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Abstract

Leptonic decays provide a clean laboratory where many high-precision measurements can
be made in order to test the internal consistency of the SM and reveal the signature of
possible new physics.

The leptonic decay of a charged lepton [- —» [~ vy is described within the model-
independent approach with the help of Michel parameters.

We analyse the effects of Majorana neutrinos on leptonic decays using the most general
four-lepton effective interaction Hamiltonian of dimension six. We calculate the specific
energy and angular distribution of the final charged lepton, complemented with the
decaying-lepton polarization. We discuss the new generalized Michel parameters and
focus on the effects of the heavy Majorana masses that would lead to sizable contributions

on scenarios where the new sterile Majorana neutrinos have non-negligible mixing.

Keywords — Michel parameters; Majorana neutrinos; new physics; leptonic decay.
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Resumen

Los decaimientos leptonicos proveen un laboratorio limpio, dénde se pueden realizar
muchas medidas de precision para poner a prueba la consistencia del modelo estandar y
revelar la presencia de posible nueva fisica.

El decaimiento leptonico de un lepton cargado [~ — I vy vy esta descrito, dentro de la
aproximacion independiente de modelo, por los llamados parametros de Michel.

En este trabajo, analizamos los efectos de neutrinos de Majorana en decaimientos lepténicos
usando el Hamiltoniano efectivo de dimension seis més general para una interaccion de
cuatro leptones. Calculamos la distribuciéon angular y energética del lepton cargado final,
complementado con la polarizaciéon de la particula que decae. Discutimos los nuevos
parametros de Michel generalizados y nos enfocamos en los efectos de masas de Majorana
pesadas, que darian lugar a contribuciones medibles en escenarios donde los neutrinos

estériles de Majorana tuvieran mezclas no despreciables.

Palabras clave — Parametros de Michel; neutrinos de Majorana; nueva fisica; decaimiento

leptonico.
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Chapter 1

Introduction

The Standard Model of Elementary Particles (SM) is the most successful theoretical
model to describe nature. It has been tested so many times and remains consistent with
the experimental data [1]. Nevertheless, the SM does not explain everything, such as
gravity interaction, neutrino masses, dark matter, baryon asymmetry, etc. These are some
physical phenomena that motivate the research of new physics (NP) that is beyond the
SM [2].

Nowadays, the Dirac or Majorana nature of neutrinos as well as the mechanism from
which they acquire mass are one of the unsolved puzzles that lie beyond SM. There are
many minimal extensions of the SM in order to account for nonzero masses and mixings
for the active neutrinos; adding new gauge singlet fields, such as right-handed neutrinos.
Some of them are the well-known vSM |3, 4] and the seesaw-mechanisms [5, 6, 7, 8, 9]
(see Appendix A).

Also, the Dirac or Majorana nature of neutrinos is crucial for understanding the origin
of their masses and some physical processes. If neutrinos were Majorana particles, then
lepton number is not conserved and the neutrinos would be their own antiparticles, i.e,
there is no conserved quantum number that allows to distinguish between neutrino or
anti-neutrino (see Appendix B). Thus, making interesting from the phenomenological
point of view to test the Dirac or Majorana nature of the neutrinos through lepton number
violating processes, specially in the heavy sector, where the Majorana contribution could
lead to measurable changes [10].

Much theoretical and experimental researches are being carried out to discover how the
Majorana nature of neutrinos and the specific origin of their masses can affect physical
processes, leading to small deviation from the well-known SM results and new decay
modes. By doing this, we will have a better understanding of nature and we will get closer
to a more fundamental theory, see e.g. |5, 11, 12, 13, 14].

One of the experimental strategies in the search of a fundamental description of nature

which goes beyond the SM is to perform high precision measurements where an observed



discrepancy with the SM would reveal the signature of NP. For this purpose, muon and
tau leptons are specially important, where many precision measurements can be made,
see e.g. [15, 16, 17].

For example, studies of muon decays both determine the overall strength and establish the
Lorentz structure of weak interactions, as well as setting extraordinary limits on charged
lepton flavor violating processes (LFV) [18]. Measurements of the muon’s anomalous
magnetic moment offer singular sensitivity to the completeness of the standard model
and the predictions of many speculative theories. In general, due to the incredible high-
precision and high-sensitivity experiments with muons, this lepton is a perfect candidate
for precision SM tests.

On the other hand, the tau lepton experiments are not as accurate as those made with
muons. However, the tau lepton has some unique features that make it as important as
the muon in the search for NP. Nowadays, the detailed study of higher-order electroweak
corrections and QCD contributions has promoted the physics of the tau lepton to the
level of precision tests. The pure leptonic or semileptonic character of tau decays provides
a clean laboratory to test the structure of the weak currents and the universality of their
couplings to the gauge bosons. Moreover, the tau is the only known lepton massive enough
to decay into hadrons; its semileptonic decays are then an ideal tool for studying strong
interaction effects in very clean conditions [15].

Finally, since one naively expects the fermions to be sensitive to the possible NP
proportional to their masses, the large tau mass allows one to investigate NP contributions,
through a broad range of kinematically-allowed decay modes, complementing the high-
precision searches performed in muon decay.

In this work we analyse the leptonic decays I~ — [ 7yv;, where the lepton pair (1,0')
may be (u.e), (7,e) or (7,u), using the most general four-lepton effective interaction
Hamiltonian to test the structure of the weak currents and the Majorana nature of
neutrinos in the framework of low-scale seesaw scenarios, where the new sterile Majorana
neutrinos have non-negligible mixings and some of them require masses low enough to
be produced on-shell, where the genuine effects of the heavy Majorana masses could be
measurable.

In Ch. 2 and Ch. 3 we briefly introduce the main concepts about the SM formulation

and the effective theories framework. In Ch. 4 we reproduce in detail the well known



results of lepton decays, including the analysis of Michel parameters and we present
the current experimental limits on the effective couplings. Finally, in Ch. 5 we provide
detailed expressions for the amplitude and decay rate of the process under consideration,
once considering the effects of Majorana neutrinos and we estimate its suppression using
the experimental constraints on the heavy-light mixing angles as a function of the mass of

one heavy state. Our conclusions are given in Ch. 6.



Chapter 2

Standard Model

The Standard Model of Elementary Particles (SM) is the most successful theory we’ve ever
had to describe nature. Its predictions have been tested in a huge number of experiments
and they had an incredible agreement. Nevertheless, the SM does not describe all the
physics phenomena and is far away from the so called Theory of everything.
Nowadays, the precision tests of the SM play an important role to verify its predictions
and give insights of the possible new physics that is beyond.

In this chapter, we give a brief introduction to the SM and its components.

2.1 Introduction to the SM

The SM is a quantum field theory (QFT) that is used to describe fundamental particles
and their interactions. Its Lagrangian possesses a gauge invariance under the group
SU(3)c x SU(2), x U(1)y together with Poincare and CPT invariance. Also, the
SM exhibits additional symmetries, not postulated at the outset of its construction,
collectively denoted accidental symmetries, such as baryon number, lepton number,
custodial symmetry, etc.

The SM includes the electromagnetic, strong and weak forces and all their carrier particles,
and explains well how these forces act on all of the matter particles. The corresponding
force results from the exchange of the force-carrier particles, which belong to a group
called bosons. The particle content is described in a more qualitative way in the next
section.

In the QFT context, the objects described by the SM are quantum fields which are
defined at all points in spacetime. These fields are the fermion fields, ¥, which account
for matter particles; the electroweak boson fields Wy, W5, W3 and B; the gluon field, G,
and the Higgs field, ¢.

The SM Lagrangian Density L), describes the behavior of these fields, including their

corresponding kinetic terms and their mutual interactions, via coupling terms. Upon
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writing the most general Lagrangian with massless neutrinos, one finds that the dynamics
depends on 19 parameters, whose numerical values are established by experiment. The
explicit form of this Lagrangian can be found in [19].

All the theoretical aspects of this construction are out of this brief introduction, but can
be found in many research articles and textbooks, which have been done specially to give
a formal and understandable undergraduate and graduate level introduction to the SM,

see e.g. |20, 21, 22].

2.2 Particle Content

In the current view, all matter is made out of three kinds of elementary particles: leptons,

quarks and mediators, also called gauge bosons, see Fig. 2.1.
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Figure 2.1: Particle content of the SM [23].

Leptons are fermion particles which have spin 1/2 and do not interact via the strong
force. There are six leptons in the SM, the electron (e), muon (x) and tau (7) together
with their corresponding neutrinos (v, v, v;). Neutrinos do not carry electric charge, so
their motion is directly influenced only by the weak nuclear force, which makes them
notoriously difficult to detect. By contrast the electron, muon and tau all interact
electromagnetically.

Quarks just like leptons are spin 1/2 particles, but they do interact with the strong force
and thus have an associated color charge. Similarly, there are six flavours of quarks: up
(u), down (d), charm (c), strange (s), top (¢) and bottom (b).

Quarks and leptons fall naturally into three families or generations. Each member of a
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generation has greater mass than the corresponding particles of lower generations but the
same quantum numbers, such as charge and spin. The first generation charged particles
do not decay (except the d quark in free neutron decay), hence all ordinary matter is
made of such particles.

Every interaction has its mediators; the photon for the electromagnetic force, two W’s
and a Z for the weak force and eight gluons for the strong force.

Finally, to explain why some particles have mass, it was proposed the so called Higgs
mechanism [24], that required that a spinless particle should exist. This particle was
called the Higgs boson and it was discovered in 2012 by the ATLAS and CMS experiments
at the Large Hadron Collider (LHC) at CERN |25, 26].

Together with their corresponding antiparticles and the fact that each quark and antiquark
comes in three colors, there are 12 leptons, 36 quarks, 12 mediators and 1 Higgs boson,
all told. So we have a minimum of 61 particles to contend with, see Fig.2.2, but as we
just discussed, they are tightly interrelated. The eight gluons, for example, are identical

except for their colors, and the second and third generations mimic the first.
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Figure 2.2: Particle content of the SM [27].
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2.3 Gauge Fields and the Electroweak Sector

For this thesis, the electroweak sector is specially important since our results are obtained
within the framework of the effective field theory that corresponds to the low-energy limit
of the renormalizable SU(2); x U(1)y electroweak sector.

The electroweak sector interacts with the symmetry group SU(2), x U(1)y, where the

subscript L indicates coupling only to left handed fermions, as we shall see explicitly in
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the lepton decay formulation in further chapters.
The electroweak Lagrangian is [28]

Low =y U (z'au — 9/%YWBH — gémwff) v %Wé‘ Wi — %IB“”BW (2.1)

7

where B, is the U(1) gauge field, Yy is the weak hypercharge,the generator of the U(1)
group. W¢ is the 3-component SU(2) gauge field (a=1,2,3); o1, are the Pauli matrices,
the generators of the SU(2) group and the subscript L has the same meaning as before.
Finally g’ and g are the U(1) and SU(2) couplings respectively and W/ together with
B* are the field strength tensors for the weak isospin and weak hypercharge fields.
Due to the Higgs mechanism, the electroweak boson fields Wi, W5, W3 and B mix to create
the states which are physically observable. To retain gauge invariance, the underlying
fields must be massless, but the observable states can gain masses in the process [24].
The states are:
The massive neutral Z boson: Z = costy W3 — sinfy B.
The massless neutral A boson: A = sinfy W3 + cosfy B.
The massive charged W bosons: W+ = \% (W1 FiWy)
where 6y is the weak mixing angle.
The A field is the photon, which corresponds to the well-known electromagnetic four-
potential. The W fields are precisely the fields involved in the lepton decay, that enter

explicitly in the charged currents interactions, as we will discuss later.

2.4 Beyond the Standard Model

As we introduced before, the SM is a really successful and predictive theory. But it does
not explain everything. There are some physical phenomena that motivate the research of
new physics that is beyond the SM.

Here we summarize some of the most important unsolved problems in physics that lie

beyond the SM. Some questions, that the SM do not answer are the following
e How to unify all the forces, including gravity, in a consistent theory?
e Why does its 19 parameters have the values that we measure?

e Why are there three generations of particles?
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e Why is there more matter than antimatter in the universe?

e Where does dark matter fit into the SM? Does it even consist of one or more new

particles?

e What is the mechanism from which neutrinos acquire mass? Are they Dirac or

Majorana fermions?

The search for a fundamental description of nature which goes beyond the SM is driven
by two complementary experimental strategies. The first is to build increasingly energetic
colliders, such as the Large Hadron Collider (LHC) at CERN, to excite matter into a new
form.

The second approach is to perform high precision measurements where an observed
discrepancy with the SM would reveal the signature of new physics [16].

The high accuracy achieved by the most recent experiments allows to make stringent tests
of the SM structure at the level of quantum corrections. Confronting these measurements
with the theoretical predictions, one can check the internal consistency of the SM framework
and determine its parameters.

In this thesis, we implement the second strategy, where the test of the Lorentz structure

and Majorana neutrinos effects in the [ — [~ Uy transition amplitudes are discussed.



Chapter 3

Effective Theories

Effective field theories are one of the most important tools that provide a comprehensive
and easier description of nature at certain physical scales. Although the concept of effective
theory is in some sense intuitive, implementing them in a mathematically consistent way
in an interacting quantum field theory is not so obvious.

In this chapter, we summarize the basic principles of effective theories, based on [29, 30, 31],

as well as one of its most famous examples: The Fermi Theory of Weak Interactions.

3.1 Introduction to EFT

The idea behind effective field theories (EFT) is that you can calculate without knowing
the exact theory. This allows you to compute an experimentally measurable quantity
with some finite uncertainty. That is why engineers are able to design and build bridges
without any knowledge of strong interactions or quantum gravity; you can even calculate
the hydrogen atom energy levels without using the fact that the proton is made up of
quarks, the existence of weak interactions or any detailed input from QED or QCD; just
taking into account an electron of mass m, interacting via a Coulomb potential with a
proton treated as an infinitely heavy point particle with charge +1.

In order to analyze a particular physical system in a simpler way, it is necessary to isolate
the most relevant ingredients from the rest, obtaining a good approximation without
having to understand everything, in a way that we are able to study the low-energy
dynamics of a physics problem that involves widely separated energy scales,independently
of the details of the high-energy interactions.

