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Abstract

In this thesis, some new applications of the transmutation operator theory to the solution
of direct and inverse spectral problems for the Sturm-Liouville equation in impedance
form (SLEIF), and to the construction of complete systems for the radial Schrodinger
equation, are presented.

In the first part of this thesis, an integro-differential transmutation operator for the
SLEIF is constructed. The properties of the integral tranmsutation kernel are proved,
together with the boundedness and invertibility of the transmutation operator in appro-
priate functional spaces. A representation of the transmutation kernel as a Fourier series
in terms of Legendre polynomials is obtained, and as a corollary a new representation for
the solutions of the SLEIF in terms of Neumann series of Bessel functions.

It is shown that the transmutation kernel satisfies a Gelfand-Levitan equation for the
Sturm-Liouville spectral problem for the SLEIF on a finite interval. Substitution of the
Fourier-Legendre series of the kernel in the Gelfand-Levitan equation reduces the inverse
spectral problem to solution of an infinite system of linear algebraic equations. Moreover,
we show that to recover the impedance function, only the first component of the solution
vector is required. From the truncation of the system of equations, we obtain an algorithm
to solve the inverse spectral problem. The stability and effectiveness of the method are
illustrated by several numerical examples.

For the SLEIF on the half-line, a Levin-type integral representation for the Jost solu-
tion and its derivative is constructed. Using such integral representation, the Jost solution
and its derivative can be represented in the form of power series in the unit disk, whose
coefficients can be computed by a simple recursive procedure. The series representa-

tions lead to an explicit representation for spectral data and analytic method for their
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computation.

In the second part of this work, we study a transmutation operator for the radial
Schrodinger equation in a star-shaped domain. New properties of the transmutation
operator, as its boundedness and invertibility on the spaces of C2-functions and the har-
monic Bergman space are established, together with a representation of the transmutation
kernel as a Fourier series of Jacobi polynomials. With the aid of such Forier-Jacobi series,
a new complete system of solutions, called the formal powers, of the radial Schrodinger
equation is constructed. The completeness of the formal powers in the space of classical
solutions and the Bergman space is shown. Similarly, using a new Runge property for
strongly elliptic equations, we prove the completeness of the formal powers in the space

of weak solutions with respect to the Lo, H' and H?-norms.
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Resumen

En esta tesis se presentan dos nuevas aplicaciones de la teoria de operadores de trans-
mutacién, a la solucion de problemas espectrales directos e inversos para la ecuacion de
Sturm-Liouville en forma de impedancia (SLEIF, por sus siglas en inglés), y a la
construccién de sistemas completos de soluciones para la ecuacién de Schrodinger radial.

En la primera parte de esta tesis se construye un operador de transmutacién integro-
diferencial para la SLEIF. Se prueban las propiedades del kernel integral de transmutacion,
junto con la continuidad e invertibilidad del operador de transmutacion en espacios fun-
cionales apropiados. Se obtiene una representacion para el kernel de transmutacion en
términos de los polinomios de Legendre, y como un corolario una nueva representacion
para las soluciones de la SLEIF en términos de series de Neumann de funciones de Bessel.

Demostramos que el kernel de transmutacion satisface una ecuacion de Gelfand-Levitan
para el problema espectral de Sturm-Lioville de la SLEIF en un intervalo finito. La susti-
tucion de la serie de Fourier-Legendre del kernel en la ecuacion de Gelfand-Levitan reduce
el problema espectral inverso a la soluciéon de un sistema infinito de ecuaciones lineales
algebraicas. Mds ain, mostramos que para recuperar la funciéon de impedancia solo se
necesita la primer componente del vector solucién. A partir de truncar el sistema de ecua-
ciones, obtenemos un algoritmo para resolver el problema espectral inverso. Ilustramos
la estabilidad y la efectividad del método a través de varios ejemplos numéricos.

Para la SLEIF en el semi-eje positivo, construimos una representacion integral de
tipo Levin para la solucion de Jost y su derivada. Usando tal representacion integral,
la solucion de Jost y su derivada pueden ser representadas en la forma de series de po-
tencias en el disco unitario, cuyos coeficientes pueden calcularse mediande un sencillo

procedimiento recursivo. Estas representaciones en serie nos llevan a una representacion
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explicita de los datos espectrales y a un método analitico para calcularlos.

