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Abstract

In this work, we solve three problems related to operator algebras over reproducing kernel Hilbert spaces
(RKHS), namely: we compute the reproducing kernel of the polyanalytic Bergman space on the unit ball,
we propose a scheme to describe the structure of W*-algebras of invariant operators acting over RKHS,
and we get the description of the W*-algebra of radial operators in the polyanalytic Bergman space over
the unit disk.

In the first chapter, we make a general study of homogeneous polyanalytic functions of total order m over
an n-dimensional domain, and then we prove that they can be written as polynomials in the conjugate
variables z7, ..., z, with analytic coefficients. For such functions, we obtain a weighted mean-value
property and generalize some ideas by Pessoa to obtain an explicit formula for the reproducing kernel
of the m-analytic Bergman space over the unit ball. Then, using a unitary weighted change of variables,
we transform this kernel into the reproducing kernel of the m-analytic weighted Bergman space over the
n-dimensional Siegel domain.

In the second chapter, which is the main part of this work, we propose a general scheme to describe the
centralizer of unitary representations of abelian groups acting on a RKHS over a “tube” type domain. That
is, for a locally compact abelian group G and a measure space Y, we consider a closed subspace H of
L?(G x Y) which is a RKHS by its own. By computing the G-Fourier transform of the reproducing kernel,
we provide a criterion to determine whether the W*-algebra of translation invariant operators acting
on H is commutative or not. For the commutative case, we construct a unitary “diagonalizer” operator
that turns all translation invariant operators into multiplication operators with bounded symbols. We
emphasize the role of the reproducing kernel in these results. We show explicitly how this scheme covers
many of the results obtained by Vasilevski and other authors.

Finally, we give a complete description of the W*-algebra of radial operators acting on the polyanalytic
Bergman space over the unit disk, which is a particular case of the space studied in the first chapter. Here,
we construct an explicit isomorphism between radial operators and some bounded sequences of matrices.
For this case, we show that Toeplitz operators with bounded generating symbols are not weakly dense in

the algebra of all bounded operators.






Resumen

En este trabajo resolvemos tres problemas relacionados con el estudio de élgebras de operadores sobre
espacios de Hilbert con nucleo reproductor (EHNR), a saber: calculamos el nticleo reproductor del espacio
polianalitico de Bergman sobre la bola unitaria, proponemos un esquema para describir la estructura
de algunas clases de operadores invariantes sobre EHNR, y obtenemos la descripcién del dlgebra W* de
operadores radiales que actiian sobre el espacio polianalitico de Bergman sobre el disco unitario.

En el primer capitulo, hacemos un estudio general de las funciones poliananliticas homogéneas de orden
total m que acttian sobre dominios de dimensién n. Después probamos que dichas funciones pueden
expresarse como polinomios en las variables conjugadas z7, . . . , Z,, con coeficientes analiticos. Para tales
funciones, mostramos una propiedad del valor medio con peso y generalizamos algunas ideas de Pessoa
para obtener una forma explicita del nicleo reproductor del espacio polianalitico de Bergman sobre la bola
unitaria. Luego, usando un cambio de variable unitario con peso, convertimos dicho niicleo reproductor
en aquel del espacio polianalitico de Bergman sobre el dominio de Siegel.

En la parte principal de este trabajo, proponemos un esquema general para describir el centralizador
o conmutante de represenrtaciones unitarias de algunos grupos que acttian sobre EHNR en dominios
“tubulares”. Esto es, que para un grupo abeliano localmente compacto G y un espacio de medida Y,
consideramos un EHNR H subespacio de L?(G x Y). A través del célculo de la transformada de Fourier
del nucleo reproductor sobre la primera coordenada, enunciamos un criterio para determinar si es o
no conmutativa el dlgebra W* que forman todos los operadores invariantes bajo traslaciones. Para el
caso en el que lo es, construimos un operador unitario “diagonalizador” que convierte los operadores
invariantes en operadores de multiplicacién. Enfatizamos cada vez el rol del niicleo reproductor en estos
resultados. Mostramos, ademads, que este esquema generaliza varios trabajos obtenidos por Vasilevski'y
otros investigadores.

Finalmente, damos una descripcién completa del dlgebra W* de los operadores radiales que actiian en
el espacio polianalitico de Bergman sobre el disco unitario (el cual es un caso particular en la primera
parte). En este capitulo construimos un isomorfismo isométrico entre operadores radiales y algunas
sucesiones de matrices. Para este caso, probamos que los operadores de Toepliz con simbolos radiales no
son débilmente densos en el dlgebra de todos los operadores acotados.
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Introduction

In 1999, Vasilevski [79] found a way to describe the structure of the C*-algebra generated
by Toeplitz operators with vertical symbols acting in the classical analytic Bergman space.
After this idea, many similar constructions have taken place around by other authors,
replacing three main characteristics of the original problem: the kind of symbols, the
underlying function space, and its domain. Many surprising results have been achieved,
but, above all, some geometric properties of the domain have been noticed to be related
to algebraic properties of some classes of Toeplitz operators under consideration. This
can be seen as showing a new face of an old problem: determining the structure of
operator algebras.

In the main part of this work, we extract some of the essential components of the large
list of examples induced by the one performed by Vasilevski, and then we generalize the
outcome as much as we can.

One essential feature present in every example is the existence of a reproducing kernel
(RK) in the Hilbert space structure of the function space H, where Toeplitz operators are
defined to act in. Another common feature is the “tubular” shape of the underlying do-
main, which every time turns to be (or to be unitarily equivalent to) a Cartesian product
of a locally compact abelian group G and a measure space Y. So we combine both of
these common characteristics to rewrite some of the classic results (and a couple of new
ones) in a new fashion by turning the action group into translations and considering the
image of the reproducing kernel under the “first-coordinate” Fourier transform. We deal
not only with Teoplitz operators with invariant symbols, but invariant operators under
the action of the group G on H. The natural structure for such operators (our object of
study) is the von Neumann algebra (or W* algebra), which is proven to be decomposable
into a direct integral of bounded operator algebras over the fiber spaces of H.

We provide a criterion to determine whether this von Neumann algebra is commutative
or not, and in the affirmative case, we construct an explicit operator that simultaneously
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diagonalizes all operators belonging to this algebra.

The scheme developed in this work is applicable to a list of suitable RKHS’s (see Ex-
amples in Section 2.9). It is used to unify many of the results produced in separated
investigations. Additionally, we find two more examples for this list, but unfortunately,
we haven’t make them fit in this scheme, and we let this task for a future project. Namely,
we construct the RK of the polyanalytic weighted Bergman space over the unit disk and
the unit ball by computing an explicit orthonormal basis in terms of generalized Jacobi
polynomials, which is been used to prove a mean value property of homogeneously
polyanalytic functions.

The results of this work are published in two articles [8,53] and one preprint [38]. They
were presented in “International Workshop Operator Algebras, Toeplitz Operators and
Related Topics” in Boca de Rio Veracruz in 2018, “International Workshshop on Operator
Theory and its Applications” in Lisbon in 2019, and some seminars, such as “Seminario de
Operadores de Toeplitz” in CINVESTAV, and “Harmonic Analysis Seminar” in Louisiana
State University in the summer of 2021.

Here is a more specific description of each chapter in this work.

Homogeneous polyanalytic kernels

Bergman [12] comprehensively studied spaces of square-integrable analytic functions
on one-dimensional domains, considering them as reproducing kernel Hilbert spaces
(RKHS). For some multidimensional generalizations, see [24, 83, 87]. Polyanalytic func-
tions have been attracted attention of many mathematicians since the beginning of
the 20th century. For some of their properties, applications, and history, see, for exam-
ple [1,2,7,25,36,80].

Koshelev [51] proved that every integrable m-analytic function f on D fulfills an analog
of the mean value property:

70)= % [ 1 PO duto)

where P is a certain polynomial of degree m — 1 with explicitly computed coefficients.
Furthermore, he proved that the corresponding space A2 (D) is a RKHS and gave an
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explicit formula for the RK at the arbitrary point z, of the disk, using the Mobius tran-
sormation ., that interchanges z, with the origin. Due to the format of the journal, his
explanation was extremely short: “although the class of polyanalytic functions is not
invariant relative to fractional-linear transformations, this device is still usefull thanks to
the presence of K,,(z, zo) under the integral sign”. Pessoa [59] identified P with a certain
shifted Jacobi polynomial and explained very clearly, how to translate the reproducing
property from the origin to an arbitrary point z, of the disk. Namely, he found a cor-
recting factor that restores the polyanalyticity and converts the composition operator
f + f o, into a unitary operator in .42 (D). He also computed [58] the RK of the
space A2 (H;) of m-analytic functions on the upper halfplane H; in C. Hachadi and
Youssfi [35] studied polyanalytic functions on the disk and on the entire complex plane,
provided with radial measures. In particular, they computed the RK of A2 (D, 1, ), where

dpta(2) = (1= [2[*)* du(2).

In Chapter 1, we compute explicitly the reproducing kernel of A% (B,,, 11, ), which is, the
homogeneous m-analytic weighted Bergman space over the n-dimensional unit ball, by
proving a reproducing formula at the origin or Mean-value property for such functions
and then constructing a unitary operator in A2 (B,,, ) in order to “reset” this property
from origin to an arbitrary point inside B,,.

The Mean-value property shown in this work is a consequence of a reproducing property
of generalized Jacobi polynomials, and the unitary operator mentioned above is a natural
generalization of the previous one constructed by Pessoa [59].

Among these results, we give a general approach to the study of weighted changes
of variables in the heomogeneous polyanalytic weighted Bergman space over more
general domains, and compute with these tools, the RK of A% (H,,, 1), where H,, is the
n-dimensional Siegel domain, which is a multimensional generalization of the complex
upper halfplane. These results are published in [53].

There are several multidimensional results about polyanalytic spaces and kernels in
other settings. Askour, Intissar, and Mouayn [6] computed the RK of the space of polyan-
alytic functions on C", square-integrable with respect to the Gaussian weight (i.e., the
polyanalytic Bargmann-Segal-Fock space). If £ € N* and ({2, v) is a direct product of
one-dimensional domains with some weights (for example, (2 = C” or 2 = D"), then the
RK of A, (2, v) can be obtained as the tensor product of the corresponding reproducing
kernels on one-dimensional domains [35]. Ramirez Ortega and Sdnchez Nungaray [67]
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defined some polyanalytic-type spaces on the Siegel domain H,, by other systems of
differential equations, involving non-constant coefficients.

After submitting [53] to the journal, we found a preprint [86] by Youssfi, in which he has
found another interesting way to get some of the results presented in this work. Namely,
he also computed the RK of the weighted polyanalytic Bergman space over the unit
ball, and his formula coincides (after normalizing the measure) with our formula (1.45).
Moreover, he found the RK of the “homogeneously polyanalytic” Fock space.

Translation invariant operators

It is well known and easy to see that the radial Toeplitz operators on the Bergman space
A?*(D) are diagonal in the monomial basis and therefore generate a commutative C*-
algebra. In 1999, Vasilevski [79] found another non-trivial commutative C*-algebra of
operators on the Bergman space. Namely, he considered “vertical” Toeplitz operators (i.e.
invariant under horizontal translations), acting in the Bergman space .A*(H;) of analytic
functions over the upper halfplane H;, and constructed a unitary operator R: A2(H, ) —
L?*(R,) that simultaneously “diagonalizes” all vertical Toeplitz operators, converting
them into multiplication operators. After that, many mathematicians obtained similar
results for other groups of transformations, other spaces of functions, and other domains
[28-30, 45,47, 54,65, 82]. Grudsky, Quiroga, and Vasilevski [31] performed a complete
study of non-trivial commutative C*-algebras of Toeplitz operators on the weighted
Bergman spaces over the unit disk. Dawson, Olafsson, and Quiroga-Barranco [15, 16]
showed that in the case of group-invariant operators acting in the weighted Bergman
spaces of analytic functions over multidimensional domains, some of the previous
results follow naturally from the general theory of unitary representations of C*-algebras.
Quiroga-Barranco and Sanchez-Nungaray [61] studied commutative C*-algebras of
Toeplitz operators in the weighted Bergman spaces over the unit ball using moment
maps of the abelian subgroups of the biholomorphism group.

Here we propose another scheme to study group-invariant operators in reproducing
kernel Hilbert spaces (RKHS). We are inspired by the following general idea. If G is
a locally compact group acting on a measure space D such that the translations are
unitary operators in L?(D), and H is a RKHS over D invariant under these translations,
then it is natural to expect that the W*-algebra of translation-invariant operators can
be described in terms of the Fourier transform (along the orbits of the group action)



Contents

of the reproducing kernel. In this work, we apply this idea to the particular case when
G is a locally compact abelian group (LCAG) and the domain D is a “tube” G x Y. Our
scheme is a natural generalization and developement of Vasilevski [79], [82, Section 3.1],
see Example 2.9.1.

In Sections 2.2 and 2.3, we prove two simple general results about W*-algebras: an analog
of the Stone-Weierstrass theorem and a criterion of commutativity of a direct integral.

In Section 2.4, we recall some properties of the Fourier transform and consider the
unitary representation of the group G on the space L*(G x Y') defined by

(paxy(a)f)(u,v) = f(u—a,v) (aeG,ueG,vey). (0.1)

Using the Fourier transform with respect to the first argument, ' ® I;2(yy, we describe
the W*-algebra (pcyy)’ of bounded linear operators on L?(G x Y'), commuting with the
horizontal translations pgyy (a).

The main ideas of Sections 2.2-2.4 are well known, but we recall them in a convenient
form and state explicitly some results that we have been unable to find in the literature.

In Section 2.5 we suppose that H is a closed subspace of L*(G x Y), invariant under
paxy (a) for every a in G. Let py(a) be the compression of pe«y (a) onto H. Then py is a
unitary representation of G in H. Our principal object of study is the W*-algebra V of
translation-invariant bounded linear operators acting in #, i.e., the centralizer of the
representation py:

Vi=(pg)={A€B(H): VaeG py(a)A=Apy(a)}. 0.2)

We show that the space H = (F ® I)(H) decomposes into the direct integral of fibers
ﬁg C L*(Y), and the W*-algebra V is spatially isomorphic to the direct integral of the
factors B(ﬁg):

i- / Aedo(e), oV — / B(He) di ().
0 Q
Here G is the dual group of G, 7 is the Haar measure on G associated to v, ®: H — H is the

compression of F'® I, and (2 is defined as the set of all “frequencies” ¢ in G corresponding
to non-zero fibers ]TIS.

In particular, we conclude that V is commutative if and only if dim A, ¢ = 1 for v-almost
all ¢ in €. This condition is close to the multiplicity-free condition from [15, 16].
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In Section 2.6 we assume that H is a RKHS and denote by (K ,).cc ey the reproducing
kernel of H. The translation-invariance of H is equivalent to the following property of
the reproducing kernel:

Ky y(u,v) = Ko y(u —z,v) (x,u € G, y,veyY).

We define L as the Fourier transform of K along the action of the group:
Ly (v) = (PKo,)(,y) = /G E(u) Koy(u,0)dv(u) (€ yveY).  (03)

Under some additional assumptions, we show that each fiber H, is a RKHS, and its
reproducing kernel is (L, ,),cy. As a consequence, we establish a constructive criterion
for commutativity of V, in terms of L.

In Section 2.7 we consider the commutative case (when dim(flg) = 1forall¢in Q) and
construct a unitary operator R that simultaneously diagonalizes all operators belong-
ing to V. In particular, we diagonalize Toeplitz operators with translation-invariant
generating symbols.

In Section 2.8 we consider the non-commutative case with finite-dimensional fibers and
construct a unitary operator R that transforms elements of V into matrix families.

Finally, in Section 2.9 we apply this scheme to various examples.

Our scheme may be viewed as an application of the von Neumann theory to RKHS over
domains of the form G x Y. As an advantage of this work, we deal with general RKHS
and general LCAG, without requiring any analytic or differential structure on the domain.
We reduce the study of the algebra V to the computation of one Fourier integral (0.3).

The scheme proposed in this work unifies many of the currently known results on
translation-invariant operators acting in RKHS, but it is not universal. For example, it
cannot be applied to radial operators on RKHS over the unit ball B,, in C" with n > 1,
because the corresponding unitary group U(n) is not commutative, and B,, does not
decompose into a product of the form U(n) x Y.

Radial operators in the poly-Bergman space

As the concrete case of n = 1 in Chapter 1, let A2 (D, u,,) be the space of (homogeneous)
m-analytic functions square integrable with respect to readial measure y, in D. We
denote by A? (D, u,) the orthogonal complement of A7, (DD, 11o) in A2, (D, p1q).
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For every 7 in the unit circle T .= {z € C: |z| = 1}, let Pl (1) be the rotation operator
acting in A2, (D, p,) by the rule

(P (1) F)(2) = f(r 1),

The family P is a unitary representation of the group T in the space A2 (D, ), which
in turn, is invariant under rotations (see Proposition (3.6.8)). We denote by R its
commutant, i.e., the von Neumann algebra that consists of all bounded linear operators
acting in A2 (D, u,) that commute with pi) (1) for every 7 in T. In other words, the
elements of R\ are the operators intertwining the representation p'%) . The elements of
R are called radial operators in A2,(D, pty)-

In a similar manner, we denote by pgfn)) (7) the rotation operators acting in A?m) (D, pe) and
by Rgf‘n)) the von Neumann algebra of radial operators in A%m) (D, io ). We also consider
the rotation operators p(® () in L?(D, u,) and the corresponding algebra R(® of radial
operators.

In Section 3.2, we recall various equivalent formulas for the disk polynomials that can
be obtained by orthogonalizing the monomials in z and Z. Using this orthonormal
basis (b)), 4er, We descompose L2(D, 11, ) into the orthogonal sum of subspaces Wﬁ(a)
corresponding to different frequences &, with ¢ € Z.

In Section 3.3 we give an elementary proof of the weighted mean value property of
polyanalytic functions and show the boundedness of the evaluation functionals for the
spaces of polyanalytic functions over general domains in C. In the unweighted case, this
mean value property was proven by Koshelev [51] and Pessoa [59]. In the weighted case,
it was found by Hachadi and Youssfi [35] and used by them to compute the reproducing
kernel of A2 (D, ).

In Section 3.4, extending results by Ramazanov [63, 64] to the weighted case, we verify
that the family (5" )p>0.0<q<m 1S an orthonormal basis of A2, (D, 1, ). Using this fact, we
decompose A2 (D, u,) into subspaces Wg(a) N A2 (D, ug).

In Section 3.5 we prove that the set of all Toeplitz operators with bounded generating
symbols is not weakly dense in B(A2?, (D, 1)). This simple result was surprising for us.

In Section 3.6 we decompose the von Neumann algebras R(®), R and RE%, into direct

sums of factors. In particular, Theorems 3.6.9 and 3.6.10 imply that the algebra R is
noncommutative for m > 2, whereas Ré% is commutative for every m in N.
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In Section 3.7, we find explicit representations of the radial Toeplitz operators acting
in the spaces A7, (D, 1,) and A?, (D, u,). The results of Sections 3.6 and 3.7 are similar
to [57]. The main difference is that the orthonormal bases are given by other formulas.



1 Polyanalytic Kernels in the Unit Ball

1.1 Scope

The aim of this chapter is to write an explicit formula for the reproducing kernel of the
homogeneous m-analytyc wheighted Bergman space over the unit ball B,, in C" and over
the n-dimensional Siegel domain H,,. All these results were published in [53].

LetN = {1,2,...}, Ng = {0,1,2,...} and take n € N for the rest. We employ the usual
notation for the multi-indices and the notation |- | for the norm in C", see [70, Section 1.1].
Given an open set 2 in C", a multi-index k£ = (ki,...,k,) in N} and a function of the
class C'(Q), we denote by D" f the Wirtinger derivative of f of the order  (such deriva-
tives were previously used by Poincaré, Pompeiu, and Kolossov). In a more classical
notation,

D f(z) = p T f(2) (z € Q).

Let A(£2) be the class of all analytic functions on €. Itis defined by the system of equations

1,0,...,0) 0,1,...,0) (0,0,...,1)

D f=0, D' f=0, ..., D f=0. (1.1)

Given an open subset €2 of C" and a multi-index k& = (kq, ..., k,) in N”, k-analytic func-
tions on (2 are defined [7, Section 6.4] as functions that can be represented in the form

fe = > w7, (1.2)

where all functions g, are analytic. We denote by .4;((?) the class of all functions of the
form (1.2). For simply connected domains 2, such functions can also be characterized
as smooth solutions of the system of differential equations

prrOp g POy _o . DOy, (1.3)



1 Polyanalytic Kernels in the Unit Ball

Instead of considering polyanalytic functions of a given multi-order &, we prefer to work
with the following classes of “homogeneously polyanalytic” functions.

Definition 1.1.1. Let {2 be an open set in C* and m € N. We say that f: Q@ — Cis
homogeneously polyanalytic of total order m or just m-analytic, if f belongs to the class
Cc™(Q2) and Ekf = 0 for every k in N} with |k| = m. We denote by A,,(Q2) the set of all
such functions.

The multi-indices & with |k| = m can be associated with m-multisubsets of the set
{1,...,n}, and the number of such multi-indices is ("*"")

A1 () = A(Q) is defined by n differential equations (1.1).

. For example, the class

Definition 1.1.2. Let Q be an open set in C” and m € N. We denote by A,,(1) the set of
all functions f: 2 — C that can be written in the form

1) = Y ha)7, (1.4)

lil<m

where h; € A(Q?) for all j € Ny with |j| < m.

This class of functions has been studied by Daghighi [14], who has proved some unique-
ness theorems. He used the term “polyanalytic functions of absolute order ¢”, where ¢
plays the role of our m.

In Section 1.2 we prove that A,,(Q) = A,,(). Obviously, A,,(Q) is a complex vector
space. In Proposition 1.2.7 we show that the space A4,,(Q2), with m in N, is invariant under
linear changes of variables (of course, the domain can change). In a contrast, the spaces
A, withn > 2and k € N, k # (1,1,...,1), are not invariant under linear changes of
about k-analytic functions (k € N") can be applied to A,,(Q2). On the other hand, if k£ in
N7, then A, (Q2) C A|k|+1,n<Q).