Thus, effective field theories are the appropriate theoretical tool to describe low-energy
physics, where low is defined with respect to some energy scale A. The approximation
to the specific problem can always be improved by taking into account the corrections
induced by the neglected energy scales as small perturbations.

In field theories this implies taking explicitly into account the relevant degrees of freedom,
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i.e. those states with m << A, while the heavier excitations with M >> A are integrated
out from the action.[29]
There are many examples of successful EFT used in physics, such as Fermi theory
of weak interactions, heavy quark effective theory (HQET), non-relativistic quantum
chromodynamics (NRQCD), chiral perturbation theory (xPT), soft-collinear effective
theory (SCET), etc. [30]

3.2 The EFT Lagrangian

The EFT is characterized by an effective Lagrangian of the form:*

L= ¢0; (3.1)

Where O; are operators constructed with the light fields, and ¢; its couplings.

We have said that high energy dynamics can be ignored in the study of processes at low
energies, but actually the high energy or heavy degrees of freedom are taken into account
in the couplings ¢;. We will verify this explicitly in the next section.

For the action to be dimensionless, the Lagrangian density needs to have dimension
4. Thus, if we define the dimension of the operators O; to be d;, then the coefficients

dimension are fixed as follows:

1
Adi—4

O] =di — i~ (3.2)

with A some characteristic short-distance scale of the system.

The EFT Lagrangian can be seen as an expansion of a more fundamental theory with a
small expansion parameter §, known as the power counting parameter. Thus, calculations
are done in an expansion to some order n in J, so that the error is of order §***.
Usually, the expansion parameter is the ratio of a low-energy scale E (The energy at
which the observables will be computed) such as the external momentum p or particle
mass m, and the short-distance scale A, 6 = m/A.

It is important to remember that the EFT is useful in its predictions only when F < A;

otherwise, when £ > A, higher powers contribute more than lower ones and the calculations

*From now on we will use natural units.
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are no longer valid.
Another aspect to emphasize is that the behavior of the different operators is determined

by their dimension. Actually, we can distinguish three types of operators [29]:
e Relevant (d; < 4)
e Marginal (d; = 4)

e Irrelevant (d; > 4)

In the low-energy regime (E << A), the Relevant operators are enhanced by (A/E)*~%

becoming more important at lower energies, while the Irrelevant operators are suppressed
by (E/A)%~* being weak, but of course,this does not mean that they are not important.
Finally, the Marginal operator give raise to dimensionless coefficients and are equally
important at all energy scales, although quantum effects could modify their scaling
behaviour on either side.

So, explicitly, the EFT Lagrangian is given by an infinite series of terms of increasing

operator dimension that has to be treated as an expansion in powers of (E/A),

L= Lgcs+ Ls(E/N) + Ls(E/A) + ... (3.3)

Finally, it is known that EFT are generally not renormalizable, but that is not a big deal,
since it can be shown [29, 30], using well-known renormalization schemes together with
dimensional analysis, that the EFT behaves for all practical purposes like a renormalizable
field theory if one works to some fixed order in 1/A . This is because there are only a
finite number of terms in the effective Lagrangian £ that are allowed to a given order in
1/A . Terms of higher order in 1/A can be safely neglected because they can never be
multiplied by positive powers of A to produce effects comparable to lower order terms.

Another way to say it, is that a non-renormalizable theory is just as good as a
renormalizable theory for computations, provided one is satisfied with a finite accuracy.
The reason why QED is so successful to describe the low—energy scattering of electrons
with positrons is not renormalizability, but rather the fact that M is very heavy and the

leading non-renormalizable contributions are suppressed by (E/Myz)?.

To summarize this ideas, we can build a set of general principles for EFT [29]:
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1. Dynamics at low energies (large distances) does not depend on details of dynamics

at high energies (short distances).

2. Choose the appropriate description of the important physics at the considered scale.

If there are large energy gaps, put to zero (infinity) the light (heavy) scales, i.e.
0+—m<<E<<A— o

Finite corrections induced by these scales can be incorporated as perturbations.

3. The EFT describes the low—energy physics, to a given accuracy e, in terms of a

finite set of parameters:

e < (E/A)(di_4)

4. The EFT has the same infra-red (but different ultra-violet) behaviour than the

underlying fundamental theory.

5. The only remnants of the high—energy dynamics are in the low—energy couplings

and in the symmetries of the EFT.

3.3 Fermi Theory of Weak Interactions

Historically, Fermi created his theory as an attempt to explain beta decay even before the
Standard Model (SM) existed; he based his intuition on electromagnetism which involves
a vector current. Nowadays, as we know, Fermi’s vector form was replaced by the V' — A
interaction form which agrees with the experimental results such as parity violation [32].
In this section, we will discuss how to obtain the Fermi theory as the low-energy limit of
the renormalizable SU(2) x U(1) electroweak theory at tree level.

In the Standard Model, weak decays proceed at lowest order through the exchange of a
W* boson between two fermionic left—handed currents (except for the heavy quark top
which decays into a real W). The charged current Lagrangian that describes this process

is given in the SM by:

g _ _
L= _—2\/§WJ {; oy (1 =)+ izjuiv“(l - ’YSWz’jdj} the (3.4)
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Where g/ V2 is the W coupling constant, u; are the up-type quarks, d; are down type
quarks and Vj; is the CKM mixing matrix, [ is a lepton and v; the corresponding neutrino.
Let us now focus on the leptonic sector, the derivation of the quark sector will be almost
identical.
The tree-level amplitude for the leptonic | — ' + 7y + vy decay from (3.4) is:
M = __2@72[@#1_5 — G — V(1 _ B

<2\/§) (1= 77)ve] (p2 — MVQV) [a57" (1 = 7)ual, (3.5)
where the W boson propagator is in the 't Hooft-Feynman gauge, p is the momentum
transferred by the W, and u,v2,u3 and u4 are the spinors corresponding to [,y ,1; and !
respectively.
The amplitude (3.5) produces a non-local four-fermion interaction, because of the factor
of p> — M2, in the denominator. However , if the momentum transfer p is small compared
with My, i.e, p << My, the non-local interaction can be approximated by a local

interaction using the Taylor series expansion

1 1 p2 p4
pg_M‘%V:—MI%V(l-FM—I%V—i—M—;}V—i—... (3.6)

Thus, to lowest order, the amplitude is

M= (1) (%) (1 =P Julfin (=Pl +0 (3 ) B)

which is the same amplitude as that produced by the local Lagrangian

L= _54—%%#(1 — )l (1 =)+ 0 (Miév) : (3.8)

Equation (3.8) is the lowest order Lagrangian for leptonic decay in the EFT (p << My).

It is usually written, for historical reasons, in terms of the so-called Fermi coupling constant

Gr

L= —G—\/g[l/’y“(l — Yy loy' (1 =)+ O (M_év) . (3.9)
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Where the relation between G and the W coupling g is

G g*

These results can be generalized to the quark sector, so weak decays can then be described

through an effective local four-fermion interaction

_Gr

L= SR 3.11
\/5‘7’“7 (3.11)
where
TH=Y "o (L= + Y a1 — 1) Vid, (3.12)
l i

Equation (3.11) is what we called the Fermi theory of weak interactions. Fermi theory is
only valid in the regime (p << My ); which describes to a really good accuracy the weak
decays where p is of the order of the decaying particle mass such as my, m. and m;; since
my, Me, my << Myy. It contains operators of dimension 6 and, therefore, a coupling with
dimension -2. Thus, the Irrelevant (d > 4) property, given in the previous section, of the
operators give us an answer of why this type of interactions are weak at low energies
(E << My).

Equation (3.10) is technically called a matching condition; and as we described before,
shows explicitly the relation between the effective coupling constant and the underlying
electroweak theory parameters (g,Myw ).

Again, the Fermi Lagrangian, as any other EFT, has the usual expansion form, with
the expansion parameter § = p/My,. The higher order corrections O(1/Mj;,;) can be
neglected, provided we are satisfied with an accuracy not better than (p?/Mg,).

To summarize; at low energies (p << Myy), there is not enough energy to produce a
physical W boson. Therefore, the vector-boson propagator shrinks to a point and can be
well approximated through a local four-fermion interaction (Fig. 3.1), i.e, for weak decays
the electroweak theory can be replaced by the Fermi effective theory up to corrections of

order O(1/M3},).
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9
B = N
W >

Figure 3.1: Left: Non-local weak interaction by the exchange of a W boson. Right:Local
weak interaction described by Fermi’s theory.

Fermi theory of weak interactions include the effect of W exchange via dimension-six
four-fermion operators and the higher energy parameters are hidden in the effective
coupling Gp.

Also notice that the EFT Lagrangian (3.11) has the same chiral symmetry as the
fundamental theory, coupling just left-handed particles (right-handed antiparticles) via
the V-A Lorentz structure.

This might seem trivial, since we obtained the EFT explicitly as a limit of the electroweak
fundamental theory. But we often do not know the underlying theory that gives rise to
the EFT; in that case the EFT is constructed as the most general analysis consistent with
the symmetries and the known light particles. Nevertheless the properties of the unknown
high-energy theory will be reflected as non-trivial symmetries in the EFT as we shall see

explicitly at the end of the next chapter.
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Chapter 4

Lepton Decays

Muon and tau leptonic decays are specially important processes in the SM since they
provide a clean laboratory to test its prediction, such as the structure of the weak currents
and the universality of their couplings to the gauge bosons.

All experimental results obtained so far confirm the SM scenario. Although, the increased
sensitivities of the most recent experiments result in interesting limits on possible new
physics contributions to the lepton decay amplitudes.

In this chapter, we summarize the well known results of lepton decays, and introduced the
so called Michel parameters that characterize the energy and angular distributions of the

final charged lepton in the case of the most general four-lepton interaction Hamiltonian.

4.1 Unpolarized Charged Lepton Decays in the SM

Let us consider the leptonic decays I~ — I~ 7y, Fig.4.1, where the lepton pair (/,I') may

be (w,e), (7,e) or (T,p).
Since m; << My, we can safely use the Fermi theory of weak interactions to describe the

charged lepton decays.

v(ps)

I (m) < I (pa)
5’5’ (Pz)

Figure 4.1: Lepton decay in Fermi’s theory.

Thus, the decay is characterized by the local four-fermion interaction Lagrangian

c= —%W(l ]l (L = i) (4.1)
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Which corresponds to a matrix element

M =~ [t (1 = APl a1 — ), (42)

V2

where the spinors subscripts agree with the corresponding particle momentum, as shown
in Fig.4.1.
The differential decay rate is

(2m)*6*(p1 — p2 — p3 — pa) dPpod®psd®py| M|?

I’ =
27n1 <2W)3255(2W)32E%(2ﬂ)32ﬁh

(4.3)

|M|? can be calculated using the standard trace techniques.
Since we are not dealing with polarized leptons, the decay rate can be obtained by

averaging over the initial [(p;) spins and summing over all final spins.

MP— MP=5 Y IMP (4.4)

51,82,53,54

N | —

This, together with the spinors completeness relations leads to the following trace expression

[20]

(M]* = G—%TT[(PJW)V“U—V%(p2+m2)7”(1—75)]T7‘[(¢3+m3)%(1—75)(zﬁ1+m1)%(1—75)],
)

4
where p is the usual Dirac slash-notation p = v*p,,.
Working with massless neutrinos (ms = ms = 0) and using the well-known trace identities;
we obtain

|IM? = 16GEphp + psply — 6" P2 - pa + i€ P pappas] (46)

[pl,up?)u + P1wP3p — GuwD1 - P3 + iE#yTwpngj]

Using the symmetry properties of the above products and the identity €**?€,,., =

—2(gPg% — gL g?) it is straightforward to evaluate the equation (4.6),

| M|?* = 64G7%(p1 - p2)(p3 - pa), (4.7)
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thus the unpolarized differential decay rate (4.3) is

2m)*0%(p1 — pa — p3 — pa) PpadPp3dPps64G(p1 - p2) (3 - pa)
2m1 (27T)32E2<27T)32E3(27T)32E4

dl = ( (4.8)

Assuming that the neutrinos are not detected, we can integrate over their momenta

dl =

4G%~ d3p4p!fpz / d3p2d3]?3

0% (p1 —p2 = ps — v 4.9
(27T)5 m1E4 E2E3 <p1 P2 — D3 p4)p2up3 ( )

The integral we need to evaluate is of the form

d3pyd®
[,W = /M54(p2 + p3 — Q)pQuPSV' (4-10)
EyEs

with ¢ = p; — ps. We know that (4.10) is a second rank tensor which can only depend on

q. Therefore, using the covariance properties of this tensor integral, it must be of the form
Ly = A¢* g + Bauq, (4.11)

Also, we can build the following scalars

g1, = (4A + B)¢
w = ) (4.12)
¢"¢"Lw = (A+ B)g¢'

The explicit calculation of (4.12) allows us to obtain the values of the constants A and B,

leading to B = 2A = 7/3 [33|. Thus,

T
= 210 + 20,0 (413
o AGE Ppaplipy
dl = L Y 12, + 20,0, 4.14
G B G149 + 2440, (4.14)
which reduces to
2rGE dPpy

dl’ = WEW(M “pa) +2(p1 - q)(ps - ), (4.15)
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In the initial lepton rest frame, we can easily compute the following scalar products:

p1 = (m1,0), ps=(Eypi), pi=m? pi=mi,
(4.16)

prpa=miEy, pi-g=mi —miEy, pi-q=miEs—m],
yielding

QWG% d3p4

dl = ———L ——
3(277')5 m1E4

[(m% + mi — 2m1E4)(m1E4) + 2(m% - m1E4)(m1E4 - mi)], (417)
Using, d®p, = 27|py|>d cos 0d|py| and EF = |p3|> + m3 — d|pi| = ‘%ldﬂl, equation (4.17)
is nicely written as follow,

412G

dl' =
3(2m)®

\VE} —m3 [BmiE,+3miE, — 4miE; — 2mym3]|dEyd cos, (4.18)

Equation (4.18) shows the explicit energy and (isotropic) angular distribution of the final
charged lepton, when specific polarizations are not measured.
Finally, from the kinematics analysis of 1 — 3 processes; we know that [21]

m% -+ mZ — S93

E, = 5 ., with  se3 = (pa +p3)> = (p1 — pa)?
m (4.19)

o (mg +ms)? < so3 < (my —my)?,

considering massless neutrinos (my = ms = 0), the energy limits of the final charged

lepton are

(4.20)

Thus, we can obtain the final leptonic decay width, integrating over cos # and E as follows

m%+m421

4 2G2 1 T
= 37(T27r)§ / dcose/ ’ \/Ez —m? [3miEy+3miEy — 4mEF — 2mymi)dEy,
-1 m
4 (4.21)
which leads us to the final result for the total decay width
GEmi , (m]
F=T02m/ (2 ) (4.22)

where f(z) =1 — 8z + 8z% — 2* — 122%log(x).