En la segunda parte de este trabajo estudiamos un operador de transmutacion para la
ecuacion de Schrodinger radial en un dominio estrellado. Se establecen nuevas propiedades
para el operador de transmutacién, como su continuidad e invertibilidad en los espacios
de funciones de clase C? y el espacio de Bergman arménico, junto con una representacion
para el kernel de transmutacién como una serie de Fourier de polinomios de Jacobi. Con la
ayuda de la serie de Fourier-Jacobi, construimos un nuevo sistema completo de soluciones,
llamados potencias formales, para la ecuacién de Schrodinger radial. Demostramos que
las potencias formales son completas en el espacio de soluciones clésicas y en el espacio
de Bergman. De manera similar, usando una nueva propiedad de Runge para ecuaciones
fuertemente elipticas, demostramos que las potencias formales son completas en el espacio

de soluciones débiles con respecto a las normas Ly, H* y H?.
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Introduction

The aim of this dissertation is to present a series of applications of the transmutation
operator method to direct and inverse spectral problems for the Sturm-Liouville equation
in impedance form (SLEIF), as well as to the construction of complete systems of solutions
and solutions of boundary value problems for partial differential equations (PDE) with
variable coefficients possessing certain symmetry.

Roughly speaking, a transmutation (or transformation) operator is a linear operator
T defined on a topological vector space E, which relates two linear operators A and B

defined on a subspace E; C E by the following relation
AT =TB in F.

Operator T is usually required to be continuous and invertible with continuous inverse.
One of the most important applications for transmutation operators is to relate a “simple”
differential equation whose solutions are known (e.g. the ordinary differential equation
v" 4+ M = 0 with A € C, or the Laplace’s equation) with another more complicated
equation, such as the Schrodinger equation. The concept of transmutation operator and
the idea of using it to relate two linear differential operators was proposed by J. Delsarte
in 1938 in the work [40]. In 1948, A. Ya. Povzner proved in [118] that a transmutation

operator that relates the one-dimensional Schrodinger equation
—y" +q(x)y= Ny, with A € C, (1)

to equation v” 4+ Av = 0, can be written in the form of a Volterra integral operator of
the second type. The study of such transmutation operators was developed throughout
various publications, such as [2, 11, 25, 41, 52, 66, 86, 105, 111, 125, 128, 129]. One

of the applications of the transmutation operator for the Schrodinger equation is its use



in the solution of direct and inverse spectral problems. With the work [6] of V. A.
Ambartsumyan, the theory of inverse Sturm-Liouville problems began to develop rapidly
and took an important place in general spectral theory, with numerous applications in
mathematical physics. In [55], Gelfand and Levitan proved that the integral kernel of
the transmutation operator can be used to provide a solution to the inverse problem of
recovering the Schrodinger operator from the spectral function of the problem, because
the integral kernel satisfies an integral equation which receives the name of the Gelfand-
Levitan equation. With this, the inverse spectral problem reduces to the solution of a
Fredholm integral equation of the second kind. However, computationally solving this
integral equation presents several challenges which has led to different techniques for the
approximation of the transmutation kernel [11, 32, 89, 90]. The use of transmutation
operators for direct spectral problems has been developed in numerous publications (see,
e.g., [11, 26, 30, 48, 103, 105, 110]). One of the recent discoveries about the transmutation

operator

Tu(x) == u(z) + /ﬂc K (z,t)u(t)dt, (2)
that transmutes the one-dimensional Schrodinger equation, is the fact that it is possible
to know explicitly the action of the operator T over the powers {z*}2° . without the need
to build the transmutation kernel K (z,t) [24]. The functions ) (x) = T[2*] are known
as formal powers and form a complete system in the spaces C|—¢, ¢] and Lo(—¢, ), ¢ > 0
(see [80]). Formal powers are used to represent solutions of Eq. (1) and to solve direct
spectral problems [83, 88|, as well as to analytically approximate the transmutation kernel
K(x,t) [89, 90]. In [81], V. V. Kravchenko, S. M. Torba and L. M. Navarro proposed to
write the transmutation kernel as a Fourier series of Legendre polynomials

Ko< 2@ p (%) , (3)

X
n=0

where the coefficients can be computed by a simple recursive integration procedure.

