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Resumen

En esta tesis utilizamos la teoria de excursiones para la difusion de Brox. Lo hacemos
relacionando este proceso con el movimiento browniano a través de la representacion de
[to-McKean para las difusiones y la representacion de su tiempo local. Como primera
aplicacion de este analisis, obtenemos la distribucién de variables aleatorias con respecto
al tiempo local en determinados tiempos de paro. Finalmente, utilizamos esta informacion
y un conocido teorema ergodico para proporcionar dos algoritmos diferentes que recuperan

el ambiente detras de una trayectoria de la difusion de Brox.
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Abstract

In this thesis, we apply Excursion theory to the so-called Brox diffusion. We do so by
relating this process with the Brownian motion through the It6-McKean’s representation
for diffusions and the representation of their local time. As a first application of this
analysis, we obtain the distribution of random variables regarding the local time at certain
hitting times. Finally, we use this information and a well-known ergodic theorem to give

two different algorithms that retrieve the environment behind a path of the Brox diffusion.
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Introduction

Random processes in a random environment are mathematical models of great interest
in the area of probability. Roughly speaking, these objects arise from phenomena that
can be described by a random model with a finite number of parameters, but instead of
assuming these parameters to be constant, it is assumed that they are subject to random
fluctuations, which we call the environment. Once the environment is fixed, the evolution
of the random process can be performed. Examples of the phenomena that these type
of processes can model are of DNA chain replication (see |[9]) and turbulent behaviour in

fluids through a Lorentz gas description (see [32]).

In discrete time, Sinai’s walk is an example of such process. In the Sinai’s walk, as in the
random walk, a particle moves from point x € Z to either z+ 1 or x — 1 according to some
parameter . However, for Sinai’s walk « is a function of the position x of the particle,
that is,

PX, =2+ 1|X,1 = 2] = g,
PX,=z—-1|X,1=2]=1—a,.

Where o = {a; }.ez is a sequence of i.i.d. random variables taking values in (0, 1) called
the environment. In Figure [I| a realization of the Sinai’s walk is given. In this example,
the values of the environment are given in the y-axis and each a, take the value .25 or .75

according to a Bernoulli law of parameter 1/2.

xi



xii

— Sinai's Walk

environment

coo
=~ il
CAEA G EA

time

Figure 1: Path of Sinai’s walk

In continuous time, an example of a random process in a random environment is the so-
called Broz diffusion. This process is often considered as the time and space continuous
analogue of Sinai’s walk. The Brox diffusion is a continuous strong Markov process that has
two sources of randomness, the “intrinsic” randomness, which is a Brownian motion, and
the “extrinsic” randomness or environment, which is assumed to be a two-sided Brownian
motion (a Brownian motion with index R). This process has the peculiarity of spending
most of its time near the so-called minima of its environment. Indeed, a known result of
the Brox diffusion is that, for ¢ large enough the points where the process spends most of
its time are around local minima of the environment [8]. To give an heuristic idea of the

reason behind this behavior, consider the following SDE
1
dXt - dBt - §W,<Xt)dt,

where X is the Brox diffusion, B is a Brownian motion and W is a two-sided Brownian
motion. Then, X; can be viewed as a Brownian motion B; with drift term —% fot W' (X,)ds.
Suppose for a moment that W is a nice function, if ¢ is a local minimum of W then for e
small enough, W’(u) is positive for u € (xq, zo+e] and W’ (u) is negative for u € [zg—¢, o).
Therefore, when the process X takes values close to this minimum (which will happen with
probability 1 as X is recurrent), the drift coefficient will pull the diffusion into the value of
X(xg). Furthermore, this behavior will be more dramatic as the “depth” of the minimum

increases.
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The main objectives of this thesis are the following:

1. To apply Ezcursion theory to the Brox diffusion in order to find probabilistic prop-
erties of random variables of this diffusion. In particular, variables related to the
local time which ultimately will help us understand why the particle is attracted to

the minima of the environment.

2. To provide methods to infer information of the environment W based on observations
from a known trajectory of the Brox diffusion. These methods may be applied for

practical purposes in the context of forecasting time series in the future.

Let us further elaborate on our goals. The idea of excursion theory (first developed by K.
Ito) is to decompose the path of a stochastic processes into its excursions at a recurrent
point @ € R. In the discrete setting, it is easy to verify that the successive excursions of
a Markov chain at a recurrent point are independent and identically distributed, and this
property plays a major role in the analysis of discrete-time Markov chains. In the contin-
uous setting, it is no longer possible to enumerate the successive excursions at point a in
chronological order. The correct point of view, which turns out to be extremely powerful,
is to consider local time as a way to enumerate these excursions, which gives rise to [to’s

point process of excursions.

Ito’s excursion theory has proven to be a powerful tool to understand fine aspects of the
paths of a stochastic process. In particular, for Brownian motion it has been used to
prove results such as the Skorokhod embedding theorem, the Ray-Knight theorem and
the arc-sine law. In [28], the proof of the Ray-Knight theorem is described as “a proof
so simple as to explain very clearly why the result must take the form it does”. For this
reason, in Chapter 2 we apply the ideas of excursion theory to the particular case of the
Brox diffusion in order to study random variables regarding this process. These random
variables will help us understand the rigorous arguments behind the behaviour of the Brox

diffusion paths that was heuristically explained above.

With respect to the second point in our list of objectives, when a random process in a
random environment is used to model certain phenomenon, recovering information of the
environment behind the movement observed can be extremely useful. The idea is that,
when conducting an experiment, the realizations observed may depend on a hidden pro-
cess (or environment) arising from external conditions. Thus, one is interested in inferring

this process through the observations. This type of computations have been presented in
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[T] for the Sinai’s walk, where the logarithm of the local time was used as an estimator of

the random environment.

In the last part of this thesis, our aim is to construct an algorithm for recovering the
environment from a Brox diffusion path. In order to achieve this goal we use two different
approaches. One is through the use of an ergodic theorem from [I6] p. 228, which gives
us the long term properties of the quotient of functions of the environment. The second
approach employs the results of the random variables studied when excursion theory was
applied to the Brox diffusion to view the path of the Brox diffusion as samples of these
variables, thus obtaining a confidence interval for each point of the environment to be
estimated.

In summary, Chapter 1 is concerned with providing the preliminaries that will be used
throughout this thesis. We introduce the ideas of Excursion theory and we explain how
to calculate certain values of the so-called excursion law of the Brownian motion. In
Chapter 2 we apply the ideas seen on Section to the Brox diffusion. The main tool
used throughout this chapter is 1t6 and McKean’s representation of a diffusion via a time
and scale transformation. In Chapter 3 the ideas of recovering the environment from one
path of the Brox diffusion are developed, resulting in two different algorithms. The first
one gives an a.s. convergence when two parameters (that can be viewed as lengths of
partitions of the time and the space) go to zero and the time goes to infinity (Subsection
. The second one gives a confidence interval for the value of the environment at a
certain point when the length of partitions of time and space go to zero (Subsection .

In addition, for the benefit of the reader we provide the computational coding in R used
to carry on the simulations of a Brox diffusion path (Appendix and of the estimation
of the environment, both for the first and second algorithm (Subsections |3.1.3| and [3.2.4]

respectively).
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Chapter 1

Preliminaries

Throughout this thesis, our main object of study will be a mathematical model called
a stochastic process. Natural phenomena with some kind of randomness and evolving
through time can be modeled using stochastic processes, this has be done with great suc-

cess in areas such as biology [2], physics [12] and finance [22].

Before we introduce the definition of a stochastic process we need to understand where
this object “lives”. Let 2 be some set and F be a o-field (also o-algebra) on . Then the
tuple (€2, F) is a measurable space, called the sample space. Now we can place on it a
probability measure, which will be denoted by IP, this is a function that takes a measurable
set (a set in F) and maps it to a value between 0 and 1, among other properties [6].

Thus, a stochastic process is a collection of random variables indexed by some parameter
t. For our purposes, t € [0,00) so that X = {X;,0 <t < 0o} is a stochastic process on
(Q, F) which takes values in a second measurable space (S, S), called the state space. In
this thesis, we deal mainly with the state space (R, B(R)). It is often convenient to give
the index ¢ an interpretation of time, thereby obtaining a process evolving through time,
in which, at every t > 0 we can talk about a past, present and future. For a fixed w € €,
the function ¢t — X;(w) t > 01is a path (trajectory, realization) of the process X associated

with w.

The notation and conventions used throughout this thesis are the following:

o(U): The o-field generated by the family of sets U, the smallest o-field which contains
every set in U.

B(R): Borel sets in R.

B“: Brownian motion started at a € R .
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P*: Probability measure under which a stochastic process starts at a € R.

[E®: Expectation with respect to P*.

fog(z) = f(g(z)) Composition of functions f: X - Y and g: Z — X.

05 : @ — Q Is the operator such that X;(0,w) = Xy s(w) Yw € Q, s,t > 0. Is called the
shift operator.

A(A): Lebesgue measure of set A € B(R).

(X): Quadratic variation of process X = {X;}+>o.

a A'b:=min(a,b), a,b € R.

aVb:=max(a,b), a,b € R.

exp(N) : Exponential distribution with parameter .

Poi(X) : Poisson distribution with parameter \.

X ~ F : X has distribution F'.

Lx(t,z): Local time of the process X until time ¢ at point z.

Lx(t,x): Modified local time of the process X.

Excursion: A right-continuous with left limits function f : Rt — R such that for some
ac€R f(t)=f(H)=a forallt> H, where H :=inf{t > 0: f(t) = a}.

U: Excursion space, the set of all excursions.

N%((0,1] x A): Number of excursions of X at a belonging to the set A C U, and with
local time < [.

N, (I): Number of crossing of Xa defined as N, (I) = #{t € I : Xa(t) = u}.

H¢ :=inf{t>0: X; =a},aeR.

v =1inf{u > 0: Lx(u,a) > t}.

C']0,00) : The space of continuous, real valued functions on [0, o).

N:={1,2,3,..}, Z" :=={0,1,2,..}, R" :=[0,00), RT* := (0, 00).

Sometimes, if the subscripts or superscripts take the value zero, we may omit them e.g.
B = BY is the Brownian motion started at 0. Let T be a function, then both T} and T'(t)

denote the evaluation of the function 7" at point ¢.
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1.1 Brownian motion, filtrations and stopping times

The first natural example of a stochastic process is the Brownian motion. This process
satisfies several of the most important properties one can ask from a stochastic process
(e.g. independent and stationary increments, continuous paths, self-similarity). Even
though the definition of the Brownian motion is very particular, as we will see in the next

sections, it is a fundamental element in the theory of much more general processes.

For some given probability triple (2, F,P), we have the following definition of a Brownian

motion.

Definition 1. A real-valued stochastic process {B;,0 <t < oo} is a Brownian motion if

it satisfies the following properties:
(1) Bp=0,Pas.
(#7) the map t — By(w) is a continuous function of ¢t € R*, P a.s.

(1ii) for every t,h >0, By, — By is independent of {B, : 0 < u < t}, and has a Gaussian

distribution with mean 0 and variance h.

In order to keep track of the information known by the observer, we introduce a filtration
to our measurable space (2, F). A filtration is a nondecreasing family {F;,¢ > 0} of sub
o-fields of Fie. F, CF; C F for 0 < s <t < oo. Given a stochastic process X, one can
choose the filtration generated by the process itself by taking

Fi=0(X,,0< s <),

this is the smallest o-field with respect to which X is measurable for every s € [0, ¢].

