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Abstract

The first contribution of this thesis is an explicit general solution to the
inhomogeneous div-curl system in fairly general bounded domains in R3.
The construction of this solution is based on the fact that the div-curl system
can be written as a 0-problem for the Moisil-Teodorescu operator in three-
dimensional space, which permits applications of the Teodorescu operator.

This fundamental result is used to realize the second purpose of this work,
which is the development of Vekua analysis. This refers to generalizing the
theory of monogenic functions to a theory of solutions of the main Vekua
equation in bounded domains in R3. A typical question is to construct the
vector part of a solution when only the scalar part is known. Consideration
of this question in terms of the boundary values of the solutions leads us to
the construction of a Vekua-Hilbert transform for the main Vekua equation
as well as a link with the quaternionic Dirichlet-to-Neumann map for the
conductivity equation.

In addition to the information obtained for the conductivity equation,
these results provide applications to a number of other equations of math-
ematical physics, including the double curl equation. Furthermore, we give
an explicit solution for the case of static Maxwell’s equations in a medium

with a variable permeability.
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Resumen

La primera contribucion de esta tesis es una solucién general explicita al
sistema div-rot inhomogéneo en ciertos dominios acotados de R3. La con-
struccion de esta solucién estd basada en el hecho de que el sistema div-rot
puede ser escrito como un d-problema para el operador de Moisil-Teodorescu
en el espacio tri-dimensional, lo cual permite aplicaciones del operador de
Teodorescu.

Este resultado fundamental es utilizado para llevar a cabo el segundo
proposito de este trabajo, es decir, el desarrollo del andlisis de Vekua. Esto
se refiere a generalizar la teoria de funciones monogénicas a la teoria de las
soluciones de la ecuacién de Vekua principal en dominios acotados de R3.
Una pregunta natural es como construir la parte vectorial de una solucién si
solamente la parte escalar es conocida. Consideraciones de esta pregunta en
términos de valores frontera de las soluciones nos conduce a la construccion
de la transformada de Vekua-Hilbert para la ecuacién de Vekua principal asi
como la conexién con el mapeo de Dirichlet-Neumann para la ecuacién de
conductividad.

Adicionalmente a la informacién obtenida de la ecuacién de conductivi-
dad, estos resultados proporcionan aplicaciones a otras ecuaciones de la fisica

matematica, incluyendo por ejemplo la ecuacién doble rotacional. Ademas,



daremos una solucién explicita para el caso de las ecuaciones de Maxwell en

un medio con permeabilidad variable.
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Introduction

In this thesis we study the main quaternionic Vekua equation
DW = —W, (1)

where f is a nonvanishing scalar function defined in a domain in three di-
mensional space, D = Z?:1 e;0; is the Moisil-Teodorescu operator in R? and
CuW = W represents quaternionic conjugation. We give new results on
methods of finding solutions to (1) as well as properties enjoyed by these
solutions. Using these facts we produce further results on a number of equa-

tions of mathematical physics intimately closely related to (1).

Equation (1) is a particular case of the general Vekua equation 0W =
aW + bW, whose theory was introduced by Lipman Bers and Ilya Vekua
[16, 99] for functions in R? and plays an important role in the theory of pseu-
doanalytic functions (sometimes called generalized analytic functions), which
has since been extended to wider contexts, including quaternionic analysis
[14, 70, 71, 72, 77, 90]. We describe the theory of pseudoanalytic functions

in more detail in Subsection 3.1.1.

In order to illustrate the analogies and applications of the Vekua equation,



Introduction

consider some factorizations of elliptic operators. If (—A+v)f = 0 where A

is the Laplacian and f is a nonvanishing solution, then
Df Df
(A + v)up = (D+MT> (D—MT> %o, 2)

for every scalar function ug, where M® denotes the operator of multiplication
on the right by the function a. This quaternionic factorization (2) of the
Schrodinger operator was obtained in [17, 18] in a form which requires a
solution of an associated Riccati equation, which in [68] was shown to have
the form Df/f. The operator D — (D f/f)Cy corresponding to (1) appears
in factorizations of other operators [70]. For example, the elliptic operator

representing the conductivity equation can be decomposed as

_bf

v-f2vu0_—f(D+Ml?f)( ;

CH) fu, 3)

where V- is the divergence operator.

In [74] the difficulty of extending the concepts of pseudoanalytic func-
tion theory to the case of three or more dimensions was already noticed.
Throughout this work we will use the term Vekua analysis to refer to gen-
eralizations of results concerning monogenic functions to solutions W of the
main Vekua equation (1). For instance, we are interested in the construction
of the vector part of solutions of the main Vekua equation (construction of
f?-hyperconjugates), when only the scalar part is known. In the search for
these f2-hyperconjugates, or equivalently in the search for a solution of the
homogeneous div-curl system div(fW) = 0, curl(fW) = —f2V(Wy/f), with

W =Wy + W, we were able to provide a general solution for the inhomoge-

16



Introduction

neous div-curl system (Theorems 47, 48, 55). In the following we will give
some information and historical advances in this problem of mathematical

physics.

Div-curl system. We consider the general inhomogeneous div-curl system

diva = 9o,

curlf = ¢, (4)

for appropriate assumptions on the scalar field gy and the vector field § and
their domain of definition in three-dimensional space. This first order partial
differential system governs, for example, static electromagnetic fields. In
fact, Maxwell’s equations consist of two simultaneous div-curl systems which
describe how electrical and magnetic fields are generated by charges and
currents together with their variations. Basic references to the theory of the
classical Maxwell’s equations are [20, 59]. Chapters 3 and 4 of [69] develop
a quaternionic treatment for different systems of Maxwell’s equations, and

Chapter 2 of [67] does this for electrodynamical models.

Because of its fundamental importance in physics, the div-curl system has
been studied from very many points of view. It was Hermann von Helmholtz
who formulated the “Helmholtz Decomposition Theorem”, which represents
any vector field @ in R?® as the sum of a divergence free vector field curl ¥

and an irrotational vector field grad vy:

W = — grad vy + curl v,

17
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where the Helmholtz potentials vy and ¢ are given ([66, p. 166], [54, Th.
5.1.1]) by

@) -4 [ i w0 - [ SEsa o)
Unfortunately, the solution is represented by integral operators over all of
three-dimensional space, which is a serious limitation for many applications.

In [21] an existence result for a quaternionic solution of the related Moisil-
Teodorescu equation Dw = g was proved. The div-curl problem (4) consists
of finding a purely vectorial solution. Explicit vector solutions have been
found under diverse restrictive conditions, either on the data gy and g (be-
yond the evident requirement that g be solenoidal) or on the domain. For
example, in [15, Section 4] a particular div-curl system with go = 0 and
g = 0 is examined. On the other hand, for a solenoidal vector field, that is,
for go = 0, the Biot-Savart vector fields [41, 48] give a particular solution.
In [62, Chapter 5] a numerical solution is given for the div-curl system un-
der certain boundary conditions, based on the Least-Squares finite element
method. A solution for star-shaped domains, based on a radial integral oper-
ator, was recently provided by Yu. M. Grigor’ev in [49, Th. 3.2], valid when
the original data gg, g in the system (4) are harmonic scalar and vectorial
functions, respectively. Somewhat earlier, Colombo et. al. [30] produced a
right inverse of curl under the condition that certain functions lie in the
kernel of one of the components of the Teodorescu operator. This permits
expressing the general solution for (4) under the assumption that a certain
scalar field admits a hyperconjugate harmonic function. The condition given

in [30] was echoed in [19] in the context of a one-parameter family of systems

18
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of which (4) is a particular case. In this thesis we give a complete solu-
tion to the inhomogeneous div-curl system with none of the abovementioned

limitations.

Hilbert transform. Another purpose of this thesis is to formulate and solve
certain boundary value problems associated to (1). For the case of constant
f, the three-dimensional Hilbert transform takes scalar data on the boundary
of a domain £ C R? and produces the boundary value of the vector part of a
quaternionic monogenic (hyperholomorphic) function of three real variables,
for which the scalar part coincides with the original data. A series of articles
of Brackx et al. [23, 24, 25] study the relationship between the Hilbert trans-
forms and conjugate harmonic functions in the context of Clifford algebras
on the unit sphere.

In the literature the Hilbert transform has sometimes been mistakenly
identified with the vector part of the boundary value of the Cauchy integral,
since they happen to coincide for half spaces in R™ [84, p. 758] and for the
unit disk in the plane [8, Example 2.7(2)]. However, this does not hold
for general domains, including higher dimensional balls [8, Example 2.7(3)].
Generalizing a representation of the Hilbert transform H given by T. Qian
and others for bounded Lipschitz domains [8, 83, 84], we define the Hilbert
transform H; associated to the main Vekua equation (1). This leads to an
investigation of the three-dimensional analogue of the Dirichlet-to-Neumann
map for the conductivity equation.

In the 80’s there were many successes in solving boundary value problems
in Lipschitz domains. In particular, Dirichlet and Neumann problems for the

Laplace equation were solved by means of boundary integral operators; more

19



Introduction

precisely the method of layer potentials; some references are [40, 60, 61, 100].
The main idea behind the above solution is to invert the operators I + K or
I+ K} (depending on the problem), where K| is the scalar part of the singular
Cauchy operator applied to scalar functions and K its adjoint operator.
Further, the solution of the div-curl system in Lipschitz domains (Theorem
55) as well as the generalization of the monogenic Hilbert transform # in
the context of Sobolev spaces (Theorem 82) were possible thanks to the good
properties of the operator (I + Kj)~'.

XKk

In Chapter 1 we will give some basic definitions and facts of quaternionic
analysis. In addition, we study the properties of the operators and their
component operators needed for the development of this thesis. With the
purpose to make the work self-contained and to highlight the beauty of the
interrelationships involved, we have included proofs of many facts which can
be found elsewhere.

Chapter 2 may be considered as a completion of the analysis in [30]. We
will show that in fact the required hyperconjugate harmonic function exists
whenever § is solenoidal. As in [30] we rely heavily on the classical Teodorescu
transform, more precisely in its component operators. The construction of
the general solution of the div-curl system is carried out by, first constructing
an explicit inverse to the curl, a result which is of independent interest. With
this inverse we solve the homogeneous div-curl system (in which gq vanishes),
and then follow [30] to show how to apply a correction to obtain the solution
for the inhomogeneous system. Further, at the end of Chapter 2 we will give

an improved generalized solution of the div-curl system in Lipschitz domains,

20
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removing the previous requirement of star-shapedness of the domain.

In Chapter 3 we apply this solution to several related problems, including
some Dirichlet-type problems, the conductivity equation, the main Vekua
equation, and the double curl-type equation, the latter of which is then used
in a fundamental way for solving the static Maxwell’s equations with variable
permeability (system (3.12) below). All results obtained in the Chapters 2
and 3 are also valid for functions that take values in the the algebra H(C)
of biquaternions (complex quaternions), but for simplicity we will work with
the real quaternions H.

In Chapter 4 some operator properties related to boundedness and invert-
ibility of the Hilbert transform H are given, as well as an explicit form for its
left inverse and adjoint. This is followed by the introduction of the scalar and
vector Dirichlet-to-Neumann maps for the monogenic case. Furthermore, we
construct the “Vekua-Hilbert transform” H; associated to the main Vekua
equation in bounded Lipschitz domains of R?, and establish some basic facts
related to the elements of its construction.

In Chapter 5 we introduce the quaternionic Dirichlet-to-Neumann map
(D-N) for the conductivity equation and connect their components (the scalar
and vector D-N maps, Ay 2 and Kfz respectively) with the Vekua-Hilbert
transform Hy. The vector component is a new concept. We further verify
the continuous dependence on the boundary values of the conductivity f2
for the Vekua-Hilbert transform Hy; and the quaternionic D-N map, and
analyze the properties of the Vekua-Hilbert transform when it is restricted
to Ker Ag p2 or Ker Kfz.

Most of the content of this dissertation is also contained in [35, 36].

21






Chapter 1

Summary of results in

quaternionic analysis

A fundamental concept of modern physics is the vector field. One way of
greatly simplifying calculations involving derivatives of the components of
vector fields is by using the notation of quaternions. Most of the material in
this thesis will make use of this notation and terminology.

In this chapter we will summarize the facts we will need concerning mono-
genic (holomorphic) functions of a quaternionic variable, and properties of

related integral operators.

1.1 Quaternions

Let H be the non-commutative algebra of quaternions over the real field R.

In this thesis we use a more modern notation {eg, €1, €2, e3}, which follows



1.1. Quaternions

the multiplication rule

eo=1, el=e3=e5=—1,

€162 = —€92€1] = €3, €9€3 = —€3€69 = €1, €361 — —€1€3 = €9. (11)

Definition 1. A quaternion is defined as a formal linear combination

3
X :.Z'O—FZQZQ < H,
i=1
where x; € R, ¢ = 0,1,2,3. The real number xq = Scx is called the scalar
part of x and ¥ = Z?:1 e;x; = Vecx is called the vector part of x. Thus we
can write

—

Tr=2xy+ .

In this thesis we will identify the subspaces ScH, VecH with the real
numbers R and Euclidean space R? respectively. Functions taking values in
R will be called scalar; functions taking values in R? will be called vector

fields. The multiplication of two quaternions in this notation gives
TY =ToYo — T - Y+ oy + Yok + T X 7. (1.2)
The conjugate of a quaternion x is

T =Scx — Vecx = 19 — x1€1 — Toey — T3€3, (1.3)

and its norm is given by || = V2T = \/22 + 2} + 23 + x2. For more details

on the non-commutative algebra of quaternions see [42, 51, 52, 53, 54, 67, 94].

24



1. Summary of results in quaternionic analysis

In mathematical physics in R?, two differential operators for vector fields

of extremely importance are the div and curl, which are defined by

3
divid = V- = )y, (1.4)

Meanwhile, for scalar functions we define the gradient as follows:
grad wy = Vwy = d1wpe; + awges + O3wpes. (1.5)

For a domain @ C R3® C H and r > 0 we have function spaces such as
C"(Q, H) which denotes the space of r-times continuously differentiable func-
tions and C™7(£2, H) the space of r-times continuously differentiable Holder
functions with exponent v (0 < 7 < 1). In particular we have the Sobolev

spaces

W(QH) = {u e LP(Q,H): gradu; € L’(Q,R%)},
Wy (Q,H) = C5°(2,H) € WH(Q,H),

where 1 < p < oo and C§° denotes the linear space of smooth functions of

compact support. Facts about Sobolev spaces are drawn from [1, 26, 50].

Definition 2. We will say that Q C R3 is a Lipschitz domain if every point
Z of 0N lies in a ball neighborhood ¥ + B such that (¥ + B) N Q can be

25



1.1. Quaternions

obtained from

{(z1,29,23) € B: x3 > (21, 22)},

by a rigid motion, where 1: R> — R is a Lipschitz function, i.e.,

[V (21, 12) — (Y1, y2)| < Cl(z1,22) — (Y1, 92)],

for some constant C' > 0. Moreover, if the partial derivatives of ¢ are Holder
continuous with exponent v > 0, then we will say that Q is a C'Y7 Lipschitz

domain or simply a C*? domain.

Let 2 be a bounded Lipschitz domain and let 1 < p < co. The space
W=1P2 (90, H) = {p € LP(9Q,H): u|sq = ¢ for some u € WP(Q, H)}
is the boundary values of functions in W'?(Q, H). When p = 2, we will use

the usual notation H'/2(9Q, H) = W'=1/22(9Q, H).

Theorem 3. (Trace Theorem [50, Th. 1.5.1.10]) Let Q2 be a bounded Lip-
schitz domain and 1 < p < oco. For every u € WHP(Q,H), the trace of u

exists. The trace operator
tr: WYP(Q,H) — LP(OQLH), tru = ulsq,

is bounded. Moreover, tr: W12(Q, H) — HY2(0Q, H) is a surjective, bounded
linear operator with a continuous right inverse.

