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RESUMEN

En esta tesis estudiamos complejos simpliciales con las siguientes propiedades:
descomponibilidad por vértices, escalonabilidad y Cohen-Macaulay. Se sabe que
un complejo simplicial que se descompone por vértices es escalonable, un com-
plejo simplicial escalonable puro es Cohen-Macaulay y un complejo Cohen-Macau-
lay es puro. La primera y la dltima inclusién son estrictas, la segunda es un pro-
blema abierto para grafos. En este trabajo, damos una caracterizacioén de los grafos
Cohen-Macaulay sin 3-ciclos ni 5-ciclos. Ademds, probamos que esos grafos se
descompone por vértices y son escalonables. Otra familia de grafos estudiada en
esta tesis son los grafos no mezclados que se descomponen por vértices cuyos 5-
ciclos tienen al menos 4 cuerdas. También, caracterizamos la propiedad de ser bien
cubierto para los grafos theta-anillados y los grafos sin 3-ciclos, 5-ciclos ni 7-ciclos.
En particular, probamos que la segunda familia de grafos tiene un apareamiento
perfecto. Por otro lado, mostramos que los complejos simpliciales cuyo ideal de
Stanley-Reisner tiene como conjunto minimal de generadores las bases de un ma-
troide es escalonable si y s6lo si el matroide es completo. Concluimos la tesis dando
algunas condiciones para que un hipergrafo simple con un apareamiento perfecto
de tipo Konig sea escalonable.






ABSTRACT

In this thesis we study simplicial complexes with the following properties: vertex
decomposability, shellability and Cohen-Macaulayness. It is known that a vertex
decomposable simplicial complex is shellable, a pure shellable simplicial complex
is Cohen-Macaulay and a Cohen-Macaulay simplicial complex is pure. The first
and third inclusion are strict, while the second inclusion is an open problem for
graphs. In this work, we give a characterization of Cohen-Macaulay graphs with-
out 3-cycles and 5-cycles. Furthermore, we prove that these graphs are vertex de-
composable and shellable. Another graph family that we study in this thesis are
unmixed vertex decomposable graphs whose 5-cycles have at least 4 chords. Also,
we give a characterization for well-covered theta-ring graphs and well-covered
graphs without 3-cycles, 5-cycles and 7-cycles. In particular, we prove that the se-
cond family of graphs has a perfect matching. On the other hand, we show that a
simplicial complex whose Stanley-Reisner ideal is a monomial ideal such that its
minimal generators are the bases of a matroid is shellable if and only if the matroid
is complete. We conclude the thesis giving some conditions for the shellability of
a clutter with a perfect matching of Konig type.
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PREFACE

Simplicial complexes play an important role in mathematics and they allow a rich
interaction between combinatorics, algebra, geometry and topology. Characteri-
zing simplicial complexes with properties like vertex decomposability, shellability
and Cohen- Macaulayness is a very active and important research area in combina-
torial commutative algebra. Hochster and Stanley start with this study in [29] and
[43], respectively. Others works are [3]], [6], [7], [8],[15], [42], [45] and [48]. Vertex
decomposability was first introduced in [3] by Billeras and Provan in the pure case
and extended to nonpure complexes by Bjorner and Wachs in [6]. In [42] is proven
that vertex decomposable simplicial complexes are shellable. Also, Stanley intro-
duced the concept of sequentially Cohen-Macaulay simplicial complexes and he
showed that every shellable simplicial complex is sequentially Cohen-Macaulay.
Here we take the non-pure definition of shellability introduced by Bjorner and
Wachs in [6]. However, the notion of a pure shellable complex was studied earlier
in [33] and [41]. Furthermore, pure shellable implies Cohen-Macaulay (see [24]
and [30]). The edge ideal of graphs was introduced by Villarreal in [47]. Further-
more, in [46] Van Tuyl and Villarreal introduced the notion of a shellable graph. A
set of vertices without edges is a stable set. A graph is called shellable or Cohen-
Macaulay if the simplicial complex of its stables is shellable or Cohen-Macaulay,
respectively. Dochtermann, Engstrom (in [15]) and Woodroofe (in [53]) studied
vertex decomposable graphs.

In general, we have the following implications (see [42], [48], [53])

Pure Pure

vertex decomposable = shellable = Cohen-Macaulay

The equivalence between the Cohen-Macaulay property and pure vertex decompo-
sability has been studied for some families of graphs like: bipartite graphs (in [18]
and [27]); very well-covered graphs (in [13] and [31]); graphs with girth at least
5, block-cactus (in [28]); and graphs without 4-cycles and 5-cycles (in [4]). In this
work, we prove the equivalence for graphs without 3-cycles and 5-cycles. Further-
more, we characterize vertex decomposable graphs whose 5-cycles are chorded.

A graph is well-covered if every maximal stable is maximum. Consequently, a
graph is well-covered if and only if its simplicial complex is pure. The concept
of well-coveredness was introduced by Plummer in [35]. The well-covered pro-



viii PREFACE

perty is a necessary condition fof Cohen-Macaulayness (see [8]). The well-covered
property has been studied for some families of graphs like: graphs with girth at
least 5 (in [21]), graphs without 4 and 5-cycles (in [22]), simplicial, chordal and
circular graphs (in [36]]), block-cactus graphs (in [37]) and unicyclic graphs (in [44]).
We characterize the well-covered property for graphs without 3-cycles, 5-cycles
and 7-cycles and theta-ring graphs. The first graph were studied and characterized
in [38].

If a bipartite graph is well-covered, pure shellable or Cohen-Macaulay, then it is
Ko6nig and has a perfect matching. This perfect matching is important for the
characterization of the Cohen-Macaulay bipartite graphs given by Hibi and Her-
zog (see [27]) and for the characterization of well-covered bipartite graphs (see
[39] and [49]). On the other hand, 3-cycles, 4-cycles, 5-cycles and 7-cycles are the
well-covered cycles. Furthermore, only 3-cycles and 5-cycles are vertex decom-
posable, shellable and Cohen-Macaulay. But 3-cycles, 5-cycles and 7-cycles do not
have a perfect matching. Consequently, it is interesting to verify: if well-covered
graphs without 3-cycles, 5-cycles and 7-cycles have a perfect matching, and if a
Cohen-Macaulay graph without 3-cycles and 5-cycles has a perfect matching. In
this thesis, we prove that the answer to this problem is affirmative and we give a
combinatorial characterization of these graphs.

Theta-ring graphs were introduced by Gitler, Reyes and Vega in [25]. In this paper
they proved that theta-ring graphs are equivalent to CIO graphs and equivalent
to universally signable graphs. Furthermore, chordal graphs, cactus, block-cactus
and ring graphs are theta-ring graphs. Some of the families mentioned relate as
depicted in the following diagram.

Ring graphs C Theta-rings O Chordal graphs

U U
Cactus graphs C Block-cactus

U

Block

Well-covered chordal graphs have been characterized in [36] and well-covered cac-
tus and block-cactus graphs in [37]. In this thesis, we characterize well-covered
theta-ring graphs.

The study of matroids start in the thirties by Whitney in [51] studying the theory of
dependence. This concept was taken from graph and matrix theory. Matroids can
be defined in different ways, all of them equivalent. Simplicial complex of a circuit
set of a matroid is shellable, since the condition of simplicial vertex in a clutter is
exactly the weak circuit exchange property of a matroid (see [52]). Furthermore,
the simplicial complex of the independent sets of a matroid is pure shellable (see
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in [5]). In this thesis we study the simplicial complex of the base set.

Hypergraphs were introduced by Berge to generalize graphs. A clutter C is a hy-
pergraph such that each edge of C is not included in another. This concept ge-
neralizes the concept of simple graphs. Unmixed clutters play an important role
in this thesis. We have that a clutter is unmixed if and only if its Stanley-Reisner
simplicial complex is pure. The case of clutters has been studied in [9]], [19], [20],
[32] and [52]. Simplicial forests were introduced in [19]. These simplicial com-
plexes generalize forest graphs. Facet ideal of Cohen-Macaulay simplicial forests
were studied in [20]. These complexes are equivalent to a totally balanced clutters
with the Kénig property. Faridy showed in [20] that if a simplicial tree is Cohen-
Macaulay, then its Stanley-Reisner complex is shellable. A characterization of un-
mixed clutters with a perfect matching of Konig type is given in [32]. Furthermore,
Morey, Reyes and Villarreal characterize Cohen-Macaulay Kénig clutters without
3-cycles and 4-cycles (see [32]). In this thesis, we study Cohen-Macaulay and pure
shellable clutters with a perfect matching of Konig type and not having 4-cycles
with particular properties.

This thesis is organized as follow: in Chapter 1 we include some definitions, pro-
perties and known results that we will use in Chapters 2 and 3, where we show
our original results. Particularly, in Chapter 1 we give the preliminaries on com-
mutative algebra and combinatorics. In section 1.1 we review notation and basic
definitions on commutative algebra as Cohen-Macaulay ring, Krull dimension and
depth. In section 1.2, we review some results and properties of simplicial com-
plexes, in particular, the relation between simplicial complexes, square-free mono-
mial ideals and Stanley-Reisner rings. Section 1.3 offers basic material on clutters
including their monomial ideals and the Konig property. Section 1.4 is dedicated
to matroid theory. In Section 1.5 we review some definitions and properties about
graphs and their edge ideals. Finally, the definition of theta-ring graphs and some
of their properties are given in Section 1.6.

In Chapter 2, we study vertex decomposable, shellable, Cohen-Macaulay and well-
covered graphs. In particular, we provide conditions for the equivalences of the
tirst three properties in some graph families. Also, we give necessary and suffi-
cient conditions to characterize some families of well-covered graphs. Chapter 2
is divided as follows: in section 2.2 we give some properties and relations bet-
ween critical, shedding and extendable vertices that we will use in the following
sections. In section 2.3 we prove that a well-covered graph without 3-cycles, 5-
cycles and 7-cycles is Konig and it has a perfect matching. Using this result, in
Theorem we give a characterization of these graphs. Since bipartite graphs
are the graphs without odd cycles, the characterization extends the criterion of
well-covered bipartite graph (given in [39] and [49]). Furthermore, we prove that
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very well-covered graphs and unmixed Konig graphs are equivalent. In section 2.4
we prove the equivalence between the unmixed vertex decomposable and Cohen-
Macaulay properties for Konig graphs (Theorem[2.25) and graphs without 3-cycles
and 5-cycles (Theorem [2.28). Furthermore, we prove that theses properties are
equivalent to the following condition: G is an unmixed Konig graph with a perfect
matching eq, ..., e, and thee are no 4-cycle with two ¢;’s. Theorem extends the
Herzog-Hibi criterion for Cohen-Macaulay bipartite graphs given in [27] and the
characterization for Cohen-Macaulay graphs with girth at least 6 (given in [21]]).
In [46] Van Tuyl and Villarreal proved that the vertex decomposable, shellable
(non-pure) and sequentially Cohen-Macaulay properties are equivalent in bipar-
tite graphs. They also gave a criterion that characterizes these graphs. These result
and results obtained in sections 2.2 and 2.3 motivate us to study vertex decom-
posability and shellability (non pure) for graph without 3-cycles and 5-cycles. In
particular, in Section 2.5 we prove that the neighborhood of a 2-connected block of
G has a free vertex if G is a bipartite shellable graph or if G is a vertex decompo-
sable graph without 3-cycles and 5-cycles. Also, we prove that the criterion of Van
Tuyl-Villarreal can be extended for vertex decomposable graphs without 3-cycles
and 5-cycles and shellable graphs with girth at least 11. Cohen-Macaulay trees are
one of the first Cohen-Macaulay graphs studied (see [18] and [47]). These graphs
are bipartite graphs and if we add a new edge, then we obtain the unicyclic graphs.
Some properties of unicyclic graphs were studied in [44]. In section 2.6 we charac-
terize unicyclic graphs for each of the following properties: vertex decomposable,
shellable, Cohen-Macaulay and well-covered. In section 2.7 we study the well-
covered property of a theta-ring graph (see [25]). Chordal, cactus, block-cactus
and ring graphs are particular families of theta-ring graphs. We prove that a theta-
ring graph is well-covered if and only if it is an induced 7-cycle or its vertex set
has a disjoint partition in basic 5-cycles, semi-basic 5-cycles and sun-complete sub-
graphs. In section 2.8 we characterize well-covered vertex decomposable graphs
whose 5-cycles are chorded (have at least 4-chords). Some well-covered graphs
have a partition V, ..., Vi of their vertex set such that if S and S§’ are maximal sta-
ble sets, then |SNV;| = |S'NV;| fori = 1, ..., k. For this reason in section 2.9 we
study when a 5-cycle C or a 7-cycle C’ of a graph G, satisfies that [CN S| = 2 and
|C' N'S| = 3 for each maximal stable set S of G.

In Chapter 3 we study shellable and the Cohen-Macaulay simplicial complexes
associated to clutters. Let M be a matroid, in Section 3.2 we show that a simplicial
complex of the base set of M is shellable if and only if the base set of M is a
complete clutter (see Theorem 3.5). Finally, in Section 3.3 we give some conditions
for shellable clutters with a perfect matching of Konig type. These result generalize
the result obtained in Section 2 about Konig graphs.
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The dissertation is essentially self contained. For details on combinatorial theory
or commutative algebra the reader is referred to Chapter(l|and its references.
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CHAPTER 1

PRELIMINARIES

In this chapter we give a review of background material, definitions, known results
and properties on commutative algebra and combinatorial theory that we will use
in the following chapters.

1.1 COHEN-MACAULAY RINGS

The purpose of this section is to review the definitions and properties of commuta-
tive algebra necessary to define Cohen-Macaulay rings. For more details you can
see [1]], [8], [42] and [48]. For this thesis “ring” means a commutative ring with an
identity element. Throughout this section R denotes a ring.

Definition 1.1 R is a Noetherian ring if every ideal I of R is finitely generated, that
is, there exists an integer g and fy, ..., f; € I such that

q
I = (Zaifi |lll' S R,Vi) .

i=1

Definition 1.2 A chain of prime ideals of R is a finite strictly increasing sequence
of prime ideals pg C p1 C --- C pu; nis called the length of the chain. Spec(R)
denotes the set of prime ideals of R. The height of p € Spec(R), denoted by ht(p),
is the supremum of the lengths of all chains of prime ideals which end at p.

Definition 1.3 If I is an ideal of R, then the height of I, is defined as:

ht(I) = min{ht(p) | I C p and p € Spec(R)}.
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Definition 1.4 The Krull dimension of R, denoted by dim(R), is the supremum of
the length of all chains of prime ideals of R.

Proposition 1.5 [48] In general, we have that dim(R/I) + ht(I) < dim(R). Equa-
lity holds if R is a polynomial ring over a field.

Definition 1.6 Let M # (0) be an R-module. The dimension of the R-module M is
dim(M) = dim(R/anng(M)),

where anng (M) = {x € R | xM = 0} is the annihilator of M.
Definition 1.7 Given an R-module M, an element r € R is a zero divisor of M if

there is 0 ## m € M such that rm = 0. The set of all zero divisors of M is denoted
by Z(M). If r is not a zero divisor on M, we say that r is a regular element of M.

Definition 1.8 A sequence 0 = 0, ...,0,, in R is called a reqular sequence of M or an
M-reqular sequence if ()M # M and 0; ¢ Z(M/ (64, ...,0;_1)M) for all i.

Theorem 1.9 (Krull Principal Ideal Theorem) Let I be an ideal of R generated by a
sequence hy, ..., h;. Then

(a) ht(p) < r for any minimal prime p of I.

(b) If hy, ..., hy is a regular sequence, then ht(p) = r for any minimal prime p of I.

Proof. See ([1], Corollary 11.17). O

Definition 1.10 R is called local ring if R has only one maximal ideal m. It will be
denoted by (R, m).

Definition 1.11 Let M # (0) be a module over a local ring (R, m), the depth of M,
denoted by depth(M), is the length of any maximal regular sequence on M which
is contained in m.

Proposition 1.12 [48] In general, we have depth(M) < dim(M).

Definition 1.13 An R-module M is called Cohen-Macaulay if M = (0) or if
depth(M) = dim(M).
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Definition 1.14 Let S be a multiplicative closed subset, i.e., x,y € Simplies xy € S.
If 1 € S, then the module of fractions of M with respect to S, or the localization of M
with respect to S is STY(M) = {m/s | m € M,s € S}, where m/s = my/s if
and only if there is t € S such that f(sym —smy) = 0. If p is a prime ideal of R
and S = R\ p, then S™'M is written as M, and it is called the localization of M at

p.

Definition 1.15 A localring (R, m) is called Cohen-Macaulay if R is Cohen-Macau-
lay as an R-module. If R is non local and R, is a Cohen-Macaulay local ring for all
p € Spec(R), then we say that R is a Cohen-Macaulay ring.

Definition 1.16 An ideal I of R is Cohen-Macaulay if R/ is a Cohen-Macaulay
R-module.

Definition 1.17 Let (H, +) be an abelian semigroup. An H-graded ring is a ring R
together with a decomposition
R= &R,

acH

(as a Z-module) such that R,R, C R, foralla,b € H.
Remark 1.18 A graded ring is by definition a Z-graded ring.

Definition 1.19 If R is an H-graded ring and M is an R-module such that

M= P M,,

aceH

where M, is an additive subgroup and R,M; C M, forall a,b € H, then we say
that M is an H-graded module. An element f € M is said to be homogeneous of degree
aif f € M,.

Let R = k[xq, ..., x4| be a polynomial ring over a field k. We setd = (dy, ..., d,) € IN".
Fora = (a1,...,ay) € N" we take the monomial x? = x{' - - - xj" and |a| = a1dy +
-+ + aydy,. The induced d-grading of R is: R = @7° R;, where R; = @M:ikx“.
The standard grading or usual grading of R is the 1-grading, where 1 = (1, ..., 1).
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Remark 1.20 [8] Let I be a monomial ideal in k[xy, ..., x,|. There exists a unique
minimal monomial set of generators of I and it is denoted by G(I).

Definition 1.21 Let R = k[x, ..., x,] be a polynomial ring. A graded R-module
M is called sequentially Cohen-Macaulay (over k) if there exists a finite filtration of
graded R-modules

0O=MyCcM;C---CM,=M

such that each M;/M,;_1 is Cohen-Macaulay, and their Krull dimensions satisfy

dim(M; /M) < dim(My/M;) < - - < dim(M,/M,_1).

1.2 SIMPLICIAL COMPLEXES AND STANLEY-REISNER RINGS

In this section we give some properties of simplicial complexes and their Stanley-
Reisner rings.

Definition 1.22 A simplicial complex consists of a finite set V of vertices and a collec-
tion A of subsets of V called faces such that: if F € Aand G C F, then G € A.

Definition 1.23 The maximal faces of A are called facets and the set of facets of A
is denoted by F(A). If F € A, the dimension of a simplicial complex of F is dim(F) =
|F| — 1. Furthermore, dim(A) = sup{dim(F) | F € A}. We assume that dim(Q®) =
—1. A face of dimension g is called a g-face or a g-simplex. (Fy, ..., F;) denotes the
simplicial complex whose facets are Fy, ..., F;.

Definition 1.24 Ais called pure if all its facets have the same cardinality.

Definition 1.25 If F C V(A), then the deletion of F in A is the subcomplex
delp(F) ={Ge€A|GNF=00}.
Furthermore, if F € A, then the link of F in A is

Ikp(F) ={GE€A|GUF€AGNF =0Q}.
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Definition 1.26 A simplicial complex A is called vertex decomposable if V is the
unique facet, or A contains a vertex x such that

(a) both dels(x) and lk(x) are vertex decomposable, and

(b) no facet of Ik (x) is a facet of dels(x).

Definition 1.27 A vertex x which satisfies condiction (b) (in the last definition) is
called a shedding vertex of A.

Definition 1.28 If the vertex set of Ais V(A) = {xy, ..., X, }, the Stanley-Reisner ring
or face ring of A over a field k is k[A] = R/Ij, where R is the polynomial ring
k[x1, ..., x4] and I, is the ideal of R generated by

{xi -oox | 1<d; <o < <m, {xg, .., x5, } € A}

Proposition 1.29 [48] If A is a simplicial complex with vertices xy, ..., x;, then the
primary decomposition of the Stanley-Reisner ideal of A is:

Ih= () prr
FeF(4)

where pr is the ideal generated by all x; such that x; & F.

Proposition 1.30 [48] If dim(A) = d and V(A) = {x1, ..., x,}, then

dim k[A] =d +1=max{s | x;, ---x;, € [pand iy < --- </is}.

Definition 1.31 [6] A is shellable if the facets of A can be ordered Fj, ..., Fs such that
forall1 <i < j <'s, there exist some v € F; \ F; and some ! € {1,...,j — 1} with
F; \ F; = {v}. In this case, Fi, ..., Fs is called a shelling of A.

Remark 1.32 [48] If A is pure shellable, then lk,(F) is pure shellable.

Theorem 1.33 [42], [48] Let A be a simplicial complex.
e If Ais vertex decomposable, then A is shellable.
e If Ais shellable, then k[A] is sequentially Cohen-Macaulay.
e If k[A] is Cohen-Macaulay, then A is pure.
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It is known that the above implications are strict. Furthermore, in general Cohen-
Macaulay property of k[A] depends of the characteristic of k (see [8],[48]).

Theorem 1.34 [8] Let A be a simplicial complex. If k is a field, then the following
conditions are equivalent:

(a) k[A] is Cohen-Macaulay over k.
(b) H;(1ks(F); k) = 0 for F € Aand i < dim(lks(F)).

Where H;(1ka(F);k) is the ith reduced simplicial homology group of lks(F) with
coefficients in k.

Proposition 1.35 [48] If k is a field, then a simplicial complex A is Cohen-Macaulay
over k if and only if Ik, (F) is Cohen-Macaulay over k for each F € A.

Definition 1.36 The Alexander dual of A is the simplicial complex A* = {T C
V|t ¢ A}, whereT=V\ 1.

Remark 1.37 [34] The Alexander dual A* is a simplicial complex and (A*)* = A.

Definition 1.38 If 0 < g < dim(A) + 1, the g-skeleton of A is the simplicial complex
A7 consisting of all p-simplices of Awith p < g, thatis, AT = ({F € A| |F| < g+1}).

Theorem 1.39 ([16], Theorem 3.3) A simplicial complex A is sequentially Cohen-
Macaulay if and only if A7 is Cohen-Macaulay for 0 < g < dim(A)+1.

Definition 1.40 If dim(A) = d, then the f~vector of A is the (d + 1)-tuple f(A) =
(fo, .-, f4), where f; is the number of i-faces of A. Note f_1 = 1. On the other hand,
the h-vector of Ais the (d + 1)-tuple h(A) = (hy, ..., hzy1) such that

a+1 Cd+1 )
Z fifl(x . 1)d—|-1—z — Z hixdﬂ_l.
i=0 i=0

Theorem 1.41 [48] If A is a simplicial complex of dimension d and h(A) the h-
vector of k[A], then h,(A) = 0 forr > d + 1 and

r . 1_ :
hr(A) = Z(—l)r_l (d—:_z Z)fz'_l for 0 S r S d—|— 1.
i=0
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Theorem 1.42 [48] Let Abe a simplicial complex of dimension d with n vertices. If
k[A] is Cohen-Macaulay and k is an infinite field, then the h-vector of A satisfies
i+n—d-2

Oghi(A)S( ; >for0§i§d—|—1.

1.3 CLUTTERS AND MONOMIAL IDEALS

Definition 1.43 A clutter consists of a pair C = (V, E), where V is a finite set whose
elements are called vertices and E is a family of subsets of V' called edges, none of
which is included in another.

Definition 1.44 The d-complete clutter with n vertices is the d-uniform clutter with
() edge set. In some cases, it is called only complete clutter.

Definition 1.45 Let x € V(C), the deletion of x is the clutter C \ x whose vertex
set is V(C) \ {x} and edge set {e € C | x ¢ e} and the contraction of x is the
clutter C/x whose vertex set is V(C) \ {x} and the edges are the minimal sets of

{e\{x} [eeC}.

Definition 1.46 A clutter D obtained from C by deletion and/or contraction of a
family of vertices is called a minor of C. If D is obtained only by deletions, then D is
called d-minor and if D is obtained only by contractions, then D is called c-minor.

Definition 1.47 We say that v; is a free vertex of C if v; appears in exactly one edge
of C. C has the free vertex property if all minors of C have a free vertex. C has the
c-free vertex property if all c-minors of C have a free vertex.

Definition 1.48 A subset D C V(C) is a vertex cover of C if every edge of C contains
at least one vertex of D. D is minimal if each proper subset D is not a vertex cover.
The blocker b(C) of C is the set of minimal vertex covers of C. A subset F C V(C)
is called independent or stable if e ¢ F for each e € E(C). F is maximal if there is no
stable F’ of C such that F C F'.

Remark 1.49 [34] If C is a clutter, then b(b(C)) = C.
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Definition 1.50 The cardinality of a maximum stable set is denoted by B(C) and it
is called stability number. The number of vertices in a minimum vertex cover of C
is called the covering number of C and it is denoted by 7(C).

Remark 1.51 A subset D of V(C) is a vertex cover of C if and only if V(C) \ D is a
stable set of C. Consequently, T(C) = n — B(C).

Definition 1.52 C is called well-covered if all maximal stable sets have the same
cardinality. If the minimal vertex covers have the same cardinality, then C is called
unmixed.

Remark 1.53 C is well-covered if and only if C is unmixed.

Definition 1.54 A collection of edges e, ..., eq is a matching of C if each two edges
are disjoint. Furthermore, it is a perfect matching if U?’:l e; = V(C). The number
of elements in a maximum matching is denoted by v(C). A clutter C is Konig if
v(C) = 7(C). A perfect matching ey, ..., eg is of Konig type if ¢ = 7(C).

Lemma 1.55 ([32], Lemma 2.3) If C is an unmixed clutter with the Konig property
and without isolated vertices, then C has a perfect matching of Konig type.

Proposition 1.56 ([32], Proposition 2.9) Let C be a clutter with a perfect maching
e1, ..., eg of Kénig type. Then the following are equivalent:

(a) C is unmixed.

(b) For any two edges e # ¢’ and for any distinct vertices x € e, y € ¢’ contained
in some ¢;, one has that (e \ x) U (¢’ \ y) contains an edge.

If V(C) = {x1, ..., xn}, then we identify each vertex x; of C with a variable x; in a
polynomial ring R = k[x1, ..., x,,| over a field k.

Definition 1.57 The edge ideal of C, denoted by I(C), is the ideal of R generated by
all monomials [T, ¢, x; such that e € E(C).

The assignment C — I(C) establishes a natural one to one correspondence between
the family of clutters and the family of square-free monomial ideals. (see [8], [48]).
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Remark 1.58 We have that ht(I(C)) = 7(C). Furthermore, p is a minimal prime of
I(C) if and only if p = (D) for some minimal vertex cover D of C. In particular, if
Dy, ..., Dy is a complete list of the minimal vertex covers of C, then

I(C) = (D1)N(D2) N+~ N (Dy).

Proposition 1.59 ([32], Proposition 2.4) Let C be an unmixed clutter with a perfect
matching ey, ..., e; of Kénig type and let Cy, ..., C; be any collection of minimal ver-
tex covers of C. If C' is the clutter associated to I = (_;(C;), then C’ has a perfect
matching ey, ..., €, of Kénig type such that:

(a) e C ¢; forall i, and

(b) every vertex of ¢; \ ¢} is isolated in C’.

Remark 1.60 ([32], Remark 2.5) Let Cy,..,C, be the minimal vertex covers of C.
Since I(C) is equal to N!_,(C;), one has (I(C) : xj) = ﬂxjeC,'(Ci) for any vertex
xi ¢ 1(C).

Definition 1.61 The Stanley-Reisner complex of C denoted by A¢, is the simplicial
complex whose faces are the stable sets of C.

