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Introduction

This dissertation is about two types of Toeplitz operators: radial and vertical.
We present a description of the C*-algebra generated by Toeplitz operators
with radial symbols by its eigenvalues sequence. It is about vertical Toeplitz
operators and its corresponding spectral functions. It is shown a description
of the C*-algebra generated by vertical Toeplitz operators by means of its
spectral functions and the relation among them.

The motivation for this description is as follows:

Toeplitz operators

Let D: = {z € C| |z| < 1} be the unit disc. Let Ly(D,dA) be the space of
square integrable functions defined on the unit disc.

Let A?(D) C Ly(D,dA) be the Bergman space which consists of analytic
functions on the disc.

Denote by £(A?(ID)) the space of bounded operators acting on the Bergman
space.

The Bergman space is a reproducing kernel space:

f(z)={(f,K.), con z € D.

where .
K(w)= ————
(W) =g —uze
The Bergman projection P: Ly(D, dA) — A?(D) has the integral represen-
tation

Pf(z) :/D%dfl(w)

The Toeplitz operator T,, with symbol a € L, (D) has the integral represen-
tation () f(w)
a(w) f(w
T = | ———=dA(w).
of(e) = [ HPLE AW
Next we consider radial Toeplitz operators.

Radial operators
The set {e, }nen, where

en(2) = Vn+ 12"

1



2 INTRODUCTIOON

is an orthonormal basis for A%(D).
Among other equivalences, an operator S € L(A%(D)) is said to be radial
if and only if there exist {i, fnen € loo(N) such that

Se, = tnen, Vn € N.

For Toeplitz operators, T, is radial if and only if a(z) = a(|z]) is a radial
function.

The eigenvalues of the Toeplitz operator T, are calculated in an explicit
form

tn = (n+ 1) /01 a(r)r'dr.

Hausdorff moment problem

Given a sequence p € (*°(N) we wish to determine if there exist a €
L+(0,1) such that u(7,) = p.

Such a problem is known as the “Hausdorff moment problem” and for its
solution we recall the following definition: let m be a natural number and let
x = {Z, }nen be a complex number sequence. The m-difference of x is denoted
by A7 (@) = (=)™ S () (=LY ;.

(Hausdorff moment problem) p is the corresponding eigenvalue sequence of
the Toeplitz operator T, if and only if (k+1)(")| A, 0| < Cfor 0 <m <k

k
where 0, = 2442, p.101].

The equation p, = (n + 1) fol a(r)r*dr is related as a transformation of
a(r) into the sequence {1, }nen. This transformation is strongly related to the
Laplace transform, and in fact is a discrete analogous to this one. We will take
advantage of this fact latter.

First description of the C*-algebra generated by radial Toepllitz
operators

We consider the C*-algebra generated by

{T,: ais bounded and radial}.

Given that the radial operators are determined by its eigenvalues sequence it
is possible to give a description of this C*-algebra describing the C*-algebra
generated by

{p: p=p(T,) for a bounded and radial}.

Suéarez 37| gives a description as we describe next. We denote by ¥ the C*-
algebra generated by Toeplitz operators with bounded defining symbols

{T,: a€ Ly(D)}.
He considers two set of sequences

dy = {z € (*(N): supn| Al (2)| < oo},



dy = {x € >°(N): supn?| A2 (7)] < oo}

d; is a self-adjoint subalgebra of /> and therefore d_leoo is a C*-algebra. Suérez
proves that dy C d; y d_leoo = d_;oo‘

Let S € L(A*(D)) be a radial operator.

S € T if and only if u(S) € .

S € T if and only if u(9) € dy

This equivalence characterizes the eigenvalues sequence of operators be-
longing to the Toeplitz algebra. At first it’s difficult to decide if a sequence
belongs to the /., —closure of sequences that satisfies the Hausdorff condition.
Introducing d; and dy simplifies the situation. The disadvantage is neither d;
and dy are closed.

Radial operator and the set ds

To prove the equivalence S € ¥ if and only if u(S) € d_geoo, Suarez intro-
duces an operators set for which its eigenvalue sequence are characterized by
ds.

For such a task he uses the Berezin transform, which plays an important

role from this point forward.
The Berezin transform is defined by By: L(A*(D)) — C*°(D),

(SK,, K,)
By(S = —""
o)) =5 Ky
The invariant Laplacian is
A=(1-|zP)A

with A = 99.

Suérez makes use of
D ={S e L(A*D)): IT e L(A*D)) tal que ABy(S) = By(T)}.

Given that the Berezin transform is one to one, the invariant Laplacian of
an operator S € D is defined by

A(S)=T.

Therefore another eigenvalue characterization is obtained: S € D if and only
if u(S) € ds.

The set of sequences VSO(N): second description of the C*-algebra
generated by radial Toeplitz operators

Grudsky, Maximenko and Vasilevski use another set of sequences

VSO(N) = {x € (*(N): lm|z; — x| = 0} :

k
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VSO(N) is a subalgebra of /*°(N). The relation between d; and VSO(N) is as

follows

d; € VSO(N),
and

4" = VSO(N).
To prove the preceding equality, they use De la Vallé-Poussin mean.
It is, let x € VSO(N) and € > 0. There exists 6 € (0,1) such that

J+146]

1

k=j

with y € dy and ||y — z|| <e.
This way is easier to check if a sequence belongs to VSO(N). In other
words, the C*-algebra generated by

{T,: aradial and bounded}

is isometrically isomorphic to VSO(N).

Results

The main of the work is to extend this description to the case of weighted
Bergman spaces over the unit ball A3 (B"), where the weight parameter \ €
(—1,00). The development of the dissertation is stated in the following para-
graphs.

Chapter 1 and Chapter 2 are based on the joint work with Wolfram Bauer
and Nikolai Vasilevski.

Chapter 1 it is about the (m, A)-Berezin transform

Byt L(AX(B")) — C*(B"),

which is defined by Daniel Suéarez for the Bergman space over the unit disc.
Nam, Zheng and Zhong extend this definition to the unit ball.

So, in this chapter we present the weighted generalization of two approxi-
mation theorems, i.e., we establish conditions under which the convergence of
the sequence

TBmy)\(S) — 51

happens in operator norm.

For the first Theorem[1.3.7], the Schur test is used for guarantee convergence
in operator norm (Lema|[L.3.2).

The second Theorem , uses the invariant Laplacian ((1.29)).



In Chapter 2 we consider radial operators and its eigenvalue sequences. A
bounded radial operator S belonging to the Toeplitz algebra satisfies Theo-
rems [1.3.7 and [L.3.9 It is

TBm,)\(S) - S

in operator norm.

Definition [2.1.1] established S is radial if and only if S = Rad(S).

In Lemma [2.1.6]it is shown radialization commutes with the (m, A)-Berezin
transform, i.e.,

Rad o By, A\(S) = By,x © Rad(S)

This way By, x(S) is radial and therefore T, is radial. Particularly this
shows that
RadNT =%({T,: ais bounded and radial}).

If a € L(0,1) is a radial symbol a straightforward calculation shows that
the eigenvalue sequence of T, is written as

1
Bn+k—-1,A+1

B (k) = ) / a(\/F)FR (L = ),

and Proposition [2.3.1] establishes B((Ln/\) € d; and ﬁén/\) € d,.
In proposition [2.3.2]it is shown that if u € dy then S € D and the following
bound holds

IAS)I < (6 + 4|A!)Sglpn2l AL ().

The most important result is Theorem [2.3.4] which establishes the £*°-norm
closure of B(An) is equal to VSO(N) with

B! = {53’3; a € Loo(0,1)}.

Chapter 3 is based on the joint work with Ondrej Hutnik, Egor Maximenko
and Nikolai Vasilevski. In Chapter 3 the so called vertical Toeplitz operators
are treated.

For h € R, Hy,: A3(IT) — A3(II) the shift operator is Hy,f(z) = f(z — h).

An operator S € L(A3(IT)) is vertical if and only if

H,S = SH), VheR.

For the Toeplitz operator Ty, b € Lo (II), T} is vertical if and only if
b(z) = b(Im(2)).

According to [39, Theorem 3.1], A3 (II) is isometrically isomorphic to Ly (R )
by means of a unitary operator R. This way the vertical Toeplitz operator 7T},
is unitarily equivalent to a multiplication operator v, »/ acting on Ly(R4 ), i.e.,

R*T,R = I, where
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Vo) = % /0 N b(y) e ™ ydy.

The purpose of this chapter is to describe the C*-algebra generated by
F)\ = {Tbi be LOO(R+)}

To this end we use similar techniques to those applied in the radial case. In
order to consider the corresponding (m, A)-Berezin transform for the vertical
case, we introduce the functions sequence {1, x }neny which is an approximation
to the identity. In explicit form

1 xn+)\

n = , R.
YV (2) B(n+ A,n+ \) (1 + z)20+Y) T e

This sequence can be obtained from the usual Berezin transform with some
modifications in order to facilitate calculations. Here we take advantage of the
multiplicative group structure of R .

The logarithmic metric p: R, x R, — R, is given by

p(,y) = |In(z) —In(y)|
In fact we obtain that I'y is isometrically isomorphic to

VSO(R,) ={f € Loo(Ry): f is uniformlly continuous

with respect to the logarithmic metric}.

Equivalently

VSO(R,) = {f € Lo(Ry): I |f(2) = £(y)] > o} .

This way we give a characterization of the C*-algebra generated by vertical
Toeplitz operators by means of spectral functions. Similarly to the radial case,
note this description is better than d_lgoo —type description. It is easier to check
if a sequence belongs to VSO(R,).

Using known results for shift invariant operators it is shown that a bounded
operator T is vertical if there exist o € Lo (R, ) such that

R*'TR = M,.

Chapter 4 is a joint work with Egor Maximenko and Nikolai Vasilevski. In
Chapter 4 we show the relation among radial and vertical cases. To this point
we have that the C*-algebra generated by

Iy=A{ma: b€ Los(Ry)}



is equal to VSO(R, ).
We also have that the C*-algebra generated by

By = {8 a € Loo(0,1)}

is equal to VSO(N).

In the calculation of the sequence BC(L”A) (some a € Ly (0,1)) we apply a
discrete analogous of the Laplace transform. Because of the appearance of
the Laplace transform in the formula for v, (some b € Lo (Ry)) and the
description for the C*-algebras above, one might expect a relation between
radial and vertical symbols.

We establish the relation among radial and vertical symbols in Lemmal[4.2.1|
So we give a description of the radial case by means of vertical case techniques.
This is done without using d; and dj sets neither the (m, \)-Berezin transform.
The main result again is Theorem the (-closure of

{1 a€ L(0,1)}

is equal to VSO(N).
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Chapter 1

(m, A)-Berezin transform and
approximation of operators on
weighted Bergman spaces
over the unit ball.

1.1 Preliminaries

Let B" := {z € C" : |z|? :=|z1]* + - -+ + |za|* < 1} be the open unit ball in
C" equipped with the standard weighted measure

(1.1) duy(2) = ex(1 — |2)*) dv(2),
where A > —1 is fixed. Here ¢, is given by

Fn+A+1)

(1.2) Cx = TTO1)

so that vy (B™) = 1. We write Ly(B", dvy) for the Hilbert space of all functions
that are square-integrable with respect to dvy. The corresponding norm and

inner product are denoted by || - ||x and (-, ), respectively.

Let Z, := {0,1,---} be the set of non-negative integers. With a € Z"
we use the standard notations z® := 2{" --- 2% a! == aq! - ,! and |of =
ap+ -+ Q.

By a straightforward calculation one verifies that

N all(n+A+1)
(1.3) [ = :
I'(n+|al+A+1)

9



10 CHAPTER 1. (M, \)BEREZIN TRANSFORM

The Bergman (orthogonal) projection By from Lo(B",dvy) onto A%(B") can
be expressed as an integral operator in the explicit form

[Bag](z) = /n = <z(”:lf>))"+’\+1 duoy(w)  with ¢ € Ly(B", dv,),

where (z,w) := 211 + - - - + 2,W, denotes the Euclidean inner product on C™.
The reproducing kernel of the Bergman space A3 (B") is given by

o0

- 1 T+ al+r+1)_, ,
(1.4) KM w) = (1 — (w,z))m 1 g_:o all(n+A+1) Z%w®.

We frequently use the normalized version of the Bergman kernel and write

_KMw) (1 )T

Mw) = = )
) =TT T O w2

By ¢.(w) denote a biholomorphism of B" that interchanges 0 and z. More
precisely, we choose the explicit form of ¢,(w) given, for example, in [46], p.5]
such that ¢o(w) = —w. Recall [46], p.37] that the complex Jacobian det(¢) of
¢, has the form

der(ow) = (-1 § D — )

It is standard that the kernel K transforms under the biholomorphisms ¢, as
(1.5) K2 (w) = ki (2) K5, o) (Gu(w)) iy (w).

Given z € B" we introduce the unitary operator U, on A3 (B") which acts
as the weighted composition

(U ) (w) =[ det(6L(w))] 7 (f 0 6.)(w)
_ e
_( (1 o (w,z))”+/\+1 (f QbZ)( )
n(n+A+1)

=(-1)" =Tk (w) - f o pu(w).

It is easy to check that U, is self-adjoint and so U? = I. Since ¢, induces a
reflection at the origin we have

n(n4x+1) (1—|2?

n(n+A+1)

(Oof)(w) = (=1) = f(~w).

