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Resumen

Introducimos y estudiamos la familia de los cédigos tipo Reed-Muller afines y proyectivos
usando algebra conmutativa, geometria algebraica y técnicas de bases de Grobmer. El
primer capitulo esta dedicado a introducir el material nesesario para estas tres areas. En
este primer capitulo vamos a estudiar variedades afines y proyectivas, bases de Grobner
y dimension de una variedad. La definicion que vamos a dar para la dimension de una
variedad es la misma que uno puede encontrar en un curso de geometria algebraica,
posteriormente probaremos que para cualquier variedad V' sobre un campo infinito, su
dimensién es igual al grado del polinomio de Hilbert del ideal anulador I(V). En el
segundo capitulo vamos a estudiar funciones de Hilbert, cddigos de tipo Reed-Muller
afines y proyectivos. En este segundo capitulo veremos que los codigos Reed-Muller afines
son un caso particular de los proyectivos, por lo tanto estudiaremos los codigos Reed-
Muller proyectivos en vez de los afines. En el tercer capitulo estudiaremos en detalle la
familia de los codigos cartesianos afines introducida por Lopez, Renteria y Villarreal, y
daremos varios enfoques de cémo calcular los parametros béasicos de este tipo de cédigos
lineales.
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Abstract

We introduce and study the family of affine and projective Reed-Muller-type codes us-
ing Commutative Algebra, Algebraic Geometry and Grobner basis techniques. The first
chapter is devoted to introduce the necessary material from these three areas. In this
first chapter we study affine and projective varieties, Grobner basis and the dimension of
a variety. The definition that we give for the dimension of a variety is the same that one
can find in an algebraic geometry course, later we prove that for any variety V' over an
infinite field, its dimension is equal to the degree of the Hilbert polynomial of the van-
ishing ideal I(V'). In the second chapter we study Hilbert functions, affine and projective
Reed-Muller-type codes. In this second chapter we show that affine Reed-Muller-type
codes are projective codes, so, we study the projective Reed-Muller-type codes instead
of the affine codes. In the last chapter we study in detail the family of affine cartesian
codes introduced by Loépez, Renteria and Villarreal, and give an up to date account of
the diverse approaches to compute the basic parameters of this type of linear codes.
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Introduction

In Chapter 1 we introduce the theory of Gréobner bases, graded modules, projective closure,
vanishing ideals, Hilbert functions, dimension of affine and projective varieties. In the first
section of this chapter, we review the theory of modules, and in the second section we
study affine varieties.

Definition 1.2.3 Let K be a field, and let fi,..., f; be polynomials in the polynomial
ring K[zy,...,2,]. Then we set

V(fl,...,fs):{(al,...,an)EK”]fi(al,...,an):0V1§i§s}.

We call V(f1,..., fs) the affine variety defined by fi,..., fs.

We are going to prove that finite intersections and unions of affine varieties are again
affine varieties. The empty set () and the affine space K™ are both affine varieties, to
see this note that ) = V(1) and K™ = V(0). This properties say that we can define a
topology on K™ by taking as the closed sets of the topology, the affine varieties. This
topology on K" is called the Zariski topology.

Definition 1.2.18 A non empty subset Y of a topological space X is called irreducible
if it can not be written as the union of two proper closed subsets of Y (closed in V). If Y
is not irreducible we say that Y is reducible.

The irreducible varieties are going to be very important when we study the dimension
of a variety. Next we introduce the vanishing ideal of any affine variety V', we are going
to see that for any affine variety V', we can construct an ideal I(V'), called the vanishing

ideal of V.
Definition 1.2.11 Let V C K™ an affine variety. Then we set
I(V)={f € Kl[r1,...,x,] | flar,...,a,) =0V (ay,...,a,) € V}.

Clearly I(V) is an ideal, we will call I(V') the vanishing ideal of V.

We can ask ourselves whether I(V') = (fi, ..., fs) for any affine variety V =V (f1,..., fs),
but the answer is that this equality is not true in general. By Hilbert-Nullstellensatz, if
K is an algebraic closed field then
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(V) =1,

where I = (fi,..., fs). In the third section we study Grobner bases. Monomials orders
play an important role here, they are defined as follows:

Definition 1.3.1 A monomial ordering > on K[zy,...,r,] is any relation on Z%, or
equivalently, any relation on the set of monomials z%, a € ZY,, satisfying:

(i) > is a total ordering on Z%,.
(ii) If « > B and v € Z%,, then a +v > 3 + 7.

(iii) > is a well-ordering on Z%,. This means that every nonempty subset of Z%, has a
smallest element under >.

Definition 1.3.14 Fix a monomial order. A finite subset G = {g1,...,¢:} of and ideal
I is said to be a Grébner basis (or standard basis) if

(LT(I)) = (LT(g1),- ... LT(gs)),

where LT(I) is the set of leading terms of I and LT(g;) are the leading terms of g;.

Finally in the last two sections we study projective varieties and the dimension of a
variety.

Definition 1.4.7 Let K be a field and let fi,..., fs € Klzo,...,z,] be homogeneous
polynomials. We set

V(fi,..-, fs) = A{l(ao,...,an)] € P% | filag,...,a,) =0 for all 1 <i < s}.

We call V(f1,..., fs) the projective variety defined by fi,..., fs. P% denotes the n-
dimensional projective space over the field K. We can associate an ideal to any projective
variety as in the case of affine varieties.

As before, finite unions of projective varieties are projective varieties and arbitrary
intersections of projective varieties are again projective varieties. So, the projective vari-
eties furnish us with the closed sets for a topology on P}, called the Zariski topology on
P%.

For the dimension of a variety, the definition is the same that one studies in an algebraic
geometry course. Then we will see that for any affine variety V(I), where I is a monomial
ideal, the dimension of V([I) is equal to the maximum of the dimensions of the coordinate
subspaces contained in V(7). This is a particular case of the next fact: Let Y C K"
be an affine variety, we are going to prove that Y can be expressed as a finite union
Y =Y, U---UY, of irreducible varieties Y;. Then we will prove the equality:

Reed-Muller-Type Codes MIGUEL EDUARDO URIBE PACZKA
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dimY =max {dim Y; |i=1,...,7}.

In Chapter 2 we study the projective and the affine Reed-Muller type codes. In the
first section we examine Hilbert functions, in this section we are going to prove that
for any variety over an infinite field, its dimension is equal to the degree of the Hilbert
polynomial. In the last section we prove that the affine Reed-Muller type codes are a
special case of the projective Reed-Muller type codes.

Definition 2.1.2 Let I be and ideal in K|xy,...,z,]. The affine Hilbert function of I
is the function HFf : NU {0} — N U {0} defined by

HF{(s) =dimg Klxy, ..., xn|<s/I<s = dimg Klxy,...,20,]<s— dimg I<;.

Theorem 2.1.5 (Hilbert Theorem) Let I be an ideal in K|z, ..., x,]. The affine Hilbert
function of I can be written for s sufficiently large as

d
s
HFf(s) = b; ,
=30, )
where the b; are integers and by is positive.

Definition 2.1.6 The polynomial which is equal to HF¥(s) for s sufficiently large is
called the affine Hilbert polynomial of I and is denoted H P} (s).

Proposition 2.1.11 Assume that K is an infinite field. If V and W are irreducible
affine varieties in K", then

deg HPyy ) = maz { dim V, dim W}.

As a consequence of the last proposition we get that if V' is an affine variety and
V=V,U---UV, is the decomposition of V into irreducible varieties, then

deg H Py =max { dim V; |[i=1,...,r}.

The dimension of an affine variety V' C K™, is the degree of the affine Hilbert polyno-
mial of the corresponding ideal I =I(V).

Theorem 2.1.12 (The Dimension Theorem) Let V' = V (/) be an affine variety, where
I C K[xq,...,x,] is an ideal. If K is algebraically closed, then

dim V = deg HP}.

Furthermore, if > is a graded order on K{z1,...,x,], then

MIGUEL EDUARDO URIBE PACZKA Reed-Muller-Type Codes



4 INTRODUCTION

= maximum dimension of a coordinate subspace in V((LT(I))).

Finally, the last two equalities hold over any field K when I = I(V).

Let I C Klxo,...,z,] be a homogeneous ideal. Then the Hilbert function of I is
defined by

HF(s) =dimg Klxg,...,x,]s/1s.

The Hilbert function can be written

d

i) =>n(," ),

=0

for s sufficiently large. The polynomial on the right of this equation is called the Hilbert
polynomial of I and is denoted HP;(s). As in the affine case, we will prove that the
dimension of a projective variety V' C P is equal to the degree of the Hilbert polynomial
H Pyyy.

Theorem 2.1.15 (The Dimension Theorem) Let V' = V(I) C P} be a projective variety,
where I C K|xo,...,2,| is a homogeneous ideal. If V' is nonempty and K is algebraically
closed, then

dim V = deg HP;.
Furthermore, for any monomial order on Kz, ...,x,], we have

dim V' = deg H P r(r) =maximum dimension of a projective coordinate subspace in
V{LT(I))).

Finally, the last two equalities hold over any field K when I = I(V).

Projective Reed-Muller-Type Codes We introduce some basic notions from coding
theory. Let K = [, be the finite field with ¢ elements. We consider the n-dimensional
vector space Fy whose elements are n-tuples a = (a1,...,a,) with a; € F,.

A linear code C over the alphabet F, is a linear subspace of Fy. The elements of C
are called codewords. We call n the length of the code C' and dimp, C' the dimension of
the code C as an F,-vector space.

Let Y be a subset of P!, Fix adegreed > 1. Let Py, ..., P, be a set of representatives
for the points of Y with m = |Y|. For each i there is f; € S; such that f;(P;) # 0. Indeed
suppose P; = [(aq,...,as)], there is at least one j in {1,...,s} such that a; # 0. Setting
filty, ... ts) = t? one has that f; € Sy and f;(P;) # 0. The evaluation map, denoted by
evy, is defined as:

Reed-Muller-Type Codes MIGUEL EDUARDO URIBE PACZKA
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eVdZSd:K[tl,...,tS]d—)K‘Yl, fl—> (ﬁ((?l)),,fﬁgi)) (1)

The map evy is well-defined, i.e., it is independent of the set of representatives that
we choose for the points of Y. The map ev, defines a linear map of K-vector spaces. The
image of Sy under ev,, denoted by Cy(d), is called a projective Reed-Muller-type code of
degree d over Y. It is also called an evaluation code associated to Y.

Affine Reed-Muller-Type Codes Let K = F, be a finite field, let ¥ be a subset of
K* and let Y be the projective closure of Y. As Y is finite, its projective closure is:

Y ={[1,a)]|a €Y} C P.

Let S = K[x1,...,xs] be a polynomial ring, let Py,..., P, be the points of Y, and let
S<q be the K-vector space of all polynomials of S of degree at most d. The evaluation
map

evi: Sca — KVl [ (F(P1),-o o [(Pa),

defines a linear map of K-vector spaces. The image of ev9, denoted by Cy(d), defines a
linear code. We call Cy (d) the affine Reed-Muller-type code of degree d on Y. The kernel
of evd is I(Y)<4. Thus S<z/I(Y)<q = Cy(d). If Y is a subset of K* it is usual to denote
the affine Hilbert function of I(Y) by H%. In our situation one has H{(d) = dimg Cy(d).

In the last chapter we study two particular cases of affine Reed-Muller-type codes, one
of them is when:

Y = {(lﬂl)ll cooqgln ’lﬂl’sl .. xlr}f") c Ks| T; € K* for all ’L},

n

where K* = K\{0} and v; = (v;1,...,vin) € N*. Wecall Y = X* an affine algebraic toric
set parameterized by x", ..., z%. The set X* is a multiplicative group under componen-
twise multiplication. We give an algebraic method, using Grobner bases, to compute the
length and the dimension of C'x«(d), the parameterized affine code of degree d on the set
X*. Later we will prove the next theorem:

Theorem 3.1.4 Let B = K[t1,...,ts,y1,...,Yn| be a polynomial ring over a finite field
K with g elements. Then

LX) = (t—y™ b=y oyl =1,y = 1) NS

and I(X*) is a binomial ideal.

The other affine Reed-Muller-type code is when Y is a cartesian product:

Y =A; x---x A, C K",

where Aq,..., A, is a collection of non-empty subsets of K with a finite number of ele-
ments. The main result of this section is the next theorem:

MIGUEL EDUARDO URIBE PACZKA Reed-Muller-Type Codes



6 INTRODUCTION

Theorem 3.2.11 [21] Let K be a field and let C'x«(d) be the cartesian evaluation code
of degree d on the finite set X* = A; x --- x A, C K™. If 2 < d; < d;;, for all 7, with
d; = |A;], and d > 1, then the minimum distance of C'x+(d) is given by

(djs1 — O djrn -+ dyy i d< S (di—1) =1,
5X*(d) — izl
1 ifd>3 (d—1)),
=1

where k > 0, £ are the unique integers such that d = Zle (di —1)+land 1 < 0 < djyq—1.

In a very recent paper, Bishnoi, Clark, Potukuchi and Schmitt give another proof of
the formula ([4], Theorem 5.2) for dx«(d) using a result of Alon and Fiirendi [2], Theorem
5. Another proof of this formula using Grébner bases can be found in [6], Proposition 2.3
and in [22].

As a consequence of Theorem 3.2.11 we get the next corollary:

Corollary 3.2.12 Let K =F, be a finite field with ¢ # 2 elements. If T is a projective
torus in P* and d > 1, then the minimum distance of Cr(d) is given by

— 1)k g—1-0¢) if d<(¢g—2n-1,
5T(d):{ (g ) 1(61 ) ” dZEZ_Q;m

where k and ¢ are the unique integers such that £ > 0,1 </ <g—2and d = k(¢—2) + /.

Reed-Muller-Type Codes MIGUEL EDUARDO URIBE PACZKA



Chapter 1

Preliminaries: Varieties, (Grobner
Bases and Commutative Algebra

The main topics of this chapter are Grobner bases, graded modules, projective closure,
vanishing ideals, Hilbert functions, dimension of affine and projective varieties. In this
work, unless otherwise stated, by a ring we shall always mean a commutative ring with
unit. Some classical results, like the Nullstellensatz, Buchbergers’s criterion for Grobner
basis, will be introduced here.

1.1 Module and ring theory

We will denote a polynomial ring in several variables by K{[zi,...,x,] and a polynomial
ring in one variable by K[x]. The letter K will always denote a field.

Definition 1.1.1. A monomial in x4, ..., x, is a product of the form
x?l e 'r’raln’
where all the exponents aq, ..., a, are nonnegative integers. The total degree of this

monomial is the sum a; + - -+ + «,.

We can simplify the notation for monomials as follows: let a = («v, ..., ;) be an
n-tuple of nonnegative integers. Then we set

« anp

x® =t i,

When a = (0,...,0), note that 2 = 1. We also let |a| = oy + -+ + a,, denote the
total degree of the monomial z¢.

Definition 1.1.2. Let f = Zaaxo‘ € Klxy,...,z,).

(i) We call a, the coefficient of the monomial z®.

7



8 CHAPTER 1. PRELIMINARIES: VARIETIES, GROBNER BASES AND COMMUTATIVE ALGEBRA

(ii) If ay # 0, then we call a,x® a term of f.

(iii) The total degree of f, denoted deg(f), is the maximum |«| such that the coefficient
a, 1S nonzero.

A polynomial f € K[xq,...,x,] is homogeneous of total degree k provided that every
term appearing in f has total degree k. An important fact is that every polynomial can be
written uniquely as a sum of homogeneous polynomials. Namely, given f € Klxy, ..., z,],
let fr be the sum of all terms of f of total degree k. Then each f; is homogeneous and

f= Z fr. We call fi, the kth homogeneous component of f.
k

Definition 1.1.3. Anideal I in K|z, ..., x,] is said to be homogeneous if for each f € I,
the homogeneous components f; of f are in I as well.

It is easy to check that an ideal I is homogeneous if and only if [ is generated by ho-
mogeneous polynomials. Given an ideal I in K[xy,...,z,], we know that exists fi,..., fs
in K[zy,...,x,] such that I = (fi,..., fs), where (fi,..., fs) is the ideal generated by
fi,--+, fs- We say that f1,..., fs are a basis of [.

The prime spectrum of a ring R, denoted by Spec(R), is the set of prime ideals of R.
The minimal primes of R are the minimal elements of Spec(R) with respect to inclusion
and the maximal ideals of R are the maximal elements of the set of proper ideals of R
with respect to inclusion.

Let R be a ring and let X = Spec(R) be its prime spectrum. Given an ideal I of
R, the set of all prime ideals of R containing I will be denoted by V(I). The minimal
primes of I are the minimal elements of V' (I) with respect to inclusion. The pair (X, Z)
is a topological space, where Z is the family of open sets of X, and where U is in Z iff
U= X \V(I), for some ideal I. To see this, notice the following:

e V((0)) =X and V((1)) =0,s0 X,0 € Z.

o Let {Ua},c, be any family of elements of Z, then U, = V(I,)¢, where I, is an ideal
of R. Therefore

Jta=U V)= <ﬂ V(Ta)> = (V(H))",

aed acJ acJ

where H is the ideal of R generated by U I,. Therefore U U, € Z.

acJ acJ

e Now, let U, V elements of Z, then U = V(I;)¢ and V = V (I3)¢, where I; and I, are
ideals of R. Then

UNV =V(L) NV ()= (V(I;) UV () = V(I N L)

This topology is called the Zariski topology of the prime spectrum of R.

Reed-Muller-Type Codes MIGUEL EDUARDO URIBE PACZKA



CHAPTER 1. PRELIMINARIES: VARIETIES, GROBNER BASES AND COMMUTATIVE ALGEBRA 9

Krull dimension and height By a chain of prime ideals of a ring R we mean a finite
strictly increasing sequence of prime ideals

Po Cp1 C - Chy,

the integer n is called the length of the chain. The Krull dimension of R, denoted by
dim(R), is the supremum of the lengths of all chains of prime ideals in R. Let p be a
prime ideal of R, the height of p, denoted by ht (p) is the supremum of the lengths of all
chains of prime ideals

PoCp1C---CPpp=9p

which end at p. Note dim(R,) = ht (p), where R, is the localization of R at p. If I is an
ideal of R, then ht (1), the height of I , is defined as

ht(I) = min{ht(p)| I C p and p € Spec(R)}.
In general dim(R/I)+ ht (1) < dim(R). Suppose that ht(/) = ht (p) where I C p and
p € Spec(R). Let dim(R/I) = n and ht (p) = m, now let
po C -+ Cpy

be a chain of prime ideals of R/I. We know that for all i € {0,...,n}, p; = p;/I where
I Cp; and p; € Spec(R). The condition py C --- C p,, implies,

ISpoC - Cpn.