From now on, we denote by i the Lebesgue measure on C".

Definition 1.1.3. Let Q2 be an opensetin C", m € N, W: Q — (0, +00) be a continuous
function, and dv = W du. We denote by A2 (), v) the set of all functions f € A,,(Q)
that are square-integrable with respect to ». We consider this space with the inner
product inherited from L?(Q, v). Furthermore, we denote by .A%m) (Q2, v) the orthogonal
complement of A2, ,(Q,v)in A4,,(Q,v). Here A2(Q,v) == {0}.

10



1.2 Homogeneously polyanalytic functions

Section 1.3 contains a weighted mean-value property for integrable functions belonging
to A,,(Q). As a consequence of this property, A2, (€, v) is a RKHS. In Section 1.4 we show
how the RK transforms under a weighted change of variables. In Section 1.5 we use the
previous tools to compute the RK of A2 (B,,, 1..), where B, is the unit ball in C" and p,,
is the standard radial measure on B,,, see (1.27). Finally, in Section 1.6 we compute the
RK of A2 (H,, v,), where H,, is the standard Siegel domain in C" and v, is a weighted
Lebesgue measure (see (1.51) and (1.52)).

There are many recent studies of Toeplitz operators, acting in polyanalytic Bergman
spaces over one-dimensional domains [13,46, 56,57, 68, 82]. We hope that this work can
serve as a basis for some multidimensional generalizations, see Remarks 1.5.10, 1.5.11,
and 1.6.17.

1.2 Homogeneously polyanalytic functions

Polyanalytic functions naturally arise in some physical models (plane elasticity the-
ory, Landau levels) and in some methods of signal processing, see [1, 2, 4, 36, 42, 43].
Koshelev [51] computed the reproducing kernel of the m-analytic Bergman space A2 (D)
on the unit disk. In [7], Balk explained fundamental properties of polyanalytic func-
tions. Dzhuraev [19] related polyanalytic projections with singular integral operators.
Vasilevski [80, 81] studied polyanalytic Bergman spaces on the upper halfplane and
polyanalytic Fock spaces using the Fourier transform. Ramazanov [63, 64] constructed
an orthonormal basis in A% (D) and studied various properties of .42 (D). In fact, the
elements of this basis are well-known disk polynomials studied by Koornwinder [49],
Wiinsche [84], and other authors. Pessoa [59] related Koshelev’s formula with Jacobi
polynomials and gave a very clear proof of this formula. He also obtained similar results
for some other one-dimensional domains. Hachadi and Youssfi [35] developed a general
scheme for computing the reproducing kernels of the spaces of polyanalytic functions
on radial plane domains (disks or the whole plane) with radial measures.

There are general investigations about bounded linear operators in reproducing kernel
Hilbert spaces (RKHS), especially about Toeplitz operators in Bergman or Fock spaces
[9, 85, 88], but the complete description of the spectral properties is found only for some
special classes of operators, in particular, for Toeplitz operators with generating symbols
invariant under some group actions, see Vasilevski [82], Grudsky, Quiroga-Barranco, and

11



1 Polyanalytic Kernels in the Unit Ball

Vasilevski [31], Dawson, Olafsson, and Quiroga-Barranco [15]. The simplest class of this
type consists of Toeplitz operators with bounded radial generating symbols. Various
properties of these operators (boundedness, compactness, and eigenvalues) have been
studied by many authors, see [33,50,60,89]. The C*-algebra generated by such operators,
acting in the Bergman space, was explicitly described in [10, 32, 40, 76]. Loaiza and
Lozano [55] obtained similar results for radial Toeplitz operators in harmonic Bergman
spaces. Maximenko and Telleria-Romero [57] studied radial operators in the polyanalytic
Fock space.

Hutnik, Hutnikova, Ramirez-Mora, Ramirez-Ortega, Sanchez-Nungaray, Loaiza, and
other authors [46,48, 56, 66,68, 71] studied vertical and angular Toeplitz operators in poly-
analytic and true-polyanalytic Bergman spaces. In particular, vertical Toeplitz operators
in the m-analytic Bergman space over the upper half-plane are represented in [68] as
m X m matrices whose entries are continuous functions on (0, +oc), with some additional
properties at 0 and +oo.

Rozenblum and Vasilevski [69] investigated Toeplitz operators with distributional sym-
bols and showed that Toeplitz operators in true-polyanalytic spaces Bergman or Fock
spaces are equivalent to some Toeplitz operators with distributional symbols in the
analytic Bergman or Fock spaces.

Let Q be an open set in C” and m € N. In this section we show that A,,() = A,,(Q) and
mention some other properties of A,,(12).

Lemma 1.2.1. Let f € A,,(Q2). Then the following function is analytic:

M,
o= 3 T e
HP

Proof. Letp € {1,...,n} and ¢, be the p-th canonical vector in Ny, i.e., ¢, = (0,4)"_,
where ¢ is the Kronecker’s delta. We have to show that D g = 0. By the product rule,

(D7g)(2) = S1(2) + Sa(2) + S3(2) + Sa(2),

12



1.2 Homogeneously polyanalytic functions

where

Sz =Y CHEDTT ()P

) (2)2F,

Z 1)\k\

|M<m,1 =m—

Si(z) = > S HEDT(E),  Siz) = Z ék LU (D ()7,
|k|<m |k|<m
kp=0 kp>0

We have that S»(z) = 0, because f € A,,(2) and |k + e,| = m in the sum defining S,. Also
S3(z) = 0, because D7zF = 0 when k, = 0. Finally, with the change of variable j = k — ¢,
we rewrite Sy(z) as

(_1)Ijl

Sie) == 3 @R
lil<m—1
Therefore, (D™ g)(z) = S1(z) + Si(z) = 0. O

Lemma 1.2.2. Let f € A,(Q) and g € A,(Q). Then fg € Ay, q1(Q).

Proof. This lemma follows from the elementary observation thatif j € Nj and & € N,
with |j| < pand |k| < ¢, thenz/ z* =z * and |j + k| = |j| + |k| <p+q— 1. O
Theorem 1.2.3. LetQ) be an open set in C" andm € N. Then A,,(2) = A,,(Q).

Proof. 1t is well known that A(Q) = A(Q). Let m > 1. It is obvious that A,,(Q) C A,.(2).

We show, by induction on m, that A,,(Q) C A,.(Q). Suppose A,(Q) C A,(Q) for every
p<mandlet f € 4,,(Q2). Define g as in Lemma 1.2.1, then observe that

||
> EE 0 e gt

0<|k|<m

flz) = -

For every k with 0 < |k| < m, we have ¥ € A, () and D'fe A 5(Q) C A1 ()5
the last inclusion holds by the induction hypothesis. Finally, apply Lemma 1.2.2. O

Corollary 1.2.4. Let [ € A,,(Q?) anda € Q). Then there exists a family of functions (hy,) x<m
in A(QY), such that for every z in (),

(z — a (1.5)

- Y h

keNgy
\M<m

13



1 Polyanalytic Kernels in the Unit Ball

Proof. First, we write f as (1.4). Then, expanding z’ = (z — a + @)’ into multi-powers of
Z — a and regrouping the summands, we obtain a sum of the form (1.5). O

Corollary 1.2.5. Let f € A,,(2), a € Q, andr > 0 such that a + rB,, C Q. Then there exists
a family (83); xenz kj<m Of complex numbers such that for every z ina + rB,,

FE) =YY Bz —a)(z-a). (1.6)

JEND keND
|k|<m

Moreover, this series converges uniformly on every compact subset of B,,.

Proof. 1t is well known that every holomorphic function on B,,, decomposes on B,, into
a power series, converging on B,, and uniformly converging on compact subsets of B,,.
Applying this fact to each h; from Corollary 1.2.4, we obtain (1.6). O

Let us mention a version of the uniqueness property for m-analytic functions.

Proposition 1.2.6. Let () be a connected open set in C", ), be an open subset of ), and
f € A,.(Q) such that f(z) = 0 for every z in,. Then f(z) = 0 for every z in ).

Proof. For k in N”, the uniqueness property of k-analytic functions is proven in [7, Sec-
tion 6.4]. The uniqueness property for m-analytic functions is a corollary of this fact,
since A,,(Q) C Aum,...m) (). O

77777

To finish this section, we will show that the class A,, with m in N is closed under linear
changes of variables, while the classes .4, with £ € N" are generally not.

Proposition 1.2.7. Let M be an invertiblen x n complex matrix and f in A,,()). Define
g: MQ — Chyg(z) = f(M™'z2). Theng € A,,(MQ).

Proof. Theorem 1.2.3 allows us to work with A, instead of A,,. Let f be as in Defini-
tion 1.1.2. Then

9z) =3 (M) (M T2)

lil<m

14



1.3 Weighted mean value property

The functions z — h;(M~'z) are analytic. Let M~! = [¢, ,|*,_,. Then

r,s=1°

M) =] <Z——> .

s=1

The last expression is a homogeneous polynomial in z7, . . . , Z,, of total degree |j|, which is
strictly less than m (the same conclusion can also be obtained by Lemma 1.2.2). Therefore
g€ A, (MQ). O

Proposition 1.2.8. Letn > 2, () be an open subset of C", k € N", k # (1,1,...,1). Then
there exists a function f in A.(Q2) and an invertible matrix M in C"*" such that the
function g: M — C, defined by g(z) .= f(M~'z), does not belong to A;,(MS).

Proof. To simplify the notation, we suppose that k; > 1. The general case is analogous.
Define M in such a manner that

M 'z = (214 22,20 — 21,23, - - -, Zn).
Consider f: Q — C, f(z) == z" 1z 1. Then
9(z) =@+ T (m-=)

In the expansion of the last polynomial, one of the terms is z;****2=2, Since k; + ky — 2 >
ks — 1, we obtain g ¢ A (M), though f € A,(Q). O

1.3 Weighted mean value property

In this section we prove that the value of a m-analytic function at the center of the unit
ball B,, can be expressed as the integral of this function over the ball, with a certain real
radial weight (Theorem 1.3.3). Similar results in the one-dimensional case were proved
in [35,51,59].

15



1 Polyanalytic Kernels in the Unit Ball

Jacobi polynomials and their reproducing property

Some integrals over the unit ball, written in the spherical coordinates, can be reduced to
integrals over the unit interval (0, 1) with weights of power type at the boundary points 0
and 1. Thereby Jacobi polynomials naturally appear.

For every ¢ and 7 in R, the (generalized) Jacobi polynomial of degree m is defined by
Rodrigues formula:
(-1 ar

(1—2)¢(1 +2)"— ((1 —x)m+5(1+x)m+"). (1.7)

P(ﬁﬂ?) —
(6 (z) o

—ompl

This definition and the general Leibniz rule imply its expansion into powers of x — 1 and

z + 1: B
A= () () () - o

s=0

Formula (1.8) yields a symmetry relation, the values at the points 1 and —1, and a formula
for the derivative:

P (—z) = (=1)" P9 (x), (1.9)

emy - (MTE €m/ 1\ — (_qym (Mt
Pm"<1>—( m ) P”(=1) = (=1) ( - ) (1.10)
(PEDY () = 5+77+++1 Pt () (L11)

With the above properties, it is easy to compute the derivatives of P at the point 1.

Now Taylor’s formula yields another two explicit expansions for P

pea- SN () o

s=0

:i<_1)s<€+ntm+s> (Z:TZ) <x—|2—1> 1.13)

s=0

If¢ > —1and n > —1, then (1.12) can be rewritten as

€n) () — _ LE+m+1) m(m)F(§+n+m+s+1)<x—1)s
Pm”(f)_m!F(§+n+m+1); s T(€+s+1) 5 . (1.14)
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1.3 Weighted mean value property

For ¢ > —1andn > —1, we equip (—1, 1) with the weight (1 — z)%(1 + )", then denote by
() (~1,1),¢.,n the corresponding inner product'

{(f:9)10em = f( )9(x) (1 —2)*(1 + )" dz.

Then L2((—1,1), (1 —2)5(1 +z)") isa Hllbert space, and the set P of Jacobi polynomials
is a dense subset. Using (1.7) and integrating by parts, for every f in P we get

1
(f, P?Efm)>(*1,1),§,17 = %< ’, Pr(fjf’nﬂ)>(71,1),§+1,n+1- (1.15)

Applying (1.15) and induction, it is easy to prove that the sequence (Pr(f’”));ﬁ:o is an
orthogonal basis of L?((—1,1), (1 — x)(1 + z)7), that is, for every polynomial / of degree
less than m,

/1 h(x)PE (1) (1 — 2)5(1 + z)"dx = 0. (1.16)

1
Furthermore,

2 (m+ £+ 1)I(m+n+1)

Otm- (1.17)
Cm+E+n+DIm+E+n+1)ml

Formulas (1.7) and (1.16), and induction allow us to compute the following integral for

(P& PEMY e =

m

n > 0:
1
/ PEMD () (1 — 2)¢(1 + 2)"dz = 257" (1) B(€ +m + 1, + 1), (1.18)
—1
where B is the classical Beta function.

Definition 1.3.1. Let m € Nand &, > —1. We denote by RE™ the following polynomial:

RED (1) — (];35)1]?755:1137”: 1? Pl (o) _ 1), (1.19)

Equivalently, by the symmetry relation for Jacobi polynomials, we have
B +1,n7+1)
REM (1) = PIHLO (1 — o). 1.20
*) B+m+1,n+1) ™ ( ) ( )
Combining (1.19) with (1.13) or (1.20) with (1.12), we get the following explicit formulas
for RS™:

FE+DT(n+m+2) & T(€+n+m—+s+2)

Em(+) — .

Rm"(t)_r(g+77+2) L(E+m+1) ; —S'F(n+s+2) t (1.21)
(€+1) 77+m+2 m )s(m) S

17



1 Polyanalytic Kernels in the Unit Ball

The next simple result was proven in [8] using the orthogonality of the Jacobi polynomials
and formula (1.18). Previously, Hachadi and Youssfi [35, formula (5.7)] gave another
proof for the case n = 0.

Proposition 1.3.2. Letm € N and&,n > —1. Then for every polynomial h with complex
coefficients and deg(h) < m,

1 RO RED () (1 — £EE dt —
e [, MORS O (0t = ho) 123

The polynomials of degree < m, considered as square-integrable functions on the in-
terval (0, 1) with the normalized weight m( 1 — )57, form a RKHS. Formula (1.23)
means that RS is the RK of this space at the point 0.

As a particular case of (1.23), for every k in Ny with & < m,

1 1
REM (4)(1 — t)5t"* dt = 6;,0. 1.24
e L - (1.24)

Weighted mean value property of homogeneously

polyanalytic functions

We denote by i the Lebesgue measure on C", by S,, the unit sphere in C”, and by ys, the
(non-normalized) area measure on S,,. It is well known [70, Section 1.4] that

" 27"
p(By,) = ME ps, (Sp) = m;
and N
— sl , .
A C]deﬂgn(f) = m Ok (7, k € Ny). (1.25)

Given an integrable function f on B,, its integral over B,, can be written as

1
fdu= /0 r2”_1< i f(r¢) dﬂgn(g)) dr. (1.26)

By

For a > —1, we denote by 1, the Lebesgue measure on B,, with the standard radial weight:

dpa(2) = call — |2]*)* dpu(z). (1.27)

18



1.3 Weighted mean value property

The normalizing constant ¢, is chosen so that x,(B,,) = 1:

_Tlntatl)
o= Tt 1) (1.28)

Theorem 1.3.3. Let f € A,,(B,,) such that f € L*(B,, u.). Then

F0)= [ FERETV(2) dua(2). (1.29)
By

Proof. We represent f in the form (1.6) with ¢ = 0, then make the change of variables
z=r(with0<r<1,{ €S,

Y S e 130

JENG keNg
|k|<m
For every sin (0, 1), let /; be the integral similar to the right-hand side of (1.29), but over
the ball sB,,:

L= [ fERTV(2P) dpal).

sB,
Since the series (1.30) converges uniformly over r in [0, s] and ¢ in S, it can be inter-
changed with the integral over sB,,. Then we apply (1.26) and (1.25):

L= X 3t [ R e ([T s, 0 )ar

JENE keN?
|k\<m
™" k! " plen-1)
=, RY™ (@)1 — ¢)e Ik g,
kznﬁkk 1+|/€|)/ m—1 ()( )
eNg
|l€|<m

The condition f € L'(B,, u,) implies that I, — I, as s — 1. Passing to this limit and
using (1.24), we finally obtain

F(n+a+1) k! /1 (1) .
I, = E e Ry — etk gt
T T(a+1) kENnﬁ’“k (LR, et 000
0
|k|<m

~Tla+n+1) k! o
- T(a+1) gﬂﬁ’“ﬂm Or0 Bla+1,n) = foo = f(0). O

Here is an analog of (1.29) for an arbitrary ball and for o = 0.

19



1 Polyanalytic Kernels in the Unit Ball

Corollary 1.3.4. Let ) be an open subset of C", f € A,,(2), a € Q, andr > 0 such that
a+rB, C Q. Suppose that f € L'(a + rB,, u). Then

rw=5 o [ som (B2 aue) (e

n 2n
™ a+rB,

Bergman spaces of homogeneously polyanalytic functions

In the rest of this section, we suppose that 2, m, W, v are like in Definition 1.1.3. Us-
ing (1.31), it is easy to prove the upcoming Lemma 1.3.5 and Proposition 1.3.6. See
similar proofs for the one-dimensional case in [8, Lemma 4.3, Proposition 4.4].

Lemma 1.3.5. Let K be a compact subset of §). There exists a number C,, wx > 0 such
that for every f in A2 (Q,v) and every z in K,

|f( < Conwire || laz, () - (1.32)
Proposition 1.3.6. A2 (Q,v) is a RKHS.
As a corollary, the spaces A?m)(ﬂ, v) are also RKHS.

Proposition 1.3.7. In the conditions of Definition 1.1.3, suppose additionally that ) is
bounded and v is finite. Then

L*(Q,v) = @B AL (). (1.33)
m=1

Proof. This is a simple consequence of three facts: 1) the continuous functions with
compact supports form a dense subset of L?((2, v); 2) by the Stone-Weierstrass theorem,
every continuous function on the closure of €2 can be uniformly approximated by poly-
nomials in zy,. .., 2,,%1,. .., Z,; and 3) the norm of L?(Q2, v) can be estimated from above
by a constant multiple of the maximum-norm. O
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1.4 Pushforward reproducing kernel

In the one-dimensional case, the “true-m-analytic” spaces .A?m) were studied by Ra-
mazanov [63] and Vasilevski [80-82]. According to [81] (see also another proofin [57]),
the decomposition (1.33) holds for the poly-Fock space A2 (C,e ?” dy). On the other
hand, if ) is the upper halfplane H,; with the Lebesgue measure, then L?(H;) decom-
poses into the orthogonal sum of the spaces .A%m) (H,) and their conjugates (see [80]
or [82, Theorem 3.3.5]), and (1.33) fails. It is natural to ask if Proposition 1.3.7 remains
true if v(§2) < 400, without assuming €2 to be bounded.

1.4 Pushforward reproducing kernel

In this section we show how to transform a RK using a weighted change of variables.
First, we deal with abstract positive kernels [5], then we consider reproducing kernels in
Hilbert spaces.

Let X be a non-empty set. We denote by C* the complex vector space of all functions
X — C with pointwise operations. A family (K, ).cx with values in C* is called a positive
kernel on X if for everyminN, every z4,...,z,, in X and every o, ..., a,, in C,

i s Ky, (25) > 0.

r,s=1

Proposition 1.4.1. Let X,Y be non-empty sets,): Y — X and J: Y — C be some func-
tions, and (K,).cx be a positive kernel on X . Then the family (L,).cy, defined by

Ly(v) = J(u) J(U)Kw(u)(¢(“))7

is a positive kernelon'Y .

Proof. Letm € N,uy,...,un €Y, aq,...,a,, € C.Foreverysin{1,...,m} putz, = ¥ (uy)

and 3, := J(us) as. Then

i Oéra_sLuT (us) - i /BT'EKIT (l's) > 0. [

r,s=1 r,s=1
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1 Polyanalytic Kernels in the Unit Ball

Let X be a non-empty set. We say that H is a Hilbert space of functions on X if H is a
vector subspace of C¥, provided with an inner product and complete with respect to the
corresponding norm. Furthermore, if z € X, K € H and (f,K) = f(z) for every fin H,
then we say that K is a reproducing kernel of H at the point z. In case of existence, this
function is unique.

Proposition 1.4.2. Let X,Y be non-empty sets,): Y — X and J: Y — C be some func-
tions, H, be a Hilbert space of functions over X, H, be a Hilbert space of functions overY,
and

(Uf)(2) = J(2)f((2))

be a well-defined unitary operator mapping H, onto H,. Suppose thatu € Y and K be the
reproducing kernel of H, at the point(u). Then the function L: Y — C, defined by the
following rule, is the reproducing kernel of H, at the point u:

L(v) = J(u) J(v) K(t(v)).

Proof. Letg € Hyand f = U 'g. Then

Defining £ by £(v) = J(u)(UK)(v) = J(u)J(v)K()(v)), we get the RK of H, at u. O

Proposition 1.4.3. Let X, Y be non-empty sets,): Y — X and J: Y — C be some func-
tions, H, be a Hilbert space of functions over X with reproducing kernel (K,).cx, H, be a
Hilbert space of functions overY, and

Uf)(z) = J(2)f($(2))

be a well-defined unitary operator mapping H, onto H,. Then H, is a RKHS, and its
reproducing kernel (L,).cy is given by

Lu(v) = J(u) J(v) Ky ($(v)).

Proof. Apply Proposition 1.4.2 at every point u of Y. O
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1.5 Reproducing kernel on the unit ball

As a simple application of this scheme, let us express the Berezin transform in H, via
the Berezin transform in H;. Given a Hilbert space H, we denote by B(H ) the C*-algebra
of all bounded linear operators acting in H. Given a set X, we denote by B(X) the
Banach space of all bounded functions on X, with the supremum norm. If A is a RKHS
over X and its RK satisfies ||K,||z # O for every z in X, then the Berezin transform
Bery: B(H) — B(X) is defined by

Bery (4)(z) = (Ka, Ko)u

(A e B(H), = € X).

