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Resumen

La transición Epitelial a Mesenquimal (EMT) está involucrada en la morfogénesis, la re-

generación tisular y la progresión del cáncer. Este proceso dinámico se caracteriza por una

serie de transiciones de estado celular, en las que la pertenencia al tejido epitelial pierde sus

caracteŕısticas epiteliales y adquiere en consecuencia propiedades mesenquimales. Debido

a la importancia de comprender las circunstancias que permiten que tal transición pueda

darse, se han comenzado a proponer algunos modelos de redes de regulación genética con

base experimental para descubrir el núcleo regulador de EMT y, por lo tanto, contribuir a

la comprensión de la regulación de EMT y guiar aśı experimentos mediante la generación

de hipótesis comprobables. Sin embargo, los análisis sistemáticos que dilucidan el papel

espećıfico que juegan los genes implicados en la transición (adquiridos por su colaboración

en la red), no sólo entre los dos estados celulares, sino también entre estados intermedios,

son todav́ıa muy escasos. En un intento por contribuir a este respecto proponemos un

procedimiento anaĺıtico basado en enfoques algebraicos y construido alrededor del aśı de-

nominado enfoque del Producto Semi Tensor (STP). Ilustramos el procedimiento a través

de la exploración de las propiedades de controlabilidad de la red de regulación genética

subyacente a la inmortalización de las células epiteliales, expresado en términos Booleanos,

que recupera los perfiles de expresión génica espećıficos que corresponden a los fenotipos

epitelial, senescente y mesenquimatoso. Nuestros hallazgos sugieren que existen 17 tran-

siciones inducibles diferentes entre los tres fenotipos principales, mediante una entrada

Booleana externa adecuada conectada a un gen particular de la red estudiada. Estas tran-

siciones se prueban aqúı tanto en el modelo Booleano como en su correspondiente modelo

continuo aproximado. Además, encontramos que la matriz de controlabilidad calculada

asociada a la red proporciona información relevante en torno a las perturbaciones que dan

lugar a algunos estados intermedios, ya que sus entradas indican si el estado i (cualquier

xi



Resumen xii

configuración de activación genética posible) es accesible desde el estado j, bajo un con-

junto de entradas Booleanas admisibles. Finalmente, discutimos esta información desde

una perspectiva biológica y llegamos a la conclusión de que el análisis de controlabilidad

puede darnos efectivamente una idea del papel de los genes en el contexto de la red en su

conjunto. Esto es particularmente importante cuando se aborda la dinámica EMT asoci-

ada con el inicio y la progresión de las trayectorias del estado celular involucradas en la

enfermedad.



Summary

As a complex developmental process, Epithelial-to-Mesenchymal Transition (EMT) is in-

volved in morphogenesis, tissue regeneration and cancer progression. This dynamical

process is characterized by a series of cell-state transitions, in which belonging to ep-

ithelial tissue loose their epithelial characteristics, and gain mesenchymal properties (e.g.,

increasing motility). Therefore, some experimentally grounded gene regulatory networks

(GRNs) models have started to be proposed to uncover the EMT regulatory core, and

thus contribute to the understanding of the EMT regulation and to guide experiments

by generating testable hypotheses. Nevertheless, systematic analysis that elucidate the

specific role that the involved genes (acquired by their collaboration in the network), play

in transitioning not only between the two cell states, but also among intermediate states,

are still very scarce. In an attempt to contribute in such a need, we propose an analytical

procedure based on algebraic approaches and built around Semi–Tensor Product approach

(STP). We illustrate the procedure through the exploration of the structural controllabil-

ity properties of the low-dimensional Boolean GRN underlying the immortalization of

epithelial cells, which recovers the specific gene expression profiles that correspond to the

epithelial, senescent, and mesenchymal stem-like phenotypes. Our findings suggest that

there exist 17 different inducible transitions between the three main phenotypes, by a

suitable external Boolean input connected to a particular gene of the network. These

transitions are tested both in the Boolean and in its approximated continuous model. In

addition, we found that the computed controllability matrix associated to the aforemen-

tioned EMT-GRN, provide relevant information that concerns the perturbations that give

rise to some intermediate states, since its entries indicate whether the i-state (any possi-

ble gene activation configuration) is reachable from the j-state, under a set of admissible

Boolean inputs. Finally, we discuss this data from a biological perspective, and we con-

xiii
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clude that controllability analysis can give us insights on the role of the genes in the context

of the network as a whole. This is particularly important when tackling EMT dynamics

associated to the onset and progression of cell-state trajectories involved in disease.



Notation

R Set of real numbers

Rn Space of n-dimension vectors with entries in R
N Set of natural numbers

:= “is defined as”

Mm×n×p Set of m× n× p matrices with entries in R
Mm×n Set of m× n matrices with entries in R
Mn Set of n× n matrices with entries in R
Id(i1, . . . , ik;n1, . . . nk) Ordered multi-index

lcm(p, q) Least common multiple of p and q

¬ Negation (NOT)

∧ Conjunction (AND)

∨ Disjunction (OR)

→ Conditional

↔ Biconditional

δkn kth column of In

D Set {T, F} or {1, 0}
∆ Set {δ12, δ22}
⊗ Kronecker product

n Left semi-tensor product

Lm×n Set of m× n logical matrices

δk[i1 . . . is] Logical matrix with δ
ij
k as its jth column

Col(A) Set of columns of matrix A

Coli(A) ith column of matrix A

xv
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Blki(A) ith block of matrix A

tr(A) Trace of A

P(k) Set of proper factors of k

W[m,n] Swap matrix with index (m,n)

Ω Limit set

Bm×n Set of m× n Boolean matrices

+B Boolean addition for Boolean matrices∑
B Boolean sum for Boolean matrices

nB Boolean product for Boolean matrices

A(k) Boolean power of Boolean matrix A

δi1j1 → δi2j2 State δi1j1 transit to δi2j2



Introduction

T
his manuscript is concerned by the field of systems biology in the context of the

application of methodologies of analysis that are typical of the automatic control

theory. This focused on the understanding of biological phenomena associated with the

dynamics of gene regulatory networks. In particular, we are concerned with the analy-

sis of the reachability properties of these networks within the framework of the study of

developmental dynamics, mainly cell differentiation and morphogenesis. This manuscript

summarizes the PhD research effort carried out by the author as a member of a a mul-

tidisciplinary team that includes both experimental biologists and researchers immersed

in the fields of theoretical biology, dynamical systems and automatic control theory. The

present research continues some previous work done in the context of a MSc thesis [14].

The basic objective of the study here reported concerns the design and evaluation of com-

putational tools for the determination of the exogenous inputs that underlie biological

development trajectories. We firmly believe that the uncovering of systems based on regu-

latory constraints potentiates the deep understanding of the basic principles that underlie

development. In what follows we detail our methodological approach.

The continuing effort to understand how genes (and the gene regulatory machinery)

relate to the phenotypes of living organisms leads to increasing volumes of experimental

information resulting from the study of the complex biomolecular systems involved in cell

differentiation and morphogenesis. In this context, the use of mathematical modeling has

become not only useful but mandatory [6, 7]. Gene Regulatory Networks (GRNs) mod-

els have been shown to be particularly useful to this end. Such complex biomolecular

networks that underlie cell differentiation are mainly constituted by nonlinear interac-

tions, presenting positive and negative functional feedback loops, which are critical in the

establishment of their dynamic properties. In fact, recent studies have shown that the com-

1



Introduction 2

bination of such functional feedback loops are crucial for the delimitation of the network’s

stable configurations [8]. These stable configurations, referred in the scientific literature

on dynamical systems as network’s attractors, have been consistently interpreted as the

cellular gene expression profiles that emerge during cell differentiation. In addition, there

also exists some transitory gene activation configurations (commonly known as basin of

attraction) which are, in a developmental process context, the undifferentiated states that

eventually converge to those differentiated states. In general, the identification of devel-

opmental GRNs comes from the integration of well–curated functional data of the genes

(as well as some other molecular agents) involved and their interactions, frequently via the

bioinformatics methods that currently characterize high throughput genomics and others.

The characterization of these gene regulatory networks and their subsequent analysis has

mainly focused on recovering observed gene activation configurations for studied cell types

and validate them via robustness and mutant analyses, as well as new available experi-

mental data. Such networks have, hence, recovered the qualitative and complex nature of

regulatory modules that are involved in different aspects of plant and animal development

[6, 15, 25, 31, 32], and in some cases modules that are relevant for the understanding of

human development dynamics and for biomedical applications [22, 30, 45, 58].

Out of bioinformatics, there have been a number of attempts to model the aforemen-

tioned developmental GRNs through formal approaches, for instance:

- linear models [13, 37, 59];

- systems of Ordinary Differential Equations [53] (ODEs);

- Bayesian networks [47];

- models that include stochastic parameters [54].

Nevertheless, the model of GRN dynamics that has received the most attention because of

its successful application to the understanding of these biological regulatory networks, is

the discrete Boolean network model, introduced by Stuart Kauffman [39]. In that formal

modeling approach, gene expression is binarily quantized (i.e the gene activity is described

in terms of an on/off switch), and its temporal change in gene activity is considered to

occur in discrete–fixed steps. GRNs are then conceptualized as state machines. Besides,

the state of expression of each gene is functionally related to the state of expression of
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some other genes (the so–named regulators). For each gene the regulatory interactions that

define its activity state is formally described by a specific logical rule. Even if continuous–

time models can be seen as more realistic, as far as modeling of gene regulatory networks

are concerned, they require to take into consideration many free parameters which are

hard to constrain from experimental data, while discrete Boolean models greatly reduce

the number of these parameters while still capturing the essential qualitative network dy-

namics. Recent studies support that the seeming simplistic discrete Boolean formalism,

which emphasizes on qualitative details, may answer realistic biological questions through

experimental observations [35] and/or experimental data [23, 27, 49]. Therefore, experi-

mentally grounded discrete Boolean GRNs models have become an important modeling

tool, widely used nowadays in systems biology research.

Despite the progress in the understanding and the uncovering of such relatively low–

dimensional GRN modules, there exists a lack of systemic analyses geared to unravel how

such mostly conserved regulatory modules interact with signaling mechanisms or micro–

environmental cues, and also to further uncover the modular nature of the larger networks

involved. Thus, the overall regulatory functionality of a given GRN results, then, from

both the interconnection of its constitutive modules and the responses from exogenous

stimuli. Conditioned by their topological connectivity, such exogenous inputs alter the

regulatory dynamics and consequently, in some cases, a differentiated state is forced to

move to another, also referred as attractor–to–attractor transition (A-to-A transition).

Specifically, studies have mainly focused on A-to-A transitions, considering that they may

constitute changes in cell–fate decisions. Nevertheless, the attractor to Basin or vice versa

(A–to–B), and Basin to Basin transition (B–to–B) have not been explored yet. In this

context, a control theory perspective is convenient. Roughly speaking, the state transition

from an initial state or initial condition (x0) of the given system to any state or final

condition (xd) by using a set of admissible controls (u) in finite time (t), is known as

reachability from the origin. This is a systems based key concept developed by automatic

control theory. It is also said that xd is reachable from x0 in finite time when actuated by

u. Hence, this property captures in functional terms the structural constraints that limit

the extent of manipulability to which a given complex GRN can accept from its entourage

[28]. In terms of reachability, recent published results have established a starting point

to understand the role that nodes, edges, and in general topological connectivity, may
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be playing in the reachability properties of complex networks [21, 41–43]. However, those

results are focused on the properties of the complex networks, left behind the nature of the

system that they describe. In attempt to contribute to such a need, in this work we first

proposed a systematic analysis which harnesses the reachability properties of dynamical

systems, applicable to experimentally grounded Boolean GRN, to then provide a more

general exploration of all possible transition through the uncovering of the controllabil-

ity properties of the Boolean GRNs. Because of the inherent computational complexity

that arises when studying large scale complex networks [1, 2], we restrict our study to

the analysis of low–dimensional discrete Boolean GRN (at the module level). Our main

purpose is to gain some biologically–motivated insights about how developmental, physio-

logical and/or environmental cues could be acting on specific genes (as well as some other

non–genetic nodes), and consequently promoting A-to-A, B-to-A or B-to-B transitions .

We must point out that, in the context of biological development, core regulatory mod-

ules consist of low–dimensional discrete GRN. Thus, the proposed reachability analysis

methodology is quite useful for the study of developmental transitions.

The rest of this manuscript is organized as follows:

We dedicate Chapter 1 to the technical background that is required to follow the

development of our proposed methodology. We present the mathematical tools (i.e. the

so-called Semi–Tensor Product), that led us to the discrete Boolean algebraic description

of gene regulatory networks. We also profit to review the continuous–time description

of this kind of networks. We illustrate how the modeling tools are applied, taking into

consideration a set of developmental gene regulatory networks.

Chapter 2 is concerned by the computational reachability analysis of Boolean Con-

trol gene regulatory networks, based on the algebraic representation of these nonlinear

dynamical systems. The chapter tackles the characterization for the reachable subsets of

Boolean Control gene regulatory networks. The methodological approach is illustrated via

the analysis of the Floral Organ Specification Gene Regulatory Network (FOS-GRN).

We are concerned in Chapter 3 by the computational controllability analysis of Boolean

Control gene regulatory networks. Based on the reachability analysis methodology that

we expose in Chapter 2, we develop a computational method intended to shape the control

input that ensures specific developmental transitions (when possible).

We strongly believe that are our methodological approach can be very useful when
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considering the uncovering of the biomolecular dynamical mechanisms that are behind

chronic–degenerative diseases. For this, in Chapter 4 we illustrate our methodology (ex-

posed in Chapter 2 and Chapter 3), via the uncovering of the biological role played by

some specific genes that are integrated in the gene regulatory network that underlies the

Epithelial–to–Mesenchymal transition in the context of the developmental dynamics of

epithelial cancer.

We conclude this report with the general conclusion and some complementary infor-

mation included in the appendices. In Appendix A we include the logical rules that

characterize the discrete Boolean mathematical models that we consider in our research

work. We include in Appendix B some information related to the research study turning

around the Floral Organ Specification gene regulatory network. Finally, Appendix C is

concerned by the research works exposed to the consideration of the scientific community,

and that report what is discussed in this manuscript.



Chapter 1

Background

Introduction

T
his first chapter has as its main purpose to briefly introduce the chosen mathematical

tools underlying the analysis of the dynamic behavior of gene regulatory networks

described in discrete Boolean terms, their reachability properties of as well as their control-

lability characteristics. The regulatory networks concerned by this approach are related to

developmental biological processes, mainly involved in gene regulation. Then, we review

the Semi–Tensor Product (STP) of matrices [3], which have been introduced to the control

theory community by Daizhang Cheng and collaborators in [17]. This Semi–Tensor Prod-

uct allows the rewriting of logical rules (representing the modulation of the involved genes

dynamics) as algebraic operators. This is intended to allow the application of analytic

control theory standard techniques to the concerned gene regulatory networks (described

in discrete Boolean terms). Thus, the given discrete Boolean gene regulatory network

(in fact a nonlinear dynamical system) can be transformed into an equivalent algebraic

form (or discrete–time linear system) to identify its attractors, i.e. stable configurations

corresponding to specific cell phenotypes, as well as its corresponding basins of attractors,

also referred as transitory states that eventually converge to its corresponding attractor.

We also review in this chapter the continuous–time approximation of discrete Boolean

gene regulatory network, intended to uncover dynamical behaviors that cannot be easily

represented in Boolean terms (e.g. decay rates of the involved gene transcripts). Also, in

order to illustrate how to perform the dynamic analysis of gene regulatory networks, we

6
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deal with some examples at the end of this chapter, including:

- the Floral Order Specification Gene Regulatory Network (FOS-GRN) model [6]

and:

- the Cell-Cycle Gene Regulatory Network (ACC-GRN) [49], both concerning Ara-

bidopsis thaliana.

These core gene regulatory networks will be analyzed throughout this thesis report. We

conclude the chapter summarizing its main contributions.

We can now proceed with the presentation of the algebraic representation of gene

regulatory networks via the Semi–Tensor product.

1.1 Algebraic representation of gene regulatory net-

works: the Semi–Tensor product approach

We dedicate this section to briefly summarize the mathematical tools turning around the a

application of the so–called Semi–Tensor Product approach to the algebraic representation

of synchronous discrete–time Boolean networks describing gene regulatory dynamics at the

cellular level. In what follows Mm×n stands for the set of matrices of dimensions m× n,

where m denotes the number of columns and n denotes the number of rows. Let us begin

with the following definition:

Definition 1.1 ([17]) Let A ∈ Mm×n, B ∈ Mp×q, and α = lcm(n, p) be the least com-

mon multiple of integers n and p. The left Semi–Tensor Product (STP) of A and B is

defined as:

AnB =
(
A⊗ Iα

n

) (
B ⊗ Iα

p

)
, (1.1)

where ⊗ denotes the Kronecker product1 and Ik is the identity matrix of dimensions k×k,

with k being a positive integer.
1If A is a m × n matrix and B is a p × q matrix, then the Kronecker product A ⊗ B is the mp × nq

block matrix given by:

A⊗B =




a11B · · · a1nB

...
. . .

...

am1B · · · amnB


 .
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Remark 1.1 Note that if n = p, then AnB = AB, i.e. the conventional matrix product

of A and B. So, the STP of matrices is just a generalization of the conventional matrix

product. It would be expected that a commutative property does not exist as in the con-

ventional matrix product, however with some auxiliary tools, as the swap matrix defined

below, a pseudo–commutative property appears.

Hereafter, the symbol n for STP is omitted in most cases if no confusion arises. Let

us know recall the swap matrix.

Definition 1.2 ([17]) A swap matrix W[m,n] is an mn ×mn matrix, defined as follows.

Its rows and columns are labeled by double index (i, j), the columns are arranged by or-

dered multi–index Id(i, j;m,n), and the rows are arranged by the ordered multi–index

Id(j, i;n,m). The element at position [(I, J), (i, j)] is then:

w(IJ),(ij) =





1, I = i and J = j,

0, otherwise.

Therefore, let X ∈ Rm, Y ∈ Rn be two–column vectors and W[m,n] a swap matrix, then

W[m,n]XY = Y X. Later on, it is shown that this matrix is particularly relevant for the

rewriting of the Boolean functions as algebraic operators.

Let us now tackle the definition of structure matrix of Boolean operators, that will be

useful when rewriting a Boolean discrete–time regulatory network in algebraic terms (i.e.

as a state–based represented dynamical system).

1.2 Structure matrix of Boolean operators

Boolean variables, say xi, take binary values 1 or 0 or, equivalently true or false. If it is

defined the set D = {1, 0}, then xi ∈ D. For compactness, consider the following notation

extensively used throughout this work:

• δik is the i-th column of identity matrix Ik, and:

∆k :=
{
δik | i = 1, 2, . . . , k

}
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is the set of all columns of Ik. In cases where k = 2, then ∆2 := ∆.

Thus, if both binary values are identified as:

true := 1 ∼ δ12

and:

false := 0 ∼ δ22,

a Boolean variable can also be denoted by x ∈ ∆. Note that, henceforth, D will be

identified as ∆.

We deal now with the interaction between Boolean operators. This requires logical

connectives, such as:

- Negation (¬) or NOT,

- Conjunction (∧) or AND,

- Dis-junction (∨) or OR,

- Conditional (→)

- Bi-conditional (↔).

In such cases, a connective is also called a Boolean operator. We can now introduce the

concept of Boolean function.

Definition 1.3 ([17]) A Boolean function f of Boolean variables {x1, x2, . . . , xn} is a

Boolean expression involving {x1, x2, . . . , xn} and some possible statements (or constants),

joined by connectives or Boolean operators. Hence, a Boolean function is a mapping

f : ∆n → ∆.

It is also called an n-ary operator.

Remark 1.2 It is clear that a Boolean operator (σ) is also a Boolean function as well as a

r-ary operator. For instance, negation is a 1-ary operator, while conjunction, dis–junction,
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conditional and bi–conditional are all 2-ary operators. Thereby, an r–ary Boolean operator

is a mapping

σ : ∆r → ∆.

Vector forms of Boolean operators

In order to describe the vector form of Boolean operators, the following two definitions

are here recalled:

Definition 1.4 ([17]) A matrix L ∈ Mn×m is called a logical matrix if Col(L) ⊂ ∆n,

where Col(L) stands for the set of columns of matrix L. The set of n×m logical matrices

is denoted by Ln×m. If L ∈ Ln×m, then it has the form:

L = [δi1n δi2n · · · δimn ] = δn[i1 i2 · · · im]

And:

Definition 1.5 ([17]) A matrix Mσ ∈ L2×2r is a structure matrix of the r-ary Boolean

operator σ if

σ(x1, x2, . . . , xr) = Mσ nr
i=1 xi

Based on previous definitions, a summary of the structure matrices for some fundamen-

tal Boolean operators such as NOT, AND, OR, conditional and bi-conditional is shown

in Table 1.1, since those are the interconnections that commonly appear on biological

Boolean networks models. The construction of the Boolean operators is omitted, but

details can be reviewed in [17].

Moreover, we also use auxiliary matrices such as the power–reducing matrix Mr = δ4[1 4]

and the dummy matrix Mu = δ2[1 2 1 2] (see [17]), involved in obtaining the structure

matrix of a Boolean function f . We have then the following:
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Boolean operator Symbol Structure matrix
NOT ¬ Mn = δ2[2 1]
AND ∧ Mc = δ2[1 2 2 2]
OR ∨ Md = δ2[1 1 1 2]

Conditional → Mi = δ2[1 2 1 1]
Biconditional ↔ Me = δ2[1 2 2 1]

Table 1.1: Fundamental Boolean operators and their structure matrices

Theorem 1.1 ([17]) Given a Boolean function f with Boolean variables {x1, x2, . . . , xn},
there exists a unique Mf ∈ L2×2r , called the structure matrix of f , such that

f(x1, x2, . . . , xn) = Mf nn
i=1 xi

Remark 1.3 The algebraic representation of a given Boolean function as a structure

matrix leads directly to the transformation of a Boolean gene regulatory network into a

discrete–time dynamical system represented in algebraic terms. The structure matrix al-

lows then the construction of the set of Boolean operators that define the networks as a

transition map, i.e. the structure matrix gives rise to a (dynamical) state–space represen-

tation of the network.

Boolean Networks

A set of discrete–time Boolean functions fi, for i = 1, 2, . . . , n, can comprise a Boolean

network.

Although Boolean networks can be synchronous or asynchronous, we are only

interested here in synchronous Boolean networks, so the asynchronous ones are

out of our scope.

A synchronous Boolean Network (BN) is a discrete-time dynamic system of n Boolean

variables or nodes, xi ∈ D = {0, 1}. Its state of expression is given by a vector of Boolean

variables (x1(t) x2(t) · · ·xn(t))T , and changes, in discrete fixed–steps, according to the
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following dynamic equation:

xi(t+ 1) = fi(x1, x2, . . . , xn), (1.2)

where:

• {x1, x2, . . . , xn} is the set of the regulators of the node xi.

• fi : ∆n → ∆ is the Boolean function related to the node xi, which is built in

agreement to the combinatorial action of its regulators.

For further notational purposes, in some cases, the set of Boolean functions

that conforms a BN can be simply indicated with Σ.

Remark 1.4 The reason why we are only interested here in synchronous Boolean net-

works is because we are using them to model transcriptional gene regulatory networks.

Experimental evidence shows that transcriptional regulation, in the context of developmen-

tal processes, can be well qualitative described by discrete–time Boolean synchronous terms.

However, we are conscious of the fact that in general actual gene regulatory networks are

more complex than deterministic discrete–time synchronous Boolean networks (e.g. they

show nonlinear stochastic dynamical behaviors).

Gene Regulatory Boolean Networks

In experimentally grounded Boolean Gene Regulatory Networks models (B-GRNs), a par-

ticular case of BN, the set of fi, i = 1, 2, . . . , n, expresses the relationship between the

n-nodes that share regulatory interactions, involved in the process of interest and derived

from experimental molecular data [7]. In fact, such B-GRNs may describe dynamics of

complex systems, for example, a cell cycle regulation, cell replication or a developmen-

tal module. B-GRNs are integrated by nodes that are related with proteins, hormones,

metabolites, genes, etc., which can activate or inactivate each other.