Let qo € -+ € g = p a chain of prime ideals that ends at p. As I C pg, so

ht (p) < ht (po), therefore
n + ht (po) < dim(R).

We conclude that n +m < dim(R). The difference dim(R) — dim(R/I) is called the
codimension of I and dim(R/I) is called the dimension of I.
Let M be an R-module. The annihilator of M is given by

anng(M) = {z € R|«M = 0}.

Note that anng(M) is an ideal of R. If m € M the annihilator of m is ann (m) =
ann (Rm). It is convenient to generalize the notion of annihilator to ideals and submod-
ules. Let N7 and Ny be submodules of M, their ideal quotient or colon ideal is defined
as

(Nli RNQ) = {I € R‘ xNy C Nl}

Let us recall that the dimension of an R-module M is

dim(M) = dim(R/ann (M))

MIGUEL EDUARDO URIBE PACZKA Reed-Muller-Type Codes



10 CHAPTER 1. PRELIMINARIES: VARIETIES, GROBNER BASES AND COMMUTATIVE ALGEBRA

and the codimension of M is codim(M) = dim(R) — dim(M).

Let M be an R-module. An element x € R is a zero divisor of M if thereis 0 #m € M
such that zm = 0. The set of zero divisors of M is denoted by Z(M) . If = is not a zero
divisor on M, we say that x is a reqular element of M.

Let I be an ideal of the ring R, S a nonempty subset of M. Then

1S = {Zna”n € I;a ES;nEN},

i=1

is a submodule of M. Let {B;},., a family of submodules of M, then the submodule
generated by U B; is called the sum of the modules B;. If the index set [ is finite, the
iel
sum of By,..., B, is denoted By + - - - + B,,.
Proposition 1.1.4. Let M an R-module and {B;},.; a family of submodules of M such
that,
(a) M is the sum of the family {B;}

icl’

(b) for each k € I, B, N By = {0}, where B} is the sum of the family {B; | i # k}.

Then there is an isomorfism M = Z B;, where Z B; is the (external) direct sum of
iel iel

the family {B;}

i€l
Proof. [19], page 175. O

A module M is said to be the (internal) direct sum of a family of submodules {B;},.;
provided that M and {B;},., satisfy the hypotheses of the last theorem. We write
M = 6, B; to indicate that the module M is the internal direct sum of the family
of submodules {B;}

i€l
Definition 1.1.5. Let M be an R-module. A sequence § = 64,...,0, in R is called a requ-

lar sequence of M or an M-regqular sequence if ()M # M and 0; ¢ Z(M/(6.,...,0,—1)M)
for all i. Note that (f) and (64, ...,0;_1) are the ideals generated by 6 and {6;,...,0;_1}.

Let M # (0) be a module over a local ring (R,m). The depth of M, denoted by
depth(M) , is the length of any maximal regular sequence on M which is contained in m.

Definition 1.1.6. An R-module M is called Cohen—Macaulay (C-M for short) if depth (M)
is equal to dim(M), or if M = (0).

Cohen—Macaulay rings A local ring (R, m) is called Cohen—Macaulay if R is Cohen—
Macaulay as an R-module. If R is non local and R, is a C-M local ring for all p € Spec(R),
then we say that R is a Cohen—Macaulay ring. Anideal I of R is Cohen—Macaulay if R/I
is a Cohen-Macaulay R-module.

Reed-Muller-Type Codes MIGUEL EDUARDO URIBE PACZKA
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Graded modules Let (H,+) be an abelian semigroup. An H-graded ring is a ring R
together with a decomposition

R= @ R, (as a Z-module),

a€H

such that R R, C Ry for all a,b € H. A graded ring is by definition a Z-graded ring.
If R is an H-graded ring and M is an R-module with a decomposition

M =P M.,

acH

such that R,M, C M, for all a,b € H, we say that M is an H-graded module . An
element 0 # f € M is said to be homogeneous of degree a if f € M,, in this case we set
deg(f) = a. The non-zero elements in R, are also called forms of degree a. Any element
f € M can be written uniquely as f =), fo with only finitely many f, # 0.

A map p: M — N between H-graded modules is graded if p(M,) C N, for all a € H.
Let M = ®4cuM, be an H-graded module and N a graded submodule ; that is, N is
graded with the induced grading N = @,egN N M,. Then M/N is an H-graded R-
module with (M/N), = M,/N N M, for « € H, Ry C R is a subring and M, is an
Ro-module for a € H.

Proposition 1.1.7. [23, p. 92] Let M = @,ey M, be an H-graded module and N C M a
submodule. Then the following conditions are equivalent:

(g1) N is generated over R by homogeneous elements.
(g2) If [ =2 ey faisin N, f, € M, for all a, then each f, is in N.
(g3) N is a graded submodule of M.

Let R = Klzy,...,x,] be a polynomial ring over a field K and let dy,...,d, be a
sequence in N;. For a = (a;) in N” we set 2% = 2 --- 2% and |a] = Y, a;d;. The
induced N-grading on R is given by:

R= @Ri, where R; = Ql?m

Notice that deg(x;) = d; for all i. The induced grading extends to a Z-grading by setting
R; = 0 for i < 0. The homogeneous elements of R are called quasi-homogeneous polyno-
maals . Let I be a homogeneous ideal of R generated by a set fi,..., f, of homogeneous
polynomials. Setting deg(f;) = d;, I becomes a graded ideal with the grading

Li=INR; = fiRi—s, + -+ [ Rizs, .
Hence R/I is an N-graded R-module graded by (R/I); = R;/1;.

Definition 1.1.8. The standard grading or usual grading of a polynomial ring K[z, ..., z,
is the N-grading induced by setting deg(z;) = 1 for all i.
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12 CHAPTER 1. PRELIMINARIES: VARIETIES, GROBNER BASES AND COMMUTATIVE ALGEBRA

1.2 Affine varieties

Definition 1.2.1. Given a field K and a positive integer n, we define the n-dimensional
affine space over K to be the set

K"={(a1,...,a,) | a;, € KVie{l,...,n}}.

We call K! = K the affine line and K? the affine plane. Let us next see how polyno-
mials relate to the affine space. Let f = Z anx® € K[xy,...,x,], the polynomial f gives

(03
a function,

f: K" K
(a1,...,a,) = flay,...,ap).

This dual nature of polynomials has some unexpected consequences. For example, the
question is f = 0? now has two potential meanings: is f the zero polynomial?, which
means that all of its coefficients a, are zero, or is f the zero function?. The surprising
fact is that these two statements are not equivalent in general. For example, consider the
field Fy. Now consider the polynomial z* — 2 € Fy[z]. Since this polynomial vanishes at
0 and 1, we found a nonzero polynomial which gives the zero function on the affine line.
However, as long as K is infinite, there is no problem.

Proposition 1.2.2. Let K an infinite field, and let f € Klx1,...,2,]. Then f =0 in
K(xq,...,x,) if and only if [ is the zero function.

Proof. [7], page 3. ]

Definition 1.2.3. Let K be a field, and let fi,..., fs be polynomials in K|xy,...,z,].
Then we set

V(fi, ..., fs) ={(a1,...,a,) € K™ | fi(ar,...,a,) =0V 1 <i<s}.

We call V(f1,..., fs) the affine variety defined by fi,..., fs.

Remark 1.2.4. An affine variety V(f1,...,fs) € K" is the set of all solutions of the
system of equations fi(x1,...,2,) = -+ = fo(x1,...,2,) = 0. We will use the letters V,
W, etc. to denote affine varieties.

Example 1.2.5. Let K a field and consider a system of m linear equations in n unknowns
X1, To, ..., Ty, with coefficients in K:

a1 Ty + -+ appx, = by

Am1T1 + -+ Gpp Ty = bm
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The solutions of these equations form an affine variety in K™, which we will call a
linear variety. Thus, lines and planes are linear varieties.

Example 1.2.6. Consider the set
R={(x,y) € R* |y > 0}.

We are going to prove that R is not an affine variety. Suppose that R =V (f1,..., fs)
where f; € Rlx,y] for all i € {1,...,s}. Then each f; vanishes on R, and if we can
show that f; also vanishes at (0,0), we will get the desired contradiction. Let f € Rz, y| a
polynomial that vanishes on R. Let g(t) = f(t,t) € R[t]. Consider the sequence x, = 1/n.
For the continuity of the polynomial g, we have

£(0,0) = g(0) = lim g(z,) = lim f(zp,2,) = 0.

n n—oo

Lemma 1.2.7. If V.W C K™ are affine varieties, then so are VUW and VN W.
Proof. Suppose that V. =V(fy,..., f;) and W =V (g1,...,9:). Then we claim that

VAW =V(fi,.-., fs; 915, Gt)
VUW =V(fig; |1 <i<s,1<5<t).

The first equality is trivial to prove: being in V U W means that both fi,..., fs and
g1, - - -, g vanish, which is the same as fi,..., fs, 91, ..., g; vanishing.

If (a,...,a,) € V we have fi(ay,...,a,) =0 for all ¢, which implies that f;g; vanish
at (ai,...,a,) for all (i,7) € {1,...,s} x{1,...,t}. Thus, V C V(f,g;), and W C
V(fig;) follows similarly. This proves that VU W C V(f;g;). Going the other way,
let a = (ay,...,a,) € V(fig;). If a € V we have finished, suppose that a ¢ V, then
fiola, ..., a,) # 0 for some 4y. Since f;,¢; vanishes at a for all j, we have a € W. This
shows that V(f;g;) CV UW. ]

Example 1.2.8. A single pointa = (ay, ..., a,) € K™ is an affine variety. Let fi(z1,...,x,)
be the polynomial x; — a; where 1 < i < n. Clearly {a} = V(f1,..., fa). It follows from
the last lemma that every finite subset of K™ is an affine variety.

We discuss now the problem of describing the points of an affine variety V(fi,..., fs).
This reduces to asking whether there is a way to write down the solutions of the system
of polynomials equations f; = --- = f; = 0. To get started, let us look an example.
Consider the system of equations

20+ 3y —2=09.
r—y =1
3v+ Ty —2z=17.

Geometrically, this represents the intersection of 3 planes. To describe the solutions,
we use row operations on the last system to obtain the equivalent equations
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14 CHAPTER 1. PRELIMINARIES: VARIETIES, GROBNER BASES AND COMMUTATIVE ALGEBRA

Sl
U~

x_
y—5z=

Letting z = ¢, where ¢ is arbitrary, this implies that all solutions are given by

_ 12+4¢
r = ==,
_ T+t
Y 5
z =1,

as t varies over R. We call ¢t a parameter, and the last equations are, thus, a parametriza-
tion of the solutions of the system. Let us look at the example of the unit circle z2+y? = 1.
A common way to parametrize the circle is using trigonometric functions: z = cos(t),
y = sin(t).

Now suppose that we are given a variety V = V(fi...., f;) € K™. Then a rational
parametric representation of V' consists of rational functions ry,... 7, € K(ty,...,tm)
such that the points given by

I = Tl(tl, e ,tm)7
Ty =1ty tm),
lie in V. By contrast, the original defining equations f; = --- = f, = 0 of V are called an

implicit representation of V.

Example 1.2.9. Consider the sphere x?+1y*+2* = 1 in 3-dimensional space. Let (u,v,0)
a point in the xy-plane. The line connecting the north pole (0,0,1) to (u,v,0) is given by

{(1—1)(0,0,1) + t(u,,0) | t € R} = {(tu, tv,1 — t) | t € R}.

Replacing x = tu, y = tv and z = 1 — t into the equation for the sphere, we obtain

2u
u?4v2+1
_ 2v
T oul4v41
w4v2—1
u?4v2+1

[N IS

The desirability of having both types of representations leads to the following two
questions:

e (Parametrization) Does every affine variety have a rational parametric representa-
tion?

e (Implicitization) Given a parametric representation of an affine variety, can we find
the defining equations ( i.e., can we find an implicit representation)?
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The answer to the first question is no. In fact, most affine varieties cannot be
parametrized in the sense described here. For the second question the the answer is
always yes.

Proposition 1.2.10. If f1,..., fs and g1, . . ., g, are bases of the same ideal in K|xy, ..., x,],
so that (fi,.... fs) = (91, gt), then V(fi,..., fs) = V(g1,-... q).

Proof. [7], page 32. O

Definition 1.2.11. Let V' C K™ an affine variety. Then we set
IV)={f€eK[x1,...,z,] | fla1,...,a,) =0V (a1,...,a,) €V}
Clearly I(V) is an ideal, we will call I(V') the ideal of V.

Example 1.2.12. Let K a field. Consider the variety {(0,0)}. We claim thatI({(0,0)}) =
(r.). Clearly (x.y) € I({(0,0)}). Let f € 1({(0,0)}). Then

(1,1)#(0,0) (i) >0

Example 1.2.13. Let K a field. Consider the variety V = V(x —y) = {(t,t) | t € K}.
We are going to show that I(V') = (v —y). Clearly we have (x —y) CI(V). Let f € I(V).
Consider K[z,y] = kly][x]. The polynomial x —y € K|y|[z]| is monic, so, for the division
algorithm we can write

flz,y) = (x —y)g(z,y) +r(v,y).

Where r(z,y) = 0 or the degree of r(x,y) in x is less than 1. Suppose that the degree
of r(xz,y) in x is less than 1, then r(x,y) = r(y). We have that f vanishes at'V, therefore
r(t) =0 for allt € K. This argument shows that f € (x —y).

Lemma 1.2.14. If f1,..., fs € K[x1,...,x,], then (f1,...,fs) € IV (fi,..., fs)), al-

though equality need not occur.
Proof. 7], page 34. ]

For the second part of the lemma, consider (z™,y") C I(V(z™,y")), where n and
m are positive integers, consider m > 2. Note that V(z™,y") = {(0,0)}, therefore
I(V(z™,y")) = (x,y). Note that x ¢ (™, y").

Proposition 1.2.15. Let V and W be affine varieties in K™. Then:
(i) V C W if and only if W) C I(V).
(ii) V =W if and only if (W) = I(V).
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16 CHAPTER 1. PRELIMINARIES: VARIETIES, GROBNER BASES AND COMMUTATIVE ALGEBRA

Proof. [7], page 35. O

Let I C K[x1,...,2,] be an ideal. We will denote by V(I) the set

V() =A{(ai,...,a,) | flar,...,a,) =0Vf €I}

We will see that every ideal I C KJz1,...,z,] has a finite generating set, then V(I)
is an affine variety. In particular, if I = (f1,..., fs), then V(I) = V(f1,..., fs).

We extend this notation to any family 7" C K|xy,...,z,| as follows:
V<T) - {(ah’"aa’n) | f(ala"-van) - va S T}

Remark 1.2.16. [t is easy to show that if T C Klx1,...,x,] and (T) is the ideal generated
by T then

The zeros of any set of polynomials is always the same as the zeros of a finite set of
polynomials.

We know that finite intersections and unions of affine varieties are again affine varieties.
The () and K™ are both affine varieties, to see this note that ) = V(1) and K™ = V(0).
These properties say that we can define a topology on K™ by taking as the closet sets of
the topology, the affine varieties. This topology on K" is called the Zariski topology.

Example 1.2.17. Consider K*, the affine line over K. To study the Zariski topology on
this space we need to know the form of the ideals in A = klx|. This ring is a PID, so
every ideal is principal. Let I = (f). Since A is a UFD we can write

f(@) = pu(x)* - pp(x)*.

Where the p;(x) are irreducible polynomials in A. Suppose that K is algebraically
closed, we must have p;(x) = a;x + b; with a; # 0 and b; € K. Hence

- () ()

The affine varieties of K' are finite subsets of K'. Conversely, if F = {ry,...,rs}
is a finite subset of K* then F = V(f) for some polynomial f € A (namely f = (z —

r)-(z—ry)).

Definition 1.2.18. A non empty subset Y of the topological space X is called irreducible
if it can not be written as the union of two proper closed subsets of Y (closed in V). If Y
is not irreducible we say that Y is reducible.
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Example 1.2.19. K is irreducible, if K is algebraically closed. This is so since if K is
algebraically closed it must be infinite. But, the closed sets are all finite. So, in fact, any
infinite subset of K' is irreducible.

Proposition 1.2.20. (i) I C Iy C Kz, ..., x,] implies that V(Iy) C V(I).
(il) Y1 C Yy C K™ implies that I(Ys) C I(Y}).
(i) 1Y} UY;) = 1(¥;) N 1(Ya).

Proof. The proofs of parts (i) and (i) are easy to see. To prove part (iii), let f €
I(Y; UY3), then f(a) = 0for all a € Y] and for all a € Y. It follows that f € I(Y7) N I(Y3).

Let f € I(Y))NI(Y;) and a € Y1 U Y5, then a € Y] or a € Y5, If a € Y} we have that
f(a) =0, similar if a € Y. Therefore I(Y; U Y;) = I(Y7) N I(Y5). O

Theorem 1.2.21. (Hilbert Nullstellensatz) Let K be an algebraically closed field and
I C Klxy,...,x,]. Then f € I(V(I)) if and only if there is a positive integer r such that
frel,ie.,

I(V(I)) =T.
So, if I is a radical ideal (i.e. equal to its radical) then we have

V() =1.

Proof. [7], page 176. O
Proposition 1.2.22. Let Y C K", then
VI(Y)) =Y (closure of Y ).

Proof. V(I(Y)) is a closed set, by definition, and it contains Y, hence it contains Y. So,
it suffices to prove that

V(I(Y)) C Y.

So, let W be any closed set which contains Y, we will show that V(I(Y)) C W and
that will be enough to prove the theorem. Now, since W is closed we can write W = V (.J)
for some ideal J. Then we have Y C V(J), which in turn implies that I(V(.J)) C I(Y).
But J CI(V(J)), i.e. J CI(Y). Therefore

VIY)) CV(J) =W,
which is what we wanted to show. O

Theorem 1.2.23. An affine variety Y C K™ is irreducible if and only if I(Y') is a prime
ideal.

