIs such as IGD
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and IGD+. This tool is based on the diversity indicator Riesz s-energy that has
shown to be invariant to the Pareto front shape.

Regarding the competition of IB-DEs, we proposed two approaches. On the one
hand, the approach, called MIHPS, adaptatively selects online the IB-DE that pro-
motes better convergence results, depending on the MOP being solved. For this
purpose, a hyper-heuristic based on a Markov chain analyzes the convergence behav-
ior of four IB-DEs based on the indicators R2, IGD+, ε+, and ∆p. The proposed
hyper-heuristic randomly selects an IB-DE to be executed although this decision is
biased by the past convergence performance of the IB-DE, giving more chances to
be selected to those with the best promotion of convergence. MIHPS outperformed
state-of-the-art MOEAs. However, a remarkable point is that the indicators IGD+,
ε+, and ∆p were commonly employed at the initial stages of the evolutionary pro-
cess, speeding up convergence while R2-DE was employed at the end of the search
to refine convergence and diversity of solutions. Despite the good performance of
MIHPS, we should emphasize that their Pareto front approximations tend to present
characteristics closely related to an R2-based MOEA. On the other hand, the second
approach is based on the AdaBoost algorithm (a well-known ensemble method) to
construct a stronger density estimator on the basis of five IB-DEs. The proposal,
denoted as EIB-MOEA, uses a linear combination of the density estimators to cre-
ate the new one. The relative importance of each IB-DE is updated according to a
learning process that analyzes the convergence behavior of each IB-DE. EIB-MOEA
uses the four IB-DEs of MIHPS and a density estimator based on the hypervolume
indicator is also considered. The experimental results showed that the ensemble den-
sity estimator compensates the weakesses of a baseline IB-DE using the strengths of
the others. According to several QIs, the performance of EIB-MOEA is more con-
sistent, producing the best results compared to IB-MOEAs that use the baseline QIs
of EIB-MOEA. A critical factor that needs to be studied is the learning process that
adapts the weight vector for the linear combination of the IB-DEs. From the propos-
als, the competition scheme of MIHPS is weakers since it was only able to speed up
convergence towards the Pareto front but the desired compensation of the weakness
of an IB-Mechanism with the strengths of others was not achievable. In contrast,
EIB-MOEA could compensate the weaknesses of the IB-DEs with the strengths of
other and, hence, this allowed EIB-MOEA to consistently perform well on different
MOPs.

To overcome the main issue of MIHPS, we propose to tackle the design of MIB-
MOEAs using a cooperative approach. First, we investigated the idea of the coop-
eration of two IB-DEs in a single MOEA. The selected indicators were the IGD+

and the Riesz s-energy, where the former is a convergence-diversity QI and the lat-
ter is exclusively focused on diversity. We decided to complement the preferences of
IGD+ since our IGD+-MaOEA failed to produce evenly distributed solutions in spite
of its remarkable convergence results on MOPs having different Pareto front shapes.
The synergy or cooperation between both indicators allowed to CRI-EMOA to out-
perfomed IGD+-MaOEA and other state-of-the-art MOEAs with or without convex
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weight vectors. Based on the experimental results, we concluded that CRI-EMOA is
a more general optimizer since its performance does not depend on the MOP being
solved. On the other hand, we explored the cooperation of multiple IB-MOEA by
means of the island model. Our proposed approach, called cMIB-MOEA, isolatedly
executes during a given number of iterations five steady-state IB-MOEAs: SMS-
EMOA, R2-EMOA, IGD+-MaOEA, ε+-MaOEA, and ∆p-MaOEA. Additionally, the
master island stores in an external archive the best solutions from the IB-MOEAs, ac-
cording to their Riesz s-energy contribution which promotes the generation of Pareto
fronts evenly distributed. The experimental results showed that cMIB-MOEA is a
Pareto-front shape invariant optimizer and it performs better than the panmictic ver-
sions of its baseline IB-MOEAs. This result shows that cooperation is a remarkable
scheme to take advantage of the strengths of several IB-Mechanisms.

Concerning the design of Pareto-compliant QIs, we proposed a mathematical
framework for the combination of QIs. Our main result is a theorem where we demon-
strate that the combination of as many weakly Pareto-compliant QIs with at least
one Pareto-compliant QI, using an order-preserving combination functions, results
in a new Pareto-compliant QI. Hence, the combination of QIs allows to increase the
number of Pareto-compliant QIs. For instance, weakly Pareto-compliant QIs such as
the R2, IGD+, and ε+ can be improved by making them Pareto compliant when they
are combined with the hypervolume indicator. We performed an analysis of pref-
erences of the new QIs that showed that they have intermediate preferences among
their baseline QIs. This result was supported empiricaly by studying the µ-optimal
distributions associated to a steady-state MOEA. Thus, the combination of indicators
is also a possible way to compensate the weaknesses of an indicator with the strengths
of other indicators. This claim was additionally supported by an IB-MOEA that ex-
ploits the trade-off between the indicators IGD+ and Riesz s-energy. Even though the
resulting combination of these QIs is not Pareto-compliant, its investigation allowed
us to deeply investigate how to extract the good quality properties of both indica-
tors. The experimental results of our approach, denoted as PFI-EMOA, showed that
its Pareto front approximations effectively exploit the trade-off between convergence
and diversity. Additionally, PFI-EMOA was found to produce better results than
CRI-EMOA which is also based on IGD+ and Riesz s-energy.

As part of our future work, we are interested in the following aspects. We aim to
study the properties of the competition and cooperation of multiple IB-Mechanism
to extract the best characteristics from both paradigms of MIB-MOEAs. Regarding
cMIB-MOEA, it should be parallelized since to the author’s best knowledge, there
is not a single parallel MIB-MOEA. Since the island model is strongly related to
parallel MOEAs, the parallelization seems a logical step to follow. Additionally, it
should be tested on many-objective optimization problems. It is necessary to widen
the research around EIB-MOEA that showed promising results. The critical parts
are the design of the learning mechanism and its high execution time that can be
reduced by parallelizing the computation of the multiple density estimators. Finally,
more theoretical studies to understand Pareto-compliant combined indicatos are also
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necessary. In this regard, we need to better understand the similarities and differences
of the preferences of the indicators to properly exploit their trade-off.
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Appendix A

Benchmark Problems

In this Appendix, we present the test suites employed throughout the experimental
analysis performed in this thesis. The considered benchmark problems, which corre-
spond to real-valued and unconstrained MOPs, are the Deb-Thiele-Laumanns-Zitzler
(DTLZ) [33], Walking Fish Group (WFG) [65], their inverted versions denoted as
DTLZ−1 and WFG−1 [75], Lamé superspheres [38], Viennet problems (VIE) [133],
and the Irregular MOPs (IMOPs) [127]. In the following, we provide their mathe-
matical definition.

A.1 Deb-Thiele-Laumanns-Zitzler (DTLZ) Test Suite

The DTLZ test suite [33] includes seven unconstrained MOPs which are scalable to
any number of decision variables and objective functions. These benchmark problems
cover several search difficulties and Pareto front shapes as described in Table A.1. For
these MOPs, the total number of decision variables is given by n = m+ k− 1, where
k is the number of distance parameters, and m is the number of objective functions.
The distance parameters are defined as ~y = (xm, xm+1, . . . , xn)T , considering the
decision vector ~x = (x1, . . . , xm−1, xm, xm+1, . . . , xn)T . In [33], the following k-values
are recommended: 5 for DTLZ1, 10 for DTLZ2-DTLZ6, and 20 for DTLZ7.
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Table A.1: Properties of the DTLZ test suite.

MOP Separability Frontality Geometry Bias
DTLZ1 separable multifrontal linear no
DTLZ2 separable unifrontal concave no
DTLZ3 separable multifrontal concave no
DTLZ4 separable unifrontal concave polynomial

DTLZ5 unknown unifrontal
arc,

degenerated
parameter
dependent

DTLZ6 unknown unifrontal
arc,

degenerated
parameter
dependent

DTLZ7 separable unifrontal disconnected, mixed no

DTLZ1

This MOP is separable and multifrontal. Its mathematical definition is as follows:

Minimize f1(~x) = 0.5(1 + g(~y))
∏m−1

i=1 xi

fj=2:m−1(~x) = 0.5(1 + g(~y)(1− xm−j+1)
∏m−j

i=1 xi

fm(~x) = 0.5(1 + g(~y)(1− x1)
where yi=1:k = {xm, xm+1, . . . , xn}

g(~y) = 100
{
k +

∑k
i=1 [(yi − 0.5)2 − cos (20π(yi − 0.5))]

}

subject to ∀i ∈ {1, . . . , n}0 ≤ xi ≤ 1.
(A.1)

Its Pareto front is linear and all objective function values lie on the linear hyper-
plane

∑m
i=1 fi = 0.5.
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DTLZ2

This problem is separable and unimodal and its definition is the following:

Minimize f1(~x) = (1 + g(~y))
∏m−1

i=1 cos (xiπ/2)

fj=2:m−1(~x) = (1 + g(~y))
(∏m−j

i=1 cos (xiπ/2)
)

sin (xm−j+1π/2)

fm(~x) = (1 + g(~y)) sin (x1π/2)
where yi=1:k = {xm, xm+1, . . . , xn}

g(~y) =
∑k

i=1 (yi0.5)2

subject to ∀i ∈ {1, . . . , n}0 ≤ xi ≤ 1.
(A.2)

The Pareto optimal solutions are produced when ~y = (0.5, 0.5, . . . )T y all the
objective function values must satisfy that

∑m
i=1 f

2
i = 1.

DTLZ3

This problem is similar to DTLZ2 but it includes multifrontal difficulty.

Minimize f1(~x) = (1 + g(~y))
∏m−1

i=1 cos (xiπ/2)

fj=2:m−1(~x) = (1 + g(~y))
(∏m−j

i=1 cos (xiπ/2)
)

sin (xm−j+1π/2)

fm(~x) = (1 + g(~y)) sin (x1π/2)
where yi=1:k = {xm, xm+1, . . . , xn}

g(~y) = 100
{
k +

∑k
i=1 [(yi − 0.5)2 − cos (20π(yi − 0.5))]

}

subject to ∀i ∈ {1, . . . , n}0 ≤ xi ≤ 1.
(A.3)

The Pareto optimal front corresponds to ~y = (0.5, 0.5, . . . )T .

DTLZ4

This MOP is concave, separable and unifrontal. Its principal characteristic is the
introduced bias that tests the ability of an optimizer to maintain a good distribution
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of solutions. It is defined as follows.

Minimize f1(~x) = (1 + g(~y))
∏m−1

i=1 cos (xαi π/2)

fj=2:m−1(~x) = (1 + g(~y))
(∏m−j

i=1 cos (xαi π/2)
)

sin (xαm−j+1π/2)

fm(~x) = (1 + g(~y)) sin (xα1π/2)
where yi=1:k = {xm, xm+1, . . . , xn}

g(~y) =
∑k

i=1 (yi − 0.5)2

subject to ∀i ∈ {1, . . . , n}0 ≤ xi ≤ 1.
(A.4)

The parameter α = 100 is suggested in [33].

DTLZ5

This MOP modifies DTLZ2 to make it degenerated. It is defined as follows:

Minimize f1(~x) = (1 + g(~y))
∏m−1

i=1 cos (θiπ/2)

fj=2:m−1(~x) = (1 + g(~y))
(∏m−j

i=1 cos (θiπ/2)
)

sin (θm−j+1π/2)

fm(~x) = (1 + g(~y)) sin (θ1π/2)
where yi=1:k = {xm, xm+1, . . . , xn}

θi =

{
xi i = 1
1+2g(~y)
2(1+g(~y)

xi ∀i ∈ {2, 3, . . . ,m− 1}

g(~y) =
∑k

i=1 (yi − 0.5)2

subject to ∀i ∈ {1, . . . , n}0 ≤ xi ≤ 1.
(A.5)

The Pareto optimal front corresponds to ~y = (0.5, 0.5, . . . )T and al the objective
values must satisfy

∑m
i=1 f

2
i = 1.

DTLZ6

By changing the g function in DTLZ5 gives rise to this complex MOP which is
unifrontal, degenerated, and it has a stronger bias due to a transformation many-to-
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one. It is defined as follows.

Minimize f1(~x) = (1 + g(~y))
∏m−1

i=1 cos (θiπ/2)

fj=2:m−1(~x) = (1 + g(~y))
(∏m−j

i=1 cos (θiπ/2)
)

sin (θm−j+1π/2)

fm(~x) = (1 + g(~y)) sin (θ1π/2)
where yi=1:k = {xm, xm+1, . . . , xn}

θi =

{
xi i = 1
1+2g(~y)
2(1+g(~y)

xi ∀i ∈ {2, 3, . . . ,m− 1}

g(~y) =
∑k

i=1 y
0.1
i

subject to ∀i ∈ {1, . . . , n}0 ≤ xi ≤ 1.

(A.6)

The Pareto optimal front corresponds to ~y = (0, 0, . . . )T .

DTLZ7

This problem has a set of 2m−1 disconnected Pareto optimal regions. It tests the
ability of an optimizer to maintain subpopulations in different regions.

Minimize fj=1:m−1(~x) = xj

fm(~x) = (1 + g(~y))
{
m−∑m−1

i=1

[
fi

1+g(~y)
(1 + sin (3πfi))

]}

where yi=1:k = {xm, xm+1, . . . , xn}

g(~y) = 1 + 9
k

∑k
i=1 yi

subject to ∀i ∈ {1, . . . , n}0 ≤ xi ≤ 1.
(A.7)

The Pareto optimal front corresponds to ~y = (0, 0, . . . )T .

A.2 Walking Fish Group (WFG) Test Suite

The WFG test suite [65] suggests nine MOPs scalable with respect to the number of
decision variables and objective functions. Table A.2 summarizes the main properties
of the nine WFG instances. In the following, we describe the WFG instances. Here,
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Table A.2: Properties of the WFG test suite.

MOP Separability Frontality Geometry Bias

WFG1 separable unifrontal
convex,
mixed

polynomial,
flat

WFG2 non-separable multifrontal convex, disconnected no
WFG3 non-separable unifrontal linear, degenerated no
WFG4 separable multifrontal concave no
WFG5 separable deceptive concave no
WFG6 non-separable unifrontal concave no

WFG7 separable unifrontal concave
parameter
dependent

WFG8 non-separable unifrontal concave
parameter
dependent

WFG9 non-separable multifrontal concave
parameter
dependent

m represents the number of objective functions, and each problem is defined in terms
of an underlying vector of parameters ~x ∈ Rm that defines the fitness space. All
xi ∈ ~x have domain [0, 1]. xm is known as the underlying distance parameter, and
x1:m−1 are the underlying position parameters. The vector ~x is derived, via a series of
transition vectors, from a vector of working parameters ~z ∈ Rn (also known as vector
of variables). The domain of all zi ∈ ~z is [0, 2i]. It is worth noting that n ≥ m and
n = k + l. The first k ∈ {m− 1, 2(m− 1), 3(m− 1), . . . } working parameters are the
position-related parameters and the last l ∈ {1, 2, . . . } working parameters are the
distance-related parameters. Each transition vector adds complexity to the under-
lying problem. The optimizer directly manipulates ~z, through which ~x is indirectly
manipulated.

WFG1

This problem is separable and unifrontal, but it has a polynomial and flat region. It
is strongly biased toward small values of the variables, which makes it very difficult
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for some optimizers. It is defined as follows:

Given ~z = (z1, . . . , zk, zk+1, . . . , zn)T

Minimize f1(~x) = xm + 2
∏m−1

i=1 (1− cos (xiπ/2))

fj=2:m−1(~x) = xm + 2j
[∏m−j

i=1 (1− cos (xiπ/2))
]

(1− sin (xm−j+1π/2))

fm(~x) = xm + 2m
[
1− x1 − cos (10πx1+π/2)

10π

]

where xi=1:m−1 = r sum(
{
y(i−1)k/(m−1)+1, . . . , yik/(m−1)

}
,

{2(i− 1)k/(m− 1) + 1, . . . , 2ik/(m− 1)})
xm = r sum({yk+1, . . . , yn} , {2(k + 1), . . . , 2n})

yi=1:n = b poly(y′i, 0.02)
y′i=1:k = y′′i

y′i=k+1:n = b flat(y′′i , 0.8, 0.75, 0.85)
y′′i=1:k = zi/(2i)

y′′i=k+1:n = s linear(zi/(2i), 0.35)
(A.8)

WFG2

This problem is non-separable and multifrontal. The Pareto optimal front is discon-
nected, and is given by the following expression.

Given ~z = (z1, . . . , zk, zk+1, . . . , zn)T

Minimize f1(~x) = xm + 2
∏m−1

i=1 (1− cos (xiπ/2))

fj=2:m−1(~x) = xm + 2j
[∏m−j

i=1 (1− cos (xiπ/2))
]

(1− sin (xm−j+1π/2))

fm(~x) = xm + 2m(1− x1 cos2 (5x1π))

where xi=1:m−1 = r sum
({
y(i−1)k/(m−1)+1, . . . , yik/(m−1)

}
, {1, . . . , 1}

)

xm = r sum
({
yk+1, . . . , yk+l/2

}
, {1, . . . , 1}

)

yi=1:k = y′i

yi=k+1:k+l/2 = r nonsep
({
y′k+2(i−k)−1, y

′
k+2(i−k)

}
, 2
)

y′i=1:k = zi/(2i)
y′i=k+1:n = s linear(zi/(2i), 0.35)

(A.9)
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WFG3

This problem is non-separable but unifrontal. It has a linear and degenerated Pareto
optimal front.

Given ~z = (z1, . . . , zk, zk+1, . . . , zn)T

Minimize f1(~x) = xm + 2
∏m−1

i=1 xi

fj=2:m−1(~x) = xm + 2j
(∏m−j

i=1 xi

)
(1− xm−j+1)

fm(~x) = xm + 2m(1− x1)

where xi=1 = ui
xi=2:m−1 = xm(ui − 0.5) + 0.5

xm = r sum
({
yk+1, . . . , yk+l/2

}
, {1, . . . , 1}

)

ui = r sum
({
y(i−1)k/(m−1)+1, . . . , yik/(m−1)

}
, {1, . . . , 1}

)

yi=1:k = y′i

yi=k+1:k+l/2 = r nonsep
({
y′k+2(i−k)−1, y

′
k+2(i−k)

}
, 2
)

y′i=1:k = zi/(2i)
y′i=k+1:n = s linear(zi/(2i), 0.35)

(A.10)

WFG4

In this case, the problem is separable, but highly multifrontal. The Pareto optimal
front is concave.

given ~z = (z1, . . . , zk, zk+1, . . . , zn)T

Minimize f1(~x) = xm + 2
∏m−1

i=1 sin (xiπ/2)

fj=2:m−1(~x) = xm + 2j
(∏m−j

i=1 sin (xiπ/2)
)

cos (xm−j+1π/2)

fm(~x) = xm + 2m cos (x1π/2)

where xi=1:m−1 = r sum
({
y(i−1)k/(m−1)+1, . . . , yik/(m−1)

}
, {1, . . . , 1}

)

xm = r sum ({yk+1, . . . , yn} , {1, . . . , 1})
yi=1:n = s multi(zi/(2i), 30, 10, 0.35)

(A.11)
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WFG5

This problem is deceptive and separable. The Pareto front is concave.

Given ~z = (z1, . . . , zk, zk+1, . . . , zn)T

Minimize f1(~x) = xm + 2
∏m−1

i=1 sin (xiπ/2)

fj=2:m−1(~x) = xm + 2j
(∏m−j

i=1 sin (xiπ/2)
)

cos (xm−j+1π/2)

fm(~x) = xm + 2m cos (x1π/2)

where xi=1:m−1 = r sum
({
y(i−1)k/(m−1)+1, . . . , yik/(m−1)

}
, {1, . . . , 1}

)

xm = r sum ({yk+1, . . . , yn} , {1, . . . , 1})
yi=1:n = s decept(zi/(2i), 0.35, 0.001, 0.05)

(A.12)

WFG6

This MOP is separable and unifrontal. Its Pareto front is concave.

Given ~z = (z1, . . . , zk, zk+1, . . . , zn)T

Minimize f1(~x) = xm + 2
∏m−1

i=1 sin (xiπ/2)

fj=2:m−1(~x) = xm + 2j
(∏m−j

i=1 sin (xiπ/2)
)

cos (xm−j+1π/2)

fm(~x) = xm + 2m cos (x1π/2)

where xi=1:m−1 = r nonsep
({
y(i−1)k/(m−1)+1, . . . , yik/(m−1)

}
, k/(m− 1)

)

xm = r nonsep ({yk+1, . . . , yn} , l)
yi=1:k = zi/(2i)

yi=k+1:n = s linear(zi/(2i), 0.35)
(A.13)
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WFG7

Having a parameter dependent bias, this problem is also separable and unifrontal.
The Pareto front shape is concave.

Given ~z = (z1, . . . , zk, zk+1, . . . , zn)T

Minimize f1(~x) = xm + 2
∏m−1

i=1 sin (xiπ/2)

fj=2:m−1(~x) = xm + 2j
(∏m−j

i=1 sin (xiπ/2)
)

cos (xm−j+1π/2)

fm(~x) = xm + 2m cos (x1π/2)

where xi=1:m−1 = r sum
({
y(i−1)k/(m−1)+1, . . . , yik/(m−1)

}
, {1, . . . , 1}

)

xm = r sum ({yk+1, . . . , yn} , {1, . . . , 1})
yi=1:k = y′i

yi=k+1:n = s linear(y′i, 0.35)
y′i=1:k = b param(zi/(2i), r sum({zi+1/(2(i+ 1)), . . . , zn/(2n)} ,

{1, . . . , 1}), 0.98
49.98

, 0.02, 50)
y′i=k+1:n = zi/(2i)

(A.14)

WFG8

This problem also has a parameter dependent bias, but is also non-separable and
unifrontal. It has a concave Pareto front.

Given ~z = (z1, . . . , zk, zk+1, . . . , zn)T

Minimize f1(~x) = xm + 2
∏m−1

i=1 sin (xiπ/2)

fj=2:m−1(~x) = xm + 2j
(∏m−j

i=1 sin (xiπ/2)
)

cos (xm−j+1π/2)

fm(~x) = xm + 2m cos (x1π/2)

where xi=1:m−1 = r sum
({
y(i−1)k/(m−1)+1, . . . , yik/(m−1)

}
, {1, . . . , 1}

)

xm = r sum ({yk+1, . . . , yn} , {1, . . . , 1})
yi=1:k = y′i

yi=k+1:n = s linear(y′i, 0.35)
y′i=k = zi/(2i)

y′i=k+1:1 = b param(zi/(2i), r sum({z1/2, . . . , zi−1/(2(i− 1))} ,
{1, . . . , 1}), 0.98

49.98
, 0.02, 50)

(A.15)
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WFG9

The last problem of the suite is non-separable, multifrontal, deceptive, and has a
parameter dependent bias. All these features make it a very difficult problem. Addi-
tionally, it has a concave Pareto front.

Given ~z = (z1, . . . , zk, zk+1, . . . , zn)T

Minimize f1(~x) = xm + 2
∏m−1

i=1 sin (xiπ/2)

fj=2:m−1(~x) = xm + 2j
(∏m−j

i=1 sin (xiπ/2)
)

cos (xm−j+1π/2)

fm(~x) = xm + 2m cos (x1π/2)

where xi=1:m−1 = r nonsep
({
y(i−1)k/(m−1)+1, . . . , yik/(m−1)

}
, k/(m− 1)

)

xm = r nonsep ({yk+1, . . . , yn} , l)
yi=1:k = s decep(y′i, 0.35, 0.001, 0.05)

yi=k+1:n = s multi(y′i, 30, 95, 0.35)
y′i=1:n−1 = b param(zi/(2i), r sum({zi+1/(2(i+ 1), . . . , zn/(2n)} ,

{1, . . . , 1}), 0.98
49.98

, 0.02, 50)
y′n = zn/(2n)

(A.16)

Transformation Functions

The previous problems are defined in terms of a set of transformation functions,
which map parameters with domain [0, 1] onto the range [0, 1]. These are three types
of transformation functions: bias, shift, and reduction functions. Bias and shift
functions only employ one parameter, whereas reduction functions can employ many.
Bias transformations have a natural impact on the search process by biasing the fit-
ness lanscape. Shift transformations move the location of optimal values, and are used
to apply a linear shift, or to produce deceptive and multifrontal problems. Reduction
transformations are used to produce non-separability of the problem (dependency
between variables). In the following, we define such transformation functions.

Bias: Polynomial

When α > 1 or when α < 1, y is biased towards zero or towards one, respectively.

b poly(y, α) = yα (A.17)

where α > 0 and α 6= 1.
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Bias: Flat Region

Values of y between B and C, the area of the flat region, are mapped to the value A.

b flat(y, A,B,C) = A+ min (0, by −Bc) · A(B−y)
B

−min (0, bC − yc) · (1−A)(y−C)
1−C

(A.18)

where A,B,C ∈ [0, 1], B < C,B = 0⇒ A = 0∧C 6= 1, and C = 1⇒ A = 1∧B 6= 0.

Bias: Parameter Dependent

A,B,C, the parameter vector ~w ∈ [0, 1]|~w|, and the reduction function u together
determine the degree to which y is biased by being raised to an associated power:
values of u(~w) ∈ [0, 0.5] are mapped linearly onto [B,B + (C − B)A], and values of
u(~w) ∈ [0.5, 1] are mapped linearly onto [B + (C −B)A,C].

b param(y, u(~w), A,B,C) = yB+(C−B)(A−(1−2u(~w))|b0.5−u(~w)c+A|) (A.19)

where A ∈ (0, 1), and 0 < B < C.

Shift: Linear

A ∈ (0, 1) is the value for which y is mapped to zero.

s linear(y, A) =
|y − A|

|bA− yc+ A| (A.20)

Shift: Deceptive

A is the value for which y is mapped to zero, and the global minimum of the transfor-
mation. B is the aperture size of the well/basin leading to the global minimum at A,
and C is the value of the deceptive minima (there are always two deceptive minima).

s decept(y, A,B,C) = 1 + (|y − A| −B)(
by−A+Bc(1−C+A−B

B

A−B

+
bA+B−yc(1−C+ 1−A−B

B

1−A−B + 1
B

)
(A.21)

where A ∈ (0, 1), 0 < B � 1, 0 < C � 1, A−B > 0, and A+B < 1.

Shift: Multimodal

A controls the number of minima, B controls the magnitude of the hill sizes of the
multimodality, and C is the value for which y is mapped to zero. When B = 0,
2A + 1 values of y (one at C) are mapped to zero, and when B 6= 0, there are 2A
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local minima, and one global minimum at C. Larger values of A and smaller values
of B create more difficult problems.

s multi(y, A,B,C) =
1 + cos

[
(4A+ 2)π

(
0.5− |y−C|

2(bC−yc+C)

)]
+ 4B

(
|y−C|

2(bC−yc+C)

)2

B + 2
(A.22)

where A ∈ {1, 2, . . . }, B ≥ 0, (4A+ 2)π > 4B, and C ∈ (0, 1).

Reduction: Weighted Sum

By varying the constants of the weight vector ~w, the optimizers can be forced to
treat parameters differently.

r sum(~y, ~w) =

∑|~y|
i=1wiyi∑|~y|
i=1 wi

(A.23)

where |~w| = |~y|, and w1, . . . , w|~y|>0.

Reduction: Non-separable

A controls the degree of non-separability.

r nonsep(~y, A) =

∑|~y|
j=1

(
yj +

∑A−2
k=0

∣∣yj − y1+(j+k)mod|~y|
∣∣
)

|~y|
A
dA/2e(1 + 2A− 2dA/2e)

(A.24)

where A ∈ {1, . . . , |~y|, and |~y|modA = 0

A.3 Inverted DTLZ and WFG Test Suites

Ishibuchi et al. [75] proposed to make a slight modification to the DTLZ and WFG
instances to generate new Pareto front shapes. This change corresponds to multiply
by −1 all the objective functions of the MOPs. The generated problems are referred
to as DTLZ−1 and WFG−1. The effect is that the Pareto front is inverted though
some other properties of the original problems may also change.

A.4 Lamé Superspheres

Emmerich and Deutz [38] proposed the Lamé superspheres test suite where the Pareto
fronts of test problems are the intersection of a Lamé supersphere1 with the positive

1An m − 1-dimensional γ Lamé supersphere (denoted as Sm−1
γ ) is defined as follows: Sm−1

γ =
{(y1, y2, . . . , ym) ∈ Rm | |y1|γ + |y2|γ + · · ·+ |ym|γ = 1}, where γ ∈ R+ is fixed.
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Rm-orthant. Besides scalability in the number of objectives and decision variables,
the proposed test problems are also scalable in a characteristic denoted by Emmerich
and Deutz as resolvability of conflict, which is closely related to convexity/concavity,
curvature and the position of knee-points of the Pareto fronts.

For the definition of the test suite, let γ > 0 be fixed. Let p1(θ1, . . . , θm−1) =

(cos(θ1))
2
γ , pi(θ1, . . . , θm−1) = (sin(θ1) sin(θ2) · · · · · sin(θi1) cos(θi))

2
γ , where 1 < i < m,

and, finally, pm = (sin(θ1) sin(θ2) · · · · · sin(θi1) sin(θm−1))
2
γ , with 0 ≤ θj ≤ π

2
and

j = 1, . . . ,m−1 be a parametrization of Sm−1,+
γ . On this basis, the objective functions

to be minimized can be defined as follows:

fi(θ, r) = (1 + g(r))pi(θ) (A.25)

for i = 1, . . . ,m and where 0 ≤ θj ≤ π
2

for j = 1, . . . ,m − 1 and g : R+ → R+.
The variables θi with i = 1, . . . ,m− 1 are viewed as meta-variables and one can, for
instance, map the decision variables to θi as follows: θi = π

2
xi for i = 1, . . . ,m − 1

with the restriction 0 ≤ xi ≤ 1.

As a unifrontal test problem with n ≥ m decision variables, Emmerich and Deutz
proposed g(r) = r, r =

√
x2
m + · · ·+ x2

n. For a given γ with convex (concave) Pareto
front, it can be obtained a problem (denoted as mirror problem) with congruent
concave (convex) Pareto front by setting: fi(x) = 1/(g(x) + 1)pi(θ1, . . . , θm−1), i =
1, . . . ,m. In order to make the problem multifrontal, the authors proposed to choose
g(r) = Fnatmin(r), with Fnatmin = b + (r − a) + 0.5 + 0.5 cos(2π(r − a) + π), where
a = 0.051373 and b = 0.0253235.

A.5 Viennet Test Functions

In this section, we present the mathematical formulations of three Viennet problems
(VIE) [24, 133] . These MOPs are three-objective ones, having a two-dimensional
decision space.

VIE1

Minimize f1(x, y) = x2 + (y − 1)2

f2(x, y) = x2 + (y + 1)2 + 1

f3(x, y) = (x− 1)2 + y2 + 2

Subject to x, y ∈ [−2, 2]

(A.26)
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VIE2

Minimize f1(x, y) = (x−2)2

2
+ (y+1)2

13
+ 3

f2(x, y) = (x+y−3)2

36
+ (−x+y+2)2

8
− 17

f3(x, y) = (x+2y−1)2

175
+ (2y−x)2

17
− 13

Subject to x, y ∈ [−4, 4]

(A.27)

VIE3

Minimize f1(x, y) = 0.5(x2 + y2) + sin(x2 + y2)

f2(x, y) = (3x−2y+4)2

8
+ (x−y+1)2

27
+ 15

f3(x, y) = 1
x2+y2+1

+ 1.1e−x
2−y2

Subject to x, y ∈ [−3, 3]

(A.28)

A.6 Irregular MOPs

In 2019, Tian et al. [127] defined the Irregular MOPs (IMOPs) whose main aim
is to test the ability of MOEAs to maintain well-diversified solutions. The pro-
posed test suite contains eight benchmark problems (three of them are bi-objective
MOPs and the remaining ones are three-objective) with simple landscapes but vari-
ous irregular Pareto front shapes. Regarding their mathematical defintion, a solution
~x = (x1, . . . , xK+L)T consists of two parts, where x1, . . . , xK determine the position of
the solution on the Pareto front and xK+1, . . . , xK+L determine the distance from the
solution to the Pareto front. A solution is on the Pareto front only if it satisfies g = 0,
i.e., xK+1, . . . , xK+L = 0.5; hence the Pareto optimal set satisfies X ∈ [0, 1]K×{0.5}L.
On the other hand, the decision variables determining the positions of solutions on
the Pareto fronts are biased by parameters a1, a2, and a3, which has been recognized
as a major factor that makes it difficult to maintain a proper diversity. The values of
a1, a2, and a3 should be larger than zero, and an extremely small or large value indi-
cates a great difficulty in diversity preservation. Tian et al. recommended the values
5, 5, 0.05, 0.05, and 10 for K, L, a1, a2, and a3, respectively. In the following, we
present the mathematical defintion of some functions that are common to all IMOP
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problems and, then, we define each IMOP instance.

Given ~x = (x1, . . . , xK , xK+1, . . . , xK+L)T

y1 =
(

1
K

∑K
i=1 xi

)a1

y2 =
(

1
dK/2e

∑dK/2e
i=1 xi

)a2

y3 =
(

1
bK/2c

∑K
i=dK/2e+1 xi

)a3

g =
∑K+L

i=K+1(xi − 0.5)2

(A.29)

IMOP1

This problem is a bi-objective MOP with an extremely convex Pareto front shape.

Minimize f1(~x) = g + cos8
(
π
2
y1

)

f2(~x) = g + sin8
(
π
2
y1

) (A.30)

IMOP2

IMOP2 is a bi-objective MOP with a concave Pareto front shape.