For simplicity, we hereafter refer to nodes as genes indistinctly, but in cases

where biological discussion is particular relevant, we retake the biological na-

ture of the node (that can be or not a gene product). In this context, the state

of expression of a B-GRN, given by the set of genes {x1, x2, . . . , xn}, is also

known as the gene profile.
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Remark 1.5 In this chapter, we are mainly concerned about studying the dynamic be-

havior of B-GRNs only governed by the regulatory interactions among its genes. Such

networks are named as autonomous B-GRNs or simply GRNs, and both are used indis-

tinctly. However, further on, in cases where an exogenous input is intentionally added to

the network, in order to particularly modify its dynamic (also called as non–autonomous

B-GRN or Boolean Control GRN), we will be more specific about the type of B-GRNs that

we are working with.

Gene profiles

A gene profile of a B-GRN can be given in equivalent different ways:

- scalar form, i.e. (1 0 1);

- vector form, i.e. δ38;

- decimal equivalent, also referred as De, i.e. k ∈ Z+.

Later on, those notations become particular relevant to show graphically the dynamic

transitions of networks.

We provide now an academic example to illustrate these issues:

Example 1.1 Representations of gene profiles Suppose that a B-GRN with nodes

{x1, x2, x3} is given. Its gene profile, denoted by:

x(t) = (x1(t) x2(t) x3(t))

at time t = 0, is x(0) = (x1(0) x2(0) x3(0)) = x0. Assume x0 = (1 0 1) in its scalar

form. Thus:

1. Scalar form to De.

It is easy to check that the binary number (1 0 1)2 can be converted to its decimal,

using (1× 22) + (0× 21) + (1× 20) = 510 = De. Thus, we denote (1 0 1) ∼ 5 to say

that (1 0 1) “is equivalent to” 5.

2. Scalar to vector form.

In vector form x0 = δji , where i = 2n and n is the number of nodes. On the other
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hand, j can be obtained using j = (2n −De). It follows that x0 = δ2
3−5

23 = δ38. Thus,

we denote (1 0 1) ∼ δ38 to say that (1 0 1) “is equivalent to” δ38.

3. Vector form to De.

Given x0 = δji = δ38, De is calculated by De = (i− j). So, De = 8− 3 = 5. Thus, we

denote δ38 ∼ 5 to say that δ38 “is equivalent to” 5.

�

Remark 1.6 If no confusion arises, the three notations illustrated with Example 1.1 will

be used indistinctly.

It is now time to deal with the algebraic representation of discrete–time gene regulatory

Boolean networks.

1.3 Algebraic form of B-GRNs

To convert the B-GRN described by Eq. (1.2) into an algebraic form or conventional

discrete–time linear representation, we define the state-space vector as:

x(t) = x1(t)x2(t) . . . xn(t) := nn
i=1xi(t).

Thus, using Theorem 1.1, there exists structure matrices Mfi , i = 1, 2, . . . , n for every

Boolean function fi associated to xi(t+ 1), so xi(t+ 1) = Mfix(t). In addition:

x(t+ 1) = nn
i=1xi(t+ 1)

= Mf1x(t)Mf2x(t) . . .Mfnx(t) (1.3)

Hence, x(t+ 1) can be expressed as:

x(t+ 1) = Lx(t), (1.4)

where x(t) ∈ ∆2n , and L ∈ L2n×2n is called the network transition matrix of the B-GRN.
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Remark 1.7 We must point out that Eq.(1.4) is enough to fully describe the dynamics of

the network, since it constitutes a linear mapping with respect to each argument.

Remark 1.8 The advantage of the system representation given by Eq. (1.4), as an alge-

braic representation of the corresponding discrete–time Boolean gene regulatory networks,

comes from the fact that control theory standard analytic tools can be directly applied to

explore the stability–related properties of the network, which can then be used to recover

structural reachability information.

We tackle the issues mentioned in the previous remark in what follows.

1.4 Fixed–point and cyclic attractors of B-GRNs

Suppose that a given B-GRN has been converted into its algebraic form given by Eq.

(1.4). Then:

Definition 1.6 (Fixed–point and cyclic attractors) An initial configuration x0 ∈ ∆2n

is called a fixed–point attractor if Lx0 = x0. Otherwise, the set
{
x0, Lx0, . . . , L

kx0
}

is a

cycle with length k if Lkx0 = x0 and its elements are pairwise distinct. In both cases,

attractors are denoted by Λ. Moreover, we define the attractor’s set as:

Ω =
k⋃

i=1

Λi,

where k ∈ Z+ is the k-th attractor.

Next, we recall the following result:

Theorem 1.2 ([17]) Consider the Boolean network as described by Eq. (1.2). δi2n is

its fixed–point attractor if and only if, in its algebraic form (1.4), the diagonal element

lii of the network transition matrix L equals 1. Consequently, the number of fixed–point

attractors of the network, denoted by Ne, is equal to the number of i for which lii = 1.

Equivalently,

Ne = trace(L).
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a) Experimental molecular 

data

b) Architecture of the B-GRN

Activation

Inhibition

c) Recovered attractors

Attractors Cell types

Continuos levels Logical levels

Boolean functions Boolean GRN

Truth table

Figure 1.1: From experimental data on gene function and interactions to a
Boolean GRN and its attractors. a) The starting point is a set of experimen-
tal molecular data of the involved genes. Genes expression profiles are determined
by either continuous or Boolean levels, for being later integrated in Boolean or
differential equations, respectively. In cases such as Boolean models as shown in
b), Boolean functions fi are built in agreement to the combinatorial action of its
regulators, and express the relationship between the genes that share regulatory
interactions. Once the architecture of the B-GRN is given, diagrams as truth
tables can be used to obtain the steady–states or attractors that are commonly
related to specific cell types, as it is shown in c).

For ease of statement, we say that Coli(L) is a diagonal nonzero column of L if lii = 1.

Remark 1.9 Despite we are mainly concerned about fixed–point attractors of B-GRNs

since these stable gene configurations have been constantly interpreted as the cellular gene

expression profiles of differentiated states (see Figure 1.1), we also briefly review how to

identify cyclic attractors.

Later on, an example of a B-GRN with a single cyclic attractor is given and all the

further analysis might be also applied on it. So, consider the theorem below.

Theorem 1.3 ([17]) The number of cycles of length s, denoted by Ns, is inductively
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determined by:

N1 = Ne,

Ns =
trace(Ls)−∑k∈P(s) kNk

s

where k, s ∈ Z+. 2 ≤ s ≤ 2n is called a proper factor of k if s < k and k
s
∈ Z+.

Remark 1.10 Besides, P(k) is the set of proper factors of k, e.g. P(6) = {1, 2, 3}. Since

x(t) can have at most 2n possible values, the length of any cycle is less than or equal to

2n, hence the upper bound of s is also given by 2n. In cases where:

trace(Ls)−
∑

k∈P(s)
kNk > 0

we say that s is a nontrivial power. Now, assume that s is a nontrivial power. Denote by

lsii the (i, i)-th entry of matrix Ls. We then define

Λs = {i | lsii = 1}, s = 1, 2, . . . 2n

and

Ds = Λs

⋂

i∈P(s)
ΛC
i ,

where ΛC
i is the complement of Λi.

From the aforementioned argument, the next result is given:

Proposition 1.1 ([17]) Let x0 = δi2n. Then {x0, Lx0, . . . , Lsx0} is a cycle with length s

if and only if i ∈ Ds.

In cyclic attractors, a common metric related with its duration is the transient period:

r0, (1.5)

i.e. the minimum number of transient steps that lead any gene profile h to the set of

attractors Λi. In other words, according to [17], in the sequence of matrices:

L0 = I2n , L, L
2, . . . , Lr
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there will be eventually two equal matrices. Let r0 < r be the smallest i such that Li

appears again in the sequence. Hence:

r0 = argmin0≤i<r
{
Li ∈

{
Li+1, Li+2, . . . , Lr

}}
(1.6)

Remark 1.11 Using Theorem 1.3 and Proposition 1.1, cyclic attractors in B-GRNs can

be iteratively constructed. Therefore, for all the 2n initial configurations, the steady–states

or attractors, i.e. Ω, corresponding to specific gene expression profiles in Boolean GRN

models, as well as their transient times and basins, can be easily obtained.

We can now introduce the following:

Definition 1.7 (Basin of a given attractor) There exists a set of gene activation con-

figurations (Si) that, in a finite time t, converges to Λi. Such set, Si, is called the basin

of attractor Λi. More precisely, a gene profile h ∈ Si if and only if the trajectory x(t, h)

with x(0, h) = h, satisfies x(t, h) ∈ Λi for t ≥ Tt.

We conclude here our brief exposition on the algebraic representation of synchronous

discrete Boolean gene regulatory networks, via the Semi–Tensor product. In what follows

we shall deal with the continuous–time approximation of these networks.

1.5 Continuous approximations of B-GRNs

Discrete approaches do not contemplate aspects such as the differences in gene expressions

decay rates, saturation rates and other quantitative parameters of biological gene regu-

latory networks. Continuous–time descriptions are the right models for such purposes.

Fortunately, useful continuous–time models can be obtained from discrete–time models.

That is the case for discrete–time Boolean gene regulatory networks. In fact, previously

approaches have been used to such an end [7, 61].

The approximation used throughout this work consists in transforming each Boolean
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function fi (which depends on the regulators) into a continuous function f̄i as follows:





fi → f̄i

xi(t) & xj(t) → xi(t) · xj(t)
xi(t) | xj(t) → xi(t) + xj(t)− xi(t) · xj(t)

!xi(t) → 1− xi(t)





(1.7)

After that, we adopted a system of Ordinary Differential Equations (ODEs) of the form:

ẋi = Θ
[
f̄i(x1, x2, . . . , xn)

]
− xi (1.8)

The considered input functions display a saturation behavior characterized by the following

logistic function:

Θ
[
f̄i(x1, x2, . . . , xn)

]
=

1

1 + exp
[
−b
[
f̄i(x1, x2, . . . , xn)

]
− ε
] (1.9)

where ε is a threshold level (usually ε = 0.5), and b the input saturation rate.

Remark 1.12 We notice that for b >> 1 in Eq. (1.9), the input function displays a

dichotomic behavior. It must be pointed out that the numerical solution of the given

ODEs system can be conducted using a standard numerical algebra computer–based solver.

MatlabTM provides such a solver.

In what follows we summarize in algorithmic terms the procedure to tackle the anal-

ysis of the dynamical behavior of B-GRN, via the mathematical tools that we have just

exposed.

1.6 Dynamic analysis of B-GRNs using STP and its

continuous approximation

Until this point, we are now ready to present the first algorithm that mainly incorporates:

(i) The transformation of B-GRN into a discrete–time linear system using the STP ap-

proach, see Theorem 1.1.
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Algorithm 1 Dynamic analysis of B-GRNs using STP and its continuous approximation
.

1: procedure DynamicAnalysis(Σ)
2: n← number of genes
3: for i = 1 : n do
4: fi ← Boolean function of the i-th gene
5: Rewrite fi as algebraic operators using Thm. 1.1
6: Mfi ← structure matrix of fi
7: end for
8: Compute the network transition matrix L using Eq. (1.3)
9: Find the fixed–point or cyclic attractors using Thm. 1.2 or Prop. 1.1, respectively.

10: Λp ← fixed–point attractors
11: for j = 1 : p do
12: Sj ← basin of attraction of the p-th attractor
13: r0j ← transient time of the j-th attractor
14: end for
15: Convert the Boolean functions into a ODEs system, using Eqs. (1.7), (1.8) and

(1.9).
16: end procedure

(ii ) The computation of fixed–point and/or cyclic attractors via: Theorem 1.2, Theorem

1.3 and Proposition 1.1.

(iii) The continuous approximation of the network by using Eqs. (1.7), (1.8) and (1.9),

for gene relative expression comparative purposes.

In short, our summarizing Algorithm 1 leads with both Boolean and continuous dynamic

analysis of a given B-GRN.

In what follows we shall illustrate how to apply our algorithm with some illustrative

examples, including some biologically meaningful ones.

1.7 Illustrative examples

In the previous sections we exposed our methodology of analysis of the behavior of gene

regulatory networks via the Semi–Tensor Product approach. In this section, we show in

a detailed way how to perform our proposed dynamic analysis of B-GRN, i.e. we shall

apply Algorithm 1. For this we shall consider some illustrative examples that will be later
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useful for the purposes of this thesis manuscript. Before the detailed application of the

methodology we shall introduce in what follows the set of discrete Boolean equations that

comprises each of the considered B-GRNs.

Example 1.2: The TwoFixed BN. This example just corresponds to a designed small

BN consisted of three interacting nodes. This simple idealized regulatory network

has been constructed only for an illustrative purpose, which intentionally recovers

two fixed–point attractors.

Example 1.3: The FOS-GRN. This example deals with one of the most studied GRN

developmental module that has been used to uncover important aspects of early

flower development, the Floral Organ Specification GNR in Arabidopsis thaliana

(FOS-GRN). The FOS-GRN corresponds to a core regulatory module and is de-

scribed as an autonomous dynamical system in Boolean terms (see the set of Boolean

equations on Table A.1 and its attractors on Figure A.1) and characterized from

experimental evidence. This network example recovers ten fixed–point attractors

related to different cell types during flower development [6], so it becomes a first

attempt to show how further analyses are relevant in biologically inspired GRNs.

Example 1.4: The ACC-GRN. This third example corresponds to the experimentally

grounded GRN involved in the cyclic behavior of Arabidopsis thaliana, see [49],

where the cell cycle is thoroughly revisited. The ACC-GRN, where its regulatory

interactions are also described through Boolean functions (see Table A.3), recovers

a single 11-length cyclic attractor, presented in Figure A.2, which is related to the

G1, S, G2 and M phases of the cell cycle (CC).

Notice that this example is here introduced to further illustrate how the

CC can be modified and, in coordination with cell differentiation, under-

stand the emergence of morphogenetic patterns in multicellular organisms.

We can proceed now with our illustrative examples.



Chapter 1. Background 22

Example 1.2 The TwoFixed BN

Consider the Boolean network:

ΣTwoFixed :





x1(t+ 1) = f1(x2, x3) = x2 ∧ ¬x3,
x2(t+ 1) = f2(x1, x3) = x1 ∧ ¬x3,
x3(t+ 1) = f3(x1, x2) = x1 ∧ ¬x2.

(1.10)

The topology of the BN (also referred as network graph) is established by the set of Boolean

functions ΣTwoFixed, as shown in Figure 1.2 a).

1. We first convert every Boolean equation fi as a structure matrix Mfi:

x1(t+ 1) = Mf1x(t) = δ2[2 1 2 2 2 1 2 2]x(t),

x2(t+ 1) = Mf2x(t) = δ2[2 1 2 1 2 2 2 2]x(t),

x3(t+ 1) = Mf3x(t) = δ2[2 2 1 1 2 2 2 2]x(t).

2. Let us multiply the set of equations above:

x(t+ 1) = Mf1x(t)Mf2x(t)Mf3x(t)

= δ8 [8 2 7 5 8 4 8 8]x(t)

= Lx(t).

As we can see, in both preceding steps the STP is applied on the BN to convert it

into a discrete–time linear system of the form x(t+ 1) = Lx(t), and thus obtain its

dynamic graph which comprises (see Figure 1.2 b)):

- the transient states;

- its m-attractors of the set Ω, as well as:

- its basins.

3. It follows that trace(L) = 2, so the system (1.10) has two fixed–point attractors. To

find them, the condition Coli(L) = δi2n must be satisfied. It holds for i = 2 and i = 8,

which means that both δ28 ∼ (1, 1, 0) ∼ 6 and δ88 ∼ (0, 0, 0) ∼ 0 are the attractors
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or, equivalently, Ω = {δ28, δ88}. Moreover, it is easy to calculate that the smallest

repeating power is r0 = 3, also known as the transient period.

Then, we compute the basins Sm for each attractor Λm for m = 1, 2, where m is the

number of attractors, as shown in Table 1.2.

m Λm Sm
1 δ88 ∼ (0, 0, 0) ∼ 0 {δ18 ∼ (1, 1, 1) ∼ 7, δ38 ∼ (1, 0, 1) ∼ 5, δ48 ∼ (1, 0, 0) ∼ 4,

δ58 ∼ (0, 1, 1) ∼ 3, δ68 ∼ (0, 1, 0) ∼ 2, δ78 ∼ (0, 0, 1) ∼ 1,
δ88 ∼ (0, 0, 0) ∼ 0}

2 δ28 ∼ (1, 1, 0) ∼ 6 {δ28 ∼ (1, 1, 0) ∼ 6 }

Table 1.2: Summary of the attractors and basins of the TwoFixed BN

Note that, for this particularly case, the TwoFixed BN is intentionally built to recover

two fixed–point attractors Ω = {δ28, δ88}, with the main objective to illustrate how

Algorithm 1 can be applied on the concerned BNs. Moreover, Boolean transitions

can be simulated by observing the changes of its De at the s-step, in a graph named

the Boolean dynamic transition plot. For instance, it is shown that, considering

x0 = δ68 ∼ 2 ∈ S1, this initial condition eventually converges to its attractor Λ1 in 3

steps, after passing through the transient states as follows

x0 = δ68 → δ48 → δ38 → δ88 = Λ1, (1.11)

where “→” means ”transit to”. In fact, Eq. (1.11) represents an autonomous state

trajectory or simply state trajectory, and it is depicted in Figure 1.2 c).

4. Finally, by using Eqs. (1.7), (1.8) and (1.9), we transform the system (1.10) into

its continuous approximation as follows:

i fi f̄i
1 x2 ∧ ¬x3 x2 · (1− x3)
2 x1 ∧ ¬x3 x1 · (1− x3)
3 x1 ∧ ¬x2 x1 · (1− x2)
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Thus, the system of ODEs for (1.10) is given by:

ẋ1 = Θ
[
f̄1(x2, x3)

]
− x1,

ẋ2 = Θ
[
f̄2(x1, x3)

]
− x2,

ẋ3 = Θ
[
f̄3(x1, x2)

]
− x3,

where:

Θ
[
f̄i(x1, x2, . . . , xn)

]
=

1

1 + exp
[
−15

[
f̂i(x1, x2, . . . , xn)

]
− 0.5

] .

The solution of the ODEs system is displayed in the continuous dynamic transition plot,

where, in contrast with the Boolean plots, here gene relative expressions can be individually

compared. Notice that in Figure 1.2 d), contrary to Boolean dynamic transition plot,

transient states cannot be clearly observed.

�

In short, Figure 1.2 illustrates the results that can be obtained when applying Algorithm

1 to a small and simple BN as the TwoFixed BN. In the next example a biological inspired

GRN is explored to show the importance of such dynamic analysis and its results.

We hope that this simple academic example has fulfilled our objective of facilitating

the understanding of the analysis tools that we are proposing. We can now consider a

more significant example from a systems biology point of view.
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Figure 1.2: Dynamic analysis of the TwoFixed BN. a) Network graph of the
TwoFixed BN based on ΣTwoFixed. b) Once the BN is converted into its discrete–
time linear representation, it is possible to obtain its dynamic graph which com-
prises attractors, basins and transient states. c) Then, x0 = δ68 is selected to
visualize its state trajectory to Λ1, through the Boolean dynamic transition plot.
Finally, the dynamic analysis concludes with d) the continuous approximation of
the BN by using Eqs. (1.7), (1.8) and (1.9). Results are displayed in the continuous
dynamic transition plot.
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Example 1.3 The FOS-GRN

Let us now illustrate the proposed analysis tools through an example that has played a

very important role in the consolidation of formal treatment in the study of morphogenesis.

The example we include here concerns the determination of cell fate in flower conformation

in Arabidopsis thaliana.

Description of the FOS-GRN

The discrete Boolean FOS-GRN model in its latest version [6], successfully modeled from

experimental data for the 13 genes (n = 13) and their interactions, proposes a robust

functional module that recovers the gene activations configurations characterizing floral

organ primordia [5]. The set of Boolean equations ΣFOS-GRN that conform this B-GRN are

fully presented in Table A.1. However, in compact notation we say that:

ΣFOS-GRN :
{
xi(t+ 1) = fi(x1, x2, . . . xn), i = 1, 2, . . . , n. (1.12)

It has been shown in previous studies that, given an initial condition and using ex-

ploratory techniques [7], this autonomous dynamical system, where the state trajectories

only depend on its initial conditions, can only converge to one of ten fixed–point attractors

as shown in Figure 1.3 a), as a result of its network graph (see Figure 1.3 b)).

Four attractors are associated to the inflorescence meristem (IM), where four sub-

zones (I1, i = 1, 2, 3, 4) are distinguished. The other six attractors correspond to the FM

that arises from the flank of the IM. FM is divided into four concentric regions that will

eventually give rise to the flower organ primordia: sepals (SE), petals (PE1 and PE2),

stamens (ST1 and ST2) and carpels (CAR). We must point out that in the cases such

as petals and stamens, gene UFO can be expressed or non-expressed, so two different De

can be assigned according to its gene profile. As shown in Figure 1.3 c), for illustrative

purposes on further sections, we represent these attractors with colored concentric circles.

Finally, a summary of the attractors and its De is presented in Figure 1.3 d).

Dynamic analysis

1. The network graph of the biological GRN shown in Figure 1.4 a), involved in the

floral organ specification in Arabidopsis thaliana, is built according to Eq. (1.12).
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Given the autonomous FOS-GRN, the Boolean equations ΣFOS-GRN related to each

node of the network are rewritten as algebraic operators, following Theorem 1.1.

However, the structure matrices Mfi, i = 1, 2, . . . , n cannot be displayed here since

they are a big set of data. Instead, they are computationally conducted and storaged.

2. The rewriting of the step above allows the transformation of the dynamical system

into its algebraic form, described by:

x(t+ 1) = Lx(t),

where x(t) = nn
i=1xi(t) is the STP of the molecular components of the FOS-GRN,

meaning:

x(t) = AG(t)AP1(t)AP2(t)AP3(t)EMF1(t)FT(t)FUL(t)

LFY(t)PI(t)SEP(t)TFL1(t)UFO(t)WUS(t)

and L is a matrix of dimensions 213 × 213, also called the transition matrix of the

network. Once L is computed, we are able to obtain the dynamic graph of the system

(1.12), its attractors and basins as it is depicted in Figure 1.4 b). Notice that, in

contrast with the small TwoFixed BN, FOS-GRN has 213 different gene activation

configurations or gene profiles. Therefore, it is not possible to have a clear plot of the

dynamic graph of this network. Nevertheless, we can easily track any state trajectory

caused by an arbitrary initial condition x0 by computing.

3. Since trace(L) = 10, the Boolean FOS-GRN has ten fixed–point attractors. To find

Ω, the condition Coli(L) = δi2n must be satisfied. Hence, the attractor’s set is:

Ω = {δ79328192, δ
7930
8192, δ

7929
8192, δ

7931
8192, δ

4952
8192, δ

4424
8192, δ

4422
8192, δ

2312
8192, δ

2310
8192, δ

2824
8192}

with r0 = 9.

Then, the basins Sm for each Λm, m = 1, 2, . . . , 10 are computed. In contrast with

Table 1.2, the big set of elements of each basin cannot be displayed here. Instead,

they are storaged and only their sizes are shown in Table 1.3.

The recovered fixed point or cyclic attractors, that correspond to some specific gene



Chapter 1. Background 28

activation configurations, must be equivalent to those biological observables. Ergo, to

contrast results between discrete–time linear and Boolean models, the ten attractors

of ΣFOS-GRN were also compared with those gene profiles previously reported in [6],

conducted in R software (see Figure A.1) and as expected, they were the same.

m Λm Name tag Basin size
1 δ79328192 ∼ (0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0) ∼ 260 I1 136
2 δ79308192 ∼ (0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 1, 0) ∼ 262 I2 136
3 δ79298192 ∼ (0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 1, 1) ∼ 263 I3 72
4 δ79318192 ∼ (0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 1) ∼ 261 I4 72
5 δ49528192 ∼ (0, 1, 1, 0, 0, 1, 0, 1, 0, 1, 0, 0, 0) ∼ 3240 SE 812
6 δ44248192 ∼ (0, 1, 1, 1, 0, 1, 0, 1, 1, 1, 0, 0, 0) ∼ 3768 PE1 12
7 δ44228192 ∼ (0, 1, 1, 1, 0, 1, 0, 1, 1, 1, 0, 1, 0) ∼ 3770 PE2 824
8 δ23128192 ∼ (1, 0, 1, 1, 0, 1, 1, 1, 1, 1, 0, 0, 0) ∼ 5880 ST1 94
9 δ23108192 ∼ (1, 0, 1, 1, 0, 1, 1, 1, 1, 1, 0, 1, 0) ∼ 5882 ST2 3064
10 δ28248192 ∼ (1, 0, 1, 0, 0, 1, 1, 1, 1, 1, 0, 0, 0) ∼ 5368 CAR 2970

Table 1.3: Summary of the attractors and basin sizes of the FOS-GRN

Next, the following three initial conditions:

x01 = δ53198192, x02 = δ43568192, x03 = δ41038192

that eventually converge to ST1-attractor, are tested. The observed autonomous state

trajectories were:

x01 = δ53198192 → δ45518192 → δ3278192 → δ23768192 → δ21328192 = ST1,

x02 = δ43568192 → δ45518192 → δ3278192 → δ23768192 → δ21328192 = ST1,

x03 = δ41038192 → δ54488192 → δ3288192 → δ2378192 → δ21328192 = ST1,

for each initial configuration. For a better visualization in Figure 1.4 c), the corre-

sponding De is plotted for each x0.