If we fix z € B"”, then we can define an automorphism on the algebra
L(A3(B")) of all bounded operator on A3 (B") by

(1.6) L(A3(B") >S5S +— S, :=U.SU, € L(A5(B")).
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In particular, if S = T, is a Toeplitz operator it can be verified that (T},), =
Tao¢z-

Finally, we introduce a convenient convention for simplifying the notations.
In various of estimates throughout this chapter we will denote by C' a positive
constant whose value may change from place to place.

1.2 The (m, \)-Berezin transform

Recall that the m-Berezin transform for the unweighted Bergman space over
the unit disk and over the unit ball were defined in [35] and [29], respectively.
In the case where A # 0 the notion of the (k, a)-Berezin transform for measures
on the weighted p-Bergman space over B" was introduced in [28].

A generalization of the concept of the m-Berezin transform to an arbitrary
bounded operator on the Bergman space A% (B") requires a modification of
the definition in [28]. We will follow the recipe in [29] and first introduce some
notation. Put

(1.7) O 1= (m) (1) al,&

|| !
so that
(1.8) Z Cre 220" = (1 = (z,w))™.
|ar|=0

Definition 1.2.1. For any S € £(A3(B")), we define its (m, \)-Berezin trans-
form by

(1.9) (BmaS) (2) := Ohctm Z Crnya (S0, w®) .

C
A Ja]=0

Note that a direct application of the Cauchy-Schwarz inequality gives the
following pointwise estimate

S |l 01 = COLm ) S]]

|a|=0

| (BunS) (2)| < 1]

where the constant C(\,m,n) > 0 is independent of z € B". That is, B,,\S
is a bounded function on B" with

(1.10) |1BraS|leo < C(A,m,n) [S]].
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As usual we can define the (m, \)-Berezin transform of a functions a €

Lo(B") by

Bna(a)(z) == Bua(Tu)(z) = C/\g\m Z Crna ((ao qﬁz)wo‘,wa>)\
la]=0
= 2 [ (a0 g (w)en(d - )" do(w)

(1.11) = /n(a 0 ¢, ) (w) dvyim(w).

As was mentioned earlier Definition [1.2.1] is different from the one in [2§],
where the (m, \)-Berezin transform B, for finite, complex valued, regular
measures v on B" was introduced. In fact, in the special case of v := adwv,
with a € Ly (B") the last one gives

Bua)(2) = [ (@0 6.)(w)dun(w),

where the different from ((1.11)) right hand side is independent of the weight
parameter \. This seems to be inadequate as the initial data (measures and,
more generally, operators) are defined on the specific weighted Bergman space

A3 (B").

The next two propositions give alternative formulas for the (m, A)-Berezin
transform that, from time to time, are more suitable to work with. Note that
the formula of the second proposition, in the particular case when n = 1 and
A = 0, coincides with the definition of the m-Berezin transform on the unit
disk by Suérez [35].

Proposition 1.2.2. Let S € L (A3(B")), m >0 and z € B". Then

Crx+m m4A+n
(BnaS) (2) = =0 (1= =) "

[ = ) K2 ) R @S Ry lade (w)dos w).
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Proof. We have

Ca+m . e o
(BuaS)(2) = ZF23" Ol Saw®, w™)y

Cx

|la|=0

(1.12) = S G [ 8 (6 (@GR s )
la]=0

(1.13) - chZCma
jal=0

/ 2 (w)k2 (w) 92 (w)k (w) S*F) (w)dv (u)dvy (w).
n Bn
In the last equality we use that

S (62k2) (w) = (S (92k2) , Kp)x = (92K2, S K.

z 7z

Then, by (1.8) and (L.5)), the expression (1.12) equals to
Ca+m
v | / (1= 60, 0:0) "2 RIS RETos ) )

= 2t /n /n (k K/\k)\ ) n k?(u)kﬁ(w)S*K{l\)(u)dv)\(u)dw(w)

Ch+m (1 B |Z| )m+)\+n+1 %
C

g / . / (1= {uw)) K @) K ) ST (w)don (w)doa (w),

which finishes the proof. O
Proposition 1.2.3. Let S € L (A3(B")), m >0 and z € B". Then
(1.14)

( mAS)( ) = Ca+m (1 e )m-i-)\-i-n—i-l Z Cona S(wang+>\)’waKg‘L+>\>

C
A la]=0

\
Proof. We have

/ . / (1= w) " KT @) R (@) 5 K)o (u)don (w)

/ / WK™ (u) K (w) S* KM (u) dvy (u) doy (w)

T M3 T M3

/ (0 K ()00 R () oy ().

Thus the result follows from Proposition [1.2.2 O
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Lemma 1.2.4. Given z,w € B" the automorphism U := ¢4, () © ¢ 0 ¢. of B"
extends to a unitary transformation of C"* and

UzUw = VLIU¢w(z)7

where the operator Vi is given by

(Vi) () = (det )55 - (14w

Proof. Since U in an automorphism of the unit ball having 0 as a fixed point

it follows by the Cartan theorem that ¢ acts by multiplication with a unitary

matrix. This matrix will also be denoted by U, i.e., U(u) = Uu.
Differentiating the equality ¢4, () o U = ¢, © ¢, we have

Py U W) U' (1) = ¢, (¢2(u)) ¢ (w),

which implies

(—1)"kg, o) Uu) det U = (=1)"ky (6= (u)) - (=1)"KE (u).

ndA41 n(n+A41)

As k) = (K%)= and (U.f)(w) = (1) =1 kMw) - (f o ¢.)(w), the appli-

cation of the last formula gives

(U.Unf)(w) = k2 (u) - ky(:(w)) - (f 0 $u 0 ¢:)(u)
n4AF1 n(n+A+1)

= (det U) =1 - (=1)w kG oy Uu) - (f © g,y 0 U) (1)
= (VuUg)f)(u).

Note that (det U ) s a complex number of modulus one. O

Theorem 1.2.5. Let S € L(A3(B")), m > 0 and z € B". Then B, S, =
(Bm)\S) © ¢z

Proof. By definition

Crtm - @ a
(BmJ\SZ)(O) = A Zcm,(X(UOSzUOw , W >>\

C
A |a\—o

Crtm N
- At ZCma z ,(—UJ) >/\

Ia\ 0

Ca+m [e% «@
= A;A Zcm,awzw W)y = BaS(2) = (BmaS) 0 ¢.(0).
|a|=0
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For any n € B", by Proposition and Lemma we have

( mAS) (O>
- Bm)\( z)n (0)

o [ / n 7 TS0 K () () doy ()

&

= Svm / / ™ U, ULS*ULU, KX (w)dvy (w)dvy (w)
C>\ Bn ]Bn
= Oum / " ViUs yS* U o Vi KA (w) oy () dvy (w)
Bn Bn

- Bm *S¢z<n>(0)’

where V}, is the unitary operator of Lemma [1.2.4] This implies the lemma
statement. O

Next two lemmas are preparatory for Proposition [1.2.8] which states the
commutativity of the (m, A)-Berezin transforms for different values of the pa-
rameter m.

Lemma 1.2.6. Let S € L (A3(B")) and m,j > 0. If |S*KXMw)| < C for any
w € B". Then
(BrmaBja)(S) = (BjaBma)(5).

Proof. Due to Theorem [1.2.5] we need to check only that (B,,,B;)S(0) =
(BJ ABm /\)S<O)
Property (|1.11] - ), Proposition 2, and Fubini theorem imply that

Bna(BiaS)(0) = Bua(Ts,,5)(0)
= nir [ BaSE)1 = B o)

_ / Cm+/\cj+>\(1 _ ‘Z|2)m+j+2)\+n+lx

[ [0 w20 @ R )5 A o )2
/ . / . / T [Py (L () YK () x

K (w)S* KA (u )dw( Ydvy(w)dv(z)

:/ / G tAGHA (]  (y, w) ) x
n n C>\

/n(l— |22 AT () K2 (w) do (2) S KOy () dox (u) dus (w).
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Introduce

Fon g (u,w) = (1 = (u,w))! / (L — [z P2 T () KT (w)d(2),

n

and observe that it can be represented as a finite sum

for certain holomorphic functions H; and G;. By [8, Lemma 9], it is sufficient
to show that F), j(w,w) = Fj,,(w,w), where w € B", which can be easily
verified by changing the variables:

Foj(w,w)

— (1 wly / (L= [P 2200 R () o (2)

=Py [ (= RGP G ()P P ()
= () [ (L R ) ()
= Fjp(w,w).
O

Denote by S; = S1(A3(B")) the set of all trace class operators acting on
A3(B"™). Given A € S;, we write tr[A] for its trace, and recall that the trace

norm of A is given by
|Alls, = tr [\/A A].

Given f,g € A3(B"), the one-dimensional operator f ® g, acting on .43 (B")
by the formula (f ® g)h = (h, g)f obviously belongs to S;. Furthermore,

1f @ glls, = [[F1lx - gllx

and tr [f ® g] = (f,g),. Recall as well that if A € S; has rank m, then one
has the inequality

Al < v (e VA

Lemma 1.2.7. For any S € L (A3(B")), there exists sequences {S,}, satisfy-
ing the property

(1.15) [Sa K2 (w)] < C(a),

such that By, xS, converges to B, »S point-wise.



1.2. THE (M, )\)-BEREZIN TRANSFORM 17

Proof. Both the density of H> in A% (B") and the density of finite rank oper-
ators in the ideal K of compact operators on £(A3(B")) imply that the set

l
F = {ijébg] : fj,gj € HOO}
j=1

is dense in the ideal K in the norm topology. At the same time the ideal I
is dense in £(A3(B")) with respect to the strong operator topology. Thus, for
each S € L (A3(B")) there exists a sequence {S,} of finite rank operators

l(a)
Sa = Zfoz,j X Ja,j
j=1

converging strongly to S. The representation (1.14]) shows that By, »S, con-
verges to By, \S point-wise. To finish the proof we estimate

l(e) o)
(S W) = (D (Gay @ Jag) K2 (w)| = D {ENW), faj(10))rga(w)

Jj=1 j=1

l(@) l(a)

Z|fa,j(z)||ga,j(w)| < Z Hfa,j”oo”gaJHOO < C(a)
j=1 j=1

IN

Proposition 1.2.8. Let S € L (A3(B")) and m,j > 0. Then
(BrmaBia) () = (BjaBma) (5).

Proof. Let S € £ (A3(B")). By Lemma there exists a sequence {S,} of
operators that satisfy ((1.15)) and the point-wise convergence By, xSy — B aS
holds. Lemma implies that

(116) Bm,)\<Bj,)\Sa)(Z) = Bj’)\(Bm)\Sa)(Z).
By representation ((1.11]),

Buur(BjxSa)(2) = / (BjrSa) 0 6-(u)dvpa ().

n

Then, as the sequence {S,} converges in the strong operator topology to S,
by its construction, we have

[(BjaSa) © ¢:llo0 = [[(BjaSa)llee < 1Bjall - 1Sall < C(5,A) - [IS]]-

Furthermore (B;S,)0¢.(u) converges to (B;\S)o¢,(u), thus By, x(BjSa)(2)
converges to By, \(B;S)(z). Analogously, Bj(BmSq)(2) converges to
B \(BnS)(%). Thus passing to the limit in (1.16] finishes the proof. O
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Corollary 1.2.9. For all A\ > —1 and m € Z the (m, \)-Berezin transform
is one-to-one on bounded operators on A3(B").

Proof. Since B, ) restricted to functions coincides with the usual Berezin
transform on A3, (B") (cf. (1.11))) it is one-to-one on functions (or Toeplitz
operators). Now assume that S € L£(A3(B")) such that B, A(S) = 0. Then
we obtain from Proposition [I.2.§] that

0 = ByrxBm(S) = BmaBoa(S)

and from the last remark we see that By ,(S) = 0. Since By is known to be
one-to-one on bounded operators over Aj3(B") we conclude that S = 0, which
finishes the proof. O

Recall that the pseudo-hyperbolic metric on the unit ball is defined as

p(z,w) = |z (w)] = |¢u(2)]-

As is well known p(-,-) is invariant under the automorphisms ¢, of B™. The
next result shows the Lipschitz continuity of Bj S with respect to this metric.

Theorem 1.2.10. Let S € L(A3(B™)). Then there exists a constant C(n, \) >
0 such that
|BoaS(2) = BoaS(w)| < C(n, A)||S]] p(z, w).

Proof. By definition and the above properties of the trace class operators we
have

|BoaS(2) — BopS(w)] = [(S:1, 1)x — (Swl, 1),
= [tr [S;(1®1)] — tr[S,(1 ®1)]|
= [tr [S:(1®1) = SU,(1 @ 1)U,]|
= |tr [S.(1® 1) — SU.(U.U,1 ® U.U,1)U.]| = D.

By Lemma |1.2.4]

|BO7)\S(Z) - BO,AS(U}H =D

A\

[S:N @ 1 = Ug, )1 @ Ug,, ) 11]s,
1/2

V2(IS.11(2 = 211, k), o0 [?) Y

— 2II8|[[1 = (1 — |u(2)]?) ]2

< Cn, NS |6w(2)],

which according to the definition of the pseudo-hyperbolic metric shows the
result O

IN

Now representation (1.11]) yields
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Corollary 1.2.11. Let S € L(A3(B")), and a(z) = By\S(z). Then

Jim [1B,(a) - all. = 0.

Proof. Let ¢ > 0 and choose § > 0 with |a(z) — a(w)| < € whenever z,w € B"
with p(z,w) < d. If w € B" and m € N, then according to (1.11]) we have that

[ Bma(a)(w) — a(w)] <

<erin [ a0 6u(z) — a0 6u(0)](1 ~ ooz

<ond [ ey wa} a0 6u(2) — a0 6, (0)] (1 = [22)*"du(2).