Minimize f1(~x) = g + cos0.5
(
π
2
y1

)

f2(~x) = g + sin0.5
(
π
2
y1

) (A.31)

IMOP3

The Pareto front shape of this bi-objective MOP is represented by five disconnected
regions with mixed geometry.

Minimize f1(~x) = g + 1 + 1
5

cos(10πy1)− y1

f2(~x) = g + y1
(A.32)
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IMOP4

This is a three-objective problem with a degenerated and mixed Pareto front shape.

Minimize f1(~x) = (1 + g)y1

f2(~x) = (1 + g)
(
y1 + 1

10
sin(10πy1)

)

f3(~x) = (1 + g)(1− y1)

(A.33)

IMOP5

IMOP5 is a three-objective problem with eight disconnected circular regions.

Given h1 = 0.4 cos
(
π
4
d8y2e

)
+ 0.1y3 cos(16πy2)

h2 = 0.4 sin
(
π
4
d8y2e

)
+ 0.1y3 sin(16πy2)

Minimize f1(~x) = g + h1

f2(~x) = g + h2

f3(~x) = g + 0.5− h1 − h2

(A.34)

IMOP6

This problem has three objective functions with degenerated Pareto front shape sim-
ilar to a grid.

Given r = max{0,min{sin2(3πy2), sin2(3πy3)} − 0.5}

Minimize f1(~x) = (1 + g)y2 + dre

f2(~x) = (1 + g)y3 + dre

f3(~x) = (0.5 + g)(2− y2 − y3) + dre

(A.35)
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IMOP7

IMOP7 is a three-objective MOP with a very challenging Pareto front shape.

Given h1 = (1 + g) cos
(
π
2
y2

)
cos
(
π
2
y3

)

h2 = (1 + g) cos
(
π
2
y2

)
sin
(
π
2
y3

)

h3 = (1 + g) sin
(
π
2
y2

)

r = min{min{|h1 − h2|, |h2 − h3|}, |h3 − h1|}

Minimize f1(~x) = h1 + 10 max{0, r − 0.1}

f2(~x) = h2 + 10 max{0, r − 0.1}

f3(~x) = h3 + 10 max{0, r − 0.1}

(A.36)

IMOP8

This is a three-objective MOP with a Pareto front shape composed of a set of points.

Minimize f1(~x) = y2

f2(~x) = y3

f3(~x) = (1 + g)
[
3−∑3

i=2
yi(1+sin(19πyi))

1+g

] (A.37)
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Appendix B

Numerical results

B.1 Study of IB-MOEAs

Tables B.1 to B.6 show the numerical results of the comparison between SMS-EMOA,
R2-EMOA, IGD+-MaOEA, ε+-MaOEA and ∆p-MaOEA, considering the indicators
HV, R2, IGD+, ε+, ∆p, and Riesz s-energy. These resuls are related to the experi-
ments of Chapter 4.

Table B.1: Mean and, in parentheses, standard deviation of the hypervolume com-
parison. For each case, the two best values are shown in grayscale, where the darker
tone corresponds to the best algorithm. The symbol # is placed when the best algo-
rithm presents a significant difference, according to a one-tailed Wilcoxon test using
a significance level of α = 0.05.

MOP Dim. R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ5
2

3.209900e+00
(1.735924e-04)

3.209902e+00
(1.530567e-04)

3.209900e+00
(2.258123e-04)

3.204380e+00#
(4.629674e-03)

3
5.989069e+00#
(1.615636e-01)

6.101854e+00
(4.956143e-04)

6.101251e+00#
(1.197988e-03)

6.087339e+00#
(1.006126e-02)

DTLZ5−1
2

9.574429e+00#
(1.895817e-01)

1.026361e+01#
(6.507777e-03)

1.026606e+01#
(6.729446e-03)

1.026987e+01
(2.709873e-03)

3
2.230222e+01#
(8.365740e-02)

2.239088e+01
(1.858588e-01)

2.236659e+01
(1.450860e-01)

2.205768e+01#
(9.965789e-02)

DTLZ7
2

1.749789e+01#
(2.576291e-01)

1.772215e+01
(1.505239e-03)

1.771032e+01
(6.213428e-02)

1.767321e+01#
(4.151049e-02)

3
1.629005e+01
(8.334426e-02)

1.628256e+01
(9.725591e-02)

1.623511e+01#
(1.320388e-01)

1.614994e+01#
(9.123708e-02)

DTLZ7−1
2

1.282172e+01#
(1.066328e-02)

1.283380e+01#
(1.201482e-03)

1.283392e+01#
(9.111207e-04)

1.283493e+01
(2.195554e-04)

3
2.696416e+01
(1.312853e-02)

2.696405e+01
(2.291816e-02)

2.691047e+01
(1.898083e-01)

2.689561e+01#
(1.837625e-01)

WFG1
2

4.615522e+00#
(4.769032e-01)

5.395035e+00
(1.536161e-01)

5.443496e+00#
(4.006494e-01)

5.567246e+00
(3.687579e-01)

3
5.337528e+01

(1.384148e+00)
5.101235e+01#
(1.758679e+00)

5.045367e+01#
(1.672276e+00)

4.800171e+01#
(1.694798e+00)

WFG1−1
2

5.550982e+00#
(3.011860e-01)

7.309929e+00#
(5.749252e-01)

7.294646e+00#
(5.597702e-01)

8.251784e+00
(9.873184e-01)

3
2.214750e+01

(3.455999e+00)
2.093763e+01

(3.884015e+00)
2.127560e+01

(3.840611e+00)
1.954952e+01#
(3.698654e+00)

WFG2
2

1.082887e+01#
(3.940243e-01)

1.093804e+01
(4.131007e-01)

1.088402e+01
(3.966500e-01)

1.087028e+01
(3.936546e-01)

3
9.987342e+01
(1.764776e-01)

9.980619e+01
(3.365261e-01)

9.969942e+01#
(3.580310e-01)

9.874426e+01#
(2.339321e-01)

WFG2−1
2

1.479666e+01#
(2.773268e-01)

1.516162e+01#
(2.416364e-02)

1.517144e+01#
(2.045347e-02)

1.518503e+01
(2.843331e-03)

3
6.111060e+01
(7.531676e-02)

6.092698e+01#
(9.699307e-02)

6.085319e+01#
(1.001624e-01)

5.917748e+01#
(4.110527e-01)

WFG3
2

1.042183e+01#
(1.980485e-01)

1.087753e+01
(2.513116e-02)

1.088729e+01
(2.096990e-02)

1.083036e+01#
(2.056959e-02)

3
7.257449e+01#
(4.804513e-01)

7.469071e+01#
(3.947835e-01)

7.485430e+01
(2.195746e-01)

7.168814e+01#
(4.075513e-01)
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Table B.1 – Continuation

MOP Dim. R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

WFG3−1
2

1.116798e+01#
(2.341934e-01)

1.170957e+01
(2.002401e-02)

1.170302e+01
(2.693215e-02)

1.166511e+01#
(2.890196e-02)

3
4.309221e+01
(4.201694e-01)

4.302405e+01
(2.951300e-01)

4.269899e+01#
(5.418257e-01)

4.066105e+01#
(4.221531e-01)

VIE1 3
6.098404e+01#
(3.129718e-01)

6.085282e+01#
(2.058629e-01)

6.089371e+01#
(2.168549e-01)

6.151553e+01
(5.181303e-02)

VIE2 3
7.828215e+00#
(7.241590e-03)

7.818501e+00#
(1.003048e-02)

7.816491e+00#
(8.664380e-03)

7.845357e+00
(1.117595e-03)

VIE3 3
2.202150e+02#
(3.554071e-01)

2.202696e+02#
(1.040812e-01)

2.202766e+02#
(1.108682e-01)

2.203585e+02
(2.417736e-02)

LAME
γ = 0.25

2
3.909634e+00#
(5.709759e-02)

3.982948e+00#
(9.839882e-04)

3.982605e+00#
(1.378485e-03)

3.984251e+00
(1.655409e-04)

3
7.969283e+00#
(4.151780e-02)

7.994775e+00#
(2.175235e-03)

7.995081e+00#
(2.464759e-03)

7.999827e+00
(2.131929e-05)

LAME
γ = 0.50

2
3.645645e+00#
(7.434828e-02)

3.822000e+00#
(4.413832e-03)

3.821263e+00#
(4.064261e-03)

3.828665e+00
(1.914345e-04)

3
7.862472e+00#
(2.513901e-02)

7.932429e+00#
(1.887706e-02)

7.924477e+00#
(2.395475e-02)

7.980644e+00
(3.398911e-04)

LAME
γ = 1.00

2
3.388040e+00#
(6.052368e-02)

3.489914e+00
(3.389927e-03)

3.489934e+00
(3.136226e-03)

3.488181e+00#
(4.046927e-03)

3
7.724104e+00#
(1.367839e-02)

7.733053e+00#
(2.024301e-02)

7.714423e+00#
(3.224908e-02)

7.756926e+00
(1.604649e-02)

LAME
γ = 2.00

2
3.209784e+00#
(1.704894e-04)

3.209978e+00
(1.805939e-04)

3.210020e+00
(1.258678e-04)

3.203304e+00#
(3.855043e-03)

3
7.417283e+00
(1.386901e-03)

7.417529e+00
(1.184325e-03)

7.403981e+00#
(2.074026e-02)

7.316762e+00#
(3.405029e-02)

LAME
γ = 5.00

2
3.046842e+00#
(3.362295e-04)

3.047895e+00#
(3.110398e-04)

3.048033e+00
(2.516326e-04)

3.040193e+00#
(6.242260e-03)

3
7.099393e+00#
(2.193804e-04)

7.106490e+00
(1.243879e-03)

7.062790e+00#
(3.582765e-02)

6.894701e+00#
(7.498913e-02)

MIRROR
γ = 0.25

2
3.012709e+00#
(4.898979e-07)

3.013524e+00#
(3.418416e-05)

3.013539e+00
(5.331509e-05)

3.001348e+00#
(6.905450e-03)

3
4.021538e+00#
(1.542263e-03)

4.036601e+00
(2.583775e-04)

3.841604e+00#
(2.858261e-01)

3.958745e+00#
(2.516358e-02)

MIRROR
γ = 0.50

2
3.162196e+00#
(1.465601e-04)

3.162629e+00
(1.526524e-04)

3.162604e+00
(1.909101e-04)

3.150500e+00#
(7.345288e-03)

3
4.419776e+00#
(4.429657e-03)

4.447563e+00
(3.511804e-03)

4.362379e+00#
(1.180306e-01)

4.292338e+00#
(4.002761e-02)

MIRROR
γ = 1.00

2
3.392474e+00#
(5.463606e-02)

3.489424e+00
(3.938836e-03)

3.489601e+00
(3.227883e-03)

3.486882e+00#
(4.914422e-03)

3
5.303303e+00#
(7.188395e-02)

5.426926e+00
(4.196963e-02)

5.408572e+00
(4.969088e-02)

5.299153e+00#
(4.594240e-02)

MIRROR
γ = 2.00

2
3.573648e+00#
(5.405677e-02)

3.772177e+00#
(4.516309e-03)

3.769977e+00#
(6.489849e-03)

3.780170e+00
(2.238466e-04)

3
6.515017e+00#
(5.601120e-02)

6.484667e+00#
(4.952863e-02)

6.456127e+00#
(4.937541e-02)

6.661167e+00
(1.599059e-02)

MIRROR
γ = 5.00

2
3.803607e+00#
(5.993229e-02)

3.944249e+00#
(2.030429e-03)

3.943153e+00#
(2.452780e-03)

3.947422e+00
(2.233225e-04)

3
7.389603e+00#
(5.687905e-02)

7.491070e+00#
(3.001289e-02)

7.458097e+00#
(4.758334e-02)

7.634448e+00
(4.943987e-03)
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Table B.2: Mean and, in parentheses, standard deviation of the R2 comparison. For
each case, the two best values are shown in grayscale, where the darker tone cor-
responds to the best algorithm. The symbol # is placed when the best algorithm
presents a significant difference, according to a one-tailed Wilcoxon test using a sig-
nificance level of α = 0.05.

MOP Dim. SMS-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ5
2

1.005486e+00#
(5.104561e-04)

1.029833e+00#
(1.059878e-02)

1.028238e+00#
(1.001161e-02)

1.003009e+00
(4.284767e-04)

3
6.109754e+02#
(1.551791e-02)

6.109946e+02#
(1.023653e-01)

6.110093e+02#
(4.498222e-02)

6.103094e+02
(4.117181e-01)

DTLZ5−1
2

3.510697e+00#
(1.017290e-03)

4.358365e+00#
(9.486050e-01)

4.091429e+00#
(6.963809e-01)

3.507580e+00
(1.147293e-03)

3
4.767704e+01
(5.289497e-01)

6.416130e+02#
(1.811837e+02)

6.364461e+02#
(1.517197e+02)

1.698762e+02#
(4.883579e+01)

DTLZ7
2

1.441503e+03
(2.039131e-02)

1.445657e+03#
(3.237280e+00)

1.487451e+03#
(2.200021e+02)

1.442743e+03#
(2.238336e+00)

3
2.391873e+03

(4.651224e+02)
2.493480e+03#
(3.929539e+02)

2.550239e+03#
(5.255527e+02)

2.418017e+03#
(2.746513e+02)

DTLZ7−1
2

1.592806e+04#
(3.376700e-01)

1.592669e+04#
(2.003853e+00)

1.592630e+04#
(2.140207e+00)

1.592313e+04
(4.634537e+00)

3
2.816303e+04#
(6.045521e-01)

2.816383e+04#
(7.139418e-01)

2.815595e+04#
(2.300026e+01)

2.785798e+04
(2.150179e+02)

WFG1
2

6.372488e+02
(1.587253e+02)

7.036806e+02#
(3.411281e+01)

6.555643e+02#
(1.952589e+02)

6.145524e+02
(1.882392e+02)

3
5.668730e+02

(2.231981e+02)
1.047378e+03#
(1.820088e+02)

1.106070e+03#
(1.536457e+02)

1.045511e+03#
(2.329230e+02)

WFG1−1
2

9.078785e+02#
(2.107915e+02)

1.040345e+03#
(1.834798e+02)

1.042570e+03#
(1.766694e+02)

6.872446e+02
(3.249294e+02)

3
1.250145e+03

(2.631020e+02)
1.223268e+03

(2.480948e+02)
1.206985e+03

(2.433435e+02)
1.319739e+03#
(2.344599e+02)

WFG2
2

2.535394e+02
(1.514857e+02)

1.979987e+02
(1.711069e+02)

2.211969e+02
(1.665364e+02)

2.214024e+02
(1.667331e+02)

3
1.191635e+02#
(9.955266e+00)

2.864686e+01#
(1.829298e+01)

3.380371e+01#
(2.565233e+01)

8.832879e+00
(7.201698e+00)

WFG2−1
2

8.683403e+02
(8.965119e-02)

8.737435e+02#
(3.692661e+00)

8.724601e+02#
(3.251167e+00)

8.743011e+02#
(3.753575e+00)

3
6.739555e+02

(7.026186e+00)
8.204509e+02#
(7.473159e+01)

8.776606e+02#
(1.245734e+02)

7.410797e+02#
(5.329390e+01)

WFG3
2

2.271958e+00
(1.849134e-03)

2.273840e+00#
(2.890178e-03)

2.273252e+00#
(2.216334e-03)

2.283883e+00#
(2.430803e-03)

3
7.321132e+02

(1.397077e+01)
8.863254e+02#
(3.163755e+01)

8.943076e+02#
(3.296950e+01)

7.477064e+02#
(2.801165e+01)

WFG3−1
2

2.104789e+02
(9.350683e-01)

2.418166e+02#
(1.879292e+01)

2.487994e+02#
(2.474250e+01)

2.436934e+02#
(2.252834e+01)

3
6.164198e+02
(3.417195e-01)

7.619900e+02#
(4.460000e+01)

7.804317e+02#
(6.395482e+01)

8.168451e+02#
(4.203108e+01)

VIE1 3
2.147352e+03#
(3.896644e+00)

2.189517e+03#
(3.917203e+01)

2.168234e+03#
(3.645915e+01)

2.025592e+03
(1.591550e+01)

VIE2 3
2.009631e+04#
(8.860660e-01)

2.019211e+04#
(1.059124e+02)

2.023026e+04#
(8.755486e+01)

2.009348e+04
(1.356931e+01)

VIE3 3
1.254645e+04#
(2.657464e+00)

1.255408e+04#
(4.443440e+00)

1.255352e+04#
(6.144459e+00)

1.254485e+04
(4.597049e+00)

LAME
γ = 0.25

2
1.290873e-01#
(6.666684e-05)

1.286126e-01
(5.713498e-05)

1.286278e-01
(5.860370e-05)

2.003998e-01#
(8.848773e-02)

3
2.126063e-01#
(4.733335e-02)

1.206164e-01
(1.715986e-01)

1.158909e-01
(1.425844e-01)

7.010252e+00#
(1.429443e+00)

LAME
γ = 0.50

2
4.682969e-01#
(6.861085e-05)

4.682036e-01
(1.561540e-04)

4.682564e-01
(1.640181e-04)

4.721240e-01#
(8.869523e-04)

3
5.350178e-01#
(2.156048e-02)

5.173003e-01
(5.246649e-02)

5.413574e-01#
(5.941437e-02)

1.611826e+00#
(9.039626e-01)

LAME
γ = 1.00

2
8.136808e-01

(3.892223e-04)
8.142168e-01#
(2.231924e-04)

8.142235e-01#
(2.379582e-04)

8.151098e-01#
(2.854964e-04)

3
9.508038e-01

(1.621874e-02)
1.077992e+00#
(4.000216e-02)

1.119208e+00#
(6.543714e-02)

1.119224e+00#
(5.050029e-02)

LAME
γ = 2.00

2
1.005600e+00#
(5.002900e-04)

1.030831e+00#
(1.079695e-02)

1.028627e+00#
(8.567371e-03)

1.002640e+00
(3.468501e-04)

3
2.033316e+00#
(2.731856e-02)

3.125817e+00#
(8.623367e-01)

2.895501e+00#
(1.444371e+00)

1.580426e+00
(8.071041e-02)

LAME
γ = 5.00

2
1.624360e+00#
(4.551037e-02)

6.634684e+00#
(1.561829e+00)

5.263233e+00#
(1.544037e+00)

1.083729e+00
(5.006587e-04)

3
9.500838e+01#
(1.524563e+00)

1.601928e+02#
(1.425093e+01)

1.225680e+02#
(2.517442e+01)

2.134192e+00
(4.235226e-01)

MIRROR
γ = 0.25

2
2.330939e+00#
(9.724825e-02)

3.711249e+01#
(1.105184e+01)

3.384378e+01#
(1.398704e+01)

1.098079e+00
(3.902835e-04)

3
8.782582e+02#
(1.056900e+00)

9.160999e+02#
(4.445802e+00)

9.355856e+02#
(3.915237e+01)

8.614790e+02
(3.254228e-01)

MIRROR
γ = 0.50

2
1.033891e+00#
(8.007150e-04)

1.077514e+00#
(1.722427e-02)

1.077995e+00#
(2.212623e-02)

1.028136e+00
(4.181026e-04)

3
8.214684e+02
(2.763007e-02)

8.239180e+02#
(7.467352e-01)

8.293100e+02#
(1.040429e+01)

8.300501e+02#
(1.642245e+00)
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Table B.2 – Continuation

MOP Dim. SMS-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

MIRROR
γ = 1.00

2
8.135885e-01

(3.876346e-04)
8.141975e-01#
(2.242625e-04)

8.142188e-01#
(2.475928e-04)

8.151982e-01#
(3.224129e-04)

3
5.043092e+02
(3.430455e-01)

5.088175e+02#
(2.039965e+00)

5.088860e+02#
(1.789102e+00)

5.149058e+02#
(3.121032e+00)

MIRROR
γ = 2.00

2
5.337165e-01

(9.076267e-05)
5.337376e-01

(1.967854e-04)
5.337958e-01

(2.068919e-04)
5.367964e-01#
(7.060632e-04)

3
1.355486e+02
(4.866807e-01)

1.900996e+02#
(1.490261e+01)

1.937577e+02#
(1.952611e+01)

1.429503e+02#
(3.341191e+00)

MIRROR
γ = 5.00

2
2.517303e-01#
(6.956516e-05)

2.514963e-01#
(9.396201e-05)

2.514279e-01
(1.114882e-04)

2.667327e-01#
(9.571938e-03)

3
1.566226e+01#
(2.742656e-01)

4.194253e+01#
(6.795610e+00)

4.529078e+01#
(1.092500e+01)

8.935328e+00
(4.235798e+00)
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Table B.3: Mean and, in parentheses, standard deviation of the IGD+ comparison.
For each case, the two best values are shown in grayscale, where the darker tone
corresponds to the best algorithm. The symbol # is placed when the best algo-
rithm presents a significant difference, according to a one-tailed Wilcoxon test using
a significance level of α = 0.05.

MOP Dim. SMS-EMOA R2-EMOA ε+-MaOEA ∆p-MaOEA

DTLZ5
2

1.695584e-03
(3.234557e-05)

2.049804e-03#
(2.909052e-06)

2.296487e-03#
(1.204895e-04)

2.653461e-03#
(1.290499e-04)

3
1.682930e-03

(2.484378e-05)
5.535978e-03#
(2.758618e-03)

2.280186e-03#
(1.609056e-04)

2.956920e-03#
(1.653807e-04)

DTLZ5−1
2

6.196074e-03
(1.238341e-04)

1.363435e-01#
(3.622241e-02)

9.322426e-03#
(1.176939e-03)

8.141679e-03#
(3.756346e-04)

3
9.366191e-02

(1.227452e-03)
1.143055e-01#
(6.081112e-03)

1.021395e-01#
(8.539415e-03)

1.098575e-01#
(3.663990e-03)

DTLZ7
2

1.628336e-03
(3.495923e-05)

3.007559e-03#
(8.823955e-04)

1.717664e-02#
(8.137425e-02)

2.082631e-03#
(8.069671e-05)

3
5.215494e-02

(1.349320e-01)
5.307555e-02

(6.426607e-02)
7.405011e-02

(1.490413e-01)
5.000873e-02

(5.317253e-02)

DTLZ7−1
2

7.854840e-04
(2.516270e-05)

1.964593e-03#
(7.901776e-04)

9.686953e-04#
(3.535944e-05)

1.005376e-03#
(3.337688e-05)

3
2.729009e-02

(6.937086e-02)
1.560221e-02

(1.017142e-03)
2.976307e-02

(6.914669e-02)
3.486042e-02#
(6.773933e-02)

WFG1
2

7.653841e-01
(6.019249e-02)

9.347850e-01#
(9.304603e-02)

7.795080e-01#
(7.628035e-02)

7.555885e-01
(6.994785e-02)

3
8.169015e-01

(6.624744e-03)
8.689634e-01#
(7.137616e-03)

8.880066e-01#
(2.515765e-02)

1.015451e+00#
(1.648919e-02)

WFG1−1
2

6.030196e-01#
(1.606478e-01)

1.210451e+00#
(9.050835e-02)

6.915277e-01#
(1.606911e-01)

4.381291e-01
(2.519592e-01)

3
5.800055e-01

(2.198836e-01)
5.339181e-01

(1.778769e-01)
5.863736e-01

(1.977158e-01)
6.518395e-01#
(1.962630e-01)

WFG2
2

6.673596e-02
(3.671732e-02)

6.316491e-02#
(3.971209e-02)

5.956594e-02
(3.939672e-02)

6.110196e-02
(3.989671e-02)

3
2.744562e-02

(1.853143e-03)
4.436958e-02#
(2.383712e-03)

4.283467e-02#
(4.515963e-03)

7.816769e-02#
(4.098763e-03)

WFG2−1
2

1.415975e-03
(4.407807e-05)

7.569000e-03#
(5.576227e-03)

1.735616e-03#
(6.701956e-05)

2.192838e-03#
(9.091264e-05)

3
3.285042e-02

(7.759751e-04)
3.728421e-02#
(1.459409e-03)

3.803745e-02#
(9.791798e-04)

6.321929e-02#
(4.794858e-03)

WFG3
2

1.083253e-02
(1.182583e-03)

3.539072e-02#
(1.559783e-02)

1.118421e-02
(1.237053e-03)

1.769827e-02#
(1.236446e-03)

3
2.486311e-02

(3.388914e-03)
1.281786e-01#
(1.312570e-02)

3.711180e-02#
(4.157123e-03)

1.491613e-01#
(1.022267e-02)

WFG3−1
2

6.807507e-03
(1.481638e-04)

3.879721e-02#
(1.978041e-02)

7.788440e-03#
(4.557040e-04)

1.257812e-02 #
(6.267424e-04)

3
1.007547e-01#
(1.213589e-03)

1.102851e-01#
(3.463592e-03)

9.842125e-02
(4.620645e-03)

1.393639e-01#
(7.116006e-03)

VIE1 3
6.060827e-02#
(8.852261e-04)

5.533069e-02#
(3.180995e-03)

4.069218e-02
(1.774645e-03)

6.745161e-02#
(4.779719e-03)

VIE2 3
2.941424e-03

(1.518446e-04)
4.316030e-03#
(8.976983e-04)

4.235757e-03#
(7.104672e-04)

2.971846e-03
(1.763561e-04)

VIE3 3
3.437056e+01#
(8.163271e-04)

3.437131e+01#
(1.112938e-03)

3.436991e+01
(4.075368e-04)

3.437104e+01#
(7.149144e-04)

LAME
γ = 0.25

2
2.362458e-04

(1.418313e-05)
1.866296e-02#
(1.441148e-02)

7.612490e-04#
(2.063942e-04)

6.958310e-04#
(8.373615e-05)

3
3.546617e-04

(1.551129e-05)
6.893500e-03#
(6.053915e-03)

1.731868e-03#
(3.552169e-04)

1.494761e-03#
(2.332077e-04)

LAME
γ = 0.50

2
1.534167e-03

(3.188406e-05)
3.495180e-02#
(1.651300e-02)

2.471058e-03#
(3.514999e-04)

2.200077e-03#
(8.726158e-05)

3
8.625738e-03

(1.752621e-04)
1.522865e-02#
(8.774275e-04)

1.309048e-02#
(1.227949e-03)

1.242335e-02#
(4.907894e-04)

LAME
γ = 1.00

2
2.523730e-03

(3.262917e-05)
7.892336e-03#
(5.038736e-03)

2.759690e-03#
(6.658338e-05)

3.266812e-03#
(1.206671e-04)

3
2.539401e-02#
(3.813928e-04)

2.456533e-02
(1.106700e-04)

2.876936e-02#
(6.219364e-04)

3.216913e-02#
(1.003099e-03)

LAME
γ = 2.00

2
1.753442e-03

(4.092261e-05)
2.134488e-03#
(3.898561e-06)

2.310598e-03#
(7.442727e-05)

2.386799e-03#
(8.769657e-05)

3
1.844746e-02

(4.584678e-04)
2.203263e-02#
(7.570671e-05)

2.386517e-02#
(1.690704e-03)

3.106458e-02#
(1.726688e-03)

LAME
γ = 5.00

2
5.441572e-04

(2.864553e-05)
1.263241e-03#
(2.203386e-06)

8.783513e-04#
(4.805303e-05)

1.191633e-03#
(8.902358e-05)

3
4.619441e-03

(1.066644e-04)
9.629852e-03#
(1.017117e-05)

1.037648e-02#
(2.198922e-03)

1.864518e-02#
(2.657058e-03)

MIRROR
γ = 0.25

2
2.118677e-04

(1.321315e-05)
7.048073e-04#
(6.234310e-07)

4.053672e-04#
(3.235797e-05)

6.689731e-04#
(6.880326e-05)

3
6.749016e-04

(3.747716e-05)
3.903468e-03#
(4.182137e-04)

9.538769e-03#
(1.632313e-02)

2.924400e-03#
(3.422683e-04)

MIRROR
γ = 0.50

2
1.501527e-03

(4.173043e-05)
1.849857e-03#
(2.106441e-06)

2.064390e-03#
(1.113252e-04)

2.191113e-03#
(9.214070e-05)

3
1.114792e-02#
(2.167936e-04)

1.457422e-02#
(7.071915e-04)

1.105574e-02
(1.441728e-03)

1.480486e-02#
(8.323569e-04)
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Table B.3 – Continuation

MOP Dim. SMS-EMOA R2-EMOA ε+-MaOEA ∆p-MaOEA

MIRROR
γ = 1.00

2
2.535818e-03

(4.574300e-05)
7.752339e-03#
(4.184850e-03)

2.752465e-03#
(5.530838e-05)

3.285354e-03#
(1.416783e-04)

3
3.095894e-02#
(4.319606e-04)

3.514701e-02#
(6.350441e-04)

2.865999e-02
(6.004246e-04)

3.204613e-02#
(8.245754e-04)

MIRROR
γ = 2.00

2
1.813141e-03

(3.534852e-05)
3.371028e-02#
(1.248708e-02)

2.731849e-03#
(3.901231e-04)

2.434603e-03#
(9.552067e-05)

3
2.715802e-02

(4.041752e-04)
3.305183e-02#
(1.265624e-03)

3.143794e-02#
(1.783074e-03)

2.990015e-02#
(1.009064e-03)

MIRROR
γ = 5.00

2
5.965585e-04

(3.483584e-05)
3.183511e-02#
(1.579689e-02)

1.546184e-03#
(3.103224e-04)

1.242003e-03#
(9.958487e-05)

3
7.355287e-03

(1.343513e-04)
2.465969e-02#
(3.611979e-03)

2.057858e-02#
(3.021821e-03)

1.344849e-02#
(8.361468e-04)
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Table B.4: Mean and, in parentheses, standard deviation of the ε+ comparison. For
each case, the two best values are shown in grayscale, where the darker tone cor-
responds to the best algorithm. The symbol # is placed when the best algorithm
presents a significant difference, according to a one-tailed Wilcoxon test using a sig-
nificance level of α = 0.05.

