CENTRO DE INVESTIGACION Y ESTUDIOS AVANZADOS
DEL INSTITUTO POLITECNICO NACIONAL

Cinvestav

UNIDAD ZACATENCO
DEPARTAMENTO DE CONTROL AUTOMATICO

Realizaciéon Robusta de un Controlador Optimo Basado en
Programacion Dinamica Neuronal Aproximada

Tesis que Presenta

Mariana Felisa Ballesteros Escamilla

Para obtener el grado de
Doctor en Ciencias

En la especialidad de
Control Automatico

Directores de tesis:

Dr. Alexander Poznyak
Dr. Jorge Isaac Chairez Oria

Ciudad de México

12 de Febrero del 2020






CENTER FOR RESEARCH AND ADVANCED STUDIES OF
THE NATIONAL POLYTECHNIC INSTITUTE

Cinvestav

ZACATENCO CAMPUS
AUTOMATIC CONTROL DEPARTMENT

Robust Realization of Optimal Control Based on Approximate
Neural Dynamic Programming

Thesis presented by
Mariana Felisa Ballesteros Escamilla

To obtain the Degree of
Doctor of Philosophy

in
Automatic Control Science

Thesis supervised by:

Dr. Alexander Poznyak
Dr. Jorge Isaac Chairez Oria

Mexico City

12" February 2020






“Deja que todo te suceda: la belleza y el terror.
Sdlo sigue adelante.
Ningun sentimiento es definitivo”

Rilke, R. M. El libro de horas. [1]

Para mi mama, quien me ha ensefiado que siempre debo de continuar.






Jurado Asignado

Investigadores CINVESTAV

* Dr. Moisés Bonilla Estrada
e Dr. Fernando Castanos Luna

* Dr. Wen Yu
Investigadores Externos
* Dr. Ivan de Jesus Salgado Ramos

Director interno

* Dr. Alexander Poznyak

Director externo

* Dr. Jorge Isaac Chairez Oria






Agradecimientos

“Agradezcamos a las personas que nos dan felicidad,
son los adorables jardineros que hacen florecer nuestras almas”.

Marcel Proust. Los placeres y los dias. [2]

Principalmente a ti, todo te lo debo a ti. Gracias por tu apoyo, por todos los consejos, por confiar

en mi y dejarme sofiar, por todo lo que me has ensefiado y sobre todo por tu amor incondicional.
Te amo, mama.

Haces que mi vida sea mas bonita, gracias por tu amor y por compartir conmigo tantos momentos
y experiencias. Gracias también por toda la ayuda, por los animos que siempre me das y por

estar conmigo a pesar de los tiempos dificiles.
David Cruz.

Gracias a toda mi familia, la familia Ballesteros. Los quiero mucho y sé que cuento con ustedes,

asi como ustedes cuentan conmigo.

Es verdad que la familia también se elige. A todos mis amigos, los quiero muchisimo, gracias
por el apoyo, por la alegria que traen a mi vida, por todas las vivencias, las risas, las platicas y

hasta los momentos dificiles que hemos compartido.

Gracias a todas las buenas personas que de alguna forma me apoyaron para que pudiera con-
tinuar estudiando, no hubiera podido llegar al doctorado si en su momento no hubieran estado

alli para darme una mano. Siempre las tengo presente y las recuerdo con mucho carifo.

A mi director, Dr. Isaac, por todas sus ensefanzas y el tiempo compartido. Gracias por ser un
excelente director y profesor, por la confianza que me ha tenido para permitirme ser su alumna
desde la licenciatura hasta el doctorado. Es para mi una persona admirable que siempre muestra

esfuerzo y dedicacion en todos los proyectos, realmente es un ejemplo. Gracias también por sus



mejores ensenanzas que son la humildad y la amabilidad, porque siempre mantiene la puerta

abierta a todos nosotros, sus estudiantes. Usted me motiva a siempre seguir aprendiendo.

Al Dr. Alexander Poznyak, muchas gracias por la sabiduria compartida y el tiempo dedicado.
Gracias por aceptar ser mi director de tesis, por el apoyo, por todos los consejos y las ensefianzas.

Es usted una persona admirable.

A los doctores Andrey Polyakov y Denis Effimov, por aceptarme en la estancia de investigacion
en INRIA. Gracias por compartir sus conocimientos, por el apoyo brindado y por todos los co-

mentarios y consejos para mejorar el trabajo.

Al Centro de Investigacion y Estudios Avanzados del Instituto Politécnico Nacional, por todas las

facilidades, los apoyos y la educacion durante mi doctorado.

Al CONACYyT, por la beca otorgada (CVU 550803) para poder llevar a cabo mis estudios de

posgrado y por el apoyo para la realizacion de la estancia de investigacion.



Abstract

The aim of this thesis was to design an artificial neural network (ANN) based sub-optimal con-
troller for a finite horizon optimization problem. The class of systems considered in this thesis
were continuous systems with parametric uncertainties and bounded external perturbations. The
control design approach considered the uncertain part of the system by proposing a min-max
problem. The min-max problem was tackled using a neural dynamic programming solution, this
approach was selected due to the universal approximation capabilities of ANNSs.

An ANN structure approximates the Value function (VF) used in the solution of the Hamilton-
Jacobi-Bellman (HJB) equation. The network topology was proposed to satisfy the characteristics
of the VF including positiveness and continuity. The explicit adaptive laws, that adjusted the
weights in the ANN, were obtained directly from the HJB approximated solution. The stability
analysis based on the Lyapunov theory yields to confirm that the approximated VF can be used
as a Lyapunov function candidate to confirm the practical stability of the origin in the stabilization
problem.

Two cases of the studied class of systems were considered. First, a system with additive
uncertain term, then, in the second case, an uncertain multiplicative element with the input was
added.

The approximation capabilities of ANNs were also used to design an ANN identifier. The
identifier consisted on a differential neural network (DNN) structure and the proposed learning
laws ensures the ultimate boundedness and the input to state stability of the weights and the
identification error. The study on the identifier extends the approximation capabilities of ANNs for

a class of homogeneous nonlinear systems.



Homogeneous systems has a symmetry-like property under which an object remains consis-
tent with respect to a certain scaling or dilation. Homogeneity allows local properties of vector
fields to be extended globally.

The DNN-identifier obtains an approximated model for the class of uncertain nonlinear ho-
mogeneous systems, this solution can be used for the design of controllers such as the optimal
control problem presented in this thesis. In addition, the result of the extension of the ANN approx-
imation capabilities could be helpful to obtain approximated VF structures with the homogeneous

properties.

II



Resumen

El objetivo de esta tesis fue disenar un controlador sub6ptimo utilizando redes neuronales artifi-
ciales para obtener la solucién de un problema de optimizacion de horizonte finito. La clase de
sistemas considerados en el problema son sistemas continuos con incertidumbres paramétricas
y perturbaciones externas acotadas.

El enfoque de disefno de control considera la parte incierta del sistema al proponer un prob-
lema min-max. Para la solucion del problema min-max se utilizé la técnica de programacion
dinamica neuronal, se selecciond esta técnica por las propiedades de aproximacion universal
que poseen las redes neuronales artificiales.

Se propuso el uso de una estructura especial de red neuronal artificial para aproximar la
solucion o la funcion Valor para la ecuacion de Hamilton-Jacobi-Bellman. La topologia de red
se propuso para satisfacer las caracteristicas de la funcién Valor como positividad y continuidad.
La ley adaptable para ajustar los pesos de la red neuronal artificial se obtuvo directamente de
la solucion aproximada de la ecuacion de Hamilton-Jacobi-Bellman. Se realizé el andlisis de es-
tabilidad con base en la teoria de Lyapunov, esto permitié confirmar que la funcion Valor aprox-
imada se puede utilizar como una funcién candidata de Lyapunov para confirmar la estabilidad
practica del origen en el problema de estabilizacién.

Se consideraron dos casos en la clase de sistemas estudiados. Primero, un sistema con un
término desconocido de forma aditiva, este término representa la incertidumbre o perturbacion
acotada, después, en el segundo caso, se anadié un elemento desconocido asociado a la en-

trada en forma multiplicativa.



Las propiedades de aproximacién de las redes neuronales también fueron utilizadas para el
diseno de un identificador basado en redes neuronales. El identificador consiste en una estruc-
tura de red neuronal diferencial cuyas leyes de aprendizaje se proponen de tal forma que se ase-
gure que el error de identificacién y los pesos de ajuste estan ultimamente acotados, probando
también estabilidad de entrada-estado. El estudio del identificador extiende las propiedades de
aproximacion de las redes neuronales artificiales para una clase de sistemas no lineales ho-
mogéneos.

Los sistemas homogéneos poseen un tipo de simetria, esta propiedad permite que un objeto
siga siendo consistente respecto a cierta escala o dilacion. La homogeneidad en los campos
vectoriales permite que propiedades que son probadas localmente puedan ser extendidas de
forma global.

El identificador basado en redes neuronales diferenciales obtiene una aproximacién del mod-
elo para la clase de sistemas no lineales homogéneos, esta solucion puede ser utilizada para
el disefio de controladores, por ejemplo, para el problema de optimizacion presentado en esta
tesis. Ademas, el resultado de la extensién de las propiedades de aproximacién de las redes
neuronales artificiales puede ser Util para obtener soluciones aproximadas de la funcién Valor

contando con las propiedades homogéneas.

v
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Notation

The following notation is used through this thesis:

* [, is the identity matrix of n X n dimension.

* Ris the set of real numbers. R"\ {0} denotes the difference of the set R and {0}, i.e., all
real numbers except zero. Ry = {x € R: x > 0} is the set of the positive real numbers,

including zero. R" is the set of column vectors of dimension n x 1.

« A" denotes the transpose operator over the matrix A € R (or vector), i.e., the i-th row,

Jj-th column element of AT is the Jj-th row, i-th column element of A.

* || || represents the Euclidean norm. ||z||z = vz Hz is the weighted norm for z € R” and
HeR™ H=H' ,H>O0.|M|p= tr{MTM} is the Frobenius norm.

n
« tr{H} = Y H;; is the trace operator and Hj; is the element of matrix H € R"*" in row i
i=1
and column .

* VF(x) is the operator representing the gradient or the partial derivative respect x € R”,

9 F(x) of the function F : R" — R.
* Vv* represents that such value of v is an extremal or optimal (minimum or maximum).
* uj, ) indicates that the signal u is restricted to the interval [a, b).
+ V € C! the V function is continuously differentiable.
* o (o) represents the o-small (“high-order terms”), which go faster to zero than o goes, i.e.,

lim 2% — .
(xlg%) o

« (x,y) represents the inner product, x € R", z € R", (x,y) = xy.
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* The Kronecker product is denoted by &.
* Forany 9 € R, and Vx € R we set [x]® = sign(x)|x|®.
 For M € R™" M = [my,ma,...,my,), we set vec(M) = [m] ,mj ,...,m}]|".

* A class-X function is a continuous function ¢ : [0,a) — [0,%0), a € R, if it is strictly in-

creasing and ¢(0) = 0.
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Chapter 1

Introduction

This chapter presents the general introduction, the motivation of this research, the main objec-
tives and the formal definitions of the three main concepts on which this work is based, that is, the
principle of optimality, dynamic programming and the approximation capabilities of artificial neural
networks. In addition, the state of art and the description of the thesis structure are presented at

the end of this chapter.

Numerous dynamical systems are represented with a mathematical model, for example, me-
chanical, biological, financial, electronic, among other class of plants are described using ordi-
nary differential equations (ODEs) [3,4]. The mathematical representation of a dynamical system,
among other applications, serves to design the input signals. It is possible to drive the system
from one state to another using a determinate input signal or signals’, moreover, there is not only
one possible control input to regulate the system [6].

One of the main objectives of automatic control theory is the regulation of different systems
by designing appropriate input signals. For some applications the interest in the design of the
control is to find the one which represents the “best” way to do a task according to a given

criterion, for example, the time to go from one state to another, the energy of the input signal

Considering the controllability property of the system [3, 5].



CHAPTER 1. INTRODUCTION

or the convergence of the state to an equilibrium. In real applications, this could be traduced
as the less waste of fuel in a vehicle, the minimum error in the trajectory tracking problem for
a robot, the maximum thrust developed by a missile, etc. This class of control requires the
exact mathematical model and the input to achieve the minimization or maximization is known as
optimal control (OC), while the criterion is called cost functional [7].

The base of the OC theory started with the study of the calculus of variations [8] three cen-
turies ago and in the decade of 1960 the two principal approaches in modern control theory to
solve an optimal control problem (OCP) arised, the Maximum Principle (MP) of Pontryagin [9]
and the Bellman’s Principle of Optimality (PO) [10].

The theoretical framework for linear systems is well established and both theories (the MP and
the PO) give the necessary and sufficient conditions, however, in the case of nonlinear systems,
finding the exact analytic solution is a difficult task. The design of the OC needs the exact model
and parameters of the system, however, for real applications, to get the exact mathematical
model may seem to be unfeasible. In addition, it is important to consider the model uncertainties
and the presence of perturbations. To get an approximate linear model is a possible solution to
obtain an OC, however, this is a local solution, which is valid in a small region around the origin.
Moreover, the OC solution for the linearized system does not consider nor eliminate the effects
of the uncertainties and perturbations.

For the case of nonlinear plants, the MP approach states the necessary conditions for opti-
mality and leads to a nonlinear two-point boundary value problem [11], meanwhile, the Dynamic
Programming (DP) approach, which is derived from the PO, states sufficient and necessary con-
ditions?. The DP approach uses the definition of Value function (VF) and leads to finding the
solution of a partial differential equation (PDE) [13].

The MP approach gives open-loop solutions. On the other hand, with the DP approach, state
feedback control laws are obtained. This is an important feature from the practical implementation
point of view, nonetheless, the feedback solution cannot be implemented unless the PDE can be
solved [12]. The PDE derived from the DP approach is known as the Hamilton-Jacobi-Bellman

(HJB) equation. In general it is a nonlinear first order with respect to time and the state as well

2Under smoothness assumptions on the VF, otherwise, this approach can only state sufficient conditions [12].

2
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PDE and finding the solution is a challenging task.

The interest of this thesis is the design of a feedback OC for a class of continuous dynamical
affected by modeling uncertainties or external perturbations. This approach uses the PO to obtain
a closed loop structure. Moreover, to find the solution of the PDE (HJB equation) is proposed an

approximation based on artificial neural networks (ANNSs).

1.1 Motivation

The PO drives to the DP approach to solve OCPs with closed loop solutions and this approach
is used for finite horizon optimization problems. Some applications of OC in real systems require
closed loop solutions in finite time [7]. Nonetheless the general theory of DP is well studied,
solving the finite horizon OCP for nonlinear systems with a DP approach is a difficult task due to
the complexity of finding the solution for the HJB equation. In addition, the necessity of having
the exact mathematical model of the system can not be neglected.

According with the DP literature review, there exist numerous works related with finding the
solution for the HJB equation, for example viscosity solutions [14], discrete approximations [15],
model predictive control [16], reinforcement learning (RL) [17] and ANNs [18]. On one hand,
this last method is useful because of the universal approximation properties of ANNs [19]. On
the other hand, the problem of estimating the exact mathematical representation of the plant or
system to be optimally controlled is another motivation. This problem has been solved by using
mixed controllers with classical robust techniques or by modifying the cost functionals by adding
the uncertain elements [20, 21].

Two main ideas are proposed in this work: the first one consists on including the effect of
the unknown bounded elements in the Hamiltonian and to set a min-max problem to obtain a
robust-like solution. This approach has been used to solve OCPs for multimodel systems®. The
second proposition is the approximated solution for the max-min HJB equation based on ANN

structures. ANNs are used to approximate solutions for PDEs. The use of ANNs in DP (to ap-

3In [22], the OCP for the finite case (miltimodel systems) was set with the min-max approach using Lagrange

multipliers and solved using the MP.
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proximate the HJB equation) is known as Neuro-Dynamic Programming (NDP) [23], this method
has demonstrated sub-optimal results for different class of systems, this is a big motivation of the

thesis.

