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Abstract

This thesis consists basically of two chapters, the first chapter is devoted to the higher topological complexity
of real projective spaces RP"'. We give a thorough analysis of the gap between the upper and lower bounds of
the inequality zcls (RP™) < TCs(RP™) < sm, which allows us to give an estimation for TCs(IRP™). Further,
we explain how such estimation seems to be closely related to the determination of the Euclidean immersion
dimension of RP™. The second chapter is devoted to the effective topological complexity of the orientable
surfaces of genus X, ¢ > 2. There, by finding effective-zero-divisors of dimension 1 (in the 256 systems
of local coefficients having as group Z) we present some indirect evidence that suggests that the effective
topological complexity of X, ¢ > 2, would be 3 instead of 4.
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Resumen

Esta tesis consiste basicamente de dos capitulos, el primer capitulo estd dedicado a la complejidad topolégica
superior de los espacios proyectivos reales RP". Hacemos un andlisis exhaustivo de la diferencia entre
los limites superior e inferior de la desigualdad zcl;(RP™) < TC;(RP™) < sm, el cual nos permite dar
una estimacion para TCs(RP™). Ademds explicamos como tal estimacion parece estar relacionada con la
determinacion de la dimensién de inmersion euclideana de RP™. El segundo capitulo estd dedicado a la
complejidad topolégica efectiva de las superficies orientables de género g > 2, Zg. Encontramos divisores
del cero efectivos de dimensién 1 (en los 256 sistemas de coeficientes locales que tienen como grupo a Z) que
dan cierta evidencia indirecta que sugiere que la complejidad efectiva de X¢, ¢ > 2, es 3 en lugar de 4.
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Introduction

The concept of topological complexity of a topological space X, TC(X), was introduced in [13] by M.
Farber, and it can be thought of as one less than the minimal number of rules, motion planning rules,
required to tell how to move between any two points of X. Later this notion was generalized to higher
topological complexity of a topological space X, TCs(X), by Y. Rudyak in [25]. The latter can be interpreted
as one less than the number of rules required to tell how to move consecutively between any s specified
points of the space X. Both notions are homotopic invariants and TC,(X) = TC(X). In [14], M. Farber,
S. Tabachnikov and S. Yuzvinsky showed that TC(RP™) = Imm(IRP") provided m # 1,3,7. Research
on the immersion problem for projective spaces has yielded evidence that suggests a relation of the form
TC(RP™) = 2m — 6(m), where §(m) = O(a(m)) and a(m) denotes the number of ones in the binary
expansion of m. Since TCs(RP™) = sm — Js(m) for some non-negative integer Js(m) and TCy(IRP™) is
usually equal to the immersion dimension of RP", the first part of this thesis is intended to be an initial step
to understand the smallest dimension of Euclidean spaces where IRP™ can be immersed, at least for m # 3
mod 4, through the study of Js.

Standard techniques in algebraic topology can be used to estimate the topological complexity of interesting
spaces such as the closed orientable surface of genus g. However, the case of the closed non-orientable
surface of genus g € {2,3} turned out to be a particularly challenging task, a partial solution, case ¢ = 2, was
indicated by D. Davis in [10], and a complete solution was accomplished by D. Cohen and L. Vandembroucq
in [7]. The second part of this thesis arose from a desire to recover and generalize these results from Btaszczyk-
Kaluba'’s version of Farber’s topological complexity for mechanical systems whose configuration spaces
exhibit symmetries, namely effective topological complexity, see [3]. Our main result says that there is a
monotonic sequence of effective topological complexities for orientable surfaces as follows

3<TCY (%) < TC(S3) < TCU(Sy) < --- < 4,

for more details see section 2.4 and chapter 4.
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2

Preliminaries

2.1 Higher topological complexity

In this chapter we review some of the concepts and fundamental results from topological complexity and
cohomology of groups that will be needed in the sequel.

Definition 2.1. The reduced topological complexity of X, TC(X), is defined as the smallest integer k such that
there exists an open cover {U, ..., Ui} of X x X such that the restriction of the end points evaluation map
ep1 : PX — X x X to each U; admits a continuous section.

Definition 2.2. The reduced sth topological complexity TCs(X) of a space X is the smallest integer k such that
there exists an open cover {Uy, ..., Ui} of X® such that the restriction of the path fibration

f: PX — X°
o= (10 () (5D ()
to each U; admits a continuous section.
Remark 2.1. Notice that TC,(X) = TC(X).

Definition 2.3. Given a commutative ring R, the s-th zero-divisor cup-length of X, zcls(X), is the maximal
number of elements in ker(A}: H*(X%; R) — H*(X; R)) having a non-trivial product, where A;: X — X® is
the s-fold iterated diagonal.

Proposition 2.1. For a c-connected space X having the homotopy type of a CW complex,
zcls(X) < TCs(X) < shdim(X)/(c+1).

The notation hdim(X) stands for the (cellular) homotopy dimension of X, i.e. the minimal dimension of
CW complexes having the homotopy type of X. The lower bound in proposition 2.1 comes from noticing
that TC,(X) is equal to the Schwarz genus of the diagonal map d; : X — X® and the upper bound comes
from obstruction theory, for details see [1, theorem 3.9].

Lemma 2.2 (Lucas’s theorem 1878). Let m and n non-negative integers, and p a prime, the following congruence
relation holds L
()11
n ‘ n;
i=0 !

m= mkpk + mk_lpk_l + -+ mp+mp

where

7
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and
n=mp+mp" e mp g

are the base p expansions of m and n respectively.

The following result is a particular case of Kummer’s theorem.

Corollary 2.2.1. (") is divisible by a prime p if and only if at least one of the base p digits of n is greater than the
corresponding digit of m.

2.2 Diagonal approximation and rewriting systems

For a detailed treatment of the following topics, we refer the reader to [4], [19], [15], and [20]. We must also
clarify that in this thesis we only consider left ZG-modules (and their corresponding morphisms).

Definition 2.4. Let G be a group. The group ring ZG is a ring associated to G. Additively it is the free abelian
group on G, i.e., an element of ZG is a finite linear combination of the group elements

n1g1 + -+ NSk ne€Z, g €G.

The sum and product of ZG are defined by
Y omigi+Y nigi =Y (mi+n;)g;,
i i

1

and
(2 mz’gi> (2 mjgj> = Z,mi”jgigj-
! ] L]
Definition 2.5. For any group G the augmentation map is the ring homomorphism e€: ZG — Z such that
€(g) = 1forall g € G. The kernel of € is called the augmentation ideal of ZG and is denoted I(G).

Remark 2.2. A basis for I(G) as Z-module consists of the elements g — 1 € ZG,g € G\ {1}.

Definition 2.6. For a group G and a left ZG-module M, we define its nth cohomology group with coefficients
in M to be

H"(G,M) = Ext-(Z, M),

for n > 0, where Z is the trivial ZG-module, i.e. H"(G, M) is the nth right derived functor of the left exact
functor Homyz g (Z, —).

The above definition provides us with a method of calculating H"(G, M). Namely, we first find a
projective resolution F of the trivial ZG-module Z over ZG, then we consider the complex Homz (F,M),
and the cohomology groups H" (G, M) are the cohomology groups of this last complex.

Among many possible topics within techniques from group cohomology we are interested in the cup
product.

Theorem 2.3. Let F, F/ be two free (or projective) resolutions of a module M, then there is a chain map F — F' over
the identity on M. Further, any two such maps are chain homotopy equivalent. In particular, any such chain map
F — ¥ over the identity on M is a chain homotopy equivalence.

Proposition 2.4. Let G, G’ be groups. If F and ¥’ are projective resolutions of Z. over Z.G and Z.G, respectively, then
F ® F' is a projective resolution of Z over Z|G x G'], and G x G’ acts diagonally over F ® F'.
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Recall that
(FRF), @ FE®F,_;

and
I (i ® fri) = di(fi) @ fri + (=1 fiwd,_i(fp_,)-

Remark 2.3. If F is a projective resolutions of Z over ZG, then F ® F is a projective resolution of Z
over Z|G x G|. By theorem 2.3 there is a ZG-linear map ¥, called a diagonal approximation, that extends
idZ 2 — 7.

Definition 2.7. Let F be a projective resolution of Z over ZG, and let M and N be ZG-modules. Given the
cocyles u € Homy(Fy, M) and v € Homy (F;, M), representatives of [u] and [v], we define the cup product
of [u] and [v] to be the cohomology class

(4 ®0) 0W,,] € HFTI(G, M@ N),

where Wy,: Fpyy — F, ® F; is the composition of ¥,.4: Fyyy — (F ® F)py,; with the projection
Ttpg: (FQF)pig — Fp @ Fy.

Definition 2.8. Let G be a group and F a free resolution of the trivial ZG-module Z over ZG. A con-
tracting homotopy T for F consists of a sequence of Z-homomorphism T;: X; — X;11, 9 > —1, such that
dg1 Ty + Tydg = 1dX for each g > 0. Here we write X_1 = Z and dy = €.

Since in order to calculate the cup product of two cohomology classes it is necessary a diagonal approxi-
mation, the propositions below will allow us to achive such task in our cases of interest.

Proposition 2.5. Let G be a group, X a free resolution of Z over ZG, and T a contracting homotopy for X. Extend
T_1€: Xo — Xo to a chain map T_1e: X — X over Z by defining (T_1€); = 0 if i # 0. Let
Uy: (X®X)g = (X®@X)gq1forq > —1be the Z-homomorphisms givenby U 1 = T_1 R T_1: ZRZ — Xo @ Xo,
and Ug(u ®@v) = Ti(u) @ v+ (T_1€);(u) @ T,_;(v) foru € X;, v € X, 4,0 < i < q. Then the Uy constitute a
contracting homotopy for X @ X.

Proposition 2.6. Let G be a group, X a free resolution of Z over ZG, and U a contracting homotopy for X ® X.
Suppose that for each q > 0, By is a ZG-basis for X, such that e(b) = 1 for each b € By. Let 1pg: Xo — Xo ® X
be the left ZG-module homomorphism determined by o (b) = b ® b for b € By. For q > 0 let ip;: X; — (X ® X),4
be the left ZG-module homomorphism determined inductively by g (b) = U, _11p;_104(b) for b € By. Then P isa
diagonal approximation for X.

Basically, the previous propositions state that given a finitely generated free resolution F of the trivial
ZG-module Z over ZG, we can calculate a diagonal approximation \: F — F ® F whenever we have a
contracting homotopy for F. Furthermore, the next lemma and its proof are quite useful, essentially it says that
if you have defined sy : Fx — Fy;1 such that dy sy + sx_1dy = idf,_then you can construct sy 1 : Fxi1 — Fiyo
satisfying dy28x11 + skdk41 = idp,, by defining s, (1) = v provided dy_ 2 (v) + sgdyi1(u) = u, where u is
an element of a basis of Fy, .

Lemma 2.7. Let G be a group and F a projective resolution of Z over Z.G. Suppose that, for a given n > 0, there are
Z-homomorphisms si: F — Fgyq such that dy 18 + sg_1dy = idp_for =1 <k < n (F_1 = Z). Then there is a
map of abelian groups s, 1: Fyy1 — Fyyp such that dy 28,1 + spdy1 = idg,

Next we introduce concepts and results that we need to construct contracting homotopies in chapter 4.

Definition 2.9. Let S be a set (alphabet) and let S* be the free monoid on S. A rewriting system on 5* is a
subset R C S* x S*. An element (1,v) € R, also written u — v, is called a rule of R.

Given a rewriting system R, we write:
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e x > yforx,ye S*if x =uvyw, y = uvow and (v1,v3) € R,
e x S yifx =yorx — x; — xp — --- — y for some finite chain of arrows.

Definition 2.10. x € 5* is called irreducible with respect to R if there is no possible reduction x — v, otherwise
x is called reducible.

Definition 2.11. A rewriting system for a monoid M is a tuple (S, R) such that (S|v; = vy if (v,v2) € R) isa
presentation for M. A rewriting system for a group G is a rewriting system for G as monoid.

Definition 2.12. Given a rewriting system, we say that
1. (R,S)
(R, S) is confluent if wherever x — y; and x = y», there is a z such that y; — z and y, = z.
3. (R,S)
4. (R,S) is finite if both R and S are finite.

is noetherian if there is no infinite chain x — x; — xp — --- forany x € S*.

N

is complete if it is Noetherian and confluent.

A group with a complete rewriting system has the property that there is exactly one irreducible word
representing each of the group elements. So a finite complete rewriting system gives a solution to the word
problem for the group.

Proposition 2.8. There is a finite complete rewriting system for the fundamental group of a closed orientable surface of
genus g, using the alphabet S of the usual generators and their inverses.

In fact, the rewriting system we use here for the fundamental group of the genus 2 orientable surface ¥,
11 (2, xo), with generators a, b, ¢ and d as shown in the figure (see lemma 4.5) has the following twelve rules:

X0

xx — 1forx € {a,b,c,d,a,b,c,d}, cd — babadc, cd — dababc, cd — dcbaba, chabad — dc.

2.3 Local coefficient systems

In this section we provide the main definitions and properties of cohomology with local systems of coefficients.
This kind of cohomology is use widely here, our main reference is [27, chapter 6].

Definition 2.13. Let R be a ring. A local system of R-modules L over a topological space X is defined as a
function which makes the assignations x — L(x), and v — L(7), where x € X, L(x) is a left R-module,
7:[0,1] — X is a continuous path, L(y): L(7(1)) — L(7(0)) is an R-homomorphism, and the following
conditions are satisfied:
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e If two paths 71, 72: [0,1] — X have the same end points, and are homotopic with respect to the end
points, then L(7y1) = L(72).

e If v is the constant path at x € X, then L(y): L(x) — L(x) is the identity map.
e If v1,72: [0,1] — X are two paths such that 1 (1) = 2(0), we have L(172) = L(71) © L(72).

Thus for any two points x,y € X in the same path connected component of X, L(x) and L(y) are
isomorphic R-modules, since any path 7y connecting x to y defines an isomorphism L(7y): L(y) — L(x). In
particular, any loop 7: [0,1] — X at x € X, defines an automorphism that depens only on the homotopy class
of the loop. An action of the fundamental group 7 = 711 (X, x) on L(x) can be defined by the correspondence
[7] — L(7y), with this action L(x) is a left module over the group ring R7r.

If X is path connected, then L(x) viewed as left R7T-module, determines the local system L. In fact, given
an arbitrary left R-module M with an action of 711 (X, x) by R-automorphisms, there is a local coefficient
system L over X such that L(x) = M as Rrt-modules. Furthermore, L is unique up to functorial isomorphism.

An important result on cohomology with local coefficients that we will use in this work states that for a
path connected space X,

HYX;L) =2 Q(m, L(x)) /P (m,L(x)),

where the last quotient denotes crossed homomorphisms over principal homomorphisms, see [27, theorem 3.3
on p. 276].

2.3.1 The setting for cohomology with local coefficients
For a more detailed treatment of what follows we recommend to see [27, chapter 6, section 2].

Definition 2.14. Let G and H local coefficient systems over X and Y respectively. A map
© = (61,602): (X;G) — (Y; H) consists of a continuous map 6;: X — Y and a homomorphism 6,: 6;H — G
of systems of local coefficients over X.
Two maps ©,¥: (X; G) — (Y; B) are homotopic if there isamap A = (A1, A2): (X x I, p*G) — (Y; H) such
that

)Llio = 91, and ibk/\z = 92,

Aip = 1Py, ifA2 = 1o,
where
ip: X — XxI and p: XxI — X
x = (xt),te{0,1} (x,t) — x

Lemma 2.9. Let K: X x I — Y bea homotopy from f := K(—,0) to ¢ := K(—, 1) and H a system of local coefficients
in'Y. Then f*H and ¢* H are isomorphic.

Proof. Let us write G = ¢*H and R = f*H. We define ®: G — R such that ®(b): G(b) — R(b) is given by
H(K(b,—)) for each b € X. If a is a path in X from b; to by, then

®(b1) 0 Gla) = H(K(by, -) (g o))
R(x) o B(by) = H((f o) *K(bz, -)).

Now ®(b1) o G(a) = R(a) o ®(by) provided (f o) * K(by, —) = K(by, —) *(g o «), to see the last homotopy,
it is enough to show the existence of amap L': I x I — Y, such that

L'(s,0) = (foa)(s),
L'(s,1) = (goa)(s),
L/(O, t) = K(blr t)r
L'(1,t) = K(by, t)

Take L' = Ko (a x idj). O
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Remark 2.4. Suppose that f,g: X — Y are homotopic through K and H is a system of local coefficients
in Y. Consider the maps ©,¥: (X, f*H) — (Y, H) givenby ® = (f,id) and ¥ = (g,g’), where ¢’ is the

isomorphism given by lemma 2.9. Define A = (K, ") where A’ = Hk(x,)|[0,1])- Then © A ¥ and therefore
they induce the same map in cohomology, which means there is the commutative diagram

H*(X, f*H) ~I— H*(Y,H)

e

H*(X,g"H),

where the vertical isomorphism is induced by ¢’. In particular ker f* = ker g*.

2.4 Effective topological complexity

Definition 2.15. The Schwarz genus or sectional category of a fibration p : E — B, secat(p), is the smallest
k € IN such that B can be covered by open sets Uy, . .., Uy in such a way that for every i = 0,...,k, there
exists amap s; : U; — E such that p os; is the inclusion map U; — B.

Remark 2.5. Notice that TC(X) and TC,(X) are particular cases of the Schwarz genus of a fibration.

Let X be a space with a left principal action of a topological group G. Fori € {0,1} lete; : PX — X be
the fibration defined by ¢;(y) = (i). Consider the pullback of the morphisms ¢j : PX <% X 4 X/Gand
e1: PX 3 X 1 X/G, where g denotes the canonical quotient map,

PX xx,c PX PX
Jo

X

Js
PX ———— X —— X/G.

For brevity let us write P,(X) for the fibered product
PX xx,6 PX = {(a,B) € PX x PX|a(1) = B(0) mod G}.

The next definition is due to Z. Btaszczyk and M. Kaluba, and arises from the idea that in the problem of
motion planning, the symmetries present in configuration spaces can be used, see [3].

Definition 2.16. The reduced effective topological complexity TC?(X) is the sectional category of the fibration
p2: P2(X) — X x X given by pa(«, B) = (a(0), B(1)).

For a topological group G acting on a space X, higher versions TC®*(X), k > 1, are central in [3], however

if G acts freely on X, TC%*(X) = TCC?(X) for all k > 2. Since we are interested in the case of a free action,
we will only deal with the case k = 2.

Whenever we want to study in detail a fibration, an important ingredient is knowing the monodromy,
that is, the action of the fundamental group of the base space on the fiber. In order to do this, as first step we
give a reformulation of the fibration p,, and as second, and final step, we describe such action in terms of the
previous step. From now on we will assume that G is a discrete and finite group.

First, for ¢ € G let us define

Py g(X) := {(a, ) € P(X) x P(X) |a(1) = g- B(0)},
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then for the fibration p,, since G is discrete, finite and acts freely on X, P, (X)

is the topological disjoint union

Py(X) =[] Pog(X).

g€eG

Furthermore, notice that P ¢(X) 2 P, (X) = P(X),g € G\ {e} 1.

! The homomorphisms are given

In these terms, the fibration p, takes the form by the maps
= 0),2-v(1)), e PZ,g(X) — P(X)
pa(y) = (7(0),g-7(1)) wp) o (g B

for 7y in the copy of P,(X) corresponding to P, ¢(X), and hg: Pre(X) — Prg(X)
. (0,p) — (vg-p),

Py (x0,X0) = L[ Maps(I,0,1; X, xq, g - x0) i Pe(X) — P(X)

g€G (0,8) — axp,

~ G x OX. and
h: P(X) — p2 e (X)
The last homotopy equivalence is given as follows. For each g € G, fix T = (g, By),

¢ € Maps(1,0,1; X, xo, g - X9), we choose ¢, as the constant curve at xo,
consty, . For a continuous curve c from xq to g - xo, ¢ * (]Tg is a loop at xg, and

for a loop £y, at xo, £x, * ¢ is a continuous curve from xq to g - xo. Then

fé : Maps(1,0,1; X,x0,8-x) —> {g}xQX
c — (g cxgg)
and
hé : {g} xQX — Maps([,0,1;X,x0,8 - x0)
(8 lx) = Lxg g
are homotopy equivalences, one inverse of the other.
Second, we describe the action of 71 (X x X, (xo, %)) on p, * (xo, x0)

in

terms of the homotopy equivalence p, L(x0,x0) ~ G x QX noted above.

Given a loop
c: I — XxX
T = (01(1),02(7))

at (xo, xo), the HLP for p says that the following diagram has (a non-unique)

solution H,

(Gx QX) x {1} —— P(X)

I /,fl’a/l ll’z

(GX QX)X —— XXX,

(o Proj,
Under the above considerations the top map in the diagram is given by

(GxQX)x {1} — Py(X)
((8€x), 1) = (b, 8 Pg),
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and an explicit solution H, : (G x QX) x I — P»(X) is given by
Hol(g,60),7) = (850 8 Bugr ).

_ 1 _ 1,1
where ag,%,f(s) = Tl (js) and ﬁg,nglT(s) = Vg byt (E + js) for

’)/g/fxoﬂ': I — X

01(3s + 1), 0 <s<Li7,
s oo Qlerey) (), SE<s<HE
g 0 (T+3—23s), ”ngsgl.

