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Resumen

En la teoría de control óptimo se tiene por objetivo la obtención de una acción de control tal

que un criterio de costo, el cual pondera el comportamiento de un sistema, sea minimizado.

El criterio de costo puede incluir tanto el estado del sistema como las acciones de control. Una

solución al problema de control óptimo se puede obtener resolviendo la ecuación de Hamilton-

Jacobi-Bellman, lo cual es difícil para sistemas de control no lineales. El problema de control

óptimo ha sido resuelto sólo para sistemas lineales, que es conocido como el problema del

regulador lineal.

En esta tesis se presenta un enfoque de control óptimo inverso para dar solución al prob
lema de estabilización y seguimiento de trayectorias de sistemas no lineales en tiempo dis

creto, evitando la solución de la ecuación de Hamilton-Jacobi-Bellman y a la vez minimizando

una funcional de costo. La acción de control propuesta es determinada por dos medios: la

formulación de una función de control de Lyapunov y en la teoría de Pasividad.

Ademáis, se establece un esquema de control óptimo inverso robusto para evitar dar solu

ción a la ecuación de Hamilton-Jacobi-Isaacs, asociada al problema de control óptimo en

sistemas no lineales con perturbaciones.

En problemas prácticos, un controlador basado en el modelo de la planta puede no lograr
un desempeño adecuado, esto debido a perturbaciones internas y /o externas, parámetros

inciertos, o alguna dinámica no modelada afectando al sistema. Por ello, se establece un

controlador neuronal óptimo inverso basado un la combinación de dos técnicas: a) el control

óptimo inverso, y b) un identificador neuronal que utiliza una red neuronal recurrente para

la obtención de un modelo artificial de un sistema no lineal, el cual se supone desconocido.

La red neuronal es entrenada en linea con un filtro de Kalman extendido.

Por otro lado, hay dos ventajas al desarrollar estrategias de control en tiempo discreto:

a) la actual tecnología digital es apropiada para implementar controladores digitales en lu

gar de controladores analógicos; b) un controlador formulado en tiempo discreto puede ser

implementado directamente en un procesador digital. En esta tesis se considera una clase de

sistemas no lineales conocidos como afines en control. En esta clase se pueden representar

una gran variedad de sistemas; muchos de ellos son discretizaciones aproximadas de sistemas

de control en tiempo continuo.

Los controladores propuestos se ilustran a través de simulaciones, tanto para estabilización

como para seguimiento de trayectorias de sistemas no lineales.
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Abstract

Optimal nonlinear control is related to finding a control law for a given system, such that a

performance criterion is minimized. This criterion is usually formulated as a cost functional,
which is a function of state and control variables. The major drawback for optimal nonlinear

control is the need to solve the associated Hamilton-Jacobi-Bellman (HJB) equation. The

HJB equation, as far as we are aware, has not been solved for general nonlinear systems. It

has been only solved for the linear regulator problem, for which it is particularly well-suited.

This dissertation presents a novel inverse optimal control for stabilization and trajec

tory tracking of discrete-time nonlinear systems, avoiding the need to solve the associated

Hamilton-Jacobi-Bellman equation, and minimizing a meaningful cost function. This star

bilizing optimal controller is based on the formulation of a discrete-time control Lyapunov
function. Besides, a robust inverse optimal control scheme is proposed in order to avoid the

associated Hamilton-Jacobi-Isaacs (HJI) equation solution for the case when a disturbance

term is affecting the nonlinear systems performance. For realistic situations, a control based

on a plant model could not achieve a desired performance, due to internal and external dis

turbances, uncertain parameters, or unmodelled dynamics. This dissertation establishes a

neural inverse optimal controller combining two techniques: a) inverse optimal control, and

b) an on-line neural identifier, which uses a recurrent neural network, trained with an ex

tended Kalman filter, in order to build a model of an assumed unknown nonlinear system.

Two approaches are presented for solving the inverse optimal control problem, one of them is

based on passivity theory and the other one is based on the synthesis of a control Lyapunov
function.

On the other hand, there are two advantages to work in a discrete-time framework: a)
appropriate technology can be used to implement digital controllers rather than analog ones;

b) the synthesized controller is directly implemented in a digital processor. In this disserta

tion, we consider a class of nonlinear systems (affine nonlinear systems), which represents

a great variety of systems, most of them are approximate discretizations of continuous-time

systems.

The applicability ofthe proposed controllers is illustrated, via simulations, by stabilization

and trajectory tracking for nonlinear systems.
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Notations and Acronyms

Notations

V for all

G belonging to

=> implies
C contained in

c contained in or equal to

u unión

n intersection

:= equal by definition

WQ) the minimum eigenvalue of matrix Q

A™«(g) the máximum eigenvalue of matrix Q

P>0 a positive definite matrix P

P>0 a positive semidefinite matrix P

AV denotes the Lyapunov difference

< less that or equal to

A set or vector space

K denotes a class K function

K.OO denotes a class K~_ function

KC denotes a class KC function

K the set of all natural numbers

z+ the set of nonnegative integers
R the set of all real numbers

R+ the set of positive real numbers

R>o the set of nonnegative real numbers

R" n-dimension vector space

(.)T denotes transpose

(-)-1 denotes inverse

V



vi

(•)* denotes optimal function

Ce denotes ¿-times continuously differentiable function

||a;||n the n-norm of vector x

\\x\\ the Euclidean norm of vector x

ai o 012 the composition of two functions, where a*i(-) o £*■*(•) = o;i(q!2(-))

Acronyms

BIBS Bounded-Input Bounded-State

CLF Control Lyapunov Function

CT Continuous-Time

DARÉ Discrete-Time Algebraic Riccati Equation
DOF Degrees of Freedom

DT Discrete-Time

EKF Extended Kalman Filter

GS Globally Stable

GAS Globally Asymptotically Stable

HJB Hamilton-Jacobi-Bellman

HJI Hamilton-Jacobi-Isaacs

ISS Input-to-State Stable

MI Matrix Inequality
LTI Linear Time Invariant

PBC Passivity-based Control

PID Proportional Integral Derivative

RHONN Recurrent High Order Neural Network

RNN Recurrent Neural Networks

RCLF Robust Control Lyapunov Function

SG Speed-Gradient
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Chapter 1

Introduction

This chapter presents a review on the optimal control problem and the conditions in order to

obtain its solution. The Hamilton-Jacobi-Bellman (HJB) equation is introduced as a means

to solve the optimal control problem; however, the HJB equation solution is an unfeasible task

for general nonlinear systems. Then, the inverse optimal control approach is presented as an

appropriate altemative methodology to solve the optimal control problem, avoiding the HJB

equation solution.

Optimal control is related to finding a control law for a given system such that a perfor
mance criterion is minimized. This criterion is usually formulated as a cost functional, which

is a function of state and control variables. The optimal control problem can be solved using

Pontryagin's máximum principie (a necessary condition) [1], and the method of dynamic

programming developed by Bellman [2, 3], which can leads to a nonlinear partial differential

equation called the Hamilton-Jacobi-Bellman (HJB) equation (a sufficient condition); never

theless, solving the HJB equation is not a feasible task [4, 5]. Actually, the HJB equation
has so far rarely proved useful except for the linear regulator problem, to which it seems

particularly well suited [6].

This dissertation presents a novel inverse optimal control for stabilization and trajectory

tracking of discrete-time nonlinear systems, which are affine to the control input, avoiding
the need to solve the associated Hamilton-Jacobi-Bellman (HJB) equation, and minimizing
a meaningful cost function. The inverse optimal control approach was proposed initially by
Kalman [7] for linear systems with quadratic cost functions. We refer the reader to [6, 8, 9]
for inverse optimal control of continuous-time linear systems and to [5, 10, 11, 12, 13, 14,

15, 16, 17, 18, 19] and references therein for the nonlinear continuous-time case. The inverse

optimal control problem has been treated for delay systems in [20], and for adaptive control

in [21]. To the best of our knowledge, there are few results on discrete-time nonlinear inverse

optimal control; see [22], where the proposed control law depends on the knowledge of a

Lyapunov function, which is difficult to obtain for general nonlinear systems.

1



2 CHAPTER 1. INTRODUCTION

For the inverse approach, a stabilizing feedback control law, based on a priori knowledge

of a control Lyapunov function (CLF), is designed first, and then it is established that this

control law optimizes a meaningful cost functional. The main characteristic of the inverse

approach is that the meaningful cost function is a posteriori determined for the stabilizing

feedback control law.

The existence of a CLF implies stabilizability [5] and every CLF can be considered as

a meaningful cost function [17, 23, 24]. The CLF approach for control synthesis has been

applied successfully to systems for which a CLF can be established such as: feedback lin-

earizable, strict feedback and feed-forward ones [25, 26]. However, systematic techniques for

determining CLFs do not exist for general nonlinear systems.

This dissertation presents two approaches for solving the inverse optimal control problem;
one of them is based on passivity theory and the other one is based on the synthesis of a

control Lyapunov function.

Additionally, in this dissertation a robust inverse optimal control scheme is proposed in

order to avoid the solution of the Hamilton-Jacobi-Isaacs (HJI) equation associated to the

optimal control problem for nonlinear systems which have a disturbance term. Furthermore,
it is established a neural inverse optimal controller based on passivity theory and neural

networks in order to achieve stabilization and trajectory tracking for uncertain discrete-time

nonlinear systems.

In the following, basic fundamentáis concerned to inverse optimal control are presented.

1.1 Inverse Optimal Control via Passivity

The concepts of passivity and dissipativity for control systems have received considerable

attention lately. These concepts were introduced initially by Popov in the early 1950's [27]
and formalized by Willems in the early 1970's [28] with the introduction of the storage and

supply rate functions. Dissipative systems present highly desirable properties, which may

simplify analysis and controller synthesis. Passivity-based control (PBC) was introduced in

[29] to define a controller synthesis methodology, which achieves stabilization by passivation.

Passivity is an altemative approach for stability analysis of feedback systems [30]. One of
the passivity advantages is to synthesize stable and robust feedback controllers. Despite the

fact that nonlinear passivity for continuous-time has attracted considerable attention, and

many results in this direction have been obtained [31, 28, 29, 32, 33, 34, 35] and references

therein, there are few ones for discrete-time nonlinear systems [36, 37, 38, 39].

For continuous-time framework, the connection between optimality and passivity was

established by Moylan [40] by demonstrating that, as in the linear case, the optimal system
has infinite gain margins due to its passivity property with respect to the output.Passivity
property for nonlinear systems can be interpreted as a phase property [4, 35], analogous to



1.2. INVERSE OPTIMAL CONTROL VIA CLF 3

linear systems, which is introduced to guard against the effects of unmodeled dynamics (fast

dynamics) which cause phase delays [4].

For this dissertation, we avoid to solve the associated Hamilton-Jacobi-Bellman equation

by proposing a novel inverse optimal controller for discrete-time nonlinear systems based on

a quadratic storage function, which is selected as a discrete-time candidate CLF in order to

achieve stabilization by means of passivation through the output feedback under detectability

conditions. Moreover, a meaningful cost function is minimized. The CLF acts as a Lyapunov

function for the closed-loop system. Finally, the CLF is modified in order to achieve asymp

totic tracking for given reference trajectories.

1.2 Inverse Optimal Control via CLF

Due to the fact that the optimal control problem solution by Bellman's method is associated

with solving a HJB equation, the inverse optimal control via CLF approach is proposed in

this dissertation. For this approach, the control law is obtained as a result of solving the

Bellman equation. Then, a candidate CLF for the obtained control law is proposed such that

it stabilizes the system and a posteriori a meaningful cost functional is minimized.

For this dissertation, a quadratic candidate CLF is used to synthesize the inverse optimal

control law. Initially, the candidate CLF depends on a fixed parameter to be selected in order

to obtain the solution for the inverse optimal control problem. A posteriori, this parameter

is adjusted by means of the speed-gradient (SG) algorithm [41] in order to establish the

stabilizing control law and to minimize a cost functional. We refer to this combined approach
as the SG inverse optimal control. The use of the SG algorithm within the control loop is

another novel contribution of this approach. Although the SG has been successfully applied to

control synthesis for continuous-time systems, there are very few results of the SG algorithm

application for stabilization purposes in the nonlinear discrete-time setting [42].

On the other hand, considering that systems are usually uncertain in their parameters,

exposed to disturbances, and that there exist modeling errors, it is desirable to obtain a robust

optimal control scheme. Nevertheless, when we deal with the robust optimal control problem,
in which a disturbance term is involved in the system, the Hamilton-Jacobi-Isaacs (HJI)
partial differential solution is required. A control law as a result of the robust optimal control

formulation and the associated HJI solution provides stability, optimality and robustness with

respect to disturbances ([17]); however, finding a solution for the HJI equation is the main

drawback of the robust optimal control; this solution may not exist or may be extremely
difficult to solve in practice.

To overeóme the need of the HJI solution, in this dissertation a robust inverse optimal
control approach for a class of discrete-time disturbed nonlinear systems is proposed, which

does not require solving the HJI equation and guarantees robust stability in the presence of

disturbances and a meaningful cost functional is minimized.



4 CHAPTER 1. INTRODUCTION

1.3 Neural Inverse Optimal Control

For realistic situations, a control based on a plant model could not perform as desired, due

to internal and external disturbaaices, uncertain parameters, or unmodelled dynamics [43].
This fact motivates the need to derive a model based on recurrent high order neural network

(RHONN) to identify the dynamics ofthe plant to be controlled, since this identifier is capable

of modeling uncertain nonlinear systems. Also, a RHONN model is easy to implement,

relatively simple structure, robustness, it has the capacity to adjust its parameters on-line

[44, 45], and it allows incorporating a priori information about the system structure [46].
Three recent books [44, 46, 47] have reviewed the application of recurrent neural networks

for nonlinear system neural identification and control. In [46] it is analyzed an adaptive

neural identification and control scheme by means of on-line learning, where stability of the

closed-loop system is established based on the Lyapunov function method.

Henee, we propose a neural inverse optimal controller for discrete-time uncertain nonlinear

systems in order to achieve stabilization and trajectory tracking. For this neural scheme, an

assumed uncertain discrete-time nonlinear system is identified by a RHONN model, which

is used to synthesize the inverse optimal controller. The neural learning is performed on-line

through an extended Kalman filter (EKF) as proposed in [46].

1.4 Motivation and Antecedents

Optimal control laws benefit from adequate stability margins, and the fact that they minimize

a meaningful cost functional ensures that control effort is not wasted [48, 49]. Indeed, optimal
control theory is introduced in [4] as a synthesis tool which guarantees stability margins. On

the other hand, the robustness achieved as a result of the optimality is largely independent

of the selected cost functional [4]. Although stability margins do not guarantee robustness,

they do characterize basic robustness properties that well designed feedback systems must

possess.

In this dissertation, motivated by the favorable stability margins of optimal control sys

tems, we propose an inverse optimal controller, which achieves stabilization and trajectory

tracking for discrete-time nonlinear systems, and avoids the HJB equation solution. On the

other hand, the inverse optimal control methodology can be applied to uncertain nonlinear

systems, which can be modeled by means of a neural identifier, and therefore a robust inverse

optimal control scheme is obtained.

To the best of our knowledge, there are only few results on discrete-time nonlinear inverse

optimal control.

For this dissertation, we consider a class of discrete-time nonlinear systems, which are

affine in the input. Models of this type describe a great variety of systems. Most of them

represent approximate discretizations of continuous-time systems [42]. There are two reasons
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why one might want to work in a discrete-time (DT) framework. Firstly, appropriate tech

nology can be used to implement and deal with a digital controller rather than an analog

one, which is generally more complicated and expensive. Secondly, the synthesized controller

is directly implemented in a digital processor.

From the two types of optimality conditions, Pontryagin-type necessary conditions ("Máx
imum principie") and Bellman-type sufficient conditions ("Dynamic Programming"), the latter

is more suitable for feedback design over infinite intervals [4]. Dynamic programming was

developed by R. E. Bellman (1920-1984) in the late 1950's [3]. A dynamic programming

approach to the problem of optimal control leads to a derivation of the HJB equation. It

provides a global optimal control law in the form of state feedback. Unfortunately, it involves

the solution of the HJB equation, which is in general analytically intractable. The calculus

of variations solution, on the other hand, only requires the solution to a two-point bound

ary valué ordinary differential equation, known as the Euler-Lagrange equation, and while

still presenting a challenge, it is tractable when compared with the HJB partial differential

equation. However, this solution is not equivalent to the one given by the HJB equation.

The Euler-Lagrange equation solve a trajectory optimization problem. That is, they provide

an open-loop trajectory corresponding to a specific initial condition. Henee, computational

tractability is traded for the lack of a global solution [50]. The existence of a solution of the

HJB equation is a sufficient condition for the optimal control problem solution [51].

Optimal nonlinear control solution by dynamic programming requires the HJB partial
differential equation solution (first order partial differential equation [6]). For the inverse

optimal control, Freeman and Kokotovié in [17] exploits the fact that for an optimal problem
to be meaningful, it is not necessary to completely specify its cost functional.

To appreciate the importance of this dissertation contribution, one should recall that

other methods for selecting the control law, based on the cancellation or domination of nonli

near terms (such as feedback linearization, block control, backstepping technique, and other

unmentioned nonlinear feedback designs), do not necessarily possess the desirable properties
of optimality and may lead to poor robustness and wasted control effort [49]. Even worse, cer

tain nonlinear terms can represent nonlinear positive feedback, which can have catastrophic
effects in the presence of modeling or measurement errors [10]. Other approaches such as

variable structure technique may lead to wasted control effort.

1.5 Objectives

General Objective:

To establish discrete-time inverse optimal robust control strategies for a class of nonlinear

systems based on passivity and CLF approaches, in order to obtain high performance control

strategies.
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Specific objectives:

• Discrete-time inverse optimal stabilizing control synthesis for affine systems via passi

vity and CLF approaches.

• Discrete-time inverse optimal stabilizing control synthesis for affine systems to achieve

trajectory tracking.

• Discrete-time inverse optimal stabilizing robust control synthesis for affine systems in

presence of disturbances.

1.6 Dissertation Outline

This dissertation is organized as follows.

Chapter 2 Fundamentáis

This chapter briefly describes useful results on optimal control theory, Lyapunov stability
and passivity theory, required in future chapters, for the inverse optimal control problem
solution. Section 2.1 gives a review on optimal control, prior to the introduction of the

inverse optimal control problem. Section 2.2 presents general stability analysis, and robust

stability results are included in Section 2.3 for disturbed nonlinear systems. Section 2.4

establishes concepts related to passivity theory. Finadly, Section 2.5 presents a neural scheme

in order to identify uncertain nonlinear systems.

Chapter 3 Inverse Optimal Control: A Passivity Approach

This chapter deals with inverse optimal control via passivity for both stabilization and

trajectory tracking problems. In Section 3.1, a stabilizing inverse optimal control is synthe
sized. In Section 3.2, trajectory tracking is presented by modifying the proposed CLF such

that it has a global minimum along the desired trajectory. Examples illustrate the proposed
control scheme applicability.

Chapter 4 Inverse Optimal Control: A CLF approach

In this chapter, we establish the inverse optimal control and its solution by proposing a

quadratic CLF in Section 4.1; first, the CLF depends on a fixed parameter in order to satisfy

stability and optimality condition. A posteriori, the speed gradient algorithm is established

in Section 4.2 to compute this CLF parameter and it is used in Section 4.3 to solve the

inverse optimal control problem. These results are extended for the inverse optimal control

trajectory tracking problem in Section 4.4. Additionally, in Section 4.5 an inverse optimal

trajectory tracking for block control form nonlinear systems is proposed. Simulation results

illustrate the applicability of the proposed control schemes.
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Chapter 5 Neural Inverse Optimal Control

This chapter discusses the combination of Section 2.5, Section 3.1, and Section 3.2 results

as presented in Section 5.1 to achieve stabilization and trajectory tracking for uncertain

nonlinear systems, by using a RHONN scheme to model uncertain nonlinear systems, and

then applying the inverse optimal control methodology. Finally, Section 5.2 establishes a

block transformation for the neural model in order to solve the inverse optimal trajectory

tracking as a stabilization problem for block control form nonlinear systems. Examples

illustrate the applicability of the proposed control techniques.