Remark 1.62 F is a facet of A¢ if and only if V(A¢) \ F is a minimal vertex cover
of C. Consequently, A¢ is pure if and only if C is well-covered if and only if C is
unmixed. Furthermore, I, = I(C).

Lemma 1.63 ([52], Lemma2.2) Let C aclutterand v € V(C). We have thatlk,,(v) =
AC/Z)'

Definition 1.64 C is shellable or vertex decomposable if A¢ is shellable or ver-
tex decomposable, respectively. Furthermore, C is (sequentially) Cohen-Macaulay
over k if k[A¢] is (sequentially) Cohen-Macaulay:.

Definition 1.65 A family of clutters F is closed under c-minors if C € F and C’ is
a c-minor of C, implies C' € F.

Remark 1.66 ([2], [48]) The following properties: shellable, Cohen-Macaulay, se-
quentially Cohen-Macaulay, vertex decomposable, unmixed and well-covered are
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closed under c-minors.

Lemma 1.67 ([46], Lemma 5.1) Let C be a clutter with minimal vertex covers Dy, ...,
D;. If A¢ is shellable and A C V(C) is a set of vertices, then the Stanley-Reisner
complex Ay of the ideal

is shellable with respect to the linear ordering of the facets of Ay induced by the
shelling of the simplicial complex A¢.

Definition 1.68 If V(C) = {xi,..,x,} and E(C) = {ey,...,¢5}, then the incidence
matrix of C is the matrix n x q, A = (a;j) such that a;; = 1if x; € ¢jand a;; = 0
otherwise. The clutter C has an s-cycle if A has a submatrix s x s with exactly two
1’s in each row and each column.

Theorem 1.69 ([32], Theorem 2.13) Let C be a clutter with a perfect matching e, ...,
eg of Konig type. If for any two edges fi, f> of C and for any e;, one has that
fiNe C faNejor frNe; C f1 Nej. Then C is unmixed.

Theorem 1.70 ([32], Theorem 2.16) Let C be a clutter with a perfect matching ey, ...,
eg of Konig type. If for any two edges fi, fo of C and for any e; of the perfect
matching, one has that f; Ne; C foNe;or foMNe; C f1MNe;, then Ac is pure shellable.

Corollary 1.71 ([32], Corollary 2.19) Let C be a clutter with the Kénig property
without 3-cycles and 4-cycles. Then any of the following conditions are equivalent:

(a) C is unmixed.

(b) There is a perfect matching ey, ..., e; with ¢ = ht(I(C)), such that for any two
edges f1, fo € E(C) and for any edge ¢; of the perfect matching, one has that
f1 Ne; C frNe; orfzﬂei C fiNe;.

(c) R/I(C) is Cohen-Macaulay.

(d) A¢ is a pure shellable simplicial complex.
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1.4 MATROIDS

Definition 1.72 A matroid M is an ordered pair (V,Z) consisting of a finite set V
and a collection of subsets Z of V satisfying the following three conditions:

o e 1.
(IQ)IfI€eZand I’ C I, thenI € T.
(I3)If 1, I € Z with |I;| < |Ip|, then thereisx € I — I; such that ; Ux € 7.

Definition 1.73 The members of 7 are the independent sets of M. A subset of V that
is not in 7 is called dependent. Condition (I3) is called the independence augmentation
axiom. A minimal dependent set in an arbitrary matroid M will be called a circuit
of M and the set of circuits of M is denoted by C(M). A maximal element of Z is
called base of M. The set of bases of M is denoted by B(M).

Proposition 1.74 [34] C(M) has the following properties:
(C1) @ ¢ C(M).
(C2)If Cq,Cy € C(M) and C; C Cy, then Cy = Cy.

(C3) If C1,Cy € C(M) with C; # C; and x € C; N Cy, then there is C3 € C(M)
such that C3 C (C; U Cy) \ x.

Condition (Cs3) is called the weak circuit exchange property.

Theorem 1.75 [34] Let V be a set and C(M) be a collection of subsets of V satis-
tying (C1)-(C3). If Z is the collection of subsets of V that contain no member of
C(M), then (V,7) is a matroid whose circuit set is C(M).

Proposition 1.76 B(M) satisfies the following two conditions:
(B1) B(M) is not empty.

(B2) If By, B, € B(M) and x € By \ By, then there exists y € B, \ By such that
(B1\x) Uy € B(M).

The condition (B2) is called basis exchange axiom.

Remark 1.77 [34] (B2) is equivalent to (B2)*: If By,B, € B(M) and x € B, \ By,
then there exists y € By \ B, such that (B; \ y) Ux € B(M).
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Lemma 1.78 [34] If B; and B; are bases of a matroid M, then |By| = |By].

Proposition 1.79 [34] Let M be a matroid. Then_there exists a matroid M’ whose
base setis B(M') = {B | B € B(M)}, where B = V \ B. M’ is called the dual
matroid of M.

Remark 1.80 If M is a matroid, then (M’')" = M.

Remark 1.81 [34] If M is a matroid, then b(B(M)) = C(M’) and b(C(M")) =
B(M).

1.5 GRAPHS AND EDGE IDEALS

All graphs considered in this dissertation are finite simple graphs, and for simpli-
city they will be called graphs. A graph is a clutter whose edges have two elements.

Definition 1.82 Let G be a graph. A sequence £ = (x1,X2,...,X;11) is a walk in G
of length [ from x; to x;q if {Xl,X2}, {XQ, X3}, veey {xl, le} c E(G) In this case xq
and x;, 1 are called the ends of L. If the vertices x1, x3, ..., ;1 are all distinct, then
L is called path. If the length of £ equals zero, then L is called a trivial path.

Definition 1.83 A graph G is connected if there is a path joining each pair of distinct
vertices of G, otherwise G is called disconnected. A maximal connected subgraph
of G is called a connected component of G. If every connected component of G is a
vertex, G is called totally disconnected.

Remark 1.84 A connected component of G is a c-minor of G.

Definition 1.85 A walk £ = (xq,...,xx,1) with k > 3 such that x, ..., x; are all
distinct and x1 = x4 is called a cycle of length k or k-cycle. If G does not contain
cycles, then itis called forest. A connected forest is a tree. The girth of G is the length
of the smallest cycle or infinite if G is a forest.

Definition 1.86 A unicyclic graph is a connected graph with exactly one cycle.
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Definition 1.87 If v € V(G), then the set of neighbors of v (in G) is Ng(v) = {w €
V(G) | {v,w} € E(G)} and its closed neighborhood is Ng[v] = Ng(v) U {v}. The
degree of v in G is degg(v) = |[Ng(v)|. A vertex of degree one is called leaf or free
vertex and a vertex adjacent to a leaf is called a stem. An edge which is incident
with a leaf is called pendant.

Remark 1.88 [48] If C, is a n-cycle, then C,, is well-covered if and only if n = 3,4,5
or7.

Lemma 1.89 ([21], Lemma 2) Let G be a connected graph of girth > 6, which is
neither a 7-cycle or a vertex. Then G is well-covered if and only if its pendant
edges form a perfect matching.

Definition 1.90 A cut vertex of G is a vertex v such that the number of connected
components of G \ v is greater than the number of connected components of G.
A bridge of a connected graph is an edge whose ends are cut vertices. A maximal
connected subgraph of G without a cut vertex is called a block. A connected graph
without cut vertices with at least three vertices is called 2-connected graph.

Lemma 1.91 ([46], Lemma 2.5) If x € V(G) and G’ = G\ Nglx], then Ag =
lkAG (x)

Remark 1.92 Ag is vertex decomposable if G is a totally disconnected graph or there
is a vertex v such that

(a) G\ vand G\ Ng|v] are both vertex decomposable, and

(b) each stable set in G \ Ng[v] is not a maximal stable set in G \ v.
Definition 1.93 A shedding vertex of G is a vertex with property (b).

Remark 1.94 A vertex v is a shedding vertex of G if and only if v is a shedding
vertex of Ag. Furthermore, v is a shedding vertex if for every stable set S contained
in G \ Ng[v], there is some x € Ng(v) such that S U {x} is stable.

Definition 1.95 Let H be a subgraph of G, a chord of Hin Gisanedgee € E(G) \
E(H) such that its ends belong to V(H). A graph is chordal if each of its cycles of
length at least 4 has a chord.
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Theorem 1.96 ([53], Theorem 1) If the only chordlees cycles of G are 3-cycles and
5-cycles, then G is vertex decomposable.

Corollary 1.97 Chordal graphs and forests are vertex decomposable. Therefore,
they are shellable and sequentially Cohen-Macaulay.

Definition 1.98 A cycle Cy is induced if C; does not have chords.
Remark 1.99 Let S be a stable set of G. Then G/S = G \ Ng|S].

Definition 1.100 Let S be a subset of V(G), the closed neighborhood of S is N[S] =

U Nglx].
xXeS

Definition 1.101 Let S be a stable set of G. If x is of degree zero in G \ Ng[S], then
x is called isolated vertex in G \ Ng[S], also we say that S isolates to x.

Definition 1.102 A graph G with n vertices is called complete if for all u,v € V(G),
we have that {u,v} € E(G). This graph is denoted by K,,. A clique of a graph G
is a maximal complete subgraph of G. A vertex v is called simplicial if the induced
subgraph G[Ng|v]] is a complete graph. Equivalently, a simplicial vertex is a vertex
that appears in exactly one clique. A clique of a graph G containing at least one
simplicial vertex of G is called a simplex of G.

Lemma 1.103 If v, w € V(G) such that Ng[v] C Ng[w], then w is a shedding vertex
of G. In particular, if v is a simplicial vertex, then any w € Ng(v) is a shedding
vertex.

Proof. By Lemma 6 and Corollary 7 in [53]. L]

Definition 1.104 A vertex x is called extendable if G and G \ x are well-covered
graphs and B(G) = B(G \ x).

Lemma 1.105 ([21]], Lemma 2) Let G be a well-covered graph. A vertex x € V(G)
is extendable if and only if |[Ng(x) \ Ng(S)| > 1 for every stable set S of G \ Ng[x].
Furthermore, every x € V(G) is nonextendable if and only if there is a stable set
S C V(G) such that x is an isolated vertex in G \ Ng|[S].
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Proposition 1.106 ([48], [53]) A graph is unmixed, shellable, vertex decomposable
or Cohen-Macaulay if and only if each connected component is unmixed, shellable,
vertex decomposable or Cohen-Macaulay, respectively.

Definition 1.107 A graph G is called very well-covered if it is well-covered without
isolated vertices and |V (G)| = 2ht(I(G)).

Theorem 1.108 ([38], Theorem 5) Let G be well-covered with no isolated vertex
and odd girth > 9 (without 3, 5 and 7-cycles), then G is very well-covered.

Remark 1.109 Let G be a graph. If 7(G) = B(G), then G has a perfect matching.

Proposition 1.110 ([23], Proposition 4.1) If C,, is a n-cycle, then C,, is vertex decom-
posable, shellable or sequentially Cohen-Macaulay if and only if n = 3 or 5.

Lemma 1.111 ([50], Lemma 6) If G has a shedding vertex v where G \ v and G \
Ng[v] are shellables with shelling Fj, ..., Fr and Gq, ..., G, respectively, then G is
shellable with shelling Fy, ..., F, G1 U {0}, ..., G U {v}.

Definition 1.112 A graph G is bipartite if its vertex set can be partitioned into two
subsets V; and V; such that every edge has one end in V; and one end in V,. Fur-
thermore, G is called a complete bipartite, denoted by K, if |Vi| =1, |V2| = s and
every vertex in V] is adjacent to every vertex in V5.

Proposition 1.113 [48] G is bipartite if and only if G does not contain odd cycles.

Lemma 1.114 ([46], Lemma 2.8) Let G be a bipartite with bipartition {x1, ..., X },
{y1, -, yn}. If G is shellable and G has non isolated vertices, then thereis v € V(G)
with deg(v) = 1.

Theorem 1.115 ([46], Theorem 2.9) Let G be a graph and let x1, y; be two adjacent
vertices of G with deg-(x1) = 1. If G; = G\ Ng[x1] and G, = G \ Ng[y1], then G
is shellable if and only if G; and G, are shellable.

Definition 1.116 Let X be a subset of V(G), the induced subgraph by X in G, de-
noted by G[X] is the graph with vertex set X and whose edge set is

{{x,y} € E(G) [x,y € X}.
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Furthermore, G \ X denotes the induced subgraph G[V(G) \ X].

Definition 1.117 G is called whisker if there exists an induced subgraph H of G
such that V(H) = {xq,..,xs}, V(G) = V(H) U {y3,...ys} and E(G) = E(H) U
W(H) where W(H) = {{x1,y1},.... {xs,ys} }. The edges of W(H) are called whis-
kers and they form a perfect matching.

Theorem 1.118 ([48], Theorem 7.3.17) If G is a tree, then G is a Cohen-Macaulay
graph if and only if G is unmixed if and only if G is a whisker graph.

Corollary 1.119 k[A] is Cohen-Macaulay if and only if k[As] is sequentially Co-
hen-Macaulay and G is unmixed.

Theorem 1.120 ([46], Theorem 3.3) Let x be a vertex of G and let G’ = G\ Ng[x].
If G is sequentially Cohen-Macaulay, then G’ is sequentially Cohen-Macaulay.

Lemma 1.121 ([46], Lemma 3.9) Let G be a bipartite graph. If G is sequentially
Cohen-Macaulay, then there is v € V(G) with deg(v) = 1.

The following criterion classifies the Cohen-Macaulay bipartite graphs.

Theorem 1.122 [27] G is a Cohen-Macaulay bipartite graph if and only if ¢ =
|V1| = |V,| and we can order the vertices such that:

(ho) {xi,y,-} S E(G) fori=1,.. 8
(hy) if {x;,y;} € E(G), theni < j, and

(hy) if {xi,y]-}, {x]-,yk} S E(G) and i < j < k, then {x,-,yk} € E(G)

Proposition 1.123 ([37], Proposition 2.3) If G is a well-covered graph, then all its
simplexes are pairwise vertex disjoint.

Definition 1.124 A 5-cycle C of G is called basic 5-cycle if C does not contain two
adjacent vertices of degree three or more in G. A 4-cycle is called basic if it contains
two adjacent vertices of degree two, and the remaining two vertices belong to a
simplex or a basic 5-cycle of G.
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Definition 1.125 A graph G is in the family SQC, if V(G) can be partitioned into
three disjoint subsets S, Qg and Cg: the subset S contains all vertices of the
simplexes of G, and the simplexes of G are disjoint vertex; the subset C; consists
of the vertices of the basic 5-cycles and the basic 5-cycles form a partition of Cg;
the remaining set Q¢ contains all vertices of degree two of the basic 4-cycles.

Theorem 1.126 If G € SQC, then G is well-covered vertex decomposable.

Proof. By ([28], Theorem 2.3) and ([37], Theorem 3.1). U
Remark 1.127 By Theorem we have the following implications for a graph G:

unmixed pure
vertex decomposable shellable Cohen-Macaulay = well-covered
Recently, in [17] authors show an unmixed shellable graph G such that G is not
vertex decomposable (see Example [1.128). C, is well-covered but it is not Cohen-
Macaulay and Villarreal in [48] proved that Cohen-Macaulay property depends of
the characteristic of the field k (see Example|1.129).

Example 1.128 [17] The following graph is called circulant graph: G = Cy4(1,4, 8).

Figure 1.1: Shellable but not vertex decomposable
If x € V(G), then the h-vector of G \ x is (1,11,31,18, —1). Consequently, G \ x is

not Cohen-Macaulay. Hence, G \ x is not vertex decomposable, therefore, G is not
vertex decomposable.

A shelling of A is (from left to right):
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{iknpt {eknpt {ginp} {cinpt {egnpt {cenp}
{f.ik,pt {f.kmp} {bkmp} {bikpt {bekp}t {egjr}
{cejpt {bgipt {bgmp} {gjimp}t {cjmp} {cfmp}
{c, f,i,p} {be g r} {e,g,1,n} {a, gl n}
{c,e,1,n} A{a,c,l,n} {dikmn} {ehkmn} {dgin} {cehn}
{a,c,h,n}y A{ahkn} {adkn} {ad g n} {e,j,1,0}
{ogilt  {ajlo) le i1}
{be,g,1} {bel, o0} {a,f,1,0} A{ac f,1}
{d,f,i,k} {d, f,io} {d, f,k,m} {d,f,m,0} {b,d,ik}
{b,d,k,m} {b,d,m,o0} {behk} {beho0} {bhmo} {f hmo}
{e,h,j,o} {bhkm} {f hkm} {a,h,j,o}
{a,f,h0} A{af,hk} A{ad fkt {adf o} {a,d g j}
{b,d g i} {bdgm} {dg,jm} {djmo} {hjmo} {ch,jm}
{c, f,h,m} A{a,c, f,h}

Example 1.129 [48] Let G be a graph with edges:

{xl,x3} {xl,x4} {x1,x7} {xlfxlo} {x1,x11} {x2, x4} {x2, X5}
{x2,x8} {x2,x10} {x2,x11} {x3,x5} {x3,x6} {x3,x8} {x3,x11}
{xa,x6} {xa,x0} {xax11} {xs5,x7} {x5,x9} {x5,x11} {x6,%8}

{x6,x0} {x7,x9} {x7,x10} {x8 %10}

A is the following triangulation of the real projective plane P2, then the link of any
vertex is a cycle. Furthermore, k[A ] is Cohen-Macaulay if and only if char(k) # 2.

Figure 1.2: Ag is a triangulation of P2.
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1.6 THETA-RING GRAPHS

Definition 1.130 Two graphs are disjoint if they have no vertex in common. The
union of the graphs G and H is the graph G U H with vertex set V(G) U V(H) and
edge set E(G) U E(H).

Definition 1.131 Let A and B be connected subgraphs of G such that G = AU B
and A N B is a complete graph, then G is called the clique-sum of A and B. In this
case, G is denoted by A @ B. Furthermore, if |A N B| = k, then G is called k-clique-
sum of A and B. Let Ay, ..., A, be subgraphs, the graph (((A1® Ap) D Az)--- ) D A,
is denoted by A1 ® Ay @ - - - @ A,. The 0-clique-sum is equivalent to the union of
two disjoint graphs.

Definition 1.132 [25] A chorded-theta T of G is a subgraph induced by three paths
L1, £, L3 each between non adjacent vertices x and y such that V(£;) NV (£;) =
{x,y} for1 <i < j < 3. The edges of T do not belong to E(L1) U E(L) UE(L3)
are called the chords of T. A chorded-theta without chords is called a theta graph.

Definition 1.133 Let T be a chorded-theta of G with £1(T) = {x,x1,..., %, ¥},
Lr(T) = {x,y1, ..., y} and L3(T) = {x,z1,..., 2, y}. A tranversal triangle H
of T is a triangle in G such that V(H) = {x;, Y, zx } for some i, j, k.

Definition 1.134 [25] A graph G is called a theta-ring graph if every chorded-theta
of G has a transversal triangle. In this case we say that G has the V0JA-property.

Remark 1.135 An induced subgraph of a theta-ring graph is a theta-ring graph.

Definition 1.136 A partial wheel W is a graph where V(W) = {z,z,...,zx} such
that C = (zy, ..., z) is a cycle in W and the edges of W are the edges of C and some
edges between z and vertices of C. A partial wheel W is a 0-partial wheel if W is
chorded-theta.

Definition 1.137 A prism is a graph consisting of two disjoint triangles C; = (xy,
x2,x3) and C; = (y1,Y2,¥3), and three paths Ly, Ly, L3 pairwise disjoint, such that
each L; is a path between x; and y; for i = 1,2,3, and the subgraph induced by
V(L;)UV(Lj)isacycle for 1 <i < j < 3. A pyramid is a graph consisting of a
vertex w, a triangle C = (z1, z2,z3), and three paths Py, P», P3, such that: P; is a path
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whose ends are w and z; fori = 1,2,3; V(P;) N V(P;) = {w}; the subgraph induced
by V(P;) UV(P;) is acycle for 1 <i < j < 3; and at most one of the Py, P», P; has
only one edge.

Definition 1.138 An orientation O of the edges of G is an assignment of a direction
to each edge of G. Let Gp denote the oriented graph associated to an orientation
O of the edges of G. To each oriented edge e = (x;, x;) of D = Gp, we associate the
vector v, € {0,1, —1}" defined as follows: the ith entry is -1, the jth entry is 1, and
the remaining entries are zero. If vy,..., v, are vectors associated to the oriented
edges of D, then the edge subring of D is k[D] := k[x™,..., x%] C k[xi, ..., xF1],

1 n
where v; = (0}, ...,07) and x¥ = x;)" ooxy . Let E(D) = {H, ..., t,} be the edge set
of D. There is an epimorphism of k-algebras given by

¢ : k[ty, ..., t;] = k[D], where t; — x"i.

The kernel of ¢, denoted Pp, is called the toric ideal of D. If Pp can be generated
exactly by ¢ — n + r binomials it is called a binomial complete intersection, where
n = |V(G)|,q = |E(G)| and r is the number of connected components of D.

Definition 1.139 [25] G is CIQ if the toric ideal Pg,, is a binomial complete inter-
section for each orientation O of G.

Theorem 1.140 (V03A-Theorem) The following conditions are equivalent:
(i) G is a theta-ring graph.
(ii) G is CIO.
(iii) G can be constructed by 0, 1, 2-clique-sums of chordal graphs and/or cycles.
(iv) G can be constructed by clique-sums of complete graphs and/or cycles.
(v) G does not contain as induced subgraph any graph from the following fami-
lies: f-partial wheels, prisms, pyramids and thetas.

Proof. See ([25], Theorem 4) and ([25], Theorem 6). U

Definition 1.141 A graph G is a block graph if every block of G is a complete graph.
G is a cactus graph if G is connected and any two cycles have at most one vertex
in common. Finally, G is called block-cactus if every block is a complete graph or a
cycle.
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Definition 1.142 A graph G is a ring graph if and only if each block of G, which is
not a bridge or a vertex, can be constructed by 2-clique-sums of cycles.

We have the following relations between some families of graphs:

Ring C Theta-ring > Chordal

U U
Cactus C Block-Cactus
U

Block






CHAPTER 2

WELL-COVERED, VERTEX
DECOMPOSABLE AND
COHEN-MACAULAY GRAPHS

2.1 INTRODUCTION

Let G = (V,E) be a graph with vertex set V(G) = {x1,...,x,}. Let I = I(G) be the
edge ideal associated to G in a polynomial ring R = k[xy, ..., x| over a field k, and
let A be the simplicial complex of stable sets of G. In this Chapter we study the
vertex decomposability, shellability, Cohen-Macaulayness and well-coveredness in
some families of graphs. In general, we have the following implications:

Unmixed Pure

vertex decomposable shellable Cohen -Macaulay = Well-covered

In this Chapter, we give a combinatorial description of the Cohen-Macaulay pro-
perty for graphs without 3-cycles and 5-cycles, Konig and unicyclic graphs. In
these cases, we prove that the following properties are equivalent: G is unmixed
vertex decomposable, A is pure shellable and R/ is Cohen-Macaulay. Further-
more, we give necessary and sufficient conditions that characterizes when theta-
ring graphs is well-covered. We give a characterization for unmixed vertex de-
composable graphs whose 5-cycles have at least four chords. Also, we give a new
proof of the characterization of well-covered graph without 3-cycles, 5-cycles and
7-cycles. Finally, we study some blocks of well-covered graphs.

The structure of this Chapter is as follows: In Section 2.2, we give some properties
and relations between critical, extendable and shedding vertices. In Section 2.3,
we prove that all well-covered graphs without 3-cycles, 5-cycles and 7-cycles are
Konig. Furthermore, we give the characterization of these graphs (Theorem [2.12).
Through our results we obtain the following contentions:
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well-covered Konig D well-covered 5 well-covered
8 (C3,Cs,Cy) — free bipartite
I

very well-covered

In section 2.4, inspired by the classification of Cohen-Macaulay bipartite graphs
given by Herzog and Hibi in [27], we study the well-covered Konig graphs. In
Theorem and Theorem we prove that if G is Konig or G does not con-
tain 3-cycles and 5-cycles, then the following condition are equivalent: G is un-
mixed vertex decomposable, A is pure shellable and R/I(G) is Cohen-Macaulay.
Also, we show that these properties are equivalent to the following condition: G
is unmixed with a perfect matching ey, ..., e, of Konig type and G does not have
4-cycles with two e;’s. Using this result, we obtain that if the girth of G is at least
6, then the following properties are equivalent: unmixed vertex decomposability,
unmixed Konig property, very well-coveredness, unmixedness with G # C; and G
is a whisker graph. In Section 2.5 we characterize the vertex decomposable (non-
pure) graphs without 3-cycles and 5-cycles and the shellable graphs with girth at
least 11. Furthermore, we show that all 2-connected blocks of a vertex decom-
posable, shellable or (sequentially) Cohen-Macaulay graph without 3-cycles and
5-cycles have a free vertex in its neighborhood. In Section 2.6 we give a structural
description of unicyclic graphs with each one of the following properties: vertex
decomposable, shellable, Cohen-Macaulay and well-covered. In Section 2.7, we
characterize well-covered theta-ring graphs. In Section 2.8, we give a characteri-
zation of unmixed decomposable graphs whose 5-cycles are chorded. Finally, in
Section 2.9 we study when a 5-cycle or a 7-cycle are blocks of a well-covered graph.

2.2 CRITICAL, EXTENDABLE AND SHEDDING VERTICES

In this section we study some properties of extendable and shedding vertices.
These vertices are defined in Chapter 1.

Lemma 2.1 If x is a vertex of G, then x is a shedding vertex if and only if | Ng(x) \
Ng(S)| > 1 for every stable set S of G \ Ng|[x].

Proof. =) We take a stable set S of G \ Ng[x]. Since x is a shedding vertex, then
there is a vertex z € Ng(x) such that SU {z} is stable set of G \ x. Thus, z € Ng|S].
Therefore, |[Ng(x) \ Ng(S)| > 1.



2.2 CRITICAL, EXTENDABLE AND SHEDDING VERTICES 25

<) We take a stable set S of G\ Ng[x]. Thus, there exists a vertex z € Ng(x) \
Ng(S). Since z € Ng(x), we have that z ¢ S. Furthermore, z ¢ Ng(S), then
S U {z} is a stable set of G \ x. Consequently, S is not a maximal stable set of G \ x.
Therefore, x is a shedding vertex. U

Consequently, x is not a shedding vertex if and only if there exists a stable set S of
G \ Ng|x] such that Ng(x) € Ng(S), i.e. x is an isolated vertex in G \ Ng|S].

Corollary 2.2 Let S be a stable set of G. If S isolates x in G, then x is not a shedding
vertexin G \ Ng[y] forally € S.

Proof. Since S isolates x, then degg\n,(s)(x) = 0 and in particular x € V(G \
Ng[S]). Thus, Ng(x) € Ng[S]\'S. Hence, if y € S and G’ = G\ Ngly], then
x € V(G'). Furthermore, since SN Ng[x] = @, then S’ = S\ y is a stable set in
G’ \ Ng/[x]. Now, since S isolates x, thus if a € Ng/(x), then there exists s € S
such that {a,s} € E(G). Buta € Ng/(x), thena ¢ Ngly|, consequently s € S’ and
{a,s} € E(G'). This implies |[Ng/(x) \ Ng/(S")| = 0. Therefore, by Lemma[2.1] x is
not a shedding vertex in G'. O

Lemma 2.3 If x is a shedding vertex of G, then one of the following conditions
hold:

(a) There is y € Ng(x) such that Ng[y] € Ng|x].

(b) x is in a 5-cycle with at most one chord.

