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Resumen

En esta tesis se presentan diferentes argumentos relativos al problema de control activo de
automoviles.

El objectivo principal de este trabajo es el desarollo de un controlor dinamico capaz de
garantizar la estabilidad del vehiculo en caso de pérdida de adherencia.

En primer lugar, se presenta un controlador basado en un observador no lineal de la
velocidad lateral y la velocidad angular de yaw, para vehiculos que poseen una dinamica de
rotacion no despreciable.

A partir de estos resultados, se preresenta un controlador dinamico que estima la velocidad
lateral, la posicion de rotacion y la velocidad de alabeo.

Se muestra que el controlador diniamico garantiza la convergencia exponencial de las
estimaciones. Esta técnica se basa en medidas de aceleracion longitudinal y lateral, velocidad
longitudinal, velocidad de guinada y angulo del volante, medidas generalmente disponibles
en vehiculos modernos.

Finalmente, se propone una técnica de estimacion del coeficiente de friccion entre llanta
y asfalto basado en medidas de deformacion de la llanta del vehiculo.

Adicionalmente, se presenta un simulador de autovehiculos, llamado CarSim, que ha sido
usado para estudiar el desempeno de los controladores presentados.




Abstract

In this thesis different topics pertaining to the active control of ground vehicles are presented.

The overall goal of this study is the development of an electronic control able to ensure
safe conditions in case of vehicle stability loss.

First, a nonlinear observed-based controller for lateral and yaw velocity is proposed, for
vehicles in which the roll dynamics can not be neglected.

Then a dynamic controller which estimates the lateral velocity, the roll position and the
roll velocity is presented.

The nonlinear controller ensures exponential convergence of the estimations. This tech-
nique is based on measurements of the longitudinal and lateral accelerations, longitudinal
velocity, yaw rate and steer angle, usually available in modern vehicles.

In the end, the estimation of tyre-road friction coefficient based on tyre carcass deflection
is discussed.

A car simulator, namely CarSim, has been used to check the performance of the proposed
controllers.
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Chapter 1

Introduction

In this chapter general concepts are described in order to develop the thesis. QObjectives,
structure and different correlate works are presented.

1.1 Preliminaries

The elimination of the mechanical link between actuator and device allows greater flexibility
in the control of the device itself. In automotive, this principle has led to various subsystems
which are controlled “by-wire”, such as steer-by—wire, brake-by—wire, et cetera, and more in
general to vehicle chassis active control systems, developed to enhanced vehicle stability and
handling performance in critical situations. This technology allows a simpler design of active
controllers for automobiles (1], [2], [3], (4], [5], (6], [7). Examples include yaw stability control
systems (8|, (9], roll stability control systems (10|, and integrated vehicle dynamic control
systems [11], [12], [13], [14]. These active devices modify the vehicle dynamics imposing
forces or moments to the vehicle, see e.g. [15], [16], [17], [18]. In the next future, the active
systems will possibly use more sensors than those actually available onboard, such as the
so—called intelligent or smart tires [19], [20], magnetic sensors [21], etc., allowing precise
and distributed measurements from the environment, especially of the tire-road friction [22].
These new sensors will increase the performance of the control action, the vehicle stability,
and the safety and comfort of the driver.

In this work we consider three aspects, commonly encountered when designing an active
control

1. The increased number of sensors/elaborators/ actuators leads to problems due to the
limited power available on a vehicle. This is particularly important for controllers

which are designed as stand-alone. Saturations can occur more easily for stand-alone
controllers than for integrated ones.
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2. Usual actuators used for active attitude control are Active Front Steering (AFS) and
Rear Torque Vectoring (RTV). The control action is commonly determined on the
basis of approximated models, simple enough to obtain an implementable controller but
accurate enough to capture the main aspects of the physics of the problem. Normally,
such models consider only the lateral and yaw dynamics, assuming the other dynamics
as (bounded) disturbances acting on the system. As an example the roll dynamics are
usually neglected. However, in some cases, these perturbative dynamics could be easily
considered without complicating excessively the control law. This is the very case of
the roll dynamics, which is especially important to consider for particular types of tall
vehicles, with no active devices on the suspensions. In these cases, the action of these

dynamics may become important, and lead to instability.

3. Another difficulty faced in this work is the fact that some of the state variables, nec-
essary to implement such control strategies, are usually not measured, due to sensor
cost and space occupancy in the vehicle. For instance, the lateral velocity is rarely
measured. Therefore, in order to obtain a satisfactory control performance, these state
variables have to be determined from other measurements, such as longitudinal and

lateral acceleration, longitudinal velocity, yaw rate and steer angle.

With this discussion in mind, and aiming at designing a control less prone to saturation,
in this work we consider an integrated control with AFS and RTV as controls. The roll
dynamics of the vehicle are considered in the model and in the controller design to obtain a
more effective control action. Finally, the controller dynamics are designed to reconstruct the
unmeasured variables, such as the lateral velocity and the roll position/velocity. Hence, this
dynamic controller uses only the information available from the sensors normally available
on modern vehicles, i.e. longitudinal and lateral accelerations, longitudinal velocity and yaw
rate. The controller guarantees the exponential convergence of the estimation variables to
the real ones, as well as the exponential tracking of (bounded) references for lateral velocity
and yaw angular velocity. A significant advantage of the proposed controller is the fact that it
embeds an observer relying on the kinematic model of the vehicle. Therefore, it is robust with
respect variations of various parameters, one of them being the tire-road friction coefficient.
This last is one of the most important parameter, whose estimation may be difficult in the
case of sudden variations due to change of road conditions.

Earlier works on observers for the estimation of the lateral velocity, without roll angular
velocity, are mainly based on linear techniques as in [11], [12], or quasilinear techniques
as in (23], [24]. A nonlinear observer linearizing the error dynamics is proposed in [25]
and [26], while a similar observer is presented in [27]. Linear and nonlinear observers using
the sliding mode techniques are considered in [34] and [35]. Other observers are based on
the Extended Kalman Filter (EKF'). These observers are used for estimating vehicle velocity
and tire forces [36], without the explicit use of friction models. An EKF based on a tire-road
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friction model which includes estimation of the adhesion coefficient and road inclination angle
is suggested in [37|. In [38], the use of an EKF based on a nonlinear tire-road friction model
is considered, which also includes estimation of cornering stiffness. The strategy proposed
in [39] combines dynamic and kinematic models of the vehicle with numerical band-limited
integration of the equations to provide a side-slip estimate. In [40|, the side-slip angle is
estimated along with the yaw rate, with an approach similar to the one hereinafter considered,
but without yaw rate measurements. In [41], a sliding mode observer is used for the estimation
of the (longitudinal and lateral) velocity, along with a Kalman Filter for estimating the side—

slip angle.

As far as active control of a vehicle is concerned, in [42] an active angle control of the front
wheel is proposed, using a model reference method based on a linear observer. In (43| a yaw
stabilizing algorithm is presented, combining AFS with a low level control of the longitudinal
wheel slip, and an adaptive law that estimates the maximal tire-road friction parameter
for each wheel. In [2] AFS and RTV are combined in an integrated controller to guarantee
vehicle stability, making use of an adaptive feedback. In [44] a robust control algorithm of
sliding mode control is designed, showing that the vehicle’s handling and stability can be
improved via four wheel active steering control. Model predictive control is used in [45], to
obtain an integrated control for AFS and yaw moment. With the same technique, in [46]
differential braking and AFS are used for tracking desired references. Finally, in {47], the
problem of vehicle yaw control is addressed using a rear active differential, to minimize the
yaw-rate error and body slip—angle error. In [50], an automatic steering feedback/feedforward
controller for trajectory tracking in unmanned vehicles is proposed. The feedback relies on
a fuzzy controller, with rules and parameters of the membership functions optimized by
genetic algorithms. The feedforward controller is designed to assist the controller when the
vehicle is engaged in a curved section of trajectory. In [51], a driver-assistance system is
presented, based on the combination of an automatic road departure avoidance system and
the driver’s steering input. An H,, controller ensures the robustness with respect the main
uncertainties. In [52], an integration of AFS and electronic stability control is proposed.
A supervisor determines the target yaw rate and velocity, while a control determines the
optimal yaw rate and the longitudinal force. In (53], a robust sliding-mode learning control
1s presented, facing uncertainties in the system parameters and an unknown disturbance due
to the tire-road interaction. In [54] a variable stiffness and damping suspension system, using
a magneto-rheological damper, is used for improving lateral stability.

The main difference of the present work with the aforementioned works is that in none of
them the influence of the roll dynamics on the yaw and lateral dynamics is considered. In [48],
[49], the roll dynamics are taken into account, to design an integrated control managing
possible actuator saturations, but at the expenses of considering a further control action,

1.e. semi—active suspensions. On the contrary, in the present work passive suspensions are
considered, and the focus is instead on the design of a controller that enhances the control
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performance, avoiding possible instability due to saturation linked to these roll dynamics.

1.2 Objectives

The objectives of this thesis are the following:

e Comparison of the proposed mathematical model with respect to the mathematical
model used by the simulator CarSim.

e Analysis of the observer stability using a Lyapunov candidate function.
e Design of the reference system.

e Development of the tracking control laws.

e CarSim implementation of the observer—based controller.

e Study of the dynamic controller: proof and CarSim implementation.

e Analysis of relation between the tyre lateral deflection and tyre lateral force.

¢ Identification of the tyre-road friction coeflicient.

1.3 Thesis Structure

This thesis is composed as follows:

In Chapter 2 a brief theory background is recalled including mathematic topics as ob-
servers design and non-linear stability theory. Theory vehicle dynamic is also reviewed.

In Chapter 3 a nonlinear observer-based controller is presented with special attention to
the observer asymptotic stability. Then a reference system is designed to provide vehicle
safety conditions. The tracking control lows are described and some simulations conclude
the chapter.

In Chapter 4 a dynamic controller is developed. Two standard maneuver are used to
show the good performance and behavior of the dynamic controller.

In Chapter 5 the relation between lateral tyre deflection and lateral tyre force is studied.
This technique is based on new results as in " The Apollo” project which includes in-wheel
tyre optical sensors for many vehicle states estimation.

In Chapter 6 the configuration of the car simulator CarSim is explained.
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Finally, in Chapter 7 some conclusions are presented and future works are proposed.



Chapter 2

Vehicle Dynamic

In this chapter, physical concepts about the vehicle dynamics and a brief analysis of the
mathematic model are presented.

2.1 Introduction

In order to design a controller, a good representative model of the system is needed. A
vehicle mathematical model, which is appropriate for both acceleration and deceleration, is
described in this section. This model will be used for design of control laws and computer
simulations. Although the model considered here is relatively simple, it retains the essential
dynamics of the system.