Chapter 6 Conclusions and Future Work

Conclusions about this dissertation are presented in this final chapter. Also, a future

work plan is proposed.



Chapter 2

Fundamentáis

This chapter briefly describes useful results on optimal control theory, Lyapunov stability and

passivity theory, required in future chapters, for the inverse optimal control problem solution.

Section 2.1 gives a review on optimal control, prior to the introduction ofthe inverse optimal
control problem. Section 2.2 presents general stability analysis, and robust stability results

are included in Section 2.3 for disturbed nonlinear systems. Section 2.4 establishes concepts

related to passivity theory. Finally, Section 2.5 presents a neural scheme in order to identify
uncertain nonlinear systems.

2.1 Optimal Control

This section is devoted to briefly discuss the optimal control methodology and their limita

tions.

Consider the discrete-time affine-in-the-input nonlinear system:

x(k + 1) = f(x(k)) + g(x(k)) u(k) (2.1)

where xk e Rn is the state of the system, uk G Rm is the control input, f(xk) : Rn —> Rn

and g(xk) : Rn —

, Rnxm are smooth maps, k G Z+ = {0, 1,2,.. .}. We consider that x is an

isolated equilibrium point of f(x)+g(x)ü with ü constant, that is, f(x)+g(x)ü = x. Without

loss of generality, we consider x = 0 for an ü constant, /(O) = 0 and rank{g(xk)} = m

Vxfc^0.

From now on, we will write system (2.1) as:

Xfc+i
= f(xk) + g(xk) uk, x0 = x(0) (2.2)

and the subscript k € Z+ will stand for the valué of the functions and/or variables at the
time k.

9



10 CHAPTER 2. FUNDAMENTALS

The following meaningful cost functional is associated with system (2.2):

oo

J(*k) =£ (*(*») +< R(xn) un) (2.3)
n=fc

where J(xk) : Rn —► R+; l(xk) : Rn -> R+ is a positive semidefinite1 function and fl(x*) :

R" —> Rmxm is a real symmetric positive definite2 weighting matrix. The meaningful cost

functional (2.3) is a performance measure [52]. The entries of R(xk) may be functions ofthe

system state in order to vary the weighting on control efforts according to the state valué

[52]. Considering the state feedback control design approach, we assume that the full state

xk is available.

Equation (2.3) can be rewritten as

oo

J(xk) = l(xk) + ukR(xk)uk + ^2 l(xn) + ul R(xn) un
-*■=**+ 1

= l(xk) + uTkR(xk)uk + J(xk+_) (2.4)

where we require the boundary condition J(0) = 0 so that J(xk) becomes a Lyapunov
function [4, 53]. The valué of J(xk), if finite, then it is a function of the initial state x0.

When ¿T(xk) is at its minimum, which is denoted as J*(xk), it is named the optimal vahe

function, and it will be used as a Lyapunov function, i.e., J*(xk) = V(xk).

FVom Bellman's optimality principie [54, 55], it is known that, for the infinite horizon

optimization case, the valué function V(xk) becomes time invariant and satisfies the discrete-
time (DT) Bellman equation [53, 55, 56]

V(xk) = min {l(xk) + ulR(xk) uk + V(xk+i)} (2.5)
«it

where V(xk+_) depends on both xk and uk by means of xk+í in (2.2). Note that the DT

Bellman equation is solved backward in time [53].

In order to establish the conditions that the optimal control law must satisfy, we define

the discrete-time Hamiltonian 7í(xk,uk) ([57], pages 830-832) as

H(xk, uk) = l(xk) + uTkR(xk) uk + V(xk+i) -

V(xk). (2.6)

The Hamiltonian is a method to adjoin the constraint (2.2) for the performance index (2.3),
and then, solving the optimal control problem by minimizing the Hamiltonian without con

straints [54].

1
A function l(z) is positive semidefinite (or nonnegative definite) function if for all vectors z, l(z) > 0.

In other words, there are vectors z for which l(z) = 0, and for all others z, l(z) > 0 [52].
2
A real symmetric matrix R is positive definite if zTRz > 0 for all z =*¿ 0 [52].
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A necessary condition the optimal control law uk should satisfy is fc*'"*' = 0 [52], which

is equivalent to calcúlate the gradient of (2.5) right-hand side with respect to uk, then

0 = 2R(Xk)uk +™p^duk

= 2R(xk)uk+gT(xk)^^. (2.7)

Therefore, the optimal control law is formulated as

< = -l^^)9T(-k)^f (2-8)

with the boundary condition V(0) = 0; uk is used when we want to emphasize that uk is

optimal.

Moreover, if 7i(xk,uk) has a quadratic form in uk and R(xk) > 0, then

du\

holds as a sufficient condition such that optimal control law (2.8) (globally [52]) minimizes

H(xk,uk) and the performance index (2.3) [54].

Substituting (2.8) into (2.5), we obtain the discrete-time Hamilton-Jacobi-Bellman (HJB)
equation described by

V(xk) = l(Xk)+^R-\xk)gT(xk)^^y
xR(xk) (-1-R^(Xk)g^(Xk)^^j+V(xk+1)

= l(xk) + V(xk+i) + \^±llg(xk) R^(Xk)gT(Xk)^±A (2.9)
4 oxk+i axk+i

which can be rewritten .as

l(xk) + V(xk+_) -

V(xk) + \9Vl{Xk+l) g(xk) R-H^)gT(xk)dVa{Xk+l) = 0. (2.10)
4 oxk+i dxk+i

The problem of solving the HJB partial-differential equation (2.10) is not straightforward;
this is one of the main disadvantages of discrete-time optimal control for nonlinear systems.
To overeóme this problem, we propose to solve the inverse optimal control problem.
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2.2 Lyapunov Stability

In order to establish stability, let recall the following results.

Definition 2.1 (Radially Unbounded Function [30]) A function V(xk) satisfying the

condition V(xk) -^ oo as \\xk\\ —> oo is said to be radially unbounded.

Theorem 2.1 (Asymptotic Stability [58]) The equilibrium xk
= 0 of (2.2) is globally

asymptotically stable if there is a function V : Rn -> R such that (i) V is a positive def
inite function, radially unbounded, and (ii) —

AV(xk) is a positive definite function, where

AV(xk) = V(xk+i)-V(xk).

Theorem 2.2 (Exponential Stability [59]) Suppose that there exists a positive definite

function V : Rn —

, R and constants Ci, c?, c3 > 0 and p > 1 such that

ci\\x\\"<V(xk)<c_\\x\\p (2.11)

AV(xk)<-c3\\x\\p VJfc>0, VxGRn. (2.12)

Then xk = 0 is an exponentially stable equilibrium for system (2.2).

Clearly, exponential stability implies asymptotic stability. The converse is, however not

true.

Due to the fact that the inverse optimal control is based on a Lyapunov function, we

establish the following definition.

Definition 2.2 (Control Lyapunov Function [60, 61]) Let V(xk) be a radially unbounded

function, with V(xk) > 0, Vxj*- ^ 0 and V(0) = 0. If for any xk <E Rn, there exist real valúes

uk such that

AV(xk,uk)<0

where the Lyapunov difference AV(xk, uk) is defined as V (xk+i)—V(xk) — V (f(xk) + g(xk) uk)-
V(xk). Then V(-) is said to be a "discrete-time control Lyapunov function'' (CLF) for system
(2.2).

Assumption 2.1 Let assume that x = 0 is an equilibrium point for (2.2), and that there

exists a control Lyapunov function V(xk) such that

ai(\\xk\\)<V(xk)<a2(\\xk\\) (2.13)

AV(xk,uk) < -a3(\\xk\\) (2.14)

where ai, a2- ond a3 are class Ko_ functions* ,
and ||-|| denotes the usual Euclidean norm.

Then, the origin of the system is an asymptotically stable equilibrium point by means of uk
as input.

3

ai, i
= 1,2,3 belong to class £.__ functions because later, we will select a radially unbounded function

Vi**).
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The existence of this CLF is guaranteed by a converse theorem of the Lyapunov stability

theory [62].

As special case, the calculus of class £«,- functions in (2.13) simplifies when they take

the special form Qj(r) = Kirc, k< > 0, c = 2, and i = 1,2. In particular, for a quadratic

positive definite function V(xfc) = \x^ Pxk with a positive definite and symmetric matrix

P, then (2.23) results in

Xmin(P) INI2 < xl Pxk < Xmax(P) \\x\\2 (2.15)

where Amin(P) is the minimum eigenvalue of matrix P and \max(P) is the máximum eigen
value of matrix P.

2.3 Robust Stability Analysis

This section reviews the stability results for disturbed nonlinear systems, for which nonva-

nishing disturbances are considered. We can no longer study stability of the origin as an

equilibrium point, ñor should we expect the solution of the disturbed system to approach the

origin as fc -> oo. The best we can hope for is that if the disturbance is small in some sense,

then system solution will be ultimately bounded by a small bound [30]. This brings in the

concept of ultímate boundedness.

Definition 2.3 (Ultímate Bound [30, 63]) The solutions of (2.2) with uk
= 0 are said

to be uniformly ultimately bounded if there exist positive constants b and c, and for every
a G (0, c) there is a positive constant T = T(a), such that

\\xq\\ < a =■■> ||zfc|| < b, Vk>k0 + T (2.16)

where ko is the initial time instant. They are said to be globally uniformly ultimately bounded

if (2.16) holds for arbitrarily large a. The constant b in (2.16) is known as the ultimate

bound.

The following definition of input-to-state stable (ISS) for the solutions of system (2.2) will
be used to study stability properties of a class of disturbed discrete-time nonlinear systems.

This ISS property attempts to capture the notion of bounded-input bounded-state (BIBS). We

say that system (2.2) is uniformly BIBS stable if bounded initial states and controls produce

uniformly bounded trajectories [64]. The simplest way to introduce the notion of ISS system

is as a generalization of global asymptotic stability (GAS) of the trivial solution xk = 0 for

(2.2) [65].

Recall that a function 7 : R>o —

. R>o is a K — function if it is continuous, strictly

increasing and 7(0) = 0; it is a Kgo — function if it is a ^-function and also 7(s) —. 00 as
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k>0

Figure 2.1: System solution trajectories with the ISS property.

s -> oo; .and it is a positive definite function if j(s) > 0 for all s > 0, and 7(0) = 0. A

function p : R>0 x R>0 -> R>o is a KC — function if, for each fixed t > 0, the function /?(•, í)
is a ¿C-function, and for each fixed s > 0, the function /3(s, ■) is decreasing and /3(s, i) —> 0

as £ --> 00 [64]. R>o means nonnegative real numbers.

Definition 2.4 (ISS Property [64, 66]) System (2.2) is (globally) input-to-state stable

with respect to uk if there exist a KC-funcion f3 and a K-function 7 such that, for each

input «Gi™ and each xo G Rn, it holds that the solution of (2.2) satisfies

ip IKIl)
where supTe[in|O0*){||ur|| : r G Z+} < 00, which is denoted by u G P¡¡_

||xfe||</?(||x0||,fc) + 7 sup KU (2.17)
\Te[fco,<

•

Thus, system (2.2) is said to be ISS if property (2.17) is satisfied [67].

The interpretation of (2.17) is the following: for a bounded control u, system solution

remain in the ball of radius fi(\\x_\\ , fc) + 7 (supT€[fe0iOo) ||uT||) Furthermore, as fc increases,
all trajectories approach the ball of radius 7 (sup,.^.») ||ur||) (i.e., all trajectories will be

ultimately bounded with ultimate bound 7). Because 7 is of class K, this ball is a small

neighborhood of the origin whenever ||u|| is small. See Figure 2.1.

Definition 2.5 (Asymptotic Gain Property [64]) System (2.2) is said to have the K-

asymptotic gain if there exists some 7 G K such that

Uro ||xfc(x0,u)|| < Um7(||t*fc||) (2.18)
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for all x0 G Rn.

Theorem 2.3 (ISS System [64]) Consider system (2.2). The following are equivalent:

(1) It is ISS.

(2) It is BIBS and it admits K-asymptotic gain.

Let l_ be the Lipschitz constant such that for all Pi and ¡32 in some bounded neighborhood
of (x«¡, uk), the Lyapunov function V(xk) satisfies the condition ([68])

\\V(/h) ~ V(/32)\\ < t_ ||A
- A|] , ld > 0. (2.19)

Definition 2.6 (ISS-Lyapunov Function [64]) A continuous function V on Rn is called

an ISS-Lyapunov function for system (2.2) if

ai(\\xk\\) < V(xk) < a2(\\xk\\) (2.20)

holds for some ai, a2€ K-,, and

V(f(xk,uk)) - V(xk) < -a3(||xfc||) + ff(||tit||) (2.21)

for some a3 G K,-,, o G K. A smooth ISS-Lyapunov function is one which is smooth.

Note that if V(xk) is a ISS-DT Lyapunov function for (2.2), then V(xfc) is a DT Lyapunov
function for the 0-input system xk+i

= f(xk) + g(xk) 0.

Proposition 2.1 If system (2.2) admits an ISS-Lyapunov function, then it is ISS [64]-

Now, consider the disturbed system

Xk+i
= f{xk) + g(xk) uk + dk, x0

= x(0) (2.22)

where xk G Rn is the state of the system at time fc G Z+, uk G Rm is the control, dk G Rn

is the disturbance term, / : Rn -, Rn and g : Rn —>• Rnxm are smooth mappings, /(O) = 0.

The perturbation term dk could result from modeling errors, aging, or uncertainties and

disturbances which exists for any realistic problem ([30]).

Definition 2.7 (ISS-CLF Function) A smooth positive definite radially unbounded func
tion V: R" —> R is said to be an ISS-CLF for system (2.22) if there exists a class £«,

function p such that the following implication holds Vx ^ 0 and Vd G Rn:

ai(||s*||) < V(xk) < a2(\\xk\\) (2.23)

holds for some a-*, a2 G K-,, and

INI > P(\\dk\\) =» inf AVd(xfe,dfc)<-a3(||xfc||) (2.24)

where AVd(xk, dk) := V (xk+_) -

V(xk) and a3 G £<»•
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Remark 2.1 The connection between the existence of a Lyapunov function and the input-

to-state stability is that, an estimate of the gain function 7 in (2.17) is j
= ai o a2 o p,

where o means composition11 of functions with ai and a2 as defined in (2.23) fllj-

Note that if V(xfc) is a ISS-control Lyapunov function for (2.22), then V(xk) is a control

Lyapunov function for the O-disturbance system Xfc+i
= f(xk) + g(xk) uk.

Proposition 2.2 (ISS-CLF System) If system (2.22) admits an ISS-CLF, then it is ISS.

2.3.1 Optimal Control for Disturbed Systems

For disturbed discrete-time nonlinear system (2.22), the Bellman equation becomes the Isaacs

equation described by

V(xfc) = min {l(xk) + ulR(xk) uk + V(xk, uk, dk)} (2.25)

and the Hamilton-Jacobi-Isaacs (HJI) equation associated with system (2.22) and cost func

tional (2.3) is

0 *■*■*. mfsup{l(xk)+ulR(xk)uk-rV(xk+i)-V(xk)}
u
dev

= m{sup{l(xk) + ulR(xk)uk + V(xk,uk,dk)-V(xk)} (2.26)
u
dev

where V is the set of locally bounded functions, and function V(xfc) is unknown. However,

finding a solution of HJI equation (2.26) for V(xk) with (2.8) is the main drawback of the

robust optimal control; this solution may not exist or may be pretty difficult to solve [17].
Note that V(xfc+i) in (2.26) is function of the disturbance term dk.

2.4 Passivity

Let consider a nonlinear affine system and an output given as

xjfe+i
= / (xfc) + g(xk) uk, xo

= x(0) (2.27)

yk
= h(xk) + J(xk) uk (2.28)

where xk G Rn is the state of the system at time fc, output yk G Rm; h(xk) : Rn -, Rm, and

J(xjt) : Rn —► Rmxm are smooth mappings. We assume h(0) = 0.

We present definitions, sufficient conditions and key results, which help us to solving the

inverse optimal control problem via passivity as follows:

4

aci(-)oa2() = ai(a2(*)).
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Definition 2.8 (Passivity [69]) System (2.27) -(2.28) is said to be passive if there exists a

non-negative function V(xk), called storage function, such that for all uk,

V(xk+i)-V(xk)<yluk (2.29)

where (-)T denotes transpose.

This storage function may be selected as a candidate CLF if it is a positive definite

function [4]. It is worth to note that the output which renders the system passive is not in

general the variable we wish to control, and it is used only for control synthesis.

Definition 2.9 (Zero-State Observable System [36]) A system (2.27)-(2.28) is locally
zero-state observable (respectively locally zero-state detectable) if there exists a neighborhood
Z of Xk = 0 in Rn such that for all i0G2

yk\u_=o = M0(k- zo. 0)) = 0 Vfc =» xt = 0 (respectively lim </>(fc, x0, 0) = 0 J

where tfi(k,xo,0) = fk(xk) is the trajectory of the unforced dynamics Xk+i
= f(xk) with

initial condition xo. If Z — Rn, the system is zero-state observable (respectively zero-state

detectable).

Additionally, in this dissertation, the following definition is introduced.

Definition 2.10 (Feedback Passive System) System (2.27) -(2.28) is said to be feedback

passive if there exists a passifying law

ufe = a(xfc) + Ufe, a, v G Rm (2.30)

with a smooth function a(xk) and a storage function V(x), such that system (2.27) with

(2.30), described by

Xk+i = f{xk) + g(xk) vk, xq = x(0) (2.31)

and output

Vk = h(xk) + J(xk) vk (2.32)

satisfies relation (2.29) with Vk as the new input, where f(xk) = f(xk) + g(xk) a(xk) and

h : Rn -> Rm a smooth mapping, which will be defined latter, with h(0) = 0.

To render system (2.27) feedback passive can be summarized as to find a passivation law

ut and an output yk, such that relation (2.29) is satisfied with respect to the new input vk.
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2.5 Neural Identification

Analysis of large-scale nonlinear systems requires of a lot of effort, since parameters are

difficult to obtain [43]. Henee, to synthesize a controller based on the plant model which

have uncertainties is not practical.

For realistic situations, a control based on a plant model can not perform as desired, due

to internal and external disturbances, uncertain parameters, or unmodelled dynamics [43].
This fact motivates the need to derive a model based on recurrent high order neural network

(RHONN) to identify the dynamics of the plant.

We analyze a general class of systems which are affine in the control with disturbance

term as in [70]; the same structure is assumed for the neural network.

2.5.1 Nonlinear Systems

Consider a class of discrete-time disturbed nonlinear system

Xk+i
= f(Xk) + 9ÍXk) uk + rfc (2.33)

where Xk G RJ1 is the system state at time fc, Tk G R11 is an unknown and bounded perturba
tion term representing modeling errors, uncertain parameters and disturbances; / : Rn —

. Rn

and g : Rn -> Rnxm are smooth mappings. Without loss of generality, Xfc
= 0 is an equili

brium point for (2.33). We assume /(O) = 0 and rank{g(xk)} — m ^Xk i1 0.