Proof. We take Ng(x) = {y1,y2, ..., yx}- If G does not satisfy (a), then there is
{z1,..,zr} C V(G) \ Ng[x] such that {y;,z;} € E(G) fori € {1,...,k}. We denote
by L = {z1,..,24} = {z1,..,2} and suppose that z; # z; for 1 < i < j < g.
By Lemma 2.1} if L is a stable set of G, then |[Ng(x) \ Ng(L)| > 1. But Ng(x) =
{y1, .- ¥k} € Ng(L), then Lis not a stable set. Hence, g > 2 and there exist z; , z;, €
L such that {z;,z;,} € E(G). Thus, there exist y; and y;, such that y; # y;,
and {yj,,zi, },{Yj,. i, } € E(G). Furthermore, {z;,y;,},{z,, ¥, }, {zi,, X}, {zip, X} &
E(G). Therefore, (x,yj,2i,,Zi,, Yj,) is a 5-cycle of G with at most one chord. O

Corollary 2.4 Let G be graph without 4-cycles. If x is a shedding vertex of G, then
x is in a 5-cycle or there exists a simplicial vertex z such that {x,z} € E(G) with
[NG[z]| <3
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Proof. By Lemma if x is not in a 5-cycle, then there is z € Ng(x) such that
Nglz] € Nglx]. If degg(z) = 1, then z is a simplicial vertex. If degg(z) = 2, then
Ng(z) = {x,w}. Consequently, (z, x,w) is a 3-cycle since Ng[z] C Ng[x]. Thus, z
is a simplicial vertex. Now, if deg(z) > 3, then there are w1, w, € Ng(z) \ x. Since
Ng|z] € Ng|x], we have that (w1, z, wy, x) is a 4-cycle of G. This is a contradiction.
Therefore, |Ng[z]| < 3 and z is a simplicial vertex. O

Remark 2.5 If G is a 5-cycle with V(G) = {x1, x2, x3, x4, X5}, then each x; is a shed-
ding vertex.

Proof. We can assume that i = 1, then {x3} and {x4} are the stable sets in G \
Ng|x1]). Furthermore, {x3, x5} and {x, x4} are stable sets in G \ x;. Hence, each
stable set of G \ Ng[x1] is not a maximal stable set in G \ x1. Therefore, x; is a
shedding vertex. d

Definition 2.6 A vertex v of G is critical if T(G\ v) < 7(G). Furthermore, G is
called a vertex critical graph if each vertex of G is critical.

Remark 2.7 If (G \ v) < T(G), then T(G) = 7(G \ v) + 1. Moreover, v is a critical
vertex if and only if B(G) = B(G \ v).

Proof. If t is a minimal vertex cover such that |{| = T(G \ v), then t U {v} is
a vertex cover of G. Thus, 7(G) < [tU{v}| = (G \ v) + 1. Consequently, if
T(G) > t(G\ ), then 7(G) = (G \v) +1

Now, we have that 7(G) + B(G) = |V(G)| = |V(G\v)|+1 = 1(G\v) + B(G\
v) + 1. Hence, B(G) = B(G \ v) if and only if T(G) = 7(G \ v) + 1. Therefore, v is
a critical vertex if and only if B(G) = B(G \ v). O

Corollary 2.8 Let G be an unmixed graph and x € V(G). The following conditions
are equivalent:

(a) x is an extendable vertex.

(b) INGg(x) \ Ng(S)| > 1 for every stable set S of G \ Ng|x].
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(c) x is a shedding vertex.

(d) x is a critical vertex and G \ x is unmixed.

Proof. (a)<(b) By Lemma|1.105

(b)<(c) By Lemma

(a)<(d) Since G is unmixed, then by Remark 2.7 x is extendable if and only if x is
a critical vertex and G \ x is unmixed. u

2.3 WELL-COVERED GRAPHS WITHOUT 3-CYCLES, 5-CYCLES

AND 7-CYCLES

The properties presented in section 2.1 have implications for well-covered graphs
without 3-cycles, 5-cycles and 7-cycles. It is known that 3-cycles, 4-cycles, 5-cycles
and 7-cycles are the well-covered cycles, but only the 4-cycles have a perfect mat-
ching. In this section, we study some properties of well-covered graphs and we

give a new proof of Theorem[1.108

In this thesis we denote by Z the set of isolated vertices of G, that is,

Zc ={x € V(G) | degs(x) = 0}.

Proposition 2.9 Let G be a Konig graph and G’ = G\ Zg. Then the following are
equivalent:

(a) G is unmixed.
(b) G’ is unmixed.

(c) If V(G') # @, then G’ has a perfect matching ey, ..., e, of Konig type such
that for any two edges f1 # f» and for two distinct vertices x € f1,y € f2
contained in some e;, one has that (f1 \ x) U (f2 \ v) is an edge.

Proof. (a)<(b) Since V(G) \ V(G') = Zg, then C is a vertex cover of G if and only
if C is a vertex cover of G'. Therefore, G is unmixed if and only if G is unmixed.
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(b)<(c) By Lemma and Proposition [1.56] O

Lemma 2.10 G is an unmixed Konig graph if and only if G is totally disconnected
or G' = G\ Zg is very well-covered.

Proof. =) If G is not totally disconnected, then from Proposition[2.9] G’ has a per-
fect matching ey, ..., e, of Kénig type. Hence, |V (G')| = 2¢ = 27(G’) = 2ht(I(G')).
Furthermore, G’ is unmixed, therefore G’ is very well-covered.

<) If G is totally disconnected, then v(G) = 0 and 7(G) = 0. Hence, G is an
unmixed Konig graph. Now, if G is not totally disconnected, then G’ is very well-
covered. Consequently, by Remark[1.109 G’ has a perfect matching. Thus, v(G') =
|[V(G")|/2 = ht(I(G')) = ©(G’). Hence, G’ is Kénig. Furthermore, v(G) = v(G')
and 7(G) = 1(G’), then G is Konig. Finally, since G’ is unmixed, by Proposition
G is also unmixed. O

Lemma 2.11 If G is a well-covered graph without 3-cycles, 5-cycles and 7-cycles,
then G is a Konig graph.

Proof. By induction on |V(G)|. If y € Zg, then by induction hypothesis, G \ v is
Konig. This implies that G is Konig. Therefore, we can assume Zg = @. Now, we
take x € V(G), then by Remark[1.66, G; = G \ Ng[x] is a well-covered graph. Also,
G1 does not contain 3-cycles, 5-cycles and 7-cycles, so by induction hypothesis, G;
is Kénig. If V(Gy) = @ with G, = Gy \ Zg,, then V(G) = Ng[x] U Zg,. Further-
more, {x} U Zg, and Ng(x) are stable sets since G does not have 3-cycles. Thus, G
is bipartite and consequently G is Kénig. Hence, we can assume that V(G,) # @.
By Proposition Gy has a perfect matching ey = {x1,y1},..,e¢ = {xg,y¢} of
Konig type. We can assume that Ng(x) = {z1,...,z,} and D = {xy, ..., x¢ } is a mini-
mal vertex cover of Gy. This implies that F = {1, ..., Y} is a maximal stable set of
Ga. Now, we take the subsets: Ay = Ng(z1,..,2r) N D, By = {y; € F | xj € Aq},
B, = NG(Zl,...,Z;») NFand A, = {x]' €D ‘ yi € Bz}. If there exists y; € B1 N By,
then x; € A and there exist z;,z, € Ng(x) such that {x;, z¢}, {yi,zp} € E(G). If
k = p, then (z, x;,y;) is a 3-cycle and if k # p, then (x, z, x;,y;,zp) is a 5-cycle,
this is a contradiction. Consequently B; N B, = ©@. Now, we take the subsets
Bs = (Ng(A2)NF)\ By, A3z = {X] € D | yi € Bg}, By = (Ng(A1)NF)\ By
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and Ay = {x; € D |y; € By}. If y; € By N B3, then there exist x; € A and
zx,Zp € Ng(x) such that {x;, zx }, {y;, x;} and {y;,z,} € E(G). Hence, if k = p, then
(zk, Xi, Vi, Xj, y]-) is a 5-cycle and if k # p implies (x, zk, xi, yi, Xj, yj,zp) is a 7-cycle,
a contradiction. So By N B3 = @. Now, if y; € By N By, then there exist x; € A;
and zy,z, € Ng(x) such that {x;j,z}, {x;,y;} and {y;,zp} € E(G). Consequently,
if k = p, thus (z, Xj, y;) is a 3-cycle and if k # p, then (x, z, Xj, Yi, zp) is a 5-cycle,
this is a contradiction. Hence B, N By = @. Now, if y; € B3 N By, then there ex-
ist x; € A1, x4 € Ay and z,zp € Ng(x) such that {x;, v}, {xq,¥i}, {xj,2x} and
{yq,zp} € E(G). Thus, if k = p we have that (z, xj, i, X4, Y4) is a 5-cycle and if
k # p, then (x, zx, x;, yi, X4, Yq,Zp) is a 7-cycle. This implies B3 N By = @. Therefore,
B1, By, B3, By, Bs are pairwise disjoint sets, where Bs = F \ (B; U B, U B3 U By).

Now, we will prove that if A’ = A; U A4 U As and B’ = By U By U Bs where As =
{x]' eD ‘ yi € B5}, then NG(B/) C A’. Since BjN B3 = B4yN B3 = BsN By = @,
we have NG(Bl) NAy = NG(B4) NAy = NG(B5) N Ay = @. This implies NG(B/) N
Ay = @. Furthermore, if x; € Ng(B') N A3, then there exist y; € B'and x; € A
such that {x;, y;}, {x4,¥;} € E(G). Since G is well-covered and by Proposition
{xq,yi} = ({xgyi} \vi) U ({xi,y;} \ x;) € E(G). Consequently, y; € B3 N B', this
is a contradiction. Thus, Ng(B') N A3 = @. Moreover, we have that Ng(Zg,) C
Ng(x). Therefore, Ng(B') = A’.

This implies, G3 = G\ Ng[B'] = G\ (A’ UB’). But, B’ is a stable set, then G3
is well-covered without 3-cycles, 5-cycles and 7-cycles. If G # Gz, then by in-
duction hypothesis, G3 is Kénig implying 7(G3) = v(G3z). Furthermore, since
Ng(B') = A’, if D’ is a minimal vertex cover of Gs, then D’ U A’ is a vertex cover
of G. Also, G[A’ U B'] has a perfect matching with |A’| elements. Consequently,
T(G) < 7(G3) + |A’| = v(G3) +|A’| <v(G). Hence, 7(G) = v(G) and G is Konig.
Therefore, we can assume G = Gs.

Now, if there exist x;, x; € Aj such that {x;, x;} € E(G), then there exist z;,z, €
Ng(x) such that {y;, z:} and {y;,zp} € E(G). If k = p, then (zy,y;, x;, x;,y;) is
a 5-cycle and if k # p, then (x,z, v, Xis X, Yjs zp) is a 7-cycle, a contradiction. So
Aj is a stable set. Similarly, if {xi,x]-} € E(G) with x; € Aj and xj € As, then
there exists x; € A such that {x;,y;} € E(G). If ¢ = i, then (x;,x;,y;) is a 3-
cycle. Thus, g # i. Since G; is well-covered and by Proposition we have
that {x;, x5} = ({x;, %} \ xj) U ({xq,y;} \y;) € E(G1). This is a contradiction
since A; is a stable set of G. Consequently, there are no edges between A; and
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Asz. Finally, if {x;,x;} € E(G) with x;,x; € A3, then there is a vertex x; € A
such that {xg,y;} € E(G). Since G; is well-covered, then {x;, x;} = ({x; x;} \
xi) U ({xq,vi} \vi) € E(G). But, there are no edges between A, and As. Hence,
Ajz is a stable set, implying A, U A3 is also a stable set in G. Furthermore, since
Ng(Zg,) € Ng(x), we have that {x} U Zg, U By U Bz and Ng(x) U Ay U A3 are
stable sets. Therefore G is bipartite, implying that G is a Konig graph. O

Theorem 2.12 Let G be a graph without 3-cycles, 5-cycles and 7-cycles. If G' =
G \ Zg, then the following conditions are equivalent:
(1) G is well-covered.

(2) If V(G') # @, then G’ has a perfect matching ey, ..., e, of Konig type such that
for any two edges f; # f» and for two distinct vertices a € f1, b € f, with
{a,b} = e;, onehas that (f1 \ a) U (f2\b) € E(G).

Proof. (1) = (2) By Lemma we have that G is Konig. Furthermore, G is
well-covered. Hence, by Proposition[2.9] G satisfies (2).

(2) = (1) By Proposition[2.9) G is well-covered. O

Example 2.13 Let G be the following graph:

X X
X5 X v o= (x1X2, X2X3, X2X5, X3X4, X3X9,
- X4X5, X5X¢, X6X7, X7X8, X8X9)
X6
X7 9?8 X9

Figure 2.1: Well-covered graph without a perfect matching.

G is a well-covered graph without 3-cycles and 5-cycles. If G is Konig, then by
Proposition2.9] G has a perfect matching. But |V (G)| = 9 and G does not have a
perfect matching, therefore, G is not Konig

Lemma 2.14 If G is an unmixed graph and x € V(G), then Ng(x) does not contain
two free vertices.
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Proof. We suppose that there exists x € V(G) such that y, ..., ys are free vertices
in Ng(x). Hence, G = G\ Ng[y1,...ys] = G\ {x,y1,...,ys} is unmixed. Now,
we take a maximal stable set S of G;. Thus, |S| = B(G;) since Gp is unmixed.
Consequently, S1 = SU {yj,...,ys} is a stable set in G. We take S, a maximal
stable in G such that x € S,. Since G is unmixed, we have that |S;| > [S1] =
|S| + s. Furthermore, S, \ x is a stable set in Gy, then |Sy| < B(Gq) + 1. This implies
B(G1)+ > |S| + s. But |S| = B(Gq), therefore s < 1. O

Definition 2.15 If v, w € V(G), then the distance d(u, v) between u and v in G is the
length of the shortest path joining them, otherwise d(u,v) = co. Now, if H C G,
then the distance from a vertex v to H is d(v, H) = min{d(v,u) | u € V(H)}.
Furthermore, if W C V(G), then we define d(v, W) = d(v, GIW]) and D;(W) =
{ve V(G)|d(v,W) =i}.

Proposition 2.16 Let G be an unmixed connected graph without 3-cycles and 5-
cycles. If C is a 7-cycle and H is a c-minor of G with C C H such that C has three
non adjacent vertices of degree 2 in H, then C is a c-minor of G.

Proof. We take a minimal c-minor H of G such that C C H and C has three non
adjacent vertices of degree 2 in H. We can suppose that C = (x,z1,w1,4a,b, wy, z5)
with degy(x) = degpy(w1) = degy(wr) = 2. If {z1,b} € E(H), then (z1,b, w2, 22, X)
is a 5-cycle of G. Thus, {z1,b} ¢ E(H), similarly {zy,a} ¢ E(H). Furthermore,
since G does not have 3-cycles, then {z1,z,},{z1,a}, {z2,0} ¢ E(H). Hence, C
is an induced cycle in H. On the other hand, if there exists v € V(H) such that
d(v,C) > 2, then H = H\ Nglv] is a c-minor of G and C C H' C H. Thisis a
contradiction by the minimality of H. Therefore, d(v,C) < 1 for each v € V(H).

Now, if degpy(b) > 3, then there exists c € V(H) \ V(C) such that {b,c} € E(H).
If {c,zo} ¢ E(G) implies that Ny, (z2) has two free vertices, w, and x, in H; =
H \ Ny[ws,c], this is a contradiction by Lemma Thus {c,z,} € E(H). Fur-
thermore, {a,c}, {z1,c} ¢ E(H) since (a,b,c) and (z1, w1, a, b, c) are not cycles in G.
Hence, if degp(c) > 3, then there exists d € V(H) \ V(C) such that {c,d} € E(H).
Also, {d,b},{d,z2}, {d,z1} ¢ E(H) since (c,b,d), (zp,d,c) and (z1,x,22,¢,d) are
not cycles of G. But d(d,C) < 1,s0 {a,d} € E(H). Consequently, Ny, (z1) has
two free vertices, w1 and x, in H, = H \ Ny[d, w;], a contradiction by Lemma
then degy(c) = 2. This implies, Np,(z2) has two free vertices, w, and
¢, in H3 = H \ Ngyla]. This is not possible, therefore degy(b) = 2. Similarly,
degr(a) = 2.
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Now, if degy(zz) > 3 we have that there exists ¢ € V(H) \ V(C) such that
{c/,z,} € E(H). If there exists d’ € V(H) \ V(C) such that {¢/,d’'} € E(H), then
{d',z1} or {d’,z2} € E(G), since d(d’,C) < 1. But (¢/,d’,z;) and (x,z5,¢/,d’,z1)
are not cycles of H, thus, Ny(c’) C {z1,2z2}. Consequently, N, (z2) has two free
vertices, x and ¢/, in Hy = H \ Ny[w;], a contradiction. Hence degp(z2) = 2.
Similarly, degy(z1) = 2. Furthermore, since H is minimal, then it is connected.
Therefore, H = C and C is a c-minor of G. ]

2.4 KONIG AND COHEN-MACAULAY GRAPHS WITHOUT 3-

CYCLES AND 5-CYCLES

It is known that if each chordless cycle of G has length 3 or 5, then G is vertex
decomposable (see Theorem [I.96). Furthermore, both a 3-cycle and a 5-cycle are
Cohen-Macaulay, but they do not have a perfect matching. In this section we
characterize the Cohen-Macaulay property in Konig graphs and graphs without
3-cycles and 5-cycles. In particular, we prove that these graphs have a perfect
matching.

Lemma 2.17 Let G be a graph such that {21, ..., z, } isa stable set. If N = U;_; Ng|zi]
and G'*! = G'\ Ngi[z;] with G! = G, then:

(@) {zi41, .., z} € V(G™*1) and
(b) G = G\ N.

Proof. (a) By inductiononi. Ifi = 1, since {zy, ..., 2, } is a stable set, then {z», ..., z; }
NNg[z1] = @ and {2y, ...,z,} € V(G \ Ng|z1]) = V(G?). Now, by induction hypo-
thesis we have that {z;,z;.1,..,z,} C V(G'). Since {z,, ...,z,} is a stable set, then
{zis1, 2+ } N Ngilzi] = @. Hence, {z;11, ..., 27} C V(G'\ Ngi[zi]) = V(G'1).

(b) By induction on r. If r = 1, then N = Ng|z1] and G*> = G\ Ng[z1] = G\ N.
Now, if r > 2, we take N’ = [J/_{ Ng[z;] and by induction hypothesis we have
that G" = G\ N'. Through (a), we have that {z,} C V(G"). We will prove that
N’ U Ngr[z:] = N. We have that N’ C N. Furthermore, if y € Ngr[z,], then
y € Nglz:]. Consequently, y € N. Now, if y € N\ N/, then y € Ng[z;] and
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y & Nglzi| fori € {1,...,r —1}. This implies thaty, z, € V(G") and {y,z,} € E(G").
Thus, y € Ngr[z,]. Hence, N = N' U Ngr[z,]. Therefore, G'*! = G"\ Ng[z,] =
(G\N")\ Ngr[z;] = G\ (N"UNgr[z]) = G\ N. O

Proposition 2.18 Let G be an unmixed Konig graph with a perfect matching e; =
{x1,y1},. . ., es = {xs,ys}. Hence, B(G) = s. Furthermore, if {x;,z},{y; z'} €
E(G) forsome 1 <i <s, then {z,z'} € E(G)

Proof. Since ey, ..., e is a perfect matching and G is Kénig, then s = v(G) = 1(G).
Consequently, B(G) = |V(G)| — T(G) = s. Now, we suppose that {z,z'} ¢ E(G).
Thus, there exists a maximal stable set S such that z,z’ € S. We have that [SNe;| <
1forj=1,..,s but|SNe]| = 0since {x;,y;} C Ng(z,2') C Ng(S). This implies
|S| <'s — 1. This is a contradiction since G is unmixed. Therefore, {z,z'} € E(G).
U

Definition 2.19 Let G be a graph. The neighborhood relation in V(G) is the equiva-
lence relation given by:

z1 ~ 22 < Ng(z1) = Ng(22).

We denote by [y] the equivalence class of y.

Lemma 2.20 Let G be an unmixed graph with a perfect matching e; = {x1,y1}, ...,
eg = {Xq,yq} of Konig type. If {x1, ..., x¢ } is a minimal vertex cover, then:

(a) There is no triangle with vertices in {x;, y;, x;,y;} for 1 <i < j <g.
(b) If e = {y;, xj} € E(G), then Ng(y;) € Ng(y;) for1 <i,j <g.

(c) Let [yx] be an equivalence class such that Ng(yx) is minimal. If Ng(yx) =
{xi, .., xi,}, then [ye] N {y1, ..., y¢} = {¥i,, -y} and the induced subgraph
G1 = G[xy, ..., Xi, Yi,, -, Yi,] is a complete bipartite graph.

(d) Let Gy be the graph in (c). If x5,ys ¢ V(Gyp), then the only possible edges
between V/(G1) and {xs, ys} are {x;, x5} or {x;,ys} for j € {1,..., I}. Further-
more, if {x; , x5} € E(G), then {x;, ..., x; } € Ng(xs).

Proof. Since {x1, ..., x¢} is a vertex cover, then A = {y1, .., y¢} is a stable set of G.

(a) We suppose that T is a triangle with V(T) C {x;,y;, Xj, y]-}. Since A is stable, we



34 WELL-COVERED, VERTEX DECOMPOSABLE AND COHEN-MACAULAY GRAPHS

can assume e = {x;,x;},¢; = {x;,y;},¢ = {xj,y;} are the edges of T. But, since G
is unmixed, then (e \ x;) U (¢’ \ y;) = {x;} contains an edge of G, this is impossible.

(b) If z € Ng(yj), then ¢’ = {z,y;} € E(G). Thus, by Proposition 2.18| {y;, z} €
E(G). Hence z € Ng(y;).

(c) If Ng(yx) = {xx}, then we have that G; is the complete bipartite graph Kj ;.
Now, if there exists x; € Ng(yx) with j # k, then {y;, x;} € E(G). By (b) we have
Nc(yj) € Ng(yk)- But, Ng(yx) is minimal, then Ng(yx) = Ng(y;) and y; € [yx]-
Consequently, {y;,, ... i} C [yi]. Furthermore, if y; € [yi], then x; € Ng(y;) =
Ng(yx). Hence, i € {iy,....i;} implying [yi] N {y1,.... v¢} = {vi,,-- Vi, }. Now, if
{x,-]., xi } € E(G), then there exists a triangle whose vertices are in {xij,yij, Xi Vi }s
a contradiction by (a). Therefore, {x,, ..., Xk, } is a stable set and Gy = G[xy,, ..., Xk,
Yy, - Yk, is a complete bipartite graph, since Ngly;,] = Ne[yx] = {xi, ..., x; }.

(d) Since {y1, ...,y } is a stable set, then the only possible edges between {xs, ys}
and V(Gy) are {yi, xs}, {xi, xs} or {xj,ys}. But, if {y;, x:} € E(G), then by (b)
Ng(ys) € Ng(yi;)- Thus, Ng(ys) = Ng(yi;) by the minimality of Ng(y;;). Hence,
Ys € [yx], acontradiction. Now, assume {x;, xs} € E(G). Since {x;, y; }, {xi,, yi,} €
E(G), then by Proposition {xi, xs} € E(G). Therefore, {x;, ..., x; } C NG(xS)I.]

The following Proposition generalizes Lemma1.121

Proposition 2.21 Let G be a Konig graph without isolated vertices. If G is Cohen-
Macaulay, then G has at least a free vertex.

Proof. If G is a bipartite graph, then by Lemma(1.121} G has a free vertex. Now, we
can assume that G is not a bipartite graph. Furthermore, we can assume G is con-
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nected, since G has a non bipartite connected component. By Lemma there
exists a perfect matching ey = {x1,y1},...,eq = {x¢, ¢} of Konig type. Thus, if D is
a minimal vertex cover of G, then |D Ne;| = 1foreachi € {1, ...,,¢}. Without loss of
generality, we can suppose that D = {xy, ..., xg }. Consequently, {y1, ..., y¢ } is a sta-
ble set of G. We take yj such that N (k) is a minimal neighborhood. Hence, by the
Lemma if [yk] N {yl, ...,yg} = {ykl’ ey ykl}’ then G; = G[xkl, v Xy Yy s '”’ykl]
is a complete bipartite graph and N(yx) = {x,, ..., Xk, }. Since G is not a bipartite
graph, then there exists {xs,ys} € E(G) such that x5,ys ¢ A, where A = V(Gy).
By Lemma the only possible edges in G between {xs,ys} and A are: {x;,, xs}
and {xt,, s}

If {x,, x5} € E(G), then by Lemma {xk,s s Xk, € Ng(xs). Furthermore, since
there are no triangles in G[xx,, Y., Xs,ys), then {x;,,ys} € E(G) forr € {1, ..., 1}.
This implies that Ng[ys] N A = @ since {y1, ..., g } is a stable set. We take

By = {ys € V(G) | x5,ys € Aand {xt,, ..., xx, } € Ng(xs)}.

By is a stable since By C {y1,...,y¢}, then by Remark Gy = G\ Ng[By] is
Cohen-Macaulay and G; C G,. Furthermore, the only possible edges between A
and V(Gy) \ A are {xi,ys}. Now, we take

By = {ys € V(G2) | xs5,ys € A and Ng(ys) N {xk,, ..., Xk, } # D}

Suppose {xs,xy} € E(Gz) with ys,yy € Bz. Thus, {ys, x,} € E(G) for some
i € {1,...,1}. By Proposition2.18} {x¢, x;,} € E(G) implying thatyy € By and xy ¢
V(Gz), a contradiction. Then {x;, xy} & E(Gz). Consequently, if By = {yu,, - Y},
then {xy,, ..., xu;} is a stable set. Hence, by Remark Gs = Gy \ Ng[xuy, -\ xu;]
is Cohen-Macaulay. Furthermore, G; is a connected component of Gz, then Gy is
a Cohen-Macaulay bipartite subgraph. By Lemma G1 has a free vertex. But
G is a complete bipartite graph, therefore I = 1 and y; is a free vertex. u

Corollary 2.22 Let G be an unmixed shellable graph. If G is Konig, then G has at
least a free vertex.

Proof. If G is unmixed shellable, by Theorem G is Cohen-Macaulay. More-
over, by Proposition G has at least a free vertex. O

Lemma 2.23 Let G be an unmixed Konig graph without isolated vertices. If y &
V(G) is a free vertex with Ng(y) = {x}, then the subgraphs G \ Ng[y| and G \
N¢[x] have a perfect matching of Konig type.
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Proof. The contractions G/y and G/x are equivalent to the induced subgraphs
G\ Nly] and G\ N[x], respectively. Since G has a perfect matching ey, ..., e of
Koénig type and by Proposition and Remark [1.60, we have that the subgraphs
G\ N[y] and G\ N[x] have a perfect matching e), ..., e, of Kénig type such that
e} C e; for all i. O

Lemma 2.24 Let G be an unmixed Konig graph with a perfect matching ¢; =
{x1, 11}, eg = {xg,yg}. If G does not have a 4-cycle with two ¢;’s, then G has
at least a free vertex.

Proof. By Proposition2.18| we have that §(G) = g. Consequently, if S is a maximal
stable set of G, then |SNe;| = 1 foreachi € {1,.., ¢}. Hence, we can assume that
{y1, -, yg} is a stable set. If y; is not a free vertex, then there exists a vertex x;,
such that {y;,,x;,} € E(G) with iy # ip. If y;, is not a free vertex, then there
exists a vertex x;, such that {y;,, x;;} € E(G) with iy # i3. Furthermore, since
G does not have a 4-cycle with two ¢/s, then i3 # i1. Also, by Proposition .18
we have that {y;,x;,} € E(G). Now, we suppose that we have distint vertices
Yirs Yips - Yi; and. Xiy, Xy, .., X;;,, such that for each vertex y; we have {xi, v} €
E(G) withk € {I,...,j+1}. If y;,, is not a free vertex, then there exists x; _, such
that {y;,.,, xi,,} € E(G). Since there are no 4-cycles with two ¢;’s, then i;,, ¢
{i1, ..., ij41}. Furthermore, by Proposition {yik,xi].+2} fork =1,..,i+ 1. This
process is finite since |V (G)| = 2g, therefore G has a free vertex. O

Theorem 2.25 Let G be a Konig graph without isolated vertices, then the following
conditions are equivalent:

(a) G is unmixed with a perfect matching e; = {x1,y1},....e¢ = {Xg, Yo} of Kénig
type and G does not have 4-cycles with two ¢;’s.