In these terms, the monodromy action of [0] € 71 (X x X, (x9,xp)) on the homotopy fiber of p, corresponds
to the (homotopy class of the) map

GxQX — py(x0 x0)
(8 lxy) +  Ho(g,lx,,0).

In terms of the discussion in the first step, the latter map takes the form

fo: GxOX — GxOX B
(g, 0x) = (g, 01%lx xPpg*g - Taxg).

Where a bar on top of a path stands for the path transversed in the opposite direction. Graphically,

To close this section, we interpret the action of (X x X, (xg,%p)) on G x QX in the setting for
1-dimensional obstruction theory when the fiber is not path connected i.e., on reduced 0-dimensional
homology. This is, of course, the “effective” analogue of the interpretations done in [8] for regular TC.

On the one hand, the induced map

(fo)e: Ho(G xQX) — Hy(G x QX)

is an isomorphism and the above construction gives a monodromy on Hy(G x QX). On the other hand, as
abelian group, Hy(G x 2X) is free on the elements of 779(G x QX). Since there is a canonical bijection of

pointed sets: 771 (Y, y0) = 710(Q(Y, y0)), it follows that Hy(G x QX)) is free on the elements of G x 71 (X, xo)
and Hy(G x QX)) coincides with the augmentation ideal

(G x m1(X,x0)) = ker(Z[G x m1(X, x0)] — Z).
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From the considerations in the second step above, we see that 711 (X x X, (x¢, xp)) acts on a basis element of
I(G x m1(X, x9)) by

([o1], [02]) - [(&, [ex]) = (e, 1)] = (8, [0n] [£xo] 5] [g 073 [
= (8,[01] [£x] [95]) D5 (@) |

with
e (X,x0) — (X,g-x0)
X = g X,

An important property of the effective topological complexity is given by the inequality
TC®?(X) < TC(X/G),

if X is a free G-space. This inequality is not elementary, it follows from two facts. First, easily from
the definitions one can see that TC®?(X) < TC®(X), where TC®(X) denotes the invariant topological
complexity of the space X, see [23]. Second, from the properties of the invariant topological complexity for
free actions, TC®(X) = TC(X/G).

Remark 2.6. In unpublished work, Z. Blaszczyk, J. Gonzalez and M. Kaluba showed that if G is a group
acting principally on X, the map

h: XxG — Py(X)=P(X)xx,cP(X)
(x,g) > (consty,constg.y)

is a homotopy equivalence. Furthermore, the “fattened diagonal”

ji GxX —= XxX
(&x) — (%8 x)

has p; : P,(X) — X x X as fibrational replacement.

2.5 The obstruction theory setting

2.5.1 Sectioning a fibration over the 1-skeleton

In this subsection we review some of the fine (and not so standard) points in the obstruction-theory viewpoint
for the problem of constructing a section of a fibration.

Let p : E — B be a fibration with B a path connected CW complex and whose fiber F is (k — 1)-connected,
k > 1 (if k = 1, it is also assumed that 771 (F) is abelian, so that F is 1-simple). The primary obstruction to
the existence of a section of p is a cohomology class o(p) € H**1(B; 7t (F)). Here the coefficients may be
twisted by 711 (B). The definition involves choosing a section on the k-skeleton and analyzing, withing a
cohomological setting, the obvious homotopy obstructions to extend the chosen fibration on each (k + 1)-cell.
The resulting primary obstruction o(p) is canonical, as it does not depend on the chosen section on the
k-skeleton. A clarification has to be made here about finding a section over the 1-skeleton of B. A section over
the 0-skeleton always can be extended to the 1-skeleton if F is path connected, the interesting case occurs
when F is not. It turns out that in this case, the primary obstruction to the existence of a section of p over the
1-skeleton of B is defined as well, it is a cohomology class o(p) € H!(B; Hy(F)), and can be defined directly
in terms of the monodromy action of the fundamental group of the base space on the reduced 0-dimensional
homology of the fiber space. We review below the technical details in the latter situation (see for instance [8]).

Let p: E — B be a fibration with fiber F and 0-connected base space B. Denote for K(?) and K(!) the
skeletons of dimension 0 and 1 of B respectively. Let ¢: K() < B be the inclusion map and go: K — E
such that po gy = ¢|K (), We want to study the problem of extending the section gg of p on K© to a section
of p on K(1:
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Let e, be a 1-cell of B with characteristic map hy: (A!,0A!) — (eq, dey).
Consider the fibration g, : X, — Al induced by the map ¢ o h,, and consider

the partial cross-section k, of g, determined by the maps gg o l1,|dA! and
IAl — AL

/
K©)

— K@

f1a|OAT
LX
%

< Al

Clearly, the study of extending go form K to K is equivalent to
studying whether or not k, (0) and k, (1) lie in the same path component of
X, for any a. Note that any extension of k, to A! can be fixed to be a section
for g, due to the HLP of the latter fibration.

Since Al is contractible, the fibration Go: Xo — Al is fiber homotopically
trivial and the space X, has the same homotopy type as A! x F, and there-
fore as F. Let ¢: X, — A! x F be a fiber homotopy equivalence. Deciding
whether or not k, (0) and k4 (1) lie in the same path component of X, can be

F F posed in terms of ¢: Are ¢k, (0) and ¢k, (1) in the same path component?
l l In turn, this last problem can be posed in monodromy terms as follows:
¢ Since A! is 0-connected, the path components of A! x F are in one to one
A' X F «—— X, correspondence (via the projection 7, : Al x F — F onto the second fac-
l l ‘kx tor) with the path components of F. Writing ¢k, (i) = (i, f;) € A! x F for
i = 0,1, we then see that ¢k, (0) and @k, (1) lie in the same path component
Al +—— 9A! of Al x F if and only if (0, fy) and (0, f1) lie in the same path component of
{0} x F, which is a fiber of the projection 7r; : Al x F — Al. The point to
1 note is that 771 (is a trivial fibration and, as such) has trivial monodromy,
({1} < F) x {1} A X F so that (0, f1) is the monodromy action on (1, f1) = ¢k,(1) of the identity

\[ / T path v :[0,1] — Al. Summarizing, the obstruction for ¢k, (0) = (0, fo)
({1} x F) x [0,1] —— and ¢k, (1) = (1, f1) to be in the same path component is given by

7Y °proj; [7] - [9ka(1)] — [@ka(0)] € FO(P)’

Al —
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where brackets around 7 stand for homotopy (rel 0, 1) class, and brackets around ¢k, (0) and ¢k, (1) stand
for 0-dimensional class.

Since ¢ is a fiber homotopy equivalence, and since monodromy actions are functorial with respect to pull
backs of fibrations, we deduce that the obstruction cochain ¢ = ¢(gg) € C! (B; Hy(F)) for extending go to a

section of p over the 1-skeleton assigns to each 1-cell e, with characteristic map h, : (Al, aAl) — (K @, K (O))
the element

[a] - 180012 (1))] = [20(1a(0))] € Hy (i o))
where Fj,  is the fiber of p over ¢(ha(0)).

Obstruction theory will be used in conjunction with the fiberwise join product, which we review below.

Definition 2.17. Given two fibrations p; : E; — B, i = 1,2, the fiberwise join of p; and p; is the fibration
p1 ; p2: Eq ;Ez — B, where E; *g E; consists of the formal sums

{te1 + (1 —t)ex € Ey *Ez | p1(e1) = pa(e2),t € {0,1}}
and

(mzpz) (ter + (1 —t)ex) = pi(er) = pa(e2).

The join construction can be iterated. In particular, given a fibration p : E — B we can form the (k + 1)-fold
iterated self-join of p, ;'; p. Thus

pep amd = (i)

Note that if p has fiber F, then p has fiber F**+1), the (k + 1)-iterated regular join of F with itself.

The following two theorems were proved by Schwarz, who connected the genus of a fibration with the
existence of a section in a certain join of that fibration. See [26, theorem 2 on p. 66] and [26, theorem 4 on
p- 73]. In [26] all the fiber spaces are supposed to be locally-trivial and all topological spaces normal and
paracompact.

Theorem 2.10. For a fibration p : E — B, secat(p) < k if and only zf;z p admits a global section.
Theorem 2.11 ([26]). Let 6 € H! (B;E(F)) be the obstruction for sectioning a fibration F — E Y, B over the

k+1
1-dimensional skeleton of the CW complex B. Note that * F is (k — 1)-connected, so that ;f: p admits a section over the
kth skeleton of B. If k > 2, then the primary obstruction

k+1
6k+1 S I‘IkJrl <B, Tk ( ”—j— P>>

for sectioning *pon the (k + 1)-skeleton corresponds with the (k + 1)th power
g+l ¢ gkt (B'E(F)(g)(kﬂ))
under the isomorphism of coefficients given as the composition

ﬁo(l:)@(kJrl) i~ FO(P) (F/\(k+1)) ~ (k:-l F> ~ <k;ﬁi-1 F) .

Here the first isomorphism comes by the Kiinneth formula, the second isomorphism is the suspension isomorphism in

k+1
homology (since * F= Zk/\k+1F> and the third isomorphism comes from the Hurewicz theorem (since k > 2).
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Now suppose that X is a path connected CW complex, dim(X) = n > 2, and you are interested in
knowing if the inequalities TC(X) < 21 — 1 and TC®?(X) < 2n — 1 hold. In terms of theorem 2.10, you are
asking if the fibrations

* d *
2n—-1 €01 an 2n—1 P2
admit a global section. There is an obvious commutative diagram of fibrations

QX ={e} x QAX — GxOX

Y

PX = P, .(X) Py(X)
€0,1 P2
A, 4
X X X e X X X

which yields the fiberwise analogue

¥ (Px ¥ (Py(x

FPX) —— ¥ (X))

2;;(71601 21>1k71p2
XXX:XXX,

since both fibers are (2n — 2)-connected, and since dim(X x X) = 2n, there is only one primary obstruction

O € g (X % X; 7Tom 1 ((QX)*2”>>

for the inequality TC(X) < 2n — 1, and only one primary obstruction

O € H2 <X % X; 7Tom 1 ((G x QX)*Z”)>

for the inequality TC®2(X) < 2n — 1, where underlined groups indicate twisted coefficients. Furthermore,
the functioriality of primary obstructions implies that O hits O under the morphism

oo+ H2" (X % X; 7oy 1 ((QX)*Z”)> s H (X % X; 7o 1 ((G X QX)*2”>) 2.1)

corresponding to the map of twisted coefficients induced by the inclusion of fibers ((AX)*?" — (G x QX)*?".
Note that the primary obstructions for sectioning eg; and p, on the 1-dimensional skeleton of X x X

are cohomology classes 0 € H! (X X X;ﬁO(QX)) and og € H! (X x X; Hy (G x QX)) Using again the
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functoriality 2 of primary obstructions, we see that p1(0) = og, where
o1 : H! (X x X;E)(QX)) — H! (X x X; Hy (G x QX))

is the 1-dimensional analogue of (2.1). Further, in terms of theorem 2.11,
0?" = 0 and oé” = Og.

2 The functoriality asserted here is
easily seen from the fact, (reviewed
in this section) that 1-dimensional
obstructions are given in terms of
monodromy actions.
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3

The stability of the higher topological
complexity of real projective spaces: an
approach to their immersion dimension

This chapter is an exposition of joint work with Jestis Gonzalez and Aldo
Guzmén-Séenz [5] 3. Here we describe a number r(m), which depends
on the structure of zeros and ones in the binary expansion of m, and with
the property that TCs(IRP™) is given by sm with an error of at most one
provided s > r(m) and m # 3 mod 4 (the error vanishes for even m).
Recently, D. Davis, based on the results that we describe in this chapter, has
found the best lower bound for TC;(RP™) coming from mod 2 singular
cohomology considerations, see [9].

Throughout this chapter, we will only be concerned with simple coefficients

in R = Z,, and will omit reference of coefficients in writing a cohomology
group H*(X). In these terms,

Ar: HY(XS) = H*(X)®% — H*(X)

is given by the s-fold iterated cup-multiplication, which explains the nota-
tion “zcl” (zero-divisors cup-length) for elements in the kernel of A;.

3.1 Cohomology input
Recall from [1] the inequalities that relate cat(—) and TC(—):
cat(X571) < TC4(X) < cat(X®).
Since cat((RP™)%) = sm for any s, the monotonic sequence
TCy(RP™) < TC3(RP™) < -+ < TC(RP™) < -

21

3 [5] was published as part of [6].
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4 [17] was published as part of [6].

has an average linear growth. This chapter’s goal is to study the actual
deviation of the above growth from the linear function sm.

The inequalities zcl;(RP™) < TCs(RP™) < sm, provided by proposi-
ton 2.1, suggest the following definition.

Definition 3.1. Form > 1 and s > 2, set
Gs(m) = sm — zcls(RP™)

and
ds(m) = sm — TCs(RP™).

Remark 3.1. (i) We have the inequalities
0< 55(’”) < Gs(m)' (3.1)

(ii) Before stating and proving theorems involving Js and Gs, we inform
the reader that the proofs of such theorems use the following notation.
Fors > 2,let x; € H'((IRP™)?) be the pull back of the non-trivial class
in H'(RP™) under the i-th projection map (RP™)* — RP™. Note
that we do not stress the dependence of x; on s. This is because, if
s' > sand 7y : (RP™)*" — (IRP™)S is the projection onto the first
s coordinates, then we think of the map induced in cohomology by
7ts ¢+ as a honest inclusion. Note that, in these conditions, the standard

(graded) basis of H*((RP™)*) consists of the monomials x{'x7 - - - x&*

where 0 < ¢; < m —recall that x;’”l =0.

To make this chapter self-contained, we include some theorems that are
due to J. Gonzalez, D. Gutiérrez and A. Lara, see [17] 4.

Theorem 3.1 ([17]). For m > 1, the sequence of non-negative integers { Gs(m) }s
is non-increasing,
Galm) = G(m) > --- > 0. (32)

Proof. The statement follows once the inequality
zclg 11 (RP™) > zcls(RP™) +m, s >2

is verified. If z € H*((RP™)?) is a non-zero product of s-th zero-divisors,
then
z- (1 +xe1)" =z (xq +-) #0.

O

The non-increasing sequence (3.2) stabilizes to some non-negative inte-
ger G(m) which is bounded from above by 2¢(") — 1, a fact that follows from
theorem 3.2. Here e(m) stands for the length of the block of consecutive
ones ending the binary expansion of m. Theorem 3.3 shows that in fact the
equality G(m) = 2¢(") — 1 holds.



CHAPTER 3. THE STABILITY OF THE HIGHER TOPOLOGICAL COMPLEXITY OF REAL PROJECTIVE
SPACES: AN APPROACH TO THEIR IMMERSION DIMENSION 23

Theorem 3.2 ([17]). The inequalities 0 < 65(m) < 2¢(m) _ 1 pold provided
s > £(m). Here £(m) = max{(m +1)/2¢0"),2} and e(m) stands for the length
of the block of consecutive ones ending the binary expansion of m (e.g., e(m) =0
if m is even 5). In particular, if m is even and s > {(m), 6s(m) = 0, so that
TCs(RP™) = sm.

Proof. From equation (3.1), it is enough to show that for s > {(m),
Gs(m) <2¢0m) — 1. Sete = e(m).

Fore > 1and s > 2, the inequality Gs(2° — 1) < 2° — 1 holds due to the
non-triviality of the s-th zero-divisor °

(x1 4+ x2)% g +x3)% 71 (a1 + x5)F T € HY((RPZ 1)),

If m > 2° — 1 and y stands for (m + 1) /2° ( > 3), then the product of #-th
zero-divisors

(o1 30)™ 2 o (1 )™ £ 0 € H((RP™)Y).
This claim follows from lemma 2.2: the hypothesis on m and e implies that
the binomial coefficient (m;ze) is odd, so

(xi + xy)" % = x:-"x%e + terms involving powers x} with j < m

for 1 < i < 5 —1. Thus, ignoring basis elements x|' - - -xZ” having
a; < mforsomei € {1,...,57 — 1}, the product of -th zero-divisors under
consideration becomes

ZE 26 26 -1 28
() () - () = gty
which is a basis element. This yields G, (m) < 2° — 1. O

Definition 3.2. Consider the finite sequence of numbers

{8¢(m) (1), B4y —1(m), ..., &2(m)},” (34)

we say that an element in this sequence is well controlled if it is less than or
equal to 2¢(") — 1,

Definition 3.3. Let A : ZT — Z be the function whose value in m,
A(m), is the smallest integer s such that for t > s, é;(m) is well controlled.

5 In fact e(m) is defined by the for-
mula

m = 220" — 1 mod 2¢("+1 (33)

6 It was shown in [17] that for a
fix j € {1,...,s}, the ideal of s
zero-divisors in H* (RP* ~1)®* js
geneated by the elements x; + x;
with1 <7 <sandi # j. Asketch
of the proof is given below. For
j=s,let

— a as
z= ) xlooexl
(aq,-..,a5)

be the expression, in terms of the
standard basis, of a homogeneous
s-th zero-divisor. Note that the
number of summands must be
even if deg(z) < m. Then, it is suf-
fices to prove that the following el-
ements lie in the ideal Is generated
by the binomials x; + x;:

(i) The sum of any two basis

elements in degree at most
m.

(ii) A basis element in degree
grater than m.
Items (i) and (ii) are dealt with in-
ductive arguments. For j # s, the
argument is identical to the previ-
ous one.

7 where {(m) is as in theorem 3.2.
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Remark 3.2.
(i) We refer to the tail elements
{Oa(m) (m), Sx(my—1(m), ..., b2(m)}, (3.5)
as the critical sequence.

(ii) Notice that e(m) = 0 for m = (0,2) mod 4, and e(m) = 1 for m = 1 mod 4. Thus the above theorem says
that, provided s > ¢(m),
ds(m) € {0,1} (3.6)

and
ds(m) =0, if m is even, (3.7)

where

0(m) = m+1, if miseven;
N ’”TH, if m =1 mod 4.

Therefore in our case of interest, m # 3 mod 4, an element in the sequence (3.4) is well controlled if satisfies
(3.6) and (3.7).

The functions Js are notably difficult to deal with as they reflect the intrinsic homotopy phenomenology
of the multi-sectioning problem for the fibrations in definition 2.2. A more accessible task is to deal with
the functions G; since, by construction, these objects depend only on the mod 2 cohomology ring of RP™.
However, in a large portion of the cases, we have J;(m) = G;(m), which justifies a careful analysis of the
functions Gs. Two central tasks in such a direction are (i) the computation of the stabilized G(m), and (ii) the
estimation of the smallest integer s(m) > 2 satisfying

Gs(m) = G(m) for s >s(m). (3.8)

Theorem 3.3 below, addressed task (i) above. Furthermore, its proof serves as preparation for one of the main
results of this chapter, theorem 3.4, which addresses task (ii) above.

Theorem 3.3. G(m) = 2¢(m) — 1,

Proof. As before, set e = e(m). The proof of theorem 3.2 gives G(m) < 2° — 1. Since the ideal of s-th
zero-divisors of RP™ is generated by the classes x1 + x; with 2 < i <, it suffices to show that no non-zero
product

(1 + 22)" 2 (o1 4 x3)" 0 - (31 4 x5)" T, (3.9)

where s > 2 and m +i; > 0, can yield a gap Gs(m) smaller than 2° — 1. In view of (3.3)
m+1=2% (3.10)
for some positive odd integer q. Assume, for a contradiction, that there is a non-zero product (3.9) with
sm — i _o(m +ij) < 2°—1or, equivalently, with
S
m<2°—1+ Z‘éz]-. (3.11)
]:

It can be assumed in addition that each i; is positive, for otherwise we just remove the corresponding
factor (x1 + xj)m+lf from (3.9) without altering (3.11). In this setting, we have that

1)2¢
xgu-&- )

divides (x; + xj)m“f, if i; > 2°u for some u > 0, (3.12)
for in fact (xq + xj)m+if = (x1 +x7)" 1 (x1 + xj)ze”(xl + xj)iffzeufl, where (3.10) gives

(x1 4 2)" (21 + xj)zgu = (¥ + x/ze)’ﬁu,
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e e
which is divisible by x%uﬂ)z as x? 7= x;”“ =0.

Now, for ¢ > 1, let p. be the number of integers iy, . . ., is in (3.9) that lie in the interval
{2°(c—1)+1,2°(c—1)+2,...,2%}.
Then (3.10) and (3.11) yield

2°q=m+1<2°+) 2%cp. ie. g<) cpe.
c>1 c

The punch line is that (3.12) implies that (3.9) is divisible by x] where

n=)Y 2cp.>2q=m+1
(o

which, in view of the relation xT“ = 0, contradicts the non-triviality of (3.9). O

Theorem 3.4 below estimates s(1) by a function whose value in m depends strongly on the number and
distribution on ones in the dyadic expansion of m. The formulation of this theorem requires the following
definition.