Whenever 02 is mentioned we will specify the smoothness required for

26



1. Summary of results in quaternionic analysis

applying the basic facts about Sobolev spaces. The above applies as well to
the Sobolev subspaces with R or R? in place of H. We gather in Theorem 23

below the facts we will need about certain integral operators on these spaces.

1.2 Monogenic functions

From now on ¥ € R3. The Moisil-Teodorescu differential operator D (also
known as the Cauchy-Riemann or occasionally the Dirac operator) is defined

by
D = €10, + €205 + €303, (1.6)
where 0; = 0/0z;, i = 1,2,3. This is the three-dimensional extension of the

classical Cauchy-Riemann operator 0; = (1/2)(0,+10,), with z = z+iy € C.

The operator D may be applied to differentiable functions w: Q — H,
Le. w(T) = wo(T)+ 37, eswi(Z) = Scw(Z) + Vecw(T), where the coordinate
functions w; are real-valued functions defined in €2 and Scw = wy. Thus D

acts from both the left and right sides as follows:

Dwy = woD = grad wy,

Dii = —divw + curlw, @D = —divd — curl, (1.7)

expressing D in terms of the gradient V, the divergence V- and the curl (or

27



1.2. Monogenic functions

rotational) Vx. Thus for w = wy + & the left and right operators are

Dw = —divw + grad wy + curl @,

wD = —divw + grad wy — curl w. (1.8)
The following [51, 52] is a generalization of the Leibniz rule:

Proposition 4. Let w,v be functions in C1(2,H). Then
Dlvw] = D[v|w + vD[w] + 2(Sc(vD))[w], (1.9)

where we write \

(Sc(vD))[w] = — Z V;0W.

=1

Note that when Vecv = 0, this simplifies to the classical formula D[vw] =

D[vjw + vD[w].

Definition 5. Let 2 C R? be an open subset. A function w € C*(2,H)
is called left-monogenic (respectively right-monogenic) in  when Dw =
0 (respectively wD = 0) and we write 2(£2) = M(Q,H) and IM"(Q) =

M (€2, H) for the spaces of left-monogenic and right-monogenic functions.

In general, left-monogenic functions are not right-monogenic and vice
versa. Simple examples are wi(Z) = x7 + xge3, where w,y is only right-
monogenic and with w_ is only left-monogenic. The unqualified term “mono-

genic” will refer to left-monogenic functions; the terms “regular” or “hyper-

28



1. Summary of results in quaternionic analysis

holomorphic” are also commonly used. By (1.8),

divad = 0,
we M) < (1.10)
curlw = — grad wy.
It is well known that if we attempt to define hyperholomorphic functions

through the existence of the limit of the difference quotient, then we obtain

a smaller set of functions; actually they will have a linear form [53, Th. 5.8].

Definition 6. When both Dw = 0 and wD = 0, w is called a monogenic

constant.

By (1.8), w is a monogenic constant if and only if wy is constant and @
satisfies div = 0 and curlw = 0. If w € M(Q) with Scw = 0 or Vecw = 0,

then w is a monogenic constant. Define

Sol(Q,R?) = {w: divii = 0in Q} C C'(Q,R?),

{
Irr(Q,R*) = {w: curlw = 0in Q} C C(Q,R?).

Elements of Sol(€2, R?) are called solenoidal (or incompressible, or divergence

free) fields, while elements of Irr(2, R3) are called irrotational vector fields.

From the above analysis it can be seen that the space 9t¢(2) = (2, H) =

M(2) NI () of monogenic constants in 2 can be decomposed as

M(Q) = R SI(Q),

29



1.3. Quaternionic analysis

where
SI(Q) = Sol(Q,R3) N Irr(Q,R3). (1.11)

Elements of SI(€2) are called Sl-vector fields and are studied in [47, 88, 92].
Locally they are gradients of real valued harmonic functions. See also the
following work [7], in which holomorphic functions in domains of the 3D space

(SI vector fields) are defined globally as gradients of harmonic functions.

Let C*(Q,H) = C1(Q, H) N C(2, H) and denote by C}(Q,H) C C'(£, H)
the subspace of functions that vanish on the boundary. Much of our work
will be in the context of LP spaces or Sobolev spaces. For this reason we

define the concept of generalized derivatives:

Definition 7. Let w,v € L'(2,H). We will say that v is the generalized

derivative of w with respect to the operator D if the relation

/@Dudgj:—/@udg’,
Q Q

is satisfied for every u € C3(Q,H).

According to Definition 7, div = 0 and curlw = 0 in the weak sense if

/w-graduodgjzo7 and /w~curlﬁd§:0, (1.12)
Q Q

respectively, for every ug + @ € C}(Q, H).
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1. Summary of results in quaternionic analysis

1.3 Quaternionic analysis

We begin this section presenting some integral operators that will be fun-
damental in the development of this work. The following is a non-trivial

example of a function that is left and right monogenic:

Definition 8. The Cauchy kernel is defined by

z

E(f> = _Wa

7 e R*—{0}. (1.13)

Moreover, (1.13) is a fundamental solution of D.
Henceforth Q C R? will always be a bounded domain and 1 will denote

the outward unit normal vector to 9.

Definition 9. The Cauchy operator and the Teodorescu transform are de-

fined by

Pldl@ = [ BG-2n@e@dss R \00, (L1

To[w](Z) = —/QE(gj— Fw(y)dy, T e R, (1.15)

The following integral formula relates the operators (1.14) and (1.15).

Proposition 10. (Formula of Borel-Pompeiu [53, Th. 7.8]) Let 2 be a
bounded domain with sufficiently smooth boundary. Then for every w €

O (), H)

. . w(Z), e,
Ta[Dw](Z) 4+ Faqltr w](Z) = B . (1.16)
0, FeR3\ Q.
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1.3. Quaternionic analysis

Remark 11. A well-known result is that To[w]| is differentiable in  for
every w € C'(Q) [53, Th. 8.2]. Moreover, the integral operator (1.15) makes
sense as long as w is integrable and T, is the right inverse of D in LP(Q, H)

in the generalized sense of Definition 7:

Proposition 12 ([51, Prop. 2.4.2]). Let w € LP(Q2,H) and let 1 < p < oo.
Then Tolw] € WIP(Q,H). Further,

DTo[w] = w.

The following operator is obtained from the Cauchy operator (1.14)

Definition 13. Let p € C%(Q, H) be a Holder continuous function. The

three-dimensional singular Cauchy integral operator

Sonlel(®) =2PN.[ (G- 2neidsy. Teo0. (11D

Furthermore, Syq is an involution [53, Cor. 7.20).

The formulas of following theorem are known as the Plemelj-Sokhotski
formulas [89, 43]. For facility of notation, we will write tr, w(Z) and tr_ w(Z)
for the non-tangential limit of w(#) as 7 € QF tends to ¥ € 99, where O+ = Q
and Q- =R3\ Q.

Theorem 14. [53, Th. 7.17] Let Q be a bounded domain with sufficiently

smooth boundary and let @ be a Holder continuous function. Then

trs Fonlil(7) = 3[£0(2) + Sonll (@) (1.15)
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1. Summary of results in quaternionic analysis

from this it is seen that Saqlp] = ¢ is necessary and sufficient for ¢ to
represent the boundary values of a monogenic function defined in €); 1i.e.
o = try Faqlpl]; the condition Saqlp] = —¢ is necessary and sufficient for ¢
to have a monogenic continuation into the exterior domain 2~ vanishing at

00, i.e. p = —tr_ Fyqlp].

Proposition 10 and Theorem 14 can be enunciated for more general func-

tion spaces:

Remark 15. The surface integral operators (1.14) and (1.17) make sense
when ¢ € LP(0Q, H) [53]. Moreover, by [51, Cor. 2.5.4] the Borel-Pompeiu
formula (1.16) is valid in W'?(Q,H) for p > 1 and according to [51, Rmks.
2.5.11, 2.5.17], the Plemelj-Sokhotski formulas (1.18) are valid in the Sobolev
spaces W1=1/Pr(9Q, H) C LP(9Q, H) for Lipschitz domains.

Definition 16. The volume integral operator and the single-layer potential

[29, 31, 78] are defined by

L =— | —=%—d7, € Q, 1.19

R e (119
no [ 29 4 zew

Mlp|(Z) = /69 - dsy, T €R’\0Q, (1.20)

when the integrals exist. The boundary single-layer operator tr M is obtained
by evaluating the integral in (1.20) for x € 02, thus extending M to all of
R3.

In Propositions 18 and 19 we will show that T, = —DL and L is a
right inverse of A, respectively. Meanwhile, (1.26) illustrates the relationship

between the operators Fyo and M.
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1.4. Components of the Teodorescu operator

Theorem 17. Let Q2 be a bounded domain and let 1 < p < co. The Teodor-
escu transform [53, Th. 8.4] [54, Th. 4.1.7]

To: LP(Q,H) — WP(Q, H),

1 a bounded operator.

Some properties of the Teodorescu operator in the plane were studied in
[99] as well as applications in gas dynamics and shell theory. Some other
references are [56] and [46] for the Teodorescu operator in R™ and C", re-
spectively. More recently, in [67, 101] variations and generalizations of this

operator related to the a-Dirac operator were analyzed.

1.4 Components of the Teodorescu operator

As a preliminary to providing the general solution to the div-curl system
(2.1) in Chapter 2 below, we begin by analyzing the elements which form the
Teodorescu operator (1.15). The following operators were introduced in [30]

with different notation (see also [19]). After that, in [35] the notation

Toolil(@) = ~ [ B~ 2) x l5) di (1.21)

was used, where - denotes the scalar (or inner) product of vectors and x

denotes the cross product. Note that ?LQ acts on R-valued functions, while
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1. Summary of results in quaternionic analysis

To.0, ?29 act on R?-valued functions, and T o produces scalar-valued func-

tions. Furthermore,

Ta [wo + U_ﬂ = Tm[w] + 110 [wo] + Q’Q[U_j]. (1.22)

—

This is an expression of the quaternionic multiplication formula ab = —a -
b+ bod + @ x b.
The following result expresses the operators 7 o, ?17Q, ?QQ in terms of

the operator L given in (1.19) acting on continuous functions and fields.

Proposition 18. (/30, Prop. 5.2]) For wy € C(,R), @ € C(Q,R?) inte-
grable,

Toolw] =V - L[]
?1,9 [’wo] = —VL[U}O],
Thald] = —V x L[d).

Consequently, ?LQ[UJO] € Irr(Q,R?) and ?29[13] € Sol(Q2, R?).

Proof. The proof is a direct calculation, using Vz(1/|7—¢]) = —4nE(y— %)

and the product rules of vector analysis [51, Cor. 1.3.4]. For example for T :

Tyald)(@) = - [

&%<—ﬂ@j>w:m%uﬂ@%
Q gl

Ar|Z —

using the formula div(a/f) — Va- A+ adivA. The conclusion regarding
the images of 71,9, ?29 is similar using the corresponding formulas for the

operators grad and curl. O]
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1.4. Components of the Teodorescu operator

Proposition 19. The operator L given by (1.19) is a right inverse of the
Laplacian A on the space of integrable functions in C(€2, H).

Proof. Let w = wy+w € C*(Q, H). By the expressions given in Proposition
18 we have that Toh[w] = —DL[w], and using Proposition 12

w = DTqw = —DDL[w] = AL[w]. O

Proposition 19 may also be proved using the fact that 1/(4n|Z — ¢]) is a

fundamental solution for the Laplacian. By Proposition 18, we have
divThq = —divgrad L = —~AL = —1, (1.23)

where [ is the identity operator, which gives the following.

Corollary 20. /30, Prop. 3.1] The operator —?17(] acting on integrable func-

tions in C(S,R) is a right inverse for the divergence div.
Another useful property is the following.

Proposition 21. The relation grad Tj o + curl ?zg = I holds on the space
of integrable functions L*(2,R3).

Proof. We have Ty[g] = Tpald] + ?QQ [g], since g has no scalar part. The
statement is obtained from the vectorial part of the relation of Proposition

12 according to (1.8). O

The decomposition (1.22) as well as the intrinsic properties of every com-
ponent operator (1.21) allow us to solve the div-curl system (2.1) under cer-

tain restrictions on the initial data in Chapter 2. Moreover, these same com-
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1. Summary of results in quaternionic analysis

ponent operators intervene in the construction of the Vekua-Hilbert trans-

form which will be introduced later in Chapter 4.

1.5 Components of the Cauchy and singular

Cauchy integral operators

In this section we will examine the Cauchy operator (1.14) and the singular
Cauchy operator (1.17) in order to analyze the component operators of the
Hilbert transform (see Chapter 4) and the general solution of the div-curl
system in the context of Lipschitz domains (see Subsection 2.3). In a similar

way to (1.22) we give a decomposition of the Cauchy operator [51, Th. 2.5.5]
Foo: WVPP(90Q, H) — WhP(Q, H) N M(Q). (1.24)

For real-valued functions ¢y € LP(052, R) we decompose Fyq[po] = Fo.00]po]+

?1’39 [©o] into the normal and tangential components

Fooaliol (@) = - / B~ 3) - 1(d) ol ds

Froaloo (@) = / E(§— #) x () vo() dsy (1.25)

o0

for 7 € R3\ 9.
Analogous to Proposition 18 for Tq, the components of Fjyq can be ex-

pressed in terms of the single-layer potential M of (1.20) as follows:

Fopalpo) = V - Mpon), FL@Q[SOO] = —V x M|pon], (1.26)
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1.5. Components of the Cauchy and singular Cauchy integral operators

where ?1759 (0] € Sol(2, R3) and curl?mQ (o] € Trr(Q2, R3). More generally,
for every ¢ € WP(Q, H) we have that Fyq[p] = —DM |ny] ([51, Prop. 2.5.3],
note the change of sign).

Similarly, we can decompose Syq = Ky + ?, where the component oper-

ators are

El)(7) =2 P.v./m E@[—7) (7 Z e Kl (1.27)

with K;[p] (i = 1,2,3) having as integration kernel the ith quaternionic
component [E(y — &) x n(y)];. Note that Spq is a right H-linear opera-
tor, and in particular for real-valued functions ¢g, Sc Ssalpe] = Ko[po] and
Vec Saalpo] = ?[300]. We will frequently use the fact that since a scalar
constant ¢y € R is monogenic, Ssaco] = co, so the scalar and vector parts
give

K()[C[)] = Cp, ?[Co] = 0. (128)
The operators K, and K (1.27) acting on LP(092, H) and LP(0, R) re-
spectively have as adjoints
K§lel(@) =2 PN | B~ 2)-1(2) ¢(5) dsy

K*[3)(7) = 2 P.V. | B~ <@ Z K[l (D),

on L9090, H) and L(09,R3), respectively, where the duality pairing of H-

valued functions is Sc [, (¥ 0(§)¢(¥) dsy and 1/p+1/q = 1. The computations
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1. Summary of results in quaternionic analysis

for the adjoint of [_g are

ﬁ[w],@m:s(ﬂpv./ /a (7 — ) % 1(F)p0(F) dss A7) dsy
22 [ @ [ (B 7 @) 5@ dsy ) dse

Definition 22. The boundary averaging operator is

1 =
Al = - [ o) ds; (1.29)
90 Joa
with oq chosen so that A[l] = 1.

There is a natural induced mapping I — A from LF(9Q, H) to LH(0, H),
where L§(-) is the subspace of functions in LP(-) with mean 0.

Let H~'/2(9§), H) be the dual of the Sobolev space H'2(9),H). We
summarize some results of a long series of research in the history of operator

theory in quaternionic analysis.