For the precision electroweak tests one must take into account radiative QED corrections,
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higher-order electroweak corrections and the non-local structure of the W propagator.

With these considerations, the leptonic decay widths are given by [20, 15]

_ —_ Gfl/m? mZQ/ ll/
Oy =0 — () = 25 (5 ) (1+0ke) (4.23)
l

where m; = my, my = my, (y) represents additional photons or lepton pairs which have

been included inclusively in 5%/0 and [34, 35, 36

25 m?
o= 2 2o L)+ (4.24)
o | 4 l
2 2 2 2 4
g 3 mj 9 my my,
G =|—2—(1+A 1+2—L 421 40 4.25
v = \avag, T T>} Y5z sz U\, (4.25)

Equation (4.23) can be used to obtain the Fermi constant Gz from the observed muon
lifetime 7,,; since 7, " = T'[u~ — e~ T, (7).
Nowadays, 7,= 2.1969811(22) x 10 %, is the most accurate particle lifetime ever measured

[37]; combined with the electron and muon masses implies

Gr = (1.1663787 4 0.0000006) x 107°  GeV 2 (4.26)

4.2 Polarized Charged Lepton Decays in the SM

The expression in (4.2) can be generalized to allow for a polarized lepton. The only
difference is that now we should not sum over both spin orientations for the initial lepton,
rather we should take the spinor corresponding to that value of spin.

Still, the spin sum and trace identities process are an excellent machinery that we would
like to continue using. For this purpose, an alternative is to sum over both spins, but
introduce a spin projection matrix in the amplitude which will select out only one spin
orientation [21].

Thus, for an initial polarized lepton, equation (4.2) is now written as follows

M= =i e (1 =9l = )50+ 7l (127)
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where %(1 +~°4) is the spin projector, s is the polarization four-vector which has the
components

st = (0, 3) (4.28)

in the rest frame of the decaying particle, § being a three-vector along the direction in
which the leptons spins have been align, and satisfies the properties p;-s = 0 and s? = —1.
With these considerations, the calculation is done in the same way as in the previous

section, giving the following squared amplitude

|M’2 = 646%(]91 “P2 — m1<p2 : 5))(]03 -p4), (4-29)

Considering the polarization of the decaying particle does not change the dependence of
the squared amplitude upon the neutrino four-momenta, as compared to the unpolarized

case. Thus, the neutrinos phase-space integral (4.10) is going to be the same, leading to

AT’ GE 2 2 2 2 2 2
dl’ = 3(2n); \VEf —mi < [BmiEsy + 3miE, — 4mi Ef — 2mymy]

+Py/E} —m? [m}]+3m] — 4Eym,] cos 9} dEyd cos 0,

where P is the initial lepton net polarization and 6 is the angle between the [~ spin and

(4.30)

the final charged lepton momentum.

Equation (4.30) shows the explicit energy and angular distribution of the final lepton
when the initial lepton polarization is known. Furthermore, we can integrate over the final
lepton energy, where the integration limits have been discussed in the previous section.

Integration over Ej gives

dr’ GZm3 m3 1 my My
_ B 1 - —= — 4.31
dcos®  384m3 {f (m%) 3COSQ< ml)h(ml)}’ (43

with h(z) = 1+ 5z + 1522 + 323, We see, first of all, that the cosf term makes the

differential decay rate non-uniform, this kind of terms signal parity violation. Furthermore,
if we integrate the angular configuration, the cos @ term gives no contribution. In fact,
the total rate obtained in this case is equal to the total rate for unpolarized leptons that
was obtained in (4.22).

Study of polarized lepton decay played a crucial role in determining the (V' — A) nature
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of the interaction, and in the general case to study the effects of new physics described by

new operators and couplings of the effective weak Hamiltonian.

4.3 Lorentz Structure of the Charged Current

In the previous section we described the SM predictions for the three-body decay of
polarized and unpolarized leptons. Here, we will generalize these results using the most
general four-lepton effective interaction Hamiltonian, in such a way that, with high
statistics, we will be able to investigate the Lorentz structure of the decay amplitudes
through the analysis of the energy and angular distribution of the final charged lepton,
complemented with polarization information whenever available.

The most general, local, derivative-free, lepton-number conserving, four-lepton interaction

Hamiltonian, consistent with locality and Lorentz invariance is [15, 38]

M= 4 3 gL [70 )] (0T (4.32)
2 n,ew

The subindices €,w, o, A label the chiralities (L, R) of the corresponding fermions, and
n = S,V,T the type of interaction: scalar (I'¥ = I),vector (I'' = ~*) and tensor
(IT = 0 /\2).
Since tensor interactions can contribute only for opposite chiralities of the charged leptons,
as we will prove it later, this leads to the existence of 10 complex coupling constants,
related to 4 scalar, 4 vector and 2 tensors interactions.
Once an unphysical global phase is removed, it leaves 19 real numbers to be determined
by the experiment. Furthermore the global factor G/, which is determined by the total

decay rate, leads to the following normalization of the coupling constants [39]

1
1= Z(‘gfm’? +1an® + 192 r1? + 197017 + 3(lgkL* + |9hLl?) (4.33)

+ (lgrgl* + lgrc” + l9Lr)* + l9rL)?)-

Thus, |g2,| < 2/, <1 and g5 < 1/V/3.
The Standard Model predicts |gy ;| = 1 and all others couplings being zero. In the search

for new physics it is important to calculate the final charged-lepton distribution using the
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Hamiltonian (4.32).

The following calculation was done considering an initial lepton polarization and was
computed with the help of the FeynCalc Mathematica package [40, 41, 42].

Expanding the Hamiltonian (4.32), where due to the chiral projectors properties, for a
given €,w,n, the neutrino chiralities 0 and A\ are uniquely determined; we obtain

Gy . . ) B .
- 4%{9& [ZLVZ/R] [ﬂleL] + 971 [ZL’Y”WL] [ylL’yulL} + 9hr [ZRVZ/L:| [VlLlR:|

Ry

"'QER _TR’Y“WR] [mR%lR] +9€R [ZLVI'R} [DZLZR] +9‘L/R [TL’Y“WL] [DIR%ZR}

- ot

(o - _ - _
+917:R Iy \/§V1’R] [’71L%ZR] +915%L [ZRVI'L} [VZRZL} +9%L [ZR’Y“WR} [VIL’YMZL}

- e v
+ 9k | g \/§VZ/L:| [VIREZL]}

(4.34)
The tensor couplings g7, and gk, terms are identically zero,
-5 ot Ul“’
Hin =911 |1 \/—VZR [VZR \/ilL] =0 (4.35)

-5 ot

Hir = 9rr [ZR B L} [m \/513} =0 (4.36)

This is due to the Fierz transformations identities [21], that ensure

[TLZL} [DZRV/R} —% {llagl,;] [VZRT/iVl R] + 3 [l]ﬂ ZL] [513751/1/1%]

=3 | PaPy| [Py Prov | —i 7 Prot Pyl [mPuot Prvy |

(4.37)
[T Pay PLZ} [mPﬁPRW}

(o PaPyl| o PuPrvy | + 3 |14 PrPyi| [0 Py Py |

where Pp = 2(1 + 7°) are the chirality projectors and we have used the properties
Vg =VUPLg, Yy =PrrV, PLPr = PpPL =0, [Prr,7"] = [Pg,0"] = 0.

The same transformations can be applied to Hkp verifying that the result is zero too.
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The Hamilt

onian (4.34) can be written in terms of the chirality operators. Using all the

properties described before, it takes the form

Gll

=5

+ QIS%R

+ QER
+ QER

+ 9h1

Also, if we

section, we

{ot [r ] [ =20 4 ok [P =27 [m(l _—ll

7 (1) H (1+7)l]+gXR[77 (1+7° VzH ]

:7(1 +75)1/l/] [171(1 +75)l} + 91 [l Y1 =7 /} [ (1 +97) }

_ngu + 75)%'} [Vz%(l + vs)l} + 9ar [l (1- 75)%'} [ﬂz(l - 75)4
:TV“(I + WS)W} [1717“(1 — 75)l] + gy [ZU—;;(l — 75)14/} [Vla—\;g(l — 75)4 }

(4.38)

take into account the decaying lepton polarization, as discussed in the last

need to make the change I — (1 +~°#)l.

Thus, the Hamiltonian (4.38) together with the spin projector leads the following amplitude,

for the process shown in Fig.4.1

M=—

f—f{gu (a1 + 7o) [s(1 = 7)1+ $)r]| + g [@47#(1 = 97w

(9L = 7))+ " Fus | + g [0 = 7)ea] [a(1+97)(1 477

+ b 107 (1+7)ea] [G3(1+ 2% (19 8)ur | + g5 [a(1 +77)0s]

i1+ 7)1+ "] + g 101 = 2] [ (L +99) (15

b |1 (0 | [ (14149 + oy [ma(1 =47

[63(1 - )1+ v‘f’%)ul} + gp [ (1 4+7°)vs] [ﬁaw(l — ") (1 + 75;?)7«01}

lolad

gy [T (1 =] [ 220 7)1+

V2
(4.39)

There are 10 pairs of leptonic currents, so in order to find the squared amplitude we need

to calculate the following terms

M

EM1+M2+M3+M4+M5+M6+M7+M8+M9+M10 (440)
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10

10 10 10 10
M2 =37 |Mif> + 2Re [ZMlM’[ + 3T MM+ ST MM+ Y MM,
=2 =3 =4

i=1 1=5
(4.41)
10 10 10 10
£ MME ST MM+ 3 MM+ 30 MM+ Mo
=6 =7 1=8 =9

these are a total of 55 terms (10 squared and 45 crossed terms); fortunately only 8 crossed
terms are non-zero due to the trace and projectors properties.

The FeynCalc computation give us the following polarized squared amplitude

IMP =16G7, (197" + |92rl” — 4larrl® + l9zel” — 4ok l® + l9zrl?) (P2 - pa) (D1 - ps)
+my(—lgi P+ l92rl> — 4girl” — gLl + 4ghil + 192rl®) (P2 - pa) (ps - 5)
+ (497 1” + 8lg1rl* + 8lgrLl? + 4lgral®) (s - pa)(p1 - p2)
+ma(—4lg7* + 8lgtrl* — 8lgkel® + 4lgirl®) (ps - pa) (P2 - 5)
+ (8lgrrl” + 4lgrrl” + 8lgRe|? + 4lgpr*) (01 - pa) (2 - ps)
+mi(8lgLal” + 4grrl® — 8lgrcl® — 4lgksl®) (2 - ps)(ps - 5)
+2Re |mymy (2 - ps) (97 1.9kR + 9119%R + 9irIRL + 69LRIRL + 9L RIRE + 691 RIRL)

+ (ima€” ) (g7 L ahn — 91900 + 9LRINE — 291 RINE — ILRIRL + 291 RIED)

+ma(pr - p3) (P2 - $)(92L9kR — 91098k — 9LRIRE + 291 RIRE + 91RIRE, — 291 RIRL)
+my(p1 - p2)(ps - $)(—9LL90k + 91090k + 9LRIRL — 291RIRL — ILRI RS, + 291 RIRL)
+ 297 rgL 5 (—ma (P2 - 8) (D3 - Pa) + M (P2 - P3)(pa - 8) + i1y 2PP45 — el 1P2psps
+ (p1 - pa) (P2 - p3) — (p1 - P2) (D3 - Pa)) + 203977, (M1 (P2 - 8) (D3 - pa) — M (P2 - P3) (P - 5)
+ iy €2PIPAE 4G PIPRPIPY 4 (py - py)(pa - p3) — (p1 - p2)(ps -p4))].

(4.42)

A quick way, at least for the terms with the g}, coefficient, to verify the result is by
making |g);| = 1 and all the other couplings zero, thus the amplitude (4.42) reduces to
the SM prediction obtained in (4.29).

The neutrinos phase space integral does not change and therefore has the same value as

(4.13). Thus, following the same steps of the first section using the amplitude (4.42) we
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obtain from FeynCalc, in the decaying-lepton rest frame, the differential decay rate:

dFl—)l’

m1w4G121,

dxdS)

= T ot = (42 = 30— )[R + 95+ 6l + bl
1912 + Lafial? + 10Tal? + Igul?] + 621 — ) [F (5P + g5l + 1o
+ 195l + 1910l + gkl + |9Yal® + okiel? + 3l9Tal® + 319 I?]

+Re [3900(1 — ) (9719%R + 9rrILs + 91R(97L + 6971) + 9 (97 R + 691 R))
— (42® — 3z — 23)(92RILR + gszgﬁi)]

+PJe2 — dcos [ (1~ )(24lgl P — 4816Tal? — 241gYel? + 48155, )
#5320 1) oLl — ol + 165 ? — 105al” + 4L, — okl
+19hel® = |9Lal") + Re | (42 — 4 = \/1 = a2)(g5noli — ghrohi) | }

(4.43)

where P is the initial lepton net polarization, 6 is the angle between the [~ spin and the

final charged-lepton momentum, w = (m? + m3)/2m,, * = E,/w is the reduced energy

and xg =

my/w.

The differential decay rate (4.43) is usually written in terms of the so called Michel

parameters and the isotropic and anisotropic functions F'(x), A(x) [43, 44].

In terms of the ¢, couplings, the Michel parameters are

3 B B
pZZ(ﬂ“rﬁ )+ (v ),
_ _ 7 _
€=3(0" —a") + (5~ B+ L 7))
] (4.44)
& =257~ 5) + (7" — )
1 * * * * * *
n = Re 91195k + 9hrIts + 9LR(9%0 + 695s) + 9rp(9n + 6912)],
where
1 B 1
of = IQKLP + 1_6|91%L + 6917?:L’2> o = |g‘L/R|2 + E‘QER =+ 69%R|2,
1 B 1
B* = |ghal® + ZI9§R|Z, B~ =gy + Z|g€L|2a (4.45)

3
vt = 1_6|91%L - 29£L|27 Y 1_|9ZqR - 2911:R|27
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are positive-definite combinations of the decay constants, corresponding to a final right-
handed (at, 8,4") or left-handed (o™, 37,v7) lepton.
The functions F(x) and A(x) in terms of the Michel parameters are

F(x):x(l—x)—l—gp (42% — 3z — x) + nxo(1 — ),
2
A(x):1—$+§5(4x—4+\/1—x3).