2.2 Vehicle Dynamic

The dynamics of a ground vehicle can be described by the so—called bicycle model [55], [56]

m(v; — vyw;) = ma; — mshw,c;
m(v, + v;w,) = ma, + m;ha, (2.1)
Joli)y = uy(Fy,flf — Fy_,-lr) + J,.0, + M,

where m, J, are the total vehicle mass and inertia with respect to the perpendicular axis,
ly, I are the distances from the vehicle center of gravity (C.G.) to the front and rear tires,
a, ay are the longitudinal and lateral accelerations, v,, v, are the longitudinal and lateral
velocities of the C.G., w, is the yaw rate, o, is the roll angle, m, is the so—called sprung
mass, h is the distance between the center of gravity and the roll axis, and J;, is the inertia

7



Figure 2.1: Linear bicycle model with roll angle

product with respect to the longitudinal and yaw axes (see Figure 2.1). Moreover, F, ¢, Fy .
are the lateral forces of the front and rear tires, which depend on the slip angles

Uy+lfw.= ar=_vy_lrw:

af =04+ 0, — - -
z x

with ; the wheel angle, and §. AFS angle. We will not consider a specific tire model (see
for instance [59], [60] and reference therein). Finally, u, is the lateral tire-road friction
coefficient, and M, is the RTV yaw moment.

In (2.1), the vehicle roll acceleration can be expressed as follows [57], [56], [58]

Jr0r = —ba; — kza; + mgghsin a, 2.2)

+ msh(vy + w,vz) cos ay + Jew,

where J, = Jf + mgh? is the vehicle moment of inertia with respect to the longitudinal axis,
JE is the vehicle moment of inertia with respect to the longitudinal axis passing for the C.G.,
g is the weight acceleration, and b., k. are the suspension roll damping and stifiness.

Considering small angles a,, and considering that J,, =~ 0, from (2.1) and (2.2), we obtain
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the system dynamics
. m

J. x kx.c b::

o i Jt,eay - J::sa: - J.t,aw:
1
Wy = *‘—Iy-:-(F,Jlf — Fy‘rlr) -+ ZM, (2'3)
Gy = W,
. Ks.e b, Mg
e AT
with
2
X W5 _ mJg. i
J:l:,e A - m h 1 Jx,s m, h ) k.t,e — k: msgh

This model describes the vehicle dynamics under the following assumptions

1. Pitch dynamic is neglected.
2. The system is rigid.

3. The suspension is passive.

Note that the longitudinal and lateral accelerations a,, a, in (2.3), which can be expressed
in terms of the front/rear longitudinal and lateral tire forces

Mz L Hy F .+ F

are measured by accelerometers, usually present aboard of a modern automobile. Here, F; ;,

F, . are the front/rear tire longitudinal forces, and u. is the longitudinal tire-road friction
coefficient.

The control problem is the following: given bounded reference signals v, .(t), w, (), with
bounded references, for the lateral and angular velocities, the control problem is to determine
a dynamic controller such that tlim (vy(t) — vy r(t)) = 0 and tlim (wy(t) — w,(t)) = 0. This

2 . . —»00 -3 00
controller is dynamic since it does not relies on the measurements of the whole state of the
system (2.3), given by the state variables v,, Uy, Wz, Qz, Wr. In particular, in this work it is

supposed that the state variables Uy, Oz, W, are not measured, and the controller needs to
reconstruct them by means of appropriate dynamics.
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2.3 Analysis of the Mathematic Model

The mathematic model (2.3) can be expressed in the state space form as follows:

;=1

o = —Z1Z3 + f1(Z1, T2, T3,U1) — C2T4 — C3T5

T3 = fo(Z1, T2, T3, u1) + f3(Z1,Z2,Z3) + U2

T4 = 25 (2.4)
Ts = —C4Z4 — C5T5 + f3(T1, T2, T3, U1)

Y1 = X2

Y2 = I3

where it has been considered that the longitudinal velocity v, is constant which allows to
suppose v, = 0.

The reader can appreciate that the mathematic model (2.4) has a vector relative degree
equal to one with respect to the outputs. Then there is a zero dynamic composed by three
equations.

Let us consider a reference system which generates the reference variables
L2 ref and I3 ref-

By applying the feedback linearization to the two control laws u;, us one gets:

z; =0

j-:2 — i2,ref = k1($2 - I2,ref)

i‘g = j:3,ref — k2($3 = :!73|,-¢f) (25)
i34 — TIg
Ts = —Q1Tq4 — QaT5 + Q3T ef + A4T1T3 ref

with oy, as, a3, a4 > 0.

Since z, is constant, T3, and z3,.s are bounded signals, one can conclude that the
system has a stable zero dynamic.



Chapter 3

Observer-Based Controller

In this chapter a nonlinear observer is presented and a reference system is proposed in order
to obtain an observer-based controller for lateral velocity and yaw rate.

3.1 Observer Design

In this section it is supposed that a., a,, w., v, are measurable. This is an acceptable
hypothesis in modern vehicles, usually equipped with the necessary sensors. The proposed
nonlinear observer relies on a copy of the plant (2.3)

- - Mg -~ -

Uz = Uyl +a; — Tn_hwzw:: s & kol (v.r = v:)
Jz Kze . b: .

U, = —U,W, + - O, — Wy
v LT de” Yo
+ (ko2 — w;)(vz — ¥) (3.1)

iy

Qr = ‘Dz i kﬁ("x = ﬁ:)

- k::e -~ b:: - ma B
Wy = ———Qy — W, + + kos(vy — U2
e e R e B e Al )

where ko1, - - - , ko4 are the observer gains, to be determined. Using (2.3), (3.1), the dynamics
of the estimation errors
€Cv, = Uz — Uy

euv = Uy o 'Uy (3-2)

eat — a: = a:

Cu, — Wz — We

11
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can be easily calculated

éu, = _kuleuz T wzeu, = E’erw:
m
1
éﬂ, — _ka €v: — 7 k:: e€a, T b:rew::
260, — (ke ) (3.3)
én:= = —k03 €y, T €uy
: 1
Cuw, = -—kﬂevz s J (k:,eeﬂ.: —+ bmew:)
where J; , = m.J;/(msh). Equations (3.3) are linear and time varying due to the term w,.
In the following it will be shown how to determine the gains koq, - - , koa in (3.1) so that the

exponential convergence of the estimation errors is ensured, to this end, let us consider the
following:.

Assumption 1 The yaw angular velocity w, remains bounded for all t > to, t.e. |w| <

Wz max- O

This assumption is physically reasonable, since the vehicle is a finite energy system, and
thus the maximal yaw angular velocity remains bounded. In what follows, we derive an
observer that, for |w,| > 0 and under Assumption 1, will ensure the exponential convergence
to zero of the estimation errors. Note that during a maneuver w, may pass through zero, but
cannot be identically zero in a finite interval of time except when the lateral forces are zero,
namely when the vehicle is proceeding straight. When w, is identically zero, an observability
loss appears as explained in [68].

3.2 Non-linear Time-Varying Observer Stability Proof

The design of the observer gains k.1, - , ko4 in (3.1) is done using the following Lyapunov

candidate
‘/a(t: 6) = ‘/a,l (t: €u. euy) T Vo,2(ea=: ew,,-);

1

‘/5.‘1 (t,&) = 5(7163: - Bf.y) - ’{'ISW;ev:euy;
1 7 &

T
Ca,
‘/:1,2(‘9&::6:..::) — 5 (6 :) -P2 (6 )

with e = (Bu:.,, B Bgs Bt )T, 11 > k% > 0, k1 # 0 constant, P, = P2T > 0,and S,,, = sign(w,)
the classical sign function defined as:
1 if w, >0
sign(w,) =¢ 0 ifw,=0
-1 ifw, <0.
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To this aim, deriving the Lyapunov candidate along the dynamics (3.3), one works out

m
e b,
+ ev,( ”"‘ ka2e-u, — %;ea, — :}I_‘;ew,)

ks b,
- Klsu,em,- (_" ko2eu, - J_'Eea,; - J_ew:)
z.s z,s

Vo(t, €) = mey, ( — ko164, + w6y, — T1'!%6.,.4.5..,)

— K,]LS“:B‘.' (—' k0131,, T W;€y, — %h“"zew:)

— 210, (w;)w, ey, €y
T T
(o) ma () - (o) ()=
e"-‘: e"":l: eW: k°4

where the derivative of S, is given by

gt_S”‘ = 20, (w;)w,

with §_(w,) the Dirac distribution, and

0 1
A2 = - E,e b::
J z.e J. z.€

For |w.| > 0 and under Assumption 1, §_(w,) = 0 and

‘-/a(t: 6) = = (kol'n — ’;lkﬂsw;)ei, s | Iwzle?;,

2
€Ca.

Cw,

i3 (71‘-‘}:: — Ko2 T K1 kﬂlsw;)evxeu,
Q2

kIE
+ (h‘-lJ : Su,,. _'P21ko3 L mkﬂ)eu,enx
z,s

m; b,
m Y

— P22koz — Pzakm) €v.Cu,

k:l:,e m,, bI
er’e“'eaz o 4 (K'l m h’lw?-l T szs)evyew:
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can be easily calculated

éu,,- = _kalev,,- T WzCp, — ﬁh"*)z:(-'?t,:..w;.,,-
m
1
.u — Tho2Cy, — o b::: W
“o 200 = 7 (Kaeea, + bseu.) (3.3)
éct: = —Ko3€0y, -+ Cu.
1
éh’: — —kO‘leﬂt G (k:r,ﬁeﬂ:: + bﬂeﬁ’:)
Jze
where J; ; = m.J;/(msh). Equations (3.3) are linear and time varying d_ue to the term w,.
In the following it will be shown how to determine the gains ko1, - , koa in (3.1) so that the

exponential convergence of the estimation errors is ensured, to this end, let us consider the
following:.

Assumption 1 The yaw angular velocity w, remains bounded for all t > ty, i.e. |w,| <

o
Wz max -

This assumption is physically reasonable, since the vehicle is a finite energy system, and
thus the maximal yaw angular velocity remains bounded. In what follows, we derive an
observer that, for |w,| > 0 and under Assumption 1, will ensure the exponential convergence

to zero of the estimation errors. Note that during a maneuver w, may pass through zero, but
cannot be identically zero in a finite interval of time except when the lateral forces are zero,
namely when the vehicle is proceeding straight. When w, is identically zero, an observability

loss appears as explained in [68].