Theorem 23. Let 2 be a bounded Lipschitz domain. The following operators

are continuous:

(a) Let 1 < p < oo. The singular Cauchy integral operator [79, p. 421]

Saq: WI=VPP(9Q, H) — W=VPr(9Q, H);

(b) The single-layer potential [31, p. 38]

M: HY2(0Q,H) — Wh(Q, H);
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1.5. Components of the Cauchy and singular Cauchy integral operators

(¢) The boundary single-layer operator [65, Prop. 2.4.7], [18, Th. 6.12]

tr M: H™Y2(00Q, H) — HY?(0Q, H).

The operator Ky has been thoroughly studied due to its importance in
solving the Dirichlet Problem, and has very good properties [32, 63]; for

example on a C*? (y > 0) domain

C
E(—7)-n(7)| <
B —7)-n(y)] < o

and thus K is a compact operator from LP(0€2) to itself (1 < p < 00). Like-
wise K is bounded from LP(0Q, R) to LP(0Q,R?) and from W1=1/PP(9Q, R)
to W1=1/P2(9Q, R?), because Spq is bounded in LP(92, H) [51, Th. 2.5.8] and
in W=1/Pr(9Q, H) (see Theorem 23(a)), respectively. When 2 is a bounded
Lipschitz domain, although Fredholm theory is not applicable, it is possible
to verify the invertibility of I + Ky. We summarize here the results of the

operators Ky and K that we will need.

Proposition 24. [32, 63] Let 2 be a bounded Lipschitz domain with con-
nected complement. There is €(S2), depending only on the Lipschitz character

of 002, such that

(a) If O is Lipschitz, 2 — €(2) < p < oo, then I + Ky is invertible on
LP(0QY) with bounded inverse.

(b) If O is Lipschitz, 1 < p < 2+ €(Q)), then I + Ky is invertible on
W=YPP(9Q) with bounded inverse.
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1. Summary of results in quaternionic analysis

(c) If Q is CY7 Lipschitz for some v > 0, 1 < p < oo, then I + Ky is
invertible both on LP(0Q) and W'=Y/PP(9Q) with bounded inverse.

(d) If OQ is Lipschitz, 1 < q < 2+ ¢€(R2), or CY Lipschitz and 1 < ¢ < oo,

then I — K is invertible on L{(0Q) with bounded inverse.

Proof. Part (a) was established in [100, Theorem 3.1] for p = 2, and then
in [32, Theorem 4.17] it was extended for 2 — ¢(2) < p < oc.

To prove (b), let 1 < p < 2+¢(2). In the proof of [100, Theorem 3.3] it is
shown that I+ Ky = M(I+ K;)M~'. We have noted previously that I+ K,
is bounded on LP(0f2) and has a bounded inverse. This fact is not sufficient
for our purpose, but by the same reference [32, Theorems 4.17, 4.18], the
single layer potential M : LP(0Q2) — W'=1/P2(9Q) and I + K are bounded
and have bounded inverses. From this the boundedness of (I + Ky)™! in
W=1/r2(9Q) follows.

Parts (c) and (d) were stated in [63, p. 52] and [32, Theorem 4.17] (see
also [100, Theorem 3.3] for ¢ = 2), respectively. ]

1.6 Div-curl spaces

In the quaternionic decomposition of the Moisil-Teodorescu operator (1.8)
and in many electromagnetic problems there appear the differential operators
grad, div and curl. One important interrelation between them is expressed

by the linear homomorphisms

div

R C"P(Q.R) ™ QR T O QRY) B OT(QR) 0. (1.30)
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1.6. Div-curl spaces

Proposition 25. Let r > 0. The homomorphisms (1.30) form a sequence,
that s,

R C Kergrad, Imgrad C Kercurl, Imcurl C Kerdiv, ImdivC C"(Q,R).

When €2 is simply connected, the sequence is ezxact.

Proof. The first containment is obvious, and the last two follow from curl grad =
0 and div curl = 0. The sequence is always exact at C""3(Q, R) since the only
functions with vanishing gradient are constants. It is also exact at C"(§2, R)
by Corollary 20, that is, Imdiv = C"(2,R). When 2 is simply connected,

we may apply the Poincare’s Lemma [34, Ch. 9, Lem. 3], to obtain

curl i = 0 <= W = Vug for some uq a scalar function ug,

divid = 0 <= w = V x ¢ for some @ a vector field . (1.31)

i.e., the corresponding inclusions are equalities. O

In (2.5) we will introduce the operator that produces the antigradient
for @ up to an arbitrary additive constant. The necessity of the second
statement of (1.31) is related to finding a right inverse for curl, which is done
in Theorem 43 for star-shaped domains and in Corollary 57 for Lipschitz

domains.

Following [34, Chapter 9] and [44, Chapter 1], let us introduce the Hilbert
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1. Summary of results in quaternionic analysis

spaces associated with the operators div and curl:

W2,div<Q7R3> — {U € L*(Q,R?): divi € L2(97R>} ;
W2,curl<Q’R3> - {ﬁ € LZ(Q,R3): curld € L2<QaR3>} ;

with norms ||| g2+ || div || 12 and ||@]| g2+ || curl ]| 12 respectively. Therefore,

the intersection
WQ, div—curl(Q, ]R3) — W2,div(Q’ RS) N [/VQ,curl((z7 RS)

is a Hilbert space with norm ||| .2+ || div @|| 2 + || curl @]| 2. Observe that the
conditions defining these spaces are weaker than requiring grad u to be in L2,
that is Wh2(Q,R?) ¢ W2div-ewl() R3). For the opposite containment it is
necessary to add certain boundary conditions; because taking @ any harmonic
function such that tra € HY2(0Q,R?) \ H32(0Q,R?), then Vi cannot be
in WH2(Q,R3). Thus W2 div-ewl( R3) ¢ WH2(Q,R3). See Proposition 28
below for the required constraints. This result is sometimes enunciated as

Friedrichs’ inequality; references include [3, 75, 87].

Definition 26. The normal and tangential trace operators [34] are strongly

defined by
(@) = o -1, Y(d) = Uaa X 1. (1.32)

on W2dv(Q R3) and W2u(Q R?) respectively.
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1.6. Div-curl spaces

They are weakly defined as

{(yn (), trvg)aq = / u - Voo dy + / div dvg dy,

Q Q
(v (1), tr ¥) s = / u - curlvdy — / curl @ - v'dy, (1.33)
Q Q

for every v = vy + ¢ € WH3(Q, H). In the literature, sometimes (1.33) are
called generalized Green’s formulas. Let W2 (Q, R?) and W™ (Q, R?) be

the kernels of the trace operators =, and 7, respectively.

Proposition 27. [3/, Theorems 1, 2] Let Q be a bounded Lipschitz domain.
The normal trace operator v, and the tangential trace operator vy are bounded
linear mappings from W (Q R?) to H=1/2(0Q,R) and from W2 (Q R3)
to H=1/2(08, R3), respectively.

Proposition 28. (Friedrichs’ inequalities [34, Chapter 9, Corollary 1], [3,
Remark 2.14]) Let Q be a CY bounded Lipschitz domain. If ya (@) € HY?(98, R)
or (@) € HY?(09Q,R?), then

l@lZpns < c(uﬁniz T fleurl @2 + | div @] + ||vn<ﬁ>||§p/2)
or
s < C(Hﬁniz Tl curl@|Za + || divalZa + ||%<ﬁ>|rip/2),

respectively, where C > 0 only depends on Of).
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1. Summary of results in quaternionic analysis

Let

VV&,div—curl(g}7 R3> — I/VOQ,diV(Q7 ]R3> N W2’Curl(Q, R3),
WE,div-curl(g’ ]R3> _ Wz’diV(Q, RS) N Wé!eurl(Q’ R:‘))’ (134)

with the norm ||@||3. + || div a7, + || curl@]|3..

The following statement (a) is a direct consequence of Proposition 28.

Proposition 29. [3, Theorems 2.8, 2.9, 2.12], [102].

(a) Let Q be a bounded C™' Lipschitz domain. Then W2V-cul(Q R3) and
W2l R3) are contained in W2(Q, R?).

(b) The inclusions of W2IV-c(Q R3) and W2 " (Q,R3) into L2(Q, R?)

are compact operators.

The next result is based on Proposition 29(a) and the Peetre-Tartar’s

Lemma [81, 97].

Proposition 30. [34, Chapter 9, Corollary 2]. Let Q be a bounded C** Lip-
schitz domain. The subspaces of “normally” and “tangentially” monogenic

constants in the interior Q = QF or exterior domain 2,

SIn( = {u e L*(OF,R*): divi=0,curld = 0,,(%) =0},

SL(QF) = {@ € L*(QF,R*): divi = 0,curld = 0,%(7) =0}, (1.35)

have finite dimension.
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Chapter 2

Div-curl system

Consider the inhomogeneous div-curl system

divw = g,

curlw = g. (2.1)

We will follow the custom of calling the system homogeneous when gy vanishes

identically.

In this chapter we will give a complete solution to the reconstruction of
a vector field from its divergence and curl under appropriate assumptions on
the scalar field gy and the vector field g and their domain of definition in

three-dimensional space.

An explicit general solution is given in terms of classical integral operators
(components of the Teodorescu operator and the harmonic hyperconjugate
operator), completing previously known results obtained under restrictive

conditions.



2.1. Harmonic hyperconjugates

2.1 Harmonic hyperconjugates

It is well known that every real valued harmonic function uy of a complex
variable has locally a harmonic conjugate u; such that ug+2u, is holomorphic,

and u; is unique up to an additive constant. Similarly,

Definition 31. When w = wy + @ € 9(Q) is monogenic, one says that
wo, W form a hyperconjugate pair or that « is the harmonic hyperconjugate

of wo.

Recall from (1.10) that w € 9(£?) if and only if
divwi =0, curlw = — grad wy.

The three-dimensional Laplacian is given by A = 97 + 92 + 02. Let w €
Har(,H) = {w: Q@ — H, Aw = 0}, the set of harmonic functions defined
in Q.

Proposition 32. If w is left- or right-monogenic, then w € Har(Q), H).
Proof. Since Aw = —D?w, we have the result. O

Definition 33. 2 is star-shaped with respect to the origin if ¥ € {2 whenever

reQand 0<r<I1.
The operators and results in this subsection are all well known [94, 52].

Definition 34. The radial moment operator of degree «, applicable to R"-

valued functions defined in star-shaped domains, is
1
T[] (7) = / 1w () dt, (2.2)
0
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where usually a > —1.

Via standard relations such as Ow(tZ)/0t = & - grad wy(tZ) one verifies

the following.

Lemma 35. [/9] div [* = [**1 div; grad [* = [>T grad; curl [* = I*"! curl;
AI® = [°F2A; Z- 1M ] = I9[F0]; £x 10T @] = 1¢[7 xw]; 1¢](F-grad)w] =

(2 - grad)I*[w] and
I[(Z - grad)w] = w — (o + 1)I%w].

A further property we will need is I%[% - curlw] = & - curl I*[w], which

yields I¢[Z - Vec Dw| = & - Vec DI*[w].

Definition 36. Let €2 be a star-shaped open set with respect to the origin.
The harmonic hyperconjugate operator ﬁgi Har(Q,R) — Har(Q,R?) is the

composition
Uy = I°[Vec 2D). (2.3)

Recall that Du is vectorial for scalar valued u; we have written D for the
operator (£D)[u](Z) = ZDu(Z), which involves a quaternionic multiplication.

Explicitly this is
1 1
T[] (&) = Veee ( / (7 Dy (7) dt) _ / 1F % Vwo(tF) dt, 7 € Q.
0 0

When (2 is star-shaped with respect to some other point, the definition of
79 is adjusted by shifting the values of & accordingly. Versions of ﬁg in R"”
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can be found in greater generality in [22] and [52, Sect. 2.1.5]; we give the
proof of the following here for completeness, modifying slightly the argument

which was given in [94] for functions in domains in H.

Proposition 37. Let @ C R? be a star-shaped open set. The operator ﬁg
sends Har(2,R) to Har(Q, R®). For every real-valued harmonic function wy €
Har(2, R),

wo + Unlwo] € M(Q).

Thus there is a monogenic function w such that Scw = wy.

Proof. Let w(Z) = wy(7) —Fﬁg [wo)(Z). Then since Sc ZD[wy| = —&- grad wy,
by Lemma 35 we have Sc I°[—ZD[wo]] = wy — I°[wy], so (2.3) says

w = —I°[D[wo]®] + I°[w]

1 1
_ / D (1) 7 dt + / wo(t) dt,
0 0

when D[wy]# means the quaternionic multiplication D[wy](Z)Z. We apply D
and change the order of integration and derivation since wy and Dw, have

continuous partial derivatives in :
1 1
(Dw)(Z) = / —tDz(Dzwo(tZ)T) dt +/ Dz[wo(tZ)] dt. (2.4)
0 0

The subscript in Djz is the variable with respect to which we apply the op-
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erator. Using the Leibniz formula (1.9),

3
Dz (Dgw(t)T) = —Az(wo(tE))T + Dawo(tX)DE — 2 _ dywo(t) 0%

i=1

= DfU)o (tf)

since wy is harmonic. Finally, since the second integrand in (2.4) is equal to

t Dzwq(tZ), we conclude Dw = 0 as required. O

Definition 38. The antigradient operator A is given by

A[g](xl,asg,xg):/ g1(t, as, as) dt+/ go(x1,t,a3)dt

ai az

x3
+ / g3(x17$27t) dta (25)

as

where g: Q — R3? is any vector field such that curl § = 0 and (ay, as, az) € .

Proposition 39. [72] Let Q2 C R? be a simply connected domain. Then the

scalar function ¢ = A[g] is a potential (or antigradient) for the irrotational

field g; i.e. grady = g.

Since potentials are defined up to an arbitrary additive constant, this
local definition can be extended to give A: Irr(Q2,R?) — C?*(Q, R).

By Proposition 37, every real-valued harmonic function is the scalar part
of a monogenic function; conversely, the condition for completing a vector

part to a hyperconjugate pair is for @ to be harmonic and solenoidal:
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Proposition 40. Let @ € Har(Q, R?) where Q) is simply connected. A neces-
sary and sufficient condition for there to exist w € M(QY) such that Vec w = w

is that divad = 0. Moreover, wy = — Alcurl W] up to additive constants.

Proof. The necessity is given by (1.10). To prove the sufficiency, let
be solenoidal. Then curlcurlw = graddivw — Aw = 0, where A is the
Laplacian applied to each component of the vector field. Thus we can define

wo = — Afcurl @] so that curl W/ = — grad wy as required by (1.10). O

Part (i) of Proposition 41 below was noted in [30, Prop. 3.8]. This will
be fundamental in the solutions of the div-curl system (2.1) in both star-
shaped and Lipschitz domains, which will be given in Sections 2.2 and 2.3

respectively.

Proposition 41. Suppose that @ € L'Y(Q,H). (i) Too[w] € Har(Q,R) if
and only if W € Sol(Q,R?); (i) ?QQ[IU] € Har(Q,R3) if and only if @ €
Irr(Q, R?).

Proof. Using A = —D? and the property DT = I in LP(Q, H) of Proposi-
tion 12 together with the decomposition of the operator D given in (1.8) it
follows that

ATo[wW] = —D*Tq[w) = —Dw = div — curl .
The scalar and vector parts are ATj [w] = diva and Aﬁyg (W] = — curlw

by (1.22). u

Remark 42. Most of what we have done will go through equally well in

the context of generalized derivatives. Thus Proposition 41 extends to the
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situation in which div @ = 0 and curl @ = 0 holds in the sense of distributions
(1.12), because by Weyl’s Lemma [37, 93], the weak solutions Ty o[w] and

ﬁg[@ﬁ] of the Laplace equation are smooth solutions.