2.5.2 Discrete-Time Recurrent High Order Neural Network

To identify system (2.33), let consider the following discrete-time RHONN proposed in [46]:

xitk+i
= u>lkpi(xk,uk) (2.34)

where Xfe
= [x^ X2,fc . . . xnifc]T x¿ is the state of the z-th neuron which identifies the ¿-th

component of state vector Xk in (2.33), i = l,...,n; Wi is the respective on-line adapted

weight vector and uk = [ui,*. U2,fe . . . umtk]T is the input vector to the neural network; pi is

a Lp dimensional vector defined as

Pi(Xk,Uk) =

Ph

Ph

PiL_

lUeh^ii

ilteh^ú

n7<ML»')

(2.35)
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where dkt are nonnegative integers, Lp is the respective number p of high-order connections,

{Ii, /2, . . .

, hp] is a collection of non-ordered subsets of {1, 2, . . .

,
n + m}. Zi is a vector

defined as
"

zix
■ '

S(xi,k)
■

zin S(xn,k)

Zin+, Ul,k

. Zin+m . . um,k .

where the sigmoid function S(-) is defined by

S(x) = -

ai
-

-

7i

with S(-) G [—Yi,ai
— fi]; ait fa and 7¿ are positive constants.

We propose the following modification of the discrete-time RHONN (2.34) for the system
described by (2.33) [71]:

• Neural weights associated to the control inputs could be fixed (w'¿) to ensure controlla

bility of the identifier.

Based on this modification and using the structure of the system (2.33), we propose the

following neural network model:

Xi,k+i
= ulfk Pi(xk) + w'iT ipi(xk, Ufe) (2.36)

in order to identify (2.33), where Xj is the ¿-th neuron state; u^fe is the on-line adjustable

weight vector and u/¿ is the fixed weight vector; i¡> denotes a function of x or u corresponding
to the plant structure (2.33) or external inputs to the network, respectively. Vector pi in

(2.36) is like (2.35), however Zi is redefined as

'

zh
'

=

'

S(xlik)
'

_

S(xn<k)
_

The on-line adjustable weight vector Wi¡k is defined as

u>i,k= [wn>k ■■•

wiLptk }

Remark 2.2 It is worth to notice that (2.36) does not consider the disturbance term (Tk)
due the RHONN weights are adjusted on-line, and henee the RHONN identifies the dynamics

of the nonlinear system, which includes the disturbance effects.
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RHONN Models

From results presented in [44], we can assume that there exists a RHONN which models

(2.33); thereby, plant model (2.33) can be described by

Xk+i
= W¿p(xk) + W'*i>(xk,uk) + vk (2.37)

where Wk = [u/jj w^ . . . w^k]T and W* = [wJ*'T w2T ... u£'r]T are the optimal un

known weight matrices, and the modelling error vk is given by

Vk
= f(Xk) + g(Xk) uk + Tk- W_ p(Xk)

- W* ip(xk, uk).

The modelling error term vk can be render arbitrarily small selecting appropriately the num

ber Lp of high-order connections [44]. The ideal weight matrices Wk and W'* are artificial

quantities required for analytical purpose. In general, it is assumed that this vector exists

and is constant but unknown. Optimal unknown weight vectors w*k will be approximate by
the on-line adjustable weight vectors u>iik [46].

For neural identification of (2.33), two possible models for (2.36) can be used

• Parallel model

Xi,k+i
= wTk pi(xk) + vi? ipi(xk, uk) (2.38)

• Series-parallel model

Xi,k+i
= u>lk pi(xk) +u¡'iT i/,i(xk, uk). (2.39)

On-line Learning Law

For the RHONN weights on-line learning, we use an EKF [72]. The weights become the states
to be estimated; the main objective of the EKF is to find the optimal valúes for the weight
vector Wij, such that the prediction error is minimized. The EKF solution to the training

problem is given by the following recursion:

Miik = [Ri,k + HTkPitkHi,k]-1

Ki,k = Pi,kHi,kMi,k , v

u¡i,k+i
=

u>i,k + Vi Ki,k ei,k
K '

'

Pi,k+i - Pi,k-Ki,kHTkPiík + Qiik

where vector Witk represents the estimate of the ¿-th weight (state) of the ¿-th neuron at update
step fc. This estimate is a function of the Kalman gain K{ and the neural identification error

ei,fc
=

Xí,k
—

Xi,k, where Xi ls the plant state and Xj is the RHONN state. The Kalman gain



2.5. NEURAL IDENTIFICATION 21

is a function of the approximate error covariance matrix P_, a matrix of derivatives of the

network's outputs with respect to all trainable weight parameters Hi as follow

(2.41)

and a global scaling matrix M¿. Here, Qi is the covariance matrix of the process noise and Ri

is the measurement noise covariance matrix. As additional parameter we introduce the rate

learning r¡i such that 0 < t)¡ < 1. Usually P¿. Q{ and Ri are initialized as diagonal matrices,
with entries P<(0), Q<(0) and Ri(0) respectively. We set to Qi and Ri fixed. During training,
the valúes of Hi, Ki and P¡ are ensured to be bounded [46].

Theorem 2.4 (Neural Identification [46]) The RHONN (2.34) trained with the EKF

based algorithm (2.40) to identify the nonlinear plant (2.33), ensures that the neural identifi
cation error eiik, is semiglobally uniformly ultimately bounded; moreover, the RHONNweights
remain bounded.

Hi,k =
dxit,i,k

dwi>k



Chapter 3

Inverse Optimal Control: A Passivity
Approach

This chapter deals with inverse optimal control via passivity for both stabilization and trajec

tory tracking problems. In Section 3.1, a stabilizing inverse optimal control is synthesized.
In Section 3.2, trajectory tracking is presented by modifying the proposed CLF such that it

has a global minimum along the desired trajectory. Examples illustrate the proposed control

scheme applicability.

3.1 Inverse Optimal Control via Passivity

In this section, we proceed to develop an inverse optimal control law for system (2.2), which

can be globally asymptotically stabilized by the output feedback uk = —yk. It is worth to

mention that, the output with respect to which the system is rendered passive could not be

the variable which we wish to control. The passive output will only be a preliminary step for

control synthesis; additionally, we need to ensure that the output variables, which we want

to control, behaves as desired.

Let us state the conditions to achieve inverse optimality via passivation in the following
theorem.

Theorem 3.1 Assume an affine discrete-time nonlinear system (2.27) with input (2.30) and

output (2.32), which is zero-state detectable. Consider passivity condition (2.29) with:

(1) a candidate CLF as

V(xk) = \xTkPxk, P = PT>0 (3.1)

(2) a control input (2.30) with a(xk) defined as

a(xfe) = -(Im + JÍXk))'1 h(xk) (3.2)

23
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and Vk as new input, where Im is the m x m identity matrix, (•)
* denotes inverse;

h(ik) and J(ik) are defined as

Kxk)=gT(xk)Pf(xk) (3-3)

and

J(xk) = \gT(xk)Pg(xk). (3.4)

If there exists P such that

(/(xfc) + g(xk) a(xk))T P (/(xfe) + g(xk) a(xk)) -xTkPxk<Q, (3.5)

then, (a) system (2.27) with (2.30) and (2.32) is feedback passive in accordance with Def

inition 2.10; (h) system (2.27) with (2.30) is globally asymptotically stabilized at the equi

librium point xt =_0 by the output feedback vk = —yk with output yk = ^(x*) + J(xk) vk,

h(xk) = 9T(xk)Pf(xk) -nd f(xk) = f(xk) + g(xk)a(xk); (c) moreover, with V(xk) as a

CLF, control law (3.2) is inverse optimal in the sense that it minimizes the meaningful func
tional given as

oo

J(xfc) = ^L(xfc,a(xfc)) (3.6)
fc=0

where L(xk,a(xk)) = l(xk) + aT(xfc)a(xfc), l(xk) = -IIMIMLKEii > 0, and optimal

valué function J*(xq) = V(xo).

Proof. (a) Passivation: System (2.27) with input (2.30) and output (2.32) must be

rendered passive, such that the inequality V(xfc+i)
— V(xfe) < yk vk is fulfilled with vk as new

input and with the output yk defined as in (2.32). Therefore, from (2.29) we have

jfjxk) + g(xfc) a(xfc))T(xfc) P (/(xt) + g(xfe) g(xfc)) -xTkPxk
2

, VT{xk)Pg{xk)vk + vlgT(xk)Pg(xk)vk
+

2
l >

<hT(xk)vk + vlJT(xk)vk

with a(xfe) as defined in (3.2), h(xk) = gT(xk)Pf(xk) and /(xfc) = f(xk) + g(xk)a(xk). We

rewrite inequality (3.7) as follows:

• From the first term of (3.7), we have

(/(xt) + g(xk) a(xk))T P (/(xfe) + g(xk) a(xk)) -xTkPxk<Q. (3.8)
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• 2 / T(xfc) P g(xk) vk = 2 hT(xk) vk, then

h(xk) = gT(xk)Pf(xk). (3.9)

• vTgT(xk)Pg(xk)vk = 2v% JT(xk)vk, then

J{xk) = \gT{xk)P9{xk). (3.10)

Assume that system (2.27) with input (2.30) and output (2.32) fulfills the zero-state

detectability property; from (3.8)-(3.10), we deduce that, if there exists P such that (3.8) is

satisfied, then system (2.27) with (2.30) and (2.32) is feedback passive, with V(xfe) as storage
function, and h(xk) and J(xk) as defined in (3.9) and (3.10), respectively.

(b) Stability: In order to show the asymptotic stability of closed-loop system (2.27),

(2.30) with output feedback [73]

Vk =
-yk

= -(Im + JiXk^Hxk), (3.11)

let consider

AV(xfc) := V(xfc+1)
-

V(xfc)

[f{Xk) + 9(Xk) Vk]T P [f{xk) + g(Xfe) Vk] - Xl P Xfe

2

fT(xk)Pf(xk)-xlPxk JT Tl T
=

2
f ^Xk> PgMvk + vj,- g1 (xfc) P g(xk) vk

_
fT{Xk)Pf(Xk)-xlPxk -T(

. . - „_i %f
.

=

2
^ {xk) (Im + J(Xk)) h(Xk)

+hT(xk) (Im + J(xfe))-1 \ gT(xk) Pg(xk) (Im + J(xk))~1 h(xk) (3.12)

and noting that \ gT(xk) Pg(xk) = (lm + \ gT(xk) Pg(xk))
- Im = (Im + J(xk))

- Im, we

obtmn

AV{xk) = fT(xk)Pf(xk)-xlPxk+-hT{xk) {Im + J{xk))-i -h(xk)

+hT(xk) (Im + J(xfc))-1 [(/m + J(xfe)) - Im] (Im + J(xfe))-1 h(xk)

_
fT(xk)Pf(xk)-XTkPxk -T(

>

(
, ,._2 ¡,

v

,, ,_.=

2
'

k>
'
m + J\x*)> Kxk)- (3.13)

From (3.11), we have vk —

-

(Im + J(xk))~1 h(xk), and under condition (3.8), (3.13) results
in

AV(xfe) = fT(xk)Pf(xk)-xlPxk_Hr
< 0. (3.14)
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Since V(xfe) -. oo as \\xk\\ -> oo, then V(xfc) is a radially unbounded function; therefore,

the solution xk
= 0 of the closed-loop system (2.27) with (2.30) and output feedback (2.32),

is globally asymptotically stable.

(c) Optimality: Control law (3.2) is established to be an inverse optimal law since, (i),
it stabilizes system (2.27) according to (b); and (ii), it minimizes the cost functional (3.6).

In order to show minimization of (3.6) by means of a(xfc), we firstly obtain control

law (3.2) as calculating the gradient of Hamiltonian (2.6) with respect to a(xk) such that

^ffl = 0, with L(xk,a(xk)) as defined in (3.6), and then solving this last equality for

a(xfc). So, using (2.6) we have

0 = min{L(xfe,a(xfc)) + V(xfc+1)-V(xfc)}

= min {/(xt)
- yl a(xk) + V(xfe+i)

- V(xk)\
a(a-fc)

= -hT(xk) - aT(xk) (-/(xfc) + JT(xk)) + (f(xk) - yl gT(xk)) P g(xk)
= -hT(xk) - aT(xk) (J(xk) + JT(xk)) + fT(xk) Pg(xk) - yTkgT(xk) P g(xk).(3.l5)

Considering hT(xk) = fT(xk) Pg(xk) (3.3), we obtain

0 = -aT(xk) J(xk) - hT(xk) J(xfc) - aT(xk) JT(xk) J(xk)

then

<-T(xk) ( J(Xfc) + JT(Xfc) J(Xfc)) = -hT(Xk) J(Xfc)
and finally

(J(xfc) + 72(xfc)) a(xfc) = -

J(xk) h(xk). (3.16)

From (3.16), it immediately follows that the inverse optimal control law is

a(xfc) = - (Im + J(xfc))-1 /i(xfc)

as established in (3.2). In order to obtain the optimal valué function (J*) for the meaningful
cost functional (3.6), we solve (2.6) for L(xk,a(xk)), and adding over [0,N], where N G Z+,

yields
JV N

J2 L(xk, a(xfc)) = -V(xN) + V(x0) + J^ H(xk, a(xk)).
fc=0 fc=o

Letting N —

, oo and noting that V(xN) -> 0 for any x0, and H(xk,a(xk)) = 0 for inverse

optimal control a(xfc), then J*(xq) — V(xo), which is named as the optimal valué function.

Then, inverse optimality for (3.6) is established. ■

Corollary 3.1 // system (2.27) with input (2.30) and output (2.32) ¿s single input single

output, the control law is given by

a(xk) = -(1 + J(xk))-1h(xk) (3.17)

where h(xk) and J(xk) are defined as in Theorem 3.1.
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Corollary 3.2 Consider that function g(xk) in (2.27) zs entry-wise bounded, i.e., \gij(xk)\ <

biá > 0, Vx G Rn, ¿ = 1, . . • ,n, j = 1, . . . ,m

hi ■•• °lm

g(xk) =
Su

Snl

Sin

bm

= BV (3.18)

Then, solution of inequality (3.5) for P = PT > 0 reduces to the solution of the following
matrix inequality (MI):

P -2PBi(lm + \BlPB_Y2 BfP 0

0 -P

<0 (3.19)

forP

Proof. Using (3.18) and a(xk) in (3.2) with a(xk) = -(Im + \ Bf P Bi)'1 Bf P f(xk), the
left-hand side of (3.5) reduces to

(f{xk) + g(xk) "(xfc)) P (/(xfc) + g(xk) a(xk)) -xTkPxk
= f(xk) P f(xk) + 2 fT(xk) P Bi a(xfc) + aT(xfc) Bf P Bx a(xk) -xTkPxk
= /T(xfe) P f(xk) -xTkPxk-2 hT(xk) (Im + J(xfe))"1 h(xk)

+ hT(xk) (Im + J(xfc))"1 Bf P Bi (Im + J(xfc))-1 h(xk). (3.20)

Note that h(xk) = Bf P f(xk), J(xk) = \EfPBi and Bf P Bi = 2(Im + J(xk))
- 2 7m;

then, (3.5) is satisfied by finding P for (3.20) such that the following inequality holds:

fT(xk)Pf(xk) -xTkPxk-2 hT(xk) (Im + J(xfe))-1 /i(xfc)

+ hT(xk) (Im + J(xfe))"1 [2(/m + J(xk))
-

2/m] (Im + J(xfc))"1 h(xk)
= fT(xk) P /(xfc)

- xl P Xfe
- 2 hT (xk) (Im + J(xk))~2 h(xk)

= fT(xk) P /(Xfe)
- 2 /T(xfc) P 5! (/m + \ Bf P B_^j BfP f(xk) -xTkPxk

= fT(xk)

-2

P -2PBi[Im + ^BfPBi f(xk)-xl Pxk

= [ f(Xk) xk ]

(^Im+1-BfPBiJ BfP

P -2PBi{lm + \BfPB_Y'¿ BfP 0

0 -P
xk

< 0 (3.21)

which is guaranteed by the solution of (3.19).

Remark 3.1 It is worth to note that full state measurement is not been considered. Instead

of, detectability property is required.
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3.1.1 A Class of Nonlinear Systems

Let consider a special class of systems for (2.27), as:

Xfc+i
= A Xfc + <p(xk) + B uk, x0

= x(0). (3.22)

where A = 4¿-
dxk

Xk=o

G Rnxn, B = g(0) and <p : R" ->■ Rn is a norm-bounded function inside

a sufficiently small neighborhood íí of Xfc = 0 in Rn, which represents the higher-order terms

with ||<p(xfe)|| < 60 ||£fc|| and b0 > 0.

Henee, we establish the following result.

Theorem 3.2 Consider system (3.22) with input Uk = cx(xk) + Vk, a(xfc) defined as in

(3.2), and the output defined by (2.32) to be zero-state detectable. There always exists a

quadratic control Lyapunov function V(ik) = xlPxk, P = PT > 0 such that (3.22) with

Ufe
= a(xfc) + ffc and (2.32) is feedback passive with vk as new input for all xk G fl and

c3 > c_, where c_ is a positive constant and c_ is a constant. Furthermore, the equilibrium

point Xfc = 0 of (3.22) is exponentially stabilized by the output feedback vk =
—

yk. Ifíl = Rn,

global exponential stability is achieved.

Moreover, with V(xk) as a CLF, control law (3.2) is inverse optimal in the sense that

minimizes the meaningful functional given as in (4.6) .

Proof. Along the lines of the analysis for Theorem 3.1, this proof can be reduced to only
demónstrate that condition (3.8) is upper bounded as f T(xk) P f(xk) — xl Pxk < —

(03
—

c.) ||xfc||2 with /(xt) = i4xfc + íp(xk) + Ba(xk). Considering control law (3.2) with h(xk) =

BT P /(xt), /(xfc) = Axk + (f(xk) and J(xk) = \BT P B, and taking into account (2.11)-
(2.12) with p = 2, ci = Amin(P) and c2

= Ama¡c(P), where Amin(-moa;)(P) denotes the minimum

(máximum) eigenvalue of matrix P, then the left-hand side of (3.5) becomes

f(xk)Pf(xk) - xTkPxk - 2 fT(xk) P B(xk) (lm + \ gT(xk)Pg(xk)) gT(xk) P f(xk)

= [A Xfc + tp(xk)]T P [A xfe ■+- ¥>(xfc)]
~ xl P xfc

- 2 [A xk + <p(xk)]T P B

x (lm+l-BTPB} BTP[Axk + <p(xk)]
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= xTkAT PA xfc + 2 <pT(xk) PAxk + xpT(xk) Pip(xk) -xTkPxk

-2xTkATPB (lm + ^BTPB) BTPAxk-4<pT(xk)PB

x(lm + \BTPB\ BTPAxk-2<pT(xk)PB

x(/m + ±f?rP¿?) 2BTPipT(xk)

< xTk\ATPA-P-2ATPB(lm + ^BTPB\ BT P A xk

+2b0Xmax(P) \\A\\ ||xfc||2 + 62AmM(P) ||xfc||2-460AL„(P) \\A

x (lm + \BTPBy2 BT\\ ||xfc||2-2 62AL„(P)

x\B^Im + \BTPB^ 2fíT||||xfc||2
< xl\AT (ln-2Bp(lm+l-BTPB^ VjPA-P xfc

+6o(26o ||A|| + l)Amoi(P) ||xfc||2-260(2 ||A|| + 60) A^JP)

x(lm + \BTPBJ 2fíT|||xfc||2
< xl[<;2ÁrPA-P] xfc + 6o(26o P|| + l)Aroo!C(P) ||xfc||2

-260 (2 \\A\\ + 60) X2min(P) ¡B (/m + i BTPB^j
2

BT\\ \\xk\\

where /„ is the nxn identity matrix and ?2 is a scalar defined as

B

B

Jl
_

In-2BP (lm + ¡BTpB)BTPB) Bq

For 0 < ||P|| < 00, it will yields <;2 G (0, 1). Henee, (3.23) reduces to

< xHM)T PM)
-

P] Xfc + C4 ||Xfc||2

where

(3.23)

(3.24)

c_ = 60 (26o \\A\\ + í)\max(P)
- 260 (2 \\A\\ + 60) A^n(P) |JJ3 (lm + \ BTPBSj
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Due to the fact that <t G (0, 1), then for an appropriate valué of P = PT > 0, the eigen

values of (<; A) will be placed inside the unit circle. It ensures the existence of P such that

xl [(<;A)T P (<; A)
-

P] xk + c4 ||xfc||2 < 0 is guaranteed forall xk G fí. As result, system

(3.22) with input uk = a(xk) + vk and output (2.32) with h(xk) = BT P(Axk + y(xk) +

Ba(xk)), is feedback passive.