Substitution of this series in the representations of the solutions of Eq. (1) gives us a
new representation in the form of a Neumann series of Bessel functions (NSBF). It has
been demonstrated that the NSBF representation is an efficient method to compute the
eigenvalues of Sturm-Liouville problems associated with Eq. (1) [38, 81, 93]. In relation

to the inverse spectral problem, in [76] it was shown by substituting the Fourier-Legendre
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series (3) in the Gelfand-Levitan equation that the inverse problem is reduced to solution
of a system of linear algebraic equations, whose unknowns are the coefficients {a,(z)}>2,.
Moreover, only the first coefficient ag(z) is required to recover the potential ¢g. This pro-
cedure has been improved in [78, 92], and applied to inverse problems on the half-line [39]

and inverse scattering problems [69, 85].

One of the first results obtained in this thesis is the solution of the inverse problem for
the Schrodinger equation with Dirichlet-Dirichlet conditions in the interval [0, 7]. For this
problem, the asymptotics of the eigenvalues are known (see, e.g., [52, Ch. I]). However, in
order to derive a Gelfand-Levitan equation for the inverse problem, the asymptotics for
the normalizing constants are deduced. Once the corresponding Gelfand-Levitan equation
has been derived, we use the Fourier-Legendre series representation of the transmutation
kernel (which in this case corresponds to the operator that transmutes the sine function) to
derive an infinite system of algebraic equations whose unknowns are the Fourier-Legendre
coefficients. Only the first coefficient needs to be retrieved to compute the potential
q(z). From this system, a method to solve the inverse problem is deduced. This consists
of solving the truncated system, calculating the first coefficient of the solution vector
and with this approximating the potential. We also show that for a certain number of
equations, the truncated system is uniquely solvable and the solution is stable. This allows
us to derive a solution method for the inverse problem, which consists only of solving a
system of linear equations and using the first component of the solution vector to calculate
the potential. We present some examples (performed in Matlab) of the calculation of the
potential.

A second goal of this thesis is to develop the theory of the transmutation operator for
the Sturm-Liouville equation in impedance form (SLEIF)

x(a(x) x)—l—)\a(x)u 0, for —b<xz<b b>0, (4)

analogous to that developed for the Schrodinger equation [20, 24, 87, 88, 89, 111]. The
coefficient a in Eq. (4) is a function (in general complex-valued) that does not vanish
in the whole segment [—b,b] and it is called the impedance function. Spectral problems

related to (4) appear, e.g., in classical vibration theory [61, 137], wave propagation theory



[27, 142] and geophysics [26, 28, 124].

One way to proceed with the study of transmutation operators for Eq. (4) consists in
transforming (4) into the Schrodinger equation by means of the Liouville transformation
[47, 64, 79, 93, 109, 144, 145]. However, in this case it is necessary to assume that
a € WL(=b,b). In the case a € WP(—=b,b), 1 < p < oo, it is possible to transform (4)
into a 2 x 2 linear system, and obtain a representation for its solutions by means of a
Volterra integral operator [5, 7, 31]. In [26], an integral representation for the solution
C(V/A, z) of (4) that satisfies the conditions C'(v/A,0) = 1, C"(v/A,0) = 0, was proposed.
However, the analytical properties of the operator and the transmutation kernel were not
investigated. In this work we propose a direct representation for the solutions of Eq.
(4), in which the transmutation operator appears in the form of an integro-differential
operator. This representation is obtained for impedance functions a € W1°°(—b,b). We
show that the kernel of the transmutation operator exists as the solution of a Goursat
problem for a hyperbolic equation. For a € C'[—b, 1], the transmutation operator turns
out to be bounded and invertible in C'[—b, b] and hence it is a transmutation operator for
the pair of operators L, = —%%cﬂ(m)% and %, in the sense of Definition 1 of [24].
Following [81], a representation of the transmutation kernel as a Fourier series in terms
of Legendre polynomials is obtained, and as a corollary a representation for the solutions
of equation (4) in terms of a NSBF.