Remark 1. Usually, the filtration is part of the definition of a stochastic process. When
the filtration is not explicitly stated on the definition, assume we are working with the
filtration {F;X,t > 0}.

Definition 2. The stochastic process X is adapted to the filtration {F;}:> if, for each

t >0, X; is a F; measurable random variable.

Definition 3. The stochastic process X is called progressively measurable with respect
to the filtration {F;};>¢ if, for each t > 0 and A € B(R), the set {(s,w) : 0 < s <t,w €
Q, Xs(w) € A} belongs to the product o-field B([0,t]) ® F;.
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Remark 2. We will only consider stochastic processes X = {X;, F; : t > 0} where X is

progressively measurable with respect to the filtration {F;}:>o.

With the interpretation of a filtration as the information accumulated until time ¢, we now
introduce the idea of a stopping time. Intuitively, a stopping time of a filtration {F;}:>0
is a random event which can be determined if it happened with the information obtained

up to time t.

Definition 4. Let (2, F) be a measurable space equipped with a filtration {F;};>0. A

random time 7' is a stopping time of the filtration, if

{T <t} eF, foreveryt>0.
A random time 7' is an optional time of the filtration, if

{T <t} eF, foreveryt>D0.

Remark 3. Every stopping time is an optional time, and the two elements coincide if the
filtration is right-continuous i.e. if 73 = Fy =, Fu for all t > 0.

For a process X on (€, F), filtration {F; };+>¢ and a stopping time 7', we define the mapping
Xr on the set {T' < oo} by

XT(CU) = XT(w) (CU)

Furthermore, we can define the o-field generated by this process as we see in the next

definition.

Definition 5. Let X be a measurable process and 1" a random time. The collection of all
sets of the form {Xr € A}, A € B(R), together with the set {T" = oo} forms a sub-o-field
of F. We call this the o-field generated by Xr.

The definition of Xt and of its o-field will be relevant in the next section, when Markov

processes are defined.

Definition 6. The space (2, F,P,{F;:}i>0) is said to satisfy the usual conditions if in
addition to the filtration property

«Fsgftgf OSSSt,
the following properties hold:

(1) The o-field F is P-complete (i.e. every subset of every null set is measurable)
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(17) Fo contains all P-null sets in F
(1ii) {F:} is right-continuous

Remark 4. From now on, all processes considered are defined on a space (2, F,P, {F}i>0)
that satisfy the usual conditions. These conditions are standard in the literature and are
required by some fundamental theorems, such as Doob’s Supermartingale Convergence
Theorem (see [27]).

Let X be a continuous stochastic process on (2, F,P), i.e. with P almost surely continuous
sample paths. Then, X can be regarded as a random variable on (2, F,P) with values
in (C[0,00), B(C[0,00))), that is, the space of continous, real valued functions on [0, c0)
together with the Borel o-field generated by the collection of finite-dimensional cylinders
(see [19] ch. 2). Then X induces a probability measure on (C[0,00), B(C[0,0))) called

the law of the stochastic process.

Definition 7. Let X be a continuous stochastic process on (2, F,P). Then, the law of
X is given by

P(B) :=PX YB)=P{we Q: X(w) € B}, B e B(C[0,0)).
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1.2 Markov processes

The Markov property is sometimes referred to as the memoryless property. Intuitively
speaking, it encapsulates the idea that sometimes in order to make a prediction about the
future state of a process we only need information about the present, thus making the

past information irrelevant.

An example of a Markov process is the Brownian motion, recall the definition of the
Brownian motion from last section as a stochastic process that starts at zero P a.s. In
this section we introduce the concept of a family of measures in order to let our processes

start at points other than zero.

Definition 8. Let u be a probability measure on (R, B(R)). A process X = {X;, F; :
t > 0} on some probability space (Q, F,P*) is said to be a Markov process with initial
distribution p if

(i) P*(Xo € T) = u(I'), VT € B(R)
(77) for every bounded, measurable map f: R — R and s,¢ > 0,

B[S (Xoro) | = EYf(Xe)| X)), P* as.

Remark 5. If p assigns measure one to some singleton {z}, we will write P* instead of P*.

We will see in the next sections that it is often convenient to have a whole family of prob-
ability measures that give rise to a family of Markov processes. Each of these probability
measures denotes a different starting point of process X, this will be notationally helpful,

especially when studying excursion theory in section

Definition 9. A Markov family is a process X = {X;, F; : t > 0} on some (€2, F), together
with a family of probability measures {P*},cr on (€2, F), such that

(1) for each F' € F, the mapping = — P*(F) is universally measurable
(i) P*(Xg=2z)=1VzeR
(7i1) for every bounded, measurable map f: R — R and s,¢ > 0

E*[f(Xoro)| P = EX[f(X))], P* as.
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Remark 6. Condition () is a weaker measurability condition that allows the expansion of
F to larger o-fields (see [I9] p.73). Condition (ii) gives rise to the fact that process X
under P? is called the Markov process X started at z. Finally, condition (7i7) constitute

the Markov property.
Our next step is to define the strong Markov property. This property is one of the few

requirements we will ask from a stochastic process in order to be a diffusion. A process
satisfies the strong Markov property if the Markov property can be applied to certain

random times.

Definition 10. Let u be a probability measure on (R, B(R)). A process X = {X;, F; :
t > 0} on some (€2, F,P*) is said to be a strong Markov process with initial distribution u
if

(i) PH(Xo €T) = u(T), VT € B(R)
(17) for any stopping time S of {F;}, ¢ > 0 and f: R — R bounded and measurable

B [ f(Xosr)| Fs] = B*[f(Xsse)| Xs], P*as. on {S < ool.

Definition 11. A strong Markov family is a process X = { X, F; : t > 0} on some (2, F),
together with a family of probability measure {P*},cg on (€2, F), such that

(1) for each F' € F, the mapping « — P*(F) is universally measurable
(i1) P*(Xg=2)=1VzeR
(7ii) for any bounded continuous f: R — R,

E[f(Xs0)|Fs] = E*[f(X,)] P as. on {S < oo}

Remark 7. Definitions[10]and [I1] can be stated for optional times instead of stopping times

(see [19]), in our context these two elements coincide (recall Remark [3 and Definition [f]).
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1.3 It6’s formula

The main goal of this section is to introduce the single most important formula of I1t6 cal-
culus, namely [t6’s formula (also change of variable formula or It6’s rule). This formula
provides an integral-differential calculus for the sample paths of certain types of stochastic

processes. Before we can state this result, we begin by recalling some basic definitions.

Martingales are stochastic processes associated with the dynamics of “fair” games, where
the best guess about the future is the present state of the process. They are characterized
by the the fact that P a.s.

E[X;|Fs] = X5, forevery 0 <s <t < oc.

This definition can be generalized by asking a process to be a martingale only at some

sequence of random times as follows:

Definition 12. Let X = {X;, F; : t > 0} be a (continuous) process with Xy, = 0 a.s.
If there exists a nondecreasing sequence {T,,}>2; of stopping times of {F;}, such that
(XM = Xynp,, F; : 0 < t < 0o} is a martingale for each n > 1 and P(lim,,_,oo T}, = 00) =

1, then we say that X is a (continuous) local martingale.

This last definition can be further generalized by introducing the concept of a semimartin-
gale. This class of processes is of special importance in stochastic calculus since it consti-
tutes the largest class of processes with respect to which the Ttd integral can be defined

(see [19] chapter 3 for more information on the It6 integral).

Definition 13. A continuous semimartingale X = {X;, F;;0 < ¢t < oo} is an adapted

process which has the decomposition P a.s.,
Xt:X0+Mt+At, OSt<OO7 (11)

where M = {M,;, F;;0 < t < oo} is a continuous local martingale and A = {A;, F;;0 <

t < oo} is the difference of continuous, nondecreasing, adapted processes started at zero.

This definition is P-a.s. unique. Now for the main result of this section, Itd’s formula

states the rules by which a continuous semimartingale can be manipulated.

Theorem 1 ([18]). Let f: R — R be a function of class C* and let X = {X;, F1;0 <t <



1.3. ITO’S FORMULA 9

oo} be a continuous semimartingale with decomposition . Then P a.s.,

F(X0) =F(Xo) + / F(X)dM, + / J(X,)dA,
+%/Ot FUX)d(M),, 0 <t < oo, (1.2)

where (M) is the quadratic variation of M.

Remark 8. From the properties of the stochastic integral, we know that the first integral
is a continuous, local martingale. The other two integrals of (1.2) are to be understood in
the Lebesgue-Stieltjes sense, and so, as function of the upper limit of integration, are of

bounded variation. Thus, {f(X;), F:;0 <t < oo} is a continuous semimartingale.

Remark 9. Equation (1.2) is often written in differential notation:
1
df (X;) =f'(Xp)dM, + f'(X)dA, + §f”(Xt)d<M>t
1
=f"(X;)dX; + §f”(Xt)d<M)t, 0<t< o0,

This equality is called the “chain rule” for stochastic calculus.
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1.4 Local time

Local time is a mathematical object that allows us to measure the amount of time spent
by a path of certain stochastic processes around some value x € R, it was first introduced
for the Brownian motion by P. Lévy [21I] and proven to be jointly continuous by H.F.
Trotter [35]. Local time will be a major tool used throughout this thesis, as we will see

later on, it is a fundamental element of excursion theory.

Here, we begin by defining Brownian local time and then we extend the concept of local

time for continuous semimartingales.
Theorem 2. ([3)]) There exists a process {Lg(t,z) :t > 0,2 € R} such that
(1) (t,z) = Lp(t,z) is jointly continuous;

(ii) for any bounded measurable f andt > 0,
t o0
/ F(B.)ds — / F@) Lyt 2)dz. (1.3)
0 —00

Remark 10. In some literature, equation [I.3]is given with a different normalizing constant.
Here we follow [27].
Lp(t,x) is called the local time of B at x up to time t. For a fixed Borel set A € B(R),

we define the occupation time of the Brownian motion B up to time ¢ as
t
[p(t, A) :/ 14(Bs)ds =M0<s<t:Bse A}, 0<t<oo,
0

where X is the Lebesgue measure. Equation (1.3) with f(x) = 14(x), A € B(R) indicates
that Lp(t,z) can be viewed as the density with respect to the Lebesgue measure of the

occupation time. In other words, we have
Tyt A) = / Ly(t,z)dz, 0<t< oo AcB(R).
A

Later on, we will use this intuition to define a modified local time for diffusions satisfying

a certain property.

The next theorem is a well-known result called Tanaka’s formula, it has two very important
contributions: It introduces the important notion of local time for semimartingales and
secondly, this result leads to a generalization of Ito’s formula for convex function (recall
that Ito’s formula was stated for C? functions in Theorem called the Ito-Tanaka
formula (see [34] p.223).
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Theorem 3 ([34] p.222). Let X be a continuous semimartingale. For any real number a,

there exists an increasing continuous process {Lx(t,a) : t > 0} such that:
t
| Xy —a|l =|Xo—a| + / sgn(Xs — a)dXs + Lx(t, a),
0

where sgn(z) = —1 if x < 0 and sgn(z) = 1 if x > 0. The process Lx is called the

(semimartingale) local time of X at zero.