Finally, it is useful to write explicitly the following Michel parameters as

(4.46)

41
=P = 7U9LL + 192" + 1970 + |9Ral*) + 912 + l9kel* + |9Lal* + 9RL (47

S * S *
— Re [gLRggR + gRngL} )

= 97.1? = 192kl* + 190sl” — |9agl> + 4(197L1% — l9kal®) + 12(l9/k)* = l95LI)
(4.48)

+ 2097 5|* — |9k?) + 16 Re [g7 rarr — 9RrdRs] -

1
26 — 355 = _§<‘9§L’2 —192r* + 195" = lorrl®) — 2(91L1* = l9ral®)
(4.49)
6(l97rl* = lonel) + 14915l — lg5e ) + 4 Re [97roLk — 9irgii]
with this parametrization and the normalization condition it is straightforward from (4.43)

to obtain the reduced expression of the final charged-lepton distribution

AUy mw? 2
T Tsd — 9,3 Gy x3 —P\/x z3cos O A(x (4.50)

Thus, for an unpolarized lepton (P = 0), the distribution is characterized by the parameters

p and n. Two more parameters, ¢ and §, can be determined when the initial lepton
polarization is known. If the polarization of the final charged lepton is also measured, 5
additional independent parameters (&,¢",n",a’, 3") appear [1]. In the SM, p = 6 = 3/4,
77:7)”:oz/:ﬂ/:()andf’:f/:g”:l.

We can obtain the total decay rate integrating (4.50) over all energy and angular
configurations. As discussed in the last section, the cos term gives no contribution, so
we only care about the isotropic part.

The integral limits in terms of the new variables are:
mit+mi | ma m3j +mj

— < zx<

— < z<l. 4.51
2my w 2miw To=T = ( )
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Thus

mlw
Ly = / VT 23l ()
:mﬂ;} / \J a2 —xo[ (1—2)+ p(4 — 3z :cg)+n:c0(1—x)1d:v,

(4.52)
leading to
GZZZ/ 8 m4
L,y = W my —mfi — 8m3imS + 8mSm? — 24mimilog -
+n [4m4m1 dmimy — 36mim; + 36mim; + 48(mim3 + mim?) (4.53)
o ()1}
my
which can be rewritten as follows
G2,m?
Dy = T fmdfmd) (1+3c ) (4.54)
where
~ my g(mi/m3)
Gy =G|l +4n—=—"r—"+—~ 4.55
i u \/ Wml F(m2 Jm?) ( )

g(z) =14 92 — 92% — 23 + 62(1 + x)log(x) , and the SM radiative correction (5%0 has
been included.

The normalization G, corresponds to the Fermi coupling G, measured in the p decay.
Unlike all other Michel parameters, the dependence of (4.54) on 7 is left but it is
suppressed by a factor of (mg/mq).

Thus, it may be a negligible contribution in the case of u= — e~ v, or 7~ = e" v, 7, but
not for 7= — p~v,v,, where it can change the partial width decay by up to 18% [45]. It
is this difference that allows one to determine n by comparing the branching ratios of the
two 7 leptonic decays.

If e/p universality is assumed?, the leptonic decay ratio B, /B, implies:

n = 0.016 % 0.013. (4.56)

f Assuming lepton universality leads to a more restrictive value for . We show the value of 1 without
assuming lepton universality in table 4.1
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A non-zero value of n would show that there are at least two different couplings with
opposite chiralities for the charged leptons. Assuming the V-A coupling gy; to be
dominant, then the term %Re [gY, 93] is the only one linear in non-standard couplings
in the whole spectrum, thus the measurement of 7 is of particular interest for the
determination of new couplings, specially the scalar coupling g%z, that usually appears in
many extensions of the standard model.

The experimental status on the 7-decay Michel parameters [46, 47, 48, 49, 50, 51, 52]

together with the more accurate values measured in p decay [53, 54, 55, 56| are shown in

table 4.1.

Table 4.1: Michel parameters

B = e vl T —e Vil | T — |4 Vs,
p | 0.74979 4+ 0.00026 | 0.747 & 0.010 | 0.763 + 0.020
n | 0.057 +0.034 — 0.094 + 0.073
3 1.000910 0005 0.994 + 0.040 | 1.030 + 0.059
&0 0.75110 0008 0.734 4 0.028 | 0.778 & 0.037
¢ 1.00 £ 0.04 — —
¢ 0.65 + 0.36 — —

The polarization of the charged lepton emitted in the 7 decay, related to ¢ and ¢, has
never been measured. In principle, this could be done using the radiative decays , since
the distribution of the photons emitted by the daughter lepton is sensitive to the lepton

polarization [57].

In order to established bounds on the couplings, is convenient to introduce the probabilities
[39]

1
@M=Zw2ﬁ+mzﬁ+a1—aumiﬁ (4.57)

for the decay of an w-handed [~ into an e-handed daughter lepton.
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The probabilities )., can be extracted from the measurable shape parameters, as follows:

1 16 1 16 , ”
QLL—B_:Z(_3“‘_3/0_55“‘_966“‘5 +f)
1 16 1 16 / "
QRR=5+:Z(—3+§P+§§—555—5 +5>
_ _ 1 16 1 16 / " (4.58)
Qrr=0ao +7 _1(5——3/)‘1‘55——9554‘5—5)

1 16 1 16 / "
Qrr =o' +7v 4(5 5P 3§+9§ § 5)

Upper bounds on any of these probabilities translate into corresponding limits for all
couplings with the given chiralities.

The present 90% CL bounds on the p-decay couplings and 95% CL bounds on the 7-decay
couplings are given in table 4.2 and 4.3 respectively [1].

Table 4.2: 90% CL experimental bounds for the u~ — e~ v, 7, couplings

W= e Ve

lenr] < 0.035 g7l < 0.050 gz, | < 0.412 g7 .| < 0.550
lg¥r] < 0.017 gV, < 0.023 lg¥, | < 0.104 gV, | > 0.960
lgkrl =0 lg7rl < 0.015 gk | < 0.103 g7l =0

875 + 691 rl <0143 [g7p 4+ 291 5| < 0.108 |g7r — 297 5| < 0.070

g7 + 69k, <0418 [gp, 4+ 295, | < 0.417 |gh, — 295, | < 0.418

Table 4.3: 95% CL experimental bounds for the leptonic 7-decay couplings

T — € Vsl

lgfrl < 0.70  [g7g] < 0.99 lghl <2 gil<2

lg¥rl <0.17 |gVpl <013 ek, | <052 |gf | <1

8kl =0 lglrl <0.082 |gh | <051 |gi, |=0

T = W VUrY

ghal <072 [gipl <0.95  [gi[<2 g7 <2

ghrl <0.18  |gfpl <0.12 gk | <052 gy, | <1

1gkrl =0 [glgzl <0.079 [gf,| <0.51 gl |=0
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Note that the most accurate experimental values agree, within the uncertainty, with
lg¥;| = 1 and all others couplings being zero. Thus if some couplings of the same order in
the EFT expansion are much more important than others, there has to be an underlying
symmetry that explains it. This non-trivial symmetry is precisely a remnant of the
high—energy dynamics as we discussed in the last section, showing that the SM provides
the dominant contribution to the decay rate, being |g);| ~ 1 due to the V-A structure of
the electroweak theory.

Finally, processes such as radiative muons and taus decays as well as five-body leptonic
decays of muons and tau leptons can be also used to obtain independent constraints and

get an additional information about the structure of weak interactions, see e.g.[58, 59, 60].
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Chapter 5

Lepton Decays with Majorana Neutrinos

The effective analysis of lepton decay allows us to investigate the Lorentz structure of the
decay amplitudes through the analysis of the energy and angular distribution of the final
charged lepton, as we just discussed. Besides that, another possibility in these scenarios
is to test the Dirac or Majorana nature of neutrinos.

In this chapter, we analyse the decay amplitude coming from the most general four-lepton
interaction Hamiltonian, including the effects due to the Majorana nature of neutrinos,
that could be measured in the most recent and future experiments.

All these studies are based on scenarios where the new sterile Majorana neutrinos have
non-negligible mixings and some of them require masses low enough to be produced
on-shell.

All the basic information about Majorana fermions, including its Feynman rules, together

with neutrinos masses and mixings models are given in appendices A and B.

5.1 The Effective Amplitude for Majorana Neutrinos

In this framework, the charged weak current interaction is written in the basis of mass
eigenstates of the charged leptons [ and the neutrino N; after diagonalizing the charged
lepton and neutrino mass matrices.

Working in the basis where the charged leptons are already diagonalized, the current
neutrino (v g) is assumed to be the superposition of the mass-eigenstate neutrinos (V;)

with the mass m;, that is,
v = Z UijNjL, vir= Z VijNjr, (5.1)
J J

where j = {1,2,...,n} with n the number of mass-eigenstate neutrinos.
As shown by Langacker and London [61], explicit lepton-number nonconservation still

leads to a matrix element equivalent to (4.32). Thus, in the mass basis, the effective
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Hamiltonian (4.34) for the [~ —= [ NN}, process is written as:

Z{ gLL [ZL ' ] [NkRVEle] +911 [ZL”Y Uy ;iN; ] [NkLU[Z%lL}

+ 9hr _lRUl'jNJ'L] [NkLUﬁclR} +QER ] [NkRVm’YulR]

+9€R _TLV’ ‘N'R} [NkLU;;qu] +g‘L/R [TLV“U/J’NJL} [NkRVzZ%lR] (5.2)
-—/ loiad - —

+91r lL\/— ; } [NkLUlk\/— }4'91% [ZRUl/ijLi| [NkRVzZlL}

ot

+9§L _ZRVMVz’jN } [NkLUzﬂulL +9RL [ZR\/— } [NkRVl \/— }}

Note that N represents an antineutrino for the Dirac neutrino case, but should be identified
with N for the Majorana neutrino case (N=N C:C’NT), as discussed in appendix B.

Then, the Hamiltonian (5.2) for the case of Majorana neutrinos is

H= \/— Z {QLLVl’lek [ZLNJR] [NleL] + 90Uy Uk [ZL’Y NjL] [Nk:L’YulL]

+ gl Ui [aNor | [Nesla] + gknVie Vi [0 Nim | [ Nervulr|
+ 918V Uik lLNjR] |:NkLlR] +9rrUr; Vi [ZLV#N]‘L} [NkR’YulR] (5.3)

-TL\/_ JR} [N flR} + 95Uy, Vii [ TaNin | [ Niurlz
ot

- Ouu
+9RLV1/ Uik ZRV#NJ‘R] [NkL%lL] +9£LUl’jVu: [ZRENJL} [NkR \%ZL]}

ol
+ gLRVl/ Uk

and in terms of the chirality operators

{gLLVE’j lk [ 1+~ )Nj:| [Nk:(l - 75)4 +9XLUl'le>;c [ZVM(l - 75)Nj]

o~

_Nm(l — ] + gl Ui [T (1= 22N | [Ne(L 4+ 220 + glinVi Vi [T (1 + )N
Ny (1 + 75)l + QLRW Uk [f(l + ’YS)NJ} [Nk(l + 75)l] + g‘L/RUl’jWZ [T’Y“(l - ’YS)NJ}

(o « [7
(1 +75)NJ} [Nk\}‘i(l + 9] + g U Vi [T(1 = 4)N |
- oM

:Nk(l - )l} +9RLV1’ U, [l (1 +75)Nj] [Nk%(l -7 )l] +QRLU [l \/§<1 - )Nj:|

:Nk%(l - 75)5] }

_Nk7u(1+’75)l ‘i‘gLRVz’ Ui {l

(5.4)
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Also, if we take into account the decaying lepton polarization, as discussed in the last
chapter, we need to make the change I — (1 4+ ~§)L.

We now have to calculate the amplitude for the process. Unlike the Dirac case, the
indistinguishable properties of the Majorana neutrinos have strong consequences in the

amplitude. This time, the possible first order Feynman diagrams for the [= — [~ N;Ny,

decay are:
N ('P:s ) N:‘ {m)
I (m) > """_’. N I (ps) I (m) > > I (pa)
N; (p2) Ni(ps)

Figure 5.1: Feynman diagrams for the = — [ N;Nj, decay

Where the second diagram is only possible in the Majorana neutrino case and we already
defined the orientation for each fermion chain (blue arrows).
Thus, applying the Feynman rules for Majorana fermions seen in appendix B together

with the Hamiltonian (5.4) and the spin projector leads the following amplitude:

Gu’

My == i 15 {gmjvlz (a1 7)) [0 = 7)1+ 2 $w| + g2 Up Ui [507*(1 = 77w

77 (1 =) (U7 $)m | + 95U, Ui [a(L = 37 )e] [Ta(1 4571+ 7 f)u

gV Vik [807 (1 7)) (a1 +27) (4 27w | + 05V, U [0 (1 + 7))

:ﬂs(l +7°)(1+ 7%)%] + 918Uy Vi [0 (1 — %) vy [ﬂm(l +47)(1+ 7574)14
+ 912V ;Ui [ﬂzla—;;(l + 75)02} [030—\;%(1 +7°) 1+ 75$)U1] + 9L Up Vi [0a(1 — 7°)vs]
[3(1 = 7)1+ 7 $)ur | + g Vi, Ui [047 (1 +97)ws] [59(1 = 7)1 + 778

"z

 ahaUVi | T (1= 2] [ 21 = 7)1+ 07

. G / * [ — T “
- Zﬁ{giv/kv” (4 (1 +~°)vs] [“2(1 —7°)(1+ 75@“1} + 91 Up Uy [0y (1 = 2)us]

[ (1 = )L+ 9 )| + 98U U5 a1 = 7)es] [+ 97) (1 + 7]
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+ ghaVenViy [07(1+ )] |91+ 7)1+ 77 )wn | + g5 ViU [a(1 +77)s)

[ﬂz(l +7°)(1+ 75,4)74 + 91 rUp Vs [aay™(1 = %) vs) [ﬂzw(l +77)(1+ 75;4)%}

v
ot [_ O

\/5(14")/5)1)3- UQ\/§

[ﬂz(l -1+ v%)ul] + 9r Ve Uy [ay (1 + 7°)vs] [ﬂm(l -1+ 75$)U1]

(1— 75)1’3_ [W%(l — )1+ 7574)“1} }

+ 9Lr Vi U |t (1++")(1+ 7574)“1} + 9aL Ui Vi [aa(1 = ~°)vs]

loiad

V2

+ QELUz’sz; Uy
(5.5)

The amplitude (5.5) contains twenty pairs of lepton currents. The first ten pairs of
lepton currents, between red brackets, come from the first Feynman diagram. The last
contribution, between blue brackets, come from the second Feynman diagram and is only
possible in the Majorana neutrino case.

