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Abstract

Let S be a polynomial ring over the field K and let I be a graded ideal of S. In this thesis
we introduce and study two functions associated to I: the minimum distance function d;
and the footprint function fp;. To define §; and fp; we use the Hilbert function, the degree
(multiplicity), and a Grobner basis for 1. We study these functions from a computational
point of view using Grobner bases methods and implementations in Macaulay2. We also
study these functions from a theoretical point of view and examine their asymptotic
behavior. These functions can be expressed in terms of the algebraic invariants of 7. One
of our main results shows that fp; is a lower bound for §;. We give formulas to compute fp;
and d; in the case of certain complete intersections. In the case of complete intersection
monomial ideals d; is equal to fp; and we are able to give an explicit formula in terms of
the degrees of a minimal set of generators of I.

Let K = F, be a finite field and let X C P*! be a finite subset of points in the
projective space P! over the field K. We show a formula to compute the number of zeros
that a homogeneous polynomial has in X. We use the minimum distance function of the
vanishing ideal associated to X in order to give an algebraic formulation for the minimum
distance in coding theory, in particular for projective Reed—Muller-type codes defined on
X, we also compute its dimension and length. Following the footprint method, we present
bounds for the number of zeros of polynomials in a projective nested Cartesian set X and
for the minimum distance of the corresponding projective nested Cartesian codes.

To show applications of the footprint method we need to study certain monomial ideals
that occur as initial ideals of vanishing ideals over finite fields. This leads us to introduce
the edge ideal I = I(D) of a weighted oriented graph D. Using the combinatorial structure
of digraphs, we determine the irredundant irreducible decomposition of I. Furthermore,
we give a combinatorial characterization for the unmixed property of I, when the digraph
is bipartite, a whisker or a cycle. We will also study the Cohen-Macaulay property of
and show that in certain cases I is unmixed if and only if I is Cohen-Macaulay.
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Resumen

Sean S un anillo de polinomios sobre el campo K e I un ideal graduado de S. En esta tesis
introducimos y estudiamos dos funciones asociadas a I: la funcién de distancia minima
07 v la funcién huella fp;. Para definir d; y fp; usamos la funciéon de Hilbert, el grado
(multiplicidad) y una base de Grobner para I. Estudiamos estas funciones desde un
punto de vista computacional usando métodos de bases de Grobner e implementaciones
en Macaulay2. También estudiamos estas funciones desde un punto de vista tedrico y
examinamos su comportamiento asintotico. Estas funciones pueden ser expresadas en
términos de los invariantes algebraicos de I. Uno de nuestros resultados principales prueba
que fp; es una cota inferior para d;. Damos féormulas para calcular fp; y d; en el caso de
ciertas intersecciones completas. En el caso de ideales monomiales que son interseccion
completa d; es igual a fp; y exhibimos una férmula explicita en términos de los grados de
un conjunto minimal de generadores de I.

Sea K =, un campo finito y X C P*~! un subconjunto finito de puntos en el espacio
proyectivo P*~1 sobre el campo K. Mostramos una férmula para calcular el nimero de
ceros que un polinomio homogéneo tiene en X. Usamos la funcién de distancia minima del
ideal anulador asociado a X para dar una formulacién algebraica para la distancia minima
en teoria de cédigos, en particular para cédigos proyectivos tipo Reed—Muller definidos
en X, también calculamos su dimensién y longitud. Siguiendo el método de la huella,
presentamos cotas para el nimero de ceros de un polinomio en un conjunto proyectivo
Cartesiano anidado X y para la distancia minima de cédigos proyectivos Cartesianos
anidados.

Para mostrar aplicaciones del método de la huella necesitamos estudiar ciertos ideales
monomiales que aparecen como ideales iniciales de ideales anuladores sobre campos finitos.
Esto nos lleva a introducir el ideal de aristas I = I(D) de una grafica orientada pesada
D. Usando la estructura combinatoria de digraficas, determinamos la descomposicion
irreducible irredundante de I. Ademads, caracterizamos de manera combinatoria cuando
el ideal I es no mezclado para digraficas bipartitas, aristas colgantes o ciclos. También
estudiaremos la propiedad Cohen—Macaulay de I y mostraremos que en ciertos casos I es
no mezclado si y sélo si I es Cohen—Macaulay.
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Introduction

In this thesis we introduce two numerical functions over graded ideals; the minimum dis-
tance function and the footprint function, these are defined in terms of algebraic invariants
such as the Hilbert function and the degree (multiplicity), these functions have a relevant
connection with coding theory that justifies its name. The footprint function of a graded
ideal I is obtained by fixing a monomial order and then using the initial ideal of I to find
an approximation for the minimum distance function of I.

The interest in these functions is essentially due to the following facts: The minimum
distance function is related to the minimum distance in coding theory (Theorem 3.2.1),
and the footprint function is much easier to compute. There are significant cases in
which either the footprint function is a lower bound for the minimum distance function
(Theorem 2.3.2) or the two functions coincide (Theorem 2.5.9, Corollary 3.3.1). Our main
interest is to find exact formulas to calculate or to find upper and lower bounds for these
functions for some families of graded ideals.

In Chapter 2, we study the minimum distance function and the footprint function of
a graded ideal from a theoretical point of view. These functions are defined as follows.

Let S = Klzy,...,2] = @, Sa be the polynomial ring over a field K with the
standard grading and let I # (0) be a graded ideal of S of Krull dimension k.
e The Hilbert function of S/I is
H[(d) = dlmK(Sd/[d), d= O, 1, 2, ceey

where I, = S;N 1.

e The degree or multiplicity of S/I is:

)
— ) >
deg(5/1) = 4 B =D Jim itk =1,

dimg (S/1) if | = 0.

Let Fy be the set of all polynomials of degree d > 0 which are zero divisors of S/I:

Fo=A{fe€Sal f¢ 1, :f)#1},
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where (I: f) ={g € S| gf € I} is a quotient ideal. The minimum distance function of
I, denoted dy, is the function 6;: N — Z given by

51(d) = deg(S/1) — max{deg(S/(I, f)) | f € Fa} if Fa#0,
A deg(S/1) if Fy=0.

For unmixed graded ideals, d;(d) = min{deg(S/(I: f))|f € Sa\ I} (Theorem 2.1.7).

We are able to show that the minimum distance function satisfies the following prop-
erties, which allow us to study the asymptotic behavior of d; (Section 2.2).

Theorem 2.1.9. Let I C S be an unmized graded ideal, let < be a monomial order on
S, and let d > 1 be an integer. The following hold.

(i) 6;(d) > 1.
(ii) If dim(S/I) > 1 and Fq # 0 for d > 1, then 6;(d) > 6;(d+1) > 1 ford > 1.

Theorem 2.1.12. Let I C S be an unmized radical graded ideal. If all the associated
primes of I are generated by linear forms, then there is an integer rqo > 1 such that

(5[(1) > 5[(2) > e > (5[(?"0) = 5[(61) =1 fOT d>rg.

The integer rq where the stabilization occurs is called the reqularity index of é; and is
denoted by reg(d;). If I is the graded vanishing ideal of a set of points in a projective
space over a finite field, then o < reg(S/I) where reg(S/I) is the Castelnuovo-Mumford
regularity of S/I or simply the regularity of S/I (Definition 1.5.9). An excellent reference
for this notion is the book of Eisenbud [17]. The regularity index of S/1I, denoted ri(S/I),
is the least integer r > 0 such that H;(d) is equal to h;(d) for d > r, where hy is the Hilbert
polynomial of S/I (Theorem 1.5.2, Definition 1.5.5). If I is a graded Cohen—Macaulay
ideal of dimension 1, then reg(S/I) =ri(S/I) (Remark 1.5.10).

In Section 2.2, we conjecture that d;(d) = 1 for d > reg(S/I), that is, ro < reg(S/I)
(Conjecture 2.2.2). We show this conjecture when [ is the edge ideal (Definition 1.9.14)
of a Cohen-Macaulay bipartite graph without isolated vertices.

Proposition 2.2.4. If [ = I(G) is the edge ideal of a Cohen—Macaulay bipartite graph
without isolated vertices, then 0r(d) =1 for d > reg(S/I).

Conjecture 2.2.2 is still open for square-free monomial ideals. The regularity of S/I
can be computed using Macaulay2 [25], but ry is in general difficult to compute [12].

We use Grobner bases to study the minimum distance function as we now explain.

Fix a monomial order < on S. Let A~(I) be the footprint of S/I consisting of all
standard monomials of S/I, with respect to <, and let G = {¢1,...,g,} be a Grobner
basis of I. Then AL(I) is the set of all monomials of S that are not a multiple of any of
the leading monomial of ¢y, ..., g, (Lemma 1.6.13). We set AL([); = A(I) N S,.

FAL(Dg = {a®,. 2%} and Foy = {f = S ha® | f 40N € K,(I: ) # T},
then using the division algorithm (Theorem 1.6.5) we can write:

0r(d) = deg(5/1) — max{deg(S/(I, f)) | f € Fa}-
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If K = F, is a finite field, using this equality and Macaulay?2 [25], we present an
implementation to compute d; (Example 2.1.16). Other systems that can be employed
are CoCoA [1] and Singular [21]. To compute d; is a difficult problem in commutative
algebra, because the number of standard polynomials (Definition 1.6.9) of degree d is
q" — 1, where n is the number of standard monomials of degree d. Hence, we can only
compute d;(d) for small values of n and g.

Upper bounds for 6;(d) can be obtained by fixing a subset 77, , of F 4 and computing
07(d) = deg(S/I) — max{deg(S/(1, f)) | f € FL 4} = 0:(d).

Typically one use F', ; = {f = >, Aiz® [ f #0, A\ € {0,1},(I: f) # I} or a subset of it.
Lower bounds for d7(d) are harder to find. Thus, we seek to estimate d;(d) from below.
So, with this in mind, in Section 2.3, we introduce the footprint function of I. This is

a numerical function defined similarly as 67, but here we use a monomial order and the
initial ideal of I. The footprint function is defined as follows (Definition 2.3.1).

Let M 4 be the set of all zero divisors of S/in< (/) of degree d > 1 that are in A({):
Mg = {a" 2" € As(I)q, (in<(I): %) # in<(1)},

where in (/) denotes the initial ideal of I (Definition 1.6.3). The footprint function of I,
denoted fpy, is the function fp,: N, — Z given by

[ deg(S/I) — max{deg(S/(inx(I),xz%)) | x* € M<q} i M<qa#0,
fp;(d) := { dei(S/I) ° ‘ if M<,Z = 0.

We come to one of our main results.

Theorem 2.3.2. Let I be an unmized graded ideal and let < be a monomsial order. The
following hold.

(i) d;(d) > fp;(d) and 6;(d) > 0 ford > 1.
(i) fp;(d) > 0 ifin< (1) is unmized.

In particular, the previous theorem tells us that fp; is a lower bound for d;, when both
values coincide for d > 1, we call the ideal I a Geil-Carvalho ideal, any unmixed monomial
ideal is Geil-Carvalho (Proposition 2.3.3). The first interesting family of ideals where
equality holds is due to Geil [18, Theorem 2]. His result essentially shows that fp;(d) =
d7(d) for d > 1 when < is a graded lexicographical order and I is the homogenization of the
vanishing ideal of the affine space AS~! over a finite field K = FF,. Recently Carvalho [10,
Proposition 2.3] extended this result by replacing A*~! by a Cartesian products of subsets
of F,. In this case the underlying Reed-Muller-type code is called an affine Cartesian
code and an explicit formula for the minimum distance was first given in [19, 34]. As an
application we show this formula for the minimum distance of an affine Cartesian code
by examining the underlying vanishing ideal (Section 3.3).
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In Section 2.5, we study the footprint function with respect to a monomial order of
a graded ideal I whose initial ideal is a complete intersection. This implies that [ is a
complete intersection (Proposition 2.5.4(a)). In this case we present an explicit formula
for fp; in terms of the degrees of the generators of the ideal. Now, we present our main
results on complete intersections.

Theorem 2.5.6. Let I C S be a graded ideal and let < be a monomial order. If inL([)
is a complete intersection of height s — 1 generated by x®2, ..., z* with d; = deg(z*') and
1 < d; < diyq fori > 2, then 6;(d) > fp;(d) > 1 and the footprint function in degree
d > 1 s given by

(djyo — O)dgys---ds if d< Z (di —1)—1,
fp[(d) = e

1 if d>Y(di—1),

where 0 < k < 5 — 2 and { are the unique integers such that d = S (d; — 1) + ¢ and
1<l <dpo—1.
This result is valid if the initial ideal is a complete intersection of dimension greater

than or equal to 1. This follows using the next theorem and noticing that Proposition
2.5.4 holds for any height.

Theorem 2.5.9. Let [ C S be a complete intersection monomial ideal of dimension > 1
minimally generated by z®', ... z® and let d > 1 be an integer. If d; = deg(z®) for
1=1,...,7rand dy < --- <d,, then

(dk+1—€>dk+2"'dr Zfd<2(dl—1),
=1

o7(d) = fp;(d) = 1 if d > i(d'—l)

where 0 < k < r — 1 and { are integers such that d = S (d; —1) 4+ £ and 1 < £ <
dpy1 — 1.

In Chapter 3, we show that the minimum distance function of a graded ideal in a
polynomial ring with coefficients in a field generalizes the minimum distance of projec-
tive Reed-Muller-type codes over finite fields (see the discussion below). This gives an
algebraic formulation of the minimum distance of a projective Reed-Muller-type code in
terms of the algebraic invariants and structure of the underlying vanishing ideal. Then,
we give a method based on Grébner bases and Hilbert functions, to find lower bounds for
the minimum distance of certain Reed—Muller-type codes. This is a very important result
because in general computing the minimum distance of linear codes is NP-hard [54].

The study of §; was motivated by the notion of minimum distance of linear codes in
coding theory. For convenience we mention this notion. Let K = IF, be a finite field.
An [m, k]—linear code is a linear subspace of K™ of dimension k for some m. The basic
parameters of a linear code C' are length: m, dimension: k = dimg(C), and minimum
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distance:

6(C) :=min{||v||: 0 £ v € C},
where ||v]| is the number of nonzero entries of v.

The minimum distance of affine Reed—Muller-type codes has been studied using Grobner
bases techniques; see [10, 18, 19] and the references therein. Of particular interest to us
is the footprint technique introduced by Geil [18] to bound from below the minimum
distance. In this work we extend this technique to projective Reed—Muller-type codes,
a special type of linear codes that generalizes affine Reed—Muller-type codes [35]. These
projective codes are constructed as follows.

Let K = F, be a finite field with ¢ elements, let P*~! be a projective space over K,
and let X be a subset of P*~!. The vanishing ideal of X, denoted I(X), is the ideal of S
generated by the homogeneous polynomials that vanish at all points of X. In this case the
Hilbert function of S/I(X) is denoted by Hx(d). We can write X = {[P],...,[P,]} C P*!
with m = |X].

Fix a degree d > 1. For each i there is f; € S; such that f;(P;) # 0. There is a
K-linear map given by

. m f(7) f(Bm)
evd.Sd—>K R fl—><f1<P1),,fm(Pm))

The image of S; under ev,, denoted by Cx(d), is called a projective Reed—Muller-type
code of degree d on X [15, 24]. The basic parameters of the linear code Cx(d) are:

(a) length: |X],
(b) dimension: dimg(Cx(d)),
(¢) minimum distance: dx(d) := 6(Cx(d)).

The length and the dimension of Cx(d) are deg(S/1(X)) and Hx(d), respectively. The
Hilbert function and the minimum distance are related by the Singleton bound:

1 < 6x(d) < |X| — Hy(d) + 1.

In particular, if d > reg(S/I(X)) > 1, then dx(d) = 1. The converse is not true
(Example 3.2.7). Thus, potentially good Reed-Muller-type codes Cx(d) can occur only
if 1 <d <reg(S/1(X)). There are some families where d > reg(S/I(X)) > 1 if and only
if 0x(d) =1 [34, 47, 49], but we do not know of any set X parameterized by monomials
where this fails. If X is parameterized by monomials we say that Cx(d) is a projective
parameterized code [46, 52].

A main problem in Reed—Muller-type codes and the theory of algebraic schemes is the
following [12, 20, 40]; if X has nice algebraic or combinatorial structure, find formulas in
terms of s,q,d, and the structure of X, for the basic parameters of Cx(d) and S/I(X):
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Hx(d), deg(S/1(X)), dx(d), and reg(S/I(X)). Our main results can be used to study this
problem, especially when X is parameterized by monomials or when X is a projective

nested Cartesian set (Definition 3.5.1).

The basic parameters of projective Reed—Muller-type codes have been computed in
the following cases:

o If X = P57 Cx(d) is the classical projective Reed—Muller code. Formulas for its
basic parameters were given in [49, Theorem 1].

e If X is a projective torus (Definition 1.7.7), Cx(d) is the generalized projective Reed—
Solomon code. Formulas for its basic parameters were given in [47, Theorem 3.5].

e If X is the image of a Cartesian product of subsets of K, under the map K*~! —
P51 x — [2,1], then Cx(d) is an affine Cartesian code and formulas for its basic
parameters were given in [19, 34].

Let f be a homogeneous polynomial of S, the zero set of f, denoted by Vx(f), is the
set of all [P] € X such that f(P) = 0, that is, Vix(f) is the set of zeros of f in X. To
calculate the minimum distance of a projective Reed—Muller-type code is directly related
to computing the number of elements of Vi (f). We give the following nice formula to
compute this number (Lemma 3.1.1, Example 3.1.4):

deg(S/(1(X), f)) i (I(X): f) # 1(X),
|Vx(f)!—{ i 0 if (I(X): f) = I(X).

As a consequence of this formula we derive one of the main results of this thesis.
Theorem 3.2.1. If |X| > 2, then 6x(d) = 6rx)(d) > 1 ford > 1.

If < is a monomial order on S, by Proposition 2.1.15, one has:
Ox(d) = deg(5/1(X)) — max{deg(5/(I(X), /)| f € Fza}-

This description allows us to compute the minimum distance of Reed—Muller-type
codes for small values of ¢ and s and it is the first algebraic formulation of the minimum
distance in terms of the algebraic properties and invariants of the vanishing ideal. The
formula in Theorem 3.2.1 is more interesting from the theoretical point of view than from
a computational perspective. Indeed putting together Theorems 2.3.2 and 3.2.1 one has:

This inequality gives a lower bound for the minimum distance of any Reed—Muller-type
code over a set X (Example 3.2.6).

As the two most relevant applications of our main results to algebraic coding theory in
Section 3.3, we recover the formula for the minimum distance of an affine Cartesian code
given in [34, Theorem 3.8] and [19, Proposition 5] and the fact that the homogenization
of the corresponding vanishing ideal is a Geil-Carvalho ideal.
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Corollary 3.3.1. Let K be a field and let Cx(d) be the projective Reed—Muller-type
code of degree d on the finite set X = [1 x Ay x --- x A,] C P71 If 1 < d; < d;yy for
i > 2, with d; = |A;|, and d > 1, then the minimum distance of Cx(d) is given by

(dpyo = O) dpys---ds ifd <Y (di—1)—1,
ox(d) = 52
1 if d> 3% (d; —1),
1=2

where k > 0, ¢ are the unique integers such that d = Zf;l (di —1)+Cland 1 < ¢ < dpo—1.

Then we present an extension of a result of Alon and Fiiredi [3, Theorem 1] (in
terms of the regularity of a vanishing ideal) about coverings of the cube {0,1}" by affine
hyperplanes, that can be applied to any finite subset of a projective space whose vanishing
ideal has a complete intersection initial ideal (Example 3.3.4).

Corollary 3.3.3. Let X be a finite subset of a projective space P*~% and let < be a
monomial order such that inL(I(X)) is a complete intersection generated by x®*, ..., x*
with d; = deg(z®) and 1 < d; < diyq for all i. If the hyperplanes Hy, ..., Hq in P51
avoid a point [P| in X but otherwise cover all the other |X| — 1 points of X, then d >
reg (S/1(X)) = Y20_y(d; — 1.

Finally using Macaulay2 [25], we exemplify how some of our results can be used
in practice, and show that the vanishing ideal of P? over [, is not Geil-Carvalho by
computing all possible initial ideals (Example 3.3.7).

Let dy, . ..,ds be a non-decreasing sequence of positive integers with d; > 2 and s > 2,
and let L be the ideal of S generated by the set of all xix?j such that 1 < i < j < s.
It turns out that the ideal L is the initial ideal of the vanishing ideal of a projective
nested Cartesian set (Definition 3.5.1, Proposition 3.5.3). In Section 3.4, we study the
ideal L and show some degree equalities as a preparation to show some applications. In
particular, we have the following lemma.

Lemma 3.4.1. The ideal L is Cohen—Macaulay of height s — 1, has a unique irredundant
primary decomposition given by

L:qlﬂ...ﬂqs’

where q; = (x1, . .. ,xi_l,x?fll, cooxt) for 1 <i<s, and deg(S/L) =1+ 7 ,di--ds.
In the last chapter of this thesis we recover the previous result from a combinatorial

point of view using the notion that L is the edge ideal of a vertex weighted oriented graph
(Definition 4.2.2, Corollary 4.4.8).

Projective nested Cartesian codes were introduced and studied in [11]. This type of
evaluation codes generalize the classical projective Reed—Muller codes [49]. As an appli-
cation in Section 3.5, we will give some support for the following interesting conjecture.

Conjecture 3.5.2. (Carvalho, Lopez-Neumann, and Lépez [11]) Let Ay, ..., A be sub-
sets of K and let Cx(d) be the d-th projective nested Cartesian code on the set X =



xviii Introduction

[Ay X - x Ag] with d; = |A;] fori=1,...,s. Then its minimum distance is given by

(dpyo =0+ 1) dpys---ds  ifd <) (di—1),
=2

dx(d) = s
1 ifd> > (d; —1)+1,
i=2

where 0 < k < s—2 and { are integers such that d = Zf;l (di — 1)+l and 1 < < djo—1.
We find a counterexample where this conjecture fails in general (Example 3.5.8). How-
ever the conjecture holds in certain cases. One could ask whether or not the conjecture
is valid for d < reg(d;¢x)).
Let < be the lexicographical order on S with z; < --- < x,. Carvalho et. al. found a
Grobner basis for I(X') whose initial ideal is L, and obtained formulas for the regularity

and the degree of the coordinate ring S/I(X’) (Proposition 3.5.3).

They showed the conjecture for certain families, and essentially showed that their
conjecture can be reduced to:
Conjecture 3.5.4. (Carvalho, Lopez-Neumann, and Lépez [11]) If f € Sy is a standard
polynomial such that (I(X): f) #1(X), 1 <d <> _,(di—1), and Vx(f) is zero set of
fin X, then

[Va(f)] < deg(S/1(X)) = (dis2 — £+ 1) dypys - - - ds,

where 0 < k < s — 2 and { are integers such that d = Zf;l (di—1)+Cand1 < (<
dp2 — 1.

We show an explicit upper bound for the number of zeros of f in X
Theorem 3.5.5. |[Vx(f)| < deg(S/(in<(1(X)),z%)) =

r+1

deg(S/I(X)) — Z(di —a;)-(dy—ay)  ifa, <d,

deg(S/I(X)) — (dry1 — apy1) -+ (ds —as)  if ap > d, + 1.

Then we use Theorem 3.5.5 to show Conjecture 3.5.4 when the variable z; divides the
leading monomial of f.

Theorem 3.5.6. If x; divides x* = in<(f), then
[Va(F)] < deg(S/1(X)) = (diya = €+ 1) diys - - ds,

where 0 < k < s—2 and { are integers such that d = Zf;l (d; — 1)+l and 1 <l < djo—1.

As a consequence we show that the minimum distance of Cx(d) of Conjecture 3.5.2 is
in fact the minimum distance of certain evaluation linear code (Corollary 3.5.7).

In Chapter 4, we introduce the edge ideal I(D) of a weighted oriented graph D, for
convenience we recall the definition of this notion below. The study of this ideal was
motivated because edge ideals of weighted oriented graphs arise in the theory of Reed—
Muller codes as initial ideals of vanishing ideals of projective nested Cartesian sets over
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finite fields [11, 40, 49]. Indeed, the ideal L is the edge ideal of a complete weighted
oriented graph and is the initial ideal of I(X). Recall that in Section 3.4, we studied
these edge ideals and some of their algebraic invariants from an algebraic point of view.
In Chapter 4, we continue this study and develop an algebraic combinatorics theory of
these ideals, determine the irredundant irreducible decomposition of 7(D) in terms of the
notion of strong vertex cover, give a characterization of the associated primes and the
unmixed property for certain weighted oriented graphs. Finally, we study the Cohen—
Macaulay property of 1(D) [45].

A weighted oriented graph is a triplet D = (V(D), E(D),w), where V(D) is a finite
set, E(D) C V(D) x V(D) and w is a weight function w: V(D) — N. This set V(D) is
the vertex set of D and E(D) is the edge set of D. Sometimes we will write V' and FE for
the vertex set and edge set of D, respectively. The weight of z € V(D) is w(z). The set
{z € V(D) | w(z) # 1} is denoted by V*. If e = (z,y) € E(D), then x is the tail of e
and y is the head of e. The underlying graph of D is the simple graph G whose vertex set
is V' and whose edge set is {{z,y}|(z,y) € E}. If V(D) = {z1,..., x5}, then we consider
the polynomial ring S = K|[xz,...,x,] in s variables over a field K. The edge ideal of D
is the ideal of S is given by

I(D) := (mixw(mj) (x4, 75) € E(D)),

see Definition 4.2.2. If w(z) = 1 for all z € V(D), we recover the edge ideal of a graph
because in this case I(D) is I(G).

In Section 4.1, we study the vertex covers of D and extend the classical definition in
graph theory of minimal vertex cover by introducing the notion of strong vertex cover
(Definition 4.1.8) and prove that a minimal vertex cover is strong (Corollary 4.1.10). A
set of vertices C' of G (resp. D) is called a vertex cover of G (resp. of D) if any edge of G
(resp. D) contains at least one vertex of C'. Note that C'is a vertex cover of G if and only
if C'is a vertex cover of D. A vertex cover C' of G or D is minimal if for any other vertex
cover C" with C" C C one has C' = C. Now, we explain some definitions and introduce
some more notation.

Let D be a weighted oriented graph and let x be a vertex of D. The out-neighbourhood
and the in-neighbourhood of x are given by

Np(x) =A{y | (x,y) € E(D)} and Np(2) ={y | (y, ) € E(D)},

respectively. Furthermore, the neighbourhood of x is the set Np(z) = Nj(x) U Ny (z).

Let C' be a vertex cover of D, we define the following partition of C"
o [,(C):={xeC|Ni@)nCe 0},
o [1H(C):={xeC|x¢ L (C)and Ny(x)NC* # 0},

o Ly(C):=C\ (Li(C) U Ly(0)),
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V(D)

Figure 1: L;(C), Ly(C) and L3(C).

where C° is the complement of C, i.e., C¢ = V(D) \ C. It is not hard to see that L3(C)
is the set of all x € V(D) such that Np(x) C C' (Proposition 4.1.6). To illustrate L;(C),
Ly(C) and L3(C) see Figure 1.

A vertex cover C' of D is strong if for each z € L3(C) there is (y,x) € E(D) such
that y € Lo(C) U L3(C) and w(y) > 1. An important fact is that a strong vertex
cover is not always minimal. The vertex set V(D) is clearly a vertex cover that is not
minimal. Furthermore since L3(V (D)) = V(D), V(D) is a strong vertex cover if and only
if Ny(z) nVT # 0 for each € V(D) (Remark 4.1.11). In Example 4.2.15, we give a
weighted oriented graph D, where V(D) is a strong vertex cover properly containing all
other strong vertex covers. We give necessary and sufficient conditions for the vertex set
of D to be a strong vertex cover (Lemmas 4.1.14 and 4.1.15).

We are able to characterize when V(D) is a strong vertex cover of D in terms of
unicycle oriented subgraphs (Definition 4.1.13).

Propositon 4.1.16. Let D = (V, E,w) be a weighted oriented graph, hence V is a strong
vertex cover of D if and only if there are Dy, ..., Dy unicycle oriented subgraphs of D such
that V. (D), ..., V(Dy) is a partition of V =V (D).

The strong vertex covers will determine the irredundant irreducible decomposition of
the edge ideal of D by associating an irreducible ideal to each vertex cover of D. Let C
be a vertex cover of D, the irreducible ideal associated to C' is the ideal of S given by

Io = (L(C) U {a™ | 2; € Ly(C) U Ly(O)}).

The following are some of our main results on edge ideals of weighted oriented graphs.
The next theorem gives a combinatorial characterization of the minimal irreducible ideals
(Definition 4.2.7) of I(D) that would lead us to determine its irredundant irreducible
decomposition (Definition 4.2.1).

Theorem 4.2.12. The following conditions are equivalent:
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(1) q is a minimal irreducible monomial ideal of I(D).

(2) There is a strong vertex cover C' of D such that q = I¢.

We are able to show that an irredundant primary decomposition (Definition 1.3.15,
Corollary 1.3.17) of I(D) is the irredundant irreducible decomposition of I(D).
Theorem 4.2.13. If S(D) is the set of strong vertex covers of D, then the irredundant
irreducible decomposition of I(D) is given by I(D) = (Noegp) Lo

If C,...,C; are the strong vertex covers of D, then by Theorem 4.2.13, I, N---N ¢,
is the irredundant irreducible decomposition of I(D). Furthermore, if p; = rad(Is,), then
p; = (C;). So, p; #p; for 1 <i < j <t. Thus, Ic, N---NIg, is an irredundant primary
decomposition of I(D). In particular we have Ass(I(D)) = {p1,...,p:}.

The ideal I(D) is unmized if all its associated primes have height equal to ht((D))
(Definition 1.4.11). The unmixed property is important because Cohen—Macaulay ideals
are unmixed [22, Corollary 1.5.14]. In Section 4.3, we use the two previous results to
prove the following combinatorial characterization of the unmixed property of 1(D).

Theorem 4.3.1. The following conditions are equivalent:
(1) I(D) is unmized.
(2) All strong vertex covers of D have the same cardinality.

(3) I(G) is unmized and L3(C) =0 for each strong vertex cover C' of D.

In addition we prove that the unmixed property of a weighted oriented graph is closed
under c-minors (Definition 4.3.4).

Theorem 4.3.7. If D is unmized, then a c-minor of D is unmized.

We say that a weighted oriented graph D has the minimal-strong property if each
strong vertex cover is a minimal vertex cover (Definition 4.3.2). The following picture
illustrated our results about the unmixed property of D.

D has the minimal-

I(D) is unmixed

|

G is unmixed

All strong vertex
covers of D have
the same cardinality

|

strong property

Furthermore, if the underlying graph H of a weighted oriented graph H is a whisker
graph, bipartite graph or a cycle, we give an effective combinatorial characterization of

All minimal vertex
covers of G have
the same cardinality

All strong vertex
covers are minimal
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the unmixed property of the edge ideal of H. First, we explain the definition of a whisker
graph, the origin of the name is clear from a picture where a whisker is added to each
vertex of a cycle (see Figure 2), this terminology appears in [48].

To add a whisker to a vertex x of a graph G, one adds a new vertex y and the
edge connecting y and x. Then, a whisker graph of G is a graph H whose vertex set is
V(H) =V (G)U{y1,...,ys} and whose edge set is E(H) = E(G)U{{z1,11},...,{zs,ys}}
(Definition 4.3.13).

Ys

X3
U1

T L2

Y2
Figure 2: The whisker graph of a 3-cycle.

Let D and H be weighted oriented graphs. We say that H is a whisker weighted
oriented graph of D if D C H and the underlying graph H of H is a whisker graph of the
underlying graph of D (Definition 4.3.14).

Theorem 4.3.15. Let ‘H be a whisker weighted oriented graph of D, where V(D) =
{z1,...,2s} and V(H) = V(D) U{w,...,ys}. The following conditions are equivalents:

(1) I(H) is unmized.
(2) If (zi,y:) € E(H) for some 1 < i <s, then w(z;) = 1.

