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Resumen

A lo largo de los anos se han estudiado invariantes topolégicos, dualidades y correspondencias
que involucran teorias cuanticas de campos. El presente trabajo es un avance en esta direccion
y concierne por un lado la obtencion de invariantes topologicos de nudos a partir de la teoria
gauge cuantizada de Chern-Simons y por otro la correspondencia gauge/YBE (ecuacion de
Yang-Baxter por sus siglas en inglés) para dualidades de teorias 2d N = (0,2) USp(2N)
quiver gauge supersimétricas. Esto se detalla a continuacion.

Es bien sabido que la teoria gauge de Chern-Simons permite construir invariantes topologi-
cos de nudos tanto en el régimen perturbativo como en el no perturbativo, a saber, invariantes
de Vassiliev (también llamados invariantes de tipo finito) e invariantes polinomiales, respecti-
vamente. El interés de este trabajo esté en los primeros, donde la superposicion de amplitudes
especificas a cierto orden en teoria de perturbaciones es un invariante de Vassiliev de ese or-
den. Por otro lado, dichas amplitudes pueden ser reescritas en un contexto geométrico y
topologico como integrales de Bott-Taubes en espacios de configuracion. Este dicccionario
nos permite escribir los invariantes de Vassiliev como integrales de Bott-Taubes y esto se
realiza hasta orden tres en la constante de acoplamiento, lo que extiende un trabajo previo
de Thurston. Una vez que se tienen los invariantes de Vassiliev en espacios de configuracion
es mas facil incorporar informacién de un campo vectorial suave y sin divergencias en la var-
iedad diferenciable donde la teoria de Chern-Simons esté definida para obtener invariantes
mas finos. Dicha incoporacion se realiza al reemplazar los nudos con ciclos asinto6ticos de
Schwartzman. La primera parte de esta tesis estd dedicada a la construcciéon explicita de los
llamados invariantes de nudos de Vassiliev promedio asintéticos de orden superior.

La correspondencia gauge/YBE es una correspondencia entre dualidades de teorias quiver
gauge supersimétricas y modelos integrables en mecanica estadistica. El diccionario atin
estd bajo construccion y es esto lo que motiva la segunda parte de la tesis, donde se obtienen
relaciones tipo estrella-triangulo a partir de algunas dualidades de teorias 2d N = (0,2) quiver
gauge supersimétricas, esto es, se determinan completamente tanto los pesos de Boltzmann
como los factores de interaccion y normalizacion. El primer analisis se realiza para la dualidad
2d N =(0,2) USp(2N) Intriligator-Pouliot, proveniente de una reduccion dimensional de la
dualidad 4d N =1 USp(2N) Intriligator-Pouliot, para distintos valores de N. Para N =1
se obtiene una identidad triangulo, para N = 2,5 (y la generalizacion N = 3k +2 con k un
entero no negativo) el resultado es una variante de la relacion tipo estrella-triangulo y para
N = 3,4 se deduce una forma similar de la relaciéon tipo estrella-tridngulo asimétrica. El
segundo analisis se realiza para la dualidad 2d N = (0,2) USp(2N) para teorias con materia
en la representacion tensorial antisimétrica que proviene de una reduccién dimensional de la
dualidad 4d N =1 USp(2N) Cséki-Skiba-Schmaltz. En este analisis se obtiene una identidad
tipo triangulo para cada valor de V.

Finalmente, se plantean sugerencias de trabajo futuro para ambas lineas de investigacion.



Abstract

Along the years, topological invariants, dualities and correspondences involving quantum
field theories have been studied. The present work is a development in this framework that
concerns on the one hand topological knot invariants from quantized Chern-Simons gauge
theory and on the other hand gauge/YBE correspondence (YBE stands for Yang-Baxter
equation from now on) for 2d N = (0,2) USp(2N) supersymmetric quiver gauge theory
dualities. This is detailed as follows.

It is well known that Chern-Simons gauge theory leads to topological knot invariants in
both the perturbative and the non-perturbative regimen, namely, finite type or Vassiliev in-
variants and polynomial invariants, respectively. We are interested in the former ones where
the superposition of specific amplitudes at any order in perturbation theory is a Vassiliev
invariant of that order. On the other hand, the amplitudes can be written in a geometrical
and topological framework as Bott-Taubes integrals in configuration spaces. This dictionary
let us write Vassiliev invariants as Bott-Taubes integrals and this is performed up to order
three in the coupling constant, extending a previous work of Thurston. Once we have Vas-
siliev invariants in configuration spaces it is easier to incorporate information of a smooth
divergenceless vector field on the manifold where Chern-Simons theory is defined in order to
obtain richer invariants. The incorporation is done via the asymptotic cycles of Schwartz-
man that replace the knots. The first part of the thesis is devoted to this instance, explicit
construction of the so called higher-order average asymptotic Vassiliev invariants for knots.

Gauge/YBE correspondence is a correspondence between supersymmetric quiver gauge
theory dualities and integrable models in statistical mechanics. The dictionary is still under
construction and this motivated the second part of the thesis where star-triangle type relations
are derived from some 2d N = (0,2) supersymmetric quiver gauge theory dualities, that
is, Boltzmann weights, interaction and normalization factors were completely determined.
The first worked duality is 2d N = (0,2) USp(2N) Intriligator-Pouliot duality coming from
dimensional reduction of 4d N' =1 USp(2N) Intriligator-Pouliot duality. The description
was performed for many values of N. For NV =1 the result was a triangle identity, for N = 2,5
(and the generalization N = 3k + 2 with k& a non-negative integer) a slight variation of the
star-triangle type relation was found and for NV = 3,4 a similar form of the asymmetric star-
triangle type relation was obtained. The second worked duality is 2d N = (0,2) USp(2N)
duality for theories with matter in the antisymmetric tensor representation that comes from
dimensional reduction of 4d N' =1 USp(2N) Cséki-Skiba-Schmaltz duality. In this case a
triangle type identity was obtained for any value of N.

Finally, some suggestions for future work are given for both research lines.
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Introduction

The main goal of this thesis is to deepen into the impact of quantum field theories in different
areas of mathematics and physics. Historically, these two sciences had influenced each other
in a very powerfull way and this work is an example of this great symbiosis when expressing
relations and correspondences between knot theory, dynamical systems, integrable models
and diverse quantum field theories. It is pretty interesting for me the way seemingly distant
topics can be related as a consistent physical mathematical structure, it really impress me the
amount of dualities that exist in theoretical physics as well as the depth of their implications.
There were several academic motivations for writting this thesis; some of them were seminal
papers [I] and [2] that I knew thanks to my thesis supervisor, the first one builds a chain
complex for a manifold M by using supersymmetric quantum mechanics to study its so
called Morse homology while in the second one Chern-Simons gauge theory is shown to be
the natural framework where knot invariants have physical realization as correlation functions
of Wilson loop operators; motivation also came when reading the research articles my thesis
supervisor have written, all of them combine physics and mathematics in a systematic and
creative way. All in all, the main content of this thesis is adapted from articles that are
either published or submitted to publication concerning research work of my doctoral stay
at CINVESTAV-TPN.

As a Ph.D. student my research interest is focused in mathematical aspects of string theory
and quantum field theories, specifically, the subjects I am interested in are gauge/YBE
correspondence, Vassiliev invariants and their generalizations, gauge/string theory duality,
Khovanov homology from a physical point of view, topological sigma models, entanglement
entropy via knot theory and knot invariants via Kapustin-Witten equations. All these topics
share two principal features, namely, they involve topological invariants and quantum field
theories. This was precisely the reason I started to work on two projects. The first project
is an explicit construction of topological knot invariants, that are also dynamical system
invariants, via Chern-Simons gauge theory. Due to the existence of gauge/string theory
duality and gauge/YBE correspondence the natural question is then if those invariants have
a counterpart either in string theory or in integrable models. This second direction was one
of the motivations to start working on gauge/YBE correspondence and it led to the second
project where star-triangle type relations associated with some 2d N = (0,2) supersymmetric
quiver gauge theory dualities were found.

The first project is described in chapter [I| as a more detailed version of reference [3]. An
appropriate introduction to the topic is given as follows. It is well known that Chern-Simons
gauge theory is the appropriate physical framework to describe topological invariants of 3-
manifolds such as the Ray-Singer torsion [4, [5]. In particular, knot and link invariants were
described in this context through a non-perturbative treatment, which gives rise to the Jones
polynomial [2]. The perturbative analysis of Chern-Simons action also leads to invariants of
knots and links [6] [7] (for a review see, for instance, Refs. [8, 9] 10 1)), in particular, the so
called finite type invariants from which Vassiliev invariants are an example |12, 13} 14} [15]
(for an introduction to Vassiliev invariants see, for instance, [16]). In the context of quantum
field theory many developments were given in more physical terms in Refs. [7, 17, I8]. To
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be precise, in Ref. [7] it is proven that at any order in perturbation theory the resulting
expression is a Vassiliev invariant of that order, 7.e., a Vassiliev invariant is a sum of the
amplitudes of certain Feynman diagrams.

On the other hand, in the study of dynamical systems, quantum field theory also has
produced a significant contribution. In Ref. [I9], Verjovsky and Vila-Freyer used the Chern-
Simons theory and the idea of asymptotic homology cycles of foliations previously proposed by
Schwartzman [20] for determining topological invariants of certain dynamical systems. Some
further developments on the interface between dynamical systems and algebraic topology
were discussed, for instance, in Refs. [21], 22] 23] 24]. To be more precise, one of the goals of
the article [I9] was to construct topological invariants of triplets (M, F, u), where M is the
underlying 3-manifold, F is the foliation in M generated by a non-singular global volume-
preserving vector field X and p is the transverse measure invariant under such a flow. In
Ref. [19], using the Abelian Chern-Simons action on R® or S8* with a volume-preserving
vector field X, it was shown that the exact evaluation of Chern-Simons integral functional in
Witten’s theory [2] leads to the link invariant for a pair of orbits of one non-singular vector
field X. The result is precisely the helicity invariant or asymptotic Hopf invariant, obtained
previously by a series of authors in different contexts of (astro)physics and mathematics
[25, 26l 27, 28, 29, B0]. This is called the average asymptotic linking number and it can
be regarded to be a topological invariant of the dynamical system defined by the triplet
(M, F, ). For a review on these topics see, for instance, [31, 32, B3]. Thus, in this context it
would be possible that the Jones-Witten invariants of manifolds M; and M are equivalent
but the invariants of the triplets (M, Fi, p1) and (My, Fa, po) are inequivalent as invariants
of dynamical systems.

Moreover in [19] it was also discussed the non-Abelian case. This is quite more complicated
than the Abelian one. In this reference it is also found the formal definition of average
asymptotic Jones-Witten invariant in terms of the average asymptotic Wilson loop functional.
In the process the definition requires to consider the holonomy of the connection and the
Ergodic theorem. This is a suitable definition, however, it makes very hard the possibility to
make explicit computations.

Helicity or linking numbers can be extended in different directions, one of them is the
generalization to higher dimensions. In Ref. [34] starting from a BF theory in n dimen-
sions on a homologically trivial manifold, it was obtained a generalization of the helicity
(or Jones-Witten invariant) found in [I9]. Moreover in Ref. [35], with the use of results
from [211, 22| 23], it was possible to find invariants for triplets (M, F, ) in the cases of the
Donaldson-Witten and Seiberg-Witten invariants. These invariants of four-dimensional dy-
namical systems involve the use of non-Abelian groups, however, as it was discussed in Ref.
[35], the observables are Lie algebra valued functionals. Consequently, the mentioned compli-
cation arising from non-Abelian features does not appear there. As we mentioned above, in
the perturbative Chern-Simons theory the relevant invariants are the Vassiliev ones. These
objects can be obtained from the expansion of the Wilson loops and therefore they are also
Lie algebra valued. Thus similarly to the situation of Ref. [35], the complication does not
appear in this case.

On the perturbative theory, where Vassiliev invariants are defined, the work has not been
so extensive. Configuration spaces were introduced into this context in Refs. [6, T2, 13|
T4l 15, 836l B7] to compute Feynman diagrams in Chern-Simons theory. Another important
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development is the proposal of integration in the configuration space, known as Bott-Taubes
integrals. These integrals were introduced in the seminal paper [38] in order to study the
Feynman diagrams with 3 points on the knot and 1 point outside of it (for a recent overview
on this subject see Ref. [39]). Later Thurston [40] generalized the work of Ref. [38] to the
case of integration on the configuration space constructed from Feynman diagrams with p
points lying on the knot and ¢ points lying outside of it. Moreover, Thurston’s work also
provides a guide to translate Bott-Taubes integrals into Chern-Simons expressions. One of
the advantages of the configuration space formalism is that the Feynman amplitudes can
be expressed as integrals of differential forms in configuration space. As a consequence
of this fact, in Ref. [41], Komendarczyk and Voli¢ introduced a volume-preserving vector
field X into this context with the aim of proposing a manner to obtain average asymptotic
Vassiliev invariants. Average symptotic Vassiliev invariants were studied also in the context
of Kontsevich’s integrals in Ref. [42]. In the present chapter we extend the work done in
Refs. [40, 41], which uses Bott-Taubes integration. We use systematically the perturbative
expansion of Chern-Simons theory to find Bott-Taubes integrals associated to higher-order
terms of the perturbative expansion of Chern-Simons theory. The Vassiliev invariants are
computed explicitly up to third order in the coupling constant. Furthermore, the results
obtained here are used to find their corresponding average asymptotic Vassiliev invariants.
In order to do all this work, we compile information from various authors into mathematical
diagrams. This is highly convenient because some results and constructions are spread out
in the literature.

This chapter is organized as follows. In section [I.I] we briefly overview the emergence of
Vassiliev invariants from the perturbative Chern-Simons theory in the Lorentzian signature.
Section [1.2]is devoted to review the Bott-Taubes integrals and the evaluation on a vector field
X. Moreover we overview the general construction to define average asymptotic invariants
introduced in Ref. [4I]. In section [L.3[ we obtain the Bott-Taubes integrals for perturbative
diagrams of first, second and third orders. Finally, in section we introduce vector fields
in the description found in section to obtain the average asymptotic Vassiliev invariants
corresponding to first, second and third order Feynman amplitudes.

The second project is described in chapter [2| as an extended version of reference [43] whose
appropriate introduction is given as follows. Classical and quantum integrable systems de-
fined through the Yang-Baxter equation (YBE) have been studied from diverse view points
in the literature. Important work has been summarized in many compendia reported at early
stages, see for instance, [44] [45] 46), [47, 48] [49]. Recently, a surprising relation between quiver
gauge theories in various dimensions with diverse degrees of supersymmetry and integrable
models in statistical mechanics has starting to be explored by many authors, for an overview
see [50] and references therein. This relation is termed in the literature as the gauge/YBE
correspondence. In this correspondence the underlying spin lattice in the integrable model
is identified to the quiver diagram of the quiver gauge theory. Moreover the self-interaction
and nearest-neighbour interaction of spins correspond to the gauge vector supermultiplets in
the adjoint representation of the gauge group and the chiral multiplet in the bifundamental
representation of the gauge group, respectively. As a result of the work on this subject a
dictionary of this correspondence has been established between the structure and features
of the integrable models and the quiver field theory. For instance, the spin variables can
be identified with the gauge holonomies along non-trivial homology 1-cycles, the rapidity
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line can be identified with the zig-zag path, the spectral parameter with the R-charge, the
statistical partition function to the field theory partition function, the star-star relation to
the Seiberg(-like) duality, the Yang-Baxter equation with the Yang-Baxter duality, etc.

There are plenty of integrable models that have been obtained from supersymmetric dual-
ities via the gauge/YBE correspondence [50]. This have been done for different dimensions,
amounts of supersymmetry, gauge groups and diverse curved manifolds. To state some ex-
amples, there are integrable models associated to 2d N = (2,2) theories (see, for instance,
[51,52]), 3d N = 2 theories (see, for instance, [53],54]) and 4d N = 1 theories (see, for instance,
[55, 56]). A large list of more dualities is given in [57]. Despite the rich zoo of new integrable
models obtained from the gauge/YBE correspondence and as far as we know, there are no
explicit integrable models associated with 2d N = (0,2) theories and we have found very few
literature about this topic (see, for example, [58] for the context of brane constructions).

The above considerations have motivated the authors to study 2d supersymmetric N =
(0,2) field theories. It would be interesting to investigate whether this family of theories
can be incorporated to the context of the mentioned correspondence and to check if there
are integrable models that can be associated to these models. However, as a first step in
this direction we will concentrate in the present work in studying what kind of star-triangle
relations can be associated to some of the dualities obeyed for these supersymmetric theories.
Thus the aim of the present chapter is to study what kind of star-triangle relations (or some
of their variants as the star-tringle type relation, STR type, or the triangle identity) arises
from some dualities in supersymmetric quiver gauge theories. In this direction, we first
analyse the Intriligator-Pouliot duality in 2d N = (0,2) USp(2N) theories coming from
dimensional reduction (see [59] for description of this reduction) of 4d N = 1 USp(2N)
confining Intriligator-Pouliot theory originally studied in [60]. The analysis is carried out for
different values of N. We also study a new duality for 2d N = (0,2) USp(2N) theories with
matter in the antisymmetric tensor representation found in [61] that arises from a dimensional
reduction of 4d N' =1 USp(2N) Cséaki-Skiba-Schmaltz duality first discussed in [62]. The
expressions obtained in this work share many features with the standard star-triangle relation,
such as the general distribution and dependence on the spin variables and spectral parameters,
although they have not exactly the same form. In certain cases we found some similarity
with star-triangle type relations discussed in the literature of Yang—Baxter/3D-consistency
correspondence [63], [64] 65, 66]. It must be remarked that despite all those similarities the
integrability properties of the STR type expressions we found in this work are still unclear
and they probably do not lead to integrable systems.

Intriligator-Pouliot and Csaki-Skiba-Schmaltz dualities are important in the context of
Seiberg-like duality [67, 68] while 2d A = (0,2) theories have special interest since the dis-
covery of trialities among them [69, [70]. In the remarkable paper [69] the authors studied the
space of 2d N = (0,2) supersymmetric quiver gauge theories and there it was found a triality
among them. There it is also speculated the possibility that the triality would be associated
with the tetrahedron equation of statistical mechanics (see [71], for instance, for some work
on this equation) in a similar way that Seiberg’s duality is related with Yang-Baxter equation.

It is worth mentioning that we focused into these 2d N = (0,2) USp(2N) dualities as a first
step to study simple models but it would be interesting to extend the analysis for other gauge
groups. Also it must be remarked that in both cases the dualities are given between a gauge
theory and a Landau-Ginzburg model (where there is no gauge symmetry) and it actually
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helped us to obtain either STR type expressions or triangle identities. To be more precise,
if there is no gauge symmetry then there is no integration in the corresponding index of the
theory and this highly resembles the structural form of both the STR type expressions and
the triangle identities. This situation however is by far not general for 2d N = (0,2) theories
as it can be regarded in the triality studied in [69]; this is maybe one of the reasons why the
authors in that reference speculated about the introduction of the tetrahedron equation.

This chapter is organized as follows: in Section a brief overview of the gauge/YBE
correspondence is given. In Section [2.2| we review the 4d Cséki-Skiba-Schmaltz duality and
its associated STR type expression. Finally, section is devoted to obtain some slight
variants of the star-tringle type relations from 2d theories with supersymmetry N = (0,2)
and USp(2N) gauge group. For 2d Intriligator-Pouliot duality this is carried out for the
first five values of NV and a general case with N = 3k + 2. It is also shown that the relation
associated with 2d Cséki-Skiba-Schmaltz duality for any value of N is a triangle type identity.

I have just started to study the many dualities and correspondences in theoretical physics,
my interest is to explore some of them to find more relations among the seemingly different
areas involved. In the last part of the thesis there are some conclusions about the influence
of the described research articles and perspectives for future works in those directions, also,
appendices [A.T] [A-2] [A.3] and [B.1] are included to give some mathematical technicalities and
calculations needed in the bulk of the thesis.

10



CHAPTER 1

Vassiliev Invariants for Flows Via Chern-Simons
Perturbation Theory

This chapter is basically an extended version of the research article “Vassiliev Invariants
for Flows Via Chern-Simons Perturbation Theory” (see reference [3]) done in collaboration
with my thesis supervisor and with another author, and submitted to International Journal
of Modern Physics A on November 2020. This work explicitly builds topological knot in-
variants, that are also dynamical system invariants, from perturbative analysis of quantum
Chern-Simons gauge theory and inclusion of a vector field in its three manifold. It is well
known that both non-perturbative and perturbative analysis of this theory lead to topolog-
ical knot and link invariants, the former are called quantum invariants while the latter are
known as finite type invariants or Vassiliev invariants. To be precise, at any order in per-
turbation theory the superposition of specific amplitudes is a knot invariant of that order;
Bott-Taubes integrals on configuration spaces are introduced to study them in a geometri-
cal and algebraic-topological framework. One of the consequences of this formalism is that
the resulting amplitudes are rewritten in cohomological terms in configuration space and
so a traduction from Bott-Taubes integrals to Chern-Simons perturbative amplitudes can
be done. The authors calculate explicit expressions for this program up to third order in
the coupling constant, expanding some previous work done by Thurston, and incorporate
a smooth divergenceless vector field on the manifold where Chern-Simons theory is defined
in order to make contact with previous articles about dynamical system invariants such as
the Hopf invariant. This way, by using the obtained Bott-Taubes integrals, some examples
of higher-order average asymptotic Vassiliev invariants, where roughly speaking the knot is
replaced by asymptotic cycles generated by the orbits of the vector field, are explicitly built
extending the work of Komendarczyk and Voli¢.

1.1 Vassiliev invariants from perturbative Chern-Simons
theory

In this section we briefly overview the perturbative expansion of Chern-Simons theory. We
are not intending to be exhaustive but just to give the background material to introduce the
notation and conventions we will follow in further sections. This section is written following
Refs. [12, 13| 17].

The Chern-Simons action (or functional) is written as

JCS(A)=ﬁfMTr(AAdA+§AAAAA), (1.1)

47

where A is a G-valued connection on a trivial G-principal bundle over a 3-dimensional mani-
fold M which we will take from now on as R? or S®. Here G is any compact and semi-simple

11



Chapter 1. Vassiliev Invariants for Flows Via Chern-Simons Perturbation Theory

Lie group and G = Lie(G) is its associated Lie algebra. Moreover Tr: G x G — R is the Killing
quadratic form on G. In Eq. k is an integer number i.e. k € Z and it represents the
inverse of the coupling constant of the theory. In this theory the unnormalized correlation
functions are given by

(W ()= [ DatlesDwia), (1.2)

where WHE(A) = Trg [P exp (yé( Az(x)tadx“)] (1.3)

is the Wilson loop operator and Trg is the Killing form in the representation R of G, t, are
the generators of the Lie algebra at representation R and K : S' — M is the knot, i.e., a
smooth embedding. A nonperturbative analysis [2] of correlation functions reveals that
these functions coincide with the unnormalized Jones polynomial

I, K) = (W (4) (1.4

o , where h" stands for the
k+hY

dual Coxeter number of G (for SU(N) it is N). It depends on the knot K, the Lie group G
and its representation R. For example, SU(N) in the fundamental representation gives the
HOMFLY-PT polynomial, SO(N) in the fundamental representation gives the Kauffman
polynomial and SU(2) in the (n + 1)-dimensional representation[] gives the n-colored Jones
polynomia]ﬂ The Jones polynomial can be written as finite g-series

J(q,K) =) anq", (1.5)

These objects are polynomials in the variable ¢ = exp(

where a,, are integer numbers.
Chern-Simons gauge theory can be quantized via BRST method and the resulting quantum
action in components in R* looks like [13]

k

[=—
4 Jrs

Ty (gijkAiajAk £ 200+ 200 A, + %5ijkAi[Aj, A+ 260, AT c]) (L)

where ¢ and ¢ are the ghost and anti-ghost fields, which are Grassmann and G-valued scalar
fields coupled to the gauge fields, and ¢ is a G-valued scalar field. This action is composed
by the following three parts

I=Iy+1,+1, (1.7)

where [ is the kinetic (or free) part of I,
k ij =9 50
To= 1 [ Tr (e 40,4, + 20,0'c), (1.8)

I, is the gauge fixing action,

k .
Ig = E /]1;3 Tr (2(/5(9%41), (19)

'In physics literature this is called the j spin representation. Here 2j = n, i.e., its dimension is 2j + 1.
>The case n.=1 (or j = 1/2) is the famous Jones polynomial.