2.2 Div-curl system in star-shaped domains

2.2.1 General solution

The first step in our solution of the div-curl system is to obtain an in-
verse for the curl operator, an object which is of independent interest. We
will use the harmonic hyperconjugate operator ﬁg of (2.3) and the compo-
nent Teodorescu operators of (1.21). Note that the vanishing divergences

div ﬁg [To o[w]] = div ?29[15] = 0 imply the a priori fact that
Thoo — UaToa: Sol(€,R®) — Sol(2, R?).
Theorem 43. Let Q C R? be a star-shaped open set. The operator
?2,9 — ﬁQTO,Q (2.6)

is a right inverse for the curl acting on the class of integrable functions in

Sol(Q, R3).

Proof. Let § € Sol(©2,R?) and let @ = ?gg[gﬂ - ﬁg[’l]o] where vy = Ty alg]-
By Proposition 41, vy € Har(2,R), so by Proposition 37, vy + ﬁg[?)g] is a
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monogenic function whose equivalent system (1.10) is

div ﬁg [Uo] = 0,
curl ﬁg [vo] = —Vy. (2.7)

Combining these equations with Proposition 21, we have that
curld = —Vug + g+ Vyy = g. ]

Remark 44. In [30] it was shown that 729 acts as a right inverse for curl
for elements of the kernel of Tpoo. We recover this fact here. Indeed, let
Toalg) = 0. By Proposition 41, the field § is indeed solenoidal, and since
by (2.7) div ﬁg[ng[ﬁH = 0, Theorem 43 says that curl ﬁg[ﬁ] =g It
was recognized in [30] that to require T o[g] to vanish would be too strong a

condition; now we see that the precise condition is for 7j o[g] to be harmonic.

Corollary 45. Let Q C R? be a star-shaped open set. Let § € Sol(2,R3)
be an integrable divergence free vector field. Then the general solution of the
homogeneous system

dividi =0, curld =g

in ) has the form
@ = Th0lg] — UnlToald)) + Vh, (2.8)

where h € Har(Q2,R) is an arbitrary real-valued harmonic function.

Proof. Let & be admit the form (2.8). Then diva = 0 by the observations
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2. Div-curl system

preceding the statement of the Corollary. A difference ¢ of any two solutions
of the div-curl system satisfies dive = 0, curlv = 0, i.e., ¥ is a monogenic
constant. Since 2 is star-shaped and therefore simply connected, v is the

gradient of a harmonic function h. m

Corollary 46. The OpGTGtO’I”
L | 5 gra<| ZO’Q (29)

where L is defined in (1.19), is a right inverse for the double curl operator

curl curl acting on the class of integrable functions in Sol(£2, R3).

(Note that I for the exponent @ = —1 can be applied here because of

the factor |Z|? in the operand.)

Proof. It is enough to show that the curl applied after the operator (2.9)
produces the right inverse of curl given in (2.6). But Lemma 35 with (2.3)

gives

=12 =12
curl I [% grad TQQ] = [curl <%| grad T07Q):|
Fik

=1 [gradf x

7 X grad TO’Q:|

= I°[7 x grad Tp q]

= ﬁa [Th,0),

while by Proposition 18,
curl L = _?2751.

Adding these equalities we have the result. O]
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2.2. Div-curl system in star-shaped domains

Now we can proceed to solve the inhomogeneous div-curl system with
data go, §. Assume again that g is solenoidal. By Proposition 12, the function
v = Tq|—go+4] satisfies Dv = —go+¢ and therefore is a quaternionic solution

0 (2.1). We seek to construct a vector solution @/ by subtracting a monogenic
function whose scalar part is precisely the scalar part of v. Thus the key
consists in taking the T o component of Tq[g], and using Proposition 37 to
construct the monogenic conjugate of the R-valued function 7T} o[g]. This is

accomplished in the following result.

Theorem 47. Let 2 be a star-shaped open set. Let go € C(,R) and § €
Sol(2,R3) be integrable. The general solution of the inhomogeneous div-curl

system (2.1) is given by
@ = ~Th.algol + Toald) — UalToaldl] + Vh, (2.10)

where h € Har(Q2,R) is arbitrary.

Proof. Since div g = 0, Proposition 41 says that T q[g] is an R-valued har-
monic function, so Proposition 37 permits us to complete it to the monogenic

function Tp o[g] + 79 [To.alg]]- By (1.22), the difference
Tol=go + 71— (Toald] + UalToald) = ~Tralgn] + Taald) - UalToald]
is purely vectorial. By Proposition 12 and the fact that DVh = 0,
D@ = D(To[=go + g]) = —go + G-

So (2.1) is satisfied because of (1.7). As in the proof of Corollary 45, we
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2. Div-curl system

obtain the general solution adding to w the gradient of an arbitrary harmonic

function. O

Note that (2.10) gives a Helmholtz decomposition [66, p. 166] of the
solution w as the sum of an irrotational part _?179 [g0] and a solenoidal
part ?29 lg] — ﬁg [To.alg]]. However the decomposition is not unique as in
[54, Th. 5.1.1], because we are not requiring any boundary conditions. The

decomposition becomes clearer by writing (2.10) as follows
W(Z) = =V L[go] —curl | L[g] + TVTO’Q gl |-

Proposition 41, Theorem 43, and Corollaries 45 and 46 are valid even in
the distributional sense (weak solenoidal functions in LP), because the prop-
erties of the Teodorescu transform T, (see Remark 42) as well as Proposition
37 are also valid in Sobolev spaces. Recall the weak definition of solenoidal

functions (1.12). Therefore we have the weak version of Theorem 47:

Theorem 48. Let 1 < p < oo. Let g9 € LP(Q,R) and g € LP(Q,R?), and
suppose div g = 0 in the weak sense. Then (2.10) is a weak solution of the

div-curl system (2.1).
We give an explicit example of the above solution of the div-curl system.

Example 49. Let  be the unit ball in R® minus any ray emanating from
the origin. Take go = 0 and ¢ = #/|Z]® in the div-curl system (2.1). Since

Q is star-shaped with respect to any of its points @ opposite to the ray, we
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2.2. Div-curl system in star-shaped domains

shift the origin to @ in the formula (2.3) for 79 (cf. [94]) as follows:
1
ﬁg[wo](f) = Vec/ —tDwy((1 — t)a + t2) (¥ — @)dt. (2.11)
0

Since the removed ray is of zero measure, we may use the explicit formula for
the Teodorescu transform of g for the unit ball given in [52, p. 324, formula
28], namely Toalf] = 1 — 1/|# while Tialgo] = Tealg] = 0. Since § is

solenoidal, the div-curl solution of Theorem 47 is

= . (2.12)

Since div = 0 and curlw = Z/|7]® are independent of @, the difference of

two such solutions is an SI field, as would be expected.

Remark 50. Suppose now that two given scalar and vectorial functions
go and ¢ are harmonic. Under this additional hypothesis (and of course

div g = 0), a solution
- - 1 |f|2 1/2 el 2 =
W= —T x I'[g] + grad TI (g0 — @ - I7[curl g]] (2.13)

for the div-curl system (2.1) was given by Yu. M. Grigor’ev in [49, Th. 3.2],
where the integrals I* were defined in (2.2). We relate this to our solution
(2.10).

By additivity we may consider gy and ¢ independently. Suppose go = 0,
and let @ be given by (2.13). Substitute § = curl?g@[ﬂ + grad T o[d]
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(Proposition 21) to obtain @ = @ — ﬁg [To.0lg]] where

12
u(r) = =& x Il[curl?z@ﬂ + grad (%Il/g[—f- I*[curl Curl?z@[f]m) :

Here we have used the fact that curlcurl ﬁg[ﬂ = curl[g — grad To q[g]] =
curl g.

The function ' = ?2,9 [g] trivially satisfies

dive' =0,

curl ¥ = curl ﬁg[{ﬂ,

while by (2.13), @ satisfies the same system. Thus @ differs from ?29 [g] by
an SI field. Since ?19 [90] = 0, we have @ = ﬁg[ﬁ] — ﬁQ[TO,Q[gﬂ + Vh for
some harmonic h, which agrees with our solution (2.10).

For § = 0, we simply note that both (2.10) and (2.13) are left inverses of
div applied to go.

It can be checked that g in Example 49 is harmonic, and that when one
shifts appropriately the base point of integration in (2.13), the same solution
(2.12) is obtained. We omit the detailed calculation.

2.2.2 Div-curl system with boundary data

We will rewrite the right inverse for the curl (2.6) in terms of boundary value
integral operators. The following result tells us that Tj o is in some sense
a boundary integral operator, as it can be expressed in terms of the single-

layer operator M of (1.20) when the boundary values of & are known. Here
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2.2. Div-curl system in star-shaped domains

n again denotes the outward normal vector to the boundary 02, which from

here on will be assumed to be smooth, and 2 will be bounded.

Proposition 51. For every i € Sol(Q2, R?) := Sol(Q,R?) N C(Q, R?),
To,ofw] = M[yn(w)],

where yy is the normal trace defined in (1.32).

Proof. Using the equality

1 Z—q 1
Vf o = o — TS o2 _vﬁ o = o )
<4W|fv—y|) Am|Z — g Y (47T|1‘—y|>

we find that

— —

Ty o|w](Z —/T%U d
O,Q[ ]( ) Q47r|x—y\3 (y) Y

1
- V" T — 'w_)d_)
/Q y(”ﬂf!x—y!) ) o
u(y) ) _
- V"' T —— d
/Q 7 (47r\:c—y\ !

since w € Sol(2,R3). By the Divergence Theorem,

—

Ty ol])(F) = / @(7)

—— _n(q) ds;;
o0 4m|Z — 7] (5) dsg
as desired. ]

Analogously to Proposition 51, the value of the expression ?QQ[U_;] can be
recovered when we know the boundary values of functions @ in Irr(Q, R?) :=

Irr(Q, R3) N C(Q, R3):
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2. Div-curl system

Proposition 52. For every w € Irr(Q, R?),
Tl = —My(@)],

where 7y s the tangential trace defined in (1.32).

Proof.

w(Y) ) » /Vyxw(ﬁ) |
=— | Vox | —2— ) di + ——-dy. 2.14
/Q ! (47T!x—y! o 477 — ] 214)

Apply @ € Irr(Q, R?) and Stokes’ theorem to obtain the desired result. [

Remark 53. If 2 is a bounded Lipschitz domain, then it is enough to con-
sider @ in Sol(Q2, R?) N WP(Q,R?) and Irr(Q, R?) N WP (Q, R3) in Proposi-
tions 51 and 52, respectively.

We will write SI(0€2) for the space of boundary values of SI vector fields in
Q, which we recall from (1.11) are the purely vectorial monogenic constants.
In other words, SI(0Q) = {F € C(IQ, R?): Sya|g] = F}; recall the Plemelj-
Sokhotski formulas of Theorem 14. By Proposition 32, we have that SI
vector fields are harmonic, the extension of ¢ € SI(0f2) to the interior is
unique by the Maximum Principle for harmonic functions [9]. We rewrite the
right inverse of curl given in Theorem 43 as a boundary integral operator,
under the condition that boundary data ¢ has an irrotational and solenoidal

extension:
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2.3. Div-curl system in Lipschitz domains

Proposition 54. Let ¢ € SI(02). Define
@ = —M[g x 7] = Ua[M[Z -] (2.15)
where again n s the outward normal. Then
divw =0, curlw =g,

where G is the SI-vector field extension § of @.

Proof. By Propositions 51 and 52, Ty [g] = M[F-n] and ?29 [§] = —M[F x

n|, respectively. The statement now follows from the Corollary 45. ]

Let @ € SI(092). Since A = grad div — curl curl, we have Adj = — curl g,
so the vector field (2.15) solves the following Dirichlet-type problem

AT = 0,

curl @|pn = @

2.3 Div-curl system in Lipschitz domains

Note that Theorems 47 and 48 use the operator ﬁg, which can only be defined
in star-shaped domains. Here we remove this restriction.

For this construction we will assume that R? \ © is connected. Let gy €

LP(,R) and § € LP(2,R3). The div-curl system is
divid = gy, curlw = g. (2.16)
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2. Div-curl system

Note that ¢ is required to be weakly solenoidal,

/§~Vv0df:0
Q

for all test functions vy € Wy (2, R), in order for there to exist solutions to
the second equation. Since Tq[g] € WP(Q, H), the scalar function and the

vector field

Qo = tr TO,Q[g’], a = tr 279[57], (217)

are well-defined and a = ag + @ = tr Tp[g] € W=/PP(9Q, H).

We now remove the restriction of starshapedness, presenting a solution of
(2.16) for bounded Lipschitz domains with weaker topological constraints (for
example, a solid torus will be admissible). This more general div-curl solution
is expressed in terms of the inverse of I + Ky, as well as the Teodorescu

transform Ty (1.21) and the Cauchy operator Fyg (1.25).

The hypothesis on 02 in Theorem 55 is to guarantee that the operator
I + Ky is invertible in LP(0£2,R); it uses the value of ¢(£2) which depends
only of the Lipschitz character of 02, as discussed in Proposition 24.

Theorem 55. Let Q be a bounded CY7 Lipschitz domain with v > 0 and
1 <p < o0, or a bounded Lipschitz domain for 2 — () < p < co. Suppose
that R3\ Q is connected. Let go € LP(,R), § € LP(Q,R3) and suppose that

divg = 0 in the weak sense. Then a weak solution W of the div-curl system
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2.3. Div-curl system in Lipschitz domains

(2.16) is given by

W= TQ[—Q(] + ﬁ] - FaQ[Z(I + Ko)il()éo]
= ~Thalgo] + Taald] — Froal2( + Ko) '), (2.18)

where ag was defined in (2.17). This solution is unique up to adding an

arbitrary monogenic constant. Moreover, @ € WLYP(Q,R3) when 1 < p <

2+¢€(Q).

Proof. Note that hy = 2(1+Ky) 'ag € LP(9€, R) and further hy € W'=1/P»
(092, R) when 1 < p < 2+ €(Q2) by Proposition 24(b). By the Plemelj-
Sokhotski formula (1.18) and the decomposition Spq = Koy + K (1.27), we

have

tr, Fyolho] = %(h0«+-559[hoh
:%U+K@MM+%?MM
= ag + K (I + Ko) o).

By Proposition 41, Tj o[g] is harmonic, therefore Fyg[ho] = Th 7] —1—71739[%]
is monogenic. Following the same argument used in the proof of Theorem

47, we see that
D = DTo[~go + 7] — D(Toald) + Froalho)) = —go + 4.

The fact that @ belongs to the Sobolev space W1P(Q, R3) is a direct conse-
quence of Theorem 17 and (1.24). O
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2. Div-curl system

The following result gives us an alternative way to complete a scalar-
valued harmonic function to a monogenic function, similarly to the way
the radial integration operator ﬁg (2.3) did this for star-shaped domains
in Proposition 37. It can be considered an “interior” version of the construc-
tion of the Hilbert transform H (see Section 4.1 below), in other words, a
method to construct harmonic conjugates in Lipschitz domains of R?. See
also the classical generalization of harmonic conjugates using SI-vector fields

in the upper half space of R™ [91]. In this sense we can state the following

Corollary 56. Let Q be as in Theorem 55. Let wy € WHP(Q,R) be a scalar

harmonic function. Let
@ = Froal2( + Ko)~ truwg).

Then wy + W is monogenic in ).

Corollary 57. Let €2 be as in Theorem 55. The following is a right inverse

of curl:
7 Toaldl — Frool2(I + Ko)ag), (2.19)

acting on all § € LP(Q, R?) in the class of weakly divergence free vector fields.

Since the right inverse of curl (2.19) acts as
Tho — 2F pa(l + Ko) " trTog: Sol(€,R?) — Sol(2, R?),

we have
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2.3. Div-curl system in Lipschitz domains

Corollary 58. Let €2 be as in Theorem 55. The following is a right inverse

for the double curl operator:
g —L[g] + M[2(I + Ko) ™" [aon]],
for every G € LP(Q2,R3) in the class of weakly divergence free vector fields,

where n the outward pointing normal vector to 0S2.