Remark 11. The alternative forms of the Tanaka’s formula are
¢ 1
(Xt — CL)Jr = (X() — CL)+ + / ]I{Xs>a}dXs + éLx(t, a),
0
t 1
(Xt—a)_ = (XQ —CL)_ —/ ]l{nga}dX5+§Lx(t, CL)
0

where 27 := 2V 0 and 27 := —(x A 0).
The next result deals with the question of measurability of the two parameter process

{Lx(t,a) :a € R,t > 0}.

Theorem 4. There exists a version of {Lx(t,a) : a € R,t > 0} which is continuous in t

and right-continuous with left limits in a.

Remark 12. From now on, we will assume local time Lx(¢,a) to be continuous at ¢ and

right-continuous with left limits in a.
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1.5 Diffusions and the infinitesimal generator

We will now give a review on diffusion theory, the material in this chapter is mainly based

on [28]. We assume the state space to be I = R.

Definition 14. A stochastic process X = {X(t), F;,t > 0} on some (€2, F), together with
a family of probability measures {P*},cg on (€2, F) is said to be a diffusion if it has a.s.

continuous paths and it is a strong Markov family.

Remark 13. From Definition [14] we see that a diffusion is in fact a strong Markov family.
We use the term diffusion for both the whole family and a single element of it without

risk of confusion.

There are several approaches for the construction and study of diffusions, varying from
the purely analytical to the probabilistic ones. The methodology of stochastic differential
equations (SDEs) was first suggested by P.Lévy and carried out by K. It6. They considered

the following equation

dXt = O'(Xt)dBt + b(Xt)dt, (14)

where B is a standard Brownian motion, o : R — (0,00) and b : R — R. Presumably,
the most important result of this theory is the theorem by K. It6 which states that if o
and b are Lipschitz functions, then the SDE in has a strong solution (a solution on a
given probability space, with respect to a given filtration and a given Brownian motion).
It can be shown that this solution is in fact a diffusion, moreover it is related to impor-

tant concepts, such as the Martingale Problem (for further information see [28] chapter 5).

Another probabilistic approach for the study of diffusions is by constructing it from a
Brownian motion via a time and space transformation. In this chapter we will be concerned
with this approach. As we will see, this method possess a very rich theory where two

important elements stand out, namely, the scale function and the speed measure.
Definition 15. A diffusion X is called regular if for all z,y € R we have
P*(H% < o0) > 0.

The concept of regularity is similar to the concept of irreducibility for Markov chains and

gives the diffusion a much more orderly behaviour.

Remark 14. From now on all diffusions considered are regular.
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Definition 16. A scale function for a (regular) diffusion X on R is a continuous strictly

increasing function s : R — R such that, for all x,a,b € R with  between a and b,

s(z) — s(a)
s(b) — s(a)’

If s(x) = z is the scale function of X, we say that X is in natural scale. The function s is

P*(HY% < HY) =

unique up to increasing affine transformations.

The following theorem gives the transformation that has to be applied to a diffusion with

scale measure s in order to obtain a diffusion in natural scale.

Theorem 5. Let X be a diffusion on R with scale function s, thenY := s(X) is a diffusion

in natural scale on s(R).

The next theorem has two purposes, one is to define the speed measure of a diffusion in
natural scale X and the other is to observe that any regular diffusion in natural scale is a

Brownian motion with the time changed.

Theorem 6 ([28]). Let X be a reqular diffusion in natural scale on R. Then there ezists a
measure m on R such that, for each y € R, there exists on some enrichment of (Q, F,PY)
a Brownian motion B started at y such that the diffusion X under PY, can be expressed

as a time change of B:
Xt - BT—l(t)7 (15)

where T~ is the right-continuous inverse of

T(t) = /RLB(t,z)m(dz).

Definition 17. The measure m appearing in the statement of Theorem [f] is called the

speed measure of the diffusion X. The speed measure also has the property:
m([a,b]) < oo forany a <beR. (1.6)

Remark 15. The converse of Theorem [f] also holds. Given a measure m on R satisfying
and a Brownian motion B with local time Lp(t,x), we can construct a regular diffusion
in natural scale on R with representation [I.5

From the results above, we see that any (regular) diffusion is uniquely characterized by
its scale function and speed measure, moreover we have that any diffusion is a scale and

time-change of Brownian motion. Indeed, if X is a diffusion with scale function s then
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from Theorem [5 Y := s(X) is in natural scale therefore from Theorem [f] there exists m

so that X admits the representation

X, = s ' (Br-1gp)), (1.7)

where T~ is the inverse of the time-change function

T(t) = /RLB(t,x)m(dx)

and B is a standard Brownian motion.

Remark 16. Note that the measure m from last equation is the speed measure of the

process in natural scale Y.

From the next lemma we have that any regular diffusion in R is recurrent. This will greatly

simplify the results given on the next subsection about excursion theory for diffusions.

Lemma 1. Let X be a reqular diffusion on R with scale function s and speed measure m.

Then X is recurrent, i.e.,
P*(HY < oc0) =1, Vaz,y€R.

Definition 18. Consider a Markov family X = {X;, ;0 <t < oo}, (2, F), {P"}.cr, and
assume that X has continuous paths. The infinitesimal generator of the Markov family is
given by
I P
Af(z) = lim —(E*[f(Xy)] — f(2)),

tlo t

where f is a function such that the previous limit exists.

From ({1.7) and from the fact that Brownian local time exists, it is possible to define the
local time of any one-dimensional diffusion. The next theorem provides the explicit form
of its local time in terms of the local time for Brownian motion and its interpretation as

an occupation density.

Theorem 7. Let X be a diffusion with representation , then the local time process
of X is
{Lx(t,a):a € Rt >0} = {Lp(T '(t),s(a)) :a € Rt >0}, (1.8)

and the occupation-measure formula says that, for any bounded measurable function f

supported in R,

/0 F()ds = [ (o)Lt apm(da) (1.9)
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From equation (1.9) with f(z) = 1a(x), A € B(R) we see that the local time of the
diffusion X is the density with respect to the speed measure of X for the occupation time
of X, that is

Tyt A) = / Ly(t,a)m(da), 0<t< oo, AcB(R). (1.10)

Definition 19. Let X be a diffusion with speed measure m and suppose that m is abso-

lutely continuous with respect to the Lebesgue measure. Then we can define the process
{Lx(t,a) :a € R;t >0} :={Lx(t,a)m(a):a € Rt >0}, (1.11)
where m(da) = m(a)da. We call Lx(t,a) the modified local time of X at time ¢ in a.

The process Lx(t,a) satisfies the following equation

/Otf (Xo)ds = / f(a)Lx(t, a)da.

Note that for f(z) = 14(z), the modified local time defined above has the same interpre-
tation of local time for Brownian motion as seen in subsection This is the reason why

we will give results in terms of this process instead of the local time Lx (¢, a).

Remark 17. In some literature, the modified local time as defined above is in fact sim-
ply called the local time, we give it a different name in order to be consistent with the
definitions found in [28]. See for example [I4] and [15].
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1.6 Excursion theory

The first explicit appearance of formal excursion theory for Brownian motion was given by
K. It6 in [17]. He found that the excursions form a sequence of independent and identically
distributed random functions, which together with their local time form in fact a Poisson

point process. This discovery has proved to be a powerful computational technique.

The ideas of excursion theory can be applied to a wide variety of processes e.g. for

continuous-time Markov process with some recurrent state. Throughout this section
X = {Xt7fta Qa‘/—_.v {PG}GER’t > O}

will denote a regular diffusion, the results will be given only for diffusions. For more

general results see [28].

Remark 18. We will be using the following notation:

(i) ~Z is the right-continuous inverse of the local time Lx.(t,x) i.e. 4% := inf{t > 0 :
Lxa(t,xz) > u}.

(27) I'? the right-continuous inverse of the modified local time Lxa (¢, z) i.e. I := inf{t >
0: Lxa(t,z) > u}.

We will now present the following definition in order to give a brief reminder on Poisson

random measures.

Definition 20. Let (€2, F,P) be a probability space, (H,H) a measurable space, and v(C')
a Z* U {oo}-valued random variable, for each fixed C' € H. We say that v is a Poisson

random measure if:

(1) For every C € H, either P(v(C) = o0) = 1, or else

and v(C') is a Poisson random variable:

P(u(C) = n) = e ¥©) W’(S))”; et

(7i) For any pairwise disjoint sets C1, ..., Cy, in H, the random variables v(C), ..., v(C,,)

are independent.
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The measure ¥(C) = E[v(C)], C € H, is called the intensity measure of v.

Definition 21. An excursion is a right-continuous with left limits function f : RT — R

such that for some a € R satisfies the coffin condition:
f&)=f(H)=a forallt>H,

where

H:=inf{t>0: f(t)=aor f(t—) = a}.

The lifetime H of the excursion f must be positive.

We denote the set of all excursions by U and B(U) the Borel o-field of the topological
space U if we take the Skorokhod metric (for more on this topic see [5] Ch. 3).

Definition 22. The point process of excursions at a of diffusion X is defined as

II .= {(lael) : ’yla 7£ fyla—}v

where ¢; € U is defined as follows:

6(8)— X(%a_—FS) f0r0§3<»>/la_%a_;
e for s > 4 —~f.

For each [ such that 7/ # ~{*, we call ¢; the excursion at local time /.

One can think of a point process as a Z'-valued random measure. We therefore define,

for Borel A C R** x U, the Z*-valued random measure
N§(A) :=|ANTI|.

In Figure [L.1] we see an example of an excursion at a of the Brownian motion. On the left
we have the path of a Brownian motion and circled is an excursion at a that starts at time
t. On the right we have the excursion e; where [ = Lg(t,a). In Figure we illustrate
a representation of a point (I, ¢;) € I1* where the x-axis represents the local time and the

y-axis the excursion space U.
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Figure 1.1: Path of Brownian motion (left) and an excursion (right).

Local time

[ = Lg(t a)

Figure 1.2: Point (I, ¢;) that corresponds to the excursion above.

The following result is arguably the most important of 1té’s excursion theory.

Theorem 8. There exists a o-finite measure n on U with the following property: if N is
a Poisson random measure on RY" x U with intensity measure yu = X X n, then under P,

d

a 4 a7

N% =N

The measure 1 is called the characteristic measure or Ité excursion law of the excursion
Process.

Remark 19. From now on, n will be the characteristic measure of excursions at zero of the

Brownian motion, i.e. Ng((0,¢] x S) is a Poisson random variable with intensity measure

L= AXn.
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The description of 7 is somewhat complicated (see [36]), but it is possible to find the value
of n(S) for sets S of a certain form. The following well known proposition is a very useful
result whose proof shows the power of excursion theory, it is also instrumental for our

purposes.
Proposition 1. For x > 0,
(i) n({f € U :sup, f(t) > 2}) = (22)~", and
(i) n({f € U rsupy|f(t)| > x}) = 27"
Proof. (i) Let U*(z) := {f € U : sup, £f(t) > =} and
T :=inf{t : N3((0,t] x U (z)) > 0}.

Then
P(T > 1) = P(NZ((0,1] x U (x)) = 0).

By Theorem applied to the Brownian motion, we have that under P, N3((0,{]x U™ (z)) ~
Poisson(In(U*(x))), which yields

B(T > 1) = exp(—In(U*(2))).