Proposition 1.4.4. In the conditions of Proposition 1.4.3, suppose that || K, ||y, # 0 for
everyz in X and J(u) # 0 foreveryu inY. Then

Berg, (A)(u) = Bery, (U AU)(¢(u)) (A€ B(Hy), ueyY).

Proof. As we have seen in Proposition 1.4.2, L, (v) = J(u)(UKy))(v). Therefore,

. <ALuaLu>H2 o |‘](u)|2<AUK¢(U)7UK¢(U)>H2

B A = -
erp, (A)(u) PHE | J () P|U Ky |2
U*AUK u 7K u 1
_ i, K ) _ Bery, (U AU) (4 (w)). -
[Lere

Corollary 1.4.5. In the conditions of Proposition 1.4.4, suppose that Bery, is injective.
Then Bery, is also injective. Moreover, if ) is a bijection, than the injectivity of Bery, is
equivalent to the injectivity of Bery, .

1.5 Reproducing kernel on the unit ball

In this section we consider the domain 2 = B,, with the standard radial measure ., given
by (1.27). Using the weighted mean value property and appropriate unitary operators,
we compute the RK of A2 (B, ity ).
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1 Polyanalytic Kernels in the Unit Ball

On the unit ball biholomorphisms

For a fixed ¢ in B,, \ {0}, we denote by ¢, the function B,, — B,,, defined by

a — éz’ga—\/l—iw (z—%a)
(2) = ’ v 1.34
4 <Z) 11— <Z,(l> ( )

Fora = 0, p,(z) := z. Itis well known [70, Theorem 2.2.2] that for every a in B,,, ¢, is a
biholomorphism of B,,, v, (¢.(z)) = z for every z in B,,, ¢,(0) = a, p,(a) = 0, and

L= () ) = e (139

Here are particular cases of (1.35), with w = z and w = 0, respectively:

(1 —la*)(1 = |2*)

— 2 —
1 — Jea(2)] TS EE (1.36)
1 _ 2
1= (g a) = 7o L37)
The real Jacobian of ¢, is [87, Lemma 1.7]
B 1— |CL|2 n+1
(Jrpa)(2) = (W) : (1.38)

We denote by pp, (2, w) the expression |¢.(w)|, known as the pseudohyperbolic distance
between z and w, see [87, Corollary 1.22] or [18]. Formula (1.36) provides a simple recipe
to compute pp, (2, w).

A factor to preserve the polyanalyticity

Definition 1.5.1. Given ¢ in B,,, we define p,, ,: B,, — C by

Pm,a(2) = (%)m_l :

In the one-dimensional case, the function p,, , was introduced and studied by Pessoa [59].
As itis shown in the proof of Lemma 1.5.3, the main purpose of p,, , is to eliminate the
denominators in the multi-powers of ¢,(2).
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1.5 Reproducing kernel on the unit ball

Lemma 1.5.2. Foreverya,z inB,,

Pma(2)] =1, (1.39)
pm,a(@a(znpm,a(z) =1 (140)

Proof. Formula (1.39) follows directly from the definition of p,, ,. Identity (1.40) is easy
to verify using (1.37). N

Lemma 1.5.3. Leta € B, and f € A,,(B,). Then (f o va) - Pm.a € An(By).

Proof. Let f be of the form (1.4). Denote by N,(z) the numerator of (1.34); it is a polyno-
mial of degree 1 in 2, ..., z,. Then,

Heal ) = (w)m > hilpa(2)) (NL

The quotients in the last sum are analytic functions of z. The multi-power N,(z)’ is

a polynomial in z7,. .., Z, of total degree |j|, and the expression (1 — (a, z))™ 'l is
a polynomial in Z7, ..., Z, of total degree m — 1 — |j|. Therefore, the whole sum is a
polynomial inz7, . . ., Z,, of total degree at most m — 1, with some analytic coefficients. [

A factor to preserve the norm

Remark 1.5.4. In the upcoming formula for g, , and in some other formulas, we work
with (non necesarily integer) powers of complex numbers. Given ¢ in C \ {0} and g in C,
we define t° as exp(3log(t)), where log(t) = logy |t| + iarg(t), logg |t| is the real logarithm
of |t|, and arg(t) is the principal argument of ¢, belonging to (—, 7].

Given « in B,,, we denote by g, , the following function B,, — C:

(1—]a)™3

1 — (z,a))rtite’

ga,a(z) = ( (141)
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1 Polyanalytic Kernels in the Unit Ball

This function and their properties stated below appear in Vukoti¢ [83]. See also [87,
Proposition 1.13] or [22, formula (2.4)]. By (1.37),

Joa(@a(2))Gaa(z) = 1. (1.42)
By (1.42), (1.36), and (1.38),
|9a.a(Pa(w))[?(Jrga) (W) (1 = [@a(w)]*)* = (1 — |w]*)*. (1.43)

Using (1.43) and the change of variables w = ¢,(z), one easily shows that for every f in
f € L*(Bn, pa),
H(f © SOa) ) ga,aHLQ(Bn,ua) = ||f||L2(Bnyﬂo¢)' (1.44)

A weighted shift operator preserving A% (B,,, i)

Definition 1.5.5. Given a in B,,, we define U, : A2,(B,, i) — A2, (B, i1o) by

(Uaf) (Z) = f(gpa(z))pmﬂ(z)ga,a(z)'

Proposition 1.5.6. Leta € B". Then U, is a unitary operator in A% (B,,, ii,), and U? = 1.

Proof. Given f in A2 (B,, i,), Lemma 1.5.3 assures that U, f € A,,(B,,). Formula (1.44),
combined with (1.39), implies that U, is an isometry. Finally, (1.40) and (1.42) yield the
involutive property U? = I. O

Computation of the RK on the unit ball

Recall that R{;"” is defined by (1.19) and ps, (z,w) denotes |p,(w)|.

Theorem 1.5.7. Letn,m € N and o > —1. Then for every = inB,,, the following function
K. is the reproducing kernel of A% (B,,, 11.,) at the point z:

(]‘ — <Z>w>)m_l R(a,nfl)

K.(w) = (= {w, 2y)ta fom (pg, (2, w)?).

(1.45)
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1.5 Reproducing kernel on the unit ball

Proof. For z = 0, the function defined by the right-hand side of (1.45) simplifies to
Ko(w) = B,y (|wf?).

Theorem 1.3.3 means that K is indeed the RK at the point 0. Now, for 2z in B,,, we apply
Proposition 1.4.2 with H, = H, = A2/(B,), ¢. instead of ¢, and J, = p,,.g,.. Since
¢.(z) = 0, we obtain

K. (w) = J.(2)J.(w)Ko(p.(w)). (1.46)

It is easy to see that J.(z) = (1 — |z[>)~""="*. So, after some simplifications, we arrive
at (1.45):

w 1 L= (zw)\" (1= (en—1) 2
) = e (e y) g g e el
_ A=Go)™ ey, e
- (1 — <’U,),Z>)n+m+a Rm—l (an( ) ) ) U

Formula (1.45) is a natural generalization of the previous results: [51,58] forn = 1 and
a=0,[35]forn =1and o > —1, and [87, Theorem 2.7] for m = 1.

Corollary 1.5.8. Letn,m € N and o > —1. Then for every z inB,,

n+m—1\ Bla+1,n) 1
B(a+m,n) (1 — |z[?)rtetl’

1K e 5,y = Ka(2) = ( (1.47)

n

Remark 1.5.9. We get other formulas, equivalent to (1.45), using (1.36) and (1.12):

) = g O b o (e ) - 1) (1.48)
)

(= (zw)™ (=)™ Bla+1,n) B 2(1 — |22 (1 — |w]?)
— ( < 7 >)n+m+a B(a+m,n) P,y (1 |1 — <w,z>|2 > (1.49)
_ _(A=fzuw)” (=)™ 'T(a+1)
(1— (w, z))"t™+a T(a+n+ 1) (m —1)!
m—l_ < m — 1 F(a—l—m—|—n+3) (1—|Z|2)(1—|w|2) s
" s=0( Y ( 8 > MNa+s+1) ( 11— (w, 2)|? ) : (1.50)

Remark 1.5.10. If M is a unitary n by n matrix, then the RK computed in Theorem 1.5.7
is invariant under the simultaneous action of M in both arguments:

Ky.(Mw) = K, (w) (z,w € B").
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1 Polyanalytic Kernels in the Unit Ball

Therefore, by [57, Proposition 4.1], the space A% (B", 11, ) is invariant under the action of
the rotation operator

(R]V[f) (Z) )= f(M_l,Z)

This follows also directly from Proposition 1.2.7. Notice that the unitary matrices include
permutation matrices, diagonal matrices with unimodular complex entries, and real
rotations in any two coordinates.

Remark 1.5.11. Generalizing ideas of this section, it is possible to construct a unitary
weighted shift operator U, acting in A2 (B,,, i, ), for every biholomorphism ¢ of B,,.

The next result was published by Engli§ [21, Section 2] for RKHS of harmonic functions.
We reformulate it for our situation and recall the idea of the proof.

Proposition 1.5.12. Let H = A% (B,, ito), withn > 1 and m > 2. Then Bery is not
injective.

Proof. The functions f(z) = z; and g(z) = 7 are linearly independent elements of H.
Therefore, the operator Sh = (h, f)u f — (h, g)ng is not zero, but the Berezin transform
maps it into the zero function. O

1.6 Reproducing kernel on the Siegel domain

Let n,m € Nand a > —1. In this section we compute the RK of the space A% (H,,, v,,),
where H, is the standard Siegel domain (which can be considered as an unbounded
realization of the unit ball) and v, is a usual weighted measure on H,,:

H, = {¢ = (£,6) € C" x C: Im(&,) — |¢> > 0}, (1.51)
dva(§) = S (Im(&,) — I€')" dp(©). (1.52)

For this purpose, we will construct a unitary operator V: A2 (B,, i) — A2 (H,,v.),
using some recipes from [62, Section 2] and an analog of the Pessoa factor which helps
to preserve the polyanalyticity.
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1.6 Reproducing kernel on the Siegel domain

Cayley transform

Following [62, Section 2], we employ the biholomorphism w: B, — H,, defined by

() . 21 . RAn—1 . l_zn
wlz) = 1 PR | 1 .
142, 7142, 142,

Its inverse ¢: H,, — B,, is given by

v ( T—ig 1—1@51—1@)'
By a direct computation,
S — (€)
1— =42 . 1.53
(W(&), () A ity (1.53)
In particular,
o Im(&) — €]
L—[¥(€)]" = 4w~ (1.54)

The complex Jacobian matrices of ¢ and w are triangular, and their determinants are
easy to compute:

2i" (—2i)

(Jew)(z) = Uty (Jev)(€) = TU—ig) (1.55)
Therefore, the real Jacobians of w and ¢ are
4 4n
(Jrw)(2) = W, (Jrp)(§) = W (1.56)
Pseudohyperbolic distance on the Siegel domain
Definition 1.6.1. Define a distance on H,, by
pa, (§,1) = pe, (&), ¥(n)). (1.57)

The following proposition provides an efficient formula to compute py, (£, 7).
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1 Polyanalytic Kernels in the Unit Ball

Proposition 1.6.2. Forevery¢,n inH,,

2 _ (m(6) = [€1°) (mCm) — o) 158

5”_77_” I
()

1 - PH,, (67 77)

Proof. Substitute ¢)(¢) and (n) instead of z and w in (1.36):

(1= WP = [vm)P)
1= @©),vmh*

Applying (1.53) and (1.54) we obtain (1.58). O]

1= pu, (&;m)? = 1= ps, (V(£),v(n)* =

Remark 1.6.3. For n = 1, formulas (1.57) and (1.58) simplify to

_ €=l - , _ 41m(¢) Im(n)
pH1(£777) E—??” PHl(f,ﬁ) —’E— 77|2 .

(1.59)

A factor to preserve the norm when passing from H,, to B,

The material of this subsection is equivalent to some computations from [62, Section 2].

Define h,,: H,, — C by
9 n+a+1
ha(§) = (1 . ) : (1.60)

Lemma 1.6.4. Forevery¢ inH,,

- S
ForanyzinB,,
1 2 1 - |Z|2 : _ 2\«
Hhae@)F (3555) o) = - (162

Proof. Formula (1.61) is obtained by (1.54) and (1.56). Then (1.62) follows from (1.61)
and the well-known formula for the Jacobian of the inverse function. O

Lemma 1.6.5. Letu € L*(B,, it,). Then

||(u © ¢) : h'OC”LQ(H'ruVa) = ||u||L2(Bn7H(x)' (1'63)
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1.6 Reproducing kernel on the Siegel domain

Proof. First, using (1.54), we observe that the change of variable z = v(() transforms the
weight function in the following way:

(i)~ ¢ = (125 )

11+ z,|?

Apply this change of variables in the integral:

0 0) Bl = 5 [ (O IhalQ)PIm(G,) = 6P duc)
— o [ WP D () (et

/|u 21— [2P)edu(z) = Julag, m

A factor to preserve the polyanalyticity when passing from

the unit ball to the Siegel domain

Definition 1.6.6. Define ¢,,,: H,, — C,

1 —n m—1
4 (§) = (132)

Lemma 1.6.7. Let f € A,,(B,,). Then (f o) - ¢ € A, (H,).

Proof. This proof is similar to the proof of Lemma 1.5.3. The main idea is that the
factor (1 +i&,)™ 1, appearing in the numerator of ¢, (¢), cancels the denominators of
the expressions mj, where |j| < m. We represent f in the form (1.4), compose with ¢,
and multiply by ¢,,:

={Jo T (2i &) (1—1i&)" (141&,)™ !
u(f) = (f ¢ Z h (81_[1 (1 —|—i§_n)js) (1 +if_n)jn (1 _ ifn)mfl

l71<m
=2 —<1]3(i(§f)> <H<2is:>j5> (1P (@ +iE) b,
i|<m s=1

For each j, the corresponding summand is the product of an analytic function by a
polynomial in &, . .., &, of total degree m — 1. O
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1 Polyanalytic Kernels in the Unit Ball

Remark 1.6.8. Another way to prove Lemma 1.6.7, computing D’u, seems to be more
complicated. We will show it only for n = 2 and m = 2. In this case,

1+4i&% 216 1+i&
ult) = 1—i& / <_1 —i& 1 —152) 7
By the well-known chain rule and product rule for Wirtinger derivatives,
500, o _ 210N
(D)) = =
D < ) | 2((ED D) 1) we)
C1-1i& (1-i&)(141&) ’
7(2,0)
Seo o —AD HE)
B = &) +152>’
e - (D))
(1—152)(1+1§2) ’
0 (@D 255" D) 5) wie)

(1-i&)(1+i&)?
Since f € Ay(B,,), we conclude that u € Ay(H,,).

A weighted change of variables which unitarily maps
A2 (B, o) onto A% (H,, v,)

Definition 1.6.9. Define V': A2 (B,,, ito) — A2, (H,, V) by Vu := (uo ) - hy - ¢, i.€.,
(Vu)(€) = u(¥(§))ha(§)am(E)-

Proposition 1.6.10. V is a well-defined unitary operator A% (B,,, i) — A% (H,, Vy).

Proof. Lemma 1.6.7 assures that Vu € A,,(H,) for every v in A2 (B, 1,). Lemma 1.6.5,
combined with the identity |¢,,(£)| = 1, provides the isometric property of V. It is easy to
verify that the adjoint operator V* acts by

flw(z))
ha(w(2))gm(w(z))’

and that * is the inverse operator to V. O

(1.64)

V' H(z) =
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1.6 Reproducing kernel on the Siegel domain

Computation of the RK on the Siegel domain

We define t* via the principal argument of ¢, see Remark 1.5.4. The formulas (tu)” = t?u”

and (t/u)” are not always true. Let us recall some sufficient conditions for these formulas
to be true.

Lemma 1.6.11. Lett,u € C\ {0} and g € C.

1. IfRe(t) > 0 and Re(u) > 0, then (tu)® = t°uP.
2. IfRe(t) > 0 and Re(t/u) > 0, then (t/u)? = t° /uP.

Proof. 1. The assumptions on ¢ and « imply that arg(tu) = arg(t) + arg(u).
2. Follows from part 1 applied to ¢t and u/t.

Lemma 1.6.12. Leté,n € H, and > 0. Then

A (g p)”
(L (€ v)* = ST

Proof. Due to (1.53), 1 — (¢(€),¢(n))

t::4(6n;—,nn—<§’,n'>), u=1-1§&,, vi=1+1i7,.
i

Since [(¢)| < 1and |¢(n)| < 1, we obtain

= t/(uv), where

Re(t/(uv)) = Re(1 — (¢(£), ¢ (n))) > 0.

Furthermore, Re(u) = 1 + Im(&,) > 0 and Re(v) = 1 4+ Im(#,,) > 0. So, by Lemma 1.6.11,

t\" P -
uv (wv)? — ubvf’

Theorem 1.6.13. Letn,m € N and o > —1. Then for every ¢ in H,,, the following function
K ¢ is the reproducing kernel of A% (H,,, v,) at the point&:

_ gn_m . y ’ m—1
Rl = O &) pann, ), (1.65)
<nn;i§n _ <n/7§/>>
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1 Polyanalytic Kernels in the Unit Ball

Proof. Due to Proposition 1.6.10, we can apply Proposition 1.4.1 with H; = A,,(B,,, ita),
Hy = A,,(H,,v,), and J(&) = hy()gn(§). So, for every ¢ in H,,, the next function is the
RK of 4,,(H,, v,) associated to the point :

Ke(1) = ha(€)@m(€)ha ()@ () K pe) (¥ (n)).
Substitute formula (1.45) for K:

[?6(77) = Mha(n)qm(n) (1= (@&, )™ plen—1)

n+m+a m—1
(1= ((m), (&))"
Then, substitute the definitions of /., ¢,, and use Lemma 1.6.12:
~ _ 2n+a+1(1 + in—)mfl onta+l (1 _ i€ )mfl
K _ R(a’} 1) : 2 ' n S n
5(7]) m—1 (pHn (6 77) ) (1 _ lnn)n+m+a (1 i i§n>n+m+a
- —n m—1 T E \n+mta . n+m+a
AT (B ()T (LG (1 — )
1—1 n m—1 1 _n m—1 & n+m+a *
( i&n) (1+im,) Ant+mta (17 215 _ <n/7§/>>

(pm,. (€, m)?).

Simplifying this expression we obtain the right-hand side of (1.65). O

Corollary 1.6.14. Letn,m € N and « > —1. Then for every¢ inH,,

~ ~ n+m—1\ Bla+1,n) 1
1Rele 0y = Rel€) = ( )

n B(a+m,n) (Im(&,) — ‘5/’2)a+n+1‘ (1.66)

Remark 1.6.15. Analogously to the case of the unit ball, using (1.58) and (1.12), we get
the following formulas equivalent to (1.65):

~ (S — (&) (—1)"'B(a +1,n)
Kg(?”]) = — n+m-+tao
(5 - 1) Blatm.n)

m—1

P (2pm, (£,m)% — 1) (1.67)

m—1

(B3 = €)™ ()" 'Bla+ln)
— n+m+ta
(ﬂn;ifn . <77/7 €/>> B(a +m, n)

x Pl (1  2(Im(&,) — [€7) (Im(n,) — |n’|2>> (1.68)

|5 — (g

I Gl () K G ) L N C R )
(= — gy Tt n )=

y Z_<—1>S(m - 1) Platm+n+s) (am(en) — ¢'1%)(Am () — | >> |

e 2
s INa+s+1) bt (¢1 )]

s=0

(1.69)
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1.6 Reproducing kernel on the Siegel domain

Remark 1.6.16. In the case n = 1, i.e., for the upper halfplane H;, formula (1.65) simpli-
fies to

- (D" o <|g - 77|2)
K, =—=r R —_ ,n € Hy). 1.70

In particular, for o = 0, this expression coincides with formula [58, Corollary 2.5] obtained
by another method.

Remark 1.6.17. Generalizing ideas of this work, it is possible to associate a unitary
operator (namely, a certain weighted shift) in .42, (H,,, v,) to every biholomorphism of the
Siegel domain H,,. In particular, using (1.65), we have verified that the space A,,(H,,, v,)
is invariant under the unweighted changes of variables, corresponding to the quasi-
parabolic, nilpotent, and quasi-nilpotent groups from [62, Section 3].
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2 Translation-Invariant Operators in
Reproducing Kernel Hilbert Spaces

2.1 Scope

This chapter contains the main part of this work, which is a general scheme to describe
the structure of some operator algebras. This scheme combine many ideas contained in
the papers by Vasilevski’s et al, with the theory of W*-algebras and group-representation.
We propose a more general approach to the description of commutative operator alge-
bras acting in RKHS over “tube” type domains. Many already known results are covered
by the scheme, see Section 2.9. Also a new case is proven to fit this scheme by the end of
this chapter: The radial basis function kernel on the complex domain. These results can
be found in the Preprint [38].

2.2 An analog of the Stone—Weierstrass theorem for

subalgebras of L>°

In this section we recall some facts about commutative W*-algebras. The main result,
Theorem 2.2.2, is an analog of the classic Stone-Weierstrass theorem adapted for W*-
subalgebras of L>°(X, ). We use an information about W*-algebras from Dixmier [17],
Sakai [74], and Takesaki [77].

Given a Hilbert space H, we denote by B(H ) the W*-algebra of bounded linear operators
acting on H and by WOT the weak operator topology in B(H ). Given a subset S of B(H),
we denote by S’ the centralizer or commutant of S in B(H), that is the set of all bounded
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

operators that commute with every operator in S. Given a subset S of B(H ), we denote
by W*(S) the von Neumann algebra generated by S. It is known that W*(S) = (§’)’.

In this section, X is a locally compact space and p is a Radon measure whose support
is X. For simplicity, we additionally suppose that X is a c-compact metric space. We
denote by 7y or just by 7 the weak-x topology in L>°(X, i). Recall that if (a,).cn is @
bounded sequence in L>*(X, ;1) converging pointwise to a function b, then a,, — b, i.e.,
Jx anfdp — [ bf du for every f in L'(X, ). Indeed, if C' < +o0 and ||a, || < C for
every n, then the dominated convergence theorem can be applied with the “dominant
function” C|f|.