The inverse problem for Eq. (4) consists in recovering the impedance function from the
spectral data which are the eigenvalues of the Sturm-Liouville problem and the norming
constants. Inverse spectral problems related to (4) appear, e.g., in classical vibration
theory [61, 137], wave propagation theory [142] and geophysics [26]. One way to proceed
with the study of the inverse problem consists in transforming (4) into the Schrodinger
equation by means of the Liouville transformation, and as mentioned above, condition
a € W10, ) is required. In the case a € WP(0,7), 1 < p < o0, it has been established
that it is possible to recover the impedance function from two spectra, corresponding
to the problem with Neumann-Neumann and Neumann-Dirichlet conditions, respectively
(see [5, 7]). In [31], the asymptotics for the eigenvalues and norming constants for the
problem with Dirichlet-Dirichlet conditions are established. In [54], a numerical method

(based on finite diferences) was proposed to solve the inverse problem with Dirichlet-



Dirichlet conditions.

We propose a direct method for solving the inverse problem for (4) with Neumann-
Neumann conditions. We derive a Gelfand-Levitan equation analogous to the case of the
Schrédinger equation. Using the Fourier-Legendre representation of the transmutation
kernel we reduce the inverse problem to an infinite system of linear algebraic equations.
Moreover, we show that it is possible to recover the impedance function from the first com-
ponent of the solution vector, thus extending the method developed for the Schrodinger
equation. We emphasize that it is not necessary to convert the Sturm-Liouville problem
for (4) into a problem for the Schrodinger equation, the impedance function is recovered
directly from the first component of the solution vector. The developed approach leads to
a simple and direct numerical method for solving inverse spectral problems for (4) which
is illustrated by several numerical tests. It is interesting to mention that the matrix of the
system obtained for this problem is exactly the same as the one obtained for the problem

with the Dirichlet-Dirichlet condition for the Schrodinger equation.

Another contribution of this thesis work is to develop a series representation for the
Jost solution of the SLEIF. We recall that the Jost solution of the SLEIF on the half-line
R* := (0,00), is the solution e(p,x), p?> = X with Im p > 0 satisfying the asymptotic re-
lations e (p, x) = (ip)*e**(1 + o(1)), x — oo for k = 0, 1. Tt is well known that the Jost
solution of the Schrodinger equation admits an integral representation, sometimes called
Levin’s representation, which involves the inverse Fourier transform of a continuous kernel
A(x,t) satisfying A(x,-) € La(x,00) for all x € RT (see [48, 52, 105]). Levin’s represen-
tation is one of the most actively used tools in studying corresponding direct and inverse
spectral and scattering problems [30, 38, 48, 77, 78, 111, 129]. Levin representations have
been studied for different types of Sturm-Liouville equations on the half-line (see, e.g.,
[64, 109, 144, 145]), but in all cases it is necessary to transform the Sturm-Liouville equa-
tion to the Schrodinger equation, through the Liouville transformation. An advantage of
the impedance equation is that Liouville’s transformation is reduced to a unitary multi-
plication operator, as we will see in Chapter 3. We obtain a Levin representation for the
Jost solution without resort to the Liouville transformation and study the regularity of

the corresponding integral kernel A(z,t). Applying the idea from [77] (see also [78]) we



employ a Fourier-Laguerre series expansion of the kernel A(z,t) to obtain a new analytic

representation for the Jost solution in the form of a power series with respect to the pa-

1 .

5+ip . . . . ..
rameter z = 3—. The series converges in the unit disk |z| < 1. Moreover, similarly to

1= )

2

[38] (see also [78]) for the coefficients of the series a recurrent integration procedure is
derived which represents a convenient tool for their practical computation. Additionally
we study the Birkhoff solution of (4), which is complementary to the Jost solution, and
give its characterization.