MOP Dim. SMS-EMOA R2-EMOA IGD+-MaOEA ∆p-MaOEA

DTLZ5
2

4.288867e-03
(1.748715e-04)

6.694033e-03#
(9.686364e-05)

9.505733e-03#
(1.485828e-03)

1.198187e-02#
(2.079283e-03)

3
3.459100e-03

(8.707749e-05)
3.976550e-02#
(3.359484e-02)

8.775400e-03#
(1.757153e-03)

1.088393e-02#
(2.516491e-03)

DTLZ5−1
2

1.519573e-02
(6.465546e-04)

4.220003e-01#
(1.172431e-01)

3.787860e-02#
(9.500708e-03)

3.916630e-02#
(6.265284e-03)

3
2.120276e-01

(9.017631e-03)
3.402098e-01#
(6.914496e-02)

2.681693e-01#
(5.842962e-02)

2.479882e-01#
(1.917379e-02)

DTLZ7
2

4.286833e-03
(2.300575e-04)

3.518943e-02#
(1.913576e-02)

9.362433e-03#
(2.140453e-03)

9.976367e-03#
(1.950960e-03)

3
1.833179e-01

(4.868982e-01)
2.841639e-01#
(3.457937e-01)

3.036933e-01#
(4.027617e-01)

1.974185e-01#
(2.924224e-01)

DTLZ7−1
2

2.066033e-03
(1.796030e-04)

2.427647e-02#
(1.493418e-02)

4.022200e-03#
(7.868707e-04)

4.848933e-03#
(8.986008e-04)

3
9.121917e-02

(2.427347e-01)
8.612077e-02#
(2.753402e-02)

7.167993e-02
(4.720156e-02)

1.377222e-01
(2.326325e-01)

WFG1
2

1.195371e+00
(1.429522e-01)

1.501713e+00#
(1.844878e-01)

1.242802e+00#
(5.527474e-02)

1.163965e+00
(1.699515e-01)

3
9.299282e-01

(1.739498e-02)
9.651405e-01#
(1.952047e-02)

1.027403e+00#
(6.855228e-02)

1.077434e+00#
(2.013067e-02)

WFG1−1
2

2.232947e+00#
(4.657834e-01)

3.230241e+00#
(1.335771e-01)

2.416787e+00#
(3.398920e-01)

1.761230e+00
(7.378372e-01)

3
3.090242e+00
(5.242446e-01)

3.594526e+00#
(8.498205e-02)

3.600963e+00#
(6.221815e-02)

3.537044e+00#
(1.471249e-01)

WFG2
2

5.891101e-01
(3.494691e-01)

5.319518e-01#
(3.629393e-01)

4.605487e-01
(3.911434e-01)

5.188458e-01
(3.750637e-01)

3
7.688937e-02

(7.132705e-03)
1.302322e-01#
(1.036749e-02)

1.223313e-01#
(2.341651e-02)

2.385037e-01#
(3.161913e-02)

WFG2−1
2

4.060333e-03
(4.360840e-04)

1.423319e-01#
(9.573484e-02)

1.463893e-02#
(6.384099e-03)

7.456600e-03#
(1.140392e-03)

3
1.021728e-01

(1.161072e-02)
1.513375e-01#
(3.273466e-02)

1.366452e-01#
(2.269532e-02)

3.027704e-01#
(1.201660e-01)

WFG3
2

1.934267e-02
(1.493618e-03)

3.191266e-01#
(1.285740e-01)

4.032030e-02#
(1.239598e-02)

4.541777e-02#
(1.047507e-02)

3
6.123697e-02

(6.271931e-03)
2.345632e-01#
(2.667689e-02)

1.162866e-01#
(4.476494e-02)

2.221332e-01#
(2.426046e-02)

WFG3−1
2

1.455220e-02
(5.709691e-04)

3.595611e-01#
(1.618304e-01)

3.617557e-02#
(1.147255e-02)

4.553267e-02#
(1.581711e-02)

3
2.270304e-01

(7.841809e-03)
4.143307e-01#
(1.767879e-01)

3.415783e-01#
(1.054150e-01)

3.987787e-01#
(8.988984e-02)

VIE1 3
1.485014e-01#
(7.813217e-03)

1.445439e-01#
(1.746906e-02)

1.103473e-01
(9.187255e-03)

1.849286e-01#
(1.828364e-02)

VIE2 3
1.943703e-02#
(9.234191e-04)

1.440070e-02
(3.406558e-03)

1.324500e-02
(3.472923e-03)

1.586703e-02#
(2.158368e-03)

VIE3 3
3.200002e+01
(2.617038e-05)

3.200032e+01#
(3.592314e-04)

3.200004e+01#
(5.262446e-05)

3.200020e+01#
(1.473790e-04)

LAME
γ = 0.25

2
1.401967e-03

(1.328685e-04)
4.592090e-02#
(2.721952e-02)

2.266333e-03#
(3.840171e-04)

1.004937e-02#
(2.898355e-03)

3
3.305233e-03

(3.772316e-04)
1.297557e-02#
(1.250013e-02)

3.702267e-03
(9.247918e-04)

1.648257e-02#
(3.873501e-03)

LAME
γ = 0.50

2
4.111667e-03

(1.904311e-04)
1.117717e-01#
(4.780182e-02)

8.770833e-03#
(1.707010e-03)

1.078383e-02#
(1.705957e-03)

3
2.231497e-02

(1.371576e-03)
3.042630e-02#
(4.151926e-03)

3.102333e-02#
(4.641532e-03)

4.177447e-02#
(5.636574e-03)

LAME
γ = 1.00

2
5.366400e-03

(2.096942e-04)
7.129647e-02#
(4.163471e-02)

9.287133e-03#
(1.377809e-03)

1.126267e-02#
(1.393164e-03)

3
4.667817e-02

(1.925211e-03)
4.881510e-02#
(7.817478e-04)

6.681010e-02#
(6.607459e-03)

7.434400e-02#
(6.467160e-03)

LAME
γ = 2.00

2
4.305133e-03

(1.827293e-04)
7.103300e-03#
(1.402636e-04)

9.510567e-03#
(1.474281e-03)

1.061927e-02#
(1.590049e-03)

3
4.492820e-02

(2.291838e-03)
6.858377e-02#
(2.807471e-04)

6.893733e-02#
(8.636191e-03)

8.706860e-02#
(1.252971e-02)

LAME
γ = 5.00

2
2.253200e-03

(9.284051e-05)
8.715533e-03#
(4.765902e-05)

4.548400e-03#
(7.362937e-04)

1.036823e-02#
(2.225169e-03)

3
2.745240e-02

(2.142825e-03)
5.957293e-02#
(1.360823e-04)

3.376767e-02#
(5.488481e-03)

1.143934e-01#
(3.112082e-02)

MIRROR
γ = 0.25

2
1.335467e-03

(1.171585e-04)
8.962733e-03#
(2.429531e-05)

2.188233e-03#
(3.108442e-04)

1.103240e-02#
(3.774229e-03)

3
9.473000e-03#
(3.469447e-18)

3.378247e-02#
(4.525699e-03)

7.660567e-03
(1.668890e-03)

3.620283e-02#
(1.181870e-02)

MIRROR
γ = 0.50

2
3.982700e-03

(2.457278e-04)
7.289533e-03#
(4.789345e-05)

8.277400e-03#
(1.235169e-03)

1.221900e-02#
(3.236050e-03)

3
4.599580e-02#
(2.917761e-03)

6.777890e-02#
(9.194487e-03)

3.533243e-02
(3.934414e-03)

7.450527e-02#
(2.358820e-02)
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Table B.4 – Continuation

MOP Dim. SMS-EMOA R2-EMOA IGD+-MaOEA ∆p-MaOEA

MIRROR
γ = 1.00

2
5.403700e-03

(1.635042e-04)
6.995890e-02#
(3.686391e-02)

9.260833e-03#
(1.373198e-03)

1.233983e-02#
(1.880482e-03)

3
6.966813e-02

(2.310921e-03)
1.005713e-01#
(1.205964e-02)

7.393110e-02#
(9.208828e-03)

8.035710e-02#
(9.564526e-03)

MIRROR
γ = 2.00

2
4.355267e-03

(1.674833e-04)
1.110318e-01#
(4.047145e-02)

9.685933e-03#
(1.763040e-03)

1.072607e-02#
(1.510878e-03)

3
6.485817e-02

(3.846548e-03)
8.332627e-02#
(1.134454e-02)

7.424183e-02#
(9.515501e-03)

7.946677e-02#
(6.843873e-03)

MIRROR
γ = 5.00

2
2.360433e-03

(1.042969e-04)
6.453017e-02#
(3.761926e-02)

4.671367e-03#
(5.648667e-04)

1.143143e-02#
(2.576067e-03)

3
3.662260e-02

(3.165304e-03)
5.111587e-02#
(9.700699e-03)

3.925197e-02#
(4.871933e-03)

7.637393e-02#
(1.472057e-02)
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Table B.5: Mean and, in parentheses, standard deviation of the ∆p comparison. For
each case, the two best values are shown in grayscale, where the darker tone cor-
responds to the best algorithm. The symbol # is placed when the best algorithm
presents a significant difference, according to a one-tailed Wilcoxon test using a sig-
nificance level of α = 0.05.

MOP Dim. SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA

DTLZ5
2

7.406892e-03#
(2.506466e-04)

4.596968e-03
(4.622463e-06)

1.493306e-02#
(2.136301e-03)

1.458711e-02#
(2.255226e-03)

3
6.505713e-03

(1.903906e-04)
1.681478e-02#
(6.526178e-03)

1.347136e-02#
(2.001874e-03)

1.342005e-02#
(2.287723e-03)

DTLZ5−1
2

2.111317e-02
(6.596463e-04)

6.888423e-01#
(1.117294e-01)

9.769015e-02#
(2.441869e-02)

8.621672e-02#
(2.710863e-02)

3
1.857834e-01

(2.115939e-03)
3.347142e-01#
(4.956390e-02)

3.462997e-01#
(5.443900e-02)

3.554791e-01#
(5.696522e-02)

DTLZ7
2

5.927002e-03
(1.264210e-04)

1.043017e-02#
(3.237141e-03)

8.815495e-03#
(7.576162e-04)

3.349218e-02#
(1.336232e-01)

3
1.829813e-01#
(1.934680e-01)

1.319032e-01
(1.357873e-01)

1.457676e-01
(1.702285e-01)

1.704028e-01
(2.415969e-01)

DTLZ7−1
2

3.291698e-03
(7.041132e-05)

7.715302e-03#
(2.717189e-03)

4.669146e-03#
(5.792374e-04)

4.766884e-03#
(8.250100e-04)

3
1.182902e-01#
(1.150130e-01)

6.555662e-02
(2.508848e-02)

6.850298e-02##
(7.558801e-03)

9.903232e-02
(1.203300e-01)

WFG1
2

1.097287e+00
(1.416278e-01)

1.464204e+00#
(2.239744e-01)

1.142534e+00
(3.624628e-02)

1.107333e+00
(1.804430e-01)

3
9.535054e-01

(6.130012e-02)
1.058708e+00#
(5.218627e-02)

1.187336e+00#
(9.215482e-02)

1.235971e+00#
(8.071587e-02)

WFG1−1
2

1.025968e+00
(2.551586e-01)

1.869376e+00#
(1.185291e-01)

1.168507e+00#
(2.292658e-01)

1.173170e+00#
(2.220213e-01)

3
9.632906e-01

(2.010534e-01)
1.003708e+00
(1.205533e-01)

1.042047e+00#
(1.387284e-01)

1.054667e+00#
(1.341810e-01)

WFG2
2

2.466787e-01
(1.392414e-01)

2.352225e-01#
(1.387027e-01)

1.980112e-01
(1.542363e-01)

2.190145e-01
(1.502228e-01)

3
3.805331e-01#
(5.706660e-03)

3.610311e-01
(5.877678e-03)

4.200883e-01#
(4.253271e-02)

4.217750e-01#
(4.444525e-02)

WFG2−1
2

1.232389e-02
(2.764109e-04)

3.329214e-02#
(1.582048e-02)

1.482709e-02#
(6.485688e-04)

1.474882e-02#
(5.794326e-04)

3
4.782631e-01#
(1.598683e-02)

3.187479e-01
(8.568225e-03)

3.677384e-01#
(2.238619e-02)

3.600088e-01#
(1.683329e-02)

WFG3
2

1.428934e-02
(6.784763e-04)

9.597052e-02#
(4.967767e-02)

1.695257e-02#
(1.103848e-03)

1.648461e-02#
(8.490683e-04)

3
7.379659e-01#
(1.831559e-02)

8.802018e-01#
(5.775016e-02)

6.705148e-01
(8.163001e-02)

6.459911e-01
(7.522617e-02)

WFG3−1
2

1.310433e-02
(1.839318e-04)

1.187646e-01#
(5.556068e-02)

1.605288e-02#
(7.680716e-04)

1.643985e-02#
(1.731741e-03)

3
2.060761e-01#
(2.925952e-03)

2.240391e-01#
(6.151626e-03)

1.845060e-01
(5.815955e-03)

1.931713e-01#
(8.850959e-03)

VIE1 3
4.180782e-01#
(4.434053e-03)

3.472464e-01#
(2.692236e-02)

2.106523e-01
(3.544690e-02)

2.176691e-01
(2.876066e-02)

VIE2 3
1.897265e-02

(1.109635e-03)
1.134802e-01#
(5.385696e-02)

1.397716e-01#
(6.043678e-02)

1.459694e-01#
(5.950758e-02)

VIE3 3
3.463065e+01#
(9.341584e-03)

3.442166e+01
(6.298771e-02)

3.439434e+01
(1.509853e-02)

3.440094e+01
(1.393778e-02)

LAME
γ = 0.25

2
2.140526e-02

(8.056726e-04)
3.210521e-01#
(4.531988e-02)

1.451217e-01#
(2.705175e-02)

1.499476e-01#
(3.546758e-02)

3
7.454173e-02

(1.268640e-02)
3.531762e-01#
(8.739043e-02)

2.741324e-01#
(1.836154e-02)

2.783684e-01#
(2.537823e-02)

LAME
γ = 0.50

2
6.655428e-03

(2.271082e-04)
2.064017e-01#
(5.519466e-02)

2.666393e-02#
(9.010260e-03)

2.848004e-02#
(9.203324e-03)

3
3.278637e-02

(6.014475e-04)
1.365345e-01#
(6.310909e-03)

9.315135e-02#
(1.786164e-02)

9.938001e-02#
(1.740653e-02)

LAME
γ = 1.00

2
4.139085e-03

(5.140292e-05)
2.302644e-02#
(1.650151e-02)

4.726300e-03#
(1.547893e-04)

4.736983e-03#
(1.106859e-04)

3
3.977725e-02#
(4.900449e-04)

3.832886e-02
(1.816802e-04)

4.500530e-02#
(1.132604e-03)

4.632899e-02#
(1.112544e-03)

LAME
γ = 2.00

2
7.652167e-03#
(3.123124e-04)

4.813167e-03
(9.575336e-06)

1.577385e-02#
(2.279521e-03)

1.533650e-02#
(1.949915e-03)

3
7.645934e-02#
(1.179189e-03)

5.428870e-02
(3.464988e-05)

7.699633e-02#
(3.167635e-03)

7.592208e-02#
(3.249837e-03)

LAME
γ = 5.00

2
4.800199e-02#
(1.605375e-03)

8.599542e-03
(1.848679e-05)

9.320193e-02#
(5.643740e-03)

8.696151e-02#
(7.206407e-03)

3
1.823065e-01#
(1.167300e-03)

7.010421e-02
(1.996358e-05)

1.811148e-01#
(4.976093e-03)

1.708535e-01#
(7.080645e-03)

MIRROR
γ = 0.25

2
5.554415e-02#
(1.946736e-03)

1.307076e-02
(5.704684e-06)

1.340588e-01#
(8.297530e-03)

1.308626e-01#
(1.103825e-02)

3
8.307629e-02#
(1.445734e-03)

2.684718e-02
(2.437578e-03)

1.404159e-01#
(6.096533e-03)

1.387284e-01#
(1.548361e-02)

MIRROR
γ = 0.50

2
8.925204e-03#
(3.297587e-04)

4.980787e-03
(2.763049e-06)

1.954657e-02#
(2.529892e-03)

1.956016e-02#
(3.023896e-03)

3
4.302065e-02#
(8.371972e-04)

4.323850e-02#
(2.300700e-03)

3.891919e-02
(2.228169e-03)

4.044598e-02
(3.641319e-03)
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Table B.5 – Continuation

MOP Dim. SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA

MIRROR
γ = 1.00

2
4.148358e-03

(6.881384e-05)
2.225160e-02#
(1.429510e-02)

4.716280e-03#
(1.218065e-04)

4.715821e-03#
(1.047166e-04)

3
5.011539e-02#
(7.550655e-04)

5.725235e-02#
(1.162920e-03)

4.513631e-02
(9.755519e-04)

4.569586e-02#
(1.071872e-03)

MIRROR
γ = 2.00

2
6.037451e-03

(1.610113e-04)
1.761301e-01#
(3.542911e-02)

1.949739e-02#
(5.895277e-03)

2.222006e-02#
(8.953158e-03)

3
5.853704e-02

(4.979554e-04)
1.002188e-01#
(9.411300e-03)

1.150616e-01#
(1.127623e-02)

1.192468e-01#
(1.132606e-02)

MIRROR
γ = 5.00

2
1.666484e-02

(4.613832e-04)
3.314777e-01#
(2.721455e-02)

1.030795e-01#
(2.246528e-02)

1.136459e-01#
(2.122008e-02)

3
1.627094e-01

(1.233398e-03)
3.215646e-01#
(1.775183e-02)

3.521189e-01#
(2.695351e-02)

3.683139e-01#
(3.063923e-02)

CINVESTAV-IPN Computer Science Department



Numerical results 203

Table B.6: Mean and, in parentheses, standard deviation of the Riesz s-energy com-
parison. For each case, the two best values are shown in grayscale, where the darker
tone corresponds to the best algorithm. The symbol # is placed when the best algo-
rithm presents a significant difference, according to a one-tailed Wilcoxon test using
a significance level of α = 0.05.

MOP Dim. SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ5
2

1.642705e+06#
(3.667592e+04)

1.426538e+06
(5.331966e+02)

3.284542e+06#
(2.324982e+05)

3.246774e+06#
(2.476792e+05)

1.779673e+06#
(1.334740e+05)

3
1.137699e+08

(3.334633e+06)
5.415400e+17#
(1.075355e+18)

4.139892e+08#
(4.414114e+07)

4.211398e+08#
(4.947959e+07)

1.559866e+08#
(2.553095e+07)

DTLZ5−1
2

1.296325e+05
(2.870240e+03)

6.562904e+08#
(2.812100e+09)

2.879533e+05#
(1.982203e+04)

2.852587e+05#
(1.999574e+04)

1.497304e+05#
(8.250750e+03)

3
2.474935e+04#
(1.223894e+03)

6.706334e+16#
(3.589393e+17)

4.323645e+04#
(7.277478e+03)

4.465221e+04#
(6.302722e+03)

2.005661e+04
(1.294014e+03)

DTLZ7
2

1.141697e+06
(2.909429e+04)

7.979252e+09#
(3.592319e+10)

2.477841e+06#
(2.090567e+05)

2.987530e+06#
(2.811123e+06)

1.419812e+06#
(1.276149e+05)

3
1.203024e+06#
(2.258313e+06)

6.262355e+10#
(2.613354e+11)

1.258730e+06#
(1.203218e+06)

1.793360e+06#
(3.387314e+06)

5.844906e+05
(5.028749e+05)

DTLZ7−1
2

3.268583e+06
(7.978350e+04)

1.719136e+10#
(5.881680e+10)

6.758646e+06#
(7.685933e+05)

6.935753e+06#
(8.797564e+05)

4.427456e+06#
(3.950236e+05)

3
2.074010e+09

(1.102104e+10)
1.006757e+14#
(4.923114e+14)

6.157415e+06
(6.286280e+05)

2.296158e+09
(1.211106e+10)

2.278238e+11
(8.538050e+11)

WFG1
2

8.934498e+05
(1.169571e+05)

7.689052e+09#
(3.985797e+10)

1.258394e+06#
(9.308691e+04)

1.218884e+06#
(2.174472e+05)

9.644694e+05#
(1.530521e+05)

3
2.066124e+05#
(8.062808e+04)

1.130505e+10#
(6.069368e+10)

2.797654e+05#
(5.985555e+04)

3.302417e+05#
(6.605761e+04)

1.340369e+05
(2.344808e+04)

WFG1−1
2

7.485416e+05
(9.972770e+04)

5.400936e+08#
(1.806448e+09)

1.476324e+06#
(8.705842e+05)

1.465063e+06#
(7.936464e+05)

7.773445e+05
(1.712791e+05)

3
2.801482e+05#
(6.111701e+04)

3.200017e+12#
(1.602124e+13)

1.557129e+05#
(2.620210e+04)

2.220459e+05#
(2.112907e+05)

1.221268e+05
(1.921651e+04)

WFG2
2

3.874973e+05#
(7.320495e+04)

2.838244e+07#
(5.909860e+07)

7.776506e+06#
(3.713824e+07)

9.252300e+05#
(2.389497e+05)

3.477103e+05
(7.772309e+04)

3
8.313309e+04#
(1.118719e+04)

1.059870e+08#
(5.418598e+08)

2.160039e+05#
(4.144362e+04)

2.559895e+05#
(4.871927e+04)

2.351106e+04
(4.102143e+03)

WFG2−1
2

2.430119e+05
(8.966785e+03)

5.970582e+08#
(1.930481e+09)

2.745342e+05#
(1.306106e+04)

2.728668e+05#
(1.041587e+04)

6.723057e+05#
(1.619325e+05)

3
5.603496e+04#
(5.153789e+03)

2.510696e+08#
(9.183306e+08)

6.257207e+04#
(1.236099e+04)

7.165005e+04#
(1.894294e+04)

9.309066e+03
(1.365120e+03)

WFG3
2

1.597247e+05
(1.889449e+03)

7.651096e+06#
(1.368052e+07)

2.064093e+05#
(8.188070e+03)

2.033827e+05#
(8.018302e+03)

2.249729e+05#
(1.328261e+04)

3
7.338119e+05#
(1.600657e+06)

1.330572e+10#
(6.408038e+10)

1.687846e+05#
(2.295076e+04)

1.750329e+05#
(2.753895e+04)

8.733520e+04
(1.169030e+04)

WFG3−1
2

1.567022e+05
(4.397724e+02)

2.307959e+07#
(5.098860e+07)

2.069634e+05#
(5.688464e+03)

2.075801e+05#
(1.243357e+04)

2.262092e+05#
(1.060082e+04)

3
2.275725e+04#
(1.105734e+03)

7.456904e+14#
(4.013812e+15)

1.746804e+04
(8.927522e+02)

1.975582e+04#
(2.350257e+03)

2.068196e+04#
(1.328415e+03)

VIE1 3
9.008727e+04#
(2.789419e+03)

4.452919e+11#
(2.340388e+12)

1.828579e+05#
(1.723622e+04)

1.779405e+05#
(1.684371e+04)

3.816533e+04
(2.288552e+03)

VIE2 3
8.100420e+07#
(4.999507e+06)

2.989106e+13#
(1.477121e+14)

3.648448e+08#
(4.188048e+07)

3.707975e+08#
(3.646541e+07)

2.581088e+07
(2.971930e+06)

VIE3 3
1.870848e+07#
(1.315343e+06)

2.617268e+15#
(1.328627e+16)

2.124102e+07#
(4.411781e+06)

2.164079e+07#
(4.234012e+06)

2.976674e+06
(1.003188e+06)

LAME
γ = 0.25

2
6.461243e+06#
(3.726055e+05)

4.804120e+10#
(1.351212e+11)

4.867372e+07#
(5.073041e+06)

4.917228e+07#
(5.697342e+06)

1.233286e+06
(5.791443e+04)

3
3.391834e+08#
(3.931181e+07)

6.955378e+16#
(3.587196e+17)

6.518813e+09#
(8.951637e+08)

6.589066e+09#
(8.928217e+08)

1.610622e+07
(1.154073e+06)

LAME
γ = 0.50

2
1.619967e+06

(3.621627e+04)
8.111698e+08#
(1.133423e+09)

4.236560e+06#
(3.392327e+05)

4.222500e+06#
(3.488763e+05)

1.664322e+06#
(6.816516e+04)

3
3.360179e+06#
(1.255342e+05)

3.746806e+10#
(1.732736e+11)

1.483810e+07#
(2.233503e+06)

1.560206e+07#
(2.035800e+06)

3.026936e+06
(2.495049e+05)

LAME
γ = 1.00

2
1.566928e+06

(6.728789e+03)
6.737993e+08#
(2.824111e+09)

1.929488e+06#
(5.026208e+04)

1.916042e+06#
(5.767525e+04)

2.154941e+06#
(9.891831e+04)

3
6.754602e+05

(3.938086e+03)
7.069181e+05#
(4.161149e+04)

1.071634e+06#
(5.332707e+04)

1.172416e+06#
(7.345720e+04)

1.038061e+06#
(7.069033e+04)

LAME
γ = 2.00

2
1.645879e+06#
(4.514630e+04)

1.426918e+06
(1.538153e+03)

3.295001e+06#
(2.012322e+05)

3.316637e+06#
(2.097227e+05)

1.771746e+06#
(8.377266e+04)

3
6.711154e+05#
(4.032804e+04)

3.385960e+05
(7.212880e+03)

8.504933e+05#
(6.904837e+04)

8.538336e+05#
(7.664928e+04)

4.786798e+05#
(2.746277e+04)

LAME
γ = 5.00

2
7.498451e+06#
(1.935681e+07)

1.264608e+06
(5.066119e+04)

1.354972e+07#
(1.582782e+06)

1.310267e+07#
(1.224850e+06)

1.374215e+06#
(4.972939e+04)

3
2.757830e+09#
(1.102707e+10)

2.553093e+05
(1.813380e+03)

3.995109e+06#
(4.189985e+05)

3.757314e+06#
(5.335883e+05)

2.959040e+05#
(2.064500e+04)

MIRROR
γ = 0.25

2
7.282408e+06#
(4.617563e+05)

1.218537e+06
(1.212203e+02)

4.777763e+07#
(5.168749e+06)

4.775862e+07#
(5.655205e+06)

1.289240e+06#
(2.506232e+05)

3
1.229479e+09#
(2.321479e+09)

8.703338e+15#
(1.321157e+16)

5.348958e+08#
(5.767072e+07)

4.541396e+09#
(2.071252e+10)

1.871047e+07
(2.487767e+06)

MIRROR
γ = 0.50

2
1.723339e+06#
(5.095016e+04)

1.377533e+06
(6.939554e+02)

4.009938e+06#
(3.131245e+05)

3.983821e+06#
(2.574562e+05)

1.704535e+06#
(7.822002e+04)

3
9.002549e+06#
(1.609551e+06)

1.987273e+16#
(6.295965e+16)

4.943600e+06#
(4.288839e+05)

5.186786e+06#
(4.596098e+05)

3.284368e+06
(1.794450e+05)
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Table B.6 – Continuation

MOP Dim. SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

MIRROR
γ = 1.00

2
1.565951e+06

(5.566996e+03)
3.323770e+08#
(8.349478e+08)

1.911285e+06#
(5.389124e+04)

1.914890e+06#
(4.255356e+04)

2.201558e+06#
(1.204210e+05)

3
1.398156e+06#
(5.171853e+04)

1.619412e+17#
(5.073209e+17)

9.744962e+05
(4.674531e+04)

4.168309e+06#
(1.685513e+07)

1.112881e+06#
(6.507429e+04)

MIRROR
γ = 2.00

2
1.585464e+06

(3.219954e+04)
2.276931e+09#
(8.710524e+09)

3.352430e+06#
(2.340635e+05)

3.458472e+06#
(2.719038e+05)

1.823259e+06#
(1.050042e+05)

3
5.338405e+05#
(1.021318e+04)

1.354534e+17#
(4.983853e+17)

1.423004e+06#
(1.143353e+05)

1.525069e+06#
(1.778478e+05)

5.297180e+05
(3.307602e+04)

MIRROR
γ = 5.00

2
3.563192e+06#
(1.807682e+05)

2.561909e+10#
(5.882747e+10)

1.356737e+07#
(1.128377e+06)

1.383275e+07#
(1.385592e+06)

1.389883e+06
(6.339161e+04)

3
9.564379e+05#
(3.685362e+04)

3.809270e+09#
(1.424536e+10)

8.053827e+06#
(1.089352e+06)

8.837185e+06#
(1.172617e+06)

3.536266e+05
(7.426666e+04)
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B.2 EIB-MOEA

Tables B.7 to B.13 show the numerical results of the comparison between EIB-
MOEA, avgEIB-MOEA, SMS-EMOA, R2-EMOA, IGD+-MaOEA, ε+-MaOEA and
∆p-MaOEA, considering the indicators HV, R2, IGD+, ε+, ∆p, Riesz s-energy, and
Solow-Polasky Diversity indicator. These resuls are related to the experiments of
Chapter 5, section 5.4.4.2.

Table B.7: Mean and, in parentheses, standard deviation of the hypervolume com-
parison. EIB-MOEA stands for the adaptive version and avgEIB-MOEA stands for
the average ranking of EIB-MOEA. For each case, the two best values are shown in
grayscale, where the darker tone corresponds to the best algorithm. The symbol #
is placed when the best algorithm presents a significant difference, according to a
one-tailed Wilcoxon test using a significance level of α = 0.05.

MOP Dim. EIB-MOEA avgEIB-MOEA SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ1
2

8.737764e-013#
(1.136250e-04)

8.736991e-014#
(2.665711e-04)

8.738577e-011

(1.008001e-04)
8.738131e-012#
(9.979603e-05)

8.720022e-017#
(1.018025e-03)

8.720120e-016#
(8.449071e-04)

8.723735e-015#
(7.323597e-04)

3
9.739382e-013#
(1.821300e-04)

9.738952e-014#
(2.378834e-04)

9.745094e-011

(5.149285e-05)
9.743358e-012#
(8.570515e-05)

9.664058e-016#
(2.413026e-03)

9.651634e-017#
(3.446574e-03)

9.691162e-015#
(2.482055e-03)

DTLZ1−1 2
1.506408e+053#
(1.323824e+01)

1.506279e+054#
(2.428799e+01)

1.507110e+052#
(1.983985e+00)

1.507168e+051

(9.548966e-01)
1.505472e+056#
(3.494075e+01)

1.505649e+055#
(2.495414e+01)

1.504247e+057#
(3.753792e+01)

3
2.180022e+073#
(7.514041e+04)

2.176433e+074#
(1.636252e+05)

1.998268e+076#
(8.140980e+04)

1.942072e+077#
(2.264501e+05)

2.225950e+071

(1.279257e+05)
2.214927e+072#
(1.173560e+05)

2.115021e+075#
(1.875676e+05)

DTLZ2
2

3.211164e+003#
(4.892288e-05)

3.211255e+002#
(7.066811e-05)

3.211612e+001

(5.643122e-06)
3.210796e+004#
(5.167044e-05)

3.210650e+006#
(1.556082e-04)

3.210719e+005#
(1.161650e-04)

3.206468e+007#
(3.181915e-03)

3
7.424117e+003#
(7.167495e-04)

7.426126e+002#
(1.003176e-03)

7.431546e+001

(4.487141e-05)
7.422032e+004#
(1.606159e-04)

7.420056e+005#
(1.082131e-03)

7.414640e+006#
(9.983771e-03)

7.325874e+007#
(2.931872e-02)

DTLZ2−1 2
1.028990e+012#
(5.007866e-04)

1.028925e+013#
(1.308348e-03)

1.029350e+011

(5.662541e-05)
1.027955e+015#
(1.525186e-03)

1.027565e+017#
(6.330576e-03)

1.027756e+016#
(4.964737e-03)

1.028105e+014#
(1.843947e-03)

3
2.294408e+012#
(3.402942e-02)

2.296692e+011

(8.768621e-02)
2.264516e+015#
(1.377448e-02)

2.199164e+017#
(7.709218e-02)

2.275630e+014#
(1.049055e-01)

2.276749e+013#
(7.976193e-02)

2.218083e+016#
(1.116416e-01)

DTLZ5
2

3.211160e+003#
(4.593635e-05)

3.211255e+002#
(7.066811e-05)

3.211612e+001

(3.953901e-06)
3.210812e+004#
(4.304123e-05)

3.210592e+006#
(1.775941e-04)

3.210652e+005#
(1.509092e-04)

3.205236e+007#
(3.663565e-03)

3
6.104146e+003#
(2.058559e-04)

6.104321e+002#
(2.265233e-04)

6.105411e+001

(2.729330e-05)
6.097824e+006#
(1.068114e-03)

6.102903e+005#
(4.917062e-04)

6.103031e+004#
(6.311282e-04)

6.088707e+007#
(1.068745e-02)

DTLZ5−1 2
1.028990e+012#
(4.523325e-04)

1.028925e+013#
(1.308348e-03)

1.029352e+011

(4.376137e-05)
1.027929e+015#
(1.504051e-03)

1.027697e+016#
(5.060453e-03)

1.027533e+017#
(5.739085e-03)

1.028124e+014#
(1.661297e-03)

3
2.299966e+012#
(3.443112e-02)

2.303049e+011

(5.956427e-02)
2.290677e+013#
(1.976343e-02)

2.220374e+017#
(7.876260e-02)

2.257175e+015#
(1.025251e-01)

2.258212e+014#
(1.490108e-01)

2.227784e+016#
(8.705157e-02)

DTLZ7
2

1.772483e+012#
(7.138226e-04)

1.772550e+011

(4.574919e-05)
1.771422e+016

(6.356944e-02)
1.772455e+013#
(8.224039e-04)

1.772337e+014#
(1.159726e-03)

1.772333e+015#
(1.161732e-03)

1.768915e+017#
(2.411150e-02)

3
1.634350e+013

(1.079719e-01)
1.636380e+011

(8.062365e-02)
1.636149e+012

(9.411184e-02)
1.632985e+014#
(1.049819e-01)

1.628970e+015#
(1.007615e-01)

1.627456e+016#
(8.464259e-02)

1.615780e+017#
(9.618028e-02)

DTLZ7−1 2
1.283540e+013#
(5.551846e-05)

1.283541e+012#
(2.775923e-05)

1.283555e+011

(4.611330e-06)
1.283519e+014#
(6.622497e-05)

1.283439e+017#
(7.783422e-04)

1.283456e+016#
(6.844252e-04)

1.283506e+015#
(4.856686e-04)

3
2.700791e+013#
(7.826378e-04)

2.700854e+012#
(1.070110e-03)

2.701652e+011

(7.893253e-05)
2.697283e+014#
(1.426067e-01)

2.694619e+015#
(1.383594e-01)

2.694209e+016#
(1.372788e-01)

2.685891e+017#
(2.611324e-01)

WFG1
2

5.558811e+004#
(4.417815e-01)

6.650159e+001

(9.397065e-02)
5.565514e+002#
(4.339330e-01)

5.497365e+005#
(4.246298e-01)

5.448292e+006#
(3.452536e-01)

5.407837e+007#
(2.732345e-01)

5.559571e+003#
(4.234106e-01)

3
5.246219e+013#
(1.853296e+00)

5.462174e+012

(8.394664e-01)
5.477657e+011

(1.654533e+00)
4.798850e+016#
(1.200120e+00)

5.033596e+015#
(1.850698e+00)

5.036978e+014#
(2.287546e+00)

4.689902e+017#
(1.524285e+00)

WFG1−1 2
7.852046e+003#
(8.156308e-01)

1.065788e+011

(1.128243e-03)
7.538399e+005#
(5.367997e-01)

7.614634e+004#
(6.269471e-01)

7.338500e+007#
(1.467517e-01)

7.439270e+006#
(3.839397e-01)

8.106008e+002#
(9.680039e-01)

3
2.144705e+012#
(4.296689e+00)

3.056271e+011

(5.828320e-01)
2.000915e+015#
(3.720018e+00)

2.036390e+014#
(3.623456e+00)

1.952007e+016#
(3.713256e+00)

2.098848e+013#
(3.801073e+00)

1.939055e+017#
(3.680906e+00)

WFG2
2

1.078715e+017

(3.566823e-01)
1.100427e+012

(4.211115e-01)
1.087355e+015

(3.977819e-01)
1.089001e+014

(4.085973e-01)
1.093547e+013

(4.285781e-01)
1.086123e+016

(3.989897e-01)
1.100744e+011

(4.117348e-01)

3
1.007659e+021

(1.674324e-01)
1.007135e+022

(1.965239e-01)
1.004635e+023

(2.853417e+00)
9.996849e+014#
(2.685782e-01)

9.987732e+015#
(3.009058e-01)

9.979425e+016#
(3.624498e-01)

9.881407e+017#
(2.880843e-01)

WFG2−1 2
1.519433e+013#
(6.722709e-04)

1.519442e+012#
(5.840293e-04)

1.519572e+011

(2.396223e-04)
1.519380e+014#
(5.519145e-04)

1.516588e+017#
(2.291403e-02)

1.517394e+016#
(1.937666e-02)

1.518789e+015#
(2.126674e-03)

3
6.133795e+013#
(4.281764e-02)

6.150197e+012#
(6.698304e-02)

6.171171e+011

(1.050574e-02)
6.073897e+016#
(1.879194e-01)

6.105707e+014#
(8.751900e-02)

6.100724e+015#
(9.490454e-02)

5.933659e+017#
(3.955234e-01)

WFG3
2

1.092808e+013#
(1.252019e-02)

1.093778e+011

(8.837058e-03)
1.092987e+012#
(9.813765e-03)

1.091076e+014#
(1.226853e-02)

1.088809e+016#
(3.052675e-02)

1.089143e+015#
(2.376424e-02)

1.084689e+017#
(2.017557e-02)

3
7.509556e+012#
(1.750046e-01)

7.457472e+015#
(2.543574e-01)

7.591377e+011

(2.087313e-01)
7.461979e+014#
(4.083305e-01)

7.447021e+016#
(3.838773e-01)

7.462120e+013#
(3.479318e-01)

7.188915e+017#
(4.752644e-01)

WFG3−1 2
1.177146e+013#
(1.346033e-03)

1.177384e+012

(9.480819e-04)
1.177393e+011

(1.180483e-03)
1.177103e+014#
(1.353477e-03)

1.172633e+015#
(1.832501e-02)

1.172434e+016#
(2.007880e-02)

1.169751e+017#
(2.012881e-02)

3
4.401002e+013#
(1.192764e-01)

4.441232e+012#
(1.436889e-01)

4.487959e+011

(2.218258e-02)
4.380842e+014#
(1.033387e-01)

4.353488e+015#
(2.681933e-01)

4.334837e+016#
(3.229714e-01)

4.103876e+017#
(2.775372e-01)

WFG4
2

8.667503e+003#
(5.109075e-03)

8.678012e+001

(4.723931e-03)
8.671948e+002#
(7.072918e-03)

8.654084e+006#
(7.356184e-03)

8.659815e+004#
(6.487625e-03)

8.657943e+005#
(1.058611e-02)

8.607109e+007#
(2.216339e-02)

3
7.663286e+013#
(1.520104e-01)

7.714138e+012#
(7.843984e-02)

7.730892e+011

(8.178553e-02)
7.552300e+016#
(2.822633e-01)

7.632573e+014#
(1.402103e-01)

7.629112e+015#
(1.385171e-01)

7.154174e+017#
(6.547193e-01)

WFG4−1 2
1.406566e+012#
(3.569843e-04)

1.406544e+013#
(7.840684e-04)

1.406855e+011

(5.685331e-05)
1.405888e+014#
(8.041431e-04)

1.402877e+017#
(1.141774e-02)

1.403022e+016#
(1.566796e-02)

1.405848e+015#
(1.186628e-03)

3
7.462095e+013#
(7.685544e-02)

7.468831e+012#
(7.004690e-02)

7.511780e+011

(1.325730e-02)
7.295009e+014#
(3.557570e-01)

7.292738e+015#
(3.509286e-01)

7.280354e+016#
(4.604091e-01)

7.113669e+017#
(4.533692e-01)
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Table B.8: Mean and, in parentheses, standard deviation of the R2 comparison. EIB-
MOEA stands for the adaptive version and avgEIB-MOEA stands for the average
ranking of EIB-MOEA. For each case, the two best values are shown in grayscale,
where the darker tone corresponds to the best algorithm. The symbol # is placed
when the best algorithm presents a significant difference, according to a one-tailed
Wilcoxon test using a significance level of α = 0.05.