3.2 Non-linear Time-Varying Observer Stability Proof

The design of the observer gains ky;, -+ ,koq in (3.1) is done using the following Lyapunov

candidate
‘/ﬂ(t! e) = ‘/ﬂil(t" ev:l:! evy) + ‘/‘9:2(6311 ewm);

1

Vﬂ,l(t: 6) — _2-(71631 + 6121,,) — Rlswze”:evy;
1 /e,

&
€Ca,
%,2(64:1:1:6&::) = § (6 m) P2 (6 )

with e = (e.,,,t, B B B )T, 11 > k% > 0, k1 # 0 constant, P, = Pf > 0,and S,, = sign(w,)
the classical sign function defined as:
1 i w1
sign(w,)=¢ 0 ifw,=0
-1 ifw, <0.
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To this aim, deriving the Lyapunov candidate along the dynamics (3.3), one works out

‘lo(t! e) = V1Cy, ( o kﬂleﬂ: T WzCvy — %M‘ZEWE)

k:l:,e b:r;
T 61,“( - koge,,: — Ja,’_., €Ca, — :EBMI)
k b
— J"‘:lsir.«.:r,,,,em!:._- ("“ ka2ev= - J::: €Ca, — "j':::ew:)

mg
—_— RlSw:euv (_— koleauz + wzevy — Hh{uze‘”t)

— 2510, (wz)w,ey, €y,

. \ e ea. \ | k
() pal()-(2) A()=
eu..!: eu.J;, sz ko-fi
where the derivative of S,,, is given by

d .
aSm = 2f . (taly Jiwrg

with d_(w,) the Dirac distribution, and

0 1
A2 = _ka:,e - bs
J:r,e Ja:,e

For |w,| > 0 and under Assumption 1, ¢,(w,) = 0 and

‘./‘,(t, 6) = A (kaI'Yl - ﬁlkﬂsw;)ez, _ Hl‘wz’letz:,
)

Cuw,

03 ('Ylwz — Ko2 T+ K1 kﬂISw;)EuI evy
Q2

k
. (ﬁ?l Jx'ﬂ Sw, — P21Ko3 — P22ko4) €v:€a,
.S

bz
Jz,s

Mg
+ ( — v —hw, + kK1 —38,,.
m

— Pagkos — Pzakm) o Bur

s M b,
— eﬂy ea: + ’{'1 h‘wz | = J euy ewI
Jm 8 m I,s
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where

P22 P23

has been determined as solution of the Lyapunov equation

P Ay + APy =—Q, Q2=Q; >0.

This expression can be simplified choosing the observer gains ko1, * - ; ko4 such that

(‘%1 ) o 1 ( %’K’lwz,max - 3 nl71|wz| )
Ko2 M — ’i% %ﬁil’wz,maxsw; + 7¥w2

so obtaining

: 1 e
2 2 Qx
Vﬂ(t, e) m— —§E1w2,mueuz P nllwzle,uy o e Q
Kze mg bz
= : Bv Bﬂ + nl_hlwzl =G e"l.? ew
s © m Jzs) 7

Choosing
A O
= (% )

: 1
2 2 2 2
Vo(t,e) < —Enlwz,mue% — K1Wz,max€y, — A1€g, — Aae,,

A1, A2 > 0 one gets

Ke,e M by
——e, €. + | Ki—h|lw,| — =— )e, €
-+ J;;;,.g vy Caz ( 1 m I z‘ Jm,s) y CWz

where it has been considered that |w,| < w; min (Assumption 1).

The cross terms can be eliminated using the following inequalities

Q) 9 2
Ty, Ca, < —e,, T ai1pe,,

H1

| 5 2
_,;2_61),, + |052|ﬂ,26w=

&2 max 9 2
uz evy + az,mﬂxu2ew1

T ey, €y, S

FA

(3.4)

(3.5)
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thanks to Assumption 1, where u,, us > 0 are weighting terms, and

k:re Mg b
o = ——= >0, as = K1 —hlw,| — —.
v A 2= Ky bl = 5
Hence,
: 1
‘/o(t: 8) < _Eﬁlwz,mei
( 83 a2,mu) 2
— | MWz max — — — €,
151 2 v
— ()\1 - alﬂl)ei, - (/\2 — a2,muﬂ2)ei=a
Setting

1 Qo o
K1= (2)\0 +—+ 2’“)
Wz max H1 H2

W R (3.6)

A2= Ac.'a EF 2 max 42

Ao > 0, where uy, us > 0 can be chosen in order to ensure better performance, and k; does
not depend on time, one finally gets

V,(t,e) < —Xo(€2. + e,z,y +e, +e)<0.

Hence, the error system in (3.3) has the origin exponentially stable, and the estimation
errors (3.2) tend exponentially to zero, with a time constant 7 = 1/),. We can conclude
with the following.

Theorem 1 Under Assumption 1, when |w,| > 0 the observer (3.1), with the gains (3.4),
(3.6), ensures the global exponential convergence to zero of the estimation errors (3.2), with
a time constant T = 1/),, for a A\, > 0 fized by the designer. o

3.3 Design of an Active Controller

The control inputs are the AFS angle §. and the RTV yaw moment M,. The former can be
computed inverting, in some feasible region, the function F, ¢, as explained in [2].

This allows considering as control input the difference

A, = F v.f — F, y,[,d» F, v.fd = F, y.f (af,d)

Qfq =04 — ——
I
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instead of J.. Therefore, the equations used to determine the control law are obtained
from (2.3)

, 1
Uy = —UzW; + E [P'y(Fylfid + Fyir)
T %’h(k::,ea:: o g b:r:w:c) T y'yAﬂ] (37)
. [ 1
Wz = %(Fy,f,dlf ks Fy,rlr) -+ ﬂ}: Ac : o IMz

Considering as Lyapunov candidate

1 1
Vs = 5(“): = wz.r)z T E(Uy - vy,r)z

the control is obtained imposing that the time derivative along the dynamics (3.7) is equal
to

‘-/3 — (Uy - vy,f') [ - vﬂ:wz + %(Fyifld + Fy,r)

L Hy
— h(kz ez + brwz) + EAC vy,,]
[
+ (wz B wz,f) [ﬂ(Fy!f,dlf = Fy:fzf) + ,J,y f Ac
J, Jz
1 .
+ IMZ — wz,r]

= —Kks1 ('Uy o vy,r)2 "" ks2(wz o wzrf)z

ks1, ks2 > 0, me = m — m2h?/J,. Therefore, for u, > 0, one gets the control

A, = —ksl%(vy — Uyr) + %?:-z}y,,- - %:-vmwz
mﬂ
— By — gy + mh(kI,EaI + bywyz)
M, = —kspJ(w; — wyr) + Jowzr — py(Fy s.aly — Fyly)
— Myl A

ensuring the exponential convergence of the tracking errors w, — w, ,, v, — vy to zero.

Since vy, @z, w, are not measured, the first step will be the design of an observer to
estimate these variables. The applied control is hence obtained considering the estimates 9,
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Oy, W o
A €/a me . e
A = —kg—(y — vyr) + —Vy, + —niv,w,
Hy
B pa= B b bl iy -+ Biin)
- J,a r z,ely zWr
v A 3 (3.8)
Mz = = 32']1 (""'I-z o wz'lr) T J:L:ler - “y(ﬁ‘ylftdzf o Fyrrlr)
— myls A
where

F, v.f.d = Dyysin (Cf.y arctan Bf,y&f,d)
F,, = D,,sin (C,.,y arctan B,.,y&,)
with asq = 0q — (ﬁy -+ lfw_.,)/v,, a, = —(ﬁy — lw,)/v,.

3.4 Simulation Results

In this section the behavior of the proposed nonlinear controller is shown for an interesting
case, when the vehicle performs a double lane maneuver. The driver performs a step steer of
100° at t = 1 s, and a step steer of —100° at £ = 2 s, and with 04 = 0 at £ = 3 s. During the
imposed maneuver, the tire-road friction coefficient is supposed to vary from p, = 0.9 (dry
surface) to pu, = 0.5 (wet surface) at t = 2.2 s.

The initial longitudinal velocity is v,(0) = 28 m/s (about 100 km/h). The initial values
of the observer variables are

9,(0) = vz, 9,(0)=0, & (0)=0, @ (0)=0

and the nominal vehicle parameters, used in the observer (3.1) and in the controller (3.8),
are given in Table 3.1.

To show that the proposed controller is robust with respect to parameter variations, we
have considered the parameters given in Table 3.2 for the vehicle dynamics (2.3).

There are various ways to generate the references v, .(t), w,(t). The results presented in
the previous sections require that v, ,(t), w, -(t) and their derivatives are bounded signals, but
no further constraints are necessary. For the sake of concreteness, we generate them as the
signals generated by a copy of the model (2.3) without the roll dynamics (ideal “decoupled”
behavior)

i’y,r = —VUzW;zy T “I:n': (Fy,f,r(af,r) + Fy,r,r(ar,r))
[Ly

| (3.9)
Wze = _j; (F y,f.r(af,r)l.f — F y.f.r(ar,r)lr)
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Table 3.2: Real parameters used in the observer and controller

with as, = 04 — (vy, + ljw,,)/Vz, ary = —(Vy, — Lw.,)/vz, and pu, the tyre-road friction
coefficient used in the reference generator. The reference system (3.9) includes also some
“modified (ideal) tire functions™ F ¢,, Fy .

In Figures 3.1, and 3.2 the behavior of the controlled vehicle is show when in the con-
troller (3.8) and in the observer (3.1) the terms relative to the roll dynamics are not con-
sidered. This behavior is compared with that when the roll is considered. It is clear the
improvement of the results, which are more evident in vehicles with high center of gravity,
such as SUVs, as considered in this simulations.

The obtained results are shown in Figures 3.3 — 3.9, with k,; = 50, k,2 = 50 in (3.8), and
kﬂ,l, L= ko4 in (31) set COIISidBIiDg Y1 = 100, K1 = 9in (34), and /\1 = 1, Ag = 1000 1n (35)
Notice the good tracking performance of both the observer and the controller. Moreover, this
observer—based controller shows good performances with respect to system parameter varia-
tions. In particular, it is robust with respect variations of the tire-road friction coefficient,
since the performance does not depend relevantly on this crucial parameter.
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aj b)

Figure 3.1: Lateral velocity v, (solid), estimation 9, (gray), and reference v, , (dot-line) [m/s
vs s|. a) Case in which the terms due to the roll dynamics are neglected in the controller (3.8)
and in the observer (3.1); b) Case in which the terms due to the roll dynamics are considered
in the controller (3.8) and in the observer (3.1).

Figure 3.2: Yaw angular velocity w, (solid) and reference w, , (dot-line) [rad/s vs s|. a) Case
in which the terms due to the roll dynamics are neglected in the controller (3.8) and in the

observer (3.1); b) Case in which the terms due to the roll dynamics are considered in the
controller (3.8) and in the observer (3.1).
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Figtire 3.3: Lateral velocity v, (solid), estimation 7, (gray), and reference v, (dot-line) [m/s
vs 8.

Figure 3.4: Yaw angular velocity w, (solid) and reference w,, (dot-line) [rad/s vs s].
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Figure 3.5: Roll angle a, (solid) and estimation &, (gray) [deg vs s].
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Figure 3.6: Roll velocity w, (solid) and estimation &, (grav) [deg/s vs s/.
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Figure 3.7: Longitudinal velocity v, (solid) and estimation 9. (gray) [m/s vs s|.

e : : :

BN 1Y T
N I W 1Y O T O
" : _5_ :; __:l ; 6

Figure 3.8: Active front steering angle 4. [rad vs s].