1.2 Obijectives

1.2.1 General objective

The main objective of the thesis is to present an ANN feedback control solution for the finite
horizon OCP for a class of continuous dynamic system affected by bounded perturbations or

model uncertainties.

1.2.2 Particular objectives

Within the scope of this investigation work, the following particular objectives are stated:

* To set a min-max problem for continuous systems with bounded perturbations or model

uncertainties in order to solve the finite horizon OCP with the DP approach.

* To derive the max-min HJB equation for the class of systems using the theory of the PO,
setting the sufficient and necessary conditions for the optimality with the min-max proposi-
tion*.

* To find the optimal arguments for the Hamiltonian, i.e., to minimize the Hamiltonian with
respect to the unknown elements and to maximize the Hamiltonian to obtain the OC ex-

pression.

* To approximate the solution for the max-min HJB equation using ANN structures, which
consider the characteristics of such solution®. In addition, to study the impact of the ap-

proximation quality using the ANN structure in the optimality.

#Under smoothness assumption on the max-min HJB equation solution.
SPositiveness, continuity and differentiability, this properties are also used for the stability and optimality analysis.

4
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* To obtain the learning laws using the max-min HJB equation and to propose a numerical
solution to adjust the free parameters or initial conditions of the parameters for the ANN

structure.

* To use the approximated solution to compute the OC and to study the closed loop system
stability with the Lyapunov theory. Finally, to evaluate the designed control with different

numerical simulations.

1.3 Theoretical Framework

The objective of OC theory is to determine the control signals that will cause a process to satisfy
the physical constraints and at the same time optimize (minimize or maximize) some performance

criterion [9]. The formulation of an OCP needs three main elements:

(i) The mathematical description (or model) of the process to be controlled.
(ii) The statement of the physical constraints.

(iii) The specification of the performance criterion.

Given a dynamical model and the corresponding cost functional®, there are basically two ways
for solving the OCP, one is the Pontryagyn MP [24] and the other is the Bellman’s PO [25]. In this
thesis we are concentrated on the use of Bellman’s principle.

DP is the technique derived of the PO, the basic idea for the application of DP is easy to
understand for discrete systems, where it can be seen as a discrete, multistage optimization
problem in the sense that at each of the finite set of times, a decision is chosen from a finite
number of decisions based on certain optimization criterion [7].

In continuous systems, the DP approach leads to the called HJB equation. The PO and
the DP approach for continuous systems is presented in the next sub-sections following by the
description of the ANN theory for approximation, these three topics are the keystone for the

understanding of this thesis.

81n some works is also named performance index or performance criterion.
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1.3.1 Bellman’s Principle of Optimality

In his book, Richard Bellman wrote the following sentence:

In place of determining the optimal sequence of decisions from the fixed state of the system, we
wish to determine the optimal decision to be made at any state of the system. Only if we know

the latter, do we understand the intrinsic structure of the solution [10].

The principle of Bellman in a simplified way sets that if a path is optimal from a point A to
a point C passing through a point B, the path from B to C is also an optimal one. Consider the
following example: The supposed optimal path for a multistage decision process is depicted in
blue color in Figure 1.1. Now consider that the decision made in point A results in the segment

AB with the cost J45 and the remaining decisions yield segment BC.

Figure 1.1: Two possible paths from the point A to the point C.

The minimum cost from the point A to the point C is:
Jic = Jap +Jpc-
Then, consider the following proposition.

Proposition 1 (PO for multistage decision). If ABC is the optimal path from A to C, then BC is
the optimal path from B to C.

The previous statement can be seen as if one can “break” the complete optimal path into
smaller segments, these segments are optimal and if one finds the optimal costs of the segments,

then one can obtain the optimal cost of the complete path.

6
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Proof. By contradiction suppose that the segment BB'C is the optimal path from point B to C.

Hence, the following inequality is valid:
Jppc <Jpc,

then,

Jap+Jppc < Jap+Jpc = Jac- (1.1)

However, (1.1) can be satisfied only by violating the condition that ABC is the optimal path

from A to C. O

In other words, the cost functional has the property that whatever the initial state and initial
decision are, the remaining decisions must constitute an optimal policy with regard to the state
resulting from the first decision.

The keystone theory of the OP and DP was presented in [10] by Bellman. The theory related
with its application in control theory can be consulted in [7,9,11-13, 22, 26], where in a simplify

statement the OP is described as:

An optimal policy has the property that no matter what the previous decision (i.e., controls) have
been, the remaining decisions must constitute an optimal policy with regard to the state resulting

from those previous decisions.

To describe the OP applied to OCPs for continuous systems, it is important to define formally an
OCP. This is a basic theory, however, it is included in this thesis in order to define properly the

DP for the robust case in the next chapters.

Optimal Control Problem

Recalling the aforementioned concepts, an OCP needs the mathematical description of the plant
or process, the restrictions and the cost functional. The mathematical description for different

class of dynamical systems can be represented by the following ODE:

X(I) = f(t7x7u)7 XUO) = X0, (12)

7
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here x € R" is the state, u € U C R™ is the control, t € R is the time, 1y € R is the initial
time and xo € R" is the initial state and the vector field f: R, x R" x U — R" described the
dynamics. The conditions for the OCP in this case could be a desired fixed time t; € R and the
set U of admissible controls, for this example, the set is restricted to the piecewise continuous
signals. The cost functional can be represented in the Bolza’ form, which is a more general cost

functional including the state, input and time.

J(tx,u) :/ttlL(s,x(s),u(s))ds—l—K(x(tl)), (1.3)

where t; € R, is the fixed final time, t € [tg,#1), L: Ry x R” x U — R is the running cost®, and
K: R" — R is the terminal cost.
Now that the three main elements to formulate an OCP are described, the formal problem

statement is:

To find the input u* € U (the OC) such that, this control drives the plant (1.2) through a state

x*(t) that minimize (or maximize) the cost functional (1.3).
J(t,x,u) — min, Vr € [to,t]). (1.4)
uclU

The PO gives the sufficient conditions to obtain the solution to this OCP using a DP approach
(this approach will be described in the following subsection). The next definition of the VF® is the

key to define the PO for its application in OCPs.

Definition 1 (Value Function). The functionV (t,x) defined for anyt € [ty,t) and x € R" by
V(t,x) := inf J(t,x,u),
u
(1)
satisfying the boundary condition
V(t1,x) = K(x(11)),
is called the VF of the OCP.

"There are other class of cost functionals for OCPs, such as Mayer forms, Lagrangian costs and modified Bolza

costs with discount terms (exponential functions), saturation functions and Barrier functions [7,9,11,12,26].
8Also known as the Lagrangian [12].
9Notice that the OCP is studied for the minimization and the existence of the minimum is not assumed, the

infimum is used instead in the definition.
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Then the PO can be expressed using the VF, this is the base of DP and to derive the HJB

equation.

Proposition 2 (PO for the OCP). For every (t,x) € [to,11) x R", the VF satisfies the equation

V(t,x) = inf {/ttzL(s,x(s),u(s))ds—i—V(tz,x(tz))}, Yty € (t,11]. (1.5)

“lrn)
Proof. On one hand, by the Definition 1, the following inequality is valid
V(t,x) <J(t,x,u), Yue U, Vt € [to,t;), VxeR".
Therefore, substituting (1.3) and considering the boundary condition (terminal cost).
15}

V(t,x) < [ L(s,x(s),u(s))ds+J (t2,x(12);u(-)), Vta € (t,11].

1
This inequality is valid for any u € U. Taking the infimum over u ().

V() <V, (1.6)

where V is denoting the right hand side of (1.5). On the other hand, for any € > 0, there exists a

control us € U such that the derived state x, of that control drives
V(t,x)+€>J(t,x,ue), YVt € [ty,11).

Then,
V(t,x)+€> /ttzL(s,xg(s),ug(s))ds—l—K(xg (1)) Vit € (t,11].

Therefore, the following inequality is valid
V(t,x)+e>V. (1.7)
Letting € — 0, the inequalities (1.6) and (1.7) imply (1.5). O

In the following subsection it is described the application of the PO to solve an OCP, this

drives to the DP approach and the formulation of the HJB equation.

9
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1.3.2 Dynamic Programming

The representation of the PO in an infinitesimal form gives as a result the HJB equation, this is

sum up in the following Theorem.

Theorem 1. Suppose that the VF (Definition 1) is V € C' ([ty,11) x R"). Then, the VFV (t,x) is a
solution to the following terminal value problem of a first order PDE, known as the HJB equation,

associated with the OCP (1.4), ¥Vt € [ty,11), Vx € R".

OV (10) 4 sup H (= 9V (t.2), (1), u(t), 1) = O,
ot uel (1.8)

V(n.2) = Kx(n).
here the function H: R" x R" x U X [tg,t;) — R is known as the Hamiltonian and is defined by
H(=VV(t,x),x(t),u(t),t) := =V V(t,x) f(t,x,u) — L(t,x,u). (1.9)
Proof. Necessary condition. Considering the definition of the VF and (1.3),
Vi) = inf { ttlL(s,x(s),u(s))ds-i-K(x(tl))}. (1.10)
1.1

By subdividing the interval of the integral, we obtain

V(t,x) = inf {/tt+AtL(s,x(s),u(s))ds+ ! L(s,x(s),u(s))ds—i—K(x(tl))}.

“Irn)

Then, using the PO,

t+At

) 1+At
V(t,x) = inf ) {/t L(s,x(s),u(s))ds-l—V(t+At,x(t+At))}.

Wit r+At
Under the smoothness assumption on the VF, we can express V(¢ + At,x(t + At)) using its

Taylor series expansion about (7, x), then, we obtain,

t-+At
V(tx) = 1nf){/t L(s,x(s),u(s))ds +V (1,x)

Wit At

-i—a%V(t,x)At-I-VTV(t,x)f(t,x,u)At-i-o(At)} :

Simplifying the previous expression by gathering terms and considering in the infimum the

associated terms with the control,

1+At
0= inf {/ L(s,x(s),u(s))ds+VTV(t,x)f(t,x,u)At-i—o(At)} + %V(I,x)At.
Ut t+At) t

10
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Dividing the previous equation by At and then Ar — 0, we obtain

0:gg&ﬁJMHWﬁV@@me@}+%V@@. (1.11)

Considering the definition of the Hamiltonian and the definition of supremum and infimum'°,

equation (4.32) can be rewritten as (1.8), the boundary final value can be obtained by setting
t =ty in (1.10).
Sufficient condition. Suppose that a C' function V: [fg,71) x R” — R satisfies the HJB

equation, then,

A

—gvmnzjg{uan+VWwwy@Lm}. (1.12)

Consider that an optimal pair ii: [fg,?1) — U and £: [fo,7;) — R” satisfy the previous equa-

tion, with a given initial condition £(#9) = xo,

_%v@@:L@ &) VTV (0 f(1.5,7).

Using the fact that the sum of the time partial derivative of %V(t,ﬁ) and the inner product <VV,f>

is indeed the full time derivative, we can rewrite the previous equation as follows
. d
L(t,%,0)+ d—V(t %) =0,

by the integration of this equation with respect to the time ¢ € [fp,7;), we obtain
/L (1,,8)dt +V (11,£(11)) — V(10,2(z0)) = 0.
Rewriting this equality, such that,
D (t0,x0) /L (1,5,8)dt +V (1,5(11)),

which is equal to,
V(t(),X()) = J (to,x0,1) -

0The existence of an optimal control has not been assumed, when it («*) exists, the infimum in the previous

calculations can be replaced by a minimum, whch is achived with u*.

11
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Now, if we consider other pair x € R"” and u € U satisfying (1.12), the following inequality is

valid

—(%V(t,x) < L(t,x,u) +V V(%) f(t,x,u).

Therefore, using similar procedure as before (gathering the partial derivatives to rewrite in

terms of the full time derivative and then integrating), we obtain
V (t0,%0) < J (0,0, ). (1.13)

Inequalities (2) and (1.13) show that the input i gives the cost V(to,xo) and any other control u

can not obtain a smaller cost. O

The HJB equation provides the solution for the OCP for general nonlinear systems. However,
finding the analytic solution of the HJB equation'" is a difficult task, moreover if we do not have
the complete information of the plant. The most logical approach is to propose the form of the
solution and prove if it satisfy the equation. One way to approximate the solution is the use of

ANN structures, in the following section, the approximation capabilities of ANN are discussed.

1.3.3 Approximation using ANN

An additional difficulty for solving the HJB equation is added because of the robustness asked to
the OC. The proposition is to obtain an approximated solution based on ANNs'2.

The use of ANN structures in diverse control and estimation problems (see for example
[27-30]) has presented reliable results. One of the motivations of the use of such structures
is because ANNs are recognized by their universal approximation capacity [19]. This charac-
teristic has been used to approximate static maps, time dependent and multivariable nonlinear

functions [31,32]. Moreover, ANNs can be used to approximate the trajectories associated with

" Satisfying the smoothness with respect to time and state simultaneously.
2The VF must be smooth enough with respect to its both arguments to fulfill sufficient and necessary conditions

of optimality. The solution must consider the specific characteristics of the HJB trajectories (positiveness, continuity

and differentiability).

12
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the solutions of ODEs and PDEs [33, 34]. Some particular variants of these approximations
appeared in the last decade to approximate the solutions of the HJB equations'®.

An ANN can be seen as a simplified mathematical representation of the neural connections
in a living being. The unit or the simplest element in an ANN structure is the artificial neuron'®,

which can be mathematically represented by the following equation
p
2=9| ) wxj+b], (1.14)
j=1

where x; € R are the input signals, ®; € R are the synaptic weights, b € R is the bias and
¢: R — R is the activation function. Graphically the artificial neuron is depicted in Figure 1.2,

where it is compared with a biological cell.

Dendrites \

e() 3.2
1 Output
/ Summing Activation
/ .
. /  junction function

Synaptic
weights

Figure 1.2: Comparison between the information flow

on a biological neuron and its nonlinear model.

In a biological neuron, the dendrites collect the electrical signals. This is emulated in the
artificial model with a set of synapses, each of which is characterized by a weight. The cell body
contains the nucleus and organelles, in the artificial model the body is structured by an adder
summing the weighted input signals. In the artificial model the activation function characterizes
the output, while in the biological neuron is the axon which passes the electrical signals on to

another cell.

3The approach is called NDP, this is addressed in the State of art section.
4The ANN unit is a basic mathematical representation of a biological neuron.

13
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There exists different types of activation functions: threshold, piecewise-linear, sigmoids,
polynomials, Radial-Basis, Gaussian, Wavelet, among others [35]. The selection of the acti-
vation functions and the structure depends on the application of the ANN [27]. The structure or
architecture is related with the configuration of the neurons, moreover, the configuration is inti-
mately related with the learning algorithm to train the net or the adaptive algorithm to find the
synaptic weights.

The common applications of ANNs are: pattern association [36], pattern recognition [37],
filtering [38], smoothing [39], prediction [40], control [30], observation [41], system identification
[42], beamforming [43] and function approximation [44]. The application of ANNs for function
approximation has been studied with different methodologies. There exist a relation between the
ANN topology and the studied structures in the general approximation theory.

In the literature of ANN, some works are devoted to the theory of approximation by super-
position of nonlinear functions [45, 46], other research use the application of the Kolmogorov
theory [19,47-49] or the application of the Stone—Weierstrass Theorem [50], also the frequency
domain approach using Fourier series approximation [51,52], among other perspectives.

For example, the issue of the ANN structure to achieve a local approximation for nonlinear
mappings depends on the basis of activation functions, the number of layers, the configuration
or in general the complexity of the net. In [31], the approximation bounds for a class of ANN with
sigmoidal activation functions are derived, the structure is a one-layer with n nodes. In [53] the
role of the input dimension is considered in the estimation for the bounds of approximation errors,
the structure of the ANN has a perceptron and Gaussian radial computational units. The quality
of the approximation remains as an interest of research. In [54] the bound of the approximation
error for a single hidden layer feed-forward ANN with fixed weights is analyzed.