Based on the representations for the solutions of the SLEIF we obtain an explicit rep-
resentation for the direct spectral data of the Sturm-Liouville problem with the boundary

condition

u'(0) — hu(0) =0, where h € R. (5)

Under the assumptions p/(x) < 0 for all z € Rt and h = 0 this spectral problem for (4)
was studied in [26]. We characterize the continuous spectrum and show that if 2 > 0, the
problem has no eigenvalue, while in the case h < 0 there can exist a finite number of the
eigenvalues. Applying results of the general theory of Sturm-Liouville operators ([3, 15,
17]) together with the properties of the Jost and Birkhoff solutions, we obtain an explicit
representation of the spectral measure in terms of the so-called normalizing constants, and
the characteristic equation of the problem. Using the representations obtained for the Jost
solution and its derivative, an analytic method is obtained to calculate the eigenvalues, the
normalizing constants and the spectral function. Such methods based on the analytical
representations of Jost-type solutions have shown their efficiency for solving direct and
inverse spectral problems in the case of the Schrodinger equation (see [38, 78]).
As an application, we show how to solve an inverse problem for the wave equation

2 (p(x)a“g;x)> - p(:c)%, (t,2) € R x (0, 00).

The direct problem consists in finding a function (or distribution) wv(z,t) such that
v(t,z) = 0fort < 0and v'(t,0) = 6(t), where ¢ is the Dirac delta distribution. The inverse
problem is about reconstructing the principal coefficient p(z) from the function (or distri-
bution) g(t) = v(0,t). These types of problems appears in geophysics [26, 27, 28, 124], and
under certain conditions on the coefficient p it is possible to reduce the inverse problem

to a spectral problem for the SLEIF. In this case it is known that the inverse problem

6



is reduced to a Gelfand-Levitan equation [26]. Following [39], we employ the Fourier-
Legendre series representation of the transmutation kernel to reduce the problem to an
infinite system of linear algebraic equations. As in the problem for a finite interval, it
is enough to calculate the first coefficient of the solution vector to recover the potential.
Unlike the case of the Schrodinger equation, the asymptotic behavior of the kernel that
appears in the Gelfand-Levitan equation is not exactly known. Using a relation between
the spectral function and the function g(t) (see [26]), we show that if g € W31(0, c0),
g(0) = —1, ¢”(0) = 0, then from a certain number of equations, the truncated system has

a unique solution, and this is stable.

The last goal of this thesis concerns the application of the transmutation operator
methods to PDE. Specifically, we study the properties of a transmutation operator for

the radial Schrodinger equation
— Aqu(z) + q(|z))u(z) =0, z€Q, (6)

where Q C R? (d > 2) is a bounded star-shaped domain and ¢ € C'(Q2) depends only
on the radial component r = |z|. In [14], S. Bergman showed for the case d = 2 and the
potential ¢ being an analytic function of the radial component r = |z|, that any solution

u of (6) can be written in the form

u(z) = H(x) +/O oG(r,1 - o®)H(c*r)do

! dt
where H(z) = / h <E[1 - tQ]) —— is the Bergman transform of a harmonic func-
-1

2 (1—12)3
tion h, and G is an analytic function of r. In [56], R. Gilbert showed that for any solution
u there exists a unique harmonic function h such that

u(z) = Thiz) = h(z) + / LG, 1 — 02)h(0%)do. (7)

The representation (7) can be generalized for d > 3 and C'-potentials (see [57, 58, 59|
and [11, Ch. V]). The kernel G satisfies some initial value problem for a hyperbolic
PDE (see [57]). When the potential ¢ is analytic, the kernel G is an analytic function of
the radial component (see [14, 56, 57]). In [138], I. Vekua constructed the operator (7)

explicitly for the Helmholtz equation and showed its invertibility. In a general context, the
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invertibility of the operator (7) was shown in [57, 59]. The operator (8.2) is usually called
a transformation operator ([11]). It was applied, for example, to solving the Dirichlet
problem on an admissible domain (see [32, 58, 59]), as well as to studying properties of
generalized sub-harmonic functions [59].