Definition 3.4. Let m be a positive integer such that m + 1 is not a 2-power, and set e = ¢(m). Let k be the
first positive integer with 25 > m (sok > e),and setdy = 2k —m — 1 (so dg is a positive integer divisible
by 2¢). Consider the non-negative integer t = (dy —2°)/2° and, for 1 < ¢ < t, setd;, = dy — 2°¢ (so
dy > dy > --- > dy = 2°). Define non-negative integers ry (0 < ¢ < t) by the recursive equations

m—(2“—1) . m+d0 — .
Al A J, if (";,°) =1mod?2;
0, otherwise,
mf(z"fl)fdgro . m+d1 — .
D e J, if (";")=1mod?2;
0, otherwise,
7117(2671)7110707!111’1 : m+d2 — .
nell 7 J, 1f(d2)_1m0d2,
0, otherwise,
) m*(Z"fl)*d(]rO*d’rjl”l*"'*dt—l"t—lJ L if (Wl;—tdt) =1mod 2;
p=9q L
0, otherwise.

t
Lastly, setr(m) =1+ )_ ;.
(=0

In definition 3.4, the dyadic expansion of dy is the “complement” of that for m. So (mz)do) is odd (and thus
ro = L%{;’*DJ). Further, since d; = 2¢, the binomial coefficient (m;tdf) is odd too (recall that m = 2° — 1

mod 2¢t1)). In addition, since 2¢ divides m — (2¢ — 1) as well as each d;, we actually have
! y

m— (2= 1) —dorg —dyry — - —diriy
dy ’

ry =

(3.13)

Theorem 3.4. With the notation in (3.8) and definition 3.4, s(m) < r(m).
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Proof. Lets =r(m)and s, =1+ Zf;(} r; for 0 < ¢ < t. Consider the product of s-th zero-divisors

t Ty
I1 (H (%1 + x54+i5)m+d[> . (3.14)

=0 \i;=1

By Proposition 2.1, it suffices to check that the expansion of (3.14) in terms of the standard basis of H* ((IRP™)*)
. . m—(2°=1) m  .m
contains the basis element x; xgte e xdt
Note that the ¢-th factor in (3.14) is to be neglected if r, = 0 and, by construction, this happens whenever
(m;[df ) is even. On the other hand, if 7, > 0 (so that (m;[d‘f ) is odd), then each of the factors (x1 + x;,, )"

in (3.14) takes the form

(%1 + xg, +i[)m+d‘ = xf"’ xg%_i[ + monomials involving powers xf[ iy
with p < m. Therefore, for the purpose of keeping track of basis elements of the form x7'x7? - - - x¢* with
a; = m for 2 <i < s, equation (3.14) becomes
= doro-+dyry+4d
) om o " rytetdire m m

TT( T (e xy, ) ) = sloorstineessdng o gn

(=0 \ ip=1
The result then follows from (3.13). O

Remark 3.3. (i) Theorems 3.3 and 3.4 give

A(m) <s(m) <r(m).
(i) As mentioned at the beginning of the chapter, D. Davis found the best lower bound for TC,(IRP")
coming from the techniques in this work, in [9] he gives a descriptions (both recursive and direct) of
the function s(m).

3.2 Binary expansions

In this section we illustrate the way in which the values of the function r(m) depend on the number and
distribution of ones in the binary expansion of m. With this in mind, it is convenient to set a suitably flexible
notation.

Definition 3.5. Let m be a positive integer. Write m = Y._ b;2' with b; € {0,1} and b, = 1. The binary
expansion of m, that is, the string of zeros and ones b, b, 1 - - - by, starts (from the left) with a block of ones,
say n; of them; then it has a block of zeros, say z; of them; then it has a second block of ones, say 1, of
them, and so forth. The codified binary expansion of m, cbe(m), is the (finite) sequence of positive integers
cbe(m) = (ny,21,n2,...).

Remark 3.4. (i) The length of the sequence cbe(m) agrees mod 2 with m, and y is the integral part of
log, (1).

(ii) Itisstandard to seta := ) n; (the number of ones in the binary expansion of m) and v := min{i: b; # 0}
(the exponent in the highest 2-power dividing m). For instance, v = z,, when cbe(m) = (11,21, ..., 1w, Zw)-
If we need to stress the dependence of the parameters ¢, «, y, v, b;, n;, or z; on m, we use the notation
e(m), a(m), p(m), v(m), bj(m), n;(m), or z;(m), accordingly.

(ili) The relation cbe(m) = (n1,2z1,n,...) sets a bijective correspondence from the set of positive integers m
to the set of finite sequences of positive integers (n1,z1,m2,...), and we use
p2(ni,z1,np,---) = m for the inverse function. In fact, it will be convenient to replace the nota-
tion pp(ny,z1,na, - - - ) by the corresponding binary expansion 1"0%11"2 - - -, where exponents indicate
the number of times that a zero or a one is to be repeated.
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Proposition 3.5. Let m be even with cbe(m) = (n1,21,...,Mw,2w) and ny < ny < - -+ < ny,. Assume ny, < zy
for 1 < u < w (this condition can be thought of as saying that the blocks of ones in the binary expansion of m are
“suitably” spaced). Then r(m) = 1+ 2"«. More explicitly, the non-zero numbers ry (0 < ¢ < t) in definition 3.4 hold
forl € {xy, ly: 1 <u < w} where

Ky = 1710™1%2 . .. Onu—l121/—10”u+zu+”'+”w+zw;

£u = 17102172 ... Q" u-11%u-1(Q"*u1%u—"u 0”u+”u+1 +zZy 1t tnetze )

(Just as the sum Y37, (n; + z;) is ignored for u = w, the initial segment 1*10"21%2 - - - 0"u-11%u-1 in the two binary
expansions above should be ignored for u = 1. For instance xq = 0.) Furthermore
re, = 2" —1 with dy, = 1710"1%2 ... 0" 1%,
re, =1 with dy = 1"0"1%2 ... 0" 1%,

and, for u > 2,

P, = 2" — 2"t — 1 with dy, = 170M11%01 . Q] %,
r, =1 with dy, = 1QM+11701 . Qo]

Proof. The assertion following definition 3.4 obviously generalizes to the observation that, for any u €
{1,...,w}, the binary expansions of d, and d;, are complementary to that of m. In particular all binomial

coefficients (m;l;d"“) and (m;r[d‘“) withu € {1,...,w} are odd.

We start by considering in detail the (slightly special) case u = 1. The equality ro = 2"1 — 1 follows from
the fact that (2" — 1)dy < m < 2™"d,, which in turn holds since

m— (2“1 — 1)d0 = 1MQ%1"20%2 ... (e — 17102172 ... ) w]Z0 ()M 4
1710122 ... Q123w

— 1n1+zl+n2+zz+‘..+nw+zw —1710M"21%2 . .. Q"M 120 Q™M (315)
=1"0%2...1"0p**1™ >
and m — 2"dy = 12072 . . - 1" (0?0 1™ — 151072172 . . . 0"« 1%« < 0, due to the assumption 1y < zj.
Next we show that
rp=0 for 0 < £ < {. (3.16)
For such a value of £ we have
0M1710™21%2 . .. 0" 1% = dy > dy = dy — £ > dy — 0 = 07117102122 . . . "w]%, (3.17)

so that the binary expansion of dy must have at least one of the zeros on the right-hand side of (3.17) changed

toa 1. If such a 1 appears in one of the blocks 0" with 2 < i < w, then the binomial coefficient (m;[d’ ) is

obviously even, and so ry = 0. Otherwise, the 1 must appear in the block 0?1, so that

dy > omtna+zyt e tze

In such a situation the vanishing of r, follows from the easy-to-check fact that

oMtz otz gy doro.

For the case ¢ = /1, note that
de, <m —dorg < 2dy,, (3.18)
which yields r,, = 1. The first inequality in (3.18) holds since
dg, +2"dy = 05110172 - . . 0" 130 4-1#10"21%2 . . . Q"M@ 20 ™M
< pmAatetetIo — gy do
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where the inequality comes from the fact that both
Ozl 1™ 0”2 . and 14 0”2 .

have zeros in their (17 + z1 + 1)-st position counted from the left, so that any previous carry in the binary
sum disappears at that spot, while no further carries appear from that point on. The second inequality
in (3.18) holds since

m+dy = 1A+ etz
< 07171MR172 . L "0 1R0 4 171072172 - - - 0 170
= 2d,, +2"Mdy
where the inequality is due to the fact that a carry is forced at the end of the binary sum of
0271™m ... and 1710™....

It is convenient to note at this point that the numerator in the quotient defining the next non-trivial r,
0> 1ty)is
m— (2" —1)dg —dy, = m —1710"2122 ... Q"0 1% Q" 4-1#10"21%2 . . . Q"5
—1Mmpgm1%22... QW%
=m—170"1%2...0"1% Q"
L1517 m omtmtzttietze
=1M0711"0%2 . . . 1"
— 1Mmpx—mpn2qz2. .. lwZe

(3.19)

The case u = 1 will be complete once we show that r;, = 0 for /; < ¢ < k. Such a value of ¢ has
dog— 0 >dg =dyg— ¥ >dy—1o,1ie.

0711MQ"21%2 . .. 0w 1% = dy — 01 > d; > do — kp = 01H71Q121%2 ... (w0, (3.20)

so that the binary expansion of d, must have at least one of the zeros on the right-hand side of (3.20)

changed to a 1. As above, if such a 1 appears in one of the blocks 0" with 2 < i < w, then the binomial

coefficient (m;l;df) is obviously even, and so r;, = 0. Otherwise, the 1 must appear in the block 01771, so that

dy > 2mt2t - thetze In such a situation the vanishing of r, follows from the fact that 2”222+ v +zw jg
strictly larger than (3.19), which in turn is observed from the binary-sum setup below.

21 np+zo+ etz M
—N—
1}1102171’11 01’!2 122 V. Onw 1Zw 0}’11
—+ 10™0%2...(Q"% ()%
N~ N ———
n ny np+zy+ etz
4
21
1"Mo*t... < 1™M000---01---
N——
21—1

The cases 1 > 2 can now be dealt with recursively, using part of the previous analysis. For the start of the
recursion we have to check that r,, = 2"2 — 2™ — 1 or, equivalently, that

(2 —2M — 1), <m — (2" —1)dg — dy, < (2" —2")dy,.
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Again, both inequalities are verifiable from the corresponding binary expansions. Indeed, (3.19) yields

m—(2" —1)dy — dgl — (2" =2" —1)d,,

= 1"MQ%11"0%2 ... "%« — 1MQpA1—"Qg"21%22 ... Qw120 —
(2" — 2" —1)dy,

= 1Mp*11M"0%2 ... "0 Q?@ 4 "21%2 ... Q"] %0 —
1Mo ~"MQ"1%2 . .. Q"1™ — (22 — 2”1)dK2

— 1mQA TR et e _ (mgA 2]z ... (e ]2 ()M 4
0"21%20"31%8 ... Q" w1%w (" — znszZ

— (mpA ettt e te _ (mga-n g+t et zetn 2",

(3.21)

= 1M~ 1n2+zz+---+nw+zw _ 1n1021+n2+zz+---+nw+zw_
17220123 ... )lw 2w ("2

_ 1111021 11’!2+Zz+"'+1’lw+2w — 1M 021 12207’13 1% ... Onw 1Zw01’l2

— 1}’13023 . 111“702&;1712 Z 0,

and so
m— (2" —1)dy — dgl — (2" =2")d,, =1"0% . . . 1" ]2 —
1720"1" ... Q" 1% < Q.

From this point on, the proof enters a recursive loop which starts (for # = 2) with the fact that the two
relations

re=0 for x, <l</l, and r; =1

are shown for 2 < u < w following the arguments proving (3.16) and (3.18), respectively. In fact, the situation
is formally identical as the reader will note by comparing (3.21) with (3.15), as well as by comparing the
easily verified fact that (3.19) takes the form

1207213073 . . . Mw (e — (27 M1%22()"31%3 ... ('tw 120
with

m — (2711 — 1)d0—dg1 — (2”2 — 2”1 — 1)d;(2 — dgz
=1"0% ... 1" 01" — d,, (by (3.21))
= 103 ... 1" "2 — 123123 ... ("w]%w
= 1""M0%3 ... 1w _ (3173 ... (w5

— 1713023 R 1nw02w _ 07’[3—1’12123 - Ol’lwlzwo}’lzl

where the last equality is obtained by complementing with respect to 1”372+ 1w 2w,

O

Remark 3.5. Proposition 3.5 can be generalized slightly. Specifically, the hypothesis n, < z, for1 <u < w
can be weakened to requiring only 1, < z, for 1 < u < w without altering the main conclusion r(m) =
1 4 2"« . The explicit description of the non-trivial r,’s changes only slightly since x,, = ¢, (and of course
dy, = dy,) whenever n, = z,, in which case the two values of 7, and r,, will merge into the single

— — Ny __ oMy
Ty _réu =2 2"

(interpreting 20 as zero).
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Remark 3.6. More generally, for m as in proposition 3.5 (and with the hypothesis n,, < z, replaced by the
more general requirement n,, < z,), assume that the binomial coefficient

m+j
(m) -

is odd for some integer i € {0,1,...,2*¢ —1} and j = (i +1)(2" + 1) — 2. Then the proof of proposition 3.5
can be adapted to give r(m +i) = 1+ 2"«. Note that the hypothesis i < 2% implies that the first 2w — 2
terms in cbe(m + i) agree with those of cbe(m), though the number and form of the subsequent terms in the
two codified binary sequences might bear no relationship to each other. Thus, this example allows us to
identify instances of m’ where the suitable spacing conditions in proposition 3.5 hold only partially, and yet
r(m') has a simple description (see proposition 3.8).

Remark 3.7. The binomial coefficient (3.22) is odd in a many instances. A simple way to see this is by

observing that the mod 2 value of (3.22) agrees with that of the binomial coefficient (i) whenever the
condition i < 2% is strengthened to j < 2%¢. (The latter hypothesis can be thought of as requiring that the
dyadic “tail” i in m + i is “far enough” from the last block of ones in the binary expansion of m). It is then

worth noticing that the mod 2 values of (5) (as i varies) have an interesting arithmetical behavior. Consider,
for simplicity, the case w = 1 = n1, where a nice Fibonacci-type fractal pattern arises for the parity properties
of the resulting binomial coefficient (}) = (*/1) 3

. Indeed, if we list the mod 2 values of ( in the range

20 < i < 20+1 _ 2 with i even, we get the first 2(=2 humbers in the series

13,0,1%,0%,13,0°,1%,0,12%,0'°,13,0,1%,0%,1%,0%,13,0,12,0%,13,0°,13,0,1%, 0%, ... (3.23)

followed by 2!=2 zeros. Here the notation “a%” stands for “a,a,...,a” where a is repeated b times. The

Fibonacci-type behavior enters as follows: Let f. denote the sequence of the first 2¢ digits in (3.23). For
instance fy = (1) and f; = (1,1). Then, for ¢ > 2, the sequence f, is the concatenation of f._; followed by
fe—2, and followed finally by 2°2 zeros.

Remark 3.8. The case i = 0 in remark 3.6 specializes to proposition 3.5. In turn, the case 11 = w = 1in
proposition 3.5 was obtained in [18, theorem 4.3] as part of a series of sharp results for the higher topological
complexity of certain families of flag manifolds. In fact, it was the stabilization phenomenon “TCs; — shdim”
noted in [18] for flag manifolds that motivated us to take a closer look at the situation for real projective
spaces.

Other instances in the explicit description of the function r(m) are described in the remainder of this
section (for m even), with attention restricted to cases where the binary expansion of m has at most two
blocks of consecutive ones. For instance, proposition 3.5 (as generalized in remark 3.5) and proposition 3.6
below account for a full description of the function r(m) when m is even and has a single block of consecutive
ones. The proofs of propositions 3.6 and 3.7-3.10 below follow the same strategy as that used in the proof of
proposition 3.5; however the actual arguments are much easier and, consequently, will be left as an exercise
for the diligent reader. We will only focus on cases where m is even, in particular e(m) = 0 and d, = dy — /.
Accordingly, we will specify (the binary expansion of) d,, but will omit explicit reference to ¢. (Both ¢ and d,
were described explicitly in the statement of proposition 3.5 for proof-referencing purposes.)

Proposition 3.6. Let m be even with cbe(m) = (n,z) and n > z. Then

1 ‘
r(m) =1+) 2"7%,
i=0

where 1 stands for the largest integer which is strictly smaller than n/ z. Explicitly, the non-zero numbersry (0 < ¢ < t)
in definition 3.4 hold for ¢ € {{1,(} with

u 4
ry =Y 2 1
i=0

and rg, =1, wheredy = 1% and d,, = 1"~
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Just as in remark 3.5, when n — 57z = z, so that {1 = {,, the two values r/, and r;, should be interpreted as
merging into the single

Ui )
_ _ n—iz
Tgl = ng = ZZ .
i=0

A similar phenomenon applies with propositions 3.7-3.10, but we will make no further comments on such a
direction.

Remark 3.9. The weakest instance in Proposition 3.6 holds with z; = 1 (that is, when m + 2 is a 2-power), for
then r(m) agrees with the linear function ¢(m) in section3.1.

When m is even and cbe(m) = (ny,z1,12,22), the hypotheses in proposition 3.5 (as generalized in
remark 3.5) become
ny < np, np <z, and np < z,. (3.24)

The following results describe the value of r(m) when all but one of these inequalities hold. Note that
proposition 3.7 below is analogous to Proposition 3.6, while Proposition 3.8 below fits in the setting of
Remark 3.6 (as simplified in remark 3.7).

Proposition 3.7. Let m be even with cbe(m) = (ny,z1,n2,22), 11 < z1 and max{ny,z;} < ny. Then

Ui )
rim)=1+) 2m =
i=0

where 1 stands for the largest integer which is strictly smaller than ny/zo. Explicitly, the non-zero numbers ry
(0 < £ < t) in definition 3.4 hold for £ € {kq,01,%,a} with ¢, = 2" —1, 1, = Z?:o 2M=iz2 _2M _ 1 gnd
re, =r1e, =1, where dy, = 1710172, d;., = 172, dgl = 1M0"1%2, gnd dgz = 1"m71%2,

Proposition 3.8. Let m be even with cbe(m) = (n1,21,12,22) and ny < ny < min{zy,z}. Then r(m) = 1+ 2™.
Explicitly, the non-zero numbers ry (0 < ¢ < t) in definition 3.4 hold for £ € {x1, {1} withry, =2" —landr, =1,
where d, = 1710"172 and d,, = 120721,

Proposition 3.9. Let m be even with cbe(m) = (nq,z1,n2,22) and ny < zp < ny < z1. Then
r(m) —142m 4 zmin{nz,nl—zz}'

Explicitly, the non-zero numbers ry (0 < ¢ < t) in definition 3.4 hold for £ € {x1,1,x2, la} with 1, = 2" —1,
Ty = pmin{na,m—2} _ 1 gpd re, =1, = 1, where dy, = 171012, d,,, = 172, and

dy, = 1m0M1%2 and dg, = 1722, provided ny > nq — za,
dy, = 1"20%21"M"2720"1%2  andd,, = 1", provided ny < nq — zp.

Proposition 3.10. Let m be even with cbe(m) = (n1,z1,n2,2p) and zy < ny < ny < zp. Then r(m) = 1+ 2",
Explicitly, the non-zero numbers ry (0 < £ < t) in definition 3.4 hold for ¢ € {xq, 01,1y, {2} with

iy =2" — 1, —2,

1
q

ey = 2n1+1(2n2—n1—1 _ 1) +2p(221—1 _ 1) Zzizﬁ-Z +2p+l _ 1,
i=0

e, =%y, = 1,

where dy, = 1910"21%2, dy, = 122, dy = 17102122, and dy, = 1"2. Here q and p stand, respectively, for the quotient
and remainder in the division of n1 — z1 — 1 by z1.
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3.3 Immersion dimension via higher TC: An example

The idea behind this section is to exemplify not only that Gs(m) and Js(m) are closely related, but that
the monotonous behavior of the sequence {G;(m)}s seems to be particularly attractive in the critical se-
quence (3.5).

Let us start by considering small-dimensional examples, and the way they become part of larger families
sharing similar properties.

There are three singular situations: RP! is a circle, and it certainly fits in the well known description
of the higher topological complexity of spheres, where the dimension of the sphere plays the decisive role:
TC;(S%) = s, while TC;(S%*+1) = s — 1, for any s > 2, see [1]. Closely related is the case of the H-spaces
RP? and IRP?, so that [24, theorem 1] gives TCs(RP™) = cat((RP")*~') = m(s — 1) for any s if m € {1,3,7}.

The first truly interesting case is that of the projective plane, which immerses optimally in three-
dimensional Euclidean space as the Boy Surface, so TC(RP?) = 3. Note that this is just one below
the dimensional bound in Proposition 2.1, which contrasts with the fact (from theorem 3.4) that

TCs(RP?) = 25 for any s > 3. (3.25)

It is worth remarking that (3.25) is part of a more general phenomenon: Any closed (orientable or not) surface
S, other than the sphere, and the torus, has TC,(S) = 2s whenever s > 3 (c.f. [18, theorem 5.1]); this should
also be compared to the fact that TC,(S) = 4 for any (orientable or not) closed surface S other than sphere,
the torus and the projective plane. For our purposes, a much more interesting observation to make at this
point is that (3.25) generalizes (again in view of theorem 3.4) to the fact that, fora > 1,

TCS(IRPZH) = 2% foranys > 3,

while ] .
TC,(RP?') = Imm(RP?') =271 — 1
In terms of the J5 functions, such a situation translates into the equalities

63(2°) =0 and 6,(2%) = 1. (3.26)

Since r(2%) = 3 (recall that a > 1), this yields a nicely regular increasing behavior for the critical sequence (3.5)
when m = 2. Admittedly, the length of the sequence (3.26) is ridiculously short but, as discussed next, a
similar regularity phenomenon could actually be holding in the next obvious example, namely m = 27 + 2¢+1
with a > 1 (the special case m = 3 has been considered above), which we discuss next.