As an important application of Theorem 4.3.1, we give the following characterization
for unmixed bipartite weighted oriented graphs. Our result is inspired by a criterion of
Villarreal [57, Theorem 1.1] that describe the unmixed property of bipartite graphs in
combinatorial terms. A graph G is bipartite if its vertex set V(G) can be partitioned into
two disjoint subsets V; and V5 such that every edge of G has one end in V; and one end
in V5 (Definition 1.9.3). Accordingly, D is call a bipartite weighted oriented graph if its
underlying graph G is bipartite.

Theorem 4.3.16. Let D be a bipartite weighted oriented graph, then I(D) is unmized if
and only if

(1) G has a perfect matching {{z1,z3},... {x}, 22} } where {z},... xl} and {z3,... 2?}
are stable sets. Furthermore if {x}, x Z} {mka} € E(G) then {z},z}} € E(G).

(2) If w(z )7é1andN+( o) = {al, ... 2k} where {k, K} = {1,2}, then Np(af) C
NF(z »)andN( YNV =0 for each 1 < (<.
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For a cycle C,, (Definition 1.9.3), it is well known that C,, is unmixed if and only if
n = 3,4,5,7 [22, Exercise 2.4.22]. However, to study unmixed weighted oriented cycles
we need to consider the following obstructions:

D2 Dg D4

w(zy) #1  w(zz) #1 1 w(zg) #1

w(ws) # 1 w(zs) #

w(zyg) #1 1

Then, our characterization for the unmixed property of weighted oriented cycles is the
following:
Theorem 4.3.19. If the underlying graph of a weighted oriented graph D is a cycle and

w is the weight function of D, then I(D) is unmized if and only if one of the following
conditions hold:

1) n =3 and there is x € V(D) such that w(x) = 1.

3) n =75, there is (x,y) € E(D) with w(x) =w(y) =1 and D % Dy, D # Dy, D # Ds;.

(1)
(2) n € {4,5,7} and the vertices with weight greater than 1 are sinks.
(3)
(4)

D2D4.

Finally in Section 4.4, we study the Cohen—Macaulayness of I(D). We say that a
weighted oriented graph D is Cohen-Macaulay over the field K if the ring S/I(D) is
Cohen—Macaulay (Definitions 1.4.4 and 4.4.1). And we propose the following interesting
conjecture.

Conjecture 4.4.5. I(D) is Cohen—Macaulay if and only if 1(D) is unmized and I(G) is
Cohen—Macaulay.

In fact, it is clear that rad(/(D)) is the edge ideal of the underlying graph G (Defini-
tion 1.9.14) of D. Then, if I(D) is a Cohen-Macaulay ideal, applying a result of Herzog,
Takayama and Terai [30, Theorem 2.6], we have that I(G) is Cohen-Macaulay. Further-
more (D) is unmixed. This means that to prove Conjecture 4.4.5 we need only show
that if (D) is unmixed and I(G) is Cohen—Macaulay then I(D) is Cohen—Macaulay.

As a support to Conjecture 4.4.5, we characterize the Cohen—Macaulayness when D
is a weighted oriented path or a complete weighted oriented graph.
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Proposition 4.4.6. Let D be a weighted oriented graph such that V = {z1,...,x;} and
whose underlying graph is a path G = {x1,...,x}. Then the following conditions are
equivalent:

(1) S/I(D) is Cohen—Macaulay.
(2) 1(D) is unmized.

(3) k=2 or k = 4. In the second case, if (z3,x1) € E(D) or (v3,24) € E(D), then
w(ze) =1 or w(zs) =1 respectively.

Theorem 4.4.7. If the underlying graph G of a weighted oriented graph D is a complete
graph, then the following conditions are equivalent:

(1) I(D) is unmized.
(2) I1(D) is Cohen—Macaulay.

(3) There are not Dy, . .., D, unicycle oriented subgraphs of D such that V (Dy), ...,V (D;)
is a partition of V(D).

The previous result allows us to recover some the algebraic properties of the initial
ideal of the vanishing ideal of a projective nested Cartesian set over a finite field (Lemma
3.4.1, Corollary 4.4.8), which was studied in Section 3.4 from an algebraic point of view.

For all explained terminology and additional information, we refer to [9, 13, 16] (for
the theory of Grobner bases, commutative algebra, and Hilbert functions), and [37, 51]
(for the theory of error-correcting codes and linear codes). In the first chapter we present
some of the results that will be needed throughout this work and introduce some notation.
Some of the results of this chapter are well known. We recall some necessary preliminaries
on algebraic geometry, commutative algebra and graph theory. Some of the main topics
in this chapter are Noetherian modules, Hilbert functions, Grobner bases theory, also, we
introduce the family of Reed—Muller-type codes and define their basic parameters (length,
dimension, minimum distance).
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Chapter 1

Preliminaries

In this chapter we introduced some notion and results from commutative algebra that
will be needed throughout this work. For instance we introduce primary decomposition
of modules, Cohen-Macaulay modules and rings, Hilbert function. There are very good
references to learn commutative algebra, we use mainly [5, 13, 16, 22, 26, 41, 58|.

We write a section about graph theory in order to understand relevant results in
Section 2.2 and Chapter 4. All results of this section are well-known.

1.1 Noetherian modules

Definition 1.1.1. Let R be a commutative ring and let M be an R-module. M is called
Noetherian if every submodule N of M is finitely generated, that is N = Rfy1 +---+ Rf,,
for some f1,..., fy.

The following theorem gives us a characterization of the definition of Noetherian mod-
ule.

Theorem 1.1.2. [58, Theorem 2.1.1] The following conditions are equivalent:

(a) M is Noetherian.

(b) M satisfies the ascending chain condition for submodules; that is, for every ascend-
ing chain of submodules of M

NoCN1C"'CNnCNn+1C"'CM

there exists an integer k such that N; = Ny for every i > k.

(¢) Any family F of submodules of M partially ordered by inclusion has a mazimal
element, i.e, there is N € F such that if N C N; and N; € F, then N = N;.



2 Preliminaries

Proposition 1.1.3. [16, Proposition 1.4] If M is a finitely generated R-module over a
Noetherian ring R, then M s a Noetherian module.

Corollary 1.1.4. If R is a Noetherian ring and I is an ideal of R, then R/I and R™ are
Noetherian R-modules. In particular any submodule of R™ is finitely generated.

Theorem 1.1.5. (Hilbert’s basis theorem [5, Theorem 7.5]) A polynomial ring R|x] over
a Noetherian ring R is Noetherian.

Definition 1.1.6. Let R be a ring and let I C R be an ideal, the set of all prime ideals
of R containing [ is denoted by V(I) and is called the variety of I. And the minimal
primes of I are the minimal elements of V' (I) respect to inclusion.

1.2 Krull dimension and height

In this thesis we will always assume that the rings will be noetherian.

Definition 1.2.1. Let R be a ring.

e The set of all prime ideals of a ring R is called the spectrum of R, denoted by
Spec(R).

e A chain of prime ideals of R is a finite strictly increasing sequence of primes ideals
Po CPp1 C - C Py,

the integer n is called the length or the chain.

e The Krull dimension of R, denoted by dim(R), is the supremum of the lengths of
all chains of prime ideals in R.

e Let p be a prime ideal of R, the height of p, denoted by ht(p), is the supremum of
the lengths of all chains of prime ideals

PoCpr C---Cpp=p
which end at p.
e If I is an ideal of R, then ht([), the height of I, is defined as
ht(7) = min{ht(p) | I C p and p € Spec(R)}.

In general dim(R/I) + ht(/) < dim(R). The difference dim(R) — dim(R/I) is called the
codimension of I and dim(R/I) is called the dimension of I.

Definition 1.2.2. Let M be an R-module.
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e The annihilator of M is given by
anng(M) ={z € R | zM = 0},
if m € M, the annihilator of m is ann(m) = ann(Rm).
e Let Ny and N, be submodules of M, their ideal quotient or colon ideal is defined as
(N1: pNo) ={x € R| 2N, C N,}.

Remark 1.2.3. The dimension of an R-module M is dim(M) = dim(R/ann(M)) and
the codimension of M is codim(M) = dim(R) — dim(M).

Theorem 1.2.4. [16, Corollary 10.3] If R[z| is a polynomial ring over a Noetherian ring
R, then dim(R[z]) = dim(R) + 1.

1.3 Primary decomposition of modules

Definition 1.3.1. Let R be a ring and let I be an ideal of R.

The radical of I is

rad(/) = {x € R | 2™ € I for some n > 0}.

rad(0) is called the nilradical of R, is the set of nilpotent elements of R and is
denoted by Mg or nil(R).

e A ring is reduced if its nilradical is zero.

e The Jacobson radical of R is the intersection of all the maximal ideals of R.

Proposition 1.3.2. [16, Corollary 2.12] If I is a proper ideal of a ring R, then rad(I) is
the intersection of all prime ideals containing I.

Definition 1.3.3. Let M be a module over a ring R. The set of associated primes
of M, denoted by Assg(M), is the set of all prime ideals p of R such that there is a
monomorphism ¢ of R-modules:

R/p — M.

Note that p = ann(¢(1)).
Lemma 1.3.4. [58, Lemma 2.1.12] If M # 0 is an R-module, then Ass(M) # 0.

If M = R/I, we say that an associated prime ideal of R/I is an associated prime ideal
of I and we set Ass(I) = Ass(R/I).
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Definition 1.3.5. Let M be an R-module, the support of M, denoted by Supp(M), is
the set of all prime ideals p of R such that M, # 0, where M, is the localization of M at
the prime p.

Definition 1.3.6. Let M be an R-module. An element x € R is a zero divisor of M if
there is 0 # m € M such that xm = 0. The set of zero divisors of M is denoted by Z(M).
If x is not a zero divisor on M, z is called a reqular element of M.

Lemma 1.3.7. [58, Lemma 2.1.19] If M is an R-module, then

zon= U »

pEAssr(M)

Lemma 1.3.8. [9, Lemma 1.5.6] If M is an N-graded R-module and p is in Ass(M), then

p is a graded ideal and there is m € M homogeneous such that p = ann(m).

Lemma 1.3.9. Let V # {0} be a vector space over an infinite field K. Then V' is not a
finite union of proper subspaces of V.

Proof. By contradiction. Assume that there are proper subspaces Vi,...,V,, of V such
that V = |-, Vi, where m is the least positive integer with this property. Let

v eVi\(VaU---UV,)and vy € Vo \ (VIUVZU---UV,,).

Pick m + 1 distinct non-zero scalars ko, ..., k,, in K. Consider the vectors 3; = v; — k;vy
for @ = 0,...,m. By the pigeon-hole principle there are distinct vectors 3., 3, € V; for
some j. Since §3, — Bs € V; we get vy € V;. Thus j = 2 by the choice of v,. To finish the
proof observe that £, € V5 imply vy € V5, which contradicts the choice of v;. O

Proposition 1.3.10. Let I be a graded ideal of R. If K is infinite and m is not in
Ass(R/I), then there is hy € Ry such that hy € Z(R/I).

Proof. Let pq,...,pm be the associated primes of R/I. As R/I is graded, by Lemma 1.3.8,
P1, ..., pm are graded ideals . We proceed by contradiction. Assume that R;, the degree
1 part of S, is contained in Z(R/I). By Lemma 1.3.7, one has that Z(R/I) = |J.-, pi.
Hence

Ry C (p1)1U (p2)1U-- U (pm)1 C Ry,

where (p;); is the homogeneous part of degree 1 of the graded ideal p;. Since K is infinite,
from Lemma 1.3.9, we get Ry = (p;); for some i. Hence, p; = m, a contradiction. [

Definition 1.3.11. Let M be an R-module.

e The minimal primes of M are defined to be the minimal elements of Supp(M) with
respect to inclusion.
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e A minimal prime of M is called an isolated associated prime of M. An associated
prime of M which is not isolated is called an embedded prime.

Definition 1.3.12. Let M be an R-module. A submodule N of M is said to be a p-
primary submodule if Assg(M/N) = {p}. An ideal q of a ring R is called a p-primary
ideal if Assgp(R/q) = {p}.

Definition 1.3.13. Let M be an R-module. A submodule N of M is said to be irreducible
if N cannot be written as an intersection of two submodules of M that properly contain

N.

Proposition 1.3.14. [58, Proposition 2.1.24] Let M be an R-module. If QQ # M is an
irreducible submodule of M, then Q) is a primary submodule.

Definition 1.3.15. Let M be an R-module and let N C M be a proper submodule.
An irredundant primary decomposition of N is an expression of N as an intersection of
submodules, say N = Ny N ---N N,, such that:

(a) (Submodules are primary) Assg(M/N;) = {p;} for all 7.
(b) (Irredundancy) N # Ny N --- N N;—; N Nipp N --- NN, for all .

Theorem 1.3.16. [58, Proposition 2.1.27] Let M be an R-module. If N C M is a proper
submodule of M, then N has an irredundant primary decomposition.

Corollary 1.3.17. If R s a Noetherian ring and I is a proper ideal of R, then I has an
irredundant primary decomposition I = q; N --- N q,, such that, q; s a p;-primary ideal

and Ass(R/I) = {p1,...,p.}.

Proof. Let (0) =1/I = (q1/I)N---N(q,/I) be an irredundant decomposition of the zero
ideal of R/I. Then I = q;N---Ngq, and q;/I is p;-primary; that is Ass((R/I)/(q;/1)) =
Ass(R/q;) = {p;}. Now show that q; is a primary ideal. If xy € q; and = ¢ q;, then y is a
zero-divisor of R/q;, but Z(R/q;) = p;, hence y € p; = rad(ann(R/q;)) = rad(q;) and y"
is in q; for some n > 0. [l

Corollary 1.3.18. [58, Corollary 2.1.29] If M is an R-module, then

rad(ann(M))= () p.
peAss(M)

Corollary 1.3.19. [58, Corollary 2.1.30] If N € M and N = Ny N ---N N, is an
irredundant primary decomposition of N with Assgr(M/N;) = {p;}, then

Assgr(M/N) = {p1,...,p.}

and ann(M/N;) is a p;-primary ideal for all .
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1.4 Cohen—Macaulay rings and modules

We introduce a some special type of rings and modules called Cohen—Macaulay, this topic
is well studied in commutative algebra. The main references for Cohen—Macaulay rings
are [9, 16, 58].

Definition 1.4.1. Let M be an R-module.

e M has finite length if there is a composition series
(O):M()CMlCMlC"'CMr:M,

where M;/M; 1 is a non-zero simple module (that is, M;/M; 1 has no proper sub-
modules other than (0)) for all . Note that M;/M;_; must be cyclic and thus
isomorphic to R/m, for some maximal ideal m. The number r is independent of the
composition series and is called the length of M, it is usually denoted by ¢r(M).

e A sequence 0 :=6y,...,0, in R is called a reqular sequence of M or an M -reqular

sequence if ()M # M and 0; ¢ Z(M/(6,,...,0;, 1)) for all i.

Theorem 1.4.2. (Dimension theorem [41, Theorem 13.4]) Let (R, m) be a local ring and
let M be an R-module. Set

(M) =min{r | there are xy,...,x, € m with (g(M/(z1,...,2,)M) < 00},
then dim(M) = 6(M).

Lemma 1.4.3. [58, Lemma 2.3.6] Let M be a module over a local ring (R,m). If6y,...,0,
is an M-regular sequence in m, then r < dim(M).

Definition 1.4.4. Let (R, m) be a local ring and M # 0 an R-module.

e The depth of M, denoted by depth(M), is the length of any maximal regular se-
quence on M, which is contained in m.

e M is called a Cohen—Macaulay module (C-M for short) if depth(M) = dim(M).
e R is called a Cohen—Macaulay ring if R is C-M as an R-module.

e If the dimension of M is d. A system of parameters (s.o.p. for short) of M is a set
of elements 61, ...,0; in m such that

ER(M/(Gl, ... ,Od)) < 0.

Definition 1.4.5. Let R be a Noetherian ring and M an R-module.
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e M is a Cohen—Macaulay module if M, is a C-M module for all maximal ideals
m € Supp(M). In particular we consider the zero module to be Cohen-Macaulay.

e As in the local case, R is a Cohen—Macaulay ring if R is C-M as an R-module.
e Anideal I of R is Cohen—Macaulay if R/I is a C-M R-module.

Lemma 1.4.6. (Depth lemma [55, p. 305]) If0 - N — M — L — 0 is a short exact
sequence of modules over a local ring R, then

(a) If depth(M) < depth(L), then depth(N) = depth(M).
(b) If depth(M) = depth(L), then depth(N) > depth(M).
(c) If depth(M) > depth(L), then depth(N) = depth(L) + 1.

Lemma 1.4.7. [58, Lemma 2.3.10] If M is a module over a local ring (R,m) and z € m
15 a reqular element of M, then

(a) depth(M/zM) = depth(M) — 1.
(b) dim(M/zM) = dim(M) — 1.

Proposition 1.4.8. [58, Proposition 2.3.19] Let M be a module of dimension d over a
local ring (R, 111) and let = 0., ...,04 be a system of parameters of M. Then M is C-M
if and only iof 0 is an M -reqular sequence.

Lemma 1.4.9. [58, lemma 2.3.20] Let (R, m) be a local ring and let (f1,..., f-) be an
ideal of height equal to r. Then there are f.11,..., fq in m such that fi,..., fq is a system
of parameters of R.

Definition 1.4.10. Let R be a ring and let I be an ideal of R. If I is generated by a
regular sequence we say that I is a complete intersection.

Definition 1.4.11. An ideal I of a ring R is height unmized or unmized if ht(I) = ht(p)
for all p in Assg(R/1).

Proposition 1.4.12. [58, Proposition 2.3.24] Let (R, m) be a Cohen—Macaulay local ring
and let I be an ideal of R. If I is a complete intersection, then R/I is Cohen—Macaulay
and I is unmized.

Theorem 1.4.13. (Unmixedness theorem [41, Theorem 17.6]) A ring R is Cohen—Macaulay
if and only if every proper ideal I of R of height r generated by r elements is unmized.
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1.5 Hilbert function

We introduce the Hilbert function and the notion of degree. In particular, we will recall
some results well-known about a standard method to compute the degree using Hilbert
series. The main references for Hilbert functions are [4, 13, 16, 21].

Let S = K|z, ..., x| be a polynomial ring over a field K and let I C S be an ideal. We
will use the following multi-index notation: for a = (ay,...,as) € N°, set x := z{* - - - %,
The multiplicative group of K is denoted by K*. As usual, m will denote the maximal
ideal of S generated by zi,...,z,. The vector space of polynomials in S (resp. I) of

degree at most ¢ is denoted by S<; (resp. I<;).

Definition 1.5.1. Let S = ;2,54 be the polynomial ring with the standard grading
and let I be a graded ideal of S.

e The affine Hilbert function of S/I, denoted by H¢, is given by

H}L(’L) = dlmK(SSZ/ISZ)

e The Hilbert function of S/I, denoted by Hj, is given by
Hi(i) = Hy(i) = Hp (i — 1).

Theorem 1.5.2. (Hilbert [9, Theorem 4.1.3]) Let S = @, Sq be the polynomial ring
with the standard grading and let I be a graded ideal of S with k = dim(S/I). If Sy is a
field, then there is a unique polynomial pr(t) € Q[t] of degree k—1 such that (i) = H;(7)
fori>0.

Let S[u] be a polynomial ring where u = x4, is a new variable. For f € S of degree
d define

fr=ulf(zi/u,... x5/u);

that is, f is the homogenization of the polynomial f with respect to u. The homogeniza-
tion of I is the ideal I" of S[u] given by I" = (f* | f € I), and S[u] is given the standard
grading.

Lemma 1.5.3. Let I be a graded ideal of S. Then, H¢(i) = Hn (i) for i > 0.

Proof. Fix i > 0. The mapping S[u]; — S<; induced by mapping u + 1 is a K-linear
surjection. Consider the induced composite K-linear surjection Sfu); — S<; — S<;/I<;.
An easy check show that this has kernel I". Hence, we have a K-linear isomorphism of
finite dimensional K-vector spaces

Thus, H(i) = Hp(4). 0
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Proposition 1.5.4. Let I C S be an ideal and let k be the Krull dimension of S/I. Then
there are unique polynomials

k k—1
hi(t) = ait’ € Q[t] and hi(t) =) ¢t € Q[
j=0 Jj=0

of degrees k and k — 1, respectively, such that h$(i) = H¢(i) and hy(i) = H;(i) for i > 0.

Proof. Let I" be the homogenization of I relative to a new variable u. By Lemma 1.5.3,
H$(i) = Hpn (i) for i > 0, and by Theorem 1.5.2, the Hilbert function of 1" is a polynomial
function of degree equal to dim(S[u]/I") — 1. Since dim(S[u]/I") = dim(S/I) + 1, we get
that H{ is a polynomial function of degree k. That H; is a polynomial function of degree
k — 1 follows recalling that H;(i) = H (i) — H{(i — 1) for ¢ > 1. O

Definition 1.5.5. The polynomials ~¢ and h; are called the affine Hilbert polynomial
and the Hilbert polynomial of S/I. By convention, the zero polynomial has degree —1.

Now, we introduce some algebraic invariants which will be mentioned throughout this
thesis.

Definition 1.5.6. The integer ay(k!), denoted by deg(S/I), is called the degree of S/I.

Remark 1.5.7. Notice that ag(k!) = cx_1((k — 1)!) for & > 1. If k = 0, then H{(i) =
dimg (S/I) for i > 0 and the degree of S/I is just dimg(S/1).

Definition 1.5.8. The regularity index of S/I, denoted by ri(S/I), is the least integer
r > 0 such that hy(d) = H;(d) for d > r. The affine regularity index of S/I, denoted by
ri®(S/1), is the least integer r > 0 such that h(d) = H}(d) for d > r.

Definition 1.5.9. Let I C S be a graded ideal and consider the minimal graded free
resolution of M = S/I as an S-module:

Fo: 0= @S(=j) = 2> @S(=5)" = 5= /10
j J

The Castelnuovo—Mumford reqularity of M (regularity of M for short) is defined as

reg(M) = max{j — i|b;; # 0}.

Remark 1.5.10. If [ is a graded Cohen—Macaulay ideal of S of dimension 1, then
reg(S/I), the Castelnuovo-Mumford regularity of S/I, is equal to the regularity index
of S/I (see [17]). In this case we call ri(S/I) (resp. ri®(S/I)) the regularity (resp. affine
regularity) of S/I and denote this number by reg(S/I) (resp. reg*(S/I)).

Definition 1.5.11. Let I C S be a graded ideal and let f1, ..., f, be a minimal generating
set of I. The big degree of I is defined as bigdeg(I) = max;{deg(f;)}.
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If I is graded, its regularity is related to the degrees of a minimal generating set of I.
From definition of the regularity of S/I, one has.

Proposition 1.5.12. [17] Let I C S be a graded ideal, then
reg(S/I) > bigdeg(I) — 1.
Remark 1.5.13. The degree or multiplicity of S/I is the positive integer

(k=1)! lim Hy(d)/d"" it k> 1,
— 00

des(S/1) = { dimg (S/1) if k = 0.

Remark 1.5.14. If I is graded, I; = Sy N [ is a vector subspace of Sy and

d
Hi(d) = Z dimg (Sa/1a)

for d > 0. Thus, one has H;(d) = dimg(S/I), for all d.

Definition 1.5.15. Let I C S be a graded ideal. The Hilbert series of S/I, denoted by
Fi(t), is given by

F](t) = i H](d)td == idlmK(S/I)dtd

Proposition 1.5.16. [58, Propositions 3.1.33 and 5.1.11] Let A = Ry/I,, B = Ry/I; be
two standard graded algebras over a field K, where Ry = K[x|, Ry = K|y]| are polynomial
rings in disjoint sets of variables and I; is an ideal of R;. If R = K[x,y| and I = I, + I,
then

(Rl/jl) XK (RQ/IQ) ~ R/[ and F(A R B,t) == F(A,t)F(B,t),

where F(A,t) and F(B,t) are the Hilbert series of A and B, respectively.

Theorem 1.5.17. (Hilbert-Serre [58, Theorem 5.1.4]) Let I C S be a graded ideal. Then
there is a unique polynomial h(t) € Z[t] such

where p = dim(S/1).

Definition 1.5.18. Let I C S be a graded ideal. The a-invariant of the graded ring S/1,
denoted by a(S/I), is the degree of Fi(t) as a rational function, i.e., a(S/I) = deg(h(t))—p.

The a—invariant, the regularity, and the depth of M are closely related.

Theorem 1.5.19. [55, Corollary B.4.1] a(M) < reg(M) — depth(M), whit equality if M
1s Cohen—Macaulay.
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We can read of the degree of S/I from its Hilbert series:

Remark 1.5.20. The leading coefficient of the Hilbert polynomial h;(t) of S/I is equal
to h(1)/(k — 1)l. Thus h(1) is equal to deg(S/I).

Lemma 1.5.21. [58, p. 177] If I C S is an ideal generated by homogeneous polynomi-
als f1,..., fr, with r = ht(I) and 6; = deg(f;), then Hilbert series, the degree and the
reqularity of S/I are given by

’ (1—1¢%) .
Fi(t) = z‘zl(l 5 deg(S/I) =61 --+6, and reg(S/I) =Y (6 — 1).
i=1
Lemma 1.5.22. If I C S is a graded ideal and wu is a new variable, then a(S/I) =
a(Sfu)/I) + 1.

Proof. Let Fi(t) and Fy(t) be the Hilbert series of the graded rings S/I and Slu]/I
respectively. Using additivity of Hilbert series, from the exact sequence

0 — (S[u)/1)[~1] = S[u]/T — Su]/(I,u) — 0,
we get Fy(t) = Fi(t)/(1 —t), that is, deg(F}) = 1 4 deg(F3). O

Lemma 1.5.23. [58, Corollary 5.1.9] Let I C S be a graded ideal. Then ri(S/I) = 0 if
a(S/I) <0, and ri(S/I) = a(S/I) + 1 otherwise.

Lemma 1.5.24. Let I C S be a graded ideal. If dim(S/I) = 1 and deg(S/I) > 2, then
ri(S/I) =ri*(S/I) + 1.

Proof. Let u be a new variable. The affine regularity index of S/I is the regularity index
of Sfu]/I because I is graded. Hence, by Lemmas 1.5.22 and 1.5.23 it suffices to show
that a(S/I) > 0. If a(S/I) < 0, the Hilbert series of S/I has the form F;(t) = 1/(1 — 1),
i.e., Hi(d) =1 for d > 0 and deg(S/I) = 1, a contradiction. O

Theorem 1.5.25. Let I be a graded ideal of S. If depth(S/I) > 0, and Hy is the Hilbert
function of S/I, then H;(i) < H;(i+ 1) for 1> 0.

Proof. Case 1: If K is infinite, by Proposition 1.3.10, there is h € S; a non-zero divisor
of S/I. The homomorphism of K-vector spaces

(S/1); = (S/1)it1, Z+> hz

is injective, therefore H;(i) = dimg (S/1); < dimg(S/1)ip1 = Hi(i + 1).

~ Case 2: If K is finite, consider the algebraic closure K of K. Weset S =S®g K and
I'=1IS. Hence, from [50, Lemma 1.1], one has that H;(I) = H(i). This means that the
Hilbert function does not change when the base field is extended from K to K. Applying
the previous case to Hy we obtain the result. O]
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Lemma 1.5.26. Let I be a graded ideal of S.The following hold.
(a) If S; = I; for some i, then Sy = I, for all £ > i.

(b) If dim(S/I) > 2, then dimg(S/I); > 0 for i > 0.

Proof. a) It suffices to prove the case £ = i + 1. As [;;1 C S;11, we need only show
Sit1 C Iix1. Take a non-zero monomial z® € S;;;. Then, 2% = z{* - -- 2% with a; > 0 for
some j. Thus, z* € 515;. As S11; C I, 1, we get x® € [, ;.

b) If dimg (S/I); = 0 for some ¢, then S; = I;. Thus, by a), H;(j) vanishes for j > 1,
a contradiction because the Hilbert polynomial of S/I has degree dim(S/I) — 1 > 1; see
Theorem 1.5.2. O

Theorem 1.5.27. [20] Let I be a graded ideal with depth(S/I) > 0. If dim(S/I) = 1,
then there is an integer r and a constant ¢ such that:

1=H;0)< H/(1)<---<Hi(r—1) < Hi(i) =c fori >r.

Proof. Consider the algebraic closure K of K. Notice that |K| = oo. As in the proof of
Theorem 1.5.25, we make a change of coefficients using the functor (-) ®x K. Hence we
may assume that K is infinite. By Proposition 1.3.10, there is h € S; a non-zero divisor
of S/I. From the exact sequence

0— (S/D)[-1] L S/T — S/(h, I) — 0,

we get Hy(i +1) — Hy(i) = Hg(i + 1), where R = S/(h, I).

Let 7 > 0 be the first integer such that H;(r) = Hy(r + 1), thus R,.; = (0) and
Syy1 = (hyI);41. Then, by Lemma 1.5.26, Ry = (0) for £ > r 4+ 1. Hence, the Hilbert
function of S/I is constant for k£ > r and strictly increasing on [0, r — 1]. O

Proposition 1.5.28. ([26, Lemma 5.3.11], [44]) If I is an ideal of S and [ = q1N---Nqy,
15 a minimal primary decomposition, then

deg(S/I)= > deg(S/q:).

ht(q:)=ht(1)

Lemma 1.5.29. Let I C S be a radical unmized graded ideal. If f € S is homogeneous,
(I: f)#1I, and A is the set of all associated primes of S/I that contain f, then ht([) =
ht(1, f) and

deg S/(I,f) =) deg(S/p).

peA

Proof. As f is a zero divisor of S/I and I is unmixed, there is an associated prime
ideal p of S/I of height ht([) such that f € p. Thus I C (I, f) C p, and consequently
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ht(7) = ht(/, f). Therefore the set of associated primes of (I, f) of height equal to ht([/)
is not empty and is equal to A. There is an irredundant primary decomposition

(Lf)=an-NgNgpy NN, (1.5.1)

where rad(q;) = pi, A = {p1,...,p}, and ht(q}) > ht(l) for i > r. We may assume
that the associated primes of S/I are py,...,p,. Since I is a radical ideal, we get that
I =", ;. Next we show the following equality:

PN NP =g N NG Ny N NG NPt N N Py (1.5.2)

The inclusion “D” is clear because q; C p; for i = 1,...,r. The equality “C” follows by
noticing that the right hand side of Eq. (1.5.2) is equal to (I, f) N1 N -+ N Py, and
consequently it contains I = [, p;. Notice that rad(q}) = p; ¢ p; for all 4, j and p; Z p;
for i # j. Hence localizing Eq. (1.5.2) at the prime ideal p; for ¢ = 1,...,r, we get that
p,=1,NS=(q:)p, NS =gq; fori=1,...,7. Using Eq. (1.5.1) and the additivity of the
degree the required equality follows. O

We can note that the computation of the dimension, degree, a-invariant or index of
regularity is reduced to the computation of the Hilbert series of S/I, for this we can help
us of different computer algebra systems (Macaulay2 [25] , CoCoA [1], Singular [21])
that compute the Hilbert series and the degree of S/I using Grobner bases. For compute
Hilbert series using elimination of variables we can see [6, 7).

1.6 Grobner theory and footprint of an ideal

In this section we review some basic facts and definitions on Grobner theory and the
footprint of an ideal. The literature on the basics of Grobner bases theory is numerous
we cite for instance [2, 4, 13, 16, 21]. In this thesis we denote by M the set of monomials
in S =Klzy,..., x5

Definition 1.6.1. A total order < on M is called a monomial order or term order if
(a) 1 <2 for all z* € M, and

(b) for all 2%, 2° 2¢ € M, 2% < 2° implies 2%2¢ < 2°z°.

Example 1.6.2. Let S = K[z1,...,x;] be the polynomial ring over a field K.

(a) The lexicographic order (with xs < --- =< x7) is defined by setting

o 2% < 2¥if a =0,

e or the first non-zero entry from the left to the right in b — a is positive.