Based on all the aforementioned properties, ANN could be implemented as feasible approx-
imations for the trajectories corresponding to well-defined solutions of either ODEs or PDEs.
Some particular variants of these approximations appeared in the last decade to approximate
the solutions of the HJB equations (see e.g. [15,55-59]). These solutions usually did not satisfy

the constraints of the HJB trajectories'®. Moreover, the approximation capacity of the ANN is

SPositiveness, continuity, differentiability and zero vanishing.

14
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only justified if the number of artificial neurons in the network tents to infinity.
In this thesis, the activation functions are selected as sigmoid functions. The selection of
such function is based on several results [31,45,51], where the approximation of nonlinear multi-

variable functions on a compact set using sigmoidal functions has been proved.

Definition 2. A sigmoid function is bounded, differentiable and has a non-negative derivative.

For this study, the sigmoid function @: R" — R is defined as
—1
9(2) = (1+e707s0)) (1.15)
where,z e R", ye R" and® € R...

The universal approximation property of ANNs claims that a continuous function can be ap-
proximated on a compact set using weighted superposition of nonlinear functions'®. The fol-
lowing theorem can be recalled to show the approximate realization of nonlinear functions using

sigmoidal functions:

Theorem 2. [45] Let ¢(-) be any continuous sigmoidal function. Then, finite sums of the form

N
['(x) = ZWj(P()l;-rX—f—ej), wieR, y;eR", 0;eRy, (1.16)
=

are dense in C([0, 1]"). In other words, given any f € C([0,1]") and € > 0, there is a sum, I'(x)

of the above form , for which
IT(x)— f(x)|<e, Vxe][0,1]", (1.17)

where C(]0,1]") is the space of continuous functions on [0, 1]"* which denotes the n-dimensional

unit cube.

Notice that (1.16) is the structure of an ANN with one internal layer and the needed param-

eters are w;, y; and 8;. Based on such arguments, in this work, the parameters y; and 0; are

The nonlinear functions are the activation functions such as, radial basis functions, polynomials, and sigmoidal

functions [17].
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randomly selected and the adjustment laws for the parameters w; are proposed'” in order to
approximate the nonlinear function that satisfies the HJB equation.
In the following section, some results related with the problem presented in this thesis, includ-

ing the works devoted to the approximation of the HJB solution using ANNs, are described.

1.4 State of art

The classification of OCPs is given by the class of system (linear, nonlinear, continuous, discrete,
with uncertainties, etc), the time (finite horizon or infinite horizon) and by the selected approach
(the Maximum principle [61] and the PO [10]).

An OCP may consider the optimization of the performance index in the infinite horizon [62],
usually, these solutions are preferred because the gain of the OC depends on algebraic solutions
of matrix equations such as the Riccati one [7]. Nevertheless, if the OCP considers the finite
horizon problem, then it is usual that time-varying gains modify the control action [22]. In the
DP theory, the OCs are presented as close-loop solutions. This characteristic makes these
controllers more useful within the automatic control area [11, 63].

One of the major difficulties in solving OCPs relies on the assumption that the accurate math-
ematical model of the plan is available, which seems to be unfeasible. Indeed, the application of
OC solutions in real systems has been limited because of the lack of accurate enough models,
in some cases, the dynamic description of the system that must be controlled is partially known
and it is affected by external perturbations. In consequence, the classical OC approaches cannot
be applied straightforwardly [13]. The alternative of robust controllers appeared as an option to
deal with modelling uncertainties and the effect of bounded perturbations.

Robust controllers are designed to enforce the convergence of a practical equilibrium point.
There are several theories to design robust controls such as: sliding mode controllers [64, 65],
attractive ellipsoid based controllers [66,67] and ANNs based controllers [68,69]. The combina-

tion of robust and optimal control theories is not common because they are dealing with systems

7In [29] and [60], the selection of y;j and 0; is based on a uniform distribution using random parameters and the

universal approximation property holds.

16



CHAPTER 1. INTRODUCTION 1.4. STATE OF ART

which have dissimilar characteristics.

Under some given conditions of the uncertain system that should be regulated, a degree
of robustness has been considered in the design of OCs. Systems with parametric uncertain-
ties, multimodel representation [22], or bounded perturbations [21] have been controlled sub-
optimally. In general, sub-optimal robust approaches tried to compensate the unknown section
of the system exactly, but the effect of the uncertainties over the optimization criterion has not
been completely researched. Some other robust-optimal control design approaches use the OC
estimated by the DP theory, but assuming that the system is not perturbed. The degree of ro-
bustness is evaluated using the variation of the performance index by neglecting the uncertain
section of the system [70].

Independently of the uncertainties in the model, the application of the DP theory leads to con-
struct the gain control in terms of the solution of the HJB equation. This equation may have an
analytic solution if the system has an exact mathematical model of the plant to be controlled and
no perturbations affect the dynamics. The HJB equation when uncertainties and disturbances
affect the system has analytic solutions in very specific cases. Indeed, just a few works charac-
terized the effect of perturbations/uncertainties on the HJB solution [55,56,71]. Even more, the
stability (in some well-defined sense) of the equilibrium point enforced by the sub-optimal control
has not been clearly explained yet.

One manner to overcome the problem of finding the HJB solution (maybe not exact but close
enough to it) uses the approximate DP concept. This technique has been proposed to attain a
feasible realization of robust OCs based on a feasible approximation of the HJB solution. There
are diverse applications of the approximate DP, including discrete approximations for the domain
of the HJB equation.

In [15] and [72] the authors develop a method to approximate the HJB solution in two steps.
In the first step, by means of successive approximations, they reduce the equation to a linear
PDE and in the second step, they propose a Galerkin’s approximation. In [73] and [74] the
approximation of the solution is obtained using a discretization technique. In [75,76] and [77], the
HJB equation is reduced to a state dependent Riccati equation, [78] presents a survey of state

dependent Riccati equations. The authors in [79,80] and [81] use the theory of viscosity solutions
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to obtain the VF of specific HIB equations. In [82], the authors give an analytical-approximate
solution using He’s polynomials based on the called homotopy perturbation method which is a
combination of the classical perturbation technique and topological concepts (homotopy). Some
of the studies working on approximations of the HJB solution do not consider the quality of the
approximation on the optimality conditions and in some of them the plant is considered nonlinear
but all the elements are assumed as known.

In recent years, diverse OC designs considered approximations for the VF leading to get a
controller that enforces the states to track trajectory which corresponds to the minimum value
of the performance index. This methodology is called NDP if the approximation uses ANNs
[57,59,83].

The use of ANNSs to find approximated optimal solutions has been also studied in different
works. ANNs are mathematical structures with the property of approximation for numerous class
of multivariable nonlinear functions [19]. The number of applications of these algorithms is ex-
tensive, e.g. ANNs have been used for classification tasks [37], non-parametric and parametric
identification [42,84], observers and controllers design [30], approximation of nonlinear mappings
(static and continuous) [46], approximation of solutions for different class of equations such as
ODEs and PDEs [85].

Based on all the aforementioned properties, the solution for the HJB equation has been ap-
proximated using ANNs structures, e.g., in [86], a nearly optimal solution is obtained with the
approximated VF of a generalized HJB equation considering saturated inputs in infinite hori-
zon. The authors of [57] prove the convergence of the ANN approximation using Kronecker
matrix methods, the adjustment of the parameters is made off-line. In [58] is proposed an on-line
method using policy iteration, meanwhile, [59] presents an ANN solution for discrete-time non-
linear control-affine systems. This ANN approximation must apply different learning paradigms:
reinforcement learning (RL), adaptive critics, integral RL or reinforcement Q learning which are
unsupervised methods [17,87—-89]. In particular, NDP has been used to solve finite horizon OCPs
in systems with uncertainties, for example the works [18,55,71,90].

The aforementioned works consider an exact model for the plant, however, the presence of

uncertainties or perturbations is a common problem in control design. In [22], a robust optimal
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control approach considering the Maximum principle, for the case of multimodel systems is stud-
ied. In [55,71,91] and [92], an approximated solution using ANNSs is proposed for systems with
uncertainties. The solutions presented usually do not satisfy the constraints of the HJB trajec-
tories. Moreover, the approximation capacity of the ANN is only justified when the number of
elements in the network tents to infinity.

In this thesis, we consider a finite horizon OCP for systems with uncertainties or/and bounded
perturbations. The approach to obtain the control law is DP and the HJB equation solution is
approximated with ANNs. The method to deal with the unknown dynamics is based in [22],

where a robust optimal control is obtained for the case of multi-model systems.

1.5 Contributions

The main contributions of this work are as follows:

* The formulation of the finite horizon OCP for continuous systems with presence of uncer-
tainties is presented by setting a min-max DP approach. In the cost functional, the uncer-
tainties are not included explicitly and the boundaries for the admissible set of uncertainties

are taken into account instead.

* The necessary and sufficient conditions'® for optimality of the min-max DP approach are

given.

* An ANN structure is designed for the approximation of the HJB equation solution derived
from the min-max DP approach. The learning laws for the adjustment of the parameters are
obtained by the study of the HJB equation under the approximated solution. In addition, this

paper presents the analysis including the approximation error for the optimality conditions.

* The implementation of an off-line algorithm to ensure the convergence of the approximation

error is described (training process).

8Necessary and sufficient conditions considering the VF definition as solution of the HJB equation.
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* The stability analysis of the plant affected by uncertainties in closed loop with the designed
control law is realized by means of the Lyapunov theory, using the structure of the proposed

ANN.

* In addition, the approximation capabilities of ANN are used to design an identifier for ho-
mogeneous nonlinear systems. This result is the initial study of the application of ANNs
for homogeneous systems and that can be used to apply NDP for a more general type of

systems.

Homogeneity is a kind of symmetry under which an object remains consistent with respect
to a certain scaling or dilation. Homogeneous systems can be utilized for local approximations
[93,94] or set-valued extensions [95,96] of nonlinear control systems. In particular, some models
of process control [97], non-holonomic mechanical systems [98] and systems with frictions [95]
are homogeneous or at least locally homogeneous.

One of the main features of homogeneous systems is that the local analysis (on the unit
sphere, for example) can be extended to the whole state space [99—-101].

Based on all the above mentioned homogeneity properties and the wide application of the
non-parametric identifiers for controlling uncertain systems, in this thesis, the design of a non-
parametric identifier with a homogeneous structure using Differential Neural Networks (DNNs),
which are a class of ANNs with a continuous evolution of its states, is presented.

Among the contributions of this result, is presented the extension of the approximation theo-
rem of ANNSs for this class of systems. The idea was to extend this result for a future application
in the approximation of solutions for other class of equations such as PDEs and of course the

HJB equation.

1.6 Structure

The content of this thesis is structured in the following chapters:
Chapter 2 formulates the OCP describing the class of system considered in this thesis and

the class of unknown elements in the system. We consider two class of system, the first has
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a structure with an additive perturbation or uncertainty and the second considers an additive
perturbation or uncertainty and a multiplicative one associated with the input. The problem con-
sidering the perturbations or uncertainties is setting with a min-max approach. Then, the PO is
used to obtain a min-max DP methodology, deriving the concept of a Robust VF and the respec-
tive max-min HJB equation for each case. The complete methodology is summarized in the last
section of the chapter.

After the formulation of the max-min HJB equation, in Chapter 3 an ANN approximated so-
lution for each case is presented. A Corollary is used to demonstrate the approximation capabil-
ities of the ANN structure approximating the robust VF. Using the proposed approximation and
the max-min HJB equation for each case, the learning laws are derived and a numerical off-line
algorithm to adjust the free parameters or the initial conditions in the learning laws is presented.
In the last section of this chapter the analysis stability for the equilibrium of the systems is made
using as a Lyapunov function candidate the approximated Robust VF.

After these results, in Chapter 4, other application of the ANN approximation capabilities is
presented. Here is important to mention that the main goal of this chapter was to use the ANN
and the properties of homogeneous systems, such as, most of local properties can be extended
globally. This chapter presents an ANN identifier for a class of homogeneous systems, this work
is planned to extend the use of ANN along with homogeneous properties for other applications,
for example the approximation of solutions for ODE’s and PDE’s as the HJB equation.

The work of the aforementioned chapter was develop in an research internship during the
PhD at the Institut National de Recherche en Informatique et en Automatique in Lille France
under the supervision of doctors Andrey Polyakov and Denis Efimov.

The numerical results of the theory presented in the previously mentioned chapters are pre-
sented in Chapter 5. The chapter is divided in three sections, one for each result. The numerical
simulations includes comparisons with other approaches.

The general conclusions and remarks of this thesis are presented after Chapter 5 with the
topics that are planned to be studied in a recent future.

At the end, in the appendix, the proofs of some results are stated and the list of publications

derived of this thesis.
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Chapter 2

The min-max Dynamic Programming

In this chapter, the considered class of systems with uncertain models is described and the finite
horizon OCP is formulated according to the min-max optimization approach. The main optimality
conditions related with the max-min HJB equation are stated. At the final section, the proposed
methodology to obtain the optimal arguments for the max-min HJB equation is described. Then,
to summarize the proposed approach, an integrated scheme representing all the steps to solve

the OCP is presented.

The class of systems considered in this work satisfies:

X =Ax+Bu+miz;, x(to)=xo, t€to,T], to€Ry, i=a,b, (2.1)

where x € R" is the state vector, u € U,;,, C R™ is the control input in the admissible set U4,
defined below. The matrices A € R"*" and B € R"™*" are constant known matrices (the column
rank of matrix B is m, with m < n).

The term 1); is defined as m; = [Fi(x,7), Gi(x,1)], where the functions F;: R" x R, — R"™*",
G,: R" xR, — R"and Gp: R" x Ry — R™ are uncertain but satisfy the following assump-

tion,
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Assumption 1. The admissible set containing the uncertainties of (2.1) is characterized as:
W = (0 ||F(,2) | F < o, [ Gile,n) [ < Bt (2:2)
Vi e Ry, Vx e R, with0 < o; < 400 and 0 < B; < oo,

The variable z; is used here to take into account two type of uncertainties affecting the non-

linear system (2.1):
, . iy . T
a) the first case when the system is affected by an additive uncertain term, then z, = [le} ,

b) the second case when the system is affected by both a multiplicative uncertainty to the

input and an additive uncertain term to the dynamics of x, then, z, = [x " u"] i
The following assumptions are assumed to be valid throughout this thesis:
Assumption 2. The admissible control u € Uyg,, C R™ is piece-wise continuous over |[to, T |.
Assumption 3. The pair (A, B) is controllable in the Kalman sense.

The class of systems with uncertain models (2.1) could represent different types of nonlinear

systems' such as mechanical, biological and chemical, among others [4].

2.1 Robust Optimal Control Problem

The main purpose of this work consists in designing the control u* € U4, € R™ which minimizes
a given cost functional J, for (2.1), subjected to the presence of uncertainties characterized by
(2.2).

The general form of the cost functional considered in this study obeys the Bolza form [12]:

J(to,x03u(-)) = ho(x(T)) + Th(x(t),u(t))dt. (2.3)

fo

"Notice that (2.1) is in fact an affine nonlinear form with respect the input general system and the nonlinear
unknown elements are presented using the extended linearization [102] or state-dependent coefficient representa-

tion [103]. As a result, the system is factored into a linear-like structure with state dependent matrices.
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The cost functional depends on the state and control. The form of function /2 : R" X Uyg,,, — Rt

on (2.3) satisfies the following quadratic structure:
h(x,u) =x' Qx+u'Ru, (2.4)

where Q € R™" and R € R™*™ are positive definite and symmetric matrices. The continuous
function hg : R” — R defines the terminal condition.