Furthermore, by means of P, we can achieve a desired negativity amount [26] for

xl[(,A)TP(,A)-P]xk

in (3.24). This negativity amount can be assigned using a positive definite matrix Q as

follows:

xl[(,A)TP(<;A)-P]xk < -xTkQxk
< -Amin(Q) ||xfc||2
= -c3||xfc||2 c3

= Aroin(Q). (3.25)

Henee, from (3.24)-(3.25), we obtain

fT(xk)Pf(xk)-xTkPxk < -(c_-c_)\\xk\\2

Finally, exponential stability will be achieved for c3 > c4 by output feedback vk =
—

yk, in

which condition (3.14) results in

AV(xfc) = -SíZSi. \\Xkf _ W»

< 0. (3.26)

Moreover, if all the assumptions hold globally Vxfc G fi and fi = Rn, then the origin is

globally exponentially stable.

The minimization of meaningful cost follows along the same lines as that of Theorem 3.1.

3.2 Trajectory Tracking

In this section, we modify the CLF (3.1) such that the new storage function (energy function)
has a global minimum along the desired trajectory x^fc.

To achieve tracking, first we redefine the CLF (3.1) as

V(xfc, xs,k) = ^Xk~ Xs^T KT PK (xk ~

xs,k) (3.27)

where x^fc is the desired trajectory and K is an additional gain matrix introduced to modify
the convergence rate of the tracking error.
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Theorem 3.3 Assume an affine discrete-time nonlinear system (2.27), and define an output

as

Vk = h(xk, xi)fc+i) + J(xfc) uj. (3.28)

which is zero-state detectable. Consider a candidate CLF defined by (3.27) in order to satisfy
the modified passivity condition

V(xk+i,xSMi) -

V(xfc,x5,fc) < yluk. (3.29)

f

If there exists P = P > 0, such that

fTPf + x£fc+1 P xtM-i
~ 2 fT P x«*+i

~ (** " xs,k)T P (xk -

xs,k) < 0 (3.30)

where P = KT PK; then, system (2.27) with output (3.28), is passive and the system solution

is globally asymptotically stabilized along the desired trajectory (xs,k), by the output feedback

uk =

-yk

= - (Im + Jixk))'1 h(xk, xSMi) (3.31)

with

h(xk, xStk+_) = gT(xk) P (/(xfe)
-

xáifc+i)

and

J(xk) = ^gT(xk)P g(xk).

Moreover, with (3.27) as a CLF, this control law is inverse optimal in the sense that

minimizes the meaningful functional given as

oo

J(xk , xStk) = ^2 L(xfc , x4ifc , ut) (3.32)
k=0

where L(xk,xstk,Uk) is a non-negative function.

Proof. Let (3.27) be a candidate CLF. System (2.27) with output (3.28), must be ren
dered passive, such that the inequality (3.29) is fulfilled. Thus, from (3.29), and considering
one step ahead for x¡ik, we have

(xfc+i - x¿,fc+i)T KT PK (xfc+i
-

x¿tfe+i) (xfc - x¿,fc)r KT PK (xk
-

x^)
2 2

< hT(xk, xStk)uk + ulJT(xk)uk. (3.33)

Defining P = KT PK and substituting (2.27) in (3.33), we obtain
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(f + guk- xs>k+i)T P(f + guk- xStk+_) (xfc
- xs,k)T P (xfe

- xStk)
2 2

<hTuk + ulJTuk. (3.34)

Then, (3.34) becomes

fTPf + xlk+iPxSMi -2fTPxSMi -

(xfc
- xí,fc)rP(xfc -

xtjt) + (2fTPg

-2^fc+1 Pg)uk + ulgTPguk < 2 hTuk + 2uJJTufc. (3.35)

From (3.35), passivity is achieved if:

**r-

• From the first term of (3.35), we can find P = P > 0 such that

fT Pf + xjtk+i Pxs,k+i -2fTPxSMi -

(xfc
- xá,fc)TP(xfc -

x_¿) < 0. (3.36)

• (2/TP5 -

2xTSk+l Pg)uk = 2hT ufc, then

h(xk, xs,k+i) = gT(xk) P (/(xfc)
-

x4>fc+i). (3.37)

• uT gT Pguk = 2 ul JT uk, then

J{xk) = \gT(xk)Pg(xk). (3.38)

If system (2.27) with output (3.28) fulfill the zero-state detectability property, from (3.36)-

(3.38) we deduce that, if there exist a P, such that (3.36) is satisfied, then system (2.27)
with output (3.28) is passive, where h(xk,xs,k+i) and J(xfc) are defined as (3.37) and (3.38),
respectively. To guarantee asymptotic trajectory tracking, we choose ut =

—

yk and then

condition (3.29) defined as V^fc+i^fc+i)
- V(xk,xs,k) < -yl Vk < 0 Vxfe ^ 0 is satisfied.

Due that V(xfc, x^fc) is a radially unbounded function, the solution of the closed-loop system

(2.27) with (3.31) as input, is globally asymptotically stable along the desired trajectory

(xs,k)-
The minimization of meaningful cost functional is established similarly as in Theorem

3.1, and henee it is omitted. ■

Comment 3.1 If passivity condition (3.29) ¿s not satisfied, then a passivation procedure, as

proposed in Theorem 3.1, must be established, with (3.27) as CLF.

Comment 3.2 Theorem 3.3 guarantees that system (2.27) indeed tracks the desired trajec

tory X4,fc.
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3.3 Examples

In this section, for the proposed inverse optimal control scheme based on passivity, we illus

trate the applicability of the obtained results by means of two examples.

3.3.1 Unstable Nonlinear System

Stabilization

We synthesize an inverse optimal control law for a discrete-time second order nonlinear system

(unstable for uk = 0) of the form (2.27) with:

f(xk) =
2.2s¿n(0.5xi,fc) + 0.1x2,fc

0.1x2fc + 1.8x2,fc

and

g(xk) =
0

2 + 0.1cos(x2,fc)

According to (3.2), the inverse optimal control law is formulated as

a(xfc) = -

(l +
i gT(xk) Pg(xk)^j gT(xk) P f (xk)

where we propose a positive definite matrix P as

(3.39)

(3.40)

(3.41)

P =

0.20 0.15

0.15 0.20

The phase portrait for this open-loop (uk = 0) unstable system with initial conditions

Xo = [2 — 2]T is displayed in Figure 3.1.

Figure 3.2 presents the stabilization time response for xk of this system with initial con

ditions Xo = [2 — 2]r; this figure also includes the applied inverse optimal control law (3.41),
which achieves asymptotic stability; the respective phase portrait is displayed in Figure 3.3.

Trajectory Tracking

In accordance with Theorem 3.3, the control law for trajectory tracking is given in (3.31) as

uk
=

-yk, in which yk
= h(xk, xs<k+í) + J(xk) uk, where

h(xk, Xí,fc+i) = gT(xk) P (/(xfe) -

x4ife+1)
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,x10

1,k

Figure 3.1: Unstable phase portrait.
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Figure 3.2: Stability time response for (2.27) with (3.39)-(3.40) and (3.41).
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Figure 3.3: Stabilized phase portrait for (2.27) with (3.39)-(3.40) and (3.41).

and

J(xk) = ^gT(xk)Pg(xk)
with /(xfc) and g(xk) as defined in (3.39) and (3.40), respectively. Henee, we adjust gain
matrix P = KT PK for (3.31) in order to achieve trajectory tracking for Xfc = [xi^ x2)fc]T
The signal reference for x2¡k is:

x2s,k
= 1.5atn(0.12fc) rad.

and reference x_¡jk is defined accordingly.

Figure 3.4 presents the trajectory tracking for Xfc with

0.10 0

0 12.0

3.3.2 Planar Robot

We apply Section 3.2 results to synthesize position trajectory tracking control for a two DOF

planar rigid robot. The robot model is described in Appendix A.

_ [ 0.00340 0.00272
_

0.00272 0.00240
'
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Time(k)
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Figure 3.4: Tracking performance of x*. Solid line (x4ifc) is the reference signal and dashed

line is the evolution of Xfe. Control signal is also displayed.

Robot as an Affine System

In order to easy the controller synthesis, we rewrite (A.1) in a block structure form as

Xl2,k+1
— fl(xk)

X34,k+1
= f2(Xk) + g(Xk) U(xk), X0

= X(0)
(3.42)

where xfc = [xf2k X34fc]T being xi2|fc
= [xi)fc x2,k]T the position variables, and x34ifc

=

[x3,fc x4)fc]T the velocity variables, for link 1 and link 2 respectively;

fl(Xk) =
xi,k + x3* T

x2,k + x.,k T

/2(Xfc) =
x3lk + c(-D22(Vi + Fi) + Di2(V2 + Fa))

x4,fc + c(Di_(Vi + F_)
-

Dn(V2 + F2))

si**) = [-Z5Ü-
-D12

Dn

withc = T/(D11D22-Z)22).
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Control Synthesis

For trajectory tracking, we propose the desired storage function as

V(xfc, x¿,fc) = -(xfc - x¿,fc)TKTPK (xfe -

x4,fc)

where x4|fc are the reference trajectories; K is an additional gain to modify the convergence
rate and P is synthesized to achieve passivity, according to Section 3.2, which can be written,

respectively, with a block structure as:

and

K =

P =

'

Ki 0

0 K2

Pn Pía

.

P21 P22

where K2 is chosen as the 2x2 identity matrix.

Thus, from passivity condition (3.29) for system (3.42), and according to (3.37)-(3.38),
the output is established as

where

and

j/fc
= h(xk, x4,fc+i) + J(xfc)ufc

Kxk, Xs,k+l) ~ gT(Xk) (p22 Í2{xk)
- Kf P_2 Xi24,fc+i + Kf P_2 /l(Xfc))

J(xk) = ^i1^ P229Íxk)-

Global asymptotic convergence to state reference trajectory is guaranteed with (3.31), if we

can find a positive definite matrix P satisfying (3.30).

Simulation Results

The reference signáis are

xis,k
= 2.0sin(1.0kT) rad

x2S,k
— 1.5sin(1.2kT) rad.

References X34,fc and X44)fe, are defined accordingly.

These signáis are selected to illustrate the ability of the proposed algorithm to track

nonlinear trajectories.
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Tracking performance (Link 1)

2 3 4

Time(s)

Tracking performance (Link 2)

3

Time(s)

Figure 3.5: TYacking performance of Link 1 and Link 2, respectively. Xi24 (solid line) are the

reference signal and xi2 (dashed line) are the Link positions

Equation (3.30) is satisfied with

Pll = 100*
"43

34
1 Pi2 = 100 *

"21

3 2

P21 = Pi2; P22 = Pn; Ki =
"170 0

0 110

The tracking performance for both, link 1 and link 2 position, are shown in the Figure

3.5, with initial conditions Xi,*
= 0.4 rad;x2<k = —0.5 rad;x3tk = 0 rad/s; x_ik = 0; and

T = 0.001.

The control signáis ux and u2 are displayed in Figure 3.6.

3.4 Conclusions

This chapter has presented a novel discrete-time inverse optimal control scheme, which

achieve stabilization and trajectory tracking for nonlinear system and is inverse optimal in

the sense that, a posteriori, minimizes a meaningful cost functional. The controller synthesis
is based on the selection of a storage function used as candidate CLF and a passifying law to

render passive the system. The applicability of the proposed methods is illustrated by means

of two examples. The fist one is an unstable nonlinear system in which stabilization and

trajectory tracking are achieved, and for the second one (a planar robot) trajectory tracking
is accomplished. Research will continué to apply the proposed control law in real-time.
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Figure 3.6: Control signal time responses.
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Chapter 4

Inverse Optimal Control: A CLF

Approach

In this chapter, we establish the inverse optimal control and its solution by proposing a qua

dratic CLF in Section 4-1. first, the CLF depends on a fixed parameter in order to satisfy

stability and optimality condition. A posteriori, the speed gradient algorithm is established in

Section 4-2 to compute this CLF parameter and it is used in Section 4-3 to solve the inverse

optimal control problem. These results are extended for the inverse optimal control trajectory

tracking problem in Section 4-4- Additionally, in Section 4-5 an inverse optimal trajectory

tracking for block control form nonlinear systems is proposed. Simulation results illustrate

the applicability of the proposed control schemes.

4.1 Inverse Optimal Control via CLF

Motivated by the favorable stability margins of optimal control systems, we synthesize a

stabilizing feedback control law, which will be optimal with respect to a meaningful cost

functional. At the same time, we want to avoid the difficult task of solving the HJB partial

differential equation. In the inverse optimal control problem, a candidate CLF is used to

construct an optimal control law directly without solving the associated HJB equation [17].
We focus on inverse optimality because it avoids to solve the HJB partial differential equations

and still allows to obtain Kalman-type stability margins [5].

In contrast with the inverse optimal control via passivity approach, in which a storage

function is used as a candidate CLF and the inverse optimal control law is selected as the

output feedback, for the inverse optimal control via CLF, the control law is obtained as a

result of solving the Bellman equation. Then, a candidate CLF for the obtained control law

is proposed such that it stabilizes the system and a posteriori a meaningful cost functional

is minimized.

For this dissertation, a quadratic candidate CLF is used to synthesize the inverse optimal

41
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control law. We establish the following assumptions and definitions which allow the inverse

optimal control solution via the CLF approach.

Assumption 4.1 The full state of system (2.2) is measurable.

Definition 4.1 (Inverse Optimal Control Law) Let define the control law

ul =
- V(xfc)/(xfc)^±i} (4.1)
2 oxfc+i

to be inverse optimal (globally) stabilizing if:

(i) It achieves (global) asymptotic stability of x = 0 for system (2.2);

(ii) V(xk) is (radially unbounded) positive definite function such that inequality

V := V(xk+Í) - V(xk) + uf R(xk) u% < 0 (4.2)

is satisfied.

When we select l(xk) := —V > 0, then V(xk) is a solution for the HJB equation

i(xk) + v(xk+i)
-

v(Xk) + \dV22f9{Xk) R~1{Xk) gT{Xk)^x^r = °-

We can establish the main conceptual differences between optimal control and inverse

optimal control as follows:

• For optimal control, the meaningful cost indexes l(xk) > 0 and P(xfc) > 0 are given
a priori; then, they are used to calcúlate u(xk) and V(xfc) by means of HJB equation

solution.

• For inverse optimal control, a candidate CLF (V(xfc)) and the meaningful cost index

P(xfc) are given a priori, and then these functions are used to calcúlate the inverse

control law u*(xk) and the meaningful cost index l(xk), defined as l(x) :=
—V

As established in Definition 4.1, the inverse optimal control problem is based on the

knowledge of V(xk). Thus, we propose a CLF V(xfe), such that (i) and (ii) are guaranteed.
That is, instead of solving (2.10) for V(xfc), we propose a control Lyapunov function V(xfc)
with the form:

V(xk)=l-xTkPxk, P = PT>0 (4.3)

for control law (4.1) in order to ensure stability of the equilibrium point xfc
= 0 of system

(2.2), which will be achieved by defining an appropriate matrix P Moreover, it will be



4.1. INVERSE OPTIMAL CONTROL VIA CLF 43

established that control law (4.1) with (4.3), which is referred to as the inverse optimal
control law, optimizes a meaningful cost functional of the form (2.3).

Consequently, by considering V(xk) as in (4.3), control law (4.1) takes the following form:

a(xfc) := u*k

= -\(R(xk) + P2(xk))-1Pi(xk) (AA)

where Pi(xfc) = gT(xk) P f(xk) and P2(xk) = _gT(xk) Pg(xk). It is worth to point out that

P and R(xk) are positive definite and symmetric matrices; thus, the existence of the inverse

in (4.4) is ensured.

Once we have proposed a CLF for solving the inverse optimal control in accordance with

Definition 4.1, the respective solution is presented, for which P is considered a fixed matrix.

Theorem 4.1 Consider the affine discrete-time nonlinear system (2.2). If there exists a

matrix P = PT > 0 such that the following inequality holds:

Vf(xk)
- \pl(xk) (R(xk) + P_(xk)Yl Pi(xfc) < -Co ||xfc||2 (4.5)

where V¡(xk) = \ \V(f(xk))
- V(xk)], with V(f(xk)) = fT(xk)Pf(xk) and Cq > 0; P-*(xfc)

and P2(xfc) as defined in (4.4); then, the equilibrium point xk = 0 of system (2.2) is globally

exponentially stabilized by the control law (4.4), with CLF (4.3).

Moreover, with (4-3) as a CLF, this control law is inverse optimal in the sense that it

minimizes the meaningful functional given by

oo

fc=0

with

and optimal valué function J*(xq) = V(xq).

Proof. First, we analyze stability. Global stability for the equilibrium point Xfc
= 0 of

system (2.2) with (4.4) as input, is achieved if function V in (4.2), is satisfied. In order to
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achieve (4.2), then

V = V(xk+i)-V(xk) + aT(xk)R(xk)a(xk)

fT(xk) P /(xfc) + 2/r(xfc) Pg(xfc) g(xfc)
2

+aT(xk)gT(xk)Pg(xk)a(xk)-xlPxk +^^^

= Vf(Xk) - \p?(Xk) (R(Xk) + P2(Xk))-1 Pl(Xfc) + ^P?(xfe) (P(Xfc) + P2(xfc))-J Px(xfc)

= F/(xfc)-ipf(xfe)(P(xfc) + P2(xfc))-1P1(xfe). (4.8)

Selecting P such that V < O, stability of Xfc
= O is guaranteed. Furthermore, by means of P,

we can achieve a desired negativity amount [26] for the closed-loop function V in (4.8). This

negativity amount can be bounded using a positive definite matrix Q as follows:

V = Vf(xk)
-

-fl (xfe) (R(xk) + P2(xk))~l Pi(xfc)

< -x^ Q xfe

< -Amin(Q) ||xfc||2
= -Collón2, Co = Amin(Q) (4.9)

where ||*|¡ stands for the Euclidean norm and Cq > 0 denotes the minimum eigenvalue of

matrix Q (ATOÍn(Q)). Thus, from (4.9) follows condition (4.5).

Considering (4.8)-(4.9), if V = V(xk+i)
-

V(xk) + aT(xk) R(xk) a(xk) < -(Q \\xk\\2, then
AV = V(xk+i)

—

V(xfc) <
—

Cq ||xfc||2 Moreover, as V(xfc) is a radially unbounded function,

then the solution Xfc
= 0 of the closed-loop system (2.2) with (4.4) as input, is globally

exponentially stable according to Theorem 2.2.

When function —

l(xk) is set to be the (4.2) right-hand side, i.e., l(xk) = ~^|u.=a(*j. \ > O,

then V(xk) is a solution of the HJB equation (2.10) as established in Definition 4.1.