(b) The graded lexicographic order (with xy < -+ < x1) is defined by setting
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S S
o ¢ <Xzlifa=bor > a; <> b,
i=1 i=1

S S
e orif > a; = > b; then 2% <, b,
] -

= i=1
(c) The graded reverse lexicographic order is defined by setting
o ¢ < zbifa=bor Y a; <> by,
i=1 i=1
e orif Y a; = > b; then the first non-zero entry from the right to the left in b —a
i=1 i=1

is negative.

Definition 1.6.3. Let < be a monomial order on S and let (0) # I C S be an ideal. If
f is a non-zero polynomial in S. Then one can write

f=Mz 4+ At

with \; € K* for all ¢ and 2 > -+ = 2%

The leading monomial: x** of f is denoted by inL(f).

The leading coefficient: Ay of f is denoted by le<(f).

The leading term: \x® of f is denoted by lt(f).

The initial ideal of I, denoted by in (), is the monomial ideal given by

in (1) = ({in<(f)| f € I}).

Definition 1.6.4. To divide f € S by {¢1,...,9-} C S\ {0}, with respect to a monomial
order <, means to find quotients ¢, ...,q, and a remainder r is S such that f = ¢191 +

-+« +¢.g-+ 7, and either r = 0 or no monomial appearing in r is a multiple of in(g;), for
alli e {1,...,r}.

Theorem 1.6.5. (Division algorithm [13, Theorem 3, p. 63]) If f,g1,..., g, are polyno-
maals in S, then f can be written as

f=ag+ - +ag +h,

where a;,h € S and either h = 0 or h # 0 and no term of h is divisible by one of the
initial monomials in<(¢g1), . ..,in<(g.). Furthermore if a;g; # 0, then in(f) > ins(a;g;).

Definition 1.6.6. A subset G = {g1,...,¢,} of I is called a Grébner basis of I if

in%([) = (in<(gl>7 s ,in<(gr)).
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Proposition 1.6.7. [13, Corollary 6, p. 77] Fiz a monomial order on S. Then every
ideal I of S other than {0} has a Grébner basis. Furthermore, any Grébner basis of an
ideal I is a set of generators of I.

Proposition 1.6.8. [13, Proposition 9,p. 463] Let I be a homogeneous ideal and let < be
a monomial order on S. Then the initial ideal in(I) has the same Hilbert function as I.

Definition 1.6.9. Let I C S be an ideal.

e The footprint of I (with respect to a fixed monomial order in M) is the set

A(I)={M € M| is not the leading monomial of any polynomial on I}.

e The elements of A(I) are called standard monomials of I.

e A polynomial f is called standard if f # 0 and f is a K-linear combination of
standard monomials.

The footprint of an ideal I has a close relationship with a Grébner basis for 7, both
begin defined with respect to the same monomial order on M.

Lemma 1.6.10. If I C S is an ideal and G = {g1, ..., -} is a Grobner basis of I. Then
a monomial z is in A (I) if and only if z* is not a multiple of inL(g;) for alli =1,... r.

Proof. (<) Is obvious from the definition of A~ (7).

(=) From the definition of Grébner basis we know that if 2 is not a multiple of in(g;)
forall i =1,... r, then 2% is not the leading monomial of any polynomial in 1. O

Remark 1.6.11. We can define a Grébner basis for I as being a set {g1,...,g,} C I such
that the set of monomial which are multiples of in.(g;) for some i € {1,...,r} is exactly

M\ AL(D).

In the following example we show how to use the above result to obtain a graphical
representation of the footprint.

Example 1.6.12. Let I = (2% — z,y® — y, 2%y — y) C R[z,y| and endow the monomial
set of Rz, y] with the lexicographic order where y < x. It is not difficult to check that
{2®—z,y3—vy, 2%y —y} is a Grobner basis for . We have in_ (23 —2) = 23, inL (y3—y) = 3
and in(z%y — y) = 2%y and we apply the above lemma to determine A _(T).

We can see the footprint of I in the figure below, where we represent a monomial z%° by
the pair of non negative integers (a,b).
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........... eleading monomials of the

o : Grobner basis for [
: e Monomials of A(T)

In fact, the pairs (3,0), (0, 3), (2,1) correspond to the leading monomials of the Grébner
basis and from them is easy to determine the monomials which are multiples of at least
one of these leading monomials (thus determining the set of monomials of the polynomials
in ). Form this set and the above result we get that AL (1) = {1, z, 2%y, vy, v*, xy*}.
This graphical representation for the footprint can be generalized for a polynomial ring
in n-variables.

This follows from the definition of a Grobner basis.

Lemma 1.6.13. [10, p. 2| Let I C S be an ideal generated by G = {g1, ..., g}, then

A<(I) - A<(in<(gl>a s 7in<(gr))7
with equality if G is a Grobner basis.

Proof. Take z%in AL(I). If 2* ¢ AL(in<(¢1),...,in<(g,)), then 2% = z¢in.(g;) for some i
and some x°¢. Thus 2% = inL(z°;), with 2°g; in I, a contradiction. The second statement
holds by the definition of a Grobner basis. n

Lemma 1.6.14. Let < be a monomial order, let I C S be an ideal, and let f be a
polynomial of S of positive degree. If ins(f) is reqular on S/ing(I), then f is reqular on
S/1I.

Proof. Let g be a polynomial of S such that gf € I. It suffices to show that g € I.
By the Theorem 1.6.5 we may assume that ¢ = 0 or that g is a standard polynomial
of S/I. If g # 0, then in.(g)in<(f) is in in<(/) and consequently in.(g) is in inc(), a
contradiction. ]

Lemma 1.6.15. Let G = {¢1,...,g.} be a Grébner basis of 1. If for some i, the variable
z; does not divides inL(g;) for all j, then x; is a reqular element on S/I.

Proof. Assume that z;f € I. By the division algorithm we can write f = g + h, where
g € I and h is 0 or a standard polynomial. It suffices to show that h = 0. If h # 0,
then x;ins(h) € ing([). Hence, using our hypothesis on z;, we get ins(h) € ing([), a
contradiction. O]

This lemma tells us that if x; is a zero divisor of S/I for all ¢, then any variable x;
must occur in an initial monomial in(g;) for some j.
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1.7 Vanishing ideals of finite sets

Definition 1.7.1. Let K be a field. We define the projective space of dimension s — 1
over K, denoted by Pi{_l or P! if K is understood, to be the quotient space

(K\{0})/ ~

where two points «, 5 in K*®\ {0} are equivalent under ~ if o = ¢ for some ¢ € K. It is
usual to denote the equivalence class of a by [a].

Definition 1.7.2. Let X be a subset of P51,

e The vanishing ideal of X denoted by I(X), is defined as the graded ideal generated
by the homogeneous polynomials in S that vanish at all points of X.

e For a graded ideal I C S define its zero set relative to X as

Vx(I) = {[a] € X| f(a) =0, Vf € I homogeneous} .

e If f € S is homogeneous, the zero set of f, denoted by Vi(f), is the set of all [o] € X
such that f(«) = 0, that is, Vx(f) is the set of zeros of f in X.

Lemma 1.7.3. [31, Proposition 6.3.3, Corollary 6.3.19] Let X be a finite subset of P57,
let [a] be a point in X, with o = (a,...,as) and oy, # 0 for some k, and let 14 be the
vanishing ideal of [a]. Then Ijq) is a prime ideal,

Iio) = ({ouwm; — |k #1 € {1,...,s}), deg(S/1j)) = 1,

ht(Io) = s — 1, and I(X) = () g is the primary decomposition of I(X).
[BleX

Corollary 1.7.4. If X C P*~! is a finite set, then deg(S/I1(X)) = |X].
Proof. Tt follows from Lemma 1.7.3 and Proposition 1.5.28. O
If X is a subset of P*~! it is usual to denote the Hilbert function of S/I(X) by Hx.
Proposition 1.7.5. [20] If X C P*~! is a finite set, then
1 = Hx(0) < Hx(1) < --- < Hx(r — 1) < Hx(d) = [X]
ford >r =reg(S/1(X)).
Proof. 1t follows from Theorem 1.5.27. O

Lemma 1.7.6. If () # X C P*~! and dim(S/I1(X)) = 1, then |X| < oo and deg(S/I1(X)) =
1X].
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Proof. Since dim(S/1(X)) = 1, the Hilbert polynomial of S/I(X) has degree 0. Then the
Hilbert function of S/I(X) is Hx(d) = ay for d > 0. If |X| > ay, pick [Pi],. .., [Pa41]
distinct points in X and set [ = (/1! Ijp;, where Ijp is the vanishing ideal of [P].
Then by Proposition 1.5.28 we have, dim(S/I) = 1 and deg(S/I) = a; + 1. Hence, by
Corollary 1.7.4, H;(d) = a; + 1 for d > 0. From the exact sequence

0—I/1(X)—S/I(X)— S/T—0

we get that a; = dimg (I/1(X))g+ (a1 + 1) for d > 0, a contradiction. Thus |X| < a; and
by Corollary 1.7.4 one has equality. O]

Definition 1.7.7. The set T = {[(x1,...,x,)] € P*7!|z; € K*Vi} is called a projective
torus.

Notice that a torus is a group under componentwise multiplication.

1.8 Reed—Muller-type codes

In this section we introduce the families of projective Reed—Muller-type codes and its
connection to vanishing ideals and Hilbert functions. Some references where this codes
have been studied are [15, 24, 23].

Let K =T, be a finite field and let X = {[Py],...,[Pn]} # 0 be a subset of P*~! with
m = |X]|. Fix a degree d > 1. For each i there is f; € Sy such that f;(P;) # 0. There is a
well-defined K-linear map:

P) f(P)
evg: Sq= Klx1, ..., x5)a — K™ H(f(l . 1.8.1
S = Rl P \r@y Fulp .
Definition 1.8.1. e The map evy is called an evaluation map.

e The image of S; under ev,, denoted by Cx(d), is called a projective Reed—Muller-type
code of degree d over the set X. It is also called an evaluation code associated to X.

The kernel of the evaluation map evy is 1(X);. Hence there is an isomorphism of K-
vector spaces Sg/I(X)y =~ Cx(d). If X is a subset of P*~! it is usual to denote the Hilbert
function S/I(X) by Hx. Thus Hx(d) is equal to dimg Cx(d).

Definition 1.8.2. By a linear code we mean a linear subspace of K™ for some m and for
some finite field K.

Definition 1.8.3. Let 0 # v € Cx(d).
e The Hamming weight of v, denoted by ||v]||, is the number of non zero entries of v.
e The minimum distance of Cx(d), denoted by dx(d) or §(Cx(d)), is defined as
0x(d) := minfl[o]]: 0 # v € C)}.
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Definition 1.8.4. The basic parameters of the linear code Cx(d) are its length: |X|,
dimension: dimg(Cx(d)) and minimum distance: dx(d).

Lemma 1.8.5. The following hold.

(a) The map evy is well-defined, i.e., it is independent of the set of representatives that
we choose for the points of X.

(b) The basic parameters of Cx(d) are independent of fi,..., fm.

Proof. (a): If P/,..., P/ is another set of representatives, there are \i,..., A, in K* such
that P/ = \;P; for all i. Thus, f(P})/f;(P!) = f(P)/f:(P;) for f € Sgand 1 <i < m.
(b): Let f1,..., f! be homogeneous polynomials of S of degree d such that f/(P;) # 0 for
1=1,...,m, and let

ev&:Sd—>K|X|, f|—><f(P1) f(Pm)>

fitP) 7 (P)

be the evaluation map relative to fi,..., f/.. Then ker(evy) = ker(ev)) and |levq(f)| =
llevl,(f)|| for f € Sq. It follows that the basic parameters of ev4(S;) and ev/)(S,) are the
same. [

Lemma 1.8.6. Let Y = {[a],[B]} be a subset of P~ with two elements. The following
hold.

(i) veg(S/1(¥Y)) = 1.
(ii) There is h € Sy, a form of degree 1, such that h(a)) # 0 and h(B) = 0.

(iii) For each d > 1, there is f € Sy, a form of degree d, such that f(a) # 0 and
f(B)=0.

(iv) If X is a subset of P5~! with at least two elements and d > 1, then there is f € Sy
such that f ¢ I(X) and (I(X): f) # I(X).

Proof. (i): As Hy(0) = 1 and |Y| = 2, by Proposition 1.7.5, we get that Hy(1) = |Y| = 2.
Thus S/I(Y) has regularity equal to 1.

(ii): Consider the evaluation map

evi: Sy — K? f e (fla)/fila), f(B)/ f2(B)) -
By part (i) this map is onto. Thus (1,0) is in the image of ev; and the result follows.
(iii): Tt follows from part (ii) by setting f = h<.

(iv): By part (iii), there are distinct [o], [f] in X and f € S, such that f(a) # 0, f(5) = 0.
Then f ¢ I(X). Notice that f(3) = 0 if and only if f € Ij5. Hence, by Lemma 1.3.7 and
Lemma 1.7.3, f is a zero divisor of S/I(X), that is, (I(X): f) # I(X). O
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Proposition 1.8.7. There is an integer ro > 0 such that
|X| = 5x(0) > 5x(1) > > 5x(d) = (Sx<7”0) =1 fO’I" d > 7.

Proof. Assume that dx(d) > 1, it suffices to show that 0x(d) > dx(d + 1). Pick g € Sy
such that g ¢ I(X) and

Vx(g)| = max{[Vx(f)[: eva(f) # 0; f € Sa}.

Then 6x(d) = |X| — [Vx(g)| > 2. Thus there are distinct points [a], [5] in X such that
g(a) # 0 and g(f) # 0. By Lemma 1.8.6, there is a linear form h € S; such that h(a) # 0
and h(5) = 0. Hence the polynomial hg is not in [(X), has degree d + 1, and has at least
[Vx(g)| + 1 zeros. Thus dx(d) > dx(d + 1), as required. O

The following summarizes the well-known relation between projective Reed-Muller-
type codes and the theory of Hilbert functions.

Proposition 1.8.8. ([24], [46]) The following hold.
(i) Hx(d) = dimg(Cx(d)) for d > 0.
(i) deg(S/1(X)) = [X].

(iif) dx(d) =1 for d > reg(S/1(X)).

(iv) S/I(X) is a Cohen-Macaulay graded ring of dimension 1.
) C

(v) Cx(d) # (0) ford > 1.

Proof. (i): The kernel of the evaluation map evy, defined in Eq. (1.8.1), is precisely I(X),.
Hence there is an isomorphism of K-vector spaces Sy/1(X)y ~ Cx(d). Thus Hx(d) is equal
to dlmK(Cx(d»

(ii): This follows readily from Corollary 1.7.4.

(iii): For d > reg(S/1(X))), one has that Hx(d) = |X|. Thus, by part (i), we get that
Cx(d) is equal to K®I. Consequently dx(d) = 1.

(iv): Let [P] be a point in X, with P = (a4, ...,a,) and oy # 0 for some k, and let Ijp
be the ideal generated by the homogeneous polynomials of S that vanish at [P]. Then
Iip is a prime ideal of height s — 1,

Iipp = ({anwi — iz k #i € {1,...,s =) I (1.8.2)
Qlex

and the latter is the primary decomposition of I(X). As I;p} has height s — 1 for any
[P] € X, we get that the height of I(X) is s — 1 and the dimension of S/I(X) is 1.
Hence depth(S/1(X)) < 1. To complete the proof notice that, m = (z1,...,xs) is not an
associated prime of (X); that is depth(S/I(X)) > 0 and S/I(X) is Cohen-Macaulay.

(v): This follows readily from Proposition 1.7.5. O
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1.9 Graph theory and edge ideals of graphs

In this section concepts and facts about graph theory and edge ideals are introduced in
order to understand Section 2.2 and Chapter 4. The main references for graph theory are
[8, 14, 22] and for edge ideals we cite [22, 28, 58].

A graph G is an ordered pair of disjoints finite sets (V, E') where E is a subset of the
set of unordered pairs of V. The set V is the set of vertices and the set E is called the
set of edges. Sometimes to refer to the graph G is usually write V(G) and E(G) for the
vertex set and the edge set of G.

Let G := (V, F) be a graph and e = {vy, v, } an edge of G, e is said to join the vertices
vy and v, and we say that the vertices vy and vy are adjacent vertices of GG, it is usual to
say that e is incident with v; and vy. The degree of the vertex v € V| denoted by deg(v)
is the number of incident edges with v. A vertex with degree zero is called an isolated
vertewr.

Definition 1.9.1. Let H and G be two graphs.
e H is called a subgraph of G if V(H) C V(G) and E(H) C E(G).

e A subgraph H is called an induced subgraph if H contains all the edges {v1,v,} €
E(G), with v;,v; € V(H).

e A spanning subgraph is a subgraph H of G containing all the vertices of G.
Definition 1.9.2. Let G be a graph.

e A walk of length n in G is an alternating sequence of vertices and edges

w = {vg, €1, V1, -, U1, €n, Un},
where ¢; = {v;_1,v;}. A walk may also be written {vy,...,v,} with the edges
understood, or {ey, ..., e,} with the vertices understood.

e If vy = v,, the walk w is called a closed walk.

e A path is a walk all its vertices distinct.

We say that G is connected if for every pair of vertices v; and v; there is a path form
v; to vj. Thus G has a vertex disjoint decomposition

G=GNn---NG,

where G, ..., G, are the maximal (w.r.t inclusion) connected subgraphs of G, the G; are
called the connected components of G. A component is called even (resp. odd) if its order
(number of vertices) is even (resp. odd).

Definition 1.9.3. Let G be a graph.
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A cycle of length n, denoted by C,, is a closed path {vg,...,v,} in which n > 3.
e If all the vertices of GG are isolated, G is called a discrete graph.
e A forestis an acyclic graph and a tree is a connected forest.

e (G is a complete graph if every pair of its n vertices are adjacent and is denoted by
K.

e G is bipartite if its vertex set V(G) can be partitioned into two disjoint subsets V}
and V5 such that every edge of G has one end in V; and one end in V5. The pair is
called a bipartition of G.

e (G is a complete bipartite graph if GG is bipartite and we have that V} and V5, are
completely joined.

Definition 1.9.4. The distance d(vy,ve) between two vertices v; and vy of a graph G is
defined to be the minimum of the lengths of all possible paths from v; to vy. If there is
no a path joining v; and vy, then d(vy,ve) = 0.

Proposition 1.9.5. [22, Proposition 2.1.2] A graph G is bipartite if and only if all the
cycles of G are even.

If e is an edge, denoted by G \ {e} the spanning subgraph of G obtained by deleting
e and keeping all the vertices of GG. The removal of a vertex v from a graph G results in
a subgraph G \ {v} of G consisting of all the vertices of G except v and all the edges not
incident with v.

Definition 1.9.6. A set of edges in a graph G is called independent or a matching if no
two of them have a vertex in common.

Definition 1.9.7. Let A be a set of vertices of a graph G. The neighbor set of A, denoted
by N¢(A) or simply by N(A) if G is understood, is the set of vertices of G that are adjacent
with at least one vertex of A.

Definition 1.9.8. Let GG be a graph with vertex set V.

e A subset C C V is a minimal vertex cover of G if:

(a) Every edge of G is incident with at least one vertex in C'.

(b) There is no proper subset of C' with the first property.

If C only satisfies the condition a), then C' is called a vertex cover of G and C' is
said to cover all the edges of G.

e A set of vertices of G is called independent or stable if no two of them are adjacent.
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Remark 1.9.9. A set of vertices in GG is a maximal independent set (with respect to
inclusion) if and only if its complement is a minimal vertex cover of G.

Theorem 1.9.10. (Marriage theorem [22, Theorem 2.1.9]) If G = (V, E) is a bipartite
graph with bipartition (V1,Vs), then the following are equivalent

(a) G has a perfect matching.
(b) |A| < |N(A)| for all A C 'V independent set of vertices.

Definition 1.9.11. An induced matching in a graph G is a set of pairwise disjoint edges
fi, ..., fr such that the only edges of G contained in |J;_, f; are f1,..., f,. The induced
matching number, denoted by im(G), is the number of edges in the largest induced match-

ing.

Definition 1.9.12. A directed graph or digraph D consists of a finite set V(D) of vertices
together with a prescribed collection E(D) of ordered pairs of distinct points called edges
or arrows. An oriented graph is a digraph having no symmetric pair of directed edges.
In other words an oriented graph is a graph together with an orientation of its edges. A
tournament is a complete oriented graph.

Remark 1.9.13. Any tournament has a spanning directed path according to [27].

Edge ideals of graphs. Let G be a graph with vertex set {vy,...,vs} and let S =
K|[zq,...,xs] be a polynomial ring over a field K, with one variable x; for each vertex v;,
we will often identify the vertex v; with the variable x;.

Definition 1.9.14. The edge ideal I(G) associated to the graph G is the ideal of S
generated by the set of square-free monomials z;2; such that v; is adjacent to v;, that is

I(G) = ({wiz; [ {vi,v;} € E(G)}) C S.

If all the vertices of G are isolated we set I(G) = (0). The ring S/I(G) is called the edge
ring of G.

The next result establish a one to one correspondence between the minimal vertex
covers of a graph and the minimal primes of the corresponding edge ideal.

Proposition 1.9.15. [22, Proposition 2.2.2] Let S = K|x1, ...,z be a polynomial ring
over a field K and let G be a graph with vertices x1,...,xs. If p is an ideal of S generated
by C = {z;,...,x; }, then p is a minimal prime of I[(G) if and only if C' is a minimal
vertex cover of GG.

Corollary 1.9.16. If G is a graph and I(G) is its edge ideal, then the vertex covering
number ao(G) (that is the number of vertices in a minimum vertex cover in G) is equal
to the height of the ideal I(G).
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Proposition 1.9.17. [22] Proposition 2.2.11] Let G be a graph with n vertices and let
I(G) be its edge ideal. Then

s = ao(G) + Po(G) = ht(I) + dim(S/I(Q)),
where Bo(G) is the vertex independent number (that is the number of vertices in a maxi-
mum independent set). In particular By = dim(S/I(G)).

Definition 1.9.18. A graph G is said to be an unmized graph if any two minimal vertex
covers of G have the same cardinality.

Definition 1.9.19. A graph G is said to be Cohen—Macaulay over the field K (C-M graph
for short) if S/I(G) is a Cohen—Macaulay ring.

Proposition 1.9.20. [22, Proposition 2.2.14] If G is a Cohen-Macaulay graph, then G
1S unmaizxed.

Proposition 1.9.21. [22, Proposition 2.4.9] If G is a graph and G, ..., G, its connected
components, then G is Cohen—Macaulay if and only if G; is Cohen—Macaulay for all 1.

Proposition 1.9.22. [22, Corollary 2.4.14] If G is a tree, then G is Cohen—Macaulay if
and only if G is unmized.

Proposition 1.9.23. [22, Corollary 2.4.15] The only Cohen—Macaulay cycles are the
triangle and the pentagon.

Lemma 1.9.24. 22, Lemma 2.5.2] Let G' be an unmized bipartite graph and let I(G) be its
edge ideal. If I(G) has height r, then there are disjoints sets of vertices Vi = {vq,...,v,}
and Vo = {uq, ..., u.} such that:

(a) {vi,u;} is an edge of G for all i.
(b) Every edge of G joins Vi with V;.

Corollary 1.9.25. [22, Corollary 2.5.5] If G is a Cohen—Macaulay bipartite graph, then
G\ {v} is Cohen-Macaulay for some vertex v in G.

Theorem 1.9.26. [57, Theorem 1.1] Let G be a bipartite graph without isolated vertices.
Then G is unmized if and only if G has a bipartition Vi = {vy,...,v.}, Vo = {uq,... u,}
such that:

(a) {vi,w;i} € E(G) for alli.
(b) If {vi,u;} and {v;,u;} are in E(G) and i, j, k are distinct, then {v;,ux} € E(G).

Theorem 1.9.27. [28, Theorem 3.4] Let G be a bipartite graph without isolated vertices.
Then G is a Cohen—Macaulay graph if and only if there is a bipartition Vi, = {vy,..., v, },
Vo =A{us,...,u.} of G such that:

(a) {vi,u;} € E(G) for alli.
(b) If {vi,u;} € E(G), theni < j.
(¢) If {vi,u;} and {vj,u;} are in E(G) and i < j < k, then {v;,u;} € E(G).



Chapter 2

Minimum Distance and Footprint
Functions of Graded Ideals

Let S be a graded polynomial ring over a field K, with a monomial order <, and let I be
a graded ideal of S. In this chapter we study two functions associated to I: the minimum
distance function ; and the footprint function fp;. It is shown that d; is positive and
that fp; is positive if the initial ideal of I is unmixed. We show that if I is an unmixed
radical ideal and its associated primes are generated by linear forms, then ¢d; is strictly
decreasing until it reaches the asymptotic value 1. If I is the edge ideal of a Cohen—
Macaulay bipartite graph, we show that ¢;(d) = 1 for d greater than or equal to the
regularity of S/I. For a graded ideal of dimension > 1, whose initial ideal is a complete
intersection, we give an exact sharp lower bound for the corresponding minimum distance
function.

We study ¢; and fp; from a theoretical point of view. The functions d; and fp; were
introduced in [39, 43]. The interest in these functions is essentially due to the following
two facts: the minimum distance function is related to the minimum distance in coding
theory (Theorem 3.2.1) and the footprint function is much easier to compute. There are
significant cases in which either the footprint function is a lower bound for the mini-
mum distance function (Theorem 2.3.2) or the two functions coincide (Proposition 2.3.3,
Theorem 2.5.9).

2.1 Minimum distance function

Let S = K[z1,...,x5] = @), S4 be a polynomial ring over a field K with the standard
grading and let I be a graded ideal of S. We define Fy, the set of all polynomials of degree
d > 0 which are zero divisors of S/I:

Fo=Afe€Sal f¢ 1, I:f)#1},

where (I: f) ={h € S|hf € I} is a quotient ideal. Note that Fo = ().
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Remark 2.1.1. The set Fy = {f € Sq: f ¢ I, (I: f) # I} could be empty for some
values of d. If all the associate primes of S/I are minimally generated by polynomials of
degree at least r > 2, then F; = () for 1 < d < r. On the other hand if I is prime, then
Fq is empty for d > 0.

Lemma 2.1.2. Let I C S be a radical unmized graded ideal and let pq,...,p, be its
associated primes. If [ € Fq for some d > 1, then

deg(S/(I: f)) Zdeg S/pi).
fétpi

Proof. Since I is a radical ideal, we get that I = (", p;. From the equalities

m

(I ) = pi: £) = Nygpbis

i=1

and using the additivity of the degree (Proposition 1.5.28), the required equality follows.
O

Definition 2.1.3. The minimum distance function of I, denoted d;, is the function
0r: N — Z given by

51(d) = { deg(5/1I) — max{deg(S/(1, f)) | f € Fa} if Fa#0,
A deg(S/I) if 7y =0.

The next result will be used to bound the number of zeros of polynomials over finite
fields (Corollary 3.1.2) and to study the general properties of d;.

Lemma 2.1.4. Let I C S be an unmized graded ideal and let < be a monomial order. If
f € S is homogeneous and (I: f) # I, then

deg(5/(1, f)) < deg(5/(in<(1),in<(f))) < deg(S/I).

Proof. To simplify notation we set J = (I, f) and L = (inx(I),in<(f)). First we show
that S/J and S/L have dimension equal to dim(S/I). As f is a zero divisor of S/I
and [ is unmixed, there is an associated prime ideal p of S/I such that f € p and
dim(S/I) = dim(S/p). Since I C J C p, we get that dim(S/J) is dim(S/I). Since S/I
and S/in.(I) have the same Hilbert function, and so does S/p and S/in<(p), we obtain

dim(S/in< (1)) = dim(S/I) = dim(S/p) = dim(S/in<(p)).

Hence, taking heights in the inclusions in,(I) C L C inL(p), we obtain ht(/) = ht(L).

Pick a Grobner basis G = {¢1,...,¢-} of I. Then J is generated by G U {f} and by
Lemma 1.6.13 one has the inclusions

A(J) = A f) € Axling(g), .- -, in<(g,), in(f)) =
AL(ins(1),in<(f)) = A<(L) € Ax(inz(g1), - - -, in(gr)) = A<(]).
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Thus AL(J) € AL(L) € AL(I). Recall that Hy(d), the Hilbert function of I at d, is the
number of standard monomials of degree d. Hence H,(d) < Hy(d) < H;(d) for d > 0. If
dim(S/I) is equal to 0, then

deg(S/.J) = H,(d) < deg(S/L) =Y Hy(d) < deg(S/I) = H;(d).

d>0 d>0 d>0

Assume now that dim(S/I) > 1. By the Hilbert-Serre theorem, H;, Hy, H; are
polynomial functions of degree equal to & = dim(S/I) — 1. Thus

Hi(d)

Y

k! lim HJ£d> < k! lim HLIEd) < k! lim

d—o0 d—o0 d—o0

that is deg(S/J) < deg(S/L) < deg(S/I).

]

Lemma 2.1.5. Let [ C S be an unmized graded ideal and let < be a monomial order. If
f € S\ I is homogeneous and (I: f) # I, then

deg(S/I) =deg(S/(I: f)) + deg(S/(1, f)), in particular deg(S/ (I, f)) < deg(S/I).
Proof. Using that I is unmixed, it is not hard to see that S/I, S/(I: f), and S/(I, f)
have the same Krull dimension. There is an exact sequence
0— S/(I: f)[=d] L5 S/T — S/(I, f) — 0.
Hence, by the additivity of Hilbert functions [58, Lemma 5.1.1], we get
Hy(i) = Hy, py(i — d) + Hy gy (i) for i >0 (2.1.1)

If dim S/I = 0, then using Eq. (2.1.1) one has

ZH} ZH} ni +ZHIf

i>0 i>0 i>0

Therefore, using the definition of degree, the required equality follows. If k = dim S/I—
1 and k£ > 1, by Theorem 1.5.2, Hy, H(; s, and H(;. ) are polynomial functions of degree
k. Then dividing Eq. (2.1.1) by i* and taking limits as i goes to infinity, the required
equality follows.

]

Remark 2.1.6. Let I C S be an unmixed graded ideal of dimension 1. If f € Sy, then
(I: f) =1 if and only if dim(S/(Z, f)) = 0. In this case deg(S/(1, f)) could be greater
than deg(S/1).

The next alternative formula for the minimum distance function is valid for unmixed
graded ideals. It was pointed out to us by Vasconcelos.
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Theorem 2.1.7. Let I C S be an unmized graded ideal and let < be a monomial order
on S. If AL(I)Y is the set of homogeneous standard polynomials of degree d and Sy ¢ 1,
then

5:(d) = minf{deg(S/(I: )| f € Su\ I}
— min{deg(S/(I: )| f € A7},

Proof. The second equality is clear because by the division algorithm any f € Sy \ I can
be written as f = g+ h, where g € I and h € AL(I)}, and (I: f) = (I: h). Next we show
the first equality. If F; =0, 0;(d) = deg(S/I) and for any f € S;\ I, one has that (I: f)
is equal to I. Thus equality holds. Assume that Fy # (). Take f € Fy. Using that I is
unmixed, it is not hard to see that S/I, S/(I: f), and S/(I, f) have the same dimension.
There are exact sequences

0— (I: /)/I— S/IT— S/(I: f) — 0, and
0 — (I: f)/T — (S/D)[~d] -5 S/T — S/(1, f) — 0.
Hence, by the additivity of Hilbert functions, we get
Hi(i) — Hp. py() = Hi(i — d) — Hy (1) + Hp,py(2) for i > 0. (2.1.2)
By definition of d;(d) it suffices to show the following equality

deg(S/(1: [)) = deg(5/1) — deg(S/(L, f))- (2.1.3)

If dim(S/I) = 0, then using Eq. (2.1.2) one has

S Hi(i) =Y Hy. pli) =Y Hi(i—d) =Y Hi(i)+ Y Hupli).