4. Lastly, we use Eqs. (1.7), (1.8) and (1.9) to transform the system (1.12) into its

continuous–time approximation. Thus, the system of ODEs is:

ẋi = Θ
[
f̄i(x1, x2, . . . , xn)

]
− xi; i = 1, 2, . . . , 13,
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where:

Θ
[
f̄i(x1, x2, . . . , xn)

]
=

1

1 + exp
[
−15

[
f̂i(x1, x2, . . . , xn)

]
− 0.5

]

The numerical solutions of the ODEs system caused by each x0 are showed in Figure

1.4 d). At the top of these continuous transition plots, we indicate the corresponding gene

profile of each initial condition, whereas, at the bottom, the gene activation configuration of

the ST1 attractor. Besides, the relative expression of those genes that notoriously change

over the time are displayed in thicker lines (i.e. AG, AP1, EMF1, FT, FUL and WUS on

the x01 to ST1 continuous transition plot).

�

As shown with the previous example, the Semi–Tensor Product representation allows,

in a quiet easy way, the systemic analysis of the considered network. From a systems

biology perspective the advantages are obvious. This is particularly important when the

characterization of developmental trajectories is concerned.

In the following last example, we briefly introduce a B-GRN that only converges to a

single cyclic attractor, in order to fully cover all types of attractors. We must point out

that there exist cases where both fixed–point and cyclic attractors can appear on the same

B-GRN (i.e. the mammalian cell cycle reported in [25]), but they are not explored in this

thesis report. However, all the results presented in this work can be also applied on them

without any problem.
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b) Network graph of FOS-GRN
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Figure 1.3: The ten fixed–point attractors of the FOS-GRN.
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Figure 1.4: Dynamic analysis of the FOS-GRN. a) The network graph of the
FOS-GRN is composed by 13 genes as well as several non-linear interactions among
them. b) After a STP transformation, ΣFOS-GRN is rewritten as a discrete-time
linear system of the form x(t+1) = Lx(t). Hence, the dynamic graph that includes
both attractors and basins can be plotted. Finally, three diferent x0 ∈ S8 were
tested to observe its c) Boolean transition as well as d) continuous transition plots.
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We present now our final illustrative example.

Example 1.4 The ACC-GRN

We present here a third illustrative example, whose purpose is to show, in the context of

morphogenesis, how the proposed system analysis tool allows the study of cyclic behaviors.

Let us then proceed.

Description of the ACC-GRN

The spatio-temporal regulation of cell cycle (CC) in multicellular organisms is essential

during morphogenetic process since it relies on the coordinated progression of CC and its

variations, i.e. CC arrest, reactivation and endoreduplication, which in coordination with

cell differentiation, allow the emergence of morphogenetic patterns. Its experimentally

grounded regulatory interactions that interlink these processes can be also integrated into

a modular structured GRN and mathematically described through discrete–time Boolean

models, in similar way that the aforementioned FOS-GRN.

Some low–dimensional Boolean GRNs have been proposed to recover the cyclic gene

activation configurations observed in different CC stages, and they have been validated via

robustness and mutant analysis. In this direction, we here review a B-GRN that recovers

the cyclic behavior of Arabidopsis thaliana CC, referred hereafter as ACC-GRN.

The ACC-GRN model was first proposed by Ortiz–Gutierrez and collaborators in [49],

and it is conformed by 14 genes (n = 14) and mostly nonlinear interactions as well as

some feedback loops, as shown in Figure 1.5 a). In a compact notation, we describe the

ACC-GRN as:

ΣACC-GRN :
{
xi(t+ 1) = fi(x1, x2, . . . xn), i = 1, 2, . . . , 15. (1.13)

However, the full set of Boolean equations can be reviewed in Table A.3. This biological

inspired B-GRN converges into a single cyclic attractor of 11-length that comprises the

G1, S, G2 and M phases (see Figure 1.5 b)).

Notice in Figure 1.5 b) that, in the cases such as G1, G2 and M phases, they are

conformed by 3 different gene profiles; two of them are associated to the phase in itself,

while the remaining is related to a checkpoint of transition to the subsequent phase (i.e.
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Figure 1.5: The single cyclic attractor of the ACC-GRN

G2 − M checkpoint). On the other hand, for the S phase there is only a single gene

activation configuration and a checkpoint of transition to the G2 phase.

Dynamic analysis

1. The corresponding network graph of the ACC-GRN shown in Figure 1.6 a), involved

in the CC behavior in Arabidopsis thaliana, is built in agreement to the set of Boolean

equations ΣACC-GRN. We then rewrite them into algebraic operators to obtain the

structure matrices Mfi, i = 1, 2, . . . , n, which cannot be displayed here since they are

a big set of data. Instead, they are computationally conducted and storaged.

2. The STP transformation allows the representation of the ACC-GRN in its algebraic

form, as follows:

x(t+ 1) = Lx(t),

where x(t) = nn
i=1xi(t) is the STP of the molecular components of the ACC-GRN,

meaning:

x(t) = CYCD31(t)SCF(t)RBR(t)E2Fa(t)E2Fb(t)E2Fc(t)E2Fe(t)

MYB77(t)MYB3R14(t)CYCB11(t)CDKB11(t)CYCA23(t)

KRP1(t)APCC(t)
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Λ1 Name tag
1 δ819216384 ∼ (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) ∼ 8192 G1 − S
2 δ704016384 ∼ (1, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0) ∼ 9344 S
3 δ627216384 ∼ (1, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0) ∼ 10112 S −G2

4 δ211216384 ∼ (1, 1, 0, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0) ∼ 14272 G2 − 1
5 δ1049816384 ∼ (0, 1, 0, 1, 1, 0, 1, 1, 1, 1, 1, 1, 1, 0) ∼ 5886 G2 − 2
6 δ922016384 ∼ (0, 1, 1, 0, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0) ∼ 7164 G2 −M
7 δ979616384 ∼ (0, 1, 1, 0, 0, 1, 1, 0, 1, 1, 1, 1, 0, 0) ∼ 6588 M − 1
8 δ992416384 ∼ (0, 1, 1, 0, 0, 1, 0, 0, 1, 1, 1, 1, 0, 0) ∼ 6460 M − 2
9 δ992316384 ∼ (0, 1, 1, 0, 0, 1, 0, 0, 1, 1, 1, 1, 0, 1) ∼ 6461 M −G1

10 δ1403916384 ∼ (0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 1, 0, 0, 1) ∼ 2345 G1 − 1
11 δ1049816384 ∼ (1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 1, 0, 1, 1) ∼ 10507 G1 − 2

Table 1.4: Summary of the single cyclic attractor of the ACC-GRN

and L is a matrix of dimensions 214×214. Once L is computed, we are able to obtain

the dynamic graph of the system (1.13), its single cyclic attractor and basin as it is

depicted in Figure 1.6 b).

3. Using Theorem 1.2, we conclude that the system does not have fixed–point attractors.

Nevertheless, to explore cyclic attractors on the ACC-GRN, we use Theorem 1.3 and

Prop. 1.1. Hence:

δ819216384 → δ704016384 → δ627216384 → δ211216384 → δ1049816384 → δ922016384 →
δ979616384 → δ992416384 → δ992316384 → δ1403916384 → δ1049816384

is the 11-length cyclic attractor, as expected according to [49]. A summary of the

gene profiles and tags of each element of the cycle is presented in Table 1.4.

Now, let us consider x0 = δ819216384 ∼ (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), which is the

G1 − S checkpoint. As expected, in Figure 1.6 c) we illustrate the cyclic dynamics

through the Boolean transition plot, where, after 11 steps such cycle is repeated over

and over.

4. Lastly, we use Eqs. (1.7), (1.8) and (1.9) to transform the system 1.13 into its
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continuous approximation. Thus, the system of ODEs is:

ẋi = Θ
[
f̄i(x1, x2, . . . , xn)

]
− xi i = 1, 2, . . . , 15,

where

Θ
[
f̄i(x1, x2, . . . , xn)

]
=

1

1 + exp
[
−15

[
f̂i(x1, x2, . . . , xn)

]
− 0.5

] .

The numerical solution of the ODEs system originated by x0 is showed in Figure 1.6

d). On these graphs, we first plotted the CDK-Cyclin activity and the KRP1 inhibitor

(the biological relevance of these genes will be later discussed) in order to confirm that the

oscillations are maintained. Additionally, according to a very preliminary analysis, which

will be extensively discussed on a subsequent section, we found the potentiality of the genes

MYB3R14 and APCC to disrupt the cycle behavior of the ACC-GRN, so we also included

them on a continuous transition plot for further discussions.

We must point out that the rest of the genes were not intentionally displayed on Figure

1.6 d), because this information cannot be clearly observed on the plots. However, they are

computationally available for future purposes.

�
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Figure 1.6: Dynamic analysis of the ACC-GRN. a) The network graph is built ac-
cording to ΣACC-GRN. b) After the STP transformation, the ACC-GRN is rewrit-
ten as x(t+1) = Lx(t), and thus recover its single cyclic attractor and basin. c) A
Boolean transition plot is shown to observe the discrete cyclic dynamic behavior,
given x0 = G1 − S, which is repeated every 11 steps. d) Finally, two continu-
ous transition plots are displayed to evaluate if oscillations are maintained in the
continuous version of ACC-GRN.
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We concluded our illustrative examples. We proceed now to discuss the significance of

our proposed methodology.

1.8 Discussion

Discrete–time linear representations of autonomous B-GRNs, i.e. discrete–time Boolean

gene regulatory networks without inputs, become the starting point of our thesis work. As

shown throughout this chapter, we are able to fully describe the dynamic behavior of these

networks via Eq. (1.4), by the use of STP transformation [17]. Notice that the network

transition matrix L, involved in such linear mapping, is unique as well as quite useful in

recovering attractors (either fixed–point or cyclic), basins and transient states. Moreover,

with some continuous representations of these B-GRNs, based on Eqs. (1.7), (1.8) and

(1.9), we provided a complete dynamic analysis of the concerned GRN in its both discrete

and continuous versions, which is integrated in our first proposed Algorithm 1. This

systematic study comprises both qualitative (i.e. stable states restricted by its topology)

as well as quantitative (i.e. relative gene decay variations) information of networks.

To illustrate how the aforementioned dynamic analysis can be performed on B-GRNs,

Examples 1.2 (TwoFixed BN), 1.3 (FOS-GRN) and 1.4 (ACC-GRN) were introduced

for the first time in the present manuscript. These examples, indeed, will be reviewed

and discussed several times in subsequent chapters from a control theory perspective.

In contrast with the TwoFixed BN, which has been intentionally built to recover only

two fixed–point attractors with a simple topology of three genes, the FOS-GRN and the

ACC-GRN are both complex biological GRN, that have been raised from experimental

data and validated via mutant analysis [6, 49]. Although there have been some previous

dynamic analyses applied on these two last networks, they have been mostly based on

extensive iterative techniques (i.e. stochastic explorations of random initial conditions).

In this context, the linear representations of these networks become very useful since in

future chapters we will discuss how some deterministic control inputs can modify the

dynamic of the B-GRNs by promoting specific state trajectories. What we have just

presented in this chapter is our first step in understanding the generic principles underlying

the emergence of developmental trajectories. Since there is no single representation of

genetic regulatory networks, the choice of representation depends on the objective pursued.
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Since development is essentially a self–organizing process that occurs when the underlying

genetic regulatory networks interact with the environment in which they are embedded,

a formal representation aimed at elucidating precisely the dynamic consequences of such

interaction is what It required. The representation based on the Semi–Tensor Product

is well aimed at satisfying the goal we are pursuing. However, we are fully aware of its

intrinsic limitations. The most important limitation of the approach discussed resides

in the computational cost incurred in transforming the logical rules into the algebraic

operations that give rise to the network transition matrix. This is because the set of logical

rules that defines the network are presented in the transformation as a concatenation. Due

to this, the proposed methodology is aimed at dealing with networks of limited dimension,

such as those that occur in the regulation and transcription of biological development

processes.

1.9 Conclusion

In this chapter, we reviewed the STP approach, a mathematical tool that allows the

rewriting of a deterministic B-GRN expressed in logical terms into its algebraic form,

which corresponds to a discrete–time linear state–space representation. We constrained

our development to the synchronous case. As shown in our exposition, the linear mapping

is sufficient to fully describe the dynamic behavior of the transformed network. Moreover,

we also included in the proposed methodology a continuous–time approximation of the

B-GRN that allows to take into consideration, for instance, differences in both genetic

expressions decay–rates and saturation rates. We summarized the methodology via an al-

gorithm that provides both qualitative as well as quantitative information of autonomous

B-GRNs dynamics. As illustrated, the proposed methodology provides a computer–based

tool that successfully tackles the understanding of the dynamical behavior of gene regula-

tory networks. Specifically, we show with the examples that involve floral morphogenesis

and the cell cycle, the usefulness of the methodology to systematically recover the struc-

tural indicators associated with stability. As pointed out in the Discussion section, because

of the involved computational cost, we are well aware of the limitations of the method-

ology. Taking into account this limitation, we strongly believe that our proposal can be

very useful when considering its application to the reduced–size gene regulatory networks
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involved in developmental processes, the so–called core gene regulatory modules.



Chapter 2

Computational reachability analysis

of Boolean Control GRNs

Introduction

D
espite the progress in understanding and uncovering of some low-dimensional Boolean

GRN modules as the examples in the previous chapter, we still lack methodologies

of analysis geared to unravel how such mostly conserved regulatory modules interact with

signaling mechanisms or micro–environmental cues, and also to further uncover the modu-

lar nature of the larger networks involved. We are concerned in the present chapter by this

subject. We must point out that the overall regulatory functionality of a given Boolean

GRN comes from:

1. The dynamical processes carried out by the interconnection of its constitutive mod-

ules.

2. The response of the network resulting from exogenous stimuli.

As far as the interactivity of the regulatory network with its surroundings is concerned,

this is mediated by the exogenous stimuli. Moreover, the consequences of the stimuli on

the behavior of the network are conditioned by the involved network topology. Which is to

say, there exists an intimate relationship between the functionality of the network and how

exogenous stimuli act on specific network nodes. Thus, conditioned by their topological

connectivity, the exogenous inputs alter the Boolean dynamics and consequently, in some

40
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cases, the state–space is completely restructured, i.e. a state trajectory is produced when

the network is interacting with its entourage. Specifically, studies have mainly focused on

attractor transitions, since they may constitute changes in cell–fate decisions.

Remark 2.1 As we discussed previously, we are very conscious of the role played by

stochastic fluctuations on the functionality of gene regulatory processes. However, our

methodological approach is based on a deterministic point of view. This because, in the

context of biological development, the structural robustness of core transcriptional regula-

tory modules allows its description via deterministic discrete–time Boolean networks and

still get some important insights about the underlying biological principles. The structure

of developmental networks allows then a deterministic representation. This does not mean

that stochastic processes are not present in the dynamical behavior of this kind of networks.

We can say that our methodological choice subsumes stochastic fluctuations in the (ideal-

ized) deterministic exogenous stimuli. This is customary in deterministic robust control

[67], we follow then such an approach.

From the perspective of control theory, roughly speaking, the possibility of transfer the

zero state or initial condition (x0) of the given system to any state or final condition (xd)

by using a set of admissible controls (u) in finite–time (t), is known as reachability from

the origin. It is also said that xd is reachable from x0 in finite–time when actuated by u.

Hence, this property captures in functional terms the structural constraints that limit the

extent of manipulability to which a given complex GRN can accept from its entourage [28].

In terms of structural controllability, recent published results have established a starting

point to understand the role that nodes, edges, and in general topological connectivity,

may be playing in the controllability of complex networks [20, 41, 43]. However, those

results are focused on the properties of the complex networks, left behind the nature of

the system that they describe. In an attempt to contribute to such a need, in this chapter

we propose a systematic analysis which harnesses the reachability properties of dynamical

systems, applicable to experimentally grounded Boolean GRN. Because of the inherent

computational complexity that arises when studying large scale complex networks [1, 2],

we restrict our study to the analysis of low–dimensional discrete Boolean GRN (at module

level). Therefore, we constraint our research effort to the reachability properties of core

gene regulatory networks in the context of biological development.
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Our main purpose is to gain some biologically-motivated insights about how

developmental, physiological and/or environmental cues could be acting on

specific genes, and consequently promoting attractor transitions.

The reachability analysis is also oriented to the uncovering of the circumstances under-

lying transient dynamics between considered given attractors, which define developmental

trajectories. In fact, to observe this, we retake the TwoFixedBN, FOS-GRN and the

ACC-GRN as examples at the end of the present chapter.

We recall in what follows the algebraic representation of the Boolean control gene

regulatory networks. The Semi–Tensor Product approach previously presented is then

extended to take into consideration exogenous stimuli. We are inspired in what follows by

the work exposed in [17].

2.1 Algebraic form of Boolean Control GRNs (BC-

GRNs)

In order to understand how a BN could be interacting with its entourage, and consequently

modifying its dynamics, a set of Boolean inputs:

uj(t), j = 1, . . . ,m,

can be connected in some specific genes. In our approach both AND and OR Boolean op-

erators are tested as connectors between the BN and u. We must point out that some other

Boolean operators could be taken into account, but we restricted our analyses to these

ones, and thus mimic a spontaneous switch-off and switch-on on the node, respectively.

Hence, the BN is converted into a non-autonomous BN or, more precisely, a Boolean

Control Network (BCN), described by:

xi(t+ 1) = f̄i (x1, x2, . . . , xn, u1, u2, . . . , um) (2.1)

where {x1, x2, . . . , xn, u1, u2, . . . , um} are the regulators of the node xi, which now also

depends on the set of uj ∈ ∆2m . f̄i : Dn+m → D is the Boolean function related to the i-th

node. Unlike the fi in Eq. (1.2), f̄i integrates the set of uj as components that arbitrarily
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overrule the original regulatory Boolean function of the concerned gene.

A similar procedure to the one presented in the Chapter 1, holds to convert the BCN

described by Eq. (2.1) into its algebraic form (see [17]). In this case, both STP of:

x(t) = nn
i=1xi

and:

u(t) = nm
j=1uj

are considered, in order to together yield:

x(t+ 1) = L̄u(t)x(t), (2.2)

where L̃ = LW[2n,2m], so L̄ ∈ L2n×2n+m . Moreover, L̃ is the network transition matrix

of the BCN in its algebraic form. In fact, Eq. (2.2) is also known as the discrete–time

bilinear representation of the BCN.

The algebraic form given by Eq. (2.2) can be also applied on B-GRNs. If it is the

case, we name these networks as non-autonomous B-GRNs or Boolean Control GRNs

(BC-GRNs)

Remark 2.2 L̄ can be split into 2m blocks, referred to as Blki(L̄), i = 1, 2, . . . , 2m, where

the first block of columns corresponds to u(t + 1) = δ12m, the second block corresponds to

u(t + 1) = δ22m, and so on. Namely, the entries of L̄, lij, dictates whether or not there

exists a set of Boolean control inputs such that the i-state is reachable from j-state in one

step, based on whether lij > 0 or not.

The concept of reachability, based on the information recovered from L̄, is first pre-

sented in Remark 2.2. However, let us discuss it from a control theory point of view.

Roughly speaking, the possibility to transfer the zero state or initial condition (x0) to any

state or final condition (xd) under a suitable control input (u) in finite time (t) is called as

controllability from the origin or, more often, reachability, which is a structural property

of the dynamic system [16]. In fact, this statement agrees with our goal to expose the

potential genes of the BC-GRN, which are involved in quite specific state transitions, since

reachability can be extended to Boolean systems, considering a finite number of steps (s)

as a finite time. So, exhaustive characterization of the reachable subsets (also known as
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reachability analysis) associated to particular gene profiles, i.e. the fixed–point attrac-

tors, as x(0) = x0, is sufficient to elucidate the role that potential genes play in complex

B-GRNs.

Remark 2.3 When speaking about the control input, i.e. u, we do not establish its specific

molecular nature. At this level the control input is just an abstract sort of switch. However,

for some examples we later tackle this issue when discussing how the entourage could be

interacting with the concerned specific regulatory modules according to available biological

data.

This conceptual approach applied in the context of BC-GRNs, together with its discrete–

time bilinear representations, is our first attempt to contribute in the setting up of sys-

tematic analyses that allow to uncover structural reachability properties in such nonlinear

abstract dynamical systems.

On the other hand, notice that in Eq. (2.2):

if t = 0, then x(1) = L̃x(0)u(0),

if t = 1, then x(2) = L̃x(1)u(1) = L̃L̃x(0)u(0)u(1) = L̃2x(0)u(0)u(1),
...

...

if t = s− 1 then x(s) = L̃sx(0)u(0)u(1) . . . u(s− 1).

Thus, the next theorem, proposed by Cheng and collaborators in [17], can be introduced:

Theorem 2.1 ([17]) xd is reachable from x0 at the s-th step by controls of Boolean se-

quences of length s if and only if

xd ∈ Col
{
L̃sx0

}
. (2.3)

Remark 2.4 Eq. (2.3) means that xd is equal to a column of L̃sx0. In cases where such

equation holds for the k-th column, the controls are defined by

u(0)u(1) . . . u(s− 1) = δk2ms (2.4)
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and thus all the ui, i = 0, 1, . . . s− 1 can be determined.

Theorem 2.1 and Eq. (2.4) set the stage to explore the reachability properties of a

B-GRN. However:

We restrict our exploration to the reachable subsets related to the attractor’s

set, since we are mainly concerned about transitions among pairs of attractors.

Remark 2.5 Nevertheless, we must point out that the reachable subset of any initial con-

figuration x0 can be explored even though it is a transitory state. In fact, this scenario

would be discussed in further sections, particularly when we address cyclic dynamic behav-

iors.

In what follows we shall tackle the caracterization of the reachable subsets associated

to a given discrete–time Boolean gene regulatory network.

2.2 Characterization of the reachable subsets of BC-

GRNs

To find the potential genes that promote non–autonomous state trajectories among pairs

of given attractors in a BC-GRN, we propose in this section a systematic procedure (see

Algorithm 2). The proposed methodology harnesses the structural reachability properties

of these networks, based on the result given by Eqs. (2.3) and (2.4).

Algorithm 2, once the attractors are identified, tests if adding a control input to the

i-node (through either AND or OR connector) is sufficient to promote a transition from

one attractor to another.

If so, we say that the final attractor xd is reachable from the initial attractor

x0 by a control input u via the i-node.

Such available state trajectories promoted by the action of control inputs on the nodes

can be tested by discrete–time simulation, via Boolean dynamic transition plots.