3.4. SIMULATION RESULTS

2000 - —
- i
- -
= = L] L
= - - =
s - = -
1000F----------F--o-vnnv-- - | S L, N R — A e S
L - - -
= = .
- L

S00

0

-500

-1000

-1500

-2000
mﬂ

Figure 3.9: Yaw moment M, [N m vs s|.
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Chapter 4

Dynamic Controller

In this chapter a dynamic controller is presented and the performances are shown using two
standard maneuvers in CarSim.

4.1 Dynamic Controller Stability Proof

In this chapter we present the study of a dynamic controller. A controller is dynamic when
at each time, the control law and the estimation of the observed variables are provided. For
linear, time-invarying systems a dynamic controller is not necessary due to the separation
principle which allows to design the controller and the observer as independent structures.
Even if in several cases of non-linear systems the separation principle holds, in this case it
does not and a global stability proof is required.

Let us assign the controller dynamics considering a copy of the system, i.e. one can
consider a state observer

2 .. m A i

Uy = Dyw,; + Gz — -Eshw,wx + ko (vz — Uz)

t:i——i)w+JIay—kI’h s
d ullalial A Jzs

wr + (ko2 — w;)(vz — 0z)
(4.1)

]
o

Ay = ‘-D:r: T koS(v:l: = 'ﬂ:)

d‘-J . k::,e & b:.-: ~ Mg
t — A
JI,'B JI}E

r =
Jz.e
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where ko), - - - , ko4 are positive gains. Therefore,
€y, = —Ko1€y, + W€y, — -n;—:'lwzew.
€y, = —Ko2€y —k:’ee _ s €w
’ Y A W (4.2)
€a. = —Kozey, + €.,
€uws = —Kog€y, — X5 gy, — X €,

€a. —
J z.e J. z,.e

and deriving V,,
Vt;?(t: e) = ‘/ﬂ,l (t: €uz» e‘"y) T ‘/;:,2(ea=-,- ewt)

1
Voal(t,e) = 5(’7163, + €. ) — K15, 60,6,

1l /e o e
%'2(6:!“6”:) N § (eh’:) - (BW::)

one works out

2
- e e
‘/o — —(knl')’l _ 72k028w,)e§= o 72|wz|612;y - 6: o e ('71“: = koZ .y knt:lll"7'2‘5:4..:;1,,)“-slt.u.,f'lu'!I
z 11Q2
m, b, Kz,
- 715!1% — V27 Sw. + P22kos + P23kos | €y €0, + | 72 7 Sw. — P21Kko3 — P22kos | €y, €a.
z,s z,s

k:r,e mg b:
— 7 €y, Ca, . o (72?n-h|w,,| — 7 )eu,ew,_,

where S, = 26, (w,)&, = 0 under Assumption 1 (|w,| > 0), with 8, (w,) the Dirac distribu-

tion, and
P2=PT= (P21 P22) >0
D22 P23

has been determined as solution of the Lyapunov equation

0 1
PAy+ A3 Po=—Q2, Q=@ >0, Ay=| k;e b
J:l:,e J:ce

To simplify the expression of V, we may choose

- (353
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A1, A2 > 0. The expression of V, can be further simplified choosing the controller gains
ko1, ** , Kos such that

1

M kﬂl - 72’5028@. — 572‘02.111&:
MW, + 72k018w, — Koz =0
k# e
Ky ~Sw. — P21ko3 — P22kos = 0
ms b,
N——hw; = Y2=—35u, + P22kos + Pazkos =0
m "
1.e.
1 kI,ES
( kol) B 1 E72wz,ma.x ‘3 7271'“:' ( koa ) 3 P—l 72 J::,s Wz
koo ) 1 — 1 kst % ms b,
? - 7% Eﬁwz,musw; : @ 'ﬁwz ot —N _h""’z ¢ T Swz
" (4.4)
so obtaining

: 1
Vﬂ * _572“)2,1113:33: o 72wz,maxez, - /\leit — /\233,,, — 16y, Ca, o a2€y, Cuw,

where it has been considered that —|w,| < —w, max (Assumption 1), and

bz
Jz,s

m
>0, ay=v—h|w,|—
m

The cross terms can be eliminated using the Young'’s inequality +eje; < e?/e + ee3,
for an ¢ > 1, and with e;, e, substituted by the error terms appearing in V,. Thanks to
Assumption 1, one considers the following inequalities

a1 - 2

— 1€y, Ca, < ?1_8”" + aj€1€,_
laz| , 2 X2, max 2 2
By B, % = ey, + |azleze,, < - - €y, T O2,max€2€,,_

where €; > 1, 7 = 1,2. Hence,

: 1

= 9 03] a2,max 2 2 2
Vo < 2’)’2sz6"= = (72‘-‘-’2:,!11&! = E— = . )eu,, o (Al _ &161)6'1: _ (’\2 _ aﬁ,lﬂ&ﬂe?)ew;‘
1 2
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Setting
1
Yo= (2Au . az"““)
S - - (4.5)
’\1= Ao + 1€,
A= A, + 2 max€2
Ao > 0, one finally gets |
Vo < =Xo(€2, +€2 +e2_+¢e ) <0. (4.6)

Hence, the error system (4.2) has the origin exponentially stable, and the estimation errors
tend exponentially to zero, with a time constant 7 = 1/A,. The second step in the controller
design consists of the determination of control law. For, the following Lyapunov candidate

1s considered
V = Vs + 1/9 (47)

with V, as above, and

1 1
‘/s —_— Ezﬁy -+ '2'23:, 2y

= ey B, )T Using (2.3), (3.1) and reminding that:

y — Uy = Uyry 2w, = Wz — Wz (4-8)

Ay = %(Fm,f + Fow)s Ay = ﬂ(st..f + Fy,;)

m
one gets:
. ks . bz . -
‘/3 = Zy — 'E’:rwz T ﬁ(F‘y,f,d + Fy,r) e "IﬁLAc p— ""_"aa: = Wy ~F (kcﬂ — wz)ev= = vy,r
. Me Me Ja:,s J:l:,.s (4 9)
[.Ly MU lf 1 . .
+ 2, [I(F,,, paly = Fyrly) + 2L At My — oy |

Considering that v,, a;, w, are not measured, for p, > 0 the following controller can be
designed

m m m ~ A m. kK m, b
A, = —kg—2(0, — V) + — Ve + — Ottty — Foo g — Fop + ——2 6 + ———(0
C sl ﬂy( Y Y, ) ﬂy y,r uy I Z yifl Y, “y Ja:,s I uy J:l:,.s xe
= E("‘Zr:ar —y J(¥y — )
Hy
Mz = ks2Jz(wz — wz,r) o} szz,r — ﬂy(Fy,f,dlf o Fy,rlr) - ﬂylfAc
(4.10)
where kg, ko > 0, and
F, ¢q2= D, ¢sin (C, ¢ arctan B, &

ylf!d y!f ( ylf 1f f!d) (411)

]

F,, = D, .sin (C,, arctan By ér)
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with asq = 04 — (Vy + yw;)/vz, & = —(¥y — lw,)/v;. It is worth reminding that we do
not consider a specific tire model in this work. Hence, (4.11) can be changed with any
particular formula for the tire characteristic where the slip angles a4, a, are substituted by
the estimates a4, &,. With the control (4.10), equation (4.9) becomes

Vo= — 3123, — k.szzi +¢ Az (4.12)

where, since v, = e, + ¥, the functions ¢¢(d4, €y, , Uy, w;) = Fy 54 — | dr(€v,, Uy, w;) =

Fr— ﬁ‘,,,, ¢ = (¢ f1Pr )T go to zero exponentially because e, tends to zero exponentially,
and where

By Pyly
J
A i mc 4
By il
m, " 8

Therefore, considering (4.6) and (4.12), the derivative of (4.7) is such that
; €
V <l + Alllall, == (7) (4.13)

Am —_ I'lllIl{Ao, kalkﬂ} > 0.

Notice that ¢ is bounded, say ||¢(t)|| < ¢, V&t > t;. Hence, one has that V < 0 when
|z|| > cA/Am, namely z(t) is bounded [61]. To prove the square integrability of z(t), let us
integrate both sides of (4.13)

t t
Vies—Vliozo <~ / l=(r)|Pdr+ A L 16 llz(7) 1

to

t ; 1/2r . 1/2
<A L 2(r)||%dr +A[ L 16l df] [ L l=(0)| dr]

where the Schwarz inequality [62] has been used and ¢ = z(ty). Considering the limit as ¢
tends to infinity and denoting with || - ||2 the £,—norm [61], one has

Vlm.:r o Vlto,Io S _'Am"x"g + A"¢||2||$||2 (4'14)
Moreover, since V|, - 2> 0,
Aullzllz — Allgllzlzll2 < Vigzo — Vieoz < Vo .zo- (4.15)

It has been noted that ¢ goes to zero exponentially, so that @ € £,. Observe also that
V < of||z||), with a a K function [61]. These facts and (4.15) imply that = € £,, since

1 A2 - 4
ol < = (Viow + 5 1008]  + 5a-lolle
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The application of Barbalat’s theorem allows concluding that lim z = 0, namely hm z = 0,

t—o0 t—o0

lim e = 0, i.e. the controller (4.10), (3.1) fulfills the control objectives. We can conclude

t—o0
with the following statement.

Theorem 2 Let us consider some bounded references vy ,,w. , with bounded derivatives vy, Wz r
Under Assumption 1, the controller (4.10), (4.1), with the gains ks, ks2 > 0 and (4.4), (4.5),
ensures the global exponential convergence to zero of the estimation errors and of the tracking
errors (4.8), with a time constant 1/, for a Ay > 0 fized by the designer. o

4.2 A First Test Maneuver: The Double Line Change

The DLC maneuver is a test procedure for a severe lane—change maneuver and object avoid-
ance simulations, see Figure 4.1, and is described in the standard ISO/TR 3888

1. the vehicle enters into the first lane—section with a constant initial longitudinal velocity,
and continues with a released throttle valve;

2. the steering wheel angle 44, is selected such that the vehicle completes the DLC
maneuver without hitting the course boundaries;

3. braking action is not allowed;

In this test a constant tire-road friction coefficient, equal to u, = 0.9, has been considered,
with superimposed a random noise for a more realistic simulation (see Figure 4.2.b). A noise

on the measured variables v, (see Figure 4.4.b), w, (see Figure 4.3.b), a,, a, (see Figure 4.7),
and d4 s, (see Figure 4.2.a) has been considered for the same reason.
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Figure 4.1: DLC maneuver

In Figure 4.2.a the imposed steering wheel angle 04 ;,, ensuring the path tracking is shown.
The ratio between 94, and 44 is 75, = 16.01. By applying 04 = 04 ¢w/Tsw to the reference
system (3.9), one generates the references v, ., w,,. A SUV vehicle with high center of gravity
is considered, to amplify the effects of the roll dynamics. With the proposed controller (4.10),
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(4.1), the references v, ,, w, , so generated are well tracked, as well as the desired DLC path.
It is important to note that the tracking stability can not be ensured with the same controller
that does not take into account the roll dynamics. In fact, if for the same maneuver one sets
a; = 0, wy = 0 in the controller (4.10), (4.1), namely if the roll dynamics are not taken
into account in the controller design, the result is that the references are not tracked, see

Figure 4.8.