Proof. [18], page 4. ]

MIGUEL EDUARDO URIBE PACZKA Reed-Muller-Type Codes



18 CHAPTER 1. PRELIMINARIES: VARIETIES, GROBNER BASES AND COMMUTATIVE ALGEBRA

1.3 Grobner bases

In this part we review some basic facts and definitions on Grobner bases.

Note that we can reconstruct the monomial z® = x7" - - - %" from the n-tuple of expo-
nents a = (aq,...,a,) € Z2,. This observation establishes a one-to-one correspondence
between the monomials in K[z1,...,,] and Z2,. Furhermore, any ordering > we estab-
lish on the space ZZ, will give us an ordering on monomials: if & > # according to this

ordering, we will also say that z® > 2.

There are many different ways to define orderings on Z%,. For our purposes, most
of these orderings will not be useful, however, since we will want our orderings to be
compatible with the algebraic structure of the polynomial rings.

Definition 1.3.1. A monomial ordering > on K[xy,...,x,] is any relation on ZZ%, or
equivalently, any relation on the set of monomials z%, a € ZY,, satisfying:

(i) > is a total ordering on ZZ,.
(ii) If @ > B and v € Z%, then a +v > 8+ 7.

(iii) > is a well-ordering on Z%,. This means that every nonempty subset of ZZ, has a
smallest element under >.

Lemma 1.3.2. An order relation > on Z%, is a well ordering if and only if every strictly
decreasing sequence in Z%,

ap > g > -
eventually terminates.

Proof. [7], page 55. O

We will see that given parts (i) and (i¢) in Definition 1.3.1, the well-ordering condition
of part (i77) is equivalent to a > 0 for all a € Z%,,.

e (Lezicographic Order). Let a = (aq,...,ay,) and 8 = (B1,...,B8,) € Z%,. We say
«a >, B if, in the vector difference a— 3 € Z", the leftmost nonzero entry is positive.
We will write 2% >, 27 if o >0, B.

The variables zy, ..., x, are ordered in the usual way by the lex ordering:
(1,0,...,0) >z (0,1,0,...,0) >pep =+ >1ez (0,...,0,1).

S0 T1 ez~ Zlex Tn-

o (Graded Lex Order). Let a = (au,...,an), B = (B1,...,Bn) € ZZ,. We say & >gpier
B if
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n n
la| = Zai > |8l = Zﬁi, or |a| = |B] and a >, B.
=1 i=1

e (Graded Reverse Lex Order). Let a = (o, ..., an), 8= (B1,...,Bn) € Z%,. We say
o >g7‘evleac ﬂ if

la| = Zai > |B| = Zﬁi, or |a] = |B| and the rightmost nonzero entry of
i=1 i=1
a — 8 € Z" is negative.
It is easy to check that the lex, grlex and grevlex orderings on Z%, are monomial
orderings.
Definition 1.3.3. Let f = Zaaxa € Klzy,...,x,] a nonzero polynomial and let > be

a monomial order.

(i) The multidegree of f is
multideg(f) := max{a € Z% | an # 0}.

The maximum is taken with respect to >.

(ii) The leading coefficient of f is

Lc(f) ‘= Qmultideg(f) € K.
(iii) The leading monomial of f is

LM(f) — xmultideg(f)'

(iv) The leading term of f is
LT(f) := LC(f) - LM(F).

Consider the following, let I C K|[z| an ideal. We know that K[z] is a PID, therefore
I = (f) for some f € K[z]. Let g € Klx], for the division algorithm we can write
g(x) = f(x)q(z) + r(z) where r(z) = 0 or deg(r) < deg(f). If r =0 then g € I. Now
suppose that g € I, if r # 0 then deg(r) < deg(f). We have that g(x) = f(z)q(x) + r(z),
then r € I, so f | r and this could not be because deg(r) < deg(f). Therefore r = 0.

The division algorithm could be used to solved the ideal membership problem for
polynomials of one variable. To study this problem when there are more variables, we
will formulate a division algorithm for polynomials in K{zy,...,x,] that extends the
algorithm for K|x].
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Theorem 1.3.4. (Division Algorithm) Fiz a monomial order > on Z%,, and let F' =
(fi,.-., fs) be an ordered s-tuple of polynomials in Klzy,...,x,]. Then every f in the
ring K[z1,...,x,] can be written as

f:a1f1+"'+asfs+r-

Where a;,r € Klry,...,x,], and either r = 0 or r is a linear combination, with
coefficients in K, of monomials, none of which is divisible by any LT(f;) for all i €
{1,...,s}. We will call v a remainder of f on division by F. Furthermore, if a;f; # 0,
then we have

multideg(f) > multideg(a; f;).

Proof. [7], page 64. O

Definition 1.3.5. An ideal I C Klzy,...,x,] is a monomial ideal if there is a subset
A C 7%, (possibly infinite) such that:

[=({2%]ac A},

Lemma 1.3.6. Let [ = ({2 | o € A}) be a monomial ideal. Then a monomial x° € I if
and only if ” is divisible by x* for some o € A.

Proof. If 7 is divisible by z for some a € A, clearly 2° € I. Conversely, if ° € I, then

S
zh = g h;x,
i=1

where h; € K[z1,...,x,] and o; € A. For all i € {1,...,s}, let

m;
h; = E cjazﬁﬂ.
=1

With ¢ € K and §;; € Z%, for all i € {1,...,s}, j € {1,...,m;}. Therefore

S

my
2f = E E c}rﬁjﬁo"'.

i=1 j=1
Then, we get that 27 = 2%it% for some i € {1,...,s} and j € {1,...,m;}. O
Lemma 1.3.7. (Dickson) Let I = ({z | o € A}) be a monomial ideal. Then I can be
written in the form I = (x® ... x®), where a; € A. In particular; I has a finite basis.
Proof. [7], page 71. ]

Corollary 1.3.8. Let > be a relation on Z%, satisfying:
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(i) > is a total ordering on Z%,.
(ii) If a > B and v € ZL,, then o+~ > B+ .
Then > is a well ordering if and only if a > 0 for all o € ZY,,.

Proof. Suppose that > is a well ordering. Let ag be the smallest element of Z%,. It
suffices to show g > 0. This is easy: if 0 > ag, then by the hypothesis (ii), we can add
g to both sides to obtain ay > 2aq, which is impossible since ag is the smallest element.

Now suppose that a > 0 for all a € Z%,. Let A C Z%, be nonempty. We need to
show that A has a smallest element. Since I = ({2 | a € A}) is a monomial ideal, we
know that we can write I = (z*, ..., x*). Relabeling if necessary, we can assume that
ap < g < -+ < a,. We claim that aq is the smallest element of A. To prove this, take
a € A, then z% € I, therefore x® is divisible by some x®. This tell us that o = «; +y for
some 7y € Z%,. Then v > 0 and

a=o;+7 2> q; > 0.
UJ

Fix a monomial order on K|[xq,...,z,], each f € Klzy,...,z,| has a unique leading
term LT(f). Then for any ideal I, we can define its ideal of leading terms as follows.

Definition 1.3.9. Let I C KJzy,...,x,] be and ideal other than {0}. We denote by
LT(I) the set of leading terms of elements of I. Thus,

LT(I):={LT(f)| f € I}.
We denote by (LT(I)) the ideal generated by LT (I).

Remark 1.3.10. Let I C Klzy,...,x,| be and ideal other than {0}. Given a finite
generating set for I, say I = (f1,..., fs), then (LT(f1),...,LT(fs)) and (LT(I)) may be
different ideals. It is true that (LT(f1),..., LT (fs)) € (LT(I)). However (LT(I)) can be

strictly larger. To see this, consider the following example.

Let T = {fi, fo, f3), where fi = a%y? — 2°, fo = 23> — 1 and f3 = 2%y* — 2z, and use
grlex ordering on monomials in K|x,y,z|. Then

g=zf—yfi =y -z,
sothatg € I. Thusyz® = LT(g) € (LT(I)). Note thatyz> & (LT(f1), LT(f2), LT(f3)).
Proposition 1.3.11. Let I C Klxy,...,x,| be and ideal.
(i) (LT(I)) is a monomial ideal.

(ii) There are g1,...,9: € I such that (LT(1)) = (LT(¢1),...,LT(g:))-
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Proof. [7], page 76. O

Theorem 1.3.12. (Hilbert Basis Theorem) Fvery ideal I C K[xy,...,x,] has a finite
generating set.

Proof. 1f I = {0}, we take our generating set to be {0}, suppose that I # {0}. By the
last proposition, there are gi,...,g; € I such that (LT(I)) = (LT(¢g1),...,LT(g:)). We
claim that I = (g1,..., ).

It is clear that (g1,...,¢g:) C I since each g; € I. Conversely, let f € I. If we apply
the division algorithm to divide f by F' = (¢1,...,9:), then we get an expression of the
form

f=ag+ - +ags+r

where no term of r is divisible by any of LT(g1),...,LT(g:). We claim that r = 0. To
see this, note that

r=f—(amgr+---+asgs) €1

If r # 0, then LT (r) € (LT(I)) = (LT(g1),-..,LT(g:)), it follows that LT (r) must be
divisible by some LT(g;). Consequently, r must be zero. Thus,

f=ag1 4+ +ags € (g1, 9),
this completes the proof. O

Remark 1.3.13. The basis {g1,...,9:} used in the proof of the last theorem has the
special property that (LT(I)) = (LT (q1),...,LT(g:))-

Definition 1.3.14. Fix a monomial order. A finite subset G = {gi,...,g:} of and ideal
I is said to be a Grébner basis (or standard basis) if

(LT (1)) = (LT(g1),- .., LT(ge))-

Corollary 1.3.15. Fiz a monomial order: Then every ideal I C Klz1,...,x,] other than
{0} has a Grébner basis. Furthermore, any Grébner basis for an ideal I is a basis of I.

Proof. [7], page 77. O

Example 1.3.16. Let I = (x — 2%,y — 23). Consider lex order. Note that LT (v —2*) = x
and LT (y—2%) = y. Let f = hy(x—2%)+ho(y—2%) € T\ {0}. Suppose that LT(f) ¢ (z,y).
Then LT(f) is not divisible by either x or y, by the definition of lex order, f must be a
polynomial in z alone. Let g(z) = f(z,y,2), we have that f(t*,t3,t) = 0 Vt € K, it
follows that f = 0. Therefore LT(f) € (x,y).

Definition 1.3.17. Let [ C K[xy,...,x,]| be an ideal. We will denote by V (/) the set

V(I)={(a,...,a,) | flar,...,a,) =0Vf € I}.
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Proposition 1.3.18. V(I) is an affine variety. In particular, if I = (fi,..., fs), then
V(I) = V(fla"'vfs)-

Proof. [7], page 79. O

Proposition 1.3.19. Let G = {g1, ..., gt} be a Grébner basis for an ideal I C Klxy, ..., x,)
and let f € Klxy,...,x,]. Then there is a unique r € Klxq,...,x,| with the following
two properties:

(i) No term of r is divisible by any of LT (g1), ..., LT (g¢).
(ii) There is g € I such that f =g+ .

In particular, r is the remainder on division of f by G no matter how the elements of
G are listed when using the division algorithm.

Proof. [7], page 82. O

Corollary 1.3.20. Let G = {g1,...,9:} be a Grébner basis for an ideal I C K[z, ..., x,]
and let f € K[z, ...,x,]. Then f € I if and only if the remainder on division of f by G
1S Z€ero.

Proof. 7], page 82. O

Definition 1.3.21. We will write f¥ for the remainder on division of f by the ordered
s-tuple F' = (f1,..., fs). If F'is a Grobner basis for (f,..., fs), then we can regard F as
a set (without any particular order) by proposition 1.3.19.

We next will discuss how to tell whether a given generating set of an ideal is a Grobner
basis.

Definition 1.3.22. Let f,g € K[x1,...,z,] be nonzero polynomials.

(i) If multideg(f) = « and multideg(g) = [, then let v = (7y1,...,7,), where v; =
max{a;, B;} for each i. We call 27 the least common multiple of LM (f) and LM (g),
written ¥ = LCM (LM (f), LM (g)).

(ii) The S-polynomial of f and g is the combination

zY Y
S(f,9) = LT(f)f ~ g9

An S-polynomial S(f, g) is designed to produce cancellation of leading terms.

Theorem 1.3.23. (Buchberger’s Criterion) Let I be a polynomial ideal. Then a basis G =
{g1,.-.,9¢} for I is a Grébner basis for I if and only if for all pairs i # j S(gi,gj)G =0.

Proof. [7], page 85. O
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Given a set of generators of a polynomial ideal one can determine a Grobner basis
using the next fundamental procedure:

Theorem 1.3.24. (Buchberger [5]) If F = {f1,..., fs} is a set of generators of an ideal
I of S, then one can construct a Grobner basis for I using the following algorithm:

Input: F
Output: a Grobner basis G for
Initialization: G :=F, B :={{fi,f;j} fi # [, € G}
while B # 0 do
pick any {f,g} € B

B:=B\{{f g}}
r := remainder of S(f,g) with respect to G

if » # 0 then
B:=BU{{r,h} h e G}
G:=guU{r}

Lemma 1.3.25. Let G be a Griobner basis for the polynomial ideal I. Let p € G be a
polynomial such that LT (p) € (LT(G \ {p})). Then G\ {p} is also a Grébner basis for I.

Proof. We know that (LT(I)) = (LT(G)). If LT(p) € (LT(G\ {p})), then we have
(LT(G\ {p})) = (LT(G)). By definition, it follows that G \ {p} is also a Groébner basis
for I. ]

By adjusting constants to make all leading coefficients 1 and removing any p with
LT (p) € (LT(G\ {p})) from G, we arrive at what we will call a minimal Grobner basis.

Definition 1.3.26. A minimal Grobner basis for a polynomial ideal [ is a Grobner basis
G for I such that:

(i) LC(p) =1 for all p € G.

(ii) For all p € G, LT (p) ¢ (LT(G \ {p})).

Unfortunately, a given ideal may have many minimal Grébner bases. Fortunately, we
can single out one minimal basis that is better than then others. The definition is as
follows.

Definition 1.3.27. A reduced Gréobner basis for a polynomial ideal I is a Grébner basis
G for I such that:

(i) LC(p) =1for all p € G.

(ii) For all p € G, no monomial of p lies in (LT(G \ {p})).
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Example 1.3.28. Consider lex order. Let I = (z*y — 1,zy? — ). By Theorem 1.5.23,
we have that G = {fi1 = 2%y —1, fo = xy* —x, f3 = 2* —y, f1 = y* — 1} is a Grobner basis
forI.

Note that LT(f)) = yLT(fs) and LT(f) = yLT(f)), therefore G = {fs, f1} is a

reduced Grobner basis for I.

Proposition 1.3.29. Let I # {0} be a polynomial ideal. Then, for a given monomial
ordering, I has a unique reduced Grobner basis.

Proof. 7], page 92. ]

Proposition 1.3.30. Let [ be an ideal of S = K[x1,...,x,) and let F = {f1,..., fs} be
a Grobner basis of I. If

B ={u|uis a monomial in Klxy,...,x,| and u & (LT(f1),...,LT(fs))},

then B is a basis for the K-vector space S/1.

Proof. First we show that B is a generating set for S/I. Take f € S/I. By the division
algorithm, we can write f =7, a;f; + > .._; Aiw;, where \; € K* and such that every
u; is a term which is not a multiple of any of the terms LT'(f;). Accordingly ; is in B
for all ¢ and f is a linear combination of the @;’s.

To prove that B is linearly independent assume h = Y7 \u; € I, where u; € B and
A € K. We must show h = 0. If h # 0, then we can label the u;’s so that u; > -+ > u,
and \; # 0. Hence LT(h) = Muy; € LT(I), but this is a clear contradiction because
(LT(I)) = (LT(f1),...,LT(fs)). Therefore h = 0, as required. O

Definition 1.3.31. A monomial in B is called a standard monomial with respect to
fi,---, fs- The set B of standard monomials is called the footprint of I and is denoted by
A (T).

Elimination Theory

Definition 1.3.32. Given I = (fy,..., fs) C K|x1,...,x,] the [-th elimination ideal I, is
the ideal of Klz;1,...,z,]| defined by

I =1INKx;q,... 1,

Theorem 1.3.33. (The Elimination Theorem) Let I C Klzy,...,x,] be and ideal and
let G be a Grobner basis for I with respect to the lex order where xy > --- > x,. Then
for every 0 <1 < n, the set

Gl ;:GﬂK[le,...,xn],

1s a Grobner basis of the [-th elimination ideal 1.
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Proof. Fix 0 <1 <n. Since GG; C I; by construction, it suffices to show that
(LT (L)) = (LT(G)),

by the definition of the Grobner basis. Clearly (LT'([;)) 2 (LT(G;)). Now, we are
going to prove the other inclusion. Let f € I[;, then LT'(f) is divisible by LT(g) for

some g € G. Therefore LT(g) € Klxi41,...,2,]. Now comes the crucial observation:
since we are using lex order with xy > --- > z,, any monomial involving x,...,x; is
greater than all monomials in Klx;,1,...,,], so that LT(g) € K[x;y1,...,x,] implies
g € K[z, ..., x,], this shows that g € Gy, and the theorem is proved. O

1.4 Projective varieties
We define an equivalence relation ~ on K™\ {(0,...,0)} by setting

(y()a"'ayn) ~ (l’o,...,ﬂfn),

if there is a nonzero element A € K such that (yo,...,¥n) = Mo, ..., 2,). If we let 0
denote the origin (0,...,0) in K™™' then we define the projective space as follows.

Definition 1.4.1. The n-dimensional projective space over the field K, denoted P}, is
the set of equivalence classes of ~ on K™\ {0}. Thus,

Ppe = (K™ \{0})/ ~.

Each nonzero (n + 1)-tuple (zq,...,z,) € K™ defines a point p = [(xo,...,z,)| in
P%., and we say that (xo,...,x,) are homogeneous coordinates of p.