12



1.1. Vassiliev invariants from perturbative Chern-Simons theory

and I’ is the interaction action,

I'= LS Tr (%5ijkAi[AjaAk] + 258i[14i70]) - (1.10)

4 JRr3

The correlation function (1.2)) is then replaced by
(WE(A)) = f DADéDeDe Wk (), (1.11)

where the Wilson loop operator W/ (A) is given as in (1.3). The integral corresponding to
I, is a constraint in the space of connections such that integration should be performed on a
submanifold U of the space of all connections A. All additional fields such as the ghost fields
are introduced in a gauge invariant way in #. Thus the above vacuum expectation value can
be written as

(Wg(A)):/DAngDcDa o+ Ig) iy i (4). (1.12)

From now on the expression (W} (A)) stands for this vacuum expectation value. Of course
for the case of n-component links K = K; u---u K, the required expression is

(ng(A)...Wgzz(A)):fDAD(chDE o+ 1) ATy I (4). W En (A), (1.13)

where the component K; has a representation R; of the gauge group.

The perturbative analysis is performed over the coupling constant 1/k of the interacting
terms in I’ and in the Wilson loop functional W (A), while that corresponding to the free
part of the action will remain the same. The perturbative expression for a Wilson loop in
the fundamental representation R at order two in 1/k is

WE(A) TrR[1+y€(dsAf(K(s))K"(s)ta

T /f dsidsy A7 (K (51)) A7 (K (52)) K™ (51) K™ (52)ta; oy + ]

51<82

- Tr lu ?i ds A (K (s))K*(5)R(1,)

o] s () A (R ()R () R )R R () +

51<82

dim(R)
+j§< ds A2 (K (5)K'(s)[R(ta) ]aa
+_/ dsldSQA;‘lll (K(Sl))A;‘l;(K(SZ))Kil (Sl)Ki2 (52)[R(ta1 )]alaz [R(ta2)]a2011

. (1.14)

13



Chapter 1. Vassiliev Invariants for Flows Via Chern-Simons Perturbation Theory

The interaction part at the same order is given by

T 1 [k 1, B i
62 = 1+F|:E s Tr(gejkAz[AJ,Ak]+20@[A ,C])]
N [ﬁ Tr(leij’“Az[A- A+ 260, Al c])r + (1.15)
2 L4 Jro 3T TSR e ' '

The diagrams for a knot to be analysed in this work can be built from Chern-Simons
perturbation theory by considering the pertubative expansion of its Wilson loop (|1.14) at

order four (the information relative to the group is not written explicitly), i.e.,

Wg(A)=~ 1 - ygld A(K(3))K(s)
(L) dsutsatn (R A s (52
\/E S$1<82 e ' "2 2 1 2
+ % Sliﬁ dSldSQdSSlAil(K(Sl))AiQ(K(SQ))Aig(K(SS))

XKil (Sl)Ki2(82)Ki3(83)]

+(ij)4 m d81d82d83d84lAi1(K(Sl))Aig(K(SQ))Ai3(K(S3))Ai4(K(S4))

S

51<82<83<84
><f‘(i1 (Sl)KiQ(SQ)Ki3(S3)Ki4(S4):|,
(1.16)

where K : S' — S? is the knot embedding, and the interaction term (1.15)) at first order, i.e.,

- 1\ ik 1
eZI ml—i—(—) —_— Tr(geijkAi[Aj,Ak]+258¢[Ai,c])

Vk| 4 Jrs
:1+(ﬁ)ﬂ R3TI'(§€] AI[A],AK,]+2C@[A ,C]) (117)

In the procedure to get the previous equations we have imposed the following redefinitions

A c _ c
Ar— —_—, Cr— —, Cr— —,
VE VE Vk
for the gauge, ghost and anti-ghost fields, respectively. Thus the vacuum expectation value

(1) gives

f DADGDeDe To+ 1) iy 4)

(1.18)

« [ DADgDeDe o+ fg>[1 ; (%) [ (Al A 258¢[Ai,c])]

14



1.1. Vassiliev invariants from perturbative Chern-Simons theory

1
<1+ (ﬁ)yi ds Ay(K () K (s)

JJ dsidsats, (K (50)) A4i (K (52)) K () (52)

51<82

f dsvdsadss As, (K (51)) Auy (K (52)) A, (K (55)) K7 (51) K (52) K (s5)

51<82<S83

Sl- sl 5=

d81d82d53d84{14i1 (K(Sl))Am(K(Sg))A%,(K(Sg))AM(K(&l))

x Kil(sl)Ki'z(sQ)KiS(sg)Ki4(s4)}].
(1.19)

The interest of this work is focused on some normalized terms coming from Eq. (1.19),
specifically, that of order 1/k coming from the third term of W5 (A) and the first term of
e”,, i.€.,

1 . .. ..
Vi=~ [ DADoDeDa o+ 1) [ dsidisy A4, (K (1)) Aiy (K (52)) K (s1) K (s2), (1.20)

51<82

where N = f DAngDcDEei(IO +1y), The previous equation gives rise to the self-linking

invariant or the Vassiliev invariant of first order. Also important are those of order 1/k?
coming from the fourth term of W} (A) and the part without ghosts of the second term of

i
e, e,

1 (i : 1.
VQl:N(ﬁ)[DAD¢DCDceZ(IO+]Q) RgTr(gs”kAi[Aj7Ak]) ff dsidsydss

51<82<S83

X{Ail(K(Sl))Aiz(K(Sz))Ais(K(st))Kil(Sl)Kiz(Sz)Ki3(53)}, (1.21)
and from the fifth term of WX (A) and the first term of €', i.e.,

VQQ:% f DAD¢DeDeet(To+1g) fff dsld32d33ds4{Ai1(K(Sl))A¢2(K(S2))

5§1<82<83<84

XAz‘g(K(SS))AM(K(&L))K“(Sl)Ki2(82)Ki3(33)Ki4(84)}7 (1.22)

that constitute the Vassiliev invariant of second order. There are other three terms of order
1/k?* but according to Ref. [13] they do not contribute to the invariant.

The three integrals above have ¢ and ghosts dependence only in the e ) factor (see
. Thus the factor obtained by performing integration of ¢, ¢ and ¢ fields will cancel that

i(]0+lg
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Chapter 1. Vassiliev Invariants for Flows Via Chern-Simons Perturbation Theory

from the normalization factor N yielding

Vi =NLAfDAe”Af ds1dssAs, (K (51)) A, (K (52)) K (1) K™ (59), (1.23)

51<82

VleNL/DAeuA 3Tr(E€”kA Aijk:) [[ d51d52d53{A11(K(51))
A R s

51<82<S83

XAz'z(K(52))Ai3(K(SS))K“(Sl)Ki2($2)Ki3(53)}a (1.24)

vmzNLA f DAt f[[ dslds2d53ds4{Ai1(K(sl))Ah(K(SQ))AiS(K(53))

XAi4(K(S4))Ki1(Sl)KiQ(Sg)Ki3(Sg)Ki4(S4)}, (1.25)
where
=2 Tr( ik 4,0, Ar) (1.26)
A
NA=fDAe”A. (1.27)

Following a similar procedure to get the first and second order expressions it can be shown
that the third order expressions (those associated with 1/k*) can be written as

/l: 1,
V31—NAfDAeIAl RBTr(127T ]k’A [A;, Ax] )] _//f dsidsadssds,y

51<82<83<84

x{Ail<K(sl)>Ai2<K(sQ>>Aig(K(&))Au(K(sn)Kfl(snkiz<32>K2’3<s3>f<i4<s4>},
(1.28)

1 : i .
Vag = N—AfDAe“A /ﬂ;g Tr(mﬁmkAi[Aj;Ak]) f[f[ dsidsadssds,dss

51<52<83<84<S85

X{Az‘l (K (51))Ai, (K (52))Aig (K (83)) Ai, (K (84)) Ais (K (85))

x K1 (Sl)KiQ(52)Ki3(33)K14(54)Ki5(35)}v
(1.29)

1 .
V33:—fDAeZIA f_//[/ dsidsadszds,dssdsg
Ny

51<52<83<54<85<S¢6

16



1.1. Vassiliev invariants from perturbative Chern-Simons theory

X{An(K(Sl))Aig(K(Sz))Ais(K(Sz))Au(K(34))Az’5(K(55))Ai6(K(36))

fol(sl)KiQ(SQ)Ki3(S3)Ki4(84)Ki5(55)Ki6(36)}7
(1.30)

1 .
Vi = N_A [ DAeZIA [ [f/ff dsdsqdssds,dssdsg

8§1<82<53<54<85<S¢p

X{Ai1(K(Sl))Az‘z(K(S2))Az‘3(K(83))Az‘4(K(S4))Az‘s(K(35))Ai6(K(56))

x K7 (81)?(”(SQ)Ki3(83)Ki4(54)Ki5(85)Ki6(86)};
(1.31)

the Vassiliev invariant of third order is just constituted by these four expressions. Similar
identifications can be done to obtain Vassiliev invariants for higher orders. In Ref. [17] the
perturbative analysis is used to give integral expressions for Vassiliev invariants for all prime
knots up to six crossings up to order six. In Ref. [I8] the same ideas are applied to all two-
component links up to six crossings up to order four. In both works it is used a semi-simple
gauge group G because a simple one is not enough to capture all invariants.

1.1.1 Feynman diagrams for knots

The vacuum expectation value (1.12) can be written as the following perturbative series
expansion [17]

(WEA) =d(R) S S oy (K)ryy (G, R)ar, (1.32)

i=0 j=1

where z = 2mi/k, d(R) is the dimension of the representation R, dy = g1 =191 = 1 and dy = 0.
There are many features of (1.32)) to discuss:

e The factor «;;(K) is called the geometrical factor and it depends only on the knot
K while being independent of the group and the representation chosen. The factor
1:;(G, R) is called the group factor and it depends only on the group and representation
but it is independent of the geometry of the knot.

e The index i is the order of the perturbation while the index j accounts for the contri-
butions of the group factors at that order. Actually, there are d; independent group
factors at order ¢ and this quantity is called the dimension of the space of invariants at
that order.

e Vacuum diagrams are not included.

e Diagrams with collapsible propagators are not considered in this expression because
they all contribute to the framing and this is not an intrinsic property of the knot. For

17



Chapter 1. Vassiliev Invariants for Flows Via Chern-Simons Perturbation Theory

example, there is no linear term in ((1.32) (condition d; = 0) because at this order the
only contribution is a diagram with one collapsible propagator.

e Diagrams that include loops in the two-point or three-point subdiagrams are also ex-
cluded because they only contribute to the shift kK — k + A", a quantum correction in
the non-perturbative analysis.

e [t is important to describe how the independent factors arise. First, all Feynman
diagrams at a given order must be written. Second, ignore the diagrams that contain
the structure described in the latter two points above. Third, write the group factors
corresponding to the remaining diagrams (this is done by finding the Casimirs of the
gauge group). Fourth, use commutator relations and Jacobi identity to relate them and
to find the independent true group factors.

The perturbative expansion (|1.32)) can be normalized by dividing by the vacuum expecta-
tion value of the unknot K at the same representation to give

K A oo d;
<<VVVVK0(( A))>) > 3 (G B (1.33)

where d(R) does not longer appear. As r;;(G, R) does not depend on the knot but only on
the group and its representation it can be calculated by means of group theory. The factors
@;;(K) are the Vassiliev invariants; once all the Feynman diagrams at certain order are given
the integral expression of these factors can be built.

From Ref. [I7], expression can be written as

WE(A
<§—()> =1+ &217’21!)32 + 52317‘311‘3
(W (4))
Jr[&41(7’21)2 + OlgaTyn + 57437’43]I4
+[@s1raran + Asars + sarss + Osarsa | 2°
+[ @61 (ra1)® + Fo2(r31)? + Toarairan + ToaT217a3 + OigsTe5 + VooT66
+ Qig7Te7 + QgsTes + a69%9]956 +0(z"). (1.34)
Our work will be focused in orders up to three of ([1.34]), that is, an analysis of geometrical
factors @1 (K) and &31(K) will be done. As stated at the beginning of this section diagrams
with collapsible propagators are not considered in ([1.32)) and that is why there is not a linear
term there. However, in our work this associated linear term &1, (K') will be also analysed.
The integral expressions for many geometrical factors of (1.34)) are given in [I7], for instance
for @51 (K') one has
91 (K)
o

d.T f d Vf dZ f dwT EﬂalngU'ZT (.T Z)Ul (y w)o’g
<WK0(A) _75 H Y p l |:L’ 2‘3 ‘y w|3

18

ao1(K) =




1.1. Vassiliev invariants from perturbative Chern-Simons theory

1 1 z y
_ d f d V[ d [ d3 UP101 ~VP202 ~PP303 R
(Wi (4)) 167T3§€< T Y T

% (37 - w)Pl (y - w)Pz (Z - w)Ps ]
z—wP fy-wP |z-wP |
(1.35)

while for &3;(K') the expression is

1 1 . y t
G (K) = fd /d,,[dt[ded?’ff’ .
0431( ) <WgO(A)>647T5 e Ty Y p Z - w1 - W2 | EapyEnec

xgho10ovo2fl yo3C opoun JTosE (2= w1)g, (Y= W1)o, (W1 —W2) gy (t~w2)e, (2= ws)o, ]

|t —wi® |y —wi]? |wr—weP [t —weP |z —wef?

1 5 T Y t z 3
S — IR

x| evone guolagpag,ﬁgTagfy (y _U)U ("E _w)Ul (t_w)Uz (Z_w)UB
o y-vf Je-wP t-wP |z-wp

1 3 x Yy t z v
+W%é{dlﬁ/ dyl,f dtpf dZTf d’Un/ dwc

x| ghorT cro2C oposn (2= 2)0y (Y= W)o, (£ =V)ay
v =2 |y-wP |t-vf

1 1 x Y t F1 v
+<VV§QTA)>@ é{dﬂc#[ dy,,f dtp/ dzT[ dvn[ dw;

x EuUlTEVO'QT]gpogC (l’ B Z)Ul (y B U)02 (t B w)!fa‘ :
o=z Jy-of ft-wp
(1.36)

where the information of the connection is given through the propagator (this object will
play a relevant role in the subsequent sections)

(A5 (2) A (y)) = £7*0u, (ﬁ) (Ifs:zl)?’k (1.37)

Note that, after using propagator (1.67)), expressions ([1.24)-(1.25)) are (up to multiplicative
constants) precisely those for second order Vassiliev invariant &1 (K) in (|1.35)) while expres-

sions ([1.28))-(1.31)) correspond to third order Vassiliev invariant &@s;(K’) in (1.36). Analo-

gously, expression (|1.23)) is associated with first order Vassiliev invariant &1 (K).
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Chapter 1. Vassiliev Invariants for Flows Via Chern-Simons Perturbation Theory

1.1.2 Feynman diagrams for links

Let L = K; U K5 be a link with components K7 and K, and representations R; and R of the
gauge group, respectively. The important vacuum expectation value will be, from ((1.13)),

(ng(A)W}%(A)):fDADQSDcDE o+ 1) Ay IS Ay (A). (1.38)

The generalization of Eq. (1.32)) from knots to links is not trivial because the group factors
in the latter case have a more complicated structure. In [I8)] via a factorization theorem for
Wilson lines it is found that such a generalization is given by

(Wi ()W (A)) = (Wi ()W ()2, " (A)), (1.39)

where <W}[§11(A)> and (Wé?(A)) are written as in Eq. and
o 4
(Zlf%(ll’RKzz(A» =2 Z i (K1, K3)s1i(G, Ry, Ry) ' (1.40)
i=0 j=1

is the pure link contribution. The objects ’yij (K4, K3) are called the Vassiliev link invariants
and they depend only on the knots K; and K5, the objects s;;(G, Ry, Ry) are the new group
factors that depend on the gauge group and its representations R; and R,. Here again the
index 7 is the order of the perturbative expansion while j stands for the contributions of the
group factors at that order, x = 27i/k and ¢; is the number of independent group factors at
order 7 or the dimension of the space of invariants at that order. Similar considerations to
those given in Eq. , concerning the type of diagrams appearing in the expansion as
well as the independence of the group factors, also apply in this case. Expression at
order four can be written as

132 133
(Zg{’é?(A)) -1+ [(71 ) 821]$2+ [(71 ) 531 +732532‘| 933

2l 3!
1\4 14, 2
+ [—(le') S41 + N 273 S49 + 743343] zt + O(ZL‘5). (1'41)

At this order the primitive Vassiliev invariants are then ', v3* and 7,*. In Ref. [I8] the
explicit integral expressions for these three 4’s are given. For example for ;' one has

M= %f dwjgdy p(z,y), (1.42)

1 -y
p(x,y) = A,uu(x - y) 5,upy (|.1’ y|)3 .

Expression is twice the linking number of the link while 7,2 and 7,* are new invariants
found in Ref. [I8] that are not clear to be related with known numerical link invariants. Up
to order three in @ the invariants are ;' and ;% The Feynman diagram corresponding
to ;! is that of figure E (note again that there is no linear term in but this is exactly
the diagram for that order) while figure stands for the diagrams corresponding to ;%

where

(1.43)
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1.1. Vassiliev invariants from perturbative Chern-Simons theory

Figure 1.1: Feynman diagram for ~,'.

1.1.3 About numerical calculations

The invariants &@;;(K’) can be calculated by performing the integrals defining them. Alterna-
tively, expression can be used because its left hand side can be found in the literature
as they are the quantum group invariants obtained from the non-perturbative analysis.

As an example, the values of @y (K) and @3 (K) are explicitly calculated for the right-
handed trefoil 3; with gauge group G = SU(2). The normalized HOMFLY-PT polynomial is
used to rewrite the left hand side of as

)\(1+q2—)\q2)= q(1+q2—q3)
= q+q’~q'
= exp(x) +exp(3x) — exp(4x)

( x2 x3) ( 922 27953)
= ([l+2+—=—+—=—]+|1+3x+—+
2 6 2 6

1622 6423
+

—(1+4x+ )+O(x4)
= 1-32%-62%+0(z), (1.44)

where A = ¢V~ = ¢ because N = 2. In the right hand side of (1.34) the values [I7]

e e e
k=1
1, 2
n 2 -1 (_Z(N_l)) 2N 3
L B e U I SR
i Lo
2N

for the group factors (the Casimirs are given in the fundamental representation) are used,
i.e., the right hand side looks like

1+&21 (—%)1’24-&31 (—§)$3+O(ZE4). (147)
By equating both sides at order three it is found that
2 3 ~ 3 2~ 3
1-32°-62°=1+ady (_Z)I +a31(——)x , (1.48)
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[\

Figure 1.2: Feynman diagrams for ;.

or simply

&21 = 47 (149)
dap = 8, (1.50)

in accordance with [I7].

1.2 Bott-Taubes integration and volume-preserving
vector fields

In this section we briefly overview general aspects of Bott-Taubes integrals and divergence-
free vector fields. This is applied to construct average asymptotic Vassiliev invariants. In
particular, along this section, we follow notations and conventions used in Refs. [72] and [41].

Some efforts to describe Vassiliev invariants (of finite type) in a geometrical framework
were made by Kontsevich [36] and by Bott and Taubes [38|, where the identification of the
correct spaces in which Feynman integrals could be rewriting was one of the key achievements
of such a description.

Since the 19" century Gauss work on electromagnetic theory showed that there is an
integral formula for the linking number of two curves 7y and v; in R?, which also represents
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1.2. Bott-Taubes integration and volume-preserving vector fields

a homotopy invariant of both curves under some assumptions of transversal intersection. It
is given by
— P w, 1.51
47 [ ( )
SixS?

where ®*w is the pullback of w € Q?(S?), which is the volume 2-form given in Ref. [72].
Moreover, given a pair of curves vy,7; : S - R?, the map ® : S* x S - S? is given by

. . T, - )
® = ¢po(yxv), where ¢ : R* x R* - S? is the map defined via ¢(x1,2;) = | L 2|3 with
1 — T2
71,29 € R3. This map is known as the Gauss map and in components it is written as
3 i
= 22 (1.52)

W#l, = An W

This procedure gives a new way to formulate the question of building up a homotopy
invariant for a single knot in the same way as the linking number was developed. The answer
to that question requires the introduction of configuration spaces, C(n, M), defined by

C(n,M):{(xl,...,xn)eHM]xﬂtxj@i;tj} (1.53)
i=1
as the natural framework where such an integral has to be defined (because of the explicit form
of ¢). To ensure that an integral defined on this kind of spaces converges, some new features
such as compactification of the configuration space C'(n, M) are required. Here we will use the
well known Fulton-MacPherson compactification for C(n, M) with some refinements worked
out in [73].

In Ref. [41] there is a description of how to obtain a finite type knot invariant via a linear
combination of integrals on some bundles (pullback bundles, see Appendix of compacti-
fied configuration spaces C[n, M ]. The building blocks for writing these linear combinations
depend on a trivalent diagram D and in the mathematical diagram of figure In this
diagram P(D) denotes the set of dashed lines in each Feynman diagram, ¢ is a product of
the Gauss maps each one associated to a line in P(D) and ® is an extension of the function
¢ to the corresponding compactified space [74].

In figure K={B:S'-S?| K is a smooth embedding} is the space of all smooth knots
in S? and K is one of those knots. The map ev is given by

ev((s1,...,8,), K) = (K(s1),...,K(sp)) € C(p,S?), (1.54)
so that evi can be expressed as evg = ev(-, ). Also m, and pr are projections defined via
(X1, Ty ity oo Tprg) = (X1, .-, ), pr(v,K) =K, (1.55)

respectively. As stated in Ref. [41] the maps a, are the inclusion of configuration spaces into
their compactifications while m and n denote, respectively, the number of points in C'(m,S")
and the dimension of the underlaying sphere. Finally, evx and 7, are extensions of the maps
evk and m, to the corresponding compactifications of their domains and codomains.

The building blocks are actually functions Ip : K - R on the space of knots K defined via

Ip(K)=(propr), (Popry) ' w, Kek, (1.56)
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C(pSh)xK
C (piS") 5 O (13 8) "~ C (p+ 4;5*) ——— Teep(n) S*
o -

Cp; S —5 O [p; S?] ———C[p+¢;S?]

ev pr2

K = C[p;S'] x K+ C[p,¢; S, S?]