Proof. This is a direct consequence of (1.26) and the fact that ﬁg[ﬂ =
— curl L[g] (see Proposition 18). O

The following result tell us that the right inverse operator of curl (2.19)
can be expressed as a surface integral operator, when it acts over weak SI-

vector fields whose trace is well defined:
Corollary 59. Let € be as in Theorem 55. Let @ be the boundary values of
the weakly SI-vector field § € WP(Q2,R3). Define
= ~M[g x 1] = Fypnl2( + Ko) ™ tr M[Z -] (2.20)
where again n is the outward normal. Then
divid =0, curld =g.
Proof. The proof is similar to Proposition 54 with the corresponding right

inverse of curl in the Lipschitz domain given by (2.19). O

Remark 60. It would be of great interest to remove the restriction that R*\Q

be connected in Theorem 55. This would require removing that restriction
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in Proposition 24, which is an active area of investigation sometimes referred

to the technique of layer potentials [34].
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Chapter 3

Application to diverse systems

of differential equations

The general solution of the div-curl system (2.1) given in Chapter 2 allows
us to answer questions related to the quaternionic main Vekua equation
DW = (Df/f)W in R®, such as finding the vector part when the scalar
part is known. In addition, using the general solution to the div-curl system
and the known existence of the solution of the inhomogeneous conductivity
equation, we prove the existence of solutions of the inhomogeneous double
curl equation, and give an explicit solution for the case of static Maxwell’s

equations with a variable permeability.



3.1. Application to the main Vekua equation on R?

3.1 Application to the three-dimensional main

Vekua equation

We will study a special Vekua equation, which in [72] is called the main Vekua
equation. We are interested in the natural generalization of this equation
to the quaternionic case [72, Ch. 16|, which possesses properties similar to
those of the complex Vekua equation, including an intimate relation with the
conductivity equation. The conductivity equation appears in many aspects
of physics, and gives rise to inverse problems with applications to fields such
as tomography. Here we apply the results obtained on the div-curl system

to study solutions of these equations.

3.1.1 The main Vekua equation and equivalent formu-

lations

Definition 61. The main Vekua equation is

DW = DTfW, (3.1)

with D the Moisil-Teodorescu operator given in (1.6), and f a nonvanishing
scalar valued function, sufficiently smooth to speak of D f (made more precise

in different contexts below).

The space of measurable weak solutions of the main Vekua equation (3.1)
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is denoted by

M (Q) = {W: Q—>H‘ <D—DTfCH) WzO}, (3.2)
where CyW = W is the operator of quaternionic conjugation. This is a
nontrivial linear subspace over R.

The main Vekua equation is closely related to many other important dif-
ferential equations. In [72, Chapter 16] we find results that relate solutions
of the main Vekua equation to solutions of other differential equations and il-
lustrate the analogies that exist with the theory for pseudoanalytic functions.

For example,

e e e
Fy= 1, F1=71, F2=72, F?,:??’,

form a generating quartet for (3.1) in the terminology of [72]. That is, F;
(1=0,1,2,3), are solutions of (3.1) and there exist scalar functions G; such

that W = 327 G;F;. Moreover, W satisfies (3.1) if and only if
3
> (DGy)F, =0, (3.3)
=0

which is analogous to the Bers equation for pseudoanalytic functions of sec-
ond kind [16, 72].
In particular, (3.1) is related to the R-linear Beltrami equation (also called

quaternionic Beltrami equation), as follows
DG = uDG, (3.4)
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3.1. Application to the main Vekua equation on R?

where G = S22 Gie; = Wo/f + fW and pn = (1 — f2)/(1 + f?). Recall that
the above relation was essential to solve the Calderén problem in the complex
case [5]. Other Bers generating functions for different first-order systems of
mathematical physics were given in [73].

The main Vekua equation has an equivalent expression as a homogeneous

div-curl system, which will be of interest to us throughout this work.

Lemma 62. [72, Th. 161] W € M(Q) if and only if the scalar part Wy and

the vector part W satisfy the homogeneous div-curl system:

div(fW) =0,
Wo

curl(fW) = —f2V (7) . (3.5)

When f is constant, this system reduces to (1.10) and Mp=; (2) = WM(?),
the classical space of left-monogenic functions. Thus it is natural to wish to
generalize results concerning monogenic functions to solutions of the main
Vekua equation. This is one of the main goals of what can be called “Vekua
analysis”. We will give some results in this direction in this Section.

Suppose that W € C?(2, H). From the second equation of (3.5) we obtain
by applying div, curl that [72, Th. 161]

oo (Wo) _
V.f v(f)_o, (3.6)
curl(f 2 curl(fW)) = 0. (3.7)

The first equation is the so-called conductivity equation and the second one is

called the double curl-type equation for the conductivity f2. These equations
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are satisfied separately by the scalar and vector parts of W analogously to the
way that two harmonic conjugates satisfy separately the Laplace equation;
together they are not sufficient for Wy + W to satisfy (3.5).

The conductivity equation (3.6) is equivalent to the Schrodinger equation

AWO - %W@ - O

Using the identity curl curl = V div —A and the div-curl system (3.5), there-

fore an expression for the Laplacian of the vector part W is

L AT
AW+7fW:2Vf><VWO+2<

Vf > >
— -V |W.
f
Using (1.8), (3.5), and the fact that fW is vectorial, we have the following

equivalence

Df— - Wi
pw =Pl o D(fW) = —f*V (—0) (3.8)

f f
Definition 63. For brevity we will say that f? is a conductivity when f is
a non-vanishing R-valued function in the domain under consideration. The

conductivity will be called proper when f and 1/f are bounded. In other
words, f is proper when p(f) := sup(|f], 1/|f]) is finite.

3.1.2 Completion of Vekua solutions from partial data

It is important to know what type of functions can be solutions to some main
Vekua equation (i.e., for some f). Another question is how to complete an

f?-hyperconjugate pair, i.e. to recover the vector part W such that W =
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Wo+ W e M () when the scalar part Wy: 2 — R is known, or vice versa.
We apply the results of Section 2.2 to these questions. First we treat the

generalization of Proposition 37 for nonconstant conductivity.

Definition 64. W is an f2-hyperconjugate for Wy when Wo+W is a solution
of (3.1).

Theorem 65. Let f? be a conductivity of class C* in an open star-shaped
set  C R3. Suppose that Wy € C*(1,R) satisfies the conductivity equation
(3.6) in Q. Then the vector field W given by

W = Too [—fQV <%)} A lTO,Q {ﬁv (%)H LVhE (3.9)

is the most general f2-hyperconjugate for Wy. Here Vh is a purely vectorial

additive monogenic constant, i.e., the gradient of a real harmonic function

h.

Proof. Observe that (3.5) is a homogeneous div-curl system (2.1) in the
unknown @ = fW, with go = 0 and § = —f2V(W,/f) € Sol(Q, R?), since
by hypothesis Wy satisfies (3.6). By Corollary 45, the general solution
is given by (3.9). By Lemma 62, W = Wy + W € 9M;(Q). Moreover,
W e M (Q) N C*Q,H). O

The differentiability assumptions of Theorem 65 can be relaxed as follows

if one only requires a weak solution.

Corollary 66. Let f € WL®(Q,R) be a proper conductivity and let Wy €
WL2(Q,R) be a weak solution of (3.6). Then W € WY2(Q,R3) given by
(3.9) produces a weak solution Wy + W of the main Vekua equation (3.1).
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Analogously to the well-known O-problem in the complex case, the com-
pletion of the vector part of solutions of the main Vekua equation is given
in terms of the integral operator Tg. In [82] there is a generalization for the
quaternionic case; however, the solution given there is not purely vectorial.

We now characterize the elements of the space Vec M ;(€2) of vector parts

of solutions to the main Vekua equation, that is the f?-hyperconjugate pair.

Proposition 67. [7{, Th. 10] Let W € C%*(Q,R3) where Q is a simply
connected domain in R3. For the existence of W € 9 () such that Vec W =

W it is mecessary and sufficient that div(fW) = 0 together with the double
curl-type equation (3.7).

Proof. The necessity is given by (3.5). For the sufficiency, the second condi-
tion implies that f=2 curl(f W) admits a potential Wy obtained by applying
A of (2.5). The function W = Wy 4+ W then satisfies (3.5) and hence also
(3.1). O

3.1.3 Vekua boundary value problems

Now we consider boundary conditions on the Vekua equation. The following
fact is essential to the solution of the Calderén problem in the plane [5]; see
also [58, Th. 4.1] and the references therein, and a sketch of a proof in R”
in [6, p. 407]. Another reference for continuous proper conductivities is [80,
p. 197, Th. 10]. The following conductivity problem reduces to the Dirichlet

problem in the case when f is constant, because V -V = A.

Proposition 68. Let Q be a bounded domain of R® with connected comple-

ment and f* a measurable proper conductivity in Q. Let gy € L*(Q,R), given
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prescribed boundary values oy € HY?(0Q, R), there exists a unique solution

up € WH2(Q,R) to the conductivity boundary value problem

V- 2 Vuy = go,

Uolan = ¢o- (3.10)

The methods of variational calculus applied in Section 3.3.2 can be used
to obtain the existence of solutions of second-order elliptic equations such as

this one.

Theorem 69. Let f2 be a proper conductivity in the bounded, star-shaped
open set Q CR3, f € WL2(Q,R) and suppose that py € H/2(9Q,R). Then
there exists a function W: Q — H that satisfies the main Vekua equation

(3.1) weakly and has boundary values Sc Wlsq = ¢o.

Proof. Proposition 68 gives a solution ug € Wh2(,R) of V- f2Vuy = 0
with boundary values uo|oq = @o/f € HY?(0Q,R). The function Wy = fuq
satisfies the conditions of Theorem 65 and therefore has a completion Wo+W

satisfying the Vekua equation weakly. ]

Remark 70. Theorem 69 provides a way to define a “Hilbert transform”
Hy: HY2(09Q,R) — HY2(00,R?)

associated to the main Vekua equation (3.1) in star-shaped domains in R3,
by
H[i20] = Wlaa,

76



3. Application to diverse systems of differential equations

where I is given by (3.9). However, we will introduce another construction
in Subsection 4.2.1 for Lipschitz domains in R3, which generalizes a known

Hilbert transform for monogenic functions in R™.

3.2 A result on Vekua-type operators

As was noted at the beginning of the Introduction, there are other operators
quite similar to the Vekua operator which appear in factorizations of second
order operators (2)—(3). For example, a particular case is the operator D+«
with « constant, and its related a-Teodorescu operator studied in [67] in R?
for different types of @ and [101] in R™ with @ a complex number.

We write D, [w] = wD for the right-sided operator of (1.8). In [74], certain

relations were established among the four operators

D _
V:D—TfCH, V=D, — M7 Cy,
D _
V=D, + Tf Vi=D+M7. (3.11)

where M) denotes right multiplication.

Definition 71. [74] Let W be a solution of the main Vekua equation (3.1),
that is VIW = 0. Then the function VIV is called the “Bers derivative” of
w.

In the following result we give a right inverse of the operator V on a

subspace analogous to the condition that g € Sol(2, R3) for (2.1).

Theorem 72. Let f2 € C1(,R) be a conductivity in the star-shaped domain
QO C RS Let G e CH(Q,R3) be a purely vectorial solution of the equation
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3.2. A result on Vekua-type operators

V.G = 0. Then the general solution of the system VW = 0 and VW = G

in ) is given by

1

ch 2.0l fG] + 152 [TonlfG]] + th>7

where h € Har(Q2,R) is arbitrary.

Proof. The hypothesis (D—i—M%)é — 0 implies div(fG) = 0 and curl(G/f) =
0. Therefore we can apply the operator A of (2.5) to define 2W, = f A[é/f],
which satisfies V(Wo/f) = G/(2f). Thus

div( 2V (Wo/ f)) = %div(f@) —0.

This justifies the application of Theorem 65, and we may define W via (3.9),
so that W = W, + W satisfies (3.1).
It remains to verify that VIV = G. To do this we use the equivalent

system (3.5) for the main Vekua equation:

VW = D,W — WDTf

= A7) + YW/ ) = eurl(F1F)

=2fV(Wo/f),

as desired. [

A formula similar to that of Theorem 72 was given in [74, Theorem 9] but
with another expression in place of 729 — ﬁQTQQ for the inverse of curl, not

applicable for bounded domains, since the Helmholtz potentials (5) given in
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3. Application to diverse systems of differential equations

the Introduction are valid only for = R3. Otherwise our proof is essentially

the same.

3.3 Equation of double curl type

The following system of equations corresponds to the static Maxwell system,
in a medium when just the permeability f? is variable ([69, Ch. 4] or [20,
Ch. 2]):

div(f2H) =0,

divE =0,
curl H = g,
curl E = f2H. (3.12)

Here E and H represent electric and magnetic fields, respectively. We will

apply our results to this system and to the double curl-type equation
curl(f~2 curl E) = g, (3.13)

which is immediate from the last two equations of (3.12).

3.3.1 Generalized solutions of the Maxwell system

To obtain a general solution of (3.12) we will use the existence of solutions
of the inhomogeneous conductivity problem (3.10).

The right inverse of the curl given by Theorem 43 permits us to invert the
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3.3. Equation of double curl type

composed operator curl f~2 curl, providing of course that this right inverse is
applied to weakly solenoidal fields. The pair of fields (E , H ) in the following

result is constructed explicitly in terms of the operators defined in this paper.

Theorem 73. Let the domain Q C R? be a star-shaped open set, and assume
that 2 € WY2(Q,R) is a measurable proper conductivity in Q. Let § €
L2(Q,R3) satisfy div§ = 0. Then there exists a generalized solution (E, H)

to the system (3.12) and its general form is given by

—

E = Toolf*(B + Vh)| = UalToalf*(B + Vh)]] + Vh,
H =B+ Vh, (3.14)

where B = ?29[5] - ﬁQ[TQQ[ﬁH, h is solution of the conductivity equation

div(f2(B 4+ Vh)) = 0 and hy is an arbitrary real valued harmonic function.

Proof. Since divg = 0, by Corollary 45 the vector field
B = Taald) — UalToald]
satisfies curl B = g and div B =0 weakly. To solve
curl E = f2(B + Vh), (3.15)
we must find an R—valued function h such that
div(f2(B + Vh)) = 0.

Since div(f2B) = Vf2- B, we need to solve the inhomogeneous conductivity
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3. Application to diverse systems of differential equations

equation
div(f?Vh) = =V f?- B, (3.16)

It is no loss of generality to take the boundary condition hlsq = 0 in (3.6).
By Proposition 68, this determines a unique generalized solution of (3.16)
provided that Vf2- B € L*(,R). But since Tq: L*(,H) — WhH(Q, H)
is bounded [53, Theorem 8.4], in fact Tyalg] € W'2(Q,R) and Tho[g] €
W2(Q, R?). Combining with the fact that ﬁg [Tb.0[g]] is harmonic by Propo-
sition 37, we have B € L*(Q,R3). Thus, the hypothesis is fulfilled, and the
desired h exists. Applying the right inverse of curl to (3.15) we have the so-
lution (3.14) where hy is an arbitrary harmonic function. Then div E = 0 by
Corollary 45, and the remaining equations of (3.12) are then verified taking
H=B+Vh. O

3.3.2 Variational methods for double curl boundary

value problems

In this section we will prove that given ¢ € HY/2(9Q, R?) there exists an
extension to the interior of {2 satisfying the double curl-type equation (3.7).
Let f2 € Wh2(Q,R) be a measurable proper conductivity. We define the

nonlinear functional € = ¢;: W?(Q,R?) — R by
W] = / F72 carl W - curl W dyj. (3.17)
Q
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3.3. Equation of double curl type

We are interested in proving that for fixed ¢ € H'/2(99Q, R?), there exists at
least one element that minimizes ; we will use the results of the variational
calculus which can be found, for example, in [33, Ch. 3].