Given bin L>(X, 1), let My,: L*(X, u) — L*(X, p) be the multiplication operator by b:
(Myf)(x) = b(x)f(x).
We denote by M x the set of all such multiplication operators:
My ={M,: be L=(X,u)}.

It is well known and easy to see that M x is a commutative W*-subalgebra of B(L?(X, u)).
The function b — M, is an isometric isomorphism between the W*-algebras L> (X, u)
and M. In particular, M,, M,, = My, = My, My, || Ms|| = ||b||, and the spectrum of M,
is the essential range of b. The 7-convergence of a net in L>°(X, i) is equivalent to the
WOT-convergence of the corresponding multiplication operators. It can be shown that

'= My. 2.1)

The following proposition is well known. It can be proven by applying Luzin’s theorem [27,
Theorem 7.10] and the Tietze extension theorem, or by using techniques of C*- and W*-
algebras [77, proof of Theorem 3.1.2].

Proposition 2.2.1. LetY be a compact Hausdorff space with a Radon measure iy . Then
clos,, (C(Y)) = LX(Y, py).

The next result is a generalization of Proposition 2.2.1 to spaces with infinite measure.
Notice that A is not supposed to be closed or dense in the norm topology of C,(X).

Theorem 2.2.2. Let X be a locally compact and o -compact metric space, 11 be a Radon
measure on X, and A be a self-adjoint unital subalgebra of C\,(X) separating points of X .
Then clos,(A) = L>(X, u).
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2.2 An analog of the Stone—Weierstrass theorem for subalgebras of L*°

Proof. We denote clos,(A) by W. Let (K,,).cy be an increasing compact covering of X.
In the steps 1-4 of the proof, Y is an arbitrary compact subset of X. We denote by
uy the restriction of i, and by Ay and Wy the “restrictions” of the algebras A and W,
respectively:

Ay ={fly: fe A}, Wy ={fly: feW}

Step 1. Ay is a self-adjoint unital subalgebra of C'(Y') that separates points of Y. So, by the
Stone-Weierstrass theorem, Ay is dense in C(Y) with respect to the uniform topology.

Step 2. We will prove that 1, € W. For every n in N, put
Zp ={zv € K,: dz,Y) > 1/n}.
Using Urysohn’s lemma, choose f,, € C(K,, [0, 1]) such that
) =1 (eVYNnky),  folx)=0 (z€Z).

By Step 1, applied to K, instead of Y, we find g,, in A such that ||g,|x, — f.|| < 1/n. Put

(z)],1} = [9n(@)[ +1 — [lgn(2)] — 1]

hyp(x) == min{|g, 5

Then h,, belong to the unital C*-algebra generated by ¢,; in particular, h, € W. Itis
easy to verify that the sequence (h,,),cy is bounded in the uniform norm and converges
pointwise to 1y. Therefore h,, — 1y and 1y € W.

Step 3. We will prove that Wy is a 7y -closed subset of L>=(Y, uy). Let (f;);cs be a net
in Wy that 7y-converges to g € L*(Y, uy). Choose u; € W such that u;|y = f;, put
v; = u;1ly, and denote by & the extension by zero of the function ¢ to the domain X.
Then, by Step 2, v; € W. The assumption f; =~ g implies that v; =% h. Therefore h € W
and g = hly € Wy.

Step 4. We will prove that Wy = L*°(Y, uy ). Combining Step 1 with Proposition 2.2.1 we
see that clos,, (Ay) = L>(Y, uy). Since clos,, (Ay) C clos,, (Wy) = Wy, we conclude that
Wy = L=(Y, py).

Step 5. Let f € L>(X, u). For every n in N, applying the result of Step 4 to the compact
Y = K, find g, in W such that g,|x, = f|k,- By Step 2, g.1x, € W, i.e., flg, € W.
The sequence (f1k, )nen is bounded in the uniform norm and converges pointwise to f.

Therefore it converges to f in the topology 7x, and f € W. O
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

2.3 Criterion for commutativity of a direct integral

of W*-algebras

For the definition and some properties of direct integrals see, for example, Dixmier [17,
Part II, Chapters 1-3], Folland [26, Section 7.4] and Takesaki [77, Section 4.8]. In this
section, we assume that (€2, 1) is a o-finite measure space and (H¢)cc( is a measurable
field of non-zero separable Hilbert spaces. By definition, this concept requires the
existence of a “fundamental sequence of measurable vector fields” (¢;) ey such that for
every ¢ in (), the sequence (g;(£));en is complete in H, and for every j, k£ in N, the function
§ > (g;(§), 9x(§)) 1, is measurable.

The following fact about the existence of a “measurable field of orthonormal bases”
uses the Gram-Schmidt orthogonalization; see detailed proofs in [17, Part II, Chapter 1,
Section 2, Lemma 1], [26, Proposition 7.19] or [77, Lemma 8.12].

Proposition 2.3.1. Let (H¢)¢cq, (9;)en be a measurable field of non-zero separable Hilbert
spaces, with dimensions d; .= dim(H¢) € NU {oo}. Then {{ € Q: de = m} is measurable
foreverym inN U {oco}. Moreover, there exists a sequence (b;) jen of vector fields with the
following properties:

* foreach ¢ € Q, (bj(f))Zil is an orthonormal basis for H, and b;(§) = 0 for j >
dim(He);

e foreach j inN, there is a measurable partition of Q, Q = U2 ,Q; , such that on each
Q1 b;(&) is a finite linear combination of the family (gi.(§))ren, With coefficients
depending measurably on €.

We consider the following direct integral of W*-algebras:

Aﬁ=lf80ﬂﬁm@) 2.2

Recall thatif S € A and .
5= [ S (o),

then the norm of S coincides with the essential supremum of the function § — ||S(§)|| ()

51 = ess sup 15() s
Y
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2.3 Criterion for commutativity of a direct integral of W*-algebras

In particular, this means that S = 0 if and only if the equality S(¢) = 0 holds for p-almost
all points &.

Proposition 2.3.2. Algebra A defined by (2.2) is commutative if, and only if, () = 0,
where

Qy = {& € Q: dim(H) > 2}.
Proof. Let ) = {{ € Q: dim(H¢) = 1}. For every ¢ in O, we have dim(H,) = 1, and
B(H) is commutative.

1. Suppose that ;(£22) = 0. Given 51, S, in A, the operators (51.52)(£) and (5:5:)(€) coin-
cide for every ¢ in €2, which implies that S;.5, = 55.5;. So, in this case, .4 is commutative.

2. Suppose that ;(€2,) > 0. We are going to prove that .4 is not commutative. Let (b;) jen

be a sequence like in Proposition 2.3.1. In particular, for every ¢ in 2,, the vectors b, (¢)
and b,(¢) are orthonormal. Given

(&)
f = (F(©)eca € / He du(€),

we define S, f and S, f by
(S11)(€) = {<f(f)»bl(§)>bz(€), ¢ €0,
. £ e
(S2f)(€) = {<f<§>abz<£)>bl(£>, £y,
0 £ e Q.

It is easy to see that S, S, € A. For every ¢ in (2,, the restrictions of the operators S (&)
and S (&) to span(b (), bo(€)) have the following matrices with respect to the orthonormal

basis b, (£), by(€):
0 0 01
10|’ 0 0]

In particular, ||(S1.52 — 5251)(€)||s(z,) = 1 for every £ in 2y, and S5, # S251. O
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

2.4 Translation-invariant operators in L?(G X Y)

Let us recall some well-known concepts and facts related to the translation operators
and to the Fourier transform on LCAG [26,41]. In this section, we accept the following
assumption about G and Y.

Assumption 1. Let G be a locally compact abelian group (LCAG) with a Haar measure
v, andY be a measure space with a measure \. We suppose that G is o-compact and
metrizable, \ is o -finite, and the spaces L*(G, 1) and L*(Y, \) are separable. The cartesian
product G x Y is considered with the product measurev x \.

We denote by @ the dual group of G. The conditions on G imply that G is also o-compact
and metrizable; see, for example, [41, (24.48)]. Let v be a Haar measure on GG. The Fourier
transform of a function f in L'(G) is defined by

~

(FL)(€) = /G €0) o) dv(e) (€< O).

Let 7 be the dual Haar measure on G, such that [ F1fll 20y = I flle2c) for every fin
LY(G)NL2(G). We write L?(G) instead of L?(G, ) and denote by F the Fourier-Plancherel
transform which coincides with F; on L'(G) N L*(G)

Given a in G, we denote by p(a) the translation operator acting in L?(G) by the rule
(pa(a)f)(x) = f(x —a).

Given ¢ in G, we denote by £, the function G — C defined by £, (&) = &(a). Let ps(a) be
the operator of multiplication by £_:

pala) = Mg_,. 2.3)

~

It is well known and easy to see that (p¢, L?(G)) and (pg, L*(G)) are (strongly continuous)
unitary representations of G, and the Fourier—Plancherel transform intertwines them:

Fpa(a)F* = pa(a). (2.4)

We shortly denote by p; the centralizer of the set {p5(a): a € G}. A similar notation is
used through this work also for other unitary representations.

The following proposition describes the operators acting in B (LQ(@ )) and commuting
with the multiplications by characters of G.
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2.4 Translation-invariant operators in L?*(G X Y')

Proposition 2.4.1. W*({E,: a € G}) = L™(G), and p; = Mg.

Proof. The first statement follows from Theorem 2.2.2 and the fact that theset {E_,: a €
G} separates the points of G (see, for example, [41, Theorem (22.17)]). The second
statement is a consequence of formula (2.1). O

An operator A of the class B(L?(G)) is called a multiplier of L*(G) if A commutes with
pc(a) for every a in G. The next proposition, being an equivalent form of Proposition 2.4.1,
means that the Fourier-Plancherel transform converts every multiplier of L?(G) into

~

a multiplication operator in L?(G). See Larsen [52, proof of Theorem 4.1.1] for a more
constructive proof.

Proposition 2.4.2. Fp,F* = Mg.
Here F'p, F* is a short notation for { FAF* € B(L*(G)): Ya € G pg(a)A = Apg(a)}.

Corollary 2.4.3. Let() be a measurable subset of G and let A € B(L*(Q2)). Suppose that A
commutes with the multiplications by all characters of G restricted to Q):

Va € G AMEa|Q = MEamA

Then A € My, i.e., there exists b in L>(2) such that A = M,.

Proof. Define B: L*(G) — L*(G) by the following rule:

(Afla)(©), &€

(Bf)(&) = {0, .

It is easy to see that BMp, = Mg, B for every a in G. By Proposition 2.4.1, there exists

~

by € L>*°(G) such that B = M,,. Putb = b|q. Then A = M,. O

Now we pass to the domains G x Y and G x Y, the spaces L*(G x Y) and LQ(CAJ xY),
and the natural unitary representations of G in these spaces. It is well known [17, Part II,
Chapter 1, Section 8, Proposition 11 and its Corollary] that

. . D
LA (GxY)=L*G)® L*(Y) = / L2(Y) dp(€). (2.5)
G
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

Set paxy(a) = pa(a) ® Ir2vy for each a € G. More explicitly, pey is defined by (0.1).
Then, pg .y is a unitary representation of G in L*(G x Y'). We are going to understand
the structure of the centralizer p{,,,. The crucial role here is played by the operator
F® 2y - LH(G x Y) — L*(G x Y), which we call “the Fourier transform with respect
to the first coordinate” and denote shortly by F' ® I.

For each a in G, we set pg..y (a) == pa(a) ® Iz, i€,

(Pay (9, y) = E_o(€)g(&y) (e G, c€C, yeY). (2.6)

Then pg,,, is a unitary representation of GG in L2(CA¥ x Y'). Formula (2.4) implies that ' ®
intertwines p¢ .y with pgs. 4

(FRI)paxy(a)(F®I)" = pay.y(a) 2.7)

Lemma 2.4.4. Let H, and H, be separable Hilbert spaces, (A;),c; be a netin B(H,), and
B € B(H,). Then (A; ® Iy,);e; weakly converges to B ® Iy, if and only if (A;)c; weakly
converges to B.

Proof. Given f,gin H; and u,v in Hs,

<(A] ® [HQ)f ® u, g X U>H1®H2 = <Ajfa g)Hl <U7U>H27
<(B ® ])f ®uag®v>H1®H2 = <Bf, 9>H1 <U,U>H2.

These identities yield immediately the sufficiency part. For the necessity part, we take u
and v to be the same normalized vector in H,. O

Lemma 2.4.5. Let H, and H, be separable Hilbert spaces, and S be a selfadjoint subset of
B(H,). Then

Proof. Let R be the unital algebra generated by S, and P = {A® Iy,: A € R}. Then,
obviously, P is the unital algebra generated by {A ® I,: A € S}. Furthermore,

W*({A® Iy,: A€ S}) = closwor(P) ={B® Iy,: B € closwor(R)}
= ClOSWOT(R) ® (CJHQ) = W*(S) X ((C]H2)

The second equality in this chain follows from Lemma 2.4.4. O
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2.4 Translation-invariant operators in L?*(G X Y')

Proposition 2.4.6.
®
(F@Dpgyy(FRI)* :/A B(L*(Y)) dv. (2.8)
a
Equivalently,
(F ® Dpfgy (F ® 1) = Mg @ BLA(Y)). (2.9)

Proof. Since F' ® [ is a unitary operator and (F' ® I)paxy (F ® I)* = pa, ., we have

(F ® I)(pGxY>,(F ® I)* = (péxY>,'

Furthermore, by Lemma 2.4.5,

W*(pa.y) =W ({rgla) ® Iy a € G}) = W¥(pg) @ (Clpzgyy).

Now we apply the fact [74, Theorem 2.8.1], [77, Theorem 5.9] that the centralizer of
the tensorial product is the tensor product of the corresponding centralizers, and use
Proposition 2.4.1:

oy = W pauy) = Wipg) @ BIL*(Y)) = Mg @ B(L*(Y)).

We have proven (2.9). Furthermore, it is well known (see a more general result in [77,
Corollary 8.30]) that

D
Mg = / Cdv.
G
Now, using the “distributive relation” between the direct integral and the tensor product
of von Neumann algebras [17, Part I, Chapter 3, Section 4, Proposition 4], we obtain (2.9):

Pa.y = Mg@B(L*(Y)) = (/@Cdﬁ) ®@B(LA(Y)) = /AB(LQ(Y)) dv. O

G

The next corollary gives a constructive recipe for the decomposition (2.8).

Corollary 2.4.7. Let S € p,,. Forevery¢ in G, define Ag: LA(Y) — LA(Y) by

(FeDS(f©h)E v)
(F11)(E)

where f is any function of the class L*(G) N L*(G) such that its Fourier transform F f does
not vanish, and (f ® h)(u,v) = f(u)h(v). Then

(Ach)(v) = (h € L*(Y)), (2.10)

b
A dD(€). (2.11)

(FoD)S(F&I)* = /
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

Proof. The existence of a family (A¢), 4 satisfying (2.11) follows from Proposition 2.4.6.
We are going to prove (2.10). Let f € L'(G) N L*(G) such that F; f does not vanish, and
lethe L3(Y).Putg = F,f = Ff.Theng® h = (F® I)(f ® h),and

(FeDS(f@h)Ev)=(Fe)S(EFI))(geh)Ev)
= (Ae(g @ h)(&;))(v) = (Ae(g(€)h))(v) = (FLF)(E) - (Ach)(v).

Dividing by (F} f)(£) we get (2.10). 0

Corollary 2.4.7 (and thereby Proposition 2.4.6) can be proved with a more direct and
elementary reasoning, similarly to Larsen [52, proof of Theorem 4.1.1].

2.5 Translation-invariant operators in Hilbert spaces

In this section, we make the following assumption.

Assumption 2. Additionally to Assumption 1, let H be a closed subspace of L*(G x Y),
and P: I*(G xY) — L*(G x Y) be the orthogonal projection with H = P(L*(G x Y)).
We suppose that H is an invariant subspace of the representation pcyxy . Equivalently, P
commutes with pcxy (a) foralla inG.

Recall that the unitary representation py and its centralizer V := p’;, were defined in the
Introduction, see (0.2). Using the general tools from previous sections, in this section we
easily obtain a decomposition of V.

Let H := (F® I)(H) and let P be the orthogonal projection acting in L2(G x Y) such that
P(L*(G x Y)) = H. Equivalently,

~

P=(FI)P(F®I)".

Proposition 2.5.1. There exists a family of orthogonal projections (]35) ceq acting in LA(Y)
such that

~ @ ~
P = / P dp(€). (2.12)

46



2.5 Translation-invariant operators in Hilbert spaces

Proof. Since P € p,,y, by Proposition 2.4.6, there exists a family (]35) ceq I L?(Y) such
that (F ® I)P(F ® I)* decomposes into the direct integral (2.12). We have that P> = P
and P* = P. By well-known properties of the direct integral [26, formula (7.24)],

o _ ® & ® .
/a P2 dn(e) = / B do (o), /G Pr an(e) = /G P d().

Therefore, the equalities ﬁg = ﬁg and ﬁg = ﬁg are fulfilled for almost every ¢ in G. After
modifying ]35 on a set of zero measure, we assure these properties for all £ in G. O

Remark 2.5.2. Formula (2.10) yields an explicit expression for ]35:

(FeHP(f & h)Ev)
(F1f)(E)

where f is any function of the class L' (G, v) N L*(G, v) such that its Fourier transform

(Peh)(v) = (h € L*(Y)), (2.13)

[ f does not vanish.

In the rest of this section, we fix a family (135) ccq as in Proposition 2.5.1. For each ¢ in a,
we denote by ﬁg the image of the operator 135 and by d; its dimension:

He = P(LA(Y)),  dg = dim(H). (2.14)

Furthermore, we denote by (2 the set of the frequencies corresponding to the non-trivial
fibers:
Q={¢eG: de >0} (2.15)

Proposition 2.5.3. (FAI ¢)ecq is a measurable field of Hilbert spaces. Moreover, there exists a
sequence of measurable vector fields (q;) ;en with the following properties:
(i) (qu)’ji | Is an orthonormal basis for ﬁg, and q;¢ =0 forj > dim(ﬁg),

(ii) foreach j inN, the functionQ) x Y — C, ({,v) — g;¢(v), is measurable.

Proof. Given an orthonormal basis (¢;) ey in L*(Y), we set
gje = Peej.

Then (g;¢)jen is complete in _[:‘.\,5 for each £. Due to (2.13), the functions (£, v) — g;¢(v) are
measurable on Q) x Y.
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

Applying Proposition 2.3.1 we get a family (¢; ¢) jen cco With desired properties. Indeed,
if Q; ;, are as in Proposition 2.3.1, then (§,v) — ¢;¢(v) is measurable on A, x Y being a
finite linear combination of measurable functions (&, v) — g ¢(v).

We notice that the measurability in this sense (as functions defined on €2 x Y') is stronger
then the measurability which appears in the definition of a measurable field of Hilbert
spaces. [

Proposition 2.5.4. H is the direct integral of the spaces H I

5]
H= / He A (£). (2.16)
Q

Proof. If g € H and ge = g(&,-) for every ¢, then ﬁggg = g for almost every ¢. After
modifying g on a set of measure zero, if needed, we assume that Prg: = g, for all £ in Q
and g, = 0 for every ¢ in G\ Q. So, the family ( ge )eco belongs to the direct integral in the
right-hand side of (2.16).

Conversely, given a vector field (g¢)ccq, belonging to the right-hand side of (2.16), we
trivially extend g = 0 for { in G \ © and obtain a function g of the class L2(G x Y) such
that }Ajg =g. O

Let &: H — H be defined by ®(f) := (F ® I)(f). In other words, ® is the compression of
F ® I to the domain H and codomain H.

Theorem 2.5.5. With Assumption 2,

D
PVP* = / B(H¢) dv(¢). (2.17)
Q

Proof. We will explain the inclusion C only. Let S € V. Define A € B(L*(G x Y)) by
Af = SPf. Since S takes values in H, we obtain PA = PAP = AP. Furthermore,
Assumption 2 implies that P € p,. ., and therefore A € p(,..,-. By Proposition 2.4.6, there
exists a family (B), g in B(L*(Y)) such that

®
Be dv(§).

(FRDAF®I) = /
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2.6 Translation-invariant operators in RKHS

Since A commutes with P, we conclude that (F®I)A(F®I)* commutes with P. By (2.12),
for almost all ¢ we obtain that B, commutes with P, i.e., ﬁg is an invariant subspace of
Be. Let D¢ be the compression of B, to H,. Then for every g in A and almost every ¢ in €2,

(@5979)(E, ) = (F@ DA(F @ 1)"g)(§,-) = Bey(§, ) = Deg(§, -)-

For ¢ in G \ , the space H, is trivial, and we omit these values of ¢. So,

OSP* = / D¢ dv(§). O
Q
Proposition 2.5.6. V is commutative if and only if d. = 1 for v-almost every point £ of (1.

Proof. Follows from Proposition 2.3.2 and Theorem 2.5.5. O

2.6 Translation-invariant operators in RKHS

In this section, we consider the case when H is a RKHS over G x Y. We freely use some
basic properties of RKHS. See, for example, Aronszajn [5] or Agler and McCarthy [3].

First, we give a simple criterion for ps«y-invariance of H in terms of the reproducing
kernel. This is a particular case of [57, Proposition 4.1].
Proposition 2.6.1. Let G and Y satisfy Assumption 1, and let H be a RKHS over G x Y,

with reproducing kernel (K, )« .)ccxy- Then the following conditions are equivalent.

(@) pexy(H) C H foreveryainG.

(b) Ppcxy(a) = paxy(a)P for every a in G, where P is the orthogonal projection on
L*(G x Y) such that P(L*(G xY)) = H.

(c) Foreveryz,uinG andeveryy,vinY,

K, y(u,v) = Koy(u — z,0). (2.18)
(d) Foreverya,z inG andeveryyinY,

pexy (@) Ky y = Koty (2.19)

In the rest of this section, we make the following assumption.
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

Assumption 3. Additionally to Assumption 2, suppose that H is a RKHS over G x Y, and
the reproducing kernel (K, ) (z)caxy Satisfies

YyeY Sup/ | Ko,y (u,v)| dv(u) < +o0. (2.20)
G

veY

For every ¢ in G and every y, v in Y, we define Le ,,(v) by (0.3). In particular, (2.20) implies
that the integral in (0.3) exists in the Lebesgue sense, and for every y, v in Y the function
§ — L¢,(v) is continuous.