The slip angle 8 = v, /v, of the vehicle’s center of gravity, the longitudinal velocity v., the
lateral velocity v,, and the roll angle a, and rate w, have been measured from the simulated

vehicle in order to compare them with the estimations 8 = Uy /gy Vg, Uy, Gz, W, Obtained with
the dynamic controller (4.10), (4.1). Figures 4.4, 4.3.a, and 4.5 show that these estimations
follow very closely the vehicle’s variables. Finally, in Figure 4.6 the AFS and RTV inputs
are shown.

Notice the good tracking of both the estimated variables and the tracked references.
Moreover, this dynamic controller shows good performances with respect to system parameter
variations. In particular, it is robust with respect to variations of the tire-road friction
coefficient, since the performance does not depend on this crucial parameter. The dynamic
controller appears also to be robust with respect to the measurement noise.

0S

0.8
20 0.7

0.6r

0.5f

| o4}

40+ 1 0.3}
| 0.2}
60} -

|

Figure 4.2: DLC maneuver: a) Steering wheel angle 4, ., applied during the DLC maneuver
[deg vs s]; b) Tire-road friction coefficient y, [dimensionless vs s].
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Figure 4.3: DLC maneuver: a) Lateral velocity v, (solid), estimation 9, (gray), and reference
vy (dotted) [km/h vs s]; b) Yaw rate w, (solid), and reference w,, (dotted) [deg/s vs s|.

Figure 4.4: DLC maneuver: a) Slip angle 8 = v, /v, of the vehicle’s center of gravity (solid),
and estimation 8 = 7, /9, (gray) (deg vs s|; b) Longitudinal velocity v, (solid), and estimation
U; (gray) [km/h vs s.
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a) D)

Figure 4.5: DLC maneuver: a) Roll position a, (solid), and estimation &, (gray) [deg vs s;
b) Roll rate w, (solid), and estimation w, (gray) [deg/s vs s|.

D)

:
:

Figure 4.6: DLC maneuver: a) Active front steering d. [deg vs s|; b) Rear torque vectoring
M, [Nm vs s|.

4.3 A Second Test Maneuver: The ATI 90-90

The ATI 90-90 maneuver is described in the standard ISO/TS 16949. The driver performs
a step steer of —90° at t = 2 s, and a step steer of 90° at t = 2.6 s, 04 = 0 at £t = 6 s. This
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Figure 4.7: DLC maneuver: a) Measured longitudinal acceleration a, [g’s vs s|; b) Measured
lateral acceleration a, [g’s vs s.

Figure 4.8: DLC maneuver: controller (4.10), (3.1) with o, = 0, w, = 0; a) Lateral velocity
v, (solid), estimation v, (gray), and reference v, , (dotted) [km/h vs s|; b) Yaw rate w, (solid),
and reference w,, (dotted) [deg/s vs s.

is shown in Figure 4.9.a. A further source of difficulty is taken into account, considering an
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abrupt change of the tire-road friction coefficient (see Figure 4.9.b)

_{pd fort € [0,3.5) s
ol fhy fort>35s

where pq4 = 0.9, u,, = 0.5 correspond to dry, wet surfaces. A superimposed random noise is
also considered, see Figure 4.2.b.

The obtained results are shown in Figures 4.10-4.14. The controller performance are
good either in term of reference tracking (Figure 4.10), or estimation (Figures 4.10.a, 4.11,
4.12), in the presence of parameter variations and noise, in particular of the tire-road friction
coefficient u, (Figure 4.9.b), and measurement noise on v, (Figure 4.11.b), w, (Figure 4.10.b),
a., a, (Figure 4.14) and 44, (Figure 4.9.a). Finally, the AFS and RTV control inputs are
shown in Figure 4.13.
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-100 . 0
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Figure 4.9: ATI 90-90 maneuver: a) Steering wheel angle d4,, |deg vs s|; b) Tire-road
friction coefficient y, [dimensionless vs s|.
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b)

Figure 4.10: ATI 90-90 maneuver: a) Lateral velocity v, (solid), estimation v, (gray), and
reference v, , (dotted) [km/h vs s|; b) Yaw rate w, (solid), and reference w. , (dotted) [deg/s

Vs s.

b)

Figure 4.11: ATI 90-90 maneuver: a) Slip angle S = v, /v, of the vehicle’s center of gravity
(solid), and estimation 8 = 9, /9, (gray) [deg vs s|; b) Longitudinal velocity v, (solid), and
estimation ¥, (gray) km/h vs s].
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Figure 4.12: ATI 90-90 maneuver: a) Roll position o, (solid), and estimation &, (gray) [deg
vs s|; b) Roll rate w, (solid), and estimation w, (gray) [deg/s vs s|.

Figure 4.13: ATI 90-90 maneuver: a) Active front steering d. (solid) [deg vs s|; b) Rear
torque vectoring M, (solid) ([Nm vs s|.
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Figure 4.14: ATI 90-90 maneuver: a) Measured longitudinal acceleration a, [g’s vs s|; b)
Measured lateral acceleration a, [g’s vs s].



Chapter O

Tyre Road Friction Coeflicient
Estimation

In this chapter a tyre road friction coefficient estimation technique is presented. This approach
1s based on tyre carcass deflection. A curve fitting method is applied to estimate tyre lateral
force and tyre self aligning moment. Performances are tested using CarSim.

5.1 Introduction

Estimation of tyre forces and friction potential could improve the performance of the active
safety systems that have rapidly become common equipment in all vehicle categories. In
practice, almost all the forces and moments acting on a vehicle are generated by the tyres.
In addition, tyre characteristics dominate the vehicle response. These are naturally reasons
why many involved in developing active safety systems are interested in tyre sensors.

Tyre sensors can be used for various purposes and a number of different technologies are

being studied. To clarify this, tyre sensors can be divided into groups depending on function
and technology. The different functions for the tyre sensors could be:

e estimation of friction potential;

e estimation of tyre forces (used friction);

e estimation of wheel speed, slip ratio and slip angle;
e tyre pressure monitoring;

e recognition of tyre wearing, imbalance etc., and

e recognition of worn suspension components (mostly heavy vehicles).

39
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Even though intensive research is being conducted in some of these areas, only tyre
pressure monitoring systems are available on the market. If tyre forces and friction potential
are the main interest, the following technologies could come into question:

e measuring forces and moments from suspension parts

e measuring deflection of wheel
e measuring tyre deflections with sensor in suspension

e sensor 1n tyre

It is possible to measure tyre forces and moments from suspension parts. Furthermore,
the relation of lateral force and aligning moment can be used to estimate friction potential
and slip angle. However, some lateral force is needed for estimation.

As well as the suspension parts, the rim can be used for force and moment estimation.
The important difference is that the wireless data transmission is needed from the rotating
rim and this makes the setup more expensive and complicated. It is also questionable whether
it can produce any information in addition to that gained from a measurement setup in the
suspension. A tyre carcass is deflected under vertical, lateral and longitudinal forces; there
are several approaches to measuring such deflections. The Continental Side Wall Torsion
(SWT) sensor seemed really promising when it was first presented. However, due to the
fact that has not appeared in production, it is possible that, even if the tyre forces could be
accurately measured, the ABS/ESP system would not be of sufficient benefit to justify the

costs of such system.

The type of tyre sensor that measures tyre tread deformation is probably the most in-
teresting. Darmstadt Technical University has studied this area carefully since 1988. Atyre
tread deformation sensor can yield information on the coeflicient of friction, on tyre forces
(X, Y, Z), the risk of hydroplaning, tyre temperature and tyre pressure.

Bridgestone has been developing both acceleration and strain tyre sensors. They call their
concept ’Contact area information sensing’ (CAIS). The strain sensor is used to calculate the
lateral force, wheel load, camber angle and slip angle. The acceleration sensor is for road
condition characterisation. The most interesting part, the friction estimation algorithm, is
based on the phenomenon of the movement of the tread block being larger on a low friction
surface. Thus, the strain monitoring of the tyre might be key to the friction potential
estimation.

The APOLLO project (2002/2005) developed the ”3 in 1” intelligent tyre. This consists
of three different types of sensors in the same tyre to make the comparison of sensors as

effective as possible.
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The acceleration sensor and strain sensor showed potential, but the durability problems
made these approaches less attractive. Meanwhile, an optical sensor that can measure carcass
deflections was simple and practical and indicated potential for tyre force estimation. If the
optical sensor could measure the aligning moment of the tyre as well, it would provide
an opportunity for friction potential estimation. Another possibility for friction potential
estimation is to detect influence of stress distribution along the contact patch from measured
carcass deflections. This would offer friction potential estimation from free rolling tyre.
In addition, aquaplaning detection and tyre pressure monitoring are obvious and realistic
functions for optical tyre sensors.

Recent statistics show that a large number of traffic accidents occur due to a loss of control
on vehicle by the driver. This is mainly due to a loss of friction between tyre and road. Many
of these accidents could be avoided by introducing an estimation of loss of tire/road friction.
Friction which is a parameter of tire/road interaction, mainly depends on the state of the
road (dry, wet, snow, ice) and is closely related to the efforts at the tyre level.

5.2 Four Wheels Vehicle Motion

To continue with the analysis of the problem, a new approach is necessary: the bicycle
mathematic model must be extended to a four wheels mathematic model.

The dynamics of a ground vehicle can be described by the so—called Four Wheel Vehicle
Motion model (FWVM)[55|(56]({66]

m(v; — vyw,) = ma; — mhw, 6,
m(i’y i vrw:) = May + msha, (5.1)
Jslidy == ﬂ.y(Flef - Fy,,-l,-) + J. 0

where m, J, are the total vehicle mass and inertia with respect to the perpendicular axis,
l¢, L, are the distances from the vehicle center of gravity (C.G.) to the front and rear tires,
a,, a, are the longitudinal and lateral accelerations, v,, v, are the longitudinal and lateral
velocities of the C.G., w; is the yaw rate, a, is the roll angle, m, is the so—called sprung
mass, h is the distance between the center of gravity and the roll axis, and J,. is the inertia
product with respect to the longitudinal and yaw axes with § the steering wheel angle(see

Figure 5.1).
In (5.1), the vehicle roll acceleration can be expressed as follows[56][57][58]

Jz&: = —0,0; — kla.t 3% msthiﬂﬂx

52
+ msh(vy, + w,v;) cos ay + Jpw, (5:2)
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Figure 5.1: Four Wheels Vehicle Model with Roll Dynamic

where J; = J¢ 4+ m,h? is the vehicle moment of inertia with respect to the longitudinal axis,

JC is the vehicle moment of inertia with respect to the longitudinal axis passing for the C.G.,
g is the weight acceleration, and b,, k, are the suspension roll damping and stiffness (see

Figure 5.1).