Later in this chapter we shall illustrate how to characterize the reachable subsets with

the same examples that have been used in the previous chapter. Before that we shall

consider in the continuous–time approximation of controlled discrete–time Boolean gene

regulatory networks.
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Algorithm 2 Characterization of the reachable subsets associated to the fixed–point
attractors in a Boolean GRN

n← number of nodes/genes
m← number of control inputs
p← number of attractors
s← steps
for i = 1 : s do

for j = 1 : n do
Add control input in j-node
Compute L̃
for k = 1 : p do

x0 ← k-attractor
Compute L̃ix0
for l = 1 : p do

xd ← l-attractor
if xd ∈ Col{L̃ix0} then

Add trajectory from x0 to xd via j-node
r ← rth column of L̃ix0
u = u(0)u(1) . . . u(i− 1) = δr2mi
Save control sequence u

end if
end for

end for
end for

end for

2.3 Continuous approximations of BC-GRNs

In order to recover not only qualitative but also quantitative information, i.e. the de-

cay/saturation rates of the genes, several approaches have been used to describe Boolean

GRNs models as continuous systems [7, 56, 60, 61]. In this same direction, we are inter-

ested in testing whether or not the Boolean inputs obtained through the computational

reachability analysis can drive the system from x0 to xd in a continuous version of the

system. To this end, we adopt here a system similar to ODEs as the one taken into

consideration in Chapter 1:

ẋi = Θ
[
f̂i (x1, x2, . . . , xn, u1, u2, . . . , um)

]
− xi, (2.5)
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where:

f̂i : Dn+m → C [0, 1]

is the continuous function related to the i-th gene, which now not only depends on its

regulators but also on its control inputs, that results from the transformation of the

Boolean function f̄i given by Eq. (2.1), as follows:





f̄i → f̂i,

xi(t) & xj(t) → xi(t) · xj(t),
xi(t) | xj(t) → xi(t) + xj(t)− xi(t) · xj(t),

!xi(t) → 1− xi(t).





(2.6)

Since the set of uj, j = 1, 2, . . . ,m, are the Boolean control sequences obtained via the

reachability analysis, they are consequently time–dependent parameters. We approximate

its values through piece–wise linear functions, which are then interpolated to obtain the

value of the time–dependent terms as f̂i (x1, x2, . . . , xn, u1, u2, . . . , um) .

Besides, we consider that the input-response function associated to each gene is the

following logistic function:

Θ
[
f̂i(x1, x2, . . . , xn, u1, u2, . . . , um)

]
=

1

1 + exp
[
−15

[
f̂i(x1, x2, . . . , xn, u1, u2, . . . , um)

]
− 0.5

] . (2.7)

This function also displays a dichotomic behavior for an ε = 0.5, and b >> 1, as it has been

previously stated on Remark 1.12. Finally, the numerical solution of the ODEs system is

conducted using a standard solver provided by MatlabTM.

In what follows we shall proceed to illustrate how to apply our proposed methodology,

i.e. we illustrate how to use Algorithm 2. For this we shall consider some examples. In

fact, we modify the autonomous systems that we have previously taken into consideration

adding now the control inputs that model the interaction of the given regulatory network

with the entourage.
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2.4 Illustrative examples

When a control input is adequately added to an autonomous BN, what results from the

study of the resulting non–autonomous systems provides quite interesting information.

If interpreted in the right way, this information can show us how the network could be

interacting with its entourage. Therefore, we can get some biologically–motivated insight

into the functional mechanisms underlying patterns of connectivity in modularly struc-

tured GRNs. In this context, this section is intended to illustrate how to perform the

reachability analysis on BCNs via the methodology summarized by Algorithm 2. In fact,

we recall those three dynamical systems that have been previously introduced on Section

1.7, in order to explore now their structural reachability properties directly associated to

specific control inputs.

First, Example 2.1 shows, step by step, the reachability analysis procedure, as well

as the graphical information that can be obtained (i.e. Boolean/continuous transition

plots and bifurcation diagrams). Next, Example 2.2 allow us to explore the reachability

properties of the biological FOS-GRN, and thus elucidate the role that genes play in the

context of the network as a whole. Finally, in Example 2.3 we explore the reachability

properties of the dynamical systems that display a single cyclic attractor. Let us then

proceed.

Example 2.1 The Control TwoFixed BN

Consider the following Boolean control system:

ΣBC-TwoFixed :
{
xi(t+ 1) = f̄i(x1, x2, x3, u), (2.8)

originated by the addition of a control input u at the i-th gene on the TwoFixedBN. If we

separately test OR and AND operator on each gene of Eq. (2.8), the BCNs that arise are

listed below:

Case 1: u at x1 with an OR operator:

Σ1 :





x1(t+ 1) = (x2 ∧ ¬x3) ∨ u,
x2(t+ 1) = x1 ∧ ¬x3,
x3(t+ 1) = x1 ∧ ¬x2.
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Case 2: u at x2 with an OR operator

Σ2 :





x1(t+ 1) = x2 ∧ ¬x3,
x2(t+ 1) = (x1 ∧ ¬x3) ∨ u,
x3(t+ 1) = x1 ∧ ¬x2.

Case 3: u at x3 with an OR operator

Σ3 :





x1(t+ 1) = x2 ∧ ¬x3,
x2(t+ 1) = x1 ∧ ¬x3,
x3(t+ 1) = (x1 ∧ ¬x2) ∨ u.

Case 4: u at x1 with an AND operator

Σ4 :





x1(t+ 1) = (x2 ∧ ¬x3) ∧ u,
x2(t+ 1) = x1 ∧ ¬x3,
x3(t+ 1) = x1 ∧ ¬x2.

Case 5: u at x2 with an AND operator

Σ5 :





x1(t+ 1) = x2 ∧ ¬x3,
x2(t+ 1) = (x1 ∧ ¬x3) ∧ u,
x3(t+ 1) = x1 ∧ ¬x2.

Case 6: u at x3 with an AND operator

Σ6 :





x1(t+ 1) = x2 ∧ ¬x3,
x2(t+ 1) = x1 ∧ ¬x3,
x3(t+ 1) = (x1 ∧ ¬x2) ∧ u.

Let

x(t) = x1(t)x2(t)x3(t).
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We can then express the BCNs Σi, i = 1, 2, . . . 6, into their algebraic forms, according to

Eq. (2.2) as:

x(t+ 1) = L̃ix(t)u(t)

where L̃i ∈ L8×16 is the network transition matrix for the i-th BCN. Thus, for each case

we have:

L̃1 = δ8[4 8 2 2 3 7 1 5 4 8 4 4 4 8 4 8],

L̃2 = δ8[6 8 2 2 5 7 5 5 6 8 2 4 6 8 6 8],

L̃3 = δ8[7 8 1 2 7 7 5 5 7 8 3 4 7 8 7 8],

L̃4 = δ8[8 8 2 6 7 7 5 5 8 8 4 8 8 8 8 8],

L̃5 = δ8[8 8 2 4 7 7 5 7 8 8 4 4 8 8 8 8],

L̃6 = δ8[8 8 2 2 7 8 5 6 8 8 4 4 8 8 8 8].

Then, we want to know if a certain destination state xd can be reached at the s-th

step from x0. Since we are mainly concerned about the reachable subsets related to the

fixed–point attractors:

{Λ1 = δ88,Λ2 = δ28},

these ones will be our initial as well as our final conditions. Since we restrict our explo-

ration to the transitions from Λ1 to Λ2, and vice versa, we name it as a characterization

of the associated reachable subsets.

Note that in Theorem 2.1, the reachable states are conditioned by the number of steps

s, so we fixed it using r0 as an upper limit, namely 1 ≤ s ≤ r0. As shown in Chapter 1

in Section 1.7, the transient period for this network is r0 = 3. Hence, we can calculate

L̃sx0 ∈ L2n×2sm for 1 ≤ s ≤ 3.

In order to show how the characterization of the reachable subsets occurs, let us consider

the BCN on Example 2.1 given by Σ4, its network transition matrix L̃4 and x0 = Λ2 = δ28

as an illustrative example. Then, according to Eq. (2.3):

s = 1, L̃1
4x0 = δ8[2 6],

s = 2, L̃2
4x0 = δ8[2 6 4 8],

s = 3, L̃3
4x0 = δ8[2 6 4 8 5 5 8 8].
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It is clear that at s = 2 the state δ88 ∼ (0, 0, 0) can be reached, which corresponds to Λ1.

For this case, note that in the 4th column we have δ88, which means that the control δ44 can

drive x0 = δ28 ∼ (1, 1, 0) to xd = δ88 ∼ (0, 0, 0). Thus, according to Eq. (2.4):

u(0)u(1) = δ44.

Converting 4− 4 to binary form yields 00, which means that the corresponding control

input is

u(0) = 0, u(1) = 0.

In short, we say that an attractor transition, from Λ2 to Λ1, can be promoted in two

steps by connecting a control input u at x1 with an AND operator, under a Boolean sequence

u(0) = 0, u(1) = 0. However, we cannot rule out those additional sequences that appear

when s = 3, particularly if we are exploring biological GRNs since it may indicate relevant

changes on gene concentration observed in real experiments. In fact, we will discuss this

situation in further sections. Unless something different is specified, we use the smallest s

such that the xd is reached.

As shown above, this process is repeated until all the six cases are explored. We sum-

marize the results in a table, where the crossover of row and column contains the perturbed

gene to transit from x0 to xd. In bold letters, the control input switches-on the gene while

the reminder switches-off. The (*) represents the same attractor as initial to final condi-

tion, so no control input is needed.

x0/xd Λ1 Λ2

Λ1 * x2

Λ2 x1, x2, x3 *

Table 2.1: Available trajectories among all possible pairs of attractors in the
Control TwoFixed BN.

Once we have identified the reachable subsets related to the two fixed–point attractors

(see Table 2.1), we are able to produce composed transitions among states. Let us consider

the trajectory:

Λ2
x2−−−→
3

Λ1
x2−−−→
2

Λ2,

which means in a compact notation, that starting from Λ2-attractor and under a suitable
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switching-off sequence of length 3 on x2, Λ1 will be eventually reached. Then, being on Λ1

and a switching-on of length 2 x2, Λ2 will be finally reached, as shown in Fig. 2.1.a).

The Boolean sequences for the control inputs are

Λ2
x2−−−→
3

Λ1 : u1(0) = 0, u1(1) = 1, u1(2) = 1,

Λ1
x2−−−→
2

Λ2 : u2(0) = 1, u2(1) = 1,

or simply:

u1(t) = (0, 1, 1)

and:

u2(t) = (1, 1).

However, since we are interested in plotting a composed trajectory, some additional points

about control inputs must be taken into consideration:

- If u is connected with an AND operator and for some reason we cannot affect the

original Boolean function, we fix u = 1. Otherwise, if u is connected with an OR,

we fix u = 0.

- To visualize the initial condition of the BCN in a plot, we fix the ui as stated above.

- If a composed trajectory is plotted, the Boolean sequences of the control inputs must

be increased according to its effect by each attractor transition.

Taking into account what was stated before, the BCN that produces the desired trajectory

can be described by:

x1(t+ 1) = x2 ∧ ¬x3,
x2(t+ 1) = ((x1 ∧ ¬x3) ∧ u1) ∨ u2, (2.9)

x3(t+ 1) = x1 ∧ ¬x2,

where the suitable control sequences u1 and u2 are:

u1(t) = (1, 0, 1, 1, 1, 1, 1, 1, 1, 1), (2.10)

u2(t) = (0, 0, 0, 0, 0, 0, 0, 1, 1, 0).
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Analyzing the u1 by sections (which also holds for u2):

u1(t) = (

a︷︸︸︷
1 ,

b︷ ︸︸ ︷
0, 1, 1,

c︷ ︸︸ ︷
1, 1, 1,

d︷︸︸︷
1, 1 ,

e︷︸︸︷
1 ),

where: (see Fig. 2.1.b)

- a-section is the x0 of the BCN;

- b-section is the action of control u1;

- c-section simulates a stationary state;

- d-section is the action of control u2;

- e-section is the xd of the BCN.

Finally, given Eqs. (2.9) and (2.10), it is possible to recover quantitative information

about the Control TwoFixed BN through its continuous approximation, via Eqs. (2.5),

(2.6) and (2.7). We separated the trajectory into two attractor transitions to find the

minimum time of manipulation ∆tj , and also the enough extra time for all the genes to

reach the new state (see Fig. 2.1.c). In this way a plot is generated, called as a bifurcation

diagram, with the parameter value of ∆tj in the x-axis, whereas in the y-axis the total sum

of the single gene expression values for the n genes. If a change in the sum occurs, this is

the minimum time of manipulation to produce the transition. The time values found after

the numerical solution of the ODEs system are presented as follows

Trajectory Minimum ∆tj Extra time

Λ2
x2−−−→ Λ1 0.92 4.08

Λ1
x2−−−→ Λ2 1.16 3.39

In Fig. 2.1 d), we show the relative concentration after considering the minimum ∆tj

and the extra–time. All the information is graphically summarized in Fig. 2.1.

�

We must point out that the dynamic analysis carried out in the previous example is

repeated for the rest of examples but condensed. We can proceed now to our second

illustrative example.
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Figure 2.1: Dynamic analysis of the Control TwoFixed BN.
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Example 2.2 The BC-FOS-GRN

In order to uncover the genes that promote attractor transitions in this example, we

transformed the FOS-GRN into BC-FOS-GRN, by adding a control input on the i-th gene.

We tested separately two possible Boolean operators (taking them as connectors) between

original Boolean functions fi and u to create the new Boolean function f̄i;

- the OR operator (switch-on), and

- the AND operator (switch-off).

Thus, we adopted a new system of Boolean equations:

ΣBC-FOS-GRN :
{
xi(t+ 1) = f̄i(x1, x2, . . . xn, u), i = 1, 2, . . . , 13 (2.11)

which now also depends on u. After that, we applied the STP transformation but now for

the new system BC-FOS-GRN, and the system became a discrete-time bilinear system of

the form

x(t+ 1) = L̃x(t)u(t),

where L̃ is a matrix of dimensions 214 × 213, also called as the transition matrix of the

controlled network. Then, to characterize the reachable subsets of the FOS-GRN given the

set of attractors and the computed L̃, we performed the Algorithm 2 for s = 1, 2, . . . , r0.

As we mentioned above, we called potential genes (result of reachability analysis) those

ones that, changing their level of expression by the interaction with the control input u,

promote a trajectory from one attractor to another. Particularly for this example, a total of

79 available trajectories were found on FOS-GRN -at least under the two connectors tested

here- and they were summarized in Table 2.2. Interestingly, we first noticed that some

trajectories between attractors are not allowed. For example, a considerable gap appeared

on those transitions from floral primordia to inflorescence-like meristems, indicating that,

it is difficult to return to a previous stage once the developmental program of flowering

initiates. Hence, mutants that produce flower with inflorescence-like characteristics, for

example ag-1 mutants grown in short day conditions [48], are probably not caused by a

return to an inflorescence state but they may have a novel potentiality of the IM state now

to choose between two cell-fate decisions: floral or inflorescence-like meristems, as had

been demonstrated for other MADS mutants by the epigenetic landscape analysis of the



Chapter 2. Computational reachability analysis of Boolean Control GRNs 56

x0/xd I1 I2 I3 I4 SE PE1 PE2 ST1 ST2 CAR

I1 * UFO WUS
AP1,FT

EMF1,TFL1

LFY,AP1
FT

EMF1,TFL1

I2 UFO * WUS
AP1,FT

EMF1,TFL1

LFY,AP1
FT

EMF1,TFL1

I3 WUS * UFO

LFY,AP1
FT

EMF1,TFL1

I4 WUS UFO *
LFY,AP1

FT
EMF1,TFL1

SE * AP3 UFO

AG,WUS
TFL1

AP1,AP2

PE1 AP3,PI
SEP,LFY * UFO

AG,WUS
TFL1
AP2

TFL1
AP1

PE2 UFO *
AG,WUS

TFL1
AP1,AP2

ST1 EMF1
AG,LFY * UFO

EMF1
AP3,PI,SEP
AG,LFY

ST2 EMF1
AG,LFY UFO *

CAR EMF1
AG,LFY AP3 UFO *

Table 2.2: Available trajectories among all possible pairs of attractors induced
by potential genes. The crossover of row and column contains the gene to transit
from x0 to xd. In bold letters, the control input switches-on the gene while the
reminder switches-off. The (*) represents the same attractor as initial to final
condition, so no control input is needed.

XAL2 regulatory network module [52].

On the other hand, we can interpret those available trajectories either as:

(1) developmental

(2) or homeotic one.

First, we focus on the trajectories that occur in normal development, for instance, inside

the sub-zones of IM and from IM to floral primordia. Both UFO and WUS are necessary

for the transitions of the sub–zones (Ii) of the IM, as a consequence of changes in the posi-

tional information caused by the displacement of the cells since the shoot apical meristem

is constantly growing. Indeed, we found the developmental trajectory

I4
UFO−−−−→
1

I3
WUS−−−−→
1

I2
UFO−−−−→
1

I1,

which means, in a compact notation, that starting from the I4 attractor and switching-on
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UFO (in bold letters), I3 will be eventually reached, then being on I3 and switching-off

WUS, I2 will be now reached, and finally, starting from I2 attractor and switching-off

UFO, I1 will be the final attractor. Although the necessary steps to reach each xd from x0

are not specified, the shorter trajectory is hereafter considered for all the cases.

To illustrate the induced trajectories previously discussed, we generated Figure 2.2 with

three mainly sections; on the top-left we present the control inputs that are added to the

original network as well as the desired IM-to-IM transitions (from I4 to I1); on the bottom-

left, the initial attractor state and its progressive change under the effect of the controllers

(Boolean transition); while on the right-side the same before but for the continuous approx-

imation of the network. Particularly, Figure 2.2.a) shows the graph of the desired transi-

tions inside IM (from the youngest to the oldest sub-zone), red line indicates a switch-off,

whereas blue line a switch-on. In Figure 2.2.b), the attractors (tagged with its De) are

visited as expected, and such Boolean transitions only require one step to be induced by the

controllers u1, u2 and u3, respectively. On the other hand, to observe quantitative changes

(i.e. the relative gene expression of the UFO and WUS on the induced trajectories), and

evaluate if such attractor transitions are maintained on the continuous approximation of

the model, we first plotted on Figure 2.2.c) the bifurcation diagrams for each separated

transition. Notice that, interestingly, we reasoned that could be a direct equivalence of one

step at least for these two genes UFO and WUS. Eventually, such IM’s will give rise to

FM’s, and they will sub–differentiate in the flower organ primordia. It is has been reported

in [10, 26, 44] that some of the characterized regulators which determine these meristem-

atic cells are LFY, AP1 and AP2 while, on the other hand, the activity of the FM is

counteracted by the gene TFL1 [50]. Thus, an expected attractor for floral meristems will

include on its gene profile LFY=AP1=AP2=1 and TFL1=0. Although the FOS-GRN do

not recover an attractor with the configuration of the floral meristem, we reasoned that

the induced trajectories (by potential genes) from the inflorescence meristem to the floral

organs may be passing by a transitory state that corresponds to the FM.
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Figure 2.2: Developmental induced trajectories inside the IM. a) A trajectory
from the youngest (I4) to the oldest (I1) sub–zones of the IM is tested on b) the
Boolean model of the FOS-GRN, as well as on d) its approximated continuous–
time model.
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To test this, we selected trajectories (labeled with xi, i=1,2,3,4) from:

x1 : I1
FT−−−→
6

SE

x2 : I2
FT−−−→
7

PE2

x3 : I3
FT−−−→
8

ST2

x4 : I4
FT−−−→
8

CAR

which are displayed on Figure 2.3 a). On the other hand, Figure 2.3.b) shows how each

of the four cases of induced trajectories has a transitory state where AP1, AP2, LFY and

TFL1 have the expected configuration for FM-like attractor (for further information about

the transitory states, see Figure B.1 on Appendix B). Besides, according to Table 2.2, the

potential genes AP1, LFY, EMF1 and TFL1 also work. While FT, AP1 and LFY must

be switched-on, EMF1 and TFL1 must be switched-off. This is actually what happens

during development, for example, long day grown plants, where FT is active, produce less

secondary inflorescences than short day grown plants where FT is not transcribed [18].

But is even more interesting that floral homeotic genes such as AP3, PI and AG, despite

being necessary, are not sufficient to form floral organs, in agreement with the previous

hypothesis on the ABC model of floral patterning [23]. Actually, the control of AP1 in

the 35S::AP1-GR ap1 cal plants that grow inflorescence meristems until the change to

floral meristems when treated with dexamethasone, showed than only one treatment of

dexamethasone is sufficient to form the four types of floral organs [62]. These experiments

were done after the publication of the FOS-GRN [24], therefore, the reachability analysis

can give us predictions on how biological modules could be controlled.

Secondly, we focus on the trajectories that can be interpreted as homeosis, which are

associated to transitions between floral organ primordia (FOP). Unlike IM–to–FOP devel-

opmental trajectories induced by LFY, AP1, FT, EMF1 and TFL1, FOP-to FOP homeotic

trajectories can be promoted by AP2, AP3, PI, AG and SEP, which are recognized by their

mutant homeotic flower phenotypes. Even WUS and UFO are able to cause such transi-

tions, showing that alterations in floral patterning can be caused by changing spatial cues

in the meristem. Now, we take as an example of a control element a node not presented

in the network, the BELLRINGER gene [12]. In the blr-4 missense mutant AG is dere-
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pressed, and some flowers develop carpels in place of sepals in the first whorl. This whorl

1 and carpels are often fused and form a gynoecium that encloses the rest of the flower [9].

In fact, such switch-on of AG to transit from sepal to carpel primordium is found with the

reachability analysis.



Chapter 2. Computational reachability analysis of Boolean Control GRNs 61

Figure 2.3: Developmental/Homeotic trajectories on the IM and FM
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The role of potential genes is maintained on the continuous FOS-GRN model

Until this point, we were only interested in qualitative changes on the dynamics of the FOS-

GRN under the effect of Boolean sequences connected to the potential genes. However,

quantitative information as the minimum time of manipulation of these potential genes

and their impact on the relative decay/saturation rates of the rest of the genes, have not

been explored yet. To illustrate this, we first selected a composed developmental/homeotic

trajectory

I1
AP1−−−−→
5

SE
AP3−−−−→
2

PE1
AG−−−→
3

ST1
AP3−−−−→
1

CAR,

which mimics the sequence of attractor transition previously recovered by different levels of

noise in the updating rules of the network [5]. First, we tested the control inputs obtained

through reachability analysis on the BC-FOS-GRN (see Figure 2.3.c), only to verify that

the expected composed transition occurs. Then, using Eqs. (2.5), (2.6) and (2.7), we

obtained the continuous version of the BC-FOS-GRN. In order to find the minimum time

of manipulation of the potential genes by the control inputs uj in the BC-FOS-GRN, we

separated the composed developmental/homeotic trajectory into four individual transitions,

and consequently four different ODEs system were also approximated as stated before. For

each attractor transition, we take the initial attractor as x0 of the ODEs system, and we

then increased the duration of the j-th control input (∆tj), interpolating its value to obtain

the value of time-dependent terms at a specified time. Moreover, we considered an extra

time for each interval ∆tj in such a way that the potential gene and the rest of the genes

have enough time to relax to its new state after the manipulation by the control input. The

resulting time values are

Trajectory Minimum ∆tj Extra time

I1
AP1−−−−→ SE 1.10 5.5

SE
AP3−−−−→ PE1 1.61 5.5

PE1
AG−−−→ ST1 0.61 5.5

ST1
AP3−−−−→ CAR 0.71 5.5
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note that the continuous functions that changed by the addition of the uj are

f̂AP1(·) = f̂AP1(·) + u1 − f̂AP1(·) · u1
f̂AP3(·) =

(
f̂AP3(·) + u2 − f̂AP3(·) · u2

)
· u4

f̂AG(·) = f̂AG(·) + u3 − f̂AG(·) · u3

.

Figure 2.4.a) shows the graphs obtained for each attractor transition, and as we can see,

despite AP3 promotes trajectories from SE to PE1 and from ST1 to CAR, the necessary

∆tj is different. We finally integrated all the individual transitions in Figure 2.4.b), in the

x-axis we show the relative concentration of the 13 genes involved in the FOS-GRN, and

in the y-axis the time intervals for the four control inputs. This plot suggests that there

exists a minimum trigger threshold which, once it has been crossed, provokes an imminent

attractor transition.

�
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Figure 2.4: A developmental/homeotic trajectory in the FOS-GRN that mim-
ics the sequence of gene profiles observed in real flowers. The trajectory I1 −
AP1→SE−AP3→PE1−AG→ST1−AP3→CAR is tested.
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In what follows we shall consider the reachability analysis of controlled gene regulatory

networks that display structural cyclic behavior.

Example 2.3 The BC-ACC-GRN

In this example, we show that the reachability analysis can be also applied on networks

that have a single cyclic attractor. In this context, we can distinguish four different main

purposes of this analysis: (1) to shorten the cycle, (2) to lengthen the cycle, (3) to main-

tain a specific state of the cycle or (4) to avoid states of the cycle. Particularly for the

ACC-GRN, we are interested in exploring the last two purposes since they have biological

relevance in CC-arrest and endocycle in Arabidopsis thaliana, respectively.