(b) Ag is pure shellable.
(c) R/I(G) is Cohen-Macaulay.

(d) G is unmixed vertex decomposable.

Proof. (a) = (b) By induction on the number of vertices. Using Lemma G has
a free vertex. Without loss of generality, we suppose that y; is a free vertex, then
Ng(y1) = {x1}. Furthermore, by Lemma the subgraphs G \ Ng[y1] and G \
Ng|x1] have a perfect matching of Kénig type and they do not contain 4-cycles with
two e;’s. Moreover, they are unmixed subgraphs, then by induction hypothesis
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G \ Ng[y1] and G\ Ng[x1] are shellables. Therefore, by the Theorem [1.115 G is
shellable.

(b) = (a) By induction on the number of vertices. Since A is pure shellable and
G is Konig, then by Corollary we have that G has a free vertex y;. We can
suppose that Ng(y1) = {x1}. Since, Gi = G\ Ng[y1] is unmixed shellable, by
induction hypothesis G; has a perfect matching e, ..., g of Konig type and G does
not contain 4-cycles with two ejs. Consequently, e; = {x1,y1},e5..., ¢; is a perfect
matching of G. Hence, g = v(G) = 7(G) since G is Konig. Because deg(y;) =1
there are no 4-cycles with two ¢;’s.

(b) = (c) By Theorem|[I.33]

(c) = (b) Since G is Cohen-Macaulay, then G is unmixed. Now, we will prove
that G is shellable by induction. Since G is a Konig graph, then G has a perfect
matching e; = {x1,¥1},...,eg = {xg,y¢} of Kénig type. By Proposition 2.21} there
is a free vertex x. We can assume x = y;. By Theorem and Lemma
G \ Ng[x1] and G \ Ngly1] are Konig and Cohen-Macaulay. Hence, by induction
hypothesis G \ Ng[x1] and G \ Ng[y1] are shellables. Therefore, by Theorem[1.115)
G is shellable.

(d)=-(b) By Theorem [1.33|

(b)=-(d) By induction on |V(G)|. Using Corollary G has a free vertex y, i.e.,
N (y) = {x}. Hence, x is a shedding vertex by Lemma [1.103] On the other hand,
G\ Ngly] and G \ Ng|x| are pure shellables and by Lemma 2.23| they are Konig.
Thus, by induction hypothesis G \ Ng[x] is vertex decomposable. Furthermore,
G\ x = (G\ Ngly]) U{y}. Consequently, if S is a maximal stable set of G \ x, then
S = S’ U{y} where S’ is a maximal stable set of G \ Ng[y]. Therefore, G \ x is pure
shellable implying that G \ x is vertex decomposable. 4

The next result generalizes the classification of Hibi-Herzog about Cohen-Macaulay

bipartite graphs (see Theorem [1.122).
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Theorem 2.26 G is a Cohen-Macaulay Konig graph without isolated vertices if and
only if there is a partition of V(G) = V3 UV, with Vi = {xy,..,x¢} and V, =
{y1, .., y¢} such that

(a) V; is a maximal stable set.
() {x;,y;} € E(G) fori=1,..,g.
(o) If {x;,y;} € E(G), theni < j, and

() If {x;, ¥}, {xj, yx} € E(G), then {x;,yx} € E(G)andif {x;,x;},{y;, x} € E(G),
then {xi, xk} € E(G)

Proof. =) By induction on |V(G)|. By Proposition G has a free vertex y,
ie, Ng(y) = {x}. f V(G) = {x,y}, then we have V; = {x} and V;, = {y}
and G satisfies (a), (b), (c) and (d). Now, we assume V(G) # {x,y}. We take
G’ = G\ Ngly], then G’ is Cohen-Macaulay. Furthermore, by Lemma G'is
Konig. Moreover, g —1 = 7(G’) = 7(G) — 1. Hence, by induction hypothesis,
V] U V] is a partition of V(G’) that satisfies (a), (b), (c) and (d). We can assume
Vi ={x], .., xéfl} and V] = {v}, ...,y’gfl}. Now, we take x1 = x, y1 =y, x; = x/_,4
andy; =y} _,fori=2,..,8. Weset V; = {xy,...,x¢} and V, = {y1, ..., y¢}. Since V;
is stable and N (y1) = {x1}, then V; is stable. Also, {x1,y1}, ..., {xg, Yo} is a perfect
matching. Consequently, by Proposition G satisfies (d). Since deg(y1) = 1,
thus if {x;,y1}, then i = 1. This implies that G satisfies (b) and (c), since G’ also
satisfies (b) and (c).

<) Since V1 U V; is a partition of V(G) and from (b) we have thate; = {x1,y1}, ...,
e = {xg,yg} is a perfect matching. We take a maximal stable S. We suppose
that there exists i € {1, ...,¢} such that |SNe;| = @. Hence, there exist z1,zy € S
such that {z1,x;},{z2,y;} € E(G). But, from (d) we have that {z1,z,} € E(G), a
contradiction since z1,z; € S. Consequently, |SNe;| = 1 foreachi € {1,..,¢}.
This implies, G is unmixed and 7(G) = g. Thus, G is Konig and ey, ...,¢; is a
perfect matching of Konig type. Now, if G has a 4-cycle Q with two e;’s and since
V, is a stable set, we can suppose that the edges of Q are {x;,y;}, {xj,y;}, {xi,y;}
and {x;,y;} withi < j. By (c), j < isince {x;,y;} € E(G), this is a contradiction.
Then G does not contain 4-cycle with two e;’s. Therefore, by Theorem Gis
Cohen-Macaulay . O

Lemma 2.27 Let G be a connected unmixed graph with a perfect matching e, ...,
eg of Kénig type without 4-cycles with two ¢;’s and ¢ > 2. For each z € V(G) we
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have that:

(a) If deg(z) > 2, then there exist {z, w1}, {wy, w2} € E(G) such that deg(w»)
= 1. Furthermore, ¢; = {wy, w;} for somei € {1, ...,¢}.

(b) If deg;(z) = 1, then there exist {z, w; }, {wy, wy}, {wo, w3} € E(G) such that
deg.(w3) = 1. Moreover, ¢; = {z,w1} and ¢; = {wy, w3} for some i,j €

{1,...g}.

Proof. Since e; = {x1,y1},...,eq = {xg, Yo} is a perfect matching of Konig type we
can assume D = {xi,.., X¢} is a minimal vertex cover. Thus, F = {y1,..,y¢} is a
maximal stable set. By Theorem G is Cohen-Macaulay, and by Theorem [2.26]
we can assume that if {x;,y;} € E(G), theni < j. Now, we take a vertex z € V(G).

(a) First, we suppose that z = x; and there is a vertex x; in Ng(x¢). If y; is a
free vertex, then we take w; = X; and w, = Yjs and ej = {wy,w,}. Now, we
can assume Ng(y;) \ xj = {xp;, ..., Xp, } with p1 < --- < p, < j. If yp, is not
a free vertex, then there is a vertex x, with p < p; such that {x,,y,,} € E(G).
Since G is unmixed, from Proposition we obtain that {xp,y;} = ({xp, yp, } \
Yp,) U ({yj, xp, } \ xp;) € E(G). But p < py, a contradiction since p; is minimal.
Consequently, deg(yp,) = 1. Also, from Proposition 2.9, we have that {xy, x,, } =
({xk xi3 \ x7) U ({xp, 45} \ yj) € E(G). Hence, we take wy = xp, and wy = yy,,
and we have that ey, = {wy, w>}. Now, we assume that z = x; and Ng(xi) \ yx =
{Yj -y} withk < j; < -+ < ji. We suppose that degg(x;,) > 2. If there is a
vertex y, such that {xjt,yr} € E(G), thenr > j;. Since G is unmixed, {xy, v} =
({x v b \yi) U {yr x. ) \ xj,) € E(G), a contradiction since j; is maximal. Thus,
there exists a vertex x, such that {x;,x,} € E(G). But, since G is unmixed, then
{2 xp} = (v b \yi) U ({xp, %} \ xj,) € E(G). This is a contradiction since
Nc(xk) \ ¥x = {¥j,, - ¥i, }- Consequently, degg(x;,) = 1. Therefore, we take w; =
y;, and wy = xj, with e;, = {wy, ws}.

Finally, we assume that z = y, since y; is not a free vertex, then Ng(yx) \ xx =
{le, .y x]-r} with j; < -+ <jr <k If Yy, isnota free vertex, then there is a vertex
xq such that {x;,y;, } € E(G) with g < ji. This implies {x4, yx} = ({xg,yj,} \y;;,) U
({xj,, vk} \ xj;) € E(G). But q < ji, a contradiction. Therefore, degg(y;,) = 1 and
we take wy = xj, and wp = y;,. Hence, e;, = {wy, wy}.

(b) Since ey, ..., eq is a perfect matching, then there exists i € {1,...,¢} such that
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e = {z,7'}. Since G is connected, z is a free vertex and g > 2, then deg(z') > 2.
Thus, by (a) there exist w}, w5 € V(G) such that {z/,w}}, {w], w)} € E(G) where
degg(w)) = 1and {w), wh} = ej for some j € {1,...,g}. Therefore, we take wy = 2/,
wy = wy, w3 = wh. Consequently, e; = {z,w; } and ¢; = {wy, w3}. O

Theorem 2.28 Let G be a graph without 3-cycles and 5-cycles. If Gy, ..., G are the
connected components of G, then the following conditions are equivalent:

(a) G is unmixed vertex decomposable.
(b) G is pure shellable.
(c) G is Cohen-Macaulay

(d) G is unmixed and if G; is not an isolated vertex, then G; has a perfect matching
e1, ...,eg of Konig type without 4-cycles with two e/s.

Proof. (a) = (b) = (c) By Remark|1.127]

(d) = (a) Since each component G; is Konig, then G is Konig. Therefore, from
Therorem G is unmixed vertex decomposable.

(c) = (d) Since G is Cohen-Macaulay, then G is unmixed. By induction on |V (G)|.
We take x € V(G) such that degg(x) is minimal and suppose that Ng(x) =
{z1,...,z+}. By Remark[1.66 G’ = G\ Ng[x] is a Cohen-Macaulay graph. We take
G}, ..., G, the connected components of G’. We can assume that V(G!) = {y;}
for i € {1,..,s'}. Since degs(x) is minimal, this implies {y; z;} € E(G) for
alli € {1,..,s'} and j € {1,..,r}. Since G does not contain 3-cycles, we have
that Ng(x) is a stable set. If s = s, then the only maximal stable sets of G are
{y1, .., ys, x} and {z1, ...z, }. Thus, G is a bipartite graph. So, G is Kénig. Hence,
by Theorem G satisfies (d). Consequently, we can assume s > s/, implying
that there is a component G/ with an edge e = {w, w'}.

Now, we suppose thatr > 2. Since degg (x) is minimal, there exista, b € V(G) such
that {a,w},{b,w'} € E(G). If a = b, then (a,w,w’) is a 3-cycle in G. Hence, a # b.
Ifa,b € Ng(x), then (x,a,w,w',b) is a 5-cycle in G. Thus, [{w,w’,a,b} NV(G))| >
3. By induction hypothesis, G’ satisfies (d). So, G/ has a perfect matching and
7(G!) > 2. Furthermore, by Proposition G/ has a free vertex a’. Then, by
Lemma (b), there exist edges {a’, w1}, {w1,wy}, {wy, b’} € E(G]) such that
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degqi(a’) = degg (V') = 1. By the minimality of degg (x) we have that a’ and b’ are
adjaclent with at least 7 — 1 neighbor vertices of x. If r > 3, then there exists Zj such
that z; € Ng(a") N Ng(b'). This implies that (a’, wy, wo, V', z;) is a 5-cycle of G. But G
does not have 5-cycles, consequently, r = 2. We can assume that {a’,z1}, {V/, 22} €
E(G),implying C = (x,z1,4’, w1, wo, b, 25) is a 7-cycle with degg (a') = degg (V') =
degg(x) = 2. Hence, by Proposition C is a c-minor of G. Thus, by Remark
C is Cohen-Macaulay. This is a contradiction by Proposition [1.110} Therefore,
degg(x) =r <1.

If r = 0, then the result is clear. Now, if r = 1 we can assume that Gy, ..., G, are
the connected components of G and z; € V(G;). Consequently, the connected
components of G \ Ng[x] are Fy, ..., Fj, Gy, ..., Gy where Fy, ..., F; are the connected
components of G; \ Ng, [x]. By induction hypothesis Gy, ..., G satisfy (d). If F; =
{d;}, then Ng(z1) has two free vertice, d; and x, a contradiction by Lemma m
Hence, |V(F;)| > 2fori € {1,...,1}. By induction hypothesis, we have that F; has a
perfect matching M; = {¢t, ..., eéi} of Konig type. Thus, {e} U (UL_; M;) is a perfect
matching of Gy, where e = {x,z1}. Also, {z1} U (UL1 X;) is a vertex cover of Gy,
where X; is a minimal vertex cover of F;. Consequently, v(G1) > 14 Y, |M;| =
1+Y! ¢ =14+Y',|Xi| > 7(Gy). This implies that G; is Konig. Furthermore,
by Remark we have that G; is Cohen-Macaulay. Therefore, by Theorem [2.25,
G, satisfies (d). O

Corollary 2.29 Let G be a connected graph without 3-cycles and 5-cycles. If G
is Cohen-Macaulay, then G has at least an extendable vertex x adjacent to a free
vertex.

Proof. From Theorem G is Konig. Thus, by Proposition there exists a
free vertex x. If Ng(x) = {y}, then from Lemma [1.103} y is a shedding vertex.
Therefore, from Corollary y is an extendable vertex, since G is unmixed. J

Corollary 2.30 Let G be a connected graph of girth 6 or more. If G is not an isolated
vertex, then the following conditions are equivalent:

(i) G is unmixed vertex decomposable.
(ii) Ag is pure shellable.
(iii) R/I(G) is Cohen-Macaulay.

(iv) G is an unmixed Konig graph.
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(v) G is very well-covered.
(vi) G is unmixed with G # Cj.

(vii) G is a whisker graph.

Proof. (i) = (ii) = (iii) By Remark (iii) = (iv) G is unmixed and from
Theorem G is Konig. (iv) = (v) From Lemma (v) = (vi) It is clear, since
Cy is not very well-covered.

(vi) = (vii) By Lemma the pendant edges {x1,y1}, ..., {x¢, ¥} of G form a
perfect matching. Since {x;, y;} is a pendant edge, we can assume that deg(y;) =
1foreach1 < i < g. We take H = G[xq, ..., x4|. Therefore G is a whisker graph

with W(H) = {{x1, 91}, (%095}

(vii) = (i) If G is a whisker graph, then there exists a subgraph H such that V(H) =
{x1,.., %}, V(G) = V(H)U{y1,...,.ys} and E(G) = E(H) UW(H) where W(H) =
{{x1,y1}, ... {xs,ys}}. Consequently, W(H) is a perfect matching and v(G) = s.
Furthermore, D = {x1, ..., x5} is a vertex cover, then s = v(G) < 7(G) < s. Hence,
G is Konig and W(H) is a perfect matching of Konig type. Also, there are no
4-cycles with two e;’s since deg(y;) = 1. Therefore, by Proposition G is un-
mixed and by Theorem G is unmixed vertex decomposable.

O

2.5 SHELLABLE PROPERTIES IN GRAPHS WITHOUT 3-CYCLES

AND 5-CYCLES

In this section we prove that the neighborhood of some 2-connected blocks of a
graph G without 3-cycles and 5-cycles have a free vertex if G is unmixed, Cohen-
Macaulay, vertex decomposable or shellable. Also, we prove that the criterion of
Van Tuyl-Villarreal can be extended for vertex decomposable graphs without 3-
cycles and 5-cycles and shellable graphs with girth at least 11.

Lemma 2.31 If G is a graph, then any vertex of degree at least 3 in a basic 5-cycle
is a shedding vertex.
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Proof. Let C = (x1, X2, X3, X4, X5) be a basic 5-cycle. We suppose that deg(x1) > 3,
since C is a basic 5-cycle, then deg(x2) = deg;(x5) = 2. Also, we can assume
that deg(x3) = 2 We take a stable set S of G \ Ng[x1]. Since {x3,x4} € E(G), then
SN {x3,x4}| < 1. Hence, x3 ¢ S or x4 ¢ S. Consequently, SU {x,} or SU {x5} is
a stable set of G \ x1. Therefore, x7 is a shedding vertex. ]

Theorem 2.32 Let G be a connected graph with a basic 5-cycle C. G is a shellable
graph if and only if there is a shedding vertex x € V(C) such that G\ x and G \
Ng|x] are shellable graphs.

Proof. =) We can suppose that C = (x1, x, x3, X4, x5). If G = C, then G is shellable.
By Remark[2.5] each vertex is a shedding vertex. Furthermore, G \ x1 is a path with
shelling {xp, x4}, {x2, x5}, {x3, x5} and G \ Ng[x1] is an edge. Therefore, G \ x1 and
G \ Ng[x1] are shellable graphs. Now, we suppose G # C. We can assume that
degc(x1) > 3. Since C is a basic 5-cycle, then degg(x2) = degg(xs5) = 2. Also,
we can suppose that degg(x3) = 2 and degg(xs) > 2. By Lemma xq is
a shedding vertex. Furthermore by Remark we have that G \ Ng[x;] is a
shellable graph. Now, we will prove that G; = G\ x7 is shellable. Since G is
shellable and since shellability is closed under c-minors, then G, = G\ Ng[xp] is
shellable. We assume that Fy, ..., F; is a shelling of Ag,. Also, G3 = G \ Ng[x3, x5] is
shellable. We suppose that Hy, Hy, ..., H is a shelling of A¢,. We take F € F(Ag, ).
If x, € F, then F\ xp, € F(Ag,) and there exists F; such that F = F;U {x2}. If xo ¢ F,
then x3 € Fand x4 ¢ F. Thus, x5 € F. Hence, F \ {x3,x5} € F(Ag,), then there
exists H; such that F = H; U {x3,x5}. This implies, F(Ag,) = {Fi U {x2},..., F, U
{x2}, H1U{x3, x5}, ..., HcU{x3, x5} }. Furthermore, F; U {x2}, ..., F, U{x2} and H; U
{x3, x5}, ..., Hy U {x3, x5} are shellings. Now, x3 € (H; U {x3,x5}) \ (F; U {x2}) and
H; is a stable set of G without vertices of C. So, H; U {x2, x5} is a maximal stable set
of Gy since Ng(x2,x5) = V(C) and {x2, x5} ¢ E(G). Consequently, H; U {x2, x5} =
FU{x2} forsome!l € {1,..,r} and (H; U {x3,x5}) \ (F;U{x2}) = {x3}. Therefore,
G is a shellable graph.

<) By Lemma|1.111 u

In the following result P is a closed property under c-minors, i.e., if G has property
P, then each c-minor of G has property P. Recall that D1(B) = {v € V(G) | v €
Ng(B) \ B} for B C V(G).
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Theorem 2.33 Let G be a graph without 3-cycles and 5-cycles with a 2-connected
block B. If G satisfies the property P and B does not satisfy P, then there exists
x € D1(B) such that degg(x) = 1.

Proof. By contradiction, we assume that if x € D;(B), then |[Ng(x)| > 1. Thus,
there exist a,b € Ng(x) with a # b. We can suppose thata € V(B). If b € V(B),
then G[{x} U V(B)] is 2-connected. But B C G[{x} U V(B)]. This is a contradiction
since B is a block. Consequently, V(B) N Ng(x) = {a}. Now, we suppose that
b € D;(B). Since there is no 3-cycle in G, then a ¢ Ng(b). Hence, there exists
¢ € Ng(b) N V(B) such that ¢ # a. This implies G[{x,b} U V(B)] is 2-connected.
But B € G[{x,b} UV(B)], a contradiction. Then D;(B) N Ng(x) = @. Thus,
Ng(x) N (V(B)UDy(B)) = {a} and b € D,(B). Now, if D1(B) = {x1,...,x:},
then there exists a; such that V(B) N Ng(x;) = {a;}. Also, there exists b; such that
b; € Ng(x;) N Dy(B). We can suppose that L = {by,...,bs} = {by,..., b} with
bi # bjfor1 < i < j < s. We will prove that L is a stable set. Suppose that
{b;, b]-} € E(G),ifa; = aj, then (a;, x;,b;, b;, x]-,ai) is a 5-cycle in G, this is a contra-
diction. Consequently a; # a; and the induced subgraph G[{x;, b;, b;, x;} U V(B)]
is 2-connected. But B is a block, then {b;,b;} ¢ E(G). Therefore, L is a stable set.
Furthermore, G’ = G\ Ng[L] is a c-minor of G, implying that G’ satisfies the prop-
erty P. Since D1(B) C Ng(L), we have that B is a connected component of G'. But,
B does not satisfy P. This is a contradiction since each connected component of G
is a c-minor. Therefore, there exists a free vertex in D1(B). O

Corollary 2.34 Let G be a graph without 3-cycles and 5-cycles and B a 2-connected
block. If G is shellable (unmixed, Cohen-Macaulay, sequentially Cohen-Macaulay
or vertex decomposable) and B is not shellable (unmixed, Cohen - Macaulay, se-
quentially Cohen-Macaulay or vertex decomposable), then there exists x € D1(B)
such that degg(x) = 1.

Proof. From Remark and Theorem ]

Corollary 2.35 Let G be a bipartite graph and B a 2-connected block. If G is shella-
ble, then there exists x € D;(B) such that deg(x) = 1.

Proof. Since G is bipartite, then B is bipartite. If H is a shellable bipartite graph,
then from Lemma[l.114lwe have that H has a free vertex. But H is not 2-connected.
Hence, B is not shellable. Therefore, by Corollary [2.34} there exists x € D;(B) such
that degg(x) = 1. O
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Lemma 2.36 Let G be a graph without 3-cycles and 5-cycles. If G is vertex decom-
posable, then G has a free vertex.

Proof. Since G is vertex decomposable, then there is a shedding vertex x. Further-
more, there are no 5-cycles in G. Hence, by Lemma there exists y € Ng(x)
such that Ng[y] € Nglx]. If z € Ng(y) \ x, then (x,y,z) is a 3-cycle. This is a
contradiction. Therefore, Ng(y) = {x}, implying that y is a free vertex. O

Proposition 2.37 Let G be a graph without 3-cycles and 5-cycles. G is vertex de-
composable if and only if there exists a free vertex x with Ng(x) = {y} such that
G1 = G\ Ng[x] and G, = G\ Ng|y] are vertex decomposable.

Proof. =) By Lemma there exists a free vertex x. Furthermore, by Remark
G1 and G, are vertex decomposable.

<) By Lemma|1.103} y is a shedding vertex. Moreover, G \ y = G; U {x}. Further-
more, since Gj is vertex decomposable, then G \ y is also it. Therefore, G is vertex
decomposable, since G, is vertex decomposable. g

Corollary 2.38 If G is a 2-connected graph without 3-cycles and 5-cycles, then G is
not vertex decomposable.

Proof. Since G is 2-connected, then G does not have a free vertex. Therefore, by
Lemma G is not vertex decomposable. O

Corollary 2.39 If G is the 2-clique-sum of the cycles C; and C; with |V(Cy)| =11 <
rp = |V(Cy)|, then G is vertex decomposable if and only if 11 =3 orr; = rp = 5.

Proof. <) First, we suppose that r; = 3. Consequently, we can assume C; =
(x1,x2,x3) and x3,x3 € V(C1) NV(Cy). Thus, x1 is a simplicial vertex. Hence, by
Lemmal(l.103} x; is a shedding vertex. Furthermore, G \ x, and G \ Ng|x,] are trees.
Consequently, by Corollary G\ xp and G \ Ng[x;] are vertex decomposable
graphs. Therefore, G is vertex decomposable.

Now, we assume that 7y = r, = 5 with C; = (x1, X2, x3, x4, x5) and C = (y1, X2, X3,
Y4,Ys5). We take a stable set S in G \ Ng[xs5]. If x, € S, then SU {x4} is a stable set in
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Gy = G\ xs5. If x, € S, then SU {x; } is a stable set in G;. Consequently, by Lemma
x5 is a shedding vertex. Since x; is a neighbor of a free vertex in Gy, then x; is
a shedding vertex in G;. Furthermore, since G; \ x; and G; \ Ng, [x;] are forests,
then they are vertex decomposable graphs, by Corollary Thus, G; is vertex
decomposable. Since G \ Ng[x5] = Cp, it is vertex decomposable by Proposition
Therefore, G is vertex decomposable.

=) By Corollary we have that {r;, 7} N {3,5} # @. We suppose r; # 3. So
r1 = 5or r, = 5. Consequently, we can assume that {C1,C;} = {C,C’} where
C = (x1,x2,x3,x4,x5) and xp,x3 € V(C) N V(C). Thus, G\ Ng[xs] = C’ is vertex
decomposable. Hence, from Proposition[1.110} |V(C’)| € {3,5}. But r; # 3, then
|V(C")| =5 and r; = r, = 5. Therefore, 11 =3 orry =1, = 5. O

Lemma 2.40 Let G be a 2-connected graph with girth at least 11. Then G is not
shellable.

Proof. Since G is 2-connected, then G is not a forest. Consequently;, if r is the girth
of G, then there exists a cycle C = (x1,xp, ..., xr). If G = C, then G is not shellable
Proposition Hence G # C, implying D1(C) # @. We take y € D;(C),
without loss of generality we can assume that {x1,y} € E(G). If {x;,y} € E(G)
for some i € {2,..,r}, then we take the cycles C; = (y,x1,x2,...,%;) and C; =
(y,x1,Xr, Xr—1, ..., x;). Thus, |V(C1)| = i+ 1and |V(Cy)| = r —i+ 3. Since r is
the girth of G, theni+1 > rand r —i+3 > r. Consequently, 3 > i implies
4 > r. Butr > 11, this is a contradiction. This implies that |[Ng(y) N V(C)| = 1.
Now, we suppose that there exist y1,y» € D1(C) such that {y1,y2} € E(G). We
can assume that {x1,y1}, {x;,y2} € E(G). Since r > 11, then there are no 3-cycles
in G. In particular, x; # x;. Now, we take the cycles C' = (y1,x1, ..., x;,y2) and
C" = (y1,x1, X, Xr—1, -, Xi, ¥2). S0, |V(C")| =i+ 2and |V(C")| = r —i+4. Since r
is the girth, we have thati +2 > randr —i+4 > r. Hence, 4 > i and 6 > r, this is
a contradiction. Then D;(C) is a stable set. Now, since G is 2-connected, then for
each y € D1(C) there exists z € Ng(y) N Dy(C). If there exist z1,zy € D(C) such
that {z1,z2} € E(G), then there exist y1,y; € D1(C) such that {z1,y1},{z2,y;} €
E(G). Since there are no 3-cycles in G, we have that y; # y;. We can assume that
{x1,y1},{xi,yj} € E(G). Since there are no 5-cycles, then i # 1. Consequently,
there exist cycles C; = (xl,...,xi,yj, z2,21,y1) and C} = (x;, ..., xr,xl,yl,zl,zz,y]-).
This implies r < |V(C})| = i+4andr < |V(C))| =r—i+6. Hence, i < 6 and
r < 10, this is a contradiction. Then D,(C) is a stable set. Furthermore, C is a
connected component of G \ Ng[Dz(C)]. But C is not shellable, therefore G is not



2.6 UNICYCLIC GRAPHS 47

shellable. O

Theorem 2.41 If G has girth at least 11, then G is shellable if and only if there exists
x € V(G) with Ng(x) = {y} such that G \ Ng[x] and G \ Ngly] are shellables.