In order to establish optimality, considering that (4.4) stabilizes (2.2), and substituting

¿(xfe) in (4.6), we obtain

J(xk) = ^ (¿(*fc) + «£ -ROrfcH)
fc=0

00

= £(-V + u£i?(Xfe)ufe)
fc=0

oo r -i -i oo

= "£ Vf(xk)--P?(xk)(R(xk) + P2(xk))-1Pi(xk) +5>£/*(xfe)ufe(4.10)
fe=0

•- J
fe=0
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Now, factorizing (4.10) and then adding the identity matrix Jm € Rmxm presented as

Im = (R(xk) + Pa(xfc)) (R(xk) + Paíxfc))"1, we obtain

J(*k) - -Y V>(xfc) - lff{Xk) (R(xk) + P^Xfc))"1 Pj(xfc)
fc=0

+ip^(xfc) (ií(xfc) + Paíxfc))"1 P2(xfc) (fi(xfc) + P2(xfc))"1 Px(xfc)

+*iplT(xfc) (ií(xfc) + Paíxfc))"1 R(xk) (R(xk) + Paíxfc))"1 Px(xfc)

+ £u£/i(xfc)ufc. (4.11)
fc=0

Being a(xfc) = -| (ü(xfc) + P2(xfc))_1 Pi(xfc), then (4.11) becomes

oo oo

J(Xk) = -

Y [w**) + ffo**) "í1*) + ^í**) p2(x*) <*(**)] + Z¡K fl(x*) Ufc
fc=0 fc=0

-aT(xfc)/i(xfc)a(xfe)J
oo oo

= -

E [^ (**+i)
-

v(x*)] +Y K R(Xk) Uk ~

aT(xk)R(xkMxk)] . (4.12)
fc=0 fc=0

After evaluating the summation for k = 0, then (4.12) can be written as

oo oo

J(*k) = -

Y [V(xk+i)
-

V(xfc)]
-

V(xi) + V(xQ) +Y [«* -R(*0 «*
- aT(xfc)ü(xfc)a(xfc)

fc=l

'

fc=0

oo oo

= ~

E k(x*+i) -

V(xkj\
- V(x2) + V(xi)

-

V(xi) + V(x0) +Y K *(**) "*
fc=2 fc=0

-aT(xk)R(xk)a(xk)]. (4.13)

For notation convenience in (4.13), the upper limit oo will treated as N —> oo, and thus

J(xk) = -V(xN) + V(xN._)
- V(xN.i) + V(x0)

N

+ lim Y, \ul R(xk) uk - aT(xk)R(xk)a(xk)
fc=0

iV

= -V(xN) + V(¡r0) + ^lim^ Y [ufc ^(^fc) u*
_

aT(xfc)P(xfc)a(xfc)j .

*=o
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Letting N -» oo and noting that V(xjv) ->• 0 for all x0, then

oo

J(xk) = V(x0) +YK R(xk) uk - aT(xk)R(xk)a(xk)] (4.14)
fc=0

Thus, the minimum valué of (4.14) is reached with uk = a(xfe). Henee, the control law (4.4)
minimizes the cost functional (4.6). The optimal valué function of (4.6) is J*(x0) = V(x0)
for all xq. ■

Remark 4.1 It is worth to note the state measurements are required for this controller.

Work is progressing to complete the design with observer schemes.

Óptima control will be in genera of the form (4.1) and the minimum valué of the per

formance index will be function of the initial state xo- If system (2.2) and the control law

(4.1) are given, we shall say that the pair {V(xk),l(xk)} is a solution to the inverse optimal
control problem ifthe performance index (2.3) is minimized by (4.1), and the minimum valué

being V(x0) [40].

As proposed in Corollary 3.2, a MI is established to solve inequality (4.5) as follows.

Corollary 4.1 Consider function g(xk) in (2.2) to be entry-wise bounded as proposed in

(3.18) and R(xk) in (4.6) to be a ficed positive definite matrix denoted by R. Then, solution

of inequality (4.5) for P = PT > 0 reduces to the solution of the following MI:

P -

\PBi{R+\Bf P B_Yl Bf P 0

<0 (4.15)
0 -(P-2Q)

forP.

Proof. From (4.9), we have

V>(xfe)
-

-fl(xk) (R(xk) + P2(xfc))~1 Pi(xk) < -xTkQxk

henee,

\(fT(xk)Pf(xk)-xlPxk) - \fT(xk)PBi (R+l-BfPBiY B'Pf{Xk) ~ xTkQXk

Then, (4.5) is satisfied by finding P such that the following inequality holds:

i)-lBfl"
•

1

\f^ P-l-PBi(R+l-BfPBi f(xk)~^xl(P-2Q)xk

= [ f(xk) xk ]'

< 0

P -\PBi(R+\BfPB_y1 BfP 0

0 -(P-2Q)

f(xk)
Xk

(4.16)
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which is guaranteed by solving (4.15). ■

As a special case, the discrete-time inverse optimal control for linear systems is described
in Appendix B.

4.1.1 Example

The applicability of the developed method is illustrated as follows.

Stabilization of an Unstable Nonlinear System

Consider the discrete-time second order unstable nonlinear system of the form (2.2) with

and

f(xk) =

g(xk) =

xi,k x2>k
— 0.8 x2|fc

Xi,k + l-8x2tk

0

-2 + cos(x2ik)

(4.17)

(4.18)

According to (4.4), the stabilizing optimal control law is formulated as

ul = ~\ (R(xk) + \gT(xk)Pg(xk)Sj
'

gT(xk) P f (xk)

where the positive definite matrix P is selected as

P = 10*

and R(xk) is a constant matrix

1 0

0 1

R(xk) = 1.

The state penalty term í(xfc) in (4.6) is calculated according to (4.7).

Figure 4.1 shows the stabilization of this system with initial conditions xo = [2 — 2]T,
and Figure 4.2 displays the evaluation of the cost functional J(xk).

Remark 4.2 By using a CLF, system (4-17)-(4-18), is not required to be stable for uk = 0.

Remark 4.3 In this example, according to Theorem 4-1, the optimal valué function is cal

culated as J*(xq) = V(xo) = \ Xq Px0 = 40, which is reached as shown in Figure 4-2.
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Figure 4.1: Stabilization of a nonlinear system.
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4.1.2 Robust Inverse Optimal Control

Optimal controllers are known to be robust with respect to certain plant parameter variations,
disturbances and unmodelled dynamics as provided by stability margins, which implies that

the Lyapunov difference AV < 0 for optimal control schemes might still holds even for

internal and/or external disturbances in the plant, and therefore stability will be maintained

[74].

In this section, we establish a robust inverse optimal controller to achieve disturbance

attenuation for a disturbed discrete-time nonlinear system. At the same time, this controller

is optimal with respect to a meaningful cost functional, and we avoid to solve the Hamilton-

Jacobi-Isaacs (HJI) partial differential equation [17].

Let us consider the disturbed discrete-time nonlinear system

Xk+i
= f(xk) + g(xk) ufc + dk, x0

= x(0) (4.19)

where dk € Rn is a disturbance, which is bounded by

||4||<< +MIM) (4.20)

with l'k < l; £ is a positive constant and a4(||xfc||) is a /Coo-function, and suppose that

a4(||xfc¡|) in (4.20) is ofthe same order as the /Coo-function a*3(||xfc||), i.e.

a4(\\xk\\) = 6a3(\\xk\\), 6 > 0. (4.21)

In the next definition, we establish the discrete-time robust inverse optimal control prob

lem

Definition 4.2 The control law

< = *{xk) = -\R-^)9TMd-^^ (4-22)

is robust inverse optimal (globally) stabilizing if:

(i) It achieves (global) ISS for system (4.19);

(ii) V(xk) is (radially unbounded) positive definite such that the inequality

Vd(xk,dk): = V(xk+i)-V(xk) + ulR(xk)uk
< -<r(xfc) + £d||dfc|| (4.23)

is satisfied, where a(xk) is a positive definite function and l_ is a positive constant. The

valué of function a(xk) represents a desired amount of negativity [26] ofthe closed-loop

Lyapunov difference Vd(xk,dk).
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For the robust inverse optimal control solution, let consider the continuous state feedback

control law (4.22), with (4.3) as a candidate CLF, where P e Rnxn is assumed to be positive
definite and symmetric matrix. Taking one step ahead for (4.3), then control law (4.22)
results in (4.4).

Henee, a robust inverse optimal controller is stated as follows.

Theorem 4.2 Consider a disturbed affine discrete-time nonlinear system (4-19)- If there

exists a matrix P = PT > 0 such that the following inequality holds

Vf(xk)
~

~fl{xk) (R(xk) + P2(xfc))"1 Px(xfc) < -CMHxfcU), V ||**|| > i(||cy) (4.24)

with S in (4-21) satisfying

S < f (4.25)

where Vf(xk) = \ [V(f(xk))
- V(xk)], and with Pi(xk) = gT(xk)Pf(xk) and P2(xk) =

\gT(xk)Pg(xk); C> t-d > 0, r¡
= (1

-

6)( > 0, 0 < 0 < 1, and with p a ¡Co- func

tion; then, the solution of the closed-loop system (4-19) and (4-4) is ISS with the ultímate

bound 7 (¿.e., ||xfe|| < 7, Vfc > k0+T) and (4.3) as a ISS-CLF in (2.23)-(2.24). The ultímate

bound 7 in (2.17) becomes 7 = aj1 (j¿\ v/^"(pj*
Moreover, with (4-3) as a ISS-CLF, control law (4.4) is inverse optimal in the sense that

minimizes the meaningful functional given as

J = sup i Um V(xT) +Y i}d{xk) + ul P(xfc) ufc + ld \\dk\\ )] j (4.26)

where V is the set of locally bounded functions, and

ld(xk) :•= -Vd(xfc,dfc)

with Vd(xk,dk) a negative definite function.

Proof. First, we analyze stability for system (4.19) with nonvanishing disturbance dk. It

is worth to note that asymptotic stability of x = 0 is not reached anymore [30]; ISS property
for solution of system (4.19) can be only ensured if stabilizability is assumed. Stability
analysis for disturbed system can be treated by two terms; we propose a Lyapunov difference
for the nominal system (i.e., Xfe+i

= /(xfc) + g(xk)uk), denoted by AV. and additionally,
a difference for disturbed system (4.19) denoted by AV. The Lyapunov difference for the

disturbed system is defined as

AVd(xfc, dk) = V(xk+i)
-

V(xfc). (4,27)



4.1. INVERSE OPTIMAL CONTROL VIA CLF 51

Let first define the function Vnom(xk+i) as the k + 1-step using the Lyapunov function

V(*fc) for the nominal system (2.2). Then, adding and subtracting Vnom(xk+_) in (4.27)

AK»(*fc, dk) = V(xk+i) -

Vnom(xk+i) +Wxfc-n) ~

V{*k\ (4-28)
V

V
' V

\r
*

AV:= AV:=

From (4.2) with <r(xk) = C<*3(||xfc||), C > 0 and the control law (4.4), we obtain

AV =

V¡(xk)--fl(xk)(R(xk) + P2(xk))-1 Pi(xk)

< -C03(||XfclI)

in (4.28), which is ensured by means of P = PT > 0. On the other hand, since V(xfc) is a C1

(indeed it is C2 differentiable)function in xfc for all k, then AV satisfies condition (2.19) as

|AV| < e¿\\f(xk) + g(xk)uk(xk) + dk-f(xk)-g(xk)uk(xk)\\
= té\M
< ^¿ + ^a4(||xfc||)

where £ and £_ are positive constants. Henee, the Lyapunov difference AVd(xfc,dfc) for the
disturbed system is determined as

AV^Xfc.dfc) = AV + AV

< |AV| + AV

< tdOc_(\\xk\\)+ld£ + V}(xk)
-

-fl(xk) (fí(xfe) + P^Xfc))-1 Pi(xfc)

< -ta3(\\xk\\)+£da_(\\xk\\) + £d£ (4.29)
= -c«3(IM) + eca3(||xfc||) - e(;a_(\\xk\\) +WM) + ede

= -(1
- e)(a3(\\xk\\)

- 0C<*3(||*fe||) + td oc.(\\xk\\) + £d £

= -(1
-

9)Ca3(\\xk\\) + £da_(\\xk\\), V||xfc|| > a,1 {^j
where 0 < 0 < 1. In particular, using condition (4.21) in the previous expression, we obtain

AVd(xfc,fifc) < -(l-0)Ca3(||**||) +W||xfc||)
= -7?a3(||xfe||) + ¿d-5a3(||xfc||) (4.30)
= -(v - £dS)a3(\\xk\\), ,*7

= (1-0)C>O

which is negative definite if condition 6 < f- (4.25) is satisfied. Therefore, if condition (4.25)
holds and considering V(xfe) (4.3) as a radially unbounded ISS-CLF, then by the Proposition

2.2, the closed-loop system (4.19) and (4.4) is ISS, which implies BIBS stability and K.-

asymptotic gain according to Theorem 2.3.



52 CHAPTER 4. INVERSE OPTIMAL CONTROL: A CLF APPROACH

Now, by Definition 2.7 and Remark 2.1, the solution ofthe closed-loop system (4.19) and

(4.4) is ultimately bounded with 7 = af1 oa2op, which results in, 7 = a-J
*

($} yxZÚp] •

Henee, according to Definition 2.3, the solution is ultimately bounded with ultímate bound

6 = 7.

In order to establish inverse optimality, considering that the control (4.4) achieves ISS for

the system (4.19), and substituting ld(xk) in (4.26), it follows that

J =

sup i Um V(xT) +Y (ld(xk) + ul fi(xfc) uk + td H4 1| ) }
= sup/lim K(xr) + ¿(-AV-AV + u^(xfc)ufc + £d||4||)|}
=

sup ( lim \v(xr) -

Y (Vf(xk) - \p[(xk) (P(xfc) + P^Xfc))"1 Pi(xk)

+4¿ + ^a3(||*fe||))+¿tíri?(xfc)ufc + ¿4||4|||}
'

fc=0 fc=0
-I '

^(*r) -

Y (VdX») -

IP1T(^) (*(**) + P2(Xk))-1Pl(Xk))

+Yul R(xk) uk + sup (¿ (4 1|4|| - 4 ¿ - Waa(lk*||)) 1
fc=0

deü Ifcí JJ

= lim
T—>0O

(4.31)

Adding the term

\pj(xk) (P(xfc) + Paíxfc))"1 fí(xfc) (P(xfc) + Paíx^J-'PiCxfc)

at the first addition term of (4.31) and subtracting at the second addition term of (4.31),
yields

J = lim
T—>0O

V{xT)
-

Y (V(xk+i)
-

V(xk)) +Y (< R(xk) uk - lfl(xk) (fí(xfc)
fc=0 fc=0 ^

+P2(Xfc))"1P(Xfc) (P(Xfc) + P2(xk))~l Pi(xk)\

+ sup (Y& Kll -¿"t- 4<M||xfc||)) 1
.fc=0
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= Um V(xr) -

£>(xfc+1) - V(xfc)) +YH R(xk) uk - aT(xk)R(xk)a(xk)]
L fc=0 fc=0

+ sup|¿(^||4||-^f-^a3(||*fc||))|dev

= Um V(xT) - V(xr) + V(x0) +¿ [ul R(xk) uk
-

aT(xfc)/?(*fc)a(Xfc)]
fc=0

Y (sup {td ||4||} -Ul- ldSa3(\\xk\\))+

fc=0

(4.32)

If supdeP {£_ ||4||} is taken as the worst case by considering the equality for (4.20), we obtain

= £d sup {||4||}
dev

= ldt + USa3(\\xk\\). (4.33)

sup {M4H} = U sup {||4||}
dev dev

Therefore

Y (™?{U ||4||} -Ul- Uócx3 (\\xk\\)) = 0. (4.34)
£¿ ^v )

Thus, the minimum valué of (4.32) is reached with Uk = o¡(xk). Henee, the control law (4.4)
minimizes the cost functional (4.26). The optimal valué function of (4.26) is J*(xo) = V(xq).

Remark 4.4 It is worth to note that, in the inverse optimality analysis proof, equality for

(4.21) ¿« considered in order to optimize with respect to the worst case for the disturbance.

As special case, the manipulation of class £„,- functions in Definition 2.6 is simplified
when the class £„,- functions takes the special form ai(r) = Kjrc, íc* > 0, c > 1, and

i = 1,2,3. In this case, exponential stability is achieved [30]. Let us assume that the

disturbance term 4 in (4.19) satisfies the bound

||4||<¿ + ¿||zfc||2 (4.35)

where £ and S are positive constants.

Corollary 4.2 Consider the disturbed affine discrete-time nonlinear system (4.19) with

(4.35). If there exists a matrix P = PT > 0 such that the following inequality holds

Vf(xk)
-

~flixk) (RM + P2(*fe))_1 Pi(xk) < -Cq ||xfc||2 V ||xfe|| > p(\\dk\\) (4.36)
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where (q > O denotes the minimum eigenvalue of matrix Q as established in (4-9), and S in

(4-35) satisfies

S<T< (4.37)

then, the solution of closed-loop for system (4-19), (4.4) is ISS, with (4-3) as a ISS-CLF.

The ultímate bound 7 in (2.17) becomes 7 = Jtyf JkZ(p] with ° < ^ < 1 and *< > °- This

bound is reached exponentially.

Moreover, with (4-3) as a ISS-CLF, this control law is inverse optimal in the sense that

minimizes the meaningful functional given as

J =

sup < lim

dev |^->oo
Hxr) +Y W**) + U* fl(S*) Uk + td Hdfcl

k=0

(4.38)

where V is the set of locally bounded functions, and

ld(xk) = -AV - AV.

Proof. Stability is analyzed similar to the proof of Theorem 4.2, where Lyapunov dif

ference is treated by means of two terms as in (4.28). For the first one, disturbance term

is considered, and for the second one, Lyapunov difference in order to achieve exponential

stability for undisturbed system is analyzed. For the latter, Lyapunov difference AV is con

sidered from (4.9), henee the Lyapunov difference AV becomes AV < —

Cq ||xfc||2 with a

positive constant Cq, and since V(xfe) is a C1 function in Xfe for all k, then AV satisfies the

bound condition (2.19) as

|AV| < U\\f(xk) + g(xk)uk + dk-f(xk)+g(xk)uk\\
= U\\dk\\
< U£ + US\\xk\\2 (4.39)

where £d and 6 are positive constants, and the bound disturbance (4.35) is regarded. Henee,
from (4.9) and (4.39) the Lyapunov difference AV¿(xfe,4) for disturbed system (4.19) is
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established as

AVd(xfc,4) = AV + AV

< |AV| + AV

< U6\\xkf +Ul + Vf(xk)--fl(xk)(R(xk) + P2(xk))-1 Pi(xk)

< -xlQxk + US\\xk\\2 +Ut
< -<Q\\Xk\\2 + US\\xk\\2 + ldl
= -(CQ-US)\\xk\\2 + ldt
= -riWxkf +Ut,
= -n\\xk\\2 + 0T,\\xk\\2 -0r,\\xk\\2 +Ut,

= -(l-^||xfcf

v
= Cq-US>o

O<0<1

INI > Jej£. (4.40)

At this point, it must be ensured that rj in (4.40) is positive, and thus S < *J£, i.e., the
condition (4.37).