Consider the following Boolean control system

ΣBC-ACC-GRN :
{
xi(t+ 1) = f̄i(x1, x2, . . . xn, u), i = 1, 2, . . . , 15 (2.12)

which is the result of the addition of u on the i-th gene of the ACC-GRN (hereafter

referred as BC-ACC-GRN). After applying the STP transformation, the system is given

by its algebraic form:

x(t+ 1) = L̃x(t)u(t),

where L̃ ∈ L216×215 , also called as the transition matrix of the BC-ACC-GRN. In contrast

with the results of the reachability analysis of networks with fixed–point attractors, here

the potential gene continuously changes since every step of time a new state is reached

by its own cyclic dynamics. Nevertheless, we discriminated those trajectories that arise

as a consequence of this phenomena, and only take into consideration those ones that are

particularly relevant for our main objectives: endocycle and CC-arrest.

In this direction, we tested two different trajectories for endocycle:

G2 − 1
E2Fe−−−−→
4

G1 − 1

and:

G2 −M APCC−−−−−→
3

G1 − 1

The corresponding results are shown in Figure 2.5. Note that the length of the switching-

off sequence of E2Fe is greater than the one of the switching-on sequence of APCC by one

step.
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On the other hand, we also found that a low-level of E2Fa or a high-level of MYB3R14,

originated by an external control input u, is sufficient to drive the system from G1-stage

to CC arrest (an extended G1-stage). Such CC-arrest holds as long as the duration of the

action u. To illustrate this, let us consider the following induced trajectories:

G1 − S E2Fa−−−−→
hold

S

and:

G1 − 1
MYB3R14−−−−−−−−→

hold
G1 − 2

The graphical results of both induced disruptions (CC arrest and endocycle) are pre-

sented in Figure 2.5. Finally, the continuous approximation of the BC-ACC-GRN, via

Eqs. (2.5), (2.6) and (2.7), when genes E2Fa and MYB3R14 are perturbed is shown in

Figure 2.6.

�
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Figure 2.5: Induced disruptions on the BCC-ACC-GRN
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Figure 2.6: Induced disruptions promoted by potential genes on the continuous
version of the BC-ACC-GRN.

As can be seen with the considered examples, the reachability analysis is an useful tool

to uncover some of the phenomena that underlie developmental dynamics. To be more

specific, reachability analysis allows the determination of the key role that play specific

genes some well–known observed transitions (as illustrated with the examples that deal

with the FOS-GRN model and the cell cycle). We can now discuss some aspects of the

biological significance of what we have just shown.
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2.5 Discussion

A common issue in control theory is to find a control input which drives a dynamical system

from an initial state to a desired final state in finite time. In fact, there exists several ways

to find such input depending on the nature of the given dynamical system. For example,

in some multi–stable systems, suitable variations on a single parameter are sufficient to

change from one steady–state (or attractor) to another. In this same direction, such

transitions in experimental grounded Gene Regulatory Networks (GRNs), promoted by an

external stimuli in a particular gene, originated from responses of changes in physiological,

environmental and/or developmental cues, could implicate a change in cell–fate decision

during development. Some authors have proposed different methodologies to capture the

effect of changes on the level of expression of the genes by external elements in GRNs that

underlie realistic cases of cell differentiation, e.g.:

- bifurcation analysis of a single parameter [19, 35],

- stochastic combinatorial Boolean interventions [57],

- uncertainty in the updating Boolean rules [5],

but fewer have used mathematical approaches based on underlying structural properties

given by their topology and their dynamics.

Here, we propose an analytical procedure which harnesses the structural reachability

property of a low–dimensional synchronous Boolean GRN. As concrete study cases, we

use the regulatory module underlying floral organ determination in Arabidopsis thaliana

during early stages of flower development (FOS-GRN), since it constitutes a model–of–

choice for the study of differentiation and morphogenesis in multicellular organisms [5, 19];

as well as the gene regulatory module proposed by Ortiz-Gutierrez and collaborators in [49]

which is involved in the cell cycle in Arabidopsis thaliana, to show the effect of external

stimuli in promoting disruptions on the cyclic behavior. Our proposal is built around

the Semi–Tensor Product approach [17] (STP), which led us to transform the BC-FOS-

GRN and the BC-ACC-GRN via the inclusion of an external Boolean input to a specific

gene. This results in each case in obtaining a discrete–time bilinear systems. Now, the new

network transition matrix L̃ encompasses structural reachability properties of the Boolean

Control GRNs. We say that a state is reachable from an initial state, if a qualitative change
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on the state–space configuration is observed when an exogenous Boolean input is connected

to a specific gene, modifying its state to describe knockout (On) or over–expressed (Off)

states, and changing the corresponding updating rule for the gene during simulation. In

spite of the advances in reachability analysis of GRNs [33], the exploration of the reachable

subsets corresponding to attractors in experimental grounded GRN, that explains the role

of the genes on such attractor transitions, has been left behind. So, we focus exclusively

on attractor transitions and thus we limit the scope of our conclusions.

In a more general context, reachability analysis could also provide some useful tools to

uncover the basic generic principles that underlie chronic–diseases in humans. This because

the onset and the progression of chronic–degenerative diseases involves the disruption of

some gene regulatory networks. Nowadays, aspects related to chronic–degenerative dis-

eases, implicate cell undifferentation and cell reprogramming which result from abnormal-

ities in the cell regulation. Therefore, the elimination of health problems in this context is

also subjected, necessarily, to techniques as the design of strategies of cell reprogramming

in order to return cells to a suitable state or to revoke the unhealthy trajectory. Thus, our

proposed methodology can be useful to explore some potential state–space system based

therapeutic strategies. At this point in the discussion we leave this possibility as an open

question, but we will return to this issue at the end of the present manuscript when we

address the epithelial—to–mesenchymal transition in the context of epithelial cancer.

2.6 Conclusion

In this chapter we presented a computational analysis that harnesses the structural reach-

ability properties of B-GRNs, in order to promote transitions among pairs of attractors,

which we named as reachability analysis. The proposed framework consisted of carrying

on a systematic exploring of the potentiality of single genes to promote qualitative changes

on the state–space configuration. The considered approach is focused on the connection of

a control input u designed to arbitrarily overrules the original regulatory Boolean function

of the concerned gene. Thus, we mimicked spontaneous switching actions on such genes

through Boolean OR and AND operators, that gain experimental relevance since they have

the same effects as induced knock-ins and knock-outs in real experiments, respectively. We

showed how biological insights are derived by applying this methodological framework to



Chapter 2. Computational reachability analysis of Boolean Control GRNs 71

experimentally grounded B-GRNs that may have multiple fixed–point attractors (i.e. the

FOS-GRN) or a single cyclic attractor (i.e. the ACC-GRN). Future studies should explore

if the results of this analysis can be also applied on combinations of both aforementioned

types of attractors.

Additionally, we showed that the role that genes play in attractor transitions are also

maintained on the continuous version of GRNs, recovering not only qualitative but also

quantitative information about their potentiality. In both the considered examples, which

is to say FOS-GRN and ACC-GRN, this is particularly relevant since our findings suggests

that there exists a strong relationship between the impact of specific genes in the system

dynamics of the network, and their observed biological function during developmental

processes.



Chapter 3

Computational controllability

analysis of Boolean Control GRNs

Introduction

I
n the previous chapter of this manuscript it has been shown that reachability analysis

applied on BC-GRNs provides biological insights into the specific role that also specific

genes play in the context of network as a whole. This has been illustrated with the core

gene regulatory network that underlies flower order specification in Arabidopsis thaliana

and also with the network that regulates cell cycle. We must point out that until this

point, the systematic exploration has been only focused on attractor transitions (either

fixed–point or cyclic attractors). Nevertheless, a natural question arises:

Is it possible to expand this result to all 2n distinct gene activation configura-

tions, significant when tackling dynamic transitions among both stationary as

well as transitory states?.

In this direction, such question is intended to be answered throughout this chapter via

the controllability matrix C for BCNs, proposed by Cheng and collaborators in [66], since

its entries cij denote if the i-state is reachable from the j-state in finite time, under

a set of admissible control inputs u. Considering this, our contribution here is mainly

aimed at exploring the potentiality of the n-genes of BC-GRNs through the computational

controllability analysis , resulting in a 3D array of k-controllability matrices, where k =

1, 2, . . . , n, or in a compact notation Ck.

72
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The proposed extension Ck contains all the dynamic information that characterizes

the available induced trajectories promoted by potential genes, among not only pairs of

attractors but also with transient states. In fact, such trajectories are classified into three

main categories:

- firstly, the attractor to attractor transitions (A-to-A), that are equal to those ones

obtained through the reachability analysis;

- secondly, the basin to attractor transitions (A-to-B), or vice versa (B-to-A);

- and thirdly, the basin to basin transitions (B-to-B).

We must point out that the last two cases, indeed, gain biological relevance since such

dynamics are associated to the onset and progression of cell-state trajectories involved

in disease (i.e. the Ephitelial-to-Mesenquimal Transition, further discussed in detail).

Moreover, in this chapter we will discuss and compare the impact of Boolean sequences

connected to specific genes, that results from our controllability analysis, with the effect

of relative gene decay variations proposed by Davila-Velderrain et al. [19], concluding

that both are complementary approaches. For instance, a control input connected with an

AND operator that holds over time, is similar/equivalent to an induced gene decay rate.

On the contrary:

In cases where a suitable Boolean sequence, also referred as train of infor-

mation, is necessary to promote an specific state trajectory, such transition

cannot be induced by using a single gene decay variation.

Finally, taking as a case–of–study the Control TwoFixed BN, we deal with some illus-

trative examples in the last section in order to illustrate the applicability of our proposed

computational controllability analysis on complex biological GRNs by exploring A-to-A,

A-to-B, B-to-A, B-to-B and combinations of these transitions. We conclude the chapter

discussing the potential relevance of this contribution from a biological perspective.

3.1 A brief summary on Boolean algebra

In this section, we briefly review the Boolean algebra introduced by Daizhang Cheng and

collaborators in [17], which allows the computation of the controllability matrix of BCN.

Basically, it is summarized in three main Boolean operations:
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1. If x, y ∈ D, it is defined Boolean addition and the Boolean product as follows

x+
B
y = x ∨ y

x×
B
y = x ∧ y

{D,+B,×B} forms a Boolean algebra.

2. Consider X = (xij) ∈ Bm×n and Y = (yij) ∈ Bm×n. It is defined the matrix Boolean

addition as

X +
B
Y :=

(
xij +

B
yij

)

3. Consider X ∈ Bm×n and Y ∈ Bn×p. It is defined the matrix Boolean product as

X ×
B
Y := Z ∈ Bm×p,

where

zij =
n∑

k=1
B
xik ×B ykj

In cases where X ∈ Bn×n, then

X(2) := X ×
B
X

3.2 The controllability matrix C for BC-GRNs

From a Control Theory perspective, a dynamic system is said to be controllable at the time

t0, if it is possible to drive the initial state x(t0) = x0 to any other state x(tf ) = xd, under

a set of admissible controls u(t), in a finite time interval (tf − t0) [38]. This mathematical

concept is clearly consistent with the question that was left open in the last chapter:

Is it possible to explore the reachable sets of all 2n gene activation configurations

of the BC-GRN?.

In order to tackle this question let us consider a BCN with n nodes and m input nodes.
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Such a network is described in dynamical terms as follows:

Σ :





x1(t+ 1) = f1(x1, x2, . . . , xn, u1, u2, . . . , um),

x2(t+ 1) = f2(x1, x2, . . . , xn, u1, u2, . . . , um),

...
...

...

xn(t+ 1) = fn(x1, x2, . . . , xn, u1, u2, . . . , um),

where xi ∈ D, and fi : Dn+m, i = 1, 2, . . . n are Boolean functions. Setting x(t) = nn
i=1xi,

u(t) = nm
j=1uj, then its algebraic form is:

x(t+ 1) = Lu(t)x(t), (3.1)

where L ∈ L2n×2n+m . Then

C :=
2m+n∑

s=1
B

2m∑

i=1
B

Blki
(
L(s)

)
=

2m+n∑

s=1
B
M (s) ∈ B2n×2n (3.2)

is the controllability matrix proposed by Cheng and collaborators in [66], where its entries

cij indicate whether the i-state is reachable from the j-state, under a set of admissible

Boolean inputs u at the s-th time step, if and only if cij > 0. Besides,
∑
B and L(s) denote

an iterative Boolean addition (+B) and Boolean product (×B), respectively (see Appendix

3.1 for a brief review of Boolean algebra). Following [66], the three fundamental properties

of matrix C are summarized as follows:

1. xd = δi2n is reachable from x0 = δj2n if and only if cij > 0.

2. The system is controllable at x0 = δj2n if and only if Colj(C) > 0.

3. The system is controllable if and only if C > 0.

Remark 3.1 We must point out that in cases where the inequalities:

• cij > 0 (for matrix elements),

• Colj(C) > 0 (for column of a matrix) or

• C > 0 (for full matrices)



Chapter 3. Computational controllability analysis of Boolean Control GRNs 76

are used, it means that their entries are positive, otherwise not, since they are the result

of binary operations.

In what follows, we provide an academic example to illustrate the information that

can be obtained from the computed controllability matrix of a BCN.

From now until the end of this chapter, we will be showing each result by taking the

Control TwoFixed BN as an illustrative example.

Example 3.1 The Control TwoFixed BN: Computation of C

Recall Example 2.1. We shall consider the particular case when the dynamic system is

perturbed on the gene x3:

Σ4 :





x1(t+ 1) = (x2 ∧ ¬x3) ∧ u,
x2(t+ 1) = x1 ∧ ¬x3,
x3(t+ 1) = x1 ∧ ¬x2.

Setting x(t) = n3
i=1xi, u(t) = u, we have:

x(t+ 1) = Lu(t)x(t), (3.3)

where:

L = δ8[8 2 7 5 8 4 8 8 8 6 7 5 8 8 8 8].

Suppose that we are interested in answering the following questions:

1. Is δ88 reachable from x0 = δ28?
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First, according to Eq. (3.2) and considering s = 1 and s = 2, we have

M (1) =




0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 1 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

1 0 0 0 1 1 1 1




and M (2) =




0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1




.

We can extract then the elements:

(
M (1)

)
82

= 0, and
(
M (2)

)
82
> 0,

which means that x(2) = δ88 ∼ (0, 0, 0) is reachable from x(0) = δ28 ∼ (1, 1, 0) at the second

step. This result is clearly the same that we obtained when considering the reachability

analysis in Example 2.1.

2. Is the system controllable, or controllable at any point?

After an straightforward computation, we can check the controllability matrix:

C =




0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 1 0 0 0 1 0 0

0 1 0 1 0 1 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

1 1 1 1 1 1 1 1




According to the properties of the controllability matrix given above, we concluded that
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the system is not controllable. However, xd = δ88 is reachable from any x0.

�

Remark 3.2 Note that, this is the controllability matrix only for one particular case of

Example 2.1. We propose in what follows a systematic analysis in the next section, referred

in this work as controllability analysis, to explore the potentiality of individual genes in

Boolean GRNs models when perturbed, involved on transitioning among pairs of states of

the network. Consequently, a set of C that rises from the exploration of gene by gene is

taken into consideration.

3.3 An extension of C
Consider a BCN described as:

Σ :
{
xi(t+ 1) = fi(x1, x2, . . . xn, u), i = 1, 2, . . . , n, (3.4)

originated by the addition of a control input u at the i− th gene. The proposed control-

lability analysis, which harnesses the structural controllability properties of the network,

consists of five main steps:

• Step 1. Initialize k = 1.

• Step 2. Add a control input u on the k-th node of the BN. If k = n, go to Step 5;

otherwise, go to the next step.

• Step 3. Convert the BCN into its algebraic form given by Eq. (3.1), and then

compute the k-th controllability matrix Ck by using Eq. (3.2).

• Step 4. Set k = k + 1 and go back to Step 2.

• Step 5. Save Ck, k = 1, 2, . . . , n. Stop.

After a straightforward computation, the set of Ck, k = 1, 2, . . . , n contains all the available

state trajectories among pairs of states, when the k-th gene is perturbed, if and only if

(cij)k > 0. Later on, we incorporate this procedure into the last algorithm of this thesis

work.

Let us now illustrate our approach via an illustrative example.
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Example 3.2 The Control TwoFixed BN: Computation of Ck

Let consider again our previous Example 2.1. For this we build six controlled networks

Σi, i = 1, 2, . . . 6. Each one of these networks comes as a consequence of the integration

of the exogenous input to each of the involved genes in the given autonomous network

through both the Boolean OR operator and the AND operator. For the resulting controlled

networks we compute the corresponding controllability matrix as follows:

- First case: u connected to the system via the OR operator:

Σ1 :





x1(t+ 1) = (x2 ∧ ¬x3) ∨ u
x2(t+ 1) = x1 ∧ ¬x3
x3(t+ 1) = x1 ∧ ¬x2





=⇒ C1 =




1 0 1 1 1 1 1 1

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

1 0 1 1 1 1 1 1

1 0 1 1 1 1 1 1

0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0

1 0 1 1 1 1 1 1




Σ2 :





x1(t+ 1) = x2 ∧ ¬x3
x2(t+ 1) = (x1 ∧ ¬x3) ∨ u
x3(t+ 1) = x1 ∧ ¬x2





=⇒ C2 =




0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1

0 0 0 0 0 0 0 0

1 0 1 1 1 1 1 1

1 0 1 1 1 1 1 1

1 0 1 1 1 1 1 1

0 0 1 0 0 0 0 0

1 0 1 1 1 1 1 1
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Σ3 :





x1(t+ 1) = x2 ∧ ¬x3
x2(t+ 1) = x1 ∧ ¬x3
x3(t+ 1) = (x1 ∧ ¬x2) ∨ u





=⇒ C3 =




0 1 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 1 0 0

0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1




- Second case: u connected to the system via the AND operator:

Σ4 :





x1(t+ 1) = (x2 ∧ ¬x3) ∧ u
x2(t+ 1) = x1 ∧ ¬x3
x3(t+ 1) = x1 ∧ ¬x2





=⇒ C4 =




0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 1 0 0 0 1 0 0

0 1 0 1 0 1 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

1 1 1 1 1 1 1 1




Σ5 :





x1(t+ 1) = x2 ∧ ¬x3
x2(t+ 1) = (x1 ∧ ¬x3) ∧ u
x3(t+ 1) = x1 ∧ ¬x2





=⇒ C5 =




0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 1 0 0 0 1 0 0

0 1 0 1 0 1 0 0

0 0 0 0 0 0 0 0

0 1 1 1 0 1 0 0

1 1 1 1 1 1 1 1
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Σ6 :





x1(t+ 1) = x2 ∧ ¬x3
x2(t+ 1) = x1 ∧ ¬x3
x3(t+ 1) = (x1 ∧ ¬x2) ∧ u





=⇒ C6 =




0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 1 0 1 0 0

0 0 0 1 0 1 0 0

0 0 0 1 0 1 0 0

0 0 1 0 0 0 0 0

1 0 1 1 1 1 1 1




Remark 3.3 By counting the cij > 0 of Σi, i = 1, 2, . . . 6, it is easy to check that there

are 31, 27, 22, 16, 18, and 15 available trajectories, respectively.

For a better visualization Ck can be indeed represented by a 3D-array as shown in

Figure 3.1, where Figure 3.1.a) and Figure 3.1.b) show the set of controllability matrices

obtained for each connector. In the front of such array, we present the controllability matrix

underlying u connected with an OR or AND operator at x1, then behind the u connected at

x2, and so on. Besides, it is also maintained the blue color for OR operator and red color

for AND operator as before. Note that in pink circles we highlighted the element of Ck that

corresponds to the same attractor as initial and as final condition. Namely, c22 > 0 means

that the desired trajectory is δ28 −→ δ28 so, regardless the connector, any control sequence

is valid.

Moreover, we integrated the available trajectories when the k-th gene is perturbed, either

by an OR and AND operator, into a single controllability matrix (see Figure 3.1.c)).

In Figure 3.1. a) cij > 0 in green represents that we can use both AND and OR operator

as a connector to promote such trajectory. On the other hand, for a better visualization,

we rearranged in blocks the controllability matrix according to its attractors and basins

as shown in Figure 3.1. d), as presented in Table 1.2. In other words, for the attractor

Λ1 = δ88 its corresponding basin is given by:

S1 =
{
δ18, δ

3
8, δ

4
8, δ

5
8, δ

6
8, δ

7
8, δ

8
8

}
,
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and for the attractor Λ2 = δ28 its basin is:

S2 =
{
δ28
}
.

Thus, the indexes were then sorted by basins (in increasing order); the first section of the

matrix is composed by the elements:

{i, j} = {1, 3, 4, 5, 6, 7, 8},

while the second section only for:

{i, j} = {2}.

�
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Figure 3.1: 3-D array representation of the controllability matrix Ck for the
Control TwoFixed BN. a) Ck when u is connected to the autonomous system via
the OR operator at the k-th gene (blue color). Remember that cij > 0 means
that it is an available trajectory. Note that, pink circles highlight attractors. In a
similar way, b) shows Ck when u is connected to the autonomous system via the
AND operator at the k-th gene (red color). In c) both trajectories were integrated,
and green color represents that any operator as a connector can promote such
trajectory. Finally, in d) we show the controllability matrix sorted by its attractors
and basins.
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3.4 Available state transitions

The available trajectories, also referred as available state transitions, were classified into

3 different categories:

1. Attractor-to-Attractor transitions (A-to-A)

These steady–state transitions are particularly relevant for developmental processes rep-

resented via B-GRNs models, since its attractors correspond to cell types and thus push

them towards or away from certain behaviours. The information recovered from this

type of transitions is related to the necessary alterations (potential genes) in the dynamic

system in order to switch between its multiple attractors.

Let Λ1 = δi2n ∈ Ω and Λ2 = δj2n ∈ Ω. We say that an A-to-A transition is available by

connecting a control input u at the k-th gene, if (cij)k > 0. In compact notation:

δi2n
k−th gene−−−−−−−→ δj2n if (cij)k > 0 (3.5)

2. Basin-to-Attractor transitions (B-to-A or A-to-B)

In cases where the system cannot be driven from one attractor to another in a specific

number of steps, we consider this type of dynamic transition.

Let x0 = δi2n ∈ S1 and Λ1 = δj2n ∈ Ω. We say that a B-to-A transition is available,

by connecting a control input u at the k-th gene, if (cij)k > 0. In fact, the same compact

notation of Eq. (3.5) holds here.

3. Basin-to-Basin transitions transitions (B-to-B)

Finally, our last case is the Basin-to-Basin transition. We explore this transition on the

Chapter 4, in the context of ephitelial cancer when considering the EMT-GRN.

Let x0 = δi2n ∈ S1 and xd = δj2n ∈ S2. We say that a B-to-B transition, represented by

x0 −→ xd, is available if and only if (cij)k > 0. The same compact notation of Eq. (3.5)

holds for this transition.

Remark 3.4 Note that, our reachability analysis only addresses the A-A transitions, so

we can say that controllability analysis give us more solid information about the role of the

genes in transitory states.
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In the next section we propose a technique for displaying the information provided by

the controllability matrix with respect to the available trajectories when the size of the

matrix is considerable.

3.4.1 Available State Transitions Distribution (ASTD)

The last example provides information about the use of the controllability matrix C̄k,

organized by attractors and basins. Its 23 = 8 different gene profiles allow us to visualize

all the (cij)k > 0, and consequently all the different available trajectories. However, in

cases where the size of the network increases, the size of C̄k also does. In consequence,

the available trajectories cannot be fully displayed via represented with the techniques

previously considered. So we instead propose a visualization tool that we named Available

State Transitions Distribution matrix, or simple ASTD. This tool is in fact a heat-map

(square matrix) of 2m× 2m, where m is the number of attractors. The sections into which

this map is divided contain all the states of the attraction basins, one section for each

basin, including in each section the gene profile of the associated attractor. Moreover,

the available trajectories are counted and displayed in percentage in each section of the

heat-map. To ease the exposition we illustrate in this section the proposed visualization

technique with the data associated to our current example.

Example 3.3 ASTD matrix of the TwoFixed BN

Recall Example 3.2, where the set C̄k has been already computed. Specifically, let us

consider the case where k = 4 when a control input u is connected to the x1 gene through an

AND operator (spontaneous switch-off). The controllability matrix, sorted by its attractors

and basins, is shown in Fig. 3.3. a). Note that, for a better visualization, the matrix has

been colored in black (not available state transition) and white (available state transition),

as well as separated in 2m blocks with a red dot line, where m = 1, 2 index the number of

attractors (and then of basins of attraction).