Remark 1.4.2. We can think of P} more geometrically as the set of lines through the
origin in K™ 1. More precisely, there is a one-to-one correspondence

P% = { lines through the origin in K"}
Proposition 1.4.3. Let
Uy = {[($0, L. ,ZL’n)} € ]P)TIL( | Xo 7’é O}

The map ¢ taking (ay,...,a,) in K™ to the point [(1,a4, ..., a,)] € Pk is a one-to-one
correspondence between K" and Uy C P

Proof. Note that ¢ : K™ — Uy. We can also define an inverse map ¢ : Uy — K" as

follows. Given p = [(zo,...,2,)] € Up since zp # 0 we can multiply the homogeneous
coordinates by the nonzero scalar A = z;' to obtain p = [(1, )] Then set

U(p) = (3., 52) € K™
Now, we will prove that 1 is well-defined. Suppose that p = [(vo,- .., yn)] € Up, then
(o, yxn) =Y(Yo, - .., Yn) for some v € K \ {0}. Therefore
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x; = yy; for all i € {0,...,n}.

Then, we have that (i—é, ce ﬁ—z) = (%, ce %) = (z—;, ce %) It follows that 1 is
well-defined. It is clear that ¢ and 1 are inverse mappings. This establishes the desired
one-to-one correspondence. m

Remark 1.4.4. By the definition of Uy, we see that P} = Uy UH, where
H = {[(x0, .., w)] € P | 2o = 0}.

If we identify Uy with the affine space K", then we can think of H as the hyperplane
at infinity. It follows from the last equality that the points in H are in one-to-one corre-
spondence with n-tuples (1, ..., x,), where two n-tuples represent the same point in H if
one is a nonzero scalar multiple of the other (just ignore the first component of points in

H). In other words, H is a copy of P!, the projective space of one smaller dimension.
We can write P% = K" UPE .

Corollary 1.4.5. For each i € {0,...,n}, let

U; = A{[(xo,...,2,)] € P | x; # 0}.
(i) The points of each U; are in one-to-one correspondence with the points of K.

(ii) The complement P \ U; may be identify with P51
(iii) We have P} = UL{i.
i=0

Proof. [7], page 369. ]

Our next goal is to extend the definition of varieties in affine space to projective
space. For instance, we can ask whether it makes sense to consider V(f) for a polynomial
f € Klzg,...,x,]. A simple example shows that some care must be taken here. In P%,
we can try to construct V(z; — x3), the point p = [(1,4,2)] appears to be in this set, a
problem arises when we note that the same point p can be represented by the homogeneous
coordinates (2,8,4). To avoid problems of this type, we use homogeneous polynomials
when working in P

Proposition 1.4.6. Let [ € K|zo,...,x,] be a homogeneous polynomial. If f vanishes
on any set of homogeneous coordinates for a point p € P, then [ vanishes for all homo-
geneous coordinates of p. In particular V(f) = {[(zo, ..., xn)] € P | f(xo,...,2,) =0}
is a well-defined subset of P .

Proof. Let (ag,...,a,) and (Aag, ..., Aa,) be homogeneous coordinates for p € P} and
assume that f(ag,...,a,) =0. If f is homogeneous of total degree k, then every term in
f has the form
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Qn
n

Cl‘go ) x
where ag + - - + a,, = k. When we substitute x; = Aa;, this term becomes

c(Aag)? -+ - (Aag)* = Meal® - - - a2n.

Summing over the terms in f, we find a common factor of \¥ and, hence,

f(Qag, ..., a,) = N f(ag, ..., a,) =0.
[

Notice that even if f is homogeneous, the equation f = a does not make sense in P}
when a # 0. The equation f = 0 is special because it gives a well-defined subset of P..
We can also consider subsets of P} defined by the vanishing of a system of homogeneous
polynomials.

Definition 1.4.7. Let K be a field and let fi,..., fs € K|xo,...,z,] be homogeneous
polynomials. We set

V(fi,.., fs) =A{l(ao,-..,an)] € P | filag,...,a,) =0 forall 1 <i < s}.
We call V(f1,..., fs) the projective variety defined by fi,..., fs.

For example, in P}, any nonzero homogeneous polynomial of degree 1,
Wxo, ... &n) = CoTo+ -+ + CpTy,

defines a projective variety V(1) called a hyperplane. When n = 2, we call V({) a projective
line. Similarly, when n = 3, we call a hyperplane a plane in P3..

Now we will see the relation between affine and projective varieties. We saw that

n
P = UUZ-, the subsets U; C P} are copies of K. If we take a projective a projective
i=0
variety V' and intersect it with one of the Uf;, it makes sense to ask whether we obtain an
affine variety. The answer to this question is always yes, and the defining equations of

the variety V NU; may be obtained by a process called dehomogenization.

Consider VU, if p € Uy, then p has homogeneous coordinates of the form (1, xy, ..., x,).
If f € K[xo,...,x,]is one of the defining equations of V, then the polynomial g(x, ..., z,)
isequal to f(1,z1,...,2,) € K[x1,...,z,] vanishes at every point of V. Setting zg = 1
in f produces a dehomogenized polynomial g which is usually nonhomogeneous.

Proposition 1.4.8. Let V = V(fi,..., fs) be a projective variety. Then W = V N
Uy can be identified with the affine variety V(gi,...,gs) € K™, where g;(y1,...,Yn) =
fill,yr, ... yn) for each 1 <i <s.
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Proof. The comments before the statement of the proposition show that using the map-
ping ¢ : Uy — K" from proposition 1.4.3, »(W) C V(g1,...,9s). On the other hand, if
(a1,...,a,) € V(g1,...,9s), then the point with homogeneous coordinates (1, aq, ..., a,)
is in Uy and it satisfies the equations

fillyay, ... a,) =gi(1,aq,...,a,) =0.

Thus, ¢(V(g1,...,9s)) € W. Since the mappings ¢ and 1 are inverses, the points of
W are in one-to-one correspondence with the points of V (g1, ..., gs). O]

Remark 1.4.9. We can also dehomogenize with respect to the other variables.

Proposition 1.4.10. Let g € K[xy,...,x,] be a polynomial of total degree d.

d
(i) Let g = Zgi be the expansion of g as the sum of its homogeneous components
i=0
where g; has total degree ©. Then

d
" (zo,...,zn) = Zgi(ﬂib )Tl
i=0
is a homogeneous polynomial of total degree d in K|z, ...,x,]. We will call g" the

homogenization of g.

(ii) The homogenization of g can be computed using the formula

1 X

h d n

g =Zy-g\ —H...,— .
Zo o

(iii) Dehomogenizing g" yields g. That is, g"(1,x1,...,1,) = g(z1,...,2,).

(iv) Let F(xg,...,x,) be a homogeneous polynomial and let z§ be the highest power of
xo dividing F. if f = F(1,21,...,2,) is a dehomogenization of F, then F = x§- f".

Proof. [7], page 373. ]
Let I C K|xy,...,z,] be a homogeneous ideal. We will denote by V(I) the set

V(I) ={[(ag,---,an)] | flag,...,a,) =0Vf €I}

It is clear that V() is a well-defined subset of P%. If I = (f1,..., fs), where f; €
K|z, ..., x,] are homogeneous polynomials, it is easy to see that V(1) = V(fi,..., fs).

As earlier, finite unions of projective varieties are projective varieties and arbitrary
intersections of projective varieties. So, the projective varieties furnish us with the closed
sets for a topology on P, called the Zariski topology on P%.. We can pretty well repeat
all our earlier observations about this topology on K™ and apply them to P%.

Let Y C P%.. Then we set
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I(Y) = {f € K[xog,...,x,] | fis homogeneous and f(p) =0 Vp € Y}).

We will call I(Y") the ideal of Y.

Let I C Klxo,...,x,] be a homogeneous ideal in K|xg,...,z,|. The ideal I gives
us the projective variety V' = V(I) C P%. We will also work with the affine variety
Cy = V,(I) C K", We call Cy the affine cone of V. If we interpret points in P as
lines through the origin in K™*!, then Cy is the union of the lines determined by the
points of V| Cy, contains all homogeneous coordinates of the points in V.

Theorem 1.4.11. (The Projective Strong Nullstellensatz) Let K be an algebraically
closed field and let I be a homogeneous ideal in K|xo, ..., x,|. If V. =V(I) is a nonempty
projective variety in P}, then we have

Proof. [7], page 84. O

Projective Closure

Definition 1.4.12. Let [ be an ideal in K[xy,...,z,]. We define the homogenization of
I to be the ideal

I"=({f"| fel}) C Klxo,...,z),
where f” is the homogenization of f.

Naturally enough, for any ideal I C K|z, ...,x,], the homogenization I" is a homo-
geneous ideal in Klzg,...,z,]. There is a subtle point here. Given a particular finite
generating set fi,..., fs for I C Klzq,...,x,), it is always true that (ff',..., f") is a
homogeneous ideal contained in I". However, I" can be strictly larger than (f{',..., fI).

A graded monomial order in K[xy,...,x,] is one that orders first by total degree.
x® > 2 whenever |a| > |3]. Note that grlex and grevlex are graded orders.

Theorem 1.4.13. Let I be an ideal in Klzy,...,x,] and let G = {g1,...,9:} be a

Grébner basis for 1 with respect to a graded monomial order in Klzy,...,x,]. Then
Gh={gh,... g} is a basis for I" C K|z, ..., x,).
Proof. [7], page 388. ]

Let Y C K™. The projective closure of Y is defined as: Y = ¢(Y), where ¢ is the map
¢: K" = PL a=(ar,...,0a,) = [(1,1,...,a,)], and ¢(Y) is the closure of ¢(Y") in
the Zariski topology of P%. Note that Y = V(I(¢(Y))). We claim that I(Y) = I(Y)".

Let f € I(Y) and o = (au,..., ) € Y. Now f*(1,0u,...,00) = flou,...,00) =0,
then ¢(Y) C V(f"), therefore ¢(Y) C V(f"). It implies that f* € I(Y), so I(Y) D I(Y)".

Let G € I(Y). Then G = z§ - ¢", where g(z1,...,7,) = G(1,21,...,1,) and x§ is the
highest power of z( dividing G. It is clear that g € I(Y).
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1.5 Dimension of a variety

In this section we study the dimension of a variety. The definition is the same that one
can study in a geometric algebraic course. Then we will see that for any affine variety
V(I), where I is a monomial ideal, the dimension of V(I) is equal to the maximum of
the dimensions of the coordinate subspaces contained in V(7).

Definition 1.5.1. A topological space X is called noetherian if it satisfies the descending
chain condition for closed subsets: for any sequence Y; O Y5 D -+ of closed subsets, there
is an integer r such that ¥V, =Y, ; =---.

Example 1.5.2. K" is a noetherian topological space. Indeed, if Y1 O Yo O -+ is a
descending chain of closed subsets, then I(Y;) C I(Ys) C --- is an ascending chain of
ideals in K[xq,...,x,). Since K[xq,...,x,] is a noetherian ring, this chain of ideals is
eventually stationary. But for each i, Y; = V(I(Y;)), so the chain Y; is also stationary.

Proposition 1.5.3. In a noetherian topological space X, every nonempty closed subset
Y can be expressed as a finite union Y =Y, UYoU---UY, of irreducible closed subsets
Y;. If we requiere that Y; € Y; for i # j, then the Y; are uniquely determined. They are
called the irreducible components of Y .

Proof. [18], page 5. O

Definition 1.5.4. If X is a topological space, we define the dimension of X (denoted
dimX) to be the supremum of all integers n such that there exists a chain Yy CY; C ...V,
of distinct irreducible closed subsets of X.

If Y C K" is an affine variety, we define the affine coordinate ring A(Y') of Y, to be
Klzy, ..., z,)/I(Y).

Proposition 1.5.5. If Y is an affine variety, then the dimension of Y (as topological
subspace ) is equal to the dimension of its affine coordinate ring A(Y).

Proof. Let Y 2 Yy 2 --- 2 Y; be a chain of irreducible closed subsets of Y of length ¢.
Then

(V) CI(Yy) C - CI(¥)

is a chain of prime ideals that contains I(Y') of length ¢. Therefore t < dimA(Y), so
we have that dimY < dimA(Y). Similarly we can prove that dimY > dimA(Y). O

Remark 1.5.6. Let Y C K" be an affine variety. Since K™ is a noetherian topological
space with Zariski topology, we know that Y can be expressed as a finite union Y =
YiUYoU---UY, of irreducible varieties Y;, therefore 1(Y;) is a prime ideal for alli. Let
S =Klxy,...,z,], now

I(Y) = (i) NI(Y) N - (V).
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Then, dim A(Y') = dim S/ ﬂI(Yi), let I; =1(Y;). It is easy to prove that
i=1

dim A(Y) = maz { dim S/I; | j=1,...,r}.

In K™, a vector subspace defined by setting some subset of the variables z,...,z,
equal to zero is called a coordinate subspace.

Proposition 1.5.7. The affine variety of a monomial ideal in Klz1,...,x,] is a finite
union of coordinate subspaces of K™.

Proof. [7], page 440. O

When we write the variety of a monomial ideal I as union of finitely many coordinate
subspaces, we can omit a subspace if it is contained in another in the union. Thus, we
can write V(I) as a union of coordinate subspaces.

where V; € V; for i # j. Then the coordinate subspaces V; are the irreducible components
of V(I). Let S = K|[xy,...,x,)], therefore

dim V(/) = max { dim S/I(V;) | i =1,...,p}.

Remark 1.5.8. Let i € {1,...,p}, note that dim S/I(V;) = dimg V;. In fact, suppose
without loss of generality that V; = V (x4, ..., x,), we know that I(V;) = (z1,...,z,). Then

S/IV;) =S/ (x1,...,20) = K[Try1,. .., 2],

thus, dim V; = dim Klx,i1,...,2,] =n —1 = dimg V;. The dimension of V(I), is the
largest of the dimensions of the subspaces.

Let I = (my,...,my) be a proper ideal generated by the monomials m;. In trying to
compute dim V(I), we need to pick out the component of

t

V() = V(m),

j=1
of largest dimension. If we can find a collection of variables z;,,...,z; such that at
least one of these variables appears in each m;, then the coordinate subspace defined by
the equations z;, =,---,= x;, = 0 is contained in V(7). This means we should look

for variables which occur in as many of the different m; as possible. More precisely, for
1<j <t let

M; ={k e {1,...,n} |z divides the monomial m;},
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be the subset of subscripts of variables occurring with positive exponent in m,;. Note that
M; # 0 by our assumption that [ # K[zy,...,2,]. Then let

M={JC{1,....n}|JNM; #0 V1 <j <t}
Note that M # () because {1,...,n} € M.
Proposition 1.5.9. With the notation abowve,
dim V(I) =n— min {|J| | J € M}.
Proof. [7], page 441. O
Example 1.5.10. Let [ = (x1x9, xox3, v123) = (My, ma, m3). Where
my = 1%y, My = Tokz, M3 = T1X3.
We have that,
M, ={1,2}, My ={2,3}, M3 ={1,3},
so that
M ={{1,2,3},{1,2},{1,3},{2,3}}.
Then min {|J| | J € M} =2, therefore dim V([) =3 —2=1.
The dimension of a projective variety is its dimension as a topological space.

Theorem 1.5.11. Let V C P%L be a nonempty projective variety and Cyy C K™ be its
affine cone, then

dim Cy = dim V + 1.

Proof. [11], Lect4b page 4. O
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Chapter 2

Reed-Muller-Type Codes

In this chapter we study the projective and the affine Reed-Muller-type codes. First we
examine Hilbert functions, in the first section we prove that for any variety over an infinite
field, its dimension is equal to the degree of the Hilbert polynomial. In the last section
we will prove that the affine Reed-Muller-type codes are an special case of the projective
Reed-Muller-type codes.

2.1 Hilbert functions

Given a vector space V and a subspace W C V| it is no difficult to show that the relation
on V defined by v ~ w if v — w € W is an equivalence relation. The set of equivalence
classes of ~ is denoted V/W so that

VIW ={[v] |veV}.

It is easy to check that the operations [v]+ [w] = [v+w] and a[v] = [av], where a € K
and v,w € V are well defined and make V/W into a K- vector space, called the quotient
space of V- modulo W. When V is finite dimensional, we can compute the dimension of

V/W as follows.

Proposition 2.1.1. Let W a subspace of a finite dimensional vector space V.. Then W
and V /W are also finite dimensional vector spaces, and

Proof. [7], page 457. O

Affine Hilbert Polynomial We let K{[z1,...,z,]<s denote the set of polynomials of
total degree < s in K[zy,...,x,]. We know that K[zi,...,z,]<s is a K- vector space of

. ) n-+s
dimension

. Then given an ideal I C K{z1,...,x,], we let
s
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Iﬁs = [ﬂK[fL’l,...,$n]§s,

denote the set of polynomials in I of total degree < s. Note that /<, is a vector subspace
of K[z1,...,x,)<s.

Definition 2.1.2. Let I be and ideal in Klxy,...,z,|. The affine Hilbert function of I is
the function HFf : NU {0} — N U {0} defined by

HFE{(s) =dimg Kz, ..., 25]<s/I<s = dimg K[xq,. .., 2,)<s— dimg I<s.

Proposition 2.1.3. Let I be a proper monomial ideal in K[y, ..., x,].

(i) For all s >0, HF}(s) is the number of monomials not in I of total degree < s.

(ii) For all s sufficiently large, the affine Hilbert function of I is given by a polynomial
function

mmo=3(,* )

where b; € 7 and by is positive.

(iii) The degree of the polynomial in part (it) is the mazimum of the dimensions of the
coordinate subspaces contained in V(I).

Proof. [7], page 458. O

Proposition 2.1.4. Let I C Klzy,...,x,| be an ideal and let > be a graded order on
K[zq,...,x,]). Then the monomial ideal (LT(I)) has the same affine Hilbert function as
I.

Proof. Fix s and consider the leading monomials LM (f) of all elements f € I<;. There
are only finitely many such monomials, so that

{LM(f) | f € I<s} = {LM(f1), ..., LM(fm)}.

For some polynomials fi,..., f,, € I<s. By rearranging and deleting duplicates, we
can assume that LM (f;) > --- > LM(f,,). We claim that fi,..., f,, are a basis of I« as
a vector space over K.