Since p(+,+) is invariant under the automorphisms ¢, and p(z,0) < |z| (see,
for example, [46, page 28|), we have p(¢,(2), ¢.(0)) = p(2,0) < § in the first
integral, and therefore by the Lipschitz continuity of a:

(1.17) c,\+m/ a0 ¢u(2) —ao¢u(0)|(1— [z))"du(z) <e.
0<|z|<é

Now, we estimate the second integral above.

(1.18) c,\+m/ ‘a 0 ¢u(z) —ao gbw(O)‘(l — [2H)M™du(2)
1>|z|>6

<erimllalle / (1= 2P do(z)

1>|z|>6
<2¢ximllaloo(1 — 8} vol(B™).

Since the normalizing constant cy,,, has at most polynomial growth as m — oo
(see the definition and [13| Formula 8.328.2]) it is clear that the right
hand side converges to zero as m — oo. The assertion follows by combining
the estimates (1.17)) and ([1.18)). O

1.3 Approximation by Toeplitz operators

We start this section with a technical statement which is due to [30, Proposi-
tion 1.4.10] and also stated as Lemma 3.1 in [29).

Lemma 1.3.1. Suppose a <1 and a+b<n-+1. Then

“ / dv(w)
o Jan (L= [wP)" [T = (w, 2)]°

< 0Q.
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Let 1 < ¢ < oo and p be the conjugate exponent of q. Note that the
inequality

1 n+2(1—|—/\)_1 I+ A

1.19 =1 < = — =
(1.19) = TS X1 a LT Y
is equivalent to
n
>24 —.

P2

In what follows we use the norm || - ||, x, which is defined in the standard way,
1= ([ 1))

Lemma 1.3.2. Let S € L(A3(B")), p > %5 +2, and let h(z) = (1 — |2]*)7°

with
I+ XN+ TN

n+2(1+X) R
Then there ezists C'(n,p, \) > 0 such that

(1.20) IBm|(SKQ)(w)Ih(@U)dw(w) < Cn,p, M[[S:1][pah(2),
for all z € B", and
(1.21) Bn|(5K?)(w)|h(Z)dw(Z) < C(n, p, VIS lpah(w),

for all w € B".

Proof. Given z € B", the equality

n+A+1
2

U1 =(1— o) 2 K2,

implies

K} = !
(1= 122

1
U,S.1=(S.10¢,) K.

JTEIEDES S

SU,1

A+1
)

Then we change the variable u = ¢, (w) and apply the Holder inequality:

(SKD@),
. =y o
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[ Bles@lRwI - P,
N A/n (1—|w])e dv(w)

_ 1 S.1(u)

~ T L e

< sl dv(u) ta
S0Py N e (U= Py AL ) [erix 2 )

According to (1.19) we have ag— A < 1 and ag— A+ (n+A+1—2a)g < n+1,
and inequality (1.20]) follows from Lemma

The second inequality (1.21]) follows from ((1.20)) after replacing S by S*,

interchange w and z, and making use of the next equality

(1.22) (S*K}) (2) = (SKj, K2), = (K3, SK2), = SK)w),
which holds for all z, w € B™. O

Lemma 1.3.3. Let S € L(A(B")) and p > 2+ 15 Then

1/2 1/2
HSHSC(n,p,A)<supHSz1Hp,A> (supus:lup,Q ,
z€B™ z€B™

where C(n,p, \) is the constant of Lemma[L.3.2]
Proof. By (1.22)) we have that
(SH)(w) = (Sf. Ky),

- an(z)(S*Kg)(z)dw(z)
N an(Z)(SKzA)(w)dw(Z)’

for f € A3(B") and w € B". Now Lemma and the Schur theorem (see,
for example, [45], Corollary 3.2.3|) imply the result. ]

Lemma 1.3.4. Let {S,,} be a bounded sequence in L(A3(B")) with
| BoaSm|lee = 0.

lim
m—00

Then
Sup|<(5%0217f>k|_% 0

zeB"

as m — oo for any f € A3(B"), and

(1.23) sup |(Sm).1(:)] — 0

z€B”

uniformly on compact subsets of B™ as m — oo.
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Proof. To prove the first statement it is sufficient to check that for each multi-

index k

sup |{(Spm).1,w™)y| = 0 as m — oo.
z€eB”

Using ((1.4) we calculate

BoaSm(6:(u )):BOA(S )a(u) = (1= [u*)" A TH(S0) K, K
At F(n+lo|+ A+ 1) Pn+ |5+ A+1)
= (1= uf) +A+ZZ al(n+A+1) BT(m+A+1)

|la|=05]=0
X (S ) w®, w?) \uuP.

Given a multi-index k£ and r € (0,1), we calculate

/ BO)\Sm((ﬁz(u))ﬂk dv)\(u)
hA<T

(1_‘u’2)n+>\+1
ZZ Fn+|al+ A+ 1)Tn+ |8+ X+1)
B al(n+A+1)  BT(n+A+1)

la|=0|5]=0
X <(Sm)zwa,wﬂ>/\/ TP dvy (u)

Ju|<r

i (n+lal +AX+ D T(n+|al + k| + X+ 1)

all'n+A+1)  (a+kK)IT(n+A+1)
% <<Sm)zwa7wa+k>>\/ ’ua+k’2dv>\(u>
lu|<r

i": (n+lal + X+ D) T(n+|al + k| + X+ 1)
all'(n+A+1) (a+k)!xa"['(A+1)

X <(Sm)zwa,w“+k>>\/ w2 (1 — |u®) do(u).

lu|<r

Passing in the last integral to the polar coordinates u = s, where s € R, and
¢ € S~ and making use of the formulas (where dS is the surface measure

on §%1)

[ st = (ot [ psgasio),

27" m/!

m|2 _
/S2n1 ‘5 ‘ dS(f) N (Tl -1+ ]m|)‘
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the last expression is equal to

ir(n+\a\+)\+1) T(n+|o|+ k| +A+1)
o2 T+ A+1) TA+10(n + o] + [k])
<(Sm)zw°‘,w°‘+k>/\2/ S2n+2|a\+2\k\—1(1 _ 2)ds
0
”+la|+A+1> L(n+ o] + [k +A+1)
P(n+A+1) T(A+LC(n+ |a| + |k])

Mg

X <(Sm>zwa7wa+k>>\/ Sn+|a\+\k‘|*1(1 . S)Ads
0

{(Sm).w*, wa+k>/\ L2(n+ |af + |k|,A+ 1)

B i (n+lal +A+1)
B e all'(n +A+1)

(S 1wk>/\]2 (n+ |k, \+ 1)+

Cntlal+A+1) -
> STy (St w™ ) oo+ ol + K| A+ 1)
la)=1

Here the function I, (a, b) is defined in the standard way (see, for example, [13
Formula 8.392]

L(a,b) = % /0 =101 — )21,

Then we have

1

1wk | <
|<(S’”)Z e >A| T Le(n+|k,\+1)

dvy(u)

/ BoSm(¢:(u))a*
lu|<r

(1= [uP)y

C(n+ o]+ A+1) o iy Le(n+ o] + [B[, A+ 1)
Z , ()™ W),
all'(n+A+1) Io(n+ k|, A+ 1)

|a|=1
1 \uk\
Bo S lleo — d
Ta(n £ R 3 1) oSl /| A=

00 a+k” Le2(n+ |a] + |k, A\ +1)
2

Fin+|al+A+1)
2 al(n+ At I3 Lo(n+ KA+ 1)

m)= [l [2,]Jw

laf=

< | BoxSol 2 / W )
= 0T Lo tn A KA+ 1) Jiyyer (1 [uf?)n

n+|ay+|k| A+1)
C =1+
+ Z S LA+ t e

lal=
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where C' > 0 is a constant independent of m and z. In the last line estimat-
ing 3 we used the boundedness of the sequence {S,,} and the easily verified
inequality

IF'(n+|a|+A+1)

all'(n+ A +1)

The first summand [ above tends to zero as m — oo due to the assumptions
of the lemma. We estimate now the series in the second summand ¥. By [13],
Formula 8.328.2]

||waH2,>\Hwa+kH27,\ < 1.

Jim L(n+[a| + [k + A+ 1) 1 _q
alooo D(n+lal+ k) (n+|a] + k)M~ 7

thus there exists C' > 0 such that

I'(n+ o+ k[ +A+1) 1

< C.
L(n+lal+ k) (n+|af + [k[)*?

Then

i 2(n + |af + [k[, A+ 1)
= 2(n+ k[, A+1)

-1
(n+]/~c])F()\+1) /T k-1 A
— t" 1 —t)°dt
(n+ k| +X+1) 0 ( )
X\ D(n+|af + |k + A+ 1) / a1 \
e 1 —1)7dt
XlzlP(n+|a|+|k|)F()\+1) (1-1)

2

-1
C(n+ |k|) /
— Tn+lkl+X+1) \ Jy —1) %

[e%¢) r2

Z (n+ o] + K]) A+1/ et =1 (g,

0

Estimating the multiple (1 — )* in both integrals:

(1—rH < 1=t <1, for A>0,

1 < (1-t) < (1—=rH)Y, for e (-1,0),
we come to the following estimate

(1— 7“2)_‘)‘| Z (n+|al+ |k|))‘r2la‘

laf=1

_ I'(n+ [k[+1) 2\~ A — (m+n—1 X j2m
= “Tarmaasnt ") mzzl p o jEmElk)

C(n+ |k|+1)

>
S N (7R O W
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The power series in 7 in the last line has the radius of convergence equal to
1 and the value 0 at 0, thus the value of ¥ can be made as small as needed
taking r sufficiently closed to 0.

Both above estimates, on I and on ¥, are independent of z € B", which
proves the first statement of the lemma.

To prove the second statement of the lemma we use the series representation

|(Sm): 1) = [{(Sm):1, Kl

“T(n+|al+A+1) ) )
Z Oé!F(n_|_)\_|_ 1) ‘((Sm)zl,w >)\’ . |u |

IA

|a[=0

— T(n+]o|+A+1)

[((Sm)=1, w*)aA| +

(]

=0 all'(n+A+1)
< | s J(CHRRTCNE
o3 () v
= X+ 2.

To estimate Y5 we use the Cauchy-Schwarz inequality,

B ntjH A+ 1) iE
21 = Cz( 'Fn+>\+1)) ZL! [l

laf=j

n+j+A+1) 3 I
Cz( ‘Fn+>\—|—1)) > oyher Z,l

N
NI

o=y =3
Z FIEAFD)NE (- DN i :
n+j 2 n+j5—1)\?2 IV 4o
= C _— _—
( M+ A+ 1 )) (j!(n—l)!) ||Z'O‘!‘u‘
a|=]

Let now |u| < r < 1, using the multi-nomial theorem for the expression in the

last brackets
!
> L = ful,
al

laf=j
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we finely have
n+j+A+1) : (n+j—1) 7
Yo < (C J
2 Z( T(n+A+1) ) ( -1 ) "
Choosing [ sufficiently large we can make ¥ as small as needed, ¥, with [

already fixed, tends uniformly to zero as m — oo by the first statement of the
lemma. This ends the proof. O

Lemma 1.3.5. Let {S,,} be a sequence in L(A3(B")) such that ||BoSm|le — 0

as m — 0o and that for some p > 2+ 5

(1.24) SUp [ (Sm)=1lpx < € and sup [[(Sm)=1lpx < €
zeB™ zeB™

where C' > 0 is independent of m. Then S,, — 0 as m — oo in the L(A3(B"))-
norm.

Proof. By Lemma [1.3.3] and ([1.23]) we have

1/2 1/2
15001 < Clnp ) (510 18):100 ) (530 1(55):Ls ) < )
zeB™

zeBn

Then, for 2 + > < s <p, Hélder’s inequality gives

sup [[(Sm):1[51 < sup /| CORIIOR

z€ER™ z€B”

sup / [(Syn)s1(w) v (1)

zeB"

1—s/p
sSupn(sm)Zln;,A(/ dw(w)) ;
z€B” |w|>r

sup / ((S)o 1 (w) [ ds (),
2€B™ J|w|<r

where, by ((1.23)), the second term tends to 0 as m — oco. By the first inequal-
ity in (1.24]), the first term above can be made arbitrarily small by taking r
sufficiently close to 1. Finally Lemma yields

1/2 1/2
||sm||so<n,s,x>(sup||< >1||S,A) (Sup||(5*)1||s,x)

z€B™ z€B™

1/2
< C(n,s,\) <sup |(Sim) 1HS7,\) — 0.

z€B™
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Corollary 1.3.6. Let S € L(A5(B")) such that for some p > 2+ {5,
(1.25)

up [[5.1 = (T, 9)-1lpr € and  sup |81~ (T, y50):1lpa < C.
zeB™ zeB™

where C° > 0 s independent of m. Then Tg, sy — S as m — 00 in
L(A3(B"))-norm.

Proof. We set S,, =5 — T, ,(s)- By Proposition we have
Box(Sm) = BoaS — Boa(TB,, \(s)) = BoxS — Bma(BoaS),
which, by Corollary [I.2.T1] tends uniformly to 0 as m — oo, hence
[ Bo(Sim)lloc — 0.
To finish the proof we use Lemma [1.3.5] O]

Theorem 1.3.7. Let S € L(A{(B")). If there is p > 2+ 135 such that

(1.26)  sup [ Tip,, 9)00. Lllpa < € and — sup [T(g,, )05 Llpar < €,

where C° > 0 s independent of m. Then Tg sy — S as m — 00 in
L(A3(B"))-norm.