Figure 1.3: Mathematical diagram for a trivalent diagram D with p points on the knot and
¢ points out of it.

where the mapping pr : C[p; S'] x K — K is the projection in the second entry and

wi= A\ weQZP(D)( [T 82) (1.57)

eeP(D) eeP(D)

is the product of the unit volume form w given as in Eq. (1.52), (propr;), stands for the
pushforward (or integration over the fibre, see Appendix for the definition) of the form

(® opry)” w, and the fibres of (propry) are compact smooth manifolds with corners [39].
The next proposition, proved in Ref.[41], asserts that for each diagram D the value of these
blocks in a specific knot K can also be calculated by integration of the function

Jouc(3) = ((a} o evie)” (7). 2°B)_(25)
=((a2)" (®)), @*w)m) (K (s1),...,K(sp)), (1.58)
on the original configuration space C(p,Sl) of only the points that belong to K. In the
above expression s € C (p, Sl) and 05 is a p-tuple where each element is the canonical vector
field 9,, on S*, also (K(sl), . ,K(sp)) is given by the pushforward of &5 by evg. This way

K defines a vector field along the curve K in R? and also, for each point 5 € C(p,S'), it
determines a frame (K(sl), . ,K(sp)) in C(p,S?).

Proposition 1 (Proposition 3.7 in Ref. [{1|]) With fp x as defined in , we have
the following identity for Ip(K):

In(K)= [ fox()ds. (1.59)
C(p,St)
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1.2. Bott-Taubes integration and volume-preserving vector fields

These basic blocks can also be used to define invariants associated with a volume-preserving
vector field X on a compact domain S of R? and tangent to its boundary by making an
appropriate generalization of Eq. .

Explicitly, let X be a volume-preserving vector field on a domain S in (R?’, u) with flow
0:RxS - S and let x € S, then 6* := (-, ) defines a curve on §. Moreover, p is a Borel
probability measure invariant under the flow. Now for every T' € R, by taking o(x,6%(T))
to be the set of uniformly bounded curves between x and 6%(T) and ~ € o(x,6%(T)), then
St - 0([0,T],x) U~ is a piecewise smooth closed curve on S that can be defined in the
interval [0,7 + 1], where [T, T + 1] is a parametrization of the points in . This construction
is illustrated in figure and corresponds to the asymptotic cycles of Schwartzman |20, 23)].

Figure 1.4: Construction of asymptotic cycles for v and +' defined via the flow # in the
domain S.

In a similar way, fp x given in Eq. (1.58)) is generalized to fp x who belongs to Q° (C(p,S))
and it is defined by

fox (@) =((03)" (7)), 2'B) (X X)), (1.60)

($17---7$p

In order to obtain the average asymptotic invariants of a vector field X, asymptotic values
of knot invariants along the flow of X (of order p) are defined as

P =l [ F (), (1.61)
where F is a real-valued function, typically a knot invariant, on the space of knots K, and
F(~f) is the restriction of such a function F to the space of curves {77 }es seen as real-valued
functions in the domain S on R?.

This construction can be performed in the particular case of the function Ip described in
Eq. for which its time average at a point x € S is given by

_ o i
Ap(z) = lim —>Ip (77)
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T+1 T+1

:nmif---ffD,X(yga(tl),...,%e(tp))dtlA...Adtp. (1.62)
0

T—oo '[P
0

Here k = k(D) is the amount of vertices over the circle in the diagram D and ~7 are the
closed up orbits of X. The last identity is satisfiled when Eq. is applied to Ip (7%).

Then the following pair of lemmas stated in Ref. [4I] proof some facts about this time
average \p(x).

Lemma 1 (Key Lemma in Ref. [{1|]). Let p be the underlying measure on the domain
S c R?, invariant under the flow of X. Consider the time average of fp x over FP(X) defined
as

T T
AD(x):Tliglo%f---ffD,X(ex(tl),...,ex(tp))dtlA--.Adtp, res, (1.63)
0 0

where in comparison to FEq. , we skipped the integrals over paths v. Then this limat
exists almost everywhere on S and \p is L' (S, ).

Lemma 2 (Lemma 4.5 in Ref. [{1]). We have
Ap(x) = Ap(x) , almost everywhere. (1.64)

The previous function as stated in the Key Lemma of Ref. [41] belongs to L'(S, 1), and
when integrated via the invariant measure, it gives a new kind of flow-invariant quantity that
can be rewriting as

[ o= [ foxiia, (1.65)
S Sp

where, by taking 67 to be the p-fold product of the flow 6, we have that

T T
_ .1
s =lim = [ [ (). ps) dty ne n (1.66)
0 0

is a well defined limit measure.

Finally, theorems A and B from Ref. [41] assert that this generalization also works as the
basic building blocks for average asymptotic invariants of the vector field X, ¢.e., quantities
that are invariant under the action of their own flow 8 that are going to be calculated through
asymptotic values of some functions defined on the space of knots K.

Theorem 1.2.0.1 (Theorem A,(i) & (ii) in Ref. [{1]) Let X be a volume-preserving
nonvanishing vector field on a compact domain S c R?, tangent to the boundary. We then
have:

(i) For any diagram D in the set of trivalent diagrams of degree n, the asymptotic value

I8 (X)), k= k(D) of Ip along the flow of X emist.

(i1) For any invariant Viy of type n, the asymptotic value of invariant Vy of order 2n exists
and equals the asymptotic value VA (X) of V3" along the flow X.
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1.3. Correspondence between Feynman diagrams and Bott-Taubes integrals

1.3 Correspondence between Feynman diagrams and
Bott-Taubes integrals

Before working out with knots in the configuration space formalism it would be useful to
rewrite the expressions for Vassiliev invariants up to order 3 (see section |1.1]) by using figures

and and the propagator

1 .
(Azl(K(Sl))AZQ(K(SQ))> = N_A f DAGZIAAZ'I (K(Sl))AZQ(K(Sg)) (167)
Specifically, expression (|1.23|) rewrites as

Vimar [ DA [ dsidsads (K (1) A (K (s2)) K™ (s1) K (52)

51<82

- [/ dsldSQlNiA [ DAe”AAil(K(Sl))AiZ(K(Sz))]K“(Sl)Ki2(32)

51<82

- ff dsydss( As, (K (51)) Asy (K (52))) K™ (51) K72 (55). (1.68)

51<82

Hence Eq. (|1.24) looks like

1 . 7 ..
Vo =N—A/DAeZIA RBTI‘(E&“”kAi[Aj,Ak]) /] d51d52d53{A11(K(81))

51<82<S83

x Aiy (K (52)) Aiy (K (s3)) K™ (Sl)KiQ(Sz)Ki?’(S:%)}

- [/ d51d52d33/Eijkd%‘l{(z‘lil(K(Sl))Ai(“))(Aiz(K('S?))AJ(“))

51<52<83 R3

x(Ai3(K(33))Ak(x4)>['(“(sl)Ki2(s2)Ki3(33)}. (1.69)
Expression ([1.25) can be seen to be

Voo :NLA f DAt f[f dsldsgdsgds4{Ail(K(sl))AiQ(K(sg))AiS(K(s;),))

x Ay (K (s4)) K™ (51)Ki2(52)Ki3(53)Ki4(54)}
- f/[/ d81d82d83d84{<‘/4i1(K(sl))Aig(K(S?))))(Aiz(K(SQ))A,L'4(K(S4))>

§1<52<83<84

xf(“(sl)KiQ(52)K13(33)Ki4(s4)}. (1.70)

27
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Analogously, expressions (1.28) - ([1.31) rewrite also as

Va1 = m dsld32d33ds4f6ijkd3x5falm"dg%{(Am(%)An(%))
R3

x( Ay, (K (s1))Ai(we) ) Asy (K (52)) Aj(w5) ) Ay (K (53)) Ak ()
><<Ai4(K(s4))Al(x6)>Ki1 (sl)KiQ(@)K“(Sg)f(“(&)}, (1.71)

V32:f [f[ d81d52d53d54d55f5ijkd3$6{<Ai2(K(52))Ais(K(35))>

x( Ay, (K (s1))Ai(we) ) Asy (K (55)) Aj(w6) ) Ay (K (54)) Ar(w6) )
xkil(sl)Kiz(sz)Kia(33)Ki4(s4)f'(i5(s5)}, (1.72)

Vag = [ /f[/f d51d52d53d54d55d56{<Ai1(K(Sl))Ai4(K(54))>

x( Ay (K (52))Aig (K (56))){ Ay (K (53)) Ay (K (55)))

xkn<sl)f‘<i2<32>Kf3<sS)Ki4<s4>f'<"5<s5>f<i6<s6>}, (1.73)
Vas j1<sf2<!;[4[[5<56 d81d82d83d84d55d56{<Ai1(K(Sl))Ai4(K(S4))>

x(Aiy (K (52)) Ay (K (55)) ) Aiy (K (53)) Aig (K (56)))

XK“(Sl)Ki2(SQ)KiB(53)Ki4(54)Ki5(55)Ki6(56)}' (1.74)

Expressions (1.68)), (1.69), (1.70) and (1.71) - (1.74) will be the subject of the following
subsections.

1.3.1 First order Vassiliev knot invariant: self-linking of a knot

The Feynman diagram D, corresponding to the term is that of figure ([L.5b)) while the
mathematical one is, according to the theory of section that of figure , where the
column corresponding to internal points has been supressed (see figure [1.3). The integral
corresponding to this diagram in the configuration space formalism is thusg’

*From now on I, denotes the Bott-Taubes integral for diagram D in the compactified configuration space
while Ip stands for the integral without boundaries.
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1.3. Correspondence between Feynman diagrams and Bott-Taubes integrals

C(2;8) x K

C(2;8Y) £ (2;83 —>82 51

C[2;8'] —25 5 O [2; 83

K i C[2;S!]x K

(a) Mathematical diagram for D;. (b) Feynman diagram D;.

Figure 1.5: First order Vassiliev knot invariant: self-linking of a knot.

TDI:f (Poevg) w= / (poevi) w+ f (Poevg) w

C[2,81] c(2.8h) 8C[2,81]
[ e ) o
(2,8 2 e aC[2,81] ‘K x1)|

where (see Ref. [39])

doey =+ (1.76)

is the expression for ® oevy at the boundary of C[2,S']. The sign in Eq. depends on
whether the collapse of points x; and x5 is in one direction or the other.

To explicitly make contact of with coming from the Chern-Simons theory it
is necessary to calculate the pullback of w under ¢, ¢*w. This result (see Appendix for
the derivation) is given by

¢* EMVU' (ij ',Ija)
ab A |y — 43

1
( dxy Adxl —dxy A dx] + dmb/\da:b) (1.77)

According to Ref. [40)] the integral over the configuration space is non-vanishing only if
there appears exactly one dr, and one dzy, i.e., it is enough to consider

¢;,bw =-

Suua (xb - xa)“
dx¥ A dzy. 1.78
A7 |xb_33a|3 Lg Ly ( )
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Actually the important expression is that for (¢ o evg)*w = evi¢p*w, to be precise

Eve (K (2p) = K(wa) )" dKY (24) dK7 ()
A |K(xp) - K(z,)? dx, dxy,

dx, A dxy, (1.79)

CVK Pop) = —

By using this expression in Eq. ((1.75) it is obtained

7 Ewo (K (22) = K(21))" dK¥ (1) dK”(2)
Ip: = f l_ A |K(x2) - K(z1)]P  day dxs

dxq A dxzs
C(2,81)

. ( K<f1>) .
aC[2,81] ‘K(xl)‘

_ f Ao (K (1) = K (22)) K (21) K7 (22)dy A s
(2,81

f ( égi;‘) w, (1.80)

aC[2,81]

where the last equality used standard notation for the derivatives and the following expression
for the propagator [40]

Euvo T
At [ZP

A (T) = (1.81)

The boundary term is exactly cancelled with a framing term in order to obtain an invariant
of knots with framing, 7.e., the real topological invariant is

Ip, = f Apo (K (1) = K (22)) K (1) K (25)dy A ds. (1.82)
c(2,8)

The matching between expressions ([1.68) coming from Chern-Simons theory and (1.82)
coming from the configuration space construction, ¢.e., Ip, = Vi, establishes a deep corre-
spondence between formalisms.

1.3.2 Second order Vassiliev knot invariant

The second order Vassiliev invariant comes from the contributions of Feynman diagrams Do
and Dy, (figures [1.6a| and [1.6b] respectively) corresponding to terms ) and (L.70)), in
that order.

The first step is to analyse diagram Ds;. In this case the map ¢ in figure is given by
the restriction of

4 3
Prax doaxza: [[S*—[]S? (1.83)
i=1 i=1

to C(3+1,S%) where each of these ¢, corresponds to a Gauss map. By taking the pullback
of Wi=wxwxweNs (S2 x S% x SQ) under the previous map it is obtained

¢ (W) = (1,4 X Poa x P34)" (W)
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1.3. Correspondence between Feynman diagrams and Bott-Taubes integrals

52 S1
S2 S1
S3 S4
S3
(a) Feynman diagram Do . (b) Feynman diagram Das.

Figure 1.6: Feynman diagrams for the second order Vassiliev invariant.

:¢I,4W A ¢§,4W A @3 4w, (1.84)
where each of these pullbacks is given in the same way as in Eq. (1.78)).
Let 5 € C(3,S') and T = a} o evi(5), then 7' ({T}) is the homotopy fibre of 73. By

integrating ®*w along this homotopy fibre (or equivalently by taking the pushforward under
73) and by performing the pullback by a3 o evy then (see also Eq. (1.58))

I i (3) = ((aF e cv)” (7a), @) (89) (1.85)
is a 3-form in C'(3,S'). Thus

Tow= [ foux®ds= [ a5 [ o5([(ad), KG)e.)

C(3,81) cBs)  wm({E
- [ &5 [o5(K@)], )+ Ba (1.86)
c@3s) s

where [K(E)]E is the lift of the tangent vectors of the knot at each point s = (s, 59, 53) and
Bis stands for all the boundary terms. The non-boundary contribution of is given by
the pullback of w under ¢ but now the contribution of the knot is given through the lifts
[K(5)],, that is

oD ([KB)],-.) = otaw ([K(s1)], - )adsaw ([K(s2)],- ) Adsaw ([K(s3)],0.-.), (1.87)

where each of these pullbacks has the form

ot ([K(s)],0-.) =2 (4 - ””')“dx; ndeg ([K(s)],0- )

At |rg — 23

o (4= K (si))*

Ku ; dz°
in |ra- K (5,) ] (s:) dog
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C(3;8) x K

C(3;81) —5 L 0(3:9%) 2 C(3+1;9%) — 2 182 xS2x 82

1 3 3
« 0% QO
3 3 3+1 P

C[3:S']—5 5 C[3;8%] «—=—C[3+1;S%]

ev pr2

K z C[3;8' ] x K« C[3,1;S!,8%]
Figure 1.7: Mathematical diagram for D;.

= Ao (K (s55) = 24) K" (s;) dag, (1.88)

with ¢ = 1,2,3. Substitution of this expression into the non-boundary part of Eq. (1.86]
yields

d§f qﬁ*@([K(E)]é,...)

c@3sl) $8
5 [ [ (R0 = )80 (52 = )80, (K o) - 1)
c@3s) S8

XK01(31)K02(52)K03(53)1d$21 Adz? A dxy?

= [ K”l(sl)K"2(s2)K”3(33)dsl A dsy A dssg / e 2 By N, o (K(s1) — 14)
C(3,81) S3
XAVzUz(K(SQ) —:L‘4)A,/303(K(83) —[L“4), (189)

and then Ip,, is written as

ID21 = f KUI (Sl)KUQ(SQ)KUB(Sg)dsl A d82 N ng / EV1V2V3d3x4AV101(K(51) — $4)
C(3,81) S3
XAV202(K(82) - x4)AV303(K(33) - LU4). (190)

In analogy to the self-linking case, this expression can be regarded to match with Eq. (1.69).
Now we proceed to discuss diagram Doy by using figure In this case the ¢ map is given
by ¢ = @13 x ¢2.4, where all the points are on the knot, 74 = id as in the self-linking case and
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D=wArwe (S2 X S2). This time the configuration space integral is given by

TDQQ = f d§(®oaioevK)*w+ng
C(4,81)

= f d§(¢0€UK)*w+B22, (191)
C(4,81)

where Bss stands for the boundary terms.

C (4;8Y) x K

C(4:8Y) —£ - (C(4;83) ———82x 8?2

C[4;S']—5 C'[4; %]

K i C[4;8']x K

Figure 1.8: Mathematical diagram for Das.

By using Eq. (1.79) the pullback under ¢ o evi of W is written as

(poevy) w= (evl*(qﬁf’g,w)/\ (evf(qﬁ;Aw)

:[5u1V101 (K (s1) = K(83))" €pgunos (K(52) = K(54))”2]
dr |K(s1) - K(s3)P  4m |K(s2) - K(s4)

Xkyl (81> KOI (83) KVQ (82) KUQ (84) dSl AN ng A d82 AN d54

=[Au101(K(51) - K(33))AV202(K(82) - K(84))]

X(—]_)KVl (81) KV2 (82) KUI (83) KUQ (34) dSl A d82 A d83 A dS4,
(1.92)

and consequently Ip,, is written as

Inn=- [ [Amu«sl) ~ K (55)) Do (K (52) ~ K (50) K (1) K (52)
Cc(4,8Y)
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x K1 (sg)K”2 (84) [dsy A dsa A dsg A dsy, (1.93)

which can be seen to match with Eq. (1.70). Boundary contributions B, and By cancel
each other and so the second order Vassiliev topological invariant is the sum Ip,, + Ip,, from

expressions ([1.90) and ((1.93).

1.3.3 Third order Vassiliev knot invariant

The third order Vassiliev invariant has an effective contribution given by diagrams D3y, Dss,
D33 and Dj, (figures [1.9a [1.9D] [1.9d and [1.9d] respectively) corresponding to terms (L.71)),
, and , in that order.

In a completely analogous way to the analysis of the first and second order Vassiliev invari-
ants, mathematical diagrams of figures - are to be used to build the corresponding
configuration space expressions. The unitary volume form w € 2 (S 2) and the corresponding
products for each diagram will be used.

The first step is to analyse diagram Ds;. In this case the ¢ map in figure [I.10]is given by
the restriction of

6 5
¢1,6 x 9252,5 X ¢3,5 x 9254,6 X ¢5,6 : H S* — H S? (1-94)
i=1 i=1

to C'(4+2,S%). By taking the pullback of @ := w® € Q' ((82)5) under the previous map it is
obtained

" (W) = (P1,6 X P25 X P35 X Pag % P56) (W)

:Qﬁﬁw A Q3 5w A ¢§,5W A Q1w A OF W, (1.95)

where again each of these pullbacks are given by Eq. (1.78]).
By applying Eq. (1.58)) to a point 5€ C'(4,S') and according with figure we have

Joux(3) = ((af o evir)” (Fa), @) (35), (1.96)

which is a 4-form in C(4,S'). The fiber of 7, is a space of the same homotopy type than
R3 x R? and so

TD31 = / fD31,K(§)d§= f ds [ (I)*W([(ai)*K(g)]z,._.)
C(4,81) c(48h)  w'({=})
_ f ds f 6w ([K®)],,...)+ Ba, (1.97)
C(4,81) R3xR3
where Bs; represents the boundary terms. For this diagram the non-boundary contribution

of (1.97) is given by the pullback of W under ¢ evaluated at lifts [K(E)]g of the tangent
vectors of the knot at each point in 5= (sy,...,54), that is
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(a) Feynman diagram Ds;.
S3 S92

Sy @--- 1 ——-——— - -==- S1

S5 S6

(¢) Feynman diagram Dss. (d) Feynman diagram Ds3y.

Figure 1.9: Feynman diagrams for the third order Vassiliev invariant.

C (48 x K

C(4;81) —% 4 C(4;93) +— T O (4+2,93) — 2 82 xS2x S2x §2 x S2

1 3 3
Qay ay Qg2

C[4:S'] —=5 5 O [4;83] «—— O [4+2;S?]

ev pr2

-

il C[4;8'] x K« (C[4,2:S1,8%]

Figure 1.10: Mathematical diagram for Ds;.
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o'W ([KG)],- ) =010 ([K(s1)],0- - )nds 5w ([K(s2)],0- ) A b3 5w ([K(s3)],0---)
/\qbiﬁw([l.((sz;)]f,...) A §3 6w, (1.98)

where these pullbacks are rewritten as

o ([K (s ) = 2o =" o e ([ (s)],0 )

4 |l’j —Zlfi|3

e (- K ()
A |z - K (s;) 3

K" (s;) dz§

= A (K (si)—a:j)f(” (8i) dxf, (1.99)
with i =1,2,3,4, j =5,6 and ¢} qw as in Eq. (1.78). Substitution of this expression into the
non-boundary part of (1.97) directly yields to

s [ ow([KG)],-)

C(4,8!)  R3xR3

[ & [Amuc(sl)—x6>Am<K<sZ>—ass,)AVgag(K(s:»,)—m)
C(4,S!)  R3xR3

XAy (K (54) = 16) A sy (75 = $6)KV1(Sl)KW(Sz)KVS(Ss)KV“(SUl

xdrg' Adxg? Adx® Adegt Ades® Adxg?, (1.100)
and then Ip,, is written as
ID31 = / Kyl(Sl)KV2(SQ)KV3(83)KV4(S4)d81 /\dSQ /\d83/\d84f60203’/5d31‘5
C(4,8Y) R3

xf5”1”405d31}6Ay101(K(31) _xﬁ)Aygag(K(SQ)_x5)

RB

}A o (K (83) = 75) A0, (K (84) = 16) Aygos (75 — T6). (1.101)

It can be regarded that this expression matches with ((1.71)) from Chern-Simons theory.
Now we analyse diagram D3, by using the mathematical construction of figure [I.11] Here
the ¢ map is given by the restriction of

6 4
P16 X P36 % ag X pa5: [[S* — []S? (1.102)
i=1 i=1

to C'(5+1,8%). This time the fibre of 75 is again a space of the same homotopy type than
R3 and so

Inw= [ foux®ds= [ a5 [ o5 EG)], )
C(5,81) c(,8')  wH({zEhH
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C(5:81) x K

C’(E);Sl)ev—K>C’(5;S3)<LC’(5+1;83)—(75>SQ><SQ><S2><S2

« (&35 O‘g+1

5 o
C[5;8'] —% C'[5;83] «—=— C'[5+ 1; S?]
ev pr2
r
K i C'[5:S!] x K« C[5,1;S,83]

Figure 1.11: Mathematical diagram for Dss.

- f ds [ 6@ ([K(5)),.-.) + Baa, (1.103)
C(5,81) R3

where Bss stands for all the boundary contributions. In this case the non-boundary part of

is expressed as
@ ([KG)], ) = 1w ([K(s1)],---) A 63500 (K (52), K (55)) A 6360 ([K(s3)],0---)
Ao ([K(s0)]r--) s

(1.104)
where each of the pullbaks are given by Eq. (1.99), i.e., by
;W ([K(sz)]e, . ) = A, (K (s) - a:j)K” (si)dxf, (1.105)

with 7 =1,3,4, j =6 and where ¢; ;w (K(sz) K (s5)) is rewritten as

o K 0K 09) 5 [ R G (0K 00

Analogously to the case of diagram Ds;, the non-boundary part of (1.103)) is given by

d§f o ([K()],--)

c(5,8!) RS

- [ &) [Amm(K(so = 2) By (K (52) = K (55)) By (K (59) = 26) Dy (K (50) = 20)
C(5S8') R3
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x K”l(sl)K”2(32)K”2(55)K”3(53)K”4(54)]dx21 A dxS? A dzdt,
(1.106)

and then Ip,, is written as

ID32 = / Kul(Sl)Kyz(SQ)KV?’(S;;)KM(84)K02(85)d31 AN d82 AN ng A d84 AN dS5 f 5010304d3$6
C(5,81) R3

XAVla'l (K(Sl) - xG)AWUQ(K(S?) - K(85))AV303(K(S3) - xG)AV4U4(K(S4) - xﬁ)‘
(1.107)

Again this expression matches with Eq. ([1.72)) which comes from Chern-Simons theory.
Now we continue our analysis with diagram Dss. This time the map ¢ in figure [[.12] is
given by the restriction of

6 3
P14 % Pogx d35:[[S° — ]S (1.108)
i1 i-1

to C'(6,S®). Here all the points belong to the knot, therefore @ = w x w x w € Q% ((S?)*) and
7 = td. This time the configuration space integral is given by

C(6;SY)x K

C(6;8)) —5 5 (C(6;8%) ———— 82 x 82 x §2

C[6;8'] —~ C'[6;S?]