The goal of this section is to provide more constructive descriptions of the projections 135
and spaces .[:'.\[5 than in Section 2.5.

Using Proposition 2.6.1 and the Hermitian property of K we can write P as

(Pf)(m,y):/Y/Gf(u,v)Kow(:p—u,y)dy(u)d/\(v). (2.21)

The inner integral in the right-hand side of (2.21) is a convolution. The following lemma
can be viewed as an application of the convolution theorem to this inner integral. The
technical assumptions on (G, u), (Y, ), and K allow us to interchange the order of
integration.

Lemma 2.6.2. Let f € L'(G x Y) N L*(G x Y). Then for every¢ in G and everyy inY,

(Fe)Pf)Ey) Z/Y((F®I)f)(§ v) Ly (v) dA(v). (2.22)

Equivalently,
(F@DPEy) = (F@DF)E, ), Ley) 2y (2.23)

Proof. Step 1. We denote by C, the supremum in (2.20). Let us estimate from above the
following triple integral:

J::L/G/G|f(u,v)||K$7y(u,v)|du(m)dy(u)dA(v).

We write K, ,(u,v) as K ,(u — x,y), make the change of variables t = v — x (Where uis a
fixed parameter), apply Tonelli’s theorem and assumption (2.20):

7= [ [ 1) 1Koy o) av(e) dvfa) drgo
- [ [iswor ([ |Ko,y<t,v>rdu<t>) aA(v) du(u)

<G, [ [ ol i@ av) = 61 flaxenn < o
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2.6 Translation-invariant operators in RKHS

Step 2. Due to Step 1, we can apply Fubini’s theorem to the following integrals.

(F 2 DPF)(Ey) = U///k Koy (1, 0) dA(v) do(u) dv ()

_ /Y /G mﬂu,u)( / €lu — ) Ko(u — 2,9) du(x))dy(u) d\(v)

:AﬂF®Dﬂ@,Mw(MM) -

Lemma 2.6.3. Foreveryy,v inY and every in G,

Ley(v) = (Ley, Lew) 12(v)- (2.24)

Proof. Follows from Lemma 2.6.2 applied to f = K ,. O

The following general fact can be seen as a corollary from Moore-Aronszajn theorem.
We have not found the explicit statement of this fact in the bibliography. In many
applications, H, is a space of square-integrable functions, rather than their equivalence
classes.

Proposition 2.6.4 (On RKHS generated by a reproducing family in a complete space
with pre-inner product). Let X is a set and H, be a space of functions X — C with a
pre-inner product (-, -)%,, not necessarily strictly positive. We suppose that H, is complete
with respect to (-, -)y, . Let (K.).ex be a family in H, such that

Ve,ye X Ka(y) = (Ko, Ky)ay - (2.25)

Let
Ho={feH: VeeX flz)=(fK)}

ThenH, is a RKHS and (K,).cx is the reproducing kernel of H,. The rule

defines an orthogonal projection in H,, and P(H,) = Ho.
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

Proof. The main challenge is to prove that Pf € #, for every f in H;. We will get this
fact indirectly, using the existence of an orthogonal projection onto a closed subspace
of a Hilbert space. Since (-, -)3;, is not necessarily strictly positive, we have to pass from
elements of #; to equivalent classes and return back.

Let Hy == {f € Hi: (f, f)n, = 0}. Then H, is a closed subspace of #; and H,/H, is
a Hilbert space (with a strictly positive inner product). We denote by 7; the canonical
projection Hy — H;/Ho.

Condition (2.25) easily implies that (IC,).cx is a positive definite kernel. Let H; be the
span of {K,: = € X} and H, be the RKHS constructed in the Moore-Aronszajn theorem.
Due to (2.25), the inner product in #, is inherited from #;. The elements of #, are
pointwise limits of Cauchy sequences in H3. At this point, we know that H, C H.,.

Since 7, (#H,4) is a closed subset of H,/H,, there exists an orthogonal projection P; in
H1/Ho such that Py (H,/Ho) = m1(H4). Given f in H,, let g € H, be such a function that
P1(m1(f)) = m1(g). Then, for every z in X,

9(x) = {9, Ka)r, = (m1(9), T (Ka))rr 1o = (Pr(mi(f)) m1(Ka))30a /31

(2.27)
- <7T1(f)7731(7T1(’Cz))>H1/H0 - <7T1(f)77rl(lc$)>7'11/7'lo - <f7 K:I>7'l1 = (Pf)(ll‘)

Thereby we get Pf = g € Hy. So, P is a well-defined function ‘H; — #,. Computa-
tion (2.27) means that 7, o P = P, o m;. Since P; is a bounded selfadjoint linear operator
and 7, is a linear isometry, we easily conclude that P is a bounded autoadjoint linear
operator.

If f € Hy,and g € H, such that m;(g) = Pi(mi(f)), then the definition of #, and the
reproducing property in H, imply that f = ¢g. Hence, #, = H.. Finally, we can conclude
that P(H,) = H, and P? = P. O

For every ¢ in G, we define P;: L2(Y) — L2(Y) by

(Peh)(y) = (h, Ley) 2y = / h(v)Le , (v) dA(v). (2.28)

Y

Then, we denote by ]/‘.\[5 the image of ]35:
He = P.(L*(Y)). (2.29)

We will prove that (2.28) is equivalent to the definition of 13§ in Section 2.5.
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2.6 Translation-invariant operators in RKHS

Theorem 2.6.5. Let Assumption 3 hold. For every¢ in G, ]35 is an orthogonal projection in
L*(Y) and }AIS is a RKHS with reproducing kernel (L¢ ),y . For each ¢ in G,

];Q = closp2(yy(span({Ley: y € Y})), (2.30)
where the closure is understood as the set of the pointwise limits of Cauchy sequences.
Moreover,

P = [ P dp(¢), (2.31)
G

i.e., for every g in L*(G x Y),

(Pg)(&y) = (9(5, ), Ley) 12(v) = /Yg(ﬁvv) Ley(v)dA(v)  (€€G yeY). (232

Proof. The first statements follow from Lemma 2.6.3 and Proposition 2.6.4. Let A be the
operator in LQ((AJ x Y') defined by the the right-hand side of (2.31) or (2.32). For each
¢ e, H]%H < 1. This easily implies that A is a bounded linear operator with || A|| < 1.

By Lemma 2.6.2, the equality (F ® I)Pf = A(F ® I) f holds for every f in the intersection
L*(GxY)NLYG xY),which is a dense subset of L?(G x Y'). Since (F®I)Pand A(F®1)
are bounded linear operators, we conclude that the equality (F' ® )P = A(F ® I) holds
on the whole space L%(G x Y). Hence, P = (F @ I)P(F ® I)* = A. O

Corollary 2.6.6. Letg € H. Then foralmost all¢ in G and almost all yinY,

9(&,y) = (9§, ), Ley) 2(vy = / 9(&,v) Ly (v) dA(v). (2.33)

Y

Remark 2.6.7. The integral in (2.33) is taken over Y, not over the GxY.In general, H
does not have to be a RKHS.

Proposition 2.6.8. For every¢ in G,

dim(H¢) = /

[ Ley) aro) - /Y 1Ly By dA(H). 2.34)

Proof. This is a general formula for the dimension of the image of the orthogonal projec-
tion defined as an integral operator. Let us outline the proof in our settings. Recall that
(qj,g)jil is an orthonormal basis for H. Therefore, L, (y) = Z?; |gj(y)|* and

[ e ax) =Y [ e are) =S 1=de 0
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

As a consequence of Proposition 2.6.8, we get a constructive description of (2:

0= {g €G- /YLg,y(y) dA(y) > o} . (2.35)

Theorem 2.6.9. With Assumption 3, the following conditions are equivalent.

(a) V is commutative.
(b) Forevery¢inQ, dim(ﬁg) =1.
(c) Forevery& inf(},

/Y Le,(y) dA(y) = 1. (2.36)

(d) Forevery¢ in€) andeveryy,vinY,

| Ley (0)]> = Le y (y) Lew(v). (2.37)

(e) There exists a family (q¢)¢ccq in L*(Y) such that the function (£, v) + q¢(v) is measur-
able, the function ¢ forms an orthonormal basis of PA[g, and

Ley(v) = qe(y)ge(v)  (£€Q y,veY). (2.38)

Proof. The major part of the proof follows from Propositions 2.5.6 and 2.6.8. We will
comment only a few missing ideas. If (2.36) holds for almost every ¢, then, by continuity
of L¢ ,(v) with respect to &, it holds for every &.

Condition (d) means that the Schwarz inequality for L, , and L, , reduces to an equality,
i.e,, the functions L, , and L, , are linear dependent. Since y and v are arbitrary elements
of Y and {L¢,: y € Y} is a total subset of ﬁg, (d) implies (b).

If (b) holds, then we apply Proposition 2.5.3 with d; = 1 and obtain a family (g¢)ccq such
that (¢, v) — ¢¢(v) is measurable and ¢ is an orthonormal basis of 1':'\[5. The reproducing
kernel of ﬁ£ expresses through this orthonormal basis by (2.38). O

Remark 2.6.10. In the context of the last part of the proof, for every ¢ in €, there exists 2z
inY and 7 in C (both depending on ) such that || L¢ .|| # 0, |7| = 1, and

This means that ¢ is essentially determined by L. In many examples, a decomposition of
the form (2.38) with a measurable function ¢ is obvious.
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Remark 2.6.11. Let us emphasize additional properties that obtain 155 and ﬁg when
passing from Assumption 2 to Assumption 3.

1. Now ]35 and ]/‘\[5 are uniquely defined for every ¢, instead of almost everywhere.

2. ]35 and ]/‘.\[5 have simple explicit expressions in terms of (L¢ ;) ey

3. The elements of ﬁg, in contrast to L?(Y), can be treaten as functions, instead of
classes of equivalence.

4. We have simple formulas (2.34) and (2.35) to compute 2 and the dimensions of ﬁg.

5. Theorem 2.6.9 is a constructive criterion for the commutativity of V.

2.7 Diagonalization in the commutative case

In this section we set Assumption 2 to be fulfilled and, additionally, d; = dim(H ¢) = 1for
every ¢ in . In this case, Proposition 2.5.4 implies that there exists a family of functions
(¢¢)ecq with the following properties:

(i) ﬁg = Cq¢ and ||ge||2(v) = 1 for every £ in §;
(ii) the function Q2 x Y — C, (¢,v) — ¢¢(v), is measurable.

For each ¢ in ), the function ¢ is uniquely defined, up to a constant of absolute value
1.

In particular, if H is a RKHS satisfying Assumption 3 and equivalent conditions from
Theorem 2.6.9, then ¢ is usually easy to find from L, see Remark 2.6.10.

Identifying ﬁg and B(1, ¢) with C, in this section we will simplify the descomposition from
Theorem 2.5.5 and construct a unitary operator R: H — L*(Q) such that RVR* = M,
Our treatment generalizes ideas from Vasilevski [82].

Define N: H — L2(Q2) by

(Ng)(&) = (9(&,"), qe) r2(v) = /Y qe(v) g(€,v) dA(v). (2.39)

Proposition 2.7.1. N is a unitary operator, and its inverse N*: L*(Q)) — H acts by the
following rule:

Ge(y)h(§), &€y

~ (2.40)
0, EeG\ Q.

(N"h)(&:y) =
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

Proof. 1. Let g € H. For every ¢ in (2, by Proposition 2.5.4 we have g(¢, ) € ﬁ]g. Since
ﬁg = Cg¢¢ and ||q§||%2(y) = 1, we obtain || g(&, )|l .2(v) = |(NVg)(§)|. Hence, N is isometric:

INglZae = / (Ng)(©) dpi(€) = / 196,y dP(E) = (1911

2. Let Z be the operator defined by the right-hand side of (2.40). Proposition 2.5.4 assures
that Zh indeed belongs to A and Z is well-defined. A simple direct computation yields
NZh = h, which completes the proof. O

Define R: H — L*(2) by the following rule:
R =N, (2.41)

i.e.,

(R)(E) = / ((F & 1) )&, v)ae(0) dA(w). (2.42)

Y

Remark 2.7.2. The idea of the operator R is similar to the ideas of some lossless audio-
and video-codecs: it is a kind of a Fourier transform followed by a “general compression”.

Proposition 2.7.3. R is a unitary operator from H onto L*(Q2).
Proof. Indeed, R is the composition of two unitary operators. O

Proposition 2.7.4. Lety € Y and ¢ € ). Then

(RKoy)(&) = qe(v). (2.43)

Proof. (RKo,)(€) = (2Koy) (€, ), qe)r2(vy = (Ley, de) r2(vy = @e(y)- O

Remark 2.7.5. Additionally to the operators N: H — L*(Q) and R: H — L2(f2), one can
define in a similar way their extended versions N: L*(G x Y) — L?(Q) and R: L2(G x
Y) — L*(2). Then

. NN*=Ipq, NY(L*Q)=A4H,

R'R=P,  RR' =Ipq, R(L*Q)=H.
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Recall that £, is defined by F,(§) = £(a), where a € G and £ € G.

Proposition 2.7.6. Leta € GG. Then

Rpy(a)R* = Mg._,. (2.44)

Proof. Let h € L*(Q). Substituting the definitions and using (2.7) we easily get
Rpp(a)R*h = N®py(a)®*N*h = N(F @ I)paxy(a)(F ® I)*N*h = N(pg(a) @ I)N*h.
Therefore, for every ¢ in (2,

(Rpu(a)R°h)(€) = (E-a(§)geh(§), de) r2(v) = E-a(§)R(E). H

Theorem 2.7.7. Define A: L>°(Q2) — V by A(o) = R*M,R. Then A is an isometric isomor-
phism of W*-algebras. In particular, for every S inV, the product RSR* is a multiplication
operator in L*(Q).

Proof. The algebraic properties of A and the isometric property of A follow easily from
well-known properties of multiplication operators and from the fact that R is a unitary
operator.

We have to show that A is surjective. Let S € V and B := RSR*. By Proposition 2.7.6, for
each a in G we have

BMp, ), = (RSR*)(Rp(~a)R*) = RSpu(—a)R* = Rpy(~a)SR* = My, , B,

lo

i.e., B commutes with F,. By Corollary 2.4.3, we conclude that B € M. O

In particular, Theorem 2.7.7 means that the W*-algebras V and Mg, are spatially iso-
morphic. Figure 2.1 shows a commutative diagram corresponding to the formula
S = A(o) = R*M, R from Theorem 2.7.7, jointly with some auxiliary objects.

Given S'in V, we say that o := A~!(S) is the spectral function of the operator S. The next
corollary provides is an explicit formula for o.

Corollary 2.7.8. Let S € V. Then for every¢ in(,

(A1(9))(e) = L E0)(©) (2.45)
()

wherey is an arbitrary point of Y so that ¢ (y) # 0.
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

[H<L2(G><Y)} ¢ [ﬁ[<L2(éxy)} N L)
Se ,0’H| <I>S<I>*‘ |M,, € Mg
[H < L*(G X Y)} = {ﬁ < L3(@ x Y)} N L*(Q)

Figure 2.1: Operators participating in Theorem 2.7.7.

Proof. Letoc = A71(S), i.e.,, RS = M,R. Furthermore, let ¢ € Q and y € Y such that
¢e(y) # 0. Using (2.43) we obtain

(RSKoy)(€) = (Mo REoy)(€) = 0(£)ge(y)-

Dividing over ¢¢(y) we get (2.45). O

Corollary 2.7.9. Let S € V and o = A=1(S). Then ||S|| = |||, and the spectrum of S is
the essential range of o.

Berezin transform of a translation-invariant operator in terms of its

spectral function

Proposition 2.7.10. Let Assumption 3 holds, S € V, and o = A=(S). Then

Jo 0(©)lge(y)|* dv(§)
Jo lag()]? do(§)

In particular, Ber(S)(z,y) does not depend on x.

Ber(S)(z,y) = (xeG,yeY). (2.46)

Proof. Recall that the Berezin transform Ber(S) of S is defined by

(SKyy Kuy)

Ber($)(z.9) = " K

(xeG,yeY).
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Now we apply (2.19) and the hypothesis that S commutes with pg(z):
1

Ber(9)(z,y) = 75— (SKsy, Kuy) = —————5(Spu(x) Koy, pru(x) Ko,
( )( ) ||Kx,y||2< Yy y> HpH(I)KO,yH2< H( ) 0,y H( ) 0y>

1 1

L pu(@)SKoy pu(1) Ky = ———(SKy,, K,

HKO,yH2 <IOH( ) 0y pH( ) 0,y> HKO,yH2< 0y 07y>

1 1

- ||K0 ||2<R MURKO’?ﬁKO’y) - W<M0RKO,y7RKO,y>'
Y Y

Substituting (2.43) we get (2.46). O

Spectral functions of Toeplitz operators with translation-invariant

generating symbols

Given ¢ € L*(G x Y), we denote by T,, the Toeplitz operator with generating symbol o,
acting in H by
T, (f) = P(ef) = PM,f.

In the following proposition we compute the spectral function of 7,,, supposing that ¢
depends only on the Y-component.

Proposition 2.7.11. Letyy € L*(Y). Define p € L>*(G x Y) by ¢(u,v) = ¢(v). Then
T, eVandT, = A(vy), wherev,: Q — C is defined by

(€)= /Y () e ()2 dA(w). (2.47)

First proof. It is easy to see that 7,, commutes with the horizontal translations py(a),
a € G. Since ¢(u,v) does not depend on u, the operator A/, commutes with /' ® I, and

(F® I)PM, = P(F® )M, = PM,(F & I). (2.48)
Let¢ € Qand y € Y such that g¢(y) # 0. Using (2.48) we simplify RS K ,:
(RSKoy)(&) = (N(F ® )PMyKo,)(€) = (NPMy(F @ I)Koy)(€) = (PeM,Ley, ge) r2(v)

= (MyLey, Peae)r20v) = (Mpae(y)de, 4e) 12v) = @L¢(U)|Q§(0)|ZdA(U)-

With the help of (2.45) we conclude that A~'(T},) = . O
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

Second proof. Let us verify directly that RT,R* = M,,,. Given h in L*(Q2), we simplify
RT,R*h applying (2.48):

RT,R*h = N(F @ I)PM,(F @ I)*N*h = NPM,N*h. (2.49)
If¢ € Qand vinY, then (M, N*h)(¢,v) = h(£)y(v)ge(v). Therefore,
(PMyN*h)(&,v) = h(€)(Pe(¥ ge)) (v),
and

(RT,R°h)(€) = (PMN*R)(E, "), ge) r2(v) = 1(€) (Pe(tge), ge) rav)
= h(&) (Vae, 4e) 12y = M(E) V0 (E)- 0

We denote by VT, the set of all Toeplitz operators of the form 7,,, where ¢ is as in
Proposition 2.7.11, and by G, the set of the spectral functions of such Toeplitz operators:

Go ={w: v € L¥(Y)}. (2.50)

Let VT and G be the C*-algebras generated by V7T, and G, respectively.

Corollary 2.7.12. The C*-algebra VT is the image of the C*-algebra G with respect to
the isometric isomorphism A. The C*-algebra VT is weakly dense inV if and only if the
C*-algebra G is dense in L>°({2) with respect to the weak-* topology .

Proof. A is an isometrical isomorphism L>({2) — V, and is restriction to G is an isometri-
cal isomorphism from G onto V7. Moreover, A maps the weak-* topology of L>°(2) onto
the weak operator topology in V. Therefore, VT is weakly dense in V if and only if G is
dense in (L>°(92), mq). O

Corollary 2.7.12 provides us with a tool to study the C*-algebra V7 generated by Toeplitz
operators with translation-invariant generating symbols. A natural problem is to find
the C*-algebra generated by all Toeplitz operators with bounded symbols (not necesarily
translation-invariant), acting in a RKHS H. Various characterizations of this Toeplitz
algebra have been found for the Bergman and Segal-Bargmann-Fock spaces, see Xia [85],
Bauer and Fulsche [9], and Hagger [34]. Much earlier, Engli$ [20] proved that Toeplitz
operators acting in the Bergman space L (D) are weakly dense in B(L; ;(D)).
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2.8 Non-commutative case with finite-dimensional fibers

This section is a generalization of the previous one. In this section we require Assump-
tion 2 and additionally suppose that d, := dim(H) is finite for every £ in Q. Let (¢; ¢) jen.cco
be a measurable basis family for the spaces }AI@ like in Proposition 2.5.3. For each £ in 2,
we denote by (), the column-vector-function

Q) =[],  (weY).

Its conjugate transpose is the row-vector-function
T

Qi) = ([we@]5,) = [0el), - daee@) ],

Since H ¢ is finite-dimensional, it is a RKHS over Y, and its reproducing kernel (L¢ ;) ey

can be expressed via the orthonormal basis ¢, ¢, . . ., ga, ¢ Of E[g:

Le (v Z%s V) 46 (v) = Qi (y) Qe (v). (2.51)

When Assumption 3 holds, L can be computed in terms of K by (0.3), and in some
examples one can find functions ¢; decomposing L like in (2.51).

This section has many similarities with the previous one, thereby we omit detailed
proofs.

We denote by X the following direct integral of Hilbert spaces C%:

X = /Q ; C dp(¢)

The elements of X are classes of equivalence of vector sequences, component-wise
measurable on {¢ € 2: d¢ = m} for every m, and square-integrable. We define N : H—
X by

0O = [(0(6heda] = | [ se@lae e ] - [ @tiste. v axw),
(2.52)

Proposition 2.8.1. N is a unitary operator from H onto X. Its inverse N*: X — H acts by
the following rule:

y) = ZQj,g(y)hj(S) =Q{(h(&) (heX celG, yeY). (2.53)
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

Proof. We apply Proposition 2.5.4 and use the isomorphism between ﬁg and C¢ induced
by the orthonormal basis (qu)jil. O

In particular, formula (2.53) tells us that (N*h)(£,y) = 0 for £ in G \ 2, because the
corresponding sum in (2.53) is empty.

We define R: H — X as the composition R := N.
Proposition 2.8.2. R is a unitary operator from H onto X.

