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Abstract

We describe the general theory of diffusion processes, which contains as a particular case the
solutions of stochastic differential equations. The idea of the theory is to construct explicitly the
generator of the Markov process using the so-called scale function and the speed measure. We also
explain how the theory of orthogonal polynomials help to study some diffusions. In addition, using
the theory of diffusions, we present the Brox model, which is a process in a random environment.

Resumen

Describimos la teoria general de procesos de difusion, que contiene como caso particular las solu-
ciones de ecuaciones diferenciales estocasticas. La idea de la teoria es construir explicitamente
el generador de los procesos de Markov usando la suncion de escala y la medida de velocidad.
Tambien explicamos cémo la teoria de polinomios ortogonales ayuda a estudiar algunas difusiones.
Ademaés, usando la teoria de difusiones, presentamos el modelo de Brox, que es un proceso con
ambiente aleatorio.






Introduction

In the world where we live there are many natural phenomena that have a random character, and
the theory of probability is a tool that permits us to explain some of these events.

In this work, we will study the so-called diffusion processes in one dimension. The diffusion
processes allow us to model some natural phenomena, such as random motion of particles. A
diffusion is a random process that has two important features: continuous paths and the Markov
property. This last property is characterized by the loss of memory, which means that one can
make estimates of the future of the process based solely on its present state just as one could know
the full history of the process. In other words, by conditioning on the present state of the system,
its future and past are independent.

It turns out that a process X; with the Markov property, is characterized by its infinitesimal
generator, which is specified by the following operator

t—0+ t

for some functions f.

In this work we construct the infinitesimal generator using the scale function and the speed
measure; these two objects characterize the infinitesimal generator. If (I,r), an interval in R,
is the state space of the process X;, then the scale function is the probability that the process
first reaches r before [. On the other hand, the speed measure can be written in terms of the
expectation of the first time the process reaches either [ or 7.

Under appropriate assumptions on the scale function and the speed measure one can obtain that
the infinitesimal generator can be written as a differential operator of order 2, also called a Sturm-
Liouville operator, given by

—=> f"(x), where p and o are certain functions.

This type of operators, with suitable conditions, are associated with diffusion processes that are
solutions of a stochastic differential equations. This differential operator has particular interest
because it is related to some orthogonal polynomials. More precisely, if we consider the functions
p(x) and o%(z) to be polynomials of degree at most 1 and 2 respectively, then there exist orthogonal
polynomials that are eigenfunctions of the operator, and the process associated with this operator
has a density probability function that can be written in terms of these orthogonal polynomials.

In this work, we also study an example of a diffusion whose infinitesimal generator is not a Sturm-
Liouville operator. What one has to do is to construct explicitly the scale function and the speed
measure. The process we consider is called the Brox diffusion [11], and it is an example of a
process in a random environment. The importance of this type of processes is that it considers
the random medium.
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This thesis is mainly based on Chapter VII of D. Revuz, and M. Yor. [3]. In chapter 1, we show
in detail the results that allow us to write the infinitesimal generator of a diffusion process X in
terms of the scale function s and the speed measure m. We prove the following result

dd, _ddy gy BUE)IK=2) - [@)
dmds’™  dmds’T  iso+ t ’

where on the left hand side we have derivatives with respect to the function s and the measure m.

In chapter 2 we present the main result on orthogonal polynomials that we use in chapter 3. In
chapter 3 we characterize the probability density of the Ornstein-Uhlenbeck, the Cox-Ingersoll-Ross
and Jacobi diffusions through Hermite, Laguerre and Jacobi orthogonal polynomials respectively.
At the end of chapter 3 we give an example of a diffusion that does not fit in the classical context:
the Brox diffusion, which is a diffusion in a random environment.
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Chapter 1

Diffusion processes in one
dimension

1.1 Notation

1. The symbol 6; represents a transformation such that the effect on a path w := {w(s)}s>0 is
the following 6;(w) = {w(s)}s>. This transformation is called the shift operator and has
the properties

(a) Xi(0s(w)) = Xiys(w) for all stochastic process X := {X; : ¢t > 0} and
(b) Gt 9] 95 = 0t+s~

2. The expression a,, ,/* a means that the sequence a,, converges to a, and a,, < a1 for all n.
Similarly a,, \, @ means that the sequence a,, converges to a, and a,, > a1 for all n.

3. Let X := {X; : t > 0} be a Markov process with state space E, and A C E measurable,
then P,(X; € A) := P(X; € A| Xo = 2) and E,(X}) := E(X; | Xo = z). Also, p(t,z,dy)

represents the transition probability distribution, i.e. P(X; € A|Xy =x) = / p(t, x,dy).
A

1.2 Diffusion process

In this section we will look at some basic concepts about diffusions.

Definition 1.2.1. Let E = (I,r) be an interval of R which may be closed, open, semi open, bounded
or unbounded.

1. The hitting time of a one-point set {x} is denote by T,., and defined by

Ty :=inf{t > 0: X, = z}.

2. A stochastic process X = {X(t), t > 0} with state space E is called o diffusion process if
it satisfies the following:

(a) The paths of X are continuous.

13



14 CHAPTER 1. DIFFUSION PROCESSES IN ONE DIMENSION

(b) X enjoys the strong Markov property, i.e. for F': Q — R measurable and T a stopping
time, then

E.(F(X 00,)|3,) = Ex, (F(X)).
(c) X is regular, i.e. for any x € int(E) andy € E, P,(T, < c0) > 0.

3. For any interval I = (a,b) such that [a,b] C E, we denote by oy the exit time of I, i.e.
or =Ty NTy. We also write my(x) := E,(or).

Theorem 1.2.2. If I is bounded, the function my is bounded on I.
Proof. Note that for any fixed y in I, we may pick v < 1 and ¢ > 0 such that

max{P,(T, >t),P,(T, > t)} = a. (1.1)
From the regularity of X, Py (T, < co) > 0, then

0 < Py(T, < ) y<U{T <n}><ZP (T, < n).

Consequently there exists an ng such that P, (T, < ng) > 0. Thus P,(T, > ng) < 1, and by the
same procedure we obtain an mg such that P w(Ty > mg) < 1. Now, deﬁne t:= max{no, mo} and
a = max{P, (T, > no), Py(Ty > mop)}.

We will prove that

sup P,(o; > t) < a. (1.2)
zel

Let y be a fixed point in I. If y < z < b then

Pylor >t) < Py(Ty >t) < Py(Ty > t) << 1.

The second inequality is because any path that starts in y has to pass through x.
Similarly if @ < x < y, then
Pilor>1) S Pp(Tu >t) S Py(Ta >t) < a <1,
which yields (1.2).
Now, since oy = u+ oy 08, on {o; > u}, we have

P.(o;y >nt) = Py(or>(n—1t,or >nt)
= Pylor>m—1t,(n—1)t+ 070041y > nt)

= E; (1{01>(n71)t} : 1{(n71)t+0100(n,1)t>nt})

= E, (1{0’I>(’n—1)t} . 1{0100(”,1),5>t})

= Ey (Lor>m-1t) Lot} © 1))

Markot'u
;mope'r y
B, (1{01> (n—1)t} * EX('n, l)t( {01>t})> :
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Since o7 > (n — 1)t, then X(,,_q); € I and, by (1.2), we obtain

EX(n—l)t (1{al>t}) <a.

Therefore P,(o; > nt) < a Py, (o1 > (n — 1)t).

Recursively it follows that
P,(or >nt) <a”. (1.3)

On the other hand, we know that Eg( ZtP or > nt). Hence
n=0

Zta t(1—a)™! < oo.
O

Remark: For ¢ and bin F and [ < a < 2 < b < r, the probability P,(T, < T,) is the probability
that the process started at x exits (a,b) by its right end. We also have that

Po(Ty < T,) + Po(T, < Tp) = 1.

1.3 The scale function

Theorem 1.3.1. There exists a continuous, strictly increasing function s on E such that

P.(T, < T,) = m (1.4)

for any a,b,x in E withl <a <x <b<r. Also if 5 is another function with the same properties,
then s = as+ [ with a > 0 and 8 € R.