At first sight, the situation is slightly special for m = 2% +2°"1 if ¢ = 1, so we consider it first. The
immersion dimension of RP? is known to be TCZ(IRP6) = 7, while proposition 3.6 gives r(6) = 7. Thus, the
critical sequence (3.5) now becomes

57(6) =0, 56(6) =2, 55(6) =2, 84(6) =2, 35(6) =2, 52(6) =5. (3.27)

Furthermore, the proof of theorem 3.4 yields

(x1 + x2)7 (1 +x3)7 -+ - (x1 + x7)7 # 0.

In particular, if we only consider the first j — 1 factors (2 < j < 7), we obtain the last instance in the chain of
inequalities 4;(6) < G;(6) <7 — j. Consequently, (3.27) becomes

97(6) =0, d6(6) <1, d5(6) <2, 64(6) <3, d3(6) <4, &2(6) =5. (3.28)

It would be interesting to know whether (3.28) really has the nice steady increasing behavior suggested
by (3.26), namely if

5i(6)=7—jfor2<j<7. (3.29)
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For instance, (3.29) would hold provided one could prove that the in-
equalities in (3.28) held in the stronger form §;(6) < 6;11(6) + 1. Atany
rate, the following considerations are intended to give numerical evidence
toward the possibility that the (2 > 2)-analogue of (3.29) holds in a suitably
generalized way.

For a > 2, proposition 3.5 gives r(2? + 271) = 5, thus the critical
sequence (3.5) now takes the slightly shorter form

65(20 +29%1) =0, 62" +20T) =2, 52" +20T) =2,
5 (2% 4201 =2

The currently known information about Imm(lRPza*zaH) for a < 5 yields
Casea =2: 5,(12) =6.

Casea=3: 5,(24) € {9,10}8

Casea =4: 6,(48) € {9,10,11}.

Casea =5: 6,(9) € {13,14,...,18}.

The punch line is that the above facts provide some evidence for potentially
extending the estimates in (3.28) by the following:

Conjecture 3.11. Fora > land 2 < j < r(2% 4 24+1),
6;(2° 427 < (r(2° +2"1) — j)a. (3.30)

Remark 3.10. Kitchloo-Wilson’s non-immersion result RP* Z R¥ (the
lowest-dimensional new result in [22] giving J,(48) < 12) implies that we
should not expect equality to hold in (3.30) —which seems to be compatible
with the fact that the potential new non-immersion result in conjecture 3.12
below is still far from the expected optimal Euclidean immersion of RP",
namely 2m — 2a(m) + o(a(m)).

Our interest in the above discussion comes from the fact that conjec-
ture 3.11 obviously contains (with j = 2) what would be the new (as far as
we are aware of) non-immersion result d, (2% + 2”*1) <3afora>2ie.:

Conjecture 3.12. Fora > 2, Imm(RP2ﬂ+2”+l) > e+l 4 pat2 3,

For example, with a = 3, conjecture 3.12 would settle the value of the
currently open immersion dimension of RP?* (one of the iconic cases back
in the decade of the 1970’s) to be TC, (RP?*) = 39.

Of course, one could try to apply the TC, approach to Imm(IRP™) for
other families of projective spaces RP™. For instance, some of the phenom-
ena described above seem to hold for spaces of the form RP2' 271427 iy
a > 2 and, more generally, for spaces RP" with cbe(m) = (ny,z1) and

8 Note that RP? is the smallest-
dimensional projective space
whose immersion dimension is
not fully known; yet our purely
homological methods suffice to
get the exact value of TC,(RP?*)
fors > 5.
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z1 > 17 — 1. One could even try to use the same strategy in order to prove (positive) immersion results. In-
deed, just as (3.30) is a statement about the possibility that the increasing behavior of the critical sequence (3.5)
is bounded from above by some linear function, it is natural to try to prove a general statement asserting
that, for some fixed integer ¢(m), 6;(m) > d;,1(m) + ¢(m) in the range of the critical sequence (3.5). Such a
possibility will most likely need to use stronger homotopy methods (e.g. the Hopf-type obstruction methods
recently developed in [16]), rather than the homological methods in this paper. For instance, the homotopy
obstruction methods in [8, Section 2] seem to lead to a proof of equality in (3.30) for j = r(27 +2°71),



4

On the effective topological complexity of Xq, ¢ > 2

Let X; be embedded in R3 so that Y, is invariant under reflections in the xy- ,yz- , and xz-planes. Let ¢
stand for the “antipodal” (orientation-reversing) involution on X, given by o(x,y,z) = (—x, =y, —z). If we
consider X, with a left action of Z, = {e, 0}, then according with definition 2.16,

TCY(Xg) := TC#22(%,) = secat (py : P(Xg) — Tg X Xg) .

For the fibration p; : P,(Z) — X¢ X L, note that P»(X) is the topological disjoint union of two copies
of P(X¢), and we write

Pz(zg) = Pe(zg) HPU(Zg)/

with P,(Xg) corresponding to the condition (1) = 8(0) and P (X¢) to the condition (1) = o - (0). In these
terms,

_ [ eoa(y), fory € Pe(Xy)
p2(7) { €01(7), fory € Pp(Xg),

where eg1(7) = (7(0),v(1)) and €91 () = (7(0),0 - ¥(1)) is the “twisted” evaluation map. In particular, if
Xo € Lg is the base point of X¢, then

F:= py " (x0, %0)
= 0%, [ [Maps(1,0,1; £, xo, 0 - xo)
~ 7y X ng.

As mentioned in the preliminaries, asking if the inequalities TC(X;) < 3 and TC?(Xy) < 3 hold is
equivalent to asking if the fibrations

* e and *
3 0,1 3 p2

admit a global section. There are commutative diagrams of fibrations

O, —— Zy x Q%

| l

€0,1 l llﬂz

Yo X Ly = Tg x L (4.1)

35
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and

(%) (Z x Q%)™

4 4
* P * Pe (2
ngzg( g) — ngzg( el g))

* e, * Do
3 0.1 3p

To X Ly =———— %, x I, (4.2)

both fibers in the last diagram are 2-connected, and since dim(Xg x X¢) = 4, there is only one primary
obstruction

O € H <2g X Tg; 713 ((ng)*4))

for the inequality TC(X¢) < 3, and only one primary obstruction

Oyz, € H* (Zg x Tg; s (22 ng)*4))

for the inequality TC?(Xy) < 3. Functoriality of primary obstructions implies that O, hits O, 7, under the
morphism

oy : H* (Zg X g3 7T ((ng)*4)) — H* <2g x Tg; 73 (22 x QX)*4>) 4.3)

corresponding to the map of twisted coefficients induced by the inclusion of fibers ((O%,)** < (Z; x QO%g)*4.
The primary obstructions for sectioning ¢ 1 and p, on the 1-dimensional skeleton of X, x ¥¢ are cohomology
classes

oy € H' (Zg x Tgi Ho (%) ) and  og.7, € H' (Tg x T Fy (2 x OZy) ).

Again the functoriality of primary obstructions yields p1(0g) = 0g 7,, with
or: H' (g x Ty Fp (0Fg) ) — H' (Zg x T Ho (Za x OZy) ).

The structural details in the domains of both p; and p4 are well understood from [8]. Write 77, for 711 (X¢, x0),
then:

o (Ho(0xg)™ = Hy((0z)") = s (2 (05g) ™) = s ((0%g) ™) = m ((0%)™) with
Hy(OXg) = I(71g), the kernel of the augmentation morphism Z[7t,] — Z.

e The monodromy in the domain of p; (coming from the fibration on the left of (4.2)) is the fourth tensor-
power of the monodromy in the domain of p;, the latter one being the action (by homomorphisms)
(g x g) x I(1q) — I(71g) given by

(x,y) - Y _nic; =) _nixeiy,

where y denotes the inverse of the element y € 7.
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e (g is the 4-th power of o, € H 1 (Zg X X 1 (ng)>, where the latter class corresponds to the crossed
morphism given by
Pg: mMex e —  I(7g)

(x,y) — ay—1 (44

The structural details on the range of p; and p4 are spelled out next.

Lemmadl. 1. 73((Zy x O%g)™) = (Ho(Za x Q%)) with Hy(Zy x Q%) 2 1(Z X 7).

2. The monodromy in the range of p4 (coming from the fibration on the right of (4.2)) is the 4-th tensor-power
of the monodromy in the range of p1, the latter one being the restriction of the action (by homomorphisms)
(11g X 74) X Z[Zy X Ttg| — Z[Zy X 14| determined on basis elements by

(x,y)-(e,c) = (e,xcy) and (x,y)-(0,c)= (0’, xc@) . (4.5)

Here
o: g — Tig o
x = go]on(x)- [go],
where oy is the isomorphism 1w, = m1(Xg,x0) — (X0 - xo) induced by the based map
0 (Zg,x0) = (Zg,0-X0), ¢po € Maps(1,0,1;Xg, x0,0 - Xo) is a fixed path, and ¢y is its inverse path.

(4.6)

3. Ogz, is the fourth power of 0g7, € H! (Zg X 0g; 1(Zy x ng)), where the latter class corresponds to the

crossed morphism
Pz, TgX g — I(Zyxy)
(vy) = (exy)—(e1)

Before proceeding with the proof, we would like to note that both ¢ and ¢, 7, are determined up to
principal homomorphisms, and the expressions given in (4.4) and (4.7) come from taking an explicit and
obvious lifting over the O-skeleton. For instance, (4.7) comes from taking a lifting over the 0-skeleton into the
component P(Xg).

(4.7)

Proof. Regarding the first assertion,

T3 ((Zz X QZg)*4) = Hj ( (2, x QZg)*4) , by connectivity

and the isomorphism Hy(Z, x Q¥¢) = I(Z; x mg) is indicated in the preliminaries.
Regarding the second assertion, the fact that the monodromy in the range of py4 is the fourth tensor
power of that in the range of p; follows from [26], and the monodromy in the range of p; is described,
in a general case, in the preliminaries.
In view of (4.1) and as in the observation containing (4.3), the third assertion follows from (4.4) and
the functoriality of primary obstructions, recalling that og (resp. 0g,7,) is the primary obstruction for
sectioning g1 (resp. p2) on the 1-dimensional skeleton of ¥¢ x .. In other words, if the same section
is taken on the 0-skeleton for the fibration in (4.1), then ¢, 7, is forced to be the composition of ¢
followed by the obvious inclusion I(7rg) — I(Z % 71g).

O
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Lemma 4.2. Let [Zq x X¢] denote the fundamental class of g X Lg. The map

o (m(0507) .~ (m (s )

induced in coinvariants (i.e. in zero dimensional twisted homology) by the fourth join-power of the inclusion of fibers
Oy — Zy x QY in (4.1) sends the Poincaré image obstruction Og N [Lg x L] into the Poincaré image obstruction
Og,z, N [Zg X X¢], the latter of which vanishes if and only if TC? (Xy) < 3.

Tlg X Tlg

Proof. This is just a reinterpretation, in terms of Poincaré duality. The key point is that the morphism (4.3),
induced by the map of coefficients, fits in the commutative diagram

H* (g x Zgi s ((0Zg)™) ) o HY (T x Tg; 73 ((Z2 x %)) )

(¢
| |

Ho (g x T 713 (%)) ) — Ho (T x Zgi 713 (2 x %)) )

(7T3 ((ng)*4))ﬂgx7rg 4‘)’ (7T3 ((Zz X 028)*4))7rg><7rg ’

R

where the top two vertical isomorphisms are given by Poincaré duality, i.e. by capping with the fundamental
class [Zg x Xg| € Hy (Eg X Zg; Z). O

Remark 4.1. In his early work on topological complexity, M. Farber realized (through methods much
simpler than obstruction theory) that TC(X¢) = 4 for ¢ > 2. Thus, O, and its Poincaré-isomorphic image
O N [Z¢ x Xg] are non-zero. The problem addressed in the present chapter of the thesis is to decide
whether Og N [Z¢ x L¢] lies in the kernel of p. Although we do not yet know the answer of the latter
question, the following considerations are intented to give a partial answer, namely, that the posibility that
Og N [Zg x L¢] € ker(p) actually has a “monotonic” behavior on g. Details follow.

We use the following presentation of the fundamental group of X

g = (a1, by,...,ag,bg | [a1,b1] - [ag, bg] = 1),
and we consider the map
p:Eg oY1, g§—122 (4.8)
whose homotopy class corresponds to the homomorphism
Q: Ttg — Te—1
a; — a;, 1<i<g-1

b,‘ — bi/ 1§i§g—1
ag,bg 1.

(4.9)

Recall that oriented closed surfaces we deal with are Eilenberg-MacLane spaces of type (71¢, 1). Specifically,
for an Eilenberg-MacLane spaces of type (G, n) and for any (n — 1)-connected CW complex X there is a
bijection [X, Y] — Hom(7,(X), 71,(Y)).

Lemma 4.3. The map Hy(7tg; Z) — Ha(7tg_1;Z) induced by ¢ (o, equivalently, by ¢) is an isomorphism.
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Proof. A free resolution for the trivial Z[7t,]-module Z is given by * 9 See [21], page 86.

dy d €

-7 -0,

0 — M§ —— M{ — M}

(4.10)

where Mg = Z[mg] (xg), Mf =Z[rg] (d1,g,1,4,---,dgg e0g), M§ = Z[m) (wy),

and

e(xg) = 1,

dl(di,g) = ﬂifl,

dl(ei,g) = b—1,
8

da(wg) = Y (arba] - [ay,bi] = [ar, ba] - [ag, bilby) dig +
i=1
8
Z([ﬂllbﬂ -+ a1, bia]a; — [ay, b1 - - [ag, bi]) eig,
i=1
& 1/i-1

-1
= Z (H[ak,bk]> (di,gfaibiai di,g) + (4.11)

i=1 L \k=0
& 1/i-1 L
Z (H[“krbk]> a; (Ei,g—biﬂf by ei,g)
i=1 L \k=0

where [a9, bp] is understood as 1.
Equation (4.11) implies that the class wy ®t € M§ ®@n, Z generates the
kernel of d, ® id. Furthermore, the map

Cg +—r Cg1
dig — digq, 1<i<g-1
g — eig1, 1<i<g-1
dg,eg +— 0
fg = fgfl

induces a chain map f : ME — M -1 10 which in turns induces an isomor-
phism Ha (¢, ¢) : Ha(7tg; Z) — Ha(7q_1; Z). O

0 f is compatible with

¢ TTg — 7Tg,1.

Corollary 4.3.1. The map Hy(7tg X 71g; Z) — Hy(7tg_1 X 7Tg_1;Z) induced
by ¢ x @ (or, equivalently, by ¢ x ¢ is an isomorphism.

Proof. It follows from the general Kiinneth formula. O
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The expression in (4.7) yields a commutative diagram

(PS/ZZ

g X g —————— 1(Z3 x 71¢)

4)><(pl ll(idzz x)
o1 X TTy_ I(Zy X 11,_1).

g—1 g—1 ¢g71,Z2 ( 2 g l)

In cohomological terms, this means that the classes 047, and o0, 17, hit a common class

o€ H! (Zg X Lg; 1(Zy x ﬂg_l)) under morphisms
H' (S x T l(Za x 7g) ) = HY (g x T [(Z x g 1) )
H' (Zg 1 x Ty 13 1(Za x g 1)) — HY (T X Tgi [(Zo x 7.1) ).
The former map is induced at coefficient level, by the morphism I(idz, x ¢), whereas the latter map is

induced, at topological space level, by ¢ x ¢. Take fourth powers to get the corresponding mapping situation
O¢ 1,2, Oz, — 0* on the two vertical maps on the left of the diagram

H*(S¢ X Zg; (Zy x 114)®*)

I(idz, x @)%
Y
4 : 4 N [EgxE] : 4
H* (g x T 1(Za % g 1)) Ho (Zg % Tg; 1(Z3 x 7rg1)**)
(9x¢)* (@x¢)«
N [nglngfl]

H* (zg,l X Zg 1;1(Zs % ng,1)®4) - Hp (zg,l X Zg 1;1(Zn % ng,1)®4) .

The commutativity of the previous diagram comes from the usual naturality behavior of cap products and
corollary 4.3.1. Since the bottom horizontal map in the diagram is an isomorphism, a chase of elements
yields that the non-triviality of Oy_1 7, implies the non-triviality of O¢ 7,. In other words, the inequality
TC?(Xg_1) > 4 implies the inequality TC”(X¢) > 4. Since TC”(X,) is bounded from above by TC(%¢/Z5),
which is known to be 4, the conclusion above becomes that whenever we have TC‘T(Zg,l) = 4, we must
also have TC’(XZ,) = 4. Further, in unpublished work, Z. Blaszczyk, ]. Gonzélez and M. Kaluba proved that
TC?(XZ,) > 3 for g > 2. We thus obtain:

Theorem 4.4. 3 < TC7 (%) < TCY(X3) < --- < 4.

The monotonic behavior on the previous theorem extends to small genera: Blaszczyk, ]J. Gonzédlez and M.
Kaluba also showed that TC”(S?) = 1 and TC’(S! x S!) = 2.

In the rest of the chapter we focus attention on the case of . In particular, we recover, from a purely
group-cohomology viewpoint, Blaszczyk - Gonzélez-Kaluba’s inequality TC’(X;) > 3. In fact, the results in
the following sections seem to suggest that the latter inequality could actually be a strict equality.

4.1 Orientable surface of genus 2

We change a little bit the notation used before. Consider the following presentation of the fundamental group
of 22
my = m(X2) = (a,b,c,d|[a,b]lc,d] =1),
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and the free resolution M for the trivial Z[m,])-module Z given by

d

2 d
0 - My - My

€

— My - Z > 0,

where My, M; and M; are free Z[m;|-modules with basis {x}, {«, B,7,6} and {w} respectively, and,

e(x)=1, di(a) = ax —x,
di(B) =bx —x, di(y) =cx—x,
di(6) = dx — x, dr(w) = (1 — aba)a + (a — abab)B + (abab — d)~y + (ababc — 1)6.

We proceed to construct contracting homotopies s, U and T for the resolutions M, M®? and M®*
respectively.

Since the definitions of U and T are direct once we have s, suppose for the moment that the latter one has
already been defined, then:

e A contracting homotopy U for M®? is given by

U4(1) =x®x
Ur(u®@v) =s(u) @v+s_1e(u) ®s(v), k>0.

e A contracting homotopy T for M®* is given by

T1(1) =x®@xQx®x
Ti(u@vew®z)=s(u) vRWRz+s_16(u) ¥s(v) VW Xz
+s_1e(u) @s_1e(v) ®s(w) @z
+5 1€(u) @s_1e(v) ®s_1e(w) ®s(z), k=>0.
The construction of a contracting homotopy for M is a much more elaborate task, which we now work out. It

should be said that when we refer to normal forms, these will be taken with respect to the rewriting system
for 71, described in section 2.2.

A contracting homotopy s for M is given by Z-homomorphisms s_1: Z — My, so: My — Mj, and
s1: M1 — My such that es_1 = idz and djy15; + sp—1dx = idp, for 0 < k < 2, recall that dy = e.

1. Define s_1(1) = x, notice that the condition es_1 = idy is satisfied.

2. For sy we begin by defining

so(x) =0,
so(ax) = a, so(bx) = B, so(ex) =1, so(dx) =,
so(ax) = —aa, so(bx) = —bB, so(cx) = —cv, so(dx) = —do.

Now if 47 - - - {} is in normal form, define

So(01€n - - LX) = so(£1x) + €180 (o) 4 - - - 4 L1 - - - L _150(£xx).
Notice that so(€1 - -+ £yyr1 -+ - Lxx) = so(l1 -+ X)) + L1+ LS (Lypsq - - - £gX), since
50(61 el -Ekx) = S()(flx) + f]So(EQJC) R AR £m80(£m+1x) +ot by -Ek,lso(ﬁkx)

=50(£1x) + -+ Ly L (S0(Ls1X) + -+ Lygr - Ly—150(£rx))
= 50(61 .- -me) + 4 - -fmS()(fm_H .- 'ka).



42 ALGEBRAIC TOPOLOGICAL METHODS IN THE MOTION PLANNING OF ROBOTS COMPLEXITY

Let us check that
di1sp +s_1€ = idM[] .

Notice that the relation holds when we evaluate on x. Now for (A, ¢) € {(«,a),(B,b), (v,c),(6,d)}
diso(fx) = diA = bx —x = bx — s_1e({x),
and
dqsg (?x) =d (—Z)\) = Adi(A) = —l(bx —x) = —x +{x = lx —s_1€ (Zx) .
Thus,

diso(l1ln - - - Uex) = dyso(brx) +dy (Lrso(lox)) + - +dy (b1 -+ - be—150(4kx))
= (51X*X) +£1(sz*X) +--- +€1 s -ék_l(ﬁkx—x)
=0 x—x+Lllbx —byx~+ -+l b 1bx — by b qx
= 61 . 'ka — X
= €1~--€kx—s,1e(€1-~€kx).