Proposition 2.8.3. Leté € Qandy € Y. Then

(RKo,)(€) = [4¢(W) ]2, = Qe(y). (2.54)

We denote by Z the following direct integral of matrix algebras:
®
Z = / Cxde dp(¢€). (2.55)
Q
Given a matrix family o = (0(€))¢eq in Z, let M, be the “multiplication operator” acting
in X by

(Msh)(€) = a(E)h(&)-
Finally, we define A: Z — V by A(0) = R*M,R.

Theorem 2.8.4 (from shift-invariant operators to matrix families). A is an isometric
isomorphism of the W*-algebras Z and ).

Idea of the proof. Follows from Theorem 2.5.5, converting each B (.[/'.\[5) into Clex%, [

Corollary 2.8.5. Let S € V. Then for every¢ in(,

(AH9)(E) = [(RSKoy)(©), - (RSKoy, )(O)] [Qelwn), - Qelya)] ', (256)

where y, ..., yq, are chosen in'Y such that the vectors Q¢(y1), . .., Q¢(ya.) are linearly
independent.
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Proof. Leto = A~(S),i.e., RS = M,R. Then, by (2.54),

(RSKo,)(€) = (MyREo,)(§) = a(§)Q(y),
Apply the above equality to the points y, . . ., y,,, then join the resulting columns:

[(RSKoy,)(€), - - (RSKoy, )(©)] = () [Qeyn), - -, Qe(ya)]-
Solving this matrix equation for o (£) we get (2.56). O

Proposition 2.8.6 (Berezin transform of a translation-invariant operator). Let Assump-
tion 3 holds, S € V, and leto € Z such that S = A(o). Then

Ber(S)(x,y) = fQ Lgy ) d7(&)

reEG, yey). (2.57)
fQ Ley(y) dv(€) ( )

In particular, Ber(S)(z,y) does not depend on x.

Proof. Similar to the proof of Proposition 2.7.10, but applying (2.54). O

Proposition 2.8.7 (matrix families corresponding to Toeplitz operators with transla-
tion-invariant generating symbols). Lety) € L>(Y). Definep € L>*(G x Y) by p(z,y) =
Y(y). ThenT, = A(vy), where

de

/w V) Qe(0)Q: (v) dA(w) [/zﬁ 0) e () (v) dA(w )] L (258

J.k=1

Proof. We will verify that RT,,R* = M,,,. Same as in the proof of Proposition 2.7.11, we
get (2.48). If ¢ € Qand v in Y, then

(MN*h)(&,v) = ¥(v)Q{ (v)h(E) = Z h;(§)gje(v)(v)
Therefore,
(PMN"R)(&,-) = Pe((MpN*R)(&, ) = D b€ Pelanet),
and

de de
(RTLR'R)(€) = [(PMNR)(E, ), Gieh o] o) = [Z hi(§)(Pe(aret), i) 12(v)

J=1
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

2.9 Examples

To keep this work to a reasonable length, we restrict ourself to a series of just 9 simple
examples, mostly with one-dimensional domains GG and Y. Example 2.9.11 is probably
new. In the other examples, the spectral functions ~, of Toeplitz operators are already
known. Nevertheless, the description of the whole W*-algebra V is new for some of these
“old examples”. We notice that the C*-algebra V7 from Examples 2.9.2 and 2.9.8 is not
weakly dense in V.

We use the following notation: p, is the Lebesgue measure on R" or a subset of R";
R; = (0,400), Ny :=={0,1,2,...}, T := {7 € C: |7]| = 1}, 14 is the characteristic function
of A; its domain is clear from the context.

In this section, given a LCAG G, we denote by G aLCAG topologically isomorphic to the
dual group of G, and we use some pairing E: G x G — T. This means that £ — E (,¢)
is a topological isomorphism between G and the dual group of G. We select the Haar
measures v, 7 on G, G in such a manner that the Fourier-Plancherel operator F'is unitary.
For example, if G = R, then we put G = R. One possible pairing is E(z, ) = ¢'*¢ with the
measures v = v = \/%;Ml; another one is E(z,¢) = e*™1% with v = U = .

For each example we have verified assumption (2.20), but we have omitted the corre-
sponding computation, for the sake of brevity.

Example 2.9.1 (vertical operators in the holomorphic Bergman space over the upper
half-plane). Let IT .= R x R, and H = L2 (Il). In this example, G = G = R, Y = R,
v=0= \/%Mb E(z,€) = e, X\ = /2mp1, v X X\ = pi, It is well known that H is a Hilbert
space with reproducing kernel

1
(w—2)?

K, (w) =—

Identifying = with (z, y) and w with (u, v), we rewrite the reproducing kernel as

1

Ky y(u,v) = Cw((u—z)+i(v+y))?

The space H is invariant under horizontal translations. A simple computation with
residues shows that

Leofo) = /2607 12 ()
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So, in this example V is commutative, () = R, and

%(v) = <g>1/4 VE e 1, (6).

(e

Using (2.47) we compute the spectral functions of vertical Toeplitz operators:

V(&) =26 | o)™ dv (> 0).

R4

This formula coincides with Vasilevski [79, Theorem 3.1] and [82, Theorem 5.2.1], see also
Grudsky, Karapetyants, and Vasilevski [28]. The C*-algebra G in this example consists
of all bounded functions on R, uniformly continuous with respect to the log-distance,
see [37,39].

Example 2.9.2 (vertical operators in the harmonic Bergman space over the upper half-
plane). Let G, Y, v, A\, and E be the same as in Example 2.9.1, but # = L?__(II) be

harm

the Bergman space of harmonic functions on II. Using Riesz theorem about the Hardy

spaces of harmonic functions, one can show that L;, . (IT) = L} ,(II) & L2 ,(II). Therefore,

harm

H is a RKHS with reproducing kernel

1 1
Kelw) === ~rm e

Identifying > with (z, y) and w with (u, v), we obtain

1 1
Kol = ) H i P () i+ )

Ley(v) = ﬁ gl e 0T (C e R).

We conclude that in this example V is commutative, 2 = R \ {0},

1/4
&(v) = (3) ] ol

™

and
Yo (&) =% (1€]) = 21¢] [ o(v)e ?E dv.

Ry
Thereby we reproduce a result by Loaiza and Lozano [54, Theorem 4.16]. In this example,
the spectral functions ~, are even. The C*-algebra G generated by G, coincides with
the closure of G, in the norm topology and consists of all even function on R \ {0}
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whose restrictions to R, are uniformly continuous with respect to the log-distance. By
Theorem 2.2.2, the W*-algebra generated by g, is the class of all essentially bounded
even functions on R, which is a proper subset of L>(R). So, G is not 7o-dense in L>(2).
By Corollary 2.7.12, this means that V7 is not weakly dense in V.

Example 2.9.3 (vertical operators in the Bergman space of true-polyanalytic functions
over the upper half-plane). Let G, Y, v, v, A, E be the same as in Example 2.9.1. For
a fixed m in N, we consider the space H = L7 , ,(Il) of all square-integrable m-true-
polyanalytic functions on the upper half-plane II. Applying the Fourier transform to
the differential equation defining H, Vasilevski computed [82, Section 3.4] the operator
(F @ I)P(F ® I)* which we denote by P. Namely, he proved that P acts by (2.32), with

Ley(v) = 1g, (€>\/g EefWH) L 1 (28y) L1 (260), (2.59)

where L, is the Laguerre polynomial of degree k. This means that 2 = R,

Ge(v) = V26 Ly 1 (260) 1r, (€)  (EE€R, v >0),

and
(&) =2¢ [ o(v)e " (Ln_1(260))* dv. (2.60)

Ry
Formula (2.60) was found by Hutnik [44, Theorem 3.2] and by Ramirez-Ortega and
Sdnchez-Nungaray [65, Theorem 3.2]. The C*-algebra G for this example coincides with
the C*-algebra G from Example 2.9.1, see [48]. Vasilevski noticed [82, Theorem 3.4.1] that
the reproducing kernel of L%m)_hol(ﬂ) can be obtained by applying (F' ® I)* to L given
by (2.59). Using explicit expressions for the Laguerre polynomials one obtains

D = VI (m—D(j+k+1)! (w—w) (2 — 2)*
Kw == Y G o o i TR (w3

3,k=0
(2.61)

Example 2.9.4 (vertical operators in the Bergman space of polyanalytic functions over
the upper half-plane). Here G and Y are the same as in Example 2.9.3, and H = L? , (I
is the space of square-integrable n-analytic functions on II. The decomposition H =
Hi @ - & H,, where H,, is the space from Example 2.9.3, implies that

Ley(v) = 1g, (§>\/§ Ee W N " Lo 1 (26y) Lin—1(2€v). (2.62)
m=1
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It would be interesting to prove (2.62) directly, applying the Fourier transform to the
reproducing kernel (1.70) of A2, (H,, v, ), computed in [58] and [53] in terms of Jacobi
polynomials:

D" (z—w)" o1 lw — 2|2
K (w) = ™ PO (2 ~1). 2.63
z (U}) T ('LU . z)n+1 n—1 |QU . E|2 ( )
The orthogonality of the Laguerre polynomials implies that (2.62) is a particular case
of (2.51), with Q@ =R, d¢ = n, and

Gie(v) = (2/m)V* /€ L1 (26v) (G=1,...,n, >0, v>0).

Thereby, the W*-algebra V in this example is spatially isomorphic to the direct integral of
matrix algebras, .
= / C"do(€) = L>®(R,,C™™).
R
Ramirez-Ortega and Sanchez-Nungaray [65, Theorem 4.7] found a complete description
of a certain non-commutative C*-subalgebra of V7.

Example 2.9.5 (translation-invariant operators in wavelet spaces over the positive affine
group). Let ¢ be a wavelet of the class L?(R) satisfying the admissibility condition:

PUo1 (ceRV),  (FPO)O)=0 2,60

/R (Fy)(t€)

PutG =R, v =7 =, B(z,&) = ™", Y = Ry, d\(y) = 9. Notice that G x Y can be
identified with the positive affine group. For every (z,y) in G x Y, put

G () = %eﬂ (t - x) |

Define W,: L*(R) — L*(G x Y) by

(Wwf)(% y) = <fa wx,y>L2(R)'

The wavelet space H associated with ¢ can be defined as W,,(L*(R)). It is a RKHS over
G x Y, with reproducing kernel

Kx,y(ua U) = <wu,v7wx,y>L2(R) = <1/}uf:r,va wO,y>L2(R)-

Then

Ley(v) = vy (Fy)(y€) (F)(vE).
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So, in this example 2 = R, V is commutative, and

Ge(v) = Vv (F¥)(v).
The property ||g¢||z2(v) = 1 follows from (2.64). The spectral functions are given by

de
—

() = / o(0) | (F o) (v€)

This formula was found by Hutnik and Hutnikova [45].

Let us mention without further details another similar example, studied by Hutnikova
and Miskova [47]: translation-invariant operators in the space related to the continuous
Stockwell transform.

In some examples, it is convenient to transform the domain of the functions and the
RKHS. The next simple proposition provides a recipe to compute the reproducing kernel
after a change of variables followed by the multiplication by some weight.

Proposition 2.9.6. Let D, and D, be some non-empty sets, H, be a RKHS over D,, with
reproducing kernel (K™') .cp,, and H, be a complex vector space of functions over D, with
a pre-inner product. Suppose that A is a linear isometry from H, to H, acting by the rule

(Af)(2) =p(2)f(p(2)) (2 € Do, f €H),

where p: Dy — Dy and p: Dy — C. Then H = A(H,) is a RKHS over D,, and the
reproducing kernel in H can be computed by

K (w) = p(2) K2 (p(w))p(w). (2.65)

Proof. Since A is a linear isometry and H, is a Hilbert space, H is also a Hilbert space.
The rest of the proof is the same as in [53, Proposition 4.3]. A similar construction is
explained in [3, Section 2.6]. O

Example 2.9.7 (radial operators in the analytic Bergman space over the unit disk). Let
H1 = L} (D) be the Bergman space of analytic functions over the unit disk D provided
with the plane Lebesgue measure y,. It is well known that the reproducing kernel of #, is

1

K ) = o
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2.9 Examples

Let G be the group R/(27Z) with the normalized Haar measure v (we identify G with
0, 27)), G = Z with the counting measure v, E(u + 27Z,§) = ¢'* foru € R and ¢ in Z,
and Y be the interval [0, 1) with the measure d\(v) = vdv. Define ¢: G x Y — D and
p: GxY — Cby

o(u,v) =ve', p(u,v) = V2.

Let Ho, = L?(G x Y,v ® \). The operator A, defined as Proposition 2.9.6, is a linear
isometry:

JAfI, = / / F0e ™) Podud = / ) Pdpa(z) = 1712

Hence, A converts 7, into a certain RKHS H over G x Y, with reproducing kernel

2
1 — e, ei(u—x))Q :

Ko (u0) = pla.y) K3, (o 0)) plusv) = ¢

)

Obviously, A intertwines the rotation operators acting in #, into “horizontal translations’
acting in H. Now we notice that the function K ,(-,v) decomposes into the Fourier
series

Koy(u,0) = 326 + 1) (yo)f '€,
£=0
which means that its Fourier coefficients are

Ley(v) = 2(6 + 1)(yv)* Ly, (€)-

Thus, in this example, Q@ = N, and ¢(v) = /2( +1)v*. The W*-algebra of radial
operators in H; is commutative, and the sequence of the eigenvalues of a radial Toeplitz
operator is computed by

(€)= 26 + 1) / o(0) % dv = (€ + 1) / o(Vr)rEdr (€€ Ny).

These results are well known and easily obtained from the fact that the radial operators
are diagonal in the monomial basis (1/(¢ + 1) /7 2¢)22,. Our treatment of this example is
close to [82, Chapters 4, 6] and [30], where L?(DD, u15) is decomposed into L?(R/(27Z)) ®
L?([0,1),rdr), and the Fourier transform over R/(27Z) is applied to the equation defining
‘H:. The C*-algebra VT for this example was described in [32] using Suarez [76].

Radial operators in the Segal-Bargmann—Fock space on C can be studied similarly to
Example 2.9.7. Moreover, Example 2.9.7 is easily generalized to the case of separately
radial operators acting on the Bergman space over the unit ball in C". In that case
G = (R/(2rZ))" and Q2 = N{.
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

Example 2.9.8 (radial operators in the harmonic Bergman space over the unit disk). For
Hi = Ly (D),

harm
1 1
KM(w) = — 1.
= (W) (1 — Zw)? * (1 — wz)?

Similarly to Example 2.9.7, after passing to the polar coordinates and computing the
Fourier coefficients, we have

Ley(v) =21l + D(yo) (£ €Z, y,ve0,1)).

The W*-algebra of radial operatorsin L

harm
and

(€)= (€] + 1) / o(v/r) ¥l dr. (2.66)

Formula (2.66) was previously obtained by Loaiza and Lozano [54, Theorem 3.4].

Similarly to Example 2.9.2, the symmetry of formula (2.66) with respect to the sign of ¢
implies that G is a subclass of bounded symmetric sequences. By Corollary 2.7.12, the
C*-algebra generated by Toeplitz operators with radial symbols is not weakly dense in
the W*-algebra of all bounded radial operators on LZ, (D).

harm

Remark 2.9.9. Since the radialization transform of bounded linear operators in L} (D)
is continuous in WOT and converts Toeplitz operators into radial Toeplitz operators, the
last paragraph of Example 2.9.8 implies that the set of all Toeplitz operators is not weakly
dense in B(L},  (D)). This result was proven more directly in [8]. In contrast, the weak

density of Toeplitz operators B(L{ (D)) has already been proven by Englis [20].

Example 2.9.10 (angular operators in the analytic Bergman space over the upper half-
plane). Let #; = L} ,(II). We say that an operator A of the class B(#,) is angular if A
commutes with all dilations D;, (h > 0), where D), is given by

(Duf)(w) = h~ f(h™ ).

LetG =R, Y = (0,7), v =0 = =, E(z,§) = ¢'**, and \ be the Lebesgue measure on
(0,7). Define o: G xY —1,p: G xY — C,and A: H; — L*(G x Y) by

u+iv

<p(u,v) =e , p(U,U) — (27.(.)1/4 eu—&-iv7 (Af)(u,v) _ (271')1/4 eu+iv f(eu—‘riv).
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2.9 Examples

It is easy to see that A is a linear isometry, so we can apply Proposition 2.9.6. The space
H = A(H,) has reproducing kernel

2 e:vfiy eu+iv 2 1
Kl‘,y(“’ U) = —\/j - — 5 — —_— - PR
T (eHiv —erv) ™y <Sinh —“"’”+I(”+y)>
2

The linear isometry A intertwines the dilations, acting in #;, with the horizontal transla-

tions, acting in H:
ADea A" = py(a).

Hence, the algebra of angular operators in H; is converted into V. For ¢ > 0, integral (0.3)

can be computed via the residues at the points u, == —i(v +y) — 27ik, k € Ny:
! o d i o —ifu
B G I R Cl T )
- 3 41 € e~ 8Wty) g=2kmE) _ 26 ety
T2 kzz (_ ige e ) =
=0

For ¢ < 0, the integral expresses through the residues at the points u; with & < 0, but the
final formula for L, ,(v) is the same. We conclude that V is commutative, {2 = R, and

28 _tw
Ge(v) = meg~

The spectral functions of angular Toeplitz operators can be computed by

2 ™
10(8) = T o e{_%g /O o(v) e %Y do.

This formula coincides with [82, Theorem 7.2.1], see also [29]. The C*-algebra G for this
example is found by Esmeral, Maximenko, and Vasilevski [23].

Example 2.9.11 (the radial basis function kernel on the complex domain). The following
reproducing kernel and its restriction to R" are extensively used in machine learning:

K, (w) = exp <—a2 Z(zj — w_])2> (z,w e C").

Here « is a fixed positive number. Steinwart, Hush, and Scovel [75] proved that the
corresponding RKHS is H = {f € Hol(C"): || f|lrprk < +00}, where

n . 2n n 1/2
| llsec = (Q;i £ esp (—W ZIm(zﬁ) dmn(z)) .
j=1

(CTL
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2 Translation-Invariant Operators in Reproducing Kernel Hilbert Spaces

We identify the domain C"” with G x Y, where G = Y = R". The measures and the pairing
are

on 2n
vV=U= i, dA(v) =

exp (—4a?([v]*),  E(z,y) = exp 2mi(z,y)) .

Then the kernel takes the form
Ky y(u,v) = exp (—a Z uj —x)° = (v; +y;)° +2i(uj_xj>(vj+yj))> .

The computation of L, ,(v) can be reduced to the Gaussian integral and results in

Ley(v) = (?)neXp (- z": (27T(Uj +y;)& + W:?)) :

j=1

In this example, 2 = R", V is commutative, and

0= () " (=3 (oms + 25 )

j=1

Remark 2.9.12. For each example, we tested the equality ((F' ® 1)Ky, )(&,v) = Ley(v)
numerically in Sagemath. In Example 2.9.5, we used the Mexican hat wavelet.
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3 Radial operators in the poly-Bergman
space

3.1 Scope

In this section, we describe the von-Neumann algebra of radial operators acting in the
polyanalytic weighted Bergman space over the unit disk. This is the case when n = 1
in Chapter 1. Unfortunately, although this example may fit in the scheme described in
Chapter 2, we have been unable to compute the Fourier transform of the reproducing
kernel, and, instead, we used the canonical orthonormal basis to provide the Fourier
decomposition of the space following ideas by Cuckovié [13]. All these calculations were
published in [8].

Jacobi polynomials for the unit interval

The function ¢ — 2t — 1 is a bijection from (0,1) onto (—1, 1). Denote by Q'P) the “shifted

Jacobi polynomial” obtained from P.*”) by composing it with this change of variables:
QA (t) = PP (2t —1).

The properties of Q' follow easily from the properties of PP In particular, here are
analogs of (1.7), (1.13), and (1.14):

@By ED™ a8 AT 0 mtagmis

QI (1) = = (1 =)t P (L =y, 3.1)

Qe Z(aJrﬁﬂ;erk)(ﬁJrn;) kg (3.2
=0

(@.8) L(m+B+1) - Fa+ﬂ+m+k+1) ek

Qlr(t) = oI Tm ot 51 0) kZ( ) AT ETT) (—1)mkk (3.3)
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3 Radial operators in the poly-Bergman space

The sequence ( (op ))ﬁzo is orthogonal on (0, 1) weight as (1 — ¢)°¢%, and
! 'm+a+1)I(m+F+1)
(@B (B OWA) (#)(1 — )P dt = 6, , . 3.4
/OQm (OO (1 =1) "@mtatfilmtatfrnm oY
Also, here are analogs of (1.16) and (1.18):
1
/ h(H)QA) (1) (1 — t)*t?dt = 0, (3.5)
0
1
/ QEAD (1) (1 — )4°dt = (—1)" Bla+m + 1,5+ 1). 3.6)
0
Substituting in (3.1) ¢ by tu and applying the chain rule, we get
am m+taym+8\ __ | a 4B MH(a,p)
o ((1 — tu)mre ) = m! (1 — tu)* t QP (tu). 3.7)
Inspired by (3.4) we define the Jacobi function 7\"” on (0,1) as
a0 () = e (1= 1) 22 QA (1), 3.8)
where
!
) Cm+a++D)T(m+a+4+1)m! (3.9)
I'm+a+1)I(m+5+1)
Then .
| a0 dt = b 310
0
Reproducing property for the polynomials on the unit interval
Given m in Ny and o, § > —1, we denote by R the polynomial
R (p) = S BOHLITD gy (3.11)

Bla+m+1,5+1)

The following formula is analogous to (1.23) in Chapter 1.

Proposition 3.1.1. Letm € Ny and o, f > —1. Then for every polynomial h with deg(h) <

m,

1 1 (a,5) B 44 —
ST [, ORS00 -0 = k(o) .12
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3.2 Orthonormal basis and Fourier decomposition of L?(D, pt,,)

Proof. See Proposition (1.3.2). ]

As a particular case of (3.12), for § = 0and k£ < m,

1
a+1

1
/ t* RO (£)(1 — £)dt = 6. (3.13)
0

Formula (3.13) was proven in [35] in other way.