K a C'[6;S']x K

Figure 1.12: Mathematical diagram for Dsg.

7D33 = f d§(<I> o ozg ) evK)*w+ Bss
C(6,81)

= f ds (¢ o evy )" w + Bas, (1.109)
C@6.8)
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1.3. Correspondence between Feynman diagrams and Bott-Taubes integrals

where Bss stands for all boundary terms. By using Eq. (1.79), the pullback of & under
¢ o evg for this case is written as

(poevy) @

:(%K)* PF 4w X (GUK)* P35 gw % (BUK)* P35 5w

:[Euuqa1(1{(31)"}((34))H15#y002(l((SQ)'_}((SG))#25MMQUB(]((53)'_}((35))”3]
dr |K(s1) - K(s4)PP  4m |K(s9) - K(s¢)|>? 4m  |K(s3)-K(s5)]?

x K" (1) K (s4) K72 (52) K% (s6) K" (s3) K (s5)

Xd81 A d84 N dSQ A d86 AN ng A d85

=[Am<K(sn R (52)) Do (K (52) ~ K (5)) Dy (K (55) — K<s5)>]
XK (s1) K (54) K72 (89) K (56) K™ (83) K7 (s5)
xdsy A dsy Adsg Adsy Adsy Adsg, (1.110)
and then Ip,, is given by

[D33 = [ [AV101 (K(sl)_K(S4))AV202 (K(SQ)_K(SG))AV303 (K(S?)) _K(85))
C(6,81)

x K (1) K72 (52) K" (83) K7 (54) K% (86) K7 (s5)
xdsy A dsy Adsg Adsy Adss Adsg, (1.111)

which can be identified with Eq. (1.73)) from Chern-Simons theory.
The final step is to analyse diagram Ds4. The map ¢ in figure [.13] is given now by the
restriction of the following map to C(6,S?),

6 3
Prax o5 x a6t [[S®— []S* (1.112)
i=1 i=1

Again all the points are defined on the knot so there is no integration on internal points.
In this case W= w x w x w € Q° ((82)3) and the configuration space integral reads

Ip,, = / d§(@oagoevK)*w+Bs4
C(6,8Y)

- f d5 (¢ 0 evic ) T + Ba, (1.113)
C(6,81)

where Bsy again stands for the boundary terms. The same pullback from diagram D33 applies
to this case and ¢ o ev is rewritten as

(poevy) @
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C(6;SY) x K
C (6;81) —E - (C'(6;83) ————— 82 x S2 x 82

Qg Qg

C[6:S'] —% C'[6;S?]

K il C[6:S']x K

Figure 1.13: Mathematical diagram for Dsy.

=(evicdiaw) A (evicdssw) A (evicdsow)

:[5u1u1a1 (K (s1) = K(84))" €pgunos (K(82) = K(85))" Epguaos (K (s3) — K(SG))”?’]
dr |K(s1) - K(sq)PP  4m |K(s9) - K(s5)]? 4m  |K(s3)-K(s6)]?

x K" (51) K (s4) K72 (55) K7 (55) K*2 (55) K7 (s6)

Xd81 A d84 AN dSQ A d85 AN d83 AN d86

=[Am<f<(sl> = K(52)) Do (B (52) = K (55)) Ay (K (52) - K(sm]

x(=1) K™ (1) - K7 (s4) K" (82) K72 (s5) K"* (s3) K7 (56)
xdsy A dsy Adsg Adsy Adsy Adsg, (1.114)

and then Ip,, can be written as

o= [ (R0 = KC600) s (K 52) K 600) o (K o) K s0)
C(6,81)
x K (1) K72 (52) K" (83) K7 (54) K% (85) K% (s6)
XdSl N d82 AN ng N d84 AN d55 N dSG, (1115)

which again matches with the corresponding integral in Eq. (1.74)) from Chern-Simons theory.
Boundary contributions Bsq, Bss, B33 and B3, cancel each other and so the third order
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1.4. Average asymptotic Vassiliev invariants from Chern-Simons perturbation theory

Vassiliev topological invariant is the sum Ip,, + Ip,, + Ip,, + Ip,, from equations (1.101)),

(T30, (T111) and (LIT3).

1.3.4 Boundary cancellation

There are important aspects to consider about the boundary terms appearing in Eqgs. ([1.75)),
and . In the self-linking case the boundary term in is cancelled via the
introduction of a framing term of the knot [72]. The case of the second order Vassiliev
invariant needs some more considerations.

In general for a given knot diagram there will be many boundary terms depending on the
number and the rates of point collapses [74]. If two points collapse the face is called principal,
if three or more points (but not all) collapse the face is called hidden. If all points collapse
the face is called anomalous and if one or more collapsing points are considered to be at
infinity the face is called face at infinity.

For the case of figure the integrals corresponding to hidden and anomalous faces as
well as to faces at infinity vanish [74], while those corresponding to principal faces do not
necessarily vanish. The procedure to obtain a topological invariant is then to find another
Feynman diagram such that the contribution of its non-vanishing faces are exactly the same
and then subtract them. The choice is just diagram [L.6al The integrals corresponding to
hidden and anomalous faces, faces at infinity and principal faces coming from the collapse
of two points on the knot vanish [74]. The remaining non-vanishing boundary contributions
are the ones coming from the collapse of the internal point x4 and a point on the knot, and
they can be seen to exactly coincide with those from the first diagram. Thus, subtraction of
diagrams|[[.6a)and [I.6b| makes all boundary contributions cancel and the result is a topological
invariant, this is precisely the second order Vassiliev invariant. It can be shown that for the
third order Vassiliev invariant an analogous boundary cancellation occurs between the four
diagrams in figure , actually this is also true for higher orders [74]. Consequently, the real
topological invariant is the sum of contributions of all diagrams in that figure.

1.4 Average asymptotic Vassiliev invariants from Chern-
Simons perturbation theory

In this section we incorporate a divergence-free vector field X in the domain S of R3 where

Chern-Simons theory is defined. The key idea is to replace K by the vector field X, i.e., one

has the identification '
K« X (1.116)

in the sense of section [I.2] As in the case without flow information the appropriate boundary
cancellation will be assumed.

1.4.1 First order flow invariant

As indicated in section 0? is the p-fold product of the flow generated by the vector field X
defined by 0P ((z1,t1), ..., (xp,tp)) = (0(x1,t1),...,0(xp,t,)) € C(p,S), where xy,...,2, €S
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Chapter 1. Vassiliev Invariants for Flows Via Chern-Simons Perturbation Theory

and (t1,...,t,) € C(p,S"), also 6%(t) = O(z,t) with x € S and ¢ € S*. From now on T stands
for a p-tuple (z,...,z) in SP.
The first example will be the self-linking expression ([1.82]) coming from figure For this

case, Eq. (1.60]) reads

fDl,X(Qx(tl),Qx(tg)) :((a%)*@*w> (X@w(tl),Xgac(tQ)). (1.117)

(07 (¢1),0°(t2))

By using a theorem from Ref. [41], the average asymptotic invariant has the form

f/\D1M=f lim _{fffDlX(e H(t), QIQ(E))dtlAdtz}MA, (1.118)

SxS 0

where the part within braces in the integrand can be rewritten as

_/T/TfDl,X(le(tl),sz(tz))dtl Adty = f (¢ (6 x §72))* w

c(2,51)
Euve (671 (t1) — 07 (t2))" ;
- - (Hxl)V(HIQ)Udtl A dtQ
ooy AT B () = B ()]
=lk (671, 6%2) , (1.119)
and then by substituting this expression into Eq. ([1.118)) one gets
H(X) = f Aot = f lim —1k(0x1 0% i, (1.120)

SxS

which is the called average asymptotic linking invariant (or average Hopf invariant) for the
vector field X.

1.4.2 Second order flow invariant

The flow contributions of the diagrams in figure once the vector field X was introduced
are again an application of Eq. (|1.64)).
In the case of diagram we have to use figure [1.§] for which again ¢ = ¢ 3 x ¢4. Then

Eq. (1.60) is written as

Fomx (07 (1), 07(22)) = ((0})" @B Korys o Koe)e (1121)

and then the integral (L.65]) takes the form

T T
JRE L%E%ﬂ{ f [ Fosx (67 (1), ,e“<t4)>dt1A---Adt4}uA. (1.122)
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1.4. Average asymptotic Vassiliev invariants from Chern-Simons perturbation theory

Once again, by first making an analysis of the term between braces in the previous equation
one gets

T T
f---ffDm,X(ewl(tl),...,9w4(t4))dtlA...Adt4: f (p00) @+ B, (1.123)
0 0

C(4,81)

where Egg stands for the boundary terms.
The integrand in the first term of the right hand side of the last expression takes the form

(¢°94) (94) (o1 WA )
l (07 (1) - ewz))m] l (672 (1) - em(u))’“}
A |07 (ty) — %3 (L) A |0%2(t3) — 074 (ty)?
(677 (67)7 (672) 7 (6*) 7 dity A dty A dits A diy
Ay (071 (t1) = 072 (2) ) Aroor, (072 (t3) — 074 (L4))

XXgél(t )nglﬁl(t )XgiLQ(t )Xg;m(t )dtl /\dtg /\dt3 /\dt4. (1124)

Then, the average asymptotic integral of Eq. (1.124) has the form

o= el [ B 080 070 B 2 0) - 1)

C(4,S1)
Xgil(t )ng3(t2)Xg12(t3)ng4(t )dtl A dtg A dtg N dt4 + BQQ}MA.

(1.125)

The diagram needs different considerations because now there is a point outside the
knot and it is necessary to take this information into account. These considerations imply
the use of figure where, analogously to the previous analysis, ¢ and @ are given by
O =¢14%X P24 x P34 and W =w Aw Aw then one gets

fD217X(93((x7t1)7 SERE) (x7t3)))

= ((02)" (@3)®*D) (g oty ) (K070 Xoo(t2) Xoe (1))

:(ag)* f q)*w([Xez(tl)]g’ [X("””(tQ)]w [X‘)””(t‘s)]e’ -)
m3) (03 ((2,t1) .., (2,t3)))

= f ' T([(ad)s (Xoo(en)) ], [(@) 4 (Xoz)) 1,2 [(0d)s (Koo e)) 1)
(72) (@303 ((2:t1) s (2182))))

= f Cb*w([(@g)* (Xeif(tl)) ]E’ I:(O_/g)* (ng(tz)) ]E’ [(Oé%)* (Xgac(ts))]g, .. .), (1126)
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Chapter 1. Vassiliev Invariants for Flows Via Chern-Simons Perturbation Theory

where [(ag)* (Xga:(ti))]g denotes any lift of the pushforward by a3 of the tangent vectors
Xge (1) to tangent vectors in C[3+ 1,R?].
Then the average asymptotic term for this diagram can be written as

T T
. 1
‘/S)\Dzllu :‘[SBILI_I)EOﬁ{["'[fD21,X(9$1(t1)’912(t2)79x3(t3))dt1AdtQ/\dt?’}IUA' (1127)
0 0

By using Eq. (1.126]) in the last expression it is possible to rewrite the term between braces
as

/ [ f (I)*w(li(()ég)>€ (ngl(tl)) :IE’ I:(Oég)* (ngg(tz)) :Ié’ [(ag)* (X9x3(t3)) :IZ’ .. )dtl AN dtg A dtg
- [ [ o xidt)yws B,

c(3,8') R3
(1.128)

where Egl stands for the boundary terms.
By using again Eq. (1.78) the integrand in the first term of the right hand side of the last
expression takes the form

(¢o (0% xidgs)) @=(6°xidgs) ($} 40 A b3 40 A D5 4w)
= Epivion (911 (tl) - x4)u1
A |6)$1 (tl) —JZ4|3
Epavoos (9322(752) - x4)ll2 ] V2 o
0%2) “dts A dz?
" l A 072 (t2) — xaf? (672) ity nda
Eusvsos (913 (tS) - $4)M3
N
47 |0x3 (ts) — ZE4|3
Al/1t71(9961(tl) - $4)AV202(9x2(t2) - x4)AV303(9x3(t3) - {L‘4)

x X0, (tl)X;Ez (tZ)X;’£3(t3)dt1 Adxgt Adty Adx? Adtg Adx?

A1/1t71(6$1(tl) - ZL‘4)AV202(¢9$2(252) - x4)AV303(‘9I3(t3) - $4)

XX () X2 1) Ko (1) A1 A o Aty A (=1)°e7 27y (1.129)

(67" dt; A d:cf]

(673)" dt5 A d:cZS]

Therefore the average asymptotic integral finally reads

_ 1
L= [ gl [ [ S0 =201 - 1)

C(3,8') R3
XAV3‘73 (9963 (t3) - 1’4)Xg;1 (tl)X;ﬁ? (t2)ng3 (t3)
X(—1)3€Ulg203dtl N dtg N dtg N d3$4 + EQl}ﬂA' (1130)
The average asymptotic second order Vassiliev invariant is then the sum of expressions

(1.125) and (1.130)) with the corresponding boundary cancellation, as stated at the begining
of this section.
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1.4. Average asymptotic Vassiliev invariants from Chern-Simons perturbation theory

1.4.3 Third order flow invariant

In the case of diagrams and there are inner points and a pushforward process has
to be performed for each one.
For diagram [1.94] the contribution of Eq. (L.60) is given by

fD317X(94((x’t1)7 B (I’,M)))

77777

:(ai)* f w( [X(’“”(tl)]w [X9’”(t2)]g’ [Xez(ta)]w [X‘)””(M)]e’ )
7T4) 104 ((2t1),. (25t4)))

_ i @*w([(ai)*(ng(tl))]z,...,[(ozi)*(ng(m))]e,...)

(74) (a3 (04((z,t1),..,(m,ta))))

/ @*w([(ai)*(Xgm(tl))]w...,[(ai)*(Xgm(m)]e,...), (1.131)

R3xR3

and then, in the average asymptotic integral this takes the form

fADMu [s%ﬂﬁ{f foDMX(QII(tl),...,9””4(t4))dt1---/\dt4}pA
[54T_,oo T4{f f / (D*_( (ai)* (Xeml(tl))]z,

0 R3xR3

x [(0)« (Xpeain) |- - )dt1 Ao A dt4}MA, (1.132)

where once again the integrand form can be separated into its inner and its boundary parts,
the former one is given by

5 ([ (02), (K)o [(00), (K)o
=(¢I,6W A Q35w A Q3 5W A D) 6w A ¢§,6w)([ (0‘2)* (XG’“'l(tl)) ]g’ AR [ (0‘2)* (XG’”“(M)) ]z’ o )

Epvion (Qfﬂl (tl) - xﬁ)#l A Vi, o € povao (912 (t2) - x5)ﬂ2 . v2 . g
= 61 dxa! f*2 dx2?
l Am |07 (1) — a6f? (67) dag” |~ A 1072 (ty) — )3 (672) " ds

Eusvsos (exd(t?)) - x5)ﬂ3 ) V3 . 4 Epavaoy (9x4(t4) - ZEG)IM . L
073) “dx?® Gza" g0
| g 0 e | | e A e
Epsvsos (1’5 - x6)#5 v o
dx?® A dxl?
A [ e |x5 ~ x6|3 x5 A xﬁ ]
:AVlgl(exl (tl) - xG)AVQO'Q(GIQ (tQ) - $5)Ay303(9x3 (t3) - $5)Ay404(0x4 (t4) - xG)

X Busas (25 = 26) g (1) X2 (1) X (1) Ko 1)

x dxg' Adxg? Adzl® Adxgt Adxg® Adxg®
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Chapter 1. Vassiliev Invariants for Flows Via Chern-Simons Perturbation Theory

Ao (071 (t1) = 26) Ao, (072 (t2) = 15) Doy (07 (t3) — 5) Ay, (074 (1) — 76)

x AV5,05(x5 o xﬁ)Xgﬂil(t )ng22 (t2 )ngs (tg)Xg;l‘l(M)
% 80203V5d3$5 A €U1U4U5d3 T6. (1.133)

From Eq. (1.65]), the average asymptotic integral reads

'/S AD?’l/JL =/4 71‘1_]_;_[30 ﬁ{ f dtl VANV dt4 f AVlUl tl) ZIZG)AV202(6’$2(7§2) - x5)

C(4,S1) R3xR3
X A11303(9363 (t3) - x5)AV4a4(614 (t4) - xG)A%os (-1'5 - -1'6)

v V2 v3 vy 0203V 3 010405 J3
XXO;I(t )XGIQ(tQ)X913(t3)XGI4(t ) 208Y5 ] s NE 10495 (] Tg

+ B“gl}MA. (1.134)

Now we proceed to study diagram in a similar way as in the previous case. We have

fD32,X(65((x7t1)7 ) (l’,t5)))
= ((@g)*(f5)*®*w)(05((%tl) ..... (z,t5))) (Xgm(tl),X@x(t2),X9x(t3), Xew(t4)7X99:(t5))

=(03)" f O W([Xoe (1) ]y [Xow(12) ] [ Xow 1) |2 [ Xoe e ] [ Kozt ] o)
75) 105 (1), (2:85))

_ i M([(ag)* (Koeen) e [0 (Koe) ] )

(75) "1 (a2 (0°(T,(t1,-1t5))))

[ w([(ag)* (Xore) Lo [(0). (ng(tg)))]f,...), (1.135)

and then the average asymptotic integral reads

T T
f/\D"QM [Ss]l“l—{rc}oﬁ{fm'/fD32,X(9x1(t1)7'--:exs(t5))dt1”'/\dt5},uA

1 OT OT
:[84%%0ﬁ{/...f/CI)*E([(O[%)*(ngl(tl))]e,...,[(&g)* (Xexf’(ts)):lg?"')
0 0 R3
xdtl/\---/\dtg)}pA. (1.136)

The inner part in the integrand can be evaluated and it yields

QW([ (03), (Korsan) - [(@5) (Kowsen)) ], )
=(7 6w A P35 A P56 A ¢;6w)([ (a2), (X1 01)) - - [(@)e (Xorse)) 1,0 - )

46



1.4. Average asymptotic Vassiliev invariants from Chern-Simons perturbation theory

Epmar (071 (1) —@6)™ oo\ o ] l8u2u202 (072(ty) = 0= (t3))H2 . w2, 02]
= 9361 dl‘ LA exg 9355
l 47 |9$1 (tl) - x6|3 ( ) 6 A |Qac2 (t2) — 9$5(t3)|3 ( ) ( )
Eusvsos (0x3(t4) - x6)ﬂ3 fza\Y3 7 o Epgvyoy (9x4 (t5) - x6)ﬂ4 o \Vi G, o
g*3 dz?? H*re dx’4
§ |~ A |07 (ta) — aof? (6%) " dag* | A 4 |0 (ts) — z6)? (670) " dg
:Al’lgl (6901 (tl) - $6)Ay202(6w2(t2) - 6% (tB))Augas(emg (t4) - $6)Ay404((914 (tS) - xG)

x X (tl)Xg§2 (tg)ngzs (t3)Xg§3(t4)X9V;14(t5)dx(671 A drg® A drg

=001, (071 (1) = 26) Doy (072 (t2) — 075 (13) ) Aryos (072 (1) — 26) Ay, (67 (25) — o)

v v o v v, 010304 3
XXeil(tl)Xezz(tQ)Xelzs(t5)X9g3(t3)X9§4(t4)6 193 4d xﬁ. (1.137)

From Eq. (1.65) again, the average asymptotic integral reads

. 1
JRYSE S T—{ /

C(5,8!

X By (07 (ta) = 26) Buaos (07 (85) = 26) X2, (1) X2 (1) X 1)

dty .. Adis f Ao (07 (81) = 26) Avnoy (672 (£2) — 675 (1))
) RS

x ngg(t4)Xg§4(t5)€”103”4d3$6 + §32}HA7 (1.138)

where B, takes into account all the boundary terms.

For diagrams and that just have points on the knot the expressions for Eq. ([1.65])
(use the notation (Xgei,))ies = (Xow1(t)s - - -» Xown(1,)) and consider 7, = Id) are the same,
namely,

.....

:(¢i4w A ¢§,6W A ¢§,5W) ((Xﬁzi(ti))?:l) + §33, (1.139)

and

-----

:(¢I,4W A ¢§,5W A ¢§,6W) ((Xezi(tz‘))?zl) + 5347 (1.140)

where Egg and §34 are the corresponding contributions of the boundary terms.
After evaluating fp,, and fp,, in the 6-fold integral in Eq. (1.63), ¢*Wgeqy ((Xowi(ry))iy ) is

respectively given by
(014w A 03,60 A 0550) (Xo1 1), - -+ Koo (1)

_| Emavion (9x1(t1)_6:v4(t2))l¢1 11\ (hra)!
L Am [0 () - 0 (t)P =)0) “

Epovac (0382 (t3) - 6$6(t4))l¢2
47 |9x2 (tg) — fxs (t4)|3

(67" ()"
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Epnmy (075(t5) =075 (1)1 5 v0n i,
A |07 (ts) — 675 (t6)? (67)0%)
=By (07 () = 07 (£2)) Do (07 (1) = 070 (1)) By, (072 (1) = 072(8))

% Xg"il(t )nglzx(t )Xg§2(t3)Xg§6(t4)ng3(t5)X0U~'”5(t ) (1.141)

and

(07 4w A @350 A 05.60) (Xom (1) - - - » Xowo (1) )
e (071 (0) 05 (1)) o | [ (072(13) ~ 0550V o
[ ) e ) O H ) e )0
s (65t =05 (1) o

[ dr [5Gt oGP ) ) ]
=y (07 () — 074 (1)) A (672 (1) — 073 (£2)) Dy (075 (15) — 0% (1))

XX (1)K 604 (1) X052 (1) X 075 (14) X 693 (13) X 056 (1) (1.142)

Thus, the average asymptotic integrals are then given as

[ A= [, Jim T_{c [t n A0y (57 (12) = 07 (12)) D07 (0) = (1))

(6,S1)

x Ay, (073 (t5) — 675 (t6))X9x1(t )Xg;4(tz)ngQ(td)Xgﬁﬁ(ngxS(t )Xg§5(t6) +Bg3},uA,

(1.143)
and

[ Avan= [ Jim T—i [ dtn At A, (67 (1) = 071 (12)) Do (6 (1) - 07 (1))
(6,81)
A1/303(‘9333 t5) g (tﬁ))X

X!