Proof. <) By Theorem|[1.115

=) By Remark shellability is closed under c-minors. Consequently, it is only
necessary to prove that G has a free vertex. If every block of G is an edge or a
vertex, then G is a forest and there exists x € V(G) with degg(x) = 1. Hence, we
can assume that there exists a 2-connected block B of G. The girth of B is at least
11, since B is an induced subgraph of G. Thus, by Lemma B is not shellable.
Therefore, by Theorem [2.33) there exists x € D1(B) such that deg(x) = 1. O

2.6 UNICYCLIC GRAPHS

In this section we characterize the Cohen-Macaulay, shellable and well-covered
unyciclic graphs.

Theorem 2.42 Let G be an unicyclic graph with cycle C. Then the following con-
ditions are equivalent:

(1) G is vertex decomposable.

(2) G is shellable

(3) G is sequentially Cohen-Macaulay.

(4) |[V(C)| € {3,5} or there exists x € D1(C) such that degg(x) =1

Proof. (1) = (2) = (3) By Remark|1.127]

(3)= @) If |V(C)| € {3,5}, then by Proposition|1.110|C is not sequentially Cohen-
Macaulay. Furthermore, C is the only 2-connected block of G. Thus, by Theorem
there exists x € D1(C) such that degg(x) = 1.
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4)= (1) If |[V(C)| = {3,5}, then G is vertex decomposable by Theorem[1.96 Now,
if |V(C)| # 3,5, then we can assume that Ng(x) = {y} for some x € D;(C).
Hence, by Lemma(1.103} y is a shedding vertex. Since x € D1(C) and degg(x) = 1,
then y € V(C). Consequently, G \ y and G \ Ng[y] are forests, so they are vertex
decomposable. Therefore, G is vertex decomposable. u

Remark 2.43 Let G be an unicyclic graph with cycle C. If C is a basic 4-cycle, then
C contains two adjacent vertices of degree two and the remaining two vertices are
joined to a free vertex.

Lemma 2.44 Let x be a free vertex of an unmixed graph G such that G’ = G\ Ng|[x]
is a whisker graph. If there is no cycle C of G such that z € V(C) where {x,z} €
E(G), then G is a whisker graph.

Proof. Let Gy, ..., Gs be the connected components of G'. Thus, there exist induced
subgraphs Hy, ..., Hs such that V(H;) = {x},..,x.}, V(G;) = V(H;) U{y}, ... v\ }
and E(G;) = E(H;) UW(H;), where W(H,) = {{x,y'}, ..., {xii,yii}}. If {x,z} isa
connected component of G, then G = {x,z} UGy U -- - U G;. Consequently, G is a
whisker graph. Now, suppose there are wé, wlz € V(G;) such that {wll, z}, {wlz, z} €
E(G). Since G; is connected, then there exists a path (w’l,vl, ...,vm,wlz) between
wi and wé in G;. Hence, C = (z, wi,vl,...,vm,wé) is a cycle, a contradiction.
Then |Ng(z) NV(G;)| < 1fori € {1,..,s}. We can suppose that {Gq, ..., G5, } =
{Gi | Nc(2) N V(G;j) # @}. Thus, F;, G, 11, ..., Gs are the connected components of
G, where F; = G[{x,z} UU;_, G;]. Furthermore, we can assume that |V (G;)| = 2
for1 <i<syand[V(G;)| = 3fors; <i < s;. Hence, degg (x]) = degg () =1
and we can assume that Ng(z) N V(G;) = {x}} for 1 < i < s;. We suppose that
{z, y;} € E(G) for some s, < i < s1. Since G; is connected and |V (G;)| > 3, then
there is a vertex w € {xf,...,xl}\ x; such that {w, x;} € V(G;). Consequently,
G"” = G\ Ng|w] is unmixed. But Ngr(z) has two free vertices, yj- and x, a contra-
diction by Lemma[2.14} Then Ng(z) N V(G;) C V(H;) for1 <i < s1. We take H =
G[U:L, H;U{z}], then E(F;) = E(H) UW(H) where W(H) = UL, W(H;) U {x,z}.
Hence, F; is a whisker graph. Therefore, G is a whisker graph. O

Theorem 2.45 Let G be an unicyclic graph with cycle C. Then G is well-covered if
and only if G satisfies one of the following conditions:

(a) G e {C3/ C4/ C5/ C7}

(b) G is a whisker graph.
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(c) C is a simplex 3-cycle or a basic 5-cycle and G \ V(C) is a whisker forest graph.

(d) C is a basic 4-cycle with two adjacent vertices a,b of degree 2 in G such that
G\ {a,b} is a whisker graph.

Proof. =) By induction on ! = |V(G) \ V(C)|. If ] = 0, then G = C. Since the
well-covered cycles are C3, C4,Cs5 and Cy, then C satisfies (a). Now, we assume
I > 1. Hence, C € G and G has a free vertex. We take a free vertex x such that
d(x,C) = max{d(a,C) |a € V(G), deg;(a) = 1}. We assume that Ng(x) = {z}
and C = (y1, ..., yx) with k > 3. By Remark [1.66, we have that G’ = G\ Ng|x] is
well-covered.

If d(x,C) > 2, then C C G’ and by induction hypothesis G’ satisfies (a), (b), (c) or
(d). We take G} = G’ \ V(C). If G’ satisfies (a), then G’ = C, with r € {3,4,5,7}.
Since G is connected, we can assume that {z,y1} € E(G). Furthermore, G is uni-
cyclic, then Ng(z) = {y1}. If r = 4 or 7, then Ng,(z) has two free vertices, x
and y1, in G, = G\ Ng[ys,y,_1]. A contradiction by Lemma Consequently,
r = 3 or 5. We have that G| = G[{x,z}], thus G] is a whisker forest. Further-
more, C is a simplex 3-cycle or a basic 5-cycle in G. Hence, G satisfies (c). Now,
if G’ satisfies (b), since C C G’ and G is unicyclic, then z is not in a cycle of G.
Consequently, by Lemma G is a whisker graph and G satisfies (b). Now, if
G’ satisfies (c), then C is a simplex 3-cycle or a basic 5-cycle and G} is a whisker
forest. If C = C3 and Cj3 is not a simplex in G, then |[Ng(z) N V(C)| > 1. Since G
is unicyclic, we can assume that Ng(z) N V(C) = {y1} and there are z,z3 € V(G)
such that {y2,2>}, {y3,23} € E(G). Thus, Ng,(z) has two free vertices, x and y;, in
G3 = G \ Ng|z2, 23], this is a contradiction. So Cj is a simplex of G. Now, if C = Cs
and C is not basic in G, then we can assume deg(y1) > 3 and deg(y2) > 3. Since
C is a basic 5-cycle in G’ and G is unicyclic, we can assume Ng(z) N V(C) = {y1}.
Also, there exists z, € V(G’) such that {y,,2,} € E(G). Hence, Ng,(z) has two
free vertices, y; and x, in G4 = G\ Ng[z2,y4], a contradiction. Then C is a basic
5-cycle in G. Now, if H = G\ V(C), then H = G[G] U {x,z}] and H \ Ny[x] = G}.
Consequently, by Lemma H is a whisker forest. This implies that G satis-
fies (c). Now, if G’ satisfies (d), then C is a basic 4-cycle. We can assume that
deg./(y1) = degqi(y2) = 2and G” = G'\ {y1,2} is a whisker. Since G is uni-
cyclic, we have that [Ng(z) N {y1,y2}| = 1. We can suppose {y1,z} € E(G). But
Ng, (z) has two free vertices, x and y1, in Gs = G \ Ng[y3], this is a contradiction. So
degg(y1) =degc(y2) = 2. We take Hy = G \ {y1, 12}, therefore Hy \ Np, [x] = G".
By Lemma Hj is a whisker and G satisfies (d).
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Now, we assume d(x,C) = 1. Thus, V(G) = V(C)U D;(C) and G’ is a forest.
Consequently by Theorem G’ is a whisker graph. Also z € V(C), then
we can assume that z = y;. Since G is unicyclic, if w € D1(C), then w is a free
vertex. If each y; € V(C) is adjacent to one free vertex, we have that G is a whisker
graph. Hence, G satisfies (b). If there is a vertex y; € V(C) such that degg(y;) =
2. Without loss of generality, we can assume j = 2. If r > 5, then Ng, (y1) has
two free vertices, x and y», in G¢ = G \ Ng[ya], a contradiction by Lemma
Sor < 4. If r = 3, then {y1,y3} and {y2,y3, x} are minimal vertex covers of G.
But G is well-covered, implying » = 4. If degs(y4) = 2, then Ng/(y3) has two
free vertices, y, and y4. Consequently, degg(y4) > 3 and there is a free vertex
z4 such that {y4,z4} € E(G). Now, if degg(y3) > 3, then there is a free vertex
z3 such that {y3,z3} € E(G). But, Ng,(y3) has two free vertices, y, and z3, in
G7 = G\ Ngl[x,z4]. Hence, deg(y3) = 2 and C is a basic 4-cycle. Furthermore,
G \ {y2,y3} is a whisker. Therefore, G satisfies (d).

<) Graphs of families (a), (b), (c) and (d) are in SQC U {Cy, C7}. Hence, by Theo-
rem they are well-covered. O

Corollary 2.46 Let G be an unicyclic graph. Then the following conditions are
equivalent:

(1) G is unmixed vertex decomposable.
(2) G is pure shellable

(3) G is Cohen-Macaulay.

(4) G is unmixed and G # Cy4, Cy.

Proof. (1)&(2)<(3) By Theorem

(3) = (4) Since G is Cohen-Macaulay, then G is unmixed. Furthermore, C4 and Cy
are not Cohen-Macaulay.

(4) = (1) Let C be the cycle of G. Since G # Cy4, C7, then by Theorem we have
that G € SQC. Therefore, by Theorem[1.126| G is vertex decomposable. O

Corollary 2.47 If G is an unmixed unicyclic graph, then G is vertex decomposable
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if and only if G # Cy, C7.

Proof. By Corollary L]

2.7 WELL-COVERED THETA-RING GRAPHS

In this Section, we characterize the well-covered property for theta-ring graphs.
These graphs can be constructed by clique-sum of cycles and complete graphs (see
Theorem [1.140). Also, they contain chordal graphs, cactus graphs and ring graphs
(see Section 1.6). We prove that a theta-ring graph is well-covered if and only if it
has a reduction in sun-complete subgraphs, basic 5-cycles and semi-basic 5-cycles.

Lemma 2.48 Let G be a theta-ring graph. If C = (zy, ..., z¢) is an induced cycle and
y1 € Ng(C) \ V(C), then

(1) If there are z;,z; € V(C) N Ng(y1) with i # j, then {z;,z;} € E(G). Further-
more, |V(C) N Ng(y1)| <2or |[V(C) N Ng(y1)| = 3 with C a 3-cycle.

(2) If {y1,z;} € E(G), then there is no path between y; and z; with [ € {1,...,i —
2,i+2,...,k}. Furthermore, there are no two paths P; between y; and z; 1
and P, between y; and z; 1, exceptif Cisa 3-cycleand {y1,z;—1}, {y1,zis1} €
E(G).

(3) If there is y» € Ng(C) such that {y1,y2} € E(G), then for all z; € V(C) N
Ng(y1) and z; € V(C) N Ng(y2), we have that z; = z; or {z;,z;} € E(G).

Proof. (1) Suppose that {z;,z;} ¢ E(G), thenj ¢ {i —1,i +1}. Consequently,
k > 4. We can assume i < j. Hence, there exists a chorded-theta H whose prin-
cipal paths are L1 = (Zi,zi+1,...,z]~), L, = (zi,zi_l,...zl,zk,zk,l,...,z]-) and L3 =
(zi, y1, z]-). But C is an induced cycle, then H does not contain transversal triangles.
This is a contradiction, since G is a theta-ring graph. Therefore, {z;,z;} € E(G).
Now, if [V(C) N Ng(y1)| > 3, then there exist different vertices z;,, z;,, z;, € V(C) N
Ng(y1). Hence, by the last argument {z;,,z;, }, {z,,21,}, {z1,,21,} € E(G). There-
fore, C = (z;,,21,,21;) and |V(C) N N¢(y1)| = 3, since C is an induced cycle.

(2) We suppose that there is a path Py = {y1,¢1,...,cm, 21} withl & {i —1,i + 1},
then we have a chorded-theta H' with principal paths L1 = {z;,z;y1,.., 21}, Lo =
{zi,2i-1, 121, Zk) Zk -1, -, 21} and L3 = {z;,y1, 1, .., ¢m, 21 }. Since C is induced, then
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H' does not have transversal triangles in G. This is a contradiction. We suppose
that there are minimal paths P; = {y, a1, ..., am, zi—1} and P> = {y1, b1, ..., bn, Zi1 }-
Hence, there is a chorded-theta H” with principal paths L1 = {z;_1,z;,zi+1}, Lo =
{Zz',l,Zi,z, vy 21y Zks LTy oeer Zi+1} and L3 = {Zl;l, Amy s A1, Y1, bl, cery bn, Zi+1}. It |V(C) |
> 4, then H"” does not have transversal triangles since C is induced, this is a con-
tradiction. Thus |V(C)| = 3. If m > 1, we take the cycle C' = (y1,41,...,am,
zi_1,2i), this is a contradiction by the last argument. Thus, m = n = 0. Hence,
{y1,zi—1},{y1,zi11} € E(G) and C is a 3-cycle.

(3) By (2), there is no path between y; and z; with I ¢ {i — 1,7 + 1}. Furthermore,
there is no path between y; and z;, then j € {i+1,i,i — 1}. Therefore, z; = zj or
{Zi,Z]'} € E(G) [

Definition 2.49 A complete subgraph H of G is called sun-complete if each maximal
stable set S of G satisfies |V(H) N S| = 1.

Remark 2.50 Let K be a complete subgraph of G. K is a sun-complete subgraph if
and only if V(K) € Ng(S) for each stable set S of G.

Remark 2.51 If K is a simplex of G, then K is a sun-complete subgraph of G.

Proof. By contradiction, suppose that there is a maximal stable set S of G such that
V(K)NS = @, consequently, V(K) C Ng(S). Since K is a simplex there exists a
simplicial vertex x in V(K). Hence, there is y € S such that {x,y} € E(G) and
y ¢ V(K). A contradiction since x is simplicial. O

Lemma 2.52 Let G be a well-covered graph. If K; is a simplex and Kj is a sun-
complete subgraph of G, then V(K1) N V(K;) = @ or K3 = Kj.

Proof. By contradiction, suppose that K; # K; and w € V(K;) N V(Ky), then
there is a maximal stable set S such that w € S. We take a simplicial vertex y
of K;. Hence, S’ = S\ wU {y} is a stable set of G. Furthermore, S’ is maximal
since G is well-covered and |S’'| = |S|. Since K; # K, consequently y ¢ V(K3),
then S’ N V(K;) = @, a contradiction since K; is sun-complete. Therefore, V (Ky) N
V(Kz) =Qor Kl = Kz. L]

Corollary 2.53 If G is a well-covered graph, then all its simplexes are pairwise
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vertex disjoint. In particular, if x € V(G), then Ng(x) does not contain two free
vertices.

Proof. By Remark and Lemma [2.52 O

Definition 2.54 A 5-cycle C' = (a,b,c,d, e) is semi-basic if deg(a) = deg;(c) =2,
deg(d) = deg.(e) = 3 and there exists an induced 4-cycle Q" such that V(Q') N
V(C') ={d,e}.

Remark 2.55 If C’ is a semi-basic 5-cycle of G, then C’ is an induced cycle.

Lemma 2.56 Let G be a well-covered. If C is a basic 5-cycle and C’ is a semi-basic
5-cycle, then V(C) NV (C') = @.

Proof. We suppose that there is x; € V(C) N V(C’) and C = (x1, x2, X3, X4, X5). By
definition C # C/, then there is y, € V(C')\ V(C) such that {y,,x1} € E(G).
Hence, deg;(x2) = deg;(x3) = degs(x5) = 2. If [V(C)NV(C')| > 2, then
{y2,x4} € E(G) or there is y3 € V(C) such that {y»,y3},{y3, x4} € E(G). If
{y2, x4} € E(G), then: if there is w1 # xp and wy € Ng(x1), then there is w, €
Ng(x4) with wy & {x3,x5}. Hence, deg;(x;) > 4 and deg;(x4) > 4, a con-
tradiction by definition of semi-basic 5-cycle. Then w; = x;. Therefore, C' =
(x1, %2, X3, X4,Y2), then deg(x1) = 2 or deg(x4) = 2 by definition. A contradic-
tion since deg(x1) > 3 and deg(x4) > 3. Now, if there is y3 € V(C’) such that
{v2,y3}, {y3, x4} € E(G) and C" = (x1,¥2,¥3, X4, x5), then: if there is w # x5 and
w € Ng(x1), then w € Ng(xy), hence C' = (x1,y2,¥3, Y4, w) and deg;(x1) > 4
and deg(x4) > 4, a contradiction. So, w = x5, then C' = (x1, Y2, Y3, Y4, ¥5). Since
deg(x1) > 3 and deg(x4) > 3, then there exists an induced 4-cycle Q such that
x1,%2,¥2 € V(Q) or x3,x4,y3 € V(Q), but deg(x2) = deg;(x3) = 2, a contradic-
tion. Then C’ is not a semi-basic 5-cycle. Therefore, V(C) N V(C") = {x;}. Hence,
C" = (x1,¥2,y3, ¥4, y5) with deg (y2) = degg(y5) = 2and deg(y3) = degg(v4) =
3. Furthermore, {x3,1y4} € E(G). Therefore, Ng(x1) has two free vertices, x5 and
Y2, in G \ Ng[x3,y4], a contradiction. Thus, V(C)NV(C') = @. O

Lemma 2.57 Let G be a well-covered graph. If C = (x1,xp, X3, x4, X5) is a semi-
basic 5-cycle with a 4-cycle C' = (x1,x5,Y2,¥1), then deg;(y1) = 2 if and only if

degG(VZ) =2.

Proof. Since C is a semi-basic 5-cycle, then deg-(x2) = deg(x4) = 2 and deg(x1)
= deg;(x5) = 3. Now, we suppose that deg-(y1) = 2 and deg(y2) > 3, then
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there is w € Ng(y2) \ {y1, x5}. Consequently, N/ (x1) has two free vertices, y; and
xp,in G’ = G\ Ng[w, x4]. This is a contradiction by Corollary Therefore,
deg;(y2) = 2. Similarly if deg(y2) = 2, then deg(y1) = 2. O

Lemma 2.58 Let C = (x1,x2,x3,%4) be an induced 4-cycle and let C' = (xy4, x5,
X6, X7, Xg) be an induced 5-cycle in a graph G.

(a) If G is well-covered, deg;(x5) = deg;(x7) = 2 and {x1,x¢} ¢ E(G), then
{x1,x3} ¢ E(G).

(b) If G is theta-ring, then {xq,x¢}, {x1,x7} & E(G).

Proof. (a) We suppose that {x1,x3} € E(G), then Ng (x6) has two free vertices,
x5 and x7, in G’ = G\ Ng[x1]. This is a contradiction by Corollary Thus,

{x1,x8} ¢ E(G).

(b) Since C’ is an induced cycle, by Lemma [2.48] {x1, %6}, {x1, x7} € E(G). O

Lemma 2.59 Let K be a sun-complete subgraph of a graph G. If x ¢ V(K) and
K’ = K\ Ng|x], then K’ is a sun-complete subgraph in G’ = G \ Ng|[x].

Proof. If x € V(G) \ Ng[K], then K’ = K. Indeed, if there is a maximal stable set S’
in G’ such that V(K) C Ng/(S'), then §’ is a stable set in G and V(K) C Ng(S5'). A
contradiction since K is sun-complete. Thus, K is a sun-complete subgraph in G'.
Now, if y € V(K) is a simplicial vertex in G, then {y,x} ¢ E(G). Hence, y € V(K’)
is a simplicial vertex in G’. Thus, K’ is a sun-complete subgraph in G, by Remark
Now, we assume that K does not have simplicial vertices. We suppose that K’
is not sun-complete, then there is a stable set S’ in G’ such that V(K') C Ng/(S').
Furthermore, V(K) = V(K') U A with A C Ng(x). Consequently, V(K) = V(K') U
A C Ng(S8')UNg(x) = Ng(S"U{x}). A contradiction since S’ U {x} is stable and
K is sun-complete. Therefore, K’ is a sun-complete subgraph in G'. O

Lemma 2.60 Let G be a well-covered graph. If K is a sun-complete subgraph and
C is a basic or semi-basic 5-cycle, then V(K) N V(C) = @.

Proof. We suppose that exists y € V(K)NV(C) with C = (y,z1,2p,23,24). If
V(K) C V(C), then we can suppose K = {y,z;} since C is an induced cycle. But
there exists a maximal stable set S such that zp,z4 € S. Consequently, SN V(K) =
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@, a contradiction. Then thereisy’ € V(K)\ V(C) such that {y’,y} € E(G). Hence,
we can assume deg(z1) = 2. We will prove that V(K) N Ng[z2] = @. Suppose
w € V(K) N Ngz2], then {y,w} € E(G). Thus, by Lemma.48w = z; since C is an
induced cycle. So, K = {y,z1} since deg(z1) = 2, a contradiction since V(K) ¢
V(C). This implies that V(K) N Ng[zp] = @. Now, we assume that C is a basic
5-cycle, then we can suppose deg(z2) = deg;(z4) = 2. Consequently {y,z4} is a
simplex in G; = G \ Ng|z2]. Furthermore, K is a sun-complete subgraph in G; by
Lemma[2.59 But,y € V(K)N{y,z4} in Gy, a contradiction from Lemma[2.52] Now,
we assume C is a semi-basic 5-cycle. If deg(y) = deg;(z4) = 3, then deg(z3) =
2. Furthermore, there exists an induced 4-cycle (y, z4,4,b). Hence, K = {y,b} and
there is a maximal stable S’ such that a,z; € S’. Thus, V(K) NS = @, this is a
contradiction. Then, we can suppose deg;(z4) = 2 and deg(z2) = deg(z3) = 3.
Consequently, {y, z4} is a simplex in G;. A contradiction since y € V(K) N{y,z4}
in Gy. Therefore, V(K) NV (C) = @. O

Lemma 2.61 Let G be a theta-ring graph and let K be a sun-complete subgraph of

G with V(K) = {y1,..,¥m}, zi € No(yi) \ Nc(y;) and z; € Ng(y;) \ Ng(vi). If
{zi,zj} € E(G) and k € {1,...,m} \ {i,j}. Then:

(1) {z,zi} ¢ E(G) forall z € Ng(y;) \ {vi 2}
(2) zi,zj ¢ Ng(yx)-
() If z € Ng(vk) \ {vi, y;}, then {z;, z},{z;,z} & E(G).

(4) K’ = K\ y; is a sun-complete subgraph in G’ = G\ Ng[z;] and deg.(yx) =
deg. (k) + 1 with k # i, j. Furthermore, deg (y;) = degq (y;) + 2.

Proof. Since z; ¢ Ng(y;), zj € Ng(yi) and {z;,z;} € E(G), then C = (y;,z;,2,Yj)
is an induced 4-cycle.

(1) By Lemma[2.48] {z,z;} ¢ E(G) for all z € Ng(y;) \ {vi,z}-

(2) If z; € Ng(yk), then by Lemma {yj,zi} € E(G). A contradiction since C is
induced. Thus z; ¢ Ng(y). Similarly, z; ¢ Ng(yx)-

(3) From (2), z # z;,zj. We suppose that {z;,z} € E(G), then there are paths
Py = {yx, 2z} and P, = {yy, y;}. This is not possible by Lemma
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(4) From (2), z; ¢ Ng(yx) and z; ¢ Ng(y;) by hypothesis, then K = K\ Ng|[z].
Thus, by Lemma K’ is a sun-complete subgraph in G’. By (3), for all z €

No(yk) \ {vi y;}, then {z;,z} ¢ E(G). Hence, Ng(yk) \ Ner(yx) = {yi}. Conse-
quently, deg;(yx) = degs/(yx) + 1. Furthermore, by (1) we have that Ng(y;) \

Ng/ (l/j) = {yi,zj}. Therefore, degG(y]-) = deg, (yj) + 2. O

Corollary 2.62 Let G be a theta-ring graph. If K is a sun-complete subgraph of
G and there is an induced 4-cycle C = (ay,ay,4a3,44) such that aj,a4 € V(K) and
ay,a3 ¢ V(K), then deg(ap) = 2 if and only if deg(a3) = 2.

Proof. If deg(a2) = 2 and deg(a3) > 3, then thereis c € Ng(a3z) \ {a2,a4}. By
Lemmal2.61|{c,a} ¢ E(G) foralla € V(K) \ a4. Consequently, K or K \ a4 are sun-
complete subgraphs in G; = G\ Ng|[c|. Furthermore, G;[{a1,42}] is a a simplex
in G1. Butay € {a1,a2} NV(K) ora; € {a3,a,} NV(K\ a4). A contradiction by
Lemma 2.52} therefore, deg; (a3) = 2. Similarly, if deg(a3) = 2, then deg(az) =
2. U

Lemma 2.63 Let G be a theta-ring graph and K = {x,y} a subgraph of G. The
following condition are equivalent:

(a) K is a sun-complete subgraph.

(b) Ng(x) " Ng(y) = @and if z € Ng(x) \y and 2’ € Ng(y) \ x, then {z,2'} €
E(G).

Proof. (a) = (b) By contradiction, if there exists w € Ng(x) N Ng(y), then there
is a stable set S such that w € S, hence V(K) NS = @. A contradiction. Now, we
suppose that there exist z € Ng(x) \ y and z’ € Ng(y) \ x such that {z,z'} ¢ E(G).
Consequently, there exists a maximal stable set S of G such that {z,z'} C S. Hence,
x,y ¢ S. Therefore, V(K) NS = @ and K is not a sun-complete subgraph.

(b) = (a) We take a maximal stable set S of G. If V(K) NS = @, then there exist
z € Ng(x)\yand 2/ € Ng(y) \ x such that z,z/ € S. Furthermore, Ng(x) N
Ng(y) = @, hence z # z' Consequently, {z,z'} ¢ E(G), a contradiction. Therefore,
V(K) NS # @ and K is a sun-complete subgraph. 4

Corollary 2.64 Let G be a theta-ring graph and let K = {x,y} be a subgraph of
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G. K is a sun-complete subgraph if and only if x or y is a simplicial vertex in G
or there are vertices z,z' € V(G) such that (x,z,2/,y) is an induced 4-cycle and

deg(x) = degg(y) = 2.

Proof. =) We suppose that K does not have simplicial vertices. Thus, there exist
z € Ng(x)\y, 2 € Ng(y) \ x and z # z'. By Lemma[2.63] {z,z'} € E(G). Hence,
(x,2,7/,y) is an induced 4-cycle. Now, if there is w € Ng(x) \ {y,z}, then w # 2’
and {w,z'} € E(G), a contradiction by Lemma Thus, deg(x) = 2. Similarly,

deg;(y) = 2.

<) If K has a simplicial vertex, then K is sun-complete by Remark Now, if
there is an induced 4-cycle (x,z,2/,y) such that deg;(x) = deg;(y) =2. Ifz € S,
then y € S since deg(y) = 2. Similarly, if z’ € S, then x € S. Furthermore, if
z,z ¢ S, then |{x,y} N'S| = 1. Therefore, K is a sun-complete subgraphin G. [

Remark 2.65 In G = Cy4 each edge is a sun-complete subgraph.

Proof. By Corollary O

Proposition 2.66 Let G be a theta-ring graph. If K is a sun-complete subgraph of
G, then K is a simplex or there is y € V(K) such that deg;(y) = |V(K)|, and
(y,z,2',y') is an induced 4-cycle with i’ € V(K).