Proof. The event {T, < T;} is equal to the disjoint union
(T, < T, Tu < W} T < T, T < Tu}-

Note that T; = T, + T} o 01, always, and T,. = T, + T;- o O, on the set {T, < Tp}. Then by the
Markov property we have

P, (TT <TNT,< Tb) = ” l{T <Ti} - 1{T <Tb}>

Lyr.<7y 01, - 1{Ta<Tb})

x

Markov
property

By (
By (14747000, <Ta+Ti00m, } - L{Tu<Ty})
5.

(

Ey (Exy, Yr<ny) - lyro<ty}) -
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Since X7, = a, then Ex, (1i1,<1}) = Eo(1{r,<7}), thus

P (T, <T1,Ta <Ty) = Eu(Ba(lyr,<my) - Lz,<m})
= E.(Yyr.<7}) E:(Y1,<1})
P.(T. <T))  Po(To < Tp).

We finally obtain
P,(T, <T))=Pu(T, <T)) - Py(T, <Tp) + (T, <T}) - Pp(Tp, < To). (1.5)
Define s(x) := P, (T}, < T}), and solving for P,(T}, < Tj,) we obtain the formula in the statement.
Let us now verify first s is increasing. Indeed, because the paths of X are continuous
P.(T, <T)) < Py(T, <Ty) if z<y.

We now see that s is strictly increasing. Suppose there exists < y such that s(x) = s(y). Then
for any b > y, by (1.4) we obtain

s(y) — s(x)
s(b) — s(x)

This contradicts the regularity of the process. Therefore s is strictly increasing.

Py(Tb <T,) = =0.

We now will prove that s is continuous. To this end, we first prove that

lim Py(T,, <Ty) = Po(Ty <Tp), if an \ a. (1.6)

n— oo

Note that if @ < « and a,, \y @ then T, N T, if X(0) = .

We know that X7, =a if X(0) =x. Then

Pz(Ta < Tb) =P, (Ol{Tan < Tb}) = nlggo Pz(Tan < Tb)a

because {1y, , < Tp} C {T,, < Tp}.

n+41
On the other hand, if | < a < x < b < r we know that it holds the equality (1.5).

Suppose that y € E, and consider y,, N\, y (the case y, "y is similar).

We will see that s(y,) — s(y). Take b € E such that [ <y <y, <b<r. By (1.5) we know that

s(y) — s(yn)

P, (T, <T, )= .
v <Tun) = S0) = syn)
Then ) ()
= 1 — 1ipy S\Y) — SWn)
0= nh_)n;o P,(T, <T,,) = nh—>120 5(6) = s(ym) (1.7)

Since y, N\, y and s is strictly increasing, s(y,) > s(yn+1) > ... > s(y), so the sequence s(y,)
is decreasing and bounded by s(y). Therefore there exists a such that s(y,) — « and s(b) > a.
Hence by (1.7) we obtain that s(y,) — s(y).
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Suppose now that § is another function such that 5 is continuous, strictly increasing, and

then we will prove § = as + f3, for some o > 0, g € R.

Let I <a<z<b<r from (1.5)
Pr(Tr < E) == PT(Ta < Tb)Pa(Tr < E) + PT(Tb < Ta)Pb(Tr < T’l)a (18)

where, by definition, s(z) = Py(T, < T;) and P, (T < T,) = M. Then by (1.8) we obtain

5(b) — 5(a)
=i fe) - 50)
S(.Z) - é(b)—é(a) Pa(Tr <T‘l)+ §(b)—§(a) Pb(TT <n)

Therefore § = as + 3, with

5(b) — 3(a) (@) Py(T, < 1)) = 3(b)Pu(T, < T))

S
T R(T <T) - Pu(T, <T)’ A= Py(T, <T)) — Po(T < Ty)

Definition 1.3.2. The function s of the Theorem 1.3.1 is called the scale function of the process
X. In particular we say that X is on its natural or standard scale if s(x) = x.

Note that if a process X has scale function s, then the process Y := s(X) is on its natural scale.

1.4 The speed measure

Definition 1.4.1. Let s be a continuous function and strictly increasing on [l,7]. A function f is
called s-convex if forl <a<z<b<r

(s(b) = s(a)) f(z) < (s(b) = s(2)) f(a) + (s(z) = s(a)) f (D). (1.9)

df_

Define also the right and left s-derivatives % and Ak
dfs fy) — fx) -~ f@) - fy)
E(x) o y1—1>1£1+ s(y) —s(z) ’ and ds (@)= yl—lglf s(x) —s(y) (1.10)

At the points where they coincide we say that f has an s-derivative.

If m is a measure, then we define the m-derivative of f at x as

if(x) iy LW~ fl2)

dm ~y—at m((z,y)])

Lemma 1.4.2. Let s be a continuous function and strictly increasing on [l,r]. If f is s-convet,
then f is continuous on [l,r].
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Proof. Since f is s-convex, if | <u < w < v <7, then

(s(v) = s(u) f(w) < (s(w) = s(u)) f(v) + (s(v) — s(w)) f (u).
This implies

flw) = flu) _ flv) = flw) _ f(v) = f(w)

s(w) () = s(0) —s(u) = s(v) — s(w)’ (1.11)
Now, let z € (I,r) and pick v € (I,r) such that | <z < v <r, and apply (1.11) to obtain
f@)—f() _ f)—f(x) _ f(r)— f(=)
s(z) — s(l) = s(v) — s(x) = s(r) — s(x) (1.12)
By (1.12) we obtain
M.sv*SI T v M"SU*SI .
s@) —sy B T sl@) + f@) = fv) < TR (s() = s@) £ F (). (1.13)

Take v N\, « in (1.13) to see that lim+ f(v) = f(z). Therefore f is right continuous. Left continuity
V=T

is shown in exactly the same way. O

Lemma 1.4.3. Let s be a continuous function and strictly increasing on [I,r]. If [ is a function

f+

s-convex on [l,r], then — and —— are increasing, thus of bounded variation.

ds
Proof. Let | < x <y <7, and pick z,, y, such that | <z <z, <y <y, <r.

Since f is s-convex then

@) = f@) _ fly) = f@a) _ flyn) = f(y)
) — (@)~ s() — s(@n) () — s0) (4
From (1.14) we obtain
Fla) = F@) _ flm) = Fly
s(‘rn) - S(.’E - S(yn) - S(y
Finally take z,, — = and y,, — y. O

Lemma 1.4.4. Let f be a function s-convex on I = [a,b] and f(a) = f(b) = 0. Then there exists
dfi( ) — dfi(c) and
ds ds * 7

b
- / Gi(z,y) uldy),

a measure [ such that u((c,d]) =

where
(s(z) — s(a))(s(b) — s(y))
Gr(eg) = { (5(6) — SO0 — s(2)) e
T,y s(y) — s(a))(s(b) — s(z
5(b) — s(a)  asysesh
0, otherwise.

Gy is called the Green function.
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Proof. Using the integration by parts formula for Stieltjes integrals we obtain

/ i) utdy) = / Gi(a) (% w)
_s(b) —s(@) /:(s(y) —s(a)) d <d§:(y))

5(6) — s(a)
+ Eb; = (()) / '(s) — s(w)) d (dj;j(y))
O
i ((b)):(()) <<s<x> —so) T @) - / Ty >ds<y>>
_ EZ; = E‘”; (f(a) - f(x)) (@)) = f)) (f(@) = F))
- —f(a).

Theorem 1.4.5. There exists a unique measure m such that for all I = (a,b)

@)= [ Grta) mia = [ Grta a (F1Y

with [a,b] C E, and where Gy is the Green function.