Note also that the Majorana contribution to the amplitude is obtained from the first one
(red brackets) by the exchange py <> ps and j <> k.

A first inspection of (5.5) explicitly shows a difficulty for the amplitude squared calculation.
Specifically the interference terms between the first and second (Majorana) contribution

will lead to an expression of the form:
Ming & (04T w2 [T ] - (05T wa] [1a T ). (5.6)

Thus, once we sum over polarizations, this interference term will have the contributions

Z VU2 and Z ﬂg@g, (57)

s2 s3

where the spinors completeness relation cannot be directly applied, so the trace mechanism
discussed in the last chapter needs to be modified.

If we want to recover this mechanism we should modify our lepton currents in order
to have the specific form of spinors sum, so that we can apply the usual completeness
relation.

One way to do this is by making Fierz transformations to the Majorana contribution
currents and using the relations seen in appendix B to transform the u and v spinors in
such a way that we can use the completeness relation in all the spinors polarization sum.

Another way, much easier than the last one, is to define another orientation (blue arrows)
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for the fermion chains in the Feynman diagrams. This change won’t affect the observables,
as discussed in appendix B.

Defining the fermion chain orientation as follows

Ni. [_H:{ } :\‘J {1”1! ;I
I (p)——+ e U (ps) U (p) —>—— - - (pa)
N, Ni(p)

Figure 5.2: Feynman diagrams for the [= — [ N; Ny, decay

the amplitude, following the Feynman rules for Majorana fermions, is now:

My =—i \/5{ LV Vi [0+ 27)en) [is(1 = 4)(1+ 5 $r | + 91,07 Ui [17 (=1 = 7)o

(37, (1 = 7)1+ )| + g5l Ui [0 = 27)en] [ (1 +77)(1+ 57 f)ea|
gV Vik [829 (=1 + 9] 7,1+ 97)(1+ 78w | + g5V Ui [0+ 7)o

[ﬁa(l +47)(1+ 75,4)1“] + 918Uy Vi [ (=1 = 7°)vd] [ﬂm(l +7°) (1 + 75%4)%}

0;;(—1 =) 137
(31 = 7)1+ 7 $)ur | + gk Vi Ui [529" (=14 4] {71 = 7)1+ 7 $u

T * * —

* * -— O-MV 1 — U v
+9£LU1'3-VU¢ U2\/§(—1+’Y5)U4 [u3;§(1—'y5)(1+fy57§)u1}}

s (") (U )]+ g7 Vi [l = )]

i Z%{%LV* Vi [ (1 +97)on] (21 = 4°)(1+ 5 $)r| + 91,03 U [y (=1 = 77w

(91 = 7)1+ 27| + gV, U [s(1 = 7)) [a(1+97)(1 4 ")
+ eV Vi sy (=1 +7°)v4) [ﬂm(l +9°)(1 + 75%4)%} + 928V Ul (1 +7°)vd]

(1201 +97)(1+ 7 H)ur| + gE U3 Vi [57* (=1 = 27)ua] [27(1 4+ 27) (1 + 7w

Nz

* * _ 0 _ Ouy * * [ —
e L R L R T R A ATAC (U

[02(1 - )1+ 7574)14 + 9re ViUl [asy (=1 4 7%)v4) [ﬂm(l -1+ W)ul]

LU [ ‘:/5(_1 +75)U4} [QQJ—;%(l — (1 +*y57§)u1] }

(5.8)
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The new amplitude (5.8) will lead to interference terms of the form:
Mint =~ [ﬂQFU4] [ﬂgf‘/ul] . [1_14F”U3] [alfmuQ]. (59)

Thus, once we sum over polarizations, the spinors completeness relation can be directly
applied and all the trace mechanism can be used as usual.
From (5.8), there are now 20 pairs of leptonic currents, so in order to find the squared

amplitude we need to calculate the following terms

Mjk =My + My + M3+ My + My + Mg+ M7+ Mg+ Mg+ Myg+ My, (5 10)

+ Mg+ Mz + My + Mis + Mg + Myz + Mig + Mig + Mo

20 20 20 20 20

Ml = 3T IME 4+ 2Re | S MM+ D0 MaM; + 3 MM + 30 MM
i=1 =2 1=3 1=4 =5
20 20

20 20 20
3 MM YT MM+ MM+ > MM+ Y MoM;

1=6 1=T7 =8 =9 =10

20 20 20 20 20
+ Z MM + Z My M+ Z MM + Z MM + Z My M;

=11 1=12 =13 1=14 =15

20 20 20 20
+ Z ./\/115./\/1;-k + Z ./\/116./\/1;»K + Z ./\/117-/\/12K + Z MISMEK + MIQME()} )

i=16 i=17 =18 =19

(5.11)

these are a total of 210 terms (20 squared and 190 crossed terms) that need to be computed.

This time we are considering finite neutrino masses, so almost all the contributions will
be different from zero, leading to an expression difficult to handle.

After some simplifications and considering all energetically allowed neutrino pairs, the

FeynCalc computation give us the following polarized squared amplitude:

S M = 1665 { [maA () + A% )| p0) + 5 [ B0 9) + B r-p0) 2 1)

+ Re { — im; D} (P3P + imy (ps - pa)) — my(p1 - p3) [DZ (pg-8) + m4D§}

m;m
+m;(ps - 5) [Di(pl - p4) + m1m4D§} + ka [ — ET(py - pa) + muE~ (pas - 8)]
1 _
+ 5(]72 - D3) [F+(p1 “pa) + M F (py - 3)} + G7(p1 - p2)(ps - pa)
+m1G™ (pa - 8)(ps - pa) — mumamama H +mymyJ " (py 'p3)}} + (]2:§)



38 5.1 The Effective Amplitude for Majorana Neutrinos

+ 16G2 Re { [m10+€p2psp4s C_ 6171]32193]34] _ ZQ [mjempzsms + mk€p1p2p45} }7

(5.12)

where we defined the parameters as:
=3 {107 Rliel? + | Ealswl? + A0 Klanl? + | Ealiel®) (R > L) }
Bt = Z (SRl + 2Ll % (R < D)}
Cc* = Zk (Ul Finliy = 12U Eall fLaliy £ (R o 1)}
Df = Z (WD + 21D (@LFERIE, = [Ealie) + 6L Tl — 2((F Ll + UEaliy)

];L (R L)}
Dp = - Z {<[fLL] o+ 2Ll (Rl + 2CU TRl + U ERlye) = 200l + [Lliy)

< L)
Dp =+ Z {([f Rl + 20 kRl ) (LRI — UFErli) + 6L Rl — 2([f el + LfLRlk;)
+ (R« L)}

B=) {UEUENy + ALl Lty + AUEL UL + AR LR + L))
o+ 24[ (Rl + ALy £ (R L)}

re=3 {UEalswl Finliy + UL alswl FLaliy + 20U Ealswl FLaliy + AL/ Erlsn LS Erlty + LTl
l (R« L)}

=3 (Al SRlisliali = AU TR U LRl — UErlis LSl + AU TRl firlis — [/Srli)
; (R« L)}

H* = Z (Ul QUL — (P05 + 6Ll + U TRl (U5l + 2L/ RLTy + [l
o 2[fEulks + 20l (Sl + 2Kl + SU LRl (el + [Fhuliy) }

Jr= Z {2([fXR]jk + [fXR]k])([fRL] + 6[fRL]k]) + 2([fRL]]k [fRL]ch)([ffR}kj + G[fLTR]kj)

j7k

(U + 2L L)) (Sl + 2LfKaliy) |
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Q= Z A SELlks + 20 i) (FLrli; — [FLrlie) (5.13)

with the constants [f}}, ]k

[fiLln = gLLV" Ik [frrln = gRRU* Utk
[fXL]jk = gLLU;lekv [fRR] ik = gRRV’ '%k?
(iRl = QERVT'UZL [Frelin = gRLU* Viks (5.14)
(LRl = gLRU* k> [frel = gRLV;ijllw
[fLR] ik = gLRV’ Ul [f]igL]jk = 9£LU[§jVEZ-

Finally, we can simplify even more with the following parameter combination:
K* = A=+ ReG* = 3 {IIffalinl? + 1LfEalsnl® + A0 Kalsn® + FErlinl?)
J,k
+ Re |41 alisl il — ARl Uil — Uil il
+ AUERl(firds — FEal)| £ (R D) ]

L* = B + Re F* = > {81/ alinl? + 20U Talnl®) + Re |[[ERlnlSEliy + SU LRI lky
J,k

o+ 200l Rty + ARl U Lty + Rl | = (R & D)}
(5.15)

Thus, the completely reduced form of the amplitude is:

1
SO IME, =162 { [ K (o 5) + I (- p2)| (s 1) + 5 [l (oa - 5) + L (o1 o)
gk

+ 2mymy Re Jﬂ (p2 - p3) + Re {mj [DZ <m1(p3 “Pg) — i6p1p3p48> - <DZ (pg - 8)
+maD} ) (pr - ps) + (DL (1 pa) + mumaDy ) (s - 5)| +

— E*(p1-pa) — 2m1m4H+} }} + (]Hk)

m;myg
2

[mlE_ (ps-s)

243

+ 16G2 Re { [mlc-i-empsms _ C—€p1p2p3p4} _ ZQ [mjeplp?)ms + mk€p1p2p48] }

(5.16)
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5.2 The Effective Decay Rate for Majorana Neutrinos

The differential decay rate for the process I= — [~ N;Ny, is

dl' = azcxrﬂ . (5.17)
jik
Explicitly:
1 (2m)46* (py — p2 — p3 — d®pad3p3d®
dF:_(W) (P1—p2 —p3 — p4) P20°p3a”py Z|M’2'k> (5.18)
2 2my (2m)%2 B, (2m)2 By (2m)32E, <

where we are taking into account all the possible neutrino mass final states and the sum
extends over all energetically allowed neutrino pairs. Also, the factor 1/2! is taken into
account due to the indistinguishable properties of the final neutrinos mass eigenstates.

Assuming that the neutrinos are not detected, we can integrate over their momenta. Due
to the explicit dependence of the amplitude (5.16) in the neutrinos momenta, we will have

to compute three kinds of phase space integrals, of the form:

By
I, = / M54(192 + p3 — @Q)P2uP3v,
d*pad’p
I, = / 54 (g + ps — Q)P (5.19)

d3p2d3p3
I= | —/—/— 2 —

with ¢ = p1 — ps.
Again, we can use the covariance properties of these tensor integrals and the well known

three body space phase results to compute them, leading to:

T
L, = g[ngW + 24,4,
I, = nq,, (5.20)
I = 2.

It is important to emphasize that in the phase space integration we are neglecting neutrino
masses, in good agreement with the known final lepton energy distribution. If more

precision is needed, the calculation must take into account non-negligible effects due to
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neutrino masses. For this thesis, we are dealing with neutrino masses effects up to the
matrix element calculation.
Thus, following the same steps of the last chapter, using the amplitude (5.12) we obtain

from FeynCalc, in the decaying-lepton rest frame, the differential decay rate:

ar,_, mlw et
Tdeesd — 33 Gy - x%{w(l —2)(e" +207) + = (42" = 3z — ) + 2o(1 — )

(%)—FP /xQ—ngOSQ[(1—$)(%—2C_) %(4x—4+\/1—$3)]
+%(mg+mk{ 2(1+4/1—22) — 22 kg (2o(1 — @) + 204 /1 — 23)
+77\/:1:2—x00059[/€R$0+/1L(1+\/1_550 ]} ;m;gk(l"'\/l_x%)

1

{a:o + 220(0T) + P xQ—xocosﬁa }}

(5.21)

where P is the initial lepton net polarization, 6 is the angle between the [~ spin and the
final charged-lepton momentum, w = (m? +m3)/2my, * = E4/w is the reduced energy
and xg = my/w.

We have explicitly separated the contribution with linear neutrino mass dependence
(blue brackets) and with quadratic neutrino mass dependence (red brackets) to better
distinguish the neutrino mass effect on the differential decay rate.

Note that each neutrino mass term is suppressed by the decaying particle mass m; and
thus, these contributions will be negligible in the case of light active neutrinos.

Finally, the real parameters appearing in (5.21), were defined as:

A= %Re Jr= Rez {([fXR]jk + [fXR]kj)([flgL]ltj + 6[f17?:L]Itj) + ([f}Z/L];k + [fgL]ltj)

j?k

([fiqR]kj + 6[fLRlki) + %([fiqL]kj + Q[fXL]jk)([fzgR];k + Q[fXR]Zj)}

1 1
e = 1K = 3" { ZUURRlnl? + 1L Ealinl®) + (fKaliel? + FEal®) + Re | Lfalusl Flalis
7.k
1
~ ULas Ll — UL ERl + Ul (R — Ul | + (R D)}
1 1 1
== L5 =3 {SURll + 20 Ealinl?] + 1 Re |15l Ay + 8L RlanlFE
7.k

+ 200 TRl FLaliy + AL ERlin CLARlE, + )| % (R & 1)}
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K’L =ReD; = Rez { fLL kj T Q[fLL]Jk)((Q[fLSR]Zj - [figR];k:) + G[ng];k - 2([1%%]%

+ [fLali) + (R o D)}

Kk, =ReDp = — Rez { (oLl + 2[fLL]Jk)<[fLSR];k + 2(2[ng]Zj + [fER];kk) - 2([]%%]%

+ [flaliy) — (R e 1)}

kp = ReDj = iReZ { [fonlki + Q[fLL]Jk)((Q[fiqR]Zj - [fER];k) + 6[ng];k - 2([fXR];k
7.k

+ el % (R o 1)}

o =ReE" = Rez {[ffL]jk[fEL]Zj + 4[f[‘,/L]jk[f[‘,/L];::j + 4[fEL]jk[fXL];k + 4[f§L]jk([f}2/L];k

7,k

+ [frLli i)+ 24[fRL]Jk<[fRL]]k [fgL]Zj) + (R <+ L)}

¢" =ReH" =Re Z {[ffR]kj(ﬂfgL}Zj - [fsz];k + G[fgL];k) + G[ng]jk([fgL];k + 2(2[f1:gL]l:j

(AR + 2Ll + 207V (Faliy + 2Ll + SUYRlin (Pl
+ [Fli) }
(5.22)

5.3 Majorana Contributions (Rough Estimation)

From (5.21) we can highlight several things. First of all, we notice that the new parameters
were defined in such a way that the full isotropic distribution is described by all the
parameters with "+" upper-index, while the complete anisotropic part is described by

all the parameters with "—"

upper-index. Thus, we can give a useful interpretation of
the parameters upper-indexes, as the ones describing the isotropic (4) or anisotropic (—)
dependence.