We establish some new properties of the operator T. The operator T was mistakenly
thought to satisfy the transmutation relation (A4 — ¢(r))T = TA, (see [59]). We show

that the correct transmutation relation for the operator T is
r? (Ag —q(r) T = Tr2ly

(valid on C?-functions), together with the continuity of T and of its inverse on the space
C(€2). We show as well that the operator is bounded and invertible from the Bergman
space of harmonic functions b,(2) onto the Bergman space of solutions of (6) and obtain
some bounds for the operator norm. The established properties of the operator T allow
us to obtain a complete system of solutions of (6). The idea to use the transmutation
operators for obtaining complete systems of solutions of PDEs was developed, for exam-
ple, in [11, 14, 32]. The difficulty of this approach always consisted in the necessity of
constructing the corresponding integral transmutation kernel by solving a Goursat type
problem for a corresponding PDE [11, 32, 57, 58]. Here extending further the approach
from [23, 24, 74, 82] we obtain a complete system of solutions, without the need of con-
structing the kernel. Namely, following the idea of [81], the kernel G is expanded into a
Fourier series with respect to an appropriate system of orthogonal polynomials, and with
its aid a series representation for the solutions of (6) is obtained. In particular, a complete
system of solutions (that we call formal powers) is obtained as a result of transmutation
of homogeneous harmonic polynomials. The completeness of the formal powers in the
sense of the uniform convergence on compact subsets of €2 is shown. When the domain is
an open ball centered at the origin, the formal powers represent an orthogonal basis for

the Bergman space of solutions.

It was shown that formal powers are not only a complete system in C'(£2), but also for
weak solutions. For this, some results were developed on the approximation of solutions

of an elliptic PDE. The idea is to use the property that guarantees that a solution v in a



domain D7 can be approximated by means of another solution v defined in a larger domain
Dy containing D;. This is closely related to the Runge property (RP), which originally
referred to the uniform approximation of holomorphic functions on compact subsets of
simply connected domains by means of polynomials (see, e.g., [121], Th. 13.11.) or to
the approximation of harmonic functions by harmonic polynomials in simply connected
domains in the plane (a corollary of the property for holomorphic functions) or in higher
dimensions (see [117]). In this work we consider the approximation of weak solutions of
a strongly elliptic equation in the Sobolev space H'(D), where D is a bounded domain.
Typically the RP theorem establishes the following.

Suppose that Dy @ Dy are bounded domains (with some properties that we shall spec-
ify). Given w € H'(Dy) a weak solution of a strongly elliptic equation and ¢ > 0, there

exists a solution v € H*(Dy) such that

lw = vy, 0y <€

One of the questions is finding appropriate conditions on Dy and Ds. The first version
of the result holds when D; € D, are both simply connected domains with smooth bound-
aries. It was established in [102] (for H? solutions) and [108, 115]. As it is known, for a
strongly elliptic PDE the RP is closely related to the uniqueness of the Cauchy problem
(UCP). In Lax’s paper [102] the equivalence between the RP and the UCP is established.
Moreover, there are known results on the equivalences between the RP, the UCP and the
unique continuation property of the solutions. In [32, Ch. III] it was proved for elliptic
operators with analytic coefficients.

Our main interest is a RP corresponding to the H'-norm for Lipschitz domains. One
of the recent results proved by A. Riiland and M. Salo in [120] is a version of the RP for
a strongly elliptic operator in divergence form, whose principal coefficient is a Lipschitz
function, defined in Lipschitz domains Dy @ D, with D, \E being connected. The result
establishes the approximation in the Ly-norm of a subfamily of solutions whose boundary
values lie in a non-empty open subset of dDs. The idea of the proof is based on the UCP,
which is valid for this class of operators and Lipschitz domains (see [4]).

We give a proof of the RP in Lipschitz domains with respect to the H'-norm, based on

[102] and using certain ideas from [120] and [4]. A corresponding definition of a complete



system of solutions is proposed for the space of classical solutions and for the Bergman
space of square integrable solutions. With the aid of auxiliary results on the completeness
of classical solutions in the class of weak solutions, we show that under certain conditions
on the domains w € D, the weak solutions in w can be approximated by complete systems
of classical solutions in the Ly, H' and H?-norms. We apply these results to the radial
Schrodinger equation and the Schrédinger equation with a separable potential (with re-

spect to the Cartesian variables) considered in simply connected domains of the plane.