Proof. By induction on |V (K)|. We set V(K) = {y1, ..., ym } and we assume that K is
not a simplex. Hence, there is z; € Ng(y;) \ V(K) for each i € {1, ..., m}. We take a
minimal subset L C {zy, ...,z } such that V(K) C Ng(L). Since K is a sun-complete
subgraph, we have that L is not stable. Consequently, there exist a1,4] € L such
that {ay,a}} € E(G). Furthermore, by the minimality of L there are y;,y; € V(K)
such that y; € Ng(a1) \ Ng(a}) and y; € Ng(a}) \ Ng(a1). Without loss of gener-
ality, we can take i = 1 and j = 2. This implies that (y1,41,4,y2) is an induced
4-cycle. By Lemma we have that K1 = K\ y; is a sun-complete subgraph in
G1 = G\ Ng[a1]. Moreover, G is theta-ring since G; is an induced subgraph of
G. Thus, by induction hypothesis Kj is a simplex or there exists w € V(Kj) such
that degg (w) = [V(Ky)| and (w, x, x,w') is an induced 4-cycle with w' € V(K;).
If y. € V(K)\ {y1,y2}, then by Lemma degs(vk) = degg, (vk) + 1. Hence,

Ne, (k) = Ng(yx) \ y1. Similarly, by Lemma deg(y2) = degg, (v2) +2.
Hence, Ng,(y2) = Ng(y2) \ {v1,4}}. Consequently, if K; is a simplex, then y,
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is the simplicial vertex of Kj since K is not a simplex. This implies, deg(y2) =
degg, (v2) +2 = |V(K1) \ y2| + [{y1, 41} = [V(K)|. Hence, we take y = y2,y" =y,
z/ = ay and z = aj. Now, we assume there is w with degg (w) = |[V(Ky)|. If
w = yx with k # 1,2, then degg(w) = degg (w) +1 = [V(Ky)| +1 = [V(K)|.
Hence, y = w, ¥y = @',z = xand 2/ = x'. If w = y,, we can take a; = x,
1, = x' and y3 = w’. Furthermore, deg(y2) = |V(K)| + 1 and {ay,a,} is a sta-
ble set by Lemma Now, we take the sun-complete subgraph K, = K\ v,
in G, = G\ Nga] by Lemma By induction hypothesis, K; is a simplex or
there is u € V(Ky) such that degg (1) = |[V(Kz)| and (u,9,q’,u’) is an induced
4-cycle with ' € V(K3). If G is a simplex, then y3 is a simplicial vertex in K.
Hence, deg;(ys) = degg, (y3) +2 = |V(K2) \ y3| + {y2,a5}| = |[V(K)| and we
can take y = y3, z = a5,z = ap and ¥’ = y». Now, we assume there is u with
degg, (1) = |V(K2)|. If u = y, with r # 1,2,3, then deg(u) = degg, (1) +1 =
|[V(K2)|+1 = |V(K)|. Hence,y = u,y = u',z = gand 2’ = ¢'. If u = y, then
deg-(y1) = |[V(K)|. Consequently, a1 = g and u’ = y,; with s # 1,2, but this is not
possible by Lemma If u = y3, then we can take a3 = g, a5 = ¢’ and y4 = u'.
Consequently, deg;(y3) = |V(K)| 4+ 1 and {ay,a;,a3} is a stable set in G. Now,
we take the sun-complete subgraph K3 = K\ y3 in G3 = G \ Ng|a3]. By induction
hypothesis, K3 is a simplex or there is v € V(K3) such that deg(v) = |V(K3)| and
(v,p,p',v') is an induced 4-cycle with v’ € V(K3). By the last argument, if K3 is a
simplex, then yy is the simplicial vertex in K3. Hence, deg(y4) = |V(K)|. There-
fore, y = y4, ¥ = y3,z = a5 and 2’ = a3. Now, we assume there is v € V(K3) with
degc, (v) = |V(K3)|. Since deg;(y;) = |V(K)|[ + 1 withi = 2,3, then v # y;. More-
over, v # y; since deg(y1) > |V(K)| + 1If v = ys with s # 1,2,3,4, deg;(v) =
[V(K)|, hencey = v,y =/, z =qgand 2/ = ¢/, then deg;(v) = |V(K)| + 1 and
{a1,a2,a3,a4} is a stable set in G. If v = y4, then we can take ag = p, aj = p’ and
y5 = v'. Furthermore, deg(vs) = |V(K)|+ 1 and {ay,a;,a3,a4} is a stable set.
With this process, we have vertices y,,ys3, ...,y such that deg-(y;) = |V(K)| +1
fori € {2,..,r—1}. If r =1 = m, then {y1,...,ym} = V(K) € Ng(51), a contra-
diction since K is sun-complete. If r = 1, that is, y2,y3, ... yr—1,y1 orr < m —1,
we take the stable set S; = {ay, 4y, ...,a,_1}. Hence, {y1,y2, ..., y,—1} C Ng(S') for
some maximal stable set S’. Therefore, we have the vertices vy, ..., ;. We can use
the last argument, then we have the stable sets S, = {ay, ..., ax}, ..., S; = {at, ..., am}
such that S = U§:1 Sj = {a1,..,am} is a stable set in G such that V(K) C Ng(S), a
contradiction. Thus, there is a vertex y, such that y = y,,, deg(y) = |V(K)| and
(v,z,2',y') is an induced 4-cycle with y’ € V(K). O

Definition 2.67 Let K be a complete subgraph in G with |V(K)| = m. A family
of induced 4-cycles Ty = (y1,21,21,Y2), T2 = (y2,22,25,Y3) /T = (Yj,2j, Z;-,yj+1)
is called a chain of 4-cycles in K of size j if yy, ..., y; are different vertices in K and
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deg.(y1) = degi(yj4+1) = m. In this case y; and y; are called end vertices. K has
a complete chain if j = m.

Lemma 2.68 Let K be a complete subgraph of G. If K has a chain of 4-cycles of size
jand deg;(y;) = |V(K)| +1fori € {2,...,j}, then K is a sun-complete subgraph.

Proof. We take the chain of 4-cycles Ty = (y1,21,21,¥2), To = (Y2,22,25,Y3) ,--rr
Ti = (), zj, z;-, Y1) We suppose that there exists a maximal stable set S in G such
that V(K) € Ng(S). Since Ng(y1) \ V(K) = {z1} and Ng(yj+1) \ V(K) = {z;-},
then zl,z;. € S. Hence, 2} ¢ S. Since deg(y2) = |V(K)| +1, then Ng(y2) \ V(K) =
{z],22}, hence z; € S. Similarly, we have that Ng(y;) \ V(K) = {z] ;,z;} for
i €{3,..j} Hence, z,..., zj € S, but {zj, Z;} € E(G), a contradiction. Thus, K is a
sun-complete subgraph of G. a

Theorem 2.69 Let G be a theta-ring graph. If K is a sun-complete subgraph of G,
then K is a simplex or there exists a chain of 4-cycles in K.

Proof. We proceed by induction on |V (K)|. If |V (K)| = 2, by Corollary K
is a simplex or there is an induced 4-cycle (y1,z,2',y2) with y1,y, € V(K) and
deg(y1) = degs(y2) = 2 = |[V(K)|. Now, if |[V(K)| > 3, by Proposition[2.66 K is a
simplex or there exists a vertex y; such that deg(y1) = |V(K)| and (y1,2,7,y2) is
an induced 4-cycle with y, € V(K). We suppose that K is not a simplex. By Lemma
K’ = K\ y; is a sun-complete subgraph in G’ = G\ Ng[z]. Thus, by induction
hypothesis, if K’ is a simplex, then y; is a simplicial vertex in K’, since K is not a
simplex. Consequently, deg(y2) = |V(K)| and (y1,z,Z,y2) is a chain of 4-cycles
in K. Now, if K’ has a chain of 4-cycles, then there exist different vertices y}, ..., y; in
K'such that Ty, ..., T;_1 is a chain of 4-cycles of K’ with T; = (v, z, 2}, y; ;) such that
deg(y1) = degg(ys) = [V(K')[. If y}, y§ # v, then deg(v}) = deggn(y)) +1 =
[V(K')] +1 = |V(K)|, of the same way deg;(y;) = |V(K)|, then Ty,..., T;_; is
a chain of 4-cycles in K. If y, € {y},y.} without loss of generality, we can take
v, = yaand !, = y1, then degg(y}) = [V(K)| and dege(y,,) = |[V(K)| with
T1, ..., Ts—1, Ts a chain of 4-cycles in K, where T; = (y/,2/, z, y;H). O

Proposition 2.70 Let G be a well-covered theta-ring graph. If K; and K; are diffe-
rent sun-complete subgraphs, then G has an induced 4-cycle as a connected com-
ponent or V(K;) NV(Ky) = @.
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Proof. By Lemma we can suppose that K; and K, are not simplexes. We
suppose that V(K;) N V(Ky) = {wy, ..., w,} with r > 1. We take a connected com-
ponent G’ of G such that K; and K; are subgraphs. From Theorem Kj has
a chain of 4-cycles Ty = (y1,b1,b,y2), ..., T; = (y;, b}, b;, Yiy+1). We suppose that
Y, Yj+1 € V(Kl) N V(Kz). Since NG(}/l) \ V(Kl) = {bl}, then b; € V(Kz), hence
{b1,yj+1} € E(G). If j = 1, then j+1 = 2, hence (y1,b1,b],y2) is not an in-
duced 4-cycle, a contradiction. Therefore, j > 2, but {b1,y;41} ¢ E(G) by Lemma
a contradiction. Now, if y; € V(K;) NV(Ky), then yjq ¢ V(Ky) N V(Ky).
If j > 2, then {y;,b;},{b1,b;} ¢ E(G) by Lemma Hence, K7 \ y; and K;
(or K> \ y;) are sun-complete subgraphs in G; = G\ Ng[bj| by Lemma But,
yir1 € V(Ky\y;) is a simplicial vertex in G;. Hence, y; € V(Ky \ yj) N V(Kz) (or
y1 € V(Ky \ yj) N V(K2 \ y})), a contradiction by Lemma[2.52} Hence, K1 \ y; = K»
(or K1\ y; = Kz \ yj). Therefore, Ky C Kj (or Ky = Kj). This is not possible. Then
j =1, if thereis ¢ € Ng(b}) \ {b1,y}, then {y1,c} ¢ E(G). Hence, ¢ ¢ V(Ky).
Therefore, K] = Kj \ Ng[c] and K}, = K \ Ng[c| are sun-complete subgraphs in
Gz = G\ Ng|c], but y, is a simplicial vertex in G, and y; € V(K}) N V(K}), this is
a contradiction by Lemma Thus, deg(b}) = 2. Furthermore, deg(b;) = 2
by Corollary 2.62} Hence, |V(K3)| = 2 since deg;(y1) = |V(K1)|, consequently
V(K2) = {y1,b1}, by Lemma[2.63|deg (y1) = degg(b1) = 2. Therefore, Ng(y1) =
{b1,y2}. Hence, V(K1) = {y1,y2} and deg.(y1) = 2 by Lemma Thus,
G' = C4. Of the same way if y;.1 € V(Kz). Therefore, G’ = C4. Now, we take
w # Y1,Yj41. Since {by, x} ¢ E(G) forall x € V(K;) \ {y1} by Lemma[2.61} then if
by € V(K3), then y; € V(Ky) since Ng(b1) N V(Ky) = {y1}, a contradiction. Then
by ¢ V(Kyp). If there exists ¢ € V(G) such that {b1,c} € E(G), then K; and K; are
sun-complete subgraphs in G3 = G \ Ng[c] by Lemma But, y; is a simplicial
vertex in Ky, hence Kj is a simplex in G3 and y; € V(K7) N V(K3), a contradiction
by Lemma 2.52} Therefore, deg(b1) = 2. By Corollary 2.62|deg; (b}) = 2. Hence,
we take a maximal stable set S of G such thatw € S. If Sy = S\ wU {y; } is a stable
set, then S is maximal since G is well-covered, then S; N V(K;) = @, a contradic-
tion. Then by € S, hence S, = S\ {w, b1} U {y1,b]} is a maximal stable set and
S> NV (Ky) = @, a contradiction. Thus, V(K;) NV(K;) = @. O

Lemma 2.71 Let G = H; ® H; be a well-covered theta-ring graph. If H; is a cycle,
then |V(H;)| < 5. Furthermore:

(a) If Hy is a 5-cycle and @ is a 2-clique-sum, then H; is a semi-basic 5-cycle.
(b) If H; is a 4-cycle, then @ is a 2-clique-sum. Furthermore, if Hy = (x1, X2, X3, X4)

with deg(x2) = deg(x3) = 2, then x; is a shedding vertex in G if and only
if x4 is a shedding vertex in G.
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Proof. We assume Hy = (x1, X, ..., X) with deg(x1) > 3 and deg(x;) = 2 for
i €{2,..,k—1}. Hence, thereis y; € V(G) \ V(H;) such that {x1,y1} € E(G). If
k = 6, then N, (x4) has two free vertices, x3 and x5, in G; = G \ Ng[x1]. If k =7,
then Ng, (x3) has two free vertices, x; and x4, in G, = G \ Ng[y1, x6]. If k > 8, then
Ng, (x4) has two free vertices, x3 and xs5,in G3 = G \ Ng|[x1, x7|. This is impossible
by Corollary [2.53] Therefore, k < 5. On the other hand:

(a) If k = 5 and @ is a 2-clique-sum, then there is y, ¢ V(Ha) such that {x5,1y,} €
E(G). If {y1,y2} is a stable set, then Ng,(x3) has two free vertices, x, and x4, in
G4 = G\ Ng[y1, V2], a contradiction by Corollary2.53] Thus, y1 # y» and {y1, 12} €
E(G). Hence, C = (x1,x5,Y2,¥1) is an induced 4-cycle. Now, if deg(x1) > 4,
then there exists i’ such that ¥’ # y; and {x1,¥'} € E(G). By the last argument
{y/,y2} € E(G). Since C is an induced cycle, then by Lemma[2.48} {x1,12} € E(G),
a contradiction since C is induced. Thus, deg;(x;) = deg;(x5) = 3. Therefore, H,
is a semi-basic 5-cycle.

(b) We assume k = 4. If @ is a 1-clique-sum, then deg(x4) = 2 and Ng,(x3) has
two free vertices, xp and x4, in Gs = G \ Ng[y1]. This is impossible by Corollary
Therefore, @ is a 2-clique-sum. Now, we suppose that x; is not a shedding
vertex, then there is a maximal stable set S in G \ Ng[x1] such that Ng(x1) C Ng(S).
Since x3 is an isolated vertex in G \ Ng[x1], then x3 € S. If there is w € Ng(xg) \
{x1,x3} such that w € S, then Ng,(x2) has two free vertices, x; and x3, in Gg =
G \ Ng[S \ x3], a contradiction. Then, for all w € Ng(x4) \ {x1,x3} there exists
z € Ssuch that {z,w} € E(G). Hence, Ng(x4) € Ng((S\ x3) U xp). Furthermore,
(S \ x3) U x;p is a stable set in G \ Ng[x4]. Therefore, x4 is not a shedding vertex.
Similarly, if x4 is not a shedding vertex in G, then x; is not a shedding vertex in
G. U

Definition 2.72 A graph G is in the family 7 if V(G) can be partitioned into three
disjoint subsets S¢, Ci and C; such that S contains the vertices of the sun-comple-
te subgraphs and they are a partition of Sg; the subset C; contains the vertices of
the basic 5-cycles and they form a partition of Cg; the subset C; contains the ver-
tices of the semi-basic 5-cycles and the semi-basic 5-cycles form a partition of C..

Lemma 2.73 If G € T, then G is well-covered.

Proof. We take a maximal stable set S of G. Let C = (a,b,c,d,e) be a basic or
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semi-basic 5-cycle, then |[SNV(C)| < 2. We will prove |SNV(C)| = 2. We can
assume that deg(a) = deg-(c) = 2. If a,c € S, then |[SNV(C)| = 2. Now, we
suppose |{a,c} N S| < 1. We can assume that a ¢ S. Consequently, if b ¢ S, then
e € S,d¢ Sandc € S. Therefore, |SNV(C)| = 2. If b € S and we suppose
SNV(C) = {b}, then deg;(d) > 3 and deg;(e) > 3. This implies that C is a
semi-basic 5-cycle. Hence, there exists a 4-cycle Q = (d, e, f, g) with deg.(d) =
deg(e) = 3. Consequently, f,g € S, since a,c,d,e ¢ S. This is a contradiction
since {f, g} € E(G), therefore, |[SNV(C)| = 2. Also, |[V(K)NS| = 1 for each
sun-complete subgraph K of G. By Lemma 2.60} Proposition 2.70jand Lemma [2.56] .
Sc U Cg UCy; is a partition of V(G). Therefore, G is well-covered.

Proposition 2.74 Let G be a connected well-covered theta-ring graph with a sim-
plicial vertex x. If G’ = G\ y € T for some y € Ng(x), thenG € T.

Proof. We will prove that Sg = Sg U {y} and Cc UC;; = Cg U Cf,,. We take
G a connected component of G’. We take a sun-complete subgraph K of G|. If
x € K, then KU {y} is a sun-complete subgraph in G, since x is a simplicial vertex
in G. Now, we assume x ¢ K. If there is a maximal stable set S of G such that
V(K)NS =@, theny € S since K is a sun-complete subgraph of G’. This implies,
V(K) € Ng(S). Also, S\ y is a stable set of G'. Thus, there exists a maximal
stable set S’ of G’ such that S\ y C S’. Consequently, |S'NV(K)| = 1; we take
w € S'NV(K). Hence, w ¢ Ng(S\ y). Furthermore, if x € Ng(S \ v), then there
isa € S\ ysuch that {a,x} € E(G). Since x is a simplicial vertex, we have that
{y,a} € E(G). This is not possible since S is a stable set, hence x ¢ Ng(S\ y).
Consequently, (S \ y) U {x,w} is a stable set of G. This is a contradiction since G is
well-covered. Hence, K is a sun-complete graph in G. Therefore, Sg = Sg' U {y}.

Now, let C = (ay, ay, a3, a4, a5) be an induced basic 5-cycle in G{. If C isnot a basic 5-
cyclein G, then we can assume deg(a;) > 3 and deg(a2) > 3. Since deg (a1) =
2, then {y,a,} € E(G). Furthermore, we can suppose that degci (x3) = 2. Lemma
2.48implies that {y, a3}, {y, a4} ¢ E(G). Consequently, {as, x} ¢ E(G) and deg
(x3) = 2. If {y, a2} € E(G), then Ng;[x] and Ng,[a1] are simplexes in G, = G\
Nglas]. Buty € Ng; [x] N Ng; [a1], a contradiction by Corollary Thus, {y, a2} ¢
E(G). Similarly, {y,as} ¢ E(G). Now, we suppose there exists w € Ng; (42) such
that {w,y} ¢ E(G), then {x,w} ¢ E(G). By Lemma.48] {w,a,} ¢ E(G). Hence,
Ng; [x] and Ng; [a1] are simplexes in G, = G\ Nglw,a4] withy € N, [x] N N [a1].
This implies x = a;. This is a contradiction since a; is not simplicial in G. Conse-
quently, {w,y} € E(G). Hence, if deg(az) > 4, then there is w’ € Ng(az) such
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that w # w’ and {w',y} € E(G). Lemma[2.48 implies {y,a,} € E(G). A contra-
diction, therefore deg(a2) = 3. Now, if deg(a5) > 3, in the same way as for a,
there exists z € Ng(as) \ {a1, a4} such that (y, a1, a5, z) is an induced 4-cycle in G. If
w = z, by Lemma .48 we have that {a,,a5} € E(G), a contradiction. Thus, w # z
and the paths P; = {y,z,a5} and P, = {y,w,ay} are in G. This is a contradiction
by (2) of Lemma Hence, deg(as) = 2. Therefore, C is a semi-basic 5-cycle in
G.

Now, let C = (a3, a2, a3, a4, as) be a semi-basic 5-cycle in G] with an induced 4-cycle
C' = (ay,as,a6,a7). We have that degci(al) = degGi(ag,) = 2 and degci(a4) =
degG{ (a5) = 3. We suppose that C is not a semi-basic 5-cycle in G and that
{y,m} € E(G). By Lemma {y,a3} ¢ E(G). If {y,a6} € E(G), then there
are two paths P; = {ay,y,a6} and P; = {ay,a,a3,a4}. This is a contradiction by
the same Lemma, then {y,a¢} ¢ E(G). Consequently, Ng; [x] and Ng, [a1] are sim-
plexes in G = G \ Nglas, a6]. But, y € Ng; [x] N Ng; [a1], a contradiction by Corol-
lary 2.53] This implies, {y, a1} ¢ E(G), and in the same way, {y, a3} ¢ E(G). Now,
suppose {y, a5} € E(G), thenby LemmaP.48/{y, a2}, {y, a7} ¢ E(G). Furthermore,
since C’ is an induced cycle, then by this Lemma {a,,a7} ¢ E(G). Consequently,
Ng;[x] and Ng, [as] are simplexes in G{ = G\ Ng[ap,a7]. Buty € N [x] N N [as].
So, {y,as} ¢ E(G). Similarly, {y,as} ¢ E(G). Therefore, C is a semi-basic 5-cycle
in G. Thus, S¢ = S U {y} and Cq U C;, = Cor U Cp,.. O

Theorem 2.75 Let G be a connected theta-ring graph. G is well-covered if and only
if Gisa7-cycleor G € T.

Proof. =) Suppose that G is not a 7-cycle. By induction on |V(G)|. Since G is
a theta-ring graph, then G = H; ®1 Hy ®y - - - ®s—1 Hs where H; is a cycle or a
complete graph.

If H; is complete, then G has a simplicial vertex x € V(H;). By Lemma each
y € Ng(x) is a shedding vertex of G. Note that G’ = G\ y is well-covered since G
is well-covered by Corollary Furthermore, G’ is a theta-ring graph since G’ is
an induced subgraph of G. We take a connected component G} of G’. By induction
hypothesis, G; € {C;} UT. If G| = Cy, then we can take G| = (a3, ...,a7) with
{a1,y} € E(G). By Lemma .48} 3,46 ¢ Ng(y). Consequently, Ng[x] and {y, a1}
are simplexes in G \ Ng[as,4¢]. Buty € Ng[x] N {y, a1}, a contradiction. Hence,
Gj € T and Proposition.74, G € T
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Now, if H; is a cycle, then by Lemma we have that Hy = (x1, x2, ..., ;) with
k € {4,5}. We can assume deg(x;) = 2 fori € {2,..,k — 1} and deg;(x;) >
3. Thus, there is y; € V(G) \ V(H;) such that {x1,y1} € E(G). If k = 5 and
@s—1 is a 1-clique-sum, then degG(x5) = 2 and H; is a basic 5-cycle. Furthermore,
G = G\ Ng|xs] is a connected well-covered theta-ring graph and deg, (x5) = 1.
Hence, by induction hypothesis G; € 7 and x5 € Sg,. Since degg (x5) = 1,
then {x;,x5} C Sg,. Consequently, Sg¢ = Sg, \ {x1,x5}, Cc = Cg, U V(H;) and
C; = C’Gl. This implies, G € 7. Now, we assume k = 5 and @;_1 is a 2-clique-
sum. Hence, by Lemma H; is a semi-basic 5-cycle. Thus, there is an induced
4-cycle (x1,Y1,Y2,x5). If there is a stable set S in G \ Ng[x3] such that Ng(x3) C
Ng(S), then x1,x5 € S. But {x1,x5} € E(G), this is not possible. Then x3 is
a shedding vertex in G. Thus, G; = G\ x3 is a connected well-covered theta-
ring graph. Furthermore, degg (x2) = degg, (x4) =1, then G, € T and xp,x4 €
Sc,- Consequently, {x1,x2} and {x4, x5} are sun-complete subgraphs in G,. This
implies Sg = Sg, \ {x1,%2, x4, x5}, Cc = Cg, and C;, = C’GZ U V(Hs). Therefore,
GeT.

Now, when k = 4 we have that @,_; is a 2-clique-sum by Lemma We take
Gs3 = G\ {x2,x3}, hence G3 = H; &1 Hy ®; - - - ®s_2 Hs—1, implying that Gj is
a connected theta-ring graph. Now, we take S a maximal stable set of G3. Since
{x1,x4} € E(G3), then x; ¢ Sor x4 ¢ S. Consequently, SU {x} or SU {x4} are
maximal stable sets of G. This implies that f(G3) = B(G) — 1 and Gj3 is a well-
covered graph. By induction hypothesis, G3 € {C;} U T. First, we suppose Gz =
C7 = (x1,Y1,Y2,Y3, Y4, Y5, X4), then Ng, (x3) has two free vertices, x, and xy, in G4 =
G\ Ng[v1,y4], a contradiction by Corollary2.53] Hence, G3 € T. Now, {xp, x3} isa
sun-complete subgraph in G by Lemma[2.63] Then, Sg = Sg, U {x2,x3}, Cg = Cg,
and C; = C/G3' Therefore, G € T.

<) If G € T, then G is well-covered by Lemma Furthermore, a 7-cycle is
well-covered by Remark O
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2.8 PURE VERTEX DECOMPOSABLE GRAPHS WHOSE 5-CY-

CLES ARE CHORDED

In this section, we characterize the pure vertex decomposable graphs whose 5-
cycles have at least 4 chords.

Definition 2.76 A 5-cycle C is chorded if C has at least 4 chords.

Lemma 2.77 Let G be a well-covered graph such that each 5-cycle of G is chorded.
If G = G\ vis a well-covered subgraph with two different simplexes S} and S}
such that S| C Ng[v] and |S}| > 3, then [V(S}) Uv] and S, are simplexes in G.

Proof. Let a; be a simplicial vertex of S for j = 1,2. By Proposition m O =
S1 NS, = Ng[a}] N Ng/[a}], then {a), a5} ¢ E(G). Since S] C Ng[v], then §; =
[V(S]) U{v}] is a simplex with a} a simplicial vertex in G. We take B = {x €
V(S)) | {x,v} ¢ E(G)}. If B= @, then S, C Ng(v) and S, = [V(S)) U{v}]isa
simplex with a} a simplicial vertex in G. But v € V(S7) N V(S5), a contradiction
by Proposition Hence, we can assume that B = {by,....b;} with [ > 1. If
ay € B, then {a},v} ¢ E(G) and S} is a simplex in G. Consequently, we can
assume a5 ¢ B. If there exists i € {1, ...,1} such that Ng(b;) C V(S)), then Ng[b;] =
S and S/ is a simplex in G. Thus, we can suppose that for each i € {1,...,1},
there exists ¢; ¢ V(S}) such that {b;,¢;} € E(G). We take C a minimal subset of
{c1,...,c;} such that B C Ng(C). If there exist ¢; , ¢;, € Csuch that {c;,c;,} € E(G),
then iy # i, and C; = (aj}, by, ci, Cip, biy) is a 5-cycle. By the minimality of C,
{bi,, ci,}, {bi,,ciy} & E(Cy). Hence, C; is not chorded, a contradiction. So, C is a
stable set. Now, we will prove that CNV(S]) = @. By contradiction suppose
that z € CNV(S)), this implies, there exists b; € B such that {z,b;} € E(G). If
z = aj, then b; € Ng(a}) = V(S]) U {v}. Butb; # v, then b; € V(5]) N V(S5).
This is a contradiction by Proposition it implies z # a}. Consequently, C; =
(v,a},z,b;,a}) is a 5-cycle. Furthermore, {a},a}},{a},bi} ¢ E(G), then C, is not
chorded, this is a contradiction. Then CNV(S]) = @. Thus, CN Ng[d}] = O,
since Ng[a}] = V(S]) U{v} and C C Ng(B). So, a} ¢ Ng(C). If v € Ng(C),
then there exists ¢; € C such that {v,¢;} € E(G). Furthermore, since [S}| > 3,
there exists w € V(S5) \ {b;,a5}. Hence, C3 = (v,¢;, b;,w,a}) is a 5-cycle. Since,
¢i ¢ V(Sh) and b; € B, then {a}, c;},{v,b;} ¢ E(G) implying that C3 is not chorded,
a contradiction. Therefore v ¢ Ng(C). This implies that S = [(S] U {v}) \ Ng[C]]
and S) = [(S; U {v}) \ Ng[C]] are simplexes in G \ Ng[C] whose simplex vertices
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are aj and a), respectively. By Remark G \ Ng[C] is well-covered. But, v €
V(S{) N V(SY). This is a contradiction by Proposition [1.123] Therefore, S} is a
simplex in G. d

Lemma 2.78 Letey, ..., eq be a perfect matching of G. If ey, ..., egr is a perfect match-
ing without 4-cycles with twoe;'sin H = G[e; U~ - - Uey] and each edge in {eg/ 1, ...,
e¢} has a vertex of degree 1, then ey, ..., eq is a perfect matching of Konig type with-
out 4-cycles with two ¢;’s in G.