There are 16 available induced state transitions, which is to say:

- 11 of the available induced state transitions are in the upper–left block which corre-

sponds to those ones that occur inside the basin of S1;

- 4 of the available induced state transitions are in the upper-right block related to

transitions that are available from a state of S2 to a state of S1;
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Figure 3.2: The construction of the ASTD matrix. a) The computed controlla-
bility matrix C̄k is sectioned according to the number of attractors and its basins.
As we can see there are 16 available state transitions, distributed in 11, 4, 0 and
1 in the upper-left, upper right, bottom-left and bottom-right block, respectively.
Then, b) they are counted to be displayed, in percentages, by sections in a heat-
map, named as the ASTD matrix. Note that, if we could desire to transit from
S1 to S2, it is not possible at least under the spontaneous switch-off of x1 (0%).
In contrast, there exists several possible induced transitions inside the S1 block
(68.75%).

- 1 of the available induced state transitions is in the lower-right block.

Interestingly, in the bottom-left block there are not available induced state transitions from

basin S1 to basin S2.

To add some qualitative information on the difficulty that involves an available tran-

sition, we transform the previous information in a percentage indicator, as shown in Fig.

3.2, b). Visualized in this way we can easily identify, for instance, for which of the attrac-

tors it is easy to transit towards it.

This systematic analysis is repeated for all the n genes of the BC-GRN.

�
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3.5 Discussion

In previous chapters, it has been illustrated that the topological connectivity patterns

restrict the information flux as well as impose structural constraints on the overall behavior

of the network [29, 46], mainly in what concerns the attractor transitions.

In this direction, we here compute the controllability matrix of BC-GRNs, which allows

a full visualization of the available trajectories among pairs of gene activation configura-

tions. This is particularly relevant since we are concerned about finding control strategies

that drive the modular dynamic system from one configuration to another, commonly re-

lated to understand how a particular cell type (in cases where the gene profile corresponds

to a fixed-point attractor) can change, under the effect of micro-environments, alterations

originated from other B-GRN modules, etc.

Although reachability analysis (see the previous chapter) can be quite helpful in this

situation, there are some questions that still cannot be answered with that method. For

instance, if an attractor-to-attractor transition is not available under a suitable control

input u in a finite number of steps, we could investigate if the system can be driven near

of the attractor, and then let the system autonomously converge. In fact, such concerning

induced state trajectories can be found via the controllability analysis, by obtaining first

the controllability matrix Ck for each k-th gene, then sorting the information by basins

C̄k for both AND and OR operators.

Matrix C̄k, however, is a complex set of data that can be more successfully interpreted

if we sectioned it in its attractors and corresponding basins, assigning then a percentage for

each block. Thus, we introduce a visualization tool that we named as the ASTD matrix,

which basically is a heat-map of the available induced state transitions among pairs of

gene activation configurations. Hence, the different scenarios of state trajectories (A-A,

A-B or B-B transitions), presented in Section 3.4, can be easily analyzed.

Finally, we suppose that the information coded by the ASTD matrix can be discussed

from a biological perspective, since a high percentage of a certain block of the matrix

could be directly related to the robustness of the network to avoid induced transitions, at

least by a suitable manipulation of the concerned gene. A complete exploration of all the

genes would provide a preliminary insight about the relevance directly associated with its

functionality in the network as a whole, namely the cell fates outcomes. In the following

chapter, a B-GRN module related to the Epithelial-to-Mesenchymal Transition proposed
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by Mendez-Lopez and collaborators [45], is studied by all the algorithms that have been

presented in previous sections, to later discuss the result from a biologically substantiated

perspective.

3.6 Conclusion

In this chapter, we addressed the controllability analysis of BC-GRNs, using mathemat-

ical tools derived from the Semi–Tensor Product approach. The systematic exploration

proposed in the chapter allowed us to elucidate the available induced trajectories among

pairs of the attractors of the network as well as among states of their corresponding basins.

Thus, the number of state trajectories is expanded, as we had suspected in the beginning

of this chapter, complementing the results obtained from the reachability analysis. To

visualize all the transitions, we built a 3D array controllability matrix, named as Ck, which

is built by exploring individual alterations on the genes, and sorted by basins. Results are

summarized and shown in the Available State Transition Distribution matrix (ASTD), a

heat-map that includes the number of total available state trajectories in percentage form.

Hence, in the next chapter we will be able to evaluate the qualitative changes that occur

in a biological inspired GRN, when a suitable control input is added into the network.

Taken together, we are now ready to enhance the understanding of the dynamic effects

of ordered single alterations of genes on B-GRNs, which is quite helpful to uncover drug

targets on complex diseases such as cancer, just to provide a quite appealing potential

application.



Chapter 4

Uncovering the role that genes play

in GRNs: The

Ephitelial-to-Mesenchymal

Transition as a Case–of–Study

Introduction

I
n the previous chapters we exposed the reachability and controllability systemic anal-

ysis that we conceived as tools intended to uncover the structural role played by

individual network nodes in the transient properties of networks described in discrete–

time Boolean terms. The two proposed methodologies conform our solid Semi–Tensor

Product based algorithms and we use them to depict the dynamical characteristics of

different state transitions scenarios. In the context of systems biology, since attractor to

attractor transitions have a fundamental role in morphogenetic dynamics (this because a

particular given attractor corresponds to a specific cell phenotype and then a potential

developmental stage), we are particularly interested in that kind of state transitions. As

discussed before, some attractor to attractor transitions cannot be reached as a conse-

quence of an exogenous stimuli acting on a single node. However, new state trajectories

appear, including attractor to basin and basin to basin, when all the possible state transi-

tions are explored. The main objective of this chapter is to analyze what results when the

89
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proposed analysis methods are applied to a core gene regulatory network that has high

biological significance. For this reason we decided to apply our methodology to a net-

work that comes from the field of biology of medical systems. Henceforth, we take in this

chapter as a case–of–study the gene regulatory network that explain in causal terms the

Epithelial-to-Mesenchymal Transition in the context of epithelial cancer (see [45]). This

network determines cell–fate in the metastasis of cancerous tumors through the regulation

of a transition between two cell types: epithelial cells, which line the external and internal

surfaces of many organs, and mesenchymal stem cells, which are multipotent connective

tissue cells that can differentiate into other type of cells (such as muscles or bones, for

instance). It is worth noting that Epithelial-to-Mesenchymal Transition is part of nor-

mal developmental processes such as embryogenesis and tissue healing. Nevertheless, this

transition is of one of main mechanisms of tumor metastasis. For this reason, it is in the

context of the study of cancer diseases that the understanding of the specific role of the

nodes of the associated regulatory network is being addressed in an increasingly intensive

way. This in order to conceive therapeutic strategies aimed at stopping the emergence

and / or progression of the disease. We are not naive enough to claim that understanding

the role of a specific gene in reducing the probability of transition leads directly to the de-

velopment of an applicable therapeutic method. However, we are convinced that the best

route to conceive therapeutic strategies must be accompanied by a deep understanding

of the dynamics that govern the regulatory networks involved. It is in this tenor that we

inscribe our effort.

To fully cover all the previous results of this manuscript, now applying all the proposed

algorithms to the discrete–time Boolean model of the core gene regulatory network that

underlies the Epithelial-to-Mesenchymal transition, we follow the next procedure:

1. Description of the Epithelial-to-Mesenchymal Transition GRN.

2. Dynamic analysis of the Epithelial-to-Mesenchymal Transition GRN.

3. Reachability analysis of the Epithelial-to-Mesenchymal Transition GRN.

4. Controllability analysis of the Epithelial-to-Mesenchymal Transition GRN.

5. Discussion of the results with biological observables.
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Remark 4.1 At the end of this chapter we exemplify a very interesting transition accord-

ing to the obtained results; it is a backward non-common trajectory, from Mesenchymal-to-

Epithelial state. Interestingly, the manipulation of the genes p16 and NFkB are the main

targets to promote such transition. This is carried out in the context of the conceptualiza-

tion of potential therapeutic strategies intended to modulate the onset and progression of

epithelial cancer.

4.1 Description of the Ephitelial-to-Mesenchymal Tran-

sition GRN (EMT-GRN)

As a complex developmental process, Epithelial-to-Mesenchymal Transition (EMT) is in-

volved in:

- morphogenesis,

- tissue regeneration and,

- cancer progression.

This dynamical process is characterized by a series of cell–state transitions, in which

belonging to epithelial tissue, they loose their epithelial characteristics, and gain mes-

enchymal properties (e.g. increasing motility). Therefore, some experimentally grounded

gene regulatory networks (GRNs) models have started to be proposed to uncover the EMT

regulatory core, and thus contribute to the understanding of the EMT regulation and to

guide experiments by generating testable hypotheses.

Throughout this work, we particularly used as a case–of–study the core gene regulatory

network underlying Epithelial-to-Mesenchymal Transition (EMT-GRN) in the context of

epithelial cancer, proposed by Méndez-Lopez and collaborators [45], and expressed in

discrete–time Boolean terms. This complex Boolean network, grounded on experimental

data, integrates 9 different interacting molecular components; Snai2, ESE2, p16, E2F,

Cyclin, TELasa, NFkB, Rb and p53 (see the corresponding set of Boolean functions on

Supplementary Table A.5). Although this net is of moderate size, it was necessary to carry

out a pre-conditioning to facilitate the application of our techniques. This, by considering
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adjusting the logical rules, does not change the dynamic properties of the network. We

address this issue in what follows.

4.1.1 Simplified version of the EMT-GRN (S-EMT-GRN)

Despite its seeming low–dimensionality, almost all the Boolean functions involve many log-

ical interactions between many binary variables, which increase the computational cost for

further analyses. To solve this, we minimized such interactions through logic inference by

using the software Wolfram Mathematica for mathematical analysis. This map–method,

used for the synthesis of combinatorial logic circuits, helped us to simplify the Boolean

functions of the EMT-GRN to the minimum, and they are presented in Supplementary

Table A.6. We must point out that this new simplified version of the EMT-GRN, hereafter

referred to as S-EMT-GRN, recovers exactly the same attractors as well as the same truth

tables for each Boolean variable as the original EMT-GRN, which is to say the dynami-

cal properties of the network remain invariant. All the computational analyses were first

performed in the S-EMT-GRN in order to reduce the computational complexity, and the

results were then tested on the original EMT-GRN (i.e. the Boolean inputs, which drive

the system from one configuration to another).

In compact notation, the set of Boolean equations ΣS-EMT-GRN that conform this B-

GRN underlying the immortalization of epithelial cells, can be represented by:

ΣS-EMT-GRN : {xi(t+ 1) = fi(x1, x2, . . . , xn), i = 1, 2, . . . , 9} . (4.1)

It has been shown in previous studies (see [45]), that this autonomous dynamic system

recovers the specific gene expression profiles (fixed–point attractors) that correspond to

the :

- epithelial (Epi),

- senescent (Sen),

- mesenchymal (Mes)

stem–like phenotypes. This means that the set of attractors of the network corresponds to

the known gene profiles of the cells that constitute epithelial, senescent, and mesenchymal,
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tissues. In fact, in what follows we corroborated this result by using the algebraic form of

BN.

4.2 Dynamic analysis of the S-EMT-GRN

Given the autonomous low–dimensional Boolean S-EMT-GRN, the Boolean functions re-

lated to each node of the network, ΣS-EMT-GRN, are rewritten as algebraic operators, fol-

lowing for this Theorem 1.1. Thus, the structure matrices Mfi , i = 1, 2, . . . , n, can be

computed.

This rewriting enables us to transform the dynamical system into its algebraic form

described by:

x(t+ 1) = Lx(t),

where x(t) = nn
i=1xi(t) is the STP of the molecular components of the S-EMT-GRN,

meaning:

x(t) = Snai2(t)ESE2(t)p16(t)E2F(t)Cyclin(t)TELasa(t)NFkB(t)Rb(t)p53(t)

and L ∈ L29×29 is the network transition map between the updated and the current state

of expression.

Given L, we proceed to identify the attractors of the network corresponding to those

gene activation configurations experimentally observed. This for all the 29 possible ini-

tial conditions x0 ∈ ∆29 . Since trace(L) = 3, this network recovered three fixed–point

attractors in accordance to Méndez et al. in [45], each corresponding, respectively, to the

epithelial, senescent and mesenchymal stem–like cellular phenotypes.

The attractor’s set, conformed by those gene profiles that satisfy the condition:

Coli(L) = δi2n

is:

Ω = {δ332512, δ
313
512, δ

228
512},

with r0 = 4 (see Eq. (1.5)). Besides, the basins Sm for each ∆m, m = 1, 2, 3 are computed.

However, because of the size of Sm, the elements are not displayed here. Instead, a
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m Λm Name tag Basin size
1 δ332512 ∼ (0, 1, 0, 1, 1, 0, 1, 0, 0) ∼ 180 Epi 92
2 δ313512 ∼ (0, 1, 1, 0, 0, 0, 1, 1, 1) ∼ 199 Sen 132
3 δ228512 ∼ (1, 0, 0, 0, 1, 1, 1, 0, 0) ∼ 284 Mes 288

Table 4.1: Summary of the attractors and basin sizes of the S-EMT-GRN

summary of this information is shown in Table 4.1.

Remark 4.2 The recovered fixed–point attractors via the algebraic representation are the

same as the ones reported in [45], which were there obtained using standard simulation

also written in the R language (see Fig. A.3).

The analysis of the data provided by Table 4.1 leads us to the following:

Remark 4.3 As can be seen in Table 4.1, the basin of attraction corresponding to the

mesenchymal cellular phenotype comprises 56.25 percent of the 512 activation profiles of

the network, and the basin of attraction corresponding to the epithelial cellular phenotype

attractor comprises 17.96 percent. This means, in colloquial terms that it is easier for the

network to remain in the mesenchymal configuration state than to remain in the epithelial

cellular phenotype.

We now explore some autonomous state trajectories using the Boolean as well as the

continuous models of the S-EMT-GRN. Let us test three different x0 that eventually

converge to each attractor of the network. We have then:

x01 = δ512512, x02 = δ352512, x03 = δ448512

The observed autonomous state trajectories are:

x01 = δ512512 → δ71512 → δ378512 → δ364512 → δ332512 = Epi

x02 = δ352512 → δ331512 → δ298512 → δ313512 = Sen

x03 = δ448512 → δ17512 → δ186512 → δ242512 → δ228512 = Mes
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for each initial configuration. For a better visualization in Fig. 4.1 c), the corresponding

De is plotted for each x0.

We use Eqs. (1.7)–(1.9) to transform the system (4.1) into its continuous approxima-

tion. Thus, the system of ODEs that results from the transformation is given by:

ẋi = Θ
[
f̄i(x1, x2, . . . , xn)

]
− xi; i = 1, 2, . . . , 13,

where:

Θ
[
f̄i(x1, x2, . . . , xn)

]
=

1

1 + exp
[
−15

[
f̂i(x1, x2, . . . , xn)

]
− 0.5

] .

The numerical solutions of the ODEs system caused by each x0 are displayed in Fig.

4.1 d). At the top of these continuous transition plots, we indicate the corresponding gene

profile of each initial condition, whereas, at the bottom, the gene activation configuration

of the Epi, Sen and Mes attractors. Besides, the relative expression of the genes that

change over the time are displayed in thicker lines.

The previous analysis corresponds to the application of Algorithm 1 (see Chapter

1), to the transformed core gene regulatory network that underlies the Epithelial-to-

Mesenchymal Transition. We can now proceed to the application of our second algorithm,

which is to say Algorithm 2 exposed in Chapter 2.
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Figure 4.1: Dynamic analysis of the S-EMT-GRN. a) The network graph of
the S-EMT-GRN is composed by 9 genes as well as several non-linear interactions
among them. b) After an STP transformation, ΣS-EMT-GRN is rewritten as a
discrete–time linear system of the form x(t+1) = Lx(t). Hence, the dynamic graph
that includes both attractors and basins can be plotted. Finally, three different x0
were tested to observe its c) Boolean transition as well as d) continuous transition
plots.
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x0/xd Epi Sen Mes

Epi * NFkB, p16, p53 ESE2, Snai2

Sen p16 * ESE2, Snai2

Mes Snai2 *

Table 4.2: Available trajectories among all possible pairs of attractors induced
by potential genes. The crossover of row and column contains the gene to transit
from x0 to xd. In bold letters, the control input switches-on the gene while the
reminder switches-off. The (*) represents the same attractor as initial to final
condition, so no control input is needed.

4.3 Reachability analysis of the S-EMT-GRN

In order to uncover the genes that promote attractor transitions for the discrete–time

Boolean gene regulatory networks that we are taking into consideration in the current

example, we proceed to transform the S-EMT-GRN into a BC-S-EMT-GRN, by adding a

control input on the i-th gene. We tested separately two possible Boolean operator among

the original Boolean functions fi and the exogenous input u to create the new Boolean

function f̄i: the OR operator (switch-on), and the AND operator (switch-off). Thus, we

adopted the new system of Boolean equations given by:

ΣBC-S-EMT-GRN :
{
xi(t+ 1) = f̄i(x1, x2, . . . xn, u), i = 1, 2, . . . , 9, (4.2)

which now also depends on u. We apply then the STP transformation but now to BC-S-

EMT-GRN, and consequently the system became a discrete–time bilinear system of the

form:

x(t+ 1) = L̃x(t)u(t),

where L̃ is a matrix of dimensions 210×29, also called the transition matrix of the controlled

network. Then, to characterize the reachable subsets of BC-S-EMT-GRN, given the set

of attractors and the computed L̃, we performed Algorithm 2 for s = 1, 2, . . . , r0.

As we mentioned above, we called potential genes (resulting from the reachability

analysis) those ones that, changing their level of expression by the interaction with the

control input u, promote a trajectory from one attractor to another. Particularly for this

example, a total of 9 available trajectories were found on BC-S-EMT-GRN -at least under

the two connectors tested here- and they are summarized in Table 4.2.
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According to the results in the previous Table 4.2, we can now explore an induced tran-

sition from Sen to Epi attractor and backwards. The genes p16 (switching-off) and NFkB

(switching-on) were selected for this objective, respectively. So, the desired trajectory is

Sen
p16−−−→
5

Epi
NFkB−−−−−→

3
Sen (4.3)

Then, using Eqs. (2.5), (2.6) and (2.7), we obtained the continuous version of the BC-

S-EMT-GRN. In order to find the minimum time of manipulation of the potential genes

by the control inputs uj in the BC-S-EMT-GRN, we separated the composed trajectory

into two individual transitions, and consequently two different ODEs system were also

approximated as stated before. For each attractor transition, we take the initial attractor

as an x0 of the ODEs system, and we then increased the duration of the j-th control input

(∆tj), interpolating its value to obtain the value of time–dependent terms at specified

time. Moreover, we considered an extra time for each interval ∆tj in such a way that the

potential gene and the rest of the genes have enough time to relax to its new state after

the manipulation by the control input. The resulting time values are

Trajectory Minimum ∆tj Extra time

Sen
p16−−−→ Epi 2.19 5.5

Epi
NFkB−−−−−→ Sen 0.77 5.5

note that the continuous functions that changed by the addition of the uj are

f̂p16(·) = f̂p16(·) · u1
f̂NFkB(·) = f̂NFkB(·) · u2

In order to illustrate the induced trajectories that we have previously discussed, we

generated Figure 4.2. The included image has four main sections:

Section one: On the top-left we present the control inputs that are added to the S-EMT-

GRN, i.e. Figure 4.2.a), to promote the Sen-to-Epi transition, and then Epi -to-Sen

transition via p16 and NFkB, respectively.

Section two: On the bottom-left, the initial attractor state and its Boolean progressive

change under the effect of the controllers. In Fig. 4.2.b), the attractors (tagged with
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its De, i.e. its decimal equivalent representation) are visited as expected, and the

number of steps of such Boolean A-to-A transitions correspond with the computed

through the reachability analysis.

Section tree: On the other hand, to observe quantitative changes (i.e. the relative gene

expression of the p16 and NFkB on the induced trajectories), and evaluate if such

attractor transitions are maintained on the continuous approximation of the model,

we first plotted on Fig. 4.2.c) the bifurcation diagrams for each separated transition.

Section four: Finally, on Fig. 4.2. d) we tested the results on the continuous model of

the S-EMT-GRN.

Remark 4.4 Notice that, interestingly, on the continuous model the time of manipulation

of p16 is bigger than NFkB (see Figure 4.2.c)), so we reasoned that could be a direct

equivalence of steps and time.

In the next section, let us now expand the number of available trajectories according

to the results presented in Chapter 3, computing the ASTD matrix for each gene.
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Figure 4.2: Senescent-to-Epithelial-to-Senescent transition. a) A trajec-
tory from Sen to Epi to Sen attractor. It is tested on b) the Boolean model of
the S-EMT-GRN, as well as on d) its approximated continuous model.

4.4 Controllability analysis of the S-EMT-GRN

Previously we induced A-to-A state transitions, since we conclude that it was possible to

do it via the exploiting of the information provided by the reachablity analysis. Now, as an

illustration of the possibilities provided by the controllability analysis, we shall explore the
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possibility to steer the Epithelial-to-Mesenchymal core gene regulatory network, described

in terms of a discrete–time Boolean network, in order to get a reversible transition, i.e.

an induced Mesenchymal-to-Epithelial Transition. In this direction, we recall the result

in Chapter 3 to compute the controllability matrix Ck, which corresponds to the sort

information in blocks that include the attractor and its basin states.

According to the algorithm presented above, it is now necessary to add a control entry

for each gene of the EMT network. Then, each of the controllability matrices are calculated

and arranged by blocks for each of the given attractors, which are taken as initial and final

states defining the beginning and the end of differentiation trajectories, respectively. The

controllability matrix has 2n = 512 entries, that correspond to all the gene profiles that

the network can configure. Since the network has 9 nodes and also the control inputs

that are tested in this analysis are connected to the network via AND and OR logical

operators, there are a total number of 18 different matrices that conform the matrix set

identified by Ck. In this matrix are all the induced trajectories (A-to-A, B-to-A, . . . ) by

the different possible manipulations of the genes of the network, through spontaneous on

and off switches. It is important to emphasize that in this analysis those trajectories that

had previously been found through the analysis of reachability are recovered.

In Figure 4.3, the results of the controllability analysis for the network are shown. A

control input connected to the corresponding Boolean function through an AND (switches

off) is taken into account. The representation of the results, as mentioned in the previous

chapter, is provided through a heat map. This representation counts the total number

of available trajectories and display such quantities as percentages. For example, in the

upper left part of the graph, corresponding to the manipulation of node Snai2, there are

no possible trajectories from Epithelial and Senescent steady–states to the Mesenchymal

phenotype. We represent this fact just including 0% in the corresponding section. For

the same case the highest percentage of possible induced trajectories are within the same

mesenchymal attractor. This means that any initial condition belonging to the basin,

which will eventually reach the attractor’s configuration, can be manipulated to lengthen

or shorten this immanent trajectory. Similarly, the exploration and results for the rest of

the genes are shown in this figure.

On the other hand, when the control inputs intended to manipulate the nodes are

connected via an OR connector we obtain the corresponding results through the ASTD
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matrix as shown in Figure 4.4. Thus, both figures integrate the 18 graphs of the matrix

Ck.

Once performed the controllability analysis, which also includes the transient configu-

rations of the network, the total number of induced trajectories is expanded as had been

assumed at the beginning of the current chapter. For this, in a condensed way, in Figure

4.4, the tables of the analysis of reachability and controllability are included.

Remark 4.5 Note that, in the second analysis, 8 new induced trajectories appear. For

instance, one of particular relevance is the trajectory that leads from the mesenchymal

phenotype to the senescent phenotype. This induced trajectory did not appear when carry-

ing out the reachability analysis. This is because now the transient configurations are also

taken into account as initial conditions, so transitions are no longer restricted only to the

gene profiles of the attractors taken as initial conditions.