Thus, T is an exponential random variable with parameter n(U*(z)), which gives

E[T] = n(U* (). (1.12)
However, if 7 := inf{t : By = z} then T = Lg(7,0). By the Tanaka formula
B — 3Lp(t,0) is a martingale, therefore the optional sampling theorem yields E[T] = 2z.
This result together with establishes (7).
(74) From the symmetry of the Brownian motion we have that

Np((0,] x Ut (w)) = N3((0,1] x U™ (2)),

which together with Theorem |8 implies that n(U™(z)) = n(U~(x)). Thus, writing

{feu: SItlp\f(t)l >z}

as the disjoint union of U (z) and U~ (z) and applying (¢), the result follows (note that

U (z) and U~ (z) are indeed disjoint as we are looking at excursions at zero). |

Remark 20. In some literature the proposition above differs from ours by a constant. This

is a consequence of a different normalization of local time.
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Chapter 2

Excursion theory for the Brox diffusion

2.1 The Brox diffusion

In [7] , T. Brox considered the following SDE:
1
dXt - dBt - éwl(Xt)dt, X[) == O, (21)

where B = {B; : t > 0} is the standard Brownian motion, and W = {W(x) : z € R} is
a two sided Brownian motion independent of B called the environment. W' denotes the

derivative of W in the sense of Schwartz distribution and is called the white noise (see [13]).

Assuming that the standard theory of diffusions apply, by taking b(z) := —%W’ () and

o(z) := 1, one may associate to equation (2.1) the following infinitesimal generator (see

28] p. 163) . )
Af(x) = ——— (e‘w(x)M) ,

T 2@ dr dx

which is rigorously defined. Moreover, the diffusion associated to A has scale function
s(x) == / Wy,
0
and speed measure

m(A) = /Ae_W(y)dy, for Borel sets A C R. (2.2)

Following (1.7, using the scale function and speed measure above, we can construct a
diffusion X as
Xy = s (Bp), (2.3)

21
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where ,
T; ::/ e WET B gy, (2.4)
0

Definition 23. The stochastic process X = {X;, F; : t > 0} defined on (2, F,P) with
representation [2.3]is called the Broz diffusion.

Remark 21. There are two sources of randomness in (2.1). One coming from B and the
other from W.

Remark 22. For a fixed trajectory of W, the process X is a diffusion. From now on we
will work with the Brox diffusion with a fixed environment W (w), this is known as the
Quenched case.

Several important relations can be derived from representation For instance, the
following relationship between the hitting times of the Brownian motion and the Brox

diffusion.

Lemma 2. It holds
T(HY) = HS, @, (2.5)

Proof. 1t follows from representation ({2.3)).
B X

u g Ya) f 'Jlrl |
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' ]
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. i
Hp,

T(t)

Figure 2.1: Hitting times

We now continue by defining the Brox diffusion started at a € R, we will need this defini-

tion later on in order to apply what we saw in section [I.6) to the Brox diffusion.

Fix a € R, and let us define the process

X = {XtJng(}tzo-
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We call X° the Brox diffusion started at a. This process is simply cutting off the first
part of the original process and starting when it first visited a. As X satisfies the strong
Markov property and H$ is an almost surely finite stopping time, this means that X is
independent of the information on X before H%, X also inherits the properties of the
original process, therefore it is a diffusion. Our next step is to figure out the analogue of
representation for this process.

From ({2.3)) applied to time ¢ + H% we have

Xta = 871<BT_1(H-H§())’ t 2 0. (26)

We define T)? := Tu+Hs(a) — THs<a> for u > 0. The function 7'* inherits the strict increasing
B B
and continuity properties from 7'. By relation ({2.5)),

(T9)7'(t) =inf{u > 0:T% >t}
:lnf{u > O . Tu+H;(a) -

:lnf{u > O . Tu+H}93(a) > t + Hg(}

TH;(a) > t}

—inf{u>0:T, >t+ HL} — H\
=T~ (t+ H%) — H3. (2.7)

Let B@ .= {B, ;s }t>0, then B*@ is a Brownian motion started at s(a). From equa-
tions (2.6) and (2.7) we see that the process X can be written as

a__ —1 s(a)
X! =s (B(Ta)*l(t))' (2.8)

From this representation we can read that the scale function of X“ is the same as the scale
function of X, that is

sxa(a:):/ eV Way.
0

To find the speed measure of X notice that the definition of 7% equation (2.4) and the
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change of variable v = u — H;(a) yields

t+H H®
To / W (Bu) gy / AW (B gy,
0 0

u

t+H;<a> .

_ / e~ 2W (s (BY) gy,

s(a)
Hp*

()
— e 1;+HB dU
0

t (@)
_ / W) gy
0

As the speed measure is independent of the point in which the Brownian motion starts
(see Theorem @, then the speed measure of X is the same as the speed measure of X.
That is,

mxa(A) = /Aew(y)dy, A € B(R). (2.9)

Definition 24. Let X be a Brox diffusion on (€2, F,P), for each a € R we define the
following probability measure on (€2, F)

PU(X, € A) :=P(X" € A) Vt>0,4 ¢ BR).
Then {P*},cr is a family of probability measures on (2, F).

Remark 23. In [7] the Brox diffusion started at € R together with the family of proba-
bilities {P*},cr on the canonical space (C[0, 00), B(C[0,00)), W) is also constructed.

Local time is an important element of excursion theory, using this tool 1t6 was able to
“enumerate” the excursions of Brownian motion. As we have mentioned, we will derive
results for some variables of the Brox process using known results for the Brownian motion,
this is why it is useful to relate the local time of X* with Brownian local time. Moreover,
as we saw in the previous results, the speed measure of the Brox process is absolutely
continuous with respect to the Lebesgue measure, so that the modified local time (as in
Definition exists. For this reason we will sometimes give results in terms of this process

instead of the local time process, recall discussion at the end of section

Proposition 2. (i) The local time of the process X is

Lya(t, ) = Ly (T)71(2), s(z)).
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(i7) The modified local time of the process X is
Lyxa(t,r) =e VLo (T 7H2), s(x)).

Proof. i) Follows from Theorem [7] and i) follows from Definition Equation [2.9] and
P). u

Proposition 3. The right-continuous functions % and I'? of the Broz diffusion satisfy
the following relation

Yu = Le-wiay:
Proof. From Remark [1§ and Proposition
o =inf{t > 0: Lxa(t,x) > u}
=inf{t > 0:e W@ Lya(t,z) > e W@y}
= inf{t > 0: Lxa(t,z) > e W@y}

T
- F67W<I>u'
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2.2 The point process of excursions

We continue by linking the excursions of the Brownian motion B and the excursions of the

Brox process started at a. Here B is the Brownian motion that helps in the construction
(2.8) of the process X i.e. we have that

Xf(w) = s (B (@))-

Ta~!
Let us begin by relating the times in which excursions of B*® and X start and end.

Lemma 3. hy and hy are, respectively, the times in which an excursion of the Brownian
motion B*@ at b starts and ends if and only if T*(hy) and T%(hy) are, respectively, the

times in which an excursion of the process X® at s~(b) starts and ends.
Proof. By representation (2.8)) we have
a _ —l/psla)
Xety =5~ (Biray-1re(ny)
= s Y(B]").

From this equality we see that Bz(la) = b if and only if X%.,, ) = s71(b). Analogously,
Bzga) = b if and only if Xf.,,,, = s~'(b). Furthermore, B £ b for t € (hy, hs) if and
only if X2 # s71(b) for u € (T%(hy), T*(hy)).

B-..{rl] Xe

r J‘ I
I M [, .rllll.ll F'h\ Y ‘' W N F"‘J""I.
40! i s, |
'iﬂl } :lll'- n,'ll-l o AT )
¥ ! 5 J 1o b q‘

"
P
)

T (hy) T (he)
Figure 2.2: Path of BM (left) and path of X* (right)

With the previous lemma we see that there is a bijection betweeen excursions of B*® and
X*. The following lemma tells us how such a bijection works.



2.2. THE POINT PROCESS OF EXCURSIONS 27

Lemma 4. Let (1,€) be a point in the point process of excursions at b of the process X,
then

(,s0¢)

is the point of the point process of excursions at s(b) of the corresponding Brownian motion
Bs@,

Proof. Suppose that T%(h;) is the time in which the excursion ¢ at b starts. Then, by
Lemma 3| the corresponding excursion of the Brownian motion B*® at s(b) starts at
hy, therefore the local time when such excursion starts is given by Lpgsw (hi,s(b)). By
Proposition [2| using ¢t = T%(h;) and z = b, we have

Ly (h1, (b)) = Lya(T%(h1), b)
=1

Which proves the transformation of the first entry of (I,&). For the second one note that
if ¢ is the excursion of X at b that starts on T%(hy) then so ¢ is the excursion of B*® at
s(b) that starts on h;. |

Corollary 1. Let (I1,1ls) x S € B(RT) x B(U), then

Noa((ly, 1] x ) = NP (L + Lp(HR, 5(b)), 1o + Lp(Hy®, 5(b))] x (s 0 5)).
Proof. 1t follows from the previous lemma and from the fact that

Lpso(t,z) = Ly(t + Hi z) — Lg(HX" ).

Definition 25. For a fixed a € R, we define the operator
Ga:U—=U,
such that for S € B(U), (o S={f—a: f €S}
Lemma 5. Let T x S € B(R*) x B(U), then N&(T x S) < N%Y(T x ¢, 0 S).

Proof. By properties of the Brownian motion we have that the process

B' = {Biyae }iv0 = { B0, (2.10)
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where B® := {Bj}>0 is a Brownian motion started at a. Since the process B does not

accumulates local time at a before H§, it follows that
NE(T x S) = Ng,(T x S)
L N&.(T x S)
L NYT x ¢, 09).

The second equality is a consequence of equation (2.10) and the medibility of the function

N, while the last equality is given by the space homogeneity of the Brownian motion. W
Now, we can describe the Poisson structure of the point process of excursions of X*.
Theorem 9. Let (0,1] x S € B(RT) x B(U). Then

N%.((0,1] x S) ~ Poisson(In(Csp o s 0 5)).
Where 1 is the characteristic measure of the process N and s the scale function of X°.
Proof. By Corollary [1] and Lemma [5]

N (0,1 x §) = Ny (Lp(HR", s(b)), 1+ Lp(HZ", 5(b))] x (s05))

£ NR((Lp(HE®, 5(0)),1+ L(HZ®, s(b))] X Gy 0 50 8).

The result follows from Theorem [§| applied to the Brownian motion. |

From this theorem, we can read the characteristic measure of the process N%. in terms of
the characteristic measure of the process N3, both of which are known to exists thanks to

Theorem 8. Formally, we have the next corollary:
Corollary 2. The characteristic measure of the random measure N%, is
1:=10° ) © s,

where 1 is the characteristic measure of N9, Csv) 18 the operator of Definition |25 and s is
the scale function of diffusion X°.

Proof. If we prove that 7] is o-finite, then the result is straightforward from Theorems [§|and
Ol As 7 is o-finite, we know that there exist sets {A,}22, € B(U) such that U, A, = U
and n(A,) < oo for every n € N. Define for n € N the sets

B, =s1o C;(;) o A,.
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Then
U, B, =2 s o C;(;) oA,
— 3_1 O CS_(;) (o] U
=U.
Finally,

ﬁ(Bn) =no Cs(b) 0S50 5_1 © gs_(;) o An
=n(4,)

< 0Q.

Remark 24. Note that n does not depend on the point a in which the diffusion starts.
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2.3 Some random variables

In this section, we will provide the explicit distribution of random variables regarding
the Brox diffusion, this results will be helpful in the next chapter, when an algorithm for

recovering the environment behind the path of X is given.