In a classical OCP, if the plant to be controlled has a complete known model then, the OC so-
lution consists in finding the explicit stabilizing u* which optimizes the given functional. However,
in this work, the model (2.1) is affected with some uncertain nonlinear functions which prevents
finding the eact calculus of u*. Hence, one of the contributions of this study is the design of
a robust optimal solution for the worst case associated to the class of admissible uncertainties,
then a min-max approach. Hence, the proposed controller considers the maximization over the
admissible set of the uncertainties. To solve this, an alternative approach to characterize the

problem of designing the OC is given in terms of the following min-max problem [22]:

max J(tg,xo;u(-)) —  min
T][E\P“dm u(')EUadm [t()vT]

subject to (2.1).
According to the Dynamic Programming Approach, the presented finite-horizon OCP entails in

finding the solution for the following PDE (known as the Hamilton-Jacobi-Bellman equation),

v (t
_V(tx) + max min H(—VV(t,x),x,u,m;) =0. (2.5)
at MEUame]iG\P“dm

The function H : R” x R" x Uy x ¥4 — R is the Hamiltonian, which was defined in (1.9), for

the class of system in this OCP, that is
H (—VV(I,X),X, u?ﬂi) = _VTV(I7X> (Ax+Bu+niZi> —h ()C,I/l) : (26)

The function V : Ry x R” — R is the VF and 7 € [tp, T]. In view of the uncertainties effect on the
dynamics of (2.1), in this study, the following definition of robust VF is considered:

Definition 3. The robust VF is defined for any (t,x) € [ty,T) x R" by:

V(t,x)= min max J(¢,x;u(-)), (2.7)
MEUame],‘ElPadm

with the boundary condition V (T, x) = hy(x).
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The max-min equation (2.5) is derived from the PO. This robust version of OC design is useful
for the case of multi-model systems (finite dimensional case) or for systems with uncertainties
such as (2.1) (infinite dimensional case). The following sub-section presents the main theorem
which proves how to derive the max-min estimation on the Hamiltonian considering the robust
VF associated to the proposed cost functional. Such result implies that the proposed robust VF

is the solution of a modified (robustified) HJB equation.

2.2 Max-min HJB Equation

In the previous chapter, we studied that the DP method [13] provides sufficient conditions® on
the optimality for an admissible control with the application of the HJB equation. This study
takes advantages of such property to derive the proposed robust OC. The following Theorem
derives the corresponding HJB equation for systems with bounded perturbations or parametric

uncertainties such as (2.1).

Theorem 3. Suppose thatV (t,x) in (2.7), is continuously differentiable with respect to its two ar-
guments, then, it is a solution of (2.5), (t,x) € [to, T ) x R", with the boundary conditionV (T,x) =
ho(x(T)).

Proof. Consider a control u € U,;,,, and the following representation based on the PO (see e.g.

[10]) for the robust VF with s € [tg, T'):

V(s,y) = min max { / §h<x(t),u(t))dz+v(f,x(f))},

ueUame],‘ElPadm
vse s, T], x(s)=y.

Therefore, by the definition of the minimum operator, the following inequality is valid:

V(s,y) < max {/h ))dt+V (5, ())},WE[S,T].
ni .c\padm s
Using the fact that min{a} = —max{—a}, one can obtain:
V(s,y)+ min { /h 1))dt—V (8, ())}SO, vse s, T].
ni .c\yadm

2DP states necessary conditions assuming smoothness properties on the VF.
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Multiplying by ﬁ and considering the Definition 3, the following inequality holds:

L{ min {V(s,y>—V(§,x(§>)— / fh(x(t),u(t))dt}] <0. (2.8)

§— Ky niel}ladm

Using the Mean Value Theorem in (2.8), we obtain:

oV (¢
_ V() + min {—VTV(I,x) (Ax+Bu+m;z;) —h(x(t),u(t))} <0,v§els,T],
al‘ niel}ladm
which implies:
0
0>— Vit,x) + max min {H(=VV(t,x),x,u,m;)}. (2.9)
at u€Uagm nic \padm

On the other hand, for any € > 0 and s close to §, there exists a control signal u(-) := ue ¢(-) €
Uadm[S,T] for which:
§
V(s,y)+e(§—s)> max {/ h(x(t)e,5,u(t)es)dt + V(§,x(§))} : (2.10)
n;€Paam t=s

Subtracting V (s, y) from both sides of (2.10) and multiplying by s% one can obtain:

s’

£> [max { /t ' h(x(z)e,f,u(z)gs)dHV(f,x(f))—v<s,y)H. (2.11)

- §_ Ky nielpadm =S

Using the Fundamental Calculus Theorem on (2.11) and multiplying it by —1 at both sides
1 § S V(e
—e< - {— max {/ —H(—VV(t,.X),.x€7§,l/lgyf,ni)dt} _/ ét’x)dt]. (2.12)
s 1

S—S nielpadm =s

Then, considering the definition of the minimum and maximum, the inequality (2.12) can be

rewritten as follows

L aV (t,x)]
—t S § / [ mil’l {H (_VVO‘,X),XS“@, uS.ASQ?ni)} - ﬁ dt
§S—S Ky nielpadm ’ ) at |

Therefore, taking the maximum on the right-hand side, the following inequality is also valid

I aV (t,x)]
—& < — / [ max min {H(=VV(t,x),xe3 e s,Mi)} — V(t,%) dt. (2.13)
§—S8Js ”EUame],‘GlPadm ’ ’ at 1
Let s — §in (2.13), hence, we obtain:
v (¢
—e< max min {H(=VV(t,x),x,u,n;)}— ( ,x). (2.14)
”eUadmn,‘E‘Padm at
Considering (2.9) and (2.14) and taking € — 0 the proof is completed. O

The previous proof uses the condition on the robust VF V € C'. Notice also that the construc-
tion of the previous proof states a kind of necessary conditions. The following section states the

sufficient conditions of the optimality.
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2.3 \Verification Rule

Consider the optimal admissible value for the uncertainties n¥ € W™, such that the following
optimization is solved,

H(=VV(x,t),x,u,m;) — min |,

nieqjadm
and the control law given by
u*() =u" (n?7x7vv(t7x))7 (215)
be a robust optimal solution, such that,
H(=VV(x,t),x,u,m’) — max , (2.16)
UE€Uqadm

and suppose that we can obtain a VF solution V* € C' to the HJB equation (2.5), then

IV YV ) xam) =0, VT =h((T).  (217)

which for any (#,x) € [fo,T) x R" is unique and smooth.

Considering the OC (u*) in the system (2.1), there exists a solution x* € R” satisfying the
ODE (2.1).

Suppose the pair (u*,x*), ”EO,T) € Uuam, x@oj) € R" satisfies (2.17), then the definition of the
Hamiltonian (2.6) for this OCP implies V*(¢,x*(¢)) satisfies the following ODE

d * * _ * *
EV (t,x*(t)) = —h(x",u").

Integrating this equality by ¢ € [ty, T] leads to the relation
T

VT, x"(T))—V*(to,x" (t0)) = —/ h(x*(t),u*(t))dt. (2.18)
T
The last equation could be rewritten by considering the final condition for VF as:
T
V*(to,x0) = ho(x*(T)) + h(x*(t),u*(2))dt. (2.19)

fo

By Definition 3, the equation (2.19) means exactly that (x*,u*,n;) is an optimal triplet and u* is
the OC.

The max-min HJB to obtain a robust-like OC needs the optimal arguments n; and u* and
then, the robust is the VF solution. The following section describes the proposed methodology

to obtain the optimal values 1 and u*.
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2.4 Optimal arguments for the max-min HJB

The first step to solve (2.5) consists in finding N such that the Hamiltonian is minimized.

2.4.1 Optimal value for the uncertain element (1)

One can consider only the terms related to n; due to the structure of (2.5). Then, the solution for

the first step can be achieved by solving the following equivalent optimization problem:

n; = argmin { —VTV(Iax)T]iZi} :
niel}ladm

The solution for this problem was gotten with two different approaches, one for each case of z;.

a) Additive uncertain term.

For the case of z,, consider the following partial optimization problem to characterize 1;:
M, = argmin { —VTV(t,x)naza} . (2.20)
nael{mdm
Using the inner product, the equation (2.20) is equivalent to
n, = argmin{—(nIVV(t,x),zQ}. (2.21)
nael}ladm

The application of the Cauchy-Schwartz inequality on the inner product in (2.21) leads to

~NIVV(1,9),20) = — [T YV (1.,

[ zal,
then, using the triangle inequality® on the previous inequality, such that

~(g VY (1.2),2) = ||}

VYD) zall,

and considering the Assumption 1 regarding the admissible set of uncertainties padm (2.2),
one gets
— (Mo VV(1,%),24) = =/OIIVV (2,2) | |zall (2.22)

3Considering the adequate consistent norm in the space of matrices [104,105], the Frobenious norm is compatible

with the Euclidean vector norm.
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where ¢ = a2 + B2, with o, and B, given in (2.2).

The inequality (2.22) can be used to obtain the exact value of 1}, taking into account the

equality:
!
VV(t,x)z,

No=VOVV(t,x)z,

Additive uncertain term and multiplicative uncertainty with the input.

For the case of z;, consider the following partial optimization problem to characterize n,:

M, = argmin {—VTV(I,x)m,Zb} .
nbelpadm

Using the A-inequality*, the terms related to M, in the Hamiltonian can be bounded as

follows:
—VIV(t,x)Mpzp > —0.5 (|[VV (t,x) |13 + [Mezs]15-1) -

Considering that A = I,,, and the compatibility of norms in metric spaces [105], the following

inequality is also valid:
=VIV(t,x)pzp > =05 (|[VV (1,0)12 + sl llz511%) -
Considering (2.2), one can obtain
=V TV (t, 0z > —0.5[|VV (£,%) > =Yz |,
where Y= 0.5 (o7 4 B7). Then, the optimal argument is

Ny =V (t,0)2 (05 llzpll 2+ ¥V (1,0)] ).

The second step consists on finding the OC u;, which is obtained by solving the following equa-

tion

u?‘:argmax{ min H(—VV(t,x),x,u,T],-)}.

u€lUygm nielpadm

The following subsection describes the methodology to obtain the OC.

“For all x € R" and y € R” the inequality 2x"y < [|lx[|Z + [[y[|3_, holds with any A € R™", A = AT, positive
definite [105].
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2.4.2 Optimal control value (")

The methodological difference to obtain the optimal values 1 is mainly because the second case

considers a multiplicative unknown element with respect to the input. The optimal value 1;, has

separated (additive) elements (VV (t,x), z,) while in the first approach, for the case of 1}, these

elements are multiplicative. Then, after the substitution of the optimal value 1} in each case, we

use the following approach to obtain the OC u;".

a)

Additive uncertain term.
In this case, the OC is obtained directly ° because the unknown elements are not related
with the input, then

u:=—0.5R"'B"VV(t,x). (2.23)
Additive uncertain term and multiplicative uncertainty with the input.

By the substitution of 1;;, equation (2.5), for this case, is equivalent to:

aV (¢
VD (VT (0Ax = VTV (0B~ 05 [V (1,0) P
u€Uadm

(2.24)
2 2 2
~Yllzsll® = 11§~ st } = 0.

Considering the terms related to the control () in (2.24), the maximization problem over
the Hamiltonian is equal to:
2 2
= argmax { =V TV (t,x)Buy —lJzp||* — [} } -

ubeUadm
Considering the control u on vector z;, and gathering terms,

u* = argmax < —V 'V (¢, x)Bu— HuHCZD},

u€Uqam

where ® = vI,, + R. Therefore, the optimal control u* is given by:

u =—050"'B'VV(t,x). (2.25)

The HBJ equation for the cases, considering the optimal arguments is given by:

5By direct differentiation respect to u.
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a) Additive uncertain term.

Substituting both #* and n* on (2.5), such that

_aV(t,x)
ot

1
—VTV(t,x)Ax+ ZVTV(t,x)BR—1BTVV(t,x)

—[Ixllg = Vo (X[ + D [VV (£,x)|| = 0.

b) Additive uncertain term and multiplicative uncertainty with the input.

The substitution of (2.25) in (2.24) yields to

V(1)

I VIV (A= [V (1,3, — (3, =0,

where ®; = 0.51, — 0.25B®'BT and &3 = Q +7I,.

(2.26)

(2.27)

The min-max DP approach to obtain a robut-like OC solution is summarized in the following

section.

2.5 Procedure summary of the min-max DP approach

Table 2.1 summarizes all the steps of the proposed methodology to solve the min-max DP ap-

proach of the analyzed OCP.

Table 2.1: Procedure summary

Step Description

1 Problem Formulation

Given the plant as (2.1), the performance index (2.3) and
the initial condition x(7y) = xo, find the OC u*, consider-

ing the unknown elements 1); characterized by (2.2).

max J(f,xo;u(-)) —  min
nielPadm (07 0 ()) M(')eUadm[thT]’

subject to (2.1) and (2.2).
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2.5. PROCEDURE SUMMARY

PO for the min-max problem, the

min-max DP

After the formulation problem, setting the optimal con-
ditions for the DP approach using the PO for the min-
max problem. The robust VF is defined for any (¢,x) €
[to,T) x R" by

V(t,x) = min max J(t,x;u(-)).
MEUame],'ELP“dm

3 The max-min HJB

The use of the VF definition to obtain the PDE (max-min

HJB equation)

Vv (t,x -
N gt ) +Mré1(%4§rlnirerlq521;,,H(_Vv(trx)rxau?ni) =0.

4 Minimization of the Hamiltonian

To find the optimal argument ;" for the PDE of the pre-
vious step, minimize respect to 1;.

-1

9

n; = oVV(t,x)z, | VV(t,%)z,

and

;= YV (1,025 (0.5l 2+ 79V (1,0 72)

5 Maximization of the Hamiltonian

With a fixed 7, to find the OC u* for the PDE of the step

3, maximize respect to u. For a)
u* = —05R"'BTVV(t,x).

For b)
u* = —050"'B'VV(t,x).

33



2.5. PROCEDURE SUMMARY CHAPTER 2. MIN-MAX DP

To obtain the HJB equation after the substitution of the
optimal arguments of the steps 4 and 5.

6 | The optimal HJB equation oV (t,x)
R

+H (=VV(t,x),x,u*,n}) =0.

Solution of the HJB equation | To solve the PDE of the step 6 with terminal condition

(VF) V(T,x(T)) = ho(x(T)), obtaining the respective VF.

_ To compute the gradient of the solution (robust VF) ob-
8 Computation of the OC

tained in the previous step, i.e., VV (¢,x).

Notice that the structures of the Step 5 (OC for (2.1)) need the gradient (Step 8) of the solution
for the max-min HJB in Step 7. An additional difficulty for solving the max-min HJB is added
because of the robustness asked to the control solution. The Steps 7 y 8 are described in the
following Chapter, that is, the ANN approximation for the solution of this max-min HJB equation

and the computation of the gradient.
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Chapter 3

ANN approximation for the max-min HJB

This chapter describes the ANN approximation for the max-min HJB equation solution. The ANN
approximation theorem (universal approximation property) is used to demonstrate the approxi-
mation capabilities of the ANN structure approximating the robust VF. The description of such
an approximation for both classes of systems, a) the case of additive uncertainties and b) the
case of additive and input multiplicative uncertainties is given. In addition, the stability analysis
for the controlled systems using the approximated VF as a Lyapunov function candidate is also

presented.

This part of the thesis analyses two major aspects regarding the ANN application as a feasible
approximation for the Robust VF (V (¢,x)): the first deals with the justification of the requested
properties to derive the approximate solution of the max-min HJB and the second studies the

approximation error enforced by the ANN to the robustified version of the VF.

The following section describes the proposed ANN structure, which approximates the solution

for each case of the two aforementioned cases for the max-min HJB equation.
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3.1  ANN approximated VF

The VF V (t,x) for linear systems without perturbations or uncertainties is a quadratic form of the
state vector x. Then, the problem of solving (2.5) modifies to ensure the existence of an uniform
positive definite solution for a differential Riccati equation [12, 63, 106]. Inspired on this solution,
the proposed approximation considers a similar quadratic form of the state complemented with a
suitable ANN topology.

Consider the following representation of (2.26) and (2.27):

V(t,x) = Va(t,x) +V(2,), (3.1)

where V, : R, x R” — R is the ANN-based approximation and V : R, x R" is the approximation

error. Therefore, the approximation structure is proposed as
Va(t,x) = Vn (t,x) +x" P(1)x, (3.2)

with P : Ry — R™*" being positive definite V¢ € [to, T) and uniformly bounded with respect to ¢,
let x € R" are the states of (2.1) and Vyy is the selected ANN structure. The following Corollary

justifies the approximation property (using the ANN structure) for the solution of (2.26) and (2.27).