To visualize the results coming out from the controllability analysis and the associated

complexity of the manipulation of these transient configurations or “intermediate states”

that eventually, if there were no control action, would lead to the attractor to which they

belong, in the next section we shall explore in a detailed manner transitions from the

mesenchymal phenotypic state to the epithelial phenotypic state.
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Figure 4.3: ASTD matrices obtained from spontaneous switching-offs of
a single gene. For each gene of the S-EMT-GRN, a control input u is connected
via an AND operator in the concerned gene, overruling the original Boolean func-
tion and consequently a spontaneous inhibition of such gene is induced. Then,
we compute the controllability matrix C̄k, which has been separated in 2m blocks,
where m = 1, 2, 3 are the number of attractors (and then of basins of attraction).
The total number of available trajectories, including A-to-A, B-to-A and B-to-B
transitions, are counted to be displayed in percentages in the previous blocks, in
a heat-map form.
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Figure 4.4: ASTD matrices obtained from spontaneous switching-ons of
a single gene. For each gene of the S-EMT-GRN, a control input u is connected
via an OR operator in the concerned gene, overruling the original Boolean function
and consequently a spontaneous activation of such gene is induced. Then, we
compute the controllability matrix C̄k, which has been separated in 2m blocks,
where m = 1, 2, 3 are the number of attractors (and then of basins of attraction).
The total number of available trajectories, including A-to-A, B-to-A and B-to-B
transitions, are counted to be displayed in percentages in the previous blocks, in
a heat-map form.
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Figure 4.5: Available trajectories obtained in both analyses. a) After
applying the reachability analysis, where the x0 and xd are only taken as the
specific gene profiles corresponding to attractors, we found 9 possible transitions
among pairs of attractors. Note that, under this analysis, it is not possible to
transit from the Mes to the Sen attractor. Nevertheless, if we expand the number
of possible x0 and xd to those gene profiles also related to the elements of basins,
b) the number of total available trajectories increases to 17.

4.4.1 Interventions of intermediate states on EMT-GRN

In this section, we named intermediate states those gene profiles that correspond to the

transient states of the network (i.e. the gene profiles of the network that are not attrac-

tors), for instance, a state that is a member of the basin of Mes attractor:

x0 = δ385512 → δ50512 → δ250512 → δ228512 = Mes (4.4)

In other words, they are those initial conditions x0 that, if no control input u were con-

nected, the autonomous system would eventually converge to the attractor that charac-

terizes the basin where x0 is chosen.

Although the more common gene activation configurations found in gene expression

analyses are the ones corresponding to attractors, these intermediate states are also quite

relevant. Why? Because in recent multiple mutations single–cell experiments (see for

instance [36, 63]), it is possible to induce a particular desired gene profile, regardless of

whether they are or not a configuration that defines a given attractor. In this direction, we
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provide here a theoretical framework which can be very useful to help/guide these kind of

experiments, by using the controllability analysis where all 2n gene profiles are explored,

including attractors and the corresponding basins of attraction. In fact, our approach is

oriented to intervene intermediate states and thus revoke imminent transitions, via suitable

control inputs in specific genes. Later on, we will indeed intervene the intermediate state

x0 of the Eq. (4.4).

In the case of the BC-S-EMT-GRN, a particularly relevant induced state trajectory

is the one associated to the Mesenchymal-to-Epithelial Transition (MET). This transition

has an important therapeutic meaning. This because in the context of epithelial cancer

MET corresponds to an induced transition from a cellular unhealthy state to a cellular

healthy (for a specific tissue). Hence, the desired trajectory is:

Mes −→ Sen −→ Epi

This trajectory can be divided into two sections:

- from Mes to Sen,

- and from Sen to Epi.

We apply the proposed controllability analysis to find the suitable control sequence that

allows to drive the dynamic system from Mes to Sen attractor since, according to the

table on the bottom of Fig. 4.5, this state transition is possible only if we explore and

induce a B-to-A transition. In fact, there are two potential genes, Snai2 and NFkB,

that could promote such an induced transition. On the other hand, we apply the control

sequence obtained via reachability analysis for the transition from Sen to Epi attractor

due to there is an available A-to-A transition by manipulating the network node that

corresponds to p16. Fortunately, MET transition is quite useful to elucidate that both

analyses are complementary and can be applied simultaneously, and thus provide a full

relevant information on the functionality of the genes of the network (when considering

differentiation dynamics).

Once the two complementary analyses are applied, we built the full desired trajectory

as follows:

Mes
NFkB−−−−−→

8
Sen

p16−−−→
5

Epi
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The result of the controllability analysis indicates that if we fix as initial condition:

x0 = δ385512 ∼ (0, 0, 1, 1, 1, 1, 1, 1, 1) ∼ 127,

which is a state that belongs to the basin of Mes attractor, we are able to intervene this

intermediate state under the control sequence:

u1(t) = (0, 0, 1, 1, 1, 1, 1, 1, 1)

that acts on the activation state of gene NFkB through an AND operator (spontaneous

switching-off). Thus after 8 steps the network attains the Sen gene profile. On the left of

Fig. 4.6, we show the transition from a state of the basin of attraction of Mes to the Sen

attractor (in dotted line). Note that, the black line indicates that if the transitory state

is not intervened, the system eventually converge to the Mes attractor as expected.

For the second section, once the dynamic system has reached the gene profile corre-

sponding to the Sen attractor, the reachability analysis showed that the control sequence

given as:

u2(t) = (0, 0, 1, 1, 1)

that modulates the activation state of gene p16 through an AND operator (spontaneous

switching-off), is able now to promote a transition to the Epi attractor. Since both

control input will be connected simultaneously, it is necessary to complete each sequence

to promote the full transition as follows:

u1(t) = (0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1), on NFkB

u2(t) = (1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 1, 1, 1), on p16

Finally, the complete induced state reprogramming trajectory, which is quite relevant

in the context of epithelial cancer when finding potential genes that can be therapeutic

targets, is depicted on the right of the Fig. 4.6.

Remark 4.6 It is important to mention that the previous control action is not the unique

strategy to promote MET transition. However, we specifically pointed out these genes be-

cause they are strongly related with inflammatory processes [45], which are the key features
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on understanding the origin of unhealthy states on tissues in the context of chronic—

degenerative diseases.
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Figure 4.6: Mesenchymal to Epithelial Transition.

Figure 4.7: Reversing the Epithelial-to-Mesenchymal Transition via ex-
ogenous control. For the core gene regulatory network that underlies the ep-
ithelial to mesenchymal transition, modeled by the discrete–time Boolean network
EMT-GRN, the image on the left represents an induced transition from the mes-
enchymal attractor to the senescent attractor. The induction starts from an el-
ement located in the attraction basin of the mesenchymal attractor (that is, the
depicted transition belongs to the B-to-A transition class). By manipulating the
activation state of the NFκb node, first sustaining an inhibitory action and then
releasing the control action, the network is stirred from the given initial condition
to the senescent attractor. On the other hand, the image on the right concerns the
transition from the senescent attractor to the epithelial attractor. Once attained
the final condition via the control action depicted in the image on the left, a com-
plementary control action is now applied. This steers the network’s configuration
to the epithelial state. This is attained by applying a train of inhibition actions
of the activation state of the node corresponding to p16. This thus shows the
reversible transition process induced by control from the mesenchymal state to the
epithelial state (this manipulating the activation state of node NFκb and p16 via
a well–designed control action).
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4.5 Discussion

In this chapter we complement the reachability analysis methodology with a proposed

controllability analysis. The complementary nature of both approaches to induce pheno-

typic transitions has been illustrated in this chapter via the induction of a Mesenchymal-

to-Epithelial Transition via a composed control action that modulates the behavior of

Epithelial-to-Mesenchymal gene regulatory network. Since this core gene regulatory net-

work characterizes the onset and progression of epithelial cancer, the design of the control

action can be interpreted in conceptual terms as a therapeutic strategy intended to reverse

the unhealthy cellular phenotypic state. Henceforth, the combined method can be useful to

explore the regulatory circumstances that potentiates reversed transitions. Since chronic

inflammation potentiates epithelial cancer, it is quite natural from a medical systems biol-

ogy point of view to chose NFκb and p16 as therapeutic targets. However, the considered

core gene regulatory network is not isolated. It is embedded into a complex regulatory

machinery that includes different modules, e.g. the module that regulates the inflamma-

tory response and the module that regulates the cell cycle (see [34] and the references

therein). This complexity is increased when the nodes that instantiate the Epithelial-to-

Mesenchymal core gene regulatory network to specific tissues are included. This finding

leads us to suggest that the proposed methodology can be used to explore the connection

patterns between modules that make reverse transitions possible (e.g. through the modi-

fication of the membership of the basins of attraction of the attractors involved). This is

the control law could be used to determine the structural and functional characteristics

of the interconnection patterns that must exist between core gene regulatory modules to

enhance cellular reprogramming reported in the scientific literature. This may also be

of great importance in the context of the interpretation, from the perspective of medical

systems biology of the processes underlying tissue regeneration (see for instance [64]).

Returning to the therapeutic aspect, an actual control strategy requires taking into

account transition times, as well as the unavoidable presence of stochasticity (among

other important aspects). This necessarily leads to the transformation of our proposed

methodology to one that uses continuous–time descriptions of the dynamics of regulation.

In the specific case of the transition from the epithelial state to the mesenchymal state,

under the action of the inflammatory response, the continuous–time model presented in

[4] could serve as a starting point.
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Although the presented methodology focuses on elucidating the role that certain nodes

play in the phenotypic transition dynamics, by acting as access routes to the stimuli that

induce them, it would be necessary to complement our study by also exploring intercon-

nection patterns between core gene regulatory modules. Interconnection patterns that are

translated into the setting of specific properties of the attraction basins, which condition

transition probabilities due to stochastic noise and not to deterministic stimuli. In this

regard, we think that the formalization of stochastic landscapes should be enriched to

include aspects of reachability. Recent work is allowing the experimental characterization

of the dynamics of biological development in specific tissues. This through the use of

analysis methods based on single cells (see for instance [55]), which has the potential to

clarify the action of natural modulation patterns that can be understood in the light of

their comparison with the conceptual control strategies that induce transitions.

An aspect that also seems significant to us from what we present in this chapter

concerns the possibility of introducing a metric that quantifies the significance that each

specific gene in a regulatory network possesses in terms of its role in the induction of

transition dynamics between phenotypic states. As illustrated with the example of the

Mesenchymal-to-Epithelial Transition, a specific combination of actions to modulate the

activity of the NFkB and p16 genes allows the transition shown, from which the existence

of associations between specific genes and differentiation (or reprogramming, if it is the

case) processes that are also specific, which is manifested in the ASTD matrix. This

matrix can be used to conceptualize the suggested metric.

4.6 Conclusion

In this chapter we have illustrated how to exploit both the reachability analysis and the

controllability analysis as a means of inducing phenotypic transitions by designed control-

ling actions consisting of specific deterministic exogenous stimuli. Our discussion has been

limited to the generic model of the network that underlies the Epithelial-to-Mesenchymal

Transition described in discrete–time Boolean terms in the context of epithelial cancer, i.e.

system S-EMT-GRN as described in Table A.6. By applying the proposed methodology,

the nodes of the network whose activation state can be manipulated to induce transitions

are identified. Subsequently, control actions are designed and when applied, transitions are
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induced, both between attractors and between intermediate states and attraction basins.

The procedure is illustrated by constructing a control law that allows Mesenchymal-to-

Epithelial Transition to take place. In this case, the activity states of the NFkB and p16

genes are manipulated to achieve the desired goal. In this regard, we have illustrated how

ASTD matrices guide the design process of the considered control actions.

In the context of medical systems biology, we have discussed the potential usefulness of

the results presented in this chapter, particularly with regard to the detection of therapeu-

tic targets. These are nodes of the network whose manipulation can aid in the transition

between unhealthy phenotypic states and healthy phenotypic states. It is clear to us that

this possibility is inscribed in a conceptual perspective that must adapt to clinical reality,

to the fact that the network considered here is not isolated from its environment, as well

as to the inevitable presence of stochasticity in regulatory dynamics.



Conclusion and Perspectives

T
hroughout this manuscript we have addressed the study of the structural prop-

erties linked to the reachability of core gene regulatory networks described through

discrete–time Boolean models. This in the context of the study of biological development

from the perspective of automatic control theory. We have restricted our study to the

deterministic case, without this meaning that we are not aware of the stochastic nature

of the transcriptional regulation of the biomolecular dynamics of biological development.

This perspective has been translated into the use of methods of algebraic representation

of the networks through the so–called Semi–Tensor Product, which allows gene regulatory

networks under study to be represented in algebraic terms as discrete–time dynamic sys-

tems. Once such a representation has been achieved, the exploration of the circumstances

that allow or not the transitions between steady–states of the dynamic system can then

be approached. In terms of dynamic systems, the steady–states of a developmental gene

regulatory network correspond to its set of attractors. Thus, a specific developmental

trajectory can then be described formally in terms of paths through the attractor land-

scape. Addressing the study of the structural properties of gene regulatory networks from

the perspective of the theory of automatic control has two fundamental objectives. The

first focuses on discovering the characteristics of the structural constraints that make the

transitions that underlie development possible. The second focuses on characterizing the

specific role of the nodes that make up the regulatory network. The algebraic treatment

allow us to address these two aspects in a systematic way through the development of effi-

cient numerical algorithms, without this meaning that there are no significant limitations

in the scope of what can be done with them. More specifically, the use of the Semi–

Tensor Product, which allows translating the logical rules that shape Boolean networks to

a matrix representation, involves a high computational cost as the number of nodes and
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interactions grows. This limits its application to networks of moderate size. Fortunately

for us, biological development involves networks of moderate size, the so-called core gene

regulatory networks. As long as it is a question of studying these networks in themselves,

the problem of computational cost does not represent a significant challenge. This is no

longer the case when addressing the study of what results in dynamic terms when net-

works are interconnected. Although developmental networks do not work in isolation,

partial modularity of transcriptional regulation makes possible to use algebraic analysis

methods. In addition, the study of reachability properties gives rise to the identification of

nodes that could be acting as bridges that allow interconnection between networks. Iden-

tifying which nodes must be modulated to drive a specific transition between attractors

in a given regulatory network allows us to explore the specific origin of exogenous stimuli,

as due to the action on the network of other regulatory networks. If this is important in

the context of the study of developmental dynamics, it is even more so when considering

problems inherent to the biology of medical systems. For this reason, in this research

work we have illustrated our systematic methodology for exploring the properties of gene

regulatory networks, first considering an academic example, then a famous example that

has been taken from the field of study of floral morphogenesis, as well as an example

concerning the presence of a cyclic attractor, to finish with the example that concerns

the Epithelial-to-Mesenchymal Transition in the context of epithelial cancer. It is through

this last example that we have explored the possibility of reversing the transition from the

mesenchymal cell state to the epithelial cell state, by manipulating the state of activity of

certain specific nodes of the underlying gene regulatory network. More specifically, it was

demonstrated in Chapter 4 that a piecewise control action involving the modulation of the

activity of the nodes corresponding to NFκB and p16 can lead the network from the dom-

inant mesenchymal state to the epithelial state. In terms of the treatment of cancerous

disease, the proposed control law can be implemented in different ways, with those that

follow a preventive perspective being the preferred ones. This use of the methodology that

we present in this manuscript is part of the effort to provide the community dedicated to

biomedical research with tools that allow them to discover the specific role of certain sets

of genes in the onset and progression of degenerative diseases. Our work is conceived as a

guide to address the system based understanding of the dynamic processes that underlie

the progression of chronic degenerative diseases, from the perspective of automatic control
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theory, as a complement to the bioinformatics approaches that so far dominate the field

of medical science that is immersed in the so–called genomic medicine.

To end, we are aware of the existence of other methodologies for controlling the dy-

namics of gene regulatory networks, some of which not only consider the manipulation of

node activity, but also the modification of the network edges, inherent stochasticity, as well

as closed-loop control schemes (see for instance [11, 40, 65] and the references therein).

However, the algebraic and deterministic approach that we follow here has as its main

advantage the fact that the Boolean description of regulatory interactions between nodes

is relatively easy to obtain from experimental data. Furthermore, as has been illustrated

by following this approach, it is possible to systematize in computational terms the ex-

ploration of the manipulation opportunities offered by the network, which can guide the

design of therapeutic strategies in the context of medical systems biology. We are aware

of the existence of other methodologies for controlling the dynamics of genetic regulation

networks, such as those proposed in [51], which use the so-called Process Hitting method,

which focuses on the construction of the discrete–time model of gene regulatory networks

from the evidence of transitions in the available data. One perspective of this work is to

adapt the proposed methodology to such an approach. In addition, the proposed method-

ological approach is further explored in terms of continuous–time descriptions, to take into

account aspects such as the influence of differences between time–scales on the dynamics

that govern the reachability properties of networks.



Appendix A

Boolean functions of the B-GRN

modules

Introduction

In this appendix we include the sets of logical rules that define the discrete–time Boolean

core gene regulatory networks for the examples covered in this manuscript (excluding the

academic one, because for that example the corresponding logical rules were presented

when the example was introduced), which is to say:

• The Floral Organ Specification core gene regulatory network (FOS-GRN).

• The Arabidopsis thaliana Cell Cycle core gene regulatory network (ACC-GRN).

• The Epithelial-to-Mesenchymal core gene regulatory network (EMT-GRN).

En each case we also include the corresponding set of attractors. As far as FOS-GRN,

we also include the regulatory functions that correspond to the continuous–time approxi-

mation. For the gene regulatory network that underlies the Epithelial-to-Mesenchymmal

transition in the context of epithelial cancer we also include the Boolean regulatory rules

that define the simplified version, i.e. system S-EMT-GRN.
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xi(t+ 1) = fi(x1(t), x2(t), . . . xn(t))

AG(t+ 1) = (!EMF1 & !AP2 & !TFL1 ) | ( !EMF1 & !AP1 & LFY ) | ( !EMF1 & !AP2 & LFY )
| ( !EMF1 & !TFL1 & LFY & ( AG & SEP )) | ( !EMF1 & ( LFY & WUS))

AP1(t+ 1) = ( !AG & !TFL1 ) | ( FT & LFY & !AG ) | ( FT & !AG & !PI ) | ( LFY & !AG & !PI)
| ( FT & !AG & !AP3 ) | ( LFY & !AG & !AP3 )

AP2(t+ 1) = !TFL1
AP3(t+ 1) = ( LFY & UFO ) | ( PI & SEP & AP3 & ( AG | AP1 ))

EMF1(t+ 1) = !LFY
FT (t+ 1) = !EMF1

FUL(t+ 1) = !AP1 & !TFL1
LFY (t+ 1) = !EMF1 | !TFL1
PI(t+ 1) = ( LFY & ( AG | AP3 )) | ( PI & SEP & AP3 & ( AG | AP1 ))

SEP (t+ 1) = LFY
TFL1(t+ 1) = !AP1 & ( EMF1 & !LFY )
UFO(t+ 1) = UFO
WUS(t+ 1) = WUS & ( !AG | !SEP )

Table A.1: Boolean functions of the FOS-GRN

A.1 System FOS-GRN

A.1.1 Boolean functions

The Floral Organ Specification Gene Regulatory Network on Arabidopsis thaliana (FOS-

GRN), characterized from experimental evidence and proposed by Álvarez-Buylla and

collaborators [6], constitutes a model–of–choice for the study of morphogenesis regulation

in multi–cellular organisms. This developmental gene regulatory network is up to now

described as an autonomous deterministic discrete–time dynamical system in Boolean

terms as a network conformed by 13 genes. These, the nodes of the network, change its

activation state over the time according to the Boolean function related to the gene xi,

for i = 1, 2, . . . , 13. The set of Boolean functions is shown in Table A.1.

A.1.2 Set of attractors

For FOS-GRN we have ten fixed-point attractors; four of them specifically related to both

the structural configuration and the dynamical behavior of the inflorescence meristem

(Ii, i = 1, 2, 3, 4), whilst the reminder members of the attractors set are related to the

phenotypic traits of the primordial cells shaping sepals, petals, stamens, and carpels. The

configurations of each attractor are presented in Figure A.1.
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active inactive

CAR SE PE1 PE2ST1 ST2

Figure A.1: Gene profiles of the the ten fixed-point attractors of FOS-GRN.

A.1.3 Set of continuous functions

The ODEs system is described by:

ẋi =
1

1 + exp
[
−b
[
f̂i(x1, x2, . . . , xn)

]
− ε
] − xi

where the corresponding continuous–time f̂i functions are shown in Table A.2. The pa-

rameters satisfy ε = 0.5 and b >> 1.

A.2 System ACC-GRN

A.2.1 Boolean functions

As far as the discrete–time Boolean logical functions that constitute describe the Ara-

bidopsis thaliana cell cycle core gene regulatory network, they are shown in Table A.3.
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f̂AG(·) = LFY · (1− EMF1) · (1 − AP1 · AP2 · (1− WUS ) · (1− AG · SEP (1− TFL1))) +
(1− EMF1) · (1− TFL1) · (1− AP2) −
LFY · (1− EMF1) · (1 − AP1 · AP2 · (1− WUS ) · (1− AG · SEP (1− TFL1))) ·
(1− EMF1) · (1− TFL1) · (1− AP2)

f̂AP1(·) = (1− AG ) · (1− TFL1 · (1− LFY · FT ) )

f̂AP2(·) = (1− TFL1)

f̂AP3(·) = (LFY · UFO ) + (PI · SEP · AP3 · (AG + AP1− AG · AP1)) −
(LFY · UFO ) · (PI · SEP · AP3 · (AG + AP1− AG · AP1))

f̂EMF1(·) = (1− LFY )

f̂FT (·) = (1− EMF1)

f̂FUL(·) = (1− AP1) · (1− TFL1)

f̂LFY (·) = (1− EMF1 · TFL1)

f̂PI(·) = (LFY · (AG + AP3− AG · AP3)) + (PI · SEP · AP3 · (AG + AP1− AG · AP1)) −
(LFY · (AG + AP3− AG · AP3)) · (PI · SEP · AP3 · (AG + AP1− AG · AP1))

f̂SEP (·) = LFY

f̂TFL1(·) = (1− AP1) · (1− LFY ) · EMF1

f̂UFO(·) = UFO

f̂WUS(·) = WUS · (1− AG · SEP )

Table A.2: Continuous functions of FOS-GRN

A.2.2 Cyclic attractor

The gene profiles of the corresponding cyclic attractor are shown in Figure A.2.

A.3 System EMT-GRN

A.3.1 Boolean functions

The set of Boolean functions presented in Table A.3, correspondc to those molecular com-

ponents that are considered on the core GRN underlying the immortalization of epithelial

cells, proposed by Méndez-Lopez and collaborators in [45].