Proposition 4. If HS,.. < HY%. the random variable Lx.(H%.,c) has exponential distri-

S I Hyo > Hya then Lxa(Hk ) = 0.

bution with parameter M@= )]

Proof. When H%. > H¥%. the process X reaches b before ¢ so that it does not accumu-
lates local time at c, therefore £Lxa(H%.,c) = 0. For the case H%. < H%. we analyze it

in separate cases.

Case 1. b>c¢
Lxa(HY%a,c) = inf{l > 0 : N%.((0,1] x UT(b)) > 0} (recall that U(z) := {f € U :
Sup;>o +f(t) > x}). By Theorem [J we have

P(Lxa(Hye,c) > y) = P(N%.((0,4] x UT(b)) = 0)

— efynOCs(c) OS(U+ (b)) X

As (s 0 s(UT (b)) = U™ (s(b) — s(c)), by Proposition

P(Lyxa(H%a, c) > y) = e ¥ ((0)=s(c))
— ¢ O, (2.11)

feu+b) s(f) Oy 0 s(f) € U*(s(b) — s(e))

— —
s(b) — sle)

b |k' "M”M | b J’I"r "-\.-(".Ilq"\l
) il W |“'_' N L
o "ﬂ"u.l,r‘l !

Figure 2.3: Equality (s 0 s(UT (b)) = Ut (s(b) — s(c))

Case 2. b< ¢
Lxa(HY%a,c) = inf{l > 0: N%.((0,]] x U=(=b)) > 0}. By Theorem [9} Proposition []] and
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by the symmetry of the Brownian motion

P(Lxa(HYa,¢) > y) = P(N5.((0,y] x U™ (=b)) = 0)

— e YN%Cs(e)0s(U™ (D))

— o~ un(U~ (s5(c)=5(b)))

— (U (s(e)=5(b)))

1

= ¢ V@) (2.12)
From (2.11)) and (2.12) we have that Lya(H%.,c) has exponential distribution with pa-
rameter m Applying Proposition , the result follows. [
Corollary 3. Let E be an exponential random variable with parameter % and B

a Bernoulli random variable independent of E such that

P(le):l—P(B:O):H.

Then, for a,b,c € R and a between b and ¢ we have
Lxi(HYu,c) L E- B.
Proof. From Definition 24] we have that
P(H%. < Hy.) = P*(H < Hy),
and the result follows from Proposition [4] and Definition [16] |
Before our main result of this chapter, we will need the following definition.

Definition 26. A real-valued process N = {V; : 0 < ¢t < oo} on a probability space
(Q, F,P) is called a subordinator if it has stationary, independent increments, and if almost

every path of IV is nondecreasing, right-continuous, and satisfies Ny = 0.
Proposition 5. Define the process Y; = Lxa(I'%,¢), t >0, a,b,c € R. Then
(i) {Yi}is0 is a subordinator, in fact a compound Poisson process, and

_eW(o)

(1) for ¢ > 3t sy we have

v _ eW () . s(a) —s(b) = s(c) —s(a)
E*[ ] (eW(c) +2(|s(c) — s(b)| s(c) — s(b) * s(c) — 5<b>)
X ex —Gte"0
P (eW(C) +2¢[s(c) — S(b)|)
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Proof. After the process X“ reaches b for the first time, Y; increases on excursions at b
that reach point ¢ during the interval [0, T'%]. From Propositionwe have that IV = 7%,

therefore the number of such excursions is given by the random variable
Nt ([0,e" 4t x U*(c)) when ¢ > b,

and by
NY,([0,e" O] x U™(—¢)) when ¢ < b.

From Theorem [9) both have Poisson distribution and by symmetry and Proposition
eV ()¢

2|s(c)—s(d)|

Furthermore, the modified local time at ¢ of each of these excursions are the i.i.d. random

they have parameter

variables £ x-(H?’, ¢) which by Proposition 4/ have exponential distribution with parameter
W(e)

2[s(c)—s(b)[ "

we can write

Thus, considering the time X® spent on ¢ before reaching b for the first time,

Y =Lxe(H' 0) + ) e,
i=1
. e eWie
where R; ~ Pozsson(ﬁ%), e ~ exp(ﬁ_;(b)'), and

o e
EX“(HI’7C) -~ 6513}?(2‘5(6)_5(6)‘) if HX‘Z < HX“?
0 if H¢o > Hka.

Moreover, since L x«(H®, ¢) only depends on the path of X before time HY%., by the strong
Markov property it is independent of e;, i = 1,2, ... and R;. Hence, for A := {H%. < H%.},

L:=Lx«(H ¢) and ¢ > ;=4

Tsto—sm Ve have

E[e_m] =Ele —CLA 161)]

Ele=S (14 + 1) Ele ¢ X ]
( CLllA |+ Ele CL]IAC])E[ (o €]
= (E[e™*AJP(A) + P(A%)) E[e~¢ 1)

B eW(©) . s(a) —s(b) = s(c) — s(a) . —(CteW®
o ( W) +2(¢ |s(c) — s(b)|  s(c) — s(b) * s(c) — s(b)) b ( W©) 1 2¢ [s(c) —

where we used that L is an exponential random variable with parameter %ﬁ;(b)' and

the fact that P(A) = P2(H$ < H%) (see Definition 4). One can check that the process

S(b)|>’
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{Y;}+>0 is non-decreasing, right-continuous and satisfies Yy = 0 a.s. In addition, from
Lemma [I| we have that the Brox diffusion is recurrent, which implies that

lim Y; =00 a.s.
t—o00

Let us finally see that the increments of Y; are independent and stationary. For t3 > t5 >
t1 > 0, we have that Lx«(T?,,¢) — Lxa(T},,¢) and Lxa(I'% ,¢) — Lxa(I'% , ¢) depend on the
paths of {X?,s € [T}, T ]} and {X?,s € [T} ,T? ]}, respectively, so by the strong Markov
property Y has independent increments.

To see that Y; has stationary increments note that Y;, — Y}, increases at excursions at b

in [I? ,T'% | that reach ¢, that is

~Y, = Z%

. w Wi
where R ~ Pozsson(m) and e; ~ exp(m

v —((ty — 1)V ®)
M“YYW*WQWWQQWww)

That is, the distribution of Y;, — Y}, depends only on the difference t5 — ¢;. From this we

eWO) (ty—t) ), therefore

can also conclude that {R;,t > 0} is a Poisson process. |

Corollary 4. For b = a, the Lévy measure of the process {Y;}+>o0 of Pmposz'tion@ 1S given
by
o(dy) =

€W(a)+W(c) ( €W(c)y ) 4
exp | —————— | dy.
4|s(c) = s(a)[’ 2[s(c) — s(a)|
Proof. From [29] we have that the moment generating function of a compound Poisson

process {X;}>o is given by

E[e %] = exp [—tc /oo(l — e_Cx)a(dx)] , for ¢ >0,
0

where ¢ > 0 and o is a distribution on (0, 00) called the Lévy measure of {X;};>0. Then,

for c=1,¢ > 0 and o(dr) = £ exp ( S ) dz, we obtain

 2ls(e)—s(a)l
o0 Cew —(teV(@
exp {—tc/o (1—e¢ )a(dz)} = exp (eW(C) 2 ]s(0) = s(a)\)
:Ea[e*CY}]’

where the last equality is given by Proposition |5 (74) with b = a. Thus, obtaining the
result. [
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Corollary 5. For each z > 0, {Lx(T,2) —e W&t .t > 0} is a martingale

Proof. By Proposition [5| (i7) with a = b =0 and ¢ = z we have that

E[e=¢cxT02)] = oW @ tacsal

which implies

E[Lx(Ty,2)] = e W&, (2.13)

Then for each z, Lx(I'y, z) — e”W &)t is a zero mean process with stationary independent

increments and hence a martingale. |

Remark 25. Equation (2.13)) gives the expected value of the random variable £x (I, z).
From this equality we can see in a very intuitive and transparent way that, in average, the
Brox diffusion spends more time around a point z where the environment W has a local

minimuimn.



Chapter 3

Estimation of the environment from an

excursion

As we know, the Brox diffusion is a random process in a random environment. It becomes
a diffusion when such an environment is fixed i.e. for a trajectory W(w) where W is a
two-sided Brownian motion. The aim of this chapter is to find the path of W(w) from a
single path of the process X, this type of results are of great interest in many areas such
as biology or physics. In [I] an estimation of the environment is given for Sinai’s walk,
which can be thought of as the discrete analogous of the Brox diffusion (see [25], [30]), in
his paper, P. Andreoletti uses properties of the local time to approximate the difference

of the random potential in a significant interval.

Suppose that the values of a Brox diffusion path at certain times of length A are known.
Let XA be the polygonal line going through the points {(kA, X (kA)) : k € ZT} then, we
call X the approximation by discretization of process X. In this chapter we will use the
information contained in X in order to find a discrete function W, such that

lim Wa(t) = W (),

in some sense, for each t € {kA : k € Z*T}. Where W is the fixed environment behind the
path of X.

In the first section of this chapter we assume that the path of XA is known for every
t € {kA: k € Z"} and we use an ergodic result from [16] in order to find such function
Wa up to a constant factor. We then give a corollary that allows us to approximate the

value of the constant that was left unknown.

35
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In the second section we work with the assumption that the values of X are known for
a finite number of points. We then apply the probabilistic results obtained in Chapter
2, more precisely Proposition [ to learn the distribution of random variables concerning
the local time of X, these random variables have parameters that depend on the values
of the environment. Then we use a statistical approach, understanding that the values of
Xa are in fact random samples of these variables, we give a confidence interval for the

parameters, i.e. for the value of the environment at a fixed point.
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3.1 Algorithm using an Ergodic theorem

3.1.1 Introduction

The first (and most important) component of this first approach for approximating the
environment from a Brox diffusion path is a direct consequence of the next theorem. This
ergodic theorem yields the long-term behavior of the ratio of two local time integrals, each
of them with respect to non-negative measures m; and 7. As we will see, when these
measures take a particular form, a result is obtained which will be fundamental for our

purposes.

Theorem 10 ([16] p.228). Let X be a recurrent diffusion with state space I and local time

Lx, define the local time integral

Hz(t) = \/ILx(t,IL')TFZ(dI'), 1= ]_,27

for non-negative measures m and wy. Then

L) - m()
P {5{2 ) m(l)

Corollary 6. Let X be as in Theorem then a special case of 18

} =1 in case 0 < my(l) < 0. (3.1)

_ Tx(t, A m(A)
WS B) - mB) (3:2)

where I'x is the occupation time of diffusion X, 0 < m(B) < oo and A, B € B(I).

Proof. Fix A, B € B(I) with 0 < m(B) < oco. Recalling equation of section
namely that

Cx(t,A) = / Lx(t,z)m(dx), 0<t< oo,
A

the proof follows by taking m1(C) := [, La(z)m(dz) and mo(C) = [, 1p(x)m(dz) for
C e B(I). |

As we mentioned in the introduction, we will use this result as a tool to approximate the
environment of a Brox diffusion path. Corollary [6] shows us how to compute the speed
measure from the path of a diffusion up to a constant factor [16], this is very important in
our case since for the Brox diffusion, the speed measure is a function of the environment
W. Before we can give any such approximation we have to deal with the problem of

finding an approximation of the occupation time I'y of the diffusion by some function of
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the discretization X of X.