MOP Dim. EIB-MOEA avgEIB-MOEA SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ1
2

4.065780e-013#
(2.102674e-04)

4.066969e-014#
(1.573109e-04)

4.065668e-012#
(1.789086e-04)

4.063600e-011

(1.644603e-04)
4.067548e-016#
(1.113000e-04)

4.067347e-015#
(1.049228e-04)

4.070925e-017#
(3.831973e-04)

3
4.929948e-014#
(2.712615e-02)

4.742679e-013#
(3.779012e-02)

4.601297e-012#
(5.297765e-03)

3.679229e-011

(4.393425e-03)
5.120092e-015#
(1.697437e-02)

5.297550e-017#
(5.719085e-02)

5.270813e-016#
(1.869867e-02)

DTLZ1−1 2
4.479726e+022#
(5.682474e-02)

4.480097e+023#
(1.044570e-01)

4.480472e+024#
(1.078244e-01)

4.477192e+021

(6.975623e-03)
4.483245e+027#
(9.807008e-02)

4.482540e+026#
(9.629588e-02)

4.481482e+025#
(1.387686e-01)

3
5.480104e+022#
(1.421320e+01)

5.352857e+021

(1.388166e+01)
6.645320e+026#
(2.204913e+01)

1.013609e+037#
(8.503692e+01)

5.572461e+024#
(1.412112e+01)

5.651856e+025#
(1.283468e+01)

5.552950e+023#
(1.544132e+01)

DTLZ2
2

1.001357e+002#
(2.119883e-04)

1.001993e+004#
(1.186192e-03)

1.003588e+005#
(3.593422e-04)

9.990291e-011

(4.099467e-05)
1.022477e+007#
(8.375910e-03)

1.020907e+006#
(8.492022e-03)

1.001781e+003#
(2.464937e-04)

3
1.501005e+002#
(2.983463e-02)

1.560594e+004#
(6.952847e-02)

1.810154e+005#
(2.088553e-02)

1.036564e+001

(1.983280e-02)
2.622435e+007#
(4.084502e-01)

2.612766e+006#
(4.463609e-01)

1.512389e+003#
(1.537589e-01)

DTLZ2−1 2
3.507557e+003#
(1.365732e-03)

3.510931e+004#
(6.269280e-03)

3.506810e+002#
(7.760577e-04)

3.580185e+005#
(6.278719e-03)

3.996086e+007#
(4.484729e-01)

3.834550e+006#
(3.940771e-01)

3.504167e+001

(9.602494e-04)

3
5.986442e+003#
(4.593506e-01)

6.185196e+004#
(5.958691e-01)

4.796886e+001

(8.261751e-02)
2.821012e+015#
(3.907643e+00)

2.894792e+027#
(1.562569e+02)

2.615977e+026#
(1.176453e+02)

5.856428e+002#
(8.019856e-01)

DTLZ5
2

1.001263e+002#
(2.135036e-04)

1.001993e+004#
(1.186192e-03)

1.003618e+005#
(3.064076e-04)

9.990258e-011

(5.194149e-05)
1.022801e+006#
(9.475396e-03)

1.022806e+007#
(8.706925e-03)

1.001831e+003#
(2.910224e-04)

3
6.091532e+022#
(2.859033e-01)

6.092315e+024#
(9.754946e-02)

6.092222e+023#
(1.524843e-02)

6.094232e+027#
(2.418497e-01)

6.092722e+025#
(7.504547e-02)

6.092818e+026#
(1.470520e-01)

6.085253e+021

(1.109834e+00)

DTLZ5−1 2
3.507672e+003#
(1.395365e-03)

3.510931e+004#
(6.269280e-03)

3.506899e+002#
(8.046600e-04)

3.582293e+005#
(1.000314e-02)

3.890433e+006#
(4.697945e-01)

3.973607e+007#
(4.585739e-01)

3.504155e+001

(7.702497e-04)

3
7.431261e+013#
(1.007811e+01)

6.471775e+012#
(2.951850e+01)

4.502220e+011

(3.883324e-01)
1.195959e+024#
(8.285340e+00)

5.408648e+027#
(1.101386e+02)

5.191219e+026#
(1.533528e+02)

1.583373e+025#
(3.265017e+01)

DTLZ7
2

1.442293e+033

(3.193226e-01)
1.442292e+032

(4.015169e-01)
1.482553e+037

(2.233079e+02)
1.442254e+031

(3.304472e-01)
1.446681e+036#
(3.204629e+00)

1.444921e+035#
(3.066070e+00)

1.442359e+034

(1.410000e+00)

3
2.456687e+036

(3.921852e+02)
2.388414e+031

(2.894945e+02)
2.417923e+032

(3.462270e+02)
2.455591e+035

(3.920483e+02)
2.513983e+037#
(3.909997e+02)

2.454552e+034#
(3.476300e+02)

2.440820e+033#
(2.786385e+02)

DTLZ7−1 2
1.593270e+042#
(1.184134e+01)

1.593534e+046#
(1.695591e+00)

1.593605e+047#
(5.878795e-01)

1.593459e+044#
(1.860548e+00)

1.593432e+043#
(2.230918e+00)

1.593468e+045#
(2.270882e+00)

1.592744e+041

(1.342423e+01)

3
2.807692e+042#
(1.073175e+02)

2.812051e+047#
(9.335693e-02)

2.812032e+046#
(8.120430e-02)

2.811869e+044#
(5.641454e+00)

2.812024e+045#
(8.421899e-01)

2.811422e+043#
(1.059925e+01)

2.783239e+041

(1.840893e+02)

WFG1
2

6.031466e+022#
(2.191839e+02)

6.266160e+011

(9.439896e+00)
6.042654e+023#
(2.182262e+02)

6.128952e+025#
(2.197201e+02)

6.603086e+026#
(1.657763e+02)

6.828594e+027#
(1.226561e+02)

6.057479e+024#
(2.183849e+02)

3
8.328435e+023#
(2.291646e+02)

4.574903e+021

(2.867298e+01)
6.151453e+022#
(2.137090e+02)

1.195541e+037#
(8.950328e+01)

1.056382e+035#
(1.822665e+02)

1.033514e+034#
(2.192283e+02)

1.103024e+036#
(2.265078e+02)

WFG1−1 2
8.219033e+023#
(2.811589e+02)

2.048781e+021

(1.077259e-02)
9.418900e+025#
(1.830081e+02)

9.182407e+024#
(2.163618e+02)

1.028153e+037#
(4.412511e+01)

9.955184e+026#
(1.363871e+02)

7.332773e+022#
(3.205969e+02)

3
1.186750e+032#
(2.708542e+02)

6.681529e+021

(1.820930e+01)
1.290188e+035#
(2.419775e+02)

1.244385e+034#
(2.377000e+02)

1.302737e+036#
(2.449318e+02)

1.205681e+033#
(2.493480e+02)

1.312981e+037#
(2.375762e+02)

WFG2
2

2.645326e+027

(1.471376e+02)
1.735375e+022

(1.741490e+02)
2.299088e+025

(1.636744e+02)
2.193529e+024#
(1.679562e+02)

1.979900e+023#
(1.740434e+02)

2.317764e+026#
(1.650208e+02)

1.628041e+021

(1.745148e+02)

3
7.971672e+002#
(3.653864e+00)

1.483641e+014#
(1.469776e+01)

1.158276e+027#
(1.203103e+02)

4.778443e+001

(1.364521e+00)
2.489797e+016#
(1.990841e+01)

2.230000e+015#
(1.618804e+01)

9.025778e+003#
(6.237300e+00)

WFG2−1 2
8.651395e+024#
(5.185009e-01)

8.651168e+023#
(2.783206e-01)

8.648009e+021

(2.021746e-01)
8.650235e+022#
(3.637121e-01)

8.692601e+027#
(3.195920e+00)

8.678916e+025#
(3.167182e+00)

8.688106e+026#
(2.617558e+00)

3
6.682861e+023#
(1.425693e+01)

6.526194e+021

(1.385513e+01)
6.703132e+024#
(7.795940e+00)

6.664781e+022#
(1.084235e+01)

7.846136e+026#
(7.079711e+01)

7.951629e+027#
(8.039122e+01)

7.352142e+025#
(3.720254e+01)

WFG3
2

2.269730e+003#
(2.602487e-03)

2.268412e+001

(1.826887e-03)
2.268790e+002

(2.051273e-03)
2.273049e+006#
(2.581199e-03)

2.270055e+004

(5.219766e-03)
2.270205e+005#
(3.178676e-03)

2.279190e+007#
(1.686904e-03)

3
7.294252e+022

(1.489764e+01)
7.414970e+024#
(3.541837e+01)

7.248444e+021

(1.862459e+01)
7.684475e+025#
(2.398416e+01)

8.673081e+026#
(3.067601e+01)

8.787168e+027#
(2.674074e+01)

7.331048e+023

(2.667967e+01)

WFG3−1 2
2.086647e+024#
(1.285162e+00)

2.073999e+021

(6.359584e-02)
2.083191e+022#
(1.181616e+00)

2.086446e+023#
(9.141489e-01)

2.346617e+026#
(1.620863e+01)

2.364200e+027#
(1.508527e+01)

2.308363e+025#
(1.316663e+01)

3
6.230901e+024#
(8.407764e+00)

6.025805e+022#
(4.607517e+00)

5.941123e+021

(4.732728e-01)
6.061898e+023#
(2.222353e+00)

7.088785e+025#
(4.777381e+01)

7.306856e+026#
(4.180492e+01)

7.864977e+027#
(5.149029e+01)

WFG4
2

2.795035e+002#
(3.670504e-03)

2.807894e+005#
(2.081037e-02)

2.805662e+004#
(8.231490e-03)

2.789017e+001

(1.737971e-03)
2.940588e+007#
(7.809218e-02)

2.931345e+006#
(9.441640e-02)

2.799895e+003#
(4.020071e-03)

3
2.458631e+013#
(1.365127e+01)

6.962001e+014#
(3.520504e+01)

1.033363e+025#
(1.436436e+01)

1.315510e+012

(6.527509e+00)
1.886586e+027#
(4.214053e+01)

1.599418e+026#
(4.530133e+01)

1.213883e+011

(6.873991e+00)

WFG4−1 2
2.498828e+024#
(1.728954e+01)

2.375707e+023#
(1.575403e+01)

2.126251e+021

(3.682955e+00)
2.523954e+025#
(1.630160e+01)

5.218592e+027#
(1.097357e+02)

5.086571e+026#
(7.708009e+01)

2.356680e+022#
(1.766228e+01)

3
7.663080e+025#
(8.230917e+01)

6.758573e+022#
(1.301304e+02)

5.909450e+021

(6.680946e+00)
7.081071e+023#
(3.930948e+01)

1.626614e+036#
(1.983437e+02)

1.701227e+037#
(1.839032e+02)

7.126793e+024#
(1.005034e+02)
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Table B.9: Mean and, in parentheses, standard deviation of the IGD+ comparison.
EIB-MOEA stands for the adaptive version and avgEIB-MOEA stands for the average
ranking of EIB-MOEA. For each case, the two best values are shown in grayscale,
where the darker tone corresponds to the best algorithm. The symbol # is placed
when the best algorithm presents a significant difference, according to a one-tailed
Wilcoxon test using a significance level of α = 0.05.

MOP Dim. EIB-MOEA avgEIB-MOEA SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ1
2

1.138816e-032#
(1.187174e-04)

1.178215e-034#
(9.921439e-05)

1.075887e-031

(1.126598e-04)
1.155966e-033#
(9.612310e-05)

1.208357e-036#
(9.283970e-05)

1.189936e-035#
(7.593633e-05)

1.387405e-037#
(2.518266e-04)

3
1.325667e-024#
(4.838425e-04)

1.327714e-025#
(5.480108e-04)

1.177368e-021

(4.964443e-04)
1.270151e-022#
(3.162440e-04)

1.321498e-023#
(5.500977e-04)

1.339078e-026#
(6.089037e-04)

1.408778e-027#
(6.766080e-04)

DTLZ1−1 2
1.189248e+003#
(4.810848e-02)

1.204831e+004#
(6.255866e-02)

1.139129e+002#
(6.597726e-02)

1.127524e+001

(5.435639e-03)
1.302920e+006#
(7.315995e-02)

1.302302e+005#
(6.962427e-02)

1.451176e+007#
(5.185678e-02)

3
1.349727e+012#
(4.125129e-01)

1.315492e+011

(5.092481e-01)
1.372287e+013#
(3.498762e-01)

1.706463e+016#
(4.542430e-01)

1.419113e+014#
(6.329394e-01)

1.445832e+015#
(6.851112e-01)

1.924813e+017#
(9.382003e-01)

DTLZ2
2

1.621342e-033#
(1.020741e-04)

1.583488e-032#
(9.515271e-05)

1.403948e-031

(8.209974e-05)
1.811409e-034#
(1.270847e-05)

1.925680e-036#
(1.367207e-04)

1.910354e-035#
(1.301996e-04)

2.155999e-037#
(1.181344e-04)

3
1.985210e-024#
(8.333919e-04)

1.892805e-022#
(8.507794e-04)

1.657128e-021

(5.743767e-04)
1.972881e-023#
(1.543507e-04)

2.196228e-025#
(8.541667e-04)

2.228655e-026#
(1.258710e-03)

3.473056e-027#
(2.098693e-03)

DTLZ2−1 2
5.624420e-032#
(2.931469e-04)

5.805537e-033#
(3.640741e-04)

5.143650e-031

(3.439863e-04)
7.772299e-035#
(2.521153e-04)

8.147382e-037#
(1.273358e-03)

7.833814e-036#
(9.721202e-04)

6.622056e-034#
(4.371597e-04)

3
7.958421e-023

(3.116976e-03)
7.938000e-021

(4.061213e-03)
7.951786e-022

(2.623037e-03)
1.254730e-017#
(5.304696e-03)

1.040786e-015#
(9.174636e-03)

1.034832e-014#
(6.865408e-03)

1.058622e-016#
(4.931624e-03)

DTLZ5
2

1.516649e-034#
(9.266965e-05)

1.458232e-032#
(8.852092e-05)

1.376814e-031

(8.110142e-05)
1.482634e-033#
(8.749532e-06)

1.940448e-035#
(1.116637e-04)

1.949409e-036#
(1.739404e-04)

2.169851e-037#
(1.218801e-04)

3
1.682022e-032#
(9.061864e-05)

1.688898e-033#
(1.155412e-04)

1.452103e-031

(8.947110e-05)
3.023998e-037#
(2.233634e-04)

1.976188e-035#
(1.197024e-04)

1.946427e-034#
(1.259318e-04)

2.628583e-036#
(1.763145e-04)

DTLZ5−1 2
5.492422e-032#
(3.752010e-04)

5.530308e-033#
(3.294430e-04)

4.981403e-031

(2.353366e-04)
7.673906e-035#
(3.243812e-04)

7.873993e-036#
(9.805754e-04)

8.150939e-037#
(1.121745e-03)

6.553539e-034#
(3.207299e-04)

3
7.406095e-021

(2.489027e-03)
7.409540e-022

(2.775495e-03)
7.681595e-023#
(3.042804e-03)

1.080713e-017#
(4.558661e-03)

9.516004e-025#
(6.676889e-03)

9.435604e-024#
(6.917580e-03)

9.932962e-026#
(4.201786e-03)

DTLZ7
2

1.502308e-031

(7.314812e-05)
1.510247e-032

(7.518022e-05)
1.651585e-027

(8.313686e-02)
1.677737e-033#
(4.863260e-05)

1.695905e-034#
(9.708800e-05)

1.714859e-035#
(7.834030e-05)

1.755186e-036#
(1.015061e-04)

3
4.749524e-023

(7.582109e-02)
3.298993e-021

(5.646297e-02)
3.658657e-022

(6.719719e-02)
5.021228e-026#
(7.487148e-02)

5.484444e-027#
(7.872036e-02)

4.764429e-024#
(6.822741e-02)

4.821808e-025#
(5.449095e-02)

DTLZ7−1 2
7.302203e-043#
(3.823105e-05)

7.245427e-042#
(3.794532e-05)

6.370590e-041

(4.511613e-05)
8.790273e-047#
(4.437291e-05)

7.968691e-044#
(5.208258e-05)

8.028817e-045#
(4.379660e-05)

8.046368e-046#
(4.910545e-05)

3
7.101735e-033#
(3.584287e-04)

7.054595e-032#
(5.356348e-04)

5.691448e-031

(2.214618e-04)
1.834142e-026#
(4.626860e-02)

1.830694e-025#
(4.722315e-02)

1.823348e-024#
(4.626704e-02)

4.830946e-027#
(8.667141e-02)

WFG1
2

7.562233e-014#
(8.315992e-02)

5.830305e-011

(1.846339e-02)
7.553260e-013#
(7.992267e-02)

7.675201e-015#
(8.110881e-02)

7.758665e-016#
(6.634075e-02)

7.834092e-017#
(5.242558e-02)

7.548780e-012#
(8.037085e-02)

3
8.873766e-012#
(1.751364e-02)

8.906524e-013#
(2.457526e-02)

8.380762e-011

(8.077704e-03)
9.540484e-016#
(1.868014e-02)

8.984130e-014#
(2.164659e-02)

9.078633e-015#
(2.460244e-02)

1.041424e+007#
(1.575311e-02)

WFG1−1 2
5.481876e-013#
(2.129948e-01)

8.071802e-031

(2.659464e-04)
6.324440e-015#
(1.371737e-01)

6.118259e-014#
(1.620349e-01)

6.851971e-017#
(4.192718e-02)

6.582995e-016#
(9.926084e-02)

4.838264e-012#
(2.487649e-01)

3
5.858865e-012#
(2.382798e-01)

9.629440e-021

(1.827569e-02)
6.834385e-015#
(2.007308e-01)

6.542770e-014#
(2.068826e-01)

7.150225e-017#
(2.056066e-01)

6.345212e-013#
(2.087938e-01)

7.043557e-016#
(2.155239e-01)

WFG2
2

7.571457e-027

(3.874006e-02)
5.205202e-022

(4.584202e-02)
6.626901e-025

(4.318253e-02)
6.493902e-024

(4.445997e-02)
5.948470e-023

(4.714510e-02)
6.716520e-026

(4.361916e-02)
5.117229e-021

(4.565861e-02)

3
3.191545e-022

(3.122939e-03)
3.138270e-021

(3.794308e-03)
3.428869e-023

(4.648446e-02)
5.715154e-026#
(6.085653e-03)

4.118843e-024#
(4.417314e-03)

4.208068e-025#
(4.848321e-03)

7.372309e-027#
(5.593287e-03)

WFG2−1 2
1.378421e-033#
(8.293951e-05)

1.372282e-032#
(7.851190e-05)

1.152447e-031

(6.903412e-05)
1.498181e-036#
(6.291024e-05)

1.492211e-035#
(1.198040e-04)

1.474201e-034#
(7.887042e-05)

1.833578e-037#
(1.058694e-04)

3
3.163284e-023#
(1.234682e-03)

2.939011e-021

(1.391908e-03)
2.948696e-022

(1.152108e-03)
4.200365e-026#
(2.977206e-03)

3.552751e-024#
(1.425675e-03)

3.632530e-025#
(1.470806e-03)

6.469551e-027#
(6.209421e-03)

WFG3
2

1.038182e-025#
(1.671185e-03)

9.481810e-031

(1.085484e-03)
9.966932e-032

(1.297271e-03)
1.268589e-026#
(1.771434e-03)

1.036496e-024

(3.450778e-03)
1.005910e-023

(1.876482e-03)
1.615870e-027#
(1.283197e-03)

3
6.143633e-024#
(7.291228e-03)

7.389566e-025#
(8.577341e-03)

3.233225e-021

(8.763235e-03)
7.717283e-026#
(1.585894e-02)

4.431267e-023#
(5.704552e-03)

4.422587e-022#
(6.915511e-03)

1.426049e-017#
(1.093242e-02)

WFG3−1 2
5.999049e-034#
(3.068428e-04)

5.960647e-033#
(2.659767e-04)

5.629306e-031

(3.107375e-04)
5.894956e-032#
(1.203692e-04)

6.487004e-035#
(4.114521e-04)

6.552836e-036#
(4.234703e-04)

1.040981e-027#
(4.394359e-04)

3
8.772689e-024#
(2.414399e-03)

8.051882e-022

(3.034689e-03)
7.973502e-021

(2.941145e-03)
1.028308e-016#
(3.003894e-03)

8.761892e-023#
(3.783390e-03)

9.052564e-025#
(4.203963e-03)

1.373029e-017#
(5.646360e-03)

WFG4
2

3.147516e-033#
(3.689422e-04)

2.613307e-031

(3.112997e-04)
2.719534e-032

(3.144545e-04)
3.586068e-034#
(6.556709e-04)

4.383503e-036#
(4.811207e-04)

4.379061e-035#
(4.546120e-04)

9.239252e-037#
(1.073468e-03)

3
5.400605e-023#
(4.268989e-03)

5.158161e-022#
(4.106700e-03)

4.688996e-021

(2.029425e-03)
6.857520e-024#
(6.690078e-03)

7.193515e-026#
(4.118437e-03)

7.116645e-025#
(3.878195e-03)

1.582531e-017#
(1.074525e-02)

WFG4−1 2
4.195580e-032#
(2.591929e-04)

4.349194e-033#
(2.788976e-04)

3.889858e-031

(2.220247e-04)
5.805672e-035#
(1.986764e-04)

6.107114e-037#
(5.389024e-04)

5.908354e-036#
(7.229499e-04)

5.383569e-034#
(3.326486e-04)

3
7.689889e-023#
(2.465709e-03)

7.477358e-022#
(2.738940e-03)

7.299085e-021

(2.674158e-03)
1.067416e-016#
(6.075198e-03)

9.484515e-024#
(5.080643e-03)

9.663203e-025#
(6.068508e-03)

1.408011e-017#
(9.645817e-03)
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Table B.10: Mean and, in parentheses, standard deviation of the ε+ comparison. EIB-
MOEA stands for the adaptive version and avgEIB-MOEA stands for the average
ranking of EIB-MOEA. For each case, the two best values are shown in grayscale,
where the darker tone corresponds to the best algorithm. The symbol # is placed
when the best algorithm presents a significant difference, according to a one-tailed
Wilcoxon test using a significance level of α = 0.05.

MOP Dim. EIB-MOEA avgEIB-MOEA SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ1
2

3.029433e-033#
(4.938027e-04)

3.619367e-034#
(5.017904e-04)

2.366967e-032#
(1.238554e-04)

2.237167e-031

(1.250823e-04)
4.201867e-035#
(6.309856e-04)

4.265033e-036#
(6.358441e-04)

4.504067e-037#
(6.773456e-04)

3
2.818737e-023#
(2.370120e-03)

2.840180e-024#
(2.680628e-03)

2.156677e-021

(7.909133e-04)
2.549273e-022#
(3.669705e-03)

3.272530e-027#
(6.775628e-03)

3.254047e-026#
(5.827186e-03)

3.123333e-025#
(3.400549e-03)

DTLZ1−1 2
3.370583e+003#
(4.409312e-01)

3.676996e+004#
(4.594518e-01)

2.498473e+002#
(1.104765e-01)

2.335057e+001

(4.829008e-02)
4.578842e+005#
(8.471034e-01)

4.727044e+006#
(1.102568e+00)

4.799485e+007#
(6.695103e-01)

3
3.094822e+012

(2.137831e+00)
3.054857e+011

(3.722525e+00)
3.400585e+013#
(1.529954e+00)

4.389092e+016#
(3.715579e+00)

3.456349e+014#
(4.112826e+00)

3.686079e+015#
(5.511899e+00)

4.788281e+017#
(9.813524e+00)

DTLZ2
2

5.471000e-033#
(4.301869e-04)

5.373733e-032#
(5.167723e-04)

3.537500e-031

(1.787226e-04)
5.779633e-034#
(6.906792e-05)

7.737767e-036#
(1.606539e-03)

7.121767e-035#
(1.355271e-03)

9.186867e-037#
(1.727378e-03)

3
5.074923e-024#
(4.660551e-03)

4.829913e-023#
(3.542865e-03)

3.991740e-021

(2.926948e-03)
4.598183e-022#
(2.406137e-03)

5.803163e-025#
(8.441366e-03)

6.254920e-026#
(2.739667e-02)

8.392743e-027#
(2.082800e-02)

DTLZ2−1 2
1.856653e-022#
(2.006208e-03)

1.945913e-023#
(3.366691e-03)

1.285550e-021

(6.271058e-04)
2.489990e-024#
(4.881354e-04)

2.941133e-025#
(7.710666e-03)

2.949630e-026#
(6.095916e-03)

3.011720e-027#
(6.446450e-03)

3
1.932722e-012

(2.110411e-02)
1.966413e-013

(2.040695e-02)
1.917019e-011

(1.170197e-02)
3.226318e-017#
(1.189760e-02)

2.607228e-016#
(4.843942e-02)

2.562875e-015#
(4.056330e-02)

2.452603e-014#
(2.326028e-02)

DTLZ5
2

5.504167e-033#
(4.519828e-04)

5.399733e-032#
(5.438064e-04)

3.529433e-031

(1.494714e-04)
5.593167e-034#
(1.544624e-04)

7.838133e-036#
(1.500150e-03)

7.457000e-035#
(1.296672e-03)

8.976667e-037#
(2.134284e-03)

3
4.964867e-032#
(8.496994e-04)

5.302633e-033#
(9.346047e-04)

2.962867e-031

(1.577387e-04)
1.546253e-027#
(2.947527e-03)

7.631000e-035#
(1.985486e-03)

6.410267e-034#
(1.412308e-03)

8.804833e-036#
(2.491319e-03)

DTLZ5−1 2
1.882933e-023#
(1.686586e-03)

1.878847e-022#
(3.027839e-03)

1.267857e-021

(5.667134e-04)
2.499013e-024#
(5.944780e-04)

2.986223e-026#
(7.848319e-03)

3.121450e-027#
(7.191684e-03)

2.890353e-025#
(5.477040e-03)

3
1.835070e-012

(2.014381e-02)
1.824071e-011

(1.376932e-02)
1.869102e-013#
(9.885528e-03)

3.014071e-017#
(1.851071e-02)

2.475115e-016#
(5.120556e-02)

2.343574e-015#
(4.539218e-02)

2.200598e-014#
(2.787276e-02)

DTLZ7
2

4.779667e-031

(3.020249e-04)
4.799033e-032

(5.160393e-04)
4.556313e-027

(2.305399e-01)
7.410067e-036#
(1.118633e-03)

7.174833e-034#
(1.636395e-03)

6.898633e-033#
(1.888579e-03)

7.399100e-035#
(1.195047e-03)

3
2.141649e-014

(4.204887e-01)
1.339988e-011

(3.113922e-01)
1.734326e-012

(3.705064e-01)
2.391101e-015#
(4.102094e-01)

3.089043e-017#
(4.041085e-01)

2.824729e-016#
(3.495371e-01)

1.891735e-013#
(3.025009e-01)

DTLZ7−1 2
2.466800e-033#
(5.838333e-04)

2.458200e-032#
(5.599162e-04)

1.676467e-031

(1.848503e-04)
4.833200e-037#
(5.397443e-04)

3.200867e-034#
(6.858404e-04)

3.292067e-035#
(6.569103e-04)

3.390967e-036#
(6.098407e-04)

3
2.111490e-021

(1.943197e-03)
2.130607e-022

(3.162668e-03)
2.284907e-023#
(2.054683e-03)

8.283100e-026#
(1.679747e-01)

7.931797e-024#
(1.696813e-01)

8.188160e-025#
(1.686453e-01)

1.814902e-017#
(3.160031e-01)

WFG1
2

1.172790e+004#
(2.016865e-01)

5.487127e-011

(1.625371e-02)
1.169079e+002#
(2.048176e-01)

1.195432e+005#
(1.938614e-01)

1.223734e+006#
(1.499167e-01)

1.244049e+007#
(1.138881e-01)

1.169771e+003#
(1.967495e-01)

3
9.746622e-012#
(3.744599e-02)

9.824429e-013#
(3.622247e-02)

9.356994e-011

(2.131222e-02)
1.092567e+007#
(5.826752e-02)

1.047950e+005#
(6.736840e-02)

1.037082e+004#
(7.085494e-02)

1.091743e+006#
(5.007468e-02)

WFG1−1 2
2.061609e+003#
(6.030636e-01)

5.526200e-021

(0.000000e+00)
2.290842e+005#
(3.958191e-01)

2.235348e+004#
(4.636545e-01)

2.423669e+007#
(7.039240e-02)

2.356704e+006#
(2.852951e-01)

1.870250e+002#
(7.226348e-01)

3
3.071724e+002#
(7.124580e-01)

5.890682e-011

(1.504094e-01)
3.424007e+004#
(2.685020e-01)

3.416940e+003#
(2.406362e-01)

3.591879e+006#
(6.973795e-02)

3.597818e+007#
(9.558932e-02)

3.490099e+005#
(2.797429e-01)

WFG2
2

6.155420e-017

(3.395035e-01)
4.057546e-012

(4.012995e-01)
5.358520e-015

(3.788144e-01)
5.125043e-014

(3.853117e-01)
4.604484e-013

(3.998547e-01)
5.386202e-016

(3.787763e-01)
3.868306e-011

(3.959244e-01)

3
8.485780e-021

(1.347932e-02)
8.759357e-022

(2.240600e-02)
1.052959e-014

(2.063483e-01)
1.965992e-016#
(3.795870e-02)

1.112799e-015#
(3.401757e-02)

1.000486e-013#
(2.419028e-02)

2.278225e-017#
(4.045956e-02)

WFG2−1 2
4.187300e-032#
(6.268132e-04)

4.557367e-033#
(2.156265e-03)

3.101500e-031

(3.293135e-04)
1.271530e-027#
(7.161193e-04)

1.242367e-026#
(6.750211e-03)

1.139070e-025#
(4.937711e-03)

5.313167e-034#
(6.896907e-04)

3
9.651890e-023#
(1.486332e-02)

8.856503e-022

(1.629729e-02)
8.696420e-021

(1.318886e-02)
2.273629e-016#
(5.443080e-02)

1.207342e-014#
(2.305525e-02)

1.260375e-015#
(2.102257e-02)

2.637524e-017#
(8.201011e-02)

WFG3
2

2.081437e-023#
(2.645154e-03)

2.086490e-024#
(2.344162e-03)

1.685090e-021

(1.507588e-03)
1.981087e-022#
(2.745616e-03)

3.611493e-025#
(1.413570e-02)

3.688543e-026#
(1.768304e-02)

4.102603e-027#
(1.092844e-02)

3
1.105606e-013#
(1.175578e-02)

1.209671e-015#
(1.705474e-02)

6.778130e-021

(1.329793e-02)
1.573533e-016#
(2.377017e-02)

1.194138e-014#
(4.159749e-02)

9.388627e-022#
(2.370417e-02)

2.064699e-017#
(3.929931e-02)

WFG3−1 2
1.616573e-023#
(2.031856e-03)

1.709220e-024#
(2.631254e-03)

1.206893e-022#
(6.341590e-04)

1.183993e-021

(9.516452e-04)
2.995523e-025#
(1.225320e-02)

3.046000e-026#
(1.035997e-02)

3.307760e-027#
(1.004739e-02)

3
2.082383e-013

(2.287307e-02)
2.055263e-012

(2.716084e-02)
2.018256e-011

(9.257889e-03)
2.944091e-015#
(3.171431e-02)

2.773118e-014#
(6.408260e-02)

3.035424e-016#
(7.382198e-02)

3.650803e-017#
(9.168717e-02)

WFG4
2

1.328137e-023#
(1.864407e-03)

1.329080e-024#
(2.542630e-03)

1.033350e-021

(3.323581e-03)
1.161453e-022#
(1.470447e-03)

2.114303e-026#
(4.122784e-03)

2.044070e-025#
(4.435727e-03)

2.910173e-027#
(1.093715e-02)

3
1.756680e-012#
(2.399973e-02)

1.790309e-013#
(2.746987e-02)

1.348170e-011

(9.200762e-03)
3.749806e-017#
(7.914773e-02)

2.173698e-015#
(3.229964e-02)

2.073417e-014#
(3.089131e-02)

3.422943e-016#
(7.074644e-02)

WFG4−1 2
1.451330e-022#
(1.795292e-03)

1.478480e-023#
(2.371127e-03)

9.940333e-031

(3.603529e-04)
2.688500e-027#
(8.272848e-04)

2.579143e-025#
(6.862877e-03)

2.599443e-026#
(8.633918e-03)

2.241183e-024#
(3.728799e-03)

3
1.937156e-012

(1.890607e-02)
1.893845e-011

(1.898721e-02)
2.029217e-013#
(1.994370e-02)

3.276066e-017#
(7.719444e-02)

3.029892e-015#
(7.104769e-02)

3.188661e-016#
(8.184427e-02)

2.774964e-014#
(3.147925e-02)
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Table B.11: Mean and, in parentheses, standard deviation of the ∆p comparison.
EIB-MOEA stands for the adaptive version and avgEIB-MOEA stands for the average
ranking of EIB-MOEA. For each case, the two best values are shown in grayscale,
where the darker tone corresponds to the best algorithm. The symbol # is placed
when the best algorithm presents a significant difference, according to a one-tailed
Wilcoxon test using a significance level of α = 0.05.