It is now important to discuss the new features about the Majorana distribution. Specially,
the possible measurable contribution of the Majorana mass terms and the deviations of
the standard Michel parameters due to this Majorana neutrino nature.

We will first talk about the contribution with no neutrino mass dependence. Comparing

this first contribution of (5.21) with the differential decay rate for the standard Michel
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case, we notice that they are related just by the parameter exchange:

A 3 4
n—=s p— €

2 43 (5.23)
§— 6 —e€, 55—>—Ze_

and (1 —z) — z(1 —z)(e™ + 2¢T).

In the SM limit (|f);| = 1) we obtain A = 0, e = +1 and ¢(* = 0. Leading to n = 0,
p=3/4,¢&=1and § = 3/4 in agreement with the well-known results.

The other two contributions of (5.21) have explicit neutrino mass dependence and they
contain completely new parameters due to the Majorana properties of neutrinos. The /{ﬁ
parameters fully characterize the linear mass term, and thus, are less suppressed, as we
shall see later, than the o* and ¢t parameters, which describe the quadratic neutrino
mass term.

Furthermore, we can emphasize the importance of k% and ¢+ as new genuine low-energy
parameters (proportional to zg), just as 1 in the standard Michel distribution. That is,
the dependence of the total decay rate on ﬁﬁ and ¢ is left but it will be suppressed by a
factor of (m4/my), as in equation (4.55) for the 7 case, being more relevant in tau decays,
where these NP contributions could be measurable.

In the SM limit (|f};| = 1) these parameters have the values % = 0, 0* = 4 and ¢+ = 0.
If precise measurements are made, then, the coupling constants bounds could be improved
with this new data. Also, the measurement of this kind of contributions, that lead to
small deviations from the standard Michel distribution, would offer information about the
Majorana nature of neutrinos.

We will now try to roughly estimate the size of these new Majorana contributions and
the deviations from the standard Michel parameters based on some of the best direct
experimental constraints on heavy neutrino mixing |5, 62, 63, 64, 65, 66, 67]. We shall
focus on the suppression due only to the Majorana masses and mixings (considering just
one extra heavy neutrino for simplicity). Of course there will be other suppression factors
such as the 22 dependence and the explicit form of the new Majorana parameters, but this
won’t be the main contribution, so we are not taking them into account in the analysis.
If the heavy neutrino is forbidden by kinematics, then only the light neutrinos will be
produced as final states and thus the suppression will be really high. Considering the light
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neutrino masses to be of order O(eV) and the decaying particle mass of order O(10%V),
then the new Majorana contributions will be suppressed by a factor of ~ 107 for the
linear mass terms and ~ 107! for the quadratic one. Both of them out of the scope of
near-future experiments.

In addition, the absence of heavy neutrinos would have an impact on the non-unitarity of
the mixing matrix, leading to small deviations from unity once the squared mixing matrix
elements are summed over all the energetically allowed neutrinos.

In contrast, if the heavy neutrinos are kinematically accessible, then the suppression of
the Majorana terms will change, depending on the heavy neutrino mass and its mixing
with the active and sterile sector.

Following our notation, the mixing matrix elements U;; and Vj; are suppressed depending

on the neutrino mass, as follows:

Neutrino Uy, Vi,

Light (j < 3) | Not suppressed Suppressed

Heavy (j > 4) Suppressed Not suppressed

Table 5.1: Suppression of the mixing matrix elements.

Considering the experimental constraints on an invisible heavy neutrino, obtained from
different experimental sources and some reasonable phenomenological assumptions (v,

decays and its lifetime), see e.g. |62, 67]. We have:

Neutrino Mass (MeV) Mixing |Upy|?
Hoavy (I =¢) | 0.001-0.45 103
10 - 55 1078
135 - 350 1076
Heavy (I = p) 10 - 30 1071
70 - 300 107°
175 - 300 10-8
Heavy (I=7) | 100-12x10° | 107 —10°7
1x10% —60 x 10* | 107° — 1073

Table 5.2: Experimental constraints on heavy neutrino mixing.
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Thus, it is possible to have one or two heavy neutrinos in the final states and each term

will be suppressed by some of the mixing matrix elements, depending on the specific form

of the [f}},];x coupling constants.

For this rough estimation, we will consider both cases (one and two final heavy neutrinos)

and the mixing suppression as |Uy|? for one final heavy neutrino and |Uyy|?|Uy,|* for two

heavy final-state neutrinos.

With these considerations we can summarize the results of the final Majorana terms

suppression in the following table:

: Mixing Linear Term Quadratic Term
Neutrino Mass (MeV) Suppression | Suppression (m,) | Suppression (m?)
Light (2) Ix10°9 - 107 101
H?;W:ye()l) 0.001 - 0.45 103 10 — 107 10718 — 10716

10 - 55 108 10710 10719
135 - 350 106 10~ 10716
Heavy (1) 10 - 30 10~ 106 10-1
(I =p)
70 - 300 10-° 1077 —107° 10716 — 10715
175 - 300 108 1079 1018
H?lav_yT()l) 100 - 1.2x10% | 107 — 1073 108 — 1073 10718 — 10712
1x10% — 60 x 103 | 107° — 1073 1075 — 1073 10714 — 1012
Heavy (2) ~12 ~14 ~16
(4 — eNN) 10 - 30 10 10 10
175 - 300 107 — 1071t 1071 — 10712 10716 — 10713
Heavy (2) -13 _ 109 —14 __ 1n-10 —14 _ 10-10
(7 — eNN) 135 - 350 10 10 10 10 10 10
Heavy (2) —12 _ 10-8 —13 109 —14 _ 1n-10
(= uNN) 100 - 300 10 10 10 10 10 10
175 - 350 1071 — 1071t 10716 — 10712 10716 — 1012

Table 5.3: Majorana decay rate suppression effects.

The mean life of the muon and tau has been measured to a precision of order 10~% and

1072 respectively [1]. In order to make new precision tests, the most recent and future
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experiments are working hard to increased this sensitivity.

Thus, from table 5.3, sadly, almost all of the new Majorana contributions are really
suppressed and out of the scope of the near future experiments. But a few of them are
just in the current precision limit and could be measurable in current and forthcoming
experiments.

Specifically, in the case of one final heavy neutrino with a mass around 10? — 103MeV the
linear term suppression could be low enough to make sizeable distortions in the differential
decay rate, specially in tau decays. Thus, making this new Majorana contribution a
potential and exciting deviation waiting to be measured.

Finally, we try to estimate the possible measurable changes between the well-known
Michel parameters (n, p, € and £5) and the new redefined parameters (A, e* and (F) as
shown in equation (5.23).

In order to make a rough estimation, we will consider [f},];x = [f/%]k; = fi,, focusing on
the new information that the Majorana parameters would have.

From their specific definition, we have the following differences:

n—= 5 = ERG [— EfELng - 2fXLf1¥R - fXR( EL + 6fI€L) - fl&( ER + GfER)]
p— Z€+ = 1_6|f}§L —2fh P + T6|ffR —2f1gl* — 1 Relfarfin + fioflr]

_ _ 1 1
§—(60C —€ )= _3[|fXR‘2 + 1_6’ng +6f1al — | frLl* — 1_6|f1§L + 6f]€L‘2} (5.24)
7 7 . .
+ 1_6|fsz —2fh I — E|f}?}% —2f1pl> = Re[fILf1F — farfhnl
3 _ 3 3 3 * *
§0 — (—16 )= E\f}% —2ffl* — E‘ng —2f1rl + 1 Re[farfin — fip i)

Or, in a more compact form:

A , /
7]——:A7 p_§€+:B+
¥ ! 3 (5.25)
§—(6C —e)=C, - (-3)=B"
where
/ 1 1 i . . )
A= —§Re [foLflgR + fipfen+ fia(far +6f5)| + (R« L)
/ 3 3 .
B* = Z\fin = 20k = [ RelfELfli] £ (R & L) (5.26)

, 3 7 .
C =3|frl*+ 1_6‘f§L + 6>+ TﬁlfgL — 2fpLl> + Re[fapfin] — (R L)
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Furthermore, using the current experimental values of the standard Michel parameters
from table 4.1, we can find the lower and upper limits of the new generalized Michel
parameters for the muon and tau decay. We emphasize that these limits are valid only if
we consider that the reported experimental values are the Michel parameters (n, p, £ and
€9). If neutrinos are Majorana particles, then the experimental values will correspond to
the generalized Michel parameters and these limits are no longer valid.

Using this data, we obtain the following bounds:

For u= — e" N Ny:

0.023 - A <

| >

<0.091 — A, 0.74719 — B+ < zﬁ <0.75239 — B'*

! ! ! 3 /
10002 = €' < (66" — ) < 1.0025 = €', 0.7505 — B < (~7¢ ) < 0.7523 — B~
(5.27)

For 7= — G*Nij:

I 3 !
<, 0.737 — B < T¢" < 0.757 ~ B

/ / 3 A
< (6 ) <L034-C, 0706 B < (~7¢) <0762 B~
(5.28)

w

<0.167 — A, 0.743 - B+ < Leh <0783 - B~
0971 —C" < (6(" —€)<1.089—-C', 0741 —B~ <(—=€¢)<0815— B~

(5.29)

A~ w

Back to the equation (5.24), we see that these differences are the changes between
the standard Michel parameters and the generalized ones. For the SM case it is
straightforward that all these differences are identically zero, as it should be. But if
other couplings are not zero, then it will be some tiny changes, depending on the specific
Lorentz structure of the underlying theory.

In order to estimate these differences, we shall focus on the main contribution. Assuming
the V' — A coupling f}; to be dominant, then the linear terms in non-standard couplings

are the most important.
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For example, for a non-zero f}; and f}p couplings, we have:

A . 3
n_EZ_Re[fXLng]a 'O_Z_L€+:O
3 (5.30)
- (60— ) =0, & (1) =0
And, for a non-zero f); and f7; couplings:
A 3 3 .
=3 =0, p—ZEJr :_ZRe[fELfXL]
(5.31)

€~ (6¢ — ) = ~Relfufli], @~ (~2e) = =3 Relf, L]

*

Using the explicit form of the coupling constants, f;, = QELV;J- s The = g%RVl?kj e
= g‘L/LU;',‘jU[;C and the suppression effects discussed in table 5.1, we see that in any
case (0,1 or 2 final heavy neutrinos), the suppression of f); f%% and f2; f}; will be of the
order of the heavy neutrino mixing.

From table 5.2 this suppression will be of order 1078 —1072 depending on the lepton involved
in the decay process. For all the other terms that are not linear in non-standard couplings,
we can follow the same process, and ensure that they lead to negligible contributions due
to the high suppression.

Thus, the generalized Michel parameters will have really small deviations from the
previous ones, that could be measurable if the suppression is low enough to be in the
precision regime of the near-future experiments, modifying the coupling constants upper-
bounds seen in the last chapter.

Furthermore, from (5.30) and (5.31) is explicitly shown how the measurement of
the discrepancy between a generalized Michel parameter and a classical one, could
characterize the underlying Lorentz structure of a theory. For example, a theory with non-
zero f{; and f}n couplings, will be characterized by the measurement of one anomalous
parameter, as in equation (5.30); while a theory with non-zero f}; and f2; couplings will
imply the existence of three anomalous parameters, as in equation (5.31).

Of course, the presence of other non-zero couplings will make the characterization not as
immediate as the last example. So, in a general case, the complete expression (5.24) must
be taken into account in order to analyse the Lorentz structure of the theory.

Finally, since the maximum measurable effect of a neutrino mass or the presence of a

generalized Michel parameter in the decay rate would be of order 1072 for 7-decay and
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1078 for p-decay , as shown in the last discussion and in table 5.3, it is important for
the precision electroweak tests to consider all radiative corrections and their subleading
effects.

As discussed in the last chapter, these effects take into account radiative QED corrections,
higher-order electroweak corrections and the non-local structure of the W propagator, all

of these within the SM framework. Leading to [34, 35, 36, 20]:

— - - Gymi |, (m i
Dy =T — 1 mou)] = 157 (o (1 n 5RC) , (5.32)
where G,y = G,y F(MP) with F(M P) a function that depends on the Michel parameters
(MP), specifically the low energy ones, as seen in equation (4.55) for the standard case
with the n parameter.

The explicit form of these SM radiative corrections are:

T R S (L
o2 (2o ()] . -
2 2 2 2 4
g 3mi 9 my my
G} = |———(1+A l+=-—+-—-—75+0 5.34
u NﬁMﬁv( * T)] [+5M§V+5MV2V+ (megv)} (5.34)

These corrections can also be analyzed at the level of differential decay rate. Specifically,
the most recent corrections induced by the W-boson propagator to the differential rates
of the leptonic decay of a polarized muon and tau lepton and the numerical effect of these
corrections are discussed in [68].

It is important to emphasize that we can safely employ these radiative corrections
(calculated in the SM limit |f};| = 1) in order to measure with high precision the Michel
Parameters, since, to a high degree of precision, the current experimental information is
consistent with a V' — A structure, so possible deviations are expected to be very small
and can therefore be treated at the tree level, making the SM radiative corrections the
main higher-order contributions. You can see [69] for a helpful discussion.