To solve this problem we follow the idea in [24]. In his paper H. Ngo presents an ap-
proximation of the occupation time for Ito6 diffusions that satisfy certain conditions on
the coefficients o and b, assuming a discrete sample data {Xxa,0 < k < t/A}. As the
Brox diffusion does not satisfy the assumptions given in [24], these results can not be
applied directly, instead we prove that the same approximation for the occupation time of
the Brox diffusion holds for closed intervals of the form [a,b]. This assumption, although

restrictive, will be sufficient for our purposes.
Proposition 6. For each closed interval [a,b] a,b € R and a < b, let us define the
following estimator of the occupation time of the Brox diffusion

[t/A]
Lx,(,[a,0]) = A Z Lo 5(Xka),

k=0

where || denotes the integer part of x. Then,
Cx, (t, [a,b]) == Tx(t, [a, b])
as A — 0 for any t > 0.

Proof. From the definition of the integral for simple functions and applying Fatou’s lemma

we have that

[t/A] t
lim sup A Z L5 (Xka) = lim sup/ L105)(X|s/aja)ds
A—0 0 A—0 0

t
g/ limsup Lig 4 (X|s/aja)ds
0 A—0

S/O Ljap (X )ds
=Tx(t, [a,b]) a.s. (3.3)

Where the last inequality is a consequence of the continuity of X and from the fact that

[a,b] is closed (i.e. contains all its limit points). Analogously, we can prove that

[t/A]
im i > .S. .
llAIIl_%lfA ; L105(Xika) > Ix(t,[a,b]) a.s (3.4)

Finally, equations and [3.4] yield the result. |
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Proposition 7. Let X be the Brox diffusion with speed measure m and occupation measure
I'x. Fira<bandc<d, a,b,c,d € R then,

lim lim FXA (t> [a> b]) _ m([av b]) a.s
e A% Ty (0 o)) (] .

—~
o

=
~—

Proof. As X is recurrent, for t large enough we will have 'y, (¢, [c,d]) > 0, therefore

FXA (t, [a, b]) - limA_>0 FXA (t, [CL, b])

T ed)  TmasoeTxs (e d))
. Px(t, [a,b]) a.s
“ied) (3.5)

Note that from the form of m (equation [2.2), we have that m([c,d]) is positive for all
¢ < d, applying lim., on both sides of and from Corollary [6 the result follows. W

3.1.2 Algorithm

Now that we have a convergence of functions of the path X to the ratio of speed measures
of the Brox diffusion, we can use this knowledge to give an approximation (up to a constant

factor) for the environment.

Theorem 11. For a given path Xa of the Broz diffusion X and fixed c,d,y € R with

c < d, the following approximation of the value of the environment W at y holds.

Fory >0,

_ -W(y)
hm hm hm FXA (t7 [07 y + 5}) FXA (t7 [07 y]) — € a.s.
€20 ttoo A0 e I'xy(t, e d]) m([c, d])

And for y <0,

_ -W(y)
llm hm hm FXA (t7 [y7 O]) FXA (t7 [y + 87 0]) — € a.s.
= o AT e Txu(t.[c.d) m([c. d])

Proof. Fix y > 0, from the previous proposition we have that

i 1o LXa [0y +€]) = T (8, [0, 9]) _ m([0,y +€]) — m([0, y])
ttoo A—0 FXA (tv [C’ d]) m([c, d])

_ml(y.y+ <)
mi([e. )
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Taking the limit when ¢ — 0 and diving by € we get that

o Dxa 0y +e) =Ty (6[09) - ml(yy+e))/z
e—=0 ttoo A—0 € - FXA <t7 [C, d]) 250 m([c’ d])

i (y)
m([c, d))

e~ W)

m([c,d))

And the result follows for y > 0. For y < 0, the result can be obtained analogously. |

Towards the idea of approximating the unknown constant m([c,d]) of Theorem we
have the next corollary.

Corollary 7. Under the assumptions of Theorem [11], we have that

lim lim lim e Ix, (¢ e d])

e=0ttoo A0 [y, (¢,]0,¢]) =m([c,d]) a.s.

Proof. The result is a direct consequence of Theorem with y = 0 and the fact that
W(0) =0 a.s. ]

3.1.3 R code

Code in R for the approximation of the environment with the algorithm of section [3.1]

0| {

#Set variables

2| epsilonl <— round(sqrt(epsilon),3) #epsilon is the step size of X

3|#[kmin ,kmax| are the values to be approximated

kmin <— abs(round_ any(min(X)/2,epsilonl ,floor)/epsilonl)

5| kmax <— round any(max(X)/2,epsilonl ,floor)/epsilonl

7|#Number of points in set B=[0,kxepsilonl]

MedB <— c¢(1:(kmax+1))
for (k in 1:(kmax+1))

j2 <— 0
for (i in 1:(Tnew/epsilon+1))
{
it (X[i]<=k=xepsilonl & 0<=X[1i])
{
j2 < j2+1

}

}
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MedB[k] <— j2
}

#Number of points in set D—=[-kxepsilon ,0]

2|MedD <— ¢ (1:kmin)
;| for(k in 1:(kmin))

{
h2 <— 0
for (i in 1:(Tnew/epsilon+1))
{
if (X[i]<=0 & —kxepsilonl<=X[1i])
{
h2 < h2+1
}
}
MedD[k]| <— h2
}

s|#Approximation of the environment non—negative part
5| WEstl <— ¢ (1:(length (MedB)))
|WEst1[1] <— 0

for (i in 2:length (MedB))
{
if (MedB[i] MedB[i—1]>0)
{
WEstl[i] <— —log ((MedB[i]—MedB[i —1])/(epsilonl*MedB[length (MedB)]) )
}
if (MedB|i]—MedB|i—1]==0)
{
WEst1[i] < WHEst1[i—1]
}
}

ol #Approximation of the environment negative part

WEst2 <— c¢(1:(length (MedD)))
WEst2[1] <— —log(MedD[1]/(epsilonl«MedB[length (MedB)]))
for(i in 2:length (MedD))
{
if ((MedD[i]-MedD[i —1]) >0)
{
WEst2[i] <— —log ((MedD[i]—MedD[i —1])/(epsilonl«MedB[length (MedB)]) )
}
if ((MedD|i]—MedD]|i—1])==0)
{
WEst2[i] < WEst2[i—1]
}

41
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}

s|#Join positive and negative parts

WEst2 <— rev (WEst2)

65| WEst <— c(1:(length (WEst2)+length (WEstl)))

WEst <— ¢ (WEst2, WEstl)

7lejex <— c¢(1:(length (WEst)))

ejex <— seq((—kmin)xepsilonl ,kmaxxepsilonl ,by=epsilonl)

TrueW <— c(1l:length (WEst)) #True values of environment (if known)
for (i in 1l:length (WEst))

{

TrueW[i] <— W[T/delta+1l+ejex[i]/delta] #delta is the step size of W

5|#Plot of the path of W and the approximation

plot (ejex ,TrueW,type="1" main="Approximation of W(t) (Ergodic theorem)"  xlab
="time" ,xlim=c(ejex[1],ejex[length (WEst)]) ,ylim=c (min(TrueW) —1.5 max(
TrueW)+ 3.5) ,col="black" ,ylab="W(t)")

grid (nx=15,ny=15)

lines (ejex ,WEst, type="1" col="red")

legend ("topright", legend=c("Environment" " Approximation") ,col=c("black",6 "

red"), lty=1:1, cex=0.65,text.font=2,bg=8)

Listing 3.1: Approximation of the environment using an Ergodic theorem

3.1.4 Simulations

The first step to recover an environment is to have a path of an approximation by dis-
cretization of the Brox diffusion Xa. This path was obtained with the code of Appendix

[Aland the following parameters:
(i) t=15
(i) A = .001

In Figure [3.1| we see the path of X (black) and the environment (red) behind the path.
In this example, the environment has a local minimum at 0.5, so that the path of Xa

spends most of its time around this minimum.
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Brox diffusion

— Environment
=, —— Brox diffusion
{V'J p—
= oo -
=
— —
D p—
= —
]

time

Figure 3.1: Path of the approximation XA and environment W

Assuming that the value of the environment is unknown, from the path of XA we use the
code of section in order to obtain an approximation of the value of W (y) with the

following parameters:
(1) e =.001
(17) t =15
(i11) A =/e
(iv) y € [-0.28,1.58]
(v) c=0
(vi) d = 1.58

The interval of the values to be approximated, i.e. [—0.28,1.58], was chosen as the values
where the path of XA spends most of its time. In Figure the approximation of the
value of the environment up to a constant factor (red) is shown. In black we have the true

value of the environment.
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Approximation of W(t) (Ergodic theorem)

= —
o~ —

=

= 4
o
]

0.0 0.5 1.0 1.5

fime

Figure 3.2: Approximation of the environment up to a constant factor

Following Corollary [7] we then computed the value of

e-I'x,(t [c,d])
FXA <t7 [ng])

~ 1.426

with €,¢, c and d as above. Thus, an approximation of the environment with an estimation
for the constant factor may now be given. In Figure this approximation (red) can be

observed.
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Approximation of W(t) (Ergodic theorem)

- : Emr'-:-ul
— ™
z | b
O Sy PR -.|.| 'y 2y L
[y Fi | |J | |l|-|||k I, | 'Inj m _.ll ,l.l
{'\I.l ]
| [ [ [
0.0 0.5 1.0 1.5

time

Figure 3.3: Approximation of the environment using an Ergodic theorem
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3.2 Algorithm using Excursion theory

3.2.1 Introduction

The results of this section are achieved through the information obtained in section
We start by stating these results for the local time Lx(t,z) instead of for the modified
local time. Recall that from Definition [19] that for the Brox diffusion we have that

Lx(t,a)=eVDLy(t a).

The results are given without proof since they are a direct consequence of this relationship
and the results of section 2.3

Proposition 8. If HS.. < H%. the random variable Lx.(H®, c) has exponential distribu-
tion with parameter m If HS,. > H%. then Lx.(H® c) = 0.

Corollary 8. Let a,c € R, for each excursion of the Brox diffusion at a that reaches point

¢, the local time at ¢ are i.1.d. exponential random variables with parameter m

This corollary will be very important for developing the algorithm for recovering the
environment. As the local time at ¢ of each excursion of X form an ii.d. collection
of random variables, we can view the path of X as samples of these variables. This
s———— which as we know, is a function of
2[s(c)—s(a)]’ ’

the environment. In order to execute this idea, we will need to approximate the local

will allow us to estimate the parameter

time through the information provided by Xa. This task will be the subject of our next

subsection.

3.2.2 Approximation of local time via the number of crossings

In 3], an approximation of the local time of the Brownian motion via the number of
crossings through a certain level are found. We will use this result, together with the 1t
and McKean representation of the Brox diffusion (recall Equation [L.7), in order to obtain

an analogous result for the Brox diffusion.

Definition 27. Let XA be an approximation by discretization of the Brox diffusion X,

then the number of crossing of X at level u in the interval [ is defined as
Ny, (I)=#{t € I: Xa(t) = u}.

Lemma 6. Let X be the Brox diffusion, XA an approzimation by discretization of process
X and u,t € R, then



3.2. ALGORITHM USING EXCURSION THEORY 47
(1) X isin u at time t (i.e. Xy = u) if and only if the corresponding Brownian motion
B is in s(u) at time T7(t).