Proof. We apply the Lemma 1.4.4. We will first show that —mj is s-convex. Let a < c < x < d < b,
and J := (¢,d), I := (a,b). Then by the Markov property we obtain

mp(x) = B, (o1)

(UI:U]tfjoeaJ)

(

E. (o +U[ 060y,)

J(z) + Ey(0r06s,)
(z) +

my(x) + Ey (01 00,,)
A4ark%2
proper my(z) + E, (EX )
= my(z) + E, (EX S (o) - Lyr, <Td}) + Ey (EXUJ (or) - 1{Td<Tc})
= my(z) + By (EXT 1{T <Td}) + B, (EXTd (o1) - 1{Td<TC})
= my(x) + By (Ec (01) - Yir,<1y) + Eu (Ba(01) - L{zy<ry)
= my(z) + Ec (01) - By (Lyr.<1,}) + Ea(01) - Ex (1yr,<1.})
= my(z)+ E.(o7) - P (T, <Tq)+ Eq(or) - P (Ta < T¢)
- m.y(z) +mi(c) - < i)) (())) +m(d) - (Zﬁfﬁ:i((g) (1.15)
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Hence if follows that —my is s-convex. Also, ms(a) = my(b) = 0. Then by Lemma 1.4.4 there
exists a measure m with m(dy) :=d (%), such that

i) = [ G mtan) = [ Gty a (00,

Let us check the uniqueness of m. Let J := (¢,d) C I := (a,b). If we consider the functions m(z)
and my(z), and we apply the Theorem 1.4.5, then there exist measures m and m such that

) = (Y | gy =g (e,

However, if we calculate the s-derivative in both side of (1.15), we obtain

dimi(y))+ _ d(m,(y))
ds = ds =+

where C' is a constant, in particular this holds for J = I. Therefore m = m. O

Corollary 1.4.6. The measure m satisfies that

i, 9 = (P ) _ (s

Definition 1.4.7. The measure m of the Theorem 1.4.5 is called the speed measure of the process
X.

ToNTy
Lemma 1.4.8. Ifv(z) := E, / Liepy © Xudu |, then
0

| Ey(T.ANTy) + Pu(T. <Typ) - v(c), x€(c,b),
v(w) = P.(T. <T,) - v(c), x € (a, (.

d dE;(Te NTh .
In particular if x € (¢,b) we have % = % + C, where C is a constant.
s s

Proof. Let x € (¢,b), and define now oy := T. A T,. By the Markov property we obtain
o1
P.(T, <Tp)-v(c) = E. (i1,<m}) - Ee (/ Liepy 0 Xy dU>

= E,

(e=Xr1,=X,,) o1
= E{L’ 1{T5<Tb} . EXU‘J 1(C,b) o Xu du
0

(Mpts) g
= Ex 1{Tc<Tb} . A l(c,b) [©) Xu du | o QUJ

or
= EI 1{Tc<Tb} / 1(c,b) o Xu du) .
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On the other hand, since = € (¢, b) we have

EI(TC A Tb) = - (1{Tc<Tb} . (TC A Tb)) + F, (1{Tb<Tc} . (Tc A Tb))

E
ag agJ
= E, (1{Tc<Tb} / du) + E, (1{Tb<Tc} / du)
0 0

oj=01
on {Tp<T.} 77 o1
( é ) Ez (1{T0<Tb} / 1(va) o Xu du) + Ez <1{Tb<Tc} / ]-(c,b) ] Xu du> .
0 0

Therefore if x € (¢,b), then E,(T. ANTp) + Py(Te < Tp) - v(c) equals

or a1
By (1{TC<Tb} /0 Licp) © Xu du) + By (1{Tb<Tc} A Licpy 0 Xu du) =v(z). (1.16)

In the same way we obtain that, if z € (a, ¢] then

v(x) = Pp(T, < Ty) - v(c). (1.17)

Combining (1.16) and (1.17), we arrive at the equality

v(z) = [E(TeNTy)+ Pp(Te <Tp) - v(c)] - 1(c,b) + P (T, < Tg) - v(c) ]-(a,c]
s(b) — s(x s(z) — s(a
= Ea:(Tc A Tb) + 8((b)) — S((C)) (C) : 1(C b) + S((C)) — s((a)) . U(C) : 1(a,c}
s(b) — s(x s(x) — s(a
= BT ATy) Len) + s((b)) - s((c)) 10(€) Lo + s((c)) s((a)) v(9) Lad

In the following, Cp(R) will denote the space of the continuous functions that vanish at infinity.

Corollary 1.4.9. If I = (a,b), z € I, f € Co(R), then
Tu AT b
B, </O f(Xs) dS) :/a Gr(z,y)f (y)m(dy). (1.18)

ToNTy
Proof. Let ¢ € (a,b). We will now prove that the function v(z) := E, (/ Liep) © Xudu> is
0

s-concave on (a,b). So —v(x) is s-convex.

We will show that
P.(T <Ty) -v(m) + Pe(T, < Th) - v(n) < wv(z),

where a < m < x < n < b, which means that v is s-concave. Let oy :=T,, AT,, and o7 := T, ATy,
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then oy = o5+ 05 00,,. Note that by the Markov property

ToNTy
Py (T, < T)) - v(m) = E. (L41,,<1,}) - Em (/ Tep) © Xu du)
0

or
= E, 1{Tm<Tn} By </ 1(c,b) o Xy du))
0
or
1{Tm<Tn} . EXUJ (/ 1(c,b) O Xu du))
0

or
(1{Tm,<Tn} . {(/ 1(c,b) [¢] Xu du) o 001,})
0
aloeaJ
= EI 1{Tm<Tn} / l(c,b) o Xu o] 9(7] du

(m:XTﬂ:X"J)

Markov
property

0J+0100,,J
1{Tm<Tn} . / 1(c,b) e} Xu du

(UJ-‘:-UIO:‘%J:GI) B,

In the same way we obtain that

or
P.(T, <T,) v(n) =E, <1{Tn<Tm} / L) © Xu du) .

J

Then

Py(Ty <Tn) v(m) + Pu(T, <Tw) v(n) = E; </ Licp) 0 Xy du)

J
or
S E$ (/ 1(c,b) o Xu du)
0
= v(x).
So —v is s-convex and v(a) = v(b) = 0. Therefore, applying the Lemma 1.4.4, there exists a

d
measure pu such that u(dy) = —d <;};(y)> and

/G,xy (dy) = /GI:vy ( (y)). (1.19)

Then by Lemma 1.4.8 we arrive to

dE,(Te NTy)
U(%) = */Gl(xay) 1(c,b) d <(d5b> /Gl x y ]-(c b) m(dy)

where m is the speed measure. O

1.5 Infinitesimal operator

The purpose of this section is to prove that the scale function and the speed measure characterize
the infinitesimal operator of the diffusion process X. We will appeal to some standard results of
the theory of semigroups (see e.g. [3]).
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In the following, P; will denote the semigroup P;(f)(z) := E(f(X:)|Xo = ).

Definition 1.5.1. Let X be a diffusion process. A function f € Co(R) is said to belong to the
domain ® 4 of the infinitesimal operator of X if the limit

(1.20)

exists in Co(R). This operator A : D4 — Co(R) is called the infinitesimal operator of the
process X or of the semigroup P;.

By the properties of the Markov process, if f € Co(R) then

E(f(Xt+h) ‘ 3t) = Ph(f(Xt))a (1'21)
where §; :=0(Xs: s <t).

The following result which is useful for our purposes can be found in [3, p.282].

Lemma 1.5.2. If f € D4, then:

1. The function t — P, f is differentiable in Co(R) and

d
gl =ALf = PAf.

2, Ptf—f:/OtPSAfds.

Lemma 1.5.3. For ally € E we have that

ai= B, (£6m) = 1%0) - | AF(X,)du) = (1.22)
Proof.
« = Ey<f<xts>>—f<y>—Ey(/Ot_sAﬂXu)du)

t—s

B (BU(Xe )| F0) — f() — By (E( AF(X.)du

0

“))

t—s

(az1)ena)

By (P f(X0)) — £(y) — E, ( [ Basce) 1s) du)

(1.21)

P of(y) - f5) — B, ( / T pAr(x) du)

= Pt [ RA) da

(Lemma 1.5.2)

0.
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Theorem 1.5.4. Let Xy :=z. If f € ® 4, then the process

M] = £(X0) — F(Xo) / Af(X
is a martingale with respect to {F}i>0 for every x.