We can summarize the main numerical contributions, including hadronic corrections, in

the following table:
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Radiative Corrections | Numerical Effect (u-decay) | Numerical Effect (7-decay)
Electroweak (3/5)(mz, /Mg,) ~ 1.0 x 107° | (3/5)(m2/My,) ~ 2.9 x 107*
QED Ola) ~ 107° O(a) ~ 107
Hadronic O(a?/7?) ~ 107 O(a?/7?) ~107°

Table 5.4: Main numerical effects of radiative corrections.

The subleading contributions of these corrections are of order O(10~!* — 10~7), which are
out of experimental reach in the foreseeable future.

From table 5.4, it is evident that the three main radiative corrections must be taken
into account in the muon decay analysis, since the smallest one of them is of the same
magnitude as the present experimental relative uncertainty of the muon decay rate.

In principle, for tau decays, due to the current precision achieved, the QED correction is
the most important. For the Majorana effects, the electroweak and hadronic corrections
are not needed, since they would imply a correction up to 1-10% to something that has
not yet been measured.

Putting all together, the possible Majorana nature of neutrinos will affect the leptonic
decay rate in two ways, with the generalization of the well-known Michel parameters
and the contribution of terms proportional to the Majorana masses, characterized with
completely new parameters. In both cases, the suppression effects are really high, but
under certain circumstances, these contributions could be measurable in near and future

experiments if mixings of heavy neutrinos remain at their current values.
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Chapter 6

Conclusions

There are some physical phenomena that motivate the research of NP that is beyond the
SM. Leptonic decays provide a clean laboratory where many high-precision measurements
can be made in order to test the internal consistency of the SM and reveal the signature
of possible NP.

In particular, we do not know whether the observed neutrinos are Dirac or Majorana
particles or if the lepton sector includes additional fermion singlets (sterile neutrinos).
The Majorana nature of neutrinos as well as the existence of sterile neutrinos, would affect
the leptonic decays in a non-trivial way.

In this work we have studied the lepton decay [ — I N;Ny, where N; and N, are
Majorana mass-eigenstate neutrinos. We have constructed its matrix element by using
the most general four-lepton effective interaction Hamiltonian and obtained the specific
energy and angular distribution of the final charged lepton, complemented with the
decaying-lepton polarization.

We have introduced the generalized Michel parameters, that arise due to the neutrinos
Majorana properties, for the term without neutrino mass dependence and defined
completely new Majorana parameters for the terms with explicit neutrino mass dependence.
In order to estimate the size of the genuine Majorana contributions and the deviation of
the generalized Michel parameters from the classical ones, we have used some of the best
experimental constraints on an invisible heavy neutrino. Once the suppression of the terms
has been estimated, almost all of the possible results are many orders of magnitude lower
than the experimental precision of current and forthcoming experiments. Nevertheless,
there are some heavy masses range together with a non-negligible heavy-light mixing that
lead to contributions right at the current experimental precision limit. Specifically, for the
case of T-decay with one heavy final-state neutrino with a mass around 10? — 103MeV
the linear term suppression could be of order 1073, low enough to be measured in current
and forthcoming experiments.

Thus, the measure of a sizeable distortion in the differential decay rate would be a clear
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signal of the Majorana neutrino nature as well as possible NP.

Finally, there is a lot of work that can be done to complement these results. It would
also be interesting to consider the final lepton polarization, where new parameters and
Majorana effects could be measured, as well as analyze other type of leptonic decays, such

as radiative muon and tau decay with Majorana neutrinos.
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Appendices

Massive Neutrinos

A1 Neutrinos in the SM

In the SM neutrinos come in three flavours, corresponding to the charged lepton associated.

They belong to SU(2) doublets

and alike (eg, g, 7r), there are no SU(2) neutrino singlets.
Thus, in the SM, neutrinos are left handed and antineutrinos right handed. These are
the only chiralities that participate in weak interactions as we can see explicitly from the
following interaction Lagrangians. Neutrinos interact only through the weak force via the
charged current (CC):

W= — i, +7,

(A.2)
W — I + v,

with the interaction Lagrangian
sl ——— Vo Yu(l — ) laWH + h.c. A3
int 2\/5 g M( 5) ( )

And via the neutral current (NC):

7% — Uy + T, (A.4)
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with the interaction Lagrangian

~ 4cos Oy

‘ng? = L (Z vof}/ﬂ(l - VS)VaZM + hC) s (A5)

where o = e, i1, 7.
In the SM, fermion masses appears in the Lagrangian as a Dirac mass term of the form
mUW.

Thus, decomposing into its chiral states (¥ = W + Ug):

Loy =mpUV =mp(Vy + Ug) (¥, + V) (A.6)
= mD(@L\IfL +$L\PR _'_@R‘I/L + @R\IIR),

and using the properties of the chiral projectors: ¥y r = PppV, ¥y p = WPg; and

Pr, rPr 1 = 0 we obtain, for the Dirac mass term
,CmD = mD(WL\I/R—l-ER\I/L). (A?)

Thus, the mass term couples L and R chiral states of a particle.

But since SM neutrinos have only a L-chiral state, i.e. , there is no R-chiral states for
neutrinos (Ng), this mass term is not possible, so neutrinos cannot have a Dirac mass in
the SM.

The only option left, is to try to make a mass term from v, alone. This kind of term,

known as Majorana mass term, is of the form:

1 _
Loy = imM(ugyL —l—ﬁLyf), (A.8)

where ¢ is the charge conjugate field, defined as v“ = C7”.

This kind of term breaks all charges in two units, but as we shall see in Appendix B,
neutrinos can be Majorana fermions, so this term is not forbidden. However, this mass
term is not invariant under weak isospin, so it cannot appear in the SM Lagrangian.
In conclusion, the fact that no right handed neutrinos Ng appear in the SM and that the
EVL term is forbidden by weak isospin, make the neutrinos massless within the SM.

Nowadays, we know that neutrinos do have mass [70]. So we need to introduced neutrino
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masses beyond the SM.

A2 Massive Neutrinos

In order to account for neutrino masses, the SM framework needs to be extended.
There are many extensions of the SM that try to explain the experimental results of
neutrino masses, these new models usually incorporate right-handed neutrino fields and
extend even more the particle content with the existence of a new Higgs triplet or other
lepton SU(2) singlets, etc.

Every model has a characteristic energy scale for this new physics and in principle, some
of them could lead to observable deviations from the SM predictions in the most recent
experiments, due to the high accuracy achieved.

A minimal extension is the so-called ¥»SM [71|, which adds right-handed components for
the three neutrinos families. The neutrino masses appear as a Dirac mass term in the
Lagrangian via Yukawa couplings with the Higgs doublet, just like for all other fermions.
Nevertheless, the v.SM requires extremely tiny Yukawa couplings (Y, ~ 107!3) in order to
explain the observed neutrino masses. As a consequence of the mass mechanism, there is
a mixing between the mass eigenstates and the flavour eigenstates, analogous to the quark
sector. This mixing is described by the well-known Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix |3, 4].

In the vSM the effects of Majorana neutrinos are suppressed by a factor of (m, /F)?, being
E the energy scale of the process and m, the corresponding neutrino mass (m, ~ eV’).
Thus, in this model, any experimental observation of these effects is out of scope, even
with the accuracy achieved by the recent experiments.

Other models include a heavy neutrino sector (N) with Majorana masses, where the
processes can also be mediated by those heavy neutrinos, but the heavy-light mixing
implies then a suppression of order of (E/my)?2.

In the simplest scenarios, the heavy neutrino mass can be as large as my ~ 104 GeV
so (E/my)? is really small. Even so, there are scenarios, usually known as low-scale
seesaw models, that allow for arbitrary masses in the heavy neutrino sector and then
unsuppressed heavy-light mixings, where precise measurements of the possible new physics
could be made, see e.g., [14, 6, 7, 8, 11, 12].

In the next sections we are going to briefly describe two neutrino mass models, the type
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I seesaw model, where the tiny neutrino masses appear for a very large value of the
Majorana mass of the right singlet. And a low-scale seesaw model, called inverse seesaw

model, a well-motivated variant with an unsuppressed heavy-light mixing.

A3 Type I Seesaw Model

Here we summarize the main properties of the Type I Seesaw Model, based on [5].
Once the right-handed neutrino field (Ng) is included, no SM symmetry forbids the
Majorana mass term to appear. Thus, if, in addition to the Dirac mass term, the

right-handed singlets have Majorana masses, the full mass Lagrangian becomes:

1—
ED—}—M = DLmDNR + §NngNR + h.c. (Ag)

Where v, and Ny are, respectively, the weak eigenstates of the left-handed and right-
handed neutrinos. Explicitly, we write v} = (Ver,vur, v-r) and N} = (Neg, Nur, Nyg).
Actually, the leptonic content in the theory can include n right-handed SM singlets (n>2
for at least two massive neutrinos), but here we choose only three, that correspond to the
right-handed parts of the weak eigenstates, just to show the general idea of the type I

seesaw mechanism.

Now, using the identity ZympNg = (Ng)“m%(vL)C, the mass term (A.9) can be written

as:

[@mD(NR) + (NR)CmE ()€ + (Ng)Cmp(Ng)| + hec. (A.10)

1
Lpim = 5

] Ry — (v)
Lo =3 () Va)°) M , (A11)
(NR)
where M is a symmetric 6x6 matrix defined by
0 mp
M = : (A.12)
mb mg

The M matrix can be diagonalized by some orthogonal matrix in principle to determine

the neutrino masses. However, we use the 6x6 unitary matrix ¢ in order to obtain positive
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values for masses [72]:

0 , 0

U MU = U P = (" =D (A.13)
mg mp 0 mpy

M =Uunu” (A.14)

Here, D is a diagonal matrix whose elements represent the masses of the Majorana-type

neutrinos and the mass eigenvalues are of the order

m, ~ —=, my X mg (A.15)

where mp >> mp and mp is of the order of the mass of a charged lepton or quark.

Therefore, substituting (A.14) in (A.11) we obtain:

1 (W) 1 (vi)©
Lo =5 () Va)°)UDU o S (op o) D A TCED

with the mass eigenstates v™ and N™.

Thus, in this scenario, the small masses of the left-handed Majorana-type neutrinos
(v™) are naturally explained by the seesaw mechanism under the assumption that the
right-handed Majorana neutrinos (N™ ) have large masses.

Suppose the Dirac mass of the neutrino is around mp ~ 10 GeV. Then if the mass of the
heavy partner is around my & 10 GeV, the mass of the light neutrino (m,) will be in
the meV range, as we now know it is.

Furthermore, the weak eigenstates of neutrinos are expressed as superpositions of the

mass eigenstates Majorana neutrinos as follows:

v v
)\ _ [ o) )
(Nr)© (NE)©
The unitary matrix can be parameterized as
U. | %
U — 3x3 3x3 (A18)
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then s .
Var = > Ui + Y Vam(NE)©, (A.19)
m=1 m=4
3 6
Nor =Y Xp, (i +> Yy N7 (A.20)
m=1 m=4

Parametrically, UUT and YTY ~ O(1), VVT and XT X~ O(m,/my).

From the neutrinos mixing (A.19) and (A.20) we see that our familiar left-handed neutrinos
are mostly the light Majorana neutrinos, with small masses m,, ~ m?2 /my and the right-
handed neutrinos are mostly the heavy Majorana neutrinos with large masses my.

In conclusion,in this model, the sterile right-handed Majorana neutrinos need to have
really large masses in order for m, to be in the meV range. With these conditions the
negligible heavy-light mixing implies then a high suppression for the Majorana effects.
Finally, the N™ Majorana neutrinos have masses really high to be produced on-shell.
So, within this model, the suppression for Majorana neutrinos effects in leptonic decays

will lead to SM deviations that are out of scope for the future experiments.

A4 Inverse Seesaw Model

As we discussed in the type I seesaw model, in order to have small neutrino masses the
typical scale of the extra particles (such as right-handed neutrinos) is in general very
high, potentially very close to the gauge coupling unification (GUT) scale, thus implying
that direct experimental tests of the seesaw hypothesis might be impossible. In contrast,
low-scale seesaw mechanisms, in which sterile fermions are added to the SM particle
content with masses around the electroweak scale or even lower, are very attractive from
a phenomenological point of view since the new states can be produced in colliders or
low-energy experiments, and their contributions to physical processes can be sizeable.
In this section we briefly summarize the main properties of the inverse seesaw model (ISS),
based on [6, 9], which is a low-scale seesaw mechanism.
The ISS requires the addition of right-handed neutrinos (Ng) and extra sterile fermions
(S).

(v, NY S) with L= (+1,—1,+1), (A.21)
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where N and S are SU(2) singlets.
With this lepton content is possible to build the general mass Lagrangian, as we did for
the type I seesaw model case, and obtain the M matrix, analogue to (A.12), defined by

Ly, = 1n€C’MnL + h.c., (A.22)

my 5
where ny, = (vr, (Ng)¢, S)T and

0 mp 0
M=1mE 0 M]|. (A.23)
0 MT pu

Once M is diagonalized, the light mass-eigenstate neutrinos (¥™) acquire the mass
eigenvalues

m, = mp(M") uM " mk. (A.24)

The distinctive feature of the ISS is that an additional dimensionful parameter (u) allows
to accommodate the smallness of the active neutrino masses for a low seesaw scale. In
turn, this allows for sizeable mixings between the active and the additional sterile states.
Such features are in clear contrast with, for instance, the canonical type I seesaw.

It happens that standard neutrinos with mass at sub-eV scale are obtained for mp at
electroweak scale, M at TeV scale and p at keV scale.Thus, m, can be very light even if
M is far below GUT scale.

In this case all the heavy neutrinos may develop masses around TeV scale and their mixing
with the standard neutrinos is modulated by the ratio mp/M, not as supressed as the
one obtained from the type I seesaw model.

In conclusion, this kind of low-scale seesaw mechanism leads to non-negligible mixings
and masses for the new heavy neutrinos not as high as the type I seesaw model, so their
possible contributions to physical processes can be sizeable in the most recent and future

experiments.
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Majorana Fermions

B1 Majorana Fermions

For a Dirac fermion we already have an invariant that is quadratic in the fermion fields,
the well known invariant WV that is identified as the mass term for such fermion field .
Actually, there can be other kinds of quadratic invariants involving fermion fields.
Especially we can ask whether we can make any invariant of the form ¥, A,,V,, where
a,b are spinor indexes and A is a constant matrix. The spinor indexes are contracted in
order to obtain a Lorentz invariant and thus, this new term can be written as 7 AV in
matrix notation.