120 120 >0 >0 120

Therefore, using the definition of degree, the equality of Eq. (2.1.3) follows. If k£ =
dim(S/I) — 1, by the Hilbert-Serre theorem, H;, H; s, and H(;. sy are polynomial func-
tions of degree k. Then dividing Eq. (2.1.2) by i* and taking limits as i goes to infinity,
the equality of Eq. (2.1.3) holds. O

Definition 2.1.8. Let [ C S be a non-zero proper graded ideal. The Vasconcelos function
of I is the function ¥;: N, — N, given by

min{deg(S/(I: f))| f € Sa\I} ifm? ¢ I,
Ui(d) = { dos(5/1) N mic

Very little is known about the Vasconcelos function when I is not an unmixed graded
ideal. The following results show some properties of d;.

Theorem 2.1.9. Let [ C S be an unmized graded ideal, let < be a monomial order on
S, and let d > 1 be an integer. The following hold.
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(i) 6;(d) > 1
(ii) If dim(S/I) > 1 and Fq # 0 for d > 1, then 6;(d) > 6;(d+1) > 1 ford > 1.

Proof. (i) If 4 =0, then 6;(d) = deg(S/I) > 1, and if F,; # (), then using Lemma 2.1.5
it follows that d;(d) > 1.

(ii) By part (i), one has d;(d) > 1. The set F, is not empty for d > 1. Thus, by
Theorem 2.1.7, §;(d) = deg(S/(I: f)) for some f € Fy. As I is unmixed and dim(S/I) >
1, m is not an associated prime of S/I. Thus, since (I: f) is a graded ideal, one has
(I: f) € m. Pick a linear form h € Sy such that hf ¢ I. As f is a zero divisor of S/I,
so is hf. The ideals (I: f) and (I: hf) have height equal to ht(/). Therefore taking the
Hilbert functions in the exact sequence

0— (I:hf)/(I:f)—S/(I:f)— S/(I:hf)—0

it follows that deg(S/(I: f)) > deg(S/(I: hf)). Therefore, applying Theorem 2.1.7, we
get the inequality 07(d) > 6;(d + 1). O

Theorem 2.1.10. Let < be a monomial order and let I C S be an unmized ideal of
dimension > 1 such that z; is a zero divisor of S/I fori=1,...,s. The following hold.

(i

) The set Fy={f € Sq: f&1,(I: f)#1I} isnot empty ford > 1.

(i) deg(S/(I,z%)) < deg(S/(in<(1),x*)) < deg(S/I) for any x* € AL(I) N Sy.
) &
)

1(d) >(d+1) ford>1.

(iii

(iv) If I is a radical ideal and its associated primes are generated by linear forms, then
there is an integer rqo > 1 such that

5[(1) > (5[(2) > e > 5[(T0) = 5[((1) =1 fOT’ d> T0-

Proof. (i): Since dim(S/I) > 1, thereis 1 < ¢ < s such that z¢ isnot in I, and (I: z¢) # I
because x{ is a zero divisor of S/I. Thus z¢ is in Fy.

(ii): Since any standard monomial of degree d is a zero divisor, by Lemma 2.1.4, we
get the inequalities in item (ii).

(iii): The set Fy is not empty for d > 1 by part (i). From Theorem 2.1.9(ii) we have
that 07(d) > 6;(d+ 1) for d > 1.

(iv): By Lemma 2.1.4, §;(d) > 1 for d > 1. Assume that 6;(d) > 1. By part (iii) it
suffices to show that d;(d) > d;(d+1). Pick a polynomial F" as in part (iii). Let p1,...,pn,
be the associated primes of I. Then, by Lemma 1.5.29, one has

i(d) = deg(S/T) — deg(S/(1. F))
= > dea(S/p;) = Y dea(S/p;) > 2

Fep;
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Hence there are p;, # p; such that F'is not in p Up,. Pick a linear form h in p; \ p;; which
exists because I is unmixed and py, is generated by linear forms. Then hF' ¢ I because
hE ¢ p;, and hF is a zero divisor of S/I because (I: F') # I. Noticing that F' ¢ p; and
hF' € pi, by Lemma 1.5.29, we get

deg(S/(I,F)) = Y deg(S/pi) < Y deg(S/p;) = deg(S/(I,hF)).

Fep; hFep;
Therefore d;(d) > 6;(d + 1). O

Corollary 2.1.11. If I C S is a Cohen—Macaulay square-free monomial ideal, then there
15 an integer ro > 0 such that

(5[(1) > (5[(2) > e > 5[(7’0) = (5](d) =1 fOT d> 70-

Proof. 1f I is prime, then I is generated by a subset of {x1,...,z,}, deg(S/I) = 1, and
Faq =0 for all d. Hence d;(d) = 1 for d > 1. Thus we may assume that I has at least two
associated primes. Any Cohen—Macaulay ideal is unmixed [58]. Thus the degree of S/I is
the number of associated primes of I. Hence, we may assume that all variables are zero
divisors of S/I and the result follows from Theorem 2.1.10(iv). O

The next result about the asymptotic behavior of the minimum distance function gives
a wide generalization of Theorem 2.1.10(iv).

Theorem 2.1.12. Let I C S be an unmized radical graded ideal. If all the associated
primes of I are generated by linear forms, then there is an integer ro > 1 such that

(5[(1) > 5[(2) > e > 5[(7’0) = 5[(d) =1 fOT’ d>rp.

Proof. Let pyi,...,p,n be the associated primes of I. As p; is generated by linear forms,
then deg(S/p;) = 1 for all i. Indeed if p; = m, then deg(S/p;) is dimg(S/p;) = 1, and if
p; € m, then the initial ideal of p;, with respect to the GRevLex order <, is generated by
a subset of xq,...,zs and deg(S/p;) is equal to the deg(S/in<(p;)) = 1. The last equality
follows noticing that S/in<(p;) is a polynomial ring.

If I is prime, then I = p; for some ¢ and F; = () for d > 1. Thus d;(d) = deg(S/p;) =1
for d > 1, and we can take rp = 1. We may now assume that I has at least two associated
primes, that is, m > 2. As I C p;, there is a form h of degree 1 in p \ I. Hence, as [ is a
radical ideal, we get that h? is in p; \ I. Thus F; # 0 for d > 1. Therefore, by Theorem
2.1.9(ii), one has that d;(d) > é;(d+ 1) > 1 for d > 1. Hence, assuming that §;(d) > 1,
it suffice to show that d;(d) > d;(d + 1). By Theorem 2.1.7, there is f € F4 such that
07(d) = deg(S/(I: f)). Then, by Lemma 2.1.2, one has

Or(d) = deg(S/(I: f)) = > deg(5/pi) = 2.
fép;
Hence there are pj, # p; such that f is not in p, Up,. Pick a linear form A in p; \ p;. Then
hf ¢ I because hf ¢ p;, and hf is a zero divisor of S/I because (I: f) # I. Noticing
that f ¢ p, and hf € pg, one obtains the strict inclusion
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{pi [ A Epiy G {pi | [ €pi}s
Therefore, by Lemma 2.1.2, we get

deg(S/(I: f)) = deg(S/p:) > > deg(S/p:) = deg(S/(I: hf)).

fépi hfép;

Hence, by Theorem 2.1.7, we get d;(d) > 0;(d + 1). O

The next lemma tells us that one can study the minimum distance function of I for
d > 0 for a wide class of graded ideals.

Lemma 2.1.13. Let I C S be an unmized graded ideal with at least two associated primes.
If K is an infinite field, then the set Fq={f € Sq: f & I, (I: f) # I} is not empty for
d>0.

Proof. Let py,...,p, be the associated primes of S/I. As K is infinite, there is h €
S1\ U p;. As p; & rad(]), there an integer d > 1 and a homogeneous polynomial
f € pi\rad(I) of degree d. Then h/f isin p; and W/ f &€ I for j > 1. O

Proposition 2.1.14. Let I C S be a radical unmized graded binomial ideal of dimension
d > 1 over a field K such that xy is a zero divisor of S/I for some €. Then §;(d) > 0 and

Proof. The set { F € Sy: F ¢ I, (I: F) # I} is not empty for d > 1. Indeed z¢ is not in

I because [ is a binomial ideal and (I: z¢) # I because ¢ is a zero divisor of S/I. Then,

by Lemma 2.1.4, §;(d) > 0. Pick G € Sy such that G ¢ I, (I: G) # I and
deg(S/(1,G)) = max{deg(S/(I, F))| F ¢ I, F € Sy, (I F) # T},

There is h € Sy such that hG ¢ I because otherwise one has that m = (z1,...,x)
is an associated prime of S/I, a contradiction to the assumption that I is unmixed of
dimension > 1. As G is a zero divisor of S/I, so is hG. The ideals (I,G) and (I, hG)
have the same height. Therefore taking Hilbert functions in the exact sequence

0— (I,G)/(I,hG) — S/(I,hG) — S/(I,G) = 0
it follows that deg(S/(I, hG)) > deg(S/(I,G)). This proves that d;(d) > 6;(d+1). O

To compute the minimum distance function, we need the following result.

Proposition 2.1.15. Fiz a monomial order <. If AL(I)N Sy = {z™,..., 2%} and
Foa={f=>; zx% | f#0,N €K, (I:f)#I}, then

or(d) = deg(S/I) — max{deg(S/(1, f)) | f € Fa}
= deg(S/1) — max{deg(S/(, f))| f € F<a}-
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Proof. 1t follows using the division algorithm, see Theorem 1.6.5. O]

Notice that F,; # 0 if and only if F.4 # 0. If K = F, is a finite field, then the
number of standard polynomials of degree d is ¢" — 1, where n is the number of standard
monomials of degree d. Hence, we can compute 0;(d) for small values of n and g.

Upper bounds for §;(d) can be obtained by fixing a subset F”, ; of F 4 and computing
07(d) = deg(5/1) — max{deg(S/(L, f)) | f € FL 4} = d:(d).
Typically one use F., ; = {f = >, Ax® | f #0,X € {0,1},(I: f) # I} or a subset of it.

Lower bounds for d;(d) are harder to find. Thus, we seck to estimate d;(d) from below.
So, with this in mind, in Section 2.3, we introduce the footprint function of I.

In the following example we give an implementation using Macaulay2 [25] to explicitly
calculate the value of the minimum distance function of the vanishing ideal of a finite
projective set of points.

Example 2.1.16. Let K be the field F3, let X be the subset of P? given by

X = {[61]7 [62]’ [63]7 [64]a [(17 _17 _1’ 1)]) [(1’ 17 17 1)]7 [(_1’ _1’ 17 1)]’ [(_17 1’ _1a 1)]}7

where ¢; is the i-th unit vector, and let I = I(X) be the vanishing ideal of X. Using
Lemma 1.7.3 and Macaulay2 [25], we get that [ is the ideal of S = K[x1, xo, 3, 4] gener-
ated by the binomials x1x9 — X314, T123 — Tox4, Tox3 — x124. Hence, using Theorem 2.1.7
and the procedure below for Macaulay?2 [25], we get

d 11213
deg(S/I) | 8|88
H(d) |4]7]8
or(d) |41]2|1

q=3

S=77Z/qlx1,x2,x3,x4]

I=ideal (x1*x2-x3*x4,x1*x3-x2%x4,x2*%x3-x1%x4)

M=coker gens gb I

h=(d)->min apply(apply(apply(apply(toList

(set(0..9-1)) “**(hilbertFunction(d,M))-

(set{0}) “**(hilbertFunction(d,M)),tolList) ,x->basis(d,M)*vector x),
z->ideal(flatten entries z)),x-> degree quotient(I,x))
apply(l..2,h)--this gives the minimum distance in degrees 1,2

2.2 Asymptotic behavior of the minimum distance

In this section we study a conjecture about the regularity index of the minimum distance
function.
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Let I C S be an unmixed radical graded ideal whose associated primes are generated
by linear forms. According to Theorem 2.1.12, there is an integer ry > 1 such that

51(1) > > 5](7“0) = (SI(d) =1 for d> 0.
Definition 2.2.1. The integer 7 is called the regularity index of d;.

If I is the graded vanishing ideal of a set of points in a projective space over a finite
field, then ry < reg(S/I) [24, 46], but we do not know whether this holds in general. The
regularity of S/I can be computed using Macaulay2 [25], but rq is difficult to compute.

Conjecture 2.2.2. Let I C S be an unmized radical graded ideal. If all the associated
primes of I are generated by linear forms, then 6;(d) = 1 for d > reg(S/I), that is,
ro < reg(S/I).

In this section we give some support for this conjecture. In what follows we focus in
the case that [ is an unmixed ideal generated by square-free monomial ideals of degree 2.

Conjecture 2.2.2 is open even in the case that [ is the edge ideal of an unmixed bipartite
graph. Below we prove the conjecture for edge ideals of Cohen—Macaulay graphs.

Proposition 2.2.3. [32, Lemma 2.2] If G is a graph, then reg(S/I(G)) > im(G).
Next we prove Conjecture 2.2.2 for edge ideals of Cohen-Macaulay bipartite graphs.

Proposition 2.2.4. If I = I(G) is the edge ideal of a Cohen—Macaulay bipartite graph
without isolated vertices, then 0r(d) =1 for d > reg(S/I).

Proof. By [33, Theorem 1.1}, reg(S/I) = im(G). Thus, by Theorem 2.1.12, it suffices to
show that d;(d) = 1 for some d < im(G). According to [28, Theorem 3.4], there is a
bipartition Vi = {z1,...,2,}, Vo ={v1,...,y,} of G such that:

(a) e; = {x;,y:} € E(G) for all 1,

(b) if {z;,y;} € E(G), then ¢ < j, and

(c) if {z;,y;}, {zj, yx} are in E(G) and ¢ < j < k, then {z;,yr} € E(G).

Next we construct a sequence x;,, ..., z;, such that e, , ..., e;, form an induced match-
ing and V5 is a pairwise disjoint union

Va = Ng(xi,) U+ -+ U Na(s,), (2.2.1)

where Ng(xi;) N Ng(v,) = () for 7 # k and Ne(i;) is the neighbor set of x;;, that is,
Ng(i;) is the set of vertices of (¢ adjacent to x;,. We set i = 1. If Ng(z;,) € Va, pick y;,
in Vo\ Ng(z;, ). By condition (b), e;,, €;, is an induced matching and Ng(x;, )N Ng(x;,) = 0.
If Ng(zi,)UNg(x;,) C Va, pick y;, in Vo \ (Ng (i, )UNg(2;,)). By condition (b), e, e;,, €,
form an induced matching and Ng(z;,) N Ng(2;,) = 0 for j # k. Thus one can continue
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this process until we get a sequence z;,, ..., x;, such that V5 is the disjoint union of the
Ng(xi;)’s and the e;;’s form an induced matching.

Let py,...,p,n be the associated primes of I. Then, there are minimal vertex covers
Ci,...,Cy, of G such that p; is generated by C; for i = 1,...,m (see [56, p. 279]). We
may assume that C,,, = V5. Setting 2% = x;, - - - x;,, by Theorem 2.1.7, it suffices to show
that % is in (/] pi \ pm and that deg(S/(I: 2%)) = 1, where S = K[V(G)]. If i # m,
there is y, ¢ C;. From Eq. (2.2.1), there is ;, such that y, € Ng(z;;) for some i;. Hence,
as C; covers the edge {z;,,y,}, one has that z;, is in p;. Thus 2% is in ﬂ::ll p; and z is

not in p,, because p,, = (y1,...,y,). Therefore
(I:z®)=(p1 N NP ) = (Ppr:2®) NN (Pon: ) = Pome
Hence deg(S/(I: %)) = 1, as required. O

2.3 Footprint function

In this section we introduce the footprint function of I. This is a numerical function
defined similarly as d;, but here we use a monomial order and the initial ideal of I.

Let M 4 be the set of all zero divisors of S/in (/) of degree d > 1 that are in A({):

Meai={a" 2" € Ax(Da, (in<(1): a°) £ in<(1)}.
Definition 2.3.1. The footprint function of I, denoted fp,, is the function fp;: Ny — Z
given by
fp, (d) = deg(S/I) — max{deg(S/(inx (), z%)) | x* € M4} if M4 # 0,
P : deg(S/1) it ML 4= 0.
We come to one of our main results.

Theorem 2.3.2. Let I be an unmized graded ideal and let < be a monomial order. The
following hold.

(i) 07(d) > fp;(d) and 6;(d) > 0 ford > 1.
(i) fp;(d) >0 if ins (1) is unmized.

Proof. If 4 = 0, then clearly 6;(d) = deg(S/I) > 1, 6;(d) > fp;(d), and if in. ()
is unmixed, then fp;(d) > 0 (this follows from Lemma 2.1.4). Thus, (i) and (ii) hold.
Assume that F~ 4 # (). Pick a standard polynomial f € Sy such that (/: f) # I and

0r(d) = deg(S/1) — deg(S/(1, f))-

As I is unmixed, by Lemma 2.1.4, deg(S/(1, f)) < deg(S/(in<(1),in<(f))). On the
other hand, by Lemma 1.6.14, in.(f) is a zero divisor of S/in.(I). Hence 6;(d) > fp;(d).
Using the second inequality of Lemma 2.1.4 it follows that d;(d) > 0, fp;(d) > 0 if in- (1)
is unmixed. O
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Proposition 2.3.3. If I is an unmized monomial ideal and < is any monomial order,
then 6;(d) = fp;(d) for d > 1, that is, I is a Geil-Carvalho ideal.

Proof. The inequality 0;(d) > fp;(d) follows from Theorem 2.3.2. To show the reverse
inequality notice that M~ 4 C F< 4 because one has I = in (/). Also notice that M_ ; =
0 if and only if F~ 4 = 0, this follows from Lemma 1.6.14. Therefore one has fp;(d) >
or(d). O

Next we show that in certain cases the footprint function can be expressed in terms
of the degree of colon ideals.

Corollary 2.3.4. Let I be a graded ideal and let < be a monomial order. If inL(I) is an
unmized ideal and M~ 4 # 0, then

fp;(d) = min{deg(S/(inx(I): %)) |z* € Sy \ inx(I)}.
Proof. Take 2% € M_ 4. By Lemma 2.1.5(ii) one has the equality:

deg(S/(in<(1): %)) = deg(5/in (1)) — deg(5/(in< (1), z%)).

In this case deg(S/(in<(1): %)) < deg(S/in<(I)). Therefore, noticing that deg(S/in<([))
is equal to deg(S/I), we get

fp;(d) = deg(5/1) — max{deg(S/(in<(1),2%))[z* € M<.a}
min{deg(S/(in(I): %)) [z* € M4}
= min{deg(S5/(in<(/): 2)) |2* € Sa \ in<([)}. O

One can apply the corollary to graded lattice ideals of dimension 1.

Proposition 2.3.5. Let I C S be a graded lattice ideal of dimension 1 and let < be a
graded monomial order with x1 > --- > xs. The following hold.

(a) Ifing(I) is not prime, then inL(I) is unmized and M~ 4 # 0 for d > 1.
(b) Ifing (1) is prime, then I = (x1 — s, ..., Ts—1 — x5) and Mo q =10 ford > 1.

Proof. The reduced Grébner basis of I consists of binomials of the form xz% — 2%~ (see
[58, Proposition 8.2.7]). It follows that x; is a regular element on both S/I and S/in.(I).
Hence [ and in< (/) are Cohen-Macaulay ideals. In particular these ideals are unmixed.

(a): Assume that in(7) is not prime. Then there is an associated prime p of S/in~ (1)
such that in.(I) C p. Pick a variable z; in p \ in4(I). Then z;2%"! is in p and is not in
in () for d > 1. Thus z;z% ! isin M. 4 for d > 1.

(b): Assume that in, (/) is prime. This part follows by noticing that in(7), being a
face ideal generated by variables, is equal to (x1,..., 25 1). O
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The following result improves a bit the lower bound for the footprint function given
in Theorem 2.3.2.

Proposition 2.3.6. Let I C S be an unmized graded ideal, let < be a monomial order
on S, and let d > 1 be an integer. Then, fp;(d) > 1 if inL(I) is unmized.

Proof. If M 4 =0, then fp,;(d) = deg(S/I) > 1. Next assume that M~ 4 # 0. As in-(I)
is unmixed, by Corollary 2.3.4, fp,(d) > 1. O

The following examples shows an implementation in Macaulay2 [25] to calculate the
values of d; and fp;, also show that fp; is a lower bound for ¢;.

Example 2.3.7. Let K be the field F3, let X be the subset of P? given by

X - {[ ]‘707 )]7[(1’]‘70)]’[(071’0)]7[(17071)]7[(]‘7 17 1)]7
(0,1, D)1, 1(1,0,2)],[(1, 1,2)}, [(0, 1, 2)}, [(0, 0, )]},

and let / = I(X) be the vanishing ideal of X using Lemma 1.7.3 and Macaulay?2 [25] ,
we get that I is the ideal of K[z, z9, 73] generate by the monomials z2xy — z123, 523 —
173, w373 — x1w3. Hence using Theorem 2.1.7 and the procedure below for Macaulay?
[25], we get

d 1]2]3]4
X [10[10[1010
Hyx(d) | 36910
Sx(d) |6 ]3] 1]1

Pro(d) | 6211

g=3

S=7Z/qlx_1,x_2,x_3]

I=(al,a2,a3)->ideal (al*x_2-a2*x_1,al*x_3-a3*x_1,a2*x_1-al*x_2,a2*x_3-
a3*xx_2, ald*x_1-al*xx_3,a3*x_2-a2*x_3)

I1=1(1,0,0), I2=I(1,1,0), I3=I1(0,1,0), I4=I1(1,0,1), I5=I(1,1,1)
16=1(0,1,1), I7=I1(1,0,2), I8=I(1,1,2), I9=I1(0,1,2), I10=I1(0,0,1)
Ix=intersect(I1,I12,13,I14,15,16,17,18,19,110)

M=coker gens gb Ix

degree M

regularity M

H=(d)->hilbertFunction(d,M)

apply(1..7,H)

h=(d)->min apply(apply(apply(apply(toList(set(0..q-1)) “**(hilbertFunction
(d,M))-(set{0}) “**x(hilbertFunction(d,M)) ,tolList) ,x->basis(d,M)*vector x),
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z->ideal(flatten entries z)), x->degree quotient(Ix,x))
apply(1..2,h)

load "gfaninterface.m2"

universalGroebnerBasis (Ix)

(InL,L)= gfan Ix, #InL

init=ideal (InL_0)

N=coker gens gb init

f=(x)-> if not quotient(init,x)==init then degree ideal(init,x) else 0
fp=(d) ->degree N -max apply(flatten entries basis(d,N),f)
apply(l..regularity(N),fp)

Example 2.3.8. Let K be the field F5, let X be the subset of P? given by

X = {[(0,0, D], [(0,1,0)], [(0, 1, )], [(0,1,2)], [(0,1,3)], [(1,0,0)], [(1, 0, )],
[(1,0,2)1,[(1,0,3)}, [(1, 1, 0), [(1, 1, D], [(1,1,2)], [(1, 1, 3)]},

and let I = I(X) be the vanishing ideal of X using Lemma 1.7.3 and Macaulay?2 [25], we
get that [ is the ideal of K[z, Ty, 23] generate by the monomials z3wy —x123, vir3 — w323+
r3x3 — woxy, xixy — 23w + xixd — 1yxj. Hence using Theorem 2.1.7 and the procedure

below for Macaulay2 [25], we get

d 12345
X[ [13]13]13 (1313

He(d) | 3] 6|9 [12]13
bx(d) [ 84311
fpra(d) | 83211

q=5

S=7Z/qlx_1,x_2,x_3]
I=(al,a2,a3)—>ideal(al*x_2-a2+*x_1,al*x_3-a3*x_1,a2*x_1-al*x_2,a2*x_3-a3*x_2,
a3*x_1-al*x_3,a3*x_2-a2*x_3)

I11=1(0,0,1), 12=1(0,1,0), I3=I1(0,1,1), 14=1(0,1,2), 15=1(0,1,3), 16=I1(1,0,0),
I7=1(1,0,1), I8=I(1,0,2), I9=I(1,0,3), I10=I(1,1,0), I11=I(1,1,1),
112=1(1,1,2), I13=I(1,1,3)
I=intersect(I1,12,13,14,15,16,17,18,19,110,111,112,1I13)

M=coker gens gb I

degree M

regularity M

H=(d)->hilbertFunction(d,M)

apply(1..7,H)
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h=(d)->min apply(apply(apply(apply(toList(set(0..q-1)) “**(hilbertFunction(d,M))-
(set{0}) “**(hilbertFunction(d,M)),toList) ,x->basis(d,M)*vector x),z->ideal
(flatten entries z)), x->degree quotient(I,x))

h(3)

"gfaninterface.m2"
universalGroebnerBasis (I)
(InL,L)= gfan I, #InL
init=ideal(InL_0)
N=coker gens gb init
f=(x)-> if not quotient(init,x)==init then degree ideal(init,x) else 0
fp=(d) ->degree N -max apply(flatten entries basis(d,N),f)
apply(1..regularity(N),fp)

2.4 Two integer inequalities

Lemma 2.4.1. Let aq,...,a,,a,b,e be positive integers with e > a. Then
(a) ay---a, > (a1 +---+a,)— (r—1), and
(b) a(e —b) > (a — b)e.
Proof. Part (a) follows by induction on r, and part (b) is straightforward. O

The next inequality is a generalization of part (a).

Lemma 2.4.2. Let 1 <e; <---<e, and 0 < b; <e;—1 fori=1,...,m be integers.

Then .
H(ei —b;) > (Z(ei —b)—(k—1)— Z bi> kil Em (2.4.1)
i=1 i—1 i=k+1

fork=1,....m, where ej1--em=1and Y ", b =0 if k =m.

Proof. Fix m and 1 < k < m. We will proceed by induction on o = Zle(ei — b, —1).
If o =0, thene; —b; —1 =0 for s = 1,...,k. Thus either 1 — Zi’ikﬂbz— < 0 or
1=>" 41 bi > 1. In the first case the inequality is clear because the left hand side of
Eq. (2.4.1) is positive and in the second case one has b; = 0 for i = k+1,...,m and
equality holds in Eq. (2.4.1). Assume that 0 > 0. If k=mor b, =0fori=k+1,...,m,
the inequality follows at once from Lemma 2.4.1(a). Thus, we may assume k < m and
b; > 0 for some k + 1 < j < m. To simplify notation, and without loss of generality, we
may assume that j = m, that is, b,, > 0. If the right hand side of Eq. (2.4.1) is negative

or zero, the inequality holds. Thus we may also assume that

D (ei—b)— > bi>k (2.4.2)
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Hence there is 1 < ¢ < k such that e, — b, > 2.
Case (1): Assume ey — by — b,, > 1. Setting a = ¢, — by, ¢ = e,,, and b = b, in
Lemma 2.4.1(b), we get
(€0 — be)(em — bm) > (€0 — (b + b)) . (2.4.3)

Therefore using Eq. (2.4.3), and then applying the induction hypothesis to the two se-
quences of integers

€1,-+-5€0-1,€0,€0415- -+, Em—1, Em; b17 SR 7b€flyb€ + bmabeJrla s 7bm71707

we get the inequalities

[Jtei—b) = IT (e =) | (ee = bo)(em — bin)
=1 i¢{l,m}
> IT (ei =) | (e — (be + bn))em
i#{t;m}
> Z(ei_bi)+(€€_(b€+bm))_(k_1)_Zbi>ek+1"'em
0#i=1 i=k+1
- Z(ei —b)—(k—1)— 'Z bi> Chs1 - Em.

Case (2): Assume ey — by — by, < 1. Setting r, = e, — by — 1 > 1, one has
be+ri=e—1>1, bp—ri>1, e,— (bp+1) =1
On the other hand by Lemma 2.4.1(a) one has
(e0 —be)(€m — bm) > (€0 — by) + (em — b)) — 1= (e0 — (be +7¢)) (€ — (b — 10)). (2.4.4)

Therefore using Eq. (2.4.4), and then applying the induction hypothesis to the two se-
quences of integers

€1y ,€0-1,€0,€C0415 - -+, Em—1,CEm; bl7 s 7bZ—17b€ + r€7b€+17 R bm—17 bm — Ty,
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we get the inequalities

[J(ei—b:) = IT (e =) | (ee = bo)(em — bm)
i=1 ig {t,m}
> | JI (e =0 | (e = (be+r0))(em = (b = 70))
i#{tm}
Z Z (ei_bi)—i‘(@g—(bg—i-?“g))—(k—l)— Z bi—(bm—m)> €k11° " Em
l#£i=1 i=k+1
= Z(ei_b»_(l{_l)_AZ bz’) Chy1 " €. O

Proposition 2.4.3. Let 1 <e; < --- < e, and 0 < b; < e; —1 fori=1,...,m be
integers. If by > 1, then

H(ei —b;) > (Z(@i —b)—(k—1)—by — Z b) Chta - (2.4.5)

i=1 i=k+2
fork=0,...,m—1, where ey em=1and 3", ,b; =0 if k=m—1.

Proof. 10 <k <m —1,then 1 < k+1<m. Applying Lemma 2.4.2, and making the
substitution £k — k + 1 in Eq. (2.4.5), we get

H(ei —bi) = (Z(ei —b)—k— bi) Ckt2"  Em

i=1 i=1 i=k+2
k+1
Z <Z(6Z — bz) ( — ]_ — b() Z b > (&) N
i=1 i=k+2
where the second inequality holds because by > 1. O

2.5 Formulas for complete intersections

In this section we study the footprint function, with respect to a monomial order, of
complete intersection graded ideals in a polynomial ring with coefficients in a field. For
graded ideals of dimension one, whose initial ideal is a complete intersection, we give a
formula for the footprint function and a sharp lower bound for the corresponding minimum
distance function.

Let S = Klx1,...,x,] = €, Sa be a polynomial ring over a field K with the standard
grading and s > 2. In what follows, we denote a monomial order by <, (Definition 1.6.1).
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Lemma 2.5.1. Let L C S be an ideal generated by monomials. If dim(S/L) =1, then L
is a complete intersection if and only if, up to permutation of variables, we can write

() <x27"‘7 ss)withlgdigdi-l-lforiZQ;OT
(ii) L = (a2,... 2" 1,x§,”x;’jff,x;lf22, oo, x%) for some p > 1 such that 1 < ¢, < cpyq

)
and 1 < d; < djq for 2 <i <s—1, where d,1 = cp + cpya-

Proof. =) Let ... %~ be the minimal set of generators of L consisting of mono-
mials. By the generalized Krull principal ideal theorem [58, Theorem 2.3.16] it follows
that 2% and x* have no common variables for ¢ # j. Then, either all variables occur
in z*, ..., z%-! and we are in case (ii), or there is one variable that is not in any of the
x%*’s and we are in case (i).

<) In both cases L is an ideal of height s — 1 generated by s — 1 elements, that is, L
is a complete intersection. ]

Proposition 2.5.2. Let L be the ideal of S generated by 29, ... % Ifz® = 2§20 - 2%,
r>2,a.>1,and a; <d; — 1 fori>r, then

deg(S/(L,z")) = deg(S/(L,zy" -+~ x5*)) = dz -+ - ds — (do — az) - - - (ds — as),
where a; =0 if 2 <7 <r.

Proof. In what follows we will use the fact that Hilbert functions and Hilbert series
are additive on short exact sequences [58, Lemma 5.1.1]. If a; > 1, then taking Hilbert
functions in the exact sequence

0 — S/(L, 2% - 2%)[—as] “55 S/(L,a%) —s S/(L,2%) — 0,

and noticing that dim S/(L, z7*) = 0, the first equality follows. Thus we may assume that

x® has the form 2% = 2% --- 2% and a; = 0 for 7 < r.

We proceed by induction on s > 2. Assume s = 2. Then r = 2, 2% = 252, (L,2%) =
(5?), and the degree of S/(L,z?) is ag, as required. Assume s > 3. If a; = 0 for i > r,
then (L,z%) = (L,z%) is a complete intersection and the required formula follows from
Lemma 1.5.21. Thus we may assume that a; > 1 for some ¢ > r. There is an exact
sequence

0— S/(xl2, . gl ot xffll it 2% [—a,] o (2.5.1)
S/(L, )—)S/(:EQ,...,xf”"_’ll,a:?’,xfﬁl,...,xfs)—>0.