A.3.2 Set of attractors

The fixed–point attractors of the discrete–time core gene regulatory network underlying

Epithelial-to-mesenchymal transition are shown in Figure A.3.
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xi(t+ 1) = fi(x1(t), x2(t), . . . xn(t))

CY CD31(t+ 1) = !SCF
SCF (t+ 1) = !APCC & ( ( E2Fb & ( !RBR | ( !KRP1 & CY CD3; 1 ) ) ) |MYB3R1/4 )
RBR(t+ 1) = ( KRP1 | !CY CD3; 1 ) & ( ( E2Fa & !RBR ) |MYB3R1/4 )
E2Fa(t+ 1) = ( E2Fa | !E2Fc ) & ! ( CDKB1; 1 & CY CA2; 3 )
E2Fb(t+ 1) = E2Fa & !RBR
E2Fc(t+ 1) = ! ( SCF & !KPR1 & CY CD3; 1 ) & ( ( E2Fa &!RBR ) |MYB3R1/4 )
E2Fe(t+ 1) = ( !E2Fc | ( E2Fb & ( !RBR | ( !KRP1 & CY CD3; 1 ) ) ) ) |MYB77

MYB77(t+ 1) = E2Fb & ( !RBR | ( !KRP1 & CY CD3; 1 ) )
MYB3R1/4(t+ 1) = MYB77 | ( MYB3R1/4 & CY CB1; 1 & !KRP1 )
CY CB1; 1(t+ 1) = !APC/C &

( MYB3R1/4 |MYB77 | ( !RBR | ( !KRP1 & CY CD3; 1 ) & E2Fb & !E2Fc ) )
CDKB1; 1(t+ 1) = ( ( !RBR | ( !KRP1 | CY CD3; 1 ) ) & E2Fb & !E2Fc ) |MYB3R1/4 |MYB77
CY CA2; 3(t+ 1) = !APC/C & ( MYB3R1/4 |MYB77 )

KRP1(t+ 1) = ( MYB77 |MYB3R1/4 ) & ! ( CDKB1; 1 & CY CA2; 3 & SFC )
APC/C(t+ 1) = !E2Fe & ( MYB3R1/4 |MYB3R1/4 | ( E2Fa & !RBR ) )

Table A.3: Boolean functions of ACC-GRN

A.3.3 System S-EMT-GRN

In order to reduce the computational complexity for further analyses, in terms of the

computational cost that arises due to the operations between matrices, we simplified the

aforementioned set of Boolean functions of the EMT-GRN. The result of such simplifica-

tion is shown in Table A.5, and we refer to this simplified version of the EMT-GRN as

S-EMT-GRN.
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Figure A.2: Gene profiles of the single cyclic 11-length attractor of the ACC-
GRN.

f̂CY CD31(·) = 1− SCF
f̂SCF (·) = min (1− APCC,max(min (max (1−RBR,min(1−KRP1, CY CD31)) , E2Fb),MY B3R14))

f̂RBR(·) = min(max(KRP1, 1− CY CD31),max(min(E2Fa, 1−RBR),MY B3R14))

f̂E2Fa(·) = min(max(E2Fa, 1− E2Fc), 1−min(CDKB11, CY CA23))

f̂E2Fb(·) = min(E2Fa, 1−RBR)

f̂E2Fc(·) = min(1−min(SCF,min(1−KRP1, CY CD31)),max(min(E2Fa, 1−RBR),MY B3R14))

f̂E2Fe(·) = max(1− E2Fc,max(min(E2Fb,max(1−RBR,min(1−KRP1, CY CD31))),MY B77))

f̂MYB77(·) = min(E2Fb,max(1−RBR,min(1−KRP1, CY CD31)))

f̂MYB3R14(·) = max(MYB77,min(MYB3R14,min(CY CB11, 1−KRP1)))

f̂CY CB11(·) = min(1− APCC,min(max(MYB3R14,max(MYB77,min(max(1−RBR,
min(1−KRP1, CY CD31)),min(E2Fb, 1− E2Fc))))))

f̂CDKB11(·) = max(min(max(1−RBR,min(1−KRP1, CY CD31)),min(E2Fb, 1− E2Fc)),
max(MYB3R14,MY B77))

f̂CY CA23(·) = min(1− APCC,max(MYB3R14,MY B77))

f̂KRP1(·) = min(max(MYB77,MY B3R14), 1−min(CDKB11,min(CY CA23, SCF )))

f̂APCC(·) = min(1− E2Fe,max(min(E2Fa, 1−RBR),max(MYB3R14,MY B77)))

Table A.4: Continuous functions of ACC-GRN
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xi(t+ 1) = fi(x1(t), x2(t), . . . xn(t))

Snai2(t+ 1) = ( !ESE2 & !NFkB & !Snai2 ) | ( !ESE2 & !NFkB & Snai2 ) | ( !ESE2 & NFkB & !Snai2 ) |
( !ESE2 & NFkB & Snai2 ) | ( ESE2 & NFkB & Snai2 )

ESE2(t+ 1) = ( !NFkB & !Snai2 & !ESE2 ) | ( !NFkB & !Snai2 & ESE2 ) | ( !NFkB & Snai2 & ESE2 ) |
( NFkB & !Snai2 & !ESE2 ) | ( NFkB & !Snai2 & ESE2 )

p16(t+ 1) = ( !p16 & !E2F & p53 & !TELasa & !Snai2 ) | ( !p16 & !E2F & p53 & !TELasa & Snai2 ) |
( !p16 & !E2F & p53 & TELasa & !Snai2 ) | ( !p16 & E2F & p53 & !TELasa & !Snai2 ) |
( !p16 & E2F & p53 & !TELasa & Snai2 ) | ( !p16 & E2F & p53 & TELasa & !Snai2 ) |
( p16 & !E2F & !p53 & !TELasa & !Snai2 ) | ( p16 & !E2F & p53 & !TELasa & !Snai2 ) |
( p16 & !E2F & p53 & !TELasa & !Snai2 ) | ( p16 & !E2F & p53 & TELasa & !Snai2 ) |
( p16 & E2F & !p53 & !TELasa & !Snai2 ) | ( p16 & E2F & !p53 & !TELasa & Snai2 ) |
( p16 & E2F & !p53 & TELasa & !Snai2 ) | ( p16 & E2F & !p53 & !TELasa & Snai2 ) |
( p16 & E2F & p53 & !TELasa & !Snai2 ) | ( p16 & E2F & p53 & !TELasa & Snai2 ) |
( p16 & E2F & p53 & TELasa & !Snai2 ) | ( p16 & E2F & p53 & TELasa & Snai2 ) |
( p16 & !E2F & !p53 & TELasa & !Snai2 )

E2F (t+ 1) = ( !Rb & !p53 & !Snai2 & !Cyclin ) | ( !Rb & !p53 & !Snai2 & Cyclin )
Cyclin(t+ 1) = ( !ESE2 & !E2F & !p16 & !NFkB & !Snai2 ) | ( !ESE2 & !E2F & !p16 & NFkB & !Snai2 ) |

( !ESE2 & !E2F & !p16 & NFkB & Snai2 ) | ( !ESE2 & E2F & !p16 & !NFkB & !Snai2 ) |
( !ESE2 & E2F & !p16 & NFkB & !Snai2 ) | ( !ESE2 & E2F & !p16 & NFkB & Snai2 ) |
( ESE2 & !E2F & !p16 & !NFkB & !Snai2 ) | ( ESE2 & !E2F & !p16 & NFkB & !Snai2 ) |
( ESE2 & E2F & !p16 & !NFkB & !Snai2 ) | ( ESE2 & E2F & !p16 & NFkB & !Snai2 )

TELasa(t+ 1) = ( !Snai2 & !ESE2 ) | ( Snai2 & !ESE2 )
NFkB(t+ 1) = ! ( !ESE2 & !p16 & !Snai2 & !NFkB )

Rb(t+ 1) = ( !Cyclin & !p16 & p53 ) | ( !Cyclin & p16 & !p53 ) | ( !Cyclin & p16 & p53 ) |
( Cyclin & !p16 & p53 ) | ( Cyclin & p16 & !p53 ) | ( Cyclin & p16 & p53 )

p53(t+ 1) = ( !p53 & !NFkB & !TELasa & !p16 & !Snai2 ) | ( !p53 & !NFkB & !TELasa & p16 & !Snai2 ) |
( !p53 & NFkB & !TELasa & p16 & !Snai2 ) | ( p53 & !NFkB & !TELasa & !p16 & !Snai2 ) |
( p53 & !NFkB & !TELasa & p16 & !Snai2 ) | ( p53 & NFkB & !TELasa & p16 & !Snai2 ) |

Table A.5: Boolean functions of EMT-GRN.

p53
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NFkB
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E2F

p16

ESE2

Snai2

active inactive

Figure A.3: Gene profiles of three fixed-point attractors of the EMT-GRN.
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xi(t+ 1) = fi(x1(t), x2(t), . . . xn(t))

Snai2(t+ 1) = ( Snai2 & NFkB ) | !ESE2
ESE2(t+ 1) = ( ESE2 & !NFkB ) | !Snai2
p16(t+ 1) = ( E2F & p16 ) | ( p16 & !Snai2 ) | ( p53 & !Snai2 ) | ( p53 & !TELasa )
E2F (t+ 1) = !p53 & !Snai2 & !Rb

Cyclin(t+ 1) = ( !ESE2 & !p16 & NFkB ) | ( !Snai2 & !p16 )
TELasa(t+ 1) = !ESE2
NFkB(t+ 1) = Snai2 | ESE2 | p16 | NFkB

Rb(t+ 1) = p16 | p53
p53(t+ 1) = ( !Snai2 & p16 & !TELasa ) | ( !Snai2 & !TELasa & !NFkB )

Table A.6: Boolean functions of S-EMT-GRN.

f̂Snai2(·) = Snai2 · NFkB + (1 − ESE2)− Snai2 · NFkB · (1 − ESE2)

f̂ESE2(·) = (1 − Snai2) + ESE2 · (1 − NFkB ) − (1 − Snai2) · ESE2 · (1 − NFkB)

f̂p16(·) = E2F · p16 + p16 · (1 − Snai2) − E2F · p16 · p16 · (1 − Snai2) +
p53 · (1− Snai2) + p53 · (1− TELasa)− p53 · (1− Snai2) · p53 · (1− TELasa)−
E2F · p16 + p16 · (1 − Snai2) − E2F · p16 · p16 · (1 − Snai2) ·
p53 · (1− Snai2) + p53 · (1− TELasa)− p53 · (1− Snai2) · p53 · (1− TELasa)

f̂E2F (·) = (1− p53) · (1− Snai2) · (1−Rb)
f̂Cyclin(·) = (1− Snai2) · (1− p16) + (1− ESE2) · (1− p16) ·NFkB−

(1− Snai2) · (1− p16) · (1− ESE2) · (1− p16) ·NFkB
f̂TELasa(·) = 1− ESE2

f̂NFkB(·) = (Snai2 + ESE2− Snai2 · ESE2) + (p16 +NFkB − p16 ·NFkB)−
(Snai2 + ESE2− Snai2 · ESE2) · (p16 +NFkB − p16 ·NFkB)

f̂Rb(·) = p16 + p53− p16 · p53

f̂p53(·) = ((1− Snai2) · p16 · (1− TELasa) + (1− Snai2) · (1− TELasa) · (1−NFkB))−
((1− Snai2) · p16 · (1− TELasa) · (1− Snai2) · (1− TELasa) · (1−NFkB))

Table A.7: Continuous functions of S-EMT-GRN



Appendix B

Reachability analysis support

information

Introduction

We deal in this appendix with the support material corresponding to the reachability

analysis proposed in this manuscript.

B.1 FM-like transitory state appears in the IM-to-

FOP transitions.

We found that induced trajectories from any of the sub-zones of the IM to floral organs,

visit a transitory state with the gene profile of an FM-like attractor, even though the FOS-

GRN does not recover it. To illustrate this, we selected four developmental trajectories;

I1−FT→SE, I2−FT→PE2, I3−FT→ST2, I4−FT→CAR. Since these trajectories

are induced by u, the Boolean function of the gene FT changes as follows:

FT (t+ 1) = fFT (·) |u

The results for each IM-to-FOP transition are shown in the following Table B.1. As we

noticed, at s = 4 a specific gene activation configuration is reached,which is very similar

to an expected FM-like state.
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State AG AP1 AP2 AP3 EMF1 FT FUL LFY PI SEP TFL1 UFO WUS s

I1 0 0 0 0 1 0 0 0 0 0 1 0 0 0
0 0 0 0 1 1 0 0 0 0 1 0 0 1
0 1 0 0 1 1 0 0 0 0 1 0 0 2
0 1 0 0 1 0 0 0 0 0 0 0 0 3

FM-like 0 1 1 0 1 0 0 1 0 0 0 0 0 4
0 1 1 0 0 0 0 1 0 1 0 0 0 5

SE 0 1 1 0 0 1 0 1 0 1 0 0 0 6
I2 0 0 0 0 1 0 0 0 0 0 1 1 0 0

0 0 0 0 1 1 0 0 0 0 1 1 0 1
0 1 0 0 1 1 0 0 0 0 1 1 0 2
0 1 0 0 1 0 0 0 0 0 0 1 0 3

FM-like 0 1 1 0 1 0 0 1 0 0 0 1 0 4
0 1 1 1 0 0 0 1 0 1 0 1 0 5

PE 0 1 1 1 0 1 0 1 1 1 0 1 0 6
I3 0 0 0 0 1 0 0 0 0 0 1 1 1 0

0 0 0 0 1 1 0 0 0 0 1 1 1 1
0 1 0 0 1 1 0 0 0 0 1 1 1 2
0 1 0 0 1 0 0 0 0 0 0 1 1 3

FM-like 0 1 1 0 1 0 0 1 0 0 0 1 1 4
0 1 1 1 0 0 0 1 0 1 0 1 1 5
1 1 1 1 0 1 0 1 1 1 0 1 1 6
1 0 1 1 0 1 0 1 1 1 0 1 0 7

ST 1 0 1 1 0 1 1 1 1 1 0 1 0 8
I4 0 0 0 0 1 0 0 0 0 0 1 0 1 0

0 0 0 0 1 1 0 0 0 0 1 0 1 1
0 1 0 0 1 1 0 0 0 0 1 0 1 2
0 1 0 0 1 0 0 0 0 0 0 0 1 3

FM-like 0 1 1 0 1 0 0 1 0 0 0 0 1 4
0 1 1 0 0 0 0 1 0 1 0 0 1 5
1 1 1 0 0 1 0 1 0 1 0 0 1 6
1 0 1 0 0 1 0 1 1 1 0 0 0 7

CAR 1 0 1 0 0 1 1 1 1 1 0 0 0 8

Table B.1: FM-like transitory state appears on the IM-to-FOP transitions
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Introduction

The work reported here has been exposed to the System Biology international research

community. In this appendix we include three reports that were presented at the 19th

International Conference on Systems Biology (ICSB 2018), October 18 - November 1,

2018, Lyon, France:

1: Controllability analysis of the core gene regulatory network underlying epithelial-to-

mesenchymal transition in the context of epithelial cancer.

2: Identification of gene morphogenetic activity functionalities through reachability anal-

ysis: the Arabidopsis thaliana flower morphogenesis case.

3: Exploring cell cycle gene regulatory network dynamics through the algebraic analysis

of its structural reachability properties.
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Controllability analysis of the core gene regulatory network underlying epithelial-to-
mesenchymal transition in the context of epithelial cancer 
Eduardo CHAIREZ-VELOZ1, José Luis CALDU-PRIMO2, José DAVILA-VELDERRAIN3, Alberto SORIA-
LÓPEZ1, Elena R ALVAREZ-BUYLLA4, Juan Carlos MARTINEZ-GARCIA* 1 
1Automatic Control Department, Cinvestav-IPN, 2PhD Program on Biomedical Science, UNAM, MEXICO 
CITY, Mexico, 3CSIL, Massachusetts Institute of Technology, CAMBRIDGE, United States, 4Instituto de 
Ecología & Centro de Ciencias de la Complejidad, UNAM, MEXICO CITY, Mexico 
  
Secondary topic : Modelling Networks and Circuits 
Your abstract : As a complex developmental process, Epithelial-to-mesenchymal transition (EMT) is 
involved in morphogenesis, tissue regeneration and cancer progression. This dynamical process is 
characterized by a series of cell-state transitions, in which  belonging to epithelial tissue loose their 
epithelial characteristics, and gain mesenchymal properties (e.g., increasing motility). Therefore, some 
experimentally grounded gene regulatory networks (GRNs) models have started to be proposed to 
uncover the EMT regulatory core, and thus contribute to the understanding of the EMT regulation and 
to guide experiments by generating testable hypotheses. Nevertheless, systematic analysis that 
elucidate the specific role that the involved genes (acquired by their collaboration in the network), play 
in transitioning not only between the two cell states, but also among intermediate states, are still very 
scarce. In attempt to contribute in such a need, we propose an analytical procedure based on algebraic 
approaches and built around Semi-Tensor Product approach (STP). We illustrate the procedure 
through the exploration of the structural controllability properties of the low-dimensional Boolean 
GRN underlying the immortalization of epithelial cells, which recovers the specific gene expression 
profiles that correspond to the epithelial, senescent, and mesenchymal stem-like phenotypes. Our 
findings suggest that there exist 9 different inducible transitions between the three main phenotypes, 
by a suitable external Boolean input connected to a particular gene of the network. These transitions 
are tested both in the Boolean and in its approximated continuous model. In addition, we found that 
the computed controllability matrix associated to the aforementioned EMT-GRN, provide relevant 
information that concerns the perturbations that give rise to some intermediate states, since its entries 
indicate whether the i-state (any possible gene activation configuration) is reachable from the j-state, 
under a set of admissible Boolean inputs. Finally, we discuss this data from a biological perspective, 
and we concluded that controllability analysis can give us insights on the role of the genes in the 
context of the network as a whole. This is particularly important when tackling EMT dynamics 
associated to the onset and progression of cell-state trajectories involved in disease. 
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Motivation
Objective

Motivation (1/2)

About Gene Regulatory Networks (GRNs) models:

1. Experimental molecular 
data

2. Architecture of the GRN
(Boolean model)

Activation

Inhibition

3. Recovered attractors 4. How to move between 
attractors?

Attractors Cell types

Continuos levels Logical levels

Logical functions Boolean GRN

Truth table

Micro-enviroment, others GRNs,etc

Figure 1: From experimental data on gene function and interactions, to a
Boolean dynamic GRN and its attractors.
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Motivation
Objective
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Dynamic 
system

Input Output Boolean GRNMicro-enviroment,
others GRNs, etc.

Desired attractor 
(cell type)

5. A dynamic systems approach 6. The GRN as dynamic system

Figure 2: Transition among pairs of attractors from a Control Theory
perspective.
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Motivation
Objective

Objective

Main objective

Explore the structural controllability properties of the core
GRN underlying Ephitelial-to-Mesenchymal transition (EMT-
GRN) in the context of epithelial cancer, in order to provide
information about the role of the genes in the context of the
network as a whole, indicating how they could be interacting
with the micro-enviroment or/and others GRN modules.
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Linear and Bilinear representation of a Boolean GRN via STP
Controllability matrix of a Boolean GRN
Controllability analysis in Boolean GRNs

Mathematical description of GRNs

A synchronous Boolean Network (BN) is a discrete-time dynamic
system of n Boolean variables. Its state of expression is given by a

vector of Boolean variables
⇥
x1(t) x2(t) . . . xn(t)

⇤T
, and

changes, in discrete fixed-steps as follows:

xi (t + 1) = fi (x1, x2, . . . , xn) (1)

fi : Dn ! D is the Boolean function related to the node xi , which
is built in agreement to the combinatorial action of its regulators.
In experimentally grounded Boolean GRN models, a particular case
of BN, the set of fi , i = 1, 2, . . . , n, expresses the relationship
between the genes that share regulatory interactions, involved in
the process of interest and derived from experimental data
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Linear and Bilinear representation of a Boolean GRN via STP
Controllability matrix of a Boolean GRN
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Algebraic form of a Boolean GRN via STP [Cheng, 2012]

The Semi-Tensor Product approach (STP) was used to rewrite the
set of Boolean functions into algebraic operators. Following, the
BN described by the Eq. (1) is thus converted into a conventional
discrete-time linear system as follows:

x(t + 1) = L n x(t) (2)

where x(t) = nn
i=1xi (t) is the STP of the Boolean variables, and L

is called the network transition matrix of the BN. The matrix
L 2 L2n⇥2n is enough to describe the full dynamic of the BN, since
Eq. (2) constitutes a linear mapping with respect to each
arguments.
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Algebraic form of a Boolean Control GRN via STP

In order to understand how the BN could be interacting with its
entourage, and consequently modifying its dynamics, a set of
Boolean inputs uj(t) are connected in some specific nodes. Thus,

xi (t + 1) = f̄i (x1, x2, . . . , xn, u1, u2, . . . , um) (3)

In the same way as mentioned before, we used STP to convert (3)
into a bilinear system. So,

x(t + 1) = L̄u(t)x(t) (4)
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The computation of the controllability matrix (C)

Once the network is given in its algebraic form, described by (4),
the controllability matrix, according to [Cheng, 2011], can be
computed by:

C =
2m+nX

s=1
B

2mX

i=1
B

Blki

⇣
L̄(s)

⌘
2 B2n⇥2n (5)

where
P

B and L(s) denote an iterative Boolean addition (+B) and
Boolean product (⇥B), respectively. Its entries indicate whether
the i-state (any possible gene activation configuration) is reachable
from the j-state, under a set of admissible Boolean inputs
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Properties of matrix (C) [Cheng, 2011]

1 xd = �i
2n is reachable from x0 = �j

2n if and only if cij > 0.

2 The system is controllable at x0 = �j
2n if and only if

Colj(C) > 0.

3 The system is controllable if and only if C > 0.
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Main result: the controllability analysis (1/3)

The proposed controllability analysis, which harnesses the
structural controllability properties of the network, consists in five
main steps:

Step 1. Initialize k = 1. Then, given the Boolean GRN in its
algebraic form, recover the experimentally observed attractors.

Step 2. Add a control input u on the k-th node of the BN. If
k = n, go to Step 5; otherwise, go to the next step.

Step 3. Convert the BCN into its algebraic form, and then
compute the k-th controllability matrix Ck .

Step 4. Set k = k + 1 and go back to Step 2.

Step 5. Save Ck , k = 1, 2, . . . , n. Stop.
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Main result: the controllability analysis: (2/3)

After a straightforward computation, the set of Ck , k = 1, 2, . . . , n
contains all the available state trajectories among pairs of states,
when the k-th gene is perturbed, if and only if (cij)k > 0.
Furthermore, those trajectories can be restricted to a subset
associated to the steady-states transitions, also called as attractor
transitions, particular relevant for developmental processes in
Boolean GRNs models.

José Eduardo Chairez Veloz (Cinvestav-IPN) Controllability analysis of the EMT-GRN 12/18

Appendix C. Research publications 139



Introduction
Methodology

Results
Conclusions and perspectives

References

Linear and Bilinear representation of a Boolean GRN via STP
Controllability matrix of a Boolean GRN
Controllability analysis in Boolean GRNs

Main result: the controllability analysis (3/3)

Boolean GRN model Boolean Control GRN model Approximated continuous Control GRN model

Recovered attractors State transitions Boolean transition Dynamic state trajectory Continuous transition

A B C

(i)

(ii)

(iii)

(iv)

(v)

Activation

Inhibition

Figure 3: Overview of the controllability analysis
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Dynamic analysis of the Boolean EMT-GRN
Controllability analysis of the Boolean EMT-GRN

The Boolean EMT-GRN model [Méndez-López, 2017]

a) Micro-enviromental interactions regulate immortalization
 of ephitelial cells 

b) The core GRN underlying Epithelial-to-Mesenchymal (EMT-GRN)   

c) Dynamic stochastic simulation of the EMT-GRN   d) Micro-enviromental factors and oncogenic mutations favour
the immortalization of epithelial cells  

Gene expression profiles 
(Fixed-point attractors) 

Boolean EMT-GRN

Epigenetic landscapeTime-ordered phenotype 
transitions

Figure 4: GRN underlying the immortalization of ephitelial cells

José Eduardo Chairez Veloz (Cinvestav-IPN) Controllability analysis of the EMT-GRN 14/18

Appendix C. Research publications 141



Introduction
Methodology

Results
Conclusions and perspectives

References

Dynamic analysis of the Boolean EMT-GRN
Controllability analysis of the Boolean EMT-GRN

Attractor transitions on the EMT-GRN

a) Trajectory design   c) Quantitative information about
the attractor transition

b) Qualitative information about 
the attractor transition 

Available attractor transitions   

Desired transition 

Boolean Control EMT-GRN 

Dynamic simulation of the Boolean EMT-GRN Dynamic simulation of the continuos EMT-GRN

p
6

N
Fk

B
 

Figure 5: Sen-to-Epi transition via p16, and Epi-to-Sen transition via
NFkB
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Conclusions and perspectives [1/2]

A systematic analysis that harnesses the structural
controllability properties of Boolean GRN was proposed.
Particularly, we applied this approach on the EMT-GRN.

Such controllability analysis provided information about how
some nodes of the network must be altered in order to
produce an attractor transition.

We validated that such intervention of the node produced the
same attractor transition on the continuous GRN model,
recovering not only qualitative but also quantitative
information, i.e. the relative concentration of the genes during
the transition.
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Conclusions and perspectives [2/2]

Particularly, we observed on the continuous EMT-GRN that
switching-o↵ NFkB during an interval of time, is su�cient to
promote an Epi-to-Sen transition, even though both cases
NFkB is high. This result suggests that some genes of the
network only require a momentary manipulation to produce a
qualitative change. Such information cannot be obtained by
mutant analyses.

All this information must be discussed from a biological
perspective as future work, since this is particularly relevant
when tackling EMT dynamics associated to the onset and
progression of cell-state trajectories involved in disease.

José Eduardo Chairez Veloz (Cinvestav-IPN) Controllability analysis of the EMT-GRN 17/18

Appendix C. Research publications 144



Introduction
Methodology

Results
Conclusions and perspectives

References

References
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Buylla E.R.2,3, Mart́ınez-Garćıa J.C.4.
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[49] Elizabeth Ortiz-Gutiérrez, Karla Garćıa-Cruz, Eugenio Azpeitia, Aaron Castillo,
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