MOP Dim. EIB-MOEA avgEIB-MOEA SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ1
2

1.239498e-013#
(4.139910e-01)

4.071685e-017#
(1.867255e+00)

3.040709e-021

(1.909722e-05)
3.041130e-022

(1.981690e-05)
3.532012e-016#
(1.436518e+00)

2.489119e-015#
(7.163138e-01)

1.538540e-014#
(6.742478e-01)

3
4.334150e-016#
(1.568254e+00)

1.169981e+007#
(2.499130e+00)

1.906386e-021

(6.948806e-04)
1.968138e-022#
(1.601801e-04)

2.371820e-024#
(1.281383e-02)

2.167515e-023#
(1.416930e-03)

2.817771e-015#
(7.571135e-01)

DTLZ1−1 2
2.072880e+003

(6.343982e-02)
2.081684e+004

(8.804044e-02)
2.049846e+001

(1.053941e-01)
2.071116e+002

(9.417107e-03)
2.279737e+006#
(1.379096e-01)

2.273862e+005#
(1.144224e-01)

2.413643e+007#
(8.474902e-02)

3
2.194600e+012

(5.522435e-01)
2.179119e+011

(7.100843e-01)
2.425342e+015#
(5.597425e-01)

2.895920e+017#
(7.030148e-01)

2.321045e+013#
(8.392465e-01)

2.349328e+014#
(1.015955e+00)

2.634358e+016#
(1.112528e+00)

DTLZ2
2

4.850849e-032#
(2.235456e-04)

5.436212e-034#
(8.098701e-04)

6.335570e-035#
(2.081659e-04)

4.303931e-031

(2.550281e-05)
1.335476e-027#
(1.993538e-03)

1.284239e-026#
(1.977466e-03)

4.909886e-033#
(2.203886e-04)

3
5.559791e-022#
(1.720859e-03)

5.661954e-023#
(2.207755e-03)

6.833190e-025#
(9.608793e-04)

5.055731e-021

(3.329194e-04)
7.034098e-026#
(2.821212e-03)

7.035274e-027#
(3.271821e-03)

5.876422e-024#
(2.471867e-03)

DTLZ2−1 2
1.901430e-023#
(1.482129e-03)

2.070488e-024#
(3.764119e-03)

1.782304e-022#
(8.491022e-04)

4.711470e-025#
(1.619488e-03)

9.179124e-027#
(2.854480e-02)

7.550825e-026#
(2.771971e-02)

1.684486e-021

(9.096433e-04)

3
2.225910e-013#
(8.959532e-03)

2.242061e-014#
(1.065479e-02)

1.871562e-011

(4.277332e-03)
3.041440e-015#
(8.392088e-03)

4.606761e-017#
(6.019753e-02)

4.531561e-016#
(4.759505e-02)

2.186471e-012#
(8.267790e-03)

DTLZ5
2

4.790979e-032#
(2.288816e-04)

5.411999e-034#
(8.142296e-04)

6.333955e-035#
(2.145072e-04)

3.926580e-031

(2.112764e-05)
1.344507e-026#
(2.440660e-03)

1.360412e-027#
(2.230980e-03)

4.874066e-033#
(2.836410e-04)

3
5.150870e-031

(3.348692e-04)
6.073682e-034#
(1.378416e-03)

5.930597e-033#
(2.672396e-04)

1.159951e-025#
(1.887197e-03)

1.299585e-027#
(2.508009e-03)

1.243473e-026#
(1.732408e-03)

5.550695e-032

(1.408285e-03)

DTLZ5−1 2
1.863840e-023#
(1.161723e-03)

2.054576e-024#
(3.624784e-03)

1.752700e-022#
(7.255055e-04)

4.783853e-025#
(2.197859e-03)

8.031004e-026#
(2.626219e-02)

8.919388e-027#
(2.438655e-02)

1.699613e-021

(8.186813e-04)

3
1.688187e-012

(5.934047e-03)
1.748179e-013#
(7.802019e-03)

1.680876e-011

(4.510447e-03)
2.552100e-015#
(1.166530e-02)

3.468057e-017#
(4.510802e-02)

3.433198e-016#
(5.290872e-02)

1.822088e-014#
(1.193451e-02)

DTLZ7
2

5.784977e-032

(8.625040e-04)
5.666186e-031

(5.729535e-04)
2.988837e-027

(1.361989e-01)
6.704730e-034#
(4.880437e-04)

7.500851e-036#
(8.671025e-04)

7.405602e-035#
(7.620711e-04)

6.153049e-033#
(1.223587e-03)

3
1.454114e-014#
(1.627106e-01)

1.198168e-012#
(1.212469e-01)

1.755889e-017#
(1.272802e-01)

1.567487e-016#
(1.570315e-01)

1.495984e-015#
(1.739358e-01)

1.325586e-013#
(1.514776e-01)

1.033530e-011

(1.223117e-01)

DTLZ7−1 2
3.401288e-033#
(8.963120e-04)

3.262634e-032#
(2.292845e-04)

2.805258e-031

(1.282997e-04)
3.880909e-036#
(2.000081e-04)

3.806359e-035#
(3.151503e-04)

3.942231e-037#
(4.341305e-04)

3.450185e-034#
(1.062576e-03)

3
8.090152e-021

(3.589643e-03)
8.280975e-022#
(4.913064e-03)

1.030237e-015#
(1.529755e-03)

1.028122e-014#
(8.069147e-02)

1.049907e-016#
(8.270220e-02)

1.024844e-013#
(8.042076e-02)

1.357750e-017

(1.578792e-01)

WFG1
2

1.069092e+002#
(2.016845e-01)

5.897665e-011

(1.898368e-02)
1.071295e+003#
(2.005360e-01)

1.083149e+005#
(1.966695e-01)

1.118394e+006#
(1.537131e-01)

1.139887e+007#
(1.130892e-01)

1.071778e+004#
(1.992611e-01)

3
1.201312e+003#
(7.407392e-02)

9.982737e-011

(4.193259e-02)
1.021982e+002

(7.338975e-02)
1.353354e+007#
(4.531259e-02)

1.278313e+004#
(7.731920e-02)

1.281997e+005#
(8.525051e-02)

1.299570e+006#
(5.998868e-02)

WFG1−1 2
9.395802e-013#
(3.376104e-01)

9.803531e-021

(1.076016e-03)
1.077265e+005#
(2.200410e-01)

1.046464e+004#
(2.591287e-01)

1.169527e+007#
(5.659772e-02)

1.129379e+006#
(1.592470e-01)

8.342087e-012#
(3.924121e-01)

3
1.002115e+002#
(2.187432e-01)

4.903245e-011

(5.736131e-02)
1.114861e+005#
(1.480902e-01)

1.093271e+003#
(1.567656e-01)

1.158333e+007#
(1.439581e-01)

1.105515e+004#
(1.428798e-01)

1.131968e+006#
(1.772848e-01)

WFG2
2

2.675057e-017

(1.420481e-01)
1.803695e-012

(1.672161e-01)
2.340698e-015

(1.582020e-01)
2.253728e-014#
(1.594381e-01)

2.047652e-013#
(1.644634e-01)

2.376631e-016#
(1.564233e-01)

1.698806e-011

(1.664895e-01)

3
3.245992e-012#
(2.355328e-02)

3.366688e-013#
(5.574437e-02)

4.100867e-014#
(4.582813e-02)

4.472541e-016#
(2.612461e-02)

4.441524e-015#
(4.032392e-02)

4.497786e-017#
(4.482843e-02)

2.391306e-011

(1.456180e-02)

WFG2−1 2
1.121809e-024#
(4.545353e-04)

1.113008e-023#
(4.650995e-04)

1.030633e-021

(6.368352e-04)
1.098280e-022#
(3.489987e-04)

1.214325e-025#
(5.233527e-04)

1.214631e-026#
(5.437397e-04)

1.298970e-027#
(4.304909e-04)

3
2.773048e-013#
(1.067945e-02)

2.707268e-012#
(1.752023e-02)

4.171931e-017#
(1.288662e-02)

3.137627e-014#
(1.838819e-02)

3.405671e-016#
(2.360389e-02)

3.376237e-015#
(1.318701e-02)

2.506430e-011

(8.452348e-03)

WFG3
2

1.346806e-023

(9.768714e-04)
1.330196e-022#
(5.602474e-04)

1.310615e-021

(8.018616e-04)
1.487882e-026#
(1.327967e-03)

1.468168e-025#
(2.693077e-03)

1.458708e-024#
(1.384208e-03)

1.894468e-027#
(1.241600e-03)

3
7.776444e-017#
(3.232302e-02)

7.599431e-015#
(5.769421e-02)

7.200249e-014#
(2.549175e-02)

6.476556e-011

(4.845443e-02)
6.997832e-013#
(7.096572e-02)

6.690641e-012

(6.331834e-02)
7.676176e-016#
(5.098194e-02)

WFG3−1 2
1.160530e-022#
(3.524731e-04)

1.168389e-023#
(5.976255e-04)

1.206808e-024#
(5.180468e-04)

1.139497e-021

(7.388410e-05)
1.357472e-025#
(1.088330e-03)

1.373123e-026#
(8.112323e-04)

1.534536e-027#
(8.017795e-04)

3
1.626279e-012

(3.589644e-03)
1.611946e-011

(5.541591e-03)
1.784205e-015#
(5.424309e-03)

2.066954e-017#
(8.188066e-03)

1.738570e-013#
(8.286003e-03)

1.758738e-014#
(7.941588e-03)

1.934446e-016#
(7.253771e-03)

WFG4
2

1.599465e-022#
(1.091338e-03)

1.939648e-025#
(3.988695e-03)

1.851743e-024#
(1.372123e-03)

9.180753e-031

(5.808510e-04)
3.892197e-027#
(5.605676e-03)

3.684778e-026#
(6.002514e-03)

1.773688e-023#
(1.031926e-03)

3
2.283584e-012#
(9.632271e-03)

2.603648e-014#
(1.684968e-02)

2.874612e-015#
(3.987403e-03)

1.851471e-011

(9.840723e-03)
3.109464e-017#
(1.902560e-02)

2.969383e-016#
(1.715060e-02)

2.513435e-013#
(8.245375e-03)

WFG4−1 2
1.852695e-023#
(1.402805e-03)

2.100810e-024#
(3.687464e-03)

1.739347e-022#
(7.964189e-04)

4.490877e-025#
(2.011880e-03)

8.908784e-027#
(3.078176e-02)

8.015681e-026#
(2.445469e-02)

1.638320e-021

(9.762775e-04)

3
2.641492e-013#
(1.366662e-02)

2.642737e-014#
(1.966313e-02)

2.234150e-011

(6.009539e-03)
3.577523e-015#
(1.244170e-02)

4.624059e-016#
(5.442627e-02)

4.804829e-017#
(5.324561e-02)

2.474839e-012#
(1.316654e-02)
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Table B.12: Mean and, in parentheses, standard deviation of the Riesz s-energy
comparison. EIB-MOEA stands for the adaptive version and avgEIB-MOEA stands
for the average ranking of EIB-MOEA. For each case, the two best values are shown
in grayscale, where the darker tone corresponds to the best algorithm. The symbol
# is placed when the best algorithm presents a significant difference, according to a
one-tailed Wilcoxon test using a significance level of α = 0.05.

MOP Dim. EIB-MOEA avgEIB-MOEA SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ1
2

1.245209e+073#
(7.981976e+05)

1.323010e+074#
(6.549903e+05)

1.101146e+072#
(7.178610e+04)

1.086490e+071

(1.564289e+05)
1.464377e+076#
(6.366370e+05)

1.457581e+075#
(4.311064e+05)

1.527260e+077#
(5.765153e+05)

3
1.422309e+157#
(7.790303e+15)

4.641884e+095#
(2.248610e+10)

7.862611e+061

(5.202547e+04)
9.188460e+096

(3.126318e+10)
1.291945e+072#
(9.690003e+05)

1.381179e+073#
(7.940445e+05)

1.490362e+074#
(1.234168e+07)

DTLZ1−1 2
1.011613e+013#
(2.578863e-01)

1.029548e+014#
(4.093859e-01)

9.032038e+002#
(4.628879e-02)

8.913987e+001

(4.576841e-03)
1.189729e+016#
(5.302761e-01)

1.174751e+015#
(4.325495e-01)

1.243688e+017#
(4.686888e-01)

3
3.360796e+005#
(8.415703e+00)

4.726578e+036

(2.583027e+04)
1.293559e-024#
(4.824527e-04)

1.055668e+087#
(4.683271e+08)

8.848949e-031

(4.041497e-04)
9.322149e-032#
(5.140132e-04)

9.561163e-033#
(5.116497e-04)

DTLZ2
2

3.233501e+063#
(1.172619e+05)

3.311258e+064#
(3.256723e+05)

2.862209e+062#
(6.708421e+04)

2.592471e+061

(4.051869e+05)
5.678576e+066#
(3.676471e+05)

5.632958e+065#
(3.702106e+05)

5.877482e+067#
(1.531351e+07)

3
1.653608e+096#
(6.284465e+09)

1.252207e+064#
(1.267528e+06)

9.662145e+052#
(4.336980e+04)

2.797959e+147#
(1.443022e+15)

1.228118e+063#
(8.359941e+04)

1.255653e+065#
(1.075302e+05)

6.566464e+051

(3.496962e+04)

DTLZ2−1 2
2.838515e+053#
(1.244369e+04)

2.960598e+054#
(3.007248e+04)

2.268322e+051

(4.849151e+03)
1.262202e+067#
(3.092065e+06)

4.950592e+056#
(3.968200e+04)

4.863520e+055#
(3.152357e+04)

2.547450e+052#
(1.175286e+04)

3
1.139961e+076#
(4.697340e+07)

1.165708e+055#
(2.865988e+05)

1.849636e+042#
(3.114351e+02)

1.427916e+107#
(7.289812e+10)

4.908170e+044#
(5.286262e+03)

4.791515e+043#
(5.848816e+03)

1.815288e+041

(2.249548e+03)

DTLZ5
2

3.234100e+064#
(1.325770e+05)

3.311258e+065#
(3.256723e+05)

2.859806e+062#
(5.225628e+04)

2.636080e+061

(5.058904e+05)
5.721084e+067#
(3.217649e+05)

5.717096e+066#
(3.502384e+05)

3.027044e+063#
(1.157903e+05)

3
6.666695e+165#
(3.651483e+17)

1.138094e+176#
(5.065051e+17)

1.960560e+081

(5.822459e+06)
4.395397e+187#
(2.466086e+18)

7.108126e+084#
(6.328457e+07)

6.799892e+083#
(8.093547e+07)

2.630113e+082#
(3.238037e+07)

DTLZ5−1 2
2.802605e+053#
(9.538761e+03)

2.960598e+054#
(3.007248e+04)

2.251274e+051

(4.726658e+03)
5.923561e+077#
(2.208819e+08)

4.918868e+055#
(2.570590e+04)

4.922887e+056#
(3.219497e+04)

2.524122e+052#
(9.790368e+03)

3
5.813590e+085#
(3.182166e+09)

6.778543e+086#
(3.558588e+09)

3.824983e+042#
(2.071020e+03)

2.971018e+147#
(1.622681e+15)

5.962272e+044#
(5.706816e+03)

5.953155e+043#
(6.733471e+03)

2.798130e+041

(1.690016e+03)

DTLZ7
2

2.686572e+064#
(1.491939e+05)

2.659586e+063#
(2.426333e+05)

2.643110e+062

(3.614011e+06)
5.017145e+087#
(1.312386e+09)

4.205181e+065#
(2.891552e+05)

4.303217e+066#
(2.759142e+05)

2.532269e+061

(2.081098e+05)

3
4.904993e+075#
(1.848661e+08)

5.416497e+076#
(2.825791e+08)

1.539104e+062#
(1.526228e+06)

1.635595e+117#
(4.307163e+11)

1.792668e+064#
(1.777334e+06)

1.637429e+063#
(1.441043e+06)

9.882648e+051

(1.064137e+06)

DTLZ7−1 2
7.974204e+063#
(4.257853e+05)

6.675342e+097#
(3.651460e+10)

5.699772e+061

(1.170570e+05)
5.078815e+096#
(1.468262e+10)

1.129931e+074#
(1.248592e+06)

1.147446e+075#
(9.576487e+05)

7.488510e+062#
(5.583463e+05)

3
7.071779e+094#
(2.922335e+10)

2.947026e+125#
(1.364902e+13)

5.052117e+061

(3.408950e+05)
3.021504e+147#
(1.410176e+15)

9.669742e+073#
(4.783294e+08)

5.998256e+072#
(2.815927e+08)

1.237437e+136

(4.671126e+13)

WFG1
2

1.635752e+063#
(2.797918e+05)

4.856344e+051

(3.736557e+04)
1.629165e+062#
(2.815278e+05)

1.297461e+077#
(1.427410e+07)

2.291195e+065#
(4.280963e+05)

2.297560e+066#
(2.726100e+05)

1.729271e+064#
(2.939444e+05)

3
1.008502e+065#
(3.090192e+06)

5.073326e+066#
(2.427558e+07)

3.577739e+052#
(1.561550e+05)

2.880554e+107#
(1.179505e+11)

4.288907e+053#
(8.532107e+04)

4.659735e+054#
(1.237011e+05)

2.045881e+051

(4.002245e+04)

WFG1−1 2
1.388278e+063#
(2.211027e+05)

4.846742e+051

(2.600416e+04)
1.351266e+062#
(1.623194e+05)

1.287019e+077#
(4.232904e+07)

2.191442e+066#
(3.363223e+05)

2.138012e+065#
(1.903704e+05)

1.427775e+064#
(2.779466e+05)

3
4.616702e+085

(1.810607e+09)
7.455249e+147#
(4.082453e+15)

4.725754e+053#
(7.569958e+04)

2.766218e+136#
(9.661958e+13)

2.525371e+052#
(2.967704e+04)

9.129164e+054#
(3.668022e+06)

1.736262e+051

(2.404343e+04)

WFG2
2

1.040506e+063#
(2.504316e+05)

1.063879e+064#
(4.151245e+05)

6.697290e+052#
(1.456043e+05)

1.628748e+077#
(2.509368e+07)

1.869108e+066#
(2.072748e+06)

1.646684e+065#
(3.438246e+05)

5.861734e+051

(1.519271e+05)

3
1.352298e+052#
(2.820128e+04)

1.243903e+065#
(5.832112e+06)

1.275754e+086#
(6.716331e+08)

2.849513e+107#
(1.419030e+11)

2.779040e+053#
(3.549282e+04)

3.221776e+054#
(6.960950e+04)

3.307969e+041

(3.428628e+03)

WFG2−1 2
5.947399e+054#
(1.059643e+05)

6.486899e+055#
(4.489979e+05)

4.214349e+051

(2.022754e+04)
1.102361e+066#
(1.522084e+06)

4.769824e+052#
(1.848529e+04)

4.772484e+053#
(1.674865e+04)

1.310144e+067#
(3.781539e+05)

3
8.466163e+043#
(1.378030e+05)

4.660980e+106#
(2.552896e+11)

8.898902e+045#
(9.048750e+03)

6.310381e+107#
(9.597681e+10)

8.439016e+042#
(1.693624e+04)

8.874462e+044#
(1.568238e+04)

1.304064e+041

(1.527657e+03)

WFG3
2

3.025488e+053#
(5.873878e+03)

3.212196e+054#
(1.298181e+04)

2.801453e+051

(3.429409e+03)
2.935193e+052

(5.063639e+04)
3.547582e+055#
(1.103143e+04)

3.565104e+056#
(1.172183e+04)

3.886084e+057#
(1.719335e+04)

3
3.834840e+054#
(6.393540e+05)

1.501662e+076#
(5.846473e+07)

7.602007e+055#
(5.301992e+05)

1.071802e+127#
(3.561835e+12)

2.397450e+052#
(2.847311e+04)

2.560440e+053#
(3.631517e+04)

1.210822e+051

(1.154927e+04)

WFG3−1 2
3.023972e+052#
(6.640812e+03)

3.077387e+053#
(1.751452e+04)

2.739928e+051

(9.912665e+02)
4.410939e+057

(9.288411e+05)
3.585218e+054#
(1.280312e+04)

3.601615e+055#
(1.145179e+04)

3.881801e+056#
(1.664244e+04)

3
1.873884e+095#
(1.015554e+10)

2.759154e+116#
(1.180968e+12)

3.607457e+044#
(1.712772e+03)

6.213042e+127#
(2.288251e+13)

2.456917e+041

(1.378562e+03)
2.670881e+042#
(1.831476e+03)

2.933186e+043#
(2.321941e+03)

WFG4
2

3.679180e+052#
(1.719485e+04)

3.930429e+054#
(4.742057e+04)

3.464285e+051

(8.459268e+04)
7.075901e+057#
(7.812602e+05)

5.796439e+056#
(3.613046e+04)

5.691315e+055#
(3.311765e+04)

3.763594e+053#
(2.276421e+04)

3
3.329852e+045#
(4.799467e+04)

2.249836e+044#
(1.170788e+04)

9.120609e+046#
(2.679777e+05)

1.788700e+117#
(9.782516e+11)

2.171863e+043#
(1.580049e+03)

2.062236e+042#
(1.644799e+03)

1.327554e+041

(9.888832e+02)

WFG4−1 2
3.844834e+053#
(1.402401e+04)

4.115903e+054#
(3.739372e+04)

3.145898e+051

(5.569331e+03)
5.234817e+055#
(1.987359e+04)

6.156348e+057#
(2.977823e+04)

6.132561e+056#
(3.969040e+04)

3.745743e+052#
(2.204337e+04)

3
4.253413e+045#
(2.840019e+04)

2.327135e+076#
(1.217847e+08)

1.429637e+041

(4.214432e+02)
1.991686e+087#
(9.670294e+08)

3.231753e+043#
(2.795861e+03)

3.350553e+044#
(3.292842e+03)

1.431675e+042

(1.353587e+03)
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Table B.13: Mean and, in parentheses, standard deviation of the Solow-Polasky Di-
versity comparison. EIB-MOEA stands for the adaptive version and avgEIB-MOEA
stands for the average ranking of EIB-MOEA. For each case, the two best values
are shown in grayscale, where the darker tone corresponds to the best algorithm.
The symbol # is placed when the best algorithm presents a significant difference,
according to a one-tailed Wilcoxon test using a significance level of α = 0.05.

MOP Dim. EIB-MOEA avgEIB-MOEA SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ1
2

4.713609e+001

(4.585395e-01)
4.601279e+005

(2.499862e-01)
4.535871e+006

(1.613867e-03)
4.535618e+007

(1.515545e-03)
4.703012e+002#
(4.597774e-01)

4.642949e+003#
(3.446648e-01)

4.618029e+004#
(2.692574e-01)

3
9.952424e+001

(9.889673e-01)
9.473473e+003#
(4.957191e-01)

9.222998e+005#
(9.594806e-03)

9.285373e+004

(1.284961e-02)
8.562827e+006#
(2.204085e-01)

8.524605e+007#
(1.616191e-01)

9.734892e+002

(1.003099e+00)

DTLZ1−1 2
1.200000e+021

(0.000000e+00)
1.200000e+022

(0.000000e+00)
1.200000e+023

(0.000000e+00)
1.200000e+024

(0.000000e+00)
1.200000e+025

(0.000000e+00)
1.200000e+026

(0.000000e+00)
1.200000e+027

(0.000000e+00)

3
1.199970e+025#
(9.667852e-03)

1.199615e+026#
(1.655009e-01)

1.200000e+021

(0.000000e+00)
1.131654e+027#
(1.688669e+00)

1.200000e+022

(0.000000e+00)
1.200000e+023

(0.000000e+00)
1.200000e+024

(0.000000e+00)

DTLZ2
2

8.819188e+002#
(9.319932e-04)

8.815375e+003#
(5.450457e-03)

8.809762e+004#
(2.048033e-03)

8.823402e+001

(3.112817e-04)
8.723287e+007#
(3.080773e-02)

8.730220e+006#
(3.168715e-02)

8.807708e+005#
(1.729533e-02)

3
3.338078e+012#
(1.400567e-01)

3.328872e+013#
(2.526406e-01)

3.258324e+014#
(7.744708e-02)

3.386086e+011

(3.096684e-02)
3.091961e+017#
(3.887565e-01)

3.096005e+016#
(3.938666e-01)

3.210546e+015#
(4.104584e-01)

DTLZ2−1 2
2.726726e+013#
(1.267071e-01)

2.720710e+014#
(3.260425e-01)

2.770074e+011

(4.170891e-02)
2.533645e+015#
(4.450670e-02)

2.427690e+017#
(7.274643e-01)

2.462641e+016#
(6.628805e-01)

2.759534e+012#
(1.306324e-01)

3
1.048545e+024#
(7.626773e-01)

1.051846e+023#
(1.578320e+00)

1.055216e+022#
(1.786256e-01)

8.604883e+017#
(1.514422e+00)

8.976272e+016#
(2.252589e+00)

9.022758e+015#
(2.375920e+00)

1.061348e+021

(8.904085e-01)

DTLZ5
2

8.819612e+002#
(8.971416e-04)

8.815375e+003#
(5.450457e-03)

8.809725e+005#
(1.784727e-03)

8.823471e+001

(2.828137e-04)
8.723148e+006#
(3.494596e-02)

8.722128e+007#
(3.365503e-02)

8.812582e+004#
(2.234056e-02)

3
8.817163e+002

(7.398640e-03)
8.807216e+004

(1.379014e-02)
8.808902e+003

(1.998116e-03)
8.736935e+005#
(2.992169e-02)

8.722295e+007#
(4.076731e-02)

8.730826e+006#
(2.628274e-02)

8.827051e+001

(8.730976e-02)

DTLZ5−1 2
2.726978e+013#
(1.165578e-01)

2.720710e+014#
(3.260425e-01)

2.770609e+011

(3.997850e-02)
2.533909e+015#
(3.148710e-02)

2.449626e+016#
(6.055237e-01)

2.425656e+017#
(5.724731e-01)

2.759624e+012#
(1.083483e-01)

3
9.947389e+011

(6.780544e-01)
9.937371e+012

(1.631440e+00)
9.652769e+014#
(5.310327e-01)

7.976507e+017#
(1.369811e+00)

8.528248e+016#
(1.870767e+00)

8.539865e+015#
(2.438780e+00)

9.879231e+013#
(1.003202e+00)

DTLZ7
2

1.081500e+012

(9.477486e-02)
1.079250e+013

(4.272512e-02)
1.054421e+017#
(1.329476e+00)

1.071951e+014#
(3.773850e-02)

1.068679e+016#
(5.661259e-02)

1.069141e+015#
(5.405478e-02)

1.085069e+011

(1.337278e-01)

3
3.902003e+013#
(7.644799e+00)

3.969502e+012#
(5.619235e+00)

3.755375e+015#
(5.868227e+00)

3.772552e+014#
(7.075912e+00)

3.611422e+017#
(7.158260e+00)

3.667995e+016#
(6.176629e+00)

4.297791e+011

(5.789411e+00)

DTLZ7−1 2
6.967050e+002#
(6.118033e-02)

6.952405e+005#
(1.347962e-02)

6.956524e+003#
(3.987003e-03)

6.956419e+004#
(1.203473e-02)

6.936441e+006#
(3.022408e-02)

6.931027e+007#
(3.699790e-02)

7.007207e+001

(8.442832e-02)

3
2.275088e+011

(3.859025e-01)
2.245287e+013#
(2.698668e-01)

2.218304e+014#
(5.710079e-02)

2.148857e+015#
(2.786495e+00)

2.023723e+017#
(2.578102e+00)

2.050485e+016#
(2.580423e+00)

2.251545e+012

(5.805271e+00)

WFG1
2

1.176062e+013#
(1.485353e+00)

2.105735e+011

(1.137963e-01)
1.181182e+012#
(1.666438e+00)

1.155912e+015#
(1.207288e+00)

1.117888e+016#
(9.469125e-01)

1.104606e+017#
(7.757139e-01)

1.167004e+014#
(1.381882e+00)

3
5.853343e+013#
(4.988708e+00)

6.360126e+012

(3.640561e+00)
6.435414e+011

(4.296059e+00)
4.025571e+017#
(2.442696e+00)

4.735498e+015#
(4.367364e+00)

4.718310e+016#
(5.486065e+00)

5.655871e+014#
(4.433774e+00)

WFG1−1 2
1.241816e+013#
(1.626974e+00)

2.127178e+011

(8.996025e-02)
1.178291e+015#
(1.197487e+00)

1.191431e+014#
(1.321500e+00)

1.106654e+017#
(4.455510e-01)

1.127669e+016#
(7.379574e-01)

1.305902e+012#
(1.879841e+00)

3
6.501382e+012#
(4.527118e+00)

7.302449e+011

(2.552368e+00)
5.837913e+016#
(2.845430e+00)

4.731708e+017#
(2.007335e+00)

5.868980e+015#
(3.644109e+00)

6.013493e+013#
(3.887910e+00)

5.995622e+014#
(3.744791e+00)

WFG2
2

2.002977e+016#
(2.000138e+00)

2.119481e+012

(2.360414e+00)
2.043245e+014#
(2.136490e+00)

2.032207e+015#
(2.166516e+00)

2.046895e+013#
(2.316731e+00)

1.998198e+017#
(2.155512e+00)

2.139157e+011

(2.300143e+00)

3
8.363601e+012#
(1.617491e+00)

8.253917e+013#
(7.171347e+00)

7.265990e+015#
(2.310079e+00)

7.491735e+014#
(2.133336e+00)

7.198862e+016#
(2.128508e+00)

7.105939e+017#
(3.509737e+00)

9.813232e+011

(1.192229e+00)

WFG2−1 2
2.083093e+014#
(8.198628e-03)

2.083875e+013#
(1.393367e-02)

2.087686e+011

(3.238531e-03)
2.085755e+012#
(7.098699e-03)

2.073063e+016#
(4.825024e-02)

2.075175e+015#
(4.237807e-02)

2.072645e+017#
(2.298756e-02)

3
1.035445e+022#
(1.063910e+00)

1.034527e+023#
(2.617298e+00)

9.522378e+014#
(7.827878e-01)

9.211396e+017#
(1.933357e+00)

9.469565e+016#
(1.785066e+00)

9.485389e+015#
(1.853436e+00)

1.104128e+021

(9.478426e-01)

WFG3
2

2.304546e+013#
(1.386879e-02)

2.304211e+014#
(2.897781e-02)

2.307287e+011

(1.191627e-02)
2.307150e+012

(1.535596e-02)
2.267771e+017#
(1.205283e-01)

2.268870e+016#
(1.380300e-01)

2.268955e+015#
(1.180649e-01)

3
6.826583e+012#
(1.011265e+00)

6.708241e+013#
(2.781827e+00)

5.883013e+014#
(8.993834e-01)

5.337879e+017#
(1.849752e+00)

5.776904e+015#
(2.313672e+00)

5.723505e+016#
(2.211991e+00)

7.035271e+011

(2.023566e+00)

WFG3−1 2
2.305213e+014#
(1.062126e-02)

2.306079e+013#
(2.124563e-02)

2.308867e+011

(8.523389e-03)
2.308702e+012

(6.337664e-03)
2.270365e+016#
(1.086348e-01)

2.268549e+017#
(1.241366e-01)

2.270963e+015#
(1.298070e-01)

3
1.023672e+022#
(6.850019e-01)

1.027185e+021

(1.416504e+00)
9.693100e+016#
(4.662040e-01)

8.672481e+017#
(2.791004e+00)

1.013929e+023#
(7.428073e-01)

1.003597e+024#
(8.173048e-01)

9.870947e+015#
(1.026830e+00)

WFG4
2

2.457680e+012#
(6.208150e-02)

2.439537e+015#
(2.499154e-01)

2.444812e+014#
(8.332862e-02)

2.472863e+011

(3.400085e-02)
2.318018e+017#
(2.596626e-01)

2.329061e+016#
(2.487768e-01)

2.453404e+013#
(1.022200e-01)

3
1.087255e+022#
(6.536196e-01)

1.070237e+023#
(2.079503e+00)

1.056748e+024#
(6.272310e-01)

1.032979e+027#
(1.442731e+00)

1.042833e+026#
(9.064148e-01)

1.049839e+025#
(9.499532e-01)

1.099415e+021

(6.860651e-01)

WFG4−1 2
2.418805e+013#
(1.091841e-01)

2.409882e+014#
(2.230264e-01)

2.452616e+011

(5.507526e-02)
2.266931e+015#
(4.010669e-02)

2.159785e+017#
(4.924356e-01)

2.174750e+016#
(4.733697e-01)

2.440109e+012#
(1.077760e-01)

3
1.075577e+024#
(8.162367e-01)

1.077923e+023#
(1.572622e+00)

1.088426e+022

(2.050561e-01)
9.567203e+017#
(2.014010e+00)

9.794993e+015#
(1.503817e+00)

9.759686e+016#
(1.505583e+00)

1.090783e+021

(1.004455e+00)
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B.3 cMIB-MOEA

Tables B.14 to B.19 show the numerical results of the comparison between cMIB-
MOEA, SMS-EMOA, R2-EMOA, IGD+-MaOEA, ε+-MaOEA and ∆p-MaOEA, con-
sidering the indicators HV, R2, IGD+, ε+, ∆p, and Solow-Polasky Diversity. These
resuls are related to the experiments of Chapter 6, section 6.4.2.
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Table B.14: Comparison for the hypervolume indicator. The mean and, in parenthe-
ses, standard deviation are shown. The two best values are shown in grayscale, where
the darker tone corresponds to the best algorithm.