Proof. We prove first that

(1.27) sup [|S:1||px < 0.

z€B”
The equality T(g,, ,5)0¢. = (1B,,,5)=, together with Lemma implies
1T, sl
1/2 1/2
(1.28) < C(n,p,\) (Squ HT(Bm,As>o¢z1Hp,A) (SU]BP ||T(%m,xs>o¢zl||p,k)
zeB” zeB™
< C,

where C' is independent of m. Let S,, = S —1Tg,, s, then by arguments in the
proof of Corollary [I.3.6] we have

| BoaSiml|lcc — 0, as  m — 00.

By (1.28)) the sequence {S,,} is bounded; thus taking a polynomial f with
[fllgr =1, by Lemma we have

sup [((Sm)-1, f)al =0, as  m — oo
z€B"
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Then for any 2y € B" and any ¢ > 0, there is (a sufficiently large) m such that

(5201, Al < sup [((Sm)=1, /Al + (T, 18)20 1 Fal < e+ C,

z€B”
with C' being independent of m and zy. This proves (1.27). Further, the
equality
T(B,15)00. = IByss = TBun(s:) = L(Ba(57)0ss

together with (1.26]) and (1.27)), implies ([1.25)), and Corollary finishes the
proof. O

Another approach to approximation theorems involves the invariant Lapla-
cian and its application to the (m, A)-Berezin transform.
Recall that the invariant Laplacian A on B", defined for u € C2(B") and
z € B", is given by

~ n 9?2
(1.29) (Au)(2) := A(uo ¢.)(0), where A:=4 —.
= 8zj8zj
Here g and == o; denote the Cauchy-Riemann operators with respect to the
complex coordinate 2j, j = 1,---,n and A is the standard Laplacian on

Cr = R*™. Let S € L(A3(B")) and m € Z,, then we wish to calculate the
function

AB,, 25 € C®(B").

Note that in the case A = 0 and n = 1 this calculation was done in Proposition

2.4. of [35]. According to Theorem we have
3 [Bm,/\S} <Z> = A(Bm,)\s © ¢z) (O) = A(Bm,/\Sz) <O>

and therefore we can assume that z = 0. We intend to use the form of B,, »S
in Proposition We apply A to the z-dependent part of B,, S in the
integral representation given there. Hence we have to evaluate the derivative

(1 _ |Z‘2)m+)\+n+l

A 0) =

e e e T
—dm+n+ A+ 1) +4m+n+ X+ 1) Hu,w).

Inserting this relation into the expression of By, ,S given in Proposition [I.2.2]
shows

(1.30) A(BnaS)(0) = —4(m +n+ X+ 1)(BpnrS)(0)+
b A(md 4 A4 1)2 // (1= (uty )™ (u, w0) STRA(@) don () don (w).
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On the other hand the same proposition shows that

Cx

(BupS) (0) = —2— (Bpy125) (0) =

Cx+m Ca+m+1
:/ / (1 — (u,w))™ (u, w)S* K} (u) dvy(u)dvy(w).
Combining the equations (1.30)) and (1.31)) now implies

A(ByxS)(0) =4(m+n+ X+ 1)(m+n+ X)(BnrS)(0)

Cx+m
— 4" (m 4 n+ A+ 1)*(Bns1459)(0).
Ca+m+1

(1.31)

According to ((1.2)) we have

O b+ A+ 1) = (ntm A A+ DA+ m+ 1)

Cx+m+1
and we have shown the following relation, which in the case of A = 0and n =1
is found in [35]:

Proposition 1.3.8. Let S € L(A3(B")). For allm € Z, and X\ > —1 it holds
(1.32)

A[BnpS] =4(m+n+A+1) [(m—l—n—i— AN (BmaS) — (m+ X+ 1)(Bm+1,AS)]
Moreover, for all k, m we have
(1.33) ABpx(BiaS) = Bua(ABAS).

Proof. 1t suffices to prove (1.33)). According to Proposition and using
(1.32) we have

ABr(BiaS) =
=ABj(BmaS)
=4(k+n+ A+ 1)[(k+n4+X+1)BiaBupS — (k+ X+ 1)BriiaBmnS]
=4k +n+ A+ 1D)[(k+n+ A+ 1)BuaBisS — (k+ X+ 1) By By, 5]
=B (AB;S).
which shows the assertion. O

For the remaining part of the section we specialize to the case of dimension
n = 1. Proposition [1.3.8)) then implies
A[Bm)\(s)]
Am+A+2)(m+A+1)

and we can prove an analogue of Lemma 4.1 in [37]. We write D := B* c C
for the open unit disc.

(1.34) Biua(S) — B (S) =
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Proposition 1.3.9. Let S € L(A3(D)) where A > —1. Assume that
175,00 <€
independently of m > mq and for some my € Z,. Then we have

(1.35) lim Tp, s =S,

m—0o0
where the convergence is with respect to the norm topology of A3(D).

Proof. According to ((1.34) we can write

TBm+1,,\5 = TBO,)\S - E :{TBk,AS - TBk+1,,\S}
k=0
m TZ
(Bk,2S)
=T — . .
Bos ; Ak +A+2)(k+Ar+1)

>From the boundedness assumption on the norms |75 4| we conclude
that the right hand side of the equation converges in norm to some operator
R € L(A3(D)). The continuity property of the usual Berezin transfrom By,

cf. (1.10) implies that
lim BO,)\TBW)\S = Bg7)\R.

m—0o0

On the other hand note that Proposition and Corollary [1.2.11]imply the

pointwise convergence
Boa(Ts,, \s) = BoaBm(S) = BraBoa(S) — BoaS

and it follows that By S = By R. Finally the injectivity of By, shows that
S =R. H



Chapter 2

Eigenvalue characterization
of radial operators on
welghted Bergman spaces
over the unit ball.

2.1 Radial operators

Denote by (n) the compact group of all n x n complex unitary matrices
equipped with the Haar measure df. Recall that for each U € LU(n), the

operator
n+A+1

Vuf(w) = (det U) 1 f(Uw)

is unitary on A3%(B").

Definition 2.1.1. An operator S € L(A3(B")) is called radial if SV;; = V3,5,
for all U € U(n). The radialization of S is defined by

Rad(S) := / VyESVidU,
$h(n)

where the integral is taken in the weak sense.

We mention that the operator Rad(S) is radial, and that Rad(S) = S for
each radial operator S.
With a € L(B") and z € B™ the radialization of a in z is defined by

rad(a)(z) := /u( )a(Uz)dL{.

Note that rad(a) is a radial function, i.e., a(z) = a(]z]), and that Rad(7,) =
Trad(a)- We need the following result.

31
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Lemma 2.1.2. The set of Toeplitz operators with bounded measurable symbols
is dense in the algebra of all bounded operators on A3 (B™) with respect to strong
operator topology.

Proof. In case of the unweighted Bergman space A = 0 the proof can be found
in [I0]. However, the arguments almost literally serve for any A € (—1,00). O

Recall that the standard monomial basis [e, : a € Z] of A3(B") is given
by

Fin+|af+A+1)
(2.1) eq(z) := \/ NN CES Y 2%

The next result gives an independent characterization of the radial opera-
tors.

Proposition 2.1.3. An operator S € L(A3(B")) is radial if and only if it
1s diagonal with respect to the basis and its eigenvalue sequence p =
{Ma}aezi is of the form o = fia for some bounded sequence {fi¢}e>0, that is
Seq = fija|€a, for all o € 7.

Proof. Let S be a diagonal operator with Se, = [ijq€q, for all a« € ZT. For
each m € Z, consider the finite dimensional subspace H,, of A3(B") defined
by

H,, =span{e, : |a| =m}.
Then for all f € H,, we have that Sf = ji,,,f. Furthermore each subspace H,,
is invariant under the operators Vi, with ¢ € (n). Thus SV, = V,,S, and S
is radial.

Conversely, assume that S is radial. Using Lemma [2.1.2] select a sequence
{ak}rez, C Loo(B") such that
lim 7, =S (in SOT).
k—o00
An application of the Banach Steinhaus theorem in combination with the
Lebesgue’s dominated convergence theorem shows that the radialization “Rad”
is continuous with respect to the SOT and therefore we have convergence in

SOT.
Trad(ay) = Rad (T,,) — Rad(S) = S, (as k — 00).

As a consequence we can assume that a; is a radial function for each k € Z

and therefore 77, is diagonal with T}, e, = ufs‘)ea. For all o € Z7} it follows
Seq = lim Tj, eq = fijaj€q, With  fiq := lim ,u(k),
k—o0 koo 1o

showing that S is diagonal with respect to the orthonormal basis [eq : o € Z ]
and that its eigenvalue sequence only depends on |a| for each o € Z7.. O
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Corollary 2.1.4. The set of all bounded radial operators acting on A3(B"™) is
a C*-algebra which is isomorphic and isometric to lo(Zy). The isomorphism
18 given by the mapping

S —  a(s),

where i(S) is the eigenvalue sequence of the radial operator S in Proposition
2. 1.5

An interesting and important class of radial operators is provided by Toeplitz
operators 1, with bounded measurable radial symbols a = a(|z|). In Proposi-
tion [2.3.1] we will show that the eigenvalue sequences of such operators obey
very specific properties. This implies that the class of radial Toeplitz operators
is a quite restricted subset of the algebra of all radial operators.

Let T, ,.» be the Toeplitz operator with radial generating symbol a acting
on A3(B"). Tt is well known (see [24] for the one-dimensional case and [16] for
the general case) that T, is diagonal with respect to the basis (ea)%m:

Ta,n,)\ea = 66(:)?(|Oé| + 1)€a, A Zi,

where the corresponding eigenvalues depend only on the norm of the multi-
indices and are of the form

1
n+k—1,A+1

(2.2) ﬂc(bn/\)(k) = ) /0 a(x/r)rF (1 — )M dr, k e N.

We analyze now the (m, \)-Berezin transform of radial operators. Given
S € L(A3(B")), we have

(2.3) rad o B, (5)(2) = CAc*m Y Cha / (Spw®, w®), dU.
A — $h(n)
|ar|=0

Then Sy, = Uy, SUy, for all U € $U(n) and with f € Ly(B", dvy) it follows

n+A+1

n(n+A+1 1—|Uz|?) =2

By using the relation ¢y, = U o ¢, o U* we find

2 A
n(n+>\l+l) (1 ‘Z|) 2

(x) = (= " (1 — U w, z))

fouo¢zOU*(w) = [VZ/I*OUZOVL{f] ('LU),
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which shows that Sy, = VisoU, 0V 0S50V,s0U,0V,,. Plugging these relation

into yields:
rad o By (S)(z) = 24m > Coa /

U(n

| <<vu 0§ 0 Vi), (Uw)?, (Z/{w)a>AdL{

| <(Vu oS o Vys),w, wa> au

U(n A

= B, o Rad (9)(z).
In the second equality we have used the following simple observation:

Lemma 2.1.5. Let S € L(A3(B")) and U € $h(n). Then it follows for all
m Z+

Z Cona{S(UW)™ Z Cona{ Sw®, W), .

|ae]=0 |ar|=0

Proof. Recall that any bounded operator S € £(.A3(B")) can be written as an
integral operator with kernel Kg(w,v) := [S*K}(v)] : B" x B® — C. In fact,
let g € A3(B"), then

[Ssl(w) = (5. K2), = 0.5K2), = [ a0)[SRAW] dn(o).

Let U € U(n) be fixed, then we find

Z Crno (SUW)", (UW)),

— Z Crna /]B"XIB%"K (w,v) (Uv)® (Uw) dvy(v)dvy(w)

/n N Ks(w,v) (1 — Uv,Uw))™ dv(v)dvy(w)
:/IB Kg(w,v)(1 = (v,w0))"™ dv(v)dvy(w)

and the assertion follows. ]

Summarizing the above remark shows:
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Lemma 2.1.6. The “radialization” commutes with the (m, \)-Berezin trans-
form for all A > —1 and m € Z, i.e.

(2.4) rad o B,y A(S) = BnaoRad (S), S € L(AZ(B")).

In particular, S is a radial operator if and only if By, z(S) is a radial function.

Proof. If By, A(S) is a radial function then it follows from ({2.4)) that
B (S) =rad o B, z(S) = By, 0 Rad(S).

Since By, is one-to-one on bounded operators (cf. Proposition[1.2.8] (iii)) we
have S = Rad(S) and S is a radial operator.