Under Lorentz transformations, a fermion field transforms as follows:
U(z) — U'(2') = exp (—%w“”a,w) U(x), (B.1)

where

1
Opy = 5 [%,%] > (Bz)

and w"”’s are the parameters of the transformation.

Thus, in order for Y7 AW to be Lorentz invariant, it needs to satisfy:
UL (2YAY () = O (2) AT (). (B.3)
Using (B.1) in the left hand side of (B.3) we have
UL (AT (2') = U7 (2) exp (—iw’“’TUW> A exp <—iw’“’alﬂ,> U(x), (B.4)
or, examining the first order terms in the transformation parameters w*”

U (YA (2') = U7 (2) (1 _ iwa}fy) A (1 _ iw%) U (z)

() (A _ iw‘“’(afl,/l 4 AUW)> U (z).
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Equation (B.5) together with (B.3) shows that invariance will be achieved if the matrix A

satisfies the condition

O'ZVA + Ao, =0, (B.6)
ie., if
op, =—Ao, A (B.7)

Finally, it is well known that, under charge conjugation C, a fermion field transforms as
U(x) — V() = %CU*(x), (B.8)

such that the Lorentz transformation properties of ¥¢(z) and W¥(x) are identical.

This implies, from (B.1), that

V(z') = 30" (2') = C exp (%w"”aﬁu) U(z)", (B.9)

needs to be equal to

/

Ue(x') = exp (—%w’”auy) U(z)° = exp (—;LWWUW) Y CV*(x). (B.10)
Then, comparing these two equations to first order, we obtain the relation
%Co,, = —0u"C, (B.11)

or

ol = —C_lﬂyOaW’yOC = —C’_laL,/C, (B.12)

%
where we have used vy = 1 and ULV = Y00,70-
Thus, taking the hermitian conjugate and using the unitary nature of the C' matrix that
ensures C'' = C~!, we obtain

ol =—-C"0,C. (B.13)

uv

Comparing (B.13) with (B.7), we find that we can choose

A=C (B.14)



66 Bl Majorana Fermions

Thus, YTC~1V is a Lorentz invariant quadratic in the fermion field.

This kind of invariant was not considered before in the SM formulation, because it can
annihilate two units of charge and would therefore defy any charge conservation. Where
we refer to charge as any internal quantum number that carry the corresponding fermion
state, such as electric charge or lepton number.

It is immediate that if we deal with electrically charged fermions, we cannot use this kind
of invariant just because of electric charge conservation. Meanwhile neutrinos do not
have electric charge and only carry lepton number; even so, this new invariant would not
conserve lepton number, but as we discuss in the second chapter, lepton number is just
an accidental symmetry and can easily cease to be so if there are extra fields in the model.
Thus it is worthwhile to consider the possibility of this kind of term in the neutrino case.
Now that we have constructed two kinds of mass terms U and W"C~'V, the equality of

both requires

U = yTC 1y, (B.15)

where we have introduce a phase €'® in order for ¥7C~'W¥ to be hermitian.

Thus

U = ptet (B.16)

and taking the transpose
WU = el (C’l)T v (B.17)
VU = —C7N — O V" = -V — 7 CU* = P, (B.18)

where we have used the identities CT = —C and C’WE = —,C.
So
Ue(z) = y%CU*(z) = V(). (B.19)

A fermion field that satisfies (B.19) is called a Majorana field and from the definition of
the conjugate field, it implies that a Majorana fermion is its own antiparticle.
Imposing this Majorana condition on the plane wave expansion of a Dirac field, we find

that it is of the form

43 . A .
U(z) = Z / JW% (ds(P)us(p)e™P® + e~ dl (p)v,(p)e™™) . (B.20)
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Thus the plane wave expansion (B.20) is the explicit form of a Majorana field and can
annihilate as well as create a Majorana particle. Where the u-spinors and the v-spinors
satisfy the relations

vs = Y Cuy, us = YCv;. (B.21)

This formalism, as we can note from the Majorana condition (B.19) would lead to
expressions involving the C' matrix, which make it representation dependent, as we shall

see in the Z decay example at the end of this appendix.

B2 Feynman Rules for Majorana Fermions

In order to work with C-independent expressions, we shall change to a more suitable
approach.

Here, we summarize the Feynman rules for Majorana fermions described in [73]. These
rules do not involve explicit charge conjugation matrices and thus lead us to representation
independent calculations.

We consider a typical coupling term £; = YTy where each x can be a Dirac or a Majorana
fermion and I' denotes a generic fermionic interaction including Dirac matrices, coupling

constants h’, and boson fields:
YFX = hfzbcyar’iqu)ca (B22)

where the field ® summarizes scalar and vector fields and I'; = 1, tv5, v, 75, Vs O

Finally, the charge conjugated T" is given by I' = CTTC~" and
I, = CriC™ = nly, (B.23)

with
1 for I'y = 1,ivs, 7,75
i = g (B.24)
-1 forI'; =y, 0

In the case of a pure Majorana fermion vertex we obtained I' = T".

Let ® be a scalar or vector field and A\, ¥ Majorana and Dirac fermions respectively.
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Due to the Goldstone equivalence theorem, these rules also define how the fermion chain
interacts with the massive gauge boson.

In our Feynman diagrams, fermions are denoted by solid lines. For Dirac fermions (¥),
each line carries an arrow which indicates the fermion number flow. Majorana fermions
(A) lines do not carry arrows. The Dirac propagator is denoted by S(p).

The Feynman rules are as follows:
e Draw all possible Feynman diagrams for the process.

e Fix an arbitrary orientation (fermion flow) for each fermion chain. This is shown as

blue arrows.

e Start at an external leg (for closed loops at some arbitrary propagator) and write
down the Dirac matrices proceeding opposite to the chosen orientation (blue arrows)

through the chain.

e For each internal propagator, external line and vertex insert the appropriate analytic
expression as given in Figs. B2.1, B2.2 and B2.3 corresponding to the chosen fermion

flow.
e Multiply by a factor (-1) for every closed loop.

e Multiply by the permutation parity of the spinors in the obtained analytical

expression with respect to some reference order.

e As far as the determination of the combinatorial factor is concerned, Majorana

fermions behave exactly like real scalar or vector fields.

o> o < o ps)

L J

o> — ¢—<+— o—— ops)

—_—— — —_— u,(p! S)

—_——. —a—e —® E@js)

Figure B2.1: Feynman rules for external fermion lines with orientation (blue arrows).
The momentum p flows from left to right.
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Figure B2.2: Feynman rules for fermionic vertices with orientation (blue arrows).

— > iS(p)
_—

— >« i5(-p)
-—

L iS(p)
_—

Figure B2.3: Feynman rules for fermion propagators with orientation (blue arrows).
The momentum p flows from left to right.

Finally, it is important to note that the analytical expressions are independent of the

chosen orientation (fermion flow) as shown explicitly in [73].

B3 Example: Z Decay into two Majorana Neutrinos

Let’s discuss first the decay of a general boson into two Majorana fermions with momenta
p1 and py of the form ¢ — A(p1) + A(p2). We assume the interaction Lagrangian contains

the bilinear WV, where F is some numerical matrix. We conclude from the explicit form
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of the Majorana field operator (B.20), that the amplitude will be
M = e [a(p1) Fo(ps) — (p1) Fu(pz)] Mo, (B.25)

where M, is a factor that comes from the field operator of the initial boson state.

The amplitude (B.25) shows explicitly the Majorana nature of the final states, since both,
¥ and VU, can create a Majorana particle, it is possible that A(p;) comes from the action
of the ¥ field operator, and A(py) from ¥; but it can also be the other way around. So we
have two contributions in (B.25) because of these two possibilities. If we were dealing
with Dirac particles, only one of these two terms would be in the amplitude.

Now, using (B.21) in (B.25) we obtain

M = e [a(p) Fo(pa) — u” (p1) 10 F10Co" (2) | Mo

= 7" [u(p1) Fo(p2) — u’ (p1)C~ FryeCu* (p2)] Mo,

(B.26)

where we have used all the properties of the C' matrix described before.
Finally, since each term is ultimately a number, we can write the second term as the
transpose of the matrix expression. Thus, the amplitude (B.25) can be expressed as

follows

M =e " a(p) [F+ CF"C™'] v(p2) M. (B.27)

We note the explicit matrix C' in (B.27), which makes it representation dependent, as we
discussed before.

For the Lorentz bilinears, we have [21]

Foo 1] v | ow ||
C FTC_l ‘ 1 ‘ —Tu ‘ —Ouv | YTu5 ‘ 75

If ¢ corresponds to the Z boson, then F = 4#(a — by°) and My = €,(k), where €,(k)
denotes the polarization vector for the Z boson.

Thus, the amplitude (B.27) for the Z decay into Majorana fermions is written as

M =e7u(py) [¥'(a—0y") + C (¥*(a—b0y"))"C7] v(ps)eu(k). (B.28)



B3 Example: Z Decay into two Majorana Neutrinos 71

But
C (W(a—b0")'C™t = aCy* O™ — O (") C! (B.29)

and as we just discussed

OO =

(B.30)
C("y°)TC™ =4ty
Thus, amplitude (B.28) is reduced to
M = e u(pr) [y (a = by°) +7"(=a — 07")] v(p2)eu(k). (B.31)
M = e a(p)y* (=207 v (p2)e, (k). (B.32)

Then, the polar vector term does not contribute to the Feynman amplitude and the axial
vector term gets a contribution two times bigger.

Actually, for the standard Z decay into Dirac fermions, it is well known that [21]

Mz =a(p1)y"(a — b75)U(P2)€u(k)v (B.33)

that leads to the following total decay rate

M
Iy, = é(cﬂ +b?), (B.34)

where the fermion masses have been neglected.

As we can see, the amplitude for the Majorana case (B.32) is exactly the same, up to a
non-physical global phase, as the one for the Dirac case (B.33), just by the change a — 0
and b — 2b. So the total decay rate to Majorana fermions can be obtain directly from
(B.34) taking into account the above considerations and multiplying it by a factor (1/2!)
due to the indistinguishable property of the final Majorana states.

Thus, for the Z decay into Majorana fermions, the total decay rate is given by

1My, ,
— -2 9 B.
Zor 21%( b)*, (B.35)
M
Iy, = —65 b2, (B.36)
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Finally, if we consider the final fermion states as neutrinos, we know, from the SM, that
its couplings to the Z boson is purely left-chiral, i.e., a = b, so the total decay rate for the

Z boson into two Dirac neutrinos (B.34) reduces to

My
[y, = 671?. (B.37)
Comparing (B.36) with (B.37) it is immediate that
'z, =1z, (B.38)

Thus, the Dirac or Majorana nature of the neutrino does not make any difference in the Z
boson decay rate. Actually, for non-zero neutrino masses, there will be corrections that
depend on the Dirac or Majorana nature of the neutrino. However, for practical purposes
this difference is useless since the corrections would contain the factor m, /M, which is
really tiny.

It is important to note that this result is consequence of the pure left-chiral coupling
(V — A) of the neutrino. Maybe, if there were any other type of coupling or new physics
involved in the process, the Majorana effect would lead to a measurable difference in the
total decay rate, as discussed in appendix A.

We therefore have to look for other kind of signatures in order to distinguish between
the Dirac or Majorana nature of neutrinos. A way to do that, specially important for
this thesis, is the search for Majorana neutrino effects in the muon and tau decay, due to
new non-standard couplings and the existence of new high energy physics that may be
detectable in near future experiments, see e.g. [11, 12].

Finally, let us now obtain the amplitude of the Z decay process using the Feynman rules
for Majorana fermions described before, in order to verify the consistency of both methods.

The possible tree level Feynman diagrams for this process are shown in Fig.B3.1,
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Alp) A(p2)
e (9:1“ q}<<af‘
A(p2) A(p1)
(a) (b)

Figure B3.1: Possible Feynman diagrams for the ¢ — A\(p1) + A(p2) process with a fix
orientation (blue arrows)

where we have two distinct contributions due to the Majorana nature of the final particles.
Now, to construct the amplitude, we just insert the appropriate analytic expression as

given in Figs. B2.1, B2.2 and B2.3 corresponding to the chosen fermion flow. Thus

iM' = ia(p)Tv(ps) — iw(p2)Tv(pr), (B.39)

where the minus sign is due to the permutation parity of the spinors and the reference
order of the external fermions has been chosen as (p1; p2).

If we choose the other possible orientation, as shown in Fig. B3.2 , we will have

iM" = —iti(ps)Tv(p1) + @ (p1) T (pa). (B.40)
Alpr) A(p2)
~er (ii‘ q)<( iT
A(p2) Alpr)
(a) (b)

Figure B3.2: Possible Feynman diagrams for the ¢ — A(p1) + A(p2) process with a fix
orientation (blue arrows).

So, as we can see immediately, M’ = M”. Thus, as we discussed before, the amplitude is

independent of the chosen orientation of the fermion chain.
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Taking M’ with I" defined as (B.22), we have

M =u(p) BT dev(p2) — u(pa) T dev(pr), (B.41)

where for the Z decay hil"¢. = v*(a — by°)e,(k), which in terms of the notation used at
the beginning of this subsection, h{l¢. = FM,. This leads to the following amplitude

M’ = [a(p) Fv(pz) — U(p2) Fo(p1)| Mo, (B.42)

Thus

M =

1

(p1) Fo(ps) — o7 (p2) CMygnoF %CU*(pl)] M
(1) Fo(p2) — v" (p2) O~ FyoCu* (p1) ] Mo

(p1) Fo(pz) — u (p1)CTyg FTH(C™H) o(pa) ] Mo
(p1) Fo(ps) +u(p1) CFTC ™ o(pa)] Mo,

=

(B.43)

=

=

where in the third line we used the fact that each term is ultimately a number, so we can
write it as the transpose of the matrix expression and also we have used all the properties
of the C' matrix described before.
Finally,

M =a(p) [F + CF'C7'] v(p2) M. (B.44)

Comparing (B.44) with (B.27), we see that both amplitudes are the same, up to a non-
physical global phase. So both of them would lead to the same observables; ensuring the

consistency of both methods.
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