Corollary 1. Consider that the Robust VF (2.7) satisfies the conditions of Theorem 3 and con-
sider P : R — R"*" to be a positive definite matrixVt € R... Then, for any ¢, € R, there exists
an integer p defining the number of neurons of the Vyy structure and a set of p output weights,
such that:

V(t,x)| <@, VxeR" VieR,.

Proof. The absolute value of the approximation error can be represented as:
V(t,x)] = [Vaun(t,x) —vi(r,x)|, VteRy, VxeR"

where v (7,x) = V(t,x) —x " P(t)x. The function v| (¢, x) is continuous for all x e R” and 7 € R ..

Applying the Theorem 2, the proof is completed. O
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The approximate function Vyyy satisfies a single-layer ANN topology. In this study, the learning
laws design is made using the min-max HJB equation for each class of systems (additive and

multiplicative uncertainties).

3.1.1 ANN solution for the case a)

Assume that Viyy (¢, x) represents an approximate solution associated to the max-min HJB (2.26)

given by the following ANN structure
Vi (x,1) = o(t)o(x). (3.3)
The structure of ® € R™ and 6 € R™ is proposed as follows:
o(lt)=6" (1)), ox)=6"(x)6(x).

The function @ : R, — R” corresponds to the weights vector and 6 : R* — R” is the ANN
activation vector based on sigmoid activation functions. This particular structure ensures the
positiveness of the approximate Robust VF. For this case, the sigmoid function satisfies the Defi-
nition 2. Therefore, the max-min HJB equation (2.26) based on the approximated function V, (¢, x)

considering V (¢,x) — 0, is governed by

—x"P(t)x—d(t)o(x) — @)V o(x)Ax — 2x " P(1)Ax

+% (o(t)V'o(x)+2x"P(t)) BRT'B" (0(t)Vo(x) +2P(t)x) (3.4)

VORI +1) (1) Vo(x) +2P(0)x] — lxll3 = 0.
The equation (3.4) can be separated in time dependent differential equations using the rewriting

of quadratic terms x ' Ric(P)x as follows,

Ric(P) = —P(1)— P(1)A+ AT P(t) + P(1)BR "B P(1)— 0 — 2 VZ“(’SBHZPJ)“ Dp2), (35

and the elements &' W, where
d®(t) ®(t)V'o(x) 1 LT
— —A -0(t)BR™'B'V
i T 20 X go0) o)

212 X2 (3.6)
BRBT2P(1)x— 2 “;EL’) 'JD)H)PU)X— ‘°<t>vz‘é’og”P')' U vs

W =
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Here z((7), P) = || (1) Vo (x) + 2P(1)x

on-line numerical solution of (3.5) and (3.6), and the numerical solution for the initial conditions

ic(P) = 0. The simultaneous

define an approximated numerical solution of the max-min HJB.

3.1.2 ANN solution for the case b)

Let consider the following structure for the approximation of (2.27):

P

Vn (t,x) = Z(Di(t)Gi(x), (3.7)

i=1
where ; : R, — R, are defined as ;(r) = (@;(r))?, @ : Ry — R are the adjustment weights
of the ANN structure. Therefore, the HJB equation using (3.7) has the approximated solution

governed by

p
Z —2x"P(t) Ax—Z(D, (1)V ' 6;(x)Ax —x ' d3x

(3.8)

@, P(t)x—f—Z(Dj(t)VGj(x) ~ 0.
j=1

4 [ﬂp(r) + Z wi(t)V 6i(x)
i=1

The equation (3.8) can be rewritten gathering the quadratic terms with respect the state and the

elements associated to the weights
—x' [%(t) +P(t)A+ATP(t) +4P(t)PP(1) + cI>3] x
P d . _
—i; i(1) {Zdtm,( )o(x )—i—(D,'(t)VTG,'(x)Ax—I—SCOi(t)VTG,-(x)(I)zP(I)x (3.9)

)
+ 4@;(1)V ' o;(x Z VGJ x)| =0.

Then, (3.9) can be separated in the following two differential equations:

P

E(I) = —P(1)A—A"P(t) — P(1)4D,P(t) — P3, (3.10)
and
d . 0; (¢ VT i
E‘”"“):_%@S@ Ax+8DP(1 )x—i—4q>2J:Z:1 &,(1)) Vo) | 3.11)
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Equations (3.5) and (3.6) are the learning laws associated with the ANN solution for (2.26)
and equations (3.10)-(3.11) are the learning laws associated with the ANN approximation of
(2.27). From these learning laws, we obtain the structure of V,(¢,x) for both classes of systems
with uncertain models. Notice that the gradient of this approximated Robust VF (VV,(t,x)) can

be used for realizing the corresponding OCs.

The initial condition and the methodology for the implementation of the OCs are described in

the following section.

3.2 Numerical adjustment of the free ANN parameters

The solution for the class of robust OC requires the implementation of a special class of recurrent
algorithm (Algorithm 1) to adjust the initial conditions of the weights participating in the ANN
structure. The realization of this method is equivalent to the regular training process of ANN-

based approximation solutions.

The algorithm implements a routine to check the terminal condition of the approximated Ro-
bust VF. If the expected value is not gotten, then an adjust for the parameters of the learning laws

is enforced by the proposed algorithm.

The numerical method used a mixed strategy realizing the evolution of the states regulated
by the sub-optimal controller. Each sequence was evaluated by adjusting only the initial condition

of the weights adjustment laws'.

Figure 3.1 depicts the scheme to represent the interaction between the numerical solution

and the OC implementation.

1 Algorithm 1 implements a class of Levenberg-Marquardt method [107] for inverse problems (parameter identifi-
cation). In [108], the authors present the proofs for the global convergence and they do not assume that there is a

solution with zero residuals, which is a natural condition if the number of activation functions in the ANN is finite.
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Algorithm 1 Recurrent algorithm to adjust the initial parameters of the learning laws equations
1: Start

2: Variables initialization

3 K, w5 I was i a4

4 i > wi —wa; Vi = wis i < Ya; 1= Ui;

5: while V; > udo

6.  Exert simulation of (xi,ui = —0.5R*IBJ%V(WZ~));
7 auxy; = <%V(W,’)>T <%V(wi)> +Yilp;
8  auxy = <%V(wi)>TV(Wi);

9: Siy] = —auxl_ilaule';

10: num; :Viz—Viz(Wi—i—Si);

11: deni:Viz— (Vi-l-% (Wi)Si)z—'YiHSiHZ?
122 pi= denl-_lnum,';

13: if p; > K then

14: Wil = Wi+ i

15: Mit1 € [maX{u%}, ﬁ};
16: M= Hit1;

17: else

18: Wil = Wi,

19: pit1 = Ly

20: end if

21 Vg1 =V(wi);
2

22: i1 = Mig1 Haiw,-viﬂ‘ ;
23: i=i+1,;

24: end while

25: u* = u;;

26: Stop
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-
The vector w € R? is defined as w = [@1 (0),...,®,(0)| - Here, the parameter i denotes

the number of iteration and it is initialized with i = 0. The initial parameters are selected such as,
Ke(0,1),ueRy, T > 1w, €RY, ;> p, ¥, € Ry The following section presents the Lyapunov

stability analysis using the approximated Robust VF.

P(0)

Riccati V(T,x(T))
Equation y P

ANN solution

w;(t)

Adjustment

Cost X
Functional

Control H System ]

w:(0) [ Adjustment
Weights

x |

V(t,x)

Figure 3.1: Structure of the routines for the numerical simulation

and the adjustment of the parameters.

3.3 Practical stability analysis using the OC solution

The presence of uncertainties F; and G; has an impact on the value estimation for the perfor-
mance index (2.3) evaluated over the trajectories of the nonlinear system (2.1). Therefore, a
robustness analysis for the state trajectories is requested. The stability analysis for the equilib-
rium point of (2.1) is based on the Lyapunov stability method. In the following sub-sections, the

stability analysis for each case is presented.

3.3.1 Lyapunov analysis for the case a)

Proposition 3. Consider the nonlinear uncertain system given in (2.1) with the sub-optimal con-
troller design introduced in (2.25). Suppose that Assumption 1 stands, then, if there is a bounded

positive and symmetric matrix P (P~ < P(t) < P™ with P~ € R and P* € R™*" positive defi-
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nite matrices) of the time varying Riccati matrix equation (A; > 0,A; € R™"):

P(t)— (P(1)A+ATP(t))

(3.12)
+2P(t)BR™'BTP(t) — P(t)A1P(t) — Q2 = Q4(t),

with Q4 : Ry — R™" a time-dependent positive definite matrix, and the weights in the ANN
approximation (3.3) governed by (3.6) are bounded by ® < @' Vt > 0 with 6(x) # 0, Vx # 0 then,
the origin defines an uniformly practical stable equilibrium point of (2.1) [109] with an ultimate

bound given by
€0

b= Sup;>oAmax {04 (1)}

Proposition 1 states sufficient conditions only. The boundedness of the stable trajectory under

(3.13)

the robust optimal closed loop control depends on the existence of the positive solution for (3.5).
The proposed method can provide just sufficient arguments in view of the main result, which

comes from a Lyapunov-like stability analysis.

Proof. Introduce the approximate value function V, : RT x R” — R as a feasible Lyapunov

function candidate for (2.1). Based on the assumptions, the candidate energetic function satisfies
X P x<V,(t,x) <x'PTx+oo(x).

Notice that both x' P~x and "o (x) +x"P*x are both class-X functions [3]. The full-time

derivative of V, along the trajectories of x and ® satisfies:

V(t,x(t)) = 2x " (£)P(0)x(t) +x" ()P(t)x(t) + %w(t)c(x) +0(t)V o (x)x(1). (3.14)

Reorganizing the elements on (3.14), such differential equation yields

. . d

Vo(t,x(t)) = <2xT ()P(1) + oo(t)VTG(x)> £(1)+xT (DP(0x(1) +26 (1) 20(1)o(x).  (3.15)
The substitution of (2.1) in (3.15) leads to

Va(t,x(t)) = x" (t)P(t)x(t) + ZGJT(I)%GJ(I)G(X)
+ (2xT (1)P(t) + (1) Vo (x)) [Ax(t) + Bu(t) +Maza) -

(3.16)
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The application of the sub-optimal admissible controller u* (2.25) transforms (3.16) to

Va(t,x(t)) =x"(t) (P(t)A+ATP(t)) x(t) +2x" (t)P(t)B (—%R‘lBTVV(t,x))

+2x T P(t)Nazq + @(2) V' 6(x) [Ax—l—B (—%RIBTVV(t,x)ﬂ (3.17)
d

+0(t)V 6 (x)Maza +x " P(t)x(t) + 20" (1) -

®(1)o(x).

The gradient of V can be estimated using the definition of activation functions. Then, the

reorganization of the terms in (3.17) is equivalent to:
Va(t,x(t)) =x" (P(t)A+ATP(t) —2P(t)BR'B"P(t)) x — 2x" P(t)BR"'B T 00(¢) V& ()
1
+2xT P(t)Mazq + (1) VT 6(x)Ax — 5OJ(t)VTG(x)BR_lBTCO(I)VG(x)
. d
+0(1) VT (xX)Naza +xTP(t)x(t) +2@7 () EGJ(t)G(x)'
The application of the Young’s inequality [66], justifies the following inequality, straightforwardly

from the previous equation

Va(t,x(t)) <x" (P(t)A+ATP(t) —2P(t)BR'B"P(t)) x+ 0(t)V "o (x)Ax+x " P(t)x(t)
—%m(r)VTG(x)BRIBTw(t)VG(x —2x"P(t)BR™'BT0(1)Vo(x) +20 ' (1) %@(I)G(x)

+(0()VT6(x)) Az (0(1)VT0(x)) " +xT P(VAIP(E)x + 20 AT Maza + 20N A7 Mt
Factorizing with respect to @ and n, (A~! = A7+ A1),
Va(t,x) <x' (P(t)+P(t)A+A"P(t)—2P(t)BR"'BT P(t) + P(t)AP(t)) x
1
—0(1) <2xTP(t)BRlBT —x"AT + EVTG(x)BR*IBTw(t) — oo(t)VTG(x)Ag) Vo(x)
d
2 Mg A Maza +20" (1) 0(1)0(x).
Considering that F,' A~'F, < Qo y G) A~'G, < €, one gets
Va(t,x) <xT (P(t)+P(t)A+ATP(t) —2P(t)BR'BTP(t) + P(t)A1P(t) + Qo) x
1
—0(1) <2xTP(t)BRlBT —x"AT + EVTG(x)BR*IBTw(t) — oo(t)VTG(x)Ag) Vo(x)

20" (1)=—a(t)o(x) + €.

SE
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Substituting the adjustment laws for the weights, the previous inequality yields to
Va(t,x) <x' (P(t)+P(t)A+ATP(t) —2P(¢)BR™'B T P(t) + P(t)A1P(t) + Qo) x
1
—o(t) <2xTP(t)BR_lBT —xTAT + 5VTcs(x)BR—1BTco(t) — co(t)VTG(x)A2> Vo (x)

o)V o()
26(x)
o) ¢<||x||2+1>%(x)>G(x)+£0_4 QUMD p .

1
+207(7) (—Ax-l— Zm(t)BR*IBTVG(x) +BR'BT2P(1)x

z(w, P) z(w,P)
Simplifying the previous expression, one gets
Va(t,x) <xT (P(t)+P(t)A+ATP(t)—2P(t)BR"'B" P(t) + P(t)A1P(t) + Qo )x
1
—(1) [ZVTG(x)BORlng(t) — OJ(I)VTG(X)AQ} Vo(x)+¢€o

o e R g ot @OV g

Z(OJ, P) Z(O‘)7 P)

-
Considering the extended vector @ := [xT VTG(X)} yields to the simplified form given by:

Va(t,x) < —x" (=P(t) —P(t)A—ATP(t)+2P(t)BR™'BTP(t) — P(t)A1P(t) — Q2) x

(3.18)
—0(1)9" 039 +¢,
where:
I, Iz
0> := Qo+ o(t)01, Q3(t) :=
I, Iy

O(llxl>+1)

1) :=2
= (o, P)

P(t), Iy := Q1, Q1 ER™" 01 =0/ ,01 >0

Vo x>+ 1)
z(®,P)

o(1).

1 0]
Iy, := [ZBQR_lB(—)r — A+
Considering (3.12), the inequality (3.18) is equivalent to:

d
EVa(I,X) < —x"Qu(t)x— ()9 03¢+,

If one considers the subspace of the state variables x € {x" Q4(¢)x > €9} (Q4(t) is given in
(3.12)), then

d
Eva(trx) S 0

In consequence, the states x are ultimately bounded with the bound given in (3.13). O

44



CHAPTER 3. ANN APPROXIMATION 3.3. STABILITY ANALYSIS

3.3.2 Lyapunov analysis for the case b)
For the second considered case, let use the following assumption for system (2.1).
Assumption 4. The uncertainty G(x,t) satisfies the following representation:
Gp(x,t) = BE(x,1), (3.19)
where E : R" x Ry — R™™ js bounded ||Z(x,t)||r <V,v>0,Vt € R}, x € R".
Theorem 4. Consider the nonlinear system given in (2.1) with the suboptimal control design
u* = —0.50"'BTVV,(1,x). (3.20)

Suppose that assumptions 1-3 and Assumption4 hold, then, if there exists a bounded positive
definite and symmetric matrix P (P~ < P(t) < P™ with P~ € R™" and P™ € R"™" positive
definite matrices) solution of (3.10), and the weights in the ANN approximation (3.7) governed by
(3.11) are bounded by |®;| < ;" for allt € R with 6;(x) # 0 for all x # 0, and matrix R in (2.4)
satisfies

R < 61, (3.21)

where ¢ = %( (v_z —vIVv2—4- 2) , withy=0.5(cz +B2), o, and B, are given in Assump-
tion 1 andv is given in Assumption 4. Then, the origin is an uniformly practical stable equilibrium

point of (2.1).