On the other hand, if S is a radial operator, then we obtain rado B,, »(S) =
B, 2(S) showing that B,, \(S5) is a radial function. O

We note that the (m, \)-Berezin transform of a radial operator can be ex-
pressed in terms of its eigenvalue sequence. We need first the next preparatory
formula:

Lemma 2.1.7. Let o, f € Z, then

5.6.8) = 3 @A <n+j+'lﬁ|—1>'

alp! J
|or|=j

Proof. Let { € Z, and with ¢ € (—1,1) consider the power series

o ¢ o ¢ ¢

Z<Jf€)!tj:ld_zte+j:ld_ t
gl 01 dtt = odet \1—t

1 d€ 1 — r —L—1
:aadfz—Eﬁlzﬂ—“ -

Jj=0
r=0

Put z = (t,t,--- ,t) € (—=1,1)", then it follows from the last identity

(@+8)! o _ Ty G+B!,
> e I

acln k=1 j=0
B 1
B (1 — t)|5\+n
= <n+|ﬁ|fj— 1>tj.
j=0 J

Since 2 = t!°l the result follows by comparing coefficients. O
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Now we are ready to prove

Proposition 2.1.8. Let S be a radial operator with the eigenvalue sequence
{101 Yacz, - Then its (m, X)-Berezin transform has the form

(BmaS)(2)
m o] 2
Catm N1 . m! I'n+k+m+A+1)
= 1— —1)
o LD j;( )(m—j)!;[ T(n+m+A+1)
I'n+A+1) ntjrk—1y  |z*
T(n+j+k+A+1) j Mtk

Proof. By (1.4) and then by ((1.3)), we have
(S(wKI™), w KI"),

= [T+ B +m+A+1)] wid o
- Z[ /(3!F(7|z|+m+)\-|—1) )] 2712 (SwetF, w ),

131=0

i [F(n+]ﬁ|+m—l—)\+1)r (a+pB)!T(n+A+1)
BITn+m+A+1) | Tn+a|+ | +A+1

} Hiel+18 Ede
1510

Using ((1.14)) and ([1.7]) we calculate then
(BmaS)(2) =

:M (1 _ |Z|2)m+>\+n+1 Z Cm7a<S(waK;n+>\), waK:L+)\>)\
A of=0

_O+m m+)\+n+1 Ia\ !
(1— P S (" | |
04\ al

|a[=0

n+8l+m+A+1)71" (a+8)!T(n+A+1)
xz{ } r

o Fn+m+A+1) (n+lal + 18+ A+1)
(a +B)!
X Hel+18 =573 27|
Crt+m A1 - = m+k+m+ X+ )
= 1—
Cx ( 12I") JZ_;‘(]) Z[ Fn+m+A+1)

F'n+A+1) Ltk (a+ B)!
ey ey Sl Y ek
Dnj+h+a+) M 2= Blo T 2ol
Finally, the statement follows by the multinomial theorem and Lemma 2.1.7]

U
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Corollary 2.1.9. Let S be a radial operator with the eigenvalue sequence
{tja) Yoz, - Then its Berezin transform By(S) := Box(S) is given by

Cn+k+A+1) |2*
Tnt+Aa+1) &gl

(BAS)(2) = (1= |#f2y1 Y

k=0
2.2 Approximation of radial operators

We specify here the results of the previous sections to the case of radial opera-
tors. Given a symbol f € Lo (B") and U € $(n) we have for all g, h € A3 (B")

(ViTrVa. ), = [ f()Viaglo)a(wydes (o)

= [ fUw)g(w)h(w)dvs(w).

B

Hence it follows that V;;TVyy = T+, and, more generally, for any finite
number of L..-symbols fi,---, f;, we have

Vil -+ TV = Trous - Trou

Lemma 2.2.1. Let S € L(A3(B")) be a radial operator and m € Z... Then we
have an integral representation of the Toeplitz operator with symbol By, x(S):

(2.5) To, )= | Sudvni(w)
IB”L

(in the weak sense). In particular, one obtains the norm estimate
(2.6) 175, sc) I < [1S1]-

Proof. For any z € B™, definition ([1.9) and Lemma yield
B Swd m == Swd m 17 1
ox( [ Suvner@) @) = ([ Sudumenw)) 1.1
:/ (UUpSULU,L, 1) dvggr(w)
= / <U¢z(w)VZj{kSVUU¢Z(w)17 1>>\ dU,—,H_)\(U}) = Io,
BTL

where the unitary matrix I/ has been defined in Lemma The operator
S is radial, thus by Proposition |1.2.8] (ii), (1.11]), and Proposition [1.2.8, (i) we
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have that
Io = /B <U¢z(w)SU¢Z(w)l, 1>>\ dvm+,\(w)

—/ (BoS) © ¢p(w)dv,a(w)
= BuaBorS(2) = BoaxBmS(z) = Box (Tg,, \(s)) (2).

The injectivity of By on L£(A3(B")) completes the proof of the integral repre-
sentation (2.5)). The norm inequality (2.6)) is an immediate consequence. ]

By (Lo (B")) we denote the C*-algebra generated by all Toeplitz opera-
tors T,,, with symbols a € L (B"), acting on A3 (B").

Theorem 2.2.2. Let S € T(Loo(B")) be a radial operator. ThenTp, sy — S
as m — oo in L(A3(B"))-norm.

Proof. As S € (Lo (B™)), there is a sequence of operators {Sx} which con-
verges in norm to S, and such that each operator Sj is a finite sum of finite
products of Toeplitz operators with L..-symbols. Since the radialization is
continuous and S is radial we have

Rad(Sx) — Rad(S) =S5, as k— oc.

Using (12.6)) of Lemma shows

1S —=Tg,, .ol < [IS—Rad(Sy)| + [| Rad(Sk) — T, ,Rad(s) |l
+ 1T, xRad(s)) = TB,s(9)|l
< 2|8 — Rad(Sk)|| + || Rad(Sk) — TB,, ,®adsi) s

and thus it is sufficient to prove that Tp, | (rad(s,)) — Rad(Sk). Then, as each
Sk is a finite sum of finite products of Toeplitz operators with L..-symbols, it
is sufficient to prove the convergence for the radialization of a finite product
of Toeplitz operators. That is, it is sufficient to prove that if

Q= || Tnae - Tyar dU  LA(B)
sh(n

with fi,--+, fi € Lo(B"), then Tp, () — @ as m — oo and with respect to
the norm topology. By Lemma [2.2.1]

(2.7) T a(@)os. = /B (Q.)wdVmir(w)

= / /u( : Tflou*o¢z0¢w . .szou*o¢zo¢dedUm+)\(w)‘
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Since dU and dv,,,(w) are probability measures, and each Toeplitz operator
Ty with bounded measurable symbol, considered as operator on A% (B™), with
p of Theorem [1.3.7] obeys the estimate

1T || caz @y < Copll flloos

where C), 5 is the norm of the Bergman projection from L, (B", dv,) into A% (B"),
we have the following norm estimate for (2.7)) for all m € Z.

T8, (@00 L2z @ny) < Cpallfilloo - 11 filloos

and analogously ||T(*Bm,A(Q))0¢z ||L(A§(Bn)) < Cfg’/\Hleoo |l fillo- Finally, Theo-
rem yields the uniform convergence T, , () — @- O

2.3 Eigenvalue sequences of radial Toeplitz op-
erators

Given a radial symbol a = a(]z]) € L«(0,1), consider the corresponding
Toeplitz operator T, acting on A3(B"). Recall that T, is a radial operator
and diagonal with respect to standard monomial basis . The correspond-
ing eigenvalue sequence Bin)? = {Bén)? (m) }men has the form ((2.2)). Given n
(the dimension of B™) and A (the weight parameter), we denote by

28) B =B (L.(0,1)) == {553 . a € L0, 1)} C 1oo(N)

the set of all eigenvalue sequences of Toeplitz operators T,, with a € L..(0, 1),
acting on A3 (B™). We introduce now several subsets on [, = [+ (N). Following
[37] we denote by d; = di(N) the set of all bounded sequences z = {x, }men
such that

Sup m| T, — Tmy1| < 00,

meN
and we write dy = do(N) for the set of all bounded sequences * = {Z, }men
such that

2
SUp m-| ey, — 2Tme1 + Tmao| < 00.
meN

Finally we denote by VSO(N) the set of all bounded sequences that slowly
oscillate in the sense of Schmidt [32] (see also Landau [25] and Stanojevi¢ and
Stanojevi¢ [33]):

VSO(N) = {:v €lo: lim|z; — 21| = 0}.

P
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Alternatively, VSO(N) consists of all bounded functions N — C that are uni-
formly continuous with respect to the “logarithmic metric” p(j, k) = |In(j) —
In(k)|.

It is known [37, Proposition 2.4| that both d; and ds have the same clo-
sure in /., and |17, Proposition 4.5] that this closure coincides with VSO(N).
Furthermore, [I7, Proposition 3.8|, VSO(N) is a C*-subalgebra of [, (N).

Proposition 2.3.1. Given any n € N, A € (—1,00), and a radial symbol

a € Lo(0,1), the corresponding eigenvalue sequence B belongs to both dy
and dsy.

Proof. We start with the case of d;.

 Im4+n+A+1)
ﬁ“H( m) = FA+2)T(n+m—1

| /O a(VEE (1= (1 ) dr

m+n+A m) n+m-—1
= e — - 1
ya1 Pealm) = T faalm D)
m—+n —

= 50 + S (B0 m) — 5 m + 1)

A1

Thus
m| B (m) — B (m +1)] < 207 + 1)lallo

showing that ﬁfln)? € dy. Consider now the case of ds.

I(m+n+A+2) L . . 2
F(Mr3)F(m+n—1)/0a<\/’j>7’ (1 =)L —2r+7)dr

- h+2)(A+1) Getrm)

m+n+A+1)(n+m-—1)
A+2)(A+1)
(m+n)(m+n-—1)

T T O )0+ Ban(m +2).

B (m) =

ot A" (m + 1)

Then

(A+2)(A+ 1A%, ,(m)
= (m+n)m+n—1) (B0m+2) =260 m + 1) + 50 (m))
+ A+ Dm+n—1)+ KA+ )(m+n+A+1>]ﬁ”(m>
— 200+ D)(m+n—1)"(m+1)
= (m+n)m+n—1) (B0m+2) =260 m + 1) + 50 (m))
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+ 2+ Dm0 —1) | B (m) — B (m + 1)]

+ B(m)

(m+n)(m +n = 1) (B0 (m) — 2803 (m + 1) + B3 (m +2))

= (Bm) = BRm + 1)) =20+ ) m +n = 1) [Bm) = B m + 1)]

which together with B((lng € d; implies uniform boundedness of

m? | B3 (m) — 2653 (m + 1) + B3 (m + 2)‘ .
It follows that B(i")? € ds. -
Recall that the spaces d; and dy carry semi-norms || - ||, and || - ||4, in

a natural way (see [37]). As was shown in Proposition 2.4 of [37] the norm
inequality || - ||a;, < || - ||4, holds proving that dy C d;.

Observe now that the sequences BL(:)?, for n > 1, are nothing but the shifted

sequences ﬂéli To formalize this we introduce two unilateral shift operators,
the left shift operator 77 (x) and the right shift operator 7z(x)

T x> (1, T, T3, ), TR+ — (0,z0,21,-").

Due to [17, Propositions 3.10 and 3.11] both of them are bounded on VSO(N),

n n— 1
and have norm one. Now BO(M) =177 1(56(“)\)
The last observation permits us to reduce our analysis to the set Bg\l) only.
We already know that Bg\l) C dy, and our next aim is to prove that Bg\l) is

dence in dy. This will be done in Theorem [2.3.3

We define first the invariant Laplacian of an operator A € L(A3(B")).
With the notation in (1.29)) put

Dy :={S € L(A(B")) : 3T € L(A3(B")) such that AByA(S) = Bo(T) }
Note that 7" is uniquely defined since the Berezin transform By  is one-to-one

and therefore we can define A : Dy — L(A2(B")) by AS =T.
From Lemma and Proposition it is clear that A maps radial

operator to radial operators. Let D = B! be the open unit disc in C and for
each k € Z, denote by P the rank one projection of A3 (D) onto the subspace
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{per. : pe C} C A3(D). If S € L(A3(D)) is a radial operator with bounded
eigenvalue sequence 6 = {0 }rcz, with respect to the standard orthonormal

bases (2.1)) of A3(D), then we can write

(2.9) S=> 0P
k=0

where the convergence is in the strong sense. By a method analogue to the
proof of Lemma 3.2 in [37] one can check that

(210)  Boa(S) = OxBoa(P) and  A(BoxS) = 0:ABoa(P).
= k=0

Now we prove:

Proposition 2.3.2. Let S be the radial operator in (2.9). If 0 € dy then
S € D, and

(2.11) IAS] < (6 +4[A) [10]]-
Proof. By a direct calculation one verifies that

(2'12) BOA(Pk)< < k?’k?>x_‘<k ek>,\‘2

(1 PP = LR R

12\ M2 2k
EIT(2+ )\) (1= [

We calculate
AL =[PP = (1= [P (A 24 k200
— [+ 24 B+ k) + (k + A+ 1] |21 + k22260
With #_; := 0 and by using we find
(2.13)
A(Bor$)(2) =(1 = 2P A(BoaS) )

’Z‘ Z@kA BO)\Pk )

— |2|? 2“%‘ ]2’“[ A+E+1D)TA+k+N)

T(2+ ) (k—1)!
F(2+k+A)[(A+2+k)(1+k>+k(k+A+1)}

— 0y, x +
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(k+1)’T(3+k+ )
(k+1)!

— |2* 2+AX:I% )G (A

In the last equality we have rearranged the summation and with k£ € Z, we
write

+ Ok

Ge(N) = |OtkA+k+1) — O [N+ 2+ k) (L + k) + k(k+ X+ 1)]+
4 O A+ 2+ ) (k + 1)].

A straightforward calculation shows that (x(\) = Ce1 + Ak + A3 can be
decomposed into three parts where ¢, ; for j = 1,2, 3 are independent of A and
given by

Coa = (k4 1) [Ors1(2 + k) — 2(k + 1) + kb1 ]
Ck,2 - (]{7 + 1) [9k+1 - 28k + 91671}
Ck,3 =0, — Op_1.

Consider the sequences (V) := {(; } for 7 = 1,2,3. In Lemma 3.3 of [37]
it has been shown that ||| < 6[|0]|4, and in particular ¢V is bounded in
case of 0 € dy. Moreover, using || - ||la, < || - ||4, (cf. Proposition 2.4. in [37])
we clearly have the estimates

1Kl < 2010lla;  and  [[Cloc < 20101y < 2]10]la..
Hence 6 € dy implies that ((\) := {Cx(\) }x is bounded with
(214)  <W)lloe < NEM oo + M UIEP oo + 11€P o) < (6 + 4NN 16142

Consider now the diagonal operator 7' = > (x(A)FP,. From the previous
remark it follows that T € £(A3(D)) for all § € dy. An application of ([2.12)
now shows that

(BoaT)( ZCk (BoaPr)(2) = (1= [2]* AHZC )lex(2)

Comparison with (2.13]) shows that
BoaT = A(By,8).