3.2 Orthonormal basis and Fourier decomposition of
L? (D, par)

For each p, ¢ € Ny, denote by m, , the monomial function
myq(2) = 2PZ4.
The inner product of two monomial functions is
(Mpg.mjk) =(a@+1)B(p+j+1l,a+1) dqgjk (3.14)
In particular, this means that the family (m,, ), 4en, is not orthogonal.

In this section, we recall various equivalent formulas for an orthonormal basis in L*(ID, y,,),
that can be obtained by orthonormalizing (m,,), .cn,, and whose elements are known as
Jacobi polynomials in z and z, see Koornwinder [49], or disk polynomials, see Wiinsche [84],
among others. These polynomials, in the unweighted case, were also rediscovered
in [51], [63], and [59], in the context of polyanalytic functions. We work with a normal-
ized version of the disk polynomials and define them by

01 oP

b (2) = (~DPHE) (1-22) ™ o o
z z

p.q p,q

((1 - zz)p+q+a), (3.15)

where

E@:\/(a+p+q+1)F(a+p+1)F(a+q+1)‘ (3.16)

P4 (a+1Dplg!'T(a+p+q+1)2
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3 Radial operators in the poly-Bergman space

. 0 0 L. . .
Since —(1 — 2Z) = —zand — 7 — (1 — 2%Z) = —z, the expression in (3.15) can be rewritten in
z z
other equivalent forms:

b (2) = (—1)q\/(0‘ FrtatDilatptl) ) oo O (- 22)), @a7)

P (a+Dplg'T(a+q+1) (1-22) D1

0= TS0 2 (o), o

By (3.7), b\ can be expressed via the shifted Jacobi polynomials:

PQE (|22, ifp > g;

(a+p+qg+1DI'(a+p+ 1)
(a+1)T'(a+qg+ 1)p!

bl (2) (3.19)
(a+p+g+Dl(a+g+1)pl_  wap) 2y
’ f )
\/ (@+rDl(atpt g~ QpV([27), ifp<gq
The two cases in (3.19) can be joined and written in terms of (3.8) and (3.9):
o ‘? q\}) (elp—ql)
« min{p,q a,|p— 2
b;(>,q) (rr) = —\/Oz——i-l rlp—alyp— qumZEp,?J} (r®) (r>0,7€T), (3.20)
_ 22 \—a/2
() ™ 1(1—1r%) (evlp—al) , 2
by (r7) = NEST T it} (r®). (3.21)
Notice that
Salp—a) _ [ (@t p+ g+ 1)(min{p, ¢})!T(a + max{p, ¢} +1)
minip.g} (max{p, ¢})!T'(ev + min{p, ¢} +1) ‘
The family (bé‘fq) )p.qen, has the following conjugate symmetric property:
by (2) = b (2). (3.22)
Applying (3.3) in the right-hand side of (3.19) we obtain
b (2) = (@+p+q+1)plg
e (a+1D)a+p+(a+qg+1)
min{p,q} (3.23)
(atp+a+1—Fk) , o
XZ k‘p Wg—k ~ ~

In particular, (3.23) implies that bg,f"q) is a polynomial in z and Z whose leading term (when
k = 0) is a positive multiple of the monomials m,,_j ;.
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3.2 Orthonormal basis and Fourier decomposition of L?(D, )

Let P be the set of all polynomials functions in z and Z%, i.e., the linear span of the
monomials
P = span{m,,: p,q € No}.

For every { € Z and every s € N, denote by W(i) the subspace of P generated by m,,
with p — ¢ = ¢ and min{p, ¢} < s:

Wg(i) = span{m,,: p—q =&, min{p, ¢} < s}. (3.24)

The vector space Wé? does not depend on «, but we endow it with the inner product
from L?(D, i, ). Obviously, dim(W(i)) = s. Let us show that

W = span{b(®): p—q = ¢, min{p, ¢} < s}. (3.25)

Indeed, by (3.23),

S (a+Dla+p+DI'(a+qg+1)p!g @)
p,q

Ma+p+q+2) -
min{pa} (3.26)
B plq! Z (_1)yf(a+p+q+1—y)m
Flatp+qg+1) vip—v)(g—v)t T

Proceeding by induction on s, we see that the monomials m,, , are linear combinations of
b‘,f,oi)&q_s with 0 < s < min{p, ¢}. So, formula (3.25) means that the first s elements in the

diagonal ¢ of the table (bﬁ,‘i} )oe—o generate the same subspace as the first s elements of

the diagonal ¢ in the table (m,, )5, —o. For example,

Wg)s = Span{mo,% M3, Mo} = span{b[()?;), b%)a 5(2?4)}7

Wl(,ojl) = Span{m1,07 mo.1,M3 2, m4,3} = Span{bgc,lo)’ bg??? b:(‘:XQ); bz(f?) }

In the following tables we show generators of Wl(j) (light blue) and WS)’?, (pink).

Mmoo Mo, M2 Mp3 Mo4a Mops e b(()c,yo) b(()i) b(()cé) b(()?é?)) b(()(,le) b(()%)
MmMio M1 Mi2 Mi3 Mig Mis e bg‘,lo) bﬁ) b§a2) bga:),) bﬂ) bgc%)
Moo Ma1 M2 Ma3 M24 MM2s e bgc,yo) bgaf bgg bgag) bgil) bgo%)
m3o M3 M3z M3z Mza M35 - bé(,lo) b:(aaf b§a2) béa:a) bi(&?:l) b:(aog
Mgo Myg1 MMy Mag Mgg Mys e bfo) bz(ﬁ) bfz) bf?,) bf&) bﬁ)
M50 Ms1 Ms2 Ms3 M54 Mss e bé?o) béa2) bgas) béif béog

* an/‘—\
~&

As a consequence, P = (J.c, U, en W(i) = span{b;(f‘q) : p,q € No}.
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3 Radial operators in the poly-Bergman space

Proposition 3.2.1. The family (b,ﬁ?‘q) )p.gen, IS an orthonormal basis of L*(D, yu,,).

Proof. The orthonormal property follows straightforwardly from (3.21) and (3.10):

o
(@) play _ 1 k)0 ulp=q)) () 7eli—k)
<bp,q)’ bj,k) N %/ e dQ/ min{p, q} mm{J k} (t)dt
= 5p—q,j—k ’ 5min{p,q},min{j,k} = 5p,j ) 5q,k-

By the Stone-Weierstrass theorem, P is dense in C'(clos(D)). In turn, by Luzin’s theorem,
the set C(clos(D))|p is dense in L*(D, u,) and for every f € C(clos(D)) we have || f|| <
maxX.ecos(n) | f (). Now it is easy to see that the set P is dense in L*(D, 1, ), that is, the set
of all linear combinations of elements of the family is dense in L*(D, y,,). For that reason,
(bé?‘q) )p.qen, 18 @ complete orthonormal family. O

Corollary3 2.2. Leté € Z and s € N. Then (b q‘_"% q);nal’;{sx{é ? 5 Y is an orthonormal basis
of W .-

Remark 3.2.3. By Proposition 3.2.1 and formula (3.26),

(e+ Dl (atp+ 1) (at+q+1)p!q!

k=gq;

(Mepi by ) = § VTR (3.27)
0, max{0,—¢} <k <q.
The table of basic functions can be expressed as follows:
bio (2) = hiso (121%), b (=) =Zhoy (127), b(2) =2 kg (1)
bi% (=) = i3 (21°). 0% (2) = Wi (|1°), bis (=) = Zhi% (|=f*)
Bo(2) =2 hsp(I=P), B ) =2, 6(E) = AR (D)
clolp—al)
where 1) (t) = —egt mn‘ﬁ’{p Z‘}) (t). Below we show explicitly some elements of this
basis.
a a o +3)(a+2
I IR TS e P [ By (CES] CE
) a+3 N 20a+3)(a+2) fa+3 5
b ] ((a+2)2z — 1), bél)(z):\/ | 5 2zZ—2z),

o o+ (o 4+ 4)( a+3) » 1
bg; ”a—f-l( 227 2(a+3)zz+2>
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3.2 Orthonormal basis and Fourier decomposition of L?(D, pt,,)

Now, for every ¢ in Z we introduce the subspace W(a associated to the “frequency” ¢ or,
equivalently, to the diagonal £ in the tables (m,, ), 4en, and (b (b )p g€z

Wéo‘) = clos(span{m, ,: p—q=£&}) = clos( U W(’o;) ) . (3.28)

seN

Corollary 3.2.4. The sequence (bé ra.) gemaxio,¢) 1S an orthonormal basis of Wéa)

The space Wg(o‘) can be naturally identified with L? over (0, 1), providing (0, 1) with various
weights.

Proposition 3.2.5. Each one of the following linear operators is an isometric isomorphism
of Hilbert spaces:

1) L2((0,1), (a + 1) (1 — t)*dt) = W, he f,
f(rr) =7%h(r?), e, f(z):=sgn®(2)h(22), (3.29)
wherez e D,0<r<1,7e€T;
2) L2((0,1), (a + 1) tEl(1 — 1)) = W, hes f,

f(rr) =757 En@?), e, f(z) = {igh(zz)’ <=0, (3.30)

3) LX((0,1)) = W, hes f,

¢ (1 _ 1,.2)—(1/2

vVoa+1

(1 — zz)~/?

M%), e, f() = sent(e)

flrr) =71 hzz). (3.31)
Proof. In each case, the isometric property is verified directly using polar coordinates,
and the surjective property is justified with the help of the orthonormal basis of Wﬁ(a)
(Corollary 3.2.4). The function sgn: C — C is defined by sgn(z) := z/|z| for z # 0 and

sgn(0) :== 0. O]

Corollary 3.2.6. The space L*(D,du,) is the orthogonal sum of the subspaces Wéa) :

(D, dpa) = P WL, (3.32)

€L
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3 Radial operators in the poly-Bergman space

The result of Corollary 3.2.6 can be seen as the Fourier decomposition of the space
L?*(D,du,), where each space Wg(a) corresponds to the frequency €.

Here we show the generators of W.* (pink) and W' (light blue):

Moo Mo1 Mo2 MMo3 b(()c,yo) bé?él) bt(fz) b(()(f?))
mio M1 Mi2 M3 bg(?o) bgaf b%) bga:’))
Moo M21 M22 M23 b%) bgal) bgaz) bga:’))
m3o M31 M32 MM33 e b:(),(,lo) (,1) bz(;a2) bga?))

.wO‘
° Q

3.3 Weighted mean value property of polyanalytic

functions

It is known [7, Section 1.1] that any m-analytic function can be expressed as a “poly-
nomial” of degree m — 1 in the variable Z with 1-analytic coefficients, that is, for any
f € A,,(D), there exist analytic functions g, g1, .., gn_1 in D such that

f2) =Y a=)z* (€D

Replacing every g;, by its Taylor series, we get another classic form of m-analytic functions:
there exist coeficients \;; in C such that

Z w277 (zeD). (3.33)

The following weighted mean value property was proved by Hachadi y Youssfi [35] using a
slightly different method. The mean value property for solutions of more general elliptic
equations is studied in [78].

Proposition 3.3.1. Let f € A,,(D) such that

/D = |22 du(z) < +oo.

Then

70) = = [ SRS (1= 14 dutz). (3:34)
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3.3 Weighted mean value property of polyanalytic functions

Formula (3.34) is equivalent to formula (1.29) in Chapter 1.
Proof. See Proposition 3.3.1. N

For a = 0, Proposition 3.3.1 reduces to the following mean value property that appeared
in [51] and [59].

Corollary 3.3.2. Letz € C,r > 0, and f € A,,,(z + rD) such that

[ 1) aue) <+,

Then

1o =2 [ rwre (M2 auw) 3.35)

2 2
Tr z+rD r

Proof. Denote by ¢ the linear change of variables p(w) = rw+ z. If f € A,,(z+rD), then
fop e A,(D). Applying (3.34) to f o ¢, we obtain (3.35). N

Weighted Bergman spaces of polyanalytic functions on general complex domains

Given m in N, an open subset (2 of C and a continuous function W: Q@ — (0, +o0),
we denote by A2 (Q, W) the space of m-analytic functions belonging to L?(Q2, W) and
provided with the norm of L?(Q2, W). The mean value property (3.35) implies that the
evaluation functionals in .42, (2, W) are bounded (moreover, they are uniformly bounded
on compacts), and A2 (Q, W) is a RKHS.

Lemma 3.3.3. Let K be a compact subset of §). There exists a number C,, wx > 0 such
that for every f in A2, (Q, W) and every z in K,

|f(2)] < Conwiic | 1] a2, o) (3.36)

Proof. Let r, be the distance from K to C \ 2. Since K is compact and C \ 2 is closed,
ry > 0. Putr := min{r/2,1}, K; = {w € C: d(w,K) <r},

1
Cy = (max |R7(TC:’01)(15)|) (max —) :
0<t<1 weK1 W(w)
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3 Radial operators in the poly-Bergman space

For every z in K, we estimate | f(z)| from above applying (3.35) and Schwarz inequality:

s o [ sl |re (M) auw)

mr?
C
< 5| 1@l VW(w) du(w)
z+rD
4 1/2 1/2
< S (] vwrwema) ([ 1aw)
z+rD z+rD
C
< \/#HfHAgn(Q,W)-
So, (3.36) is fulfilled with C,, w.x = \/% 0

Proposition 3.3.4. A2 (2, W) is a RKHS.

Proof. Given a Cauchy sequence in A2 (2, W), for every compact K it converges uni-
formly on K by Lemma 3.3.3. The pointwise limit of this sequence is also polyanalytic
by [7, Corollary 1.8], and it coincides a.e. with the limit in L?(©2, W). Lemma 3.3.3 also
assures the boundedness of the evalution functionals and thereby the existence of the
reproducing kernel. See similar proofs in [57, Proposition 3.3]. O

Denote by A7, (Q2, W) the orthogonal complement of A7, _, (22, W) in A, (Q, W).

Corollary 3.3.5. A7 ,(Q, W) is a RKHS.

3.4 Weighted Bergman spaces of polyanalytic functions on
the unit disk

In the rest of the chapter, we suppose that m € Nand « > —1. Given z in D, denote by
K, the reproducing kernel of A2 (D, j1,,) at the point z and by K ((5@)),2 the reproducing

kernel of Afm) (D, ua) at the point z. Hachadi and Youssfi [35] computed the reproducing
kernel of A% (D, p1,,):

2

) ) (3.37)

Z—w

1 —Zw

@ (1 — wz)mil (a,0)
K (w) = WRmfl
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3.4 Weighted Bergman spaces of polyanalytic functions on the unit disk

Their method uses (3.34) and a generalization of the unitary operator constructed by
Pessoa [59]. Formula (3.37) implies an exact expression for the norm of K%, which is
also the norm of the evaluation functional at the point z:

(@) _ m+a—1 1
(e \/(m+a)( mo1 )T [oF (3.38)

Obviously, the reproducing kernel of Afm) (D, o) can be written as

K@ (w) = K& (w) - K%, (w). (3.39)

Unfortunately, we are unable to obtain a simpler formula for K’ ((33) -

Orthonormal basis in A2 (D, u,,)
Proposition 3.4.1. The family (b ) 4 )peNo.g<m 1S an orthonormal basis of A2,(D, ).

Proof. 1t is clear that the family is contained in .42, (D, p, ), and by Proposition 3.2.1 is
orthonormal. Using ideas of Ramazanov [63, proof of Theorem 2] we will show the total
property. Suppose that f € A2 (D, 1,) and (f,b\%)) = 0 for every p in Ny and ¢ < m. For
r > 0, using expansion (3.33) and the orthogonality of the Fourier basis on T, we easily
obtain

) dpte.

"@/\

fo éq) Z Aktp—q.k Mtp—q kb
k=0

rD rD

The dominated convergence theorem allows us to pass to integrals over D, because f bl(fq)
and My p—q k b\ belong to L' (D, 11,). Now the assumption f L b{%) = 0 yields

)_l

karp a.ks pq>)‘k+P ek = =0 (p eNp, 0<¢g< m) (3.40)
k=0

For a fixed ¢ in Z with £ > —m, put s = min{m,m + {}. The vector [Ak*‘ka];cn:_nlmx{o,fg}
satisfies the homogeneous linear system (3.40) with the s x s matrix

m—1

(@) ]
m ) b .
[< E+k,k §+q,q> g,k=max{0,—¢}

By (3.27), this is an upper triangular matrix with nonzero diagonal entries, hence the
unique solution of (3.40) is zero. O
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3 Radial operators in the poly-Bergman space

Corollary 3.4.2. The sequence (b(o‘)

o.m—1)peN, 1S an orthonormal basis ofA%m) (D, pta)-

We denote by P and P((;?) the orthogonal projections acting in L?(ID, ), whose images
are A2 (D, u,) and A?m) (D, o), respectively. They can be computed in terms of the
corresponding reproducing kernels:

(PONE) = (LK, (BD(E) = (LK)

For example, (b ),en, 4<4 is an orthonormal basis of A2(DD, 1), and (b;‘fg) )pen, 1S an or-
thonormal basis of “4%4) (D, ptq).

bo bhY by by by bo b oy B3 bod
A e bio Y by B b
b YOSy b by bo B BYy B b
b U5y b§y biR bi) b Y b5y bR by

Decomposition of AiL(D, o) into subspaces corresponding to different “frequences”

We will use the following elementary fact about orthonormal bases in Hilbert spaces. In
the next proposition we treat orthonormal bases like sets rather than families.

Proposition 3.4.3. Let H, be a Hilbert space and B, C H, be an orthonormal basis of H; .
Suppose that B, and Bs are some subsets of B,. Denote by H, and H3 the closed subspaces
of H, generated by B, and B3, respectively. Then 3, N B3 is an orthonormal basis of Hy N Hs.

Applying Proposition 3.4.3 to the Hilbert space L*(D, i) and thinking in terms of or-
thonormal bases (see Propositions 3.2.1, 3.4.1, and Corollaries 3.2.2, 3.2.4), we easily find
the intersection of Wéa) and A2, (D, 114):

(@) .
W AL (D, 1) = §  emintmmagys &2 ML (3.41)
{0}, §<—m+1.

Here is a description of the subspaces W(T;BL in terms of the polar coordinates.
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3.4 Weighted Bergman spaces of polyanalytic functions on the unit disk

Proposition 3.4.4. Forevery¢ inZ and every s inN, the space W(i) consists of all functions
of the form
frr)=7HQ(?)  (r>0,7eT),

where () is a polynomial of degree < s — 1. Moreover,
”f” = ||Q||L2([0,1),(a+1)(1—t)at|£\dt)~

Proof. The result follows directly by Proposition (3.2.5) and formula (3.30). O

The decomposition of A2 (D, p,,) into a direct sum of the “truncated frequency subspaces”
shown below follows from Proposition 3.4.1 and Corollary 3.2.2, and plays a crucial role
in the study of radial operators. It can be seen as the “Fourier series decomposition” of
An (D, pra).

Proposition 3.4.5.

2
A2(D, o) = @ O (s} (3.42)

E=—m+1

Let us illustrate Proposition 3.4.5 for m = 3 with a table (we have marked in different
shades of blue the basic functions that generate each truncated diagonal):

Define Uf,‘f‘) : Afn(D, fa) — ®§i—m+1 Cmin{m,m+¢}
(U Peq = [Ty (€2 =m+1, max{0,—¢} <g <m—1). (3.43)

Here, for —m + 1 < ¢ < 0, the componentes of vectors in C™*¢ are enumerated from —¢
tom — 1.

Proposition 3.4.6. The operator U is an isometric isomorphism of Hilbert spaces.

Proof Follows from Proposition 3.4.1 or, even easier, from Proposition 3.4.5 and the fact
that (b (

m—1

e, q) gemax{0,—¢) 1S an orthonormal basis of W ¢ min{mmi¢) (5€€ Corollary 3.2.2). O
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3 Radial operators in the poly-Bergman space

An analog of the next fact for the unweighted poly-Bergman space was proved by
Vasilevski [82, Section 4.2]. We obtain it as a corollary from Proposition 3.2.1 and Corol-
lary 3.4.2.

Corollary 3.4.7. The space L?(D, 11,,) is the orthogonal sum of the subspaces A(Qm) (D, pa),
m € N:
Lz(Dv :uOé) = @ A%m) (D7 :uOé)-

meN

3.5 The set of Toeplitz operators is not weakly dense

Given a Hilbert space H, we denote by B(H) the algebra of all bounded operators acting
in H. If HisaRKHS and S € B(H), then the Berezin transform of S is defined by

(SK)(2)
<KZ7KZ>H ’ .

BerH(S)(Z) = KZ(Z)

ie., Bery(S)(z) =
The Berezin transform can be considered as a bounded linear operator B(H) — L>().
Stroethoff proved [72] that Bery is injective for various RKHS of analytic functions, in
particular, for H = A%(D). Engli$ noticed [21, Section 2] that Bery is not injective for
various RKHS of harmonic functions. The idea of Engli§ can be applied without any
changes to various spaces of polyanalytic and polyharmonic functions. For clarity of
presentation, we state the result of Englis for A2 (D, u1,,), m > 2, and repeat his proof.

Proposition 3.5.1. Let H = A2 (D, j1,) with m > 2. Then the Berezin transform Bery is
not injective.

Proof. Let f € H such that f € H and the functions f, f are linearly independent. For
example, f(z) = z. Following the idea from [21, Section 2], consider the operator

Then S # 0, but (SK,, K.)y = |f(2)|> — |f(2)|> = 0 for every z in D. So, Bery(S) is the
zero constant. U
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3.5 The set of Toeplitz operators is not weakly dense

Given a function g in L>(DD), let M, be the multiplication operator defined on L*(D, y,)
by M,f = gf. If H is a closed subspace of L*(D, p1, ), then the Toeplitz operator Ty, , is
defined on H by

Tuy(f) = Pu(gf) = PaM,f.

For H = A7, (D, j1,) and H = A? (D, ), we write just T*) and T((Z))’g, respectively. The
proof of the following fact is the same as the proof of [57, Proposition 3.18] or the proof
of [11, Theorem 4].

Proposition 3.5.2. Ifg € L>°(D) and T,sffg = 0, then g = 0 a.e. In other words, the function
g — TS, acting from L= (D) to B(A2 (D, 1)), is injective.