3. In order to define s; we begin by putting
T,=c (abﬁ?c)i, i>0
u; = (EbaEE)i, i>0.
Fory = {14 - - - {; € 11y in normal form, we define
s1(yr) =0, for A € {a, B, 7},

n+1
(y Z Ui> w, ifyendsasT,butnotinT, i, n>0
i=1

s1(yd) = " .
-y Z U; | w, ifyendsasU, ] butnotinl, p,n>0
i=0
0, otherwise.

Next the relation dps; + sody = idyy, is verified, starting by evaluating it at ya. We have:

so(dl(yrx)) = So(fl s Zkax) — SQ(E] s ékx).
(a) If ¢, # @, then ¢y - - - fra is in normal form, then
S()(E] s Ekax) = 50(51 s ka) + 61 cee EkOC,
thus
sody(ya) = 01 - - - e = ya = ya — dpsy (ya),
since s1(ya) = 0.
(b) If ¢, =a,then ¥y ---Lra = {1 - - - £x_1, which is in normal form, thus
so(d1(ya)) = so(f1 -+ bp_1x) —so(L1 -+ lx_1x) — Ly -+ - L_150(£xx)
= —l1 - x_150(ax)
= —ly - L1 (—an)
= yo{
= ya — dpsq (yw),

since s1(ya) = 0.
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The verification of the relation sod; + dps; = idy, at yp and y+y is similar and omitted. In order to check
the relation at yJ, where there are three cases to consider, we must clarify the terminology: we will
understand by “w; ends as wy” that the spelling of w; ends the same as the spelling of the word w,. We
now check the relation at .

Case 1: y ends as T, but notin T, 1, n > 0.

We begin with the verification forn = 0. If y = ¢; - - - {c is in normal form, then
sod1(yd) = so(fy - - - Lxbabadcx) — s ({1 - - - lycx).

Notice that ¢; # € since x is in normal form. Furthermore, by hypothesis ¢;_4¢, 305 20 _14kc #
cababc = Tj. B

In order to check the desired relation, we have to consider whether ¢4 - - - {;babadc is in normal form or
not.

(@) If 41 - - - fxbabadc is in normal form, then

Y6 —sod1(yd) = by - by [(baEa — b)a+ (bab — 1) + (1 — babad)y + (c — baEa)(s}
= dz(gl cee EkbaEEw)
= da(s1(y9))-

(b) If £1 - - - {xbabadc is not in normal form:
i. y =401 - lg_1bc, by = b, l;_q # a. In this case
sod1(y6) = so(¥y - - - bx_qabadcx) — so(fq - - - €x_1bcx),
notice that /1 - - - /;_jabadc is in normal form since f;_; # b, then
Y6 — sodq (y6) = €1+ b4 {(aEE —1)a+ (ab—b)B + (b — abad)y + (bc — aEE)(S}

=dp(y - ~€k,1agﬁw)
= das1(y9),

since
s1(yd) =y - - ly_qabaw.

ii. y =01 l_pabc, by = b, ly_1 =4, lx_y # b. In this case
sod1(y6) = so(fy - - - bx_obadcex) — so(fy - - - lx_o@bcx),
notice that /1 - - - /;_,badc is in normal form since ¢;_, # a, then
y8 —sodi(y0) = 1+l | (b7 — @+ (b —ab) + (@b — bad)y + (abe — ba)s|

=dy(fy -+ - br_obiw)
= dys1(y9),

since
Sl(]/5) = fl e 'fk_zgﬁw.
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iii.

iv.

y="{y---lg_sbabc, by = b, l_1 =@, lx_y = b, {_3 # a. In this case
sod1(y6) = so(fy - - - bx_sadcx) — so({y - - - lx_zbabex),
notice that /1 - - - /;_sadc is in normal form since {;_5 # b, then
Yo — sody (y6) = b1+ U3 {(a — ba)a + (1 — bab)p + (bab — ad)~y + (babc — a)(s}

=da(ly - Uy 300)
= das1(y9),

since
s1(yd) = by -+ b _zaw.

y =40y lg_gababc, by = b, ly_y =a,lk_o =b,l_3 =a, l_g # d. In this case
sod1(y6) = so(ly - - - lx_gdcx) — so(€y - - - €y_gababex),
notice that ¢7 - - - £;_4dc is in normal form since ¢;_4 # 4, c, then
Y6 — sodr (y6) = by -+ Ly [(1 — aba)a + (a — abab)p + (abab — d)y + (ababc — 1)5}

=dy(ly - lp_yw)
= dps1(yd),

since
s1(y6) = b1+ lp—gw.

y =40y lx_sdababc, ly = b, lx_1 =@, lx_p = b, {x_3 = a, {_4 = d. In this case
sod1(yd) = so(y - - - Lx_scx) — s ({7 - - - lx_sdababex),
notice that ¢y - - - {;_sc is in normal form since ¢;_5 # ¢, then
Y8 —sod1(y6) = €1+ ly_s [(H — daba)a + (da — dabab)p + (dabab — 1)y + (dababc — E)(S}

=dy(by - by _sdw)
= das1(y9),

since
s1(y6) = b - l—sdw.

This completes the verification of case 1 when n = 0, now we proceed with the corresponding
verification for n > 1.
If y = ¢ - - {xc(ababc)™ is in normal form, then

sod1 (yd) = so(y - - - Lxbabadc" ™ x) — so(fy - - - f(cabab)"cx).

Notice that £ # € since x is in normal form, and ¢;_40_30x_»¢x_1¢; # cabab since y does not end as

Tn+1-

In order to check the desired relation, we have to consider whether /1 - - - £;xbabadc"*! is in normal form

or not.
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(@) If 01 - - - fxbabadc™ ! is in normal form, then

n—1

Y3 — sod1(yé) =ty - - -ék{ [Z (cabﬁE) — (cabab)’ caba) — b+ baba
i=0

o+

[i ((cabab) ca — (cabﬁy)i) — 1+ bab| p+

i=1

li ((cabﬁg)i - (baEEdci))

i=0

v+ [c(abﬁgc)” - baEﬁ} (5}

w),

nil . p—
=dy (f] sl lz (CabﬁB)ZC + baba
i=0

which agrees with dps (yd) since

n
41"'51;(
i

|
-

((cabﬁ?)ic) + baba) w=y (ababc) ”“) (cbaba)”“) w
0

I(
( (chaba) ) cbaba)"”) w

(b) If ¢ - - - {xbabadc™*! is not in normal form:

i. y =401 l_1bc(ababc)", by = b, {x_1 # a. In this case
sodq(y8) = so(£y - - - lx_qabadc™ 1x) — so(fy - - - £x_1b(cabab)"cx),
notice that ¢1 - - - £;_jabadc"*! is in normal form since f;_; # b, then

n—1

Y6 — sod1(yd) =41 - ~€k1{ lz ((Ecabﬁ)’@c - (Ecabﬁ)i) + aba — (bcaba)"
i=0

o+

[nl ((Ecabﬁ)igca - (Ecabﬁ)ig) + ab — (bcaba)"b| B+

[i ((Ecabﬁ)@ - (agﬁdci))

v+ [Ec(abﬁgc)” - agﬁ} (5}

‘)

n_l . p—
=dp <€1 s leq lz EC(ﬂbEEC)Z + aba
1
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since

|
_

n

n-1 o -~
O lp_q (Z (bc(abﬁbc)’) + aba) w=y
i=0

(ababc)'~ ”) (ababc)~ cbaba) w

 (
(o

o

(cbaba) ) cbaba)”“) w
lli> w

il. y = {1 l_pabc(ababc)", {x = b, {x_1 = a, {x_p # b. In this case

Il
<
I
+
=

Il
<
AAA

I
v2)
[y
~~
=
Sl
—_

sodq(y8) = so({1 - - - bx_pbadc" ™ x) — so(¥y - - - £x_pab(cabab)"cx),

notice that £1 - - - {4_pbadc"*! is in normal form since ¢;_, # a, then

Y6 — sod1(yd) = £1 - { [Z ( (abcab)'abc — (aEcab)iE) + ba — (abcab)"a| a+

|j1221 ((Egcab)iﬁgca - (EEcab)iEE) +b — (abcab)"ab| B+

i=0

[i ((Egcab)iﬁg - Eﬁdci)

v+ [Egc(abﬁgc)” - EE} (5}

Il
o

n—1 L

=dp (Zl v lp_o [Z EEC(QbEBC)Z + ba w)
i=0

= das1(y9),

( (ababc) " (ababc)' ) + (ababc)‘”cbaba) w
(

=y < (ababc) "+1) + (cbaba)”“) w
i=0

iti. y =€y - y_sbabc(ababc)", ¢, = b, by_1 =, ly_o = b, lx_3 # a. In this case we have

sodq(y8) = so(£1 - - - bx_zadc" T x) — so(£y - - - £_zbab(cabab)"cx),
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notice that £; - - - /4_sadc" ! is in normal form since ¢;_5 # b, then

Yo —sodr(yd) =41 - - { [i ( (babca)'babc — (bﬁgca)ibﬁ> +a — (babca)"ba | a+

[

{bEEc(abEEc)” - E} (5}

((bEEca)i — (babca) bab) v+

I

i ( (babca)'bab — (Edci))

‘)

—d, ( [_i (vabe(abiabe) ) +a

= dps1(y9d),

since

-1

01l (nz (baEc(abﬁEc)i) +

i=0

N
|
—_

]|
N~
g
|
<

(ababc) " (ababc)' ) + (ababc)”cbaba) w

I
<}

L ((
(

(cbaba) ) cbaba)”“) w

Il
—_

I
<

Il
<
/‘\/—\/—\
M=

Il
_

g
<
N——
I

I

©n
iy
~~
<

>
~—

iv. y =01 lp_g(ababc)" Y, by = b, b,y =0, l_p = b, ly_3 = a, {;_4 # d. In this case we have
sod1(y8) = so(1 - - - Lp_gdc™ 1 x) — 59 (€1 - - - £y_4abab(cabab)"cx),

notice that £; - - - f4_4dc"T! is in normal form since /;_4 # @, c, then

n
Y6 — sod1(yd) = 41 - { [2 ( (ababc)' — (ababe)! abﬁ) a+

i=0

[Xé ((ubEEC)ia - (abﬁgc)iabﬁg) B+

[i ((abﬁ?c)iabﬁg - dci)

i=0

=d, (zl by [i(ﬂbabc)i] w)
i=0
1

= dys1(y9),

+ [(abﬁ&)”+1 - 1} (5}
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since

01y (i(ababc) ) = {1 - - - ly_y(ababc)" 1 (i(ababc)”l(ababc)i> w

i=0 i=0

I
<

™=

(ababc)~ ”Hi) w

o

(cbaba)i> w
Ul') w

V. y =l ly_sd(ababc)" Y, bl = b, b1 = a, l_y = b, li_3 = a, lx_4 = d. In this case we
have

Il
<
=
T

I
<
: I ]
[S=Y L‘ —_

Il
—_

~~
>,
~—

Sly

sod1 (y8) = so(l1 - - - Lr_s5c™1x) — 5o (41 - - - £y_sdabab(cabab)"cx),

n+1

notice that {7 - - - £, _5¢" " is in normal form since ¢;_5 # ¢, then

i (H(abﬁgc)i - H(abﬁgc)iabﬁ)
i=0

o+

Yo —sod1(yd) = 41 - 'fk—s{ [

li( (ababc)’ H(abﬁgc)iabﬁg) B+
i=0

[i (H(abﬁgc)iabﬁg — ci>

i=0

:d2<gl...gk [
i

= dps1(yd),

v+ {H(abﬁgc)”ﬂ - H} 5}

‘)

d(ababc)’

M:

0

since

Ol (

. n p— .
d(ababc)l> w =1y - - l_sd(ababc)" ! (2 (ababc) " Y( ababc)l> w
i=0

o
=

i
o

I
<

I

<
. ~. =
Il +
LN

(ubabc)‘"‘”i) w

(cbaba)l) w

~ R

»‘—ll _
£

N————
g

I

1)
iy
—~~
<

>,
~

Case 2: y ends as U,, 1 but not in U,,; 5, n > 0. In this case the details are similar but less elaborate than
those in case 1, therefore we just indicate the essential steps to reconstruct the whole argument.

Suppose y = ¢1 - - - {x(cbaba)"*! is in normal form and /1 - - - #; does not end as cbhaba.
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(@) If 1 - - - £, does not end as d:

n

Yo —sod1 (yd) =y - ~€k{ [Z ((cbaba)'eb — (cbaba)+!)

i=0

o+

[i(cbaba)ic — (Cbaba)'cbab | B+

n+1 n
[Z dei — Y ( Chaba)'e| v + {(Eba@ﬁ)”“ - 1} (5}
i=1 j
n+1 .
=d, <—£1 ey Z (cbaba)%u)

since

n+1 . _ n+1 B '
—ly -l (Z (Cbaba)z> w=—f-- 'fk(fbubﬁ)”‘H (Z (Cbﬂbﬂ)_n_l+l> w

i=1

n
=Y Z i) w
i=0
= s1(yd)
(b) If 41 - - - ¢} ends as d:
n . n+1l .
Yo — sod1(yd) = 41 - - { lz (cbaba)'ch — Y _ d(chaba)' | a+
=0 i=1

[Xn: (H(Ebaﬁa)ié - H(Eba@ﬁ)%ba@) B+

i=0

n+1
[2 oo Zd (cbaba)'c
i—1

i=0

_ntl
= d2 <_£l cee gk*ld Z (cbaba)%u)

v+ [d(zbaEa)”“ - H] 5}

i=1

= dps1(yd),
since
_ (4l n+l .
—ly - f_qd | Y (cbaba)’ — 0y - - - £y (Cbaba)" 1 Z (¢baba) "1 | w
i=1 i=1
—y (Z (ababc) )

i=0

n

0

\_/vﬁ

s1(yd).
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Case 3: y = {1 - - - £ is in normal form and does not end as the words mentioned in the previous cases.
Then

Sodl (y&) = So(fl c ~€kdx) — So(fl ce ~£kx).

If 41 - - - {d is in normal form, we have
so(d1(yd)) = so(l1 -~ - bdx) —so(by -+ Lgx) = Ly -+ - b = Y6 = Y6 — dps1(yo),

since s1(yd) = 0.

Otherwise, ¢, = d,and so {1 - - - {4d = {1 - - - {x_1, which is in normal form. We thus have

so(d1(yd)) = —L1 - - - Ly_150(dx)
=l ly_1dd
= yd — dps1(yd),
since s1(yd) = 0.
Finally, notice that for y € 715, s1d>(yw) = w by the above, i.e. s;dy = idy,. In fact,

da(s1dy —idpy,) = (d2s1)d2 — dp = (idp, —sod1)d2 —do = dp —da =0,

so that sydy = idyy,, as d» is injective.

Next we describe diagonal approximations { : M — M%2 and ¢ : M®? — M“4. The formulas we present
below are obtained by virtue of propositions 2.5 and 2.6, and since { and ¢ are meant to be, respectively,
1y and (71 X 7p)-homomorphisms, it is enough to define them on the corresponding basic elements (all
the formulas were computed by hand and verified on the computer, except for the formula for ¢4(w @ w),
which was obtained with the help of a computer). In fact,

o (x) =x®x.
P1(A) =A@+ x®A, for (A, 0) € {(a,a),(B,b),(v,c),(6,d)}.
Po(w) = ((=1+aba)a + (—a + abab)B) ® ababB + a ® aB + w @ dcx

+ ((1 — aba)a + (a — abab)B + (ababy) ® ababcs + x @ w
+ ((=1 + aba)a — aB) @ aban + ((1 — aba)a + (a — abab)B) ® abab~y
—o®dy.

Po(xRx) =rRXRx® X.

P1(A@x) =ARx@lx@x+xRx®ARx, for (A, 0) € {(a,a),(B,b),(v,¢),(5,4)}.

P1(x @A) =xRARx@x+xRxRx® A, for (A, ¢) € {(a,a),(B,b),(v,¢c),(5,4)}.
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elwex)=((-1+aba)a —af) @xR@abaa @ x +a Rx @ af @ x
+ ((—1+ aba)a + (—a + abab) B) ® x ® ababB @ x
+ ((1 — aba)a + (a — abab)B) ® x ® ababy @ x
—IRxRQdYRx+wRxRdex ® x
+ ((1 — aba)a + (a — abab) B + ababy) ® x @ ababcd @ x
FrXRxQ W x.

P(xQw) =xR ((—1+aba)x —aPf) R x Rabaa + xR a R x R ap
+x® ((—1+aba)a + (—a+ abab)B) ® x @ ababp
+x® ((1 —aba)a + (a — abab)B) ® x ® ababy
—xR6Qx®dy +xRwRxRdcx
+x® ((1 — aba)a + (a — abab)B + ababy) ® x ® ababcs
FrRXxX xR w.

P2(MRA) =AM QM RMXRbLx+ A QxR Lx A
+XRXRAM @A — xR Ay ® A @ box, for (A, 4;) in {(«,a),(B,b),(v,c),(6,d)},i€{0,1}.

P3(AQ@w) =A® ((—1+aba)a —af) @ {x @ aban + A @ a @ {x @ af
+ A& ((—1+ aba)a + (—a + abab)B ® {x @ ababB
+A® ((1— aba)a + (a — abab)B) @ {x @ ababy
AR RAY+ AR w R x ®dcx
+A® ((1— aba)a + (a — abab)p + ababy) @ fx © ababcd
FARQXRL QW+ xRxRAQwW —x® ((—1+ aba)a —aB) @ A @ aban
—x®@a®A®ap—x® ((—=1+aba)a + (—a+ abab)B) ® A @ ababp
—x® ((1 —aba)a + (a — abab)B) ® A @ ababy + x @ 6 @ A @ dy
—x® ((1 —aba)a + (a — abab) B + ababy) ® A ® ababcs
+xQw®A®dex, for (A, L) € {(a,a),(B,b),(7,¢c),(6,d)}.

e3(w@A) = ((abd —1)a —aPf) @ x @ abaa @ A
+ ((1 —aba)a+af) ® A @ aban @ {x
+aRXQAPIA—aRARap® lx
((aba — 1)a + (abab — a)B) ® x @ ababf @ A
(1 — aba)a + (a — abab)B) ® A @ ababf @ fx
(1 — aba)a + (a — abab)B) @ x @ ababy @ A
((aba — 1)a + (abab — a)B) ® A ® ababy ® fx
—0RXxRAYRIA+IRARAY® lx
+wRARdex R x+w@xQdex ® A
+ ((1 — aba)a + (a — abab)B + ababy) ® x ® ababcé @ A
+x®x®@w® A+ ((aba — 1)a + (abab — a)B — ababy) @ A ® ababcé @ fx
+ xR AQw® Llx, for (A, L) € {(«,a),(B,b),(v,c),(5,d)}.

n
n
n
n
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04w @ w) =((aba —1)a —af) ® x @ aban @ w + ((1 — aba)a + aB) @ ((aba — 1)a — aB) ® aban ® abaw
+ ((1 —aba)a+ap) ® a« ® aban ® ap

+ ((1 — aba)a + aB) ® ((aba — 1)a + (abab — a)B) ® abaa @ ababp

+ ((1 — aba)a +aB) ® ((1 — aba)a + (a — abab) B) ® aban @ ababy

— ((1 —aba)a+ ap) ® 6 ® aban @ dy

+ ((1 — aba)a + aB) @ ((1 — aba)a + (a — abab)p + ababy) @ abax ® ababcs
+ ((aba —1)a —aB) ® w ® abax @ dcx

+aRx@ap@w —a® ((abd —1)a —af) @ ap & abaw

—a®a®af®ap—a® ((aba —1)a + (abab —a)B) ® ap @ ababp

—a® ((1—aba)a + (a — abab)B) @ aB © ababy

+a®@6®ap®dy —a® ((1—aba)a+ (a— abab)p + (abab)vy) @ af & ababes

+a®w®af@dex + ((aba — 1)a + (abab — a)B) ® x @ ababf @ w

+ ((1 — aba)a + (a — abab)B) ® ((aba — 1)a — aB) ® ababB @ abaw
+ ((1 — aba)a + (a — abab)B) ® a ® ababB ® ap
+ ((1 — aba)a + (a — abab)B) ® ((aba — 1) + (abab — a)B) ® ababB © ababp
+ ((1 — aba)a + (a — abab)B) ® ((1 — aba)a + (a — abab)p) ® ababp © abab~y
— ((1 —aba)a + (a — abab)B) ® § ® ababf @ dvy
+ ((1 — aba)a + (a — abab)B) ® ((1 — aba)a + (a — abab)B + (abab)~y) ® ababB ® ababcs
+ ((aba — 1)a + (abab — a)B) ® w ® ababf @ dcx
+ ((1 — aba)a + (a — abab)B) ® x @ ababy ® w
+ ((aba — 1) + (abab a)B) @ (aba — 1)a — aB) ® ababy ® aban
+ ((aba — 1)a + (abab — a)B) ® a @ ababy ® af
+ ((aba — 1)a + (abab — a)B) ® ((aba — 1) + (abab — a)B) @ ababy @ ababp
+ ((aba — 1)a + (abab — a)B) ® ((1 — aba)a + (a — abab)B) ® ababy @ ababy
— ((aba —1)a + (abab — a)B) ® & ® ababy @ dvy
+ ((aba — 1)a + (abab — a)B) ® ((1 — aba)a + (a — abab)p + ababy) @ ababy ® ababcs
+ ((1 — aba)a + (a — abab)B) ® w ® ababy ® dcx

—0RxRdy@w+ 6 ((aba —1)a — aP) @ dy ® aban
+6Ra®dy®aB+06® ((aba —1)a + (abab — a)B) ® dy @ ababp
+0® ((1—aba)a + (a — abab)B) @ dy ® ababy — 6 ® 6 ® dy @ dy
+6® ((1 — aba)a + (a — abab) B + ababy) ® dvy © ababco
—0Qw®dy®@dex + w @ ((aba — 1)a — aB) @ dex @ aban
+w®a®dex ®ap+w® ((aba — 1)a + (abab — a)B) @ dex @ ababp
+w® ((1—aba)a + (a — abab) B) ® dex ® abab-y
—wRIRdexRdy+w @ w @dex ®dcx
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+w® ((1 —aba)a + (a — abab) B + ababy) ® dex ® ababcd
+w®x@dex @ w + ((1 — aba)a + (a — abab)B + ababy) ® x @ ababcd ® w
+x@x®w®w + ((aba — 1) + (abab — a)p — ababy) ® a ® ababcé ® ap

+ ((aba — 1)a + (abab — a)B — ababy) @ ((aba — 1)a — aB) ® ababcd ® aban

+ ((aba — 1)a + (abab — a)B — ababy) ® ((aba — 1)a + (abab — a)B) @ ababcd © ababp

+ ((aba — 1)a + (abab — a)B — ababy) @ ((1 — aba)a + (a — abab)B) @ ababcd @ ababry

— ((aba — 1)a + (abab — a)B — ababy) ® § ® ababcd @ dvy

+ ((aba — 1)a + (abab — a)B — ababy) @ ((1 — aba)a + (a — abab)p + ababy) @ ababcs @ ababcd
+ ((1 — aba)a + (a — abab)B + ababy) ® w ® ababcs @ dcx

+x® ((aba —1)a—af) @w @abaa +x @ Q@ w R aP
+x ® ((aba — 1)a + (abab — a)B) ® w ® ababp

+x® ((1—aba)a + (a — abab)B) ® w ® ababy
—XRIPWRAY+XxRw R w ®dcx
+x® ((1 — aba)a + (a — abab) B + ababy) ® w ® ababcd.