It follows that S € Dy with AS = T. The identity |C(A)||ls = |T]| = ||AS]
together with the estimate (2.14) implies (2.11]). O
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Following the ideas in [37] we now can show:

Theorem 2.3.3. The closure of Ff\l) in ls coincides with the closure of dy in

loo-

Proof. Tt follows from Proposition [2.3.1| that %(11; € dy for all A > —1 and

a € Ly(0,1), which shows that the closure of the eigenvalue sequences %51/)\ is

contained in the closure of dy. So it is sufficient to show that dy is contained
in the closure of eigenvalue sequences 7511))\ where a € Lo(0,1).

Let s € dy and denote by S the radial operator on A3 (D) which has s as
eigenvalue sequence (with respect to the standard orthonormal basis (2.1))).
We show that we can approximate S in norm by Toeplitz operators with

symbols in L. (0,1). According to Proposition it holds S € D, and

(2.15) IASI < (6 + 41 l1s]a.

Using Proposition [1.2.8] (i) and (1.33)) gives for all m € Z,:

BoaABpuA(S) = AByxBma(S) = ABp 2By (S)
— BuaAByA(S) = BnaBoa(AS) = ByrBmA(AS).

Since the Berezin transform By, is one-to-one we conclude that EBW A(S) =

B, ,\(KS). Therefore from and from of Lemma we find the

estimate
1Tx, sl = 1T, @5l < NAST < (6 +4A])|[5]las-

Hence, Theorem shows that S = lim,,_,e T, \(s) with respect to the
norm topology and the assertion follows. O

We can characterize now the C*-algebra that is generated by Toeplitz op-
erators with bounded radial symbols.

Theorem 2.3.4. For each n € N and A € (—1,00), the l-closure of B()\")
coincides with VSO(N).

Proof. For n = 1 the result follows from Theorem [2.3.3| and the density of dy
in VSO(N).

Let now n > 1. Consider any v € VSO(Z,) and any ¢ > 0. Then 7 =
2 ' (y) € VSO(N). According to the case of n = 1, there is a function

a € Lo(0,1) such that ||y — fyél/)\H < e. Finally

n n—1,/~ 1 ~ 1
Iy =A% = 117272 E = A8 < 17 -8l < e,

which proves the density of I‘g\n) in VSO(N). O
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We denote by Tiaq = Trad(Loo) the C*-algebra generated by all Toeplitz op-
erators, with radial symbols a € L, (0, 1), acting on A3 (B"). Let Rad(A3(B"))
be the set of all radial operators acting on A3 (B"). The proof of Theorem ,
in particular, shows that

T(Loo(B™)) NRad(A2(B")) = Traa(Loo),

which together with the next corollary affirmatively answers problem (i) in the
final section of [5].

Corollary 2.3.5. The algebras T ,qq for anyn € N and any A € (—1,00) are all
1somorphic and isometric among each other, being isomorphic and isometric
to VSO(Z,).

In each case the isomorphism is generated by the following mapping
T, — BL(:/\)

The set of initial generators T = {T, : a € Ly(0,1)} is dense in T,4q, that is
two different types of closures, the C*-algebraic closure and topological (norm)
closure of the set T give the same result % ,.q.

Remark 2.3.6. As was mentioned in Corollary the algebraic structure
of T..q does not depend on the dimension n of the unit ball, but the operators
themselves, the multiplicity of their eigenvalues, do depend on n.

The eigenvalue 6(2")3 (m), m € N, has the multiplicity ("*"").

n—1
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Chapter 3

Verical Toeplitz operators

3.1 Vertical operators

This chapter is devoted to the description of a certain class of Toeplitz op-
erators acting on the Bergman space over the upper half-plane and of the
C*-algebra generated by them.

Let I = {z =2z +iy € C|y > 0} be the upper half-plane, and let du =
dxdy be the standard Lebesgue plane measure on II. For A € (—1,00) consider
the weight measure duy = (A+1)(2Im(2))*du. Recall that the Bergman space
A3 (D) is the (closed) subspace of Lo(Il, duy) which consists of all function
analytic in II. Tt is well known that A3 (1T)

i/\+2

A
Kﬁ,iv(z) = m;

thus the Bergman (orthogonal) projection of Ly(TI, duy) onto A?(II) is given
by
A
(P1)(w) = (£, KG).

In this chapter we write KI(TAZU as K.

Given a function g € L (II), the Toeplitz operator T,: A*(II) — A*(II)
with generating symbol g is defined by T, f = P(gf).

Let £(A3(IT)) be the algebra of all linear bounded operators acting on the
Bergman space A3 (II). Given h € R, let H;, € L(A3(IT)) be the horizontal
translation operator defined by

Haf(2) = f(= - ).

We call an operator S € L(A3(I)) vertical (or horizontal translation invari-
ant) if it commutes with all horizontal translation operators:

Vh € R, H,S = SHj,.

47
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In this section we find a criterion for an operator from A3 (II) to be vertical.
First we recall some known facts on translation invariant operators on the real
line.

Introduce the standard Fourier transform

1 —1ist
(FI)s) = = / et £(1) dt,

being a unitary operator on Ls(R).
For each h € R, the translation operator 7,: Lao(R) — Lo(R) is defined by

Thf(s) = f(s = h).

An operator S on Ls(R) is called translation invariant if 7,8 = Sy, for all
h € R. It is well known (see, for example, [20, Theorem 2.5.10]) that an
operator S on Ly(R) is translation invariant if and only if it is a convolution
operator, i.e., if and only if there exists a function o € L, (R) such that

(3.1) S =F'M,F.

We introduce as well the associated multiplication by a character operator
Mo, f(5) := ©4(8) f(s), where ©y(s) := e'".
Note that 7, and Mg_, are related via the Fourier transform,

(32) M@_hF = FTh.
Lemma 3.1.1. Let M € L(L3(R)). The following conditions are equivalent:

(a) M is invariant under multiplication by Oy, for all h € R:

MMe, = Mg, M.

(b) M is the multiplication operator by a bounded measurable function:

do € Loo(R) such that M = M,.

Proof. The part (b)=-(a) is trivial: M,Me, = M,e, = Mo, M,. The implica-
tion (a)=-(b) follows from the relation (3.2)) and the result on the translation
invariant operators cited above. O

Let ©; denote the restriction of ©, to R;. The following lemma states that
an operator on Ls(R,) commutes with M@;{ if and only if it is a multiplication
operator.

Lemma 3.1.2. Let M € L(Ly(R,)). The following conditions are equivalent:
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(a) M is invariant under multiplication by O for all h € R:

(b) M is the multiplication operator by a bounded function:

Jo € Lo(Ry) such that M = M,.

Proof. To prove that (a) implies (b), define the restriction operator
P: Ly(R) — La(Ry), 9+ gl

and the zero extension operator

J: Ly(Ry) — La(R), Jf(z) == {f(l’) if z >0,

0 if x <0.
For every h € R the following equalities hold:
JMe;f = Me, J, PMe, = M@IP‘

If (a) holds, then the operator JM P is invariant under multiplication by O,
for all A € R:

JMPMeg, = JMM@;P = JM@ZMP = Me, JMP,

and by Lemma there exists a function o; € Lo (R) such that JMP =
M,,. Set 0 = o1|g, . Then for all f € Ly(Ry) and all z € Ry,

(Mo f)(x) = o(x)f(x) = o1(x)(Jf)(x) = (M5, J ) ()
= (JMPJIf)(x) = (JM[)(x) = (Mf)(z),

and (b) holds. The implication (b)=-(a) follows directly, as in the previous
lemma. O

The Berezin transform [6], [7] of an operator S € L(A*(II)) is the function
IT — C defined by
(SK i Kis)

A A ’
(Ko Kfton)

B(S)(w) =

Following [14] Section 2] (see also [41], Section 3.1]), we introduce the isometric
isomorphism R: A?(II) — Ly(R,),

(Ro)(x) := ™™ dpuy(w).

m/¢
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The operator R is unitary, and its inverse R*: Ly(R,) — A*(II) is given by

f(/\+2 /2f zzf df

RN =g [

The next theorem gives a criterion for an operator to be vertical, and is an
analogue of the Zorboska result [47] for radial operators.

Theorem 3.1.3. Let S € L(A*(IT)). The following conditions are equivalent:
(a) S is invariant under horizontal shifts:

Vh € R SH, = H,S.

(b) RSR* is invariant under multiplication by ©; for all h € R:
Vh € R RSR*M, or = @);RSR*-

(¢) There exists a function 0 € Loo(R4) such that
S =R"M,R.

(d) The Berezin transform of S is a vertical function, i.e., depends on Im(w)
only.
Proof. (a) = (b). Follows from the formulas R*Mgr = H_»R* and RH), =
Mg+ R.
(b ) (¢). Follows from Lemma [3.1.2]
(¢) = (d). Using the residue theorem we get

A+l
REM Y(2) = —— 2 ¢—ia@,
(R0 = s

Therefore
M,RKY) RKY
B(S)(U)) _ < (Al)_l,w 5 H,w>
<KH,w7 KH,w)
_ /+OO O'(ZE) (23j Im(w)))\+2 e—2lm(w)z @
0 (A +2) x’

and B(S)(w) depends only on Im(w).
(d) = (a). Compute the Berezin transform of H_,SHj, using the formula
HhKH,w = Kn,w+h1

(SHWK o HiK)  (SK e Kt
|52 1K enl?
= B(S)(w + h) = B(S)(w).

Since the Berezin transform is injective [34], H_,SH, = S. O

B(H_hSHh)(w) =
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Corollary 3.1.4. The set of all vertical operators on L(A3(I1)) is a commu-
tative C*-algebra which is isometrically isomorphic to Lo (Ry).

3.2 Vertical Toeplitz operators

In this section we establish necessary and sufficient conditions for a Toeplitz
operator to be vertical.

Lemma 3.2.1. Let g € Lo(Il). Then T, is zero if and only if g = 0 almost
everywhere.

Proof. The corresponding result for Toeplitz operators on the Bergman space
on the unit disk is well known, see, for example, [41, Theorem 2.8.2]. To
extend it to the upper half-plane case, we introduce the Cayley transform

wW—1

Y I — D, w—> -,
w1

the corresponding unitary operator
U: A2D) - A(T),  fr— (fo)t,
and observe that U*T U = Tyoy1. O

The next elementary lemma gives a criterion for a function on R to be
almost everywhere constant. We use there the Lebesgue measure in R™ for
various dimensions (n = 1,2, 3), indicating the dimension as a subindex: .

Lemma 3.2.2. Let f: R — C be a measurable function. Then the following
conditions are equivalent:

(a) There exists a constant ¢ € C such that f(x) = ¢ for almost all x € R.

(b) 12(D) =0, where D == {(z,y) € R* | f(z) # f(y)}.

(¢) (D) =0 for almost all x € R, where D, := {y e R?| f(x) # f(y)}.
Proof. (a)=-(b). Let C = {z € R| f(z) # c}. The condition (a) means that
w1 (C) = 0. Since D C (C' x R)U (R x '), we obtain us(D) = 0.

(b)=(c). Follows from an application of Tonelli’s theorem to the charac-
teristic function of D.

(c)=(a). Choose a point zy € R such that p(D,,) = 0 and set ¢ := f(zo).
Then f = ¢ almost everywhere. O]

Proposition 3.2.3. Let g € Lo(Il). The operator T, is vertical if and only
if there exists a function b € Loo(Ry) such that g(w) = b(Im(w)) for almost
every w € II.
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Proof. Sufficiency. For every h € R, define g;: Il — C by gi(w) = g(w + h).
Then for almost all w € C

gn(w) = g(w +h) = b(Im(w + 1)) = b(Im(w)) = g(w).

Applying the formula H_,T,H), = T,, we see that T} is invariant with respect
to horizontal translations.

Necessity. Since T} is vertical, for every h € R we have T, = H_,T,H), =
Ty, By Lemma [3.2.1] g = g;, almost everywhere. It means that for all h € R
the equality ps(Ep) = 0 holds where

Ep, == {(u,v) € R? | g(u+ h +iv) # g(u+1iv)}.
Define A: R? x R, — C by

A, av) = 3% g(x +iv) = g(u+wv);
1, g(x+iv) # g(u+iv).
Then for all h € R
{(U,U) cll | A(u,u—i—h,v) 7é 0} = Ey

and by Tonelli’s theorem

/ A(u, x,v) dus(u, z,v) = / A(u,u+ h,v) dus(u, h,v)
RQXR+

R2 XR+

:/ (/A(u,u+h,v) d,ug(u,v)) dh:/ug(Eh) dh = 0.
R 11 R
Therefore

/ (/ A(u,x,’u)dug(u,x)) dv:/ A(u, x,v) dpg(u, z,v) =0,
Ry \ JR2 R2xR,

and for almost v € R
no({(u,2) € R | glo + iv) # glu+ iv)}) = / Au, 2, 0) dp(u, ) = 0.
RQ

For such v, by Lemma [3.2.2] there exists a constant ¢(v) such that g(u+iv) =
c(v). Then for b: Ry — C defined by

c(v), if pa({(u,x) € R? | g(z +iv) # g(u +iv)}) = 0,
0, otherwise,

b(v) = {

we have g(w) = b(Im(w)) for almost all w € II. O
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We say that a measurable function g: I[I — C is wvertical if there exists a
measurable function b: R, — C such that g(w) = b(Im(w)) for almost all w
in II.