MOP Dim. cMIB-MOEA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ2
2

3.210162e+001

(1.248254e-04)
3.209810e+004#
(1.903178e-04)

3.209913e+003#
(1.647468e-04)

3.209920e+002#
(1.710046e-04)

3.204510e+005#
(3.645834e-03)

3
7.413662e+003#
(1.311477e-03)

7.418121e+001

(9.761419e-05)
7.416422e+002#
(1.460154e-03)

7.403988e+004#
(2.140679e-02)

7.316849e+005#
(2.964130e-02)

DTLZ2−1 2
1.027911e+011

(1.108306e-03)
9.624031e+005#
(2.374198e-01)

1.026687e+013#
(5.561743e-03)

1.026512e+014#
(4.994028e-03)

1.027071e+012#
(2.377370e-03)

3
2.240389e+013#
(5.101193e-02)

2.212002e+014#
(1.120196e-01)

2.259175e+011

(7.407921e-02)
2.254567e+012#
(9.665618e-02)

2.195907e+015#
(1.171935e-01)

DTLZ5
2

3.210174e+001

(1.183556e-04)
3.209855e+003#
(1.765018e-04)

3.209844e+004#
(1.708234e-04)

3.209882e+002#
(2.527762e-04)

3.204797e+005#
(3.753239e-03)

3
6.102408e+001

(2.812106e-04)
5.974645e+005#
(1.591283e-01)

6.101791e+002#
(4.929715e-04)

6.101051e+003#
(1.834057e-03)

6.087254e+004#
(8.589120e-03)

DTLZ5−1 2
1.027878e+011

(1.052948e-03)
9.643901e+005#
(2.270272e-01)

1.026547e+013#
(8.134163e-03)

1.026399e+014#
(6.846455e-03)

1.027106e+012#
(2.191922e-03)

3
2.271210e+011

(3.786160e-02)
2.234829e+014#
(7.368752e-02)

2.240598e+012#
(1.213057e-01)

2.237449e+013#
(1.476173e-01)

2.207740e+015#
(1.056913e-01)

DTLZ7
2

1.771312e+012

(6.338443e-02)
1.745588e+015#
(5.391138e-01)

1.771076e+013

(6.300358e-02)
1.772201e+011

(1.426308e-03)
1.767071e+014#
(4.697252e-02)

3
1.631666e+011

(9.866106e-02)
1.629956e+012#
(6.686372e-02)

1.628276e+013#
(1.038417e-01)

1.621315e+014#
(1.521630e-01)

1.609346e+015#
(1.109553e-01)

DTLZ7−1 2
1.283525e+011

(1.155894e-04)
1.282221e+015#
(8.579096e-03)

1.283372e+014#
(1.283835e-03)

1.283421e+013#
(7.914225e-04)

1.283492e+012#
(2.718326e-04)

3
2.694964e+011

(1.988859e-01)
2.694262e+012#
(1.399401e-01)

2.691430e+014#
(1.902287e-01)

2.688537e+015#
(2.266296e-01)

2.691964e+013#
(1.353562e-01)

WFG1
2

5.812159e+001

(4.739215e-01)
4.711919e+005#
(5.702726e-01)

5.557041e+002#
(4.962352e-01)

5.443320e+004#
(2.707216e-01)

5.467187e+003#
(2.647421e-01)

3
5.250059e+012

(1.707368e+00)
5.280430e+011

(1.655778e+00)
5.238674e+013

(2.405678e+00)
5.083102e+014#
(1.763778e+00)

4.853077e+015#
(1.458671e+00)

WFG1−1 2
7.814117e+002#
(8.505052e-01)

5.500073e+005#
(6.549325e-02)

7.520350e+003#
(6.758761e-01)

7.407911e+004#
(8.290113e-01)

8.031382e+001

(9.148863e-01)

3
2.219323e+011

(4.627010e+00)
2.059188e+015#
(3.870421e+00)

2.063307e+014#
(4.195219e+00)

2.082770e+013#
(3.967112e+00)

2.154482e+012

(3.957917e+00)

WFG2
2

1.087219e+012#
(4.039260e-01)

1.085551e+013#
(4.067833e-01)

1.074575e+015#
(3.352683e-01)

1.096449e+011

(4.179559e-01)
1.079275e+014#
(3.636295e-01)

3
9.959588e+014

(2.875856e+00)
9.990669e+011

(1.696087e-01)
9.985689e+012

(3.095886e-01)
9.965905e+013#
(3.253740e-01)

9.871062e+015#
(2.543823e-01)

WFG2−1 2
1.519246e+011

(5.625133e-04)
1.482324e+015#
(2.644660e-01)

1.515345e+014#
(2.984115e-02)

1.515557e+013#
(2.779040e-02)

1.518443e+012#
(3.345468e-03)

3
6.101274e+012#
(8.636979e-02)

6.110828e+011

(1.058639e-01)
6.090491e+013#
(8.692672e-02)

6.085338e+014#
(1.164159e-01)

5.905973e+015#
(4.861748e-01)

WFG3
2

1.089079e+011

(1.565385e-02)
1.035179e+015#
(2.032990e-01)

1.087827e+013#
(1.922049e-02)

1.088722e+012

(1.909343e-02)
1.082986e+014#
(2.193501e-02)

3
7.492265e+011

(3.545610e-01)
7.259043e+014#
(6.175274e-01)

7.470162e+013#
(3.631453e-01)

7.481560e+012

(3.604198e-01)
7.184839e+015#
(3.944028e-01)

WFG3−1 2
1.175971e+011

(1.560548e-03)
1.120359e+015#
(2.557854e-01)

1.171173e+012#
(1.994707e-02)

1.171020e+013#
(2.550289e-02)

1.167962e+014#
(2.373243e-02)

3
4.423134e+011

(6.460128e-02)
4.299599e+013#
(3.557238e-01)

4.323975e+012#
(1.995049e-01)

4.261920e+014#
(5.713276e-01)

4.060917e+015#
(4.294173e-01)

LAME γ = 0.25
2

3.984508e+001

(3.997127e-05)
3.908335e+005#
(6.218400e-02)

3.982450e+004#
(1.382638e-03)

3.982839e+003#
(1.449027e-03)

3.984255e+002#
(1.979594e-04)

3
7.999810e+002#
(1.340338e-05)

7.965122e+005#
(5.674797e-02)

7.995436e+003#
(2.010558e-03)

7.994236e+004#
(2.083512e-03)

7.999817e+001

(2.572063e-05)

LAME γ = 1.00
2

3.494593e+001

(6.113332e-05)
3.390690e+005#
(4.476048e-02)

3.488891e+003#
(4.488139e-03)

3.489996e+002#
(3.810590e-03)

3.487793e+004#
(3.964170e-03)

3
7.789854e+001

(4.756851e-04)
7.726223e+004#
(1.774686e-02)

7.728385e+003#
(1.898407e-02)

7.713808e+005#
(2.762970e-02)

7.762531e+002#
(8.361664e-03)

LAME γ = 5.00
2

3.047679e+003#
(6.607179e-05)

3.046898e+004#
(2.269920e-04)

3.047935e+002

(2.821617e-04)
3.048022e+001

(1.575429e-04)
3.039756e+005#
(5.353281e-03)

3
7.101947e+002#
(8.831560e-04)

7.099265e+003#
(4.564200e-04)

7.106173e+001

(1.320166e-03)
7.076194e+004#
(5.207431e-02)

6.879490e+005#
(6.192943e-02)

MIRROR γ = 0.25
2

3.013194e+003#
(3.364058e-05)

3.012709e+004#
(4.794633e-07)

3.013533e+001

(4.920536e-05)
3.013515e+002

(6.628347e-05)
3.001153e+005#
(7.436136e-03)

3
4.034491e+002#
(4.557634e-04)

4.021444e+003#
(1.476544e-03)

4.036641e+001

(2.306522e-04)
3.784857e+005#
(2.848332e-01)

3.972221e+004#
(2.108432e-02)

MIRROR γ = 1.00
2

3.494600e+001

(7.585756e-05)
3.408095e+005#
(4.928017e-02)

3.489873e+002#
(2.985388e-03)

3.489212e+003#
(3.562884e-03)

3.484992e+004#
(5.975681e-03)

3
5.516597e+001

(3.315352e-03)
5.320022e+004#
(6.273693e-02)

5.430958e+002#
(3.835292e-02)

5.389980e+003#
(5.648711e-02)

5.308208e+005#
(6.376244e-02)

MIRROR γ = 5.00
2

3.947949e+001

(6.013384e-05)
3.796089e+005#
(5.150682e-02)

3.943382e+004#
(2.285619e-03)

3.943743e+003#
(2.981838e-03)

3.947354e+002#
(2.213637e-04)

3
7.639415e+001

(3.006057e-03)
7.409192e+005#
(6.688387e-02)

7.481904e+003#
(4.341704e-02)

7.462161e+004#
(4.914247e-02)

7.633576e+002#
(4.198402e-03)

VIE1 3
6.163607e+011

(3.607552e-02)
6.091741e+013#
(2.987945e-01)

6.085508e+014#
(2.227616e-01)

6.084909e+015#
(2.605542e-01)

6.150890e+012#
(7.652368e-02)

VIE2 3
7.846513e+001

(7.366847e-04)
7.826301e+003#
(8.862417e-03)

7.818984e+004#
(8.942508e-03)

7.816657e+005#
(1.280338e-02)

7.845769e+002#
(8.329589e-04)

VIE3 3
2.203028e+022#
(1.840069e-02)

2.202588e+025#
(1.988121e-01)

2.202753e+024#
(1.253037e-01)

2.202902e+023

(1.315206e-01)
2.203631e+021

(2.059259e-02)
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Table B.15: Comparison for the R2 indicator. The mean and, in parentheses, standard
deviation are shown. The two best values are shown in grayscale, where the darker
tone corresponds to the best algorithm.

MOP Dim. cMIB-MOEA SMS-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ2
2

1.001546e+001

(2.304413e-04)
1.005628e+003#
(4.916034e-04)

1.029595e+005#
(1.041539e-02)

1.028919e+004#
(1.053044e-02)

1.003043e+002#
(3.326265e-04)

3
1.391225e+001

(2.656076e-02)
2.025550e+003#
(2.657776e-02)

3.228428e+005#
(8.632387e-01)

3.068441e+004#
(1.370718e+00)

1.591372e+002#
(9.292731e-02)

DTLZ2−1 2
3.504395e+001

(8.425865e-04)
3.510835e+003#
(1.157573e-03)

4.015808e+004#
(4.543294e-01)

4.048426e+005#
(4.231691e-01)

3.507752e+002#
(1.284154e-03)

3
4.872409e+001

(1.180371e-01)
4.988873e+002#
(1.095118e-01)

3.316718e+024#
(1.060464e+02)

3.788705e+025#
(1.665700e+02)

7.460871e+003#
(3.001262e+00)

DTLZ5
2

1.001481e+001

(2.423728e-04)
1.005444e+003#
(3.977062e-04)

1.026395e+004#
(9.720539e-03)

1.031955e+005#
(1.885062e-02)

1.002940e+002#
(3.107858e-04)

3
6.106577e+022

(3.168541e-01)
6.109698e+023#
(1.393868e-02)

6.110280e+024#
(4.691465e-02)

6.110508e+025#
(9.308111e-02)

6.104707e+021

(4.566731e-01)

DTLZ5−1 2
3.504485e+001

(8.427788e-04)
3.510856e+003#
(8.776468e-04)

4.148450e+004#
(9.498169e-01)

4.259512e+005#
(8.578703e-01)

3.507722e+002#
(1.874279e-03)

3
6.397156e+012#
(8.428756e+00)

4.780656e+011

(5.065303e-01)
6.464004e+025#
(1.442356e+02)

6.394942e+024#
(1.677595e+02)

1.731310e+023#
(3.452120e+01)

DTLZ7
2

1.482290e+034#
(2.230660e+02)

1.441488e+031

(3.426040e-02)
1.486310e+035#
(2.224285e+02)

1.445942e+033#
(3.871828e+00)

1.442185e+032

(2.655494e+00)

3
2.428019e+031

(3.972889e+02)
2.583177e+033

(5.202847e+02)
2.498875e+032#
(3.885086e+02)

2.694747e+034#
(6.161223e+02)

2.714430e+035#
(5.339504e+02)

DTLZ7−1 2
1.591957e+041

(3.140243e+00)
1.592801e+045#
(4.033573e-01)

1.592681e+044#
(2.061276e+00)

1.592637e+043#
(2.509397e+00)

1.592328e+042#
(3.360946e+00)

3
2.798789e+042

(1.594702e+02)
2.816287e+044#
(3.123712e-01)

2.816355e+045#
(7.585267e-01)

2.816239e+043#
(4.632046e+00)

2.795222e+041

(1.548073e+02)

WFG1
2

5.042864e+021

(2.528676e+02)
6.093440e+023#
(1.870415e+02)

6.049682e+022#
(2.506040e+02)

6.759798e+025#
(1.245069e+02)

6.647686e+024#
(1.163336e+02)

3
8.133871e+022#
(2.280649e+02)

6.457585e+021

(2.278167e+02)
9.119151e+023#
(2.445134e+02)

1.067014e+035#
(1.767876e+02)

9.634946e+024#
(2.222668e+02)

WFG1−1 2
8.479638e+022#
(2.874410e+02)

9.571928e+023#
(1.320490e+02)

9.660838e+024#
(2.301638e+02)

1.002653e+035#
(2.759513e+02)

7.554245e+021

(3.001065e+02)

3
1.158244e+031

(2.829761e+02)
1.228322e+033

(2.740211e+02)
1.245600e+035#
(2.632532e+02)

1.234295e+034#
(2.532927e+02)

1.197122e+032

(2.518037e+02)

WFG2
2

2.204741e+022

(1.688453e+02)
2.536255e+023

(1.541269e+02)
2.784248e+025#
(1.404124e+02)

1.864075e+021

(1.751323e+02)
2.547736e+024

(1.548446e+02)

3
3.151643e+013

(1.374534e+02)
1.170585e+025#
(1.129157e+01)

3.052979e+012#
(2.052108e+01)

3.575891e+014#
(3.207520e+01)

7.692810e+001

(4.262271e+00)

WFG2−1 2
8.681702e+021

(3.367222e-01)
8.683816e+022#
(1.292749e-01)

8.749494e+025#
(3.650107e+00)

8.744175e+023#
(3.981023e+00)

8.746519e+024#
(5.043880e+00)

3
6.631010e+021

(6.634425e+00)
6.736255e+022#
(6.346644e+00)

8.159387e+024#
(9.278293e+01)

8.684920e+025#
(1.125040e+02)

7.465999e+023#
(6.057073e+01)

WFG3
2

2.279509e+004#
(3.270713e-03)

2.272696e+001

(2.664833e-03)
2.273978e+003

(2.491350e-03)
2.273341e+002

(2.461194e-03)
2.284516e+005#
(2.729008e-03)

3
6.610482e+021

(1.380583e+01)
7.354023e+022#
(1.195693e+01)

8.971346e+024#
(3.378241e+01)

9.104565e+025#
(3.642940e+01)

7.474012e+023#
(3.203574e+01)

WFG3−1 2
2.103783e+021

(5.755679e-01)
2.103923e+022

(6.764117e-01)
2.459381e+025#
(1.831784e+01)

2.400530e+024#
(1.330130e+01)

2.384657e+023#
(1.652563e+01)

3
6.302704e+022#
(4.941018e+00)

6.162871e+021

(3.865810e-01)
7.475377e+023#
(5.191735e+01)

7.868629e+024#
(8.364509e+01)

8.093867e+025#
(5.045177e+01)

LAME γ = 0.25
2

1.550956e-014#
(8.385621e-03)

1.290804e-013#
(6.942509e-05)

1.286300e-012

(5.464076e-05)
1.286264e-011

(4.557299e-05)
2.158020e-015#
(1.414993e-01)

3
7.671362e+005#
(1.489027e+00)

2.010007e-013#
(4.197295e-02)

1.174442e-012

(1.175080e-01)
1.146392e-011

(6.758444e-02)
6.887707e+004#
(1.932463e+00)

LAME γ = 1.00
2

8.140321e-012#
(2.323290e-04)

8.136003e-011

(4.621050e-04)
8.141605e-013#
(3.056052e-04)

8.142449e-014#
(2.329007e-04)

8.152456e-015#
(3.167572e-04)

3
9.986528e-012#
(2.658889e-02)

9.516079e-011

(2.212431e-02)
1.081104e+003#
(3.255925e-02)

1.128753e+005#
(6.577299e-02)

1.107728e+004#
(3.340503e-02)

LAME γ = 5.00
2

1.082458e+001

(2.010197e-04)
1.611153e+003#
(3.021595e-02)

6.354600e+005#
(2.145539e+00)

5.286154e+004#
(1.622389e+00)

1.083588e+002#
(4.355950e-04)

3
1.609724e+001

(3.961159e-02)
9.490035e+013#
(1.915538e+00)

1.680906e+025#
(1.331664e+01)

1.284311e+024#
(2.613829e+01)

2.329380e+002#
(9.749783e-01)

MIRROR γ = 0.25
2

1.096992e+001

(2.291941e-04)
2.326754e+003#
(9.981433e-02)

3.136659e+014#
(1.050990e+01)

3.697762e+015#
(1.489024e+01)

1.098291e+002#
(4.768486e-04)

3
8.608823e+021

(5.117169e-02)
8.777366e+023#
(1.058246e+00)

9.153427e+024#
(3.586311e+00)

9.427186e+025#
(3.722795e+01)

8.612694e+022#
(2.425336e-01)

MIRROR γ = 1.00
2

8.140823e-012#
(2.724976e-04)

8.137569e-011

(4.252025e-04)
8.141436e-013#
(2.779640e-04)

8.142173e-014#
(3.169498e-04)

8.150980e-015#
(2.776934e-04)

3
5.054924e+022#
(5.504203e-01)

5.043481e+021

(3.086890e-01)
5.087731e+024#
(2.037821e+00)

5.086982e+023#
(1.795426e+00)

5.144419e+025#
(3.013966e+00)

MIRROR γ = 5.00
2

2.586587e-014#
(9.234652e-04)

2.517455e-013#
(7.676020e-05)

2.514530e-011

(9.713532e-05)
2.514660e-012

(7.746302e-05)
2.672368e-015#
(7.268805e-03)

3
5.920852e+001

(2.015933e+00)
1.565382e+013#
(2.624099e-01)

4.066618e+014#
(9.418834e+00)

4.738339e+015#
(1.066086e+01)

8.950248e+002#
(2.769594e+00)

VIE1 3
2.016166e+031

(1.358581e+01)
2.147694e+033#
(4.207376e+00)

2.182004e+035#
(3.937348e+01)

2.172302e+034#
(4.109518e+01)

2.021090e+032#
(1.602570e+01)

VIE2 3
2.009196e+041

(1.968038e+00)
2.009629e+042#
(1.533164e+00)

2.021709e+045#
(1.149729e+02)

2.021341e+044#
(1.097454e+02)

2.009695e+043

(1.248402e+01)

VIE3 3
1.253957e+041

(4.846552e-01)
1.254629e+042#
(2.273640e+00)

1.255187e+044#
(8.829199e+00)

1.255283e+045#
(6.883429e+00)

1.254660e+043#
(5.922341e+00)
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Table B.16: Comparison for the IGD+ indicator. The mean and, in parentheses,
standard deviation are shown. The two best values are shown in grayscale, where the
darker tone corresponds to the best algorithm.

MOP Dim. cMIB-MOEA SMS-EMOA R2-EMOA ε+-MaOEA ∆p-MaOEA

DTLZ2
2

2.051386e-033#
(7.491677e-05)

1.706732e-031

(3.985202e-05)
1.991910e-032#
(2.714430e-06)

2.295901e-034#
(1.050411e-04)

2.653151e-035#
(1.695937e-04)

3
2.456817e-024#
(5.116531e-04)

1.851793e-021

(3.354308e-04)
2.231064e-022#
(1.263208e-05)

2.429459e-023#
(1.805971e-03)

3.605669e-025#
(1.636504e-03)

DTLZ2−1
2

6.849762e-032#
(2.023959e-04)

6.145464e-031

(1.425957e-04)
1.280271e-015#
(4.537515e-02)

9.571463e-034#
(9.490564e-04)

7.944673e-033#
(3.298439e-04)

3
9.448973e-022#
(1.931716e-03)

9.096365e-021

(1.398727e-03)
1.154588e-014#
(5.514137e-03)

1.110854e-013#
(7.329049e-03)

1.158073e-015#
(5.169046e-03)

DTLZ5
2

2.048534e-032#
(7.248063e-05)

1.702035e-031

(4.034625e-05)
2.050577e-033#
(3.138008e-06)

2.310930e-034#
(1.556263e-04)

2.629792e-035#
(1.064086e-04)

3
2.159729e-032#
(7.296220e-05)

1.680575e-031

(2.460811e-05)
5.854643e-035#
(2.410966e-03)

2.261415e-033#
(9.998578e-05)

2.990658e-034#
(1.636584e-04)

DTLZ5−1
2

6.918839e-032#
(1.881795e-04)

6.185955e-031

(1.328632e-04)
1.230523e-015#
(4.290608e-02)

9.775585e-034#
(1.257897e-03)

7.897810e-033#
(3.117913e-04)

3
8.777856e-021

(1.911095e-03)
9.359136e-022#
(1.315148e-03)

1.114440e-015#
(5.663225e-03)

1.021126e-013#
(8.221122e-03)

1.090216e-014#
(4.284055e-03)

DTLZ7
2

1.692386e-025#
(8.252758e-02)

1.625678e-031

(3.672615e-05)
3.276266e-034#
(3.079752e-03)

2.055926e-032#
(7.243258e-05)

2.124808e-033#
(9.822025e-05)

3
5.483626e-022

(7.334253e-02)
7.786350e-023

(9.659290e-02)
4.546513e-021

(5.347469e-02)
1.035503e-014

(1.597579e-01)
1.074210e-015#
(1.026512e-01)

DTLZ7−1
2

8.753614e-042#
(2.974193e-05)

7.844796e-041

(1.794603e-05)
1.740213e-035#
(7.294599e-04)

9.843620e-043#
(5.841218e-05)

9.954293e-044#
(3.243756e-05)

3
3.013593e-024#
(6.982425e-02)

1.846395e-021

(5.118612e-02)
2.453773e-022#
(5.088111e-02)

3.900970e-025#
(8.462627e-02)

2.599144e-023#
(4.973959e-02)

WFG1
2

7.114930e-011

(8.520883e-02)
7.533249e-012#
(6.560050e-02)

9.151646e-015#
(1.110010e-01)

7.790312e-014#
(5.237431e-02)

7.746876e-013#
(5.074123e-02)

3
8.901724e-014#
(1.366993e-02)

8.209653e-011

(8.562743e-03)
8.682323e-012#
(9.800809e-03)

8.832798e-013#
(2.241144e-02)

1.022873e+005#
(1.707475e-02)

WFG1−1
2

5.532384e-012#
(2.172666e-01)

6.385295e-013#
(9.907927e-02)

1.225718e+005#
(1.975224e-02)

6.641492e-014#
(2.256703e-01)

4.930541e-011

(2.358287e-01)

3
5.122361e-011

(2.341601e-01)
5.647885e-013

(2.266161e-01)
6.172342e-015#
(1.991319e-01)

6.078540e-014#
(2.046416e-01)

5.393766e-012

(2.159927e-01)

WFG2
2

6.241035e-023#
(3.985208e-02)

6.708260e-024

(3.746519e-02)
5.993757e-022#
(4.153727e-02)

5.154300e-021

(4.166106e-02)
6.882444e-025#
(3.631156e-02)

3
6.258036e-024#
(4.645224e-02)

2.719234e-021

(1.230328e-03)
4.463738e-023#
(2.200487e-03)

4.304314e-022#
(4.437784e-03)

7.881098e-025#
(4.307795e-03)

WFG2−1
2

1.886315e-033#
(1.151614e-04)

1.432822e-031

(4.195084e-05)
7.024113e-035#
(4.319999e-03)

1.782508e-032#
(1.093796e-04)

2.219455e-034#
(1.229911e-04)

3
4.071443e-024#
(1.524712e-03)

3.272955e-021

(5.473617e-04)
3.752834e-022#
(1.616625e-03)

3.783211e-023#
(1.345983e-03)

6.454902e-025#
(5.160016e-03)

WFG3
2

1.586994e-023#
(2.237449e-03)

1.141842e-022

(1.741934e-03)
4.227060e-025#
(1.763356e-02)

1.106101e-021

(1.151363e-03)
1.819666e-024#
(1.433415e-03)

3
6.676228e-023#
(1.240088e-02)

2.512232e-021

(3.849004e-03)
1.268348e-014#
(1.309652e-02)

3.692504e-022#
(6.161292e-03)

1.440703e-015#
(9.309483e-03)

WFG3−1
2

7.993430e-033#
(2.640529e-04)

6.776838e-031

(1.580197e-04)
3.494393e-025#
(1.840235e-02)

7.661005e-032#
(3.663796e-04)

1.233720e-024#
(5.300793e-04)

3
9.107521e-021

(2.270714e-03)
1.007397e-013#
(1.226368e-03)

1.103550e-014#
(3.549773e-03)

9.913828e-022#
(6.202274e-03)

1.401773e-015#
(5.209819e-03)

LAME γ = 0.25
2

5.777505e-042#
(2.481356e-05)

2.302767e-041

(1.366405e-05)
1.841172e-025#
(1.674524e-02)

7.369942e-044#
(2.124344e-04)

7.040965e-043#
(1.003481e-04)

3
1.629087e-033#
(1.491841e-04)

3.470280e-041

(1.718670e-05)
8.139749e-035#
(8.449632e-03)

1.764726e-034#
(3.364876e-04)

1.590202e-032#
(2.544627e-04)

LAME γ = 1.00
2

2.686095e-032#
(5.238967e-05)

2.527645e-031

(6.058775e-05)
7.531848e-035#
(3.945578e-03)

2.755762e-033#
(6.228472e-05)

3.284842e-034#
(1.064366e-04)

3
2.716139e-023#
(4.546322e-04)

2.534859e-022#
(3.432437e-04)

2.453785e-021

(9.417360e-05)
2.883784e-024#
(7.863894e-04)

3.217983e-025#
(8.093864e-04)

LAME γ = 5.00
2

9.872994e-043#
(4.465187e-05)

5.560965e-041

(3.507817e-05)
1.263316e-035#
(1.937161e-06)

8.894090e-042#
(5.017955e-05)

1.197684e-034#
(8.074029e-05)

3
9.342489e-032#
(4.416391e-04)

4.620331e-031

(1.257326e-04)
9.631733e-033#
(2.005564e-05)

9.803483e-034#
(4.842127e-03)

1.911352e-025#
(2.394936e-03)

MIRROR γ = 0.25
2

5.164636e-043#
(2.619580e-05)

2.077012e-041

(1.367060e-05)
7.046492e-045#
(6.690189e-07)

4.180405e-042#
(4.276393e-05)

6.808126e-044#
(6.780266e-05)

3
1.399075e-032#
(9.135092e-05)

6.711717e-041

(2.075480e-05)
3.892399e-034#
(3.853846e-04)

1.276009e-025#
(1.657940e-02)

2.906886e-033#
(3.251959e-04)

MIRROR γ = 1.00
2

2.702343e-032#
(6.839164e-05)

2.531253e-031

(4.290351e-05)
6.295568e-035#
(3.195920e-03)

2.780851e-033#
(7.508472e-05)

3.271675e-034#
(1.100443e-04)

3
2.696813e-021

(3.831330e-04)
3.089346e-023#
(3.813775e-04)

3.523520e-025#
(7.444003e-04)

2.872245e-022#
(6.585204e-04)

3.254566e-024#
(9.974744e-04)

MIRROR γ = 5.00
2

1.011317e-032#
(4.260323e-05)

5.923403e-041

(3.050011e-05)
3.386729e-025#
(1.272614e-02)

1.479642e-034#
(4.190104e-04)

1.275268e-033#
(9.734203e-05)

3
1.322663e-022#
(5.497819e-04)

7.379359e-031

(2.015195e-04)
2.339586e-025#
(4.001289e-03)

2.019371e-024#
(3.084181e-03)

1.362780e-023#
(7.118328e-04)
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Table B.16 – Continuation

MOP Dim. cMIB-MOEA SMS-EMOA R2-EMOA ε+-MaOEA ∆p-MaOEA

VIE1 3
6.105804e-024#
(1.756089e-03)

6.047981e-023#
(8.010301e-04)

5.533114e-022#
(2.861054e-03)

4.092670e-021

(1.599335e-03)
6.626525e-025#
(5.002789e-03)

VIE2 3
3.087631e-033#
(1.448524e-04)

2.958897e-032

(1.545746e-04)
4.229906e-034#
(7.117692e-04)

4.302341e-035#
(1.041948e-03)

2.888633e-031

(1.675692e-04)

VIE3 3
3.437042e+012#
(6.220176e-04)

3.437085e+013#
(9.080185e-04)

3.437162e+015#
(1.158430e-03)

3.436985e+011

(3.008075e-04)
3.437121e+014#
(7.512607e-04)
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Table B.17: Comparison for the ε+ indicator. The mean and, in parentheses, standard
deviation are shown. The two best values are shown in grayscale, where the darker
tone corresponds to the best algorithm.