Notice that the ring on the right is a complete intersection and the ring on the left is
isomorphic to the tensor product

K[zg, . w22, 2l 2™y @ Klay, Ty, - x) /(880 e gt gl

r—1%r .’L‘g )
(2.5.2)
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Hence taking Hilbert series in Eq. (2.5.1), and applying Lemma 1.5.21, Theorem 1.5.17,
and Proposition 1.5.16, we get that the Hilbert series of S/(L,z®) can be written as

2 (L= ) (L= a1 (1= o) g(a)

F(S/(L,z%),t) = =2y -2 +
(1—a2%). (1 —a%1)(1 —z29)(1 — x%+1) .- (1 — z%)
(1—=) ’

where g(x)/(1 — z) is the Hilbert series of the second ring in the tensor product of
Eq. (2.5.2) and ¢(1) is its degree (Remark 1.5.20). By induction hypothesis

g(1) =dpyr -+ dy — (dpyy — apyr) - - (ds — ay).

Therefore writing F(S/(L,z%),z) = h(z)/(1 — z) with h(z) € Z[z] and h(1) > 0, and
recalling that h(1) is the degree of S/(L,x%), we get

deg(S/(L,z%)) = h(1) = dy---dra(dp —ar)g(1) +dy- - - dryardyyy - - ds
= dy---ds— (dy —ag)---(ds — ay). O

. d d
Lemma 2.5.3. Let L be the ideal of S generated by z%2, . .. RO N S

where p > 1, 1 < ¢, < ¢pyq and d; > 1 for all i. If 2 = 27 --- 2% is not in L,

dp+1 = Cp + Cpy1, and a; > 1 for some i, then the degree of S/(L,x%) is equal to

p—1 s
[ ] dg e ds — (Cp+1 — (lp+1) H(di+1 — CLZ‘) H (dz — CLZ‘) Zf ap Z Cp,'
i=1 i=p+2
p—1 S
o d2 o .. ds — (Cp — ap) H(dl+1 - a"L) H (d’L - CL’L> Zf ap < Cp, ap+1 Z Cp+1;,
i=1 i=p+2
p—1 s
o dy-oody = (dpy — ap — apn) [ [(disa — i) [ (di—ai) if ap < cpy apa < cpia.
i=1 i=p+2

Proof. Case (i): Assume a, > ¢,. If @; = 0 for i # p, then 2% = x,”, and by the first
equality of Proposition 2.5.2 and using Lemma 1.5.21, we get
a d a d s cC C
deg(S/(L,z%)) = deg(S/(x?, T, T, a:pf’:;, ot ,a:ppxp‘f:f))
= deg(S/(z, ... al  a aE a%)) = dy - dyeydys - dy

dy - dy(dppr — Cpp1)dpyo - ds = dy---dy — cpiady - dydyig - - - d,

as required. We may now assume that a; > 1 for some i # p. As 2* ¢ L and a, > ¢,, one
has a; < djp1 fori=1,...,p—1, apy1 < cpy1, and a; < d; for t = p + 2,...,s. Therefore
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from the exact sequence

dp Cp+1 dpt2 d ap—1 _.ap—cp ,.0p+1 Qg
0 — S/(zP sl ey P T B 2l ) [ —
d I d+2 d
S/(L,xz*) — S/(ac1 P PR N oo, 1s) — 0,

and using Proposition 2.5.2 together with Lemma 1.5.21, the required equality follows.

Case (ii): Assume a, < ¢,. If a; = 0 for i # p, then 2% = zp” and 0 = a,y1 < Cpy1-
Hence, by Lemma 1.5.21 we get

deg(S/(L.a*) = deg(S/(ef.... a0, g™, ai7,...,a%)
= dy---dpaydys - d,
= dy---dy — (dpyy — ap)dy -+ - dypdy g - - d,

as required. We may now assume that a; > 1 for some i # p. Consider the exact sequence

cp

0 — S/(xP ,...,x;fpl,x;’ff,xii?,... ade a2 ) [~ S
S/(L,z") — S/(xP ,...,xﬁﬁl,xgp,aziff,...,xds aftx?) — 0. (2.5.3)

Subcase (ii.1): Assume a,+1 > ¢piq. As z® ¢ L, in our situation, one has a; < d;44 for
i=1,...,p—1,a,<cp,and a; < d; fori =p+2,...,s. If a; =0 for i # p+ 1, then
taking Hilbert series in Eq. (2.5.3) and noticing that the ring on the right has dimension
0, we get

deg(S/(L,2") = dp--dpcpridyis -+ ds
= d2"'ds_deQ"'dpdp—‘rQ"'ds,

as required. Thus we may now assume that a; > 1 for some i # p + 1. Taking Hilbert
series in Eq. (2.5.3), and using Lemma 1.5.21, we obtain

deg(S/(L,z%) = dy---dycpir1dpro---ds +

d d
deg(S/(x1 e a:p”l,x;”,xpigz,..., x . g0e),

Therefore, using Proposition 2.5.2, the required equality follows.

Subcase (ii.2): Assume ap11 < ¢py1. If a; = 0 for ¢ # p+ 1, taking Hilbert series in
Eq. (2.5.3) and noticing that the ring on the right has dimension 0, by Proposition 2.5.2,
we get

deg(S/(L,z%)) = dy---dpcprrdpia---ds —dy- - dp(cpi1 — api1)dpya -+ ds
= dy--dpapiidyy---d,
dydy — (dpy1 — apir)dy -~ dydlyrz - d,
as required. Thus we may now assume that a; > 1 for some ¢ # p + 1. Taking Hilbert

series in Eq. (2.5.3) and applying Proposition 2.5.2 to the ends of Eq. (2.5.3) the required
equality follows. O]
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Proposition 2.5.4. Let I C S be a graded ideal and let < be a monomial order. Suppose
that inL(I) is a complete intersection of height s — 1 generated by x*2, ..., x% with d; =
deg(x®) and d; > 1 for alli. The following hold.

(a) I is a complete intersection and dim(S/I) = 1.
(b) deg(S/I)=dy---ds and reg (S/I)=> " _,(d; —1).
(¢) 1 <fp,;(d) <d;(d) ford>1.

Proof. (a): Therings S/I and S/in.(I) have the same dimension. Thus dim(S/I) = 1. As
< is a graded order, there are fs, ..., f; homogeneous polynomials in [ with in(f;) = ™
fori > 2. Since in4(I) = (inx(fa),...,in<(fs)), the polynomials fo, ..., fs form a Grébner
basis of I, and in particular they generate I. Hence [ is a graded ideal of height s — 1
generated by s — 1 polynomials, that is, I is a complete intersection.

(b): Since I is a complete intersection generated by the f;’s, then the degree and
regularity of S/I are deg(fs)---deg(fs) and Y _,(deg(f;) — 1), respectively. This follows
from the formula for the Hilbert series of a complete intersection given in Lemma 1.5.21.

(c) The ideal I is unmixed because, by part (a), I is a complete intersection. Hence the
inequality 07(d) > fp;(d) follows from Theorem 2.3.2. Let 2* be a standard monomial of
S/I of degree d such that (in<(/): %) # in(I), that is, 2% isin M~ 4. Using Lemma 2.5.1,
and the formulas for deg(S/(in<(/),2)) given in Proposition 2.5.2 and Lemma 2.5.3, we
obtain that deg(S/(in<(I),z*)) < deg(S/I). Thus fp,(d) > 1. O

Remark 2.5.5. Parts (a)-(c) of Proposition 2.5.4 do not need any assumption on the
height.

We come to one of the main result of this section.

Theorem 2.5.6. Let I C S be a graded ideal and let < be a monomial order. If in_(I)
is a complete intersection of height s — 1 generated by x®2, ..., z* with d; = deg(z*') and
1 < d; < diyq fori > 2, then d;(d) > fp;(d) > 1 and the footprint function in degree
d > 1 s given by

(djyo — O)dgys---ds if d< Z (d; —1)—1,
fp[(d> = s
1 if d> % (di—1),
i=2

where 0 < k < s — 2 and { are the unique integers such that d = Y214 (d; — 1) + € and
1<l <dgsy—1.

Proof. Let x* be any standard monomial of S/I of degree d which is a zero divisor of
S/in<(I), that is, * is in M4 Thus d = Y, a;, where a = (ay,...,as). We set
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ro= 3% ,(d —1). If we substitute —¢ = S5 (d; — 1) — 327, a; in the expression
(k2 — O)dg13 - - - ds, it follows that for d < r the inequality

fp;(d) > (dkyz — O)dpys - - - ds

is equivalent to show that

deg(S/I) — deg(S/(ins(I), z%)) > (Z(di —a;)—k—a; — 'Z ai> digs---dy (2.5.4)

for any = in M~ 4, where by convention Zf:ms a; =0and dgy3---ds =1if k=5 —2.
Recall that by Proposition 2.5.4 one has that fp;(d) > 1 for d > 1. By Lemma 2.5.1, and
by permuting variables and changing I, <, and x® accordingly, one has the following two
cases to consider.

Case (i): Assume that ino(I) = (2%, ..., 2%) with 1 < d; < di4, for i > 2. Then, as

rrs

x® is in M. 4, we can write 2% = 27" ---x% - 2%, r >2,a, > 1,0, =0if 2 <i < r, and

a; < d; — 1 for i > r. By Proposition 2.5.2 we get
deg(S/(ing(1),z%) =dy---ds — (dy — ag) - -~ (ds — as) (2.5.5)

for any 2 in M 4. If d > r, setting ¢ = xf’rxgrl 2%~ one has 2¢ € M_ 4. Then,
using Eq. (2.5.5), it follows that deg(S/(in<(I),2¢)) = dy---ds — 1. Thus fp,(d) <
1 and equality fp;(d) = 1 holds. We may now assume d < r — 1. Setting 2° =

gt -xi’ff_la:iﬁ, one has 2° € M_ 4. Then, using Eq. (2.5.5), we get

deg(S/(ins(I),2)) = dy - - - dy — (dpyy — O)dpy3 - - - ds.

Hence fp;(d) < (dgi2 — )dys3 - - - ds. Next we show the reverse inequality by showing
that the inequality of Eq. (2.5.4) holds for any z* € M_ 4. By Eq. (2.5.5) it suffices to
show that the following equivalent inequality holds

k+2 s
(o) (dy—a) > (zui—ai)—k—al- 5 ) T
i=2 i=k+3
for any a = (ay,...,as) such that 2 € M., This inequality follows from Proposi-

tion 2.4.3 by makingm =s—1,¢; =d;41, b =a;41 fore=1,...,s —1and by =1+ a;.

. : d d
Case (ii): Assume that ino () = (z{,..., 2,7, e a7 205, ..., 2%) for some p > 1
such that 1 < ¢, < c¢p1 and 1 < d; < d;y, for all ¢, where dp41 = ¢, + cpy1.
da—1 dp—1_d—r+cp cpt1—1 dpra—1 4.1

If d > r, setting z¢ = ] S x,ly T T Xpis <27, we get that 2¢ €
M 4. Then, using the first formula of Lemma 2.5.3, it follows that deg(S/(in<(/),z¢)) =
dy---ds— 1. Thus fp;(d) < 1 and the equality fp;(d) = 1 holds.

We may now assume d < r — 1. First we show the inequality fp;(d) > (dgio —
0)dg3 - - - ds by showing that the inequality of Eq. (2.5.4) holds for any z® in M~ 4. Take
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z* in M. 4. Then we can write % = 27" - - - 2% with a; < d;41 for i < p and a; < d; for
1 > p+ 1. There are three subcases to consider.

Subcase (ii.1): Assume a, > ¢,. Then ¢,41 > a,41 because 2% is a standard monomial
of S/1, and by Lemma 2.5.3 we get

deg(S/(in<(I),2%)) = da -+ ds — (Cpr1 — Apt1) H(dz’+1 —a;) H (di — a;).

Therefore the inequality of Eq. (2.5.4) is equivalent to

p—1 s
(1 — apyr) [ [(divr — @) J] (di — )
i=1 i=p+2
k+2 s
> (Z(di_ai> —k—a — Z Cbz') diq3 -+ - ds,
i=2 i=k+3

and this inequality follows at once from Proposition 2.4.3 by makingm = s—1, ¢; = d;11
forie=1,...,m, b, =a;for 1 <i<p-—1,b, = aps1 +cp, b; = a;41 for p <17 < m, and
bo = a, — ¢, + 1. Notice that > b; =1+ > 7 | a;.

Subcase (ii.2): Assume a, < ¢, ap+1 > Cpi1. By Lemma 2.5.3 we get

deg(S/(in<(I),2%) = dy - - dy = (¢ — ) [ [(dis — @) J] (di —as).
i=1 i=p+2

Therefore the inequality of Eq. (2.5.4) is equivalent to

p—1 s
(cp — ap) H(di+1 — a;) H (di — a;)
i=1 i=p+2
k+2 s
> (Z(di_ai) —k—a — Z ai) diys -+~ ds,
i=2 i=k+3

and this inequality follows from Proposition 2.4.3 by making m = s — 1, e; = d;;1 for
t=1,....m, b =a;for 1 <i<p-1,b, =cpp1 +ay b =a;; for p <7 < m, and
bo = ap1 — Cpy1 + 1. Notice that D" by =1+>"7 | a;.

Subcase (ii.3): Assume a, < ¢,, ap11 < ¢pr1 — 1. By Lemma 2.5.3 we get

p—1 s

deg(S/(in<(1),2)) = da-++dy — (dyy1 = ay — ayy2) [ [y = a0) [T (@~ a)

i=1 i=p+2
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Therefore the inequality of Eq. (2.5.4) is equivalent to

p—1 s
(dpt1 — ap — apy1) H(dm — a;) H (di — a;)
i=1 i=p+2
k+2 s
> (Z(dz _ai) —k—a; — Z az’) diy3 - ds,
i=2 i=k+3

and this inequality follows from Proposition 2.4.3 by making m = s — 1, e; = d;;; for
i=1,....mb=a;for1<i<p—-1,b,=ay,+ap1, b =a;4; forp <i <m, and by = 1.
Notice that > " b, =14+ >"7  a;.

To complete the proof, we now show the inequality fp,(d) < (dpio — €)dys---ds. Tt
suffices to find a monomial z° in M 4 such that

deg(S/(ins (1), 2%)) = (dpso — O)dpys - - - ds. (2.5.6)
Subcase (ii.a): k > p+1. Setting ® = 227! .. -xiﬂ_llm,ipa:;’_’;’lrlxzigrl = -wi’fﬁlﬁlxﬁw,

one has that z° is in M~ 4. Then, by the first formula of Lemma 2.5.3, we get the equality
of Eq. (2.5.6).

Subcase (ii.b): k = p. Setting x* = {27! .. -xi’jlx;pmgff_le;H, one has that z° is in
M_ 4. Then, by the first formula of Lemma 2.5.3, we get the equality of Eq. (2.5.6).

Subcase (ii.c): k < p — 2. Setting ¥ = 271 .. -xzk“*lxiﬂ, one has that z° is in

M. 4. Then, by the third formula of Lemma 2.5.3, we get the equality of Eq. (2.5.6).

Subcase (ii.d): Assume k = p—1 and £ > ¢,. Setting 2® = 227" .. -a:z’fllx;”xiff’, one

has that x° is in M 4. Then, by the first formula of Lemma 2.5.3, we get the equality of
Eq. (2.5.6).

Subcase (ii.e): Assume k = p — 1 and ¢ < ¢,. Setting 2° = zPt -xz”:llmf), one has
that 2° is in M~ 4. Then, by the third formula of Lemma 2.5.3, we get the equality of
Eq. (2.5.6). O

It is an open question whether in Theorem 2.5.6 one has the equality 0;(d) = fp;(d)
for d > 1. The reader is referred to [40] for some interesting applications of this result to
algebraic coding theory. In Section 3.3, we give some applications and examples of our
main result. A formula for the minimum distance of an affine Cartesian code is given in
[34, Theorem 3.8] and in [19, Proposition 5]. A short and elegant proof of this formula
was given by Carvalho in [10, Proposition 2.3|, where he shows that the best way to study
the minimum distance of an affine Cartesian code is by using the footprint. In Section
3.3, we prove this formula.

The lower bound of Theorem 2.5.6 holds for any complete intersection monomial ideal
of dimension 1. To show this we need to introduce some results.

Lemma 2.5.7. Let I C S be a complete intersection ideal with minimal set of generators
{z*, ..., 2%} and let 2* = x{* - - 2% be a zero divisor of S/I not in I. The following
hold.
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(a) =% and x* have no common variable for i # j.
(b) If x7" is regular on S/I and x¢ = 2 /x’, then (I: z*) = (I: x°).

(¢) If xj is a zero divisor of S/I, then there is a unique o; = (0 1,...,0,) such that
a;j > 0, that is, x; occurs in exactly one x*. If a; > o, ; and z¢ = x%/x;, then
(I:2%) = (I:x°.

(d) For each i there is xP dividing z® such that deg(z”) < deg(z®) and (I: z%) =
(I:27), where 2P = 2Pt ... 2Pr.

Proof. (a): This follows readily from the Krull principal ideal theorem [58, Theorem 2.3.16].

(b): The inclusion “D” is clear. To show the reverse inclusion take z° in (I: z%), that
is, 2°2% = 2°27 2 is in 1. Hence 2°2° is in I because z’ is regular on S/I. Thus z° is in
(I:x°).

(c): If x; is a zero divisor of S/, then z; is in some associated prime of S/I. Hence,
by part (a), ; must occur in a unique x* for some . Thus one has «;; > 0. We claim
that ((z%%): 2%) = ((x*): x°) for all k. If k # i, by part (a), x; is regular on S/(x%*).
Thus, as in the proof of part (b), we get the asserted equality. Next we assume that k = i.
The inclusion “D” is clear. To show the reverse inclusion take 2% in ((%): 2%), that is,
2°2% = 27z for some z7. Since a; > a;; > 0, z; must divide 27. Then we can write
202¢ = x¥x%, where ¥ = x7/x;. Thus 2° is in ((x®): 2¢). This completes the proof of
the claim. Therefore one has

(a) = (@) 4+ () 0
= (™)) + e (@) ) = (1)
(d): Using part (a) and successively applying parts (b) and (c) to 2%, we get a monomial

2# that divides z® such that the following conditions are satisfied: (i) all variables that
occur in 27 are zero divisors of S/I, (ii) if 2 = 2]* - - - 27 and v; > 0, then «; ; > ~;, where

2% is the unique monomial, among ', ..., 2%, containing z;, and (iii) (I: z%) = (I: 27).
We let 2% be the product of all x}j such that z; occurs in z®. Clearly 2% divides z,
and deg(z*') > deg(z”) because z* is not in I by hypothesis. O

The next result gives some additional support to Conjecture 2.2.2.

Proposition 2.5.8. Let I C S be a complete intersection monomial ideal of dimension
> 1 minimally generated by z®',... x% . If d; = deg(z®) fori=1,...,r. The following
hold.

(a) reg(S/1) = > iy (di — 1),
(b) d0;(d) =1 if d > reg(S/I),

(c) 6r(d) < (dg1 — ) dgya---d. if d <reg(S/I), where 0 < k <r—1 and{ are integers
such that d =3 (d; = 1)+ 0 and 1 < € < dgyq — 1.
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Proof. (a): This follows at once from Proposition 2.5.4.

(b): By Lemma 2.5.7(a) the monomials x* and z% have no common variables for
i # j. For each i pick z;, in % If I is prime, then I = (x;,,...,z;,), reg(S/I) = 0,
Fy =0 and §;(d) = 1 for d > 1. Thus we may assume that I is not prime. We claim
that Fy # 0 for d > 1. As I is not prime, there is m such that x;, a zero divisor of
S/I not in I. If a variable x, is not in z® for any ¢, then z, is a regular element on
S/I, and F; # 0 because x;, x¢ ! is in Fy. If any variable ,, is in 2% for some 4, then
any monomial of degree d is a zero divisor of S/I because any variable x,, belongs to at
least one associated prime of S/I. As dim(S/I) > 1, one has m? ¢ I. Pick a monomial
x® of degree d not in I. Then Fy; # () because 2 is in Fy. This completes the proof
of the claim. We set % = z% /z;, for : = 1,...,r and 2° = 2 ---2°. Then it is seen
that (I: z°) = (xj,,...,z;,) and degS/(I: 2¢) = 1. Notice that z¢ is a zero divisor of
S/I, x¢ ¢ I and deg(z¢) = reg(S/I). Hence, by Theorem 2.1.7, we get that d;(d) =1 for
d =reg(S/I). Thus, by Theorem 2.1.9(ii), we get 6;(d) = 1 for d > reg(S/I).

(c): There is a monomial z% of degree ¢ that divides x®+! because ¢ is a positive
integer less than or equal to dy,; — 1. Setting x¢ = z - - x%x® and z7 = z*+1 /2% one
has

(I:2°) = (zjy, ..., 25,27, %2 0 x%).

Hence, by Proposition 2.5.4, we get deg(S/(I: 2°)) = (dk+1 — {)dy42 - - - d, because (I: z°)
is a complete intersection. Since deg(z) =d = Y | (d; — 1)+¢, 2 is not in I, and z¢ is a
zero divisor of S/I, by Theorem 2.1.7 we get that deg(S/(I: x°)) > d;(d), as required. [

We are ready to present the other main result of this section, showing that the lower
bound of Theorem 2.5.6 holds when [ is a complete intersection monomial ideal of dimen-
sion 1.

Theorem 2.5.9. Let I C S be a complete intersection monomial ideal of dimension > 1
minimally generated by z®',... z% and let d > 1 be an integer. If d; = deg(z®) for
1=1,...,7rand dy < --- <d,, then

(i = O dpsz--dv ifd < 3 (di— 1),

31(d) = o (d) =
1 ifd>> (di—1),

=1

where 0 < k < r —1 and ¢ are the unique integers such that d = Zle (di— 1)+ ¢ and
1 <0< dpy—1.

Proof. The ideal I is unmixed because [ is Cohen-Macaulay. Hence, by Proposition 2.3.3,
I is Geil-Carvalho, that is, d;(d) = fp;(d) for d > 1. Therefore, by Proposition 2.5.8, it
suffices to show that

fp[(d) > (dk+1 - g)dk+2 ~--d, ford< reg(S/[).
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Let x* be a monomial of degree d such that x* ¢ I and (I: %) # I. By Lemma 2.5.7(d),
for each i there is a monomial 2 dividing x% such that deg(z?) < deg(z®) and
(I:2%) = (I:2”), where 2° = 2% ... 2% One can write

. o X . . X
% =g % and 2P = x’f“l coo g
fori =1,...,r. According to Lemma 2.5.7(a) the monomials % and z® have no common

variables for i # j. As (I': 2%) is a monomial ideal, it follows that

(1) = (1:0%) = (a7 g i)y),

s

Hence, setting g; = x'fi’l_’gi’l g2 P for i = 1,... r and observing that g; and g;
have no common variables for ¢ # j, we get that gy, ..., g, form a regular sequence, that

is, (I: z) is again a complete intersection. Thus, by Proposition 2.5.4, we obtain

deg(S/(I: ) = H [Z(am - ﬁ”)] = H [deg(z*) — deg(z")] .
i=1 Lj=1 i=1
Therefore, setting b; = deg(z”) for i = 1,...,7, we get

T

deg(S/(I: x) = [ [(di — by).

i=1
Thus, by Theorem 2.1.7, it suffices to show the inequality

T

deg(S/(I: ) = [ [(di = b:) = (disr — O)dyz -+ d.

=1

Noticing that d = deg(z®) = S°F, (d; — 1) + £ > deg(z?) = 327_, b;, one has

k .
(dk+1 + Z(dz - 1) - Z bz> dk+2 ... dr Z (dk+1 — 6)dk+2 Ce d?‘-
=1 i—1

Hence, we need only show the inequality

ﬁ(di_bi) > <§(di—bi) —k— ZT: bl-) dipio - - dy,

i=1 i=1 i=k+2
which follows making by = 1 and m = r in Proposition 2.4.3. ]

The formula of Theorem 2.5.9, is also valid in dimension zero for d < "' (d; — 1).
Now, for d > >~"_, (d; — 1), the set F, is empty simply because (S/I)q = (0), and so by
definition, &;(d) = deg(S/1).

The most basic application is for complete intersections in P!.
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Corollary 2.5.10. If X is a finite subset of P! and I(X) is a complete intersection, then

X|—d ifl1 <d<|X|-2,
51(X)(d) = fpz(x)(d) = { | |1 @'jfcd ; |X|_—| 1|.

Proof. Let f be the generator of I(X). In this case dy = deg(f) = |X| and reg(S/I(X)) =
|X| — 1. By Proposition 1.8.8 and Theorem 2.5.6 one has

0x(d) = 01¢x)(d) > fpyxpy(d) = [X| —=d for 1 <d < [X]-2,

and 0x(d) = 1 for d > |X| — 1. Assume that 1 < d < |X| — 2. Pick [P],...,[Ps] points
in P'. By Lemma 1.7.3, the vanishing ideal I;p, of [P] is a principal ideal generated by
a linear form h;. Notice that Vx(h;), the zero set of h; in X, is equal to {[F;]}. Setting

= hy--- hg, we get a homogeneous polynomial of degree d with exactly d zeros. Thus

5x(d) < |X| — d. O
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Chapter 3

Minimum Distance of
Reed—Muller-type Codes

In this chapter we show that the minimum distance function of a graded ideal in a poly-
nomial ring with coefficients in a field generalizes the minimum distance of projective
Reed-Muller-type codes over finite fields. This gives an algebraic formulation of the min-
imum distance of a projective Reed—Muller-type code in terms of the algebraic invariants
and structure of the underlying vanishing ideal. Then we give a method, based on Grobner
bases and Hilbert functions, to find lower bounds for the minimum distance of certain
Reed—Muller-type codes. As an application we recover a formula for the minimum dis-
tance of an affine Cartesian code and the fact that in this case the minimum distance
and the footprint functions coincide. Then we present an extension of a result of Alon
and Fiiredi, about coverings of the cube by affine hyperplanes, in terms of the regularity
of a vanishing ideal. Finally we show explicit upper bounds for the number of zeros of
polynomials in a projective nested Cartesian set and give some support to a conjecture
of Carvalho, Lopez-Neumann and Loépez.

Some of our results rely on degree formulas to compute the number of zeros that a
homogeneous polynomial has in any given finite set of points in a projective space.

3.1 Computing the number of zeros using the degree

In this section we give a degree formula to compute the number of zeros that a homo-
geneous polynomial has in any given finite set of points in a projective space over any
field.

Let P*~! be a projective space over a field K, and let X be a subset of P*~!. The
vanishing ideal of X, denoted by I(X), is the ideal in a polynomial ring S = Kz, ...,z
generated by homogeneous polynomials that vanish at all points of X.

Lemma 3.1.1. Let X be a finite subset of P*~1 over a field K and let I(X) C S be its
graded vanishing ideal. If 0 # f € S is homogeneous, then the number of zeros of f in X
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s given by
_ ) deg(S/(I(X), 1)) if (I(X): f) # 1(X),
G R i
Proof. Let [P],...,[Py] be the points of X with m = |X]| and let [P] be a point in X

with P = (ov,...,a5) and ap # 0 for some k. Then the vanishing ideal Ijp) of [P] is a
prime ideal of height s — 1,

Iip) = ({apw; — ok # i€ {1,...,s}), deg(S/1jp) =

and I(X) = 2, Ip; is a primary decomposition (Lemma 1.7.3). In particular I(X) is an
unmixed radical ideal of dimension 1.

Assume that (/(X): f) # I(X). Let A be the set of all Ijp that contain the polynomial
f. Then f(P;) =0 if and only if /jp, is in A. Hence, by Lemma 1.5.29, we get

Ve(f)l = > deg(S/Iipy) = Y deg(S/Iip)) = deg(S/(I(X), f)).

[P;]eVx(f) felip,

If (I(X): f) = I(X), then f is a regular element of S/I(X). This means that f is not
in any of the associated primes of I(X), that is, f ¢ Ijp) for all i. Thus Vx(f) = 0 and
V()] = 0. O

Corollary 3.1.2. Let X be a finite subset of P71, let I(X) C S be its vanishing ideal,
and let < be a monomial order. If 0 # f € S is homogeneous and (I(X): f) # I(X), then

V()| = deg(S/(I(X), f)) < deg(S5/(in<(1(X))), in<(f)) < deg(5/1(X)),
and deg(S/(1(X), f)) < deg(S/1(X)) if f ¢ I(X).
Proof. Tt follows from Lemma 3.1.1 and Lemma 2.1.4. O]

Corollary 3.1.3. Let I = I(X) be the vanishing ideal of a finite set X of a projective
points, let f € F<q, and ins(f) = o ---2%. If in (1) is generated by 2. gl then
there is r > 2 such that a, > 1, a; < d; — 1 fort >r,a;, =0 if 2 <1 <7, and

Vx(f)l =dy- - ds — (d2 — ag) -~ (ds — as).

Proof. As f is a zero divisor of S/I, by Lemma 1.6.14, z* = inL(f) is a zero divisor of
S/in<(I). Hence, there is 7 > 2 such that a, > 1 and a; = 0if 2 < ¢ < r. Using that z* is
a standard monomial of S/I, we get that a; < d; — 1 for @ > r. Therefore, using Lemma
3.1.1 together with Lemma 2.5.2 and Corollary 3.1.2, we get

V() = deg(S/(I(X), f)) < deg(S/(in<((X))), in<(f))
= dy--dy — (do— as) - (dy — ay).
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The following examples shows how to calculate the number of zeros of a polynomial
in a finite set of points in a projective space.

Example 3.1.4. Let Vx(F) be the variety in X = P? defined by the polynomial
F =23} + 25 + 25 + 117073

over the field K = F;3. Using Lemma 3.1.1 and the following procedure for Macaulay2
[25] we obtain that F has 18 zeros in P2. Notice that [(X) = (213zy — x 233, 2325 —
r28, 1lBws — wowl?).

S=GF(13) [x1,x2,x3];

Ixx=ideal (x1"13*x2-x1*x2713,x1"13*x3-x1*x3"13,x2"13*x3-x2*x3"13)
F=x1"3+x2"3+x3" 3+x1*x2*x3

quotient (Ixx,F)==Ixx

degree ideal (Ixx,F)

Example 3.1.5. Let Vx(F) be the variety in X = P? defined by the polynomial
F =% + a5 + 23 — 3217913 — 323wy — 32573 — 31123

over the finite field K = Fy3. Using Macaulay2 [25] with the procedure below we obtain
that F has no zeros in P?. Notice that I(X) = (2]3xq — 21233, 21303 — 21233, 23305 — 20233).

R=GF (13) [x1,x2,x3];

F=ideal (x1"3+x273+x373-3*x1*x2%x3-3*%x1 " 2*x2-3*x2"2%x3-3*x1*x372)
Ix=ideal (x1713*x2-x1*x2"13,x1"13*x3-x1*x3713,x2"13*x3-x2%x3713)
J=ideal (Ix,F)

quotient (Ix,F)==Ix

degree J

3.2 Minimum distance of Reed—Muller-type codes

In this section we give an algebraic formulation of the minimum distance of a projec-
tive Reed—Muller-type code in terms of the degree and the structure of the underlying
vanishing ideal.

Theorem 3.2.1. If K =T, is a finite field and |X| > 2, then 6x(d) = dyx)(d) > 1 for
d>1.

Proof. Setting I = I(X), by Lemma 1.8.6, the set Fy:={f € Sq: f ¢ I, (I: f)# I} is
not empty for d > 1. Hence, using the formula for Vi (f) of Lemma 3.1.1, we obtain

max{[Vx(f)[: eva(f) # 0; f € Sa} = max{deg(5/(I, f))| f € Fa}.
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Therefore, using that deg(S/I) = |X|, we get

Se(d) = min{lleva(f): eva(f) # 05 f € Sa)
— || — max{|Vi(f)|: eva(f) # 0; f € S}
— deg(S/I) — max{deg(S/(I, /)| f € Fa} = 6(d),

where |levy(f)]| is the number of non-zero entries of evy(f). O

If I is a graded ideal and AL (I)NS; = {x*, ..., 2%}, recall that the set F< 4 is equal
to the set of standard polynomials of S/I of degree d which are zero divisors of S/I:

Foa={f=2z"| f#0, e K, (I:f)#1}.