To this end, as V(*fc) is a radially unbounded function ISS-CLF, then, by Proposition

2.2, the solution of the closed-loop system (4.4), (4.19) is ISS with exponential convergence

to the ultímate bound 7, which results in 7 = J^ \Za"°„(p)
In order to establish inverse optimality, considering that (4.4) achieve ISS for (4.19), and

substituting ld(xk) in (4.38), it follows that

J =

sup < Um

der* |t->oo

=

sup < lim

den
t->oo

= sup < lim

áei» T-+00{•

= Um
T—)*0O

V(xr) +Y WIfc) + U* R(Xk) Uk + U ||4||
fc=0

T

v(*t) +Y (~AV
- AV + u* fí(x*) Uk + íd ndfci

fc=0

v(xT)
-

y (vf(*«) - \p?(x«) w**) + p^)y" p^xk)

+Ul + Uo\\xkf) +¿u£fl(**H + ¿M4|| }
'

fc=0 fe=0 J J

V(xr)
-

Y fr/ (**) ~ lfl{xk) (R(xk) + P2(xk))-1 Pl(xk))

+yvRM uk + sup \y {u ii4ii -ut- us iixfcii2)
,fc=0
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Adding the term \Pj(xk) (R(xk) + P2(xfc))_1 R(xk) (R(xk) + P2(xfc))_1 P_{xk) at the first ad
dition term and subtracting at second addition term, yields

J = lim
T-Í-OO

= Um
T—>00

vm -

Y (y^+J
-

v(x>)) +YK «(**) u«
k=0 fc=0

--fl(xk) (R(xk) + P^))-1 R(xk) (R(xk) + P2(xk))~l Px(xfc))
+ sup 1Y (^ RH ~Ut- US ||xfc||2)

"

U=o
T

VM
-

Y(V(xk+i)
~ V(**)) +Y ["■* fi(Xfc) «fc

- «T(xfc)«(xfc)a(*fc)]
fc=0

+ sup (¿ (4 ||4|| - 4¿- US ||xfc||2)

d€l>

fc=0

dex>
. fc=0

= lim
T—>00

V(xr) - V(xT) + V(x0) +Y [«fc *(**) «*
- o¡r(xk)R(xk)a(xk)]

fc=0

+¿ ( sup {£d ||4||}
- -í-j* - US \\xkf) (4.41)

If supdeZ) {£d ||4||} is taken as the worst case by considering the equality for (4.35), we obtain

sup {£d ||4||} = U sup {||4||}
dev dev

= £dt + ldS\\xk\\2 (4.42)

Therefore

Y fsup{¿d ||4||} -Ul- US \\xk\\2) = 0. (4.43)

Thus, the minimum valué of (4.41) is reached with uk
= a(xk), and the control law (4.4)

minimizes the cost functional (4.38). The optimal valué function of (4.38) is J*(x0) = V(x0).

Remark 4.5 Terminal penalty V(xT) in (4-26) and (4-38) is a necessary function to avoid

imposing the assumption xT —> 0 as r —> oo. Henee, inverse optimality is guaranteed only
outside of ball, which is bounded by function 7 as defined in (2.17).
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4.2 Speed-Gradient Algorithm for the Inverse Optimal

Control

In Section 4.1, a candidate CLF V(xfc) = \xl Pxk is proposed in order to solve the inverse

optimal control problem as established in Definition 4.1, for which an adequate selection of

the fixed matrix P must be done such that condition (4.5) is fulfilled. We propose to use

the speed-gradient algorithm to calcúlate this matrix P in a recursive way to ensure the

fulfiUment of condition (4.5). Then, a candidate CLF V(xfe) described by

V(*fc) = \xTk Pk xk, Pk = Pl > 0 (4.44)

is proposed for control law (4.1) in order to guarantee stability for the equilibrium point

Xfc = 0 of system (2.2). The stability will be achieved by defining an appropriate matrix

Pfc. Moreover, it wül be established that the control law (4.1) based on (4.44) optimizes the

meaningful cost functional (2.3).

Consequently, by considering V(xfc) as in (4.44), the control law (4.1) becomes

K = ~\ (R(xk) + \ 9T(xk) Pk S(xfc))
'

gT(xk) Pk f(xk). (4.45)

It is worth to point out that Pfc and R(xk) are positive definite and symmetric matrices; thus,

the existence of the inverse in (4.45) is ensured.

To compute a time variant valué for Pk, which ensures stability for system (2.2) with

(4.45), we will use the speed-gradient (SG) algorithm as follows.

4.2.1 Speed-Gradient Algorithm

In [41], a discrete-time application of the SG algorithm is formulated to find a control law uk

which ensures the control goal:

Q(xk+i) < A, for k > k*, (4.46)

where Q is a control goal function, a constant A > 0, and k* G Z+ is the time at which the

control goal is achieved. Q ensures stability if it is a positive definite function.

Based on the SG application proposed in [41], we consider the control law given by (4.45),

with A in (4.46) a state dependent function A(xfc).

Control law (4.45) at every time depends on the matrix Pfc. Let define the matrix Pk at

every time k as:

Pk=PkP'



58 CHAPTER 4. INVERSE OPTIMAL CONTROL: A CLF APPROACH

where P' = P'T > O is a given constant matrix and pk is a scalar parameter to be adjusted

by the SG algorithm. Then, (4.45) is transformed into:

«2 = "f (*(**) + f 9T(xk) P' g(xk))
_1

gT(xk) P /(Xfe). (4.47)

The SG algorithm is now reformulated for the inverse optimal control problem.

Definition 4.3 (SG Goal Function) Consider a time-varying parameter pk G V C R+,
with pk > 0 /or o// fc, and V is the set of admissible valúes for pk- A nonnegative C1 function

Q : Rn x R -> R of the form

Qixk,Pk) = Vsg(xk+i), (4.48)

where Vag(xk+_) = \xl+lP' xk+í with xk+í as defined in (2.2), is referred to as SG goal

function for system (2.2). We define Qk(p) := Q(xk,pk).

Definition 4.4 (SG Control Goal) Consider a constant p* G V. The SG control goal for

system (2.2) with (4.47) is defined as finding pk so that the SG goal function Qk(p), os in

(4.48), fulfills:

Qk(p)<A(xk), for k>k* (4.49)

where

A(xfe) = VSff(xfe) ul R(xk) ufc (4.50)
Pk

with VSff(xfc) = \ xl P'xfe and uk as defined in (4.47); k* G Z+ is the time at which the SG

control goal is achieved.

Remark 4.6 Solution pk must guarantees that VSfl(xfc) > -p ulR(xk) uk in order to obtain a

positive definite function A(xk).

To conclude, the SG algorithm is used to calcúlate pk in order to achieve the SG control

goal defined above.

Proposition 4.1 Consider a discrete-time nonlinear system ofthe form (2.2) with (4.47) as

input. Let Q be a SG goal function as defined in (4.48), and denoted by Qk(p). Let p,p* G P

be positive constant vahes and A(xk) be a positive definite function with A(0) = 0 and e" be

a sufficiently small positive constant. Assume that:

• Al. There exist p* and e* such that

Qk(p*) < ev < A(xjb) and 1 -

e*/A(xk) w 1. (4.51)
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• A2. For all pk G V:

(p* " Pk)T VpQfc(p) < e
- A(xfc) < O (4.52)

where VpQk(p) denotes the gradient of Qk(p) with respect to pk.

Then, for any initial condition p0 > O, there exists a k* G Z+ such that the SG Control

Goal (4.49) ts achieved by means of the following dynamic variation of parameter pk:

Pk+i =Pk- idjkVPQk (p) , (4-53)

with

ld,k
=

7c Sk \VPQk(p)\~2 O < 7c < 2 A(xfc)

and

íl for Q(Pk)>A(xk)
(454)

1 O otherwise.

Finally, for k > k*, pk becomes a constant valué denoted by p and the SG algorithm is

completed.

Proof. We foUow similar arguments as the ones given for the SG discrete-time versión

[41]. Let us consider the positive definite Lyapunov function as Vp(pk) = |pfc
— p*\ . Then,

the Lyapunov difference is given as

AV„(pfc) = |pfc+i-p*|2-|pfe-p*|2
= (pfc+i

- pfc)T[(Pfc+i - Pk) + 2(pfc - _.*)]
=

-ld,k VpQk(p) \-idjk VPQk(p) + 2(pfc
-

p*)]

< -27d,fc (A(xfc)
- e*) + 7d2,fc |VpQfc(»|2

< -2%Sk (A(xfc)-e*)|VpQfc(p)|-2 + 72^ |VpQfc(p)r4 |VpQfc(p)|2

7c[2A(xfe)(l-eVA(xfc))-7c]

|VPQfe(p)|2
7c[2A(xfe)-7e] (455)

|VPQfe(p)|2

for Qfc(p) > A(xfc), t5fe = 1 and boundness of pk is guaranteed if 0 < 7C < 2 A(xfc). Finally,

when k>k*, then Sk = 0, which me.ans the algorithm concludes; henee, Qk(p) < A(xk) and

Pk becomes a constant valué denoted by p (pk= P)- ■

Since the parameter pk is a scalar valué, the gradient WpQk(p) in (4.53) is reduced to be

the partial derivative of Qk(p) with respect to pk, i.e., -J-r Qk(p)-

Remark 4.7 Parameter% in (4.53) is selected such that solution pk ensures the requirement

V_g(xk) > —ulR(xk)uk in Remark 4.6. Then, we have a positive definite function A(xk).
Pk
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Remark 4.8 With Q(xk,pk) as defined in (4.48), the dynamic variation of parameter pk in

(4.53) results in

fT(xk)P'g(xk)R(xkfgT(xk)f(xk)

{2R(xk)+PkgT(xk)P'g(xk))S
Pfc+i =Pfc + 87d,fc ,

^ —..3

which is positive for all time k if po > 0. Therefore positiveness for pk is ensured and

requirement Pk = Pj > 0 for (4.44) is guaranteed.

When SG Control Goal (4.49) is achieved, then pk
= p for k > k* Thus, matrix Pk in

(4.45) is considered constant and Pk = P where P is computed as P = pP', with P' a design

positive definite matrix. Under these constraints, we obtain:

a(xfc) := u*k

= -\ (P(xfc) + \ /(xfc) P5(xfe))
X

/(Xfc) P /(Xfc). (4.56)

Summary of the proposed SG algorithm to calcúlate parameter pk

Considering the closed-loop system (2.2) with (4.47) as input, we obtain

*fc+i
= f(xk)

~

fg(xk) (R(xk) + | /(xfc) P1 g(xk))
_1

/(xfc) P' / (xfc).

Then, we propose the SG Goal Function

Qk(Pk) =Xfc+1Xfe+i.

The dynamic variation of parameter pt is establish as

Pfc+i
=

Pk
-

7VP Qfc(pfc), p0
= p(0).

Finally, when condition (4.49) is fulfilled, the SG algorithm finishes.

4.3 SG Inverse Optimal Control

Once the control law (4.56) has been established, we demónstrate that it ensures stability and

optimality for (2.2) without solving the HJB equation (2.10). Thus, the main contribution

of this chapter is stated as the following theorem.
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Theorem 4.3 Consider that system (2.2) with (4.47) has achieved the SG control goal (4.49)

by means of (4.53). Let V(xk) = \xlPxk be a candidate Lyapunov function with P =

PT > 0. Then, inverse optimal control law (4.56) renders the equilibrium point xk = 0 of

system (2.2) to be globally asymptotically stable. Moreover, with V(xk) = _xl Pxk as CLF

and P = pP this control law (4.56) is inverse optimal in the sense-that it minimizes the

meaningful cost functional given by

oo

j.*i.) =Y W1*) + «í *(Xfc) u") (4-57)
fc=0

where

l(xk) := -V (4.58)

with V defined as

V = V(xfc+i)
-

V(xfc) + aT(xfc) R(xk) a(xk)

and optimal valué function J*(x0) = V(*o).

Proof. Considering that system (2.2), (4.47) and (4.53) has achieved the SG Control

Goal (4.49) for fc > fc*, then (4.49) can be rewritten as:

Vag(xk+_)
-

Vsg(xk) +
- aT(xk) P(xfc) a(*fc) = - x£+1 P' xfc+1

- - x¡[ P xfc

+-aT(xk)R(xk)a(xk)
P

< 0. (4.59)

Multiplying (4.59) by the positive constant p, we obtain

V ■= |*I+i^Xfc+1-|x^Pxfc + aT(xfc)P(xfc)a(xfc)

=

2
**+i P Xk+1 ~2X^Pxk + aT^R^a^

= V(xfc+i)
- V(xfc) + aT(xk) R(xk) a(xk)

< 0 (4-60)

and condition (4.2) is fulfilled.

From (4.60), obviously V(xfc+i)-V(xfc) < 0 for all xfc ^ 0 and therefore global asymptotic

stability is achieved in accordance with Theorem 2.1.

When function -Z(xfc) is set to be the (4.60) right-hand side, i.e., Z(xfe) = -V > 0, then

with V(xjt) = \ xl Pxfc as CLF is a solution of the HJB equation (2.10) for fc > fc*

In order to obtain the optimal valué function for the meaningful cost functional (4.57),

we proceed as in Theorem 4.1. ■
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4.3.1 Example

The proposed methodology is illustrated by an example. We synthesize an inverse optimal

control law for a discrete-time second order nonlinear system (unstable for uk
= 0) of the

form (2.2) with:

f(xk) =
*i,fc*2,fc -0.8x2>fc

xffe + 1.8x2,fe

and

(4.61)

(4.62)9(xk)-[_2 + cos(x_tk)

According to (4.56), the inverse optimal control law is formulated as

< = -\ (R(xk) + \ Sr(xfc) Pfc S(xfc)) gT(xk) Pk f (xk)

where the positive definite matrix Pfc = p¿ P' is calculated by the SG algorithm with P' as

the identity matrix, that is

Pt = PkP1

=
Pk

1 0

0 1

and P(xfc) is a constant matrix

P(xk) = 0.5.

The state penalty term Z(xfc) in (4.57) is calculated according to (4.58).

Figure 4.3 shows the solution Xfe of this system with initial conditions xo
= [2

— 2]T;
this figure also includes the applied inverse optimal control law, which achieves asymptotic

stability.

Figure 4.4 displays both the SG algorithm solution pk with initial condition p0
= 2.5 and

final valué p = 3.4613. Evaluation ofthe cost functional J(xk) is also displayed in this figure.

Notice that the open-loop system (4.61), has an unstable equilibrium point for uk = 0. In

this example, according to Theorem 4.3, the optimal valué function is calculated as J*(xo) =

V(x0) = \ Xq Px0 = 13.8452, which is reached as shown in Figure 4.4.

Remark 4.9 It is worth to note that, full state measurement is required. Work is progressing
to complete the design with observer schemes.
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Figure 4.3: Stabilization of a nonlinear system.
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4.4 SG Trajectory Tracking Inverse Optimal Control

This section deals with the inverse optimal control methodology for trajectory tracking in

combination with the speed-gradient algorithm discussed in Section 4.2.

Consider the affine discrete-time nonlinear system (2.2). The following meaningful cost

functional is associated with the trajectory tracking problem for system (2.2):

r»=fc

where zk
=

xk
—

xg¡k with x^fc as the desired trajectory for xk; zk G Rn; J(zk) : Rn —> R+;

l(zk) : Rn —> R+ is a positive semidefinite function and R(zk) : Rn -» Rmxm is a real

symmetric positive definite weighting matrix. The meaningful cost functional (4.63) is a

performance measure [52]. The entries of R(zk) can be fixed or functions of the system state

in order to vary the weighting on control efforts according to the state valué [52]. Considering
the state feedback control design problem, we assume that the full state Xfc is available. Using
the optimal valué function J*(xk) for (4.63) as Lyapunov function V(xfc), equation (4.63)
can be rewritten as

oo

V(zfc) = l(zk) + ulR(zk) uk + Y Kzn) + ulR(zn)un
n=fc+l

= l(zk) + ulR(zk)uk + V(zk+i) (4.64)

where we require the boundary condition V(0) = 0 so that V(-Zfc) becomes a Lyapunov
function.

Similar to Section 2.1 procedure, we establish the conditions that the optimal control law

must satisfy. We define the discrete-time Hamiltonian H(zk,Uk) as

U(zk, ufc) = l(zk) + uTkR(zk) ufc + V(zk+_)
-

V(zk). (4.65)

A necessary condition that the optimal control law should satisfy is an^>Uk) = o, then

dV(zk+i)
0 = 2R(zk)uk +

= 2R(zk)uk +

duk

dzk+i dy(zfc+i)

duk dzk+i

= 2R(zk)uk+gT(xk)dVa{Zk+l) (4.66)
ozk+i

Therefore, the optimal control law to achieve trajectory tracking is formulated as

< =

-\R-1^9T(xk)^^ (4.67)
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with the boundary condition V(0) = 0. For solving the trajectory tracking inverse optimal
control problem, it is necessary to solve the following HJB equation:

*(*) + V(zk+i) - V(zfc) + iggkaíjfa) R-\zk) /(xfc)^tll = 0 (4.68)

which is a challenging task. To overeóme this problem, we propose to solve the inverse

optimal control problem. The main characteristic of the inverse problem is that a stabilizing
feedback control law is designed first, and then it is established that this law optimizes the

meaningful cost functional (4.63).

Definition 4.5 (Trajectory Tracking Inverse Optimal Control) Consider the tracking
error as zk = xk

—

xs,k, being x_ik the desired trajectory for xk. Let define the control law

ul = -\R'\*¿?MdJ^ (4'69)

will be inverse optimal (globally) stabilizing along the desired trajectory xs,k if:

(i) It achieves (global) asymptotic stability of xk = 0 for system (2.2) along reference xs,k;

(ü) V(zfc) is (radially unbounded) positive definite function such that inequality

V := V(zk+i) - V(zfc) + uf R(zk) ufc < 0 (4.70)

¿5 satisfied.

When we select l(zk) := —V- then V(zk) is a solution for (4-68), and cost functional (4.63)
is minimized.

As established in Definition 4.5, the inverse optimal control law for trajectory tracking

problem is based on the knowledge of V(zfc). Then, we propose a CLF, V(zk), such that (i)
and (ii) are guaranteed. Henee, instead of solving (4.68) for V(zk), a quadratic candidate

CLF V(zfc) for (4.69) is proposed with the form:

V(zk) = \% Rk ^, Pk = Pl > 0 (4.71)

in order to ensure stability of the tracking error Zk, where

Zk
= *fc

-

xs,k

(*l,fc
~ Xis,k)

(*2,fc
~ X_S,k)

(*n,fc
~ *ní,fc)

(4.72)
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Moreover, it will be established that the control law (4.69) with (4.71), which is referred to

as the inverse optimal control law, optimizes a meaningful cost functional ofthe form (4.63).

Consequently, by considering V(*fc) as in (4.71), control law (4.69) takes the following
form:

« lD-u \ Tf \ @Zk+l pk zk+l
uk

=

-jR \zk)g (*rfe)_t___

= —^R~1(zk)gT(xk)Pkzk+i

= -l(R(zk) + \gT(xk)Pkg(xk)) gT(xk)Pk(f(xk)-xSMi). (4.73)

It is worth to point out that Pk and R(zk) are positive definite and symmetric matrices;

thus, the existence of the inverse in (4.73) is ensured.

To compute Pk, which ensures trajectory tracking of *fc for system (2.2) with (4.73) along
the desired trajectory xj^, we will use the speed-gradient (SG) algorithm.

4.4.1 Speed-Gradient Algorithm for Trajectory Tracking

As proceed in 4.2, the control goal function is established as

Q(zk+i) < A, for fc > fc* (4.74)

where Q is a control goal function, a constant A > 0, and fc* G Z+ is the time at which the

control goal is achieved.

Control law (4.73) at every time depends on the matrix Pk. Let define the matrix Pk at

every time fc as:

Pk=PkP

where pk is a scalar parameter to be adjusted by the SG algorithm, P = KT P'K with K an

additional diagonal gain matrix of appropriate dimensión introduced to modify the conver

gence rate of the tracking error and P' = P'T > 0 a design constant matrix of appropriate
dimensión. Then, (4.73) becomes:

uk
=~ (R(zk) + ^gT(xk)Pg(xk)y1 gT(xk)P(f(xk) -

x¿,fc+1). (4.75)

The SG algorithm is now reformulated for the trajectory tracking inverse optimal control

problem.