Proof. Since f and Af are bounded, one can check that Mtf is integrable for each t. Now, let
s < t, by the Markov property we have

MI 4 E, (f(Xt) - 106 = [ AT

E.(M] | §.) - E, (f(Xt)—f(Xo)— /O Af(X,) du

(adding £f(X.))

)

- M! 1 E, ({f Xis) — f(Xo) — t_sAf(Xu)du}OGS

)

0
( Markov )

t—s
PTO;Z7:6’f’ty Mf +EX f Xt g — Xo) / Af(Xu)dU>
0

(Lemn;z 1.5.3) M

s -

Therefore Mtf is a martingale with respect to {§:}+>o0- O

Theorem 1.5.5. Let f € ®4 and x in the interior of E. Then the s-derivative of f exists except
possibly on the set {x : m({z}) > 0}.

Proof. Let f € D4, 07 :=T, NTp and x € (a,b) such that [a,0] C E

By Theorem 1.5.4, we know that M/ is a martingale with respect to {§; }+>0. Also |M]| < a+t-8.
This implies that |Mt/\01| <a+or-p.

Define S := a + o5 - 5. By Theorem 1.2.2 we have that E, (o) < oo, which implies F(S) < oco.

Let us prove that M75 is uniformly integrable. Indeed

NoT
lim sup/ | tMI|dP < lim sup/ |S|dP
oot Jmf,, 1>e et J{Is|>e}
= lim ‘S|dP
e J{|S|>e}
= 0.

By Doob optional stopping theorem (see e.g. (2, p.87]) , we have that E,(M/ ) = EZ(M({) =0, so

Eu(f(X,)) - f(x) = . ( / " Ar(x) ds) |

Now, by Corollary 1.4.9 we obtain

oy b
Eo(f(Xs,)) — f(z) = E, ( / Af(Xs)d8> ~ [ Gilepafey midy. (1.23)
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On the other hand, we have that

E, (f(XG‘[)) = T (f(XcrI) . 1{Ta<Tb}) + EiE(f(XO'I) ! 1{Tb<Ta})
«(f(X1,) - Yr,<y) + Eo(f(X1,) - Yyny<10})
(f(

a) - yp,<my) + E(f(0) - 1ym,<7.1)

[
S ]

(a) - Bx(Lyr, <1y) + £(b) - Bx(Lym,<1.y)
(a) - Po(Ty < Th) + f(b) - Po(Ty, < T)
(a)

s(b) — s(x) s(z) — s(a)
50 —s@ O S 5@ (1:24)

= =

I
~

a

Then substituting in (1.24) in the equation (1.23) we arrive at

s(b) — s(x)
s(b) — s(a

s(z) — s(a)

f(a)- s(b) — s(a)

b
+1(b) - f@) = / Gr(e. ) Af(yym(dy).  (1.25)

By the definition of Green function we have for every x € (a,b) that

' —s(x ¢
[ Gitamaraymian = SFEE ) senaswman)
o) =sla) [
+ S [ = senasm.  020)

s0) —s@)  s@)—sl@) T (1.27)
where
[T s(y) —s(a) .
no= [ B Armay)
_ [0 sy
B [ SR Armiay).

If we take b\, x in the equality (1.27) and we apply the theorem of differentiation of Lebesgue to
5, mi(.b)
m((x, b))

, then

e S@ =) [T sla)
o) - DI L [ EBRE Afm(dy) + m({ah AT (@)

In the same manner, in this last equality we take a ' x, which yields

df df—
Ut (@) - T (@) = 2m({a D Af (@)

Therefore the s-derivative of f exists except possibly on the set {x : m({z}) > 0}. O
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Corollary 1.5.6. The s-derivative of f € ® 4 exists for almost every z € R.
Proof. Note that by construction of the speed measure m we known that

_dEZ(UI)+ + dEw(o1)+

m(w,2)) = === o

—Ey(o1)+ —Ey(o1)+

Since —my(z) := —E,(o7) is s-convex, then is increasing, and so is contin-
s s
uous except possibly in a countable set. Therefore m({z}) = 0 for almost every € R. By the

Theorem 1.5.5we obtain that the s-derivative of f € © 4 exists for almost every x € R. O
The following result resembles the fundamental theorem of calculus.

Theorem 1.5.7. Let f € D 4, then

_ v

_ s
d ds

x+h
| Arwmidy) = T n) - T, (1.25)

Proof. Since the formula (1.25) is valid for all « € (a,b), pick h > 0 such that « + h € (a,b), and
apply the formula to obtain

/ Gr(z + hyy) Af(y)m(dy) = f(a) - — f@+h). (1.29)

By substraction (1.29) and (1.25) and simplifying, we obtain

f) = fla)  flz+h)—flz) _/b Gr(z+hy) = Gr(z,y)

s(b) —s(a)  s(z+h) —s(z) s(z +h) — s(x) Af(y)m(dy). (1.30)

By definition of the Green function is easy check that

‘Gl(l' +h,y) — Gi(z,y)
s(z+ h) — s(x)

‘ <2
Note that by definition of the Green function, we have that for every y, the s-derivative of Gy
exists on z.

Then take A N\, 0 in (1.30), and apply the convergence dominated theorem

HORSION/ / dGi(z,y)

sb)—s(a)  ds 3 A wmidy).

Apply the definition of G; we arrive at

FO = f@) _dfe ) [P0 ) ) =)
e 0= | g A [t Arem@ s

This formula is true for any point z € (a,b). Hence we can pick A > 0 such that =z + h € (a,b),
and then apply the formula. Indeed, by substituting = + h in lieu of « in (1.31) we obtain
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J®) = fla) _df+ Do) =) o [T s) = s(a) 4
) —s(a) ds TR = /I on 5(0) = s(a) T WImdy) / Af(y)m(dy). (1.32)

Finally, subtracting (1.32) and (1.31) and simplifying, we obtain (1.28)

x+h
df + df +
A d h
| Atwman) = T+ 1) - Frio)
O
Corollary 1.5.8. Let f € © 4, then
x+h
df - df -
[ arwmn) = 4=+ m - 9= @)
However, if the s-derivative of f exists in x and x + h, then
x+h
daf df
A d h) — —
[ Armay) = Fa+m - o)
Theorem 1.5.9. Let f € D4, and x € (a,b), then
Af) = 0 @)= L g (), (133)
T dmds’t dm ds '
Proof. Let x, be a sequence such that z,, \,z. By the Theorem 1.5.7 we have
o _dfy df+
| atmian) = T @) - T,
Dividing both sides by m((z, z,]), we have
o, df. dfs
1 / " o (@n) — ()
_ Af(y)m(dy) = -2 5 .
() J, O = )
If we take x,, \ z and apply Lebesgues theorem of differentiation, then
d d
Af(z) = %£f+(x).
larly A _——
Similarly Af(x) = =1 (). O
Corollary 1.5.10. Let f € D 4, then for almost every x € (a,b)
d d
Af(x) = ———f (). (1.34)

dm ds
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1.6 A particular classic case

In this section we will see a particular class of diffusions, namely those for which the infinitesimal
1
operator is of the form Lf(z) := pu(x)f'(z) + 502(x)f"(x). This operator L is associated with a

stochastic process that is solution of the stochastic differential equation dX; = u(X;)dt+o(X;)dBy,
where B, is the Brownian motion. (see e.g. [1]).

Let us see how L is a special case of the infinitesimal operator Af(z) := d—d—f( x). Suppose that
m ds
the following limits exist

T E(Xh—X0|Xo:.Z‘) 2 T E((Xh—X0)2|X0:JJ)
w(x) = }113%) . , and o (z) = flL1—>rﬂO A . (1.35)
We first show that the scale function s(x) := P,(T,. < T;), where | < z < r, is solution of the
equation

W) f'(z) + 507 (@) f"(@) =0, f{l) =0, f(r) =1. (1.36)

Note that the boundary conditions s(I) = 0 and s(r) = 1 are obvious, since s(z) is the probability
of reaching r before [, starting the process from .