4.1.1 The cohomology of Lo x X with coefficients in Z

There are 256 systems of local coefficients on £, x ¥, having Z as underlying group. Let sy and s}, be in
{—1,1}, for x € {a,b,c,d}. We write Z = Z54,5,5¢,Sd, Sy, S, Se, Sy to mean that Z is the (715 x 75)-module
where (x,1) (resp. (1,x)) acts non-trivially on Z if and only if s, = —1 (resp. s, = —1), otherwise it
acts trivially. As evidenced by calculations, if just one generator of the group 71, x 71, acts by change of

sign on Z, then all the groups H* (nz X 1) ;Z) are isomorphic, as well as their multiplicative structure
H* (7‘[2 X 7'[2,'2) ® H* (7‘[2 X 7'[2,'2) i> H* (7‘[2 X 7T2;Z).

By routine calculations we obtain that the groups H* (71, X 712; Z) and H* <7T2 X 7Tp; Z) are given by

=7, HO T X 7'[2;2

1

( ) ( ) =0,

( ) (M2 X M0, Z) = Zp & 22,
H%(1my x 7m0, Z) = Z'® H2(my x 1y, Z) = 75 & 78,

( ) ( )

( ) ( )

|
N,
T

3 7'[2X7T2;Z =

S
X
3
N
|
N
)

T X 110, 2) = 2, H4 7Ty X 700, Z.
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In fact, we have

H(mmy x 0, Z) = Z{x* @ x*),

HY (o x 1y, Z) = Z{x* @ a*,x* @ B*,x* @ 9%, x* @ 6%, a* @ ¥,
Br@x", v @x*, 6" ®x"),

Hz(nrz X 11, Z) = Z{(x* @ w*,w* @ x*, 0" @a*,a" @B, 0" @7,
@6, BrRa, BB, TRy, BRI,
,.)/* ® [x*,ry* ®ﬁ*, ,.)/* ® '.}/*,'.}/* ®§*,6* ®tx*,
0 ® ﬁ*,5* ® 9", 6" ® ),

H3(my x 1, Z) = Z{w* @ &, w* @ B*, w* @ 7", w* ® 6", a* @ w*,
B* ®w*,’)/* ® w*l(s* ®w*>,

H(my x 110, Z) = Z{w* ®@ w*),

notice that these expressions are just a clear manifestation of Kiinneth formula for cohomology.

As mentioned above, if just one generator of 7y X 7 acts non-trivially on Z, then all the groups
H* (7‘[2 X 7T; Z) are isomorphic. We present below the results when (a, 1) is such a generator.

H (72 x 75, Z) =0,
Hl(nzxnz ) Z((a* @ x")g) ®Z((7* @ x" ), (6" @ x%)g),
H2 (1 x 1 Z) = Za((@" @ x" ), (0 @ o, (" @ "), (0" 7)o, (a7 8%)g) @

Z{(v" @0 )g, (v @B o, (7 @7 )p, (77 @07 )g, (6 @ a")g, (6% @ B )g, (6" @7 )g, (67 @ %)),
H® (7T2><7fzf ) Zr(w* @a")g, (W @ B )g, (W @7 )g, (W ®6%)g, (a" @ W™ )g) & Z((7" @ w")g, (6" @ w™)p),
H (10 x 1, Z) = Za{ (@ @ w")g),

where we put the subscript 6 to distinguish these generators from those above. Notice that Kiinneth formula
for cohomology does not make obvious these expressions immediately previous.

Up to anti-commutativity, the only non-trivial products

H* (71y X mp; Z) @ H* (113 X 10, Z) ~> H* (113 X 719, Z)

are listed below.

(*Rx" )U(x*@A*) = x*®@Af, forAe{apB, 7,46},

(F*x" )UA ®@x*) = A*®x*, forAce{ap 5},

(R ) U w*) = x*ew,

(x* @x*)U (w* @ x*) w* ® x*

(F*@x)UA @A) = AJ®A5,  forAq,Ar € {a,B,7,6},

(X*@x" )U(w @A) = w'@A*, forAe{apB, 7,06},

(R UAN @w") = AMew' forAec{sp 5},

(*@x)U(w" @w*) = w'ewf,
(F*@a")U(@*@x*) = —a*®a",
(x*®06*>U<’)/* ®X*) —_ _,Y* ® o,
(X*@a*)U(d*@x*) = —d"®a*,
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(@MU (v ®x*) = w*®d*
@MU ®y") = a*euw,
(@MU @Y) = prow,
(@MU (rrey) = 7 ew,
(@MU ®Y) = W,
()UK Qw') = fow,
FRx U Ra*) = —w ®a¥,
("X U(F &p) = —w' ©p",
(*@x)U( ®7) = —w'e,
(Fex)U(rTe) = —w'ed,
(FRa*)U(w*®@p*) = w*
(F@p)U(w @a’) = —w Q'
(" @97 U (w* ®67) w* ® W,
(*RMU(w*R7y*) = —w'ew,
(@)U ow") = w ow,
FRxHU @ @w') = —w*®w',
(Yexr)U@Prew) = w'ew,
*Rx)U (" w*) = —w'ew,
(FRwHU(w* ®x*) = w'w
(W@ )U(x*@w*) = w" w
(WRa*)U(Br®@p") = —w'ow'
(Brop)U(r"®a") = —w Qw,
By )U(@®d) = w'ew,
Frefmu@ey) = —ww,
(5*®/3*)U(’y*®a*) = —w*Qw*,
(@MU eY) = —wow

Similarly, up to anti-commutativity, the only non-zero products
H* (7‘[2 X 7'[2,‘2) ® H* (7‘[2 X 7'[2,'2) i> H* (7‘[2 X 7'[2,'Z)

are the following:

(V" @x*)gU(*®@x*)y = w*@x*
(,)/* ® X*)G U (5* ® “*)9 = W 0(*,
(V" ®x")pU (0" @B )y = w" ®P,
(7" ®x%)pU (0" ®7%)p = w @7,
(’Y*®x*)9U(5*®5*)9 — (U*®(5*,



2

H* (77,'2 X 7119, Z.

Yo, for A € {a, 7,5},

—

U

Z)

T X 10p; 2.
g, for A € {a,B,7,6},

g, for Ay € {a, 7,0} and A, € {«, B, 7,6},
g, for A € {u, 7,6},

*)01

_()L; ® AT)G/ for )\1 < {“/ IB/ 7/5} and )\2 S {“/ r)//é‘}

7(6‘)* ® X*)G/

)
)
)
)
)

*
*

(W* @ x*)g,

0
0
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HWMXMZMH%

BRI

(x* @AT) U (A3 ©x%)g

(,B* ®x*) U(D(* ® x*
(,Y* ®x*)U(5* ® x*

—

Finally, up to anti-commutativity, the only non-zero products

are given below.

€ {(B,«),(6,7)} and A3 € {a, B, 7,5},

~ ~
I TN (o)
N e A A <
SRR R W &=
Q=== Va
fd gl
e e e R
EEGGGALE
R R R o<
[ T T VA
©c o0 o0 O 0 O 0O
(S e S s s S S

PRIRRR X

8RR R R<

— S e

333333333
FRRIIDD® PR
333333333
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4.1.2  Effective-zero—divisors

Definition 4.1. Let M be a local system of coefficients on X x X. A cohomology class u € H*(X x X; M) is
called a zero-divisor if its restriction to the diagonal is trivial, i.e. 0 = ®*(u) € H*(X; M|X), where M|X
denotes the local system induced by the diagonal map @ : X — X x X.

Remark 4.2. The importance of zero-divisors stems from the following fact: suppose that there are zero—
divisors u; € H*(X x X; A;),i =1,...,k, such that their cup-product u; U ---Uuy # 0in H*(X x X; 4] ®
- ® Ay), then k < TC(X). See [12, corollary 4.40].

Definition 4.2. Let M be a local coefficient system on X x X and let j*(M) be the local coefficient system on
G x X induced by the “fattened diagonal”. A cohomology class f € H!(X x X; M) is called an effective-
zero—divisor if j* (f) = 0in H*(G x X;j* (M)).

Remark 4.3. Notice that for a discrete group G, G x X = | [ X, then
g€G

H* (G x X;j*(M)) = ]‘£H (X;7"(M)g),
g€

where j*( M), denotes the restriction of j*(M) to the copy of X corresponding to ¢ € G.

Definition 4.3. Let fo, fi: X — Y and u: I — Y a path. Suppose there is a homotopy F: X x I — Y from fy
to f1 such that F(xo,t) = u(t). Then we say fj is freely homotopic to f, along u.

Remark 4.4. If fy, f1: (X,x9) — (Y, y0), then u is a loop.
1. The diagram

1 (Y, f1(x0))

commutes, where C,, denotes conjugation by u.

2. idy, : (X2, x09) — (X2, %) is freely homotopic to a map ¢: (Xy, x9) — (2,0 - xg) throught a homotopy
H: ¥, x I — %, such that H(xo,t) = ¢9. An example of such a homotopy is depicted in the picture
below.

o
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LetG:=0oH: Xy xI— X, then

G(—,0)=0¢
G(—,l) =00l and G(x(]/l) = (Tol(xo) = Xp
G(XQ,*) =0od¢p: I — 2.

Then
L:= (proj;,G): XpxI — XpxXp
(s,£) = (s5,G(s,1))

satisfies

L(—,0) = (idy,, o) = @',
L(—,1) = (—,001) = (idy,, 0 01),
L(x0, —) = (x0,0 0 ¢)-

Thus, ®” := (idg,, 00 1): (X2, x9) — (X2 X g, (x0, %)) is homotopic to @’ through L, and they induce,
up to an isomorphism, the same map in cohomology according to remark 2.4. What will be relevant for
us is that the morphism induced by ®" and ®” have the same kernel, since we are interested in finding
effective-zero—divisors and these are precisely the elements of ker(®”)* Nker ®*.

Given a (7, x 711p)-module M, let us denote by M the local system over X, x ¥, determined by M. In
what follows Q(71y X 72, M) (resp. P(7y X 75, M)) stands for the group of all crossed homomorphisms from
7Ty X 7119 into M (the group of all principal homomorphisms of 1o X 713 into M).

Our goal is to understand the kernel of the map

(@) HY(Z) x Zp; M) — HY (Zp; (0")" (M),

which can be understood in terms of crossed morphims,

(q)/l)*

H' (S5 % To; M) . H! (22; (cD“)*(M))

lg |=

Q (mz x 112, M) /P (112 x 2, M) 2% Q (713, (@) (M) /P (e, (0)+ (M),

where (@"), is given by composition with @’ : 71, — 715 X 715 and the latter fits in the following commutative
diagram
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7Ty X TTp

7T2 id x C[fq)(]

\ﬁi\\

Ty X 111 (X0, 0 - Xp).

Then ker((®’)*) can be calculated in terms of

7T % 7'(2><7'[1(22,0"XQ) M) Tl X T0p
o] — ([a], [oa]) — ([a], [opo][oal[ogo]) -

Let0: 7ty — 71p be given by 7([a]) = [o¢o][a][o¢o] and 7 as in lemma 4.1. Then

q>

= [oo] [0 (¢0 - oo o)] [opo]
= [c¢o] [oo - o oo | [opo]
_ o7

oo [oo] [&] [oo] [opo]

= [

7
ie, o= (@)

Lemma 4.5. Loops representing the generators a, b, c and d of 1ty can be chosen as depicted in the following picture:

Proof. Take the loops chosen in the statement of lemma 4.5 for the homotopy classes 4, b, c and d. We get, by
direct inspection, the representative loops shown below of the indicated elements:
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ab
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abab

abab

In a similar fashion, the latter loop can be seen to be a representative for dcdc too. Thus abab = dedc which
is equivalent to the standard relation ababcdcd = e defining 5. O

Just as lemma 4.5, lemma 4.6 below can be proved by making use of explicit pictures.
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Lemma 4.6. The isomorphisms ¢ and ¢~ are determined by the relations

7(a) = dabab, o !(a) = ababd,

o(b) = babac, o 1(b) = cbaba, (4.12)
7(c) = babab, 7 Y(c) = aba,

o(d) = bab, o 1(d) = ababa,

where the expression on the right of each of these equalities is in normal form with respect to the finite complete rewriting
system described right after proposition 2.8.

The above considerations allow us to identify, in the setting of resolutions, the “twisted” and “usual”
diagonals ®” and ®. Consider the diagram below

51

52 S_1
/d\ ‘/d\ e
- M 2 M) — > My ——+ Z - 0
ld)z,d)'z' b1,07 J¢o,¢6’
! !

- — My ® My ® My —> Mg @ Moy —> My <5 Z®Z — 0

\/ ~_ ~

where
1. M;j denotes M; ® M;, for i, j € {0,1,2}.
2. ¢/ is defined on Z[m,]-basis elements by
dp(x) =x®x,

and
b7 (p) = Ui—19i_1d;(p), fori=1,2.

Furthermore, if z € 71, then ¢/ (z - p) = (2,0 1(z)) - $/ (p). This corresponds to the “twisted” diagonal
o M = Ty X T
z = (z071(2)).
3. ¢; is defined on Z[m;]-basis elements by
do(x) =x®x,
and
di(p) = Ui—1¢i1di(p) fori=1,2.
Furthermore, if z € 715, then ¢;(z - p) = (2,2) - d;(p). This corresponds to the “usual” diagonal

O: m — M XTm
z = (z,2).

IfZ = Z[Sa,5p,Sc, 54,5y, 5, Se, 5] s a local system over X, x ¥y, then the systems of local coefficients in-
duced by ® and @” over ¥, are, respectively, Zaq = Z[s45}, 5pS},, S¢S, S454] and Zqn = Z[s45), 5pSt, Sy, SaSy]-
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Sometimes we write Z, to mean the local coefficient system on X, such that only x € {a,b,c,d} acts non-
trivially on Z, Z,y to mean the local coefficient system where only x,y € {a,b,c,d} act non-trivially on Z,
and so on.

Before proceeding to find effective zero—divisors in dimension 1, we begin by writing down, in a much
more explicit way than the one that appears in [15], the additive 1-dimensional cohomology of 7r; for any
local system having as underlying group the integers Z.

H(m; Z) = Z{a™) @ Z(B") © Z(7") ® Z(5")

HY(13;Za) = Za (") & Z(v") © Z(6*)

H' (13, Z) = Zo(B*) © Z(7*) & Z(5*)

HY (13, Zc) = Z(a*) © Z(B*) & Zo(7")

HY (13, Z4) = Z{*) & Z(B*) & Z2(6")

HY (713, Zap) = Zo(a* + B*) & Z{7*) & Z(6*)

HY (712, Zac) = (Z(a*) ® Z(")) /2Z(a* +7*) & Z(B* — &%)

HY(710; Zog) = (Z(a*) © Z(6%)) /2Z(a* +6*) ® Z(B* + 7*)

HY (13, Zye) = (Z(B*) © Z(v")) [2Z(B* +7*) & Z{a* + &*)

HY (712 Zg) = (Z(B*) © Z(6")) /2Z(B* +6*) & Z(a* — 7*)

HY (70, Zey) = Z(a*) ® Z(B*) ® Zyp (" + 6*)

HY (73; Zape) = (Z(a* + B*) @ Z(y*)) /2Z(a* + B* +7*) & Z(a* + &%)
HY (713; Zapa) = (Z(a* + B*) © Z(6%)) /2Z(a* + p* + 6*) & Z(a* — ")
HY (712 Zged) = (Z(a*) ® Z(v* +6%)) /2Z(a* + 7" +6%) @ Z(B* + 7*)
HY (703; Zpeq) = (Z(B*) ® Z(v* +6%)) /2Z{B* + v +6*) © Z(a* — ")
HY (702; Zapeq) = (Z(&* + B*) @ Z(y* +6%)) /2Z{a* + B* + 7" + ") © Z(a* — 7*)

In order to look for 1-dimensional effective zero-divisors for the 256 systems of local coefficients over
Yy X X, we consider sixteen cases. In turn, each of the first fifteen cases has two sub-cases, namely when the
1-cohomology in question is additively Z, or Z, & Z & Z.

1. ForZ = Z[54,5p,5¢,54,—1,—1,—1,—1], we have

Z‘D = Z[_Sar _Sb/ —S¢, _Sd]/
Zor = Z[—Sa,—Sp —Sc, —Sd)-

By direct calculation we obtain that H' (7ry x 72; Z.) is either Z, () (if at least one of the sy is —1) or
Zy(r1) @ Z{ry) ® Z(rs) (if all of the s, are 1), where

1sﬂ*
2

_Sd

—

1-— 1
25C7*®x*+

5*®x*+x*®‘x*+x*®ﬁ*+x*®7*+x*®5*/

and

r R +xTQB xRy +xF 6%,
rn = XY+t
r3 = xXa*—x*Rq".
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Let us analyze in the first case the “usual” diagonal:

0 D x@a—amx & 1—1’TS” = S“;rl,

B x@Bp-pox — 1-L1 — wfl

v o x@y—y®x = 118 = sl

= x@6-6®x — 1-154 = uil
thus @*(r) = 0 only for s, = s, = s, =s; = —1. In such a case

r a*®x*+ﬁ*®x*+7*®x*+(s*®x*+x*®a*+x*®ﬁ*+x*®7*+x*®5*/
Z(D Z[—Sa, —Sp, —S¢, —Sd] = Z,
Zor = Z[—Sa, —Sp, —Sc, —S4] = Z.

Now analyzing the “twisted” diagonal we obtain

P xQa—-2XxQP+xR@5—a@x = 0,
B — 2xRa—-2x@Pp+xRy—-BRx — 0,
¥ = 2XQ@a—xQB—7Rx = 0,
b = 3x@a—2xRB-0®@x — 0.

It follows that in this case 7 is an effective-zero—divisor.

For the second case, it turns out that Z¢ = Z g = Zgpcq, and if we take a look at the “usual” diagonal
we see that

S redt—arox 71,01,

= ¥R -ext — 1,00,

= PRy -7y ex* — 1,1,-1,

R A — 1,1,0.

From where it follows that there is no linear combination of 71, r; and r3 that vanishes over @, then for
the second case there are not effective-zero—divisors.

=R ™R

. ForZ = Z[Sa,Sp,Sc,S4,—1,—1,—1,1], we have

Zo = Z[—Sm —Sp, _SC/Sd]/
Z(D” = Z[Sa; —Sp, —S¢, _Sd]'

By direct calculation we obtain that H' (7ry x 7; Z.) is either Z, (r) (if at least one of the sy is —1) or
Zy(r1) @ Z{ry) ® Z(r3) (if all of the s, are 1), where

1— 1— 1— 1—
r:—33%*®x“+—Eﬂw*®xﬁ+—zﬁvﬂ®ﬁ+~—fﬁﬁ@m*+x%®ﬁ+wﬁ®ﬁ*+xﬂ®f,
and
2 - x*®zx*+x*®ﬁ*+x*®’y*,
1,2 - x*®‘3*+x*®7*7x*®5*,
r3 = x*®7.