(i) Consider a nontrivial linear combination equal to zero, a1 fi+: - *+ay, frn = 0. Choose
the smallest ¢ such that a; # 0. Given how we ordered the leading monomials, there
is nothing to cancel a; LT(f;), so the linear combination is nonzero. Hence, fi,..., fn
are linearly independent.
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Next, let W = L(f1,..., fm) € I<s be the subspace spanned by fi,..., fm. If
W # I, pick f € I« — W with LM (f) minimal. We have that LM (f) = LM (f;)
for some ¢, and hence, LT(f) = ALT'(f;) for some A € K. Then f — \f; € I<; has a
smaller leading monomial, so that f — Af; € W by the minimality of LM (f). This
implies f € W. which is a contradiction, it follows that W = I, and we conclude
that fi,..., f,, are a basis.

(ii) The monomial ideal (LT(I)) is generated by the leading terms (or leading mono-
mials) of elements of I. Thus, LM(f;) € (LT(I))., since f; € I<s. We claim that
LM(f1),...,LM(f,,) are a vector space basis of (LT(I)).,. Arguing as above, it is
easy to see that they are linearly independent. It remains to show that they span,
ie., that L(LM(f1),...,LM(fn)) = (LT(I)).,. It suffices to show that

{LM(f1),...,LM(fn)} ={LM(f) | f € I, LM(f) has total degree < s}.

Note that > is a graded order, which implies that for any nonzero polynomial
f € Klxy,...,z,], LM(f) has the same total degree as f. In particular, if LM (f)
has total degree < s, then so does f, which means that

{LM(f) | f €I, LM(f) has total degree < s} = {LM(f) | f € I<s}.

Thus, I<, and (LT(I))., have the same dimension (since they both have bases con-
sisting of m elements ). O

Theorem 2.1.5. (Hilbert Theorem) Let I be an ideal in K[x1,...,x,]. The affine Hilbert
function of I can be written for s sufficiently large as

d
s
HFCL S) = bz . 9
=3 ()
where the b; are integers and by is positive.

Proof. 1f we combine the last two propositions, the result follows immediately. O

Definition 2.1.6. The polynomial which equals H Ff(s) for sufficiently large s is called
the affine Hilbert polynomial of I and is denoted H P§(s).

By definition the Hilbert function of an ideal I coincides with the affine Hilbert poly-
nomial of I when s is sufficiently large.

Definition 2.1.7. The smallest integer sy such that HPf(s) = HE}(s) for all s > s is
called the indez of reqularity of I. It will be denoted by reg K[z1,...,x,]/1.
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Remark 2.1.8. For a monomial ideal I, we know that the degree of the affine Hilbert
polynomial is the dimension of the largest coordinate subspace of K™ contained in V(I).
It is easy to show that /I is a monomial ideal and V(I) = V(V/), it follows immediately
that HP} and HP\“ﬁ have the same degree.

Proposition 2.1.9. If [ C Klzy,...,x,] is an ideal, then the affine hilbert polynomials
of I and /I have the same degree.

Proof. Let I be an arbitrary ideal in Klzi,...,z,] and pick any graded order > in
Klzy,...,x,). We claim that

(LT(1)) € (LT(VT)) € VLT,

The first containment is immediate from I C v/I. To establish the second, let z¢
be a monomial in LT(v/I). This means that there is a polynomial f € /I such that
LT(f) = 2* Weknow f" € I for some r > 0, and it follows that 2™ = LT'(f") € (LT(1)).
Thus, % € \/(LT(1)).

It is easy to see that if [, C I, are any ideals of K[zy,...,2,], then deg HP} < deg
H Pyp.. Therefore we obtain the inequalities

deg HP T < deg HP<LT(\ﬁ)> < deg HP<LT(I)>.

We conclude that H PgLT W)

true for HP}' and HP?.. [

) and H P<“LT( n) have the same degree. Then the same is

Theorem 2.1.10. For any irreducible affine variety V', dim V' is equal to the degree of
the affine Hilbert polynomial HPIOEV).

Proof. [7], page 481. ]

Proposition 2.1.11. Assume that K is an infinite field. If V and W are irreducible
affine varieties in K", then

deg H Py ) = mazx {dim V, dim W}.

Proof. Let I =I(V) and J = I(W), so that dim V = deg HP{ and dim W = deg H P}
. We know that I(VUW) = InJ. It is more convenient to work with the product ideal
IJ and we note that

IJCINJCAIJ.
We conclude that

deg HP' < deg HPj; < deg HP};.
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We conclude that deg H Py ; = deg HPf;. Now fix a graded order > on K{[z1,...,x,].
By the last results, it follows that dim V' and dim W are given by the maximal dimension
of a coordinate subspace contained in V((LT(I))) and V((LT(J))), also we have that
deg H P}, is the maximal dimension of a coordinate subspace contained in V((LT'(1.J))).
It is easy to show that

(LT(I)) - (LT(J)) < (LT(1])).
This implies
V{(LT(1J))) € VILT(I))) UV{(LT(J]))).
Since K is infinite, every coordinate subspace is irreducible, and as a result, a co-
ordinate subspace contained in V((LT'(IJ))) lies in either V((LT'(I))) or V((LT'(J))).

This implies deg H Py, ) < maz { dim V, dim W}. The opposite inequality is easy to
prove. ]

Let K be an infinite field and let V' be an affine variety in K. f V =V, U---UV, is
the decomposition of V' into irreducible components, then by the last proposition and an
induction on r shows that

deg HPyyy=maz { dim V; [t =1,...,r}.

Then the dimension of an affine variety V' C K", is the degree of the affine Hilbert
polynomial of the corresponding ideal I = I(V').

Theorem 2.1.12. (The Dimension Theorem) Let V' = V(I) be an affine variety, where
I C K[xq,...,x,] is an ideal. If K is algebraically closed, then

dim'V =deg HP}.
Furthermore, if > is a graded order on Klx1,...,x,], then

= mazimum dimension of a coordinate subspace in V((LT(I))).

Finally, the last two equalities hold over any filed K when I = I(V).

Proof. Since K is algebraically closed, the Nullstellensatz implies that I(V) = I(V(])) =
V/I. Then

dim V = deg HPI“(V) = deg HP\“ﬁ = deg HPY}.

The second part of the theorem now follows immediately using Propositions 2.1.3 and
2.1.4. O

In other words, over an algebraically closed field, to compute the dimension of a variety
V = V(I), one can proceed as follows:

e Compute a Gobner basis for I using a graded order such as grlex or grevlex.

e Compute the maximum dimension d of a coordinate subspace contained in V ((LT'(1))).
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Hilbert Polynomial Let K be an infinite field. Let Klxo,...,z,|s denote the set

of homogeneous polynomials of total degree s in Kz, ...,z,], together with the zero
. . . . . n—+s
polynomial. It is easy to show that K|z, ..., z,]s is a vector space of dimension ( ) .
s
If I C K|xg,...,x,] is a homogeneous ideal, we let

I, =1NnKlzg,..., s

denote the set of homogeneous polynomials in I of total degree s (and the zero polyno-
mial). Note that [, is a vector subspace of K|z, ..., x,]s. Then the Hilbert function of I
is defined by

HF;(s) =dimg Klxg,...,x,]s/Ls.

When I is a monomial ideal, HFj(s) is the number of monomials not in I of total
degree s. Also For s sufficiently large, we can express the Hilbert function of a monomial
ideal in the form

HE(s) = Zb(d_>

1=0

where b; € Z and by is positive. We also know that d is the largest dimension of a
projective coordinate subspace contained in V(I) C P.

As in the affine case, we can use a monomial order to link the Hilbert function of a
homogeneous ideal to the Hilbert function of a monomial ideal.

Proposition 2.1.13. Let I C K|z, ..., x,] be a homogeneous ideal and let > be a mono-
mial order on K|xg,...,x,|. Then the monomial ideal (LT(I)) has the same Hilbert
function as I.

Proof. The argument is similar to the proof of proposition 2.1.4. However, since we do
not require that > be a graded order, some changes are needed.

For a fixed s, we can find fi,..., f,, € I such that

{LM(f) | f € Ly = {LM(fr), ..., LM(fn)},

and we can assume that LM(f;) > --- > LM(fy). As in the proof of Proposition 2.1.4,
fi,--., fm form a basis of I as a vector space over K.

Now consider (LT'(I)),. We know LM(f;) € (LT(I)), since f; € I, and we need to
show that LM (fi),..., LM(f,,) form a vector space basis of (LT'(I)),. The leading terms
are distinct, so as above, they are linearly independent. It remains to prove that they
span (LT'(I)),. It suffices to show that

{LM(f1),..., LM (fm)} = {LM(f)| f € I,LM(f) has total degree s}.
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Suppose that LM(f) has total degree s for some f € I. If we write f as a sum
of homogeneous polynomials f = ). h;, where h; has total degree 4, it follows that
LM(f) = LM(hs). Since I is a homogeneous ideal, we have hy € I. From here, the
argument is identical to what we did in Proposition 2.1.4, and we are done. O

If we combine the last proposition with the description of the Hilbert function for a
monomial ideal, we see that for any homogeneous ideal I C Kz, ...,z,]|, the Hilbert
function can be written as

HFi(s) = Zb (00

1=

for s sufficiently large. The polynomial on the right of this equation is called the Hilbert
polynomial of I and is denoted by H Py(s).

Theorem 2.1.14. Let I C Klxo,...,x,] be a homogeneous ideal. Then, for s > 1, we
have

HF(s) = HFf{(s) — HFf(s —1).

There is a similar relation between Hilbert polynomials. Consequently, if V C P} is a
nonempty projective variety and Cyy C K™ is its affine cone, then

dim CV = d€g HPIp(V) + 1.

Proof. Suppose that I is a monomial ideal. We have that HF}(s) is the number of
monomials not in I of total degree < s and HF(s — 1) is the number of monomials not
in I of total degree < s— 1, so HF}(s) — HF{(s — 1) is the number of monomials not in
I of total degree s, then HF;(s) = HF}(s) — HF?(s —1). It follows the last equality for
an arbitrary homogeneous ideal using Proposition 2.1.11.

For s sufficiently large, we have H P;(s) = HPf(s) — HPj"(s — 1). For the second part
of the theorem, note that the affine cone Cy is simply the affine variety in K"*! defined
by 1,(V). Further, it is easy to see that I,(Cy) = [,(V). Then

deg HPr,v(s) = deg (HPf ¢\ (s) — HP{ (s —1)).
Note that deg HP} ., )= dim Cy, therefore deg H Py, vy = dim Cy — 1. m

It follows by the last proposition that if V' C P} is a nonempty projective variety,
then dim V' = deg H Pyy).

Theorem 2.1.15. (The Dimension Theorem) Let V = V(I) C P% be a projective
variety, where I C Klxo,...,x,| is a homogeneous ideal. If V' is nonempty and K is
algebraically closed, then

dimV =deg HPj.
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Furthermore, for any monomial order on Klzo, ..., x,], we have

dim V = deg HP )y =mazimum dimension of a projective coordinate subspace in

V((LT(I))).

Finally, the last two equalities hold over any field K when I = I(V).
Proof. [7], page 464. O

Proposition 2.1.16. Let K be an algebraically closed field and let V' be a nonempty affine
or projective variety. Then V consists of finitely many points if and only if dim V = 0.

Proof. We will give a proof only in the affine case. Let > be a graded order on K|z, ..., ,].
If V is finite, then let a;, for j = 1,...,m;, be the distinct elements of K appearing as
1-th coordinates of points of V. Then

mi

f=11@—a)e1v),

j=1
and we conclude that LT(f) = «;" € (LT(I(V))). This implies that V((LT(I(V)))) =
{0} and then dimension theorem implies that dim V' = 0.

Now suppose that dim V' = 0. Then the affine Hilbert polynomial of I(V') is a constant
C, so that

dim Kz, ...,2)<s/I(V)<s = C,

for s sufficiently large. If we also have s > C, then the classes 1,75, ..., T;* € K[zy, ..., %) <s/I(V) <,
are s + 1 vectors in a vector space of dimension C' < s and, hence, they must be linearly
dependent. But a nontrivial linear relation

s

means that Z ajxg is a nonzero polynomial in I(V')<,. This polynomial vanishes on V,

§=0
which implies that there are only finitely many distinct ¢-th coordinates among the points
of V. Since this is true for all 1 < i < n, it follows that V' must be finite. O
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2.2 Projective Reed-Muller-Type codes

Linear Codes We introduce some basic notions from coding theory. Let K = [, be
the finite field with ¢ elements. We consider the n-dimensional vector space F; whose
elements are n-tuples a = (a4, ..., a,) with a; € F,.

Definition 2.2.1. The Hamming distance is the function ¢ defined by

5T x F' — NU {0}
5((a17'"7an)a(b17"-7bn)) = ’{Z | a; 7é bl}’

The weight of an element a = (a1, ..., a,) € F} is defined as

w(a) = {7 [ a; # 0}].

The Hamming distance is a metric on Fy as one can verify immediately. In particular,
the triangle inequality é(a, c) < 6(a,b) + (b, ¢) holds for all a,b,c € F.

Definition 2.2.2. A linear code C' over the alphabet I, is a linear subspace of Fy. The
elements of C' are called codewords. We call n the length of the code C' and dimg, C the
dimension of the code C as an F,-vector space.

Definition 2.2.3. The minimum distance 6(C) of a code C' # 0 is defined as

d(C) = min{d(a,b) | a,b € C and a # b}.

Remark 2.2.4. As (a,b) = 6(a—0,0) = w(a—0>) and C is a linear space, the minimum
distance is given by

5(C) = min{w(a) |0 #a € C}.

The length, dimension and minimum distance of a code are called its basic parameters.

Let K = F, be a finite field and let Y be a subset of P !. Fix a degree d > 1. Let
Py, ..., P, be a set of representatives for the points of Y with m = |Y|. For each i there
is f; € Sy such that f;(P;) # 0. Indeed suppose P; = [(aq,...,as)], there is at least one
j in {1,...,s} such that a; # 0. Setting f;(t1,...,t5) = t? one has that f; € Sy and
fi(P;) # 0. The evaluation map, denoted by evy, is defined as:

f(7) f(En) )
AP) T fn(Pa) )

Lemma 2.2.5. The map evy is well-defined, i.e., it is independent of the set of represen-
tatives that we choose for the points of Y.

evd:Sd:K[tl,...,ts]d%K‘Yl, fl—> ( (21)
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Proof. 1If P/, ..., P/ is another set of representatives, there are A1, ..., A, in K* such that
P = \;P; for all i. Thus, f(F;)/fi(P)) = f(F)/fi(P) for f € Sgand 1 <i <m. 0

The map evy defines a linear map of K-vector spaces. The image of S; under evy,
denoted by Cy(d), is called a projective Reed-Muller-type code of degree d over Y [9, 16].
It is also called an evaluation code associated to Y [13].

Remark 2.2.6. The kernel of the evaluation map evy is I(Y)y. Hence there is an iso-
morphism of K-vector spaces Sq/I(Y)ys = Cy(d).

We will denote the Hilbert function of I(Y) by Hy. Thus Hy(d) is equal to dimg Cy(d).

The basic parameters are given by,
e The length of Cy(d) C KI¥l is |Y|.
e The dimension of Cy(d) is Hy(d).

e The minimum distance is 6(Cy(d)) = dy(d) = min{w(v) | 0 # v € Cy(d)}.

If Y = P51 Cy(d) is the classical projective Reed—Muller code, and formulas for its
basic parameters are given in [27, Theorem 1].

Definition 2.2.7. The set T = {[(z1,...,75)] € P2 € K* for all i} is called a
projective torus in P51 where K* = K \ {0}.

Proposition 2.2.8. The basic parameters of the Reed-Muller-type code Cy(d) are inde-
pendent of f1,..., fm.

Proof. Let f{,..., f!. be homogeneous polynomials of S of degree d such that f/(P;) # 0
fort=1,...,m. Let

ev): Sq— K, fH(ﬂPl) f(Pn) )

fitP) ™ (P)

be the evaluation map relative to fi,..., f/ . Clearly ker(evy) = ker(ev/;) and w(evqy(f))
w(ev(f)) for f € Sy. It follows readily that the basic parameters of evy(Sy) and ev/,(Sy
are the same.

O |l

Let T be a projective torus in P, ' If P = [(ay, ..., as)] € T then [(1,a; aq, ..., a7 as)]
T, so we can put

T ={[(1,a2,...,as)] | a; € K*}.

It follows that |T| = (¢ — 1)*~!. Let I(P) be the ideal generated by the homogeneous
polynomial of K[zy,...,z,] that vanish at P. We claim that

I(P) = ({a1x; —axy |1 € {2,...,s}}).
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It is clear that J = ({ayz; — a;zq |1 € {2,...,s}}) CI(P). Let f € I(P) and > be a
monomial order on K[xy,...,zs] with the property x; > x; for all i > 2. By the division
algorithm, we have that

flxy, ... x5) = Z hi(z1, ..., zs)(a1m; — a;xy) + r(xy).
=2

Then r € I(P), since I(P) is a homogeneous ideal and a; # 0 we have r = 0. It follows
that I(P) = J. If T = {P,,..., P} with m = |T|, then

I(T) = ﬂ I(P,,).

Theorem 2.2.9. If Y = T is a projective torus in P5 ", then

(i) I(T) = ({af " —af i),

(i) Let d > 1, the minimum distance of Cy(d) is given by

Sy (d) = (q_1)57(k+2)(q_1_l) ifdg(q_2)<3_1)_1
e 1 ifd>(g—2)(s—1)
where k and | are the unique integers such that k > 0, 1 <1 < qg—2 and d =
k(g —2)+1.
Proof. [25], pages 17 and 23. O]

2.3 Affine Reed-Muller-Type codes

Let K = I, be a finite field, let Y be a subset of K*°, and let Y be the projective closure
of Y. As Y is finite, its projective closure is:

Y ={[(1,0)]|a €Y} C Py.

Let S = K[x1, ...,z be a polynomial ring, let Py, ..., P,, be the points of Y, and let
S<a be the K-vector space of all polynomials of S of degree at most d. The evaluation
map

eVZZSSd—>K|Y|7 fH(f(Pl)’mf(Pm)))

defines a linear map of K-vector spaces. The image of ev}, denoted by Cy(d), defines
a linear code. We call Cy(d) the affine Reed-Muller-type code of degree d on Y [30,
p. 37]. The kernel of ev§ is I(Y)<q. Thus S<4/I(Y)<q4 = Cy(d). If Y is a subset of K*
it is usual to denote the affine Hilbert function of I(Y') by Hy. In our situation one has
H%(d) == dlmK Oy(d)

MIGUEL EDUARDO URIBE PACZKA Reed-Muller-Type Codes



46 CHAPTER 2. REED-MULLER-TYPE CODES

Proposition 2.3.1. The affine Reed-Muller-type code Cy (d) has the same basic param-
eters that the projective Reed-Muller-type code Cy(d).