Proof. We take a minimal vertex cover D’ of H, then D = D" U {bg 1, ..., by} is
a vertex cover where ey ; = {ag 1, by} such that deg;(ay,;) = 1. Since H is
well-covered Kénig graph, then |D’| = ¢’ and 7(G) < |D| = ¢ < v(G). Hence
7(G) = v(G) and ey, ..., eq is perfect matching of Kénig type. Furthermore, ey, ..., €g
does not contain 4-cycles with two ¢;’s since deg G(a,4;) = 1. U

Theorem 2.79 Let G be a graph such that every 5-cycle is chorded. Ag is pure ver-
tex decomposable with Ag # @ if and only if G satisfies the following conditions:

(1) If A = {ayq, ...,a;} is the set of simplicial vertices of G, then ! > 1. Furthermore,
if §; = NG[IZZ'] fori € {1,...,1}, then Si1 N Siz =@ or Sil = Si2 forl <ij <ip <
L.

(2) If G\ Ng[ay, ...,a;] # @, then it has a perfect matching e; = {x1,y1},....e¢ =
Xe, of Konig type without 4-cycles with two ¢;’s.
8 Ys & typ y

(3) If {Zl, Cz'}r {Zz, dl} € E(G) with {Cz'/ dl} = e¢; forsomei € {1, ,g} and {21,22} N
e; = @, then z1 # zp and {21,22} € E(G)

Proof. =) By induction on |V (G)|. Since Ag is pure vertex decomposable, thus
by Remark[1.92)and Corollary 2.8 G has a shedding vertex v such that G’ = G\ v
is a well-covered vertex decomposable graph. If Ag: = @, then G = {v}. Con-
sequently, we can assume Ag # @. By induction hypothesis, if {4}, ..., a} } is the
set of simplicial vertices of G/, then I’ > 1. Furthermore, if S| = Ng/[a}], then
SiN S} =QorS = S;. Also, Gi = G’ \ Ng[a},...,a;] has a perfect matching
e1, ..., ey of Konig type satisfying (2) and (3). Without loss of generality we can as-
sume that {S], ..., S;,} = {S],...,S;} where t < I"and S/, ..., S} are disjoint sets. By
Proposition 2.9, G; is a well-covered Konig graph, then B(G;) = ¢’. Furthermore,
if A1 is a maximal stable set of Gy, then {ay, ..., a;} U Aq is a maximal stable set of
G'. Since G’ is well-covered, then B(G') =t + ¢'.



2.8 PURE VERTEX DECOMPOSABLE GRAPHS WHOSE 5-CYCLES ARE CHORDED 67

We will prove that Ng(v) contains a simplicial vertex of G. Since G contains only
chorded 5-cycles, hence by Lemmal[2.3] thereis b € Ng(v) such that Ng[b] € Ng[v].
We can suppose that deg (b) is minimal. If b is not a simplicial vertex, then there
aredy,dy € Ng(b) \ vsuch that {dy,d>} ¢ E(G). This implies, deg,(b) = [Ng(b) \
v| > 2. Now, we suppose that b € V(Gp). Let G” be the component of G; such
that b € V(G"). Thus, G” has a perfect matching of Konig type. Without loss of
generality, we can assume that this matching is ej, ..., egr - Also, there is no 4-cycle
with two e;’s with i € {1,..,¢]}. If g§ = 1, then there exists x € V(G”) such
that ey = {b,x}. Furthermore, since deg.,(b) > 2, there is a vertex b; € V(S!)
for some i € {1,..,t} such that {b;, b} € E(G). If deg.,/(x) = 1, then Ng[x] C
Ng[b] € Ng¢lv], a contradiction by the minimality of deg(b). Consequently, there
is a vertex b; € V(S}) for some j € {1,...,t} such that {b;, x} € E(G). Since G’
satisfies (3), we have that b; # b; and {b;, bj} € E(G). So, C; = (b,v,x, b;, b;) is
a 5-cycle. Furthermore, G’ satisfies (3) implying {x, b;},{b;,b} ¢ E(G). Hence,
C; is not chorded, a contradiction. Then g’l > 2. If deggn(b) = 1, from Lemma
there exist {b, w1}, {wy, w2}, {w, w3} € E(G”) with ej = {b,w;} for some
j € {1,..,8}}. Furthermore, since degg/(b) > 2, there is b; € V(S)) for any i €
{1,...,t} such that {b;, b} € E(G). Thus, {b;, w,} € E(G), since G’ satisfies (3) and
{b,w1} = ej. Also, {wy,v} € E(G) since Ng[b] C Ng[v]. This implies that C; =
(v, wy,ws, bj, b) is a 5-cycle. Since G’ satisfies (3), {b, wa}, {w1,b;} ¢ E(G) implying
C; is not chorded, a contradiction. Then deggr(b) > 2. Consequently, by Lemma
there exist {b, w}}, {w}, wh} € E(G”) with deggr(wh) = 1 and e = {w}, wh}
for some k € {1,..,¢}}. Since {4}, ..., a;} is the set of simplicial vertices of G’ and
w; € V(Gy) implying wj is not a simplicial vertex of G'. Hence, there is c € V(S,)
with g € {1,...,t} such that {c,w}} € E(G). By (3), we have that {b,c} € E(G).
Since Ng[b] € Ng[v], thus {v,c} € E(G) and C3 = (v,b,w},w),c) is a 5-cycle.
But, from (3), {c,w}}, {w}, b} ¢ E(G) implying that C3 is not chorded. This is
a contradiction, then b ¢ V(Gp). Consequently, b € Ng/[a),...,a;] and there is
r € {1,...,t} such that b € V(S,). This implies, Ng/[a,] = V(S,) C Ng[b] C Ng[v].
Thus, G[V(S;) U {v}] is a simplex and 4, is a simplicial vertex of G contained in
Ng(v). Therefore, there exists a simplicial vertex x of G contained in N (v). Hence,
x is a simplicial vertex of G’. Without loss of generality we can assume that x = 4.
Consequently, S| C Ng[a}] € Ng[v]. Now, we can assume that S}, ..., S} satisfy:

(@) |V(S))| > 3for2 <i<p;
(b) |[V(S])| = 2 and S/ has a simplicial vertex in G for p+1 <i < g;
(¢) [V(S})| = 2 and S does not have simplicial vertices in G for g +1 <i < ¢.

By Lemma S = [V(S))U0],S2 = S,...,Sq = S, are simplexes of G. We
assume that 4; is a simplicial vertex of S;. Let M be the set of simplicial vertices in
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G. We take z € M. We will prove that [N[z]] € {S1,...,S4}. If z = v, since V(5;) =
Nglai] € Ng[v], then [Ng|z]] = S1. Now, assume z # v, then Ng/[z] = Ng[z] \ v.
Furthermore, [N;|[z]] is a simplex in G, consequently [Ng/[z]] is a simplex in G'.
This implies, Ng([z] \ v = V(S]). Thus, Ng[z] = V(S!) U {v} or Ng[z] = V(S)).
If Ng[z] = V(S}) U {v}, then v € V(S1) N Ng[z]. By Lemma [1.106, we have that
[Ng[z]] = S1. Now, if Ng[z] = V(S)), then v ¢ Ng[z]. If i = 1, then [Ng[z]] =
S1 € S1 = [Ng[ai1]]. But Sy is a simplex, then {z,v} € E(G), a contradiction. Hence
i # 1. Consequently, [Ng[z]] = S; with 2 < i < gq. Therefore, the simplexes of G
are 51,5, ..., 54

Now, since S/ N S; =@, then5;NS; = (S{U{v})N S;- =Qand 5;NS; = Dfori,j €
{2,...,q} with i # j. Furthermore, G = G \ Ng[ay,...,a4] = G\ (S1U---US,) =
G'\ (S{U---uUSy) = G'\ Ngi[aj U---Uag]. 'Hence, G, has a perfect matching
€1/ s g, €gr i1, . €g WheTe egr i = S;Jr]. forl <j<t—gwhereg =g +t—g. Since
is a simplicial vertex of G/, implying deg (4, ;) = 1. By LemmaR.78) ey, ..., ¢

a/

q+]
is a perfect matching of Konig type without 4-cycles with two ¢;’s. Therefore, G
satisfies (1) and (2).

Finally, we take {z1,¢;}, {z2,d;} € E(G) with {c;,d;} = e; for some i € {1,..., ¢}
and {z1,z} Ne; = @. If v € {z1,22}, then {z1,¢;},{z2,d;} € E(G’). Consequently,
e; is not a simplex in G’. Thus, i € {1,..,¢'} and since G’ satisfies (3), we have
that z; # zp and {z1,z2} € E(G). Now, we can assume z; = v. We suppose
zp € §;. If j = 1, we will prove that v # z,. Suppose v = 23, we take a maximal
stable set S of G such that v € S. Consequently, e; 'S = @, |e;N S| < 1forj # i
and |S;NS| < 1fori € {1,..,9}. So, |S| < t+ ¢ —1. A contradiction, since G
is well-covered and B(G) = B(G') = t+ ¢'. Hence, v # z; and {v,22} € E(G).
Now, we can assume j = 2. We take G4 = G[V(Gy) U {a1,4a2,v,22}]. Since ¢; ¢ Sq
and d; ¢ Sy, then a; # v and a; # zp. This implies, G4 has a perfect matching
e1, .., eg, f1 = {a1,v}, f» = {az,z2}. Furthermore, deg (a1) = deg, (a2) = 1 since
a1 and ap are simplicial vertices in G. Hence, by Lemma e1, ., eq, f1,f2 is a
perfect matching of Konig type of G4. On the other hand, G5 = G \ Nglas, ..., a4]
is well-covered, by Remark Furthermore, by Lemma if w € Ng(a;),
then w is a shedding vertex. Thus, Go = G5 \ [(S1 \ {a1,v}) U (S2\ {a2,22})] is
a well-covered subgraph by Corollary Since V(Gy) = V(Gg) and Gy, Gg are
induced subgraphs of G, then G4 = Gg. This implies, G4 is well-covered with a
perfect matching of Konig type. Consequently, by Proposition we have that
{v,22} € E(G). Similarly, if z; € ej for some j € {1, ..., g}. Therefore, G satisfies (3).



2.8 PURE VERTEX DECOMPOSABLE GRAPHS WHOSE 5-CYCLES ARE CHORDED 69

<) By induction on |V(G)|. We suppose that L = {Sy,...,S;} = {S1, ..., S¢} where
SiNS;j=@for1 <i<j<twitht <1 By (1), wehavethatt > 1. If [V(S5;)| = 1
for some i € {1,..,,t}, then by induction hypothesis and by Proposition Ac
is pure vertex decomposable. So, we can assume that |V (S;)| > 2, then there exists
v € Ng(at). By Lemma(l.103] v is a shedding vertex.

We will prove that Ag, is pure vertex decomposable where G, = G \ v. Since
StNS; = @fori # t, thenv € S\ UZ] S;. Consequently, S; = G,[Ng,[a;]] for
i=1,.,t—1and S;\ v = Gy[Ng,|a:]]. Hence, a3, ..., a; are simplicial vertices in G,.
We take G4 = Gy \ Ng,[a1, ...,at] = G\ Nglay, ..., at]. Suppose b € By, where

B, = {b € V(Gy) | bis asimplicial vertex and Ng, [b] & {S1,...,S¢—1,5¢ \ v} }.

Thus, {v,b} € E(G). If b ¢ V(Gy), then there exists i € {1,...,t} such that b €
Ng,[a;]. Since a; is a simplicial vertex of G,, we have that S;\ v = Ng,[a;] C
Ng,[b]. But, b is a simplicial vertex of Gy, then S; \ v = Ng,[b], a contradiction
since b € B,. Hence b € V(Gy). Consequently, from (2), there exist b’ € V(Gy) and
j €1{1,..,8} such thate; = {b,b'}. Since Ng, [b] is a simplex, if a € Ng(b) \ {V, v},
then {b,a} € E(G). This is a contradiction since G satisfies (3). Thus, degg, (b) =
1. Without loss of generality, we can assume that B, = {by, ..., bp} such that b]- € e
for j = 1,..., p. This implies, Sy,...,5t,S¢41 = e1,...,St+p = ey are the simplexes
in G, and G; satisfies (1). Furthermore, G, \ Ng, a1, ..., at, b1, ..., bp] has a perfect
matching e, 1, ..., ¢ of Konig type. Hence, G, satisfies (2) and (3), since G satisfies
them. Therefore, by induction hypothesis, A¢, is pure vertex decomposable.

Now, we will prove that A, is pure vertex decomposable where G3 = G \ Ng[v].
We have that S} = Ng,[a;] = S; \ Ng[v]. Now, if {v,4;} € E(G) for some 1 <
i <t—1,thenv € V(5)NV(S;), a contradiction by Proposition Then
{v,a;} ¢ E(G). Hence, ay,...,a;_1 are simplicial vertices of G3. We take b € Bs,
where:

Bs = {b € V(G3) | bis a simplicial vertex and Ng,[b] # Sj for1 <i <t—1}.

Since b € V(Gs) and Ngla:] C Ng[v], then {b,a;} ¢ E(G). Furthermore, if there
exists 1 < j < t—1 such that {a;, b} € E(G), then Ng,[a;] = Ng,[b] since a;
and b are simplicial vertices in G, a contradiction. Thus {a;,b} ¢ E(G) for j €
{1,...,t}. Consequently, b € G\ Nglay, ..., a;] and there exists b’ € V(G) such that
e; = {bV'} fori € {1,...,g}. Ifb' ¢ V(G3), then {v,1'} € E(G). Furthermore,
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G satisfies (3), then Ng(b) C N¢(v) and Ng,[b] = {b}. Now, if b’ € V(G3z) and
b" € Ng,(b) \V, implying {V,b"} € E(G) since b is a simplicial vertex in Gj.
This is a contradiction since G satisfies (3). Then Ng,(b) = {b'}. Hence, we can
assume that Sy, ..., S;_1, Ng,[b1], ..., NG, [b;] are the distinct simplexes of G3 where
Ng,[bi] = {b;} or N¢,[bi] = e; forsomei=1,..,rwithr < g. Assumet—1+7r =0,
then t = 1 and r = 0. Furthermore, suppose Ng(v) Ne; = @ with e; = {x;,y;}.
We can assume {v,x;} € E(G). Since G satisfies (2) and (3), then y; ¢ Ng(v) and
Ng(yi) € Ng(v). Consequently, y; € V(Gs) and degg, (i) = 0, implying r > 0,
a contradiction. Then Ng(v) Ne; = @ fori = 1,..,¢. Hence, G3 = Gley, ..., €],
Gs is a Konig Cohen-Macaulay graph without isolated vertex. Thus, G3 has a free
vertex and it is a simplicial vertex of Gz and » > 0, a contradiction. Then t —
14 > 0 and G; satisfies (1). Now, we take G; = G3 \ Ng,[a1,...,ai-1,b1, ..., by] =
(G\ Nglay, ..., a;—1,0)) \ U/_, ;. Thus, G4 has a perfect matching e, 1, ..., e; of Kénig
type without 4-cycles with two e;’s. Consequently, G3 satisfies (2). Furthermore,
G3 satisfies (3), since G satisfies it. Therefore, Ag, is pure vertex decomposable.

Finally, we will prove that G is well-covered. We take a maximal stable set S
of G. Since §; is a simplex, then [SNS;| = 1 foralli € {1,..,t}. Now, if G\
Nglay, ...,at] = @, then |S| = t. Thus, G is well-covered. If G \ Ng[ay, ..., at] # @,
then by (2) it has a perfect matching e; = {x1,y1}, ..., {x¢, y¢} of Konig type. If
SNej = @ for some i, then there are w,w’ € S such that {w, x;}, {w',y;} € E(G).
By (3), {w,w’'} € E(G), but S is stable, a contradiction. Hence [SNe;j| = 1 for
1 <j < g. Consequently, |S| = t + g. Therefore, G is well-covered. O

2.9 SOME BLOCKS OF WELL-COVERED GRAPHS

Some well-covered graphs as: graphs with girth at least 5 [21], graphs without
4-cycles and 5-cycles [22], simplicial and chordal graphs [36], block-cactus graphs
[37] and unicyclic graphs [44] have a partition V, ..., V; of the vertex set V(G) such
that G[V;] is a special subgraph of G such that if S and S’ are maximal stable sets
of G, then |SNV;| = |S'NV;| for each i € {1,...,k}. This motivates us to study
subgraphs with the same number of elements in any maximal stable set of G. In
this section we study 5-cycles C and 7-cycles C’ of G such that [CN S| = 2 and
|C' N'S| = 3 for each maximal stable sets of G.

Definition 2.80 A 5-cycle C is quasi-basic of G if |V(C) N S| = 2 for each maximal
stable set S of G.
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Lemma 2.81 Let C = (x1,x2,x3,x4,X5) be an induced quasi-basic 5-cycle of G.
Hence, if z € NG(xi) \ (V(C) U Ng(xi_z)) and z’ € NG(xi—H) \ (V(C) U NG(xi_z)),
then {z,z'} € E(G).

Proof. By contradiction, suppose that there exist z € Ng(x;) \ (V(C) U Ng(x;_2))
and z' € Ng(xi11) \ (V(C) U Ng(x;_2)) such that {z,z'} ¢ E(G). Consequently,
S1 = {x;_5,z,7'} is a stable set. Hence, there exists a maximal stable set S of G such
that Sy C S. Thus, SNV(C) = {x;_»}. A contradiction, therefore {z,z'} € E(G).
0

Proposition 2.82 Let C be a 5-cycle of G such that |V(C) N'S| > 1 for every maxi-
mal stable set S of G. C is quasi-basic if and only if for every z € Ng(x;) \ (V(C) U
Ng(x;_3)) and 2’ € Ng(x;41) \ (V(C) U Ng(x;_2)), we have that {z,z'} € E(G),
foreachi € {1,..,5}.

Proof. =) By Lemma

<) We take a maximal stable set S of G. Since |V(C) N S| > 1, there exists x; €
V(C)N'S. We can assume j = 1. Suppose that V(C) NS = {x;}. Thus, there exist
z € Ng(x3) and 2/ € Ng(x4) such that {z,z/,x1} C S. This implies z,z" ¢ Ng(x1).
Since C is induced z # x; and z’ # x1. Therefore, z € Ng(x3) \ (V(C) U Ng(x1))
and z' € Ng(x4) \ (V(C) UNg(x1)). By hypothesis, {z,z'} € E(G), a contradiction
since S is stable. Therefore, |V(C) NS| = 2. O

Proposition 2.83 Let C be an induced 5-cycle. If there exists x; € V(C) such that
deg;(x;) =2, then |V(C)N'S| > 1 for every maximal stable set S.

Proof. We take S a maximal stable set of G. If x; € S, then |V(C) N S| > 1. Now,
suppose that x; ¢ S, then Ng(x;) NS # @. But, Ng(x;) = {x;_1,xi+1}. Hence,
x;_1 € Sorx;y1 € S. Therefore, |[V(C)N S| > 1. O

Corollary 2.84 Let C be a 5-cycle of G. If C has three non consecutive vertices of
degree 2, then C is a quasi-basic 5-cycle.

Proof. We can assume that C = (xq, x, x3, x4, x5) with deg(x1) = deg;(x3) =
deg;(x4) = 2. By Proposition |V(C)N S| > 1 for each maximal stable S of G.
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Furthermore, there are no consecutive vertices of C whose degrees are at least 3.
Therefore, by Proposition C is a quasi-basic 5-cycle. U

Example 2.85 We take the following graph G:
1

y Y Stable sets
{x1,x3,y2,ya}, {x1, x3,y2, 5}, {x1, X4, ¥2, 5},
{x1, X4,Y3, ]/5}, {x2, X4, y1,y3}, {xz, X4,Y3, y5},
{X2, X5, y1,ys}, {xz, X5, yl,y4}, {x3, X5, Y1, y4},
{X3, X5,Y2, y4}
Y4 Uk

(x1,x2,x3,x4,%5) and (y1,Y2,Y3,Y4,Y5) are quasi-basic 5-cycles of G. Its f-vector
is (fo, f1, f2, f3) = (10,31,31,10) and its h-vector is h(G) = (1,6,7,—5,1). Conse-
quently, G is not Cohen-Macaulay.

Definition 2.86 Let C = (x1,x2,...,x7) be an induced 7-cycle in G. C is called a
basic 7-cycle if for each y € D;(C) there exist x;,, x;,, x;, consecutive vertices in C
such that Ng(y) N V(C) = {x;,, xi,} and x;, is an isolated vertex in G \ Ng|y].

Lemma 2.87 If C = (x1,xp,...,X7) is a basic 7-cycle, then Ng(x;) € Ng(x;_2) U
Ng(xit2).

Proof. We take z € Ng(x;). If z € V(C), then z € {x;_1,xi41} € Ng(xj_2) U
NG(xH_z). Ifz ¢ V(C), thenz € Dl(C) and NG(Z) N V(C) is {xi, Xi_z} or {xi, xi+2}.
Therefore, z € Ng(x;_5) orz € Ng(x;;2). d

Lemma 2.88 Let C be a basic 7-cycle of G. If there exist a1,a, € D;(C) such that
L; = V(C) N Ng(a;) = {b},bi} where b}, b, b} are consecutive vertices in C for
i = 1,2. Furthermore, we take the 4-cycles C; = (a;, b}, b5, b%) fori = 1,2. If
Ly # Ly, then:

(1) by # b3.
(2) If {ﬂl,ﬂz} % E(G), then |V(C1) N V(C2)| < 1.

Proof. (1) We suppose b% = b%. Hence, L, = {bl,b%} = L1. This is a contradiction,
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therefore b} # b3.

(2) We suppose that b} € V(C;) N V(Cy). Since Ly # Ly, by (1) b} # b3. Hence
bl € {b3,13}, implies {b], a2} € E(G). Since b} is an isolated vertex in G \ Ng[a1],
thus {a1,a,} € E(G). But {a1,a,} ¢ E(G), this is a contradiction. Consequently
if |V(C1) NV(Cy)| > 1, then {b], b3} = {b3,b3}. But Ly # Ly, therefore |V(C1) N
V(C)| < 1. O

Theorem 2.89 Let C be an induced 7-cycle in a graph G. If C is a basic 7-cycle, then
|V(C) N'S| = 3 for all maximal stable set S in G.

Proof. Let S be a maximal stable set of G. If G = C, then G is well-covered
by Remark Thus, |[V(C)NS| = |S| = 3. Now, we assume G # C, then
there exists y € D;(C). Since C is a basic 7-cycle, then for each y; € D1(C) there
are by, b, by € V(C) such that Ci = (y;, by, b}, b}) is an induced 4-cycle in G and
L; = V(C) N NG(]/I') = {bl,bé} We take

r = max{|A| | A C D1(C) N S such that if y;,y; € A with y; # y;, then L; # L;}.

We will prove that ¥ < 3. Suppose that there are y1,Y2,y3,y4 € D1(C) NS with
L; # Ljfor1 <i < j < 4. By Lemma[2.88| we have that |V (C;) N V(C;)| < 1. Since
bi, bi, bt are consecutive in C, then |V(Cy \ y1) UV(Ca \ y2) UV(Cs \ y3) UV (Cy \
y4)| > 8. This is a contradiction since |V (C)| = 7. Therefore, r < 3. If r = 3, then
b%,b%, b% are isolated vertices in G \ Ng[y1,Y2,y3]. Hence b%, b%, b;’ € S. Further-
more, |[V(C)N S| < 3, then |V(C)N S| = 3. Now, if r = 2, we have two isolated
vertices b} and b3 in G \ Ng[y1, 2], then b3, b3 € S. If [V(C;) N V(Cy)| = 1, then
without loss of generality, we assume C1 = (y1, X1, X2, x3) and Cp = (Y2, X3, X4, X5).
Thus, [{x6,x7} N S| = 1. Hence |V(C) N S| = 3. Now, if |[V(C;) NV (Cy)| = 0,
then |V(C) \ Ngly1,v2]] = 1. Consequently, |[V(C)NS| = 3. Finally, if r = 1,
then b} is an isolated vertex in G \ Ng[y1], implies that b} € S. We can assume
{b1, b5, b5} = {x1,x2, x3}. Consequently, P = (x4, x5, X6, x7) is a path in G \ Ng[y1],
implying |[P N S| = 2. Therefore, |V(C) N S| = 3. O

Example 2.90 In the following graph (x1, x2, X3, X4, X5, X, X7) is a basic 7-cycle.
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X8 X9 X10 X11

X1

b2P) 13 14
Stable sets
{XL X4, X6, X8, X10, X12, x15}, {X2, X4, X6, X8, X10, X12, x15}, {XL X4,X6, X8, X11, X12, x15},
{xz, X4,X6, X8, X11, X12, X15}, {x3, X5, X7,X9,X11, X12, X14}, {xz, X4,X7,X9,X11, X12, X15},
{x2, x5, x7, X9, X11, X12, X15 }, { X3, X5, X7, X9, X11, X12, X15 }, { X1, X3, X6, X8, X10, X12, X15 },
{x1, x3, x6, X8, X11, X12, X15 }, { X1, X3, X6, X8, X11, X12, X14 }, { X1, X3, X6, X8, X10, X12, X14},
{xz, X5, X7,X9,X11, X13, x15}, {xz, X4, X7,X9,X11, X13, x15}, {xz, X5, X7, X8, X11, X13, x15},
{X2, X4,X7,X8, X11, X13, x15}, {X2, X4, X6, X8, X11, X13, x15}, {X2, X4,X6, X8, X10, X13, x15},
{x3, X5, X7, X8, X11, X12, X15}, {xz, X5, X7, X8, X11, X12, X15}, {xz, X4,X7,X8, X11, X12, X15},
{x1,x3, x5, X8, X11, X12, X15 }, { X3, X5, X7, X8, X11, X12, X14 }, { X1, X3, X5, X8, X11, X12, X14 }



CHAPTER 3

SHELLABLE AND COHEN-MACAULAY
CLUTTERS

3.1 INTRODUCTION

Let C = (V,E) be a clutter with vertex set V(C) = {x1,...,x,}. I = I(C) is the
edge ideal of C in the polynomial ring R = k[xy, ..., x| over a field k and A is the
Stanley-Reisner simplicial complex of C; that is, the simplicial complex of the stable
sets of C. In this Chapter we study matroids and clutters with a perfect matching
of Konig type with the following properties: vertex decomposable, shellable and
Cohen-Macaulay. The Chapter is divided as follows: in Section 3.2, we show that
given a matroid M, the simplicial complex A gy is shellable if and only if B(M)
is complete (see Theorem [3.5). In Section 3.3, we study clutters with a perfect
matching of Konig type.