Definition 4.6 (SG Goal Function for Trajectory Tracking) Consider a time-varying

parameter pk G V C R+, with pk > 0 for all fc, and V is the set of admissible valúes for pk.
A nonnegative C1 function Q : Rn x R —

, R of the form

Q(zk,Pk) = Vsg(zk+i), (4.76)
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where V,fl(zfc+1) = _z'kr+1P'zk+i is referred to as SG goal function for system (2.2), rvith

2fc+i = Xfc+i -*í,fc+i, *k+i o» defined in (2.2), control law (4.75) and desired reference *¿,fc+i.

We define Qk(p) := Q(zk,pk).

Definition 4.7 (SG Control Goal for TVajectory Tracking) Consider a constant p* G

V. The SG control goal for system (2.2) with (4.75) is defined as finding pk so that the SG

goal function Qk(p) as defined in (4.76) fulfills:

Qk(p) < A(2fc), for k>k*, (4.77)

where

A(^) = V,g(zk) --ul R(zk) uk (4.78)
Pfc

with V_g(zk) = \zl F" zk and uk as defined in (4.75); fc* G Z+ is the time at which the SG

control goal is achieved.

Remark 4.10 Solution pk must guarantees that Vsg(zk) > ^-ulR(zk)uk in order to obtain

a positive definite function A(zk).

The SG algorithm is used to compute pk in order to achieve the SG control goal defined

above.

Proposition 4.2 Consider a discrete-time nonlinear system of the form (2.2) with (4.75) as

input. Let Q be a SG goal function as defined in (4.76), and denoted by Qk(p). Let p,p* G P

be positive constant valúes and A(zk) be a positive definite function with A(0) = 0 and e* be

a sufficiently small positive constant. Assume that:

• Al. There exist p* and e* such that

Qkip") < e* < Afo) and 1 -

e*/A(zk) « 1. (4.79)

• A2. For all pk G V:

ÍP*
~ Pk)T VpQfc(p) <e- A(zk) < 0 (4.80)

where VpQk(jp) denotes the gradient of Qk(p) with respect to pk.

Then, for any initial condition po > 0, there exists a k* G Z+ such that the SG Control

Goal (4.77) is achieved by means of the following dynamic variation of parameter pk:

Pk+i
=

Pfc
-

7d,fcVpQfe(p), (4.81)

with

7d,k
=

7c Sk |VpQfc(p)r2 0 < 7c < 2 A(zk)
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and

h =

í 1 for Q(Pk) > A(zk)
I O otherwise.

Finally, for k > fc*, pk becomes a constant valué denoted by p and the SG algorithm is

completed.

Proof. It follows closely the one of Proposition 4.1. ■

Remark 4.11 Parameter 7C in (4.81) is selected such that solution pk ensures the require-

ment Vsg(zk) > —ulR(zk)uk in Remark 4-10. Then, we have a positive definite function

A(zfc).

"

When SG Control Goal (4.77) is achieved, then pk
= p for fc > fc*. Thus, matrix Pk in

(4.73) is considered constant, that is Pk = P, where P is computed as P = pK P' K, with

P' a design positive definite matrix. Under these constraints, we obtain:

a(z) := ufe

= -\(R(zk) + \gT(xk)Pg(xk?) gT(xk)P(f(xk)-xs<k+i). (4.83)

The following theorem establishes the trajectory tracking via inverse optimal control.

Theorem 4.4 Consider that system (2.2) with (4.75) has achieved the SG control goal (4.77)
by means of (4.81). Let V(zk) = \zk P zkbe a candidate Lyapunov function with P = PT >

0. Then, trajectory tracking inverse optimal control law (4.83) renders solution xk of system

(2.2) to be globally asymptotically stable along the desired trajectory xs,k- Moreover, with

V(xfe) = \zl Pzk as CLF and P = pP', this control law (4.83) is inverse optimal in the

sense that it minimizes the meaningful cost functional given by

J&k) =Y (l(z¿ + u* *(**) u*) (4-84)
fc=0

where

with V defined as

l(zk) := -V (4.85)

V = V(zk+i)
-

V(zfc) + aT(z) R(zk) a(z)

and a(z) as defined in (4.83).

Proof. It follows closely the given in Theorem 4.3 and henee it is omitted. ■
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4.4.2 Example

To Ulustrate the applicability of the proposed methodology, we synthesize a trajectory track

ing inverse optimal control law in order to achieve trajectory tracking for a discrete-time

second order nonlinear system (unstable for uk = 0) of the form (2.2) with:

f(xk) =
2 xlifc s¿n(0.5 x1>fc) + 0.1 x\¿

0.1xffc + 1.8x2,fc

and

g(xk) =
o

2 + 0.1 cos(x2)fc)

(4.86)

(4.87)

According to (4.83), the trajectory tracking inverse optimal control law is formulated as

uk = -\ \R(zk) + i /(i*) Pg(xk)\ /(xfc) P (/(xfc) -

x¿,fc+1 )

where the positive definite matrix Pk = pk P' is calculated by the SG algorithm with P' as

the identity matrix, that is

Pfc = PkP'

=

Pk
0.020 0.016

0.016 0.020

and R(xk) is a constant matrix

The reference for x2)fc is:

R(xk) = 0.5.

*2*,fc
= 1.5 .s¿n(0.12 fc) rad.

and reference xu,k is defined accordingly.

Figure 4.5 presents the trajectory tracking for Xfc with initial condition p0
= 2.5 for the

SG algorithm. Control law a(zk) is also displayed.

4.5 Trajectory Tracking for Block Control Form Systems

Consider system (2.2) to be (globally) stabilized by inverse optimal control law uk = a(xk)
as proposed in (4.56). Let consider system (2.2) can be presented (possibly after a nonlinear
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Figure 4.5: Tracking performance of Xfc. Solid line (x^) is the reference signal and dashed

line is the evolution of Xfc. Control signal is also displayed.

transformation) in the nonlinear block control form [75] consisting of r blocks as

xl+i = nx\)+B\x\)x2k

xk+i
= r1{xlx2k,...,xk-1) + B'-1(xlxl...,xk-l)xl (4.88)

xl+i = fr{xk) + BT(xk)a(xk)

where xfc G Rn, xk = [x[T x|T . . . xrkT] ; x*7 G R™-*; j = 1, . . .

, r; n¿ denotes the order of each

r-th block; xj = [xjl xj2 . . . xjn.]T; input a(xfc) G RT1; fj : Rn ->• Rn and Bj : Rn ->■ Rnxm

are smooth mappings. Without loss of generality, **, = 0 is an equilibrium point for (4.88).
We assume fj(0) = 0, ranfc{PJ(xfc)} = mj Vx* ^ 0 and n = J2L-1 ni-

For trajectory tracking of first block in (4.88), let define the tracking error as

zk
~

xk
~

xS,k

where x¡ k is the desired trajectory signal.

Once defined the first new variable (4.89), we take one step ahead

zl+i = fl{xl)+B\x\)x2-x\¡k+1.

(4.89)

(4.90)

Equation (4.90) is viewed as a block with state z\ and the state x\ is considered as a

pseudo-control input, where desired dynamics can be imposed, which can be solved with the



4.5. TRAJECTORY TRACKING FOR BLOCK CONTROL FORM SYSTEMS 71

anticipation of the desired dynamics for (4.90) as follows:

*lk+i = PixD+B^xDxl-x^i
= f{zü+B\x\)z2 (4.91)

Then, x\ is calculated as

Am - (s1 (-1) )
_1

(4fc+i
- f1 (*i) + z1W) + fi1W) ^2) • (4-92)

Note that the calculated valué of state x\k in (4.92) is not the reíd valué of such state;
instead of, it represents the desired behavior for x\. Henee, to avoid confusions this desired

valué of x\ is referred as x2Sk in (4.92).

Proceeding in the same way as for the first block, a second variable in the new coordinates

is defined as

Zk
—

xk~ X6M-

Taking one step ahead in zl yields

j.2 _
2 2

zk+l
~

xk+i Xfk+i

~

f \xk>Xk) + H (xfc,Xfc) Xfe
—

xSk+1.

The desired dynamics for this block is imposed as

zfc+l
= / \xk'xk) + & {xk>xk) xk~ xS,k+l

= f\z% + B2{xl,x2k)z2 (4.93)

These steps are taken iteratively. At the last step, the known desired variable is x¿fc, and

the last new variable is defined as

_r _r _r

zk
~

Xk
~

xS,k-

As usually, taking one step ahead yields

zl+i = fr(xk) + Br{xk) a(xfe)
-

xrSMi (4.94)

and the desired dynamics for this block is imposed by means of

a(xfc) = (Br{xk)Y\xlk+1-r{xk) + r(zk) + Br(zk)a(zk)). (4.95)

Henee, system (4.88) can be presented in the new variables z = [z1Tz2T
■ ■ ■ zrT] of the

form

zl+i = fl{zl) + B\x\)z2

zl+i = fr~XW,4, • ■ •
, 4-1) + B'-1 (zi,z2,..., zr1) zl (4.96)

4+i = r{zk) + Br(zk)a(zk)
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which in a general form can be described by

Zk+i
= f(zk) + g(zk) os(zk). (4.97)

System (4.97) can be decomposed for Xfe+i as Xfc+i
—

x^fc+i
= f(zk) + g(zk) a(zk), and thus

*fc+i
= f&k) + s(**fc) oi(zk) + xs,k+i- (4.98)

Theorem 4.5 Consider the equilibrium point xk = 0 of system (4.88) to be (globally) asymp

totically stabilized by inverse optimal control law a(xk) (4.56), and therefore the Lyapunov

difference becomes V(xfc+i)
— V(xfc) < 0. Then, solution xk of (4.88) with (4.95) as input

is (globally) asymptotically stabilized along the desired trajectory x_,k- Moreover, control law

(4.95) minimizes the following cost functional:

oo

fc=0

with

Kzk) = -V(zfe) > 0. (4.100)

Proof. Let system (4.88) to be described in a general form by (2.2) with uk
= a(xk)

(4.56), and system (4.96) to be described by (4.97). Consider a candidate Lyapunov function

as V(zfe). Then, Lyapunov difference becomes

AV: = V(zk+i)-V(zk)
= V(xk+i-xs,k+i)-V(zk). (4.101)

Substituting (4.98) in (4.101) we have

AV = V(xk+i-xSMi)-V(zk)
= V(f(zk)+g(zk)a(zk))-V(zk). (4.102)

Due to the fact V(*fc+1) - V(xfc) = V(f(xk) + g(xk)a(xk))
-

V(xk) < 0 for (2.2), then the

Lyapunov difference for transformed system is V(zk+i)
—

V(zk) = V(/(zfc) + g(zk) a(zk))
—

V(zk) < 0, and (global) asymptotic stability is guaranteed for transformed system (4.97).

The minimization of a meaningful cost functional is established similarly as in Theorem

3.1, and henee it is omitted. ■

4.5.1 Example

In this section, we illustrate the applicability of the obtained results by means of an unstable

example for solving the trajectory tracking problem. By illustration easily and space limi-

tation, we synthesize an trajectory tracking inverse optimal control law for a discrete-time
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Figure 4.6: Tracking performance of xk. Solid line (xg,k) is the reference signal and dashed

line is the evolution of Xitk. Control signal is also displayed.

second order system (unstable for uk = 0) of the form (2.2) with:

f(Xk) =

and

1.5xiifc +x2)fc

*i,fc + 2 x2]fc

SÍXfc) =

In accordance with Section 4.5, control law (4.95) becomes

a(xjt) = xJfc+2- 1.5(1.5 xi,fc + x2ifc) + 1.5(1.5 zi,fc + z2,fc) + 2 (1.5 zi,*

+2 z_¿) + 2a(zfc)
-

xiifc
- 2 z2)fc.

Figure 4.6 presents the trajectory tracking for xi¡k with

(4.103)

(4.104)

(4.105)

P =
10 0

0 10

4.6 Conclusions

This chapter has established the inverse optimal control problem for a class of discrete-time

nonlinear systems. To avoid the solution of the Hamüton-Jacobi-Bellman equation, we pro-
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pose a discrete-time control Lyapunov function (CLF) in a quadratic form, which depends
first on a fixed parameter and finally this parameter is adjusted by means of the speed-

gradient algorithm. Based on this CLF, the inverse optimal control strategy is synthesized.

Stability and the corresponding conditions for the inverse optimal control solution are estab

lished. Then, these results are extended to establish an inverse optimal trajectory tracking.

Additionally, an inverse optimal control scheme was presented to achieve trajectory tracking
for block control form nonlinear systems. Simulation results illustrate that the proposed
controller ensures stabilization and trajectory tracking for nonlinear system, and this control

law minimizes a meaningful cost functional.



Chapter 5

Neural Inverse Optimal Control

This chapter discusses the combination of Section 2.5, Section 3.1, and Section 3.2 results

as presented in Section 5.1 to achieve stabilization and trajectory tracking for uncertain non-

linear systems, by using a RHONN scheme to model uncertain nonlinear systems, and then

applying the inverse optimal control methodology. Finally, Section 5.2 establishes a block

transformation for the neural model in order to solve the inverse optimal trajectory tracking
as a stabilization problem for block control form nonlinear systems. Examples illustrate the

applicability of the proposed control techniques.

Stabilization and trajectory tracking results can be applied to disturbed nonlinear sys

tems, which can be modeled by means of a neural identifier presented in Section 2.5, and

obtaining a robust inverse optimal controller. Two procedures to achieve robust trajectory

tracking with the neural model are presented. First, based on passivity approach, we propose
a neural inverse optimal controller which uses a CLF with a global minimum on the desired

trajectory. Second, a block transformation for a neural identifier is applied in order to obtain

an error system on the desired reference, and then, a neural inverse optimal stabilization

control law for the error resulting system is synthesized.

5.1 Neural Inverse Optimal Control Scheme

First, the stabilization problem for discrete-time nonlinear systems is discussed.

5.1.1 Stabilization

As described in Section 2.5, for neural identification of (2.33) a series-parallel neural model

(2.39) can be used. Then, for this neural model, the stabilization results established in

75
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Section 3 are applied as follows.

Model (2.39) can be represented as a system of the form (2.27)

Xfc+i
= f(xk) + g(xk) uk

and if there exists P = PT > 0 satisfying condition (3.5), this system can be asymptotically

stabilized by the inverse optimal control law

a(xfc) =
- (lm + i /(xfc) P g(xk) \ gT(xk)Pf (xk)

in accordance with Theorem 3.1.

An example illustrates the previously mentioned.

Example

We synthesize a neural inverse optimal control law for a discrete-time second order nonlinear

system (unstable for Ufe = 0) of the form (2.27) with:

/(Xfc) =
0.5xi,,fes¿n(0.5xi,fc) + 0.2x!,fe

0.1 x5,fe + 1.8X2,*
(5.1)

and

SÍXfc) =
2 + 0.1 cos(X2,k)

.

(5.2)

Neural Identifier for (5.1) -(5.2): Assume system (5.1)-(5.2) to be unknown. In order to

identify this uncertain system, from (2.36) and (2.39), we propose the following series-parallel
neural network

*i,fc+i
= vjn>kS(xi) + uii2tkS(x2)2

xl,k+l
= W21,fcS(Xl)2 + W22,fcS(X2)+U>2Ufc

which can be rewritten as *fe+i
= f(xk) + s(xfc) wfc- where

f(-\-\ wU,kS(Xl)+U-12,kS(X2)2
f[

k)~[w2itkS(xi)2 + vj22tkS(X2)
.

and

g(xk) =
0

w2

(5.3)

(5.4)

(5.5)

with w'2 = 0.8. Initial adjustable weights are given in a random way; r\i
=

r\_ = 0.99,

P! = p2 = 10 12, where I2 is the 2 x 2 identity matrix; Qi = Q2 = 1300 12, Rx = 1000 and

R2 = 4500.
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150

1,k

Figure 5.1: Unstable phase portrait.

Control Synthesis

According to (3.2), the inverse optimal control law is formulated as

a(xfc) = -

(l + \ /(Xfc) P5(xfe)) /(xfe) P / (*fc)

where we propose a positive definite matrix P as

P =
0.0005 0.0319

0.0319 3.2942

(5.6)

Simulation Results

The phase portrait for this unstable open-loop (uk = 0) system with initial conditions xo
=

[2
— 2]T is displayed in Figure 5.1.

Figure 5.2 presents the stabilization time response for xk of this system with initial con

ditions Xo
= [2

- 2]T Initial conditions for RHONN are x0 = [0.5 2]T; this figure also

includes the applied inverse optimal control law (5.6), which achieves asymptotic stability.
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Figure 5.2: Stability time response for (5.1)-(5.2) and (5.6) as input. Dashed line is the

evolution of X* and dash-dot line is Xfc. Control signal is also displayed.

5.1.2 Trajectory Tracking

The tracking of a desired trajectory, defined in terms of the plant state x» formulated as

(2.33), can be established as the following inequality:

|lx«-X*H<ll»-«í|l + ||x«-*i|| (5-7)

where ||-|| stands for the Euclidean norm, Xís is the desired trajectory signal, which is as

sumed smooth and bounded. Inequality (5.7) is valid considering the separation principie for

discrete-time nonlinear systems [76], and based on (5.7), the tracking of a desired trajectory
can be divided into the following two requirements:

Requirement 5.1

with £ o small positive constant.

Requirement 5.2

lim ||x»-z«|| <Ci
fc—KX)

lim Hxií-Xill =0.
fc->oo

(5.8)

(5.9)

In order to fulfill Requirement 5.1, an on-line neural identifier based on (2.36) is proposed
to ensure (5.8) [46], while (5.9), in Requirement 5.2, is guaranteed by a discrete-time controller

developed using inverse optimal control technique, as presented in this dissertation. A general
control scheme is shown in Figure 5.3.

Now, trajectory tracking is illustrated as established in Section 3.2 for the neural scheme

as follows.
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Figure 5.3: Control scheme.

Example

In accordance with Theorem 3.3, the control law to achieve trajectory tracking for system

(2.27) is given in (3.31) as uk = —yk, for which yk
= h(xk,xStk+i) + J(xk)uk, where

and

h(xk, xs,k+i) - gT{xk) P {f{xk) - xs,k+i)

J(xk) = ^gT(xk)P g(xk)

with /(xfc) and g(xk) as defined in (5.1) and (5.2), respectively. Henee, we adjust gain
matrix P = KT P K for (3.31) in order to achieve trajectory tracking for xk

= [xitk x_ík]T
The reference for x2>fc is:

x2&,k
= 2 s¿n(0.075 k) rad.

sind reference xum i* defined «xcordingly.

Figure 5.4 presents the trajectory tracking for Xfc with

P =
0.0484 0.0387

0.0387 0.0484
K =

0.100 0.00

0.00 8.25

5.2 Block Control Form: A Nonlinear Systems Particular

Class

In this section, we develop a neural inverse optimal control scheme for systems which have a

special state representation referred as the block control (BC) form [75]. For these systems,
the trajectory tracking problem is solved as a stabilization problem after a block transforma

tion.
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Figure 5.4: Tracking performance of x*- Solid Une (x*,*;) is the reference signal, dashed line

is the evolution of Xfc and dash-dot line is Xfc. Control signal is also displayed.

5.2.1 Block Transformation

Let consider that system (2.33), under an appropriate nonsingular transformation, can be

rewritten as the following BC form with r blocks:

Xii,fc+1
=

Jh\Xii,k) + "i_\Xii,k)Xh,k + 1 ii.fc

Xt2>fc+1
=

/»2V.Xil,fc* X»2,fc/ ' "i2\Xh,k,Xi2,k)Xi3,k ' 1 »2,fc

; (5.10)

X¿r,fc+i
= fiÁXk) + Bir(xk)uk + Tirtk

where Xfc G Rn is the system state, Xfc
= [ xluk xf2,k

■ ' '

xf_,k ]T; ¿ = 1, ■ ■ •

, nr; ufc 6 Rm-

is the input vector. We assume that fip Biá and rfj. are smooth functions, j = l,...,r,

fij (0) = 0 and ran/c{PÍ3(xfc)} =

m¿ Vxt ^ 0. The unmatched and matched disturbance
r

terms are represented by r,*.^. The whole system order is n = JZ nj-
j=i

To identify (5.10), we propose a neural identifier with the same BC structure.