Proof. Consider (3.2) as the Lyapunov function candidate for (2.1). Based on the conditions of
Theorem 4, the approximation for the robust VF (3.2) satisfies the following sequence of inequal-
ities

Wi(x) < Vu(t,x) <Wh(x), VteRy, VxeR"
where W; : R" — R, is given by W; = Apin{P~}||x||> and W, : R” — R, is given by W, =
s (P Y+ max [ (07)7} Y o1t

=1,... i=1

The derivative of (3.2) along the trajectories of (2.1) is defined by

aV,(t,x)

o +V IV (t,)Ax+ VTV, (1,x)Fy(t,x)x +V ' Vy(t,x)Bu+V  V(1,x)Go(t,x)u.

Va(t,x) =
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Considering that (3.2) satisfies (2.27) and by the substitution of (3.20) in the previous equa-

tion, the following relation holds

) 1
Va(t,x) = = [|VVal[§, — Ix]1G, — EVTVa(z,x)BcIrlBTVVa(t,x)
+V TV (t, )y (t,%)x — 3V TV (t,x) Gy (t,x) D BT VV, (2, x).
Using the A-inequality [105] on the element V "V, (¢, x)F,(t,x)x, such that,
1 1
VI Va1, %) Fp(t,x)x < ExTFbT(t,x)Fb(t,x)x—i— EVTVa(t,x)Va(t,x).
Gathering terms, the following inequality is valid

Va(t,x) < =V TV, (t,x)I1VV,(t,x) — x T TIpx — VTV, (2,%)Gp(2,x)@ BT VV,(t,x), (3.22)

where IT, = }B® !B and I1, = Q + 3Bl
Applying the same procedure (A-inequality) to the third element,
VTV, (t,x)Gy(t,x)@~'BTVV,(t,x), of (3.22), one can obtain

Va(t,x) < =V TV, (£, )1, VV,(t,x) — x ' TIpx + %VTVQ(t,x)Gb(t,x)AGl;r(t,x)VVa(t,x)
+1IVTV,(t,x)BO A1 D BTV, (t,x).

Selecting A = y‘llm in the previous inequality and considering the Assumption 4, one gets
Va(t,x) < =V TV, (1, )1 VV,(t,x) — x " Tlpx, (3.23)

1
with IT. = ZB (@~ 'R®~! —v2y~11,) BT. Therefore, considering (3.21), the equilibrium point of
(2.1) is uniformly asymptotically stable (see e.g [3], Theorem 4.9). O

The numerical results for both cases: a) additive uncertain term and b) additive uncertain
term and multiplicative uncertainty with the input are presented in Chapter 5. The following
Chapter explores the ANN approximation capabilities for a class of systems with uncertain models
but satisfying a homogeneous property. Such assumption provides a natural way to extend the
applicability of the suggested sub-optimal controller.

The presented ANN identifier is devoted to a class of homogeneous system (standard ho-

mogeneity). This research was developed during the PhD internship at the Institut National de
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Recherche en Informatique et en Automatique (INRIA) in Lille France under the direction of doc-
tors Andrey Polyakov and Denis Efimov. The original idea was to study the ANN approximation
capabilities along with the properties of homogeneous structures to approximate solutions for
PDEs, which is a goal of this thesis. As a first application of ANN with homogeneous structures,
the identifier of the next chapter was obtained. It is planned to continue the research for the
application of ANN with homogeneous structures for other class of applications such as NDP in

near future.
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Chapter 4

ANN ldentification for homogeneous

systems

This chapter presents the design of a non-parametric identifier for homogeneous systems based
on a class of ANNs with continuous dynamics. The study extends the universal approximation
property of ANNs for homogeneous systems. The adjustment laws for the weights are obtained
from a Lyapunov stability analysis and the ultimate boundedness of the origin for the identifi-
cation error is formally demonstrated. In addition, under the persistent excitation condition, the

boundedness for the error of the weights in the ANN structure design is also proven.

Analysis, design and optimization of dynamic control systems need a valid mathematical
model of the plant. However, most of the exiting control systems have model uncertainties.
Therefore, the tools looking for a valid mathematical description of the dynamic system are widely
demanded and applied.

Nonlinear system identification is a field of control theory [110], which develops algorithms
of mathematical modeling of control systems based on input and output signals measured on-
line or/and during some experiments. Identification problem has been tackled using different

approaches due to a large class of system models and its inherent complexity. The identifi-
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cation process in general needs to handle the available input and output data in order to pos-
tulate a model and validate it somehow. Some of the most popular identification techniques
are: functional series methods, frequency domain approaches, fuzzy models and ANNs (see

e.g. [27,111-113] for more details).

The class of neural networks with continuous dynamics (DNN) are utilized to get the approx-
imation of dynamical systems [29, 30, 114], since they can be trained on-line (in a real time). In
addition, DNNs can process many inputs and outputs, so they are applicable to multi-variable
systems. The DNN identification admits the selection of different activation functions, which
represent a certain basis for the model of the system in an admissible space, for example, sig-
moidal functions, polynomials or radial basis functions [45, 115, 116]. The adjustment of the
time-varying parameters (weights) in the DNN according to its structure and the set of activation
functions should be adjusted, for example, by a stability analysis based on Lyapunov procedure,
see e.g. [28,117]. In this chapter, the DNN identification algorithms are developed for a specific

class of systems: homogeneous nonlinear systems affine in the input.

Homogeneity is a symmetry-like property under which an object remains consistent with re-
spect to a certain scaling or dilation. Homogeneous systems can be utilized for local approx-
imations [93, 94] or set-valued extensions [95, 96] of nonlinear control systems. In particular,
some models of process control [97], nonholonomic mechanical systems [98] and systems with

frictions [95] are homogeneous or at least locally homogeneous.

Identification problem of homogeneous systems is not well studied in the literature. One of
the main features of homogeneous system is that an analysis of its behavior in a whole state
space can be reduced to a similar analysis on a unit sphere [99—-101]. This feature implies a
specific structure of the DNN identifier. The activation functions are selected to approximate the
systems on the unit sphere, next due to homogeneity the system model can be expanded to the
whole space. The rest of the chapter develops the identifier for a class of homogeneous systems

with uncertain dynamics.

The considered nonlinear system with uncertain model is given by the following ordinary
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differential equation:
X= f(x7 u)7 S R+7 X(O) = X0, f(x7 u) = fO(x) + Zﬁ(x)uh (41)
i=1

where x(1) € R" is the state vector of the system and xp € R”" is the initial condition.
The function fo: R" — R is unknown, the input associated functions f;: R" — R", i =
0,1,...,m are unknown nonlinear vector fields, u(t) = [u; (t), ..,un(t)] " € R™ is the control input,

m < n. The identifier design for (4.1) is studied under the following basic assumptions:
Assumption 5. The vector fields f;,i =0, 1,...,m are continuous on the unit sphere:

S={xeR": x| =1}. (4.2)

Assumption 6. The vector fields f; are homogeneous in the standard sense' with known homo-

geneity degrees v; € R, i.e., fi(Ax) = AVifi(x), Vx € R", VA > 0, wherei =0, 1,...,m.

The standard homogeneity for the given function f means that such a function f is symmetric

with respect to dilation x — Ax of its argument?.

Assumption 7. The whole state vector of (4.1) assumed to be on-line measured, bounded and

sufficiently excited by control inputs (the details are given Theorems 5 and 6).
Assumption 8. The control inputs are known essentially bounded functions such that

lu;(t)| SU < +oo, Ve€R,, i=1,...,m.

"The generalized concepts of homogeneity have been developed for other types of dilation D: R — R x

D(A)x, and for both finite and infinite dimensional systems, see e.g. [101,118-120].
2In this thesis, the standard homogeneity property in the finite dimensional case is considered, since any gener-

alized homogeneous system is topologically equivalent to a standard homogeneous one [121,122].
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4.1 System Identification Problem

The identification problem consists on finding an approximate model for the vector field f and
its parameters such that, the error between the states of (4.1) and the states of the approximate
structure is small (in a certain norm). Therefore, the first step is to represent (4.1) as a valid
approximate model taking into account the homogeneity property of f. To solve this first step, we
propose a homogeneous DNN structure. The second step consists in designing adaptive laws

for the adjustment of weights of this DNN identifier, such that, the identification error
e:=x—X (4.3)

between the system states x and the DNN identifier states £ satisfies limsup ||e(z)|| < p (1) <
{—poo

+oo, where €7 € R, characterizes the best possible approximation of the unknown mapping f

by means of the DNN identifier and p : R, — R is a class- X function. Obviously, if e" =0

then, the error e(t) must tend to zero® as ¢ — .

4.2 ANNs property for homogeneous systems

The approximation capabilities of ANNs with sigmoidad functions were stated in Theorem 2,
which is formulated under the assumption that the ANN has two layers and it has a static struc-
ture. The proof of this theorem has its fundamentals on the Stone—Weierstrass and the Kol-
mogorov approximation theorems [50]. This property is used in DNN structures for the represen-
tation of dynamic systems.

Based on the necessity of a well-justified approximation theory, the next result establishes the
universal approximation property of the homogeneous ANN structures for the case of systems

as the proposed in (4.1).

Corollary 2. Consider that (4.1) satisfies the assumptions 5 and 6. Then, for any €; € R, and

for any Hurwitz matrix A € R"*" there exist N; € R and W R™Ni §=0,1,..,m such that:

m
(e, u) || <eollx[[™+ Y &illx[||uif, VxeR", VueR™, (4.4)
=1

1

8¢t =0, i.e., the DNN model may exactly approximate the original system.
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where p(x,u) := f (x,u) — F (x,u) and the approximate function F (x,u) is given by
_ Vo
) = ™ | + W5 (Hﬂ\ﬂ* Z w0 () (45)
The elements of the vector functions G; : R" — Rﬁv are proposed as (1.15).

Proof. Based on the properties given in Assumption 6, the system (4.1) can be rewritten as

= "o (W) ¥ s (W) "
i=1

Notice that, the right-hand side of (4.1) is uniquely identified by its values on the unit sphere

(4.2). Consider the functions* f; : R* = R, i =0,1,...,m, i.e., fi(x) = f; <HXH)

follows:

The modeling error function f; is continuous on R\ {0} due to continuity of f; on the unit
sphere 5. Applying the Theorem 2 to each component of the vector f;, i = 1,2,...,m and
to fo(x) — Ax/||x|| on (4.2), and based on the continuity arguments, it can be observed that
Wro;(x/||x||) approximates f;(x) = f;(x/||x||) with an arbitrary small error €;. Notice that the
application of sigmoidal functions justifies that the approximation error can be made arbitrary
small with the proper selection of parameters (scalars and vectors) W;*, y;; and 6;;. Taking into
account the homogeneity of nonlinear functions f;,i = 0, ..., m, the desired global estimate (4.4)

holds. O

We assume that the parameters y;; and 9;;, are selected randomly with a uniform distribu-
tion, and it is needed to find matrices W;* in order to complete the identification of the uncertain

homogeneous model (See Definition 2).

Remark 1. The activation functions (1.15) are bounded. Hence, the vectors of the activation

functions used for the identification on the unit sphere are bounded in the following sense:

(H H) < /N, ¥x € R™. (4.6)

4 Associated to the components of the control u, except f.
5The vector field f; : R” — R”" satisfying Assumption 6, is locally Lipschitz continuous on R" \ {0} if and only if it

satisfies the Lipschitz condition on (4.2), see e.g. [122] and [123]. Similarly, (4.1) satisfying assumptions 1 and 2 has
the continuous right-hand side (on the first argument) in R"\{0}. For v; = 0, the function f; may be discontinuous

at the origin. Therefore, the developed identifier has to be able to deal with discontinuous models.

53



4.3. IDENTIFIER DESIGN CHAPTER 4. HOMOGENEOUS ANN IDENTIFIER

Usually, a function f can be approximated by NN structure only on a compact set (see Theo-
rem 2). The homogeneous ANN structure (4.5) gives a global approximation of f (see the formula

(4.4)).

4.3 Identification of affine homogeneous control systems

In this section, the identifier design for two cases on the identification problem of (4.1) is pre-
sented. The first case considers that the vector fields associated with the input are known and

the second case assumes that all vector fields are unknown.

4.3.1 The case of known control gains

Let consider the case when the nonlinear maps f;: R" — R", i = 1,...,m associated with the

inputs are known and we need to identify only the vector field f.

Remark 2. In Corollary 2, the bound for the approximation error for the complete unknown vector
field case is presented. Hence, the approximation error considering fo unknown and the control

gains f;,i=0,...,m as known, leads to the following inequality:
Hd(H H)H <gy, VxeR" (4.7)

whered (1i7) = fo (1) ~Ariy W0 (1)

Notice that

wioo (1) =20 (1) wis (4.8)
where £(z) =1, ® 6] (z) € R0, z € R" and w, = vec <(WO*)T> € R™0. The norm matrix

X0 <H;_H) has a finite upper-bound (in the matrix space) in view of (4.6), i.e.

Hzo (Hj—OHF < \/nNo, Vx € R". (4.9)

The identification problem can be understood as finding the vector of weights wq by imple-

menting a weights adjustment law such that wq converges to w;; and x can be reproduced by £,

54



CHAPTER 4. HOMOGENEOUS ANN IDENTIFIER 4.3. IDENTIFIER DESIGN

where X € R” represents the state vector of the DNN identifier. The following theorem introduces

the first result for the convergence of the identification error.

Theorem 5. Let assumptions 5-8 be satisfied and consider the approximation (4.5) for the ho-

mogeneous vector field fy, with modeling error as in Remark 2 and the DNN identifier® given

by
d A . m
= | x|V [Auﬁ—u +Xo (Hﬁ—u) wo —l—QKQTe] + Zf, (x) ui, (4.10)
i=1
where A € R™*" is a Hurwitz matrix, e(t) = x(t) — X(t) is the identification error (4.3), wo(t) €

R™o js the vector of weights adjusted as follows:

d
Ewo = —||x||V°KQTe, (4.11)

and Q € R™"™o js an auxiliary variable satisfying:

Q
92 — || (AH—ZO (ﬁ)) (4.12)

If K € R"™Mo>xnNo js g positive definite symmetric matrix and the control inputs u in (4.1) are
such that Ix~ >0, Ix™ > 0, x~ < |[x(¢)]] < x™ < 4o, V¢ € R and the following persistent

excitation (PE) condition” holds
t+lg
/ QT (5)Q(s)ds > Doluny, Vi € Ro, (4.13)
t

for some {, > 0 and O > 0. Then, there exist two class-X functions p and p, such that:

limsup [[e(z)[| < p1 (20) (4.14)
t—ro0
lim sup [[wo (1) —w (1) [ < P2 (20), (4.15)
t—roo

where € is given by (4.4).