The next result gives a description of the minimum distance which is suitable for
computing this number using a computer algebra system such as Macaulay2 [25].

Corollary 3.2.2. If K =F,, |X| > 2, I = I(X), and < is a monomial order, then
Ox(d) = deg S/I — max{deg(S/(L, f))| f € F<a} >1 for d>1.
Proof. Tt follows from Proposition 2.1.15 and Theorem 3.2.1. O

The expression for dx(d) of Corollary 3.2.2 gives and algorithm that can be imple-
mented in Macaulay2 [25] to compute 0x(d) (Example 3.2.6). However, in practice, we
can only find the minimum distance for small values of ¢ and d. Indeed, if n = |A(1)NSy,
to compute 67(x) requires to test the inequality (/(X): f) # I(X) and compute the corre-
sponding degree of S/(I(X), f) for the ¢" — 1 standard polynomials of S/I.

Corollary 3.2.3. Let X be a finite subset of P51, let I(X) be its vanishing ideal, and let
=< be a monomial order. If the initial ideal inL(I(X)) is a complete intersection generated
by x*2, ..., x%, with d; = deg(x®) and 1 < d; < d;yy fori > 2, then

[Va(f)] < deg(S/(I(X))) = (dry2 — O)dpy3 -+ - ds,

for any f € Sy that does not vanish at all points of X, where 0 < k < s —2 and { are
integers such that d = Y"1 (d; — 1) + £ and 1 < € < dj1o — 1.

Proof. 1t follows from Theorems 2.5.6 and 3.2.1. O

Corollary 3.2.4. Let K = F, be a finite field, let < be a monomial order, and let X be
a subset of P~ Then, dx(d) > fpyx)(d) > 0 for d > 1.

Proof. The inequalities dx(d) > fp;x)(d) > 0 follow from Theorems 2.3.2 and 3.2.1. [

One can use Corollary 3.2.4 to estimate the minimum distance of any Reed-Muller-
type code over a set X parameterized by a set of relatively prime monomials and one has
the following result that can be used to compute the vanishing ideal of X using Grobner
bases and elimination theory.
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Theorem 3.2.5. [52] Let K = F, be a finite field. If X is a subset of P*~' parameterized
by monomials y**, ..., y" n the variables vy, ..., Yy, then

I(X) = ({wi —y"2}o Uyl —wikin) NS,
and 1(X) is a binomial ideal.

As an application, Corollary 3.2.4 will be used to study the minimum distance of
projective nested Cartesian codes [11] over a set X. In this case one has a Grébner basis
for I(X) [11] (Section 3.5).

In the following example, we present an implementation on Macaulay2 to calculate the
minimum distance function and footprint function. In particular, shows that the footprint
is a lower bound for the minimum distance.

Example 3.2.6. Let X be the set in P? parameterized by 112, ¥2vs, Ysya, Y1ya over the
field F5. Using Theorem 3.2.5, Corollary 3.2.2, and the following procedure for Macaulay2
[25] we get

d 1]2]3
IX| 161616

Hx(d) 419 |16
Sx(d) | 941
pr(X) (d)] 6|3

q=3

R=2Z/qly1l,y2,y3,y4,z,x1,x2,x3,x4,MonomialOrder=>Eliminate 5];
fl=ylxy2, f2=y2xy3, f3=y3*y4, fd=yd*yl
J=ideal(y1~g-y1,y27°q-y2,y37q-y3,y4"q-y4,x1-f1%z,x2-f2%z,x3-f3*z,x4-f4%z)
C4=ideal selectInSubring(1l,gens gb J)

S=77Z/qlx1,x2,x3,x4];

I=sub(C4,8)

M=coker gens gb I

h=(d)->degree M - max apply(apply(apply(apply(

toList (set(0..q-1)) “**(hilbertFunction(d,M))-

(set{0}) "**(hilbertFunction(d,M)), tolist),x->basis(d,M)*vector x),
z->ideal(flatten entries z)),x-> if not

quotient(I,x)==I then degree ideal(I,x) else 0)--The function h(d)
--gives the minimum distance in degree d

h(1), h(2)

f=(al) -> degree ideal(al,leadTerm gens gb I)

fp=(d)->degree M - max apply(flatten entries basis(d,M),f)--The
—-—function fp(d) gives the footprint in degree d
L=toList(1l..regularity M)

apply(L,fp)
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Let Cx(d) be a projective Reed—Muller-type code. If d > reg(S/I1(X)), then 0x(d) = 1.
The converse is not true as the next example shows.

Example 3.2.7. Let X = {[(1,1,1)],[(1,-1,0)],[(1,0,—=1)],[(0,1,—1)],[(1,0,0)]} and let
I be its vanishing ideal over the finite field F3. Using Macaulay2 [25] we obtain that
reg(S/I) = 3. Notice that 0x(1) = 1 because the polynomial x; + x5 + x5 vanishes at all
points of X\ {[(1,0,0)]}.

The next example shows that d; is not in general non-increasing. This is why we often
require that the dimension of I be at least 1 or that I is unmixed with at least 2 minimal
primes.

Example 3.2.8. Let I be the ideal of Fs|xy, z] generated by x7, x5, 23zy, 123, Using

Corollary 3.2.2 and Macaulay?2 [25] we get that the regularity of S/1 is 7, that is, H;(d) =0
for d > 7, and

d 123456
deg(S/T) [13 13| 13]13] 13|13
H{d) |2[3[32[1]1
Si(d) |6 21 [1]2]1

3.3 Minimum distance of affine Cartesian codes

In this section, as an application of Theorem 2.5.6 and Theorem 3.2.1 we recover the
formula for the minimum distance of an affine Cartesian code by examining the underlying
vanishing ideal.

Let K =F, be a finite field, let A, ..., As; be a collection of subsets of K, and let
X =[1xAyx - x A

be the image of 1 x Ay x -+ x A, \ {0} under the map K%\ {0} — P~ = — [z]. Cx(d)
denoted the corresponding d-th affine Reed—Muller-type code, and is called the d-th affine
nested Cartesian code.

Corollary 3.3.1. [19, 34] Let K be a field and let Cx(d) be the projective Reed—Muller-
type code of degree d on the finite set X = [1 x Ay x - x A,] C P71 If1 < d; < djyq for
i > 2, with d; = |A;|, and d > 1, then the minimum distance of Cx(d) is given by

(diso — O dpys - -ds  ifd <> (di—1)—1,
=2

ox(d) = p
1 ideZ(di—1)7

where k > 0, { are the unique integers such that d = Zf’:; (d; — 1)+l and 1 < € < djo—1.
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Proof. Let = be the reverse lexicographical order on S with x4 = -+ > x5 = z1. Set-
ting f; = H,yeAi(xi — vyaxy) for i = 2,...,s, one has that fs,..., fs is a Grobner basis
of I(X) whose initial ideal is generated by z32,...,z% (see [34, Proposition 2.5]). By
Theorem 3.2.1 one has the equality ox(d) = dx)(d) for d > 1. Thus the inequality “>”
follows at once from Theorem 2.5.6. Assume that d < > 7_,(d; —1). To show the reverse
inequality notice that there is a polynomial f € S; which is a product of linear forms
such that [Vx(f)|, the number of zeros of f in X is equal to dy - - - ds — (dgy2 — €)dj13 - - - ds
(see [34, p. 15]). As |X] is equal to ds---ds, we get that dx(d) is less than or equal to

(diso — Odyys - - ds. O

Corollary 3.3.2. [10, Lemma 2.1] Let 2 < dy < --- < dg be a sequence of integers with
s> 2. Fiz an integer 1 <d <7 ,(d; —1). Then

min {H(dl —a;)

1=2

0<a <d;—1, aieNforiZQ,Zaigd} = (dpyo — O)dpys -+~ ds,

i=2
where k > 0, £ are integers such that d = Zf;l (di—1)+ € and 1 <l <dpo—1.

Proof. From Theorem 3.2.1 one has d;(x)(d) = dx(d). Hence, the equality follows at once
from Proposition 2.5.2 and Corollary 3.3.1. [

The next result is an extension of a result of Alon and Fiiredi [3, Theorem 1] that can
be applied to any finite subset of a projective space whose vanishing ideal has a complete
intersection initial ideal relative to a graded monomial order.

Corollary 3.3.3. Let X be a finite subset of a projective space PS~% and let < be a
monomial order such that inL(I(X)) is a complete intersection generated by x**, ..., x*
with d; = deg(z®) and 1 < d; < diyq for all i. If the hyperplanes Hy, ..., Hy in P51
avoid a point [P| in X but otherwise cover all the other |X| — 1 points of X, then d >

reg(S/1(X)) = >i_y(di = 1).

Proof. Let hq,...,hg be the linear forms in S; that define Hy, ..., Hy, respectively. As-
sume that d < >_°_,(d; —1). Consider the polynomial h = hy - - - hy. Notice that h ¢ I(X)
because h(P) # 0, and h(Q) = 0 for all [Q] € X with [Q] # [P]. By Theorem 2.5.6
ox(d) > fprx) > 2. Hence, h does not vanish in at least two points of X, a contradic-
tion. O

The following examples shows how some of our results can be used in practice, we
present implementations in Macaulay?2 [25] to calculate Hx(d), dx(d) and fp; ) (d).

Example 3.3.4. Let S be the polynomial ring Fs[z1, x4, x3, 5] with the lexicographical
order zy < x4 < w3 < 9, and let I = I(X) be the vanishing ideal of

X = {[(1,0,0,0)], [(1,1,1,0)], [(1,-1,-1,0)], [(1,1,0,1)],
[(1,-1,1,1)], [(1,0,—1,1)], [(1,—1,0,=1)], [(1,0,1,—=1)], [(1,1,—1,—=1)]}.
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Using the procedure below in Macaulay?2 [25] and Theorem 2.5.6, we get that I(X) is
generated by x5 — x3 — x4, 5 — z37%, and x3 — z42?. The regularity and the degree of
S/I(X) are 4 and 9, respectively, and I(X) is a Geil-Carvalho ideal whose initial ideal is a
complete intersection generated by xy, 3, x3. The basic parameters of the Reed—Muller-
type code Cx(d) are shown in the following table.

d |1]2]3]4
X[ [9[9]9]9
Hy(d) [3]6]8]9
Sx(d) [6]3]2]1
10 (d) | 6321

By Corollary 3.3.3, if the hyperplanes Hi,..., H; in P? avoid a point [P] in X but
otherwise cover all the other |X| — 1 points of X, then d > reg(S/1(X)) = 4.

S=77/3[x2,x3,x4,x1,MonomialOrder=>Lex] ;

I1=ideal (x2,x3,x4) ,I2=ideal (x4,x3-x1,x2-x1) ,I3=ideal (x4,x1+x3,x2+x1)
I4=ideal (x4-x1,x4-%x2,x3) ,I5=ideal (x4-x1,x3-x1,x2+x1),

I6=ideal (x2,x1-x4,x3+x1), I7=ideal (x3,x1+x4,x1+x2),

I8=ideal (x2,x4+x1,x3-x1),I19=ideal (x1+x4,x3+x1,x2-x1)
I=intersect(I1,12,13,14,15,16,17,18,I9)

M=coker gens gb I, regularity M, degree M

h=(d)->degree M - max apply(apply(apply(apply (toList

(set(0..9-1)) “**(hilbertFunction(d,M))-(set{0}) “**(hilbertFunction(d,M)),
tolist) ,x->basis(d,M)*vector x),z->ideal(flatten entries z)),

x—> if not quotient(I,x)==I then degree ideal(I,x) else 0)--this
--gives the minimum distance in degree d

apply(1..3,h)

Example 3.3.5. Let S be the polynomial ring S = Fs[z1, x9, 23] with the lexicographical
order x; > w9 > x3, and let I = I(X) be the vanishing ideal of

X= {[(17 17 O)]? [(17 _17 0)]7 [(17 07 1)]7 [(17 07 _1)]7 [(17 _17 _1>]7 [(17 17 1)]}
As in Example 3.3.4, using Macaulay2 [25], we get that I(X) is generated by

2 2 2 2 2
Tox3 — ToX3, T] — Ty + ToX3 — T3.

The regularity and the degree of S/I(X) are 3 and 6, respectively, I is a Geil-Carvalho
ideal, and in.(I) is a complete intersection generated by z3xs and z?. The basic param-
eters of the Reed—Muller-type code Cx(d) are shown in the following table.
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d 1123
1X] 666
Hx(d) |3]5|6
ox(d) |3]2]1
pr(X)(d> 3121

By Corollary 3.3.3, if the hyperplanes H,..., H; in P? avoid a point [P] in X but
otherwise cover all the other |X| — 1 points of X, then d > reg(S/1(X)) = 3.

Example 3.3.6. Let S be the polynomial ring S = Fs[z, xq, 23] with the lexicographical
order x; > w9 > x3, and let [ = I(X) be the vanishing ideal of

X= {[(17 170)]7 [(17 _170)]7 [(1707 1”7 [(1707 _1)]7 [(17 -1, _1)]7 [(L L, 1)]7 [(0, 170)]7 [(0, 0, 1)]7 [(07 L, 1)]}
As in Example 3.3.4, using Macaulay2 [25], we get that I1(X) is generated by

2 2 .3 2 2
T3 — ToX3, T] — T1X5 + T1T2T3 — T1X3.

The regularity and the degree of S/I(X) are 4 and 9, respectively, [ is a Geil-Carvalho
ideal, and in<(I) is a complete intersection generated by z3xs and z3. The basic param-
eters of the Reed—Muller-type code Cx(d) are shown in the following table.

d |1]2]3]4
X[ [9[9]9]9
Hy(d) [3]6]8]9
Sx(d) |6[3[2]1
fpra(d) [6]3]2]1

By Corollary 3.3.3, if the hyperplanes Hj,..., Hy in P? avoid a point [P] in X but
otherwise cover all the other |X| — 1 points of X, then d > reg(S/1(X)) = 4.

S=7Z7Z/3[x_1,x_2,x_3,MonomialOrder=>Lex]
Il=ideal (x_2-x_1,x_3)

I2=ideal (x_3,x_2+x_1)

I3=ideal (x_2,x_3-x_1)

I4=ideal (x_2,x_3+x_1)

I5=ideal (x_2+x_1,x_3+x_1)

I6=ideal (x_2-x_1,x_3-x_1)
I7=ideal(x_1,x_3)

I8=ideal(x_1,x_2)
I9=ideal(x_1,x_3-x_2,x_2-x_3)
I=intersect(I1,12,13,I14,15,16,17,18,I9)
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M=coker gens gb I

regularity M

degree M

h=d->hilbertFunction(d,M)

apply(1l..4,h)

h1=(d)->degree M-max apply(apply(apply(apply(toList(set(0..2)) *x
(hilbertFunction(d,M))-(set{0}) "**(hilbertFunction(d,M)), tolList),
x->basis(d,M)*vector x),z->ideal(flatten entries z)),

x->if not quotient(I,x)==I then degree ideal(I,x) else 0)
apply(1..4,h1)

Next we give an example of a graded vanishing ideal over a finite field, which is not
Geil-Carvalho, by computing all possible initial ideals.

Example 3.3.7. Let X = P? be the projective space over the field Fy and let I = I(X)
be the vanishing ideal of X. Using the procedure below in Macaulay2 [25] we get that
the binomials z173 — 22wy, T123 — 2313, Tox2 — 2223 form a universal Grobner basis of 1,
that is, they form a Groébner basis for any monomial order. The ideal I has exactly six
different initial ideals and dx # fp; for each of them, that is, I is not a Geil-Carvalho
ideal. The basic parameters of the projective Reed-Muller code Cx(d) are shown in the

following table.

d 11213

1X| TV
Hx(d) |3|6|7
ox(d) [4]2]1
prx) (d)[4]1]1

load "gfaninterface.m2"

S=ZZ/2[symbol x1, symbol x2, symbol x3]

I=ideal (x1*%x2°2-x1"2%x2,x1*x372-x1"2*%x3,x2*x3"2-x2"2%x3)
universalGroebnerBasis(I)

(InL,L)= gfan I, #InL

init=ideal (InL_0)

M=coker gens gb init

f=(x)-> if not quotient(init,x)==init then degree ideal(init,x) else 0
fp=(d) ->degree M -max apply(flatten entries basis(d,M),f)
apply(1l..regularity(M),fp)

3.4 Degree formulas of some monomial ideals

Let S = Klzi,...,xs] be a polynomial ring over a field K, let dj,...,ds be a non-
decreasing sequence of positive integers with d; > 2 and s > 2, and let L be the ideal
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of S generated by the set of all xix?j such that 1 < i < j < s. It turns out that the
ideal L is the initial ideal of the vanishing ideal of a projective nested Cartesian set. In
this section we study the ideal L and show a formula for the degree of S/(L,z*) for any
standard monomial z® of S/L as a preparation to show some applications.

Lemma 3.4.1. The ideal L is Cohen—Macaulay of height s — 1, has a unique irredundant
primary decomposition given by

[/:Cllﬁ...ﬁqs7
where q; = (1,...,%;_ 1,3:7_1:11,... 4y for 1 <i<s, and deg(S/L) =1+ ,d;---ds.

? S

Proof. Using induction on s and the depth lemma it is seen that L is Cohen—Macaulay
(see Lemma 1.4.6). In particular L is unmixed. Since the radical of L is generated by
all z;x; with ¢« < j, the minimal primes of L are p;,...,ps, where p; is generated by
X1yewoyTio1,Xixt, .-, Ts. The p;-primary component of L is uniquely determined and is
given by LS,, N S. Inverting the variable z; in LS,, it follows that LS,, = q;5,,. As q;
is an irreducible ideal, it is p;-primary and one has the equality LS,, NS = g;. By the
additivity of the degree we obtain the required formula for the degree of S/L. [

Proposition 3.4.2. Let x* = 29" --- 2% be a standard monomial of S/L with respect to
a monomial order <. Ifa, > 1 and 1 <r <s, then 0 <a; <d; —1 fori>r and

r+1

deg(S/(L,x“)) _ deg(S/L) — ;(dl _ ai) . (ds _ as) if a, <d,

deg(S/L) — (dyy1 — apy1) -+ (ds —as)  if a, >d,+1,
where (d; — a;) -+ (dg —as) =1 ifi > s and a; =0 for i <r.

Proof. As f = 2% is not a multiple of :Uix;-lj for i < j, we get that 0 < a; < d; —1 for i > r.
To show the formula for the degree we proceed by induction on s > 2. In what follows
we will freely use the additivity of Hilbert series [58, Lemma 5.1.1], a well-known formula
for the Hilbert series of a complete intersection [58, p. 177], the formula of Lemma 3.4.1
for the degree of S/L, and the fact any monomial is a zero divisor of S/L (this follows
from Lemma 3.4.1). We split the proof of the case s = 2 in three easy cases.

Case (1): Assume s = 2, r = 1. This case is independent of whether a; < dy of
a; > dy + 1 because the two possible values of deg(S/(L, f)) coincide. There are exact
sequences

0 — S/(x1)[—ds] —> S/(L f) — S/(x®, f) — 0,
0 — 5/(a5)[~ar] 5 ) (ae, ) — S/(as, ) — 0.
Taking Hilbert series we get

da ] T $a2—1 da—1 ‘ a1—1 A
FIS/L 1), @) = 1x—$ Lo 1+—;g . )+ (Zﬂf) <Z 90) .

=0 =0
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Writing F'(S/(L, f),x) = h(z)/(1 — x) with h(z) € Z[z] and h(1) > 0, and noticing that
h(1) is the degree of deg(S/(L, f)), we get

deg(S/(L, [)) =1+ ay = (d2 + 1) = (dy — az) = deg(S/L) — (d — az).
Case (2): Assume s =2, r = 2, ay < dy. In this case (L, f) is equal to (z5?). Thus
deg(S/(L,f)) = Qg = (]_ + dg) - (dg - CLQ) —1= deg(S/L) — (dg — CLQ) — 1.
Case (3): Assume s = 2, r = 2, ay > dy + 1. Taking Hilbert series in the exact
sequence
242
0— S/(xla 2 d2)[ d ] — S/(L7f> — S/(flfgb) — 07
we obtain
(I+az+---Fa=t)
1—x ‘

Thus we may proceed as in Case (1) to get deg(S/(L, f)) = do = deg(S/L) — 1.

This completes the initial induction step. We may now assume that s > 3 and split
the proof in three cases.

Case (I): Assume r = s > 3 and ay, < dg. Thus f = 2% and a; = 0 for i < s. Setting
L' equal to the ideal generated by the set of all xix?j such that 2 < i < 7 < s, there is an
exact sequence

F(S/<L7 f)al‘) = fEdQ(l +z+--- +Ia2_d2_1) +

0— S/(x, .. 2% a%)[-1] =5 S/(L,2%) — S/(L', 2%, x;) —> 0.

Y 3 Y

Taking Hilbert series one has

as ds—1
F(S/(L,J/‘S‘), ) (S/(xQ yeee s Lg1 5, X )7 )+F(S/( » Lg ,1’1),1‘).
Hence, setting S" = K|z, ..., x4, from the induction hypothesis applied to S’/(L’, z%),
and using that deg(S’'/L") = deg(S/L) — ds - - - ds_1d; (see Lemma 3.4.1), we obtain
s+1

deg(S/(L, f)) = do---dyras+ deg(S'/L') — Zd -dy 1 (dy — ay)

s+1

= deg(S/L) — Zd cdy_1(ds — ay).

Case (II): Assume r = s > 3 and a5 > ds + 1. Using the exact sequence

0— S/(x, ... a%7 2%)[-1] =5 S/(L, 2%) — S/(L

yHs—1 %5

.171) — O,

) 5 Y

we can proceed as in Case (I) to get deg(S/(L, f)) = deg(S/L) — 1.
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Case (III): Assume r < s. Then, by assumption, as < ds;. Let L’ be the ideal

as—1

generated by the set of all xix;lj such that 1 <i < j < s— 1. Setting f' = z% ---z.";
and S" = K|xy,...,xs_ 1], there are exact sequences

0— S/(x1,...,25-1)[—ds] = S/(L, f) — S/(L, f,z%) — 0,
0 — S/(L, f, 2% —a,] 25 S/(L, f,a%) — S/(L',297) — 0.

Hence taking Hilbert series, and applying Proposition 1.5.16, we get

F(S/(Lf)x)= =5 + F(S'/ (L', f'),0)F (K [z,]/ (2d:=%), @) + F(S' /L', 2) F (K[, / (22), ).

1—x S S

Writing F'(S/(L, f),x) = h(z)/(1 — x) with h(z) € Z[z] and h(1) > 0, and noticing that
h(1) is the degree of S/(L, f), the induction hypothesis applied to S’/(L', f’) yields the
equality

r+1
deg(S/(L, f)) = 1+ (deg(S’/L’) - Z(di —a;) - (ds—1 — as1>) (ds — as) +deg(S'/L)as
o
= 1+deg(S'/L)ds — Y (di —a;) -+ (ds — a5) if ar < d.
=2

or the equality

deg(S/(L, f)) = 1+ (deg(S,/L/) - (dr-i-l - ar+l) T (ds—l - as—l)) (ds - as) + deg(S,/L/)as
= 1+deg(S'/L)ds — (drs1 — ars1) -+ (ds — as) if ap > d, + 1.

To complete the proof it suffices to notice that deg(S/L) = 1 + deg(S’/L')ds. This
equality follows readily from Lemma 3.4.1. O

Remark 3.4.3. Cases (1), (2), and (3) can also be shown using Hilbert functions instead
of Hilbert series, but case (III) is easier to handle using Hilbert series.

Corollary 3.4.4. Let 2% = x% - --z% be a standard monomial of S/L with respect to a
monomial order <. If a, > 1 and 1 <r <s, then 0 <a; <d; —1 fori>r and

deg(S/L) — (c§2 —ag) - (ds — ay) if r=1,

deg(S/(L, f)) = ¢ deg(S/L) — Z(dl —a;) - (ds—as) if r=2anday < dy,

deg(S/L) — (ds — ag) -+ - (ds — ay) if r=2anday>dy+1
where (d; — a;) -+ (ds —as) =1 ifi > s and a; =0 for i <r.

Proof. Tt follows at once from Proposition 3.4.2. [
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3.5 Projective nested Cartesian codes

In this section we introduce projective nested Cartesian codes, a type of evaluation codes
that generalize the classical projective Reed-Muller codes [49]. As an application we
will give some support to a conjecture of Carvalho, Lopez-Neumann and Lépez (Conjec-
ture 3.5.2).

Let K = F, be a finite field, let A;,..., As be a collection of subsets of K, and let
X =[A; x - x A

be the image of A; X --- x A, \ {0} under the map K*\ {0} — P*~!, & — [z]. Unless
otherwise stated X* denote the Cartesian product A; x --- x A, in the affine space.

Definition 3.5.1. [11] The set X is called a projective nested Cartesian set if
(i) {0,1} Cc A; fori=1,...,s,
(i) a/be Ajfor 1 <i<j<s,acA;,0#be A;, and
(iii) dy < -+ <ds, where d; = |A;| fori =1,...,s
If X is a projective nested Cartesian set, we call Cx(d) a projective nested Cartesian code.

Throughout this section < is the lexicographical order on S with z; < --- < x; and
inL(I(X)) is the initial ideal of I(X).

Conjecture 3.5.2. (Carvalho, Lopez-Neumann, and Lopez [11]) Let Cx(d) be the d-
th projective nested Cartesian code on the set X = [A; x -+ X Ag] with d; = |A;| for
1=1,...,s5. Then its minimum distance is given by

(dk+2_€+1)dk+3"'d8 ZdeZ(dl_1)7
=2

Sx(d) = :
1 ifd= Y (d—1)+1

where 0 < k < s —2 and ¢ are the unique integers such that d = Zf;l (di — 1)+ ¢ and
1 <0< dyyo— 1.

This conjecture fails in general (Example 3.5.8). However the conjecture holds in
certain cases.

Proposition 3.5.3. [11] The initial ideal inL(I(X)) is generated by the set of all mono-
mials xix?j such that 1 <1i < j <s,

deg(S/I(X)) =1+ Zd ds, and reg(S/I(X)) =1+ (d;—1).
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Carvalho, Lopez-Neumann and Loépez, showed that Conjecture 3.5.2 can be reduced

to:
Conjecture 3.5.4. (Carvalho, Lopez-Neumann, and Lépez [11]) If 0 # f € Sy is a
standard polynomial, with respect to <, such that (I(X) : f) # I[(X) and 1 < d <

Z::Q(di - 1)7 then
Ve (f)] < deg(S/I(X)) — (dypyo — €+ 1) diys - - - d,
where 0 < k < s—2 and { are integers such that d = Zf;l (di = 1)+l and 1 < € < djo—1.

We show a formula for deg(S/(in<(/(X)),z*)) and use this to show an upper bound
for [V (f)]-

Theorem 3.5.5. Let < be the lexicographical order on S with x1 < --- < x5 and let f # 0
be a standard polynomial with inL(f) = a% -+ 2% and a, > 1. Then 0 < a; < d; — 1 for
t>1r and

V(P < deg(S/(in<(1(X))),in(f))

r+1

deg(S/I(X)) — Z(di —a;)-(dy—ay)  ifa, <d,

deg(S/I(X)) — (dyy1 — apy1) - -~ (ds —as)  ifap > d, + 1,
where (d; — a;) -+ (ds —as) =1 ifi > s and a; =0 for i <r.

Proof. By Proposition 3.5.3 the initial ideal of I(X') is generated by the set of all mix;lj
such that 1 <1i < j < s and the degree of S/(ins(I/(X)) is equal to the degree of S/I(X).
As inL(f) is a standard monomial, it follows that 0 < a; < d; — 1 for ¢ > r. Notice that if
[ is a zero divisor of S/I(X), then Vx(f) # 0. Thus the inequality follows at once from
Corollary 3.1.2 and the equality follows from Proposition 3.4.2. m

Theorem 3.5.6. Let < be the lexicographical order on S withxy < -+ < xs. If0# f € .5,
is a standard polynomial such that 1 < d <377 ,(d; — 1) and z; divides inL(f), then

Vae(f)| < deg(S/T(X)) = (dira — L+ 1) diys- - d,
where 0 < k < s—2 and { are integers such that d = Zf;l (d; = 1)+l and 1 < € < djo—1.

Proof. By Lemma 3.1.1 we may assume that (I(X) : f) # I(X). Let 2* = in<(f) be the
initial monomial of f. By Proposition 3.5.3, we can write

as

a __ a1
rt=ay e,

witha; > 1,0 < a; <d;—1for ¢ > 1. By Lemmas 3.1.1 and 2.1.4 it suffices to show that
for » = 1, the following inequality holds

deg(S/(in<(I(X)), %)) < deg(S/I(X)) — (dips — £+ 1) dpss - - - ds. (3.5.1)
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If we substitute —¢ = Y21 (d; — 1) — 32%_, a; in Eq. (3.5.1), and use the formula

for the degree of S/(in4(I(&X)),x*) given in Theorem 3.5.5, we need only show that the
following inequalities hold for r = 1:

r+1 k+2 s
> (di—ai) - (ds — ag) > (Z(di —a)— (k=1 —ar— Y ai> diys---dgifa, < d,., (3.5.2)
=2 =2 i=k+3

s k42 s
II @i —a) > <Z(d¢ai) —(k=1)—a— Y a,-> dis - dg if ap > dr+1, (3.5.3)

i=r+1 1=2 i=k+3

for 0 <k <s—2, where (d; —a;)---(ds —as) =1if i > s and a; =0 for i < r.

Assume r = 1. Then Egs. (3.5.2) and (3.5.3) are the same. Thus we need only show
the inequality

H(dz‘ —a;) > (Z(di —a) = (k=1 —a— ) ai) v - -+ ds,

=2 i=k+3

for 0 < k < s — 2. This inequality follows making m = s — 1, ¢; = d;11, b; = a;41 for
1=1,...,m, and by = a; in Proposition 2.4.3. ]

Let £, be the K-vector space generated by all % € Sy such that z® contains x; and
let C; be the image of L£; under the evaluation map evy. From the next result it follows
that the minimum distance of C'y(d) proposed in Conjecture 3.5.2, is in fact the minimum
distance of the evaluation linear code Cj.

Corollary 3.5.7. Let L, be the K-vector space generated by all z* € Sy such that x®
contains x1. If 1 <d <>7 ,(d; — 1), then

max{|Vx(f)|: f ¢ 1(X), f € Lq} = deg(S/I(X)) — (dgyo — L+ 1) dpys - - ds,

where 0 < k < s —2 and { are integers, d = S50 (d; — 1)+ €, and 1 < € < dpp — 1.

Proof. Take f € L4\ I(X). Let < be the lexicographical order with x; < -+ < x4
and let G be the Grébner basis of I(X') given in [11, Proposition 2.14]. By the division
algorithm, we can write f = Y., a,g; + g, where g; € G for all i and g is a standard
polynomial of degree d. The polynomial g is again in £\ I(X). Indeed if g ¢ L4, there
is at least one monomial of g that do not contain x;, then making x; = 0 in the last
equality, we get an equality of the form 0 = ’_, b;g; + h, where h is a non-zero standard
polynomial of I(X), a contradiction. Hence, by Theorem 3.5.6, the inequality < follows
because |Vx(f)| = [Vx(g)|. To show equality notice that according to the proof of [11,
Lemma 3.1], there is a polynomial f of degree d in £, \ I(X) whose number of zeros in
X is equal to the right hand side of the required equality. O

The following example shows that Conjecture 3.5.2 is not valid in general.
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Example 3.5.8. Let K = F, be a finite field with 4 elements and let Ky = K; = Fy,
K, = F, be subfields of K. Then X = [Ky x K; x Kj] is a projective nested Cartesian
product, and the minimum distance of the code Cx(d) is:

d |1]2]3]4]
ox(d) [ 8]4]|3]1]

Note that for d = 4 we have d — 1 = (2 — 1) + 2 and from the formula in Conjecture 3.5.2
dx(4) =4 — 3+ 1 =2, thus the formula fails. Conjecture 3.5.2 holds for d = 1,2, 3.