The essential feature ofthe proposed method is the conversión ofthe system (2.36), using
the series-parallel model (2.39) to identify (5.10), to the BC form consisting of r blocks as:

xiuk+i
= W^kPí^Xiukj + W^XñM

xi2,k+i
= WÍ2tkpi2(Xh,k,Xi2,k) + WÍ2Xi3,k (5.11)

Xir,k+1
= Wir¿ Pir(Xil,k, • ■ ■

, Xir.fc) + W£ Ufe
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where xfc = [s£x£ • • • x£] e Rn, x-*r e R"r denotes the ¿-th neuron system state correspond
ing to the r-th block; i = 1, . . .

, nr; Wilik = [wflk w$lk . . . u%rlik]T is the on-line adjustable

weight matrix and W'ir = [w[f w'2f . . . w'T]T is the fixed weight matrix; nr denotes the
r

order for each r-th block, and the whole system order becomes n = Ylnj-
j=i

First, we define the tracking error as

*<i,fc
=

*<-.,*
-

X<ií,fc (5-12)

where x¿-.í,fc is the desired trajectory signal.

Once defined the first new variable (5.12), one step ahead is taken as

2i,,fc+i
= Wiltk pix (xiuk) + W¡1 x<2,jt

-

Xi,í,fc+i- (5-13)

Equation (5.13) is viewed as a block with state Zilik and the state x»2,fc is considered as a

pseudo-control input, where desired dynamics can be imposed. This can be solved with the

anticipation of the desired dynamics for this block as follows:

Zi_,k+i
= Wiuk pi, (xilyk) + WJh Xi2,k -

XiiS,k+i
= Kix ziltk (5.14)

where Kix = diag{kn, ..., knii} with |A:9i| < 1, q = 1, . . . ,»»-*, in order to assure stability for

block (5.14). From (5.14), Xt2,fc is calculated as

Xi2í,fc
= \Wii) {-^H,kPi1(Xii,k) + Xi1s,k+i + Kiíziuk). (5.15)

Note that the calculated valué of state x«2í,fc in (5.15) is not the real valué of such state;

instead, it represents the desired behavior for Xi2,fc- S°i *° avoid confusions this desired valué

of Xi_,k is referred as Xt2í,fc in (5.15).

Proceeding in the same way as for the first block, a second variable in the new coordinates

is defined as

zi_,k
=

xi_,k
~

X«2Í.**

Taking one step ahead in zÍ2ik yields

Zi2,k+1
=

XÍ2)fc+1
—

XÍ2gik+i

= Wi2ik pÍ2(Xh,k, Xi2,fe) + w'i2 Xi3,fc
~

Xi2¿,fc+1*

The desired dynamics for this block is imposed as

■z¿2)fc+i
= Wi2)fc pÍ2(Xh,k, Xi3,k) + WÍ2Xi3,k -

X»2í,fc+i
= Ki2zi2,k (5-16)

where KÍ2 = diag{kí2, ..., kn_2) with |A:,2| < 1, q = 1, . . .

, n_.



82 CHAPTER 5. NEURAL INVERSE OPTIMAL CONTROL

These steps are taken iteratively. At the last step, the known desired variable is xl-ífc-
and the last new variable is defined as

Zir,k
=

xir,k
—

Xirá.fc4

As usually, taking one step ahead yields

Zir,k+1
= Wirtk Pir(Xil,k, ■■■, X»r,fc) + ^1 Ufc

-

Xírí,fc+1- (5-17)

System (5.11) can be represented in the new variables of the form

z¿-.,fc+i
= Ki zilik + Wwl zi2yk

Zi2,k+i
= Ki2 Zi2ik + Wi2 2i3ifc

:
^

(5.18)

Zir,k+1
= lV»r,fcPtP(Xñ,fc)-.-)Xtr,fc)

~

Xirí,fc+1 + ^ir "fc-

5.2.2 Block Inverse Optimal Control

Now, the problem is to stabilize the transformed system (5.18) at the origin to achieve

trajectory tracking along x<5,fc- System (5.18) can be presented in a general form as

Zk+i
= f(zk) + g(zk) uk. (5.19)

v.terezk=[z7ikzltk---zlik].
Then, for this system, we apply the inverse optimal control law (3.2) as

a(zk) = -[Im + J(zk)]~1 h(zk)

with

h(zk) = g(zk)TPf(zk) (5.20)

and

J(zk) = \g(zk)TPg(zk) (5.21)

in order to achieve stabilization of the error system (5.19).

5.2.3 Planar Robot Example

As application, the transformation methodology for a two DOF planar rigid robot is devel

oped to establish an error system as described in the previous section. Then, Section 3.1

and Section 2.5 results are used to synthesize a neural inverse optimal controller in order to

achieve global stabilization of the error system, and therefore, position trajectory tracking is

ensured for the planar robot.
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Robot Model Description

After an Euler discretization ofthe robot dynamics, the discrete-time robot model is described

by (A.1), which has the BC form.

Remark 5.1 The structure of system (A.1) is used to design the neural network identifier.
The parameters of the system (A.1) are assumed to be unknown for the control synthesis.

Remark 5.2 Por system (A.1), n = 4, r = 2, ni = 2, n2 = 2. To identify this system, the

series-parallel model (2.39) is used.

Neural Identifier for the Planar Robot

To identify the uncertainty robot model, from (2.36), (2.39) and (5.11), we propose the

foUowing series-parallel neural network according to Remark 5.1 and Remark 5.2

^i1i,fc5(xi1>fc) + w¡1Xia,fc
VJ2li,k S(X2i,k) + w2l X22,fc

Wi2itkS(xu,k) + vJi22tkS(x21,k)-

U>22l,k S(Xli,k) + ™222,fc 5(X21,fc)-

+U>l23,fc <S(xi2,fc) + wl2i,k S(x22,k)-

+W223tk S(Xl2lk) + tt>224,fc 5'(X22,fc)-

+™j2lul,fc + ™í22U2,fc
+w'22i uhk + w_22 U2)fc

where x¿lifc identifies to x¿i,fc and x¿2)fc identifies to Xj3,k\ 3
~

1»2; wirP are the adjustable

weights, p is the corresponding number of adjustable weights; w'jrP are fixed parameters.

To update the weights, the adaptation algorithm (2.40) is implemented.

Sll-fc+l

.
a-2i,fc+i

.

=

zia.fc+i

.
a^fc-fi

.

(5.22)

Control Synthesis

Let define system (5.22) in a r-block control form as

. _.
«ii.fc+1

Xl,k+1 ■

~

_1
x2uk+i

= ^1,fcp1(xi>fc) + ÍVÍx2,fc (5-23)

= W2ik p2(xi,k, X2,k) + W_ Ufc

with xi fc- X2,fc> Pi,P2,Wi¿, W2ik, W'i and W2 of appropriated dimensión according to (5.22).

_
xU,k+l

x2,k+l ■
=

_1
^.fc+l
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The goal is to forcé the angle position xi¿ to track a desired reference signal Xií,fc- This

is achieved by designing a control law as described in Section 5.2.1. First the tracking error

is defined as

Zl,k
=

Xi,fc
-

Xl<5,fc-

Then using (5.22) and introducing the desired dynamics for zi¿ results in

•zi,fc+i
= lVi,fcPi(xi,fc) + ^i'x2,fc-Xií,fc+i
= Kizi,k. (5.24)

where Ki = diag{ki_,k__} with IfciJ , \k2l\ < 1.

The desired v.alue X2í,fc for the pseudo-control input X2,fc is calculated from (5.24) as

X2í,fc
= (Wí) (-WitkPi(xi,k)+Xis,k+i + KiZi¡k). (5.25)

At the second step, we introduce a new variable as

Z2,fc
=

X2¿
-

X2á,fc-

T.aking one step ahead, we have

-Z2,fc+i
= W2¿ P2ÍXi,k, X2,fc)

-

X2í,fc+i + W_ uk (5.26)

Now, the system (5.22) in the new variables zi¿ and 2r2>fc is represented of the following
form:

zi,fc+i
= Ki zitk + Wx z2,k

z2,k+i
= W2tkp2(xi,k,X2,k)-X2S,k+i + W2Uk. (5.27)

If we rewrite the system (5.27) in the form (5.18)-(5.19), from Section 5.2.2, the proposed
control law is given as

uk = a(zk)
= -(1 + J(zk))-1 h(zk) (5.28)

where h(zk) and J(zk) are defined as in (5.20) and (5.21), respectively.

Simulation Results

The initial conditions are given in the Table 5.1; the identifier (5.22) and controller parameters
are shown in Table 5.2, where I_ is the 4x4 identity matrix. The sample time is T = 0.001 s

and the adjustable weights are initialized in a random way.
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Table 5.1: Initial conditions

Xh.o 0.5 rad X2i,0 -0.5 rad

Xla.O 0 rad/s X22,0 0 rad/s

Plifl 10 P2ifi 10

Pl2fl 10/4 P2l,0 10/4

xh,0 0 rad X2lt0 0 rad

XU,0 0 rad/s ^-..O 0 rad/s

Table 5.2: Identifier .and controUer parameters

PARAMETER VALUÉ PARAMETER VALUÉ

Qu 1000 Q21 1000

Qu IOOO/4 Q.2l IOOO/4

Pll 10000 R2l 10000

Pía 10000 R2l 10000

WU 0.001 u>2l 0.001

W'l2l 0.900 u>'i22 0.010

U>2_1 0.010 UJ222 0.700

k\_ 0.960 k2l 0.970

nu 0.900 Vi2 0.900

ihx 0.900 n22 0.900

The valué of matrix P is

"

1.1520 0.1512 0.2880 0.0151
"

0.1512 0.0794 0.1512 0.0198

0.2880 0.1512 1.1520 0.1512

0.0151 0.0198 0.1512 0.0794

The reference signáis are

Xiií.fc
= 2.0s¿n(1.0fcT) rad

X2ií,fc
= 1.5sin(1.2kT) rad.

References xi2í,fc and X22í,fc- are defined accordingly.

The reference signáis are selected to illustrate the ability of the proposed algorithm to

track nonUnear trajectories.

The tracking performance of the link 1 and link 2 position are shown in the Fig. 5.5. The

control signáis u-,,* and u2>fc responses are displayed in Fig. 5.6.
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5.3 Conclusions

This chapter has presented the application of inverse optimal control to a neural identifier in

order to achieve a robust stabilization and robust trajectory tracking scheme for a class of

nonlinear systems. We begin analyzing the robust stabilization and robust trajectory tracking
via passivity. A posteriori, a transformation on the desired trajectory is established, then,

stabilization on this transformed system is performed to achieve trajectory tracking. We

use discrete-time recurrent neural networks to model an uncertain nonlinear systems; thus,

an explicit knowledge of the plant is not necessary. The proposed approach is successfully

applied to implement a robust control based on recurrent high order neural network, passivity

and inverse optimality by means of examples. In the simulation results, it can be seen that

the required goal is achieved, i.e., the designed controller maintains stability or trajectory

tracking of the unknown system. The training of the neural network is performed on-line

using an extended Kalman filter.



Chapter 6

Conclusions and Future Work

Conclusions about this dissertation are presented in this final chapter. Also, a future work

plan is proposed.

6.1 Conclusions

This dissertation has presented a novel discrete-time inverse optimal control scheme, which

achieves stabilization and trajectory tracking for nonlinear systems and is inverse optimal in

the sense that, a posteriori, control law minimizes a meaningful cost functional. To avoid the

Hanfilton-Jacobi-BeUman equation solution, we proposed a discrete-time quadratic control

Lyapunov function (CLF). The controller synthesis is based on two approaches: o) inverse

optimal control based on passivity, in which the storage function is used as CLF, and b)
an inverse optimal control based on the selection of a CLF. Furthermore, a robust inverse

optimal control was established in order to guarantee stability for nonlinear systems, which

are affected by internal and/or external disturbances.

We use discrete-time recurrent neural networks to model uncertain nonlinear systems;

thus, an explicit knowledge of the plant is not necessary. The proposed approach is success-

fully applied to implement a robust controller based on recurrent high order neural network

and inverse optimality via passivity. By means of simulations, it can be seen that the required

goal is achieved, i.e., the designed controller maintains stability of the plant with unknown

parameters. For neural network training, an on-line extended Kalman filter is performed.

The applicability ofthe proposed controllers is illustrated, via simulations, by stabilization

and trajectory tracking for an unstable nonlinear system and a two degrees of freedom (DOF)

planar robot.

89
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The contributions of this dissertation are:

• To synthesize an inverse optimal discrete-time controller for nonlinear systems via

passivity (Chapter 3). The controller synthesis is based on the selection of a stor

age function, which is used as candidate CLF, and a passifying law to render passive
the system. This controller achieves stabilization and trajectory tracking for discrete-

time nonlinear systems and is inverse optimal in the sense that, a posteriori, minimizes

a meaningful cost functional.

• To synthesize an inverse optimal discrete-time controller for nonlinear systems via CLF

(Chapter 4)- The control law is obtained as a result of solving the Bellman equation.

Then, a candidate CLF for the obtained control law is proposed such that stabilization

and trajectory tracking for discrete-time nonlinear systems are achieved; a posteriori,
a meaningful cost functional is minimized. The CLF depends on a fixed parameter

in order to satisfy stability and optimality condition. A posteriori, the speed gradient

algorithm is established to compute this CLF parameter.

• To establish a neural inverse optimal discrete-time control scheme for uncertain nonli

near systems (Chapter 5). For this neural scheme, an assumed uncertain discrete-time

nonlinear system is identified by a RHONN model, which is used to synthesize the

inverse optimal controller in order to achieve stabilization and trajectory tracking. The

neural learning is performed on-line through an extended Kalman filter.

6.2 Future Work

The following topics are suggested as continuation of this dissertation.

• To establish a robust inverse optimal controller for trajectory tracking.

• To synthesize an inverse optimal controller based on observer schemes when the state

is not fully measurable.

• To generalize the inverse optimal control scheme for general CLF (a non-necessarily

quadratic CLF).

• To determine an appropriate selection for matrix P and control weight matrix P(xfc)
for the cost functional such that these matrices reflect desired performance attributes,
such as convergence speed, control effort and inputs and/or state constraints.

• To extend the speed-gradient algorithm for entry-wise calculation of matrix P.

• To combine inverse optimal control and sliding modes in a discrete-time framework.



Appendix A

Robot Model

After discretizing by means of the Euler approximation the robot dynamics, the discrete-time

planar robot model is written as:

Xl,k+1
=

XIM + x3,fc T

^2,fc+l
=

x2)fc + x4]fc T

, /^-^22(Vl + Pl) + -Pl2(V2 + P2) , D22Uy___Dl2U2A „ ,_^
x3Mi

=

x3,fc+^ Dn[)22 _ ^
+

DnD22-D\2 )T {AA)

, /<£>i2(Vi + *F'i)-*Pii(V2 + P2) , -■Pl2^l,fc + -Pll^2,fc^^
x_,k+i

=

x4>fc+^ ^^ _ ^
+

D__D__-Erf_ )T

where T is the sampling time, ui,fc and u2]fe are the applied torques; Xi
= &u x2 — 62 are the

positions; x_ = B_, x_ = 92 are the velocities; s2
= sin(x2), o_

— cos(x2) and, with entries in

(A.1) as

Dn(Q) = milli + m2(l2 + l2c2 + 2l_l,ac_) + IZZ1 + IZZ2

Di2(Q) = m_(_, + j^/ita^ + IZZ2

D_2(Q) = m2l22 + IZZ2

^(6,6) = -m^ilaS^Oi + 02)Ó2 - m2l_lc2xc)iQ2s2

V2(Q,é) = m2lilc2s2(0i)2

Fi(e.Ó) = nA
F2(Q,é) = p_é2.

The parameters of the planar robot used for simulation (MATLAB1 ) are given in Table

A.1.

1
It is a trademark of the MathWorks Inc.
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Table A.1: Model parameters

PARAMETER VALUÉ DESCRIPTION

h 0.3 m Length of the link 1

l* 0.2 m Mean length of the link 1

k 0.25 m Length of the link 2

leí 0.1 m Mean length of the link 2

mi IKg Mass of the link 1

m2 0.3 fi^ Mass of the link 2

^zzl 0.05 Kg
- m2 Moment of inertia 1

IZZ2 0.004 Kg
- m2 Moment of inertia 2

Mi 0.005 Kg/s Friction coefficient 1

P-2 0.0047 Kg/s Friction coefficient 2



Appendix B

Inverse Optimal Control for Linear

Systems

For the special case of linear systems, it can be established that inverse optimal control is

an altemative way to solve the DT algebraic Riccati equation (DARÉ) [53] (HJB equation

in DT nonlinear systems). Particularly, for the DT linear system

Xfc+i
= A xfc + fl ut, x0 = x(0). (B.l)

According to Theorem 4.1, the inverse control law provides

< = -\(R + P2{xk)T1Pi{xk)

= -l-(R+l-BTPB)-lBTPAxk (B.2)

where Pi(xfc) and P2(xk) are defined as

Pi(xk) = BT PAxk, (B.3)

and

P2(xk) = \BTPB. (B.4)

If we can find P satisfying (4.5), then the closed-loop system (B.l) with the inverse optimal

control law (B.2) is globally asymptotically stable.

Selecting R = \R > 0 in (B.2) yields

Uk
= -\(\R+\BTPBYlBTPAxk
= -(R + BTPBYlBTPAxk (B.5)
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Moreover, choosing Q — \Q > 0 and the inverse optimal control law (B.5), the HJB (2.5)
with Z(xfc) = x^ Q xk becomes

V(xfe) = Z(xfc)+ufP(xfc)ufe + V(xfe+1)
= xTk Q xk + ufR(xk) ul + V(/(xfc))

+PíT(xk)ul + u*kT P2(xk)ul.

Then

x^ P xfc x^Qxfc u*kTR(xk)u*k
2 2 2

xlATPAxk

-xlATPB(R + BTPB)-1BTPAxk

ufBTPBu*k

which can be rewritten as

x^Pxfe = x^ Qxfc + Xfe ATPAxk

-2 xTk AT P B(R +BTPB)~1BTPA xk

+xTkATPB(R + BTPB)-íx

(P+flTPfl)(P + flTPfl)-1flTPAxfc.

Finally, from (B.6) the DT algebraic Riccati equation

P = Q + AT PA - AT PB(R + BT PB)-lBT P A

is obtained.

(B.6)

(B.7)

Stabilization of an Unstable Linear System

In order to illustrate the applicability of the result in Theorem 4.1 for a linear example, let

consider an unstable linear system described by (B.l), where

0.3 -0.8

0.8 1.8

and

fl =



95

■§ 100

i o

% -100.

■§ 20

< 0

Stabilization ofx
1,k

Stabilization ofx,
2,k

10 15 20 25 30 35 40

Time(k)

10 15 20 25 30 35 40

T¡me(k)

Control law u.

10 15 20 25 30 35 40

Time(k)

Figure B.l: Stabilization of a linear system.

Eigenvalues of this system are AJi2 = [1.05, ±0.2784] for Ufe = 0. For this example, the inverse

optimal control law (B.5) is used, and the definite positive matrix P is selected as

P =

and

0.5441 0.3197

0.3197 1.0010

P = 0.1.

The new eigenvalues for the closed-loop system are Ai = 0.724 and A2 = 0.7136. Figure B.l

displays the stabilization of this system with initial conditions x0 = [100
- 100]T



Appendix C

Publications

C.l Journals Publications

• Fernando Órnelas, Edgar N. Sanchez, Alexander G. Loukianov, "Inverse optimal con
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