(1) We have that N¥ (I) = N (TY(I)), where Br-1(a) is the approzimation by

T=1(a)
discretization of the Brownian motion B that goes through the points

{(T7(kA), B(T Y (kA))) : k€ ZT}.

Proof. a) The proof is straightforward from the fact that

b) Follows from a). [ |

Lemma 7. ([3] p.192) Let B be a standard Brownian motion, then the following conver-
gence holds

Vr2VANE (I) Z?I; Li(I,u),

where Lp(I,u) is the local time of B at level u during the interval I.

That is,
Ve > 0,P (’\/W_/Q\/ZNEA([) _ LB(J,U)( > 5) 0,

when A — 0.

Remark 26. Lemma [7]is in fact true for L¥ convergence. In this thesis, we will only need

to make use of the convergence in probability.

Notice that in Lemma [7] the approximation By is defined on a partition of the interval [

of constant length A, while Bp-1() is defined on a partition of I of variable length
T Y kA) =T ((k—1A) fork=1,2, ..

However, as A — 0, these two partitions are more likely to count the same number of

crossings, this is the reason behind our next conjecture.

Conjecture 1. Let Bp-1(a) be as in Lemma @, then

V/T/2VAN

The rigorous proof of this convergence is left as an open problem for future work. If

(1) 22 Lp(I,u)

T-1(a)

we assume Conjecture (1] to be truth, we would have the following result that states the

convergence of the count process Ny, to the local time of the Brox diffusion.
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Conjectural Result 1. Let XA be an approximation by discretization of the Brox diffusion
X, then

VT 2VANE (1) ZT% Ly (I, ).

Proof. From Lemma [6] and Conjecture [I] we have that

VA 2VANE (1) = Va/2VANGY | (T7H(D))

T=1(a)

2% La(T (1), s(u))

= Lx(],u)
n

Lemma 8. Let {N;a}iz1,.n be random variables such that N; a ZT—O% L; fori=1,.. n.
ﬁ
Then,

n n
prob
E Nyp — E L;.
T A0
i=1 =1

Proof. Let € > 0 be fixed. Then,

P(Xn:NLA—iLi

i=1 i=1

> g> <P(INua—L1| > e/nU|Noa — Lo| > ¢/nU ..U |[Nya — Ly > €/n)

<> P(|Nia - Li| > ¢/n)

=1

— 0.

3.2.3 Algorithm

Lemma 9. Fiz c € R and consider the sequence { Xy, := 5 Lycrim(H® ¢4 1/m)}m>1 of

random variables. Then
dist X

m—0o0

X

Y

where X is an exponential random variable with parameter e~V (),
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Proof. From Propositionvve have that Lyciim(H c+1/m) ~ exp <m> So

that for each m =1, 2, ... the random variable X,, ~ exp (W) Then

o 1jm
lim P(X,, <z)= lim (1 — e FEer/m=s@")
m—0o0 m—0o0

— g limy,_s . Ym
=1—e¢ M0 Is(c+1/m)—s(c)]

TS
=1—¢ 90O

—ze-W(e)

From the Portmanteau lemma, the result follows. [

The next lemma is a well-known result of probability that gives a relation between an i.i.d.
collection of exponential random variables and the chi-square distribution. In general,
confidence intervals are obtained by finding pivots, which are functions of the data and
of the parameter of interest and whose distribution do not depend on the parameter (see
[10]). This lemma provides a pivot for a random sample of exponential distributions,

which is what we will need in order to find the confidence intervals of the environment W.

Lemma 10. Let X, ..., X,, be independent exponential random wvariables with parameter

A, then 227 X; follows a chi-square distribution with 2n degrees of freedom.

Congectural Result 2. Fix ¢ € R and 0 < a < 1. Suppose we have a path X, which is an
approximation by discretization of process X of size A. Let n be the number of excursions
at ¢ that reach point ¢ + ¢ of Xa and let N;a(c,c +¢€), i = 1,...,n be the number of

crossings of level ¢ + € for the process Xa at each of these excursions, then

lim lim P
e—0A—0

In v A 21221 Ni7A(C7 c+ E) S W(C) S In v TA Zi:l iVi7A(C7 c+ 5)
\/§€X2n<1 - 06/2) \/§€X2n(a/2)
=1-a,
where X3 (a/2) and x3,(1 —a/2) are the (o/2) x 100-th and (1 —«a/2) x 100-th percentiles

of a chi-square distribution with 2n degrees of freedom, respectively.

Proof. We will prove the approximation for ¢ > 0, the case ¢ < 0 can be carried out
analogously. Let Th := {kA : k € ZT}, for ¢ > 0, ¢ > 0 and 0 < o < 1 fixed, let the
times 0 < t; <ty < ... < t, < T, t; € Ta be the (approximated) starting times of an
excursion at ¢ that reaches point ¢ + ¢ of the process Xa. In other words, t1,...,t, satisfy

the following two conditions
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(1) sign(Xa(t; — A) —¢) # sign(Xa(t;) — ¢) and
(17) Xa(ti) > c+e, for some t € [t;, tiy1) N Ta.

Now, for each i = 1,...n and each time [ € [t;,t;41) N T, where t,,1 := T, let us count the
number of crossings of level ¢+ ¢ of the process Xa and call them N; a(c,c+¢),i=1,..,n
Furthermore, if {L;(c,c + €)}i=1.., are n independent copies of the random variable
Lxct+s(H® c+€). Then, from the Conjectural Result [l| we have that for each i =1,....n

VT 2VAN; Ac, ¢ +€) ZT—O% Li(c,c+e).
—

Multiplying by 1/2¢ and from Lemmalg] we get that

_\/_\/_ZNZAcc—l—l/ pmb 1ZL (c,c+e).

A—>O 2e

From Lemma [9 we also have that

1 18 .
—Li(c,c+¢) QLZC i=1,...,n,

2e
W(c)

where {L; .}i—1,., are independent exponential random variables with parameter e~ ,

then, from the continuous mapping theorem and since convergence in probability implies

.....

convergence in distribution, we get

—26 ZL c,c+e) Z$t2 —Wie ZL“

Finally, from Lemma [10],
o~V (©) Z Lic~ X2,
i=1

That is, the following identities hold

1—a:P<X2n(a/2 )y <2e7 W Zch<X2n a/2)>

=limP <X§n(a/2) < —2e”
e—0

2e

W) Z Li(c,e+¢) < x5, (1 = a/?))

=1

= lim hmP<X2n a/2) < —\/ 2VA2e Y " Nia(e,c+€) Sxin(l—a/%)

e—=0A -
=1

= lim lim P
e—=>0A—0

(MZZ 1 Niale, C+€) W \/EZZ L Niale, c+5))
V2ex3,(1—-a/2)  ~ B V2ex3,(a/2) 7

applying logarithm, the result follows. |
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This result gives us a confidence interval for the value of the environment at some fixed
¢ when ¢, A — 0. As the upper and lower confidence interval from this theorem can
be calculated from the information provided by Xa, a construction of the approximation
of the environment follows. The proof of this result is not yet complete, as it uses the

Conjectural Result [I] as part of its proof.

3.2.4 R code

R-code for the approximation of the environment with the algorithm using Excursion
theory

|4

#Set variables

epsilonl <— round any(sqrt(epsilon),epsilon ,floor) #step size of points to
be approximated, recall that epsilon is the step size of X

Cmin <— round_any(min(X)/2,epsilonl , floor) #minimum value to approximate

Cmax <— round any(max(X)/2,epsilonl ,floor) #maximum value to approximate

vectordec <— seq(Cmin,Cmax,by=epsilonl) #interval to be approximated

Waproxsup <— rep (0,length (vectordec)) #upper approximation of W

Waproxinf <— rep (0,length(vectordec)) #lower approximation of W

TrueW <— rep(0,length (vectordec)) #true value of W (if known)

alfa <— 0.05 #confidence level

for(j in 1l:length(vectordec))

Xinic <— vectordec[j] #Excursions of X at Xinic

#Distinguish if points of X are above or below Xinic
signo <— rep(0,length (X))
if (sign(Xinic) != 0) #case Xinic not zero
{
for (i in 1l:length (X))
{
if (X]i]<Xinic)
{
signo[i] <— —1
}
if (X[i]>Xinic)
{
signo[i] <— 1
}

#t0 is the first time X reaches level Xinic
t0 <— 1
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if (sign (Xinic)>0)

{
while (signo [t0]<0)
{
t0 <— t0-+1
}
}
if (sign (Xinic)<0)
{
while (signo[t0]>0)
{
t0 < t0+1
}
}

Number of excursions of X from Xinic
NumExc <— 0
for (i in t0:(length(X)—1))

{
if (signo[i] != signo[i+1])
{
NumExc <— NumExc+1
}
}
if (NumExc>1)
{

tfinal <— rep (1,NumExc)
#First excursion
k <— t0
while (signo[k] = signo[k+1])
{
k <— k+1
}
tfinal [1]<— k
#From second excursion to last excursion
for(i in 2:NumExc)
{
h <— tfinal [i—1]+1
while (signo [h] = signo[h+1])
{
h<—h+1

}

tfinal [i]<—h
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#Count number of excursions that reach level vectordec|[j+1]
if (j<length(vectordec)) #case Xinic < Cmax
{
¢ <— vectordec[]j+1]
}
if (j=length (vectordec)) #case Xinic — Cmax
{
¢ <— vectordec[j]+epsilonl
}
NumCruces <— rep (0,NumExc)
if (sign(c)>=0)
{
#First excursion
estado <— rep (0, tfinal[1]—t0+1)
for(i in 1:(tfinal[l]—t0+1))
{
if (X[i+t0—1] >= c¢)
{
estado[i] <— 1
}
if (X[i+t0—1] < ¢)
{

estado[i] <— O

}

23

#Count number of crossings (i.e. number of changes in vector estado)

if (tfinal[1]—t0>1)
{
for(k in 1:(tfinal[l]—1t0))
{
if (estado[k] != estado[k+1])
{

NumCruces|[1] <— NumCruces|[1]+1

}
}

#1f the excursion ends in a value over c, there is one more crossing

if (estado|[tfinal [1]—t0+1]>0)
{

NumCruces [1] <— NumCruces[1]+1

}

#1f the excursion started below ¢ and it reached ¢, an extra

crossing was counted
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116 if (NumCruces[1] >0)

117 {

118 if (estado[1]==0)

119 {

120 NumCruces[1] <— NumCruces[1] —1

121 }

122 }

123 #From second excursion to last excursion
124 for(h in 2:NumExc)

125 {

126 if (tfinal [h]—tfinal [h—1]==1)

127 {

128 if (X[tfinal [h]]>=c)

129 {

130 NumCruces[h] < 1

131 }

132 }

133 if (tfinal [h]—tfinal [h—1]>1)

134 {

135 estado <— rep (0, tfinal [h]—tfinal [h—1])
136 for (i in (tfinal[h—1]+1):tfinal[h])
137 {

138 if (X[i] >= ¢)

139 {

140 estado[i—tfinal [h—1]] < 1

141 }

142 it (X[i] < ¢)

143 {

144 estado[i—tfinal [h—1]] <— 0O

145 }

146 }

147 if (estado[tfinal [h]—tfinal [h—1]]>0)
148 {

149 NumCruces|[h] <— NumCruces[h]+1
150 }

151 for(k in 1:(tfinal[h]—tfinal[h—1]—1))
152 {

153 if (estado[k] != estado[k+1])

154 {

155 NumCruces[h| <— NumCruces|[h]+1
156 }

157 }

158 if (NumCruces[h]>0)