Let us analyze in the first case the “usual” diagonal:

a3 XQu—a@x 1—1—Tsa _ sa;—ll
B = x@p-pOx 17?? — %ﬁ’
Y P XQY—7®x — 1—1—256 — ?TJr
5§ = x®5+6Qx — 0+4 = 4,

thus @*(r) = O only for s, = s, = s, = —1and s; = 1. In such a case
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,
Zy
Z(DN

Z[_SIZ/ _Sb/ _SC/ Sd] = Z/
Z[Sa,—Sp, —Sc, —Sq| = Zag-

Now analyzing the “twisted” diagonal we obtain

/)

S

= 2XxQa—-2xQP—xQ@y+a®dx o0,
B — 2xRa-2xRPB+xQy—-B®x — 0,
T o= 2XxQa—xRB—1Rx = 0,
b = 3xRa—-2xQP-0®x — 1

It follows that in this case there are not effective-zero—divisors.

For the second case, it turns out that Zq = Z ;. and Z g1 = Zy.4, and if we take a look at the “twisted”
diagonal we see that

x g/ 2XQ0 —2xRQP—xR@ Y +a®x A" -1,-3, -1,
B — 2xRa—-2x@Pf+x@y—-pR®x — 1,-1,1,
Y o 2xQa—-—xQB—-7Rx — 1,-1,0,
6 = xRa—-2xQPp-60x — 1,-2,0.

From where it follows that there is no linear combination of r;, o and r3 that vanishes over ®”, and
therefore there are not effective-zero—divisors in this case.

3. ForZ = Z[Sa,Sp,Sc,S4,—1,—1,1,—1], we have

Z(I) - Z[_Sﬂl _Sb/ Scy _Sd}/
Zor = Z[—Sq,Sp, —Sc, —Sd)-

By direct calculation we obtain that H' (7ry x 72; Z) is either Z, (r) (if at least one of the sy is —1) or
Zy(r1) ® Z(rp) ® Z(rs) (if all of the sy are 1), where

1- 1- 1- -
VZTSL?w*®x*+7%ﬂ*®x*+TSC7*®x*+ 25d5*®x*+x*®zx*+x*®,8*+x*®(5*,
and
"o = x*®a*+x*®,8*—|-x*®(5*,
= XRB +xTRY +xF®6,
r3 = Xx*®o*.

Let us analyze in the first case the “usual” diagonal:

a0 B xoa—aex S 1-Lw = wfl
B = x@p-pox — 1-5% = il
Y = x@y+yex — 0+15% = L,
b = I®RI—-6®x — 1—1_;" = #,
thus @*(r) = 0 only for s, = s, =s; = —1 and s, = 1. In such a case
r = QX+ +I R+ Rat xR+ xF®T,

Zg Z]—Sq,—Sp,Sc, —Sd) = Z,
Z(DN = Z[—sa,sb, —S¢, —Sd] = ZbC'
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Now analyzing the “twisted” diagonal we obtain

« 2XQa—2x QP+ xR —a®@x w0,
B = —2x@a+2x@Pf-—x@y+pRx — 1,
T o= 2XxQa—xQP—7®x — 1,
6 = 3xR@a—-2xQP-56Rx = 0

It follows that in this case there are not effective-zero—divisors.

For the second case, it turns out that Z ¢ = Z,; and Z g = Z,.4, and if we take a look at the “twisted”
diagonal we see that

x qnig 200 —2xQP—xQy+a@x e 0,—3,0,
B — 2xRa—-2x@Bf+xy—-F®x ~— 0,-1,0,
T o= 2XxQa—xQB—-—YQx — 1,-1,0,
6 — 3xRa—-2xRPF-I0®x — 1,-2,0.

From where it follows that there is no linear combination of r;, ro and r3 that vanishes over ®”, and
therefore there are not effective-zero—divisors in this case.

. ForZ = Z[Sa,Sp,Sc,S4,—1,—1,1,1], we have

Z(D = Z[_S[l/ _Sb/ Scy Sd]/
ZCD” = Z[sa,sb, —S¢, —Sd].

By direct calculation we obtain that H' (7 x 73; Z) is either Z, (r) (if at least one of the sy is —1) or
Zy(r1) ® Z(ry) ® Z(rs) (if all of the sy are 1), where

1-— 1-— 1-— 1-—
and
" — x*®a*+x*®,6*,
rn o= X9,
r3 = x*®5

Let us analyze in the first case the “usual” diagonal:

v B XQu—a@x 1—135” = 5”;1,
g — x@Bp-—BFRx 1—1*251’ = i”jl,
Y o= X®@Y+rY®x — 0+ 5% = 5%,
5 = x®6+0®x — 045 = L
thus @*(r) = 0 only for s, = s, = —1and s, = s; = 1. In such a case

r = AR+ x +xF @t +x*F® B,
Zo = Z[—Sa,—SpSc,S4| =2,

ZtI)” = Z[Sg, Sp, —S¢, —Sd] = Zabcd'

Now analyzing the “twisted” diagonal we obtain

/)

]

a0 = 2XRQa—-2xQP-xR5+a@x o,
B — “2x@a+2x@Bp—xQ@7+pfRx — 1,
T o~ 2XxQa—xQP—7®x — 1,
6 = 3xRa—-2x®P-5Rx = 1
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It follows that in this case there are not effective-zero—divisors.

For the second case, it turns out that Z¢ = Z,, and Z ¢» = Z.4, and if we take a look at the “twisted”
diagonal we see that

o qbi;/ 2xXRQ0—2xQP-xR6+a®x T 0,0,—1,
B — 2x@a+2x@p—x@y+p®x +— 0,-1,0,
¥ = 2XxQa—xQ@BF—7Y®x — 1,00,
b = 3xRa—-2xPp-0x ~ 10,0

From where it follows that there is no linear combination of r;, r, and r3 that vanishes over ®”, and
therefore there are not effective-zero—divisors in this case.

. ForZ = Z[Sa,Sp,Sc,S4,—1,1,—1,—1], we have

Zg
Zq)//

Ccr _Sd}r
—Sp, Sc, —S4)-

Z]—Sq,8p, —5
Z[_Su,

By direct calculation we obtain that H' (7r, x 72; Z) is either Z, () (if at least one of the sy is —1) or
Z(r1) ® Z{rp) ® Z(rs3) (if all of the sy are 1), where

1- 1-— 1-—- 1-—
r= Ts“oc*®x*+TSb/3*®x*+TSW*®x*+TSd(5*®x*+x*®¢x*+x*®'y*+x*®f5*,
and
rn = x®ak
rn = X -x"®,
r3 = Xa*+x* Ry +xF®5*.

Let us analyze in the first case the “usual” diagonal:

v B x@u—aox & 1—133” = S”ZH,

B~ x@p+pox — 0+ = L

v o x@y—y®x = 118 = st

6 = x®I—-6®x — 1-— 1; = #,
thus @*(r) = 0 only for s, = s, = s; = —1 and s, = 1. In such a case

T =

Zo
Z(D//

Z[—Sa,8p, —$

dl

= Z,
= Zy,.

Now analyzing the “twisted” diagonal we obtain

=™ R

q)//
)_>

H
H
H

2XQP+xRF—a@x
—2XQB+x@Y—pRx
XRB+ YR
rTRQa—-2xQP—-0®x

It follows that in this case there are not effective-zero—divisors.

A
H
H
H

R+ YR+ R+ Rat + xR0+ xF ® 5%,
cr _Sd]
Z[—Sa, —Sp,Sc, —S

~

7

oSrro

For the second case, it turns out that Z ¢ = Z,.; and Z on = Z 44, and if we take a look at the “twisted”

diagonal we see that

« 2XxQP+xR5—a@x R
B — 2xQ[+xR®y—-PRx —
¥ = xQBf+7®x >
b = xQa—2xRP—-0@x —

3

~
|

W
~

_ =
~

~

~ooo
=
e

~
|
N
~
—_
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From where it follows that there is no linear combination of 71, 7, and r3 that vanishes over ®”, and
therefore there are not effective-zero—divisors in this case.

. ForZ = ZI34,8p,5c,54,—1,1,—1,1], we have

Zo
Z@//

Z[_Sarsb/ —S¢, Sd]/
Z[Sa, —Sp,Sc; —S4)-

By direct calculation we obtain that H1 (712 X 712; Z) is either Z; (r) (if at least one of the sy is —1) or
Zy(r1) ® Z(ry) ® Z(rs3) (if all of the sy are 1), where

1-— 1-— 1-— 1-—
r = TSIJOC*Q@X*-I— ZSbIB*®x*+ 2567*®x*+ 25d5*®x*+x*®a*+x*®7*,
and
rn = x®a",
rp = x*®,8*—x*®5*,

3 X at 4 x* Q.

Let us analyze in the first case the “usual” diagonal:

0 D xRa—a®x 171’25“ = %,
B x@B+BOx — 0415 = L,
v o x@y—y®x = 1-1% Al
6 = XR6+6®x = 04 U 15,
thus @*(r) = 0 only for s, =s, = —1 and s, = s; = 1. In such a case

r = X+ YT RxF+xF@at +xF Q9%
ZCD = Z[_SIZ/ Sp, —Sc, Sd] = Z/

Z(D” = Z[Sa, —Sp,Sc, —Sd] = Zubcd'

Now analyzing the “twisted” diagonal we obtain

q)//

It follows that in this case there are not effective-zero—divisors.

¥ o —2XQB-xR+a@x o 1,
B = 2xQB+xR7—-Bf®x — 1,
Y = xQBf+r®x =1,
b = xRa—-2x®P-0x = L

For the second case, it turns out that Z¢ = Z,. and Z g = Zp,, and if we take a look at the “twisted”

diagonal we see that

« 2XxQP-xR+a®@x "B 0,-1,0,
p — -2x@p+x@yv—pex — 0,-2]1,
T = xQ@B+7Rx —~ 0,10,

b = xQa—-2x®B—-00x = 1,-21

From where it follows that there is no linear combination of r;, 7, and r3 that vanishes over ®”, and
therefore there are not effective-zero—divisors in this case.

7. Z = Z[sa,sb,sc, S4,

-1,1,1,—1], we have
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Zo
Zq)//

Z[fsllr sbr Sc, 7Sd]r
Z]—5q,Sp,Sc, —S4)-

By direct calculation we obtain that H' (7ry x 7; Z.) is either Z, () (if at least one of the sy is —1) or
Z(r1) ® Z(ry) & Zy(r3) (if all the sy are 1), where

1-— 1-— 1-— 1-—
- zsua*®x*+ 25b5*®x*+ ZSC,Y*®x*+ zsd(s*®x*+x*®a*+x*®5*,
and
rn = x*®a*,
o X*®IB*+X*®7*,

x*Qa*+x*® 0%,

Let us analyze in the first case the “usual” diagonal:

e B x@a—a®x 1—1_275“ = %,
B XxRB+HPRX 0+;% = F%
Y o= X®@Y+rY®x — 0+ 5% = 5%,
5 = x®6-6@x = 1-14 = ufl
thus @*(r) = 0 only for s, = s; = —1 and s, = s, = 1. In such a case

r = X+ x+xF @aF +x*F® %,
Zo = Z[—S4,Sp S, —Sd4] =2,

Zor = Z[—S4,Sp Sc, —Sq) = Z.

Now analyzing the “twisted” diagonal we obtain

2

—2XRQB+xRO—a®@x
2XxQPB-x@7+P®x
xR+ yRx

~

~

=™ R
11117

RS
>
SN
—

cooo

IR —2xRQP-0®x
It follows that in this case r is an effective-zero—divisor.

For the second case, it turns out that Zq = Z,3 and Z g = Z,4, and if we take a look at the “twisted”
diagonal we see that

4

x = —2xQP+xR6—a®@x e 0,-2,1,
B = 2xQB—xQ7+B®x = 0,10,
T = xQBf+7®x — 0,1,0,
b = xRa—-2x®P-0Qx — 1,-2,1.

From where it follows that there is no linear combination of r1, , and r3 that vanishes over ®”, then for
the second case the are not effective-zero—divisors.

8. Z =Z][sa,Sp,S¢,54,—1,1,1,1], we have

Zy
Z(I)//

Z[_Sar Sbr Sc, Sd]/
Z[54,5p,Sc, —S4]-
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By direct calculation we obtain that H' (7ry x 7; Z) is either Z, () (if at least one of the sy is —1) or
Z(r1) ® Z(rp) ® Z(rs) (if all the s, are 1), where

1—Sd
2

1-—- 1-
zsalx* ® x* + zsb

1_
x*+Ts'cfy*®x*+ Mo+t ® at,

B ®

and
rn = x*®aF,
o= X7
r3 = x*®J.

Let us analyze in the first case the “usual” diagonal:

= X —a®Xx
= XQB+BRX
XRQY+rQx
= ARI+FIRX

15, _
1=z =
0+1gsb -
0+ 7=

0+ 5% =

=R ™ R
1
111 1

thus ®*(r) = O only for s, = —1and s, = s, = s; = 1. In such a case

af Qx* 4+ x* ak,
Z[_Sﬂlsb/ Scy Sd] = Z/
234,80, 5¢; —Sq| = Zag-

T =
Zo
ZCD// =

Now analyzing the “twisted” diagonal we obtain

oy —“2XQP—x@I+a®@x

~

=R ™R

—
—
—

2XQPB-x@7+BRx
XQB+rY®x
XQu—2xRQP—-0®x

RS
>
H
H

~

~o o

It follows that in this case there are not effective-zero—divisors.

For the second case, it turns out that Zg = Z,; and Zg» = Z;, and if we take a look at the “twisted”
diagonal we see that

o qbi;, 2XxQP—-xR+a®@x e 0,0,1,
B — 2xRB—xQ7y+LRx — 0,—1,0,
T = x@B+7®x — 0,00,
b = xQa—-2x®B—-00x — 1,0,0.

From where it follows that there is no linear combination of 71, 7, and 3 that vanishes over ®”, then for
the second case the are not effective-zero—divisors.

. 72 =12Z[s4,8,5¢,54,1,—1,—1,—1], we have

Zq) Z[Sar —Sp, —Scs _Sd]/
Z(D” = Z[—Sa, —Sp, —S¢, Sd].

By direct calculation we obtain that H' (7 x 73; Z) is either Z, (r) (if at least one of the sy is —1) or
Zy(r1) ® Z(ry) ® Z(rs) (if all the sy are 1), where

1-— 1-— 1-— 1-—
;= Zs”a*®x*—0— Zsbﬁ*®x*+ SC’)/*(X)X*—‘,- zsdé*®x*+x*®ﬁ*—|—x*®7*+x*®(5*,
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10.

and

Let us analyze in the first case the “

=R ™ R
111 1e

thus @*(r) =0 only fors, = land s, =s. =s; =

,
Zg
Z(D// =

Z[3,,

"
2
r3

x*®7*+x*®(s*,
= X*Qa*+x* Q"

usual” diagonal:

x@a+a®@x v 04 15%

1_
YQB-BRX = 1_13?
XQY—YRx 1—le
IQ—0Rx +— 1—

—Sp,

2

Now analyzing the “twisted” diagonal we obtain

=R ™R
11117

/)

S

2XQa+xR®6—a®@x
2xQ@a+xQ@y—pLRx
2XxQa+xQB— 7R x
xQa+d®@x

—1. In such a case

1111

x*®ﬁ*+x*®7*+x*®5*,

BrRx + 7" Qx* +0*@x* +x* Q" +xF ®7* +xF ® ¥,
—Sc, _Sd] = Z/
Z[—Sa, —Sp, —Sc, Sq| = Zag-

~

~

It follows that in this case there are not effective-zero—divisors.

For the second case, it turns out that Zq = Z,.y and Z g = Z 4., and if we take a look at the “twisted”
diagonal we see that

o qi; 2R+ xR0 —aR®Rx e 1,1,3,
B — 2x®a+x®y—p®x — 1,12
7Y = 2Zx@a+xQBp—y®x — 1,02,
0 — xRa+IRx — 0,0,1.

From where it follows that there is no linear combination of 71, , and r3 that vanishes over ®”, then for
the second case the are not effective-zero—divisors.

7= Z[Sa,Sp,5c,54,1,—1,—1,1], we have
Zo

Z@N

Z[Sa/ —Sp, —Sc, Sd]r
Z[Sar —Sp, —Scs Sd]/

By direct calculation we obtain that H' (7 x 713; Z) is either Z, (r) (if at least one of the sy is —1) or
Z(r1) ® Zy(ry) ® Z(rs) (if all of the sy are 1), where

1_Sd
2

1-— 1-— 1-—
- ZSHDC*®X*+ 25b13*®x*+ Scfy*®x*—|—

and

x*®a*+x*®5*,
QB+t ey,
xR,

"
)
r3
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Let us analyze in the first case the “usual” diagonal:

0 D x@atanx o 0+135” = PTS“,

1= T1
B = x@B-BRx — 1—1 % = Sb21,
Yo x®y—y®x — 1-15% = i
b = xQ0+06Q0x 0+1354 = PTS",

thus @*(r) = 0 only for s, =s; = 1and s, = s. = —1. In such a case

r
Zo =
Zor =

Z[Sa, —Sp, —Sc,S4) = Z,
Z[Sa, —Sp, —Sc,Sq) = Z.
Now analyzing the “twisted” diagonal we obtain

CDN

X 2XxQa—xR5+a®x > 0,
B — 2x@at+x®@y—pRx — 0,
Y = 2xQ@a+xQ@B—-—7R@x — O,
6 = xRa+IRx — 0.

It follows that in this case r is an effective-zero—divisor.

For the second case, it turns out that Zqg = Z;,. and Z gn = Zy,, and if we take a look at the “twisted”
diagonal we see that

o q»i;/ xR0 —xR5+aRx R 1,0,0,
B — 2xR®a+xQ7—BRx — 21,1,
Y o= 2ZXxQ@a+x@Bp—y®x — 21,0,
6 = xRa+6Rx — 1,0,0.

From where it follows that there is no linear combination of 71, 7, and r3 that vanishes over ®”, then for
the second case the are not effective-zero—divisors.

7= Z[Sa,5p,5¢,54,1,—1,1,—1], we have

Zo =
Z(D// =

Z[Sar _Sh/sC/ _Sd]/
Z.]—Sq,8p, —Sc, 84)-

By direct calculation we obtain that H' (7ry x 71; Z) is either Z, () (if at least one of the sy is —1) or
Z(r1) ® Zy(rp) ® Z(rs) (if all the sy are 1), where

1-— 1— 1— 1—
r= W e+ B e+ e+ e e A 8 B e 0,
and
rn o= Xead-x*Rq9%
7 QB+ x* ® 0%,
13 x* ® 6*.

Let us analyze in the first case the “usual” diagonal:

o g xQa+a®x o 0+PTS” PTS”,

B x@B-pOx = 118 = %fl

T o= XQy+yRx = 0415% = 1_255,

b = xR—6®@x +— 1—1’2511 = %,
thus @*(r) = O only fors, =s, = 1 and s, = s; = —1. In such a case
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12.

r - ﬁ*®x*+5*®x*+x*®ﬁ*+x*®5*,
Z@ = Z[Sa/ —5psScs _sd} =Z,
Z(DN = Z[—Su, Spr —Sc, Sd} = Zabcd'

Now analyzing the “twisted” diagonal we obtain

o qri/; 20+ xR —a R x o1,
B — —-2x@a—xQy+pRx — 1,
T = 2Zx@a+xQBp—7®x  — 1,
b = xRQa+diRx — 1

It follows that in this case there are not effective-zero—divisors.

For the second case, it turns out that Zq = Zy; and Z grn = Z,¢, and if we take a look at the “twisted”
diagonal we see that

4

2XxQa+xR—a@x R 2,1,1,

x
B = -2x@a—-x@y+p®x +— —1,0,0,
¥ = 2xQ0a+x@BF—-7Y®x —~ 2,10,
§ = xRa+6Rx — 1,0,0.

From where it follows that there is no linear combination of 71, , and r3 that vanishes over ®”, then for
the second case the are not effective-zero—divisors.

Z = 2Z[s4,8p,5¢,54,1,—1,1,1], we have

Z(D = Z[Sa/ _Sb/SC/Sd]/
Zq)u = Z[Sa, Sp, —Sc, Sd].

By direct calculation we obtain that H? (7112 X 712; Z) is either Z; (r) (if at least one of the s, is —1) or
Zy(r1) ® Z(rp) ® Z(rs) (if all the sy are 1), where

1- 1-— 1— 1_
;= Zsazx*®x*+ ZSb.B*®x*+ SC’Y*®X*+ 2Sd§*®x*+x*®‘3*,
and
r = x"®pB,
o= X7
r3 = Xx*®d.