Considering small angles o, and considering that J,, ~ 0, from (5.1) and (5.2), we obtain
the system dynamics

. mg
vz — vywz + G;,; — ';I_}u-l)zwz

J. T k::,e b:l:

Vy = —VzW, + 7. ay — 7., Oy — T, W

@, = ZY(Fy,ly — Fy ) + M. (5.3)
J, J;

Oy =il

o, = ey De g, My

° J:l:;e ’ JI:E i Ja:,e ay
with
2
'].‘J:,E s J:J: - s h2: Ja:,a s mele: k.'.'l:,E — k:l: - msgh-

m mgh

Moreover, F, ¢, F, . are the lateral forces of the front and rear axes, which are defined as the
following [66]:

Fy,f = Fy'u cos 0 + Fy,12 Cos 0 + FEJ sin
(5.4)

F, yr — L'y21 T F, y,22
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with F,,;, the front axle longitudinal force.
The tyre slip angles are defined according to the (FWVM) model [66):

v + lfw
— § — et [_u]
11 arcian " — sz/2
v+ lfwz
- [ 2231
19 arctan v + Bw, /2
(5.5)
P [M]
ol vy — Ew, /2
O — arctan [w
- v + Ew, /2

where 8 = v, /v, is the vehicle body sideslip angle.
This model describes the vehicle dynamics under the following assumptions
1. Pitch dynamic is neglected.
2. The system is rigid.
3. The suspension is passive.
4. The steering wheel angle 4;; = 4;2 = 0.
5. The front and rear track widhs (F) are assumed to be equal.

6. Camber angle is null.

Note that the longitudinal and lateral accelerations a,, a, in (2.3), which can be expressed
in terms of the front/rear longitudinal and lateral tire forces

Gy = ’;—i—( — F,11sin0 — F, 12sind + F; ; cos 6)
Ay = % (Fy,]_l cos 0 + Fy,12 cos 9 -+ (Fyigl - Fy_gz) (56)
i s F:l:,l sin 5)

are measured by accelerometers, usually present aboard of a modern automobile. Here, pu,
is the longitudinal tyre-road friction coefficient.
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5.3 Tyre-Road Friction Coefficient Estimation using Car-
Sim

The interaction of a tyre with the ground is defined by a longitudinal force (Fx), a lateral
force (Fy), a vertical force (Fz), and an aligning moment (Mz). The forces Fx, Fy, F7
and the moment Mz are applied to the wheels and reacted by the ground in the center
of tyre contact (CTC). The effects of overturning moment (Mx), which are small for most
maneuvers, are not included in this models.

The mass of the vehicle contributes the major portion of the total normal forces on the
tyres. The lateral and longitudinal forces acting on the vehicle redistribute the normal forces
between the tyres. Anyway, the instantaneous vertical tyre force can be calculated by knowing
the vertical compression of the tyre o, and its vertical spring rate C, as the following:

F.=o.0; (5.7)

where o, is defined as the spatial relationship between the wheel center (WC) and the center
of tyre contact (CTC).

On the other hand, the lateral and longitudinal tyre deflection (v, ;) can be calculated
by subtracting the lateral and longitudinal position of the (WC) to the lateral and longi-
tudinal position of the (CTC) obtaining the same result given by an optical sensor as in
28], [29], [30], [31] and [32] as shown in Fig. 5.2

Figure 5.2: Tyre Lateral Deflection.

The lateral deflection profile of the tyre’s equatorial line, ¥, is assumed to be a parabolic
function of the contact patch position, z:
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r 5 M, '
2wab + meb -+ m (5.8)

yb=

By applying the curve fitting technic to z;, y, in (5.8) one can find the estimation of the

lateral force F, and the aligning moment M, for a given Cpend, Cyaw, Ciaz Tepresenting the
tyre bend, yaw and shift stiffness.

This technique describes the tyre lateral deflection under the following assumptions:

1. The tyre deflection profile measured inside the contact patch is assumed to be a con-
tinuous function of the time.

2. During the driving maneuver, the tyre is in full adhesion condition.

Therefore, the tyre-road friction coefficient is estimated through a tyre brush model in
equations (5.9) which correlates the tyre-road friction coefficient u,, the tyre slip angle a and
the sliding tyre slip angle ay with the lateral force F,. The sliding tyre slip angle represents
the limit tyre slip angle before the tyre starts sliding. The friction coefficient p, is estimated
by solving the nonlinear equations as in [33]

F, = 3u, F,~22(@) (1- | tan(a) | | 1 tan'(a) )

an(ag) tan(ay)! 3tan?(ay)
Mo = =P =“t§g) [1 - 3|$§3)| ¥ 3(;12)) ltﬁ(f:,))l ] (59)
Ky = 2?;:12 an(agy)

where C,, is a given lateral stifiness of a tyre tread element, F, is the normal force and a is
the half length of the tyre-road contact patch calculated as in [33]:

= /2R(AR) — (AR)? (5.10)

where R is the wheel radius and AR is the maximum value of the measured vertical tyre
deflection.

5.4 Simulation Results

In this section the behavior of the proposed nonlinear observer is shown for an interesting
case, in which the vehicle performs a circular maneuver. The driver performs a constant steer
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of 23° During the imposed maneuver, the tire-road friction coefficient is supposed to vary
from p, = 0.9 (dry surface) to u, = 0.5 (wet surface) at t = 4 s and the tyre deflection 1s
only measured to the front-left wheel with R = 0.16m.

The initial longitudinal velocity is v.(0) = 28 m/s (about 100 km/h) and the vehicle
moves in a constant target speed. The initial values of the observer variables are

95(0) = vy, ©,(0) =0, &z(0)=0, @ (0)=0

and the nominal vehicle parameters, used in the observer (3.1), are given in Table 5.1.

b | 10000 | Nm radfs

Table 5.1: Nominal parameters used in the observer.

To show that the proposed controller is robust with respect to parameter variations, we
have considered the parameters given in Table 5.2 for the vehicle dynamics (2.3).

1260
1020

Table 5.2: Real parameters used in the observer.

The obtained results are shown in Figure 5.3, with k.1, - , ko4 in (3.1) set considering
71 = 100, k; = 9 in (4.4), and Ay = 1, Ay = 1000 in (3.5). Notice the good tracking
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performance of the observer. Moreover, this nonlinear observer shows good performances
with respect to system parameter variations. In particular, it is robust with respect variations
of the tire-road friction coeflicient, since the performance does not depend relevantly on this
crucial parameter. In Figure 5.4 the measured longitudinal and lateral accelerations, vertical
tyre force and contact patch are presented. Notice that a random sensor noise has been
considered. Finally in Figure 5.5 the estimation of the sideslip angle (3), tyre slip angle (1),
tyre lateral force (Fy ;) and tyre-road friction coefficient (u,) are shown for Cj, = 185 kN/m,
Chend = 10 kNm, C,, = 170kN/m. Notice the good behavior of the estimations.

Figure 5.3: a) Real longitudinal velocity v, (black) and estimation 9, (gray) (km/h vs s|; b)
real lateral velocity v, (black) and estimation 0, (gray) [km/h vs s|; c) real roll position o,
(black) and estimation &, (gray) [deg vs s|; d) real roll rate w, (black) and estimation w;

(gray) [deg/s vs s.
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Figure 5.4: a) Vertical tyre force F, ;; [N vs s|; b) contact patch length a [m vs s]; ¢) measured
longitudinal acceleration a, [g’s vs s|; d) measured lateral acceleration a, [g’s vs s].

Figure 5.5: a) Real sideslip angle B (black) and estimation 8 (gray) [deg vs s|; b) real tyre
slip angle oy, (black) and estimation éi, (gray) [deg vs s|; c) real tyre lateral force Fy

(black) and estimation F, ;) (gray) [N vs s|; d) real tyre-road friction coefficient u, (black)
and estimation i, (gray) [adimensional vs s].



Chapter 6

CarSim Simulator

In this chapter we present a brief information about the CarSim simulation. Then the tech-
nical configuration of each part is discussed. A long list of imagines describe accurately the
configuration in both works.

6.1 What is CarSim?

CarSim is a commercial software package that predicts the performance of vehicles in response
to driver controls (steering, throttle, brakes, clutch, and shifting) in a given environment
(road geometry, coefficients of friction, wind). CarSim is produced and distributed by an
American company, Mechanical Simulation Corporation, using technology that originated
at The University of Michigan Transportation Research Institute (UMTRI) in Ann Arbor,

Michigan.

The software is used by over 30 automotive manufacturers (General Motors, Toyota,
Honda, Ford, etc.), over 60 suppliers, and over 150 research labs and universities. The math
models simulate physical tests to allow engineers to view results that are similar to test
results, but which can be obtained repeatably, safely, and much quicker than is possible with
physical testing. The simulation models are often used to evaluate vehicle designs that have
not yet been built. Results are visualized via animation, plotted for analysis, or exported to
other software for analysis using the same methods that are applied to physical test data.

The math models replicate system-level behavior with high fidelity. They contain the ma-
jor effects that determine how the tire contacts the road, and how forces from the tire/road

interface are transferred through the suspension to the chassis. However, they do not have
details of linkage connections or structure compliance. The models have been validated
repeatedly by manufacturers for reproducing overall vehicle motions needed to evaluate han-
dling, directional and roll stability, braking, and acceleration. On the other hand, they do
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not include component details needed to determine durability, fatigue, or high-frequency
vibrations.

The math models are generated with a symbolic multibody code generator called Vehi-
cleSim Lisp (originally named AutoSim) that was developed by one of the company founders
at UMTRI. The machine-generated code is highly optimized to achieve fast computation,
such that the math models run much faster than real time. Starting in 1998, real-time ver-
sions of CarSim have been available for testing hardware in the loop (HIL). The math models
are used directly in over 350 driving simulators to provide physics models that have been
validated over most conditions of interest.

The main applications of the CarSim software are: Test engineers simulate hundreds of
tests ahead of time to identify problems or clear designs that show no problems. Develop-
ers of advanced controls (brakes, stability, traction, etc.) test their simulated control designs
with the simulated vehicle. In these applications, CarSim simulates the basic vehicle dynamic
behavior as a plug-in to controller design software such as Simulink (from Mathworks), Lab-
VIEW (from National Instruments), or custom code (MATLAB, Visual Basic, C/C++, etc.)
Car manufacturers and suppliers test actual controller hardware using real-time HIL sys-
tems. Researchers and others use the CarSim math models in driving simulators, ranging
from low-cost systems using game controller up to full-scale large motion simulators such as
the Toyota simulator.