Since | < Xy = = < r, then by the continuity of the trajectory there exists A > 0 such that
I < Xp, <r. At time h, conditioning on the position of X}, the probability of reaching r before [ is
s(Xp). Denote E(:|Xo = z) = E5(+). According to ([10, p.193]), by the law of total probabilities

s(x) = Ex(s(Xp)) 4 o(h). (1.37)

On the other hand, let AX := X}, — X¢. If s has continuous second derivative, then using Taylors
formula

S(Xh) S(Xo—l—AX)

s(Xo) + AX - 5'(Xo) + -5"(9), (1.38)

where ¢ is between = and X},. Taking expectation of (1.38) and dividing by h we arrive to

%Em(s(Xh)) _ %S(x) + %EI(AX) (@) + %E,;((AX)Q) . 5"2(5). (1.39)
By substituting (1.37) in (1.39) one has
( ) _ 1 1 / 1 2y, 8"(§)
Es(x) ES(:E) + EEx(AX) - §'(z) + EEx((AX) ) 5 (1.40)

1 1
Adding j:EEx((AX)Q) 2 ;x) we have that (1.40) becomes

o) 1 oy ] ) | 1 Q) ()
W) Bax)- )+ Eax) - S 4 L axy - (HE - L)
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Finally, if s” is continuous, by taking h N\, 0 we obtain

s"(x)

0= pu(a) /() + o) -

(1.42)

Therefore we see that the function s satisfies the equation (1.36), thus by solving (1.36) for s

_ e 2p(z)
= WSS,

s'(z) := 3(z), where 5(x) : (1.43)

Also, it is easy to check that

3/

§(z)  —2p(z)
S = ot (1.44)

Now we will prove that the speed measure m can be obtained from the solution of the equation

o*(x)

@) = =1, f1) =0, f() =0, (1.45)

fl@) - () +

This is so because, by construction, the speed measure m is in term of , and we show that

d(mr)+
ds
my(x) is solution of the equation (1.45).

Remember that m;(z) := E, (o) and o7 := T} A T,.. Note that

w(z) = E (/Oa Ldu

Thus we study the following. Let g be a continuous and bounded function, and define

X():J)).

Now, choose h > 0 small enough such that o; = h + o7 o 85, and note that

or orofp h+ojo0y, or
Zob, = </ g(Xu)du) 08, = / g(Xy 0 0p)du = / g(Xy)du = / 9(Xy)du.
0 0 h h

Xo = 1:> = E,(o1) =my(x).

7= /Oglg(Xu)du, and w(z) = E (/OU o(X.)du

(1.46)
On the other hand, if we denote E(:|Xo = ) = E, (), by the Markov property
or
E(w(Xp)|Xo =x) = E, [E (/ 9(X)du| Xo = Xhﬂ
0
= E.[Ex, (Z)]
G
= EI(Z 9] Hh)
or
= E (/ 9(Xy)du| X = l’) . (1.47)
h
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X0:£U>

Again, with A small enough

E </Oh g(Xy)du

I

>

e
VR
S| =
c\
>

=N

[

S~—

oW

S

-g(x) + o(h). (1.48)

If AX := X, — Xo, then

(i)

L] h-g(z) + o(h) + Ey(w(z + AX))
byTaylors ’
Clorstaie’) )+ o) + B, (w( )+ w'(@)AX +w"(€) m;{) )

where ¢ is between z and Xj,. From the previous equality adding +~ (z)E ((AX)?) we obtain

W' (z) - %E (AX) + “’"2(@ . %Ex (AX)?) + (“’2(5) _ “’2(“’”)) . %E (AX)?) + @ — _g(a).
(1.49)

Now, suppose that w” is continuous, and by (1.35), then by taking h \, 0 in the equation (1.49),
we arrive to

p(a)w' (@) + s w (@) = —g(a). (1.50)

The equality in (1.50) is true for any continuous and bounded function g, then if g = 1, we have
by definition of w that

w(z) = B (/Oa Ldu

Then mj is solution of the equation

Xo = x) = B, (o7) = my ().

2
(@)’ (z) + “T(m)w”(g;) =1 (1.51)
Solving (1.51) for m; we obtain
IEd —2u(z) g4
/ U525 H(y)dy + C, (1.52)

v 2;‘(2

T2
where H(z) := / = IS dy and C is a constant.
1 g (y)
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Using (1.44) we have that (1.52) becomes
my(z) = — /lr [§(y) </ly ﬂ(j)g(z)dz> dy] +C. (1.53)

Now, define M(z) := ;" %. Since s'(z) = §(x), then the previous equation becomes
mia) = [ M) @)y +C = [ -Mg)stay) + (1.54)
1 1

Calculating the s-derivative in both sides of (1.54), we arrive to

_dm1($)+

Lot = M(a). (1.55)

By Corollary 1.4.6 we have that the measure defined by m((a,b]) := M(b) — M(a) is the speed
measure. Also, we have an explicit formula for the speed measure:

b
2
da. (1.56)

b
m((a,b]) := M(b) — M(a) :-/a M'(z)dx :/ W

If we consider this measure m given in (1.56) and the scale function (1.43), it turns out that the

d d 1

infinitesimal operator d—d—f(:r) is equal to Lf(x) := p(x)f'(x) + §og(x)f”(x). Let us see this
m ds

fact.

First note that

L4 (@Y ek (@) F@

(z) o (§(x) dz ) = 5 (§(z) o) Tim )> (1.57)
(an S@ot@) (o) F@) 1
- 2 (o%x) W) i >)
= @) @)+ 3@ (@)
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Also, we have

d d

%Ef(x) =

(s (2)=4(x))

(M’ (2)=rm(2))

(1.57)

(1.58)

d d
Therefore the differential operator L is a special case of the operaror A := T s
m ds



Chapter 2

Orthogonal polynomials in one
dimension

2.1 Orthogonal polynomials

In this section we will look at some basic concepts on orthogonal polynomials, and some important
theorems in relation with this topic.

Definition 2.1.1. Let (a,b) C R and w : (a,b) — R a positive function. We say that a set of
polynomials pg, p1, ... (with p, of degree n) is orthogonal respect to w, if

b
<pnvpm> = <pn»pm>w = / pn(m)pm<l) w(x)dx = dnénma

where d, # 0, and 0., denotes the Kronecker delta, that is, dpm = 0 if n = m, and dppm = 1 if
n =m. If, in addition, d,, = 1 we say that the polynomials are orthonormal.

Theorem 2.1.2. Let w : (a,b) — R be a positive function. Then there exists a sequence of
orthogonal polynomials {p,} with respect to w such that (pn, Pm)w = dndnm.

Proof. Use the Gram-Schmidt process in the sequence of polynomials p,(z) := 2™ with the inner
b
product (f,g) := [ f(z)g(z)w(z)dz. O

Theorem 2.1.3. Let p, be a sequence of orthogonal polynomials (of degree n) with respect to w.
Then (pn, @)w = 0 for any polynomial q of degree m < n; that is, the polinomial p,, is orthogonal
to any polynomial of degree less that n.

Proof. Note that any polynomial of degree m, where m < n can be written as a linear combi-
nation of the polynomials {pg,p1,...,pm}. Let ¢ be a polynomial of degree m. Then there exist
m

m
a1, Qa, ..., 0y such that ¢ = Zakpk. Then (pn, q)w = Zak<pmpk>w =0. O
k=0 k=0

33
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Theorem 2.1.4. If p,, and q,, are two orthogonal polynomials (of degree n) with respect to w, then
there exists A # 0 such that p, = Aqy,.