071 (t1) <> 074 (L )XV

672 (t3 )Xg"o(m)Xg%(tg))ngG(t ) + B34},LLA,
(1.144)

where as stated at the begining of the section boundary cancellations lead to the average
asymptotic third order Vassiliev invariant as the sum of (1.134)), (1.138)), (1.143]) and ([1.144]).
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CHAPTER 2

Star-triangle type relations from 2d N = (0,2) USp(2N)
dualities

This chapter concerns the research article “Star-triangle type relations from 2d N = (0,2)
USp(2N) dualities” (see reference [43]) done in collaboration with my thesis supervisor and
accepted in Journal of High Energy Physics on November 2020. Inspired by the gauge/YBE
correspondence the authors derived star-triangle type relations for certain 2d N = (0,2)
supersymmetric quiver gauge theory dualities. The interest of the authors in this topic comes
from the fact that the correspondence has been done for different dimensions, amounts of
sypersymmetry, gauge groups and manifolds, but as far as we know there is no explicit
integrable model associated with 2d N = (0,2) theories despite a triality has been found for
them (there is a speculation that triality corresponds to tetrahedron equation in a similar
way Seiberg duality is related with Yang-Baxter equation). As a first step in this direction
we concentrate in studying what kind of star-triangle relations (or their variants) can be
associated to some of the dualities obeyed for these supersymmetric quiver gauge theories.
To be precise, we analyse two cases. The first case is 2d N = (0,2) USp(2N) Intriligator-
Pouliot duality coming from dimensional reduction of 4d N' =1 USp(2N) Intriligator-Pouliot
duality. The description is performed explicitly for N =1,2,3,4,5 and for N = 3k + 2, which
generalizes the situation in N = 2,5. A triangle identity is obtained for N = 1 while for
N =25 it is found that the realization of duality implies slight variations of a star-triangle
relation type (STR type). The values N = 3,4 are shown to be associated to a similar version
of the asymmetric STR. The second case is a duality for 2d N = (0,2) USp(2N) theories with
matter in the antisymmetric tensor representation that comes from dimensional reduction
of 4d N =1 USp(2N) Csaki-Skiba-Schmaltz duality, and the conclusion is that this duality
is associated to a triangle type identity for any value of N. For both cases the precise
determination of Boltzmann weights, interaction and normalization factors was done. The
obtained expressions were also compared with those already present in the literature.

2.1 Overview of gauge/YBE correspondence

In the present section we provide a brief overview of the gauge/YBE correspondence. Our
aim will not intend to be exhaustive but only to introduce the notation and conventions that
will be useful in the subsequent sections.

As stated in [50], an integrable model is considered to be a solution of the Yang-Baxter
equation with spectral parameters that satisfies the rapidity difference property in their R-
matrices

Ro3(z9 — 23) Ri3(21 — 23) Ri2(21 — 22) = Ria(21 — 22) Ri3(21 — 23) Ras (22 — 23), (2.1)
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Chapter 2. Star-triangle type relations from 2d N = (0,2) USp(2N) dualities

where z1, 29 and z3 are the spectral parameters and

for all 4,5 € {1,2,3} with ¢ # j. Note that in equation operators are actually
promoted to operators in End(V; ® V5 ® V3) by an adequate insertion of an identity.

One of the best known integrable models is the 2d Ising model in statistical mechanics which
is part of the Ising-type integrable models that can be obtained from the YBE depending on
the values taken by the spin variables, which can be discrete, continuous or a combination of
both of them. There are two relations from statistical mechanics, known as star-star relation
and star-triangle relation (SSR and STR from now on, respectively), such that a solution of
one of them is immediately a solution of the YBE. In constructing integrable models it is
preferable to solve one of those relations instead because of the highly constrained nature of
the YBE.

The so called gauge/YBE correspondence is given between supersymmetric quiver gauge
theories and integrable models in statistical mechanics. It is then necessary to roughly
describe such theories and their relation with statistical mechanics.

2.1.1 Construction of the correspondence

The review of this subsection is carried out mainly following Ref. [50]. For a quiver gauge
theory in dimension d with gauge group G, let V and E be the sets of all vertices and edges
in its associated quiver diagram, respectively. Each vertex v contains gauge ﬁelds[l Al ()
with values in the associated Lie algebra of the gauge group G, while each edge e from v’
to v" contains a matter field ¢, transforming in the bifundamental representation (O0,0) of
Gy x Gyr. The partition function for the quiver gauge theory with gauge group G is given
by the partition function which is the product of partition functions for all possible vertices
and edges

Zv: f H DA, H D¢e @‘Z({Av}veVa {(be}eEE), (23)

where

Z({Av}ve\/a {¢e}eeE) = Z ZU (AU) + Z Ze ({Av}veeu ¢€) ) (24)

veV eell

with £V (A,) the kinetic term for A, and Le ({A, }vee, de) the interaction term between ¢, and
the gauge fields { A, } .. To obtain a supersymmetric quiver gauge theory one must supersym-
metrize the theory described in . After this procedure is applied to 4d N' =1 Yang-Mills
theory, each vertex v has now associated a N = 1 vector multipletEl Vo = (Au, A\, ;) where
A, and F, are a gaugino and an auxiliary field, respectively, while each edge e from v’ to v"
has now a N =1 chiral multipletﬂ O, = (¢e, e, H.) where ¢, and H, are a fermion and an

'Here, p=1,...,d and x is a point in the d-dimensional space. From now on it will be written as A,.
’Each field is in the adjoint representation of G,,.
3The multiplet is in a non-trivial representation of G, x G .
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2.1. Overview of gauge/YBE correspondence

auxiliary field, respectively. The supersymmetric theory has partition function

z- [ T1PADADE, ] DéeDv DH, & (Wb (@ ecr), (2.5)
veV

ecF

According to [50], after regularization by integration in a compact manifold M this partition
function can be reduced to

Z[M] - yf [T do, e~ (o), (2.6)

veV

where

L{0}vev) = Z LY (0,) + Z L ({00 }vee) (2.7)

veV eeFE

with {0}, a set of finite-dimensional variables associated with holonomies of A, along
non-trivial homology cycles of M, the choice of this manifold can make the variables either
continuous or both continuous and discrete. Equations and nicely match with
statistical mechanics because in a typical statistical lattice the vertices contain spin variables
s, so that the partition function is given by

Z = Z 6_5 ({S’U}’UEV)’ (28)

{Sv}veV

where

§E{su)vev) = Z £ (s0) + Z £° ({50} vee) 5 (2.9)

veV eeF

with £Y(s,) the self-interaction term at vertex v and £°({s,}vcc) the nearest-neighbour in-
teraction of the spins. Comparison of Eqs. and with and , respectively,
provides a deep connection between supersymmetric quiver gauge theories and statistical
mechanical theories, and this is an important point of the gauge/YBE correspondence.

Until now the description has made manifest the correspondence between quiver diagram
and statistical lattice, supersymmetric quiver gauge partition function and statistical parti-
tion function, vector multiplet in the adjoint representation and self-interaction term, chi-
ral multiplet in the bifundamental representation and nearest-neighbour interaction, and
holonomies of gauge fields and spin variables; but the relation between these sets of theories
is actually deeper. Dualities in supersymmetric gauge theories play a very important role
[50]. In particular, we will see in the following subsection that Seiberg-like duality is related
to the star-star relation.

2.1.2 From Seiberg-like duality to star-star relation

Original Seiberg duality [75] is a strong/weak (or S) duality between two 4d N = 1 gauge
theories in the infrared regime, one with gauge group SU(N,) and the other one with gauge
group SU(Ny—N.), where N, and Ny are the number of colors and flavours. For example, for
an original theory with SU(2) gauge group and SU(6) flavour group (this means 6 flavours
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Chapter 2. Star-triangle type relations from 2d N = (0,2) USp(2N) dualities

or chiral multiplets transforming in the fundamental representation of both the gauge and
the flavour groups, and the vector multiplets transforming in the adjoint representation of
the gauge group), the dual theory is that with gauge group SU(4), 15 chiral multiplets in the
totally antisymmetric tensor representation of the flavour group and without gauge degrees
of freedom. There are several generalizations of this duality depending on the dimension of
the theory and the amount of supersymmetry. In the rest of this section we will consider
Seiberg-like duality in two dimensions.

As stated at the beginning of this section, a solution of the SSR is also a solution of the YBE.
This means that the correspondence between Seiberg-like duality and SSR can be used to
build and to study integrable models from the point of view of supersymmetric quiver gauge
theories. One way for constructing integrable models is to find the correspondence between
supersymmetric indices (a.k.a. flavoured elliptic genera) of Seiberg-like dual theories and
then directly compare them with SSR or STR expressions in order to find the associated
Boltzmann weights.

In Ref. [52] an integrable model is derived from Seiberg-like duality of 2d N = (2,2)
supersymmetric quiver gauge theories on T?. This model is shown to be a dimensional
reduction of 4d N = 1 supersymmetric quiver gauge theories on T? x S? [76]. Gauge theories
2d N = (2,2) are described in |77, [78] as dimensional reduction of 4d N =1 theories. The
spectrum of (2,2) theories in two dimensions consists of two different multiplets, namely, the
chiral multiplet with fermions ¢, and _ of opposite chirality and a complex scalar ¢, and the
vector multiplet V' containing Majorana fermions A, and A_, a complex scalar o and gauge
bosons {va},o;- The analysis of the index (flavoured elliptic genus in the NS-NS sector)
of 2d N' = (2,2) supersymmetric gauge theories is carried out in [79, 80]. Moreover, the
contribution due to chiral and vector multiplets is given in terms of Jacobi theta functions,
0(y;q). The index duality of these 2d N = (2,2) theories is given as follows [52]

L <q7q>2) dz_ | TTE Aaiz*5q,y)
2 ) = = A(a;aj;9,y), 2.10
2(9(%(]) 2miz A(2*2;q,y) 15@1336 (aia;:4,y) ( )
where
9(ay;q)
Ala;gy) = ; 9211
( v) 0(a;q) ( )

here, the left hand side consists of a theory with gauge group SU(2) and flavour group SU(6)
while the right hand one is a theory with only 15 chiral multiplets and no gauge symmetry
(this is actually the reason why there is no integration in the right hand side of , it
appears only when gauge symmetry is present). Note that the field content is essentially the
same as in the 4d N = 1 Seiberg duality H This 2d N = (2,2) duality corresponds in the
statistical mechanical side to STR for continuous spin variables [52] (see Appendix for
the explicit derivation)

[ doS(o)Wy—(o,0)Wy_5(0,0, )W _a(o,0) = R(e, B,7)Wa(0i,0,)Wa(oi, o)W, (0, 0k),
(2.12)

4The superpotential is important to determine the R-charge of the theory. However the determination of
the Boltzmann weights does not require it and one just focuses on the field content.
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2.2. Star-triangle type relation for 4d N'=1 USp(2N) Cséki -Skiba-Schmaltz duality

where S(o) and R(«, 3,7) stand for the interaction and normalization factors, respectively,
and they are given by

Sty L (<q q>2) 0 (c279)

0(y: q) ) 6 (e72m2iia)’

0 (e 211q) 6 (e®721;q) 0 (e q)

R = 2.13
(a,ﬁf}/) 0(@‘25;q) 6’(6‘2‘“;(]) 9(6‘27;(]) ( )
while the associated Boltzmann weights are defined by
) (e—a—nﬁ'(aj:kak); q) 0 (6—(7]—(1)—77%(02'10); q)
Wa(aj’ Uk) - 0 (ea—nii(ajidk); q) ’ Wn—a(0i> U) - 0 (e(ﬂ—a)_fiii(mia); q) ’
0 (e—ﬁ—ﬂn(ffiigk); q) 0 (e*(nfﬁ)*nﬂ'(‘fjig); q)
Wﬁ(o.i’ Uk) ) ( B-nxi(oi+oy)- q) ! Wn*ﬁ(aj’ U) ) (e(n—ﬁ)—nii(ajiff); q) ’
G (e—7—nFi(oixo;). 0 (e=(n=1)-nFi(oro).
W,(os,05) = ( 0) W,y (0%, 0) = ( a) (2.14)

( V- Uﬂ(UinJ)7 q) 0 (@(U—V)—Uﬂ(gkia); q) ’

where the identifications given in (2.13) and (2.14) required the balancing conditionf)]

:cm

q
a; = =. 2.15
i=1 Y ( )

The next section contains a derivation of the star-triangle type expression discussed in [55]
obtained from 4d N =1 USp(2N) Csaki-Skiba-Schmaltz duality for supersymmetric quiver
gauge theories with matter in the antisymmetric tensor representation first studied in [62],
whose index duality is given in terms of standard elliptic gamma functions.

2.2 Star-triangle type relation for 4d N =1 USp(2N) Csaki
-Skiba-Schmaltz duality

In [55] the star-triangle type relation associated with 4d ' =1 USp(2N) duality for theories
with matter in the antisymmetric tensor representation is determined. It is convenient to
realize the duality for these theories through the following expression

(p.p)2 (g, )% [H[dzjl [ (tz2%p,q) 121 Mot T (tm2z2tip,q)
(47T)nn‘ 1<j<k<n F(Zjilzk ap7Q) j F(Zji27p7Q)

j=1

= T (#:p.q) PRTEN
H l L' (tp,q) ]H |:1<7711_<Is<6F (t fmbsi: Q):| ’ (2.16)

J=

The balancing condition is a constraint relating the fugacities associated with the global symmetry group
of the theory and the parameters of the special functions present in the index of the theory. Physically, the
fugacities can be defined in terms of spectral parameters and spin variables, so the balancing condition is the
bridge between variables of the supersymmetric quiver gauge theory and the associated statistical model.
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Chapter 2. Star-triangle type relations from 2d N = (0,2) USp(2N) dualities

where T is the standard elliptic gamma function. This 4d USp(2N) duality corresponds in
the statistical mechanics side to the following star-triangle type relation stated in [55]

[ [du)S (st p, )Wy a(w, ) Wass (3, 0) Wi - (w,0)

[0,27]™

= R, v,m5t,p, OWo(y, )Wy o (,w)Wi(2,y),  (2.17)

where S(u;t,p,q) and R(«,~,n;t,p,q) are the interaction and normalization factors, respec-
tively, while W, _,(z,u) and W/(y,w) are the two types of associated Boltzmann weights.
The Boltzmann weights for this model are explicitly calculatedﬁ by comparing the supersym-
metric duality and the STR type expression (2.17)). To this end, consider the following
definitions

t1=\/p_qe77_o‘+ix, 753:\/p—qeomuy+z'y7 t5:\/]9_qen_7+iw,
ty=/pq el " ¥, ty=/pqe® TV "W, te=/pq el =V W
6
zj= e, pg =t*"2 ] tm, pq =t e, (2.18)
m=1

where equations involving pq are the balancing condition and the definition of the crossing
parameter 7, in that order. Let’s work explicitly both sides of equation (2.16)). First, rewrite
this equation by using (2.18)) as

(P,p)a(q, )% | T (t P,q) [ (te*iex; p, q)
/ [ (47T)"TL' H [ :| H du ] H [ r (eﬂ:iuj‘e:!:iuk;p’ q)

[0,27]™ =1 7p’ 1<j<k<n
n n 6
T (t izuj’ :
q 1" einuJ P, q }—[ Hl ( b Q)
ﬁl H T (s p,q) - (2.19)
7j=11<m<

By defining the measure [du] and the interaction term S(u;t,p,q) as

(du] = (p, )2 (q,9)% HlF(t D, q) ]Hdum

(47)mn! I'(#;p.q)

S(wt,p.q) = ] [F (teterh;p, Q)] I1 LN (2.20)

1<jeken | T (exes;p q) |50 T (e¥2;p, q)

where u = (uq,...,u,), it is possible to express (2.19) as

n

f [du]S(u;t,p, )ﬁﬁf( etip g ) H H F(tj’ltmts;p,q). (2.21)

[0,27]" j=1m=1 7=11<m<s<6

%Calculations here contain a slightly different definition of the measure and of the interaction and nor-
malization factors from those in reference [55].
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2.2. Star-triangle type relation for 4d N'=1 USp(2N) Cséki -Skiba-Schmaltz duality

For the left hand of (2.21]) we note that

6
H F( :I:Zu],p7q) F(\/p_q eln-atiz *wa,p,q)F(\/p_q el-a~iz :!:zu]7p7q)

m=1
«T (\/p—q ea+'y+iye:!:iu]';p, ) (\/_q O i . p,Q)

r
< (\/p_q 677—'y+iw€:kiuj;p7 )F(\/_q eln--iw izulj’qu)

=T (\/_q el= ae:tm: izu]’p’ q) T (\/p_q ea+'y€iiyeiiuj;p’ q)
xI" (\/ Dq eV eF ety q). (2.22)
Now, for the right hand side of (2.21]) one has

[T T( ntsip,q) = T (¢ tate;p,q) T (0 ats;p,q) T (7 ata;p, @) T (7 tats; p, q)

1<m<s<6

D (67 1 te;p,q) T (8  tats; pog) T (7 otas p, @) T (#77 ot p, q)
<T (Y ote; p, ) T (7 Mata; p, q) T (8 sts; p,q) T (8 ste; py q)
<T (£ ats; p, q) T (8 ate; p, q) T (8 tste; p, q)
= T (¢ X(pq) ¥ p,q)T (¢~ (pq) €77+ p,q)
xI (71 (pq) ™7 p,q) T (£ (pq) €171+ p q)
<D (771 (pq) e*rerviz=ivs p )T (¢ (pg) €7 ¥; p, q)
I (71 (pg) e p,q) T (7 (pg) €* 7+ p q)
<T (871 (pg) € p,q) T (87" (pq) €***;p,q)
<L (772 (pq) e+ p q) T (E7(pg) €™~ p, q)
<D (7 (pg) €™ g) T (67 (pg) €79 p, q)
<I (£ (pg) *;p,q)

= |T (¢ (pg) ™ p,q) T (7 (pq) €*;p,q)
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Chapter 2. Star-triangle type relations from 2d N = (0,2) USp(2N) dualities

I (7 (pq) € p,q)

(
T (7 (pg) e™Ve*e*; p, q)
< (871 (pg) ¥ e e p, q)
T (7 (pqg) e e*We*™;p, q)

X
X

= R(a,v,mt,p,q)

xI" (\/p_q(tj’ngl)e e“ye“w,p,q)

xI' (\/p_(t] )e”’ei“" i”’,p,q)

xI" (\/p_(t] T )e” aYeFite *“”,p,q)7 (2.23)

where the last equality introduced the normalization factor R(«,y,n;t,p,q) as

R(a,y,m:t,p,q) =T (" (pq) € p,q) T (7 (pg) €*“;p,q) T (' (pq) > p,q)
(2.24)

and it was used the equality

(pa) (1) e = /g (775 2,
which can be obtained from the last expression in as follows
(E 1) e = pg

< (pg) (t"1?) e* =12

& gt )en=t

= Jpg(th)en=t%

< (pa) (P e = pq (¢77F)

e (pg) (F7) e = /pg (73 ) o, (2.25)

Thus, by keeping (2.22)) and (2.23]) in mind, and taking the definition of the Boltzmann
weights as follows

77 a(ﬂf u) HF( q e aeim iZUJ7p7Q)7

a+'y(y7 u) H r ( q €a+’yei1yeiZUJ7p7 ) )
7=1

n

Wiy (w,u) = []T (Vpg e e*™e*™i;p,q),

j=1
Wa(y.w) = [Tr (vF7 (475 ) erees:p.q).
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nav(x w) = ﬂF( ( A )enO‘Weiz:v izw,p7q>’
= —Ll +ix :k’L
Wt(x y) = 1:{ ( ( 2 )e”’e Y.p, q), (2.26)

it is possible to rewrite (2.21)) exactly as (2.17]), as desired. Note that the right hand side
Boltzmann weights contain an extra parameter t that is not present in the left hand side
ones. This feature will be shared with our result in section 2.3.2)

2.3 STR type expressions for 2d N = (0,2) USp(2N) dual-
ities

Gauge theories 2d N = (0,2) are nicely described in [77, [78]. The spectrum of these theories
consist of three different multiplets, namely, the chiral multiplet ® with one chiral fermion
¥, and one complex scalar ¢, the vector multiplet V' with one fermion y_ and gauge bosons
{va}a01, and the Fermi multiplet A with one chiral spinor A_, and an auxiliary field G.

The Fermi multiplet is required to satisfy the constraint D,A = V2E(®), where E is a
holomorphic function of the chiral superfields ®;. This theory also has a set of holomorphic
functions J* of the chiral superfields ®;, one for each Fermi superfield, that satisfies the
relation

> Ea(®:)J%(®;) = 0. (2.27)

An interacting term in the Lagrangian can be constructed with the Fermi multiplets and the

J* functions
=——fd2xd0+ (A Je )—h.c.
7' =0

This term can be thought of as the A/ = (0,2) analog of the superpotential. The suitable
choice of holomorphic functions F and J* defines completely the scalar potential and the
Yukawa couplings of the theory. Although those holomorphic functions are important in the
definition of (0,2) theories, in the identification of Boltzmann weights just the field content of
the theories is relevant so throughout this section we will concentrate on it. The contributions
to the index (elliptic flavored genus in the NS-NS sector) of 2d N = (0,2) theories coming
from chiral, vector and Fermi multiplets are calculated in [79, 8T] and they are given in terms
of the Jacobi theta functions.

2.3.1 2d N =(0,2) USp(2N) Intriligator-Pouliot duality

In this subsection we analyse 2d N = (0,2) USp(2N) Intriligator-Pouliot duality and we
build star-triangle type relations for different values of N. As stated in [59], this duality
comes from dimensional reduction on S? of 4d N' =1 USp(2N) confining Intriligator-Pouliot
duality (this one, first studied in [62], is the USp(2N) version of Seiberg duality). The 2d
N =(0,2) USp(2N) Intriligator-Pouliot duality is realized between a USp(2N) gauge theory
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Chapter 2. Star-triangle type relations from 2d N = (0,2) USp(2N) dualities

with 2N + 2 chiral multiplets in the fundamental representation, and a Laudau-Ginzburg
model with (N + 1)(2N + 1) chiral multiplets and a Fermi multiplet. The elliptic flavoured
genera expression for the duality of these 2d N = (0,2) USp(2N) supersymmetric quiver
gauge theories is, from [61ﬂ

f diy 0 (qs72(V+D): q)
I_Iz 1 H2N+2 7 (Sua q) H1§a<b§2N+2 0 (SQUan; Q) ’

(2.28)

where

) 2N N de
- 0] [ oo e
is the measure associated with USp(2N). Here, {ug}q-1,. 2n+2 and {s} are the sets of fugaci-
ties associated with the global symmetry group SU(2N +2), xU(1), of these theories. Thus,
to match with star-triangle type relations the three spectral parameters o, § and ~ have to
be distributed into N + 1 pairs of fugacities, each pair having an associated spin variable x;,
i=1,...,N+1, as in the subsequent expressions (2.37), (2.47), (2.56)), (2.65)), (2.75) and
(2.85). There will be then 4N (N +1) theta functions having spin variables z; in the left hand
side of while there will be 2N (N + 1) in the right hand one. It will also be useful to
define the following expressions

z; = e (2.30)
N

=[] d%, (2.31)
i=1

kS‘(sz;q)zf'_V{e(eﬂiQ q) T[] 0(ee*¥;q), (2.32)

1<i<j<N

where ([2.32)) will stand for the interaction factor for any value of N, so that (2.28)) can be
written as

[d2] 5 (€2 q) NI(4m)N 8 (gs2(V+1): )
/ TN, 12272 0 (suqe*i®: q) - (GO | Theombernen 0 (52Uatin; ) (2.33)
Define also the crossing parameter n as
n=atfty (2.34)
and the following notation that will be used throughout the whole work
0 (ac30) =0 (ac"s )0 (ac™q). (2.35)

In the following subsections we obtain STR type expressions for 2d N = (0,2) USp(2N)
Intriligator-Pouliot duality . In section we obtain an expression analogous to
the so called triangle identity identified in [65] in the context of Yang—Baxter /3 D-consistency
correspondence. In sections [2.3.1.3| and [2.3.1.4] we observe a similarity with the asymmetric
form of the star-triangle relation [64] 65 [66]. Finally, in sections [2.3.1.2} [2.3.1.5[ and [2.3.1.6|
an attempt to build an STR. type expression is carried out.