The following result shows an upper bound for the minimum distance of projective
nested Cartesian codes.

Proposition 3.5.9. [11, Lemma 3.1] If X' is the projective nested Cartesian set over
Ag, ..., Ay, then the minimum distance of Cx(d) satisfies dx(d) < (dgy1 — €)ds2 -~ dp
if 1 < d <> (di—1), and dx(d) = 1 in otherwise, where 0 < k < n — 1 and
0 <l < dpyy — 1 are the unique integers such that d —1=5"F _(d; — 1) +¢.

=1
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Chapter 4

Monomial ideals of weighted
oriented graphs

In this chapter we introduce the edge ideal I = I(D) of a weighted oriented graph D.
The study of this ideal was motivated because edge ideals of weighted oriented graphs
arise in the theory of Reed—Muller codes as initial ideals of vanishing ideals of projective
nested Cartesian sets over finite fields [11, 40, 49]. We study and develop an algebraic
combinatorics theory of these ideals; determine the irredundant irreducible decomposition
of I, characterize the associated primes and the unmixed property of I. Furthermore, we
give a combinatorial characterization for the unmixed property of I, when D is bipartite,
a whisker, or a cycle. Finally, we study the Cohen—Macaulay property of I and show that
in certain cases [ is unmixed if and only if I is Cohen-Macaulay [45].

4.1 Weighted oriented graphs and their vertex covers

In this section we define the weighted oriented graphs, denoted by D and study their vertex
covers. We define the strong vertex covers, this notion extend the classical definition in
graph theory of minimal vertex covers and prove that a minimal vertex cover is strong.
Furthermore, we characterize when V(D) is a strong vertex cover of D.

Definition 4.1.1. A weighted oriented graph is a triplet D = (V(D), E(D),w), where
V(D) is a finite set, £(D) C V(D) x V(D) and w is a function w : V(D) — N. Sometimes
we will write V' and E for the vertex set and edge set of D respectively. The set {z €
V(D) | w(xz) # 1} is denoted by V.

Definition 4.1.2. The underlying graph of D is the simple graph GG whose vertex set is
V(D) and whose edge set is {{z,y}|(z,y) € E(D)}.

Definition 4.1.3. Let x be a vertex of a weighted oriented graph D, the sets N (z) =
{y | (z,y) € E(D)} and Np(z) = {y | (y,z) € E(D)} are called the out-neighbourhood
and the in-neighbourhood of v, respectively. Furthermore, the neighbourhood of x is the
set Np(z) = Nj(z) U Ny ().
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As usual, a set of vertices C' of G (resp. D) is called a vertex cover of G (resp. of D)
if any edge of G (resp. D) contains at least one vertex of C'. A vertex cover C of G or D
is minimal if for any other vertex cover C’ with C' C C one has ¢! = C.

Remark 4.1.4. Is easy to check that; C is a vertex cover of G if and only if C' is a vertex
cover of D

Definition 4.1.5. Let C' be a vertex cover of a weighted oriented graph D, we define:
o Li(C):={zeC|Njx)nC#£0D},
o [1H(C):={xeC|x¢ Li(C)and N;(x)NC* # (O},
o L3(C) := C\ (L1(C) U Ly(C)),

where C° is the complement of C, i.e. C¢=V\ C.

The previous subsets form a partition of C'. In the following proposition, we give a
characterization for the set L3(C).

Proposition 4.1.6. If C' is a vertex cover of D, then

Proof. If z € L3(C), then Nj(x) C C, since x ¢ L,(C). Furthermore N, (z) C C, since
x ¢ Ly(C). Hence Np(x) C C, since x ¢ Np(z). Now, if x € C and Np(z) C C, then
x ¢ L1(C) U Ly(C). Therefore x € Ls(C). O

Proposition 4.1.7. If C is a vertex cover of D, then L3(C) = 0 if and only if C is a
minimal vertex cover of D.

Proof. =) If x € C, then by Proposition 4.1.6 we have Np(x) ¢ C, since L3(C) = 0.
Thus, there is y € Np(x) \ C implying C'\ {z} is not a vertex cover. Therefore, C' is a
minimal vertex cover.

<) If x € L3(C), then by Proposition 4.1.6, Np(x) C C'\ {z}. Hence, C'\ {z} is a
vertex cover. A contradiction, since C' is minimal. Therefore L3(C') = 0. O

Definition 4.1.8. A vertex cover C of D is strong if for each z € L3(C) there is (y,z) €
E(D) such that y € Ly(C) U L3(C) with y € VT (ie. w(y) # 1).

Remark 4.1.9. Let C be a vertex cover of D. Hence, by Proposition 4.1.6 and since
C = Li(C)U Ly(C) U L3(C'), we have that C' is strong if and only if for each = € C' such
that N(z) C C, there exist y € N~ (v) N (C'\ L1 (C)) with y € V.

Corollary 4.1.10. If C' is a minimal vertex cover of D, then C' is strong.

Proof. By Proposition 4.1.7, we have L3(C') = (), since C. Hence, C' is strong. O
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The converse of the Corollary 4.1.10 is true if w(z) = 1 for all € V(D), that is, in
the sense of graph theory all strong vertex cover is minimal. An important fact is that a
strong vertex cover is not always minimal. In what follows we characterize when V(D) is
a strong vertex cover of D.

Remark 4.1.11. The vertex set V' of D is a vertex cover. Also, if z € V, then Np(z) C
V'\ z. Hence, by Proposition 4.1.6, L3(V) = V. Consequently, L(V) = Ly(V) = (). By
Proposition 4.1.7, V' is not a minimal vertex cover of D. Furthermore since L3(V) =V,
V is a strong vertex cover if and only if Ny (z) N VT # () for each z € V.

Definition 4.1.12. If D is a cycle with E(D) = {(z1,22), ..., (Xn_1,2n), (Tn,z1)} and
V(D) ={z1,...,x,}, then D is called oriented cycle.

Definition 4.1.13. D is called unicycle oriented graph if it satisfies the following condi-
tions:

(1) The underlying graph of D is connected and it has exactly one cycle C.

(2) C is an oriented cycle in D. Furthermore for each y € V(D) \ V(C), there is an
oriented path from C' to y in D.

(3) w(x) # 1 if degg(x) > 1.

Lemma 4.1.14. If V(D) is a strong vertex cover of D and Dy is a mazimal unicycle
oriented subgraph of D, then V(D') is a strong vertex cover of D' =D\ V(D).

Proof. We take x € V(D'). Thus, by Remark 4.1.11, there is y € Np(x) N V(D). If
y € Dy, then we take Dy = Dy U{(y,x)}. Hence, if C is the oriented cycle of Dy, then C'is
the unique cycle of Ds, since degp, (v) = 1. If u € C, then (y, ) is an oriented path from
C to x. Now, if y ¢ C, then there is an oriented path £ form C' to y in D;. Consequently,
LU {(y,x)} is an oriented path form C to x. Furthermore, degp,(z) = 1 and w(y) # 1,
then D, is a unicycle oriented graph. A contradiction, since D; is maximal. This implies
y € V(D'), soy € Np(v) N V(D). Therefore, by Remark 4.1.11, V(D') is a strong
vertex cover of D'. O

Lemma 4.1.15. If V(D) is a strong vertex cover of D, then there is a unicycle oriented
subgraph of D.

Proof. Let y; be a vertex of D. Since V = V(D) is a strong vertex cover, there is
y2 € V such that yo € N~ (u;) N V. Similarly, there is y3 € N~ (yo) N V. Conse-
quently, (y3, Y2, %1) is an oriented path. Continuing this process, we can assume there exist
Y2, Y3, - - -, Yp € VT where (yr, Yr_1, - - -, Y2, y1) is an oriented path and thereis 1 < j < k—2
such that (y;, yx) € E(D), since V is finite. Hence, C' = (yk, Yk—1, - - - , Yj, Yx) is an oriented
cycle and £ = (y;,...,y1) is an oriented path form C to y;. Furthermore, if j = 1, then
w(y;) # 1. Therefore, D; = C'U L is a unicycle oriented subgraph of D. O
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Proposition 4.1.16. Let D = (V, E,w) be a weighted oriented graph, hence V' is a strong
vertex cover of D if and only if there are Dy, ..., Dy unicycle oriented subgraphs of D such
that V (D), ..., V(Dy) is a partition of V =V (D).

Proof. =) By Lemma 4.1.15, there is a maximal unicycle oriented subgraph D; of D.
Hence, by Lemma 4.1.14, V(D') is a strong vertex cover of D' = D\ V(D;). So, by
Lemma 4.1.15, there is Dy a maximal unicycle oriented subgraph of D’. Continuing this
process we obtain unicycle oriented subgraphs Dy, ..., D; such that V(Dy),..., V(D) is
a partition of V(D).

<) We take x € V(D). By hypothesis there is 1 < j < t such that z € V(D;). We
assume C' is the oriented cycle of D;. If x € V(C), then there is y € V(C') such that
(y,z) € E(D;) and w(y) # 1, since degp, (x) > 2 and D; is a unicycle oriented subgraph.
Now, we assume = ¢ V/(C'), then there is an oriented path £ = (zi,...,z2,) such that
2z € V(C) and z, = x. Thus, (2,_1,2) € E(D). Furthermore, w(z,_1) # 1, since
degp (zr-1) = 2. Therefore V' is a strong vertex cover. O

4.2 Edge ideals and their primary decomposition

As usual if [ is a monomial ideal of a polynomial ring S, we denote by G(I) the minimal
monomial set of generators of I.

Definition 4.2.1. ([58, Theorem 6.1.17]) There exists a unique decomposition
IZCllﬂ"'ﬂCIra

where qq, . .., g, are irreducible monomial ideals such that I # ﬂ#j q;foreachj =1,... r.
This is called the irredundant irreducible decomposition of I.

It is well known that, q; is an irreducible monomial ideal of I if and only if q; =
(zf!, ..., x;) for some variables x;; [58, Theorem 6.1.16]. Irreducible ideals are primary,
then an irreducible decomposition is a primary decomposition. For more details of primary
decomposition of monomial ideals see [29, 58]. In this section, we define the edge ideal (D)
of a weighted oriented graph D and characterize its irredundant irreducible decomposition.
In particular we prove that this decomposition is an irreducible primary decomposition,
i.e, the radicals of the elements of the irredundant irreducible decomposition of I(D) are

different.

Definition 4.2.2. Let D = (V, E, w) be a weighted oriented graph with vertex set V' =
{z1,..., 25} and edge set E. The edge ideal of D, denote by I(D), is the ideal of S =

Klz1,. ..,z generated by {xix;»’)(mj) | (i, ) € E}.

Definition 4.2.3. A source of D is a vertex z, such that Np(z) = N} (z). A sink of D
is a vertex y such that Np(y) = Np(y).
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Remark 4.2.4. Let D = (V, E, w) be a weighted oriented graph. We take D' = (V, E, w')
a weighted oriented graph such that w'(z) = w(x) if z is not a source and w'(z) =1 if x
is a source. Hence, I(D) = I(D’). For this reason in this chapter, we will always assume
that if x is a source, then w(z) = 1.

Definition 4.2.5. Let C' be a vertex cover of D, the irreducible ideal associated to C' is
the ideal

Io = (L(C) U {a¥“ | 2; € Ly(C) U Ly(C)}).
Lemma 4.2.6. I(D) C I¢ for each vertex cover C' of D.

Proof. We take I = I(D) and m € G(I), then m = xy“®¥, where (x,y) € D. Since C is a
vertex cover, z € Cory € C. Ify € C, theny € I or y*® € I. Thus, m = zy*¥ € I..
Now, we assume y ¢ C, then x € C. Hence, y € N (z)NC® so z € L(C). Consequently,
x € I implying m = xy®® € Io. Therefore I C Ic. O]

Definition 4.2.7. Let I be a monomial ideal. An irreducible monomial ideal q that con-
tains [ is called a minimal irreducible monomial ideal of I if for any irreducible monomial
ideal p such that I C p C q one has that p = q.

Proposition 4.2.8. If [ = I, N ---N 1, is the irreducible decomposition of a monomial
ideal I, then Iy, ..., I, are the minimal irreducible monomial ideals of I.

Proof. Let L be an irreducible ideal that contains I. Then I; C L for some 7. Indeed
if I; ¢ L for all i, for each ¢ pick x;l:’ € I;\ L. Since I C L, setting z, = lem{z,; }1*;
and writing L = (leil, . ,xZ’ZZ), it follows that 2% is in I and xi” is a multiple of 132':’5
for some 1 < ¢ <mand 1 <t </. Thus xi“ is in L, a contradiction. Therefore if L
is minimal one has L = I; for some i. To complete the proof notice that [; is a minimal
irreducible monomial ideal of I for all 2. This follows from the first part of the proof using
that I =1, N---N 1, is an irredundant decomposition. O

Lemma 4.2.9. Let D be a weighted oriented graph. If I(D) C (xf!,...,25), then
{iy,...,z;,} is a vertex cover of D.

Proof. We take q = (z{!,...,2{*). If (a,b) € E(D), then ab*® € I(D) C q. Thus,

x?j\abw(b) for some 1 < j < ¢. Hence, 2;; € {a,b} and {a,b} N {z;,..., 2} # 0.
Therefore {x;,,...,x;,} is a vertex cover of D. O

Lemma 4.2.10. Let q be a minimal irreducible monomial ideal of I(D) where G(q) =
{oft, o wity Ifa; # 1 for some 1 < j < {, then there is (v, 1;,) € E(D) where x ¢ G(q).

117 [eky)

Proof. By contradiction suppose there is a; # 1 such that if (z,2;,) € E(D), then x €
G(q). We take the ideal ' = (G(q) \ {:BZJ}) If (a,b) € E(D), then ab*® € I(D) C q.
Consequently, xfﬂabw(b) for some 1 < k < £. If k # j, then ab®® € ¢'. Now, if k = j,
then by hypothesis a; # 1. Hence, x?j\bw(b) implying z;, = b. Thus, (a,;,) € E(D), so
by hypothesis @ € G(q) \ {z;’}. This implies ab”® € g'. Therefore I(D) C ¢' € q. A
contradiction, since ¢ is minimal. O
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Lemma 4.2.11. Let q be a minimal irreducible monomial ideal of I(D) where G(q) =
{ail, o xily Ifay # 1 for some 1 < j < {, then a; = w(x;;).

Proof. By Lemma 4.2. 10 there is (z, %) € E(D) with = ¢ G(q). Also, xzq'u‘(xij)

I(D) C g, so x} ]mx =) for some 1 < k < (. Hence, zi*|z (xij), since x ¢ G(q).
This implies, & = j and a] < w(zi;). If aj < w(wy,), then we take q = (M') where

= {G(a) \ {=7/}} U {z, ’)}. So, q’ C q. Furthermore, if (a,b) € E(D) then
m = ab*® € I(D) C q. Thus x?}f]abw for some 1 < k < £. If k # j, then z7* € M’
implying ab®® € ¢q'. Now, if k = j then xlj 16v®) | since a; > 1. Consequently, %]- =b

S

and x;u_(xij )]m. Then m € q'. Hence I(D) C q’ C q, a contradiction since ¢ is minimal.
Therefore a; = w(z;,). O

We come to two of our main results.

Theorem 4.2.12. The following conditions are equivalent:

(1) q is a minimal irreducible monomial ideal of 1(D).

(2) There is a strong vertex cover C' of D such that q = I¢.

Proof. (2) = (1) By definition q = IC is a monomial irreducible ideal. By Lemma 4.2.6,
I(D) C q. Now, suppose [ (D) C q C q, where ¢’ is a monomial irreducible ideal. We
can assume G(q') = {x;’;, e M} If € Li(C), then there is (z,y) € E(D) with y ¢ C.
Hence, 2y*®) € I(D) and 3" ¢ q for each r € N. Consequently 4" ¢ g’ for each r, implying
y ¢ {z;,,...,z;,}. Furthermore [l??z v) for some 1 < i < £, since 2y*W) € I(D) C ¢.
This implies, = = xb' € q. Now, if z € LQ(C’) then there is (y,z) € E(D) with y ¢ C.
Thus y ¢ q, so y gé {93317---a ]Z} Also, % )y € I(D)
1 < i < (. Consequently, x! 2@ implies 2 € ¢'. Finally if € L3(C), then there is
(y,x) € E(D) where y € LQ(C) U Lg(C) and w(y) # 1, since C is a strong vertex cover.
So, x*@y ¢ I(D) impli |2y for some i. Furthermore y ¢ q = I¢, since
y € Ly(C)U L3(C') and w(y) # 1. ThlS implies y ¢ ¢ so, x w(@) then 2@ € ¢'. Hence,
q = Ic C ¢'. Therefore, q is a minimal monomial 1rredu01ble of I(D).

@)y for some

(1) = (2) Since q is irreducible, we can suppose G(q) = {z{!,...,2{’}. By Lemma
4.2.11, we have a; = 1 or a;j = w(wy;) for each 1 < j < . Also, by Lemma 4.2.9,
C = {@,..., 25} is a vertex cover of D. We can assume G(Ic) = {2}, ..., Zz} then

b; € {1,w(xzj)} for each 1 < j < ¢. Now, suppose by = 1 and w(z; ) # 1 for some
1 < k < {. Consequently z;, € Li(C). Thus, there is (z;,,y) € E(D) where y ¢ C.
So, x;,y*® € I(D) C q and 3:?:|xikyw(y) for some 1 < r < . Furthermore y ¢ C, then
r =k and ap = a, = 1. Hence, Ic N V(D) C qN V(D). This implies, I C q, since
a;,b; € {1, w(x;,)} for each 1 < j < {. Therefore q = I¢, since q is minimal. In particular
a; = b; for each 1 <4 < /.
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Now, assume C' is not strong, then there is x € L3(C) such that if (y,x) € E(D),
then w(y) = 1 or y € L1(C). We can assume x = x;,, and we take q' the monomial

ideal with G(q') = {z§2,...,2{}. We take (21,20) € E(D). If x‘g\zlz;”(z?) for some

127 a7
2 < j </, then 2125“(22) € q'. Now, assume xZ’ J(zlzg)(ZZ) for each 2 < j < ¢. Consequently
2 & {Tiy, ..., 25, ), since a; € {1, w(z;;)}. Also %28 ¢ [(D) C q, then x?11|z1z;”(z2).
But z;, € L3(C), so z1, 22 € Ng[z;,] C C. If x;;, = 2z, then there is 2 < r < £ such that
2 = x;,. Thus a}" 2128 A contradiction, then z;, = 25, 2 € C and (z1,2;,) € E(D).
Then, w(z;) = 1 or 2z € L1(C). In both cases z; € G(I¢). Furthermore z; # z5 since
(21,22) € E(D). This implies z, € G(q). So, 2125%) € . Hence, I(D) C ¢'. This is a
contradiction, since q is minimal. Therefore C' is strong. ]

Theorem 4.2.13. If S(D) is the set of strong vertex covers of D, then the irredundant
irreducible decomposition of 1(D) is given by I(D) = ﬂCGS(D) Ic.

Proof. By [29, Theorem 1.3.1], there is a unique irredundant irreducible decomposition
I(D) = %, ;. If there is an irreducible ideal I} such that I(D) C I; C I; for some j €
{1,...,m}, then I(D) = ([,; ;) N I} is an irreducible decomposition. Furthermore this

decomposition is irredundant. Thus, I J’ = I;. Hence, I,..., 1, are minimal irreducible
ideals of I(D). Now, if there is C' € S(D) such that I ¢ {[1,...,I,}, then there is
a§t € I \ Io for each i € {1,...,m}. Consequently, z = lem(z§},... ,25m) € L, [; =

I(D) C Ic. Furthermore, if C' = {x;,,...,2;,}, then Io = (xﬁl,,.ri") where (3; €
{1, w(z;;)}. Hence, thereis j € {1,...,k} such that :ij|z So, there is 1 < u < m such
that xfj | 5. A contradiction, since 23" ¢ Ic. Therefore (D) = (\oegp) Lo 1s the

irredundant irreducible decomposition of I(D). O

Remark 4.2.14. If 'y, ..., C; are the strong vertex covers of D, then by Theorem 4.2.13,
Ic, N --- N Ig, is the irredundant irreducible decomposition of I(D). Furthermore, if
p; = rad(l¢,;), then p; = (C;). So, p; # p; for 1 < i < j < t. Thus, Ie, N--- N Ig,
is an irredundant primary decomposition of (D). In particular we have Ass(I(D)) =

{pb ce 7pt}‘
Example 4.2.15. Let D be the following weighted oriented graph

Ty
3
5
T2 ¢4 5
I3 Ty
5! 2

whose edge ideal is I(D) = (x3x9, T3x3, ¥374, 1372, ¥325). From Theorems 4.2.12 and
4.2.13, the irreducible decomposition of (D) is:
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I(D) = (23, z3,23) N (23, 3, 25) N (9, 23, 27) N (32, 23, 75) N (29, T4, 22) N (23, 25, 23, 75) N

($:15, .’L‘%, l’4,$g) N (l’g,mg,l&, l’g) N (l’?, l’%, 127334217 .Tg)

Example 4.2.16. Let D be the following weighted oriented graph
T T2 T3 L4

[ >0 >0 >0
2 ) 7

Hence, I(D) = (z123, x9x3, z32%). By Theorems 4.2.12 and 4.2.13, the irreducible decom-
position of I(D) is:

I<D> = (5(31,173) N (x%7$3) N (CL’Q,Z‘Z) N (xl,xg,mZ) N ($§,I§, Z’Z)

In Examples 4.2.15 and 4.2.16, I(D) has embedding primes. Furthermore the mono-
mial ideal (V(D)) is an associated prime of I(D) in Example 4.2.15. Proposition 4.1.16
and Remark 4.2.14 give a combinatorial criterion for to decide when (V' (D)) € Ass(I(D)).

4.3 Unmixed weighted oriented graphs

Let D = (V,E,w) be a weighted oriented graph whose underlying graph is G.In this
section we characterize the unmixed property of I(D) and we prove that this property is
closed under c-minors. In particular if G is a bipartite graph, a whisker, or a cycle, we
give an effective (combinatorial) characterization of this property.

The next theorem gives a combinatorial characterization for the unmixed property of
weighted oriented graphs.

Theorem 4.3.1. The following conditions are equivalent:
(1) I(D) is unmized.
(2) All strong vertezx covers of D have the same cardinality.

(3) I(G) is unmized and L3(C) = 0 for each strong vertex cover C' of D.

Proof. Let C,...,Cy be the strong vertex covers of D. By Remark 4.2.14, the associated
primes of I(D) are py,...,ps, where p; = rad(Ig,) = (C;) for 1 < i < /.

(1) = (2) Since I(D) is unmixed, |C;| = ht(p;) = ht(p;) = |C;| for 1 <i < j < /L.

(2) = (3) If C' is a minimal vertex cover, then by Corollary 4.1.10, C' € {C}, ..., Cy}.
By hypothesis, |C;| = |C}| for each 1 <7 < j < ¢, then C; is a minimal vertex cover of D.
Thus, by Lemma 4.1.7, L3(C;) = (0. Furthermore I(G) is unmixed, since Ci,...,Cy are
the minimal vertex covers of G.

(3) = (1) By Proposition 4.1.7, C; is a minimal vertex cover, since L3(C;) = ) for
each 1 < ¢ < /. This implies, C4,...,C, are the minimal vertex covers of GG. Since G is
unmixed, we have |C;| = |C}| for 1 < ¢ < j < {. Therefore I(D) is unmixed. O
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Definition 4.3.2. A weighted oriented graph D has the minimal-strong property if each
strong vertex cover is a minimal vertex cover.

Remark 4.3.3. Using Proposition 4.1.7, we have that D has the minimal-strong property
if and only if L3(C) = () for each strong vertex cover C' of D.

Definition 4.3.4. D’ is a c-minor of D if there is a stable set S of D, such that D' =
D\ Ng[S].

Lemma 4.3.5. If D has the minimal-strong property, then D' = D\ Nglz| has the
manimal-strong property, for each x € V.

Proof. We take a strong vertex cover C' of D' = D\ Ng[z] where z € V. Thus, C =
C"U Np(z) is a vertex cover of D. If y' € L3(C"), then by Proposition 4.1.6, Np/(y') C C".
Consequently, Np(y') C C" U Np(z) = C implying v’ € L3(C). Hence, L3(C") C L3(C).
Now, we take y € L3(C'), then Np(y) C C. This implies y ¢ Np(z), since ¢ C. Then,
Yy € C’ and Npl(y> U (Np(y> N ND(I)) = Np(y) cC=Cu ND(ZE) SO, Npl(y> c
implies y € L3(C"). Therefore L3(C) = L3(C").

Now, if y € L3(C) = L3(C"), then there is z € C"\ L;(C") with w(z) # 1, such that
(z,y) € E(D'). If z € Li1(C), then there exist 2z’ ¢ C such that (z,2') € E(D). Since
2 ¢ C, we have 2/ ¢ (', then z € L1(C’). A contradiction, consequently z ¢ Li(C).
Hence, C is strong. This implies L3(C) = (), since D has the minimal-strong property.
Thus, L3(C") = L3(C) = (. Therefore D’ has the minimal-strong property. O

Proposition 4.3.6. If D is unmized and v € V', then D' = D \ Ng[z| is unmized.

Proof. By Theorem 4.3.1, G is unmixed and D has the minimal-strong property. Hence,
by [58], G' = G \ Ng|z] is unmixed. Also, by Lemma 4.3.5 we have that D’ has the
minimal-strong property. Therefore, by Theorem 4.3.1, D’ is unmixed. O

Theorem 4.3.7. If D is unmized, then a c-minor of D is unmixed.

Proof. If D' is a c-minor of D, then there is a stable S = {ay,...,a;} such that D' =
D\ NglS]. Since S is stable, D' = (--- ((D \ Nglai1]) \ Nglaz]) \ - -+) \ Nglai]. Hence, by
induction and Proposition 4.3.6, D’ is unmixed. ]

Proposition 4.3.8. If V(D) is a strong vertex cover of D, then I(D) is mized.

Proof. By Proposition 4.1.6 V(D) is not minimal, since L3(V (D)) = V(D). Therefore,
by Theorem 4.3.1, I(D) is mixed. O

Remark 4.3.9. If V =V then I(D) is mixed.

Proof. 1f ; € V', then by Remark 4.2.4 Ny (x;) # 0, since V- = V*. Thus, thereis z; € V
such that (z;,z;) € E(D). Also, w(x;) # 1 and z; € V = L3(V). So, V is a strong vertex
cover. Hence, by Proposition 4.3.8, I(D) is mixed. ]
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In the following three results we assume that D, ..., D, are the connected components
of D. Furthermore G, is the underlying graph of D;.

Lemma 4.3.10. Let C be a vertex cover of D, then Li(C) = |J;_, L1(C;) and L3(C) =
Ui_, Ls(Cy), where C; = C NV (D).

Proof. We take x € C, then x € C; for some 1 < j < r. Thus, Np(z) = Np,(x). In
particular Nj () = Ng (2), so C'N Ng(z) = C; N NP (x). Hence, Li(C) = U;_; Li(Ch).
On the other hand,

r € L3(C) & Np(x) C C < Np,(x) C C; & x € L3(C)).
Therefore, L3(C) = J._, Ls3(C;). O

Lemma 4.3.11. Let C be a vertex cover of D, then C' is strong if and only if each
C; =CNV(D;) is strong with i € {1,...,r}.

Proof. =) We take x € L3(C}). By Lemma 4.3.10, z € L3(C') and there is z € Ny (z)NV T
with z € C'\ L1(C), since C' is strong. So, z € Np, (2) and z € V(D;), since x € D;.
Consequently, by Lemma 4.3.10, z € C; \ L1(C};). Therefore C; is strong.

<) We take x € L3(C), then z € C; for some 1 < i < r. Then, by Lemma 4.3.10,
x € L3(C;). Thus, there is a € Np, (v) such that w(a) # 1 and a € C; \ L1(C;), since C;
is strong. Hence, by Lemma 4.3.10, a € C'\ L(C). Therefore C' is strong. ]

Corollary 4.3.12. I(D) is unmized if and only if 1(D;) is unmized for each 1 <1i <r.

Proof. =) By Theorem 4.3.7, since D; is a c-minor of D.

<) By Theorem 4.3.1, GG, is unmixed thus G is unmixed. Now, if C' is a strong vertex
cover, then by Lemma 4.3.10, C; = C N V(D;) is a strong vertex cover. Consequently,
L3(C;) = 0, since I(D;) is unmixed. Hence, by Lemma 4.3.10, L3(C) = (J;_, L3(C;) = 0.
Therefore, by Theorem 4.3.1, I(D) is unmixed. O

Definition 4.3.13. Let G be a simple graph whose vertex set is V(G) = {xy,...,x:} and
edge set E(G). A whisker of G is a graph H whose vertex set is V(H) = V(G)U{v, ..., ys}
and whose edge set is E(H) = E(G) U {{z1,},...,{zs,ys}}-

Definition 4.3.14. Let D and H be weighted oriented graphs. H is a whisker weighted
oriented graph of D if D C H and the underlying graph H of H is a whisker of the
underlying graph G of D.

In the following results we examine the unmixed property of the edge ideal of D if its
underlying graph G is a whisker graph, bipartite graph or a cycle.

Theorem 4.3.15. Let H be a whisker weighted oriented graph of D, where V(D) =
{z1,...,2s} and V(H) = V(D) U {y1,...,ys}, then the following conditions are equiva-
lents:
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(1) I(H) is unmized.
(2) If (x;,y;) € E(H) for some 1 <i <s, then w(x;) = 1.

Proof. (2) = (1) We take a strong vertex cover C' of H. Suppose z;,y; € C, then
y; € L3(C), since Np(y;) = {z;} C C. Consequently, (z;,y;) € E(D) and w(z;) # 1,
since C' is strong. This is a contradiction by condition (2). This implies, |CN{x;,y;}| =1
for each 1 <i <s. So, |C| = s. Therefore, by Theorem 4.3.1, I(#) is unmixed.

(1) = (2) By contradiction suppose (z;,y;) € E(H) and w(z;) # 1 for some 4. Since
w(x;) # 1 and by Remark 4.2.4, we have that z; is not a source. Thus, there is z; € V (D),
such that (z;,z;) € E(H). We take the vertex cover C' = {V(D) \ x;} U {y;, v}, then by
Proposition 4.1.6, L3(C') = {y;}. Furthermore Np(x;) \ C = {x;} and (z;, ;) € E(H),
then z; € Lo(C'). Hence C is strong, since L3(C) = {v;}, (wi,v:) € E(D) and w(z;) # 1.
A contradiction by Theorem 4.3.1, since I(H) is unmixed. O

Theorem 4.3.16. Let D be a bipartite weighted oriented graph, then I(D) is unmized if
and only if

(1) G has a perfect matching {{z1,23}, ... {xl, 2}} where {z},... x}} and {23, ... 22}
are stable sets. Furthermore if {:L‘], Z} {xz,xk} € E(G) then {z},z}} € E(G).
(2) If w(ah) # 1 and Nj(«F) = where {k,k'} = {1,2}, then Np(zf) C

- 117 ’ z

Ng(x%) and Np (z},) 0 + =0 for each 1 < <r.

Proof. <) By (1) and [22, Theorem 2.5.7], G is unmixed. We take a strong vertex cover
C' of D. Suppose Lg( ) # (), thus there exist z¥ € L3(C). Since C is strong, there is
xé‘: € V" such that (2%, 2}) € E(D), xfl € C\ L(C) and {k, k’} = {1,2}. Furthermore
N3 (#%) C C, since 2% ¢ L;(C). Consequently, by (2), Np(z¥) ¢ Nf(«5) c C. So,
¥ e L3(C’). A contradrctlon since by (2) Np(z¥)NnV*+ =0 and C is strong Hence

L3(C) = 0 and D has the strong-minimal property. Therefore I(D) is unmixed, by
Theorem 4.3.1.

=) By Theorem 4.3.1, G is unmixed. Hence, by [22, Theorem 2.5.7], G satisfies (1).