MOP Dim. cMIB-MOEA SMS-EMOA R2-EMOA ε+-MaOEA ∆p-MaOEA

DTLZ2
2

7.118000e-033#
(7.789805e-04)

4.293267e-031

(1.831423e-04)
6.793700e-032#
(7.160242e-05)

9.183667e-034#
(1.329228e-03)

1.147553e-025#
(1.984584e-03)

3
6.447333e-023#
(4.493293e-03)

4.441020e-021

(1.800010e-03)
6.104297e-022#
(2.723207e-04)

6.855230e-024#
(1.055678e-02)

8.840783e-025#
(9.236812e-03)

DTLZ2−1
2

2.520210e-022#
(2.745866e-03)

1.527390e-021

(6.005368e-04)
3.933925e-015#
(1.370061e-01)

3.402283e-023#
(5.698156e-03)

3.746403e-024#
(5.978609e-03)

3
2.453346e-012#
(1.701314e-02)

2.202564e-011

(9.194547e-03)
3.062821e-015#
(4.637694e-02)

2.837117e-014#
(4.064469e-02)

2.814220e-013#
(2.745633e-02)

DTLZ5
2

7.103667e-033#
(7.790004e-04)

4.338467e-031

(1.575392e-04)
6.688933e-032#
(7.224047e-05)

9.879900e-034#
(1.762974e-03)

1.139320e-025#
(1.645651e-03)

3
7.001000e-032#
(8.600754e-04)

3.493500e-031

(9.498484e-05)
4.076910e-025#
(3.226959e-02)

8.628433e-033#
(1.604775e-03)

1.000233e-024#
(1.229534e-03)

DTLZ5−1
2

2.603680e-022#
(3.383072e-03)

1.530630e-021

(7.535111e-04)
3.871187e-015#
(1.274061e-01)

3.775327e-024#
(8.705200e-03)

3.594497e-023#
(6.090988e-03)

3
2.125833e-012

(1.498363e-02)
2.100291e-011

(9.742511e-03)
3.223582e-015#
(6.047533e-02)

2.664104e-014#
(4.015743e-02)

2.523981e-013#
(2.269030e-02)

DTLZ7
2

4.980683e-024#
(2.297414e-01)

4.264967e-031

(2.292047e-04)
3.464380e-023#
(2.861427e-02)

5.045450e-025#
(2.296294e-01)

9.394700e-032#
(1.649633e-03)

3
2.378955e-011

(4.116585e-01)
3.818311e-014

(5.424236e-01)
2.464458e-012#
(2.855409e-01)

3.127700e-013#
(3.987298e-01)

5.151523e-015#
(5.674773e-01)

DTLZ7−1
2

3.927967e-032#
(6.421533e-04)

2.046867e-031

(1.794485e-04)
2.099557e-025#
(1.308642e-02)

4.307200e-033#
(1.325549e-03)

4.692267e-034#
(9.972819e-04)

3
1.032207e-013#
(2.436851e-01)

6.723670e-021

(1.825405e-01)
1.131868e-014#
(1.730409e-01)

1.342176e-015#
(2.374613e-01)

9.979253e-022#
(1.715143e-01)

WFG1
2

1.044840e+001

(2.324099e-01)
1.163054e+002#
(1.617913e-01)

1.468806e+005#
(2.125939e-01)

1.169936e+003#
(2.187795e-01)

1.211540e+004#
(1.157397e-01)

3
9.824879e-013#
(2.514320e-02)

9.371078e-011

(1.779578e-02)
9.683909e-012#
(1.901979e-02)

1.004213e+004#
(6.236634e-02)

1.074509e+005#
(2.420945e-02)

WFG1−1
2

2.084412e+002#
(6.307778e-01)

2.335668e+004#
(2.878350e-01)

3.253147e+005#
(2.520180e-02)

2.282229e+003#
(4.751597e-01)

1.927199e+001

(6.821243e-01)

3
2.911262e+001

(8.859993e-01)
3.116225e+002

(5.707788e-01)
3.619359e+005#
(3.001984e-02)

3.525182e+004#
(2.019639e-01)

3.447238e+003#
(2.854448e-01)

WFG2
2

5.157696e-012

(3.834060e-01)
5.893385e-013

(3.557487e-01)
5.054610e-011

(3.771995e-01)
6.446593e-015

(3.204999e-01)
5.952168e-014

(3.492576e-01)

3
2.305098e-015#
(1.868079e-01)

7.432647e-021

(8.183186e-03)
1.265979e-012#
(7.339705e-03)

1.339608e-013#
(3.376467e-02)

2.301112e-014#
(2.923242e-02)

WFG2−1
2

1.208223e-023#
(2.950417e-03)

4.266567e-031

(5.278840e-04)
1.349710e-015#
(8.900526e-02)

1.632620e-024#
(9.210321e-03)

7.451233e-032#
(1.140361e-03)

3
1.751227e-014#
(3.043722e-02)

1.064725e-011

(1.298674e-02)
1.507995e-013#
(3.184160e-02)

1.431800e-012#
(2.980391e-02)

2.990492e-015#
(9.710719e-02)

WFG3
2

3.053980e-022#
(3.565189e-03)

2.029603e-021

(2.100683e-03)
3.528941e-015#
(1.438062e-01)

4.159363e-023#
(1.538557e-02)

4.577543e-024#
(1.227351e-02)

3
1.377739e-013#
(1.672905e-02)

6.054853e-021

(6.845133e-03)
2.297785e-015#
(3.776761e-02)

1.222559e-012#
(5.304500e-02)

2.166802e-014#
(2.377122e-02)

WFG3−1
2

2.192823e-022#
(2.446884e-03)

1.448977e-021

(6.780921e-04)
3.029436e-015#
(1.472744e-01)

3.513097e-023#
(1.276027e-02)

3.922603e-024#
(1.077180e-02)

3
2.017282e-011

(9.641338e-03)
2.300167e-012#
(1.020771e-02)

4.655418e-015#
(1.605946e-01)

3.066389e-013#
(5.053012e-02)

4.186243e-014#
(1.153122e-01)

LAME γ = 0.25
2

7.898800e-033#
(1.120146e-03)

1.458033e-031

(1.043391e-04)
4.054173e-025#
(3.233630e-02)

2.473433e-032#
(4.791290e-04)

1.021003e-024#
(2.606959e-03)

3
1.796150e-025#
(2.659497e-03)

3.189433e-031

(5.303600e-04)
1.552300e-023#
(1.416929e-02)

3.503900e-032

(8.562077e-04)
1.605240e-024#
(4.100720e-03)

LAME γ = 1.00
2

7.161100e-032#
(5.390032e-04)

5.297900e-031

(1.931993e-04)
7.060710e-025#
(3.887146e-02)

9.837433e-033#
(1.564419e-03)

1.173267e-024#
(2.097418e-03)

3
5.691180e-023#
(3.322721e-03)

4.733873e-021

(1.356723e-03)
4.924030e-022#
(1.063930e-03)

6.932543e-024#
(9.224806e-03)

7.222980e-025#
(4.464222e-03)

LAME γ = 5.00
2

7.071067e-033#
(8.832482e-04)

2.296067e-031

(1.106015e-04)
8.711600e-034#
(6.077068e-05)

4.722700e-032#
(7.544393e-04)

1.098093e-025#
(2.093217e-03)

3
5.485860e-023#
(6.479825e-03)

2.763317e-021

(2.345896e-03)
5.948473e-024#
(1.538806e-04)

3.429323e-022#
(5.571235e-03)

1.241889e-015#
(3.825838e-02)

MIRROR γ = 0.25
2

6.493967e-033#
(9.177931e-04)

1.341167e-031

(1.103143e-04)
8.963833e-034#
(2.559375e-05)

2.265167e-032#
(3.831056e-04)

1.123300e-025#
(3.950065e-03)

3
1.360733e-023#
(1.542645e-03)

9.473000e-032#
(0.000000e+00)

3.292943e-025#
(4.794966e-03)

7.090067e-031

(1.094930e-03)
2.989373e-024#
(9.291574e-03)

MIRROR γ = 1.00
2

7.079633e-032#
(5.680806e-04)

5.381300e-031

(2.054346e-04)
5.826527e-025#
(3.313018e-02)

9.175933e-033#
(1.154726e-03)

1.166310e-024#
(2.344770e-03)

3
5.897270e-021

(2.920122e-03)
6.976930e-022#
(2.049253e-03)

9.519210e-025#
(1.049852e-02)

7.210223e-023#
(9.153865e-03)

8.859713e-024#
(2.517453e-02)

MIRROR γ = 5.00
2

7.391533e-033#
(8.201517e-04)

2.343367e-031

(1.130790e-04)
7.383200e-025#
(3.049019e-02)

4.603100e-032#
(1.151346e-03)

1.192950e-024#
(2.408357e-03)

3
7.556350e-024#
(8.816737e-03)

3.660517e-021

(2.501443e-03)
4.871660e-023#
(9.182451e-03)

4.183757e-022#
(6.978066e-03)

8.004303e-025#
(1.233744e-02)
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Table B.17 – Continuation

MOP Dim. cMIB-MOEA SMS-EMOA R2-EMOA ε+-MaOEA ∆p-MaOEA

VIE1 3
1.635651e-014#
(1.506110e-02)

1.464426e-012#
(7.435778e-03)

1.486234e-013#
(2.025099e-02)

1.142492e-011

(1.884931e-02)
1.853871e-015#
(2.572549e-02)

VIE2 3
1.709033e-024#
(1.585493e-03)

1.942617e-025#
(1.102125e-03)

1.446717e-022

(3.659380e-03)
1.339830e-021

(2.884166e-03)
1.518050e-023#
(2.322600e-03)

VIE3 3
3.200010e+012#
(4.904139e-05)

3.200002e+011

(2.373464e-05)
3.200033e+015#
(5.110536e-04)

3.200015e+014#
(6.488456e-04)

3.200014e+013#
(1.264007e-04)
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Table B.18: Comparison for the ∆p indicator. The mean and, in parentheses, standard
deviation are shown. The two best values are shown in grayscale, where the darker
tone corresponds to the best algorithm.

MOP Dim. cMIB-MOEA SMS-EMOA R2-EMOA ε+-MaOEA ∆p-MaOEA

DTLZ2
2

4.865847e-032#
(7.000612e-05)

7.627592e-033#
(3.405027e-04)

4.556979e-031

(4.495906e-06)
1.523505e-025#
(2.178438e-03)

1.505598e-024#
(2.127147e-03)

3
5.575933e-022#
(6.313307e-04)

7.596659e-024#
(9.184790e-04)

5.333332e-021

(2.261663e-05)
7.735701e-025#
(3.063697e-03)

7.486625e-023#
(3.139039e-03)

DTLZ2−1
2

1.688265e-021

(2.559978e-04)
2.111639e-022#
(6.960045e-04)

6.614193e-015#
(1.388484e-01)

9.057670e-023#
(2.655218e-02)

9.218387e-024#
(2.513761e-02)

3
1.911749e-011

(1.766017e-03)
2.020859e-012#
(1.884495e-03)

3.789330e-013#
(2.921503e-02)

4.464288e-014#
(3.936185e-02)

4.582354e-015#
(5.431259e-02)

DTLZ5
2

4.853680e-032#
(1.036004e-04)

7.390486e-033#
(2.129260e-04)

4.595982e-031

(3.746174e-06)
1.420154e-024#
(2.203283e-03)

1.513588e-025#
(3.203857e-03)

3
4.766987e-031

(9.198269e-05)
6.640421e-032#
(2.454997e-04)

1.755083e-025#
(5.434274e-03)

1.295059e-023#
(2.409442e-03)

1.339318e-024#
(2.245774e-03)

DTLZ5−1
2

1.691565e-021

(3.279980e-04)
2.129329e-022#
(6.167903e-04)

6.394039e-015#
(1.376317e-01)

8.258068e-023#
(3.106901e-02)

9.432772e-024#
(2.784122e-02)

3
1.632458e-011

(2.129217e-03)
1.861760e-012#
(2.218311e-03)

3.198766e-013#
(4.983340e-02)

3.441954e-014#
(4.178318e-02)

3.580230e-015#
(5.723492e-02)

DTLZ7
2

3.024949e-024

(1.352320e-01)
5.877758e-031

(9.026380e-05)
1.269264e-023#
(1.716582e-02)

3.344423e-025#
(1.346923e-01)

8.909477e-032#
(7.822113e-04)

3
1.247254e-012

(1.640720e-01)
2.446051e-015#
(1.848096e-01)

1.152919e-011

(1.145019e-01)
1.460901e-013

(1.719175e-01)
2.340722e-014

(2.811636e-01)

DTLZ7−1
2

3.214845e-031

(6.182353e-05)
3.277249e-032#
(5.957530e-05)

6.980895e-035#
(2.537772e-03)

4.553432e-033#
(5.092733e-04)

4.599770e-034#
(4.384120e-04)

3
9.209468e-022

(1.270279e-01)
1.026235e-014#
(8.424868e-02)

7.902295e-021

(9.033299e-02)
9.883970e-023#
(1.224676e-01)

1.170545e-015#
(1.462014e-01)

WFG1
2

9.647475e-011

(2.251743e-01)
1.069354e+003#
(1.652768e-01)

1.432029e+005#
(2.516870e-01)

1.058814e+002#
(2.269476e-01)

1.122094e+004#
(1.109864e-01)

3
1.086772e+003#
(5.902545e-02)

9.716990e-011

(5.793072e-02)
1.073782e+002#
(3.832282e-02)

1.149266e+004#
(9.817004e-02)

1.216623e+005#
(7.978088e-02)

WFG1−1
2

9.495171e-011

(3.461358e-01)
1.083860e+003

(1.581793e-01)
1.888999e+005#
(2.684169e-02)

1.080384e+002#
(2.762331e-01)

1.126748e+004#
(3.351547e-01)

3
9.165714e-011

(2.171926e-01)
9.610582e-012

(2.077366e-01)
1.063768e+004#
(1.313306e-01)

1.038918e+003#
(1.736928e-01)

1.065689e+005#
(1.379979e-01)

WFG2
2

2.154600e-012

(1.538824e-01)
2.465964e-014

(1.415222e-01)
2.233534e-013#
(1.440044e-01)

2.707086e-015#
(1.265877e-01)

1.878335e-011

(1.577465e-01)

3
2.085460e-011

(7.373908e-02)
3.823700e-013#
(5.058112e-03)

3.604090e-012#
(4.880794e-03)

4.067050e-014#
(3.977859e-02)

4.263901e-015#
(3.865991e-02)

WFG2−1
2

1.233458e-022

(2.608464e-04)
1.232974e-021

(1.988542e-04)
3.161863e-025#
(1.244926e-02)

1.484077e-024#
(6.317017e-04)

1.482789e-023#
(5.515292e-04)

3
2.236751e-011

(2.941443e-03)
4.789940e-015#
(1.270677e-02)

3.108696e-012#
(1.023628e-02)

3.631718e-014#
(1.791387e-02)

3.627793e-013#
(2.275673e-02)

WFG3
2

1.803316e-024#
(1.633813e-03)

1.458376e-021

(1.017633e-03)
1.271637e-015#
(6.048365e-02)

1.656428e-023#
(8.876076e-04)

1.632980e-022#
(8.836390e-04)

3
9.918037e-015#
(2.486030e-02)

7.348711e-013#
(2.177252e-02)

8.746770e-014#
(6.261037e-02)

6.420635e-012

(8.066536e-02)
6.117474e-011

(8.049916e-02)

WFG3−1
2

1.407119e-022#
(2.713863e-04)

1.312443e-021

(2.184837e-04)
1.101288e-015#
(5.747052e-02)

1.600926e-024#
(7.478921e-04)

1.571967e-023#
(9.270723e-04)

3
1.677467e-011

(1.821875e-03)
2.066172e-014#
(2.774801e-03)

2.228437e-015#
(6.948601e-03)

1.829434e-012#
(4.843944e-03)

1.948623e-013#
(1.345422e-02)

LAME γ = 0.25
2

2.223191e-022#
(5.290881e-04)

2.131835e-021

(6.162224e-04)
3.486028e-015#
(2.752624e-02)

1.535238e-014#
(3.253035e-02)

1.413477e-013#
(4.020552e-02)

3
4.854347e-021

(1.051667e-02)
7.809791e-022#
(1.041900e-02)

3.182134e-015#
(3.713596e-02)

2.723397e-013#
(2.852863e-02)

2.859797e-014#
(1.981964e-02)

LAME γ = 1.00
2

4.533726e-032#
(9.161534e-04)

4.114708e-031

(8.413679e-05)
2.235870e-025#
(1.446147e-02)

4.768849e-034#
(1.577171e-04)

4.747712e-033#
(1.416621e-04)

3
4.175364e-023#
(5.109212e-04)

3.973147e-022#
(4.130875e-04)

3.832683e-021

(1.599377e-04)
4.514587e-024#
(1.415135e-03)

4.673925e-025#
(1.937215e-03)

LAME γ = 5.00
2

6.882554e-031

(2.226795e-04)
4.752588e-023#
(1.089858e-03)

8.592483e-032#
(1.477560e-05)

9.133275e-025#
(7.094008e-03)

8.727315e-024#
(7.510725e-03)

3
6.687042e-021

(8.834713e-04)
1.821802e-014#
(1.633360e-03)

7.010146e-022#
(1.455840e-05)

1.833388e-015#
(4.895786e-03)

1.727296e-013#
(8.328334e-03)

MIRROR γ = 0.25
2

1.013578e-021

(3.640054e-04)
5.548653e-023#
(2.000460e-03)

1.307197e-022#
(5.128982e-06)

1.296021e-014#
(8.901600e-03)

1.336996e-015#
(1.087193e-02)

3
1.280444e-021

(1.999371e-04)
8.236083e-023#
(1.466539e-03)

2.690547e-022#
(2.154750e-03)

1.386668e-014#
(4.774388e-03)

1.409729e-015#
(1.329555e-02)

MIRROR γ = 1.00
2

4.372624e-032#
(8.752033e-05)

4.142530e-031

(5.961702e-05)
1.758156e-025#
(1.150480e-02)

4.707470e-033#
(1.151961e-04)

4.757747e-034#
(1.769827e-04)

3
4.164064e-021

(5.170740e-04)
5.004851e-024#
(6.775633e-04)

5.755019e-025#
(1.379251e-03)

4.500709e-022#
(1.059483e-03)

4.560052e-023#
(1.131002e-03)

MIRROR γ = 5.00
2

1.245759e-021

(9.391079e-04)
1.655432e-022#
(3.378061e-04)

3.327363e-015#
(2.992005e-02)

1.123032e-014#
(2.055848e-02)

1.047260e-013#
(2.525711e-02)

3
6.608159e-021

(8.992943e-04)
1.629110e-012#
(1.396769e-03)

3.174197e-013#
(2.007091e-02)

3.533167e-014#
(2.392001e-02)

3.648910e-015#
(2.833919e-02)
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Table B.18 – Continuation

MOP Dim. cMIB-MOEA SMS-EMOA R2-EMOA ε+-MaOEA ∆p-MaOEA

VIE1 3
5.290207e-015#
(2.107593e-02)

4.174841e-014#
(4.948423e-03)

3.586087e-013#
(3.049140e-02)

2.184531e-011

(3.764009e-02)
2.282917e-012

(3.269193e-02)

VIE2 3
1.278606e-021

(1.018294e-03)
1.915114e-022#
(8.783006e-04)

1.192974e-013#
(6.950586e-02)

1.338645e-014#
(4.912625e-02)

1.377689e-015#
(5.746942e-02)

VIE3 3
3.437077e+011

(6.286022e-04)
3.462892e+015#
(9.436654e-03)

3.441477e+014#
(4.802292e-02)

3.440457e+013#
(2.525711e-02)

3.439563e+012#
(1.876920e-02)
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Table B.19: Comparison for the Solow-Polasky Diversity indicator. The mean and,
in parentheses, standard deviation are shown. The two best values are shown in
grayscale, where the darker tone corresponds to the best algorithm.

MOP Dim. cMIB-MOEA SMS-EMOA R2-EMOA IGD+-MaOEA ε+-MaOEA ∆p-MaOEA

DTLZ2
2

8.821147e+001

(1.272405e-03)
8.798568e+004#
(2.613455e-03)

8.816599e+003#
(9.463511e-04)

8.691603e+006#
(3.858349e-02)

8.694854e+005#
(3.727402e-02)

8.818966e+002#
(5.961738e-02)

3
3.356680e+011

(1.096942e-01)
3.187029e+013#
(7.233010e-02)

3.341152e+012#
(3.763840e-03)

3.017669e+016#
(4.166380e-01)

3.050420e+015#
(5.107623e-01)

3.158978e+014#
(5.301169e-01)

DTLZ2−1 2
2.771195e+011

(1.188191e-02)
2.742943e+012#
(4.669876e-02)

1.356946e+016#
(1.423211e+00)

2.387310e+014#
(6.258289e-01)

2.377335e+015#
(5.411160e-01)

2.723280e+013#
(1.427658e-01)

3
9.965279e+011

(1.268921e-01)
9.492750e+013#
(1.440932e-01)

8.417236e+014#
(1.473444e+00)

8.166996e+015#
(1.904719e+00)

8.135934e+016#
(2.084185e+00)

9.522544e+012#
(7.479462e-01)

DTLZ5
2

8.822442e+001

(6.461728e-03)
8.799349e+004#
(2.187687e-03)

8.816822e+002#
(8.780230e-04)

8.702784e+005#
(3.634725e-02)

8.687385e+006#
(5.813402e-02)

8.804175e+003#
(2.730395e-02)

3
8.830416e+001

(1.696258e-02)
8.800736e+003#
(2.589811e-03)

8.491895e+006#
(2.748910e-01)

8.707356e+004#
(4.293305e-02)

8.698294e+005#
(4.037600e-02)

8.806443e+002#
(2.799272e-02)

DTLZ5−1 2
2.770501e+011

(1.842481e-02)
2.740979e+012#
(4.680747e-02)

1.380627e+016#
(1.383810e+00)

2.396368e+014#
(7.138189e-01)

2.361259e+015#
(5.329063e-01)

2.725310e+013#
(1.415468e-01)

3
9.528944e+011

(1.731521e-01)
8.781740e+013#
(4.956846e-01)

7.772504e+015#
(1.085326e+00)

7.777726e+014#
(1.854314e+00)

7.746305e+016#
(2.337139e+00)

8.930511e+012#
(7.678998e-01)

DTLZ7
2

1.062990e+013

(1.346309e+00)
1.076359e+012#
(6.476192e-03)

1.052425e+015#
(3.580821e-01)

1.038714e+016#
(1.303043e+00)

1.062937e+014#
(9.004919e-02)

1.084149e+011

(1.618437e-01)

3
4.508572e+011

(9.006458e+00)
3.332477e+015#
(8.165612e+00)

4.110640e+012#
(5.401367e+00)

3.501677e+014#
(6.910057e+00)

3.196178e+016#
(9.741718e+00)

3.591174e+013#
(1.043948e+01)

DTLZ7−1 2
7.006473e+001

(3.046232e-02)
6.946288e+003#
(4.660341e-03)

6.828476e+006#
(8.469937e-02)

6.900714e+005#
(3.939213e-02)

6.915919e+004#
(4.454158e-02)

6.968779e+002#
(2.800234e-02)

3
2.502502e+011

(5.058758e+00)
2.126198e+014#
(2.756308e+00)

2.384638e+012#
(3.249714e+00)

1.954009e+015#
(3.477691e+00)

1.884096e+016#
(4.063981e+00)

2.358932e+013#
(2.971372e+00)

WFG1
2

1.293762e+011

(2.195149e+00)
1.175626e+012#
(1.180110e+00)

8.173223e+006#
(1.776103e+00)

1.150644e+013#
(1.587566e+00)

1.113124e+015#
(8.451126e-01)

1.137984e+014#
(8.314823e-01)

3
6.409589e+011

(4.680269e+00)
6.155438e+012#
(4.259137e+00)

5.334642e+014#
(1.989883e+00)

4.856469e+015#
(5.024938e+00)

4.500733e+016#
(4.047860e+00)

5.671619e+013#
(3.789127e+00)

WFG1−1 2
1.238514e+012#
(1.776981e+00)

1.171776e+013#
(8.584777e-01)

5.631747e+006#
(1.771200e-01)

1.131354e+014#
(1.254937e+00)

1.099610e+015#
(1.873225e+00)

1.292010e+011

(1.725455e+00)

3
6.639394e+011

(4.760192e+00)
5.662741e+015#
(3.236413e+00)

4.798510e+016#
(1.993620e+00)

5.801008e+013#
(3.764787e+00)

5.702856e+014#
(3.690761e+00)

5.934036e+012#
(4.107852e+00)

WFG2
2

2.083195e+011

(2.336098e+00)
1.998725e+014#
(1.987762e+00)

1.947631e+015#
(2.164075e+00)

1.920171e+016#
(1.830814e+00)

2.044715e+012#
(2.245791e+00)

1.999367e+013#
(2.005542e+00)

3
9.488862e+011

(2.497538e+00)
6.701236e+014#
(8.437630e-01)

8.054691e+013#
(7.340269e-01)

6.554756e+015#
(2.391276e+00)

6.376157e+016#
(2.324113e+00)

8.924357e+012#
(1.257948e+00)

WFG2−1 2
2.078970e+011

(5.528098e-03)
2.078599e+012#
(4.228234e-03)

1.984989e+016#
(3.918397e-01)

2.058007e+014#
(6.163914e-02)

2.058826e+013#
(5.090555e-02)

2.056250e+015#
(4.700077e-02)

3
1.027510e+021

(8.460532e-02)
8.603826e+014#
(8.144693e-01)

8.831312e+013#
(1.438748e+00)

8.490830e+015#
(1.285913e+00)

8.456994e+016#
(1.955541e+00)

9.838959e+012#
(6.073728e-01)

WFG3
2

2.295166e+012#
(1.638104e-02)

2.296180e+011

(1.406068e-02)
1.913564e+016#
(1.209651e+00)

2.251515e+014#
(1.101178e-01)

2.257362e+013#
(1.292036e-01)

2.250960e+015#
(1.638029e-01)

3
7.567687e+011

(1.083666e+00)
5.568496e+014#
(8.245379e-01)

6.129864e+013#
(2.053967e+00)

5.413799e+015#
(2.484887e+00)

5.362586e+016#
(2.642860e+00)

6.634708e+012#
(2.042348e+00)

WFG3−1 2
2.295349e+012#
(7.910825e-03)

2.297868e+011

(5.235990e-03)
1.940783e+016#
(1.377304e+00)

2.249561e+015#
(1.183683e-01)

2.251769e+014#
(1.366567e-01)

2.252732e+013#
(1.491395e-01)

3
9.657638e+011

(1.433283e-01)
8.837430e+015#
(4.768611e-01)

7.892945e+016#
(1.971387e+00)

9.164711e+012#
(6.916358e-01)

9.003548e+013#
(9.193756e-01)

8.938942e+014#
(9.023377e-01)

LAME γ = 0.25
2

1.037823e+011

(2.213646e-03)
8.950041e+003#
(4.312703e-02)

3.013353e+006#
(8.039508e-01)

5.326372e+005#
(4.719453e-01)

5.422999e+004#
(5.402272e-01)

1.036711e+012

(7.982199e-02)

3
1.550826e+011

(4.664632e-01)
8.190703e+003#
(3.434435e-01)

2.832721e+006#
(1.130079e+00)

3.238244e+004#
(5.502489e-01)

3.023620e+005#
(4.745523e-01)

1.539346e+012

(3.197087e-01)

LAME γ = 1.00
2

8.071926e+001

(6.577628e-02)
8.058964e+002

(5.092004e-05)
7.346984e+006#
(2.960646e-01)

8.015912e+005#
(3.191929e-02)

8.023790e+004#
(2.692432e-02)

8.024318e+003#
(4.332857e-02)

3
2.354353e+011

(1.750051e-01)
2.322996e+012#
(2.794359e-02)

2.234300e+014#
(1.369314e-01)

2.130040e+015#
(3.909345e-01)

2.092694e+016#
(4.376669e-01)

2.238878e+013#
(4.362339e-01)

LAME γ = 5.00
2

9.925497e+001

(7.875456e-04)
8.891586e+004#
(3.142856e-02)

9.919566e+002#
(1.125444e-03)

7.593789e+006#
(1.992855e-01)

7.701974e+005#
(2.030187e-01)

9.882567e+003#
(2.275000e-02)

3
4.322709e+011

(1.144778e-01)
2.503881e+014#
(1.844605e-01)

4.221405e+012#
(1.391960e-02)

2.377465e+016#
(6.216880e-01)

2.497272e+015#
(1.161091e+00)

3.865565e+013#
(7.262738e-01)

MIRROR γ = 0.25
2

1.037711e+011

(6.673881e-04)
8.843699e+004#
(5.016676e-02)

1.036926e+012#
(1.825742e-06)

6.842664e+005#
(2.157554e-01)

6.750335e+006#
(2.704904e-01)

1.030594e+013#
(3.695008e-02)

3
1.518630e+011

(4.423309e-03)
1.097489e+014#
(8.181314e-02)

1.416100e+013#
(1.414359e-01)

8.382863e+005#
(1.829469e-01)

8.117109e+006#
(4.346317e-01)

1.482451e+012#
(1.058231e-01)

MIRROR γ = 1.00
2

8.058111e+002#
(3.873547e-04)

8.058940e+001

(4.816042e-05)
7.458103e+006#
(3.261540e-01)

8.022796e+003#
(2.108429e-02)

8.018077e+004#
(2.525249e-02)

7.997682e+005#
(4.107385e-02)

3
2.344203e+012#
(4.994797e-02)

2.359556e+011

(2.184588e-02)
2.192370e+015#
(2.704394e-01)

2.232280e+013#
(2.936126e-01)

2.207443e+014#
(3.786337e-01)

2.144886e+016#
(3.887247e-01)

MIRROR γ = 5.00
2

9.826355e+001

(3.604948e-02)
8.726723e+003#
(3.306103e-02)

2.970213e+006#
(3.839516e-01)

6.122711e+005#
(3.844550e-01)

6.250719e+004#
(4.059558e-01)

9.797667e+002#
(5.189377e-02)

3
4.160141e+011

(2.985432e-01)
2.439618e+013#
(1.467165e-01)

1.882546e+014#
(9.146978e-01)

1.275241e+015#
(1.066539e+00)

1.212362e+016#
(1.241006e+00)

3.607953e+012#
(7.339688e-01)

VIE1 3
8.545447e+011

(7.503600e-01)
6.810839e+013#
(2.235645e-01)

6.732149e+014#
(2.488327e+00)

5.474045e+016#
(1.926203e+00)

5.537032e+015#
(1.791954e+00)

8.028319e+012#
(1.156237e+00)

VIE2 3
1.221494e+011

(1.088653e-01)
1.154239e+013#
(8.328965e-02)

8.808749e+004#
(7.999777e-01)

7.590036e+005#
(5.201747e-01)

7.506416e+006#
(6.423951e-01)

1.210252e+012#
(1.772663e-01)

VIE3 3
4.588598e+011

(1.234293e-01)
2.285092e+016#
(5.637013e-01)

2.803849e+015#
(3.651235e+00)

3.228389e+014#
(1.852805e+00)

3.251593e+013#
(1.300675e+00)

4.048990e+012#
(7.029199e-01)
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B.4 PFI-EMOA

Tables B.20 to B.23 show the numerical results of the comparison between PFI-EMOA
and PFI-EMOA/Es, considering the indicators HV, SPD, IGD+, and Riesz s-energy.
Tables B.24 to B.27 show the numerical results of the comparison between PFI-EMOA
and several state-of-the-art MOEAs, on the basis of the indicators HV, SPD, IGD+,
and Riesz s-energy. These resuls are related to the experiments of Chapter 7, section
7.5.3.2.

Table B.20: Mean and, in parentheses, standard deviation of the hypervolume com-
parison. For each case, the two best values are shown in grayscale, where the darker
tone corresponds to the best algorithm. The symbol # is placed when the best algo-
rithm presents a significant difference, according to a one-tailed Wilcoxon test using
a significance level of α = 0.05.