8Notice that the DNN identifier (4.10) is not regular [30,117] because it has a direct injection of the identification

error e.
"Notice that in many cases the persistent excitation condition (4.13) can be fulfilled by a proper selection of a

control input u (see e.g. [124] for more details about this).
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Proof. To prove the ultimate boundedness of the identification error e and the input to state

stability for the weights deviation variable ® := wg — wq consider the following auxiliary input:

d=e+Qd. (4.16)
The dynamics of (4.16) satisfies:
. dQ do
0= — Q—. 417
é+ 7 ®+ e (4.17)

In (4.17), é corresponds to:

é = ||x||¥0 {ﬁ ( )oo QKQTe-i-d( )} (4.18)
x| x| x|

The time derivative of @ satisfies % = dWO. Then, the substitution of (4.11), (4.12) and

(4.18) on (4.17) yields:
= " [Arg +30 () - QKQTe+d () + (4 — 20 (1) ) 0+ x| oK Qe
According to the definition of o in (4.16), the previous equation is equivalent to:

= (o4 (7)) (19

Since A is Hurwitz, (+) corresponds to a bounded additive

input (4.7) in (4.19), we can conclude that the auxiliary variable  is also bounded, i.e.

limsup [|8(z)[| < po (20), (4.20)

t—oo

where po is a class-X function (see Lemma 1 in the Appendix). By the same result and consid-
ering (4.9), as well as (4.12), it is straightforward to observe that the variable Q is also bounded,
i.e.

limsup |Q(¢)[|r < Q, (4.21)

[—ro0
where Q is depends on 1/nNp (see (4.9)), x* and x~. Using the selected learning law (4.11) and
(4.16), one obtains:
dé .
=~ MKQ (@0 -3). (4.22)
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Due to boundedness of ||x|| and Q, the system (4.22) is input-to-state stable (ISS) with re-
spect to the input 3 (see Corollary 3 in the Appendix), i.e. the inequality (4.15) holds.
An estimate for the convergence quality of (4.3) can be obtained using (4.16). Since e =

0 — Q®, one may notice that:
lel| < [[8]| +[[Qal], Vi € R (4.23)

Using the norm relation in (4.23) (see e.g. [105]) and the fact that bound of @ depends on the

upper bound for & (see Lemma 1 in the Appendix), one gets:

limsup |Q(#)@(#)|| < limsup||&(1)[|Q < Qpa(eo), (4.24)
t—roo

t—$oo

where p; is a class- X function from (4.15). The following relation for (4.23) takes place:

limsup |le(?)|| < p1(g0) := po(€o) + QP2 (o). (4.25)

t—ro0

4.3.2 The case of unknown control gains

In this section, we design a DNN identifier for the considered class of homogeneous system
assuming that functions f; are unknown, but admits the representation (4.5). Similarly to (4.8),

we introduce the vectors w; and the matrix-valued function X; such that:

[l x|
X

The matrices X; (—) have a finite upper bound (in the matrix space) in view of (4.6), i.e.

s

Theorem 6. Let assumptions 5-8 be satisfied and the control input u be selected as follows

< +/nN;, ¥x € R". (4.26)
F

ui(t) = %,i =1,...,m,, whereii; : R, — R are continuous uniformly bounded functions,

i.e. that |ii;(t)| < U,Vt € R for some number U > 0. Consider the system (4.1) which can be
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represented in the form (4.5) with an estimation error given in (4.4). Define the DNN identifier as

follows
dx

o= [l A x| [Zz( H)wluﬂusngT

0

where iip(t) := 1, A € R"™" js a Hurwitz matrix and e(t) = x(t) — X(t) is the identification error

(4.3), w;(t) € R™i i=0,1,...,m are the vectors of the weights to be adjusted as follows

d
Ew, = —||x||V°K,-Ql~Te (4.27)

and Q; € R™"™Ni are auxiliary variables satisfying:

d

0= g o (1), (428

IfK; € R™N>Ni i —0,1,...,m are positive definite matrices and the control inputs u in (4.1) are
such that 3x~ > 0, Ix™ > 0, x~ < ||x(r)|| < xT < +oo, Vt € R and the following PE condition

holds for allt € R, and some 0w > 0 and ¢y > 0:

t+Lly
/ G (5)G(s)ds > Ow Ly, (4.29)

t

where the matrix G € R"™"LizoNi js given by G = [Q, Q1. .., Q). Then, there exist two class-X

functions p1 and p, such that

limsup [|e(r)[| < p1 (e7), (4.30)
t—roo
limsup [|w;(t) —w; (1)|| < p2 (e7), (4.31)
t—ro0

wheree™ = max {g;} ande; are given by (4.4).
.m

i=0,..

Proof. Consider ®; = w; —w;, i =0,1,...,m and the following auxiliary variable

m
0= e+ Z Q.,'(I),’. (4.32)
i=0
Hence, the dynamics of (4.32)
s [de ~ do;
b=ty d—,’coiHZid—,’], (4.33)
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where é is given by

¢ = ||x|[Yo~Ae

m . (4.34)
+x|[Y ¥ [ (H H) o — QKiQ, e] +p(x,u).
i=0
The function p (x,u) is defined in (4.4). The time derivative of ®; satisfies d;‘t’f = —d;;l'. Then,
the substitution of (4.27), (4.28) and (4.34) on (4.33) yields to:
§= [|x[[Yo~" A+ [Jx|[v Z =i () @i~ Qi@ ¢] + p (x,u)
m (4.35)
+ZOMW”M2|MWW () @ nwWZQKQT
i=0
According to (4.32), (4.35) is equivalent to
& = ||x||V A8 + p (x,u). (4.36)

Taking into account the identity u;(¢) = ii(t) /||x||Y =0, from (4.4) we derive

i=1

nmmmmmnsww<m+ﬁfa>

Since A is Hurwitz and x is uniformly bounded from below and from above, we have (using

Lemma 1)
limsup||8(r)|| < po (e7), (4.37)

t—roo

for some class- K function po. Similarly, for (4.28) we conclude limsup||Q;(¢)|| < Q;, where the
t—ro0

number Q; depends on \/nN;, U, x~ and x™ (see Lemma 1 in the Appendix). Using (4.27) and
(4.32), we obtain:

ddZ;t(t ) kel (;Q i 8) . (4.38)
or, equivalently 2¥ = —||x|Y’KG T (GW — §), where,
0] (Ko 0 ... 0]
W) = @ (1) k= O K.l ... 0 =0
| O (1) 0 Kin |
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Due to boundedness of Q;, we derive (4.31)(From Corollary 3 in the appendix). Finally, using
(4.32) we finish the proof:
m -
limsup [le(r)]| < p1(e") := po(e™) + }_ pa(e") Q. (4.39)
[=roo i=0

O

The complementary Corollary 3 and the associated Lemma 1 for the previous proofs are

presented in the Appendix A.

The following Chapter presents the numerical results of the DNN homogeneous identifier, as

well as the numerical results of the OC solution presented in the previous Chapters.
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Chapter 5

Numerical Results

In this Chapter, the numerical simulations for the OC solution and the min-max DP for the class of
uncertain system, are presented. The performance index using the proposed control laws is com-
pared when another classical OCs are applied. The numerical results for both cases, the additive
perturbation or uncertainty and the additive perturbation or uncertainty along with a uncertain
multiplicative element associated with the input, are described. In addition, the effectiveness of
the proposed identifier is verified by means of a simulation of a three-tank homogeneous model.

In this example, the proposed identification scheme is compared with a non-homogeneous one.

The first section is devoted to the description of the numerical results for the OC solution,
which was presented in the first Chapters of this thesis. The second section shows the numerical

results of the DNN homogeneous identifier.

5.1 Numerical results of the min-max DP Approach

To evaluate the performance of the algorithm proposed in Chapter 2 and Chapter 3, an academic

example for each case, describing a simplified nonlinear systems as in (2.1), was considered.
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The simulations were made in Simulink Matlab® implementing a variable step integration method

(minimum simulation step = 1 ms).

5.1.1 Numerical results for the case a)

The nominal matrices A and B for the system were:

0 1 0 0 0
-8 —4 -12 2.38 1.7

The uncertain section of the model are is characterized by the matrices were:

sin(100 % ¢) sin(10000%¢) 0.6 s5in(10000 *¢)
Fy= [0.8xcos(69*t) 0.3xsin(854 1) 5in(90x 1) )
0.5%sin(100¢)  0.4%cos(972t) 0.6 % cos(80¢)

0.245 x sin(10¢) cos(15t)
Ga = | 0.157 * cos(5¢) 5in(0.3t)
sin(0.3t)  0.245%cos(0.21)

The matrices F, and G, belong to the given set padm The boundary values for the uncertain
matrices are: o, = 1.00 and B, = 0.13. The proposed ANN was simulated using the following
number of ANN weights @ = [®;5 M2, W3 O4p Osp cosb]T

A simple validation scheme used the comparison of the states calculated if the robust sub-OC
was evaluated in contrast to the numerical result achieved when the pole placement technique

was proposed. In this numerical case, the desired vector of roots corresponded to
[—23.68, —0.15+0.8/, —0.15—-0.8/] ",
that leads to the following control gain

217 —1.08 —-3.25
—1.66 —0.83 —2.49

K =
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The comparison of the state trajectories of both controllers (the ANN based sub-optimal and

the pole placement based) appears in Figure 5.1.

This comparison demonstrates that all the states converge to a bounded region near the
origin with an upper bound of 0.03 after 1.0 seconds. However, the trajectories of the system
controlled with the sub-optimal controller approaches the origin slower than the ones controlled

with the pole-placement method.

The trajectories depicted in Figure 5.1 served to estimate the norm of x. The Euclidean
norm was used for comparison purposes. This comparison confirmed that the pole-placement
technique enforces a faster movement of the state trajectories toward the origin within the first
1.5 seconds. The variation of the state norm also served to estimate the variation of the VF, as

well as the functional time evolution (Figure 5.2).

~Z1,Min—Maz

-5 —Z2 Min—Maz| -
T3 Min—Mazx

= “Z1,LQR

~ “T2,LQR
T3,LQR

-10L 1 1 1 1 1
0 5 10 15 20 25 30

Time (s)

Figure 5.1: States determined with the states and control actions using the sub-optimal and

pole-placement approaches.
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100 T T T T T

_”:EHMin—Maz
- -llzllzer

60 - -

L ''''''''''''''''''''''''''''''''' |

0 5 10 15 20 25 30
Time (s)

Euclidean Norm of States ||z(t)||?

Figure 5.2: Norm of the states vector estimated with the states and control actions using the

sub-optimal and pole-placement approaches.

The evolution of the states and the evaluation of the control function yield to determine the
variation of the performance index. This comparison was a major element to define the advantage
of the control design attained in this thesis. The comparison of the performance index calculated
with the sub-OC and the pole-placement technique showed a significant reduction of such a value

after 0.05 seconds and a final (after 0.5 seconds) of 33 % after 0.5 seconds (Figure 5.3).

The depicted results also show that the variation of the initial condition for the weights in the
ANN provides a significant variation in the performance index temporal evolution. Also, with the

local optimal values for the weights of the ANN, the lowest performance index is attained (Figure

5.3).

With the aim of showing the dependence of the performance index with respect to the initial
condition of the weights, Figure 5.4 demonstrates the value of the performance index J(u(-))
calculated with T = 30s. This behavior confirms the usefulness of the suggested algorithm,

which is in charge of adjusting the ANN weights.
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Performance Index J(t)

Figure 5.3:

Performance Index
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Figure 5.4: Cost functional estimated with the states and control actions using the sub-optimal

approach presented as a function of the variation of the initial weights in the ANN.

Figure 5.5 shows the variation of the approximate Robust VF V, obtained with the states

and the control signal calculated from the functional J(u(-)). The decreasing behavior of this

VF confirmed the applicability of the approximation based on the ANN, as well as the numerical
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methodology used to adjust the initial weights (Chapter 3, Section 2).

T T T T T
1010 |- -

10°

Value function

100 1 1 T 1
0 5 10 15 20 25 30

Time (s)

Figure 5.5: Value function calculated with the states and control actions using the sub-optimal

controller obtained by the approximation based on neural networks.
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Figure 5.6: Comparison of the control signals obtained by the sub-optimal approach and the PD

design strategy.

Figure 5.6 demonstrates the time evolution of the controller using the sub-optimal solution
and the pole-placement approach. The sub-optimal control signals were smaller than those

produced by the pole-placement except during the first 0.05 seconds. This fact justifies the
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differences between the convergences of the states to a bounded zone near the origin. It is
relevant that sub-optimal control signals reach the values obtained when the pole-placement

controller is considered. This fact can be confirmed after the first second of simulation.

Figure 5.7 depicts the variation for the norm associated to the controller signal u. The time
evolution of this function was considered due to its participation on the VF, as well as the func-
tional estimation. The variation of the control norm together with the variation of the states norm
justifies the increment of the function when the sub-OC is considered in comparison to the regular

pole-placement method, which is not taking care of the perturbations effect.

Figure 5.8 shows the variation of all the four components in the weights vector & that were
considered in the approximation of the VF solution for the HJB equation V,(,x). Notice that in
opposition to the usual behavior in the ANN approximation of uncertain functions, the weights
obtained in this study do not converge to constant values because of the influence of the system

states x and the time dependent solution of the Riccati equation given by P.

40 T T
35 -
~30 -
o
o
g 25 A//"’—f
=
<+
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&
g —Tullatin—az T
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S 10 - llullzor ~
5 -
0 e ———— -
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Figure 5.7: Norm of control signal
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Figure 5.8: Time dependent trajectories of (7).

The evolution of the weights included in the ANN structure can be complemented with the

variation of sigmoidal functions. Their variations demonstrate the effect of the states evolution

over the ANN structure (Figure 5.9).

2.5

i 7 i |

- e en mm m m e e e =

1.5

Sigma components

e
;] (S
—_————

Figure 5.9: Time dependent trajectories of 6;(1).

Figure 5.10 shows the time evolution of all the four elements included in P which was obtained

by the on-line numerical solution for the Riccati time varying matrix differential equation.
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Figure 5.10: Time evolution of the components of the matrix P calculated by the numerical

solution of the time-dependent Riccati matrix differential equation.

The ANN approximation proposed in this thesis represents a contribution to the robust re-
alization of OC for systems with the admissible class of parametric uncertainties and external
perturbations.

The proposed numerical results demonstrated the existence of the practical stable equilibrium
point associated to the origin. This result justifies the theoretical result associated to the stability
analysis based on the Lyapunov-like function (energetic type) (Chapter 3, Section 4). Moreover,
the approximate solution based on the Riccati matrix equation also shows the convergence to
bounded and constant values. Interestingly, the weights of the ANN are not converging to con-
stant values in contrast to the regular ANN approximations of the HJB for the optimal control
realization.

The existing approximate results of the OC for the class of systems considered in this study
have not proposed the analytic results attained here. Notice that this study provides the eval-
uation of the approximate function over the sub-OC, as well as its impact on the Hamiltonian
associated to the ANN approximation. The quasi-linear form of the uncertain system has moti-
vated the proposal of a mixed controller using a linear form plus the approximated solution based

on the ANN.
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5.1.2 Numerical results for the case b)
The system as in (2.1), is characterized with the following matrices

0 1 12 100sin (100x;)  5sin(10000x;)
A: 9 B: ) Fb:

02 -3 32 —20co0s (10000x;) —6c0s(69x7)

0.245sin(0.1x;)  0.24sin (50x;)
—0.25cos (15x;) —0.2cos (x7)

Gy, =

-
The initial condition for (2.1) is xg = [5, 15-5} . The cost functional that must be optimized

satisfies (2.3). The matrices Q and R for the cost functional are

120 0 o 004 0
0 130| 0 0.028

The final time is selected as T = 20 seconds. The ANN structure has four activation functions

with the following parameters:

0.001 0.007 0.003 0.004
y Y y V3 y V4
0.004 0.003 0.002 0.001

—_

(5.1)

61 =0.02, 6, =0.03, 65 = 0.04, 64 = 0.05.
The initial condition to evaluate the dynamics of the matrix P(z) is selected as

43.75 3.75
3.75 28.75

The initial weights are obtained with Algorithm 1 after 222 iterations, such that,

-
wypo =10.8, 1.6, 3.2, 4

The designed controller was compared with a Linear Quadratic Regulator (LQR), whose gain

is computed using the nominal matrices A and B. The estimated gain matrix (using the Matlab®
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function LQR) is

12.0493  —51.5647
—66.5233 —15.4592

Kror =

In Figure 5.11, the comparison between the cost functional obtained with the ANN controller
and the cost functional obtained with the LQR is depicted. The smaller functional is result of the

system in closed loop using the ANN approximation for the VF.

3000 T T T T T T T T T
2500
S
G
< 2000
ﬁ
I
g 1500
S —Cost functional with LQR controller
é 1000 —Cost functional with ANN controller] |
%
Q
© 500 _

0 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Time (s)

Figure 5.11: Comparison between the cost functionals obteined with the designed controller and

with the LQR.

Figure 5.12 shows the evolution of the system states using both controllers, the LQR and the
ANN sub-OC. The first subplot of Figure 5.12 shows that the first state x; () reaches the origin
in less than two seconds. However, the first state x;(¢) obtained with the LQR implementation
converges only to a zone around the origin with size of 0.44. In the second subplot, similar results

for the second state x; are presented with the zone having the size of 0.14.
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Figure 5.12: Evolution of the states with the ANN controller and with the LQR.