If w(z¥) # 1, then we take C' = Nf («%) U {a} | Np(a}) ¢ Nj(2%)} and K such that
{k, k’}—{l 2}. If {zF, 2} € B(G )andxk §éC’ then 2% € Np(z ) CN+( ¥) C C. This
implies, C' is a vertex cover of D. Now, if 2¥ € Ls(C), then Np(zFf ) C C. Consequently
Np(z 1) C Np(ah) implies af ¢ C. A contradiction, then L3(C) C Np(ah). Also,
Ng (%) # 0, since w(z}) # 1. Thus 2§ € Ly(C), since N’(xé‘?)ﬁC = (). Hence Cis strong,
since Lg(C) C Nj(zh) and ah eVt Furthermore {z¥ ... 2¥} is a minimal vertex cover,
then by Theorem 4. 3 1 |C| = t, since D is unmixed. We assume N7, (z}) = {ab 2l

Y r

Since C' is minimal, #f ¢ C for each 1 < ¢ < r. So, Np(z}) C N+( z¥). Now, suppose

z € Np(af)n VT, then z = xfﬁ/ for some 1 < ¢ < r, since ND( By C N+(£L'?). We

take C" = N (a¥) U{z} | i ¢ {ir,... .0 }} UND(af ) Since Np(aF ) C Nf(x )for each

1 <wu <7, we have that C" is a vertex cover. If {2%, 2%} Ly(C) # 0, then {zF ¥} c C’,

q7q Q’q
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SO :vk € N () implies g € {i1,...,1i,}. Consequently, xh € Np(z ) since ¥ € C". This
1rnphes (2, xk ), (¢}, 2%) € E(D). Moreover, N+( )UN+( ~) C C’, then a:k/ ¢ L(C")
and =¥ ¢ Ll(C”). Thus, C" is strong, since %, xl, € VJr Furtherrnore by Theorem 4.3.1,

|C"| = t. But 2¥ € N (2h) and =, € Nf(«f ) hence ¥ 2% € C’. A contradiction, so

107 1

Np () NVt = . Therefore D satlsﬁes (2). O

Lemma 4.3.17. If the vertices of VT are sinks, then D has the minimal-strong property.

Proof. We take a strong vertex cover C' of D. Hence, if y € L3(C), then there is (z,y) €
E(D) with z € V*. Consequently, by hypothesis, z is a sink. A contradiction, since
(z,y) € E(D). Therefore, L3(C') = 0 and C' is a minimal vertex cover. O

Lemma 4.3.18. Let D be a weighted oriented graph, where G ~ C,, with n > 6. Hence,
D has the minimal-strong property if and only if the vertices of V' are sinks.

Proof. <) By Lemma 4.3.17.

=) By contradiction, suppose there is (z,y) € E(D), with z € V. We can assume
G = (x1,29,...,2,,21) >~ Cp, with 5 = y and x3 = z. We take a strong vertex cover C' in
the following form: C' = {x1,23,..., 2z, 1} U{xs} if nis even or C' = {xy,23,...,2, 2} U
{xg,x,_1} if n is odd. Consequently, if z € C' and Np(x) C C, then x = z,. Hence,
L3(C) = {x3}. Furthermore (z3,z5) € E(D) with x3 € V. Thus, z3 is not a source,
0, (r4,73) € E(D). Then, x3 € Lo(C). This implies C' is a strong vertex cover. But

L3(C) # 0. A contradiction, since D has the minimal-strong property. H
Dy D5 D,
1 1 w(ml) #1 w(Tz) #1 1 w(zz) # 1
&2
1)
w(zs) # 1\'/1;@3) #1 w(T5) ;é 1 w(Tz) #1 w(ws) # o(z3) # 1

w(14) #1 1

Theorem 4.3.19. If the underlying graph of a weighted oriented graph D is a cycle and
w is the weight function of D, then I(D) is unmized if and only if one of the following
conditions hold:

(1) n =3 and there is x € V(D) such that w(z) = 1.
(2) n € {4,5,7} and the vertices with weight greater than 1 are sinks.
(3) n =5, there is (z,y) € E(D) with w(zx) =w(y) =1 and D % Dy, D # Dy, D # Ds.
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(4) D~D,.

Proof. =) By Theorem 4.3.1, D has the minimal-strong property and G is unmixed.
Then, by [22, Exercise 2.4.22], n € {3,4,5,7}. If n = 3, then by Remark 4.3.9, D
satisfies (1). If n = 7, then by Lemma 4.3.18, D satisfies (2). Now suppose n = 4 and D
does not satisfies (2), then we can assume x; € VT and (x1,22) € E(D). Consequently,
(x4,21) € E(G), since w(zy) # 1. Furthermore, C = {z1, x5, 3} is a vertex cover with
Ls(C) = {x2}. Thus, x; € Ly(C) and (z1,22) € E(D) so C is strong. A contradiction,
since C is not minimal. This implies D satisfies (2). Finally suppose n = 5. If D ~ Dy,
then Cy = {x1, 9, x3, x5} is a vertex cover with L3(Cy) = {z1, xa}. Also (x5, 21), (x3,22) €
E(D) with x5, z3 € V. Consequently, C; is strong, since x5, x3 € Lo(Cy). A contradiction,
since C; is not minimal. If D ~ Dy, then Co = {x1, 29, 4,25} is a vertex cover where
L3(Co) = {x1, 25} and (x9,21), (x1,25) € E(D) with xo, 27 € V. Hence, C, is strong,
since x9, 27 ¢ Lq1(C2). A contradiction, since Cy is not minimal. If D ~ D;, C3 =
{9, 23,74, 5} is a vertex cover where L3(Cs) = {x3,z4} and (z4,x3), (v5,24) € E(D)
with 24,25 € V. Thus, C3 is strong, since x4, x5 ¢ L1(C3). A contradiction, since Cs is
not minimal. Now, since n = 5 and by (3) we can assume (x5, x3) € E(D), 9,23 € VT
and there are not two adjacent vertices with weight 1. Since x5 € VT, (21,29) € E(D).
Suppose there are not 3 vertices z1, 2o, 23 in VT such that (21, 22, 23) is a path in G, then
w(zy) = w(xy) = 1. Furthermore, w(zs5) # 1, since there are not adjacent vertices with
weight 1. So, Cy = {x2, x3, 24, x5} is a vertex cover of D, where L3(Cy) = {x3,24}. Also
(9, 23) € E(G) with w(zy) # 1. Hence, if (z3,24) € E(D) or (x5,24) € E(D), then C4 is
strong, since x3, x5 € V1. But C4 is not minimal. Consequently, (x4, 23), (x4, 25) € E(D)
and D ~ D,. Now, we can assume there is a path (z1, 22, 23) in D such that 21, 29, 23 € V.
Since there are not adjacent vertices with weight 1, we can suppose there is z4 € V'
such that £ = (21,29, 23,24) is a path. We take {25} = V(D) \ V((L)) and we can
assume (29, 23) € E(D). This implies, (21, 22), (25,21) € E(D), since z1, 22 € V. Thus,
Cs = {21, 22, 23,24} is a vertex cover with L3(Cs5) = {z2,23}. Then Cs is strong, since
(21, 22), (22, 23) € E(D) with 25 € L3(Cs) and 2z; € Ly(Cs). A contradiction, since Cs is not
minimal.

<) Ifn € {3,4,5,7}, then by [22, Exercise 2.4.22] G is unmixed. By Theorem 4.3.1, we
will only prove that D has the minimal-strong property. If D satisfies (2), then by Lemma
4.3.17, D has the minimal-strong property. If D satisfies (1) and C is a strong vertex cover,
then by Proposition 4.1.16, |C| < 2. This implies C is minimal. Now, suppose n = 5 and
C' is a strong vertex cover of D with |C'| > 4. If D ~ Dy, then zy, x5 ¢ L3(C'), since
(Np(22) UNp(25)) N VT = 0. So Np(xs) ¢ C" and Np(z5) ¢ C'. Consequently, z1 ¢ C’
implies C' = {xq, 3,24, 25}. But x4 € L3(C') and Ny (z4) = 0. A contradiction, since C’
is strong. Now assume D satisfies (3). Suppose there is a path £ = (z1, 22, 23) in G such
that w(x;) = w(xs) = w(ws) = 1. We can suppose (4, z5) € E(D) where V(D) \ V(L) =
{4, x5}. Since w(z1) = w(xs) =1, xo ¢ L3(C'). If z9 ¢ C’, then C' = {1, x3, x4, 25} and
x4 € L3(C'). But Np(x4) = {x3} and w(z3) = 1. A contradiction, hence x5 € C'. We can
assume 3 ¢ C', since xo ¢ L3(C'). This implies C" = {x1, x9, x4, x5} and L3(C') = {1, x5}.
Thus, (z5,21) € E(D), x5,x4 € V. Consequently (x3,x4) € E(D), since z4 € V. A
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contradiction, since D % D,. Hence, there are not three consecutive vertices whose weights
are 1. Consequently, since D satisfies (3), we can assume w(z;) = w(xs) = 1, w(zs) # 1
and w(xs) # 1. If w(zy) = 1, then z3, x5 ¢ L3(C') since Np(z3,z5) N VT = (. This
implies Np(x3) ¢ C" and Np(z5) ¢ C'. Then, x4 ¢ C' and C' = {z1,x2, 23, 25}. Thus,
(x5,21), (x3,22) € E(D), since L3(C") = {x1,x2}. Consequently, (x4, x5), (x4,23) € E(D),
since x5, 3 € V1. A contradiction, since D % D;. So, w(xy) # 1 and we can assume
(x5,24) € E(D), since x4 € VT, Furthermore (z1,25) € E(D), since x5 € V*. Hence,
(x3,24) € E(D), since D % Ds. Then (z9,23) € E(D), since x5 € V. This implies
Ty, L9, T3, x5 ¢ L3(C'), since Ny (x;) NVt =0 for i € {1,2,3,5}. A contradiction, since
|C’| > 4. Therefore D has the minimal-strong property. O

4.4 Cohen—Macaulay weighted oriented graphs

In this section we study the Cohen—-Macaulayness of I(D). In particular we give a combi-
natorial characterization of this property when the underlying graph G of D is a path or
a complete graph. Furthermore, we show the Cohen-Macaulay property depends of the
characteristic of K.

Definition 4.4.1. The weighted oriented graph D is Cohen—Macaulay over the field K
if the ring S/I(D) is Cohen—Macaulay.

Remark 4.4.2. If G is the underlying graph of D, then rad(/(D)) = I(G).

Proposition 4.4.3. If I(D) is Cohen-Macaulay, then I(G) is Cohen—Macaulay and D
has the minimal-strong property.

Proof. By Remark 4.4.2, I(G) = rad(I(D)), then by [30, Theorem 2.6], I(G) is Cohen—
Macaulay. Furthermore I(D) is unmixed, since I(D) is Cohen-Macaulay. Hence, by
Theorem 4.3.1, D has the minimal-strong property. O]

Example 4.4.4. In Examples 4.2.15 and 4.2.16 I(D) is mixed. Hence, I(D) is not
Cohen—Macaulay, but I(G) is Cohen-Macaulay.

Conjecture 4.4.5. I(D) is Cohen—Macaulay if and only if I(G) is Cohen-Macaulay and
D has the minimal-strong property. Equivalently (D) is Cohen—Macaulay if and only if
I(D) is unmixed and I(G) is Cohen—Macaulay.

Proposition 4.4.6. Let D be a weighted oriented graph such that V = {z1,..., 2} and
whose underlying graph is a path G = (x1,...,xg). Then the following conditions are
equivalent:

(1) S/I(D) is Cohen—Macaulay.

(2) I1(D) is unmized.
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rk = 4. In the second case, if (xo,x1) € E(D) or (x3,14) € E(D), then
=1 or w(zs) = 1 respectively.

—
w
~—
o
I
\_/[\D
S

Proof. (1) = (2) By [22, Corollary 1.5.14].

(2) = (3) By Theorem 4.3.16, G has a perfect matching, since D is bipartite. Con-
sequently k is even and {z1,zo}, {3, 24}, ..., {xk_1,zx} is a perfect matching. If k& > 6,
then by Theorem 4.3.16, we have {xq, x5} € E(G), since {2, 23} and {x4,25} € E(G).
A contradiction since {2, 25} ¢ E(G). Therefore k € {2,4}. Furthermore by Theorem
4.3.16, w(z2) = 1 or w(zs) = 1 when (29, 21) € E(D) or (x3,24) € E(D), respectively.

(3) = (1) We take I = I(D). If k = 2, then we can assume (z1,z5) € E(D). So,
I = (2122™)) = (21) N (2%)). Thus, by Remark 4.2.14, Ass(I) = {(1), (z2)}. This
implies, ht(I) = 1 and dim(S/I) = k —1 = 1. Also, depth(S/I) > 1, since (z1,3) ¢
Ass(I). Hence, S/I is Cohen-Macaulay. Now, if & = 4, then ht(/) = ht(rad()) =
ht(/(G)) = 2. Consequently, dim(S/I) = k — 2 = 2. Furthermore one of the following
sets {ag — 2 2y — 2V {zy — 2V my — 2O {3y — 28 2y — 20 s a
regular sequence of S/I, then depth(S/I) > 2. Therefore, I is Cohen—Macaulay. ]

Theorem 4.4.7. If the underlying graph G of a weighted oriented graph D is a complete
graph, then the following conditions are equivalent:

(1) I(D) is unmized.
(2) I(D) is Cohen—Macaulay.

(3) There are not Dy, . .., Dy unicycle oriented subgraphs of D such that V (D), ...,V (Dy)
is a partition of V(D).

Proof. We take I = I(D). Since I(G) = rad(/) and G is complete, ht(I) = ht(/(G)) =
s—1.

(1) = (3) Since ht(I) = s — 1 and [ is unmixed, (x1,...,25) ¢ Ass(/). Thus, by
Remark 4.2.14, V(D) is not a strong vertex cover of D. Therefore, by Proposition 4.1.16,
D satisfies (3).

(3) = (2) By Proposition 4.1.16, V(D) is not a strong vertex cover of D. Consequently,
by Remark 4.2.14, (z1,...,zs) ¢ Ass(I). This implies, depth(S/I) > 1. Furthermore,
dim(S/I) =1, since ht(I) = s — 1. Therefore I is Cohen—Macaulay.

(2) = (1) By [22, Corollary 1.5.14]. O

As an application of some results of this chapter, we have the following corollary.

Let dy,...,ds be a non-decreasing sequence of positive integers with d; > 2 and s > 2,
and let L be the ideal of S generated by the set of all :Bi;v;lj such that 1 <i < j <s.

Corollary 4.4.8. The ideal L is Cohen—Macaulay of height s—1, has a unique irredundant
primary decomposition given by

L:qlﬂ...ﬂqs7
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where q; = (x4, . .. ,$i_1,xfjr+f, v x®) for 1 <i<s, and deg(S/L) =1+ ,d;---ds.
Proof. The ideal L corresponds to the edge ideal I(D), where D is a complete weighted
oriented graph whose vertex set is V(D) = {x1,...,x,} and edge set is E(D) = {(z;, z;) |
1<i<j<s}and w(z;)=d; for 1 <i<s.

Since I(G) = rad(L) and G is complete, ht(L) = ht(I(G)) = s — 1. As D is com-
plete, C; = {x1,...,%i_1,%Tis1,...,Ts} is a minimal vertex cover of D for 1 < i < s, by
Proposition 4.1.7, L3(C;) = () and by Corollary 4.1.10, C; is strong for all i = 1,...,s.
Furthermore, D has not oriented cycles, since i < j for each (z;,z;) € E(D). Conse-
quently by Proposition 4.1.16, V(D) is not strong, that is, C1,...,C; are all the strong
vertex cover of D. Therefore, by Theorem 4.3.1, I(D) is unmixed and by Theorem 4.4.7,
I(D) is a Cohen—Macaulay ideal.

Given that E(D) = {(x;,z;) | 1 < i < j < s}, then L(C;) = {x1,..., 21}, since
N (z;) = {x1,..., 21} foralli =1,...,s. Thus, by Theorem 4.2.13 and Remark 4.2.14,
we have that the irredundant primary decomposition of L is given by

L:qlﬂ...ﬂqs,

i+1

where q; = I, = (21, .., 21, ajjﬂ ,...,2%). Finally by additivity of the degree (Propo-
sition 1.5.28), we get that, deg(S/L) =1+ ,d;---ds. O

If D is a complete weighted oriented graph or D is a weighted oriented path, then the
Cohen—Macaulay property does not depends of the field K. This is not true in general,
see the following example.

Example 4.4.9. Let D be the following weighted oriented graph:

Hence,

(2 2 2 2 2 2 2 2 2 2 2 2
I(D) = ($1$4,9€1$87$1$5,$15E9,932%07$29€5,$2$117$2$87$2$6,$3$7,$3$10,$3I6,

2
T3T9, Lylg, Lyl7, T4X11, T5X10, L5L9, L5L11, Lely, LeLg, LeL11, L7L10, L7L11, $9$11).
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By [38, Example 2.3], I(G) is Cohen-Macaulay when the characteristic of the field K
is zero but it is not Cohen-Macaulay in characteristic 2. Consequently, I(D) is not
Cohen—Macaulay when the characteristic of K is 2. Also, I(G) is unmixed. Furthermore,
by Lemma 4.3.17, I(D) has the minimal-strong property, then /(D) is unmixed. Using
Macaulay2 [25] we show that I(D) is Cohen—Macaulay when the characteristic of K is
Z€ro.
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Conclusions

In this work, we studied two numerical functions, the minimum distance function 6; and
footprint function fp,, associated to a graded ideal I of a polynomial ring over a field.
The first interesting result about the minimum distance is Theorem 2.1.12, where one can
find a description of the behavior of the minimum distance function for unmixed radical
graded ideals whose associated primes are generated by linear forms. In particular, we
show that this function is strictly decreasing until it stabilizes at the value 1. Concerning
the footprint function, it is a lower bound for the minimum distance whenever [ is unmixed
(Theorem 2.3.2). We present some formulas for fp; of certain ideals that correspond to
ideals having a complete intersection initial ideal for some monomial order (Theorem
2.5.6, Theorem 2.5.9).

As an application of the previous results, we studied projective Reed—Muller-type
codes, which are evaluation codes associated to a set of points X of the (s—1)-dimensional
projective space over a finite field. Theorem 3.2.1, yields that the minimum distance and
footprint functions of these codes coincide with the one of the vanishing ideal of X.

Finally, we introduced the edge ideal (D) of a weighted oriented graph D, and we de-
scribed the algebraic properties of this monomial ideal in terms of the underlying weighted
oriented graph. The main results were:

e All minimal vertex covers are strong.

e The irreducible monomial components of I(D) are in one to one correspondence
with the strong vertex covers: as a direct consequence of this, I(D) is unmixed if
and only if every strong vertex cover of the graph has the same cardinality.

e /(D) is unmixed when the underlying graph of D is a whisker, bipartite and a cycle.

e /(D) is Cohen—-Macaulay when the underlying graph is a path or complete.

Future work: - Give the geometric interpretation of the minimum distance and
footprint functions. - Use our theory to study other families of codes. - Study big families
of weighted oriented graphs where the Conjecture 4.4.5 holds.



90

Conclusions




Bibliography

1]

J. Abbott, A. Bigatti, G. Lagorio, CoCoA-5: A System for Doing Computations in
Commutative Algebra (2018), available at http://cocoa.dima.unige.it

W. W. Adams and P. Loustaunau, An introduction to Grébner Bases, Graduate
Studies in Mathematics, vol. 3. AMS, 1994.

N. Alon and Z. Fiiredi, Covering the cube by affine hyperplanes, European J. Combin.
14 (1993), 79-83.

A. Altman and S. Kleiman, A Term of Commutative Algebra, Worldwide Center of
Mathematics, version of September 3, 2012.

M. F. Atiyah and I. G. Macdonald, Introduction to Commutative Algebra, Addison-
Wesley, Reading, MA, 1969.

D. Bayer and M. Stillman, Computation of Hilbert functions. J. Symbolic Comput.
14 (1992), 31-50.

A. Bigatti, Computation of Hilbert-Poincaré series. J. Pure Applied Algebra 119
(1997), 237-253.

W. Bondy and U. Murty, Graph Theory, Graduate Text in Mathematics 244,
Springer-Verlag, 2008.

W. Bruns and J. Herzog, Cohen—Macaulay Rings, Revised Edition, Cambridge Uni-
versity Press, 1997.

C. Carvalho, On the second Hamming weight of some Reed—Muller-type codes, Finite
Fields Appl. 24 (2013), 88-94.

C. Carvalho, V. G. Lopez Neumann and H. H. Lépez, Projective nested cartesian
codes, Bulletin of the Brazilian Mathematical Society, New Series, 48 (2017), no. 2,
283-302.

S. M. Cooper, A. Seceleanu, S. Tohaneanu, M. Vaz Pinto and R. H. Villarreal, GMD
functions for scheme-based linear codes and algebraic invariants of Geramita ideals,
arXiv:1812.06529 (2018).



92 BIBLIOGRAPHY

[13] D. Cox, J. Little and D. O’Shea, Ideals, Varieties, and Algorithms, Springer-Verlag,
1992.

[14] R. Diestel, Graph Theory, Graduate Text in Mathematics 173, Springer-Verlag, New
York, 2005.

[15] I. M. Duursma, C. Renterfa and H. Tapia-Recillas, Reed—Muller codes on complete
intersections, Appl. Algebra Engrg. Comm. Comput. 11 (2001), no. 6, 455-462.

[16] D. Eisenbud, Commutative Algebra with a view toward Algebraic Geometry, Graduate
Texts in Mathematics 150, Springer-Verlag, 1995.

[17] D. Eisenbud, The geometry of syzygies: A second course in commutative algebra and
algebraic geometry, Graduate Texts in Mathematics 229, Springer-Verlag, New York,
2005.

[18] O. Geil, On the second weight of generalized Reed—Muller codes, Des. Codes Cryp-
togr. 48 (2008), 323-330.

[19] O. Geil and C. Thomsen, Weighted Reed—Muller codes revisited, Des. Codes Cryp-
togr. 66 (2013), 195-220.

[20] A. V. Geramita, M. Kreuzer and L. Robbiano, Cayley-Bacharach schemes and their
canonical modules, Trans. Amer. Math. Soc. 339 (1993), no. 1, 163-189.

[21] G. Gert-Martin =~ Greuel and P. Gerhard, A Singular introduction
to  Commutative Algebra,  Springer-Verlag 2002, 2008. Available from
http://www.singular.uni-k1.de/.

[22] 1. Gitler, R. H. Villarreal, Graphs, Rings and Polyhedra, Aportaciones Mat. Textos,
35, Soc. Mat. Mexicana, México, 2011.

[23] L. Gold, J. Little and H. Schenck, Cayley-Bacharach and evaluation codes on com-
plete intersections, J. Pure Appl. Algebra 196 (2005), no. 1, 91-99.

[24] M. Gonzélez-Sarabia, C. Renteria and H. Tapia-Recillas, Reed—Muller-type codes
over the Segre variety, Finite Fields Appl. 8 (2002), no. 4, 511-518.

[25] D. Grayson and M. Stillman, Macaulay2, a software system for research in algebraic
geometry, 1996. Available from http://www.math.uiuc.edu/Macaulay2/.

[26] G. M. Greuel and G. Pfister, A Singular Introduction to Commutative Algebra, 2nd
extended edition, Springer, Berlin, 2008.

[27] F. Harary, Graph Teory, Addison-Wesley, Reading, MA, 1972.

[28] J. Herzog and T. Hibi, Distributive lattices, bipartite graphs and Alexander duality,
J. Algebraic Combin. 22 (2005), no. 3, 289-302.



BIBLIOGRAPHY 93

[29] J. Herzog and T. Hibi, Monomial Ideals, Graduate Texts in Mathematics. 260,
Springer, 2011.

[30] J. Herzog, Y. Takayama, N. Terai, On the radical of a monomial ideal, Arch. Math.
85 (2005), 397-408.

[31] M. Kreuzer and L. Robbiano, Computational Commutative Algebra 2, Springer-
Verlag, Berlin, 2005.

[32] M. Katzman, Characteristic-independence of Betti numbers of graph ideals, J. Com-
bin. Theory Ser. A 113 (2006), no. 3, 435-454.

[33] M. Kummini, Regularity, depth and arithmetic rank of bipartite edge ideals, J. Al-
gebraic Combin. 30 (2009), no. 4, 429-445.

[34] H. H. Lépez, C. Renteria and R. H. Villarreal, Affine cartesian codes, Des. Codes
Cryptogr. 71 (2014), no. 1, 5-19.

[35] H. H. Lépez, E. Sarmiento, M. Vaz Pinto and R. H. Villarreal, Parameterized affine
codes, Studia Sci. Math. Hungar. 49 (2012), no. 3, 406-418.

[36] H. H. Lépez and R. H. Villarreal, Computing the degree of a lattice ideal of dimension
one, J. Symbolic Comput. 65 (2014), 15-28.

[37] F. J. MacWilliams and N.J.A. Sloane, The Theory of Error-correcting Codes, North-
Holland, 1977.

[38] A. Madadi and R. Zaare-Nahandi, Cohen—Macaulay r-partite graphs with minimal
clique cover, Bull. Iranian Math. Soc. 40 (2014) No. 3, 609-617.

[39] J. Martinez-Bernal, Y. Pitones and R. H. Villarreal, Minimum distance functions of
complete intersections, J. Algebra Appl. 17 (2018), no. 11, 1850204 (22 pages).

[40] J. Martinez-Bernal, Y. Pitones and R. H. Villarreal, Minimum distance functions
of graded ideals and Reed—Muller-type codes, J. Pure Appl. Algebra 221 (2017),
251-275.

[41] H. Matsumura, Commutative Ring Theory, Cambridge Studies in Advanced Mathe-
matics 8, Cambridge University Press, 1986.

[42] J. C. Migliore, Introduction to liaison theory and Deficiency Modules, Progress in
Mathematics 165, Birkhauser Boston, Inc., Boston, MA, 1998.

[43] L. Nunez-Betancourt, Y. Pitones and R. H. Villarreal, Footprint and Minimum Dis-
tance Functions, Commun. Korean Math. Soc. 33 (2018), no. 1, 85-101.

[44] L. O’Carroll, F. Planas-Vilanova and R. H. Villarreal, Degree and algebraic properties
of lattice and matrix ideals, STAM J. Discrete Math. 28 (2014), no. 1, 394-427.



94

BIBLIOGRAPHY

[45]

[46]

[47]

[55]

[56]
[57]

[58]

Y. Pitones, E. Reyes and J. Toledo, Monomial ideals of weighted oriented graphs,
arXiv:1710.03785v1 (2017).

C. Renterfa, A. Simis and R. H. Villarreal, Algebraic methods for parameterized
codes and invariants of vanishing ideals over finite fields, Finite Fields Appl. 17
(2011), no. 1, 81-104.

E. Sarmiento, M. Vaz Pinto and R. H. Villarreal, The minimum distance of param-
eterized codes on projective tori, Appl. Algebra Engrg. Comm. Comput. 22 (2011),
no. 4, 249-264.

A. Simis, W. Vasconcelos, R. H. Villarreal, On the ideal theory of graphs, J. Algebra
167(1994) 389-416.

A. Sgrensen, Projective Reed—Muller codes, IEEE Trans. Inform. Theory 37 (1991),
no. 6, 1567-1576.

R. Stanley, Hilbert functions of graded algebras, Adv. Math. 28 (1978), 57-83.

M. Tsfasman, S. Vladut and D. Nogin, Algebraic geometric codes: basic notions,
Mathematical Surveys and Monographs 139, American Mathematical Society, Prov-
idence, RI, 2007.

A. Tochimani and R. H. Villarreal, Vanishing ideals over rational parameterizations.
Mathematical Notes, to appear.

S. Tohaneanu, Lower bounds on minimal distance of evaluation codes, Appl. Algebra
Engrg. Comm. Comput. 20 (2009), no. 5-6, 351-360.

A. Vardy, Algorithmic complexity in coding theory and the minimum distance prob-
lem, STOC ’97 (El Paso, TX), 92-109, ACM, New York, 1999.

W. V. Vasconcelos, Computational Methods in Commutative Algebra and Algebraic
Geometry, Springer-Verlag, 1998.

R. H. Villarreal, Cohen-Macaulay graphs, Manuscripta Math. 66 (1990), 277-293.

R. H Villarreal, Unmixed bipartite graphs, Rev. Colombiana Mat. 41(2) (2007),
393-395.

R. H. Villarreal, Monomial Algebras, Second FEdition, Monographs and Research
Notes in Mathematics, Chapman and Hall/CRC, 2015.



Index

a-invariant, 10
adjacent vertices, 21
annihilator
of a module, 3
of an element, 3
associated
embedded prime, 5
irreducible ideal of C, 75
isolated prime, 5
primes of a module, 3
primes of an ideal, 3

basic parameters, 19
big degree, 9
bipartite graph, 22
bipartition, 22

c-minor, 79
Castelnuovo-Mumford regularity, 9
chain, 2
codimension

of a module, 3

of an ideal, 2
Cohen—Macaulay

graph, 24, 33

ideal, 7

module, 6, 7

ring, 6, 7

weighted oriented graph, 84
complete bipartite, 22
complete graph, 22
complete intersection, 7, 40
connected

component, 21

graph, 21

cycle, 22
oriented, 73

degree

of a vertex, 21

of an ideal, 9, 10
depth, 6

Lemma, 7
digraph, 23
dimension

Krull, 2

of a code, 19

of an R-module, 3

of an ideal, 2
discrete graph, 22
distance

of vertices, 22
divide a polynomial, 14
division algorithm, 14

edge ideal, 23
of a weighted oriented graph, 74
edge ring, 23
edge set, 21
evaluation code, 18
evaluation map, 18

footprint, 15

footprint function, 25, 32, 34, 40
of complete intersection, 44

forest, 22

Grobner basis, 14, 15
graded lexicographic order, 13
graph, 21

directed, 23



96

INDEX

oriented, 23
unicycle oriented, 73
weighted oriented, 71

Hamming weight, 18
height
of a prime ideal, 2
of an ideal, 2
Hilbert function, 8
affine, 8
Hilbert polynomial, 9
affine, 9
Hilbert series, 10
Hilbert-Serre Theorem, 10
homogenization, 8

ideal
colon, 3
Geil-Carvalho, 35
quotient, 3, 25
radical, 3
incident edge, 21
independent set, 22
induced matching, 23
number, 23
initial ideal, 14
irreducible
submodule, 5
isolated
vertex, 21

Jacobson
radical, 3

leading
coefficient, 14
monomial, 14
term, 14
length, 2
finite, 6
of a code, 19
of a module, 6
lexicographic order, 13
linear code, 18

matching, 22
minimal
primes
of a module, 4
of an ideal, 2
vertex cover
of a graph, 22
minimal irreducible monomial ideal, 75
minimal-strong property, 79
minimum distance
of a code, 18, 19
minimum distance function, 25, 26, 53
module
Noetherian, 1
simple, 6
monomial order, 13

neighbor set, 22
neighbourhood
of a vertex, 71
nilpotent, 3
nilradical, 3
number of zeros
formula, 53
of a polynomial, 53

order
of a graph, 21

path, 21
primary
decomposition
irredundant, 5
ideal, 5
submodule, 5
projective
Reed—Muller-type code, 18
space, 17
torus, 18

quotients, 14

regular
element, 4
sequence, 6



INDEX

97

regularity index, 9

affine, 9

of & I, 33
remainder, 14
ring

reduced, 3

series
composition, 6
sink, 74
source, 74
stable set, 22
standard monomials, 15
standard polynomial, 15
subgraph, 21

induced, 21
spanning, 21
support

of a module, 4
system of parameters, 6

tournament, 23
tree, 22

underlying graph, 71
unmixed

graph, 24

ideal, 7

vanishing ideal, 17
variety, 2
Vasconcelos function, 28
vertex cover, 22, 72

strong, 72
vertex covering number, 23
vertex independent number, 24
vertex set, 21

walk, 21
closed, 21
whisker, 80
weighted oriented, 80

Zero
divisor, 4

zero set
of a polynomial, 17
of an ideal, 17