Let X be a reflexive Banach space and let I: X — R. We say that [
is weakly lower semicontinuous (w.l.s.) if liminfy . I(ug) > I(u) whenever
ur — u weakly in X. A functional [ is called coercive when there exist a > 0

and § € R such that I(u) > of|ul|x + 3 for all u € X.

Proposition 74. (/33, Ch. 3, Th. 1.1]) Let X be a reflexive Banach space
and let I: X — R be a w.l.s. and coercive functional. Then there exists at

least one element ug € X such that
I(up) =inf {I(u): ueX}.

Corollary 75. Under the hypotheses of Proposition 74, if Y C X s a closed

(in the norm of X ) and convex subset, then exists uy € Y such that
I(uy) = inf{I(u): uweY}.

We apply these facts to the reflexive Banach space X = W12(Q,R3), and
the functional I = ¢ of (3.17), with Y C X defined as follows:

Y ={W e W (Q,R?): Wl = 3}

Proposition 76. Y C X and ¢ satisfy the hypothesis of Corollary 75: (a)
Y is convex; (b)Y is closed; (c) € is coercive; (d) e is w.l.s.

Proof. (a) is immediate. To prove (b), let {W;} C Y with W), — W; that
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3. Application to diverse systems of differential equations

is, | W — W||H1(Q) — 0 as k — oo. By the Trace Theorem in Sobolev spaces

[1] we have C' > 0 such that
“Wk|d§2 - W|6QHH1/2(39) < CHWk - WHWLZ(Q)

for all k. And since Wk|39 = g, then W|8Q = ¢ almost everywhere in 0.
By definition,

W)= 5" cuerH%g(Q).

so we have (c). For (d), since the norm in any Banach space is w.l.s., we
need to prove that if Wy, — W weakly in W'2(Q, R3), then curl W, — curl W
weakly in L2(€, R3). But this holds because dW, /dx; — OW /0x; weakly in
L*(Q,R?) (i = 1,2,3), and because the curl is a combination of elements of

Theorem T77. Let Q C R? be a bounded domain with sufficiently smooth
boundary, and let f? be a measurable proper conductivity. Then given the
boundary values G € HY2(9Q, R3) there exists an extension W € WL2(Q, R?)
such that

curl <f_2 curl W) =0,

Wloa = . (3.18)

Proof. By Corollary 75 and Proposition 76, the nonlinear functional (3.17)
has a minimum W over [@]+W2?(€,R?). By definition, the second equation

of the system (3.18) holds. To prove the first one, from the integration by
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3.3. Equation of double curl type

parts formula for Sobolev spaces we have that
(curl f=2 curl W, @) = / F2eurlW - curl 7 dif (3.19)
Q
when @ € W, ?(Q,R?). The Gateaux derivative of € at  in the direction @
1s

7] = lim e[W + td] — e[W]

t—0 t

(ST

3

1 —
=lim - [ (2tf 2curl@ - curl W + #*f 2 curl & - curl ¥) dif
t—=0 ¢ Q

= 2/ f2curlv- curll/f/dgj.
Q
Since W is an extreme point for €, the integral vanishes, by (3.19) the first
equation of (3.18) holds in the distributional sense. O

The vector field achieving the minimum in Theorem (77) is not unique,
because £[W] = e[W + grad h] when grad h € Wy *(Q,R).

Similarly, we can find weak solutions for the inhomogeneous conductiv-
ity equation div f2VW, = gy (cf. Proposition 68). Now the functional to

minimize is
8[W0] = / f2 VWO . VW(] d]j—i‘ 2/ g()Wo dg,
Q Q

given go € L*(Q, R).
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Chapter 4

Hilbert transform for the

Vekua equation

The aim of this chapter is to show the existence of a natural “Hilbert trans-
form” H ¢ associated to the main Vekua equation (3.1) in a bounded Lipschitz
domain Q C R?, in the generality of solutions in the Sobolev space H/2(9€2).
This is a system of real equations in the dress of a quaternionic formula. The
scalar part of a solution of the main Vekua equation satisfies a conductivity
equation, while the vector part satisfies a double curl-type equation coupled
with the condition of being divergence free (3.6)—(3.7). Our construction of
H ¢ is inspired by the Hilbert transform given by T. Qian and others for the
monogenic case of the Vekua equation, defined in terms of the component
operators of the singular Cauchy integral operator and an inverse operator

related to layer potentials [8, 83, 84].



4.1. Hilbert transform for monogenic functions

4.1 Hilbert transform for monogenic functions

Before entering on the investigation of the Vekua equation in domains in
R3, we begin our study of the Hilbert transform in the much simpler case of
monogenic functions of three variables. This refers to a linear operator which
produces the boundary values of the vector part of a monogenic function,
given the boundary values of the scalar part, thus generalizing the classical
operator defined by D. Hilbert for the unit disk or upper half plane in C.
This problem has been studied in the context of Clifford algebras for the
unit sphere in R” in [84, 24] and for k-forms in Lipschitz domains in [§].
Throughout this chapter we will always assume that the complement of € is

connected.

4.1.1 Definition of H

From now on €2 will be a bounded C* Lipschitz domain with connected
boundary, v > 0 and 1 < p < o0, or €2 will be a bounded Lipschitz domain
and 2 — ¢(2) < p < oo (unless another range of p is specified). Then the
operators Ky, K and (I + Ko)~! are all bounded from LP(99Q) to LP(92).

We recall the construction which was given in [83, 84] of the monogenic

Hilbert transform for bounded Lipschitz domains and for the unit ball in R".

Definition 78. Let 2 C R? be a bounded Lipschitz domain, the Hilbert
transform

H: LP(9,R) — LP(9Q, R?)
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4. Hilbert transform for the Vekua equation

is defined as
Hlio] = R (1 + Ko) 0 = 5 Klh) (4.1

with Ko, K given in (1.27), and hy = 2(I + Kp) ‘.

By the Plemelj-Sokhotski formula (1.18), the non-tangential boundary

limits of Fyalho] exist, and since hy is R-valued, for & € 992 we have

| —

try Foalho](Z) = 35 (ho(Z) + Sc(Saalho])(7)) + %VGC(SaQ[ho])(f)

(I + Ko)ho(Z) + H[po) (7)

= (0o + Hlpo]) (7). (4.2)
Thus ¢g + H|[po] is the boundary value of the monogenic function Fyglho| in
2, which justifies calling H a Hilbert transform. The image of the Hilbert
transform H belongs to the space of boundary functions whose harmonic ex-
tension is divergence free because from (1.10) and the construction (4.1), the

vector part of the monogenic extension W = Fyq|ho] = Faa[2(I + Ko) o)
satisfies div W = 0.

Proposition 79. On the Sobolev space W2(2,R),

2trTyoV = (I — Ko)tr, 2tr ToqV = — K tr.

Proof. Let wy € WH2(Q,R), pg = trwy. Apply (1.16) to wy and take the
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4.1. Hilbert transform for monogenic functions

trace, and then apply (1.18):

1
tr To[Vwo] =po — tr Faalwo] = ¢o — 5(900 + Saalea])

=S~ Ky~ B)lio]

Now take the scalar and vector parts to obtain the desired formulas. O

From Proposition 79 observe that the identity 2 H[po] = H[(I + Ko)po] +
H[(I — Ko)po] can now be expressed as

Higo] = — tr To.a[Vuwo] + H[tr Tyo[Viwo)): (4.3)

Remark 80. Consider the particular case Q = B = {Z € R? : |7] < 1}. The

unit normal vector to 9Q = S? is n(y) = ¢, thus

1 1 Xy
E@ - 2m{§) = — .
(G =) 4w<mg—ﬂ*Wg—fP)

In this case, the operators K, and [_(> of (1.27) are reduced to

| ¢ (¥) i . 1 IxXy
Kyg = — ——2—dsy 2 =PV — _ ds;.
0,S [90] (x) A <2 ’?j . ,’f’ Sy, S [SD] <x> o <2 ‘37 . 5‘3 (tp(y) Sy

The following explicit representation [84] comes from the computation of

the inner Poisson kernel and its Cauchy-type harmonic conjugates in the unit

ball in R™. Recall 99 = S2.
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4. Hilbert transform for the Vekua equation

Theorem 81. /84, Th. 6] The Hilbert transform H given by the LP-limits

— —

Hlwol(§) = lim S2Q(Tfa§)¢o(g)dsﬁ (4.4)

r—1-

are bounded from LP(S*,R) to LP(S?,R3) (1 < p < o). Where the kernel Q

1S given by

OPEY ST Y P
Am \[F =g o o€ - gp?
withZ=rf, 7,£ €S2, 0<r < 1.

4.1.2 Properties of H and its adjoint and inverse

We derive some basic facts of the Hilbert transform H, as well as for the
adjoint and a left inverse of H. At the end of this subsection we will see that
‘H belongs to the class of semi-Fredholm operators.

The Hilbert operator H is a bounded and non-compact operator in the
L? norm. The boundedness was proved for the ball in [84, Th. 6] and for
Lipschitz domains in [83, Theorem 3.2]. If H were compact, then [_() would
also be compact, since I + Kj is bounded on LP(02,R). But since K is
compact [63, Cor. 2.2.14] on C* domains, Spq would then be compact by the
decomposition (1.27), and then S%, = I would also be compact, which is
absurd.

Now show that when we restrict the domain of the Hilbert transform H
to Sobolev space, the property of boundedness is preserved. Recall the value

€(2) discussed in Proposition 24.
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4.1. Hilbert transform for monogenic functions

Theorem 82. Let Q2 be a bounded Lipschitz domain. The restriction
H: WIVPP(9Q, R) — WV/PP(9Q, R?),

of the Hilbert transform H is a bounded operator when 1 < p < 2+¢€(2), and

also when 1 < p < oo and Q is a C* Lipschitz domain, v > 0.

Proof. We have noted that [? is bounded, so the statement follows from
(4.1) and Proposition 24, parts (b) and (c). O

From this it is straightforward to obtain the explicit form of the adjoint

of H. Write e(Q) = (24 ¢(Q))/(1 £ €(Q)).
Proposition 83. Let 2 be a bounded Lipschitz domain. Then the adjoint
H*: L0, R3) — L1090, R)

WP = ([ + K3 R[] (4.5)

is bounded on W1=1/29(9Q) for €*(Q) < ¢ < oo and on LP(OSY) for 1 < q <
e (). When Q has C*7 boundary, v > 0, H*: L1(0Q,R3) — L1(0Q,R) is

bounded for 1 < q < oo.

We now discuss the invertibility of H. The identity S%, = I combined

with (1.27), when applied to real-valued functions, produces the identities

3
I-Kj=-Y K}, (4.6)
=1

and K0K1+KZK0+K]K]€—K]€KJ =0 for (i,j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2)
The equation (4.6) will be particularly useful below. The last three play a
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4. Hilbert transform for the Vekua equation

similar role to the commutative relations enjoyed by the Riesz transforms R;
(i =1,2,3) in a half space of R? [67, p. 91].
In [83, 84] reference is made to the inverses of I + Kj (see also [63]).

However, we observe the following.

Proposition 84. Let 2 be Lipschitz and e™(2) < p < oo or CY7 Lipschitz
and 1 < p < oo. Then Ker(I — Ky) =R on LP(09Q).

Proof. Let ¢y € R. Then (1.28) shows that ¢y € Ker(I — Ky). We now
verify that the only elements of Ker(/ — K) are constants. Since the adjoint
I — K} is invertible in L{(0) by Proposition 24(d), it follows from the
Banach Closed Range Theorem that the image is Im (I — Ky) = L§(09).
Thus Ker(I — Ko)|rzao) = {0}. Finally, let g € LP(9Q) such that g €
Ker(I — Ky). Let f = (I — A)g, where A is the boundary averaging operator
(1.29). Then by (1.28),

(I = Ko)f = f— (Kolg] — Ko[Ag]) = f — (9 — Ag) = 0.
Since f € L{(99,R), we have f = 0; that is, g = Alg] € R. O

Note also that Ky does not interfere with the averaging process:

AKolpo] = Alepol,

because 2 P.V.[, E(§f — &) - n(&) dsy = 1. For this reason and by Proposition
84, the operator I — Ky sends L5(9€Q, R) to itself, and has an inverse

(I — Ko)™': LE(OQ,R) — LE(9S, R)
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with €7(2) < p < oo when  is Lipschitz and 1 < p < co when Q is C7.

Definition 85. The auxiliary transform for the three-dimensional Hilbert

transform is the operator G: LP(99, R?) — LH(9Q, R)
67 = (1~ Ko (I - AR - (17)

In (4.7) we have used the notational convention

3
T'SDZZTi%’
i=0

which we will use whenever T = Z?:o e;T; where T; are right H-linear op-
erators which send scalar-valued functions to scalar-valued functions, and

Y= Z?:o e;p; with ¢; scalar-valued.

Proposition 86. Assume that €2, p satisfy the hypotheses of Proposition 8/.
Then G is a left inverse for the Hilbert transform H on L§(09, R).

Proof. Let ¢g € LE(OQ,R). By (4.1) and (4.6),

GoHlpg = —(I — Ko) (I — A(E - K)(I + Ko) "'

= (I — Ko)™'(I - <ZK2> I+ Ko)~

= (I = Ko)™'(I = A)(I = K3)(I + Ko) "0
= (I - Ky) "I — Ko+ AKy — A)gy

= Yo,

where the last equality uses AK, = A. ]
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The proof of the non-compactness of H which we outlined at the beginning
of this subsection fails in the case of bounded Lipschitz domains because K
does not need to be compact [39]. However, the existence of its left inverse
automatically guarantees the non-compactness of H. Other straightforward

consequences are the following.
Corollary 87. Under the same hypotheses,

(a) Restricted to the mean zero subspace L0, R), the Hilbert transform
H is injective and its left inverse G: LP(0Q,R3?) — LH(OQ,R) is sur-

jective.

(b) The left inverse G of the Hilbert transform is a bounded and non-

compact operator.

From (4.7) and A* = A, the adjoint operator G*: LE(0Q2, R) — LP(0%, R?)

is given by

G'lpol = = Y eili (1 = A)(I = K§) ' po] = - Zein(I — K5) ™ [0

i=1

We now look at the question of the images under G of the boundary values
of SI vector fields. Recall that SI(0€2) is the space of boundary values of SI
vector fields in € which extend to , which we recall from (1.11) are the
purely vectorial monogenic constants. Since SI vector fields are harmonic,

the SI extension of ¢ € SI(0f2) to the interior is unique.

Proposition 88. The elements of SI(02) are annihilated by G; more pre-
cisely

SI(02) N LP(092, R?) C Ker G .
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Proof. Because for every ¢ € SI(052), Saal@] = &, so K. FJ=0. By (4.7),
g€ Kerg. ]

Clearly Ker’H = R since the only scalar-valued monogenic functions are
constants. One important fact about Im # is SI(0Q) N LP(0Q, R3) NIm H =

{0}; moreover,

Corollary 89. Under the same hypotheses of Proposition 86, the Hilbert
transform H on LP(OQ),R) is a left semi-Fredholm operator.

Proof. It is enough to prove that when the domain of H is restricted to
LE(9Q, R), the image Im H is closed in L?(0Q, R?) [76, Chapter 5]. By Propo-
sition 86, G* o H* = I, so ‘H" is surjective. As a consequence of the Banach

Closed Range theorem, H has closed range. ]

Since R = Ker H = Ker[?> and ImH = Im f(), the vector operator [‘(> is
also left semi-Fredholm.