6.2 Why CarSim?

The CarSim math models are built on decades of research in characterizing vehicles and re-
producing their behavior with mathematical models. CarSim simulates the dynamic behavior
of passenger cars, racecars, light trucks, and utility vehicles. CarSim animates simulated tests
and outputs over 800 calculated variables to plot and analyze, or export to other software
such as MATLAB, Excel, and optimization tools. It is:

Accurate The CarSim math models are built on decades of research in characterizing ve-
hicles and reproducing their behavior with mathematical models. Validation testing
continues as new features are added. OEM users consistently find close agreement
between CarSim predictions and actual test results.

Extensible The CarSim math models cover the complete vehicle system and its inputs
from the driver, ground, and aerodynamics. The models are extensible using built-
in VehicleSim commands, MATLAB/Simulink from the Mathworks, LabVIEW from
National Instruments, and custom programs written in Visual Basic, C, MATLAB,
and other languages. Use these options to add advanced controllers or extend the
detail in subsystem or component models such as tires, brakes, powertrain, etc.
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Fast CarSim combines a complete vehicle math model with high computational speed. The
software development team at Mechanical Simulation uses the VehicleSim Lisp symbolic
multibody program to generate the equations for the vehicle math models. Besides pro-
viding correct nonlinear equations for fairly complicated models, the machine-generated
equations are highly optimized to provide fast computation. CarSim models typically
run more than ten times faster than real time on a 3 GHz PC, so you always get re-
sults quickly. CarSim easily supports real-time (RT) testing with hardware in the loop
(HIL) using systems from most RT suppliers. This speed also helps with software that
requires many repetitions (optimization, design-of-experiments, etc.).

Cost Effective, Stable, Reliable CarSim has all the tools you need to predict vehicle
dynamics behavior in one integrated package, with the capability of working with other
software to extend its capabilities even further. It combines the accuracy and validation
resulting from decades of research in vehicle dynamics with the ease-of-use associated
with modern video games and Internet browsers.

CarSim includes everything needed to simulate vehicle tests and view the results, yet it is
priced at a fraction of the cost of other commercial vehicle dynamics software.

6.3 CarSim Configuration for Active Control Testing

In order to validate performances of the active control, we have used a D-Class SUV vehicle
with high center of gravity (CG) as shown in Figure 6.1

Figure 6.1: D-Class SUV vehicle
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This vehicle offers a good simulation condition due to its high center of gravity. In fact,
we could show the difference between a control which makes use of the roll dynamic and a
controller which does not take in to account the roll dynamic. The high center of gravity
(around 1m) produces a so stimulated roll dynamic.

The maneuver we have chosen for the test is called the Double Lane Change (DLC) which
is used in case of object avoidance and similar trajectories. The DLC maneuver is shown in
Figure 6.2

Noles Lirkec Sala | Latesal postion (=]

You can weile notes heve for e 510- !

daasnt | e . . S
400-

2m_ { } + 2 _'i_' . -_é- "

T

L, TR, TN RN GRS SR TSN VS W, WEN: TS, J) W= S N S we—" )
£ 0 5 10 15 20 = 0 % 0 & S 5 60 6 7 75 0 & % % 100 105 110 115 120 15

Stanon (m)

Road stabon and lstesal coodinetes (5. L] ¥

e ciee JolicCom - oon fv X doin Yhm A

_Keep the goup vertical but rotate lo lace the roed [yow] ] ; : %
Iﬁhu!:mhmmmdnliﬁlmumﬂﬂ-ﬂm 3 15 - 1175
' ‘ 15 11315
Station [S) = dstance slong road centardine: : 5 5 246
Lates sl posthion [L] = dstance io the lsit d the centadire [when lacng n the deeciion ol nosaang
saon) 6 5 453
7 25 | 24

The S and L cooedinates are bansformed automatically to XYZ coordnates for the anenaton. eyl

Use the fing contral above (o select an option for rolating the obyects 1o match the siope of the ad
o gound wheve they sre located Rowr 20 [SetTabioSae)

B0 (Coodeio]) [Excel | (Yiewn WikP |

Figure 6.2: Double Lane Change Maneuver in CarSim.

As shown in the picture, this maneuver is protected by the standard ISO 3888 which
guarantees the unique conditions for the maneuver execution.

Clearly, all the other dynamics that we have not considered in our mathematic model
must be studied. First of all we have minimized the Camber Change, Toe, Movement,
Caster Change as shown in Figure 6.3.

This strategy allows us to take into account a simplified model of the vehicle.

On the other hand, the Pacejka Tyre parameters must be defined. CarSim offers a
realistic condition and we decided to derive our study from the realistic situation. Then we
have applied the same wheel at same side as front-rear and right-left. The wheels used in
this simulation are the 255/75 R16 and its react with the ground producing the Dynamics
of lateral force, longitudinal force and yaw moment as in Figure 6.4.

Then in Figure 6.5 one can observe how the CarSim simulator deal the longitudinal tyre
dynamic: the graphic represent Newton vs K (Absolute Slip Rate) in case of differents loads
conditions.

Then in Figure 6.6 we present the tyre lateral graphic. This one represent Newton vs
Degree that means Newton vs tyre slip angle. As we said, the linearity of the wave guarantees
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Figure 6.4: Wheel used in the simulation: 255/75 R16

a good stability of the vehicle while the non-linear part means a skid condition which is
dangerous for the driver. The graphic moves on five trajectory depending on the vehicle

vertical load.
Finally, the self aligning moment is present in Figure 6.7

Now it is necessary to introduce a little discussion. In Figure 6.8 all the geometric
parameters of the vehicle must be declared.

As the reader can appreciate, the height of the body-vehicle center of gravity (CG) is
established at 0.8 m while in our Simulink model is 0.63 m. This choice must be explained:
as presented in [65], the roll dynamic is created by the unsprung mass which moves depending
on the distance of the CG with respect to the roll axle as shown in Figure 6.9. This axle
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Figure 6.6: Lateral tyre Force.

is identified by plotting a line passing through the front roll center and the rear roll center.
Tho determine these points is possible to consult some specific software. Another possibility

is to identify the height in which the roll dynamic in null and in which a little less height
produce a negative roll. This point is situated exactly at the measure of the roll axle.

On the other hand, the CarSim input variables must be selected. As shown in Figure 6.10
we take in first position the steering angle, then the second control low that is the rear torque

vectoring and then eight parameters indicating the road friction condition with respect of
the lateral and longitudinal direction.

At the end, a brief comment on the suspensions in CarSim. The passive suspension 1s
defined as spring and dumping compression dynamics. In most cases the relation between
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Figure 6.10: CarSim input variables.

compression (in meter) and load (in Newton) is a non-linear relation. In this application has
been necessary to create a linear condition. This method is help full in order to identify the
stiffness and dumping coeflicient.

6.4 CarSim Configuration for Tyre-Road Friction Co-
eflicient Estimation

For the Tyre road friction coefficient estimation, we decided to select a B-Class Sport Car as
shown in Figure 6.11.

All the characteristics discussed below remaining the same. The maneuver is a constant
steering vehicle in order to obtain a vehicle moving in circular trajectory. This technique has
been used to guarantee a constant lateral velocity, vertical load and slip angle as required for

the friction coeflicient estimation.

Finally, in Figure 6.12 and Figure 6.13 a graphic lay-out is presented.
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Figure 6.11: Selected vehicle for friction estimation.

" s

Figure 6.12: CarSim realtime simulation with Sport car.
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Figure 6.13: CarSim realtime simulation with SUV car.



Chapter 7

Conclusions

In this chapter several conclusions and future works are presented.

7.1 Conclusions

We have presented a non-linear observer for a ground vehicle. The error dynamic is a time-
varying system. To show the asymptotic stability of the origin we have proposed a time-
varying Lyapunov candidate function. The stability proof offers a clear image of the observer
behavior. We have also concluded that the non-linear observer is exponentially stable. On
the other hand, we have studied a controller able to guarantee safer driving conditions. This
technique is based on an ideal function of the lateral Pacejka trajectory in which the non
linearity is substituted by a linear function.

The two control laws are applied to the CarSim for the tracking of the reference of the
lateral velocity and yaw rate.

The simulation has shown a good performance of both the observer and the controller.

To avoid the problem coming from the separation principle, we have demonstrated the
global stability creating a dynamic controller. Two standard maneuvers have been used to
prove the good behavior of the controller.

In order to plot a more realistic car condition, we have configured the car simulator
CarSim depending on our necessity. Actually a D-Class SUV vehicle with high center of
gravity has been utilized to prove the importance of the roll dynamic.

On the other hand, the study moved to the tyre friction coefficient estimation. This pa-
rameter permit us to improve the quality of the dynamic controller by applying an estimated
tyre-road friction coefficient to the reference system.

29
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The estimation is based on tyre carcass deflection measured with CarSim and making
use of the brush mathematic model. Lateral tyre force and self aligning tyre moment are
estimated with a curve fitting technique.

A constant maneuver with a B-Class Sport Car provided all the desired results.

7.2 Future Works

Depending on the obtained results, the design of other non-linear observer with different
nature as sliding mode observer and high order neuronal network observer are planned. This

may permit us to compare advantages and disadvantages of each observer.

Moreover, the tyre optical sensor can not offer continuous measurements. For this reason,
next step is to discretize the observer.

Another interesting topic is the Vehicle to Vehicle communication (V2V) and vehicle to
Infrastructure (V2I). This seems to be the most demanded topic from automotive companies.
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Appendix A

Theory Background

A.1 Luenberger Observer

Many sophisticated analytical procedures for control design are based on the assumption
that the full state vector is available for measurement. These procedures specify the current
input value as a function of the current value of the state vector-that is, the control is a static
function of the state. Mathematically, of course, there is very good reason for this kind of
control specification. The system evolves according to its state vector equations, and thus
intelligent control, influencing future behavior, should be based on the current value of the
state. The complete flexibility in specification of the characteristic polynomial assumes that
all state variables can be measured. In many systems of practical importance, however, the
entire state vector is not avail- able for measurement. In many physical systems, for example,
measurements require the use of costly measurement devices and it may be unreasonable to
measure all state variables. In large social or economic systems, measurements may require
extensive surveys or complex record-keeping procedures. And, in some systems, certain
components of the state vector correspond to inaccessible internal variables, which cannot
be measured. In all these situations, control strategies must be based on the values of a
subset of the state variables. When faced with this rather common difficulty, there are two
avenues of approach. The first is to look directly for new procedures that require fewer
measurements-either restricting the choice of static feedback functions or developing more
complex (dynamic) feedback processing procedures. The second (simpler) approach is to
construct an approximation to the full state vector on the basis of available measurements.
Any of the earlier static control procedures can then be implemented using this approximate
state in place of the actual state. In this way the relatively simple and effective control
procedures, which assume that the state is available, are applicable to more general situations.
We recall that a system is completely observable if by observation of the system outputs
the value of the initial state can be deduced within a finite time period. In our earlier
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discussion of observability, the required calculation was treated rather indirectly. Within the
present context, however, it is apparent that such calculations become a matter of practical
significance. Effective control can be dependent on the results. It is shown in this section
that the state (or an approximation to it) can be conveniently computed by a device known
as an observer. The observer is itself a non-linear dynamic system. Its input values are the
values of measured outputs from the original system, and its state vector generates missing
information about the state of the original system. The observer can be regarded as a
dynamic device that, when connected to the available system outputs, generates the entire

state.