Let us analyze in the first case the “usual” diagonal:

A
B — x@B-BRx — 1_1*2% _ sb;rll
T o= XY+ rY®x — 0+% _ 1356/
6 = Xx®6+®x 0_|_1*254 _ kTsd,
thus ®*(r) = O only fors, = s = s; = 1 and s, = —1. In such a case
r = Brex*+x*® B
Z(D = Z[Sa’ —SpsScy Sd] = Z,

Z(DH = Z[sa,sh, _Sc/Sd] = ZbC'
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Now analyzing the “twisted” diagonal we obtain

(I)//

= 2XxR0a—xQd+aRx o0,
B = —2xRa—x@7+pRx — 1,
Y = 2ZxQa+xQBp—y®x = 1,
0 = xRQa+diRx — 0.

It follows that in this case there are not effective-zero—divisors.

For the second case, it turns out that Zq = Z;, and Zg» = Z., and if we take a look at the “twisted”
diagonal we see that

o qbi;, 2XRQu — xR+ a®x e 0,0,—1,
B — -2xQ@a—x@y+®x ~— 0,-10,
Y o~ 2x@a+x@B—7Rx — 1,0,0,
b = xR@a+o®x — 0,0,0.

From where it follows that there is no linear combination of 71, , and 3 that vanishes over ®”, then for
the second case the are not effective-zero—divisors.

7= Z[Sa,Sp,5c,54,1,1,—1,—1], we have

Zo =
Z@// =

Z[Sarsb/ —S¢, _Sd]/
Z.]—Sq, —Sp, Sc, 84)-

By direct calculation we obtain that H' (7 x 73; Z) is either Z, (r) (if at least one of the sy is —1) or
Z(r1) ® Z(ry) ® Zy(r3) (if all the sy are 1), where

1— 1— 1— 1—
ro= zsaﬂé*®x*+ ZSbﬂ*®X*+ 2567*®x*+ 25d5*®x*+x*®7*_’_x*®5*,
and
rn = x®a,
ra = x*®ﬁ*/
r3 = XY+t

Let us analyze in the first case the “usual” diagonal:

v 2 rQa+a@x 0+1ES” 125”,
B XxRB+HPRX 0+Fsb = 1’31’
—Sc — Sc
YT o XY —YRX 1_1T = 2
5§ = x@6-6®x — 1-— -4 B

thus @*(r) = 0 only for s, = s, = 1and s, = s; = —1. In such a case

T =
Zo

7*®x*+5*®x*+x*®7*+x*®5*/
Z[Sa,Sp, —Sc, —Sq| = Z,

Zq)//

Z[—Sa/ —SpsScs Sd] = Zapcd-

Now analyzing the “twisted” diagonal we obtain

=™ R

/)

2) XRO—aRx K
= XQY—-BfRx =
= —XxQB+Y®x =
= —XxRa+iRx

~

~

i enie
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It follows that in this case there are not effective-zero—divisors.

For the second case, it turns out that Z¢ = Z.; and Z on = Z 4, and if we take a look at the “twisted”
diagonal we see that

o fD_/; XR6—aRx R 0,0,1,
B — x@y—-B®x — 0,01,
¥y = —x®B+y®x — 0,-1,0,
0 = —xR®a+iRx — 1,0,0.

From where it follows that there is no linear combination of 71, , and r3 that vanishes over ®”, then for
the second case the are not effective-zero—divisors.

14. Z = Z[s4,5p,5¢,54,1,1,—1,1], we have

Z(D = Z[Sﬂ/ Sb/ 7SC/Sd]/
Z(DH = Z[Sa, —Sb,SC,Sd].

By direct calculation we obtain that H' (7ry x 72; Z) is either Z, (r) (if at least one of the sy is —1) or
Z(r1) ® Z(ry) © Zy(r3) (if all the sy are 1), where

1-— 1-— 1-— —
= Sﬂa*®x*+ Sb‘B*®x*+ SC’Y*®X*+ Sd(s*@x*_’_x*@,y*,
2 2 2 2
and
rn = x®aF,
rn = x"®pB
r3 = x*®%.

Let us analyze in the first case the “usual” diagonal:

r B x@atax o 0+1E—S” = PTS”,
B — x@Bf+pox = 0+5% = L
v o x@y—y®x = 115 = sl
5 — x@0+0®x — 0+ = L
thus @*(r) = 0 only for s, = s, =s; = 1 and s = —1. In such a case
r = YR +x" 7,
Zq) = Z[Sur Shs —Sc¢, Sd] = Z/
Zor = 2Z[sa,—Sp,Sc,54) = Zie-
Now analyzing the “twisted” diagonal we obtain
@ r
x = —xQ@i+ta®x — 1,
B = x@y—-PRx — 0,
7T = —x®B+y®x — O,
6 = —x®a+6®x — 1

It follows that in this case there are not effective-zero—divisors.

For the second case, it turns out that Z¢ = Z. and Z g = Z,;, and if we take a look at the “twisted”
diagonal we see that

4

v 5 —x®6+a®x 370,00,
B — xQ@7—-B®x — 0,01,
¥y = —x®Bp+y®x — 0,-1,0,
0 = —xRa+IRx — -1,0,0.
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From where it follows that there is no linear combination of 71, , and r3 that vanishes over ®”, then for
the second case the are not effective-zero—divisors.

Z = Z[s4,5p,5¢,54,1,1,1,—1], we have

ZQ) = Z[Sﬂl Sb/ Sc, _Sd]/
Zon = Z[—Sa,Sp, Sc,Sd)-

By direct calculation we obtain that H' (7ry x 71; Z) is either Z, () (if at least one of the sy is —1) or
Z(r1) ® Z(ry) ® Zy(r3) (if all the sy are 1), where

1-— 1-— 1-— 1—
”:Tsa"‘*®X*+725b/3*®X*+7SC’Y*®X*+725d(5*®x*+x*®(5*,
and
r o= x*a¥,
r, = x*®pB,
r3 = Xx*®0.
Let us analyze in the first case the “usual” diagonal:
xS x@atamx o 0+1775” = PTS”,
1= 1=
B — x@B[+LRx — 0+1_2zb = 1_2?,
T O XQY+rY®x — O+1TC = T;
b x®I-6®x = 11— = S
thus @*(r) = 0 only for s, = s, = s, = 1and s; = —1. In such a case
r = Rx*+xt®0,
Zo = 2Z[54,5,5,—S4) =2,
Z@// = Z[—sﬂ,sb,sc, Sd] = Zad.

Now analyzing the “twisted” diagonal we obtain

2

= XQi—a®x o1,
B = —x@ry+B®x — O,
Y = —xQBf+r®x — 0,
6 = —x®R@a+ixx — 1

It follows that in this case there are not effective-zero—divisors.

For the second case, it turns out that Z¢ = Z; and Zg» = Z,, and if we take a look at the “twisted”
diagonal we see that

3;/ YR —aRx e 0,0,1,
= —x®y+p®x = 0,00,
= —x®B+r®x — 0,—1,0,
= —xRQa+iRx — -1,0,0.

=R ™R

From where it follows that there is no linear combination of 71, , and 3 that vanishes over ®”, then for
the second case the are not effective-zero—divisors.

16. For Z = Z34,5p,5¢,54,1,1,1,1], we have sixteen cases.
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e ForZ=27[-1,-1,-1,-1,1,1,1,1],

q)*
1 .\ 20X R ) DZ(Y Qx40 @x* ~ 17l .
H'(1my X 110, Z) = 2<Z<uc*®x*ﬂ+,3*®zc*+’§z®x*+5*®x*>> O Z(* @x* — 9" @x*) = H (72, Zapea)-

e ForZ =7[-1,-1,-1,1,1,1,1,1],

* * * * * * (0]
—~ Z(0*@x*+p*x*)DZ ® ~
Hl(ﬂz X 1, Z) = .2<2<a*x®x*ﬁ+ﬁ*x®zc*+'§z®xf>> OZ(w* @x*+ 6" @x*) = Hl(NZ;Zabc)-

e ForZ =7[-1,-1,1,-1,1,1,1,1],

HY(m x 0, Z) = S ey, @ 20" 9 =" ©x°) = H! (10 Zasa).

e ForZ=2[-1,-1,1,1,1,1,1,1],

~ Z * * * * ~
HY(1my x 710, Z) = % OZ{y @x*) O Z(5* @ x*) = H(110; Zyy).

e ForZ=27[-1,1,-1,-1,1,1,1,1],
q)*

= Z(a* Qx* ) BZ(7* @x* +6* Qx* ~
Hl(ﬂz X 11, Z.) = ;%(a*x®zc*+ﬂ§z®xf+§*®xf)> DZPB X+ @x*) = H1(7T2/'Zucd)‘

e ForZ =7[-1,1,-1,1,1,1,1,1],

~ Z * * Z * * ~
H(my x 119, Z) = é%f»%i%ﬁ@%*xy SZ(B* @x* — 5" @x*) = H (712 Zye).

e ForZ =27[-1,1,1,-1,1,1,1,1],

H'(my x 13 Z) = Bt fyasy @ 2B @3 + 0" ©x7) = H (1 Zag).

e ForZ=27[-1,1,1,1,1,1,1,1],

H'(mmp x 119, Z) = % SZ{(v* @x*) ©Z(6* @ x*) = H'(11p; Zy).

e ForZ=1271,-1,-1,-1,1,1,1,1],

. ok
~ Z(B* N DZ *®*+5*®* e
H'(7my x 119, Z) = 2<§<,3£‘®§*+§3®xi‘+5*®xi‘>> OZ(w* @x* — v @x*) = HY(71; Zpeg)-

e ForZ=27[1,-1,-1,1,1,1,1,1],

~ 7.(8* * T (v * (Iij
HY(mty x 13, Z) = 2<§<?f®§+éz®§f>> O Z{w* @x*+ 6 @x*) = HY(m0; Zye).

e ForZ =27[1,-1,1,-1,1,1,1,1],

~ Z * * Z 5* * %’C
H1(7T2 X NZ;Z) = 2<£<?*X®Z§+(5<*®%f>> @Z@C* ®x* — 'Y* ®x*> = Hl(ﬁz;zbd).

e ForZ=2[1,-1,1,1,1,1,1,1],

H'(m x 13, Z) = b2k 0 Z(1 @ x*) 0 Z(6* @ x*) = H' (13 Z).

e ForZ =271,1,-1,-1,1,1,1,1],

— * * * * O*
H1(7-[2 X 7[2;2) — Z<¢X* ®x*> @Z<IB* ®x*> ® Z{y*Qx*+6*@x*)

~ 1 .
2Z{v*@x*+5*@x*) H (71.’2,ch).
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e ForZ =2[1,1,-1,1,1,1,1,1],

H\(my x m,Z) = Z{a* @ x*) © Z(B* © x°) & L E200 = H (7, Z),

e ForZ =271,1,1,-1,1,1,1,1],

o
7 * * Z(5*@x*)
H(my x 15, Z) = Z{a* @ 2*) D Z(B* @ x*) & H0EL = HI (75, Z,).
e ForZ =7[1,1,1,1,1,1,1,1],
H1(7'L'2 X TTp; Z) = Z{x* @ a*, x* @ B*,x* @ v*, x* ® 6%, a* @ x*, B* @ x*, v* @ x*,5* @ x*).
The “usual” diagonal takes the following values

= XQa+a®x,
— XRB+FB®X,
= XY+ 7Rx,
— X®0I+IRx,

=™ R

and the “twisted” diagonal takes the following values

a2 —x®ita®rx,
B — —x@7+B®x,
¥ = —xQB+7®x,
6 —» —xRa+iRx.

It follows that in this case that
AR xF =R —xFRat xR

and

are effective-zero—divisors.
Summarizing, we have found five 1-dimensional effective zero—divisors, namely
1. For Z = 7[-1,-1,-1,-1,-1,-1,-1, 1]
=0 X+ "+ 7" Qx" +5Qx" + 1" @a" +x* QB +xF Q7 + 1" ® 5.
2. ForZ = 7[-1,1,1,—1,-1,1,1, 1]
bh=a*Qx*  +6x* +x* @a* +x* @5,
3. ForZ =27[1,-1,-1,1,1,-1,-1,1]

4. For Z,
=" Rx* -5 @x  —x"Qa" +x" @5,

and
ds =p*@x" —y@x* —x* @B +x* @~
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Now if we look for products of length four of these zero—divisors, we will find that all of them are zero.
Nevertheless, with coefficients Z trivial,

d4Ud5 _ —Dé*®,[3*+DC*®’)/*+5*®IB*—5*®’Y*+‘B*®DC*—’Y*®DC*—/3*@5*4-’)/*@(5*.
Furthermore, with coefficients Z trivial there are sixteen effective zero—divisors in dimension 2, of which
0(* ®0(*,06* ® 5*,‘8* ®‘B*,‘B* ®,)/*’,)/* ® ‘B*,,}/* ®’Y*/ 5* ®0C*,(5* ®5*,

have trivial product with d4 U ds, and the remaining,

w'Rx 42050y +x" @w", f QB+ Ry,
Ry -0y —xf @w, B @a* — 5 @",
BRI+ @y +xF @uw", Y'Ra* -5y —x" @w,
YR+, B+ Ry xR uw",

each multiply with d4 U ds to give £2w* ® w*. We have therefore established:
Proposition 4.7. 3 < TC’(%;) < 4.

4.2  The Bernstein-Costa-Farber class

In [8] A. Costa and M. Farber explicitly described, for a connected CW complex X, a crossed homomorphism
representing the primary obstruction to the existence of a continuous section of ep;. Here we discuss
the universality of such a class and its analogous class 0q 7,. This universal property is suggested by the
corresponding property for the Bernstein class in the Lusternik-Schnirelmann category, see [2], [26], and [11].

Let xp € X the base point, 7 = 71(X, x¢) a discrete group, I(71) = ker(e : Z[n] — Z), and M an abelian
group on which 7t x 7t operates. I(77) is a Z[7 x 7r]-module via the restriction of the action of Z[7r x 7] over
Z[n],

(x,y) 'Z”ici = Znixciy, x,y,¢; € mand n; € Z.

Fix the crossed homomorphism (introduced by A. Costa and M. Farber)

v: mxm — I(m)

(vy) ~ -1 4

and denote the corresponding one-dimensional cohomology class by v € H! (X x X;1 (7'()) .

Remark 4.5. In fact v represents a zero-divisor. See [8].

Lemma 4.8. For f € Q(mt x 1t, M) being trivial on the diagonal Ayx C 70 X 7T is equivalent to the condition
f(x,1) = f(1,X%) forall x € m.

Proof. Givenx € m,

flxx) =f((1,%), (x,1))
=f(1,x) + (1, x)f(x,1)

since f is a crossed morphism. Then for all x € 7,

(Lx)f(x,x) = f(x,1) = (L) f(1,%).
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Furthermore, f(1,1) =0, and for all x € 7,

f(L,1) =£((1,%)(1,x))
=f(Lx)+(1,%)f(1,x)
=f(Lx) + (1,x)f(x,x) — f(x,1)
ie.
flx,1)=f(1,%)+ (1,%)f(x,x), x€em
The result follows. O

Remark 4.6. If f € Q(7r x 7r, M) is trivial on Ay x, then f(x,y) = f(xz,yz) for all x,y,z € 7. Since

flxz,yz) = f ((x,y)(z,2))
=f(xy) + (xy) f(z2)
= f(x,y)+(xy)-0
= f(x,y),

where the last equality is because the action is by homomorphisms.

Lemma 4.9. Let f € Q(7t x 71, M) such that it is trivial when restricted to the diagonal Ay C v % 7. Then there
exists a (7t x 7t)-morphism f' : I(7t) — M making commutative the diagram

7TX T d - M

~
.
.
.
v Yy
f
.

I(r).

Proof. Suppose f as in the statement. Consider the additive morphism f’ : I(7t) — M determined on basis
elements by setting
f(x—1) = f(x,1) forx € 7,

and extending it by linearity. The diagram commutes since

frov(xy) =f(xy—1)
=f(xy,1)
=f(x,y), by remark 4.6.

In order to show that f’ is a (7t X 7r)-morphism notice that

w1 -(x=1) =) - ff(x=1)=f(yx—y) — (v,1)- f(x—=1)
=f(yx, 1) — f(y,1) — (y,1) - f(x,1)
=fy, D)+ w1 f(x,1)-f(y1) - (1) f(x1)
=0

and

ALy G=1)=0y) fx-1)=f7-y) - (Ly) fx-1
=f(y 1) - fH1) - (Ly)-f
=fx 1)+ (1) f(71) -

=fx D)+ (x1) - f(Ly) - f(Ly) -
( 1

=f((x D)L y)) - fF((1Ly)(x1))
=0
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ie.
(1) (x=1) =1 f(x-1)
and
f(Ly)-(x=1)=(Ly) f(x-1)
Then
f((yz) (x=1))=f ((v,1) - [(1,2) - (x = 1)]
=y, 1) f([(L,z)- (x = 1))
=(y,1)-(Lz2) f(x—1)
=(y,2) - f'(x—1)

O

Corollary 4.9.1. Let f € Q(7t x 71, M) such that f(x,x) = (x,x) - m — m for some m € M. Then there exists a
(7t x 7t)-morphism f' : I(7r) — M making commutative the diagram up to a principal morphism

T X T - M

Proof. Let h € P(mt x r, M) such that h(x,y) = (x,y) -m —m. Then f — h is a crossed morphism strictly
trivial on the diagonal, therefore there is a (7t X 71)-morphism f’ : I(7r) — M making commutative the

diagram
—h
T X 7T ! - M
\ /
I(7),

i.e. the diagram below commutes up to a principal morphism

TXTT d - M
I(m).

O
The theorem 4.10 is an immediate consequence of the discussion above, lemma 4.9 and corollary 4.9.1.

Theorem 4.10. For any zero divisor f € H'(X x X; M) there exists a (7t X 7t)-morphism I1(7t) — M such that
the induced homomorphism for cohomology takes ¥ to f (where M denotes the local coefficient system over X x X
determined by M).

An analogous result holds for 1-dimensional effective-zero—divisors.
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Theorem 4.11. Let M be a Z[rty X 1tp]-module and ¢ : 715 X 11y — M a crossed homomorphism which corresponds
to an effective~zero—divisor via the isomorphism H'(£y x ¥p; M) =2 Q(mp x 113, M)/ P(713 X 713, M), iL.
¢(x,x) = (x,x) - my —my,
P(x,71(3) = (3,57 ()) -2 = me,

for elements my,my € M. Then there exists a (71 X 712)-morphism  : 1(Zy x 1) — M such that the induced
homomorphism for cohomology takes 0y 7, to ¢.

Proof. We define y: I(Z; x 7p) — M by

9((e,x) = (1) = (¢ — ) (x,1), (@14)
P((0,x) = (e, 1)) = (1= 1) - (mg —mp) + (¢ — @y, ) (T (x),1), (4.15)
where ¢, (x,y) = (x,y) - mq — my.
For (4.15)
P((a,1) - [(0,x) = (e, 1)]) =(L,5 ' ()7 @) - (m1 — m2)
+ (9 = ) (@ H(ax),1) = (¢ — @y ) (a2, 1), (4.16)
(@,1) - 9((0,x) = (e,1)) =(a,67 () - (m1 — my)
+(a,1) - (¢ = o)) (@1 (x), 1), (4.17)

Let us check that (4.16) and (4.17) are equal. In fact, notice that

(¢ —om) (@0 @) = 9@ (@) — ou, (@ ' (2))
= ¢(a,67 (@) — (3,071 (a)) - m1 — m]
= (@, ' (a)) - my —my] - (@, (@)) - my — my] (4.18)
= (my —my) — (a,0 1(a)) - (my — my). 4.19)

From (4.19):
(¢ = om) @07 (@) + (@,67 @) - (my — m2) = my — my. (4.20)

Substracting (¢ — @m, ) (1,0 1(x)) in (4.20) we obtain the equality
(@671 (@) - (my — ma) + (¢ — @uy) @' (@), & (x))+
(a'(a )rU_l( ) (¢ = @uy ) (LT (X)) — (¢ — 9y (1,71 (3)) (4.21)
= (my —ma) + (1,5 (%) - (¢ — om,) (@1 (%), 1).
Where the left hand side of (4.21) turns to be equal to
(@61 (@)) - (m1 —m2) + (@5 (%)) (¢ = gmy) (@ (ax),1) = (@5 () (¢ — Py ) (2, 1)

Then we have

(@,671(@) - (m1 = mp) + (@,071(x)) - (¢ — gy ) (@ (ax), 1)
— (a0 1(?6))((/? Pmy)(a,1) = (my —my) (422)
+ (L) (9= 9w )@ (x),1).
Acting on both sides of (4.22) by (7,57 1(X)), we get that

¥((a,1) - [(0,x) = (¢, 1)]) = (a,1) - ((o,x) = (¢, 1)).
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5

Conclusions and future work

First, we gave a thorough analysis of the gap between the upper and lower bounds of the inequalities
zcls (RP™) < TCs(RP™) < sm, which allowed us to give an estimation for TC;(IRP™). Further, we explained
how such estimation seems to be closely related to the determination of the Euclidean immersion dimension
of RP™.

Second, by finding effective-zero-divisors of dimension 1 (in the 256 systems of local coefficients having
as group Z) we presented some indirect evidence suggesting that the effective topological complexity of the
orientable surfaces of genus g > 2 would be 3 instead of 4.

Finally, as an immediate future work we have to try to produce motion planners that prove that in effect
the indirect evidence mentioned above is true.
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