Proof. Weset Q; = (1, P;) fori = 1,...,m. Thanks to Lemma 2.2.5 and Proposition 2.2.8
we may take that Q,...,Q,, as the set of representatives of Y and assume that Cy(d) is
the image of the linear map

evq: Klzg, ..., Ty)q — Km, [ (f(@i)/fo(Qi))?lu

where fo(zo,...,7,) = 2¢. Let S = K[zy,...,2,] and Slxg] = K|z, ..., z,], we know

that
S<a/I(Y)<a = Cy(d) = {(f(P1),..., f[(Pn)) | [ € S<a}-

The homogenization map ¢ : S<g — S[zola, f — f", is an isomorfism of K-vector
spaces such that p(I(Y)<q) = I(Y)s. Hence, the induced map

¢ : S<a = Slwola/I(Y)a, [ = "+ I(Y)a,

is a surjection. Note that Ker(p) = I(Y)<4. It follows that Cy(d) = Cy(d) as a vector
spaces, then Cy(d) and Cy(d) have the same dimension, it is clear that both codes have
the same length. ]

Proposition 2.3.2. Cy(d) = Cy(d) for d > 1.

Proof. Since Su]q/I(Y)y = Cy(d) and S<q/I(Y)<q4 = Cy(d), by Proposition 2.3.1, we get
that the linear codes Cy(d) and Cy(d) have the same dimension, and the same length.
Thus, it suffices to show the inclusion “D”. Any point of Cy(d) has the form W =
(f(1, )™, where Py, ..., P, are the points of Y and f € S[zo]s. If f is the polynomial
f(1,21,...,2,), then f is in S<q and f(1,P) = F(P) for all i. Thus, W is in Cy(d), as
required. O

This means that affine Reed-Muller-type codes are a particular case of projective
Reed-Muller-type-codes and are somewhat easier to understand.
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Chapter 3

Parameterized Affine Codes and
Affine Cartesian Codes

In this chapter we give an algebraic method, using Grobner bases, to compute the length
and the dimension of Reed-Muller-type codes over affine algebraic toric sets parameterized
by monomials. Then we compute the basic parameters of affine cartesian codes, and
construct a cartesian code, over a degenerate torus with prescribed parameters and a
certain type. Finally we show some examples with Macaulay 2.0 and construct some
tables illustrating the main results.

3.1 Parameterized affine codes

Let K be a finite field. In this section we introduce the concept of an affine algebraic
toric set parameterized by monomials, it will be denoted by X*. We give an algebraic
method, using Grobner bases, to compute the length and the dimension of Cx«(d), the
parameterized affine code of degree d on the set X*. If Y is the projective closure of
X*, it is shown that C'x«(d) has the same basic parameters that Cy(d), the parameterized
projective code on the set Y. We show how to compute the vanishing ideals of X* and Y.

Let K = F, be a finite field with ¢ elements and let z,... 2% be a finite set of

monomials. As usual if v; = (v;1,...,vs,) € N then we set
V=t eearn =105,
where x1,...,x, are the indeterminates of a ring of polynomials with coefficients in K.

Consider the following set parameterized by these monomials

X ={(aeaptn ol ap) € K| x; € K for all 4},

n

where K* = K\{0}. We call X* an affine algebraic toric set parameterized by x*', ..., x".
The set X* is a multiplicative group under componentwise multiplication.
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Let P} be a projective space over the field K. Consider the algebraic toric set

Y= {[(L, 27" a2t x| @y € KT for all i} C Py,
Notice that Y is parameterized by z*°, z"', ... z%, where vy = 0. Also notice that Y is
the projective closure of X* because K is a finite field.

Computing the dimension and length of Cx-(d)

Theorem 3.1.1. (Combinatorial Nullstellensatz) Let R = K[y, ...,yn] be a polynomial
ring over a field K, let f € R, and let a = (a;) € N™. Suppose that the coefficient of y* in
f is non-zero and deg (f) = a1 + -+ + a,. If Si,...,S, are subsets of K, with |S;| > a;
for all i, then there are sy € S1,...,8, € S, such that f (s1,...,s,) # 0.

Lemma 3.1.2. Let K =F, and let G be a polynomial in K[y, ... ,y,]. If G vanishes on
(K*)" and deg,, (G) <q—1 fori=1,...,n, then G = 0.

Proof. We proceed by contradiction. Assume that G is non-zero. Then, there is a mono-
mial y* that occurs in G with deg(G) = ay + - - - + a,, where a = (aq,...,a,) and a; > 0
for some i. We set S; = K* for all i. As deg, (G) < ¢ — 1 for all 4, then a; < [Si] = ¢ —1
for all i. Thus, by the last theorem, there are 1, ..., x, € K* so that G (z1,...,x,) # 0,
a contradiction to the fact that G vanishes on (K*)". O

A polynomial of the form t* — t*, with a,b € N*, is called a binomial of S. An ideal
generated by binomials is called a binomaial ideal.

Lemma 3.1.3. Let B = K|t1,...,ts,y1,...,Yn] be a polynomial ring over an arbitrary
field K. If I is a binomial ideal of B, then I' N K[ty,. .., ts] is a binomial ideal.

Proof. Let S = Klt1,...,ts] and let G be a Grobner basis of I’ with respect to the
lexicographic order y; > -+ > y, > t; > .-+ > t;. By Buchberger algorithm (see
Theorem 1.3.24) the set G consists of binomials and by elimination theory (see Theorem
1.3.33) the set G N S is a Grobner basis of I’ NS, Hence I’ NS is a binomial ideal. See
the proof of [29, Corollary 4.4, p. 32] for additional details. O

Theorem 3.1.4. Let B = K|t1,...,ts,y1,...,Yn] be a polynomial ring over a finite field
K with q elements. Then

LX) =(th—y", . ts—yyl ' =1,y —1)NS
and I(X™*) is a binomial ideal.

Proof. We set I' = (tl —y"t ot — y”S,y‘f_l — 1,y = 1) C B. First we show the
inclusion I(X*) C I'N S. Take a polynomial F' = F (t1,...,t,) that vanishes on X*. Let
>0 be the lex order on B, suppose that t1 >je. to >ie - >ier ts >iex Y1 Slex = Slex Yn-
By the division algorithm we can write
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i=1 i=1

Where deg, (G) < ¢—1fori = 1,...,n. Thus to show that F' € I' NS we need
only show that G = 0. We claim that G vanishes on (K*)". Take an arbitrary sequence
x1,...,x, of elements of K*. Making t; = z" for all 7 in Eq. (3.1) and using that F'
vanishes on X*, we obtain

0=F(z", ... ,2") =Y g —y")+ > hyf = 1)+ Gy, ..., yn), (3.2)
=1 =1

where g/ = g;(z"*, ..., 2% y1,...,y,). Since (K*, -) is a group of order ¢ — 1, we can then
make y; = x; for all 7 in Eq. (3.2) to get that G vanishes on (z1,...,z,). This completes
the proof of the claim. Therefore G vanishes on (K*)" and deg, (G) < ¢ — 1 for all 7.
Hence G = 0 by Lemma 3.1.2.

Next we show the inclusion I(X*) D I'N S. Take a polynomial f in I’N.S. Then we
can write

f= Zgi(ti —y") + Zhi(yiq_l —1) (3.3)

for some polynomials g1, ..., gs, h1,..., h, in B. Take a point P = (z",...,2%) in X*.
Making ¢; = ¥ in Eq. (3.3), we get

flam, o a) = gia =y + > kg - 1),
i=1 i=1

where ¢} = g;(z™, ..., 2%, y1,...,yn) and b, = h;(z", ..., 2% y1,...,Yy,). Hence making
y; = x; for all i, we get that f(P) = 0. Thus f vanishes on X*. O

For infinite fields, we can use the Combinatorial Nullstellensatz (see Theorem 3.1.1)
to show the following description of I(X™).

Proposition 3.1.5. Let B = K|t1,...,ts,y1,...,Yn| be a polynomial ring over an infinite
field K. Then
I(X")=(t1 —y™, ..., ts —y")NS.

Proposition 3.1.6. The dimension and the length of Cx«(d) can be computed using
Grébner basis.

Proof. By Lemma 1.4.13 we can find a generating set of I(Y) using Grobner basis. Thus,
using the computer algebra system Macaulay2 [10, 17], we can compute the Hilbert func-
tion and the degree of S[u]/I(Y), i.e., we can compute the dimension and the length of
Cy(d). Consequently, Theorem 2.3.2 allows to compute the dimension and the length of
Cx+(d) using Grébner basis. O
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Putting the results of this section together we obtain the following procedure. For

Macaulay2 that computes the dimension and the length of a parameterized affine code
Cx+(d) of degree d.

R=GF(q) [y1,...,yn,tl,...,ts,u,MonomialOrder=>Eliminate n]
I’=ideal(tl-y1°{v_1},...,t_s-y"{s},y17°{q-1}-1,...,yn"{g-1}-1)
I(X"*)=ideal selectInSubring(l,gens gb I’)
I(Y)’=homogenize(I(X"*),u)

S=GF(q) [t1,...,ts,u]

I(Y)=substitute(I(Y)’,S)

degree I(Y)

hilbertFunction(d,I(Y))

Example 3.1.7. Let X* be the affine algebraic toric set parameterized by y1y2, Y2y3, Y13
and let Cx+(d) be its parameterized affine code of order d over the field K = F5. Using
Macaulay?2, together with the last procedure, we obtain:

I(Y) = (tﬁ - ti? tgtg - t%tia t%t? - t%ti, t;l - tia t%t% - t?)t?b tzll - ti)?
d 112131415
| X* 3213213232132

dim Cx-(d) | 4 [10]20 29 |32
ox-(d) |23 8 1

The mainimum distance was also computed with Macaulay?2.

3.2 Affine Cartesian codes

In this section, we are going to compute the basic parameters (dimension, length, min-
imum distance) of affine evaluation codes defined on a cartesian product of finite sets.
Given a sequence of positive integers, we construct an evaluation code, over a degenerate
torus, with prescribed parameters of a certain type. As an application of our results, we
recover the formulas for the minimum distance of various families of evaluation codes.

Let K be an arbitrary field and let A4, ..., A, be a collection of non-empty subsets of
K with a finite number of elements. Consider the following finite sets: (a) the cartesian
product

X" =A x---x A, C K",

and (b) the projective closure of X*

Y= {[(L,7,- -, w)] |7 € A for all i} C P,
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where P is a projective space over the field K. We also consider X, the image of
X*\ {0} under the map K™\ {0} — P%', v — [y]. In what follows d; denotes |4;|, the
cardinality of A; for i = 1,...,n. We may always assume that 2 < d; < d;4; for all ¢ (see
Proposition 3.2.5).

Lemma 3.2.1. Let f; be the polynomial [, 4 (ti — ) for 1 <i <mn. Then

VEA;
I(X*> = (fh S 7fn)
Proof. “2” This inclusion is clear because f; vanishes on X™* by construction. “C” Take f

in I(X™*). Let > be the reverse lexicographical order on the monomials of S = Klty, ..., t,].
By the division algorithm (see Theorem 1.3.4), we can write

f:glf1+"'+gnfn+Ga

where each of the terms of GG is not divisible by any of the leading monomials t‘fl, U
ie., deg, (G) < d; for all i. As G belongs to I(X™*), by Lemma 3.1.2, we get that G = 0.
Thus, f € (fi,..-, fn)- ]

Let Slu] = Klti,...,t,,u] and hy(t) = Zf:_ol cit' € Z[t] be the Hilbert polynomial of
I(Y) of degree

k— 1 = dim(S[u]/I(Y)) — 1.

Then hy(d) = Hy(d) for d > 0, see Hilbert Theorem. The integer ¢ (k—1)!, denoted
by deg(S[u]/I(Y)), is called the degree or multiplicity of S{u]/I(Y).

Definition 3.2.2. A homogeneous ideal I C S is called a complete intersection if there
exists homogeneous polynomials ¢1, ..., g, such that I = (g1, ..., g,), where r is the height
of I.

Proposition 3.2.3. (a) I(Y) = ([[,c4,(ts —uwy), .. ] ea, (tn — uy))-
(b) I(Y) is a complete intersection.

(c) reg S[ul/L(Y) = > (di — 1) and deg(S[u]/L(Y)) = Y] = dy -+ - dy.

Proof. (a) Fori=1,...,n,weset f; =[], (ti—7). Let > be the reverse lexicographical
order on the monomials of S[u]. Since fi,..., f, form a Grobner basis with respect to
this order, by Lemma 3.2.1 and Theorem 1.4.13, the vanishing ideal I(Y) is equal to
(ff ..., fM), where fi = [1,ca,(ti—uy) is the homogenization of f; with respect to a new
variable u. Part (b) follows from (a) because I(Y) is an ideal of height n [12]. (c) This
part follows directly from [9, Corollary 2.6]. O
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Cartesian Evaluation Codes In this part we compute the basic parameters of carte-
sian codes and give some applications. If d is at most Y. (d; — 1), we show an upper
bound in terms of dy, ..., d,, on the number of roots, over X*, of polynomials in S<,; which
do not vanish at all points of X*.

We begin by computing some of the basic parameters of C'x-(d), the cartesian evalu-
ation code of degree d on X*.

Theorem 3.2.4. The length of Cx+(d) is dy -+ -d,, its minimum distance is 1 for d >
Yo (d; = 1), and its dimension is

n+d n+d—d; n+d— (d; +d;)
H * d = — J _
) ( d ) Z ( d —d; )+Z( d — (di + dy) )
1<i<n 1<j
3 (n+d—(di+dj+dk)> +m+<_1)n(n+d—(d1+---+dn))
S d—(d; + dj + di) d—(di+---+d,) )
Proof. The length of Cx+(d) is | X*| = dy---d,. We set r = > (d; — 1). By Propo-
sition 3.2.3, the regularity of I(Y) is equal to r, i.e., Hy(d) = |Y| for d > r. We know
that | X*| = |Y|, thus, by Lemma 2.3.1, Hx-(d) = |X*| for d > r, i.e., Cx-(d) = KIX"| for
d > r. Hence dx+(d) = 1 for d > r. By Proposition 3.2.3, the ideal I(Y) is a complete

intersection generated by n homogeneous polynomials fi, ..., f, of degrees di,...,d,.
Thus, applying [9, Corollary 2.6] and using the equality Hx-(d) = Hy(d), we obtain the
required formula for the dimension. O

Proposition 3.2.5. Ifdy =1 and X' = Ay x -+ X A, then Cx+(d) = Cx/(d) ford > 1.

Proof. Let a be the only element of A; and let Y’ be the projective closure of X’. Then,
by Proposition 3.2.3, we get

I(Y) = (i —ua, fy,... fi) and I(Y') = (fy,..., ),

where f!' = [[cq (ti —uy) for i = 2,...,n. Since I(Y) and I(Y') C Klta, ..., tn,u]
have the same Hilbert function, we get that the dimension and the length of C'x«(d) and
Cx/(d) are the same. Thus, to show the equality Cx«(d) = Cx/(d), it suffices to show the
inclusion “C”. Any element of Cx+(d) has the form

W= (f(a,Q1),..., fla,Qum)),

where Q1, ..., @, are the points of X’ and f € S<,4. If fis the polynomial f(a,ts, ..., t,),

then f is in Klto,...,ty]<q and f(a,Q;) = f(Q;) for all i. Thus, W is in Cx/(d), as
required. O]

Since permuting the sets Ay, ..., A, does not affect neither the parameters of the cor-
responding cartesian evaluation codes, nor the invariants of the corresponding vanishing

ideal, by Proposition 3.2.5 we may always assume that 2 < d; < d;; for all i, where
d; = | A
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For G € S, we denote the zero set of G in X* by Zx«(G). We begin with a general
bound that will be refined later in this section. The proof of [24, Lemma 3A, p. 147] can
be easily adapted to obtain the following auxiliary result.

Lemma 3.2.6. Let 0 # G = G(t1,...,t,) € S be a polynomial of total degree d. If
d; < d;y1 for all i, then

dy---dpd ifn>2,
|ZX*(G)|§{d ifn—1

Proof. By induction on n +d > 1. If n4+d =1, then n = 1, d = 0 and the result is
obvious. If n = 1, then the result is clear because G has at most d roots in K. Thus, we
may assume d > 1 and n > 2. We can write G as

G=G(tr,...,tn) =Goltr, ... ta1) + Gi(ts, .. to )ty + -+ Gyt .. ta)to, (1)
where G, # 0 and 0 < r < d. Let f,..., 4 be the elements of A;. We set
Hy, = Hi(ta, ... t,) == G(Br,ta,. .., t,) for 1<Fk<d,.
Case (I): Hi(ts,...,t,) =0 for some 1 < k < d;. From Eq. () we get

Hk<t2, e ,tn> - Go(ﬁk, tz, e ,tn,1>+G1<ﬁk, tQ, P 7tn71>tn+' . +Gr(ﬁk, tQ, P ,tn,1>t; — O
Therefore G;(Bk, t2,...,tn_1) = 0 for i = 0,...,r. Hence t; — B divides G;(t1,...,tn_1)
for all . Thus, by Eq. (1), we can write

G(tl, N ,tn) — (tl - ﬁk>G/(t1, N ,tn)

for some G’ € S. Notice that deg(G’) +n =d — 1+ n < d+ n. Hence, by induction, we
get

| Zx(G)] < | Zx(tr — Bi)| +1Zx-(G'(tr, ..t )| S do- - dy+ds - - dy(d—1) = dy - - - dpd.