The next result was proved in [39, Theorem 3.1] (see also [41, Theorem
5.2.1)).

Theorem 3.2.4. Let g(w) = b(Im(w)) € Lo be a vertical symbol. Then the
Toeplitz operator T, acting on A3(I1) is unitary equivalent to the multiplication
operator M., = RT,R* acting on Lo(Ry). The function v, = v,(s) is given by

(QSt)AJrl

3.1 = b(t)———— —2ts R.,.
(3.1) YoA(S) /0 ()F<>\+1>e —, sERy

In particular, this implies that the C*-algebra generated by vertical Toeplitz
operators with bounded symbols is commutative and is isometrically isomor-
phic to the C*-algebra generated by the set

I, = {'Vb,)\ | be LOO(R+)}

3.3 Very slowly oscillating functions on R

In this section we introduce and discuss the algebra VSO(R, ) of very slowly
oscillating functions, and show that for any vertical symbol a € L. (R,), the
associated “spectral function” -, belongs to VSO(R ).

We introduce the logarithmic metric on the positive half-line by

p(e,y) = [In(@) = In(y)] : Ry x Ry = [0,+00).
It is easy to see that p is indeed a metric and that p is invariant under dilations:
for all z,y,t € Ry,
p(tz, ty) = p(z,y).

Recall that the modulus of continuity of a function f: R, — C with respect
to the metric p is defined for all 9 > 0 as

wp,r(8) == sup{|f(z) = fF(W)I] x,y€Ry, pla,y) <3},

Definition 3.3.1. Let f: R, — C be a bounded function. We say that f is
very slowly oscillating if it is uniformly continuous with respect to the metric p
or, equivalently, if the composition foexp is uniformly continuous with respect
the usual metric on R. Denote by VSO(R,) the set of such functions.

Proposition 3.3.2. VSO(R, ) is a closed C*-algebra of the C*-algebra Cy(R )
of bounded continuous functions Ry — C with pointwise operations.
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Proof. Using the following elementary properties of the modulus of continuity
one can see that VSO(RR, ) is closed with respect to the pointwise operations:

Wp,f+g < Wpf + Wp g, Wo.tg < N flloowpg + 191l ccwp.z
WoAf = |)\‘wp,f, Wy, f+ = Wy, f-

The inequality w, ;(6) < 2[|f — glloo +w,,¢() and the usual “Z-argument” show
that VSO(R, ) is topologically closed in Cp(R). O

Note that instead of the logarithmic metric p we can use an alternative
one:
Let p1: Ry x Ry — [0, +00) be defined by

pi(a,y) = UL
ST max(a,y)

It is easy to see that p; is a metric. To prove the triangle inequality p;(z, z) +
p1(z,y) — p1(z,y) > 0, use the symmetry between x and y and consider three
cases: T <y <z, r<z<y, z<x<y. For example, if x < y < z, then

(z —y)(r+y) -
Yz

0.

pr(x, 2) + p1(z,y) — pr(z,y) =
The other two cases are considered analogously.
Lemma 3.3.3. For every z,y € R, the following inequality holds
(3.1) pi(z.y) < p(z,y).

Proof. The metrics p and p; can be written in terms of max and min as shown
below:

max(x,y) min(z, y)
p('r?y) n min(x,y) ) pl(xay> max(x,y)
1
Since In(u) > 1 — " for all u > 1, the substitution u = % yields (3.1)).

]

It can be proved that p(z,y) < 2In(2)pi(x,y) if pi(x,y) < 1/2. Thus
VSO(Ry) could be defined alternatively as the class of all bounded functions
that are uniformly continuous with respect to p;.

Theorem 3.3.4. Let b € Loo(Ry). Then v, € VSO(R,). More precisely,
[Ys.alloe < [[Bloo,

and vy » 18 Lipschitz continuous with respect to the distance p:

(3-2) VoA (y) = Y (@)] < 20+ 1)p(x,y)[blloc,

that s

(3-3) Wy, (8) < 26|
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Proof. The upper bound ||y ]lec < ||b]|e follows directly from the definition

(3.1) of vx. Firs, we add and sustract

b(v)v?

2 A1 _—2yv
T2 e

in the integrand and use the inequality |b(v)| < ||b]|, to obtain
dv

||b||00 /OO A A1 ,—2 —2 —2 A
o < 7l 2 + TV Yy ) +1 2 A1) 27
a(e) = alw)] € iy [t (@0 e - et e (@) )

Without lost of generality assume y > x, and solving the integrals we get the
inequality

(@) = WA W)] < 2[8llocpr (@, 5™ < 20+ D blloop(2, ),

where the last inequality uses Lemma [3.3.3 O

3.4 Density of 'y in VSO(R,)

The set R, provided with the standard multiplication and topology is a com-
mutative locally compact topological group, whose Haar measure is given by
dy(s) == %,

For each n € N:={1,2,...}, we define a function ¢, »: Ry — C by

1 Sn-i—)\

U S) = B A N (1 s)E

where B is the Beta function.

Proposition 3.4.1. The sequence (¢, 1), is a Dirac sequence, i.e., it sal-
i1sfies the following three conditions:

(a) For eachn € N and every s € Ry,
wn,)\<5) Z O

(b) For each n € N,
> d
[ oa@s =1
0 s

(c) For every 6 >0,

lim bua(8)(5) 2 = 0.

=0 S p(s,1)>6 S
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Proof. The property (a) is obvious, and (b) follows from the formula for the
Beta function: )
[e.9] S(L‘—
B = —d
(I‘,y) /0 (1+S)x+y S
Sn-l—)\—l

We prove (c¢). Fix a § > 0. The function s — A+ 52 reaches its
S n
n+i—1

maximum at the point s, := 7=5=. It increases on the interval [0, s,] and
decreases on the interval [s,,00). Since s,, — 1, there exists a number N € N
such that e7® < sy. Let n € N with n > N. Then e™® < sy < s,,, and for all
s € (0,e7°] we obtain

Sn+A—1 (e—§)n+k—1
(1 +$)2(n+/\) S (1 _|_e75)2(n+)\)'

Integration of both sides from 0 to e~ yields

e’ nta-l o0 n+A 1 n+A
e () )
o (L+s)2HN (1+e9)2 4 cosh” (§/2)

Applying Stirling’s formula ([13, formula 8.327|), we have

| TR+ N)

Bn+XAn+A) (I'(n+A))

Ar(2n) 1
(C(n))*  2ymn

4n+A

Since cosh(0/2) > 1,

o0 n+A
dt 1 1 1
/ Una(t)— < ( 2 ) ~ 2(n+3)
0 t ~ B(n+An+A) \4cosh” (6/2) 2y/mn cosh®""V(§/2)

To prove a similar result for the integral from e to oo, make the change of
variable s = 1/t:

8

) > dt . e ds
[ Yan(t) 7 = lim i Yna(s) —
Let
ds
(3.1) Ry = / bun(s)
p(s,1)>6 S
then )
e d [e'e) d
lim R,s = lim Yna(S) as + lim @Z)nk(s)—s = 0. 0
n—oo n—oo [, S n—oo J.s S

— 0.
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Introduce now the standard Mellin convolution of two functions a and b
from Li(R4,dv):

(3.2) (a%b)(z) = /OOO a(y)b (f) .

Yy, Y

being a commutative and associative binary operation on L; (R, dv).

Note that is well defined also if one of the functions a or b belongs to
Lo (R, ) and the other belongs to L1 (R, dr). In that case axb € Lo (R, ) and
axb = bxa. The associativity law also holds for any three functions a, b, ¢ such
that one of them belongs to L..(R; ) and the other two belong to L;(R,,dv).

The next result is a special case of a well-known general fact on Dirac
sequences and uniformly continuous functions on locally compact groups. For
the reader’s convenience we write a proof for our case.

Theorem 3.4.2. Let 0 € VSO(R,). Then
(3.3) lim || * ™ — ¢]|o = 0.
n—o0
Proof. For every n € N, 6 > 0 and x € Ry,
o x dy o dy
o a0~ @)l = | [0 (2) tnat) 2 - [ atarunat) 2
0 Y ) 0 Y
o x d
S/ U(‘) —o(z) ¢n,A(y)—y:]1+]2,
0 ) Y

where
T d
h=[ o (—) ~ o(@)| ) 2.
p(y,1)<6 Y Y
T d
b= o (—) ~ o(@)| tuatr) 2.
p(y,1)>0 Y Y

If p(y,1) < 6, then p(z/y, ) = p(z,zy) = p(y,1) < 6. Thus

dy
< 6000(0) [ G0a0) %L = s 0).
R Y
For the term I, we obtain an upper bound in terms of R, s, see (3.1)):

dy

I < 2lj0o / in(@) 2 = 9|o]|oc R
p(y,1)>8 Y

Therefore
HU * Uy, — UHOO < Wp,a((s) + 2||0||00Rn,5-
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Given € > 0, first apply the hypothesis that 0 € VSO(R,) and choose 6 > 0
such that w,,(0) < . Then use the fact that R, s — 0 and find a number

2
N € N such that R, 5 < for alln > N. Then for all n > N

4ol ||

S g
HO’*wn,)\—O'HOO<§+§:€. O

Recall now that, for each m,n € N, the generalized Laguerre polynomial
(called also associated Laguerre polynomial) is defined by

1 dn
L9 (t) = mt‘”‘ ef %<e_t t”+a>, teR,.

Then, for each n € N, we introduce the function ¢, »: Ry — C by

LO+ DT() i

—t L(n-i—?)\) t .
[2(n+ \) e L)

(3.4) Pna(t) =

Each function ¢,, 5 is obviously bounded and continuous on R, and admits
the following alternative representation

t 1 a1

—t 12(n+X\)—1
o+ = By @ (e ).

and the explicit representation

. (>\+1 —t n—‘r)\ n_l k 1

The next lemma relates the functions v, and ¢,, via the Laplace transform

L, which is defined by
= / f(t)e ™" dt.
0

Lemma 3.4.3. For each n € N,

A
(3.5) Una(s) = L (;((in—i(g> (s), seR,.
Proof. We can write
D(2(n+ )

2(n+A)—1_—t\ _
Lt ') = (1 + 5)200)

(see [13, Formula 17.13.26]), use the propertie

LIFW(8)) = " f(s) = " F(0) = - - — sFO2(0) — F=(0)
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of the Laplace transform. Since the function t2"*)~=1e=t and its first n — 1
derivatives have zero limit in 0 and oo it follows that

n—1

A" a1 - s

by multiplying both sides by % the equality(3.5]) holds.

Given a function a: Ry — C, we define a: Ry — C as a(t) = a(1/t).
The mapping a — a is obviously an involution:

(3.6) a=a,
and, for all a € Lo(R;) and b € L1(Ry,dv), we have
(3.7) axb=naxb.

The change of variable ¢t = % yields

o a
(3.8) / a(t)b(st) < = (@xb)(s).
0
The next lemma relates “spectral functions” v, with Mellin convolutions.
Lemma 3.4.4. Let a(u) = 2ue 2", then for each b € Lo(R,),
(3.9) Tr = b a.

Proof. Rewrite 7, 5 in the form

Y(s) = /0 R0 (2(8?((;?5)2“)%

and apply (3.8)). ]
Introduce the function msy(s) := 2s, then (3.5) and (3.9) imply that the

elements 1, of the Dirac sequence are in fact certain “spectral functions™

—_~—

%,A = (an)\ © m2) * =Yg, yoms-

Now we are ready to prove the main result.
Recall first that, by Theorem [3.2.4] the C*-algebra generated by vertical
Toeplitz operators with bounded symbols is isometrically isomorphic to the
C*-algebra generated by the set

(3.10) Tx={malb€ Loo(Ry)}.
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Theorem 3.4.5. We have that Ty = VSO(R,).
Proof. Let 0 € VSO(R,). For each n € N, we define b,,: Ry — C by

by, == 7 * (¢, © Ma).

From (3.4) it follows that ¢, € Li(Ry,dv), and thus b, € Ly (Ry). Then
equations (3.7)), (3.6)) and the associativity of Mellin convolutions yield

—_—— —_—

Vo = l;;*oz = (5* (an,Aomg)) X0 = 0 % <(¢n7Aom2) *a) =0 %Yy,
which means that o, x4, x € T'y. To finish the proof apply Theorem [3.4.2] [

Let us mention some important corollaries of the theorem. First of all
it implies that the C*-algebra VT (L) generated by Toeplitz operators with
bounded vertical symbols is isometrically isomorphic to VSO(R, ). Moreover
it shows that the set of initial generators of V7T (L) (i.e., the Toeplitz oper-
ators with bounded vertical symbols) is dense in VT (Ly,). That is, the two
quite different types of the closures, the C*-algebraic closure and the topolog-
ical closure, of the set of initial generators end up with the same result: the
C*-algebra VT (L.,) generated by Toeplitz operators with bounded vertical
symbols.

Then, the theorem permits us to compare and realize the difference be-
tween the algebra generated by general vertical operators and its subalgebra
generated by special vertical operators, Toeplitz operators with bounded ver-
tical symbols. The first one is isomorphic to L (R, ), while the second, its
subalgebra, is isomorphic to VSO(R ).

In this connection it is interesting to consider “intermediate”, in a sense,
operators, the bounded vertical Toeplitz operators whose defining symbols are
unbounded. As it turns out such operators do not necessarily belong to the
algebra VT (L) generated by vertical Toeplitz operators with bounded sym-
bols.

The next section is devoted to an example of such an operator.