159

160

161

162

164

165

166

167

189

190

191

192

193

194

195

196

197

198

199

3.2. ALGORITHM USING EXCURSION THEORY

if (estado[1]==0)

{
NumCruces|[h] <— NumCruces[h]—1

if (sign(c)<0)
{

#First excursion
estado <— rep (0, tfinal[1]—t0+1)
for(i in 1:(tfinal[1]—t0+1))
{
if (X[i+t0—1] <= ¢)
{
estado[i] <— 1
}
P (X[i4t0 1] > ¢)
{
estado[i] <— O
}
}

#Count the number of crossings
if (tfinal[1]—t0>1)
{
for(k in 1:(tfinal[1]—1t0))
{
if (estado[k]
{

!= estado[k+1])

NumCruces|[1] <— NumCruces[1]+1

}
}

}
#1f the

if (estado[tfinal [1]—t0+1]>0)

{

NumCruces[1] <— NumCruces[1]+1

}

#1f the excursion

excursion end below c¢,

started above c¢ and
crossing was counted

if (NumCruces[1]>0)

it crosses

it

one more

reached c,

time

an extra

%)
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201 {

202 if (estado[1]==0)

203 {

204 NumCruces[1] <— NumCruces|[1] —1
205 }

207 #Second excursion to last excursion
208 for (h in 2:NumExc)

209 {

210 if (tfinal [h]—tfinal [h—1]==1)

211 {

212 if (X[tfinal [h]]<=c)

213 {

214 NumCruces|[h] <— 1

215 }

216 }

217 if (tfinal [h]—tfinal [h—1]>1)

218 {

219 estado <— rep (0, tfinal [h]—tfinal [h—1])
220 for (i in (tfinal[h—1]4+1):tfinal[h])
221 {

222 if (X[i] <= ¢)

223 {

224 estado[i—tfinal [h—1]] <— 1

225 }

226 if (X[i] > ¢)

227 {

228 estado[i—tfinal [h—1]] <— O

229 }

230 }

231 if (estado[tfinal [h]—tfinal [h—1]]>0)
232 {

233 NumCruces|[h] <— NumCruces[h]+1
234 }

235 for(k in 1:(tfinal[h]—tfinal[h—1]-1))
236

237 if (estado[k] != estado[k+1])

238 {

239 NumCruces[h] <— NumCruces|[h]+1
240 }

241 }

242 if (NumCruces[h] >0)

243 {
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}

if (estado[1]==0)
{

NumCruces[h] <— NumCruces[h]—1

#Number of excursiones that reached c
m<— 0
for (i in 1:NumExc)
{
if (NumCruces|[i]>0)
{

m <— m+1

}

#Transform number of crossings into local time
NumCruces <— NumCruces*sqrt (pi/2)*sqrt (epsilonl)
#Approximation of the values of W

if (m>0)

{

Waproxinf[j] <— log((1/epsilonl)*sum(NumCruces[1:NumExc]) /(qchisq(1

alfa/2, df=2xm))
Waproxsup|[j] < log
alfa /2, df=2m))

(
)
((1/epsilonl)«sum(NumCruces|[1:NumExc]) /(qchisq (
)

}

if (m==0)

{
Waproxinf[j] <— 0
Waproxsup[j] <— 0

}

if (sign(Xinic) = 0) #Environment W starts at zero

Waproxinf|[j] <— 0
Waproxsup[j] <— 0

if (NumExc <= 1)

if(j = 1) #Xinic—Cmin

o7
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Waproxinf[j] <— 0
Waproxsup[j] <— 0

if(j 1= 1)
{
Waproxinf[j] <— Waproxinf[j—1]
Waproxsup[j] <— Waproxsup|[j—1]
}

}
TrueW|[j] <— W[T/delta+1+Xinic/delta ]

#Plot of the approximation of the environment and its true value

7 plot (vectordec ,TrueW, type="1",ylim=c (min (TrueW) ,max( Waproxsup) +.5) ,xlab="

time" ,ylab="W(t)" ,main="Approximation of W(t) (Excursion theory)")
grid (nx=15,ny=15)

o/ lines (vectordec ,TrueW)

lines (vectordec , Waproxinf,type="1" col="blue™)

lines (vectordec , Waproxsup,type="1" col="red")

legend ("topright", legend=c("Environment" ,"Upper band 95%","Lower band 95%")
,col=c("black" "red","blue"), lty=1:1, cex=0.65,text.font=2 bg=8)

Listing 3.2: Approximation of the environment using Excursion theory

3.2.5 Simulations

First, the path of an approximation by discretization of the Brox diffusion XA was obtained

with the code of Appendix [A] and the following parameters:

(i) t =15

(ii) A =.001

In Figure [3.4] we see the path of X (black) and the environment (red) behind the path.
In this example, the environment has a local minimum at —0.1, so that the path of Xa

spends most of its time around this minimum.
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Brox diffusion

= —— Envircnment
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time

Figure 3.4: Path of the approximation XA and environment W

Assuming that the value of the environment is unknown, from the path of XA we use the
code of section in order to obtain an approximation of the value of W (y) with the

following parameters:
(1) A =.001
(i1) e = VA
(i7i) o= .05
(iv) c € [—-0.86,1.28]

The interval of the values to be approximated, i.e. [—0.86, 1.28], was chosen as the values
where the path of XA spends most of its time. In Figure the upper (red) and lower
(blue) bands with confidence level « is shown. In black we have the true value of the

environment.
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Approximation of W(t) (Excursion theory)

—] — Environment
s
— Upper band 95%
o - — Lower band 35%
= o %
=
T - -
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] 4

fime

Figure 3.5: Upper and lower bands for the value of W



Appendix A

R-code Brox diffusion

R~code to obtain the path of a Brox diffusion X from a path of the Brownian motion B
and a path of the two-sided Brownian motion W (environment) through It6 and McKean’s

representation of diffusions
X, = s (B(T(1))).

2W < ¢
s|ExpW  <— ¢ (1:((2%xT/delta)+1)) #exponential of environment

#Load libraries

library (sde)

s library (plyr)

##Set variables

T <— 15 #time frame

delta <— .001 /step size for W

epsilon <— .001 #step size for X

W1 <— c¢(1:(T/delta+1)) #positive part of W

W2 <— ¢(1:(T/delta+1))

W3 <— ¢(1:(T/delta)) #negative part of W
(1:((2%«T/delta)+1)) #environment

o~ o~ o~ o~

B <— c¢(1:(T/delta+1)) #Brownian motion B
Spos <— c¢(1:(T/delta)) #positive part of scale function

5| Sneg  <— c(1:(T/delta)) #negative part of scale function
1S < c¢(1:(2%T/delta+1)) #scale function
8| SinvB <— ¢ (1:(T/epsilon+1)) #inverse of scale function

G <— c¢(1:(T/epsilon+1)) #auxiliar function
A < ¢(1:(T/epsilon)) #time—change function
y <— seq(—T,T,by=delta) #x axis for W and S

2|lh <— seq(0,T,by=epsilon) #x-axis for B and X

#Path of Brownian motion B

61
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25| B <— BM(x=0, t0=0, T=T, N=T/delta)

27| #Path of two—sided Brownian motion W

25| W1 <— BM(x=0, t0=0, T=T, N=T/delta) #positive part
20| W2 <— BM(x=0, t0=0, T=T, N=T/delta) #negative part
30| W3 <— W2[—(1)] #delete W2[1]=0

31|W3 <— rev(W3) #reverts vector W3

2|W <— ¢(W3,W1) #joins W3 with Wl to form W

33
sa|#Exponential of environment W
35| ExpW <— exp (W)

36
s7|#Riemann—integral of vector ExpW
ss| for (1 in 1:(T/delta))

39 {
w|  Spos[i] <— sum(ExpW[(T/delta+1):(T/delta+i)])*delta
at| }
ol for (i in 1:(T/delta))

1| Snegli] <— —sum(ExpW[i:(T/delta)])xdelta
| }

6| S <— c¢(Sneg,0,Spos) #joins Sneg and Spos and adds value s(0)=0

18| #Compare maximum and minimum of S and B to ensure that the inverse of S

exists

50| min (S)

s1imax(B) #max(S) must be greater or equal to max(B)
) #min(S) must be less or equal to min(B)

53

54|#Point in S where the minimum of B is reached

5501 <— 1

s6| while (S[i] < min(B)) { i < i+1 }
571 MinS <— 1

58

so| #Compute vector S~{—1}(Bu)
6o for (i in 1:(T/epsilon+1))

ol {

6 if (B[(i—1)*epsilon/delta+1]<0) #case B(u) negative
6| {

64 j <— MinS—1 /#start from MinS—1

65 while(S[j] <= B[(i—1)*epsilon/delta+1])

66 {

]
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63

j <= i+l
}
SinvB[i] < j
}
if (B[(i—1)xepsilon/delta+1]>0) /case B(u) positive
{
j <— T/delta+1l #S is positive from T/delta+l1
while (S[j] <= B[(i—1)*xepsilon/delta+1])
{
j <= i+l
}
SinvB[i] < j
}
if (B[(i—1)xepsilon/delta+1]==0) #case B(u)=0

{
SinvB[i] <— T/delta+l #S { 1}(0)—0

#Riemann—integral of function e {—2W(S~—1(Bu))}

7|#Function A(t) is the time—change function T(t) of the thesis

G <— exp(—2+W[SinvB])
for(i in 1:(T/epsilon+1)) { A[i] <— sum(G[l:i])*epsilon }

#Function A must take values greater than the time frame T at some point in

order for the inverse of A to exist

2| Tnew <— min(round_any (max(A) ,epsilon , floor),T)

#Set variables with new time frame Tnew

05|x <— seq (0,Tnew,by=epsilon)

Ainv <— ¢ (1:(Tnew/epsilon+1))

7|BAinv <— ¢ (1:(Tnew/epsilon+1))

X <— c¢(1:(Tnew/epsilon+1))

#Compute inverse of A
for(i in 1:(Tnew/epsilon+1))

j <—1
while (A[j] <= epsilonx(i—1))
{
j < j+1
}

Ainv[i] < j
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109 }
110
mi1|#Evaluate Ainv in Brownian motion B
12| BAinv <— B[ Ainv]

113
114|#Point in S where the minimum of BAinv is reached
s i <— 1

16| while (S[i]<min(BAinv)) { i<—i+1 }

117\ MinBAinv <— i

10| #Compute function S {—1}(B(A~{—1}(t)) which gives rise to the path of X
20| j <— MinBAinv—1

wiffor (i in 1:(Tnew/epsilon+1))

122 {
123 while (S[j] <= BAinv][i])

124 {

125 ] <— jH1

126 }

7| X[1] <— deltax((j—1)—(T/delta+1))
128 j <— MinBAinv—1

131|#Plot of the Brox diffusion X and environment W

132| plot (W, y,type="1" col="red" ,xlab="time" ,ylab="X(t)" ,xlim=c (min (W) 4.5, Tnew
+.5) ,ylim=c (min (X) —.7 ,max(X) +1.5) ,main="Brox diffusion")

133 grid (nx=15,ny=15)

134 lines (x,X, type="1",col="black™")

135 lines (W,y, col="red")

136| legend ("topright", legend=c("Environment", "Brox diffusion")  col=c("red" "
black"), lty=1:1, cex=0.65,text.font=1,bg=8)

Listing A.1: Approximation of a Brox diffusion path
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