Proof. Pick X such that the degree of p, — Ag, is n — 1. By the previous theorem we know that
<pn,pn - )‘Qn>w = 0 and <Qnapn - )\Qn>w = 0. This implies that <pnapn>w = )\<pnaQn>w and
<qn7pn>w == >\<Qn7Qn>w

Then ||p, — Agnl? = (Pn — Ay P — AGn)w = 0, therefore p, — Aq, = 0. O
Note 1: In this chapter, A always represents a polynomial of degree at most 2 and B a polynomial
of degree at most 1. This is so is because if A or B do not satisfy this condition, then there does not

exist a polynomial P that is solution of the differential equation A(x)P"(z)+B(x)P’(x)+AP(z) =0
(see e.g. [12]). Also, w : (a,b) — R is a positive function.

Theorem 2.1.5. Let A, B and w be defined as in Note 1. Assume that

2 (Alw)u(e)) = Blayu(a)
Then
lim+ 2" A(z)w(z) =0, n=0,1,2.. (2.1)

Proof. We have that (z"A(z)w(z)) = 2"(A(z)w(z)) + nz" tA(z)w(z), n = 0,1,2..., and by
assumption we know that (A(z)w(x)) = B(z)w(zx), then

(2" A(x)w(x)) = 2" B(x)w(x) + na" t A(x)w(z).

By integrating both sides we obtain

x

2" A(z)w(x) = / [s"B(s)w(s) 4+ ns" "' A(s)w(s)]ds.

a

Since s"B(s)w(s) + ns" 1 A(s)w(s) is continuous, the integral is continuous. Therefore we arrive
to lim z™A(z)w(z) = 0. O

r—at

Similarly we obtain that
lim z"A(x)w(z) =0, n=0,1,2... (2.2)

2.2 The derivative of orthogonal polynomials

Theorem 2.2.1. Let A and B be polynomials as in Note 1, and let w : (a,b) — R be a pos-
itive function. Let {gn} be a sequence of orthogonal polynomials with respect to w, such that
(A(z)w(z))" = B(x)w(x). Then {q,} is a sequence of orthogonal polynomials with respect to
wy = Aw.

Proof. Let n > m, and define ¢(z) := 2™~ B(x). We know that

(@, @n)w :/ 2™ B(2)q, (2)w(z)dr = 0, (2.3)
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because the degree of ™~ B(x) is less than n.

On the other hand, by using (A(zx)w(x))" = B(z)w(z)
b b
Gt = [ o al@) Blau@)ds = [ ol @) Al d
Using (2.3), integration by parts and Theorem 2.1.5 we arrive to

b b
0= (6, gu)u = —(m — 1) / 22 A () g ()2 — / 2 A(@) g () de.

Also, we know that

b
/ 2" 2 A(x) g (z)w(x)dz = 0,

because the degree of ™ 2A(x) is less than n.
Hence b
[ e @)@t <o,

Therefore, the sequence {¢/,} is orthogonal with respect to w; = Aw. O

Corollary 2.2.2. Let A and B as in the note 1. Let {g,} be a sequence of orthogonal polynomials
with respect to w, such that they satisfy the equation (A(x)w(z)) = B(x)w(x). Then the sequence

{qém)} of polynomials is orthogonal with respect to wy, := A™w.
Also (A(x)wp(x)) = B (x)wn(x), with By, (x) = A'(x)m + B(x).

Proof. One can repeat the process in the proof of Theorem 2.2.1. O

2.3 A differential equation for the orthogonal polynomials

Theorem 2.3.1. Let A, B and w as in note 1, and such that (A(x)w(x)) = B(z)w(x). Then the
set of orthogonal polynomials with respect to w are solution of the differential equation

A(@)f"(x) + B(x)f'(z) + Anf () = 0,
where A, = fn[(”Z;l)A” + B].

Proof. By Theorem 2.2.1 we know that ¢/, is a sequence of orthogonal polynomials with respect to
Aw. Also, abusing of the notation we have

(¢ (), 2™ 1) 4y = 0 if m < n. (2.4)

Using integration by parts, (2.1) and (2.2) we obtain

_ b
0= (), a™ N aw = — [ (A ()] do (25)
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Note that

And by (2.5)
b
0= [ amA)G) + () B
This says that the polynomial A(z)q/(z)+ ¢, (z)B(x) of degree n is orthogonal to the polynomials
of degree m with respect to w, with m < n. Therefore by Theorem 2.1.4 there exists —\,, # 0

such that
A(x)gq, () + B(z)gp, () = —Angn(2).

Then, comparing coefficients in
A(@)qy () + B(2)q, (%) + Angn(x) = 0, (2.6)

we obtain A, = —n["Z1 A7 4 B). O

2.4 Classical orthogonal polynomials

Some classical orthogonal polynomials are specified in the following table:

Polynomial | Interval | A(x) w(x) B(x)
Jacobi (-1,1) |[1-22[ (Q-2)Q+z2)f | B-—a—(a+B+2)z
Laguerre (0, 00) T %" a+l—-z
Hermite | (—oo,00) 1 e’ -2z

By Theorem 2.3.1 we know that the Jacobi polynomials are solution of the differential equation

(1—2H)J(z)+[B—a—(a+B+2)x]J,(z) +n(n+a+ B+ 1)J,(z) = 0. (2.7)

The Laguerre polynomials are solution of

zLl(z) + [+ 1 —2z]L] (z) + nL,(z) = 0. (2.8)

The Hermite polynomials are solution of

H)(x) — 2zH, (z) 4+ 2nH,(x) = 0. (2.9)
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Note that the general equation is of the form

A(,T)pg(l‘) + B(l‘)p;(l‘) = _)\npn(x)a

and we see that the orthogonal polynomials are eigenfunctions of the operator Lf := Af"” + Bf’
associated with the eigenvalues given by the Theorem 2.3.1.

2.5 The formula of Rodrigues type

The solutions of the equations (2.7), (2.8) and (2.9) can be expressed compactly using the formula
of Rodrigues type which is derived using the following lemma.

Lemma 2.5.1. For m =0,1,2..., the sequence of orthogonal polynomials {q7(,,m)} satisfies

d

. (A(x)wm(x)jm(q,(lm)(w))> = )\mmwm(:ﬂ)qflm)(x), n=20,1,2., (2.10)

where A m = (n—m) (3(n+m —1)A"(0) + B'(0)) and w,(z) is as in Corollary 2.2.2.
Proof. Note that

(A ) @) = ) By ) + A o)

= wn(2)[Bu(2)(¢0"™ (2))' + A(z) (g™ (2))']-

because (A(z)wm(z)) = Bn(x)wn,(x) by Corollary 2.2.2. Also, again by Corollary 2.2.2 and
Theorem 2.3.1, there exist A, ., such that the sequence of orthogonal polynomials qﬁlm) are solution
of

A@) (g™ (2))" + Bu(2)(a™ (2))" = Aoma™ ()- (2.11)

Then
d

2 (A0 @) L6l ) = e 0

Comparing coefficients in the equation (2.11) we obtain

Anm = (n—m) (;(n +m —1)A"(0) + B’(O)) .

Theorem 2.5.2 (Formula of Rodrigues type ). The orthogonal polynomials q,, with respect to w
can be written in the form
¢, d"

— (A" (x)w(x)), (2.12)

w(z) dz™

qn(T) =

where ¢, 1s a constant.



38 CHAPTER 2. ORTHOGONAL POLYNOMIALS IN ONE DIMENSION

Proof. We apply Lemma 2.5.1 several times. If m = 0 in (2.10), we have

(A(x)w(x)qp ()" = Anow(@)gn (). (2.13)

Note that wy(z)q),(z) = A(x)w(z)q),(z). Then by substituting in (2.13) we obtain

(i) = (1 (2)g, () = L) (214)

Applying again (2.10) in (2.14) with m = 1 we obtain

Anawi(@)gp (2))" _ (Alz)wi(x)g,(2))"

>\n,1 >\n,1

Now, since wa(x) = A?(z)w(x) = A(z)w(x), by applying again (2.10) to the above equation we
arrive at

Anow(@)gn(z) = <w2(i)3$i($))” _ (An’ﬂ)‘\)j(j\)f%(x))u _ (A(m)qiz(;gzii’(fv)V’.