MOP Dim. PFI-EMOA PFI-EMOA/Es

WFG1

2
2.358163e+011

(1.306300e-01)
2.350360e+012#
(1.659853e-01)

3
2.131279e+022#
(1.099155e+00)

2.143017e+021

(1.702223e+00)

4
2.166627e+032

(1.861384e+01)
2.192674e+031

(1.809109e+01)

5
2.621782e+042

(3.598616e+02)
2.668787e+041

(3.481373e+02)

6
3.726527e+052#
(3.549169e+03)

3.751032e+051

(1.284953e+04)

WFG1−1

2
1.898476e+021

(1.083319e-03)
1.898435e+022#
(1.680470e-03)

3
2.937552e+031

(1.845366e-01)
2.934659e+032#
(9.522043e-01)

4
4.612943e+041

(1.382122e+01)
4.599780e+042#
(2.969151e+01)

5
7.185021e+051

(5.046183e+02)
7.163387e+052#
(1.036210e+03)

6
1.096231e+071

(1.605262e+04)
1.090240e+072#
(4.472424e+04)

WFG2

2
3.021306e+011

(1.211301e+00)
2.984931e+012#
(1.167372e+00)

3
2.932859e+021

(1.942387e+01)
2.923041e+022#
(1.892720e+01)

4
3.248856e+031

(2.398926e+02)
3.220061e+032#
(2.303971e+02)

5
4.337180e+041

(2.656853e+03)
4.288536e+042#
(2.532732e+03)

6
6.643667e+051

(1.950361e+04)
6.154582e+052#
(5.062337e+04)

WFG2−1

2
1.943820e+021

(1.202957e-03)
1.942593e+022#
(9.916449e-02)

3
3.169348e+031

(2.762095e-01)
3.151400e+032#
(8.026644e+00)

4
5.327203e+041

(1.460497e+01)
5.225940e+042#
(2.589727e+02)

5
8.908956e+051

(8.573290e+02)
8.636435e+052#
(6.936398e+03)

6
1.456006e+071

(2.641792e+04)
1.390161e+072#
(2.894509e+05)

WFG3

2
3.087965e+011

(2.765609e-02)
3.086723e+012#
(3.070117e-02)

3
2.645127e+022#
(7.650054e-01)

2.646575e+021

(1.377059e+00)

4
2.735330e+031

(2.171440e+01)
2.721205e+032#
(3.241851e+01)

5
3.339751e+041

(4.051637e+02)
3.325327e+042#
(6.505887e+02)

6
4.707271e+052#
(1.028587e+04)

4.791773e+051

(1.247914e+04)
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Table B.20 – Continuation
MOP Dim. PFI-EMOA PFI-EMOA /Es

WFG3−1

2
1.909592e+021

(2.078171e-03)
1.907834e+022#
(1.334817e-01)

3
3.016005e+031

(4.292382e-01)
2.980334e+032#
(2.119632e+01)

4
4.909318e+041

(2.635916e+01)
4.622871e+042#
(8.970768e+02)

5
8.024166e+051

(1.458510e+03)
7.214877e+052#
(1.680940e+04)

6
1.289127e+071

(3.602451e+04)
1.110115e+072#
(3.589267e+05)

WFG4

2
2.865515e+011

(1.446041e-02)
2.864851e+012#
(2.558011e-02)

3
2.860305e+022#
(2.468886e-01)

2.861271e+021

(1.894916e-01)

4
3.273250e+031

(5.552212e+00)
3.273100e+032#
(4.277927e+00)

5
4.328951e+041

(8.811447e+01)
4.327103e+042#
(9.284184e+01)

6
6.538111e+052#
(1.421185e+03)

6.564368e+051

(1.525256e+03)

WFG4−1

2
1.932542e+021

(3.372502e-03)
1.929791e+022#
(1.555176e-01)

3
3.171981e+031

(8.879317e-01)
3.090446e+032#
(2.018706e+01)

4
5.522090e+041

(5.660081e+01)
5.117104e+042#
(6.949266e+02)

5
9.776882e+051

(5.097973e+03)
8.711272e+052#
(1.286628e+04)

6
1.731875e+071

(1.521168e+05)
1.521064e+072#
(3.185104e+05)

WFG5

2
2.771126e+011

(1.249536e-01)
2.769625e+012#
(8.776815e-02)

3
2.793949e+021

(6.285803e-01)
2.787009e+022#
(6.648601e-01)

4
3.194398e+031

(5.480228e+00)
3.185258e+032#
(7.577165e+00)

5
4.216984e+041

(5.313406e+01)
4.196521e+042#
(1.039120e+02)

6
6.348109e+052#
(1.326739e+03)

6.354000e+051

(1.063247e+03)

WFG5−1

2
1.931153e+021

(4.037868e-02)
1.928071e+022#
(1.062300e-01)

3
3.166070e+031

(1.283254e+00)
3.089486e+032#
(1.600152e+01)

4
5.504353e+041

(6.606727e+01)
5.110834e+042#
(9.357063e+02)

5
9.741062e+051

(3.472732e+03)
8.695612e+052#
(1.574236e+04)

6
1.736080e+071

(8.908162e+04)
1.510287e+072#
(3.084432e+05)

WFG6

2
2.820239e+012#
(5.681218e-02)

2.820993e+011

(4.238641e-02)

3
2.804444e+022#
(6.676875e-01)

2.808396e+021

(5.876715e-01)

4
3.208056e+032#
(1.060635e+01)

3.212494e+031

(9.426835e+00)

5
4.237317e+042

(1.524483e+02)
4.248596e+041

(1.323181e+02)

6
6.416173e+052

(2.293627e+03)
6.428084e+051

(2.252901e+03)

WFG6−1

2
1.932534e+021

(1.246504e-03)
1.929879e+022#
(1.211263e-01)

3
3.172978e+031

(4.249662e-01)
3.085648e+032#
(2.869449e+01)

4
5.528790e+041

(7.056636e+01)
5.093447e+042#
(6.727499e+02)

5
9.817231e+051

(3.908247e+03)
8.619229e+052#
(2.221749e+04)

6
1.735694e+071

(2.364131e+05)
1.471531e+072#
(4.475530e+05)

WFG7

2
2.867600e+012

(2.633365e-03)
2.867935e+011

(1.782659e-03)

3
2.867476e+022#
(8.862747e-02)

2.867812e+021

(7.178370e-02)

4
3.286932e+032#
(2.515918e+00)

3.287296e+031

(1.796567e+00)

5
4.355668e+041

(3.700878e+01)
4.351630e+042#
(4.209542e+01)

6
6.587560e+052#
(7.940577e+02)

6.598023e+051

(8.456950e+02)
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Table B.20 – Continuation
MOP Dim. PFI-EMOA PFI-EMOA /Es

WFG7−1

2
1.932545e+021

(1.192673e-03)
1.929160e+022#
(1.587545e-01)

3
3.172054e+031

(8.769530e-01)
3.089406e+032#
(2.409045e+01)

4
5.522824e+041

(5.943769e+01)
5.084848e+042#
(7.937215e+02)

5
9.818615e+051

(4.350929e+03)
8.668284e+052#
(2.148612e+04)

6
1.743776e+071

(1.992002e+05)
1.503978e+072#
(4.112110e+05)

WFG8

2
2.761168e+011

(4.866361e-02)
2.757832e+012#
(1.065341e-01)

3
2.740005e+022

(6.178329e-01)
2.749070e+021

(5.652913e-01)

4
3.097026e+032

(9.856048e+00)
3.113827e+031

(7.591942e+00)

5
4.050054e+042#
(2.133708e+02)

4.061194e+041

(2.172373e+02)

6
6.054527e+052#
(3.603967e+03)

6.109034e+051

(4.356887e+03)

WFG8−1

2
1.932124e+021

(8.219975e-02)
1.928586e+022#
(1.779677e-01)

3
3.171616e+031

(2.082455e+00)
3.071790e+032#
(2.060658e+01)

4
5.506385e+041

(1.215109e+02)
5.003362e+042#
(6.610059e+02)

5
9.747592e+051

(5.721336e+03)
8.435129e+052#
(1.841625e+04)

6
1.735779e+071

(1.290705e+05)
1.450183e+072#
(3.813290e+05)

WFG9

2
2.788661e+012#
(2.412829e-01)

2.793995e+011

(1.786772e-01)

3
2.739934e+022#
(3.095568e+00)

2.751724e+021

(3.706787e+00)

4
3.034026e+032#
(4.504267e+01)

3.112908e+031

(6.416343e+00)

5
3.940549e+042#
(6.560557e+02)

4.066591e+041

(1.739304e+02)

6
5.850666e+052#
(1.025724e+04)

6.087568e+051

(2.568508e+03)

WFG9−1

2
1.931318e+021

(2.606902e-02)
1.928713e+022#
(1.609428e-01)

3
3.162863e+031

(2.957373e+00)
3.097706e+032#
(2.041798e+01)

4
5.489133e+041

(1.812425e+02)
5.187682e+042#
(6.151134e+02)

5
9.790684e+051

(4.851532e+03)
8.951129e+052#
(1.457229e+04)

6
1.753162e+071

(1.556831e+05)
1.581745e+072#
(3.485680e+05)
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Table B.21: Mean and, in parentheses, standard deviation of the Solow-Polasky Di-
versity comparison. For each case, the two best values are shown in grayscale, where
the darker tone corresponds to the best algorithm. The symbol # is placed when the
best algorithm presents a significant difference, according to a one-tailed Wilcoxon
test using a significance level of α = 0.05.

MOP Dim. PFI-EMOA PFI-EMOA/Es

WFG1

2
2.109587e+011

(1.267764e-01)
2.068337e+012#
(1.381400e-01)

3
9.624123e+011

(4.190538e-01)
8.053506e+012#
(2.068510e+00)

4
1.147895e+021

(1.141692e+01)
1.022025e+022#
(2.756173e+00)

5
1.217847e+021

(1.386415e+01)
1.143859e+022#
(1.979497e+00)

6
1.169086e+022

(2.531683e+01)
1.175574e+021

(2.186865e+00)

WFG1−1

2
2.128511e+011

(1.079662e-01)
2.080271e+012#
(1.364942e-01)

3
9.704829e+011

(3.008739e-01)
9.139082e+012#
(9.780176e-01)

4
1.172789e+021

(1.824988e-01)
1.155877e+022#
(5.475224e-01)

5
1.254844e+021

(7.973820e-02)
1.247211e+022#
(1.911332e-01)

6
1.258375e+021

(3.376443e-02)
1.255063e+022#
(1.214112e-01)

WFG2

2
2.173769e+011

(2.370399e+00)
2.014552e+012#
(2.109096e+00)

3
9.630673e+011

(7.837190e+00)
6.672529e+012#
(7.498575e+00)

4
1.168621e+021

(2.021163e+00)
7.392259e+012#
(8.673906e+00)

5
1.256314e+021

(3.621519e-01)
9.137094e+012#
(1.027938e+01)

6
1.259546e+021

(2.585669e-02)
9.032351e+012#
(1.510624e+01)

WFG2−1

2
2.084620e+011

(3.237860e-03)
2.074116e+012#
(4.444528e-02)

3
1.126506e+021

(4.984585e-01)
9.586953e+012#
(2.159371e+00)

4
1.193962e+021

(5.632132e-02)
1.110985e+022#
(1.765287e+00)

5
1.259041e+021

(2.413802e-02)
1.213066e+022#
(1.490774e+00)

6
1.259851e+021

(5.896410e-03)
1.236637e+022#
(1.091755e+00)

WFG3

2
2.309424e+011

(2.981853e-03)
2.289741e+012#
(6.264028e-02)

3
8.000715e+011

(1.507714e+00)
6.171575e+012#
(2.203802e+00)

4
1.188770e+021

(1.190668e-01)
1.089130e+022#
(1.120645e+00)

5
1.259751e+021

(1.327177e-02)
1.243581e+022#
(3.353592e-01)

6
1.259989e+021

(3.626983e-04)
1.256560e+022#
(9.711480e-02)

WFG3−1

2
2.309436e+011

(1.113493e-03)
2.289920e+012#
(8.179739e-02)

3
1.075989e+021

(2.774600e-01)
1.021571e+022#
(9.680692e-01)

4
1.196857e+021

(3.132902e-02)
1.190469e+022#
(1.176456e-01)

5
1.259785e+021

(3.128838e-03)
1.259100e+022#
(2.549723e-02)

6
1.259985e+021

(1.540491e-04)
1.259851e+022#
(7.900676e-03)

WFG4

2
2.478680e+011

(2.802923e-02)
2.320296e+012#
(3.327672e-01)

3
1.122361e+021

(2.701175e-01)
1.051179e+022#
(9.220197e-01)

4
1.198229e+021

(3.447321e-02)
1.195785e+022#
(9.582595e-02)

5
1.259920e+021

(2.642950e-03)
1.259788e+022#
(2.062169e-02)

6
1.259995e+021

(3.569417e-04)
1.259974e+022#
(2.180183e-03)

CINVESTAV-IPN Computer Science Department



226 Chapter B

Table B.21 – Continuation
MOP Dim. PFI-EMOA PFI-EMOA /Es

WFG4−1

2
2.476195e+011

(5.823525e-02)
2.192916e+012#
(6.065371e-01)

3
1.128389e+021

(3.481339e-01)
9.750675e+012#
(1.227338e+00)

4
1.199063e+021

(1.941758e-02)
1.187814e+022#
(2.256696e-01)

5
1.259980e+021

(1.426392e-03)
1.259305e+022#
(1.960399e-02)

6
1.260000e+021

(4.566233e-05)
1.259966e+022#
(1.823110e-03)

WFG5

2
2.420076e+011

(2.043890e-01)
2.286335e+012#
(2.975022e-01)

3
1.121582e+021

(3.374597e-01)
1.048971e+022#
(9.333345e-01)

4
1.198163e+021

(3.192123e-02)
1.195265e+022#
(1.166094e-01)

5
1.259906e+021

(2.481785e-03)
1.259720e+022

(1.360339e-02)

6
1.259995e+021

(2.504865e-04)
1.259972e+022

(2.045833e-03)

WFG5−1

2
2.396362e+011

(1.997017e-01)
2.148866e+012#
(4.080637e-01)

3
1.127206e+021

(2.882803e-01)
9.675575e+012#
(1.327218e+00)

4
1.199016e+021

(2.888783e-02)
1.186736e+022#
(2.829375e-01)

5
1.259973e+021

(1.356961e-03)
1.259205e+022#
(3.336808e-02)

6
1.259999e+021

(1.122167e-04)
1.259967e+022

(1.788647e-03)

WFG6

2
2.481786e+011

(9.967893e-03)
2.314950e+012#
(3.635698e-01)

3
1.121773e+021

(3.207710e-01)
1.046975e+022#
(6.644430e-01)

4
1.198117e+021

(3.394719e-02)
1.194732e+022#
(1.578850e-01)

5
1.259921e+021

(3.016284e-03)
1.259654e+022#
(1.826689e-02)

6
1.259996e+021

(2.424158e-04)
1.259964e+022

(2.497461e-03)

WFG6−1

2
2.480575e+011

(3.458560e-02)
2.188066e+012#
(5.730771e-01)

3
1.129814e+021

(2.955321e-01)
9.639977e+012#
(1.571255e+00)

4
1.199089e+021

(1.801891e-02)
1.186947e+022#
(3.419512e-01)

5
1.259969e+021

(2.627636e-03)
1.259117e+022#
(3.159465e-02)

6
1.259999e+021

(1.738770e-04)
1.259955e+022#
(4.185310e-03)

WFG7

2
2.482335e+011

(6.973921e-03)
2.325550e+012#
(1.973024e-01)

3
1.122480e+021

(3.399162e-01)
1.040247e+022#
(9.453753e-01)

4
1.198259e+021

(3.169245e-02)
1.195084e+022#
(6.803129e-02)

5
1.259919e+021

(2.687853e-03)
1.259670e+022#
(1.526986e-02)

6
1.259996e+021

(2.712568e-04)
1.259948e+022#
(5.086754e-03)

WFG7−1

2
2.477204e+011

(7.492573e-02)
2.147636e+012#
(7.703837e-01)

3
1.130424e+021

(2.987291e-01)
9.580924e+012#
(2.504452e+00)

4
1.199029e+021

(2.929078e-02)
1.184328e+022#
(2.744961e-01)

5
1.259975e+021

(2.068697e-03)
1.259061e+022#
(3.932300e-02)

6
1.259999e+021

(9.938080e-05)
1.259959e+022#
(1.996849e-03)

WFG8

2
2.439797e+011

(1.601730e-01)
2.334875e+012#
(4.391701e-01)

3
1.130617e+021

(3.077259e-01)
1.066135e+022#
(9.022446e-01)

4
1.199013e+021

(1.804835e-02)
1.196783e+022#
(6.532412e-02)

5
1.259973e+021

(1.048783e-03)
1.259821e+022#
(9.277372e-03)

6
1.259999e+021

(7.768954e-05)
1.259995e+022#
(4.622661e-04)
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Table B.21 – Continuation
MOP Dim. PFI-EMOA PFI-EMOA /Es

WFG8−1

2
2.469592e+011

(2.371348e-01)
2.143227e+012#
(4.928724e-01)

3
1.129982e+021

(2.655534e-01)
9.555520e+012#
(1.957283e+00)

4
1.199171e+021

(2.646944e-02)
1.183027e+022#
(2.553338e-01)

5
1.259980e+021

(1.577239e-03)
1.259045e+022#
(4.281167e-02)

6
1.260000e+021

(3.884477e-05)
1.259943e+022#
(3.835510e-03)

WFG9

2
2.380840e+011

(1.354380e-02)
2.280218e+012#
(2.351005e-01)

3
1.116045e+021

(3.300699e-01)
1.048471e+022#
(7.809995e-01)

4
1.198300e+021

(2.992693e-02)
1.195395e+022#
(1.219694e-01)

5
1.259920e+021

(3.338642e-03)
1.259749e+022#
(1.487836e-02)

6
1.259995e+021

(3.585904e-04)
1.259979e+022#
(1.529849e-03)

WFG9−1

2
2.370890e+011

(7.841698e-02)
2.166559e+012#
(6.105007e-01)

3
1.123408e+021

(3.002164e-01)
9.831043e+012#
(1.395372e+00)

4
1.198990e+021

(2.684260e-02)
1.189106e+022#
(2.027936e-01)

5
1.259983e+021

(9.185036e-04)
1.259461e+022#
(2.473406e-02)

6
1.260000e+021

(1.067027e-04)
1.259970e+022#
(2.488200e-03)
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Table B.22: Mean and, in parentheses, standard deviation of the IGD+ comparison.
For each case, the two best values are shown in grayscale, where the darker tone
corresponds to the best algorithm. The symbol # is placed when the best algo-
rithm presents a significant difference, according to a one-tailed Wilcoxon test using
a significance level of α = 0.05.

MOP Dim. PFI-EMOA PFI-EMOA/Es

WFG1

2
9.115576e-011

(1.657392e-02)
9.165581e-012#
(2.040887e-02)

3
1.010021e+002#
(1.457183e-02)

9.616945e-011

(1.919204e-02)

4
1.233856e+002#
(2.853462e-02)

1.136010e+001

(2.042304e-02)

5
1.394397e+002#
(4.166422e-02)

1.263166e+001

(3.394956e-02)

6
1.662798e+002#
(3.794499e-02)

1.531772e+001

(8.044635e-02)

WFG1−1

2
8.253027e-031

(1.960463e-04)
9.066011e-032#
(3.137002e-04)

3
4.493124e-021

(9.430771e-04)
4.728925e-022#
(1.607652e-03)

4
1.073668e-011

(1.288366e-03)
1.094403e-012#
(2.613327e-03)

5
1.851120e-012#
(3.062433e-03)

1.847807e-011

(3.951598e-03)

6
2.793072e-011

(3.382326e-03)
2.825421e-012#
(8.235100e-03)

WFG2

2
4.585497e-021

(4.326196e-02)
5.804966e-022#
(4.158314e-02)

3
1.415265e-012#
(1.301301e-01)

1.368172e-011

(1.304042e-01)

4
2.351489e-012#
(1.764516e-01)

2.212530e-011

(1.862447e-01)

5
2.618018e-012#
(1.645899e-01)

2.166972e-011

(1.865107e-01)

6
3.553141e-011

(9.703401e-02)
4.431394e-012#
(3.205516e-01)

WFG2−1

2
1.128369e-031

(6.392690e-05)
1.318421e-032#
(6.454872e-05)

3
2.952370e-021

(1.028187e-03)
3.096230e-022#
(9.703427e-04)

4
8.276346e-021

(2.552918e-03)
8.446090e-022#
(3.243894e-03)

5
1.606031e-012

(5.424219e-03)
1.532979e-011

(4.193991e-03)

6
2.759612e-012#
(6.771591e-03)

2.528080e-011

(1.715168e-02)

WFG3

2
7.526473e-032#
(2.480497e-03)

5.343554e-031

(1.311036e-03)

3
4.939825e-022#
(3.579629e-03)

4.148067e-021

(5.023874e-03)

4
1.647177e-012#
(6.982687e-03)

1.612803e-011

(9.218358e-03)

5
3.260741e-012#
(7.906645e-03)

3.142325e-011

(1.595344e-02)

6
5.276247e-012#
(1.272649e-02)

4.797887e-011

(2.718269e-02)

WFG3−1

2
5.326644e-031

(1.404378e-04)
5.855930e-032#
(1.922720e-04)

3
7.423873e-021

(1.176798e-03)
8.425089e-022#
(2.880330e-03)

4
2.073665e-011

(2.120844e-03)
2.404202e-012#
(8.229145e-03)

5
3.817579e-011

(3.542823e-03)
4.427025e-012#
(1.159040e-02)

6
5.994293e-011

(4.205715e-03)
6.812734e-012#
(2.291343e-02)

WFG4

2
4.424210e-032#
(4.015850e-04)

4.355761e-031

(3.301835e-04)

3
5.949619e-021

(2.302430e-03)
6.270175e-022#
(2.175821e-03)

4
1.691750e-011

(4.999192e-03)
1.813656e-012#
(5.793652e-03)

5
3.185089e-011

(7.076493e-03)
3.398980e-012#
(1.145266e-02)

6
4.995284e-012#
(6.694099e-03)

4.918688e-011

(1.367575e-02)
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Table B.22 – Continuation
MOP Dim. PFI-EMOA PFI-EMOA /Es

WFG4−1

2
4.181433e-031

(9.975406e-05)
5.725242e-032#
(7.863212e-04)

3
7.419888e-021

(1.703669e-03)
9.323841e-022#
(5.798459e-03)

4
2.410928e-011

(5.295466e-03)
2.658655e-012#
(1.052869e-02)

5
4.715287e-011

(1.086823e-02)
4.827504e-012#
(1.457715e-02)

6
7.886900e-012#
(1.834395e-02)

7.497597e-011

(2.364108e-02)

WFG5

2
5.557323e-031

(7.773013e-04)
6.224234e-032#
(6.790637e-04)

3
6.207131e-021

(1.401093e-03)
6.845815e-022#
(2.422769e-03)

4
1.821591e-011

(3.272253e-03)
1.942494e-012#
(5.173321e-03)

5
3.336252e-011

(4.999787e-03)
3.524583e-012#
(7.462237e-03)

6
5.146595e-011

(8.265724e-03)
5.259671e-012#
(1.457718e-02)

WFG5−1

2
4.217165e-031

(2.866826e-04)
5.590409e-032#
(3.917958e-04)

3
7.403101e-021

(1.808558e-03)
9.166800e-022#
(4.436278e-03)

4
2.415803e-011

(4.746740e-03)
2.677282e-012#
(1.568455e-02)

5
4.826800e-011

(1.082775e-02)
4.930232e-012#
(1.672168e-02)

6
8.070779e-012#
(2.038862e-02)

7.882720e-011

(2.530223e-02)

WFG6

2
1.349166e-022#
(5.321720e-03)

1.309959e-021

(3.952599e-03)

3
6.686722e-021

(5.798049e-03)
6.805676e-022#
(5.833784e-03)

4
1.766277e-011

(7.069998e-03)
1.812263e-012#
(8.523306e-03)

5
3.275480e-012#
(8.132956e-03)

3.219023e-011

(9.453115e-03)

6
5.007234e-012#
(8.265790e-03)

4.822942e-011

(1.405398e-02)

WFG6−1

2
4.143433e-031

(1.504485e-04)
5.905531e-032#
(8.288877e-04)

3
7.270920e-021

(1.545596e-03)
9.482316e-022#
(8.486262e-03)

4
2.439402e-011

(4.319743e-03)
2.762533e-012#
(1.434368e-02)

5
4.815264e-011

(9.576349e-03)
5.081312e-012#
(2.499539e-02)

6
8.099175e-011

(1.843198e-02)
8.264962e-012#
(3.675089e-02)

WFG7

2
4.470042e-031

(2.196904e-04)
4.641163e-032#
(2.229314e-04)

3
6.195437e-021

(1.662629e-03)
6.673388e-022#
(2.011309e-03)

4
1.811522e-011

(3.725920e-03)
1.900037e-012#
(5.647145e-03)

5
3.366201e-011

(5.567184e-03)
3.502818e-012#
(1.042166e-02)

6
5.157974e-011

(7.712192e-03)
5.231531e-012#
(1.339382e-02)

WFG7−1

2
4.113731e-031

(1.561871e-04)
6.388685e-032#
(1.215237e-03)

3
7.460632e-021

(1.440007e-03)
9.412492e-022#
(9.279220e-03)

4
2.429791e-011

(4.469558e-03)
2.775691e-012#
(1.539219e-02)

5
4.804888e-011

(1.133542e-02)
4.985058e-012#
(2.403022e-02)

6
8.159976e-012#
(1.898564e-02)

7.843564e-011

(3.606954e-02)

WFG8

2
1.251861e-022#
(2.997322e-03)

9.540462e-031

(2.083825e-03)

3
1.147932e-012#
(4.680982e-03)

1.005640e-011

(2.563882e-03)

4
2.463152e-012#
(5.972833e-03)

2.417146e-011

(5.116762e-03)

5
4.194644e-011

(9.043244e-03)
4.239934e-012#
(8.705558e-03)

6
6.290764e-012#
(1.530398e-02)

6.144222e-011

(2.166864e-02)
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Table B.22 – Continuation
MOP Dim. PFI-EMOA PFI-EMOA /Es

WFG8−1

2
4.227838e-031

(3.399110e-04)
6.554587e-032#
(1.087635e-03)

3
7.640172e-021

(1.507194e-03)
1.005055e-012#
(7.739359e-03)

4
2.517975e-011

(7.471965e-03)
2.987936e-012#
(1.787688e-02)

5
5.006291e-011

(1.783633e-02)
5.419246e-012#
(3.028019e-02)

6
8.407007e-011

(2.593363e-02)
8.508832e-012#
(4.091542e-02)

WFG9

2
1.464817e-022#
(2.493363e-02)

9.517149e-031

(1.849706e-02)

3
8.250354e-022#
(2.600644e-02)

7.534399e-021

(3.098293e-02)

4
2.374402e-012#
(3.168753e-02)

1.859514e-011

(7.232942e-03)

5
3.972840e-012#
(3.735980e-02)

3.389468e-011

(1.260087e-02)

6
5.930522e-012#
(4.255747e-02)

5.189658e-011

(1.404647e-02)

WFG9−1

2
5.345475e-031

(1.005427e-03)
6.040803e-032#
(8.431295e-04)

3
7.396514e-021

(4.219944e-03)
8.364456e-022#
(4.289072e-03)

4
2.435354e-011

(1.067815e-02)
2.436494e-012#
(8.282393e-03)

5
4.896038e-012#
(1.527524e-02)

4.696935e-011

(1.188562e-02)

6
8.251119e-012#
(3.446865e-02)

7.397541e-011

(2.319891e-02)
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Table B.23: Mean and, in parentheses, standard deviation of the Riesz s-energy
comparison. For each case, the two best values are shown in grayscale, where the
darker tone corresponds to the best algorithm. The symbol # is placed when the
best algorithm presents a significant difference, according to a one-tailed Wilcoxon
test using a significance level of α = 0.05.

MOP Dim. PFI-EMOA PFI-EMOA/Es

WFG1

2
3.329147e+041

(3.475418e+02)
3.695642e+042#
(8.521587e+02)

3
1.351747e+041

(1.914082e+02)
2.317333e+042#
(1.623177e+03)

4
3.009883e+052#
(1.507010e+06)

2.766205e+041

(5.436916e+03)

5
8.851787e+072#
(4.497436e+08)

5.231084e+041

(1.639738e+04)

6
1.561967e+102#
(4.726918e+10)

2.513951e+051

(2.579443e+05)

WFG1−1

2
3.267299e+041

(2.957895e+02)
3.728520e+042#
(6.983310e+02)

3
1.309073e+041

(1.602760e+02)
1.617819e+042#
(5.460089e+02)

4
5.142206e+031

(1.627761e+02)
6.974984e+032#
(5.490378e+02)

5
2.304673e+031

(2.286239e+02)
4.251543e+032#
(5.985307e+02)

6
1.175779e+031

(1.873441e+02)
3.166476e+032#
(8.436852e+02)

WFG2

2
3.179527e+041

(3.922922e+03)
4.327748e+042#
(4.653409e+03)

3
1.370907e+041

(4.184925e+03)
4.581436e+042#
(1.321046e+04)

4
5.338158e+031

(2.719971e+03)
1.333627e+052#
(7.499552e+04)

5
2.011665e+031

(3.389179e+03)
2.690097e+052#
(2.216914e+05)

6
3.506277e+021

(1.543069e+02)
1.976637e+072#
(9.439548e+07)

WFG2−1

2
3.658629e+042#
(6.732070e+02)

3.268646e+041

(2.980483e+02)

3
5.690934e+031

(1.164613e+02)
1.433689e+042#
(1.520422e+03)

4
1.618620e+031

(4.878747e+01)
1.250230e+042#
(2.745825e+03)

5
5.351819e+021

(6.167807e+01)
1.610896e+042#
(5.530141e+03)

6
1.456637e+021

(2.963763e+01)
3.428953e+082#
(1.368595e+09)

WFG3

2
2.769320e+041

(1.642458e+01)
2.929559e+042#
(1.585741e+02)

3
2.178408e+041

(9.463835e+02)
3.984783e+042#
(3.007675e+03)

4
3.536110e+031

(1.404055e+02)
1.697921e+042#
(1.594756e+03)

5
5.347920e+021

(3.757759e+01)
6.489600e+032#
(9.591245e+02)

6
8.220811e+011

(5.921658e+00)
2.688624e+032#
(5.457807e+02)

WFG3−1

2
2.767287e+041

(6.772505e+00)
2.933093e+042#
(2.950039e+02)

3
8.749514e+031

(5.507820e+01)
1.076746e+042#
(3.444728e+02)

4
1.952845e+031

(2.828855e+01)
3.082660e+032#
(1.475517e+02)

5
4.597061e+021

(1.973765e+01)
8.494335e+022#
(8.894745e+01)

6
9.826430e+011

(3.820780e+00)
2.114603e+022#
(4.571050e+01)

WFG4

2
2.738152e+041

(2.967730e+02)
3.659051e+042#
(7.425124e+02)

3
6.138376e+031

(6.943086e+01)
9.420715e+032#
(3.521352e+02)

4
9.502187e+021

(3.060937e+01)
1.513067e+032#
(1.046281e+02)

5
1.550559e+021

(1.088390e+01)
2.493811e+022#
(5.576283e+01)

6
2.172536e+011

(3.866256e+00)
5.281622e+012#
(1.593926e+01)
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Table B.23 – Continuation
MOP Dim. PFI-EMOA PFI-EMOA /Es

WFG4−1

2
2.717370e+041

(1.329547e+02)
3.753448e+042#
(1.089048e+03)

3
6.112216e+031

(7.451382e+01)
1.374494e+042#
(6.624634e+02)

4
9.137643e+021

(2.205785e+01)
3.763124e+032#
(4.081424e+02)

5
1.287518e+021

(6.131348e+00)
8.850418e+022#
(9.111736e+01)

6
1.324126e+011

(1.394781e+00)
1.373948e+022#
(1.960357e+01)

WFG5

2
2.807836e+041

(3.382305e+02)
3.660464e+042#
(8.390293e+02)

3
6.183227e+031

(7.781398e+01)
9.449485e+032#
(3.950276e+02)

4
9.611958e+021

(2.879750e+01)
1.593252e+032#
(1.196834e+02)

5
1.600999e+021

(1.149001e+01)
2.828927e+022#
(4.407339e+01)

6
2.213267e+011

(3.647382e+00)
5.470417e+012#
(1.585150e+01)

WFG5−1

2
2.820112e+041

(3.350186e+02)
3.811165e+042#
(8.382697e+02)

3
6.230716e+031

(6.641772e+01)
1.418108e+042#
(7.196550e+02)

4
9.428973e+021

(3.236175e+01)
3.895740e+032#
(4.504751e+02)

5
1.408827e+021

(7.738585e+00)
8.937500e+022#
(1.207661e+02)

6
1.453076e+011

(1.721413e+00)
1.328602e+022#
(2.081667e+01)

WFG6

2
2.722857e+041

(1.657321e+02)
3.686506e+042#
(6.481075e+02)

3
6.166192e+031

(8.411162e+01)
9.570507e+032#
(2.988953e+02)

4
9.542430e+021

(3.127038e+01)
1.633857e+032#
(1.618687e+02)

5
1.499556e+021

(1.055906e+01)
3.046925e+022#
(5.278851e+01)

6
2.168297e+011

(3.388418e+00)
6.154938e+012#
(1.480770e+01)

WFG6−1

2
2.704979e+041

(7.933718e+01)
3.794797e+042#
(1.103656e+03)

3
6.080804e+031

(5.769041e+01)
1.429382e+042#
(8.669992e+02)

4
9.216492e+021

(2.352232e+01)
3.896387e+032#
(5.881994e+02)

5
1.359236e+021

(1.138177e+01)
9.706790e+022#
(1.389994e+02)

6
1.506887e+011

(2.963358e+00)
1.534958e+022#
(3.984045e+01)

WFG7

2
2.718184e+041

(1.854674e+02)
3.678763e+042#
(7.630785e+02)

3
6.146331e+031

(7.235250e+01)
9.865287e+032#
(4.235184e+02)

4
9.436543e+021

(3.156409e+01)
1.623591e+032#
(7.531799e+01)

5
1.514071e+021

(1.114274e+01)
3.013311e+022#
(4.257309e+01)

6
1.975767e+011

(3.896804e+00)
6.874519e+012#
(2.821247e+01)

WFG7−1

2
2.710387e+041

(1.331955e+02)
3.821202e+042#
(1.259617e+03)

3
6.061254e+031

(6.407758e+01)
1.472851e+042#
(1.235191e+03)

4
9.125687e+021

(2.837814e+01)
4.445516e+032#
(5.163709e+02)

5
1.295884e+021

(9.275041e+00)
1.064888e+032#
(2.175854e+02)

6
1.333349e+011

(1.908695e+00)
1.653037e+022#
(3.148901e+01)

WFG8

2
2.823099e+041

(6.937530e+02)
3.485158e+042#
(1.142719e+03)

3
6.005994e+031

(5.948055e+01)
8.793487e+032#
(3.784954e+02)

4
8.798269e+021

(2.183757e+01)
1.410297e+032#
(7.419741e+01)

5
1.238760e+021

(6.856216e+00)
2.412199e+022#
(3.833624e+01)

6
1.364717e+011

(2.213803e+00)
3.006035e+012#
(6.885682e+00)
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Table B.23 – Continuation
MOP Dim. PFI-EMOA PFI-EMOA /Es

WFG8−1

2
2.720586e+041

(3.749423e+02)
3.868406e+042#
(1.038919e+03)

3
6.084666e+031

(6.063735e+01)
1.477641e+042#
(1.087389e+03)

4
9.123298e+021

(2.791790e+01)
4.566795e+032#
(4.646474e+02)

5
1.275566e+021

(9.608725e+00)
1.047792e+032#
(1.930234e+02)

6
1.155754e+011

(1.252428e+00)
1.782427e+022#
(3.961740e+01)

WFG9

2
2.852723e+041

(1.954992e+02)
3.677100e+042#
(6.880330e+02)

3
6.527402e+031

(7.718304e+01)
9.510371e+032#
(3.025597e+02)

4
1.022240e+031

(2.534339e+01)
1.630732e+032#
(1.283325e+02)

5
1.685836e+021

(1.314206e+01)
2.927503e+022#
(4.657119e+01)

6
2.549840e+011

(4.828954e+00)
5.039981e+012#
(1.036941e+01)

WFG9−1

2
2.841594e+041

(2.240574e+02)
3.809430e+042#
(1.078611e+03)

3
6.515077e+031

(6.803805e+01)
1.338260e+042#
(7.468688e+02)

4
1.008895e+031

(2.761365e+01)
3.514470e+032#
(3.227571e+02)

5
1.457236e+021

(8.756088e+00)
7.744400e+022#
(1.412397e+02)

6
1.434450e+011

(2.447901e+00)
1.196224e+022#
(3.180481e+01)
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