After enunciating some results of the monogenic Hilbert transform H, we
will recall the solution of the div-curl system in bounded Lipschitz domains

presented in Section 2.3 and rewrite it in terms of H as follows

Remark 90. [36, Th. A.1] Under the same hypothesis of Theorem 55. Then

a weak solution w of the div-curl system (2.16) is given by

W = Ta[—g0 + ] + Fsald — H|a]]

= —71,9[90] + To0lg) — ?1,89[2([ + Ko) ') (4.8)

where o and @ were defined in (2.17). Basically, the proof consists of showing
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4. Hilbert transform for the Vekua equation

that

Faald — Hlag]] = —Faalho],

Sc Fpqld — Hlaw]] = —Th0lg] = —Fb.a0[ho)-

Note that (1.16) applied to the function Tg[g], and the fact that DT [g] =
g yield Fpqlag + d] =0, so

tr Fao[d — H]a]] = — tr Faalao + H]w]] = —ao — H[aw), (4.9)

which together with (4.2) proves the second equality in the solution (4.8).

4.1.3 Dirichlet-to-Neumann map

Intimately related to the Hilbert transform is the Dirichlet-to-Neumann (D-
N) operator [10], which plays a fundamental role in the study of elliptic
partial differential equations. In the rest of this chapter we restrict to the
case p = 2 and work in domains €2 with Lipschitz boundary. Using the tools

of the preliminary Section 1.6 we introduce
Definition 91. The “quaternionic Dirichlet-to-Neumann map” is given by
A: HY2(0Q,R) — HY2(0Q, H)
@0 = (Dwolaa)n, (4.10)
where wy € WH2(Q, R) is the unique harmonic extension of ¢y.

Note the essential use of quaternionic multiplication of vectors in (4.10).
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Since Sc((Dwoloan)v) = —(1mVwo)vo + (1Vwy) - U for every v = vy + ¥ €
Wh2(Q, H), by the weak definitions (1.33) of v, and 74, we have

(Alo]s trv)on = / Vg - (=Vug 4 curl ) dif
Q

:Sc/ VwyD,v dy, (4.11)
Q

where we again write D, for the right-sided operator

3
D,[v] =vD = Z(@iv)ei = —divv + (Vg — curl?).
i=1
The scalar and vector parts of the quaternionic product (Dwyglgq)n give the

decomposition

Alpo] = Aofpo] + K[‘Po] (4.12)

—

with Ag[po] = —mVwo, Alpo] = %Vwe. Thus the scalar part of Ay
coincides with the negative of the usual scalar D-N map for the Laplacian
Dirichlet problem [32, 63]. We will verify in subsection 5.1 that A[pg] does
indeed lie in H~2(99, H) as implied by Definition 91.

(In the two-dimensional context, such as in [5], one has only a scalar D-N
mapping, denoted commonly by “A”.)

As usual W?2(Q, R) is the notation for the Sobolev space of scalar func-
tions whose gradient belongs to W'2(Q,R?) and H3/?(9€,R) is the space of

boundary values of functions in W#2(Q, R).

Proposition 92. ToV = —MA tr on Har(Q,R) N W22(Q, R).
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Proof. In Propositions 51 and 52 it was seen that T q[wW] = M[yn(W)] for
all @ € Sol(Q, R3) and ?QQ (W] = — M [4(0)] for all @ € Irr(Q, R?), where M
is the single-layer operator (1.20). See Remark 53 for the justification of the
applicability to W22(Q2,R) for the existence of boundary values. O

Note that by (1.20), M is a scalar operator, so it respects the decompo-
sition (4.12) of A:

TooV = —MAgtr, ThoV = —MAtr. (4.13)

We proved that the Hilbert transform H is a non-compact operator. How-
ever, when restricted to Ker A, by dimensional properties of SIg(£2), then H

becomes compact. Recall that we are always assuming that 0 is connected.
Proposition 93. Ker Aj = R and Ker A = R.

Proof. Let ¢, € HY2?(0Q,R), and let wy be its harmonic extension. If
o € Ker Ay, then wy satisfies a trivial Neumann condition and therefore is
constant as claimed [32, Th. 4.18].

Now suppose instead that ¢y € Ker A. Since Vg is a monogenic constant

with vanishing tangential trace,
Hlpo] = — tr Toa[ V] + Htx Ty V)

lies in the image of the finite-dimensional space SI¢(2). Since 0f) is con-
nected, SIg(£2) = 0 because SI;(2) is isomorphic to the second real coho-

mology space [13], so H(Ker A) = 0. Thus Ker A C KerH = R. Clearly A
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annihilates constants (because the normal and tangential derivative of the

constant extension must vanish), so the proof is finished. ]

Some formulas expressing the topological characteristics (Betti numbers)
of three-dimensional manifolds with connected boundary were derived in [11]
through their Dirichlet-to-Neumann maps associated with scalar and vector
harmonic fields. Moreover, in [12] a multidimensional generalization was

shown.

4.2 Hilbert transform associated to the main

Vekua equation

The definition of the Hilbert transform H for monogenic functions now per-
mits us to define the analogous Hilbert transform #; associated to the main
Vekua equation (3.1).

Recall Definition 63. From now on f € W'*°(Q,R). Note that f and
(1/f)u are simple examples of solutions of (3.1), where @ € SI(Q2) is a vecto-
rial monogenic constant. We now extend some of our previous results, which

are for the special case f = 1, to the more general equation (3.1).

4.2.1 Construction of the Vekua-Hilbert transform

Results in [72, Ch. 16] relate solutions of the main Vekua equation to solutions
of other differential equations. Recall that W = Wy 4+ W (see Lemma 62)
satisfies (3.1) if and only if the scalar part Wy and the vector part W satisfy

the homogeneous div-curl system (3.5). Recall the conductivity equation
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4. Hilbert transform for the Vekua equation

satisfied by Wy
V- fAV(Wo/f) =0. (4.14)

The following result is quite similar to Proposition 68. Here the hy-
pothesis of Lipschitz boundary has been added, which permits using a basic

estimate on elliptic boundary problems.

Lemma 94. ([58, Th. 4.1], [80, Th. 10] see also [38, 45, 50]) Let Q be a
bounded domain in R® with Lipschitz boundary and let f? € WH(Q,R) be

a proper conductivity. Suppose that py € H'/2(0Q, R) is known. Then there
exists a unique extension Wy € WH2(Q, R) satisfying (4.14) such that

tr(Wo/f) = o (4.15)

on 0N). Further,

[Wo/ fllwr2@r) < Capplleoll aizoar (4.16)
where Cq () only depends on Q and p(f).

In Section 5 we will define a natural Neumann data for the conductivity
equation (4.14). We will also prove a version of Lemma 94 for the vector
part W of solutions of the Vekua equation.

To define the Hilbert transform for (3.1), let ¢y € H/?(99, R) be a scalar
boundary value function, and apply Lemma 94 to obtain Wy. The decom-

position (1.22) of the Teodorescu operator applied to vector fields reduces
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4.2. Hilbert transform associated to the main Vekua equation

to

To [- Y (Wo/f)] = Too [— PV (Wo/ )] + Ton [- PV (Wo/f)] ,

and by Theorem 17 both components lie in W'?(Q).

Definition 95. Let ¢, € HY/?(0Q,R). The Vekua-Hilbert transform
H,: HY2(0Q,R) — HY?(0Q,R?)

associated to the main Vekua equation (3.1) is defined as follows.

Let g, ¢ be the associated Teodorescu traces
ap = trToo [P VWo/f)], @ =tr ?Z,Q [—PV(Wo/1)] . (4.17)

where W) is the solution of the conductivity equation (4.14) satisfying the
boundary condition (4.15). Let us define

Hylpo] = a — H[a], (4.18)

where H is the Hilbert transform defined in (4.1),

By the Trace Theorem 3 we have o = ag +a € HY2(95, H), and in fact
by Proposition 18, @ € Sol(052).
Similarly to the Hilbert transform H for the monogenic case, H; can be

expressed as
L1
Hlipol = @~ SR Iy (4.19)

100



4. Hilbert transform for the Vekua equation

with the real-valued function
hy =2(I + Ko) 'ag € H'?(0Q,R). (4.20)
The term “Vekua-Hilbert transform” is justified by the following.

Theorem 96. Let Q be a bounded Lipschitz domain and let f € WH(Q, R)
be a proper conductivity. Suppose that py € HY?(0Q,R). Then the quater-

nionic function

foo+ (1/f) Hylwo] (4.21)

is the trace of a solution of the main Vekua equation (3.1).

Proof. To produce W = W, + W € Wh2(Q, H) satisfying (3.1) such that
trVI/O - fg007 trfW = %f[gp(]]a

we take the extension Wy of fp, given by Lemma 94, and define the vector

part W by

-

FW = Toqld] — Froalhy), (4.22)

with o = — f2V(Wy/f) and hy given by (4.20); recall also (1.21)—(1.22) and
(1.24)~(1.25). Since (3.1) is equivalent to div(fW) = 0, curl(fW) = 7, i.e. a
div-curl system (2.16) with gy = 0, § = ¥, it follows from Theorem 55 that
W = Wy + W is a solution of (3.1). Further, by Remark 90 we have that
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4.2. Hilbert transform associated to the main Vekua equation

(4.22) can be rewritten as
fW = To[t] + Fao[H/[po])- (4.23)
Finally, taking trace to (4.23) and by (4.9) we have that
tr fIV = ap + @ + tr Fyo[d — o] = @ — Howo] = H o] (4.24)

as required. O

Remark 97. When f = 1, the transform H; coincides with the Hilbert
transform H of the monogenic case. To see this more clearly, first note
that by (4.14), Wy must be the harmonic extension of ¢y to €2; similarly
ag = —trTp o[V and & = — tr ?QQ [VWs] . Now (4.3) says that H[epo] is
precisely the definition of H s=1[py].

Remark 98. In Remark 70 a slightly different definition was proposed for H ;
in terms of the operators 7j o, ?QQ and a certain radial integration operator,
used in providing a general solution to the div-curl system valid in star-
shaped domains. In that definition it is not possible to show the relationship
with the monogenic Hilbert transform, because its construction is completely

interior to domain €.

Remark 99. We may consider H  as a Hilbert transform for the quaternionic

Beltrami equation (3.4) due to its relation to (3.1).
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4. Hilbert transform for the Vekua equation

4.2.2 Properties of H;

Proposition 100. Let oo € HY/2(0Q,R). Then ¢y € Ker H; if and only if

the associated Teodorescu traces g, @ vanish identically.

Proof. The Hodge decomposition [53, Th. 8.7] gives the orthogonal direct
sum L*(Q,H) = (M(Q) N L3(Q, H)) & D(W,*(Q, H)), where the subscript in

VVO1 ? indicates zero trace. Thus
tr fIV =0 < D(fW) € DIWA(QLH)) < ag =0, @ =0,

with fW as in (4.22) and where the last equivalence follows from the result
[53, Prop. 8.9], which identifies orthogonality to all monogenic functions with
the vanishing of the trace of the Teodorescu operator. By (4.24) we have the
result. O

See [90] for the n-dimensional generalization of the above Hodge decom-

position.

Definition 101. We will say that the vector part W of W is normalized

when it satisfies the boundary condition
tr fIW = Hpo]. (4.25)

Let W = Wy + W be an arbitrary solution of the main Vekua equation
(3.1), and write ¢ = tr Wy, @ = tr W. Consider

W=Ww — %Fasz[f@Jr Hyleol]-
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4.2. Hilbert transform associated to the main Vekua equation

Then by (1.16), fW* has the form (4.22) and hence satisfies the normalization
condition (4.25), with Wy + W* a solution of (3.1).

On the other hand, let W' and TW? be two solutions of (3.1) with the
same scalar part and with normalized vector parts. If ¢ = tr W, i = 1,2,

then
JW! = fW? = To[D(f(W! = W) + Faalfe' — f¢%] =0,

since f(W?1 —WW?) is monogenic. Therefore W' = W?2; i.e. there is only one
normalized vector part for a given scalar part of a solution of the main Vekua
equation.

Some important facts about the solvability and regularity of the conduc-

tivity equation (4.14) permit us to prove the boundedness of Hy:

Theorem 102. Let Q be a bounded Lipschitz domain and let f € WH(Q, R)
be a proper conductivity. Then the Vekua-Hilbert transform H: H'Y2(0Q,R)
— HY?(0Q,R?) is a bounded operator, as are also the associated Teodor-
escu traces py — o and py — & from HY?(0,R) to HY/?(0Q,R) and
H'Y2(0Q,R3), respectively.

Proof. Let ¢y € HY2(0Q,R). By Lemma 94, take W, € W12(Q, R) sat-
isfying (4.14)-(4.15). Since both Tq: L*(Q) — W1%(Q) and tr: WH3(Q) —
H'Y2(0%) are continuous, by (4.16) we have

llao + @l 1200y < I e [T lllF2Y (Wo/ )l 20
<t Tl A1 700 @ IWo/ fllwr 20

< Capplltr N Talll £ @ lleoll /2 co0)- (4.26)
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4. Hilbert transform for the Vekua equation

From this follows the continuity of ag and a.

By the continuity of the Hilbert transform (Theorem 82),

| H[a0]||H1/2(BQ) <|H ||||a0||H1/2(8Q)' (4.27)

Using the inequalities (4.26)—(4.27), we have that

| H¢leo]ll 12 00) = Il — Hlewo]ll i1/2 00

< max(1, | H [))[lao + Al g1/2(90)
< Cop(py max(1, | H DI tr [ Tall L] oo @ lloll r1/2(00)-
Therefore H # 1s continuous. O

Analogous to the estimates for the solutions to the conductivity equation

(4.16), we have

Proposition 103. Let Q be a C*' bounded Lipschitz domain and let f be
a proper conductivity in W= (Q,R). Suppose that o € HY/?(92,R). Then

the vector extension given by (4.22) satisfies

[fWllwrz) < Co i llwoll mrzon (4.28)

where C¢, ) depends only on  and o(f).

Proof. Let Wy, € W2(€2,R) be the unique solution of (4.14)-(4.15). Then
as in (4.26),

ITal=F2V(Wo/ llwr2@) < CapnITalllf*llwrs@leollmzpa)-  (4.29)
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4.2. Hilbert transform associated to the main Vekua equation

By (1.26) together with the fact that || curl @||2,+|| div @]|2, <330, |V(w)|2%
for every @ € W'?(Q) and Theorem 23(b),

| Foalhylll L2y = || div M[nhg] — curl Mnhy]|| 20
< V3||VMnhy]| 120
< V3| Mnhy]|wiz@

< V3O M + Ko) " lInllwroo@lollrzgony,  (4:30)

where the constant C in the last inequality comes from the fact that both (/4
Ko)~t: HY?2(0Q)) — HY?(09Q) and ¢, — g are bounded (see Proposition
24(c) and Theorem 102). By (4.29) and (4.30) and by the fact that fW =
To[— 2V (Wo/f)] — Faalhy] from (4.22),

W z2) < Collvollmzon),

where Cy = Ca,,(5) | Tall| £ llwie () + VBCUIM(T + Ko)~[[[In]lwie0)-

By the first Friedrichs inequality provided in Proposition 28, using the
div-curl system (3.5) and the boundedness of the Vekua-Hilbert transform

H s, we have

LW sy < I 1220 + 1wl (P By + 1 L] - nl3psrzconn
< C2lleollZagom + 12V (Wo/ ) 22qey
17 1Pl oy ol 22

< Cﬁ?p(f)|’¢0||§{1/2(am=
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4. Hilbert transform for the Vekua equation

where C;f 02-0—052) () ||f2||Loo(Q) + HHf H ||77||W1°° =

The construction of the Vekua-Hilbert transform H; can be generalized
to the context of Clifford algebras. More precisely, for 2 C R"™ a bounded
Lipschitz domain with connected complement, almost all the results of Chap-
ter 4 are valid in this n-dimensional framework except for Proposition 103,

whose demonstration requires the boundedness of the operators div and curl.
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Chapter 5

Dirichlet-to-Neumann map for

the conductivity equation

The conductivity equation describes the behavior of an electric potential in
a conductive medium. In 1980, A. P. Calderén [27] posed the question of
whether it is possible to determine the electrical conductivity of a medium
by making measurements at the boundary. Results obtained since then on
the solvability, stability, uniqueness, and other properties of the Dirichlet
problem associated to this kind of elliptic second order differential equation
in R™ for n > 3 (e.g. Lemma 94 and [64, 95, 98]) will be essential in the de-
velopment of the present work. The Calderén inverse problem is the subject
of Electrical Impedance Tomography; for more about medical applications of
the conductivity equation see [57]. This inverse problem is still open in three

or more dimensions [86, 55, 28|.