The most obvious approach to estimating the state of a known system:
z(t) = Az(t) + Bu(t) (A.1)

1s to create a copy:

z(t) = Az(t) + Bu(t) (A.2)

whose state provides an estimate z(t) of the original system’s state z(t). (One knows the
input u(t), so we can apply it to the copy as well as to the original system.) The simplicity
of this method has a downside, however. If the initial state of the copy matches that of the
original system exactly, i.e. 2(0) = z(0), the copy will provide the exact value of the state
of the initial system. However, if the initial states do not match exactly, the error evolves
according to

e(t) = [z(t) _ a:(t)] - A [z(t) _ :c(t)] — Ae(t) (A.3)

If the matrix A is Hurwitz (has all eigenvalues in the left half plane) then the error will
decay to zero. On the other hand, if any eigenvalue of A has positive real part, a nonzero
error initial error will lead the error to tend to infinity. Clearly, one needs a somewhat more

sophisticated approach to observer design. We will consider the more general situation in
which a fully-observable, linear, time-invariant system has state z(t) of length n, input u(t),
and output y(t) of length p with state and output equations:

z(t) = Az(t) + Bu(t)

y(t) = Cxz(t)

The more general case in which the output also depends on the input, y(t) = Cz(t) +
Du(t), can be addressed in the same manner as outlined here. We address the simpler
case for readability. The output y(t) gives us information about the state of the system,
even if somewhat indirectly. In particular, we can augment the trivial observer above by
incorporating a term depending on the difference between the observed and expected output.
We obtain, for some n X p matrix L, the following structure:

(A.4)

2(t) = Az(t) + L[y(t) - Cz(t)| + Bu(t) (A.5)
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It is clear that unless p = n, the observer gain matrix L is needed in order to obtain a term
of the correct dimension. We expect that the choice of the observer gain matrix will also
affect the dynamic behavior of the state estimate and thus the state error. Our observer has
a slightly more complicated structure in that it has two input vectors, u(t) and y(t), but we
hope to obtain better dynamic response. Substituting for the output vector, we obtain the
differential equation describing the observer error:

e(t) = z(t) — z(t) = [A - LC] (2(t) — a:(t)] = [A — LC] e(t) (A.6)

Now, one has an observer whose dynamical behavior can be adjusted by adjusting the observer
gain L. In particular, the initial observer state need not match the initial system state, so
long as the observer gain is chosen such that all eigenvalues of the matrix A — LC are in the
left half plane. Even better, we can adjust the rate at which the observer error goes to zero
by adjusting the values of the observer gain to adjust the locations of these eigenvalues.

A.2 Lyapunov Stability

In order to understand the non-linear observer stability proof, one needs to remark the
followings:

Consider a dynamical system which satisfies:

T = f(t,:l?)

(A.7)
z(to) = Zo

Where we assume that f(t,z) satisfies the standard conditions for the existence and
uniqueness of solutions. Such conditions are, for instance, that f(t,z) is Lipschitz continu-
ous with respect to z, uniformly in ¢, and piecewise continuous in {. A point z* of R" is an
equilibrium point of (A.7) if f(¢,z*) = 0. Intuitively and somewhat crudely speaking, we say
an equilibrium point is locally stable if all solutions which start near z* (meaning that the
initial conditions are in a neighborhood of z*) remain near z* for all time. The equilibrium
point z* is said to be locally asymptotically stable if z* is locally stable and, furthermore,
all solutions starting near z* tend towards z* We say somewhat crude because the time-
varying nature of equation (A.7) introduces all kinds of additional subtleties. Nonetheless,
it is intuitive that a pendulum has a locally stable equilibrium point when the pendulum is
hanging straight down and an unstable equilibrium point when it is pointing straight up. If
the pendulum is damped, the stable equilibrium point is locally asymptotically stable. By
shifting the origin of the system, we may assume that the equilibrium point of interest occurs
at = = 0. If multiple equilibrium points exist, we will need to study the stability of each by
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appropriately shifting the origin.

Stability in the sense of Lyapunov
The equilibrium point z* = 0 of (A.7) is stable (in the sense of Lyapunov) at ¢ = ¢, if for
any € > 0 there exists a (fp,€) > 0 such that |z(to)]| < d = ||z(¢)]| <€, VE 2 tp

Lyapunov stability is a very mild requirement on equilibrium points. In particular, it
does not require that trajectories starting close to the origin tend to the origin asymptot-
ically. Also, stability is defined at a time instant t0. Uniform stability is a concept which
guarantees that the equilibrium point is not losing stability. We insist that for a uniformly
stable equilibrium point z*, § not be a function of ¢y, so that equation (A.7) may hold for
all to. Asymptotic stability is made precise in the following definition:

Asymptotic stability
An equilibrium point z* = 0 of (A.7) is asymptotically stable at t = ¢; if

1. z* = 0 is stable, and
2. z* = 0 is locally attractive; i.e., there exists §(£p) such that ||z(¢p)]| < d =
lim z(t) = 0.

t—00

As in the previous definition, asymptotic stability is defined at ;.

Uniform asymptotic stability requires:

1. z* = 0 is uniformly stable, and

2. z* = 0 is uniformly locally attractive; i.e., there exists d independent

of ty for which equation (A.7) holds. Further, it is required that the convergence in equa-
tion (A.7) is uniform.

Exponential stability:
The equilibrium point z* = 0 is an exponentially stable equilibrium point of (A.7) if there

exist constants m,a > 0 and € > 0 such that

|z(@)]l < ml|z(to)[le™~*)

for all ||z(¢p)|| < € and t > {p.
The largest constant a which may be utilized is called the rate of convergence.
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Exponential stability is a strong form of stability; in particular, it implies uniform, asymp-
totic stability. Exponential convergence is important in applications because it can be shown
to be robust to perturbations and is essential for the consideration of more advanced control

algorithms, such as adaptive ones. A system is globally exponentially stable if the bound
holds for all z,.

The direct method of Lyapunov
Lyapunov’s direct method (also called the second method of Lyapunov) allows us to deter-
mine the stability of a system without explicitly integrating the differential equation (A.7).
The method is a generalization of the idea that if there is some measure of energy in a system,
then we can study the rate of change of the energy of the system to ascertain stability. To
make this precise, we need to define exactly what one means by a measure of energy. Let B,
be a ball of size € around the origin, B, = {z € R" : ||z|| < €}.

Locally positive definite functions (lpdf)
A continuous function V : R* x R* — R is a locally positive definite function if for some
e > 0 and some continuous, strictly increasing function o : Rt — R,

VO,6)=0 V(z,t)>o(z]) VzeB,Vt>t

A locally positive definite function is locally like an energy function. Functions which are
globally like energy functions are called positive definite functions:

Positive definite functions (pdf)

A continuous function V : R® x Rt — R is a positive definite function if it satisfies the
conditions of lpdf and, additionally, a(p) — oo as p = .

To bound the energy function from above, we define decrescence as follows:

Decrescent functions

A continuous function V : R* x R™ — R is decrescent if for some ¢ > 0 and some continuous,
strictly increasing function 8 : R — R,

V(z,t) < B(ll=ll) Vz € B, Vt > 0.

Using these definitions, the following theorem allows us to determine stability for a system
by studying an appropriate energy function. Roughly, this theorem states that when V(z, t)
is a locally positive definite function and V(:z: t) < 0 then we can conclude stability of the
equilibrium point. The time derivative of V is taken along the trajectories of the system:
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: oV oV
"=t a2

Theorem 3 Let V(z,t) be a non-negative function with derivative V along the trajectories
of the system.

1. If V(z,t) is locally positive definite and V (z,t) < 0 locally in = and for all t, then the
origin of the system is locally stable (in the sense of Lyapunov).

2. If V(z,t) is locally positive definite and decrescent, and V (z,t) < 0 locally in z and for
all t, then the origin of the system is uniformly locally stable (in the sense of Lyapunov).

3. If V(z,t) is locally positive definite and decrescent, and —V (z,t) < 0 is locally positive
definite, then the origin of the system is uniformly locally asymptotically stable.

4. If V(z,t) is positive definite and decrescent, and —V(a:,t) < 0 1s positive definite, then
the origin of the system s globally uniformly asymptotically stable.

The conditions in the theorem are summarized in Table A.1 Theorem 1 gives sufficient
conditions for the stability of the origin of a system. It does not, however, give a prescription
for determining the Lyapunov function V(z,t). Since the theorem only gives sufficient condi-
tions, the search for a Lyapunov function establishing stability of an equilibrium point could
be arduous. However, it is a remarkable fact that the converse of Theorem 1 also exists: if
an equilibrium point is stable, then there exists a function V(z,t) satisfying the conditions of
the theorem. However, the utility of this and other converse theorems is limited by the lack
of a computable technique for generating Lyapunov functions. Theorem 1 also stops short

of giving explicit rates of convergence of solutions to the equilibrium. It may be modified to
do so in the case of exponentially stable equilibria.

Exponential stability theorem z* = 0 is an exponentially stable equilibrium point of
z = f(t,z) if and only if there exists an ¢ > 0 and a function V(z,t) which satisfies:

o ||lz||* <V (z,t) < o2||z||?
V < —a3|z]?

12
oz

for some positive constants al, a2, a3, a4, and ||z|| < e.

(¢, 2)|| <cd||z|
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Condition on V(t,x) | Condition on -V (¢, z)

Ipdf > 0 locally Stable
Ipdf, decrescent > 0 locally Uniformly Stable

Ipdf, decrescent Ipdf Unif. asympt. stable

Ipdf, decrescent pdf Glob. unif. asympt. stable

Table A.1: Summary of the basic theorem of Lyapunov.

A.3 Separation Principle

The separation principle always holds in case of stabilizable, detectable, time-invariant linear
systems. According to the system:

Tt = Az + Bu
(A.8)
5y =0

one can find two different matrixes K, L such that A — BK and A — LC are Hurwitz.
Then u = — Kz stabilizes the system and the observer with the gains L generates a state
estimation Zwhich asymptotically reconstructs . The separation principle allows one replac-
ing the unavailable = by the available z for control: ©u = —KzZ.

Definition:
For the design parameters K and L,the linear system

t=AZ+ Bu+ L(y—9)
y=0z2 (A.9)
u=— Kz

is called observer-based output-feedback controller.

Theorem 4 The interconnection of the observer-based output- feedback controller with (A.8)
leads to the closed-loop system

z = Az — BK#
z=(a — LC — BK)i + LCx
This is asymptotically stable iff A— BK and A — LC are Hurwitz.

(A.10)
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In case of non-linear, time-variant systems the Separation Principle does not hold. Only
in particulars cases the separation principle can be used; one of those is given in [67] where
a high gain observer and an input to state stability proof is required.
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