" As stated in this reference, equality l) can be tested perturbatively in variable g.
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2.3. STR type expressions for 2d N = (0,2) USp(2N) dualities

2.3.1.1 Case N=1
The analysis of N =1 case is interesting because duality (2.28]) reduces, by using (2.29)), to

4

(4;9)% dz o . +1 -1 -4 2 -1
—_— = / —0 (z ;q) H [9 (suaz ;q)] = 9(q3 ;q) H [9 (s uaub;q)] . (2.36)
dm tz a=1 l<a<b<d

which is precisely 2d N = (0,2) SU(2) duality considered in |70, 59] between a SU(2) gauge
theory with 4 chiral multiplets in the fundamental representation and a Landau-Ginzburg
model with 6 chiral multiplets and a Fermi multiplet.

By using (2.35)) and defining the following relations between fugacities, spectral parameters
and spin variables as

-1_-a+izy

uy=s-e , u3=s_le

Uy = s teT T uy = s e iz (2.37)

—B+izo
)

where z; and z, are the spin variables defined previously in the paragraph before Eq. ([2.30))
and the balancing condition as

(2.38)

4
[Ju-1
a=1

1

)
q
it is possible to write some factors in (2.36)) as

4
H 0 (Suazil; q) Sy (e—a+ix1€iiﬂ; C]) 0 (e—a—imeiiﬂ; q) 0 (e—,@+’ixged:iﬂ; C]) 0 (e—ﬁ—ixzeiiﬂ; q)

a=1

4] (e—aeiixleiiﬂ; q) 0 (e—ﬂeiim eiiﬂ; q) (239)
and
4 (Szuaub; q) =0 (6—204; q) 0 (6—25; q) 0 (e—(a+ﬁ)+ix1+ix2; (])
1<a<b<4
%0 (6—(a+/3’)+ix1—ix2; q) 0 (e—(a+ﬁ)—ixl+izg : q) ] (e—(a+,8)—ix1—i:p2; q)
=0 (6_20‘; q) 0 (6_2'3; q) 0 (e_(o"“ﬁ)e*i‘“e*m; q) . (2.40)
Also, note that the balancing condition implies the following relation

qs~ = 2arh), (2.41)

Now, by using Eqgs. (2.30), (2.39), (2.40) and (2.41), the index duality (2.36) can be

rewritten as

(4;9)% +2i00. —a xixy ,+iQ, -B iy  +iQ. B

R /[dﬂ] 9(6 ,q) 9(6 e*'le 7q)@(e e*'P2e ,q)
-1

=0 (62(‘“5); q) [0 (6‘26“; q) 0 (6_26; q) 0 (e_(aw)e*me”“; q)] . (2.42)
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Chapter 2. Star-triangle type relations from 2d N = (0,2) USp(2N) dualities

The definition of the interaction and normalization factors, S (€2;q) and R(«, 3), respec-
tively, as

S(;9) = (eq),

R(a, ) = —(1!(4)7211) 0 (62(‘”5); q) [9 (6_20‘; q) 0 (6_25; q) ]71, (2.43)

Y

and the Boltzmann weights as

W, (21,9) = [0 (e_o‘e*me*m; q) ]_1,
W5 (22,2) = [9 (e‘ﬁeime*m; q) ]71,
Weip (21,79) = [Q (6_(Oé+,8)€:bi3316:ti932; q) ]71’ (2.44)

allows us to write the index duality (2.42) as
f [d2] S (4 q) Wi (21, 2) Wi (09, 2) = R(cv, B)Wars (1, 22) - (2.45)

Expression ([2.45)) is very interesting because its form is analogous to that of the triangle
identity considered in the context of Yang-Baxter/3D-consistency correspondence [65].

2.3.1.2 Case N =2
Now let’s consider the case N =2 for which (2.28)) can be written, by using (2.29)), as

S [0t ] fota) T oG AT oGua]

i=1 Y% ] =1 1<i<j<2

In order to work explicitly both sides of expression (2.46) define the following relations

Uy = 5*16*0&1331’ Ug = 87167,6413:2’ ug = Sfleffyﬂxg,

Uy = s Lem uy = s e Pz ug = s Le V78, (2.47)

as well as the balancing condition

ﬁua =— (2.48)

1
.
By using (2.30) and (2.47)), the left and right hand sides of (2.46|) can be rewritten as

2 6 2
[1T710 (suazitsq) = 1|0 (suie*™:q) 0 (suge*mi; q) 0 (suse*; q)

i=1 a=1 i=1

<0 (swe*; ) 0 (suse*™; q) 0 (suge*; q)
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2.3. STR type expressions for 2d N = (0,2) USp(2N) dualities

=1
%0 ( -B zxgeiiQi; q) 4] (e—ﬁe—ixg eiiﬂi; q)

.

12[ l ( -« za:1€:tzQ q) 0 (e—ae—ixleztiﬂi; q)

x0 (e—vemg i q) 0 (e—’ye—ixg i q)
2
H [ ( - izmeizQ q) 0 (6—ﬂeiixzeii91‘; q) 4 (e—weiixgeiiQi; q) : (249)
=1
and

H 0 (52uaub; q) =40 (32u1u2; q) 0 (S2U1U3; q) 0 (32u1u4; q) 0 (s2u1u5; q) 0 (32u1u6; q)

1<a<b<6
(8 U3Uy; Q)
(s”usus; q)

(s*usug; q)

(s*usug; q)

(suzus; q)

(s*uaus; q)

(s*usus;q)

(5 Uzue; q )

x0 (s*ususz; q) 0 0 0 0
%0 (s*uzus; q) 0 0 0 6
= [9(6_20‘;q)9(6_25;q)6(e‘27;q)]

x[e ( —(a+pB)+ixzy+ize . g 0 (67(a+,8)+ix17i:p2; q) 0 (ef(oﬁﬁ)fixlﬂ'mg; q)

XQ( —(a+B)-iz1- Z$2

X[e ( (a+fy)+z:p1+m3, q 0 (e—(oﬁv)ﬂ'azlf@'mg : q) 0 (ef(oﬁy)fimlﬂ'xg; q)

x[@( (ﬁ+w)+zx2+zz3’ q 0 (e—(ﬂ+7)+ia:2—iz3; q) 0 (e—(6+7)—ix2+iz3; q)

)
J
)
R
)
0]

Xe (e (B"”Y) VEQ Z2?3

:[9(6‘2“;61)9( Q)H(e_z”ﬂl)]
Xle (e,(aJrg)eii;pleiixg; q) 0 (ef(oﬁr'y)eiiimeiimza; q) 0 (6*(ﬁ+v)eii:pzeiiw3; C]) ],
(2.50)

respectively. It is also important to remark that balancing condition (2.48|) implies the
relation

qs6 = Mo, (2.51)
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Chapter 2. Star-triangle type relations from 2d N = (0,2) USp(2N) dualities

Then, by using Eqs. , and , the index duality can be rewritten as
2 2
f[HdQZ] lne(eﬂm ) TI 0(c%ex% )]

1<i<j<2

-1
% H [ ( -« :tz:m izQ ,Q) 0 (e—ﬂeiizgeiiﬂi; q) 0 (e—veiixgeiiﬂi; q) ]

-1
_ 2'(477'4)1 l ( —2(a+ﬁ+fy); q) ”:9 (6—211; q) 0 (6—26; q) 0 (6—2’Y; q) ]
O
-1
x l@ (6_(a+,3)e:tim1 e¥ivz, C]) 0 (6—(a+'y)eiia:16ii:r3; q) 0 (e_(/B'F’Y)e:timze:tizS; C]) :| . (2.52)

Thus, by taking expression (2.31)) as well as the definition of interaction and normalization
factors, S (€2;¢) and R(«, 3,7), respectively, as

S(Q;q):fle(eﬂm ) H 0( +1QY; :&:'LQ )’

1<i<j<2

21(4r)> [ ( Q(me;q)“@ (e-za;q)g(e—zﬁ;q)g(e—zw;q)]_l, (2.53)

(4 9%

the crossing parameter as (2.34) and the Boltzmann weights as

R(a, B,7) =

Wi (IE1,Q) H[ ( -« imleﬂﬂ 76])]_17
W5 (22,Q) = H [9 (ePe*imeih; q) ]71,

W:!: (x3’Q) H[ ( :!:za?ged:’LQ ’q)]‘17

Wn_'Y(xla T, _) = [9 (6_(a+6)eiixleiim2;9) ]_17

Wn_[g(xl, ., ZL’3) = [0 (6—(a+7)eiix1€iix3; q) ] :
W”i—a(_y X2, 1‘3) = [(9 (e_(f8+7)€iiﬂf2€:tix3; q) ]*17 (254)

it is possible to rewrite (2.52)) exactly as the following STR type expression
[ 14915(90) W (4,9 W5 (22, 2) W (25, 2)
= R(a, 8,7)Wy-a(w2, 23) Wy (21, 25)Wy—y (21, 22), (2.55)

which resembles an STR, expression because of the distribution of the spin variables as well
as the spectral parameters in both sides of the relation despite the different definition of left
and right hand side Boltzmann weights.
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2.3. STR type expressions for 2d N = (0,2) USp(2N) dualities

2.3.1.3 Case N=3

The analysis is done in a similar way to those of the previous subsections. For this case it is
convenient to define the following expressions

Uy = S—le—aﬂxl’ us = 3—16—0&13:27 us = $—1€—5+2x3 Ur = s 16—’y+2x4
Ug = s LeT T uy = s temomiw ug = s te P, ug = s teT VT4, (2.56)
and the balancing condition
8 1
[Tua=-, (2.57)
a=1 q
which in turn implies
qs—8 = e2(2a%h), (2.58)

By using the same notation that we followed in the previous subsections it is possible to
write

N 2N+2 3 ' ' ' |
H H 0 (Suazfl; q) _ H [9 eoFiT eﬂQ ) 0 (e—a—ml eilﬂi; q) 0 (e—aHzQ eiZQi; q)
=1 a=1 i=1

e~ ixo e:tzQ ) ( ﬁ-%—ia;:;eiiQi. q) 0 (e—ﬁ—i:c3 eiiQi; q)

(
0 ( 0
< (€777 4%, ) 9 (€7 4%, ) ]
(
(

X

3
_ H [9 e aeilmleiZQ ) 0 (efaeii:vzeimi : q)
i=1
<0 (e -B ﬂxdeﬂﬁ ) 2] (e—’YeiméleiiQi; q) ] (259)

and

[T 0(s*uqw;iq)x= [9( 2 q)] 0(e%:q)0(e;q)
1<a<b<2N+2
%0 (€—2aiix1ii:p2; q) 0 (e—(a+6)ﬂ'zliimg; q) 0 (6—(a+'y)iim1:tix4; q)
%0 (e—(a+,3):ti332:tiz3; q) 0 (e—(a+'y):tizgii$4; q)
xf) (e~ (Frm)simasina, g) (2.60)
We use again , the interaction factor , and the normalization factor R(«, 3,7)
given by

-1

e = ?;.(3;33) (X7 q) [[9 (e29) 0 (*50)0 (e ;9) (2.61)

oo

as well as the crossing parameter (2.34) and expressions and - to write ( as
[ [dﬂ] S (Q, Q) H [ ( - ilxlei’LQ q) 0 (efaeiixgeiiﬂi; q)
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Chapter 2. Star-triangle type relations from 2d N = (0,2) USp(2N) dualities

-1

%0 (e_ﬂe:!:ixge:tiﬂi; q) 9 (e—’ye:{:ix4e:{:iﬂi; q)

= R(a, 8,7)] 6 (e‘%‘*mlﬂﬂf‘?; q)0 (6_(n_7)iimlii$3; q) 0 (e—(”]—ﬁ):&ixltia}4; q)

-1
%0 (6—(n—'y)iix2ﬂa}3 : q) 0 (6—(77—ﬁ):tix2:tix4; q) 0 (6—(77—04):&1’317;1:4; q) ] ) (262)

The last equation is quite suggestive and definition of the Boltzmann weights as

3
H [9 (6faeiix1€iiﬂi; q) 0 (efaeiixzeiiﬂi; q) ]
Wa (.1'17.172, Q) = =l

-1

[@ (e-2osizi iz g) ]‘1

3
Vs (w3, 92) = [][0 (e Pe*™se*%:q) |,
=1

3
V, (24, 92) = [][0 (e e q) ],
=1

Wn—a (_7 T3, $4) = [9 (6—(n—a)iiac3:tia:4; Q) ]_17

Vn—ﬂ (fL‘l,I‘Q, N x4) - [6 (e—(n—ﬁ):tm’liiau; q) 0 (e—(n—ﬁ)iil‘giix4; q) ]—17

Ve (w1, 00,23, ) = [0 (e7(r)*msios, o) (e (rmm)xiasizs ) ]_17 (2.63)

leads us to write down the index duality (2.62)) as

[ 14908 (9 )W (01,2, 2) Vi (25, @) V, (24, 2)
:R(Oé, B?V)ana (_7 _, T3, ;C4)Vn,5 (xlu X2, 71.4)777*“/ ('rla T2,T3, _) . (264)

Note that each side of have the same definition for two Boltzmann weights while the
third one is different. This feature resembles the graphical representation of the asymmetric
form of the star-triangle relation [65]; unfortunately here there are more spin variables and
the position of V and V is not the same as in [64] 65, [66] for the asymmetric star-triangle
relation in the context of Yang—Baxter/3D-consistency correspondence.

2.3.1.4 Case N=4

The analysis is quite similar to that of the previous case. Define the expressions

-1 _-a+ixy

up =8 -e . Uz = s leTatiz

. ug = 8—16—[3+mg7 up = 8—16—6+m:4’ Ug = S—le—y+m57
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2.3. STR type expressions for 2d N = (0,2) USp(2N) dualities

Uy = s teT Iy = sTleT T gy = gl AT e = sTle P gy 0 = s7he T (2,65)

and the balancing condition
10 1
[Tua=-, (2.66)
a=1 q

which now implies

510 = 2(2a+26+7) (2.67)

This time, factors in the left and right hand sides of (2.33]) can be worked out as

2N +2

N 4
H 0 (SUGZZ?H; q) H [ ( -« izmleizﬂ ,Q) 0 (e—aeiixgeﬂﬂi;q)

i=1 a=1 1=1
%0 (e—ﬁeimg 6iiﬂi; (]) 0 (e—ﬁeiim eiiﬂz‘; q) 0 (e—’Yeiiws’) eiiﬂz‘; q) ] (2.68)

and
2
9(5 uaub,q) = [6(6 2a,q)] [9( 25 q)] 9(6 I q)
1<a<b<2N+2
%0 (6—20412':01:&1':62 ) 0 (6 a+,8):tix1:tir3 ) 0 (6 (o¢+,8):tix1:tix4; q)
%0 (6 (a+'y)izx1izx5’q) (6 (a+[3):tzx2:tza:3’ q)
%0 (6 (a+5)im2izx47q) (6 (a+'y)izx2im5, q)

<0 (6—26im3ﬂm4’ q) 0 (6 (B+Y)tizz+izs. : q) 0 (6 (B+7)xizgxizs : q) ’ (269)

respectively. Again, definitions (2.31)) and (2.32)), crossing parameter (2.34)), and normaliza-
tion factor R(«,3,7) given by

R(,B,7) = (”j_(ji?ff) A R )) [[9 (e2) T0(e*50) [0 (e Q)] ., (2.70)

are considered. Moreover, expressions (2.68) and (2.69)) lead to write (2.33)) as

f [d2] S (2;q) H [ ( —0 iy i€ ,Q) 0 (e—aeiiz2€iiﬂi;q)
-1
x0 (6—5€iix3 eiiQi; C]) 4 (6—,36iix4 eiiﬂi; q) 0 (e—weiim eiiﬂi; q) ]

= R(a, 5’ 7)[9 (6—20&12'1‘1:!:1'12; C]) 0 (e_wimsiim; (])

%0 (ef(nf'y)iizliimg; q) 0 (e*('f]*’)/)iiwliile; q) 0 (ef(nf'y)iimgiixg; q

) (e—(n—v)iimgﬂ‘u; q) 0 (e—(n—ﬁ)imiims ; q) 0 (6—(n—6)ii12iiz5 ; q)
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-1

w0 (6_(n_a)iix3iim5; q) 0 (e—(n—a)iix4iim5; q) . (271)

Finally, definition of the Boltzmann weights as

[6 (€_aeiia:1 eizﬂi; Q) 0 (e_aeiiIQ eﬂni ; q) ]_1

—.

Il
—_

Vo (21,22,Q2) = =

Y

[9 (e—2aiixlii:p2; q) ]_1

[9 (e‘ﬁeim exih Q) 0 (e_ﬁeim et q) ]_1

-

Vi (23,24,2) = =

Il
—_

[9 (e-2Bxivaziz; q) ]*1
4
W, (x5,82) = H [9 (6’76“‘”56“91'; q) ]_1,

=1
Vo (s _ a3, 24,35) = [0 (e7(m)sissivs, ) g (e (nme)sivasios, g ) ]_17
Vs (@1,0, _, _,a5) = [0 (e Or=m=ins, g) g (e-(rP)sizasizs ) |7

Wn_fy ($1, T9,T3,24, _) = [9 (e—(ﬁ—'y)ii:miizg; q) 0 (6—(77—7)11‘96111‘9:4; q)
-1

%0 (e—(n—'y)iixgiixg; q) 0 (e—(n—'y)iiini:a;; q) ] ’ (272)
allows us to write the index duality (2.71]) as
f [dQ]S (2;q) Vi (21, 72, 2) Vi (23, 24, Q) W, (25, Q)

:R(a,ﬂ,v)vn_a (_, _,$3,$47$5)Vn—6 ($1, T, _, _7$5)W77—'y ($1, Lo, T3,T4, _) )
(2.73)

whose analysis is analogous to that of N =3 case but with more spin variables.

2.3.1.5 Case N=5
In this case, expression (2.28) can be rewritten as

(@)= [ﬁ d_] [ﬁe(z;aq) I 9(z$12?1;Q)]

(O)(4m)> it 92 | [t 1<i<j<5

A generalization of relations (2.47)) is given by

Uy = S_1€_a+m1, uz = sle ’
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2.3. STR type expressions for 2d N = (0,2) USp(2N) dualities

Uy = S—le—a—wq,
ug = 8_16_’B+lx3,
Ug = 5_16_5_”3,

Ug = S—le—yﬂzs’

Uy = S—le—a—zx27
Uy = 8_16_ﬁ+m4,
ug = s_le_ﬁ_m‘,

Upq = S—le—'yﬂzvs’

Uyg = § e VTS, Upy = s Le Vs, (2.75)

while the new balancing condition reads

12 1
l:[l Ua = 5’ (2.76)

which in turn implies
gs12 = etlarBe), (2.77)

Now, by using Eqgs. (2.30) and (2.75) for the left and right hand sides of (2.74)), one has

5 12 5
0 (suazfl; C]) _ H |:9 (e—aeiixleiiﬂi; C]) Ja (e—aeiizz ed:’iQZ'; C_I)
=1

a=1 i=1

1

<0 (e—b’eiixg eiiﬂi; q) 0 (e—ﬁeiifmeiiﬂi; C])

x0 (e‘”eﬂ“e*mi; q) 0 (e’“’eﬂx6eimi; q) ] (2.78)
and

[] ¢ (32uaub; q) = l@ (6’20‘; q) 0 (6’2"‘; q) 0 (6’2'3; q) 0 (6’25; q) 0 (6’27; q) 0 (6’27; q) :|

1<a<b<12
% le (6*(a+&)eii$1 eiixg; q)
% 0 (e—(a+ﬁ) eiixleiixg; (]) 0 (e—(a+ﬁ)€iix1€iiw4; (])
% 0 (6—(a+ﬁ)€iix2€iix3; (]) 9 (6—(a+5)€ii$2€iix4; (]) :|
% le (6—(ﬁ+ﬂ)eiix36:{:iw4; q)
% 0 (e—(5+7)€iiz3 s, q) 9 (6—(ﬂ+7)eii$3 e, q)
x 0 (6*(5+7)€ii14€iix5; q) 0 (6*(5+’7)eiim4eim6; q) ]
% le (6—(Py+’y) 6:&1’905 eiixg; q)
% 0 (e—(a+’y)etixleiix5 ; q) i (e—(oc+7) eiiwleiiwe; (])

% 0 (e—(a+7) T2 p*iTs : q) 0 (6—(o¢+'y) etiT2 eiixﬁ; q) ]7 (279)
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respectively. Thus, by keeping expressions (2.31), (2.77)), (2.78) and (2.79) in mind, definition
of the interaction factor S (€2;¢) and the normalization factor R(«, 3,7) as

S(Q;q):ﬁe(eizm ) H 0( +i8); :!:IQ )7

1<i<j<b

R(a, 8,7) = (E;(:;zz)lﬁ(e‘*(“*ﬁ”);Q)“9(6‘2“;61)9(6_25;61)9(6_2”;61)]_’ (2.80)

the crossing parameter as (2.34) and the Boltzmann weights as

5
H [9 (e—aeii$1 eiiQi; q) 0 (e—ocej:iafg e:l:iﬂi; q) ]71
W5 (21, 22,82) = : - 5
(Il 2 ) [9 (672a€iix1 eii:pg; q) ] 1

[9 (e‘ﬁeiz‘m e Q) 0 (6_66*”4 e+ q) ]_1

W (%3,374,9) - : _ )
B [9(6‘2%*”36*”4; q)] 1

:]m

1l
—_

[0 (ef'yeii:lmeiigi ; q) 0 (6*’Y€iix66ii9i ; q) ]—1

W (w5, 26,2) = : ,
( 576 ) [0 (G—Q’Ve:ti.rf,e:tixe;q)]_l

:]m

1l
—_

Wn (21, T2, 3,24, _, _) = [9 (6—(a+ﬁ)eim€m3; q) 9 (6—(a+,3)6m1€m4; q)

Ny (e—(a+ﬂ)eim2€m3; q) 9 (6_(a+5)€m26m4; q) ]17
Wy-a(_, _,23,24,25,76) = [9 (e (B gtizagzins; ) g (e=(F+) gxins gizo, ¢

x 0 (e—wm i1 p¥ias q) 9 ( e (B+7) iz pive. q) ]1’
W-p(z1,22, _, _,5,%6) = l@ (6*(a+7)€iiwleii$5; q) 0 (67(a+7)eiiz1eii16; q)

x 0 (6—(a+7)6iix26iix5 : q) 9 (e—(a+’y)€:{:i$26iix6; q) ]_17 (2.81)

makes it possible to rewrite (2.74)) exactly as the STR type expression
/ [d2] S (Q;9) W§ (21,22, 82) Wj (73, 24,2) w3 (w5, 26,2)
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= R(O[, va)Wn—a(_7 _,X3,T4,Ts, $6)Wn_5($1,$27 . I5,[E6)Wn_7($1,ZE27ZL’3, Ta, _, _)a
(2.82)

which can be thought of as a generalization of N =2 case for more spin variables.