The goal of this chapter is to analyze in a direct way the relation between

the Vekua-Hilbert transform proposed in Chapter 4 and the usual scalar



5.1. Quaternionic Dirichlet-to-Neumann map

Dirichlet-to-Neuman (D-N) map, as well as with the quaternionic D-N map
(which will be defined below). We hope that the development in this thesis

may be useful in future investigation of such inverse problems.

5.1 Quaternionic Dirichlet-to-Neumann map

We now extend the concept of the D-N map given in Subsection 4.1.3 in the
context of harmonic functions to the more general situation of solutions of
the conductivity equation (4.14). There will be essential differences (see for

example Proposition 110 below).

Definition 104. The scalar Dirichlet-to-Neumann map for the conductivity

equation (4.14) is

Ao g2 HY?(0Q,R) — H Y209, R),

po = — >V (Wo/f)loa - n. (5.1)

Here 7 is again the unit outer normal vector to 9Q and W, € W12(Q,R) is
the unique extension of fyg as a solution of the conductivity equation (4.14)

given in Lemma 94.

For f? smooth, Ag s2[¢po] is well-defined pointwise, but for general proper

conductivities, the D-N map is only weakly defined by the relation

(Ao.s2lio0), tr voon = — /Q PY(Wo/f) - Voo di (5.2)

where V - f2V(Wy/f) = 0, tr Wy = fipo and vy € WH2(Q,R). One reference

for the scalar D-N map is [85]. This map is an essential part of the solution

110



5. Dirichlet-to-Neumann map for the conductivity equation

of the Calderén problem [27], that is, to recover the pointwise conductivity
f? interior to the domain Q from electrical current measurements on the
boundary 0f).

We will follow the definition given in [95], but we write Ag 2 rather than
A2 to emphasize the scalar nature of this quantity.

In analogy to (4.10) we introduce the following.

Definition 105. The quaternionic Dirichlet-to-Neumann map for the con-

ductivity equation is defined strongly by

Ajp2[ipo] = (f*D(Wo/ f)laa)n (5.3)
for functions g whose interior extension Wy satisfy the conductivity equation
(4.15).

Theorem 106. The weak definition of Ap: HY?(0Q,R) — H~Y2(00Q, H)
15 given by
(A plival tro)on = Sc | Y0/ 1D+ (DFL oo/ 17
1
+Sc [ PYN/ (D= MG i) dg. (54)
Q
for every v € W12(Q, H), where Wy is the solution of (4.14) with boundary

values (4.15), D,W = WD, and M") denotes quaternionic multiplication
from the right.

With the notation Ay = Ag 2 + Kfz we can express (5.4) as

(Ag2[po], trv)aa = (Ao, r2[wo), trvo)aa + (Kﬂ (o], tr T) a0,
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5.1. Quaternionic Dirichlet-to-Neumann map

where the scalar part is indeed the D-N map Ag sz of (5.1), and the vector
part (or tangential D-N map) is

Ap2lipo] = [PV (Wo/ f)loa X 1. (5.5)

Recall Definition 71, where the operator D, — MP#//Cy appearing in the
second integral of (5.4) is called [74] the “Bers derivative” of solutions of
(3.1). When f = 1, (5.4) reduces to (4.11). The proof of Theorem 106
is a long exercise in vector calculus, based on the ideas of (4.11), and the

observation that by Green’s formula,

—

R plialtron = [ PO/ 1) e d7— [ curl( YW/ 1) - 57

Proposition 107. Let Q0 be a bounded domain with Lipschitz boundary,
and let f2 € WHh°(Q,R) be a proper conductivity. The quaternionic D-N
map Mg is continuous from HY?(O,R) to the dual space H=Y/2(0Q, H) of
HY2(0Q, H).

Proof. Let vy € HY2(0Q,R). Since Ay 2[po] and Kfz [po] are the nor-
mal and tangential traces respectively of f*V(W,/f) € W24v(Q R3) N
W2eul(Q) R3), by (4.16), we have the estimates

IVWo/ )iz < [Wo/ fllwr2 < Capipll@oll e (5.6)
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5. Dirichlet-to-Neumann map for the conductivity equation

By Proposition 27,

1Ao.r2[0lll 172 < NIyl LF*V (Wo/ £z
I8 p2leolll -2 < Il (1F2V (Wo/ f)ll 2 + || cwrl(F2V (Wo/ f))] 22).

Since

[ eurl(f*V (Wo/ )|z < IV 22V (Wo/ £ 2, (5.7)

by (5.6) we have

1A 2[00l 172 < Capep el f2 e ol g1/ (5.8)
Then
HAP [‘PO]HH—U?(aQ,H) < C3||<P0HH1/2(69,R)
where C3 = Co () ([[allll 2 + [I7ell1f][wr0)- O

Proposition 107 justifies the claim made for the codomain of the D-N map

for the monogenic case given in (4.10).

Remark 108. In the context of R2, the classical D-N map coincides with
the tangential derivative of the Hilbert transform [4, Proposition 4.1]. In R?
the situation is intrinsically more complicated; some relations between the
operators Ag y2, Kfz, and H; will be developed in subsection 5.2. Here we

only note that Ay2 can be rewritten in various ways, as a consequence of
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tr fW = H¢[@o] (Theorem 96):

Apelio] = (PV(Wo/ Do)y = cwrl fIV| o —curl fIT|

= D(W)|, -n=DUW)| xn=—DUWoa)n (59

where Wy + W is a solution of the main Vekua equation.

5.2 Norm properties of H;

Since the Vekua-Hilbert transform H; is a generalization of the Hilbert trans-
form H, it is natural to expect that H preserves many of its properties; we
will make use of the D-N mapping to investigate them. First we relate the
Vekua-Hilbert transform H; to the scalar D-N map A 2 and the vectorial
D-N map Kfz through the operator compositions (5.12) and (5.13).

Proposition 109. Let Q C R? be a bounded Lipschitz domain and let f? €

W (Q,R) be a proper conductivity. Then H; can be written as
Hslpo] = tr MKf2 [po] — H tr M Ag s2[po] + tr Licurl(f°V(Wo/f))].  (5.10)

Proof. First suppose that in fact oy € H*2(9Q,R). Take W, € W2(Q, R)
satisfying (4.14)-(4.15). Since V(Wy/f) € W'?(Q,R?), by the proof of

Proposition 92 we have that

Toalf*V(Wo/f)] = =M[Ag s (0] (5.11)

Thus we consider the associated trace o in the Vekua-Hilbert transform H
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5. Dirichlet-to-Neumann map for the conductivity equation

(4.18) as constructed in the following way:
H'2(0Q,R) Zos2 HY2(00,R) 22 H2(50, R),
le.
Hlao) = H tr M Ag p2[eo). (5.12)

By (2.14), the relation ?29 [W] = —M [y ()] — Llcurlw] was proved for
all W € Wh2(Q, R?), where L is the right inverse of the Laplacian A given in
(1.19). Therefore by (5.5)

a = tr MA g [ipg] + tr L[curl(f2V(Wo/ f))]. (5.13)

Thus (5.12)-(5.13) produce the expression (5.10) claimed for Hy. This
representation for Hy has been proved for functions ¢y in the dense subspace
H??2(092,R), and by continuity is valid in the full space H'/2(9), R). O
Proposition 110. R C Ker H; NH*2(0Q, R) C Ker Ag ;2 C H*2(9Q, R).
Proof. The first containment is straightforward from the uniqueness of the
solutions of the conductivity equation. The proof of the second containment
is a consequence of Proposition 100, equation (5.12) and the fact that tr M

is an invertible operator from L?(9Q) to HY2(98) [100, Th. 3.3]. Finally,

the third containment follows from Proposition 29 (a). O

At the end of this section we will show that Ker H; in fact consists only of
constants. We do not know whether the second containment of Proposition

110 is an equality for nonconstant f.
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In [96, Th. 0.2] some estimates were presented to establish the continu-
ous dependence of the scalar D-N map Ag 2 on the boundary values of the
conductivity f?. More specifically, as a consequence of [96, Th. 3.5] we have
that [|[Ag 2 — Ag s2|| — 0 when f, — f in L. We give a similar result for

the quaternionic D-N map A2 and for the Vekua-Hilbert transform H:

Theorem 111. Let Q) be a bounded Lipschitz domain. Let{f,} C W>*(Q,R)

be a sequence of proper conductivities. Then
(a) if fn — f in L=(Q,R), then || Hys, —Hys | — 0;
(b) if fo = [ in WHe(Q,R), then ||Aj2 — Agpz|| — 0;
as operators on HY?(0Q, R).

Proof. Let ¢y € HY?(9Q,R). Let Wy, Wy € W2(Q, R) be the respective

extensions to solutions of the conductivity equations; that is,

V : fs V (WO,n/fn) - Oa tr<WO,n/fn) = Yo,
VIV (Wo/f) =0, tx(Wo/f) = 0.

By (4.16), these unique solutions satisfy
IVWoun/fu)llr2 < Captrnllollmrz,  IVWo/ 2 < Capiplleoll e

It is a well-known fact about elliptic equations [96, Prop. 3.3] that

IVNWon/fn = Wo/ Dz < enlleollmzon), (5.14)
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5. Dirichlet-to-Neumann map for the conductivity equation

_sup|fy — 7] sup 2\ '*
C“‘W(”(mffz) |

Now consider the traces

where

On = Oon + O_Zn =tr TQ[_fgv(WO,n/fn)]a
o = g+ a= tI‘TQ[—f2V(W()/f)}

By (5.14), we have

113N Won/ fn) = PV (Wo/ f)l12
<N 2= PPl IVWon/ f)llee + 12 2o IV (Wou/ fo = Wo/ ) |2

< (Captrollfa = Fllz + call £l ) loll /2 (5.15)

By (5.15) and the boundedness of the operators tr and T we have that

= @lre < 1t [ Toa |25 W/ fa) = F2V (Wo/ )22

< [ Toll (Caprllf2 = Pl + calllz=) I oll e

Analogously,

| Hlown] — Hlow]|| g2

< [ 7l tr N Tooll (Capnllfa = Fllze + call Fllze) ol e

Since ¢, — 0, we obtain the limit of part (a). For part (b), by (5.8) and
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(5.15) we have

1A 2 100] — Kp2[00]ll 172
< el 12V (Won/ fa) = 2V (Wo/ )22
+ | eurl(£29 (Won/ fa) — £2V (Wo/))122)

< %l (Capirnllfa = Fllwre + call 2w ) oll e,

as required. O

The stability question of the scalar D-N map asks whether two conductivi-
ties f7, f3 are close whenever Ag sz is close to Ag yz. In [2, Th. 1] it was proved
that there exists a continuous nondecreasing function w: [0,00) — [0, 00) sat-

isfying w(t) — 0 as t — 0" such that

11 = £l < wllogz = Nogz),

for a bounded open set 2 C R"™ with smooth boundary, f; € W*2(Q2,R) (L?
functions with derivatives up to order s in L?), s > n/2 and n > 3. However,
the stability of the vector part A 2 remains an open question.

In Theorem 102 it was established that ¢g — ap and ¢y — @ are
continuous. We will prove that these mappings are in fact compact when

restricted to Ker Ag r2 or Ker Kp.

Proposition 112. Let Q be a bounded C*' Lipschitz domain and let f €
Whee(Q,R) be a proper conductivity. The restrictions of Hy to Ker Ag p2 and

to Ker Kfz are compact mappings into H'/?(09, R?).
Proof. Let ¢y € Ker Ag s2[p], so the associated Teodorescu traces ag, @ are
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5. Dirichlet-to-Neumann map for the conductivity equation

constructed as

KerAg 2 — W2dv-cul(Q R3)  — L2(Q,R?) — HY?(0Q, H),
©o — U — U — g + A,

(5.16)

where ¢ = f2V(W,/f) and ag + @ = —tr Tg[d]. By (4.16), (5.6)-(5.7), the
first mapping of (5.16) ¢y + ¥ is a bounded operator from H'/?(99,R) to
W2div-curl() R3). Thus in fact all of the mappings shown are bounded. By
Proposition 29, the inclusion mapping of W2div-cwl(Q) R3) into L?(Q, R3) is
compact. Therefore ¢y — o, @ are compact, and in consequence H; is also

compact on Ker Ay s as claimed. The proof for Ker A 2 is similar. O]

In the following result we describe the Vekua-Hilbert transform #H; re-

stricted to the kernel of the D-N operator Ag f2.

Theorem 113. Let Q be a CY' bounded Lipschitz domain and let f €
Whe(Q R) be a proper conductivity. Then the Vekua-Hilbert transform H;
restricted to Ker Ao p2 produces boundary values of monogenic constants in

Q~ which vanish at oco.

Proof. Let ¢y € Ker Ag 2. By Proposition 110, f2V(W,/f) € W'?(Q,R?)
. Taking the trace of (5.11) we have ag = — tr To o[ f2V(Wo/f)] = 0, so

H o] = @ = tr Toa[— 2V (Wo/f)]. (5.17)

It is a classical fact [53, Prop. 8.1] that T [w](Z) is always monogenic in 2~

and tends to zero for |Z] — oo, so Tyqalf*V(Wy/f)] vanishes in Q. By
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the conductivity equation, f2V(Wy/f) is solenoidal and therefore [35, Prop.
3.1(1)] says that To o[ f*V(Wo/f)] is harmonic in 2, hence it vanishes in all of
R3. Thus the vector field ?29 AV (Wo/ )] = Talf*V(Wo/ f)] is a monogenic

constant in €~ vanishing at oo, and the assertion follows from (5.17). O

By Theorem 113 and Proposition 30, we know that
dim(Ker Hy [ker s, o) < dimSIg(Q27) < oo

By Proposition 110, we have dim Ker H; < oo. Therefore, since 92~ = 02
is connected we have Ker H; = R. We possess little information about the
nature of Ker Ag s2. It would be interesting, for example, to know whether
all boundary values of exterior monogenic constants vanishing at oo are as

Theorem 113.
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Conclusions and future work

We have given a general solution to the div-curl system, which is fundamental

in mathematical physics.

This solution was then applied to several other related systems of differ-
ential equations, for example to find f?-hyperconjugates of the main Vekua
equation, to construct the pair of electromagnetic fields for solving the static
Maxwell system with variable permeability, to give a right inverse of the
operator representing the “Bers derivative” of solutions of the main Vekua
equation, among others. Even though all the results in Chapter 3 were enun-
ciated for star-shaped domains, we could remove this restriction and work in

Lipschitz domains with connected complement (see Section 2.3).

We have shown the existence of a Hilbert transform associated to the main
Vekua equation in bounded Lipschitz domains of R3. If we consider the n-
dimensional main Vekua equation, that is for @ C R" and D = )" | €;0;, we
can generalize some results of Chapter 4 in the framework of Clifford algebras.
For example, the construction of both the Vekua-Hilbert transform and the
f?-hyperconjugates of the main Vekua equation.

These results open the possibility of future research on the following ques-

tions:



Conclusions and future work

e Div-curl system in multiply connected domains.
e Div-curl system in exterior domains.

e Development of Vekua analysis (formal powers, Cauchy Theorem, pseu-

doanalytic theory).

e Hardy and Bergman spaces for the three or n-dimensional Vekua equa-

tion.
e Inverse problems (Calderén problem, Gel'fand-Calderén problem).
e Transmutation operators related to the main Vekua equation.

e Numerical implementations of the above considerations.
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