3.5 Example

Write here ~, for v, and A = 0. Note that 7, can be defined by the for-
mula not only if b € Ly (R,), but also if b € Li(Ry, e dt) for all
n > 0.

In this section we construct a non-bounded function b: R, — C such that
be Li(Ry,e dt) for all n > 0 and 7, € Lo(Ry), but 7, ¢ VSO(R,). This
implies that the corresponding vertical Toeplitz operator is bounded, but it
does not belong to the C*-algebra generated by vertical Toeplitz operators
with bounded generating symbols.

The idea of this example is taken from [17].
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Proposition 3.5.1. Define f: {z € C|Re(z) > 0} — C by

(3.1) f(z):= ! exp (3% In*(z + 1)> ,

o241

where In is the principal value of the natural logarithm (with imaginary part
in (—m,7]). Then there exists a unique function A: Ry — C such that A €
Li(Ry,e ™ du) for allm > 0 and f is the Laplace transform of A:

+00
f(z) = A(u)e ™™ du.
0
Proof. For every z € C with Re(z) > 0 we write In(z+1) as In |z+1|+iarg(z+
1) with -7 < arg(z+1) < 5. Then

1 { , 2
1f(2)] = Py exp (3—W(1n|z+1]+zarg(z+1)) )’
1 2arg(z +1)
= —1 1
|Z+1‘exp< o n|z+ |>

1

S

. 1 2arg(z+1) 1
Since |Z+ 1‘ > 1 and -3 < — 3y < 3

1
< — .
1)) <

Therefore for every x > 0,

. dy dy
°d </ /
firte i< [ G s < s <

and f belongs to the Hardy class H? on the half-plane {z € C | Re(z) > 0}.
By Paley—Wiener theorem (see, for example, Rudin [31, Theorem 19.2|), there
exists a function A € Ly(R;) such that for all z > 0

fla) = /0 +°° A(u) e du.

The uniqueness of A follows from the injective property of the Laplace trans-
form. Applying Holder’s inequality we easily see that A € Ly (R, e du) for

all n > 0:
[ e aspap ([ Tema) Mg
u u < u = .
0 ’ 0 2n
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Proposition 3.5.2. The function o: R, — C defined by
S )

3.2 = —In*(s+1

(3.2) 9= e (5w 1),

belongs to Loo(Ry) \ VSO(R,). Moreover there exists a function b: R, — C
such that b € Ly(Ry, e dt) for alln > 0 and o = .

Proof. The function o is bounded since |o(s)| < 5 <1 for all s € Ry. Let
A be the function from Proposition [3.5.1] Define b: Ry — C by

b(s) = A(2s).

Then for all n > 0

+00 1 [T
/ la(t)]e™ du = 5/ |A(t)] e ™% dt < 400,
0 0

and

+00 +oo
T(s) = 23/ b(t)e > dt = 28/ A(2t) e dt
0 0

+0o0 ;
=3 i A(t)e ™ dt = . j_ 7 exXPp (3% In?(s + 1)) =o(s).

Let us prove that o ¢ VSO(R,). For all s,t € R

o) =] =| (1= 57 ) o (5 w5+ 1)
(et lien)
> |exp (3%1n2<5 - 1)> — exp (3%1112(15 - 1))‘
N sil - H%
= |exp (%(1112(5%— 1) — In?(t + 1))) - 1' - ler1 - t%

Replace s by the following function of ¢:
t+1
s(t) =t + —— .
() In'/2(t 4 1)
Then

In(s(t) +1) = In(t +1) +In (1 - ﬁ>

In(t+ 1)+ ! ! + 0O ( ! )
=1In — —_— .
In'2(t4+1) 2In(t+1) In®2(t +1)
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Denote In*(s(t) + 1) — In*(t + 1) by L; and consider the asymptotic behavior
of L; ast — +o0:

1
Lo=Wn%(s(t) +1) —In*(t+1) = =1+ 22t + 1) + O [ ——— ).
¢ i=1In"*(s(t) + 1) —In*(t + 1) +2In/=(t+1) + YY)
Since L, is continuous and tends to +o0 as t — 400, for every T" > 40 there
exists an integer t > T such that L, + 1 is equal to an integer multiple of 672,
say to 6mm?:

L;+1=6mn>
For such t,
exp (LLt) — 1‘ = |exp (—(6m7r2 - 1)) — 1‘
3T m
= ! 1] ~ 0.106 > L
B R T = 10
and

|o(s(t)) = o(t)] =

? I 1 2 - 1 1 1
exp | — > —=_.
Psr™ T+17 10 20 20
It means that |o(s(t)) — o(t)| does not converge to 0 as ¢ goes to infinity. On
the other hand,

Thus o ¢ VSO(R,). O
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Chapter 4

Radial revisited

4.1 Very slowly oscillating functions and sequences

To describe the relations between VSO(N) and VSO(R, ), we introduce the
piecewise-linear extensions of sequences as follows.

Let 0: N — C. Denote by f the function R, — C obtained from o by the
piecewise-linear interpolation:

@) f)= {"“ re O

<j+1—l’)0j+<x—j>0j+1, xe[]7j+1>7J€N
In what follows |z | stand for the integer part of x € R,.

Lemma 4.1.1. Given o: N — C, we define f by (2.5). Then || f]lco = ||0]c0s

(4.2) @) = fW] < (y— 2)wpo(l), 0<z<y
and
(4.3) |f(x) = fW)] < 2w0(p(lz]. [y] +1)), 1<z<y.

Proof. Put 09 = 01. Then (4.1)) can be rewritten as

@) =(lz] + 1 =)o) + (@ — [z])o)+1-

Since the value of f at every point > 0 is a convex combination of two values
of the original sequence o, the inequality || f||c < ||0]|s holds. On the other
hand, f is an extension of o, therefore the inverse inequality is also true.

An elementary computation shows that if s,t > 0 and s,t belong to the
same interval [j, 7 + 1] for some j € {0,1,2,...}, then

[f(s) = FO] = |t = s[|oj = ol

65
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Since |0; — 0j41] S w,o(p(J, 7+ 1)) < w, (1) for every j € N and oy = o7,

(4.4) [f(s) = FO < [t = slw,q (1),  [t] = [s] =J€Zs.

To prove (4.2)), assume that 0 < x < y. The case |z| = |y]| is already covered
by (4.4). If [z| < |y], then insert intermediate integer points between z and
y and apply (4.4) in each segment of this division:

ly]—1

@) = fWOI S 1f@) = ol + D oy = agaal + oy — fW)]

j=lz|+1
< (lz) +1=2)wpo(1) + (ly) = [2] = Dwp,e(1)
+ (v = [y))wpo(1)
(Y — 7)w, o (1).

To prove (4.3)), suppose that 1 < x < y. Then

|f(@) = fy)| = |1 —w)o; +uojir — (1 —v)oy, — vopii]
< (L =u)loy — ox| +uloji1 = opsr| + [u — v[ o — Ok
< %0, (p(G k+1)). D

For every function f € VSO(R,) we denote by R(f) its restriction onto
N, and for every sequence o € VSO(N) we denote by E(c) its piecewise-linear

extension defined in (4.1). Note that R(E(0)) = o for every o € VSO(N).

Theorem 4.1.2. The mapping R: VSO(R,) — VSO(N) is an epimorphism
of C*-algebras. In particular, the set VSO(N) of sequences coincides with the
set of the restrictions of functions from VSO(R,):

VSO(N) = {R(f): f € VSO(R.)}.

Proof. 1t is easy to see that R(VSO(R,)) € VSO(N) and that R is a homomor-
phism. In order to prove that R is surjective, we start with o € VSO(N) and
construct f = E(0), then ||f|ls = ||o|ls. Considering two cases: y — z < /8
and y — x > /0, we prove first that for every § € (0,1/4)

(4.5) Q,(8) < max(Viw,,(1),2w,,(6V3)).
Let y — 2 < V0, then by
(4.6) (@) = f(y)] < V5w, (1).

Ify—:czx/g,then

<

y—2 and yzy—w

Y )

6= p(z,y) =In= =

v

Sl-

8
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Moreover
> 5> 3
T — = > —
Therefore
x—1zi—1:3_4‘/52 L
46 45 46
Finally

i

ly] +1 y+1 Y y+1
+1)=1In <In =In=+1n + In

<8+ V5 +4V5 <6V
Applying ([@.3) we conclude that if y — 2 > /9, then

(4.7) [f(@) = f(y)] < wp0 (6V).

Combining both cases y — x < v/8 and y — z > /8, we obtain from (4.6) and

that
|f(x) = fly)] < maX(\/Swp,U(l)a Wp,U(G\/S))>

which implies (4.5)). Inequality (4.5)) guarantees that Q, ;(6) = 0asd — 0. O

Remark 4.1.3. Theorem was stated for the algebras of bounded very
slowly oscillating sequences and functions, but the proof of does not
use the condition of boundedness. Therefore a result analogous to VSO(N) =
{R(f): f € VSO(R,)} holds also for the corresponding classes of sequences
and functions without the condition of boundedness.

4.2 From vertical to radial case

For the reader’s convenience we recall briefly the results of [I8, [19] for the
vertical Toeplitz operators.
We denote by I'y the set of all spectral functions for b € Loo(R,).
Remember here Theorem [3.4.5]

') is a dense subset of VSO(R.).

Passing to the radial case, we observe that in the non-weighted one-dimensional
case (A = 0, n = 1) the sequence [, is just the restriction to N of the func-
tion 0, where a and b are related by a(r) = b(—In(r)). In the weighted case
the situation is a bit more complicated: in addition to the variable change
v = —In(r), two “correcting factors”’, an inner factor £, and an outer factor
n,x are needed.
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Lemma 4.2.1. Let b € Loo(R,). Define

(4.8) a(v/r) = &ua(r)b (%(r)) , 0<r<l,
where

(4.9) Ean(r) = (zli(:)y rnll, 0<r<l.
Then

(4.10) Buna)) = ma(Ba(k), KEN,
where

(1) pr() = L)

C BMIT(k+n—1)
Proof. Direct computation. We start with (2.2]), substitute (4.8]), and make

change of variables v = — In(r):

1 1
bana k) = g =T 1) /0 a(Vr)rtH (L =) dr

L(k+n+ A\ ! In(r) N
T T(k+n-— 1)F()\+1)/0 b (‘ 2 ) (=In(r))rtdr

A1
_ F(k+n+)\) k / b(g) U/\e_kv dU
PTG+ n—1) TO+1) Je, " \2
= (k) (k). L

Note that the function a defined by (4.8]) can be unbounded, in general.

Lemma 4.2.2. Let b € Lo (R;). For every L > 0 denote by x(o,r) the char-
acteristic function of (0, L). Then

1 59 30 ) (2] = O

Proof. For every x > 1,

[blloc 2™ [T oy s
|7b,A($)_7bX(O’L>,A<«T)| < m . e v dv

= Mol / et
F'A+1) Jr.

<ﬂ/mettkdt
—“Ir(x+1) J; '

The integrability of the function ¢ — e~ t* ensures that the last expression
tends to 0 as L — +o0. O
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Lemma 4.2.3. The sequence 0, x = (Mux(k))ren defined by (4.11)) tends to 1
as k — oo, and, in particular, it is bounded.

Proof. We write

(k) = k+n—I\"" T(k4+n—1+A+1)
TimA ) = k Tk +n— 1)k +n— 10

then using [13| Formula 8.328.2] we obtain required

lim n, (k) = 1. O
k—ro0

As already was proved, the set Iy is dense in VSO(R ). Now we are going
to deduce from this fact that B,, \ is a dense subset of VSO(N).

Theorem 4.2.4. For each a € Loo(0,1), Bann belongs to VSO(N).

Proof. We start from a function a € L (0,1), and introduce a; = a - X[L.1)

and as =a—a; =a- X[0,1]- We have that B4, 1 € ¢ C VSO(N). Thus it is
sufficient to show that f,, ,» € VSO(N). Reverting (4.8) we define

v—0 v

the function b is bounded, thus 7,y belongs to VSO(R ) and 7, |y € VSO(N

).
By " we have 6a1,n,)\(k3) - nn,)\(k)’yb,)\(k)) k S Na and thus ﬁal,n)\ €
VSO(N) as a product of two VSO(N)-sequences. O

Theorem 4.2.5. The set B,, ) is dense in VSO(N).

Proof. We start from a sequence v € VSO(N), and define the sequence o as

o(k) := ke N.

By Lemma [4.2.3) ¢ € VSO(N). Using Theorem we construct a function
f in VSO(R,) such that o is the restriction of f to N. Since f € VSO(R,),
by Theorem [3.4.5| for each € > 0 there exists g € Lo(R) such that

1 = Ygalloo < =5——.
J 2”7771,)\”00
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By Lemma [4.2.2] we take L > 0 such that

3

S - < Bl
xg[l)hg,x(ﬂﬁ) 7gx<o,L>’A(x)| 2||77n,,\||oo

Define

a(\/F):X(O,L) (—;nr) &m(?“)g(_l;r) , O0<r<l.

Factor x(,r) insures that the function a vanishes near zero and is bounded.

By Lemma
Ban (k) = 1 x (k) Yoxo.0) 1 (k)

Therefore for every k € N
[V(E) = Bana(F)] = nna(k)|o (k) = Ygx,1) A (K)]

< lmalle (1 = 90alle 592 a0 = G a@]) <2 O

Corollary 4.2.6. For everyn € N and A > —1 the C*-algebra generated by
Toeplitz operators T, ,, x with bounded measurable radial symbols a is isometri-
cally isomorphic to the algebra VSO(N). The isomorphism is generated by the
following assignment

Ta,n,)\ — ﬁa,n,)v
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