2.3.1.6 General case N =3k +2

Calculations made for the cases N =2 and N =5 can be naturally extended to all values of
N such that N =3k +2 for any k € Z* U {0}f] In this case, (2.28) can be rewritten as

/R(k)rk”dzz][ff@(zfz;Q) [T 6 ;1,q)]3ﬁ26(ﬁ1)[e(s%zﬁl;q)]_l

i=1 Y%i || i=1 1<i<j<3k+2 i=1  a=1

=0(gs* ) ] l@ (s*uqup; q) :|_ . (2.83)

1<a<b<6(k+1)
where
(49 2(3k+2)
R(k) = L : 2.84
(k) (3k +2)!(4m)(3k+2) ( )
Generalization of relations ([2.47) is
-1 _-a+i -1 _—a+ix(y,
uy =s e Ug(ka1)-1 = 5 € 0D,
1o i
ug =s e U(ke1) =8 € 0D,
u2(k+1)+1 =S 6 5+’Lx(k+1)+1 U4(k+1) 1= =3 6 B+Z$2(k+1)
UQ(k+1)+2 =g~ 6 -8- 2$(k+1)+1 U4(k+1) =g~ 6 -B- 1502(k+1)
U4(k+1)+1 - $_1€_7+ix2(k+1)+1’ U6(k+1)—1 — 3_16_’7”"’53(“1)’
Ug(r1ysp = § €720 Ug(re1y = S €773 (2.85)
while the new balancing condition reads
[] wa=-. (2.86)
a=1 q

Then, by keeping crossing parameter (2.34) and expressions , and - in

mind, generalization of interaction and normalization factors, S (Q,q) and R(a, 8,7), re-
spectively, to

3k+2
S (Q’ q) — H 0 (eiQiQi;q) H 0 (eiiQieiin;q) ’
i=1 1<i<j<3k+2

8The cases k =0 and k = 1 correspond precisely to the cases N =2 and N = 5, respectively.
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3k+2 —(k+1)
F(a. B,7) = (3k(+ 2)!2((3;)@ le (G “9 (e2%:9)0(e;q) 0 (e Q)] :
¢4

[ee]

(2.87)
and Boltzmann weights to
3k+2 k+1 S -1
H H [9 (e—aetza}jeizﬁi; q) ]
i=1 j=1
W;(l‘l,...,l’k+1,ﬂ)= ! )
H [9 (e—2aeiixmeiixn; q) ]
m,n=?}fﬁ(k+1)
3k+2  2(k+1) ‘ ‘ -1
[9 (efﬂeizxjeizﬂi : q) ]
i=1 j=(k+1)+1
Wi (2 r1)s1s - - Tagen), ) = e >
H [9 (e—2ﬂeiixm eiia:n; q) ]
mon=(kt1)a T 2(k+1)
3k+2  3(k+1) ’ ’ -1
|:9 (e—ﬂ/eizzj eizQi; q) ]
=1 j=2(k+1)+1
W; (132(k+1)+17 <oy L3(k+1), Q) = : 1
H le (e—Q'yeiiz‘m eiixn; q) ]
mon=2(k+ 1) e1,...3(k+1)
-1
Wi, ({fEl}l:l,...,3(k+1)\{$2(k+1)+1,...,3(k+1)}) = H [9 (6_(0”5)6*”7”@*”"; q) ] ,
m=1,...,(k+1)

n=(k+1)+1,...,2(k+1)

-1
Wiea ({zihier s\ a1, - 2 ) = [] le (e(ﬁ”)emmeﬂ‘””;q)] ,

m=(k+1)+1,...,2(k+1)
n=2(k+1)+1,...,3(k+1)

-1
Wes ({zidhimt, e )\ sty 1,200y ) = [ le (e(emesizmexitn, ) ] ,

)
m=1,...,(k+1)
n=2(k+1)+1,...,3(k+1)

leads us to write down the index duality (2.83)) as the STR type expression
/ [dﬂ] S (97 q) Wai (xla coo sy Thal, Q) Wﬂi (x(k+1)+17 <oy L2(k+1), Q)
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XW*($2(1€+1)+1,-- y L3(k+1)) )

59)

which is a generalization of the results obtained in subsections [2.3.1.2] and [2.3.1.5]

2.3.2 2d N =(0,2) USp(2N) Csaki-Skiba-Schmaltz duality

In this subsection we study a 2d N = (0,2) USp(2N) Csaki-Skiba-Schmaltz duality for
theories with matter in the antisymmetric tensor representation. This duality is obtained
in [61J] from dimensional reduction of 4d A" =1 USp(2N) Cséki-Skiba-Schmaltz duality for
theories with matter in the antisymmetric tensor representation first studied in [62]. The
2d N = (0,2) USp(2N) Csaki-Skiba-Schmaltz duality is given between a USp(2N) gauge
theory with 4 chiral multiplets in the fundamental representation, N Fermi multiplets and one
antisymmetric chiral, and a Laudau-Ginzburg model with 6/N chiral multiplets and N Fermi
multiplets. The elliptic flavoured genera expression for the duality of these 2d N = (0,2)
USp(2N) supersymmetric quiver gauge theories is, from [61],

I]X[G(qx*"'q) [ 2 !
i=1 7 [0(x;q) ]V Hl£i<j§N 0 (xz Z aQ) Hf\il H3=1 0 (sx%uazfl; q)

i N 0 (qs—4xi— 2 : q) 20)

- 2N+1

. 20— .
=1 H1£a<b§49 (8 T 3 uaub;Q)

where, again,

2N N
iy E

_Nl(4 )NH dzz (zﬂvQ)] [T 0(z"2%0) (2.91)

iz 1<i<j<N
is the measure associated with USp(2N). Here, {ug}a-1.. 4, {s} and {z} are the sets of
fugacities associated with the global symmetry group SU(4),xU(1)sxU(1), of the theories.
Note that for N =1 the duality is, as well as in the Intriligator-Pouliot case of section [2.3.1.1
reduced to the 2d N = (0,2) SU(2) duality considered in [59, [70].

Index duality can be analysed for general N by defining, in analogy with (2.37)), the
following relations between fugacities, spectral parameters and spin variables

_ N-1 _ - _ N-1 _ .
Uy =$ 11,—3 e o¢+z:1317 Ug = S lx—3 e [3+z:::2’
N N1 gy
Uy =stxTs e L uy = st s e iz (2.92)
and the balancing condition
4 1
[Tua=-. (2.93)
a=1 q

9This reference actually found two different index dualities, we refer here to the one given by Nj = 4 and
Ny =0.
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First of all, use (2.30)) to define

N
H 0 (eiQiQi; q) H 0 (eiiﬂieiiﬂj : C])

l N i =1 1<i<j<N
S (Q;x>q) = ge(qx ;Q) [Q(JZQ)]N H ]0 (:L'eﬂﬂieiigj'q) (2‘94)
1<i<j<N

and, in turn, use it to rewrite (2.90) as

()2 f l - dzz-] l ] 1
A1/ 4 NN - SI (Q; x? q) 1-N
NI(4m)N 111 12 MY, 12,6 (sxTuazfl; q)

0 (qs“‘xi‘ 2 : q)

N
= — T (2.95)
g HlSa<b§4 0 (823327 2]\; : UqUp, Q>
By using expressions it is possible to rewrite some factors in (2.95) as
N 4 1-N N . . . . . .
H H 0 (SI'TUGZ;El; q) — H [9 (6—04‘*'1901 eizﬂi; q) 0 (e—oz—z:ueizﬁi; q) 0 (e—ﬁﬂxgeizﬂi; q)
i=1 a=1 i=1
%6 (e—ﬁ—imgeiiﬁi; q) ]
— H [9 (e—aeimleizﬁi; q) 0 (e—ﬁeimzeizﬂi; q) ] (296)
i=1
and
N . 2N+l N . .
IT 1] ¢ (szx" 3 UgUp; q) =] l@ (x’_le_%‘; q) 0 (xz_le_m; q)
1=1 1<a<b<4 i=1

%0 (l,iflef(avtﬁ)ﬂxfrixg; q) 0 (l.iflef(a+ﬁ)+ix1—i:v2; q)

%0 (xi—le—(oﬁ,ﬁ)—imlﬂxz; q) 0 (xi—le—(oz+,6’)—ix1—ix2; q) ]

N
— H |:9 (xi—le—Zoz; q) 0 (Ii—le—2ﬁ; q) 0 (xi—le—(a+ﬁ)€:tia:1e:tia:2; q) ]

i=1
(2.97)
Also, we note that the balancing condition (2.93)) implies the relation
qs‘4x4(N3_1) = 2B (2.98)
from where we have
0 (q5_4xi‘ 2 : q) =0 (mi_(2N_1)e2(°‘+ﬁ); q) ) (2.99)
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By using expressions ([2.96)), (2.97) and (2.99)), the index duality (2.95) rewrites as

(a2 r[d g o1 m—

-1
l@ (xi—le—Zoz; q) 0 (xi—le—QB; q) 0 (xi—le—(oﬁﬁ)e:tixl eiixg; q) :| )

(2.100)

-

_9 (xi—(2N—1)€2(a+6); q)

1

Il
—

Thus, by keeping (12.31)) in mind, identification of the interaction factor S (€2;x,q) and the
normalization factor R(«, 3;x) as

S(Q;2,q9) =5 (2;2,q),

N N -
- —]E];_(;l;TQ)N [e(g;i—(QN‘”eQ(“*ﬂ);q)]H [9(xi_le‘Q“;Q)Q(ﬂ_le%éq)] , (2.100)
J oo i=1

and the Boltzmann weights as

R(a, B;x)

[e7

- -1
Wy (21,0) = ﬁ 0 (e‘ae*iwle*mi; q) ] ,
NT -1
W5 (22,2) = n 0 (6_’3€iix26iiﬂi; q) ] ,
z]:V |
[1

-1
W$+B (ZL‘l,.IQ) _ 0 (xi—le—(wrﬂ)eiz‘meﬂm; q) ] ’ (2.102)

Il
—_

)

leads us to put the index duality (2.100) in the form
f [dQ]S (2, q) Wa (1, 92) Ws (72,2) = R(a, B;2)W5, 5 (21,72) - (2.103)

Again, as in the Intriligator-Pouliot case discussed in section expression
has an analogous form to that of the triangle identity considered in [65] but with a slight
distinction between left and right hand side Boltzmann weights given by an extra parameter
x in the latter one, this situation is quite similar to that in expression for Boltzmann
weights found in [55].
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Conclusions and future research lines

This thesis concerns research work done in mathematical aspects of quantum field theories,
on the one hand the construction of higher-order average asymptotic Vassiliev invariants
in Chern-Simons gauge theory and on the other hand the derivation of star-triangle type
relations from 2d N = (0,2) USp(2N) supersymmetric quiver gauge theory dualities.

In chapter 1| we pursued the calculation of average asymptotic Vassiliev invariants for flows
associated to higher order terms of the perturbative Chern-Simons theory by using Bott-
Taubes integration in the configuration space. The traditional way of obtaining asymptotic
invariants is to give a partial foliation on the underlying manifold with leaves of certain
dimension [20, 21l 22]. One can endow the manifold with a collection of flow boxes and orient
the set of flow boxes along the foliation. On the submanifolds transversal to the leaves one
gives a transverse Borel measure of the foliation preserved by the flow. These data gives rise to
a geometric current and it is used as an object dual to differential forms defined on the leaves
of the foliation. That determines a homology cycle dependent on the flow or the associated
vector field. Consequently, in order to define topological invariants for flows we integrate
differential forms on the transverse measure. Jones-Witten theory is precisely an example
where this construction can be applied [19], here, observables are defined as integrals of the
pullback of the connection one-forms on M over the one-dimensional asymptotic cycle. In the
original version of perturbative Chern-Simons theory it was very difficult to write Vassiliev
invariants as integrals of certain differential forms. However the formulation of perturbative
Chern-Simons theory using Bott-Taubes integrals on configuration spaces [38] gives rise to a
natural way of determining the cohomology of such spaces and in consequence the Vassiliev
invariants can be easily rewritten as integrals of certain differential forms on these spaces.
In this chapter we also studied in a systematic way the correspondence between Feynman
diagrams in perturbative Chern-Simons theory and the associated Bott-Taubes integrals. For
the Feynman diagrams of order one in 1/k, we regained the self-linking number ((1.82). For
second order in the expansion of 1/k there are two relevant contributions to the Vassiliev
invariant which come from Eqs. (1.90) and (1.93). For order three, there are four diagrams
which contribute to the Vassiliev invariant whose asosiated Bott-Taubes integrals are given
in BEgs. (1.101), (1.107)), (1.111)) and (L.115)). The analysis of the first order contribution for
Feynman diagrams having all the marked points lying on the knot and the discussion of one
second order diagram with three points lying on the knot and one outside from it was worked
out in Ref. [40]. In the present chapter we regained the Vassiliev invariant at second order in
perturbation theory constructed from the relevant diagrams Ds; and Dss. This was obtained
after a proper discussion of the behavior of the boundary terms. Moreover, we go further
to third order and regain the corresponding Vassiliev invariant; an analysis of the boundary
terms of the Bott-Taubes integrals is also discussed. The problem arising in the computation
of the Jones-Witten invariants for flows [19] involving the distinction between the Abelian
and non-Abelian cases does not appear here. Even if we are discussing the non-Abelian case,
the Vassiliev invariants are obtained as a perturbative series and then the exponential in the
Wilson loop operators are expanded leaving all the terms as Lie algebra valued objects.

We have used the previous results and the advantage of writing Vassiliev invariants as
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2.3. STR type expressions for 2d N = (0,2) USp(2N) dualities

Bott-Taubes integrals in order to introduce flows on the underlying manifold. Thus we
were able to incorporate easily the non-singular and non-divergence smooth vector field X
on M (R?® or S*) to obtain invariants of triplets (M,F,u). This approach was followed
in Ref. [4I] to compute some average asymptotic Vassiliev invariants, namely the average
asymptotic self-linking number was obtained. This invariant was obtained at higher-order
with all marked points lying on the knot. For the first order in 1/k the average asymptotic
Vassiliev invariant corresponds precisely with the average asymptotic self-linking number or
helicity obtained in [41]. Furthermore, at second order there are two contributions
to the average asymptotic Vassiliev invariant, which is given by the sum of Eqs. (1.125))
and . The boundary terms cancel by the same reason that in the case without flows.
Moreover, the average asymptotic third order Vassiliev invariant is given by the superposition
of four average integrals in Eqs. (1.134), (1.138), (1.143) and (1.144). From the previous
results it is clear that average asymptotic Vassiliev invariants obtained from higher-order
diagrams in Chern-Simons theory will be constructed following a similar procedure. An
algorithm for the construction of any order diagram is not given here and it is a subject
of future work. Also, it would be interesting to generalize these explicit constructions to
the case of the two component links described in reference [I8]. It has to be noticed that
the match between amplitudes coming directly from perturbative Chern-Simons theory and
those arising from Bott-Taubes integrals in configuration spaces is given in this work up to
signature. The reason is that Chern-Simons theory was expressed in Lorentzian signature
while Bott-Taubes integration is shown to be compatible with the Euclidean signature.

Among the different future directions for the work described in chapter [I| my interest is
mainly focused in categorification. It is well known that knot and link invariants can be
categorified to obtain knot homology invariants, particularly, from the Jones polynomial [2]
it can be built the so called Khovanov homology [82]. The physical approach to that homology
in terms of gauge theory and brane theory was studied, for instance, in [83] 84], 85, [86]. My
future plan is to find an average asymptotic version of the categorified Jones polynomial (it
is not clear if the formalism of Bott-Taubes integrals will play an important role also in this
case) and to study a potential relation with Vassiliev invariants via categorified Vassiliev
skein relations [87, [88]. If this asymptotic version is found, then, a generalization related to
HOMFLY-PT homology would also be worthy. It would also be interesting to extend the
work done in this chapter towards two possible directions, the first one is to construct the
average asymptotic Vassiliev invariants for knots at order four and beyond, while the second
one is to include the description of section to obtain higher-order average asymptotic
Vassiliev invariants for links; both possibilities will face up some mathematical subtleties,
in the first one it would be nice to find a mathematical framework that takes into account
the ghost fields (it is not clear if Bott-Taubes integrals in configuration spaces are enough
to capture this information) even though those associated Feynman diagrams are supossed
to be cancelled as in order two, while the second one requires the inclusion of configuration
spaces of products of manifolds and many of their properties.

In chapter [2| a brief overview of the gauge/YBE correspondence is provided. The work
performed in this subject is brand new, the dictionary of this correspondence is incomplete
and it is yet under construction. For example, references |89, 00] contain a large list of
4d N =1 dualities and their corresponding supersymmetric index equalities, this is done for
many gauge groups, but it is not clear if there are star-triangle type relations associated to all
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Chapter 2. Star-triangle type relations from 2d N = (0,2) USp(2N) dualities

of them. In particular, star-triangle type relations associated to 2d N = (0, 2) supersymmetric
quiver gauge theory dualities had not been found before and so they are not included yet
into this context. Tt was the purpose of this chapter to provide them for the 2d N = (0,2)
USp(2N) dualities presented in Ref. [61], that is, Intriligator-Pouliot and Cséki-Skiba-
Schmaltz dualities in two dimensions.

The derivation coming from Intriligator-Pouliot duality for A/ = (0,2) supersymmetric
quiver gauge theories was carried out explicitly for different values of N. In particular, for
N = 2,5 we found that the realization of the duality conditions and implied
the corresponding STR type expressions and , respectively. These cases were
generalized to the value N = 3k + 2, where duality condition implied STR type ex-
pression . It should be noticed that the generalization is only straightforward in this
case because there are 6k + 6 fugacities associated with the symmetry group SU(2N + 2),
and so the spectral parameters «, § and ~ can be equally distributed. That is, there are
2k +2 fugacities (or, alternatively, k+1 spin variables) for each parameter as it can be seen in
. All these STR type expressions have two different definitions for Boltzmann weights,
one for the left hand side and other for the right hand side ones. The cases with N = 3,4 (ex-
pressions (2.64)) and ([2.73)), respectively) are somewhat similar to the asymmetric form of the
star-triangle relation already reported in Refs. [64] [65] 66] although they are not exactly the
same. The value NV = 1, our expression , is more interesting because it highly resembles
the triangle identity reported previously [65] in the literature of Yang—Baxter /3 D-consistency
correspondence.

The derivation of expression from Csaki-Skiba-Schmaltz duality for N = (0,2)
supersymmetric quiver gauge theories with an antisymmetric tensor is valid for all values
of N, this expression also resembles the triangle identity found in [65] but the right hand
side Boltzmann weight have an extra parameter similar in spirit to definitions coming
from [55]. The existence of an extra parameter is a feature preserved under dimensional
reduction but it is quite interesting to notice that even when in four dimensions the associated
expression is the star-triangle type relation , for two dimensions one obtains the triangle
identity , this is due to the fact that the amount of fugacities is clearly different in
each dimension.

As part of the work, the Boltzmann weights as well as the interaction and normalization
factors were completely determined for all cases. It is worthy to remark that all examples
we found here have not exactly the form of a SSR or a STR expression, which we certainly
know give rise to integrable models. Thus, although we have shown that the diverse dualities
of certain 2d N = (0,2) models considered here have an associated STR type expression they
probably do not represent integrable models. Actually, in the context of Yang—Baxter/3D-
consistency correspondence the relation of triangle identity with integrability is still unclear
[65]. We hope our expressions could give insights in the study of integrability in an alter-
native direction to that of Ref. [69] were a triality between 2d N = (0,2) models was found
and it was conjectured that a tetrahedron equation of certain integrable systems would be
associated with those models. Precise determination of integrability properties of our STR
type expressions is an interesting topic for future work.

There are many striking future directions for the work presented in chapter 2, but I am
specially interested in the determination of precise integrability properties of the obtained
star-triangle type relations and their potential connection with (0,2) trialities [69] and with
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some works in Yang-Baxter/3D-consistency correspondence (see for example [65]). The first
possible connection I glimpse with trialities is related to the space of 2d N = (0,2) theories
preserving supersymmetry which can be schematized as a triangle (see reference [69]), the
theories in the vertices and in the edges of that triangle could be simple enough to have a
star-triangle type relation similar to the ones found in the work of this chapter. The second
possible connection is due to the speculation that trialities are related with a tetrahedron
equation in the same sense Seiberg-like dualities are related with Yang-Baxter equation, then
it would be interesting to study if the star-triangle type relations found in this chapter are or
not a special case of a tetrahedron equation. Another research lines I want to work on are the
relation of those expressions, no matter whether they have an integrable model associated
or not, with topological knot and link invariants [90, OT], and the possible description of
gauge/YBE correspondence in terms of brane box configurations discussed in Refs. [02, 03].

It is worth mentioning that my work will not be limited to the personal interests described
above. I truly believe this thesis is just an opportunity to promote and to encourage collab-
orative work with other students and researchers either in one of the projects described here
or in another ones that we can elaborate together. Finally, it can be added that I also have
research interest in collaborative work with other areas of science through subjects like DNA
modeling via knot theory, topological data analysis and machine learning.
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APPENDICES A

Pullbacks and integration

A.1 Pullback bundle

A pullback (or fibre product) of a pair (f: X - Y,¢g:Z - Y) is a subspace of the product
X x Z defined by
Xxy Z:={(x,2) e X xZ| f(x)=9(2)}. (A1)

Then by considering the projections m : X x Z - X and my : X x Z - Z from X x Z
into their first and second coordinates, respectively, the restriction of these maps to the fibre
product

pri=T|xxyz: X Xy Z > X, Pro=Tmo|xxyz: X xy Z > Z, (A.2)

makes diagram in figure commutative.

#

Y 7 Z

f pr2
-

X(#XXYZ

Figure A.1: Pullback of a pair (f,g).

In the case that f: X — Y is a kind of bundle and ¢g: Z — Y is a morphism between the
spaces, then the fibre product is usually denoted by ¢*X and pry : ¢* X — Z is called the
pullback bundle of the bundle f over Z |26]. Since this is a commutative diagram, the icon
inside it is a usual notation to identify the fibre product X xy Z and the corner of this icon
indicates the direction of all the arrows in the diagram.

A.2 Integration along the fibres

Let 7 : E — B be a smooth fibre bundle with homotopy compact fibre F, = 77! ({b}) ~ F
with dim(F) = n. Let w € Q% (E). There is a map 7, : QF (E) - Q¥ (B) called integration
along the fibre of w given by

(maw)y (Vi V2, V) = f . (A.3)

F,
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where w, is an n-form in the total space E whose pullback through the inclusion map
i: Fy, - E is now an n-form in the fibre £}, which is given, for a point p e 71 ({b}), by

(i (W) (W, s W) =0 (W, W [V [V ],) (A.4)

with [Vbi]é e T,E any lift of the tangent vector V' € T,B and {Wy,...,W,} a set of vectors
tangent to [} at the point p.
To ensure that this definition is independent on the choice of the specific lifts consider two

different lifts [V]e and [V,]e of V! over the point p € F,. Since both of them are lifts then

dm, ([V],-[V'],) =V¥ - Vi =0, (A.5)

thus [V],-[V’], € Ker (dm,) = T,m ' ({b}). Now the set {W1,...,W,,[V], - [V'],} with n+1
different tangent vectors on 7 *({b}) (whose dimension is n) has to be linearly dependent,
and since w is an alternating tensor then

w (Wi W [Viles oo [V1e= [V e, -, [VF]e) = 0. (A.6)

The previous equation asserts that m,w is independent of the choice of the lifts of the tangent
vectors [26].