Continuing with this process we obtain

T)Wn—1(z én) z))™
() () = AR L0 (O (2.15)

Note that ¢" is constant. Then from (2.15) we arrive to

Cr n
() = 5 (A2 ()", (2.16)
g (@)
where ¢, = ; o Since wy,_1(z) = A"} (z)w(z), substituting in (2.16) we obtain
n,n—1 """ "\n,1\n,0
the result. O

2.6 Completeness of the orthogonal polynomials

Other important result that we will prove is that the orthogonal polynomials with respect to the
b
function w form a base of L%((a,b), w(x)dx) := {f : / FA(x)w(x)dr < oo}. For this purpose, we

use the Fourier transform.
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2.6.1 Hermite polynomials

Note that the space generated by the Hermite polynomials coincides with the space generated by
the polynomials {1, z,22%,2%,...}. Let E be the closure of the space generated by these monomials.

Suppose that E # L2(R, e~ dz). Then there exists f € L2(R, e~ dx)—E such that f—Pg(f) # 0,
where Pg is the orthogonal projection on E.

Then, by definition of Pg, we have that for all e €

(e, f = Pe(f))w =0, (2.17)
In particular for e := 2™, for all n =0, 1, 2...
On the other hand, let g € L2(R, e~*"dz). If (z™, g}y = 0 for all n, then the function G defined by
o 2
G(z) ::/ e g(x)e™™ dux,
—o0
is 0 for every z, because

G(z) = / e”g(m)e*xzdx = Z z / g;"g(g;)e*zzdx =0.

oo =l o

If we pick z = it, we have / eit“:g(x)e*ﬁdx = 0. This implies that the Fourier transform
of g(z)e="" is 0. Then g(z)e~*" = 0 is the function 0 in L2(R,e % dz), and thus so is ¢g. In
particular, this holds for g := f — Pg(f), which implies that Pgr(f) = f. This contradicts the fact
that f — Pg(f) #0.

Therefore the Hermite polynomials form a orthogonal basis for the space L?(R, e~ dzx).

2.6.2 Jacobi polynomials

We use the same idea of the previous proof. Note that the space generated by the Jacobi polyno-
mials equals the space generated by the polynomials {1,z,22%,23,...}. Let E be the closure of the
space generated by these monomials.

Suppose that E # L2((—1,1), (1 — 2)*(1 + 2)®dz). Then there exists f € L2(R,e~* dz) — E such
that f — Pg(f) # 0, where Pg is the orthogonal projection on E.

Then, by definition of Py, we have that for all e €
In particular for e := 2™, for all n =0, 1, 2...

On the other hand, let g € L2((—1,1),(1 — 2)®(1 + z)?dz). If (z",g), = O for all n, then the
function G defined by

1
G(z) := / e g(z)(1 — 2)*(1 4 z)?dx,

-1
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is 0 for every z, because

G(z) = / e*g(x)(1 —2)*(1 4 z)Pdx = Z Z—T/ "g(z)(1 — 2)*(1 4+ z)’dx = 0.
n=0 -1

oo

If we pick z = it, we have / eitzg(x)l(x)

(1 1)(1 —2)*(14z)"dx = 0. This implies that the Fourier

—0o0

1@1’1)(1 —2)%(1 + x)# is 0. Then g(x)lgf)l’l)(l —2)%(1 + x)? is the function 0

in L2((—1,1), (1 — 2)®(1 + x)?dz), and thus so is g. In particular, this holds for g := f — Pg(f),
which implies that Pg(f) = f. This contradicts the fact that f — Pg(f) # 0.

transform of g(x)

Therefore the Jacobi polynomials form an orthogonal basis for the space L?((—1,1), (1 — z)*(1 +
x)Pdx).

Note: The proof that the Laguerre polynomials form an orthogonal basis for the Hilbert space
L2((0,00), x%~%dx) is similar.

2.7 Example: Hermite polynomials

2.7.1 The three terms recurrence relation

The Hermite polynomials can be defined applying the Rodrigues formula, with A(x) := 1, B(x) :=
—2z, and w(x) := e=%". Then one arrives at

2 d" 2
H,(2) = (—1)"e® ——e=2", 2.19
(1) = (1) e (219)
By induction it is easy to check that
dn+1 2 dn 2 dn—l 2

Multiplying both sides of (2.20) by (—1)"(3””2 we arrive at the following recurrence relation for the
Hermite polynomials:

Hpq(z) = 2¢H,(z) — 2nH,—1(x). (2.21)
On the other hand, it is also easy to verify
H! (z) =2xH,(z) — Hyy1(2), (2.22)

and also that
H! (z) =2nH, (). (2.23)
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2.7.2 Orthogonality of the Hermite polynomials

The Hermite polynomials are orthogonal with respect to the function w(x) = e=*". We will show
that

oo
/ Hn(x)Hm(:c)efﬁdo: =0if n#m.
—0o0
Suppose that n > m. Then using integration by parts m times we have

/OO Hy(2)Hp(z)e ®de = (—1)" /jo Ho(2) e

oo dxm

— n+1 > ’ dnt —x2

= (-1 3 Hm(x)dxn_le dx
e8] dn—2

- (—1)”+2/ Hr’,’l(x)d n_Qe_””Zd:lc

i

— 00

dTL—m

dxn—m €

oo dTL—m

2
T dx

= e [

= (C)H @)

- (_1)n+mH(m) (I)L’"*leﬂ
m dxn—m—1 e

- 0 (2.24)

Now, we will show that

/00 (Hn(x))zeffdx =nl2"/7.

— 00

By (2.24), if n = m we arrive at

/ (Hn(x))Qe_“”de = / H,(l”)(x)e_mzdx. (2.25)
By (2.23) we have that H) (z) = 2nH,_1(z), and differentiating both side of this equality we
obtain H)(x) =2n-2(n — 1)H,_2(z). Applying this process n times we arrive at

H™(z) =2n-2(n—1)---2(1)Ho(z).

Since Ho(z) = 1, then H{™ (x) = n!2". Substituting in (2.25) we obtain

/ (H,(2))2e " dz = n!2"/ e~ dz = n2" /7.

— 00 — 00

Therefore the Hermite polynomials are orthogonal on L?(R, e’””2d:z:).
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Chapter 3

Diffusions and orthogonal
polynomials

In this chapter we characterize the density probability function of the diffusion processes: Jacobi,
Ornstein-Uhlenbeck and Cox-Ingersoll-Ross. We do so by using orthogonal polynomials. At the
end we give an example of a diffusion that does not fit as a classical example: the Brox diffusion.

3.1 The Ornstein-Uhlenbeck process

The Ornstein-Uhlenbeck process is solution of the stochastic differential equation

dX;, = —X,dt + dB;. (3.1)

It is known that the infinitesimal operator associated with this process is
1
Li(@) = 51"(@) — 2] (@) (3.2)

Note that the Hermite polynomials are solution of LH, (x) = —nH,(z). Remember that the do-
main of L are the functions f such that f and Lf vanish at infinity. Then the Hermite polynomials
do not belong to the domain of L.

But if we consider the space L2(R,6’I2dx) = {f : / fQ(x)e_wzd:r < oo}7 then the Hermite

polynomials are functions vanishing at infinity on L2(R,e~* dz). Therefore on L2(R,e™*" dz) it
makes sense to consider LH,,(z) = —nH,(z).

We known that the Hermite polynomials form an orthogonal basis of the Hilbert space L?(R, e~ dzx)
with the inner product given by (f,g) := / f(x) g(a:)e*””zdx. Also these polynomials satisfy

/ H2(z)e ™ dz = n12"y/7. See chapter 2.