Case (I1): Hy(ts, ..., t,) # 0 for 1 < k < d;. Observe the inclusion

di

Zx-(G) C U({ﬁk} X Z(Hy)),

k=1

where Z(Hy) = {a € Ay x---x A, | Hi(a) = 0}. Asdeg(Hy)+n—1<d+nandd; < d;4y
for all 7, then by induction

d1
Zx+(G)| < |Z(Hy)| < dads -+ dyd < dads -+ d,yd,
k=1

as required. O
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Lemma 3.2.7. Let dy,...,d,_1,d,d be positive integers such that d = Zle(di —1)+7
and d' = Zk’ (d; — 1) + 0 for some integers k, k', 0 satisfying that 0 < k, k' < n — 2

i=1
and 1 <l <dp1— 1,1 <V <dp,1—1. Ifd <d and d; < d; 1 for all i, then k' < k
and

—dpy1 - dpq + fldk/+2 coodyy < —dpyr o dpy Uy dpy, (*)

where dyyo-+-dy1 =1 (resp., dprya---dp1=1) if k =n—2 (resp., ¥ =n —2).
Proof. First we show that k" < k. If k' > k, from the equality
(=(d—-d)+ 0+ [(dps1 — 1)+ + (dw1 — 1)),

we obtain that ¢ > di. 1, a contradiction. Thus, ¥’ < k. Since dj o ---d,_1 is a common
factor of each term of Eq. (%), we need only show the equivalent inequality:

div1 — < (dpy1 — O)dpryo -+ diyr. ()

Ifk=F, thendyyo--dpr1 =1and d—d =¢—¢ > 0. Hence, £ > ¢ and Eq. (xx) holds.
If k> K +1, then

diy1 =0 < dpy1 < dpio-dpy1 < dpio- - dpyr(dirsr — ).
Thus, Eq. (%) holds. O

Lemma 3.2.8. If 0 # G € S. Then, there are r > 0 distinct elements (y,..., 3, in A,
and G' € S such that

G=(t,— L) (tn — B)"G",  a;>1 foralli,
and G'(t1, ..., tyn_1,7) # 0 for any v € A,.

Proof. Fix a monomial ordering in S. If the degree of G is zero, we set r = 0 and G = G'.
Assume that deg(G) > 0. If G(t4,...,t,—1,7) # 0 for all v € A,, we set G = G’ and
r=0.If G(t1,...,tn_1,7) = 0 for some v € A,,, then by the division algorithm there are
F and H in S such that G = (¢, —v)F + H, where H is a polynomial whose terms are not
divisible by the leading term of ¢, — ~, i.e., H is a polynomial in Klt,..., ¢, 1]. Thus,
as G(ty,...,t,_1,7) =0, we get that H =0 and G = (t,, —v)F. Since deg(F) < deg(G),
the result follows using induction on the total degree of G. m

Proposition 3.2.9. Let G = G(ty,...,t,) € S be a polynomial of total degree d > 1 such
that deg, (G) < d;j—1 fori=1,...,n. Ifd; < diy1 for alli and d = Zle(di — 1)+ /4 for
some integers k,{ such that 1 <0 <dp,1 —1,0<k <n—1, then

| Zx+(G)| < dpya- - dn(dy -+ dpyr — da + 1),

where we set dyyo---d, =1 if k=n—1.
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Proof. We proceed by induction on n. By Lemma 3.2.8, there are r > 0 distinct elements
Bi,..., 0 in A, and G' € S such that

G=(ta—B)" - (ta — B)" G, a; > 1 for all 4,

and G'(ty, ..., ty—1,7) # 0 for any v € A,,. Notice that » < >""_ a; < d, — 1 because the
degree of G in t,, is at most d,, — 1. We may assume that A, = {f1,..., B4, } Let d be
the degree of G'(ty,...,tn—1,0;) and let ' = max{d}| r + 1 < i < d,}.

Case (I): Assume n = 1. Then, K = 0 and d = ¢. Then |Zx+(G)| < ¢ because a
non-zero polynomial in one variable of degree d has at most d roots.

Case (IT): Assume n > 2 and k = 0. Then, d = ¢ < d; — 1. Hence, by Lemma 3.2.6,
we get

Zxe(G)| S dp---dyd = dy -+~ dol = diya -+ dy(dy - diy1 — dpsy +£),

as required.
Case (III): Assume n > 2, k> 1 and d' = 0. Then, |Zx+(G)| =rd; ---d,—1. Thus, it
suffices to show the inequality

rdy - dpy Sdycedy —dpyr o dy + ldgyg - dy.

All terms of this inequality have di,o---d,_1 as a common factor. Hence, this case
reduces to showing the following equivalent inequality

rdy - digy < dp(dy - diy — dir +0).

We can write d, = r + 1 4+ 0 for some § > 0. If we substitute d,, by r + 1 + 9, we get
the equivalent inequality

Qs (r +1) < lr+dy - dppy + 0+ 0dy -+ - djsy — Odjs + 60,

We can write d = r+9; for some §; > 0. Next, if we substitute r by Zle(di— 1)+4—0,
on the left hand side of this inequality, we get

0<r+1+40—dpsr] +dia[dy - de — 1= 5 (di — 1)+ 61] + 6[dy - -~ disr — dpsa]-

Since r+14+90—dgyy >r+1+0—d, =0 and k£ > 1, this inequality holds. This completes
the proof of this case.

Case (IV): Assume n > 2, k > 1 and d > 1. We may assume that S3,,1,..., [, are
the elements f; of {5,41,...,04,} such that G'(¢y,...,t,_1,[0;) has positive degree. We
set

G; - G/(tl, e ,tnfl, BZ)
for r + 1 < i < m. Notice that d =Y, a; + deg(G’) > r +d > dj. The polynomial

H = (tn - 51>a1 tc (tn - 57")%
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has exactly rd; ---d,_; roots in X*. Hence, counting the roots of G’ that are not in
Zx+(H), we obtain:

Zx-(G) S rdy - dur + ) |Z(G), (%)
i=r+1
where Z(G) is the set of zeros of G in A} x -+- x A,_1. For each r+1 < i < m, we

can write d, = Z,]fil(alZ — 1)+ £, with 1 < ¢ < dj1 — 1. The proof of this case will be

divided in three subcases.

Subcase (IV.a): Assume ¢ > r and k = n — 1. The degree of G} in the variable ¢; is
at most d; — 1 for j =1,...,n — 1. Hence, by Lemma 3.1.2, the non-zero polynomial G}
cannot be the zero-function on Ay x --- x A,,_;. Therefore, |Z(G)| < dy---d,—1 — 1 for
r+1<4i<m. Thus, by Eq. (x), we get the required inequality

’ZX*(G)| S le"'dn_1+(dn —T’)(dl"'dn_l — 1) S dldn —dn‘i‘g,

because in this case d 9+ -d, =1 and £ > r.
Subcase (IV.b): Assume ¢ > r and k < n — 2. Then, we can write

k
d—r=> (di—1)+(—r)
i=1
with 1 </l—7r < dgy1—1. Sinced, < d—rfori=r+1,...,m, by applying Lemma 3.2.7
to the sequence dy,...,d,_1,d;;d —r, we get k. < k for r +1 < i < m. By induction
hypothesis we can bound |Z(G%)|. Then, using Eq. (x) and Lemma 3.2.7, we obtain:

Zx (@) < rdidur + Y g dur(di - dygyr — dygir + )

i=r+1

< rdydpg + (dy = 7)[(dkye s dnoa)(dy o diypy — digpy + 0= 1))
Thus, by factoring out the common term dj.» - - - d,,_1, we need only show the inequality:

rdy - dyyr + (dp —7)(dy o dppy —dppr +€—1) <
dn(dy - di1 — dgy1 + 0).

After simplification, we get that this inequality is equivalent to r(d,, — dy1+£—1) > 0.
This inequality holds because d,, > dy1 and £ > r. N

Subcase (IV.c): Assume ¢ < r. We can write d —r = Y. (d; — 1) + ¢, where
1< Zg dsy 1 — 1 and s < k. Notice that s < k. Indeed, if s = k, then from the equality

s k

d—r=Y (di-1)+0=) (di—1)+l—7 (%)

i=1 i=1

we get that (=0—1r> 1, a contradiction. Thus, s <n —2. As d —r > d}, by applying
Lemma 3.2.7 to dy,...,d,_1,d,,d — 7, we have k} < s <n—2fori=r+1,...,m. By
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induction hypothesis we can bound |Z(G})|. Therefore, using Eq. (x) and Lemma 3.2.7,
we obtain:

| Zx(G)] < cordno1 + Z cldpy —dygyr e dpy + dprgg o dn o]

i=r+1

< rdy o dyy + (dy = 1)|dy o dpey — dsr o dooy Fdgro - dyi €.
Thus, we need only show the inequality

rdy - dpq + (dy —7)[dr - dy g _derl"'dnfl+d8+2"'dnflz] <
dl"'dn_dk+1"'dn+dk+2"'dn€-

After cancelling out some terms, we get the following equivalent inequality:
disr o — gz ol < (dy = 7)[dy1+ doot — duyz - dr ], (1)

The proof now reduces to show this inequality.
Subcase (IV.c.1): Assume k =n — 1. Then, Eq. (I) simplifies to

dn -0 S (dn - r)[ds+1 T dn—l - ds+2 e dn—lz]-
Since d,, > r + 1, it suffices to show the inequality
r—+1 —/ < d8+2"‘dn,1(d5+1 —Z)

From Eq. (%*), we get

n—1 n—1
(1= =0—0+ > (di—1)+(1—0)=—l+de1+ Y (d—1).
i=s+1 i=s+2

Hence, the last inequality is equivalent to

n—1

Z (di - 1) < (ds+2 crdpoy — 1)(ds+1 - Z)

i=s+2

This inequality holds because dgyo---dp_1 > Y 1 Jr2( -1)+ 1
Subcase (IV.c.2): Assume k& < n—2. By canceling out the common term dyo - - d,_1
in Eq. (1), we obtain the following equivalent inequality

dis1dn — dnl < (dy = 1) (dspz -+ dii) (s — 0).
We rewrite this inequality as

M(dgya - dyr)(dysr = 0) < dp[(dgyo - djpr ) (doyr — 0) = disr] + Ld.
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Since d,, > r + 1 it suffices to show the inequality

r(dgra -+ di)(dosr — ) <
rl(dsrz - dis)(dsr = €) = dira] + [(dsyz -+ - dir1) (dsr — £) = diya] + L.

After a quick simplification, this inequality reduces to

(r + Ddps1 < (doyo - dpy1)(dsy1 — €) + Ld,,.

From Eq. (x%), we get r+1 = (—l+dy1) +(€—|—Zf:s+2(di —1)). Hence, the last inequality
is equivalent to

k
dipr Y (di = 1) < diga(doya- - di = 1)(doys = £) + €(dy — diia).

i=s+2

This inequality holds because dy - - - dy > Zf:s +o(d; = 1) 4 1. This completes the proof
of the proposition. n

Corollary 3.2.10. Let d > 1 be an integer. If d; < d;y1 for alli and d = Zle(di —1)+¢
for some integers k, ¢ such that 1 <€ <dgyy —1 and 0 < k <n —1, then

maX{|ZX*<F)| F e Sgd, F ?é 0} S dk+2 s 'dn(dl o 'dk+1 - dk+1 +£)

Proof. Let F' = F(ty,...,t,) € S be an arbitrary polynomial of total degree d’ < d such
that F'(P) # 0 for some P € X*. We can write d’' = Zflzl(di—l)—kf’ with 1 < V' < dpy1—1
and 0 < k' < k. Let < be the graded reverse lexicographical order on the monomials of
S. In this order t; > --- > {,. For 1 <1 <, let f; be the polynomial [ _, (t; — 7).
Recall that d; = |A;|, i.e., f; has degree d;. By the division algorithm [1, Theorem 1.5.9,
p. 30], we can write

F=hfi+-+hfo+G, (1)

for some G' € S with deg, (G") < d; — 1 for i = 1,...,n and deg(G’) = d" < d'. If
G’ is a constant, by Eq. (11) and using that 0 # F(P) = G'(P), we get Zx+(F) = 0.
Thus, we may assume that the polynomial G’ has positive degree d”’. We can write d” =
S (di = 1)+ 0", where 1 < " < dyryy and 0 < k” < k'. Notice that Zx-(F) = Zx-(G").
By Proposition 3.2.9, and applying Lemma 3.2.7 to the sequences di,...,d,,d", d and
dy,...,d,,d, d, we obtain

|ZX*(F>| - |ZX*<G,)| d1 . dn — dk”+1 . 'dn +dk”+2 . 'dnfﬂ
"dn—dk'+1"‘dn+dk’+2"'dn€/

Ay dy = i -y + dia - d.

IA N CIA
S

Thus, |Zx«(F)| < dy---d, — dgy1- - dp + dgyo - - - dpl, as required. O

We come to the main result of this section.
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Theorem 3.2.11. [21] Let K be a field and let Cx«(d) be the cartesian evaluation code
of degree d on the finite set X* = Ay x --- x A, C K™. If 2 < d; < d;yq1 for all @, with
d; = |A;|, and d > 1, then the minimum distance of Cx«(d) is given by

NE

(dipr = O diyr--+dy ifd <Y (di— 1) = 1,

1

Sx+(d) =

NgE

1 ifd>>(d;—1),

1

where k > 0, £ are the unique integers such that d = Zle (d; = 1)+l and1 <l < dpyq1—1.

Proof. It d > >"7" /(d; — 1), then the minimum distance of Cx-(d) is equal to 1 by
Theorem 3.2.4. Assume that 1 <d < ", (d; —1) — 1. We can write

Ai={Bi1, Bi2s - Bia}, i=1,...,n
For 1 <i <k + 1, consider the polynomials
= (Big —ti)(Big —ti) - (Bigi—1 — ) if1 <i<k,
‘ (Brr11 — trer1) Brrrz — trgr) - (Beyre — toyr) fi=k+1
The polynomial G = f; - -- fi41 has degree d and G(B1.4,, B2,dy» - - - s Bnd,) 7 0. From the
equality

Zx:(G) = [(A\{Bra}) X Az x -+ x Ay U
{Bra} % (A2 \ {Baas}) x Ag X -+ x Ag] U

[{61,(11} Xoee X {ﬂk*l,dkfl} X (Ak \ {ﬁk,dk}) X AkJrl Koo X An] U
{Bra} X - X {Bran} X {Brr1,15 -+ Bryre} X Apga X -+ X Ay,
we get that the number of zeros of G in X* is given by:

k
Zx-(G)| = Y (di = 1)(digy - dn) + Uiy dy = dy - dyy — diyr - diy + ljya - d.

i=1
We know that | X*| =d; - --d,. Therefore

dx+(d) = min{|leva(F)|: eva(F) # 0; F' € S<q} = | X| — max{|Zx«(F)|: F € S<4; F # 0}
< dy-dy — | Zx+(G)| = (djy1 — £) djy2 - - - dyy,

where |levy(F')| is the number of non-zero entries of evy(F') and F' # 0 means that F is
not the zero function on X*. Thus

Ox+(d) < (digs1 — )dpga - - - do.

The reverse inequality follows at once from Corollary 3.2.10. [
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In a very recent paper, Bishnoi, Clark, Potukuchi and Schmitt give another proof of
the formula ([4], Theorem 5.2) for dx+(d) using a result of Alon and Fiirendi [2], Theorem
5. Another proof of this formula using Grobner bases can be found in [6], Proposition 2.3
and in [22].

As a consequence of Theorem 3.2.11, we recover the following formula for the minimum
distance of a parameterized code over a projective torus.

Corollary 3.2.12. [26, Theorem 3.5] Let K = F, be a finite field with q # 2 elements. If
T is a projective torus in P™ and d > 1, then the minimum distance of Cr(d) is given by

g0 g =10 if d<(q—2)n—1,
brld) ‘{ 1 if d>(q—2)n,

where k and { are the unique integers such that k > 0,1 < <q—2 andd = k(q—2)+/.

Proof. If A; = K* fori =1,...,n, then X* = (K*)", Y =T, and d; = ¢ — 1 for all 4.
Since dx+(d) = dy(d), the result follows at once from Theorem 3.2.11. O

As another consequence of our main result, we recover a formula for the minimum
distance of an evaluation code over an affine space.

Corollary 3.2.13. [8, Theorem 2.6.2] Let K =T, be a finite field and let Y be the image
of A" under the map A" — P", x +— [(x,1)]. If d > 1, the minimum distance of Cy(d) is
given by:

5y (d) = { (q—0)g" "t if d<n(¢g—1)—1,
1 if d>n(qg—1),

where k and { are the unique integers such that k > 0,1 < <qg—1andd =k(qg—1)+¢.

Proof. If A; = K for ¢ = 1,...,n, then X* = K" = A" and d; = ¢ for all 7. Since
dx+(d) = dy(d), the result follows at once from Theorem 3.2.11. O

Example 3.2.14. If X* = F}, then the basic parameters of Cx«(d) are given by

=0 \¢

Example 3.2.15. Let K = Fg be a field with 9 elements. Assume that A; = K for
i =1,...,4. For certain values of d, the basic parameters of Cx«(d) are given in the
following table:

d 1 2 3 4 D 10 16 20 28 31 32

| X 6561 | 6561 | 6561 | 6561 | 6561 | 6561 | 6561 | 6561 | 6561 | 6561 | 6561

dim C'x+(d) 5 15 35 70 | 126 | 981 | 3525 | 5256 | 6526 | 6560 | 6561

dx+(d) 5832 | 5103 | 4374 | 3645 | 2916 | 567 | 81 45 5 2 1
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Cartesian Codes Over Degenerate Tori Given a non decreasing sequence of positive
integers dy, ..., d,, we construct a cartesian code, over a degenerate torus, with prescribed
parameters in terms of dy, ..., d,.

Definition 3.2.16. Let K = F, be a finite field and let v = (vq,...,v,) be a sequence of
positive integers. The set

X ={(2,...,z;) |x; € K™ for alli} C K",
is called a degenerate torus of type v.

The main result of this section is:

Theorem 3.2.17. Let 2 < dy < --- < d, be a sequence of integers. Then, there is a
finite field K =F, and a degenerate torus X* such that the length of Cx«(d) is dy - --d,,
its dimension is

G O (d) (n;—d) S (njl-i;d) +; (n;f(—d(i;;lg)) _

1<i<n

n+d— (d; +d;j + dy.) afn+d—(di+---+dy)
Z( d—(di+dj+dk)k)+m+(_1)( d—(di+-+dy) )

i<j<k
its minimum distance is 1 if d > > (d; — 1), and
Ox+(d) = (dit1 — Odpio -+ d, if d <D0 (di —1)—1,
where k > 0, £ are the unique integers such that d = Zle (di — 1)+l and1 <l < dp1—1.