Inspired by the idea of Engli$ explained in the proof of Proposition 3.5.1, we will prove
that the set of Toeplitz operators is not weakly dense in B(.A? (D, u,)) with m > 2. First,
let us prove an auxiliary fact from linear algebra: bounded quadratic forms separate
linearly independent vectors.

Lemma 3.5.3. Let H be a Hilbert space and f, g be two linearly independent vectors in H.
Then there exists S in B(H) such that

(Sf, fru #(S9,9) 1.

Proof. Without lost of generality, we will suppose that || ||z = 1. Decompose g into the
linear combination g = A, f + Ak, with Ay, Ay € C, ||h||z = 1, h L f. More explicitly,

M=l we=g-AMf de=llwly b= %Qw.
Define S as the orthogonal projection onto h:
Sv = (v,h)gh (veH).
Then Sf = 0 and Sg = \h, therefore (Sf, f) g = 0and (Sg, g) g = A3 > 0. O

Theorem 3.5.4. Let H = A% (D, p,) withm > 2. Then the set of the Toeplitz operators
with bounded symbols is not weakly dense in B(H ).
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3 Radial operators in the poly-Bergman space

Proof. Let f € H such that f € H and the functions f, f are linearly independent. For
example, f(z) = z. The set

W ={S eBH): (Sf,f u= (S, u}

is a weakly closed subspace of 5(H). By Lemma 3.5.3, W # B(H). On the other hand, for
every a in L>(D)

—~

T F)n = [ alPd =TT, D
X
ie, {T\): ae LD} CW. O

Remark 3.5.5. An analog of Theorem 3.5.4 is true for the space of y,-square integrable
m-harmonic functions on D, with m > 1.

3.6 Von Neumann algebras of radial operators

Set of operators diagonalized by a family of subspaces

The theory of von Neumann algebras and their decompositions is well developed. For
our purposes, it is sufficient to use the following elementary scheme from [57]. This
scheme is similar to ideas from [32, 60, 89].

Definition 3.6.1. Let H be a Hilbert space, U be a self-adjoint subset of B(H), and (W) <
be a finite or countable family of nonzero closed subspaces of H such that = P, W;.
We say that this family diagonalizes U if the following two conditions are satisfied.

1. For each jin J and each U in U, there exists Ay ; in C such that W; C ker(A\y ;I — U),
i.e., U(v) = Ay, v for every v in W;.
2. For every j, k in J with j # £k, there exists U in i/ such that Ay ; # Ay .

Proposition 3.6.2. Let H, U, and (W;),c; be as in Definition 3.6.1. Denote by A the
commutant ofU. Then A consists of all bounded linear operators that act invariantly on
each of the subspaces W;, with j € J:

A={SeB(H): VjieJ SW;)C W} (3.44)

Furthermore, A is isometrically isomorphic to @, ; B(W;), and the von Neumann algebra
generated by U is isometrically isomorphic to P, ; Clw,.
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3.6 Von Neumann algebras of radial operators

Example 3.6.3. Let ji,....j5m € J, A\,..., A, € C, and u,,,v;, € W, for every k in
{1,...,m}. Then the operator S: H — H defined by

m

Sf = Z /\k?<f’ ujk>vjk7 (3.45)

k=1

belongs to .A. Moreover, every operator of finite rank, belonging to .4, can be written in
this form. See the proof of [57, Corollary 5.7] for a similar situation.

Proposition 3.6.4. Let H, U, and (W,);c; be as in Definition 3.6.1, and H, be a closed
subspace of H invariant underU. For everyU inlU, denote by U |§i the compression of U
onto the invariant subspace H,, and put

Uy ={U| veu}, L={jeJ: W;nH #{0}}

Then
H, = @W; N Hy), (3.46)

JjeS1

and the family (W; N H,) e, diagonalizesU, .

Example 3.6.5. The operators of finite rank, commuting with U |§1 for every U in U, are
of the form (3.45), but with u;, ,v;, € W, N H;.

Radial operators in L?(D, p,,)
For each 7 in T, we denote by p(®)(7) the rotation operator acting in L?(ID, ) by the rule

(PN f)(z) = f(r'2). (3.47)

It is easy to see that p(® (r,73) = p{®(7)p'® (1), the operators p{®)(7) are unitary, and for
every f in L?(D, u,) the mapping 7 +— p(®)(7) f is continuous (this is easy to check first for
the case when f is a continuous function with compact support). So, (p*), L*(D, 11,,)) is a
unitary representation of the group T. The operators commuting with p(® () for every 7
in T are called radial operators. We denote the set of all radial operators in L*(ID, ) by
R():

R = {p(r): 7€ TY ={S € B(L*(D, it)): VY7 €T p(1)S = Sp(7)}.
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3 Radial operators in the poly-Bergman space

Since {p'®(7): 7 € T} is a selfadjoint subset of B(L*(ID, 11,,)), its commutant R(*) is a von
Neumann algebra [74].

Recall that the subspaces WE(O‘) are defined by (3.28).

Lemma 3.6.6. The family (Wg(a))gez diagonalizes the collection {p®)(7): 7 € T} in the
sense of Definition 3.6.1.

Proof. 1. Let T € T. For every p, q € Z with p — ¢ = £, formula (3.20) implies
c (3.48)

i.e., b € ker(r=¢I — p®)(7)). By Corollary 3.2.4, the functions b\ with p — ¢ = ¢ form an
orthonormal basis of Wg(a). So,

W C ker(r7¢1 — p@(1)). (3.49)
2. Let&, & € Zand & # &. Put 1 = exp glif&). Then 7=& # 77¢, O

Proposition 3.6.7. The von Neumann algebra R'“) consists of all operators that act in-
variantly on WE(O‘) forevery ¢ inZ, and is isometrically isomorphic to @, ., B (Wé(a)).

Proof. Follows from Proposition 3.6.2 and Lemma 3.6.6. N

The radialization transform Rad'® : B(L*(D, i) — B(L*(D, i1,)), introduced by Zor-
boska [89], acts by the rule

Rad@(S) = /Tp(T)Sp(Tl)er(T),

where p7 is the normalized Haar measure on T, and the integral is understood in the
weak sense. The condition S € R(® is equivalent to Rad®(S) = S.
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3.6 Von Neumann algebras of radial operators

Radial operators in A2 (D, p1)

Proposition 3.6.8. The space A2 (D, ui,) is invariant under every rotation p'®(7), 7 € T.

First proof. The reproducing kernel of A2 (D, ), given by (3.37), is invariant under
simultaneous rotations in both arguments:

K, Cf)Tz(Tw) = K@) (w) (z,weD, TeT). (3.50)

m,

According to [57, Proposition 4], this implies the invariance of the subspace. O

Second proof. By (3.47), the elements of the orthonormal basis (bpf”q) )peNo 0<q<n A€ eigen-
functions of p(®. O

For every 7 in T, we denote by Pl (7) the compression of p(®)(7) onto the space A2, (D, j,,).
In other words, the operator Pl (7) acts in A% (D, ) and is defined by (3.47). So,
(o), A? (D, 11,)) is a unitary representation of T. We denote by R the commutant
of this representation, i.e., the von Neumann algebra of all bounded linear radial opera-
tors acting in A2, (D, p,,).

Denote by 91, the following direct sum of matrix algebras:

00 -1 00
Dﬁm = @ Mmin{m,m+£} = ( @ Mm+§> S¥ <@ Mm) .
f=—m+1 E=—m+1 £=0
For example,
My=M; EMysPEM3PM3sPD M3D....

~ O~ O~~~ =~

E=—2 ¢=—1 £=0 =1 =2
According to the definition of the direct sum (see [74, Definition 1.1.5]), 9t,, consists of
all matrix sequences of the form A = (A4¢) ., where A; € M, ¢ if§ <0, A € M, if
¢ >0,and

sup || Ae]| < +oo.
&>—m+1

Being a direct sum of W*-algebras, 9, is a W*-algebra. We identify the elements of 91,
with the bounded linear operators acting in .2, ,, Cmin{mm+¢} Now we are ready to
describe the structure of R'S. Recall that U\ is given by (3.43).
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3 Radial operators in the poly-Bergman space

Theorem 3.6.9. Letn € N. Then R'Y consists of all operators belonging to B (A% (D, 114))

S (o)
that act invariantly on each subspace W&min (mom+€} for& > —m + 1. Furthermore,

Q) ~v (OZ)

Proof. We apply the scheme from Propositions 3.6.2, 3.6.4,
Wy =W, U= {p(r): TET},
and H, = A2(D, u,). By (3.41), we obtain

h={6€Z: €>-m+1},  ADpu) W =W

& min{m,m+E}"
So, the W*-algebra R is isometrically isomorphic to the direct sum of B(Wf(i)ﬁn (mm ng}),
with £ > —m + 1. Using the orthonormal basis (béofk’k)zl:‘éax{o g of Wg(‘ﬁm{m micy W€

represent linear operators on this space as matrices. Define o R — am,, by

o0

PO (S) = ([<Sb§i)k7k, bgjﬁjﬂm_l ) . (3.51)

J,k=max{0,—&} f=—m—+1

In other words, ®¢ )(S) = UWs (Uf,? ))*, i.e., o' is an isometrical isomorphism of W*-
algebras induced by the unitary operator A O]

Radial operators of finite rank, acting in A2 (D, i), can be constructed as in Exam-
ples 3.6.3 and 3.6.5.

It is easy to verify (see a more general result in [57, Corollary 4.3]) that if A% = A2 (D, )
and S € R\, then Ber 4z, (S) is aradial function. For m = 1, the Berezin transform Ber 42
is injective. So, if S € B(A7(D, 1,)) and the function Ber 42 (S) is radial, then the operator
S is radial.
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3.7 Radial Toeplitz operators in polyanalytic Bergman spaces

Radial operators in A? (D, pa)

Letn € N. The space A7, (D, 11,) is invariant under the rotation p(®(r) for all 7 in T. The
proof is similar to the proof of Proposition 3.6.8. Denote the compression of p(*)(7) onto
A%m) (D, pta) bBY pamy (7). Let R&)) be the von Neumann algebra of all radial operators in

A%m) (D, o).

Theorem 3.6.10. RE% consists of all operators belonging to B (.A%m) (D, o)) that are diag-

onal with respect to the orthonormal basis (b;‘f%_l);io. Furthermore,

R 2= (%(Ny).

Proof. Corollaries 3.2.4 and 3.4.2 give

Ch , > —m+1,
W 1A (D, ) = { ot & 2 (3.52)
{0}, < —m+1.

By Propositions 3.6.2, 3.6.4 and formula (3.52), RE% consists of the operators that act

@)

invariantly on (Cbé Ymo1m-1» § = —m + 1, ie., are diagonal with respect to the basis
(bﬁz_ﬂ;io- Therefore the function <I>Ef‘n)) : Rgfn)) — (*°(Nyp), defined by

(I)(a)

@ (8) = ((Sbi, 1 by 1)) (3.53)

pvm_]-’ p7m_l p:07

is an isometric isomorphism. O

3.7 Radial Toeplitz operators in polyanalytic Bergman

spaces

This section is similar to [57, Section 6], but here we use Jacobi polynomials instead of
the generalized Laguerre polynomials.
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3 Radial operators in the poly-Bergman space

Radial functions

Given g in L>*(D), define rad(g): D — C by
rad(g)(z) = /T g(1z) dpr(T). (3.54)
Given a in L*>([0, 1)), definea: D — C by
i(z) =a(lzl) (= eD).
The proof of the following criterion is a simple exercise.
Proposition 3.7.1. Given g in L*>°(D), the following conditions are equivalent:

(a) foreveryt in'T, the equality g(7z) = g(z) is true for a.e. z inD;
(b) foreveryr inT, the equality p'™ (7)g = g is true a.e.;

(c) rad(g) = g a.e.;

(d) thereexistsa in L>([0,1)) such that g = a a.e.

Radial multiplication operators in L*(ID, 11,,)

The following result is easily obtained by direct calculation

Proposition 3.7.2. Let g € L®(D). ThenRad® (M,) = M)

rad(g)"
Given a in L*>°([0, 1)), we define the numbers 3, ¢ ;1 by
1 @) @)

i.e.,

1
_ (ole)  (ale]) (o €]) (o €]) a
Baagik = Coninlgténq) Cminlhrek) / a(VE)Quiminarer ) Quimtipsey () (1 — 1)t dt. (3.56)

Proposition 3.7.3. Leta € L>([0,1)). Then Mz € R, and
<M~b(a) Y > <ab(a bg;f) = Op—gj—kPacp-qah- (3.57)

D:q° "5,k D,q°

Proof. Since a is invariant under rotations, it follows directly from definitions that Ma(a)
commutes with p(®(7) for every 7. This is a particular case of [57, Lemma 4.4]. For-
mula (3.57) is obtained directly using polar coordinates. O
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3.7 Radial Toeplitz operators in polyanalytic Bergman spaces

Radial Toeplitz operators in A2 (D, 1)
Proposition 3.7.4. Letg € L>(D). Then T,Sf‘; is radial if and only if the function g is radial.
Proof. Follows from Proposition 3.5.2 and [57, Corollaries 4.6, 4.7]. O

Recall that @) : R\ — M., is defined by (3.51).

Given a in L>([0, 1)), denote by ) (a) the sequence of matrices [vfrf“) (a)el .1, where

%ﬁ“ )(a)s € Muin{m+¢,m} 18 given by

a . m—1
15 (@)e = [Bosatin] s pmaxto—e)- (3.58)
Proposition 3.7.5. Leta € L>°([0,1)). Then Trff% e R\ and (I)m(TT(nO%) = 7{(a).

Proof. Apply Propositions 3.7.3 and 3.7.4. O

Radial Toeplitz operators in A7 (D, 1)

Proposition 3.7.6. Leta € L*°([0,1)). Then T((O‘) € RE%, the operator T((gb%,a is diagonal

m),a

with respect to the orthonormal basis (bﬁl_l);io, and the corresponding eigenvalues can

be computed by

Aaam(P) = /0 1 a(VE) (TP @) de (p e Ny). (3.59)

in{p,m—1}

Proof. From Proposition 3.7.4 we get T((;gﬁ € RE:B) Due to Proposition 3.7.3 and Theo-
rem 3.6.10,

Aaam(D) = (P (i) ) = (T b1 b 1) = Bap-mom-1m-1- O

95






Colofon

Beauty is the first test: there is no permanent place
in the world for ugly mathematics. G. H. Hardy

La belleza es el primer examen, dice Hardy, concepto que a propésito confunde con simpleza. La simpleza es el primer examen:
las matematicas feas no tienen un lugar permanente porque no son simples. La simpleza, la claridad, la evidencia: lo natural es lo
bello. La matemaética resuelve, si, pero también simplifica. La matemaética depura porque exprimiendo las cosas, éstas rebelan sus
entranas.

La matematica es una suerte de alma que posee la esencia de las cosas una vez que es creada. En un acto de posesién demoniaca,
brinca de la imaginacién humana al corazén de las cosas. Alli las posee de veras porque las comanda. La matematica describe,
si, pero también predice. Las cosas obedecen cuando las reglas son claras. Por eso la fealdad es la ambigiiedad, lo intrincado, lo
inextricable.

Dice Kuntzmann (1969) que todos, quiza sin que hayamos reflexionado sobre ello, estamos seguros de dos cosas: no se puede
prescindir de las matemadticas y no se puede hacer trampa con ellas. No si se siguen bien sus reglas. A través de la lupa de las
matematicas no hay resultado ambiguo ni misterio que no sea rebelado a su debido tiempo. Por mucho o poco que nos agraden,
podemos estar seguros de que en ellas yace una verdad inapelable. Todos confiamos en ellas porque la experiencia nos dice que
funcionan y nos hacen sentir seguros. Ernesto Sabato, a prop6sito de esto, dice en Uno y el universo que

Existe una opinion generalizada segtin la cual la matemdtica es la ciencia mas dificil cuando en realidad es la mds
simple de todas. La causa de esta paradoja reside en el hecho de que, precisamente por su simplicidad, los razon-
amientos matemdticos equivocados quedan a la vista |...] El resultado es que cualquier tonto se cree en condiciones
de discutir sobre politica y arte —y en verdad lo hace—, mientras que mira la matemdtica desde una respetuosa distan-
cia.

La matemadtica es creada ad hoc, simulando el ejercicio de algo, asi posee: imitando. Y como virus que se implanta, también la
matematica se propaga. Ha sido varias veces descubierta en lugares inopinados. Se hace a la medida de lo que vemos, pero una
vez en marcha, nos habla de cosas inesperadas.

La matematica es un invento (el mejor invento): es un bisturi que corta un problema complejo en partes pequenas y simples.
Por eso estudiamos el tridngulo (que tiene muy pocos lados) y el circulo (que estd demasiado redondo) porque las figuras son
rompecabezas de tridngulos y circulos. De ahi su belleza simple: el andlisis. Sin embargo, el mundo funciona sin que nosotros
sepamos muchas veces como. Hemos creado un lenguaje que describe lo que hay, lo que ya est4, lo que ya funciona. Adecuamos
los signos y las palabras para representar las cosas, pero son las cosas mismas las que hablan de si en este lenguaje, de lo que son'y
de sus relaciones. Entonces la matematica es un descubrimiento (el mas sorprendente). De ahi su simple belleza: la sintesis.

La investigacion en matemadticas funciona mas o menos como una mina: alguien con mucha experiencia intuye que aqui habra oro.
El oro de la matematica es la simplificacién, que se obtiene estableciendo vinculos con ideas mas sencillas y mejor comprendidas.
Cuando el milagro del oro se confirma, todo un equipo se encarga de escarbar al rededor. La experimentacién en matemaéticas
es asi: se cambian algunas condiciones y se observa si se obtuvo el mismo resultado. Se cambian caracteristicas de un problema
resuelto y se observa si la solucion se puede trasplantar o adaptar al nuevo problema.
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Siempre que se resuelve un problema hay que preguntarse qué otros problemas se resuelven del mismo modo. Es decir, hay que
intentar resolver muchos problemas con las herramientas que ya inventamos. ;Cuéles caracteristicas del problema permiten que
cierta solucién funcione? ;Cudles otros problemas tienen esas mismas caracteristicas esenciales? ;De qué nos hablan esas carac-
teristicas esenciales? Una vez que se ha escarbado lo suficiente en la mina, ya es posible determinar hacia dénde va la veta, es
decir, se puede mirar desde un plano més general y proponer una hipétesis estructural. Asi el oro ya no es milagro: milagro que
es parecido a inexplicable (matemadticas feas). Las cosas que se simplifican se vuelven prototipos. Observando las caracteristicas
de la mina (una vez explorada), podremos reconocer otras mas facilmente. Ese es el modus operandi de la matematica, que es
por demds, el método cientifico: observa un milagro, trata de reproducirlo, y cuando hayas creado una misceldnea de ejemplos,
serd mas facil identificar las caracteristicas esenciales que producen el milagro. Entonces formula una teoria que haga encajar el
milagro en el mosaico de las matemadticas.

Esta elaborada tarea de anélisis y sintesis es en realidad el proceso mediante el cual aprendemos: primero advertimos un milagro,
un hecho fuera el alcance de nuestra comprensién. La curiosidad conduce a la manipulacién: hacemos el examen de belleza, es
decir, buscamos qué partes son simples, comprensibles, aceptables. Luego estudiamos cémo se relacionan las partes entre si 'y
finalmente juntamos todo: construimos los puentes entre lo que ya sabemos y lo nuevo. Resalto que para aprender hace falta
tener los ojos bien abiertos y una genuina sorpresa. Hace falta ser curioso, preguntén, incémodo pero sobre todo ingenioso, pues
nunca se cuenta con herramientas para explorar lo desconocido, hay que usar las que ya se tiene. Es importante saber usar esas
herramientas, pero siempre se puede aprender sobre la marcha: asi ocurre siempre. El deber del alumno es ser curioso. El deber
del profesor es fomentar la curiosidad y propiciar la confianza de meter las manos: el ejercicio de (intentar) responder nuestras
propias preguntas nos acerca al aprendizaje significativo. El profesor debe fomentar la autonomia. Los programas deben presentar
ala matematica mas como una herramienta para explorar que para resolver.

La matematica en la actualidad florece no s6lo como lenguaje universal de las ciencias naturales o por su aplicacién en las finanzas
o la computacién, también en su ensenanza, en sus fundamentos, en su propio lenguaje y sus objetos de estudio. Esta ciencia
ha crecido aceleradamente las tltimas décadas. Prueba de ello es que, hasta 1950, a nivel mundial se producian menos de 10 mil
articulos de investigacién al afio. Actualmente la produccién anual rebasa los 90 mil. Es natural preguntarse: ;Todos estos articulos
son relevantes para la matematica? No individualmente (salvo algunos, quizas) sino todos en colectivo: mientras exista este flujo de
informacidn, esta comunicacién permanente, habra la discusidn, el andlisis y la sintesis que gesta las ideas nuevas. Evidentemente
la matematica no es una ciencia terminada, como suelen creer los estudiantes. Estd siempre sometida a un replanteamiento, pues
las nuevas ideas y sus conexiones develan nuevas caras de las ideas anteriores. Es esta blisqueda y replanteamiento el sino de las
matematicas.

Este crecimiento exagerado es debido en mucho al uso de las computadoras, pues permiten una manipulacién cuantitativa veloz,
precisa y abundante: justo lo que se requiere para un andlisis cualitativo més profundo. Los célculos numéricos ahorran tiempo
y permiten desechar rdpidamente hipétesis equivocadas o confirmar conjeturas acertadas. Las demostraciones analiticas son ac-
tualmente el paso siguiente de las comprobaciones numéricas. Estas tltimas alumbran el arduo camino de la justificacién teérica.
Para desarrollar la intuicién hace falta tener experiencia, dice mi asesor, por eso hay que dar mas peso al caracter estadistico de
la matematica en la educacién, porque la inferencia es producto de la sintesis. Las computadoras facilitan ese andlisis estadistico
pues es justamente el rumbo de la informatica: la mineria de datos. La ensenianza de las matematicas debe incluir cuanto antes
esta herramienta. La matematica debe simplificar lo que ahora es complejo, vincular las ideas principales con todas las areas del
conocimiento y unificar el lenguaje para propiciar la transdisciplinariedad. Su ensefianza debe plantearla como una herramienta
de exploracion.
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