Hp
nl2n/m

i _Hn(@) ) _Ha(®)
they satisfy L <W> n <\/W)

Then the polynomials form an orthonormal basis for the Hilbert space L2(R,e~*"dz) and

43
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We want to express the transition function of the Ornstein—Uh%enbeck process in terms of the
Hermite polynomials. To this end, note that Co(R) C L*(R,e~* dz), and so any f € Co(R) can
be written as a linear combination of the orthonormal basis of L?(R, e dz). Therefore we arrive
to

n=0
here g 5= —— 2 and (1,60} = [ f@)al@ed
where ¢, ;= ———, an y ) = T)on(x)e x.
Since ¢,, is an eigenfunction of L corresponding to the eigenvalue A\, := —n, i.e. Lo, = —noy,,

then one can check that us(t,x) := e ™ (f, ¢,,)n(x) solves the equation

W = Luy(t,z), uw(0,z) = (f, don)on(z). (3.4)

oo
If uy(t, ) is a superposition of such functions, i.e. us(t, ) := Z e " (f, bn)Pn(z), then uy(t, )
n=0
solves the equation
Ouy(t, x)

ot = LUf(t,x), Uf(o,x) = f(z). (3.5)

On the other hand, applying the properties of semigroups we obtain that P, f(z) also satisfies the
equation (3.5). Hence P.f(x) = us(t,x), because the solution is unique. (See e.g [9, p.500]).

oo
Since P, f(z) := E(f(X¢)|Xo =2) = / f()p(t, z,dy), using the dominated convergence theorem
we arrive at o

o0

JAR AR SR NI

n=0

_ i ([ swsame ) (o)

= /Oo f(y) (Z 6"t¢n(y)¢n(x)ey2> dy.
o0 n=0

Then p(t, z,dy) has a density p(t,x,y), and it is given by

t

p(t,z,y) =e nz:% WHn(y)Hn(m) (3.6)

These same arguments can be applied to diffusions where other orthonormal polynomials are
eigenfunctions of the infinitesimal operator. This can be done by taking into consideration a
suitable Hilbert space where the polynomials form an orthonormal basis.
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3.2 The Cox-Ingersoll-Ross process

The Cox-Ingersoll-Ross process is solution of the stochastic differential equation

dX; = (1 — X,)dt + /2X,dDB,.

The infinitesimal operator associated with this process is

Lf(z):=af"(x) + (1 — 2)f'(x).

Also, the Laguerre polynomials L,,, n = 0,1,2... in (2.8), are eigenfunctions of L associated with
the eigenvalues A, := —n.

o0

If we consider the space L?((0,00),e™%dx), with the inner product (f,g) := / f@)g(x)e "dx,

0
then the Laguerre polynomials form an orthogonal basis, and multiplying by a suitable constant
C,, we obtain that ¢, = C,L,, n = 0,1,2..., form an orthonormal basis of the Hilbert space
L?((0,00), e~ dz).

Applying the same arguments used in section 3.1, we obtain that the Cox-Ingersoll-Ross process
has a density function, which is given by

p(t,z,y) =e yz e ™C2 L, (y) Ln(x).

3.3 The Jacobi process

The Jacobi process is solution of the stochastic differential equation

dX; = [(8—a) — (a+ B+ 2)X,]dt + \/2(1 — X?) dB,.

In this case, the associated infinitesimal operator is

Lf(z) = (1= a*)f"(z) + (B~ @) = (a + B+ 2)a]f'(x).

And the eigenfunctions of L are the Jacobi polynomials J,,n = 0,1,2... in (2.7), associated with
the eigenvalues A, := —n(n +a+ 5 +1).

Consider L? ((—1,1), (1 — z)*(1 + z)’dz), with (f,g) / f(@)g(x)(1 — 2)*(1 + x)?dx. Then
for suitable constants K,,, the functions v, := K,J,,n = 0,1, 2... form an orthonormal basis of
the Hilbert space L? ((—1,1), (1 — z)*(1 + 2)%dz).

Now, apply the same arguments as in the section 3.1, we obtain that the Jacobi process has a
density function given by

o0

pt,e,y) = (1=y)*(1+y)° Y e "OHtPIKR T, (y) Ju ().

n=0
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3.4 The Brox process

As part of the motivation of this thesis, we will show an example of one diffusion whose associated

1
infinitesimal operator is not of the classical form Lf(z) := p(z)f'(x)+ 502 (x)f"(z). This diffusion

is called the Brox process (see e.g. [11]).
Consider informally the equation

1

where B := {B; : t > 0} is the standard Brownian motion, and W := {W(z) : z € R} is a two sided
Brownian motion, and they are both independent of each other. Here W’ denotes the derivative
of W, sometimes called the white noise.

When leaving fixed a trajectory of W, the equation (3.7) can be interpreted as a stochastic differ-
ential equation. This way of thinking corresponds to considering the process X := {X; : ¢ > 0}
associated with the infinitesimal operator

Lf(z) := %ew(x)% (e_W(”)dfd(f)> . (3.8)

This corresponds to considering the scale function

s(z) == /Om Wy, (3.9)

and the speed measure

m(A) := / 2¢~WWdy, for Borel sets A C R. (3.10)
A
Let us check so:
d d d . flx+h)— f(x)
et - — (i & I\
dm dsf(x) dm <hli% s(z+h) — s(x)
= i lim flz+h) - f(z) - lim x+h1
dm \ h—0 h h=0 L 2R oW (y) gy
_ d —W(x) g/
 dm (6 ! (x))
L fa eV e W)
T h—0 m((z,x + h])
L e ()W)
= lim
h—0 f;% 2e~W W) dy
) f’(x + h)e—W(z+h) _ f’(a?)e_W(m) ) 1
= lim - lim ath
h—0 h h—0 %fm 2e=W W) dy
- d —W(x) d eW(z)
- dx (e d:cf(x) 2

= Lf(). (3.11)
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d d
Then one considers rigourously the operator T ds f, where s is the scale function defined in (3.9),
m ds

and m is the speed measure defined in (3.10). We want to see that the process X associated with
this operator is a diffusion, when leaving fixed W.

To this end, we use a result of K. It6 and H.P.McKean (see e.g. [5, p.165]), where we can reconstruct
a process Y in natural scale through the speed measure my and the local time. The procedure is
done in the following way. Observe that

X, =By, (3.12)
where -
T, = / Lo(z)my (dz), (3.13)

and L;(y) is the so-called local time (see e.g. [7, p.32]), which can be calculated as

e
Li(y) := 1%?6/0 1{z_E<BS<I+£}d8. (3.14)

In our case, the process X is not in natural scale, but the new process Y; := s(X;) is in natural
scale [3]. Now, by applying the It6 formula (see e.g. [4, p.149]), we find that s(X;) satisfies the
equation

ds(X,) = eV XIdB, = PUACCIC DTN

Thus o
dY; = 0dt + V' YDgp,. (3.15)

Leaving fixed a trajectory of W, the equation (3.15) can be interpreted as a stochastic differential
equation. Then the process Y is associated with the infinitesimal operator

Ly f(x) = 07O (@), (3.16)
By the formula (1.56) and (3.16), we obtain that the speed measure associated with the process
Y; is

my (A) = / 2e~ WG @) gy,
A
for any Borel set A.
Then applying the reconstruction of K. Itdé and and H.P.McKean one has
S(Xt) = Bthl,

with T} as in ( 3.13) .

But Br.-1 is a diffusion (see e.g. [6, p.277]), and so s(X;) is a diffusion. Hence since s is continuous
and strictly increasing, X; = sil(Bth) is a diffusion process for each trajectory W. One could

write X" to emphasize that the diffusion process X is conditioned to W.

Let us define rigourously the process X when it is not conditioned to W. We leave fixed a trajectory
W, then we denote by Py the corresponding probability measure of X" over C([0,0)), and if p
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is the probability measure over C(R) associated to the Brownian motion W : Q — C(R), then by
the law of total probability we obtain the formula for the corresponding probability measure of X
without fixing W:

P(C) = /Q Piy o (C) (o),

for any measurable set C' in C([0, 00)).
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