Figure 5.13 depicts the evolution of the elements of matrix P(7). The elements converge to

constant values around two seconds. The matrix remains symmetric and positive definite during

the simulation time.
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—Py1(t)
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= S

10 12 14 16 18 20
Time (s)

Figure 5.13: Evolution of the elements of the matrix P(¢) (Solution of the Riccati Equation).

The evolution of the ANN weights (Figure 5.14) shows that their values converge to constant

values in less than one second.
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Figure 5.14: Evolution of the adjustment weights w;(z).

In Figure 5.15, the control signals with the LQR and the ANN controller are showed. The
obtained signals with the LQR present oscillations during the first 0.5 seconds, while the ANN

based controller does not enforce similar oscillations.

400 T T T T T T T T T
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Figure 5.15: Evolution of the control signals u(z).

The time varying changes of the four activation functions evaluations are depicted in Fig-
ure 5.16. All the activation functions are selected as the square of (1.15) with the parameters

proposed in (5.1).
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Figure 5.16: Evolution of the activation functions

In Figure 5.17, the Euclidean norm of the states with both controllers, the LQR and the ANN
controller, is compared. This result shows that the robust optimal solution has smaller values
of this norm after 20 seconds. Indeed, the states converge to the origin around two seconds

yielding the norm also to the origin at the same time.
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Figure 5.17: Norm of the states of the systems

Figure 5.18 depicts the comparison between the Euclidean norm of the control signal with the

LQR and the Euclidean norm with the suboptimal controller. The time evolution of the Euclidean
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norm of the controller with the ANN is smaller than the obtained with the LQR. This result confirms
that smaller states norm provided by the ANN based controller does not imply a higher control
realization.
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Figure 5.18: Norm of the control input

o
3

<
w
iy

A~

Approximated Function V (T, z(T))
o
o

o
[\V]
T

1

o
[—
T

1

I\t

50 100 150 200 250
Iteration (i)

o

Figure 5.19: Final value of the approximated function V (T, x(T))

Figure 5.19 shows the final value evolution of the approximated ANN solution (approximated

VF). The measured changes of the final value are consequence of the adjustment of the initial
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condition for the weights of the ANN using Algorithm 1. This result confirms the convergence of
the proposed algorithm to adjust the initial weights of the ANN approximation. Notice that despite
the presence of local minimum values, the algorithm adjusts the initial weights values until getting
an invariant value (0.047) observed after 200 iterations.

The following section describes the numerical results for the other application of the ANN

approximation capabilities, the DNN homogeneous identifier.

5.2 DNN homogeneous identification for a three tank system

To show the performance of the designed identifier, we use a three-tank system. The mathemat-
ical model for the system is presented with its homogeneity degrees, however the explicit model
is not used in the application of the identifier.

Consider the three-tank system (Figure 5.20).

i Uy Uz

N N YN
N A M A M

tank

taik

a3 __,_/ aszz a3

X T 1 tank
7 X3 7
/ | . ,Xz ------- Z
i — SN 7

\

Figure 5.20: Three tank system.

The three-tank nonlinear system admits the following dynamic model [97, 125, 126]:

X = St_a;ldc (—6113 [x1 —X3JO'5 + ul) ,

do = S, (a32[x3 = 2| 0% — ax[%2) " + ) (5.3)

JO'S

X3 = St;,llk (a13[x1 —x3)%° —aznlx; —x2J0'5> ’

76



CHAPTER 5. NUMERICAL RESULTS 5.2. DNN-IDENTIFICATION RESULTS

where x1, [L], x2, [L] and x3, [L] represent the liquid level of each tank respectively, S;ux, [m] is the
diameter of the three tanks, the input flows uy, [L-s~'] and uy, [L-s~!] are the control signals and

the constant parameters a3, az> and ayg are coefficients related with the outflow rate according
to Torricelli’s rule.

Table 5.1: Parameters for the simulation of the three-tank system

Parameter Description Value
Stank Tank diameter 1m
ars Outflow rate coefficient | 3 m? /s2
as Outflow rate coefficient | 2 m? /s2
ax Outflow rate coefficient | 1 m? /s>
X0 Initial conditions 3,1,2]T

Obviously, the system admits the representation (4.1) with the functions vectors f;

1 0 —01[x; —x30? X1
A0 =0 W= |1}, A= | 8wl el | = o
0 0 01 [x1 —x3]%5 — 03[x3 —xp |03 X3

which are homogeneous with the associated degrees vo = —0.5, vi = v, = 0. We assume that

the functions f; are unknown, but their homogeneity degrees are known.

The matrix A for the identification algorithm has been selected as follows:

~51 -35 -3
A=|-225 —-32 —17|,
4 2 -12
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and the activation functions are given by (1.15) with N; = 3. The constant parameters 6 | = 5,

00,2, = 10 and 6¢ 3 = 20, the constant vectors are:

0.01 0.01 0.04
Yo,1 = 10.02|, yo2=10.04], y0,3= 10.01
0.03 0.01 0.06

Equal constant parameters 6, ; and 8y ; are chosen (6; j = 69 ;), as well as in the case of the

vectors y; ; = yo,;j. The initial conditions for the adjustment laws are selected as:

T

.
Wo(O):[l 2113212 3} W1(0)=[1 3153212 3] (5.4)

w()=[1 4121613 3]T,

and the gain matrices Ko = Iz ® Ky and K| = K> = L ® K, with:

5220 —1044 1566 5250 —1050 1575
Ko=|—1044 1566 522 |,Ki=|-1050 1575 525
1566 522 7830 1575 525 7875

The performance of the designed algorithm was compared with a classical DNN identifier
(see [30], Chapter 2). The numerical simulations for the identifiers are made in Simulink Matlab®
by using the Runge Kutta integration method with a step of 0.1 ms.

For the classical DNN identifier, the following parameters are considered, the matrix A is
the same as the selected for the homogeneous one, the constants for the vector of activation
functions associated to fy in the classical DNN identifier were the same as the parameters for
o (x) in the homogeneous identifier. The matrix of activation functions ¢ : R? — R3*? is selected

as 0(x) = [0} (x),02 (x)]. The initial conditions for the adjustment law are:

10 23 12 13 34 15
Wi(0)= |14 33 26|, W2(0)= |56 53 2
14 25 36 12 23 35

The initial conditions are the same for both identifier algorithms £(0) = [5,2,3] .
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In Figures 5.21, 5.22 and 5.23, the signal with the displayed name DNN classical Identifier
(dotted line, red color) describes the states for the identifier using the algorithm presented in [30].
The states of the designed identifier for homogeneous systems that assumes all the functions
fi as unknown, appear represented with the reference DNN Identifier for homogeneous systems

(dashed line, blue color).

In Figure 5.21, the first estimated state of the identifier for homogeneous systems converges
faster (before 0.01 seconds) to the state of the uncertain system (solid line, black color) than the
classical DNN identifier. The estimation of the classical algorithm contains oscillations of relevant

amplitude with respect to the values of the states.

14 T T T T
12 wm=7; Uncertain system 1
= & DNN Identifier for homogeneous systems
10 &1 DNN classical Identifier -
g
3 8 7
>
=
o
T 6k d
g | ¢ g
— W4
4F 4 - -
21 2 "
0 10 20
-3
0 1 x10 1 1 1
0 0.5 1 1.5 2 2.5
Time (s)

Figure 5.21: Identification result for the first state (x1).

Figure 5.22 shows similar results for both identifiers. In the closer view, it is possible to
notice that the second estimated state (dotted line, color red) of the identifier using a classic
series-parallel DNN structure presents bigger oscillations and has a slower convergence than
the homogeneous algorithm. The second estimate state (dashed line, blue color) of the identifier

for homogeneous systems converges in an approximated time of 8 ms.
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Cha i
i)
23 {
2
3
g
= 2 w1, Uncertain system -
= %9 DNN Identifier for homogeneous systems

#3 DNN classical Identifier

0 0.5 1 1.5 2 2.5
Time (s)

Figure 5.22: Identification result for the second state (x»).

In Figure 5.23, the estimation for the third state of the three-tank plant is depicted. The es-
timate state convergence using the algorithm devoted to homogeneous systems (before 0.02
seconds) is faster than the convergence of the estimate state with the classical DNN identifier
(around 0.3 seconds). In addition, the estimation with the classical algorithm presents oscilla-

tions.

=73 Uncertain system
= &3 DNN Identifier for homogeneous systems -
Z#3 DNN classical Identifier

o

=

Liquid level (m)
w

0 0.02 0.04

Time (s)

Figure 5.23: Identification result for the third state (x3).

In Figure 5.24, the comparison for the norm of the identification error with the classic DNN

structure identifier (dotted line, color red) and the DNN homogeneous identifier for systems with
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uncertain model (solid line, blue color ) is depicted. The identification error with the classical DNN
identifier converges around 0.8 seconds versus 0.02 seconds of the identification error when the

DNN identifier is devoted to homogeneous systems.

3

=== ||e;|| DNN Identifier for homogeneous systems ]
|le¢|| DNN classical Identifier

o
Gl

no

Liquid level (m)
&

—

0.5

Time (s)

Figure 5.24: Norm of the identification error.

For the simulation, considering all the vector functions unknown used the same 9 activation
functions for both algorithms. In the case of the classical DNN structure, the activation functions
matrix for the terms associated to the input has the same elements of the two activation functions

vectors of the algorithm for homogeneous systems.
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General conclusions

In this thesis, the finite time horizon OCP for a class of uncertain system has been tackled by
proposing a class of a min-max sub-optimal control with a NDP approach. The controller used an
ANN approximation of the VF. The proposed approximated solution of the HJB equation has been
based on the given ANN structure added with a classical quadratic form of the state weighted
by a time-dependent positive definite matrix. The ANN structure obeys the nature of the VF by
using quadratic terms and by choosing sigmoidal activation functions. The tuning of the free-
parameters for the approximation adjustment was solved with a recurrent numerical algorithm

based on the application of a Levenberg-Marquardt algorithm.

Compared with other works, in this thesis, the effect of the unknown terms is added in the
main theorems, and the structure of the ANN considered the natural quadratic structure of the
nominal part of the system. The numerical simulation of the proposed controller was implemented
to regulate a quasi-linear system with parametric uncertainties and external perturbations and it
was compared with a classical pole-placement controller. The performance of the sub-optimal

controller was illustrated by the numerical simulation proposed in this work.

The ANN approximation proposed in this thesis represented a contribution to the robust re-
alization of OCs for systems with the admissible class of parametric uncertainties and external

perturbations considered in this study.

The proposed numerical results demonstrated the existence of the practical stable equilib-
rium point associated to the origin. This result justified the theoretical result associated to the
stability analysis based on the Lyapunov-like function (energetic type). Moreover, the approxi-

mated solution based on the Riccati matrix equation also showed the convergence to bounded
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and constant values.

The existing approximate results of the OC for the class of systems considered in this study
have not proposed the analytic results attained here. Notice that, this study provided the eval-
uation of the approximate function over the sub-optimal control, as well as its impact on the
Hamiltonian associated to the ANN approximation. The quasi-linear form of the uncertain sys-
tem has motivated the proposal of a mixed controller using a linear form plus the approximated
solution based on the ANN.

The results were obtained for two cases of the considered class of system. The first case
considered an additive unknown term and the second case considered an additional uncertain
multiplicative element associated with the input. In both structures the unknown elements can
represent model uncertainties or bounded perturbations.

On the other hand, the approximation capabilities of the ANN have been used for the design
of an identifier for a class of homogeneous systems.

The design of an identification algorithm for standard homogeneous uncertain control sys-
tems was developed in this thesis using a DNN approach and stability Lyapunov theory to derive
the learning laws.

The convergence of the identification error and the learning laws is proven theoretically, given
as a result the ultimate boundedness and ISS for the identification error and the adaptive weights
of the network.

The PE condition for the designed identifier is used in the stability analysis, in other words,
a constructive form of the PE condition applied for the realization of the convergence analysis is
presented.

Numerical simulations were presented using a three-thank homogeneous model to demon-
strate the performance of the identification algorithm. The homogeneous identifier was compared
with a classical DNN identifier. The results of such comparison demonstrated that the homoge-
neous identifier approximates the homogeneous model of the three-tank simulation with less

oscillations and a smaller identification error.
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Future work
After the realization of this thesis, it is planned to extend the applications of the solutions

obtained here, for example:

* To implement the OC solution in an experimental platform and to study the performance

index evolution using different numbers of neurons in the ANN structure.

* In addition, the design of other class of algorithms for the learning laws to achieve an ap-
proximation in a predefined exponential time or learnings laws with finite time convergence.

This aims are for its used in the identification problem.

* As a future extension dor the identifier, it is planned the study of the particular different
cases based on the sign of the homogeneous degree and its identification due to the

requirements of Assumption 6, as well as the implementation in an experimental platform.

» Other future objective is to extend the result of the identifier for generalized homogeneity
and to use it for the design of the OC solution for the problem presented in this thesis but

considering an generalized homogeneous structure in the system.
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Appendix A

Complementary Results

A.1 Proof of boundedness for the auxiliary variables

This appendix presents the lemmas to prove the boundedness for d and Q;.

Lemma 1. Consider the following dynamical system:

F =01 (0 Ar+ (1), (A1)

where r € R", A € R"™" s a Hurwitz matrix, @; : Ry — R is locally bounded separated from

zero

01 (t)>P1 >0, VteR,, (A.2)

and the function @, : R — R" is globally bounded sup ||@2(t)|| = @5 < +oo. Then, there exists
teR4

a class-K function p,(-) such that the solutions of (A.1) satisfy

limsup [[(1)[| < pr (97) (A-3)

t—roo

Proof. Consider the Lyapunov function candidate V,(r) = rTPr, the time derivative is:

V,=¢ir (ATP+PA)r+20,Pr (A.4)
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where P € R P =PT > 0, such that:
ATP+PA< —yP, YRy, (A.5)
Using the A-inequality we derive

T 2
20, Pr < |23 +[|1Prl (A.6)

A—D
forany A € R A=AT, A> 0. By taking A = ZBI_IY*IP in (A.6), considering (A.5) and the
condition (A.2), the following relation holds:

Vr < _O-SBIYVr(r) +2l31_1771)\‘max {P} ||(p2(t>||2, (A'7)

Hence, we derive

limsupV, (1) < ==L 2
V) < 0.5B1y
and (A.3) is fulfilled. O

A.2 Persistent excitation condition

The following result is a Corollary of [124, Lemma 1].

Corollary 3. Consider the time-varying dynamical system:

#(t) = —1(O)KG] (t)G(t)z(t) +v(t), t € R4, (A.8)

where z(t) € R¥ is the state of the system, the continuous functiony, : R, — R is positive and
bounded 0 <y~ < v,(t) <y, Vt € Ry, the continuous vector-valued function v : R, — RK is
uniformly bounded and limsup,_, , ., |[v(¢)|| < vT.

The symmetric matrix K, € R¥*K js positive definite and the continuous matrix-valued function

G, : Ry — R?** js uniformly bounded. If the following PE condition
140
/ Gl (5)G.(s)ds > O, ViR, (A.9)
t

holds for some O > 0 and ¢ > 0, then, there exists p, € K such that for any initial condition

z(0) € R¥, the solution z(t) of the system (A.8) is defined for allt € R andlimsup,_, ., ||z()|| <
p:(vF).
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Proof. Applying the following change of variable 7 = Kz_l/zz, we derive

B OK!PGT (GR!0 + K )
Then,
(K G (5)G.(s)K:*2(t) + K2 Pv(e) = ~GT (5)G(s)z(e) +0(0),
where G(1) = \/Y.(t)G,( Z ? and V(1) = Kz_l/zv(t). Obviously, if the PE condition holds, then
Mé%)é( jas = ( " 06T ()6l jas ) K%

t

Considering Y~ the following inequality holds

Under (A.9),

t
Therefore, as Y~ Kl/z(ﬁlk) 1z _ Y~ 0K, we obtain
t+0 -
G (5)G(s)ds >y Ohmin(K)k, V1 € R..

t

Finally, applying [124, Lemma 1] we complete the proof. O
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