Proof. Pick a prime number p relatively prime to m = d; - - - d,,. Then, by Euler formula,
p?™ =1 (mod m), where ¢ is the Euler function. We set ¢ = p?™. Hence, there exists
a finite field F, with ¢ elements such that d; divides ¢—1fori =1,...,n. Weset K =F,.

Let 8 be a generator of the cyclic group (K*, -). There are positive integers vy, ..., v,
such that ¢ — 1 = v;d; for i = 1,...,n. Notice that d; is equal to o(8"), the order of S%
fori=1,...,n. We set A; = ("), where (%) is the subgroup of K* generated by .
If X* is the cartesian product of Ay,..., A,, it not hard to see that X* is given by

X*={(z?, ..., 20) |z, € K* for all i} C A",

i.e., X* is a degenerate torus of type v = (v1,...,v,). The length of | X*| is dy---d,
because |A;| = d; for all i. The formulae for the dimension and the minimum distance of
Cx+(d) follow from Theorems 3.2.4 and 3.2.11. O

Remark 3.2.18. Let K =, be a finite field and let 8 be a generator of the cyclic group
(K*,-). If X* is a degenerate torus of type v = (vy,...,v,), then X* is the cartesian
product of Ay, ..., A,, where A; is the cyclic group generated by BY. Thus, if d; = | A

fori=1,...,n, the affine evaluation code over X* is a cartesian code. Hence, according
to Theorem 3.2.4 and 3.2.11, the basic parameters of Cx«(d) can be computed in terms of
dy,...,d, asin Theorem 3.2.17. Therefore, we are recovering the main results of [14, 15].
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As an illustration of Theorem 3.2.17 consider the following example.

Example 3.2.19. Consider the sequence dy = 2, do = 5, d3 = 9. The prime number
q = 181 satisfies that d; divides ¢ — 1 for all i. In this case v = 90, vy = 36, v3 = 20.
The basic parameters of the cartesian codes Cx«(d), over the degenerate torus

X' ={(aY", 23", a3")| 2 € Figy fori=1,2,3},
are shown in the following table. Notice that the reqularity of I(Y) is 13.

d 123|456 7]8|9]10]11]12]13
X 909090909090 9090909090 90]90
dimCx-(d) | 4 | 9 | 16|25 35|45 |55 65| 74| 81|86 |89 |90
Sx-(d) |45(36[27 (18[9 |8 |7 6|5 |43 ]2]1

Notice that if K' = Fg, and we pick subsets Ay, As, A3 of K' with |A;] =2, |As| = 5,
|As| =9, the cartesian evaluation code Cx/(d), over the set X' = Ay X Ay x Az, has the
same parameters that Cx«(d) for any d > 1.

3.3 Examples with Macaulay 2.0

Example 3.3.1. Let K = F; and v; = (1,2,3,4),v = (2,5,1,2),v3 = (1,1,1,1). Con-
sider the following affine algebraic toric set

X* = {(n1y393Y41, Uiy5ysyi, Yiyaysys) € KP | y; € K*}.

We are going to use Theorem 3.1.4 and the Elimination theorem (see Theorem 1.3.33)
to find the Hilbert function of I(X*). Using Macaulay 2.0 we obtain:

il : p=7

ol =7

i2 : K=ZZ/p
02 =K

02 : QuotientRing

i3 : R=Kl[yl,y2,y3,y4,t1,t2,t3,Monomial0rder=>Eliminate 4]

o3 =R

03 : PolynomialRing

i4 : I=ideal(t1-yl*y2~2%y3~3%y4~4,t2-y1~2xy2"5xy3%y4~2,t3-y1l*y2xy3*y4,
y1~(p-1)-1,y27 (p-1)-1,y3" (p-1)-1,y4" (p-1)-1)

2 3 4 2 5 2
04 = ideal (- ylxy2 y3 y4 + t1, - yl y2 y3*xy4d + t2, - yl*xy2*y3xy4d + t3,
6 6 6 6
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y1

o4d
ib

ob =

o5 :
i6 :

06 =
: PolynomialRing

06
i7

o7 =

o7 :
i8 :

08 =

08 :
i9

09

110 :

3

6

10
15
21
25
27
27

-1,y2 -1,y3 -1, y4 -1)

Ideal of R

: P=ideal selectInSubring(1l,gens gb I)

6 6 6 6
ideal (¢3 -1, t2 -1, t1 - t3)
Ideal of R
S=K[t1,t2,t3]

S

J=substitute(P,S)

6 6 6 6
ideal (t3 -1, t2 -1, t1 - t3)
Ideal of S
J

6 6 6 6
ideal (t3 -1, t2 -1, t1 - t3)
Ideal of S

1 gbJ
09 =

| t376-1 t2°6-1 t1°6-1 |

: GroebnerBasis
i=1; while i< 19 do(print(hilbertFunction(i,J));i=i+1)
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In the last part we can see the values of the Hilbert function, it is clear that the Hilbert
polynomial 1s 0.

Example 3.3.2. Let K = Q and [ = (2* —y? 2z —y,2° — 2*) C Klz,y]. We use
Macaulay 2.0 to compute the affine Hilbert function of I.

i1 : K=QQ
ol = QQ
ol : Ring

—--— the class of all rational numbers

i2 : R=Kl[x,y,z]

02 = R

02 : PolynomialRing

i3 : I=ideal(x"2 - y~2,z*x - y,x"3 - z272)

2 2 3 2
ideal (x -y , x%z -y, x -z )
03 : Ideal of R
i4 : i=1; while i< 8 do(print(hilbertFunction(i,I));i=i+1)

o
w
Il

In the last part we can see the values of the Hilbert function, it is clear that the Hilbert
polynomial is 0.

Example 3.3.3. Let K = Fy; and T = {[(x1, 2, 23,74)] | x; € K*} C P3. be the projective
torus. From Theorem 2.2.9 we know that

I(T) = (210 — o, 2 — 1%, 21" — 219).

Using Macaulay 2.0 to compute the projective Hilbert function of I(T), we obtain:
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i1 @ p=11
ol = 11

i2 : K=ZZ/p
02 =K

02 : QuotientRing

i3 : R=K[x1,x2,x3,x4]

o3 =R

03 : PolynomialRing

i4 : I=ideal(x2710 - x1710,x3710 - x1710,x4710 - x1710)

10 10 10 10 10 10
04 = ideal (- x1 +x2 , - x1 +x3 , - x1 + x4 )
04 : Ideal of R
i5 : i=1; while i<15 do(print(hilbertFunction(i,I));i=i+1)

10
20
35
56
84
120
165
220
283
352
425
500

In the last part we can see the values of the Hilbert function.

Example 3.3.4. Let K = Q, Ay ={2,4,1} and Ay = {1,3,5}. Let X* = A; x Ay. For

Lemma 3.2.1 we know that

I(X") = ((z =2)(x = 4)(z = 1), (y = D(y = 3)(y = 5)).-

We use Macaulay 2.0 to compute the affine Hilbert function of I(X™).

il : K=QQ
ol = QQ
ol : Ring
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—-- the class of all rational numbers

i2 : R=Kl[x,y]

02 =R

02 : PolynomialRing

i3 : I=ideal((x -2)*(x -4)*(x -1),(y -1)*(y -3)*(y -5))

3 2 3 2
03 = ideal (x - 7x + 14x -8,y - 9y + 23y - 15)
03 : Ideal of R
i4 : i=1; while i< 8 do(print(hilbertFunction(i,I));i=i+1)

In the last part we can see the values of the Hilbert function, it is clear that the Hilbert
polynomaal is 0.

Reed-Muller-Type Codes MIGUEL EDUARDO URIBE PACZKA



Bibliography

[1] W. W. Adams and P. Loustaunau, An Introduction to Grébner Bases, GSM 3, Amer-
ican Mathematical Society, 1994.

2] N. Alon and Z. Fiirendi, Covering the cube by affine hyperplanes, European J. Com-
bin. 14 (1993), 79-83.

[3] M. F. Atiyah and I. G. Macdonald, Introduction to Commutative Algebra, Addison-
Wesley, Reading, MA, 1969.

[4] A. Bishno, P. L. Clark, A. Potukuchi and J. R. Schmitt, On zeros of a polynomial in
a finite grid. Preprint, 2015, arXiv: 1503.05865.

[5] B. Buchberger, An algorithmic method in polynomial ideal theory, in Recent Trends
in Mathematical Systems Theory (N.K. Bose, Ed.), Reidel, Dordrecht, 1985, 184-232.

[6] C. Carvalho, On the second Hamming weight of some Reed-Muller type codes, Finite
Fields Appl. 24 (2013), 88-94.

[7] D. Cox, J. Little and D. O’Shea, Ideals, Varieties, and Algorithms, Springer-Verlag,
2012.

[8] P. Delsarte, J. M. Goethals and F. J. MacWilliams, On generalized Reed—Muller
codes and their relatives, Information and Control 16 (1970), 403-442.

9] I. M. Duursma, C. Renterfa and H. Tapia-Recillas, Reed-Muller codes on complete
intersections, Appl. Algebra Engrg. Comm. Comput. 11 (2001), no. 6, 455-462.

[10] D. Eisenbud, D. R. Grayson, and M. Stillman, eds., Computations in algebraic ge-
ometry with Macaulay 2, Algorithms and Computation in Mathematics 8, Springer-
Verlag, Berlin, 2002.

[11] A. V. Geramita, Notes of Agebraic Geometry.

[12] A. V. Geramita, M. Kreuzer and L. Robbiano, Cayley-Bacharach schemes and their
canonical modules, Trans. Amer. Math. Soc. 339 (1993), no. 1, 163-189.

[13] L. Gold, J. Little and H. Schenck, Cayley-Bacharach and evaluation codes on com-
plete intersections, J. Pure Appl. Algebra 196 (2005), no. 1, 91-99.

67



68 BIBLIOGRAPHY

[14] M. Gonzalez-Sarabia, C. Renteria and A. Sdnchez-Hernandez, Evaluation codes over
a particular complete intersection, Int. Journal of Contemp. Math. Sciences 6 (2011),
no. 29-32, 1497-1504.

[15] M. Gonzélez-Sarabia, C. Renteria and A. Sanchez-Hernandez, Minimum distance of
some evaluation codes, Appl. Algebra Engrg. Comm. Comput. 24 (2013) 95-106.

[16] M. Gonzéalez-Sarabia, C. Renteria and H. Tapia-Recillas, Reed—Muller-type codes
over the Segre variety, Finite Fields Appl. 8 (2002), no. 4, 511-518.

[17] D. Grayson and M. Stillman, Macaulay2, 1996. Available via anonymous ftp from
math.uiuc.edu.

[18] R. Hartshorne, Algebraic Geometry, Springer-Verlag, New York, 1977.

[19] Thomas W. Hungerford, Algebra, Graduate Texts in Mathematics, Springer-Verlag,
New York, 1974.

[20] H. H. Lépez, E. Sarmiento, M. Vaz Pinto and R. H. Villarreal, Parameterized affine
codes, Studia Sci. Math. Hungar. 49 (2012), no. 3, 406-418.

[21] H. H. Lépez, C. Renteria and R. H. Villarreal, Affine cartesian codes, Des. Codes
Cryptography. 71 (2014), no. 1, 5-19.

[22] J. Martinez-Bernal, Y. Pitones and R. H. Villarreal, Footprint Functions of Complete
Intersections. Preprint, 2016, arXiv: 1601.07604.

[23] H. Matsumura, Commutative Ring Theory, Cambridge Studies in Advanced Mathe-
matics 8, Cambridge University Press, 1986.

[24] W. M. Schmidt, Equations over finite fields, An elementary approach, Lecture Notes
in Mathematics 536, Springer-Verlag, Berlin-New York, 1976.

[25] E. Sarmiento, Parameterized Codes, Tesis de Doctorado, Ciudad de México, Abril
2012.

[26] E. Sarmiento, M. Vaz Pinto and R. H. Villarreal, The minimum distance of param-
eterized codes on projective tori, Appl. Algebra Engrg. Comm. Comput. 22 (2011),
no. 4, 249-264.

[27] A. Sgrensen, Projective Reed—Muller codes, IEEE Trans. Inform. Theory 37 (1991),
no. 6, 1567-1576.

[28] R. Stanley, Hilbert functions of graded algebras, Adv. Math. 28 (1978), 57-83.

[29] B. Sturmfels, Grébner Bases and Convexr Polytopes, University Lecture Series 8,
American Mathematical Society, Rhode Island, 1996.

Reed-Muller-Type Codes MIGUEL EDUARDO URIBE PACZKA



BIBLIOGRAPHY 69

[30] M. Tsfasman, S. Vladut and D. Nogin, Algebraic geometric codes: basic notions,
Mathematical Surveys and Monographs 139, American Mathematical Society, Prov-
idence, RI, 2007.

MIGUEL EDUARDO URIBE PACZKA Reed-Muller-Type Codes



Notation

(N1: rN,), ideal quotient, 4

> greviers graded reverse lex order, 13

> griex, graded lex order, 13

>0, lexicographic order, 13

Cy(d), projective Reed-Muller-type code,
40

Cy, Affine cone of V', 25

Cx+(d), parameterized affine code, 43

Cy(d), affine Reed-Muller-type code, 42

Cy(d), parameterized projective code, 43

H Fy, projective Hilbert function of I, 36

HFY}, the affine Hilbert function of 7, 32

H P}, the affine Hilbert polynomial of I |
33

HY, affine Hilbert function, 42

Hy, Hilbert function, 40

I", the homogenization of I, 25

I, the set of polynomials in I of total
degree <'s, 31

I, the set of homogeneous polynomials in
I of total degree s, 36

K, afield, 1

K[z, ..., x,]s, the set of homogeneous poly-
nomials of total degree s, 36

K[zq,...,x,], polynomial ring, 1

Klxy, ..., 7,)<s, the set of polynomials of
total degree < s, 31

K", n-dimensional affine space over K, 6

LC(f), the leading coefficient of f, 14

LM(f), the leading monomial of f, 14

LT(I), set of leading terms of elements of
1,16

LT(f), the leading term of f, 14

S(f,g), the S-polynomial of f and g, 18

V/W, the quotient space of V modulo W,

70

31

V(I), prime ideals over I, 2

Spec(R), spectrum of a ring, 2

ht (I), height of an ideal, 3

ann g(M ),annihilator of M, 3

f¥, the remainder on division of f by F,
18

§(C'), minimum distance of a code C, 39

dy(d), minimum distance of a projective
Reed-Muller-type code, 40

(LT(I)), leading terms ideal, 16

IF,, finite field with ¢ elements, 39

P’%, n-dimensional projective space, 21

A(Y'), affine coordinate ring , 27

I(V), vanishing ideal of V', 9

I(Y), vanishing ideal of Y C P, 25

V(T), affine variety defined by 7', 10

V(fi,...,[fs), projective variety defined
by fl,...,fs, 23

V(fi,...,fs), the affine variety defined
by fh--wfsa 6

Y, closure of Y, 12

dimy, C, dimension of the code C' as an
F,-vector space, 39

multideg( f),multidegree of f, 14

w(a), weight of a, 39

Z(M), zero divisors, 4

deg(STul/I(Y)), degree of Sfu|/I(Y), 48

depth(M), depth of a module, 4

dim(M), Krull dimension, 4

evy, evaluation map, 40

iff, if and only if, 2

reg K[z, ...,x,]/1, index of regularity, 33

dim X, the dimension of X, 26
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S-polynomial, 23

Affine cone, 30

Affine coordinate ring, 31

Affine Hilbert function, 36
Affine Hilbert polynomial, 37
Affine Reed-Muller-type code, 45
Affine space, 12

Affine variety, 12

Annihilator, 9

Basic parameters, 43
Binomial, Binomial ideal, 48
Buchberger

algorithm, 24
Buchberger’s Criterion, 23

Cartesian evaluation code, 52

Classical projective Reed—Muller code, 44

Codimension

of a module, 10
Codimension of an ideal, 9
Cohen—Macaulay

ideal, 10

ring, 10
Cohen—Macaulay module, 10
Colon ideal, 9
complete intersection, 51
Coordinate subspace, 32

Dehomogenization of a polynomial, 28
Depth of a module, 10

Dimension of a topological space, 31
Dimension of an ideal, 9

Division Algorithm, 20

Elimination ideal, 25
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Elimination theorem, 25
Evaluation map, 44

Footprint, 25
Forms, 11

Grobner basis, 22
Graded
ideal, 11
map, 11
module, 11
submodule, 11

Graded monomial order, 30
Graded Ring, 11

Hamming distance, 43
Height of an ideal, 9
Hilbert basis theorem, 22
Hilbert Nullstellensatz theorem, 17
Hilbert theorem, 37
Homogeneous

ideal, 11
Homogeneous element, 11
Homogeneous ideal, 8
Homogeneous polynomial, 8
Homogenization of an ideal, 30

ideal
quotient, 9
Index of regularity, 37
Internal direct sum of a family of submod-
ules, 10
Irreducible space, 16

Krull dimension, 9

length of a code, 43
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Lexicographic Order,Graded Lex Order,Graded Zariski topology, 16
Zariski topology of the prime spectrum,

Reverse Lex Order, 18
Linear Code, 43

minimal
prime

of a ring, 8

of an ideal, 8
minimal Grobner basis, 24
Minimum distance, 43
Monomial, 7
Monomial ideal, 20
Monomial ordering, 18
Multiplicity, 51

Noetherian topological space, 31

Parameterized affine code, 47
parameterized projective code, 47
Polynomial quasi-homogeneous, 11
prime spectrum, 8

Projective closure, 30

Projective Reed-Muller-type code, 44
Projective space, 26

Projective torus, 44

Projective variety, 28

Quotient ideal, 9

Rational parametric representation, 14
Reduced Grobner basis, 24

Regular element, 10

Regular sequence, 10

Spectrum of a ring, 8
Standard grading, 11
Standard monomial, 25

The dimension theorem, 39
The dimension theorem, projective case,
41

Usual grading, 11
Vanishing ideal, 15
Weight, 43

8
Zero divisor, 10
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