A.3 Gauss map pullback

Explicit calculation will be done here for points s; and z4 in diagram of figure Note
that a generalization for any pair of points in any diagram is straightforward.
The volume form in S? can be taken as [40]

_ Euwe HdxY A d?

- A7
87 Iz (A7)
It will be useful to write w explicitly in the coordinate system {z,y, 2} in R? as
1 | zdy Adz —ydx Adz + zdx A dy
w=—
A (22 + 42 + 22)*?
=wi2((7,y,2))dx A dy + was((2,y,2))dy A dz + wiz((2,y, 2))dx A dz, (A.8)
where the coefficient functions are given by
W12 82 — R
1| z
= A9
wiz (2,9, 2)) A -($2+y2+22)3/2_ , (A.9a)
Wog * 82 — R
1] x ]
= A.9b
w3 (2,9, 2)) e _(w2+y2+22)3/2_ ; ( )
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A.3. Gauss map pullback

W13182—>R

(2., 2)) = i[ -y ] (A.9¢)

AT | (22 + 2 + 22)°

Remember that the Gauss map
¢:C(3+1,8%) — S*x S? x S? (A.10)

factors for this diagram as
¢ =14 X P24 P34, (A.11)

where the indices refer to the coordinate system {z 1, z, z3, 24} on C(3+1,S?) seen as a subset
of S® x 8% x S* x §?. Each of these coordinates has three indices (for example x; represents
the coordinates {x7, 2%, 7} in the first S* factor) thus the coordinate system on C(3 +1,S%)
is really taken to be {x1, 2%, 23, 23, 23, o3, v 23 23 x), 23 23}

The factors of ¢ are explicitly given by

§Z51,4 : C(3+ 1783) —> S2

1_ .1 .2 .2 .3_ .3
Ty =Ty (23 —a1,2f - o, 27 — 27)

Pra((21, 22, 3,24)) = = : (A.12a)
e =il (e} - )2+ (o - a)? + (o - a)?)

¢27430(3+1,SS)—>S2

b ((1, To. Ta. )): Lg— X2 _ (xi—x%,xi—x%,xi—x%) (A 12b)

2ARNTD 72008 |24 — 2o 1_ .1\2 2 _ .2\2 3_ ,3\211/27 '

[(zy—23) + (2f - 23)* + (2] - 23)?]
$34:C(3+1,8%) — S?
_ 1_ 1 2 22 23 _ 3
G34((21, 29, 73,74)) = A (s 5,04~ 05, 7~ ) . (A.12¢)

o =sl (= )+ (o - )2+ (- a2
In what follows the function ¢, 4 is studied in detail. First write
Pra((@1, w2, 33, 24)) = (¢ (21, 24)), 0y (21, 74)), 9= (21, 74))), (A.13)
where (see (A.12a))

¢ ((21,24)) = v ) T (A.14a)
(i -ad)? + (a2 - a3)? + (2} - )2]

= 7i= i A.14b

) o P G-t - P )

¢-((z1,74)) = b (A.14c)

1/2°
[(2h - a)2 + (22 - 22)2 + (a8 - 23)2]"
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We assume that (A.8) is the volume form in the first S? factor of the codomain in ([A.10));
then its pullback to C'(3+1,S?) under ¢, 4 is given by

P71 4w = wi2(P1a((T1, T2, ¥3,24) ) )dps A Ay + waz(P14((71, T2, 73, 74)))dy A d,

+wiz(P14((21, 22,23, 24) ) )ddy Adp,.  (A.15)
By defining
O = (zg—1)* + (af - 27) + (2] - 27)?, (A.16)
the above equation reads
1 1 .2 .2 .3_ .3
. Ty =Xy Ty— Ty Ty — Ty
¢174w - W12 @1/2 9 @1/2 9 @1/2 d¢$ A dgby
1 1 .2 .2 .3 _.3
Ly =Ty Ty =Ty Ty — Xy
+CL)23 @1/2 ) @1/2 9 @1/2 d¢y A d(bz
1 1 .,.2_.2 .3_ .3
Ty — Xy Ty— Ty Ty— Ty
3 — a3
1 1/2
4T 1 1\2 2 ,2\2 5 3\21
Ly =T Ly — 21 Ly — 2y
+ +
[( S) () (5 ]
Ty -7
1 1/2
+ © =5 | doy A dg.
4m 1 1\2 2 ,2\2 5 3\21
Ly~ T Ty~ 27 Ty~ Ty
+ +
[( St) () (5 ]
(xi-ad
1 @1/2
4T 1 1\2 2 ,2\2 5 a\21Y
Ty — g Ty — I Ty — 7
+ +
[( Se) () () ]
1 —xi x3 xy —x] 1 xi x?
= | o ]d¢xAd¢y+4—[ e dgzﬁy do, — yrd =y dgzﬁx/\d(bz (A.17)




A.3. Gauss map pullback

Thus, the pullback of w to C(3 +1,5%) under ¢4 is given by

) 1 [ 1 |z} 1 [22-22
¢14w=5[ %1/2 ]d@ dg, + El %1/2 ]d% d@—ﬂl %1/2 ]d¢mAd¢Z (A.18)

The next step to write ¢7 ,w explicitly is to analyse the forms d¢, A do,, d¢, A d¢. and
do, A do, with ¢,, ¢, and ¢, defined from (A.14a]) to (A.14c). Due to the fact that these
functions do not depend on coordinates with subindices 2 and 3 the following simplifications

apply

_ 8¢x 1 8(2533 2 8¢m a¢x 1 a(bz ¢x 3
do, = ax%dl'l'f—ax%dxl‘l'a dx o 1d 6 2d 6 3d

g¢fd +§i’§dm§+g¢md g¢fd ! ffgd 2 g¢§dz
_ %dxhgﬁ;fdx% gigdx§+giidxi+ (,;bg a¢§d 3 (A.192)
dg, = %dm% ffgd 2 gd’gd : ff@;d a¢gd 2 a¢§dxi, (A.19D)
d@:aqszd (D0 Dy 0wy 06,0 06,y A0

T T} + T+
ozl a2 o3 oz} 0x? oz

It is clear from the above equations that the forms d¢, A d¢,, dp, Ad¢. and do, Adg, have
many mixed terms. In what follows the interest will be concentrated in coordinates x} and
x3, i.e., just the part dxj A dx3 of ¢7 4w will be analysed. The notation for this part will be

[(ﬁigﬂ]i’i. Thus from (A.18)) we have

1,2 1 |23 -23 12 1 |x)—a] 1,2

[le 4&)]4 4 E [ 4@1/2 1] [dgbl A d¢y]4,4 + E [ 4@1/2 1] [d¢y A d¢2]4,4

1 [22-22
- [ 4@1/2 1] [d. A do.])7 (A.20)
where
12 O0¢y 09 0y 09
[dp A dpy] )y = 92l 02 —sdxy Ada - 002 a—xzd:ﬂi/\dﬁ
] [@5—(xi—x%)(%‘%(xi—w%)“@i—(xi—x%)@‘i(xi—x%)]dxiAdxi
C) S

_[0— (} —xbs%(xz —x%)l lo— (3 —x%)(g%(xi —xwldxwxz
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Appendices A. Pullbacks and integration

[do, A de.]y =

2

) [(6— (e} ) (wh = a1)) (O = (a2 — 22) (a2 - a))] ! A d?

Il
—_
e

2

(%) Lt -abtat-at?laot

= @[@2—@(azi—xi)2—@(xi—xf)2]dq;}l/\dxi, (A.21a)
aqby 8¢Z 1 2 8¢y a¢z 1 2
oz} (%Zd A 0z3 Oxl T3 A diy
— 2 - _ 3O 3 2
= [0-(a%-a )@ (*’54 7] “0 (zf-a )@ (954 xl)]d:ci/\dxi
:G)%— 2-12)072 (23 - 2?) — (23 -23)072 (2} — 2t
et (3) b2 ][t >@ bt - Dt r
CEAY
- |6 ) [(z} - 2})(2f - 23) (2] - 2}) (2} - o) ] da] A da?
CEAY
(55 ) 10 - et -ad) (-(ed - abat - )] n
o [@(:154 x1) (23 —xi’)] dxy A da?, (A.21b)
12 _ 09 09, ¢z 0.,
[d¢w A d¢z]4,4 = 8_.73}1 éhsi dl‘i A dx?; - ami a—x}ldli AN dfbi

(O _ (1 _ 1NO-2(,1_ 1 (13— 3O (2 _ 12
_ ©2 — (x; x%@ (2} x1)] [0 (23 x1)§ (23 xl)]dmi A dz?
[0 (1 — »1\O-3 _ _ _ _
10 (2} ml)s (23 xl)] [O (23 ml)s (m4 xl)]dxi/\d:z:i

2

= |6 ) (- (z} -2} (wh - a})) (- (23 - 2?) (2} - 21))] da} A do?

=

@

2

(%) Lt el -atat - b ash st

=

@
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A.3. Gauss map pullback

1
= g3 "0 - a]) (@i - 2]) ] dwl A dai. (A.21c)

By substituting these expressions in (A.20)) it is straightforward to find

11,2 1 —xi—x?’- 1 5 . o s v ) )
[¢14w]474: Ar | ©1/2 @[9 - O(ry —21)° - O(xf —x7) ]dx4/\d:p4
1 :xl—x1: 1
A %1/2 3 [@(%11 - ) (xf - JC:{’)] dw} A dz?
1 :xQ—x2: 1
A 4@1/2 : 93 [_@(9@21 - a7)(xf - ZE:{’)] dxj A da?
- 3_ 3 1_ 2 1Y2( 3 _ 3 2 _92v\2(.3 _ .3
s W] O(xy —27) — (g — 1) (zy - 27) - (g - 27)" (2 — 27)

+(xi—x%)z(xi—xi’)+(mi—m?)2(xi—x?)]dxhdxi

1 —xi—x‘% 1 2
1 [ 3.3

- 4_ 1 1 Qx4 Qxl 3 3 i’)ﬂld%i/\d%21
i _[(x4_371>2+(554_371)2"‘(374_371)2]

1 a3 -—ad
= ———Ldu) ndx]
A7 |24 — 24|

e B
= M(é(dxi/\d:ci—d:ci/\dx}l))

E |I4 - ZE1|3

1 a3-a3 (1 1
= — 4 L e odrl Adr? + —eg0da A d 1)
A7 g — o p \2 20T A AT GG A G

3 3
631/0- ./L‘4 _:L.l

1
SR (idxz Ada:g), (A.22)

A |xy — 2P

1.€.,
12 €30 T§- 13

* — —————————————
[¢1,4°*’]4,4 T AT - o

with v, 0 =1,2,3, which is to be compared with ([1.77)).

1
(ide/\de), (A.23)
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APPENDICES B

A star-triangle relation in two dimensions

B.1 Integrable model for 2d N = (2,2) SU(2) duality

Reference [52] builds the integrable model associated with 2d N = (2,2) SU(2) duality.
The Boltzmann weights for this model are explicitly calculated by direct identification of
Seiberg duality and star-triangle relation ([2.12). These two expressions are rewritten
for convenience, namely,

1((q,q)30) dz

2\ 6(y;q) 2miz

H6:1 A(aiz*;q,y)
! = | | Ala;a;;q,y B.1
A(z*%q,y) 1<i<j<6 (aca; ) (B-1)

and

[ doS(o)Wy_(0,0)W,_s(0,0;)W,_a(0,0%) = R(c, B,7)Wo(0i, 0 )Wa(oi, 0 )W, (0, 0%).
(B.2)

Let’s work explicitly both sides of equation (B.1)). Define the following relations between
different parameters of the gauge/YBE correspondence
aj = e—a+io7;’ as = 6—6+i0j7 as = 6—7+z’ak’ — eio

)

SR n

ay = e~ ay = e P79, ag = e V7%, =e 2, (B.3)

Note that the last equality involving ¢/y is actually the balancing condition

6
= H al = 67277. (B4)
i=1

Q|

It will also be useful to consider the following expresions

A(a;q,y) = Qe((cf;qq)),
0(az*';q) = 0(az;q)0(az"";q),
0(zq:q) = 0= q). (B.5)

For the right hand side of ([B.1)) one has, by using (B.3)) and (B.5)),

A= I Aaasigy) - [] Qo) (B.6)

)
1<i<j<6 1<i<j<6 0(a;a;;q)

86



B.1. Integrable model for 2d N = (2,2) SU(2) duality

where
-1 _ _ _
0(aia;y; q) = 0(aia;e*q; q) = 9((%&; ") ;q) =0(a;'a;'e™;q). (B.7)
To work out explicitly calculate

ajay = e 29,

ayas = e—(a+ﬂ)+z‘(ai+oj)’ gz = e—(a+6)7i(oro]-)’

aijay = 6*(0”5)”(07&*‘7]')’ AoQy = e*(CHﬁ)*i(Ui*Uj)’ azay = 6726’

a1a5 = 67(a+’}/)+i(gi+gk), CL20,5 = 67(a+7)7i(0—i70’k)’ a3a5 = 67(6+7)+i(0'j+0'k)’

ayag = e—(a+7)+i((1’i—0'k), Aot = e—(a+’y)—i(cri+ok)’ a3ag = e_(gw)”(oj_gk)’

a4a5 = e_(ﬁ+7)_i(o-j_gk)’

asag = e BrN-iogror) asag = e 27, (B.8)

and use them along with to obtain

0(ara2y;9), =0 (e777*7;q),
0(arasy; q), = 0 (e77™17o3) g 0(azasy;q) = 0 (e @00 q)
0(ara4y;q), = 0 (e 777 q) 0(asasy; q) =0 (e o) q)
0(arasy;q), =6 (e 17 ) | 0(azasy; q) = 0 (e 77177 q) |
0(ara6y; q), = 9( ~hn=iloizon), (]), 0(azacy; q) = 9( Bﬂ?ﬂ'wﬁdk)ﬂ%
0(asasy; q), 9( e 2W,Q)
0(asasy; q), = 0 (e 1 *7); q) | 0(asasy; q) =6 (e o0 q) |
0(azasy; q), = 0 (e 770w q) 0(asagy; q) =6 (e iearom) q) |
0(asaey; q), = 0 (e q), (B.9)

and

0(@1@2; q)a =0 (e )

0(aras;q), = 9(@7 77”(‘7#%) q),
0(aras;q), = 0 (e7ilei=o3);
0(aras;q), =0 (e

0(aras; q), = 0 (eP-mritmion),

Y

Y Y

q
B-n+i(oi+oy). q
q

)

)
).
)
)

6(&3&4; Q)a =0 (6726; Q) )
6(@3(15; Q)J =0 (ea—n+i(aj+ok); q) )
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8(a2a3 q

) =
0(azay;q) =
)
) =

0(azas; q

9(026167

0(
0 (e'y n— z(al+aj)’
(e
0

e Uoi=es) . ) |

Y Y

ef-n-i(oitor).

)
q),
B-n-i(oi-oL). Q)
q)

Y )

0(asas;q) =0 (e* 77770 ) |



Appendices B. A star-triangle relation in two dimensions

0(azas; q), = 0 (e* ) q) 0(asag; q) =0 (2@ ),

B(asas;q) = 0 (e q). (B.10)
Combination of these last two sets of expressions leads to write as
0 (e271q) 0 (e*721;q) 0 (e q)
0(e?iq)  0(e?q) 0(e*75q)

A:

. ) (e—a—n—i(aj+ak); q) [ (e—a—n—i(aj—ak); q) [ (e—a—n+i(aj+ak); q) e (e—a—77+i(aj—ok); q)
0 (eafnﬂ'(a'jvtok); q) 0 (eafn%(ojfcrk); q) 2 (6a7177i(0j+ak); q) [ (eafnfi(crjfak); q)

y I (e—ﬁ—ﬁ—i(UﬁUk); q) 6 (e—ﬁ—ﬂ—i(ﬂi—ﬂk); q) 0 (e—ﬁ—ﬁ+i(0i+0k); q) 6 (e—ﬁ—ﬁﬂ'(ﬂi—ﬂk); q)
0 (eﬂ"’]"‘i(Ui‘*'Uk); q) 6 (6/8—77”(01'—01@); q) 6 (eﬂ—”]—i(ffﬁ'ak); q) 0 (eﬂ—”]—i(Ui—Uk); q)

0 (@—7—77—'5(01""0'3'); q) e (e‘W—W—i(Ui—Uj); q) 0 (6_7—77+i(0i+0j); q) 0 (6_7—77+i(0'i—0j); q)
x 0 (e'Y*nJri(Ui*Uj); q) 0 (e%mi(araj); q) 0 (67*77*1'(02‘“7]'); q) 0 (@vfnfi(araj); q)

X

_ 0(e?*75q) 0(e727275q) 0 (e7>%; )
C0(eq)  b(e2q) (e sq)

) (e—a—nﬁ'(aj:tak); q) [ (e—ﬁ—rﬁi(aiiak); q) [ (e—"/—n%(aiioj); q)
X 0 (6a—nii(ajiok); q) 2] (eﬁfni’i(aiidk); q) 0 (e'}/*nii(giigj); q) .
For the left hand side of (B.1)) one has, by using (B.5]),

2 [ 6 ~tl.
1 (qaq)oo dZ Hi:lA(alZ aQ7y)] (B12)

(B.11)

B:
2\ 0(y; q) 2miz|  A(2*25q,y)

DN | —

(an)Zo dz [ 6(2*2;(1) e(azzily q)
9(%(]) 2miz Q(Zizy Q) H Q(alzil’q) :| (B.l?))

DN | —

2 +2.
05 [ s a1 e el o
where
0(=*2y;q) = 0 (=*2qe;q) = 0 (2*2*1) " 1 q)
0(aizy;q) = 0 (a;zqe*;q) = ( e”) 1’ ):
0(aiz"y;q) =0 (@i "qe™; q) = 0 (aiz""e 1;q):9(%-*126’2";Q). (B.15)

Now use (B.3) and (B.15)) to obtain

0(arzy; q) = 0 (e mmili0) ) 0(a1z;q) =0 (e mileio) g
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B.1. Integrable model for 2d N = (2,2) SU(2) duality

0(arz"ty;q) =0 (e ieio)ig) - a2zt q) = 0 (M) g)
0(az2y; q), = 0 (e ()17, q), 0(azz;q) =0 ()71 q)
0(a2z"y; q) = 9(6 (n-a)-n+i(oi+a). .q), 0(asz"t:q) = 9(6(77 )-n-i(oi+o). q),
O(aszy;q) = 9(6 (=)=n-ilo;+a). o) | 0(asz;q) = 9(6(77 B)-n+i(oj+o). q),
O(asz"'y;q) = 9(6 (=)=n-ilo;=0). 4} | O(asz"t;q) = 9(6(77 B)-n+i(o;—0). q),
0(aszy;q) = 9(6 (n-B)-n+i(95-0). ¢ 0(asz;q) = 9(6(77 B)-n-i(o;=o). )7

( q ( )

0(aszy;q) = Q(e (n=7)-n- Z(Ukw)’q 7 0(asz;q) = 9(6(77 ) -nti(opta). q),
9(a5z‘1y;q) - 9(6 (n—-v)-n-i(ok- U),q ’ 9(a5z‘1;q) _ 9(6(77 y)-n+i(ok=0). q),
0(agzy; q) = 0 (e"(r7iler=a) g) 0(agz;q) = g(e(n 7)-n-i(o-0). q),
O(agz'y;q) =0 (e (=1)=n+ior+o). q), 0(asz"t;q) = 0 (e(” v)-n-i(op+o). q)

)
)
)
9(a4z‘1y;q) =@ (e~ (n-B)-n+i(oj+a). )7 9((142_1;q) — 0 (1B -n-i(aj+0). q),
)
)
)

(B.16)

By using these expressions, (B.14)) can be written as

1((%(])%0) dz [ 9(ei2iU§Q)

0(y;q) ) J 2miz| 6 (e-2ne2ioia)

0 (e—("?—a)—ﬂ—i(ffi”’); q) 0 (e—('ﬂ—a)—"]—i(ffi—ff); q)
79 (etranri(eito), q) 4 (elr-a)-n+ilai-o) q)

X

y 0 (6_(77_a)_77+i(0'i_0); q) 0 (6—(17—04)—T]+i(0'¢+0'); q)
0 (e(n—a)—n—i(arv); q) 0 (e(n—a)—n—i(aﬁa); q)

y 6(@ (n-B)-n-i(oj+0)-. q)e(e (n-B)-n-i(o;-0). q)
9(6(7] B)-n+i(oj+0). q)@(e(ﬂ B)-n+i(o;-0). q)

0 (e‘(’]‘ﬁ)‘ﬁ”("'j_g); q) 0 (6_(77_'8)_77+i(0j+0); q)
T (P i@); ) § (erBn=ilr ) ¢

X

0 (e‘(”i‘?’)—ﬂ—i(ffk"'ff); q) 0 (e‘(’]—W)—W—i(Uk—U); q)
X 0 (e(’i"Y)"?”(Uk*'U); q) 0 (e(’i"?)‘ﬂ*’i(l’k—a); q)

y 0 (e*(TI*’Y)*UH‘(Uk*U); q) 0 (e*(n*’}’)*ﬁ”((’k*a); q)
0 (e(”]"Y)‘U‘i(Uk—U); q) 0 (e(ﬁ"Y)‘W‘i(Uk"'U); q)

" " X
Q(:% q) o2mizl 0 (e—Qnina;q) Iz (e(n—a)—niz(ai:ta); q)

_1((61,(1)30) dz [ 0 (ex2ioa) ) (e~ (n-a)-nFi(oiza), 4
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Appendices B. A star-triangle relation in two dimensions

[ (e—(n—ﬁ)—nﬂ(ﬂjia); q)0 (@—(n—'y)—rﬁi(akia); q)

* 9(6(77‘5)‘77ii(01i0);q) 0(6(77—7)—77ii(0’k:k0);q) : (B~17)

Identification of (B.11)) and (B.17)) with the left and right hand sides of (B.2), respectively,
yields to the following definition of Boltzmann weights (use also z = € from (B.3)))

0 (ceritosson); ) 0 (¢ Ora)-nitero); )

Wa(aj; O-k) B 0 (ea_nii(o'jiak); q) ’ ana(O'i, U) - 0 (6(77_06)—77:E7L(0'¢:to‘); q) ’
0 (efﬁfmii(aiiak); q) 0 (e—(n—ﬁ)—nﬂ'(ajia); q)
Wﬁ(o—ia Uk) = 0 (eﬁ—ﬁii(%’iak); q) ) Wn—ﬁ(0j7 U) = 0 (e(ﬂ—ﬁ)—nii(%‘ia); q) )
0 (Q_V—Uq:i(o'iio'j); q) 0 (6_(7]_7)_774:7;(‘71@*0); q)
W,Y(O-i’ Uj) B 0 (67_’7ﬂ(‘7ii0j); q) ’ Wn_’y(o-lﬁ U) - 0 (e(U—W)—nii(akiU); q) ’
(B.18)
and the interaction, S(o), and normalization, R(«, 3,7), factors
1 2 2] +2i0;q
S(O_) - (Q7 Q)OO (e . ) ,
1\ 0y J7 )
2] —2a-27. 2] -28-2v. I —-2a-20.
Rl B.7) = (e 1q) 0 (e 1q) 0 (e 1q) (B.19)

0(e2%q) O(e2q) (e ;q)

this is exactly the integrable model described in [52].
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