3.2 MATROIDS

In this section, we denote by M a matroid with vertex set V(M) = {x1, ..., x, }.
We will prove that A g ) is shellable if and only if B(M) is a complete clutter. We
can associate the simplicial complex Ap( () to M whose Stanley-Reisner ideal is
I(B(M)). Hence, we have that I, = I(B(M)).

Theorem 3.1 Let M be a matroid with bases set B(M). B(M) satisfies the weak
circuit exchange property if and only if B(M) is a complete clutter.

Proof. =) Let V(M) = {xq,...,x,} be the vertex set of M. If A C V(M) we
denote M N Ato{B e B(M)|BC A}. Let B; and B, be two bases of M. We will
prove that the clutter M N (B1 U By) is a k-complete clutter. By induction on the
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number d = |By \ By|. If d = 0, then B; = B,. Hence, M N (B; UB,) = {B;} and it
is a k-complete clutter.

Now, if d > 1, then we can assume By = {x1, ..., X4, 2411, .-, 2} and By = {y1, ..., y4,
Zg41, - 2k} With y; # xjforalli,j € {1,...,d}. Since x; € By \ By, then there exists
y;j € By \ By such that Bj = (By \ x;) U{y;} € B(M). Hence, B] = {x1,..., Xi_1,¥;,
Xit1, s X], 2141, - Zk ;- But |B] \ Bi| = d — 1. By induction hypothesis M N (B; U
B]) = M N (B1UB;\ x;) is a k-complete clutter for i = 1,...,d. Similarly, M N
(B1 UBy \ y;) is a k-complete clutter for i = 1,..,d. In particular, since By =
{x1,v2, ., y1,2141, -, 2z} C (B1UBy) \ y1, we have that B3 € M N (BjUBy \ y1) C
B(M). Furthermore, z; € By N B; for all j € {I+1,..,k}. Hence, there exist
By € B(M) and By C (BpU B3) \ zj since B(M) satisfies the circuit exchange
property. But [B; U B3\ zj| = k, thus By = (BpU B3) \ z;. This implies that
By = {x1, Y1, Yd, Zds1s s zj_l,zj+1,...,zk}. Now, we have that |B; \ By|] = d
and z; € By \ By, then M N (By U By \ z;) is a k-complete clutter. Furthermore,
(BiUBy) \ zj = (B1UBy) \ zj. Consequently, M N (ByU B\ w) is k-complete
forw € {x1,..., X1, Y1, Y1, 2111, -, 2k} = B1 U By. Therefore, M U (By U By) is a
k-complete clutter.

Now, we will prove that M N (B; U --- U Bs) is a k-complete clutter with B; €
B(M) fori = 1,..,s. By induction on s. We have proven the result for s = 2.
We suppose that s > 3 and we take B C By U --- U B such that |B| = k, we
denote by B/ = BN B;. We will prove that B € B(M). If B/ = @ for some i, then
BCBU---UB;_1UBj;1U---UBs; = V,. By induction hypothesis M NV; is a
k-complete clutter, consequently B € B(M). Hence, we can assume that B} # @
foralli = 1,..,s. Since |B| = [B;| = |Bj| = k, then there exists A C B; U B, such
that |[BjU B/ U A| = k. Thus, H = BjUBjUA € B(M) since M N (B;UB)) is a
k-complete clutter. So, by induction hypothesis if D = BjU---UB; UB;j 1 U---U
B; U---UBsUH, then M ND is a k-complete clutter. But, B/ U B]’- C H implies
B C D. Hence, B € B(M). Finally, we have that B(M) = M N (Up,eam) Bi)-
Therefore, B(M) is a k-complete clutter.

<) We take By, B, € B(M) such that B; # By and x € By N By, then [ByUB, \ x| >
|B1|. Hence, there exists B3 C (B U By) \ x such that |B3| = |By|. Since B(M) is a
k-complete clutter, therefore B € B(M). O

Lemma 3.2 # is a k-complete clutter if and only if F(Ay) is a (k — 1)-complete
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clutter.

Proof. =) We take any facet F = {x;,..., x; } of Ay. If s > k, then {x;,..., x; }
€ E(H) since H is a k-complete clutter, a contradiction since F is a stable set of .
Thus s < k — 1. Now, we take F/ C V() such that |[F'| =k — 1. Ife € E(H), then
e ¢ F'since |e| = k. Consequently, F’ is a maximal stable set. Therefore, F(Ay) is
a (k — 1)-complete clutter.

<) Let e be an edge of H. Since F(Ay) is (k — 1)-complete clutter, if F C V(H)
with |[F| = k—1, then F € F(Ay). Hence, e ¢ F. Consequently, |e| > k. Further-
more, if ¢ C V(H) with |¢/| = k, then e’ ¢ Ay. Also, if F C ¢/, then |F| < k—1;
implying F € Ay;. Thus, ¢/ € E(H). Therefore, H is a k-complete clutter. O

Lemma 3.3 If H is a complete clutter, then A4, is pure shellable.

Proof. By induction on |V (#)|. We take v € V(H), Ho = H \ v and the clutter
Hq, where V(H,) = V(H)\vand E(H,) = {e\v|v € eand e € E(H)}. Since
H1 and H; are complete clutters, then by induction hypothesis A3, and A4, are
pure shellables. We assume that Fj, ..., Fy and Ly, ..., L, are shellings of H; and H»,
respectively. We will prove that

E1 = Ll,..., E, =1L, Er—|—1 = Fl U {U},..., Er+k = Pk U {ZJ},

is a shelling of Ay. By Lemma F(Ay), F(Ay,) and F(Ay,) are complete
clutters. This implies 7 (Ag) = {Ey, ..., E,1x}. We take E; and E; with i < j. Since
Ey, .., E;and E, 1, ..., E, | are shellings, we can assume 1 < i <r < j < r+k, then
E; = F,U{v} forsome p € {1,...,. k}, hence, v € E;\ E;. Since F(A) is a complete
clutter, then there exists 1 < I < r such that F, C E;. Consequently, {v} = E; \ E
and [ < j. Therefore, Ey, ..., E, ¢ is a shelling. [

Lemma 3.4 If M is a matroid and A = Ag(a() with v € V(M), then B(M)/v is
the bases set of a matroid and Ag () /o = 1ka(0).

Proof. If v is an isolated vertex, then B(M)/v = B(M). Consequently, we can
assume that v is not isolated. We assume that |B| = k for each B € B(M). First
we will prove that |B’| = k — 1 for each B’ € B(M)/v. By contradiction, suppose
that By € B(M) /v with |B;| = k. Thus, By € B(M) and v ¢ By. Since v is not an
isolated vertex, then there exists By € B(M) such that v € By. Hence, v € By \ By
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and there is y € By \ B, such that B3 = (BjUv) \y € B(M). Consequently,
B3\ {v} € B(M)/v. But, B3\ v = By \ y C By, a contradiction. Implying |B’| =
k — 1 for each B" € B(M/v). Now, we take B}, B, € B(M)/v. Thus, there exists
B; € B(M) such that B/ = B; \ vfori = 1,2. If x € B} \ B), it implies x € By \ By,
then there exists y € By \ By = B} \ B} such that B3 = (B; \ x) U{y} € B(M).
Since x € B}, then x # vand v € B;. Hence, B3 \v = ((B1 \x) U{y}) \v =
(B} \ x)U{y} € B(M)/v. Therefore, there exists a matroid M’ such that B(M’) =
B(M)/v. Finally, by Lemma 1.63, we have that Ika(v) = Ag(aq)/o- O

Theorem 3.5 If dim(Ap(q)) = k, then Ap(y) is pure shellable if and only if B(M)
is a (k+2)-complete clutter.

Proof. <) By Lemma[3.3) Ap(,y) is pure shellable.

=) Let V be the vertex set of M and we set A = Ag(y). By induction on [V].
We have that dim(A) = k. Now, we take a subset F C V such that |F| = k+1
and v € F. Since Ais pure shellable, then by Remark[1.32] 1k (v) is pure shellable.
Furthermore, by Lemma lka(v) = Ag(pry where M’ is a matroid such that
B(M'") = B(M)/v. By induction hypothesis B(M’) is a (k + 1)-complete clutter,
since dim(lks(v)) = k — 1. By Lemma F(Ap(ay) is a k-complete clutter. This
implies, F\ v € F(lks(v)). Consequently, F € F(Ap ). Therefore, F(Ap(py)) is
a (k + 1)-complete clutter and using Lemma 3.2, we obtain that B(M) is a (k + 2)-
complete clutter. O

Lemma 3.6 B(M) is a k-complete clutter if and only if C(M) is a (k+1)-complete
clutter.

Proof. =) We take C C V such that |C| = k+ 1. Thus, C ¢ B(M), then C
is a dependent set of M. Furthermore, if C' C C, then |C'| < k implying that
C' € Z(M). Therefore, C € C(M) and C(M) is a (k+1)-complete clutter.

<) We take B C V such that |B| = k. If C € C(M), then |C| = k+ 1. This
implies C ¢ B. Hence, B € Z(M). Furthermore, if B C B/, then |B’| > k + 1. So,
there exists B” such that B C B” C B’ with |B”| = k+ 1. Thus, B” € C(M) and
B’ ¢ T(M). Consequently, B € B(M) and B(M) is a k-complete clutter. O
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Lemma 3.7 {xq,...,x;} € Ay if and only if xp g - - - xy € I(B(M)).

Proof. We have that {x1,...,x;} € A \) if and only if {Xky1, o Xn} & A
Equivalently, there exists b € B(M) such that b C {xy1, ..., X, }. This is equivalent
to have m | xj,1 - - xn, where m = [, ¢ x;. Therefore, {x1, ..., X} € Al if and
only if xg 1 -+ x, € [(B(M)). O

Proposition 3.8 Let M a matroid. Then ]:(A%(M’)) = B(M).

Proof. We assume V(M) = {xq,..,x,}. First, we will prove that: {xq,..., x;} €
F(4A*) if and only if xg,q - - x4, € G(I), where I = I(B(M’)) and A* = Ay
If {x1,..,x¢} € F(A*), then by the previous Lemma there exists m € G(I) such
that m | xg 1+ x,. We can assume that m = x;,q---x, with r < n. Hence,
{1, oy Xpy Xp21, ooy Xn } € A But {xq, ..., x;.} € F(A*), thereforer = nand xpyq1-- - xy,
€ G(I). Now, we take xg1---x, € G(I) and suppose that {x1, ..., x} & F(A*).
Consequently, there exists a facet F in A* such that {x1, ..., xx} C F. We can assume
F = {x1, ..., X, Xg 41, -, Xs } with k < s. Thus, x511---x, € I, a contradiction since
Xgy1- - Xn € G(I). Therefore, {x1, ..., x;} € F(A¥)

On the other hand, xx,1---x, € G(I) if and only if {x;,q,..,x,} € B(M’).
Equivalently, {x1, ..., xx} € B(M). Therefore, {x1,...,xx} € F(A*) if and only if
{x1, ..., x¢} € B(M). O

Corollary 3.9 F € F (A% if and only if V '\ F € F (A%

(M) (M)

Proof. By Proposition we have that F € F (A%( M’)) if and only if F € B(M).
In the same way, V \ F € B(M’) if and only if V\ F € }—(A%(M,,)). Therefore,
Fe ]—"(A’%(M,)) if and only if V' \ F € F(Apg(y)) since M" = M, and F € B(M)
ifand only if V'\ F € B(M'). O

Lemma 3.10 x1---x; € IA*B(M) if and only if {x1, ..., x; } is a vertex cover of B(M).

Proof. We have that x;---x; € IA%W) if and only if F = {x1,...,x;} ¢ A%(M)'

This is equivalent to have V \ F € Apa(). Thatis, V'\ F is a stable set of B(M).
Therefore, F = {x1, ..., X } is a vertex cover of B(M). O
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Proposition 3.11 IA%(M) =I1(b(B(M))) and IA%(M) =I(C(M")).

Proof. We take x1 - - - x; € G(IA*BW)). By Lemma (3.10 {x1, ..., xx} is a vertex cover
of B(M). If {x1,..,x¢} & b(B(M)), then there exists a minimal vertex cover C
such that C C {xq,..., x¢}. We can assume C = {xy, ..., x,} with r < k. Hence, by
the previous result, x; ---x, € I Ny’ this is a contradiction. Then {x1,..., x;} €

b(B(M)).

Now, we take that {xq,..., xp} € b(B(M)). If x1---xp ¢ G(IA%W)), then there
exists m € G(IA%(M>) such that m | x1 - - - x. We can assume m = x1 - - - x with

r" < k'. Thus, by Lemma {x1,...,x,/} is a vertex cover of B(M). This is a
contradiction implying x1 - - - x € G(I g( M))'

Consequently, x7 - - - x; € G(IA%(M)) if and only if {xq,..., x¢} € b(B(M)). There-
fore, Iy o = I(b(B(M))). Furthermore, by Remark|[1.81 we have that I; =
[(C(M)). O

3.3 CLUTTERS WITH A PERFECT MATCHING OF KONIG TYPE

The shellable and unmixed clutters with a perfect matching of Konig type were
studied in [32]. In this section we improve some results given in that paper.

Definition 3.12 Let C be a clutter. We say that e € E(C) satisfies the contention
property if for any two edges f, f' € C, wehave that fNe C f'Neor f'Ne C fNe.
A subset B of E(C) satisfies the contention property if each member of B satisfies
the contention property.

Lemma 3.13 Let C be an unmixed clutter with a perfect matching e, ..., e, of Kénig
type. If there exists i € {1,...,g} such that ¢; does not satisfy the contention pro-
perty, then there is a 4-cycle in C containing e;.

Proof. We assume that there are f1, f» € E(C) such that f Ne; € foNe; and
faNe; € fiNe;. Thus, there are aq,by € e; such thata; € (fiNe;) \ (f2Ne;) and
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b, € (fz N e,-) \ (fl N e,-). We take

A={feEC)[fC (fi\m)U(fa\b1)}.

Since C is unmixed and by Proposition we have that A # @. Also, we take
Ay ={f € A|(f\ fi)\e # @}. Suppose that A1 = @, then (f \ f1) C e; for
all f € A. Now, we take f3 € A such that |f3 \ f1| is minimal. Since f3 € A,
then a; ¢ fs and f3 # f1. Since C is a clutter, then there is b, € (f3\ f1) C e;.
Furthermore, by Proposition [1.56|there is f4 € E(C) such that f; C (f1 \ a1) U (f3\
bz) - (fl \ a1) U (fz \ {bl, bz}) Consequently, f4 € A. But f4 \f1 - [(fl \ a1) U
(Fs\ b2\ fi = (F5\ )\ i = (5\ 1) \ b2 © (s \ fu). Hence, [fy \ fil < |fs\ fil

This is a contradiction, therefore A, # @.

Now, we define Ay = {f € A1 | (f\ f2) \&; # @}. We suppose that A, = @,
then (f\ f2) C e forall f € A;. We take f5 € Ay, then (f5\ f2) C e;. Since
C is a clutter we have that there is b3 € (f5\ f2) C e; and by Proposition [1.56]
there is f¢ C (f5 \ b3) U (f2 \ b1). We can assume that |fs \ f2| is minimal. Since

fs € A, then by ¢ fs. This implies, fo # fo. Thus, there exists by € (fs\ f2) C
[(fs\b3) U (f2\D1)]\ fa = (fs\b3) \ fa = (f5\ f2) \ b3 C e¢;. Since C is unmixed
and by € e;, then thereis f; C (fo \ b)) U (f2\b1) C (f5\b3) U(f2\ by). Conse-
quently, (f7\ f2) € [(fe \ ba) U (f2\b1)]\ fa = (fo \ ba) \ f2 = (fo \ f2) \ by, im-
plying |f7 \ f2| < |fe \ f2|, this is a contradiction. So A, # @. We can take f € A;.
Hence, there exist x,y € V(C) such thatx € f\ (fzUe;) and y € f\ (f1 Ue;). This
implies, x € fyand y € fp since f C (f1 \ a1) U (f2 \ b1). Therefore, the incidence
matrix of C has the following submatrix:

ei|f|fo|f
ap|1/1]0]0
by |1]0|1]0
x|0[10](1
y| 00 1|1
This is a 4-cycle of C containing e;. O

Theorem 3.14 Let C be a clutter with a perfect matching P = {ey, ..., ¢} of Konig
type. P satisfies the contention property if and only if C is an unmixed and does
not have 4-cycles containing e;.

Proof. =) By Theorem C is unmixed. Now, we suppose that C has a 4-cycle
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whose edges are f1, f2, f3 and e;. Hence, there exist a,b,¢,d € V(C) such that the
incidence matrix of C has the following submatrix:

ei | fi|fo] f3
all1]00]|1
b|1]1/0|0
cl0|1|1]0
ajoj0o|1]1

Hence, b € (fiNe)\(fsNe;)anda € (fzNe;)\ (f1 Ne;). This is a contradic-
tion since P satisfies the contention property. Therefore, C does not have 4-cycles
containing e;.

<) Now, we assume that there exist f1, f» € E(C) such that f; Ne; Z fo Ne; and
faNei € fiNe;forsomei € {1,..,g}. Since C is unmixed, then by Lemma we
have that C has at least a 4-cycle containing ¢;. This is a contradiction. U

Proposition 3.15 Let C be an unmixed clutter with a perfect matching ey, ..., e, of
Konig type. If C does not have 4-cycles containing e;, then ¢; has a free vertex.

Proof. Since there is no 4-cycle containing ¢;, thus by Lemma e; satisfies the
contention property. Hence, we can assume that E(C) = {f,..., fr,e;} such that
fine; C fone C--- C f,Ne; C e;. Therefore, if x € ¢; \ (fr Ne;), then x is a free

vertex. U

Example 3.16 Let C be a clutter with vertex set V(C) = {a, ..., n} and edges:

o ={ab} e={cd) e={of} e={gh} es={ij} e=1{kl}
er={mn} fi={ac} f=1{bf} f={cf} fi={cgi} fs={f i}
fo=1{kj} fr={im} fo={em} fo={ck}

Notice that ey, ..., e7 is a perfect matching. Now, the clutter has the following of
4-cycles:
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fo| f7|fs| fo et|filfalfs es| 65| fa|fs
c/0/0{1(1{af1|1]0]0|g/1/0[1]0
jl1{1(0(0b|1|0|12|O0O|R|1T]0]O0|1
ki1]0|0|1][lc|O|2T |01 |i|O0O|21]|1]O0
m| 01|10 fl0]0|[T1|1|jlolT|0]1

First 4-cycle does not contain ¢;, the second contains one ¢; and the third 4-cycle
contains two ¢;’s.

Corollary 3.17 Let C be an unmixed clutter with a perfect matching P = {ey, ..., ¢ }
of Konig type. If the 4-cycles of C do not contain e;’s, then P satisfies the contention

property.
Proof. By Theorem C satisfies the contention property. O

Theorem 3.18 Let C be a clutter with a perfect matching P = {ey, ..., ¢} of Konig
type. If C is an unmixed clutter without 4-cycles with e;’s, then A is pure shellable.

Proof. By Corollary P satisfies the contention property. Hence, by Theorem
Ac is pure shellable. U

Example 3.19 The converse of Theorem is not true. Let C be a clutter with
vertexset V(C) = {a,b,c,d,e, f,g,h} and edges

er = {a,b,c,d}, e2 = {e,f}, e = (g1}, fi = {e.8), fa = {d,e}, f = {a,b,g}.

Hence, e1, 3, e3 is a perfect matching of Konig type. A¢ has the following shelling:

Fi=A{bcd f,h} F={bcd f,g} Fs={acd f,g} F=A{acd,f h}
Fs={ab,c f,h} Fo={ab,c,eh} F,={abd f h}

Therefore, A¢ is a pure shellable simplicial complex. But C has the following 4-
cycle containing ey.
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en|fi|fa|fs
al1]0]|0|1
d/1,0|1/0
el0]1|1]0
g/0]1]0]1

Theorem 3.20 Let C be a Konig clutter with a maximum matching P = {ey, ..., e¢ }
such that it does not have 4-cycles with some ¢;. Then the following conditions are
equivalent:

(a) C is unmixed.

(b) P is a perfect matching of C with ht(I(C)) = g and every ¢; € P has a free
vertex for all 7, and P satisfies the contention property.

(c) A¢ is a pure shellable simplicial complex.

(d) R/I(C) is Cohen-Macaulay.

Proof. (a) =>(b) Using Lemma we have that ey, ..., e¢ is a perfect matching and
g = ht(I(C)). By Theorem C satisfies the contention property. Consequently,

by Proposition every e; has a free vertex foralli € {1,..., g}.

(b)=(a) We have that ey, ..., e¢ is a perfect matching of Konig type and C satisfies
the contention property. By Theorem C is unmixed.

(b)=(c) Since (a) and (b) are equivalent, then C is unmixed. By Theorem Ac
is pure shellable.

(c)=(d) and (d)=(a) By Theorem [1.33] O

Proposition 3.21 Let C be an unmixed clutter with a perfect matching ey, ..., e, of
Konig type. If A is a stable set of C, then:

@I I(C) =N, (Di), then I(C/A) = N (D).
AND;=Q

(b) C/ A is unmixed with a perfect matching ¢, ..., e:g, of Kénig type such that e C
e; for all i and every vertex of ¢; \ ¢/ is isolated in C/ A.
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(c) If C does not have 4-cycles with two e;’s, then C / A does not have 4-cycles with
two ¢;’s.

(d) If C is shellable, then C/ A is shellable.

Proof. (a) We take A = {xq, ..., x¢}. By induction on k. If k = 1, then by Remark
1.60| the edge ideal of C/x1 is (I(C) : x1) = y,¢p,(D;) since x; & I(C). If k > 2, we
take A’ = {x, ..., xx_1}, by induction hypothesis

C/A = ((--- ((T:x1) :x2) 1 x3) -+ ) & xg—1)

and I(C/A) = Nanp,—p(D;) and x; ¢ I(C) for all x; € A’. By Remarkthe
edgeideal of C/A = ((--- (((C/x1)/x2)/x3) -+ )/ Xp_1)/xx is

I(C/A)= (1 (Di)=(((--(((T:x1):22) 1x3) -+ ) X)) © x)

xiéDi:Q

and A'ND; = @, then A’U{x} ND; = @. Hence, I[(C/A) = (O (D;). Fur-
AND;=Q

thermore, for all f € E(C) we have that f ¢ A. Consequently, (A) is not generated
by I(C).

(b) By (a) the minimal vertex covers of C/A are Dy, ..., D, with AN Dy = @ for
k € {1,..,p} and |Dy| = |Dy| for k, k" € {1,..,p}. Then, C/A is unmixed. By
PropositionC / A has a perfect matching e, ..., e(’g of Konig type such thate! C e;
for all i, and every vertex of e; \ e; isisolated in C/ A.

(c) We assume that C/A has a 4-cycle with e/ and e;, then there exist a,b,c,d €
V(C/A) and f{, f5 € E(C/A) with the following incidence submatrix:

elei| fi| fa
all1|{0|1]0
b|1/0/0]|1
clO0j1]1/0
dj0o|1]0]|1

Therefore, C has a 4-cycle with ¢; and e with the following incidence matrix:
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ei=ejore]Uoy |ej=eore;Uoy | fi=florfiUos | fo=fjorf,Uoy
a 1 0 1 0
b 1 0 0 1
c 0 1 1 0
d 0 1 0 1

Foro; C A,i € {1,2,3,4}. This is a contradiction.

(d) The result follow by (a) and Lemma 0

Definition 3.22 Let C be a clutter with a perfect matching P = {ey,...,.eg}. P has
the quasi contention property if for every pair of edges f1, f», there existsi € {1,...,¢}
such that fiNe; C foNejor fNe; C fiNejforeachje {1,..,¢}\ {i}.

Proposition 3.23 Let C be a clutter with a perfect matching P = {ey, ..., ¢4 } of Kénig
type, then C does not have 4-cycles with two e;’s if and only if P has the quasi
contention property.

Proof. P does not have the quasi contention property if and only if there are f1, f> €
E(C) and e, ejsuch thate; N f1 € e;N foand e; N fo L e;N f1,ei0 f1 € ejN fr and
ej N fo € ejN f1. Equivalently, there are x; € (e; N f1) \ (ei N f2), x2 € (e;N f2) \
(ei N fl)/ X3 € (6] N fl) \ (6] N fz) and x4 € (e] N fz) \ (e] N fl) This is equivalent to
that e;, ¢j, f1, f2 form the following 4-cycle.

eilej| fi|fo
X1 1101 0
x| 11001
X3 0110
x4/0|1(0]1

Furthermore, every 4-cycle with two ¢;’s has the same form, since P is a matching.
Therefore, P has the quasi contention property if and only if there are no 4-cycles
with two e;’s. [

Definition 3.24 Let C be a clutter with a perfect matching P = {ey, ..., ¢4} of Konig
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type and a 4-cycle Q with edges f1, f2, ¢; and ¢;. We say that an edge f3 is a diagonal
of Qif f3 ¢ P and there exist k € {1,...,¢} and a,b € ¢ such that f3 C (f; \ a) U

(fa\b),a e (fi\ fa)and b € (f2\ f1)-

Definition 3.25 Let C be a clutter with a perfect matching P = {ey, ..., ¢ } of Konig
type. A complete 4-cycle of size k is a set of edges ey, ..., e, f1, f» where ¢; , ...,e;, € P
and (fiNe)U (fane) =e;foralli € {1,..,k}. Wesay C is a complete 4-cycle if
k=g

Lemma 3.26 Let C be an unmixed clutter with a perfect matching ey, ..., eg of Konig
type. If C has a 4-cycle with two es without a diagonal, then C has a complete
4-cycle.

Proof. Let f1, f2,¢;, ¢j be edges of a 4-cycle of C, then there are x1 € (¢; N f1) \ (e; N
f2)and x3 € (e;N f2) \ (e; N f1). Since C is unmixed there exists an edge f such that
fC(fi\x1)U(fa\ x2), since the 4-cycle does not have a diagonal, then f = ¢ for
any k € {1,...,g}. Therefore, (f1 Nex) U (f2Nex) = e Similarly for e;, there is ¢
with [ € {1,..., ¢} such that (f Ne;) U (f2Ne;) = e. Therefore, C has a complete
4-cycle with edges f1, f2, €;, ex. OJ

Example 3.27 Let C be a clutter with vertex set V(C) = {a,...,I} and edges e; =

{alblc}l € = {dlelf}l €3 = {g/h/i}/ €4 = {jlkll}l f] - {a/b/d/ezg}z f2 - {lell}l
f3 ={g,i,1}. C has a complete 4-cycle with edges f1, f2, €1, €2. C does not have one

diagonal sincei € fsandi ¢ (f1 \x)U(f2\y) forallx € fiand y € f>.

The stable sets of C are: F; = {a,c,d, e}, F, = {b,c,d, e}, F5 = {a,b,d, f}, Fy =
{a,be f}

Hence, C is not shellable.

With this example we can conjecture that if a clutter C has a 4-cycle Q and does not
have a diagonal, then the clutter is not shellable.

Question 3.28 Are there unmixed shellables clutters that have a 4-cycle without a
diagonal?
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Remark 3.29 A pseudoisolated vertex z, f = {z}, does not affect the shellability of
the clutter C since z € D for all minimal vertex covers of C, hence z is not in the
stable sets of C, thatis, z ¢ V(C) \ D = F.

Example 3.30 Let C be a clutter whose edges are:

e1 = {a,b} ep={c,d} es={e f}
fi={act fo={bd} fa={cet fa={d f} fs={be} fo={af}

C has maximal stable sets F; = {a,d,e}, F, = {b,c, f}. Thus, C is not shellable.

Example 3.31 Let C be the clutter:

e1={a,b} e={cd} e={ef} es={gh}
fi={act p={bd} fi={ce} fa={df} fs={be} fo={af}
fr={cgt fs=1{f.8} fo=1{bgt fio={ah}t fuu={eh} fo={dh}

The maximal stable sets of C are: F; = {b,¢, f,h} and F, = {a,d,e,g}. Thus, C is
not shellable.
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