The thesis is structured as follows. Chapter 1 summarizes some results on linear
operators, approximation of linear equations in Hilbert spaces, Sobolev spaces, orthogonal
polynomials, transmutation operators and Sturm-Liouville problems, which will be used
throughout the text.

In Chapter 2, a Gelfand-Levitan equation for the spectral problem of the Schrédinger
equation with the Dirichlet-Dirichlet conditions is derived. Using the Fourier-Legendre
series representation for the transmutation kernel associated with the generalized sine
solution, the Gelfand-Levitan equation reduces to an infinite system of linear algebraic
equations, with which the inverse problem is solved. Furthermore, to recover the potential,
only the first coefficient of the Fourier representation is needed. The system of equations
will be used for the study of inverse problems of the SLEIF.

Chapter 3 develops the theory of transmutation operators for Eq. (4). The existence
of the transmutation operator as an integro-differential operator is proved, the transmuta-
tion kernel is constructed and its analytic properties are established. The transmutation
operator is shown to be bounded, invertible, and the explicit form of the inverse operator
is constructed. In addition, a Fourier-Legendre series representation for the transmuta-
tion kernel is derived, from which a NSBF representation of the solutions of Eq. (4) is
obtained.

In Chapter 4 we derive the Gelfand-Levitan equation for spectral problem for Eq. (4)
with the Neumann-Neumann conditions. Using the Fourier-Legendre representation for
the transmutation kernel, the Gelfand-Levitan equation is reduced to a system of linear
algebraic equations. Again, it is proved that only the first coefficient of the Fourier-

Legendre expansion is needed to recover the impedance function. An algorithm to solve
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the inverse problem is deduced and its effectiveness is shown through several numerical
examples.

In Chapter 5, a Levin integral representation for the Jost solution of the SLEIF is
presented. Such representation has a continuous kernel A(x,t), that admits a Fourier-
Laguerre series representation. From this series, it follows that the Jost solution (and
its derivative) can be written as a power series with respect to the parameter z = %.
The series converges in the unit disk |z| < 1 and leads to an explicit representation for
spectral data for the problem with the boundary condition (5), and analytic method for
their computation.

In Chapter 6 we employ the techniques developed in Chapters 4 and 5 to solve a
wave propagation problem. The inverse problem associated with the wave equation can
be transformed into an inverse spectral problem for the SLEIF, for which a Gelfand-
Levitan equation exists. Again, using the Fourier-Legendre series representation of the
transmutation kernel, the inverse problem reduces to solution of an infinite system of linear
algebraic equations, where only the first coefficient of the series is required to recover the
impedance function.

Chapter 7 presents results aimed at approximation of solutions of a strongly elliptic
equation considered in a bounded domain. We give a proof of the RP in Lipschitz do-
mains with respect to the H'-norm. A corresponding definition of a complete system
of solutions is proposed for the space of classical solutions and for the Bergman space
of square integrable solutions. With the aid of auxiliary results on the completeness of
classical solutions in the class of weak solutions, we show that under certain conditions
on the domains, the weak solutions can be approximated by complete systems of classical
solutions in the Ly, H! and H2-norms. We apply these results to the Schrodinger equation
with a separable potential (with respect to the Cartesian variables) considered in simply
connected domains of the plane.

Finally, Chapter 8 presents new properties of a transmutation operator for the radial
Schodinger equation in a star-shaped domain. It is shown that the operator is bounded
and invertible on the spaces of continuous functions and on the Bergman space, and
that the integral kernel admits a Fourier-Jacobi series representation. From such a rep-

resentation, a complete system of solutions of the radial equation is constructed and its
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completeness is proved in the space of classical solutions and in the Bergman space of
solutions. Using the results of Chapter 7, it is proved that the system is also complete on

the space of weak solutions in the Lo, H' and H?-norms.
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Chapter 1

Preliminaries

Throughout the text, we use the following notations: Ny := NU {0}, C* := {z € C| £
Imz > 0}, D:={z € C||z| < 1}. Given U C R? an open set and m a positive Borel
measure in U, we denote the corresponding L, space, 1 < p < +00, by L,(U;dm). When
m is the Lebesgue measure we simply denote L,(U). In the case that m be absolutely
continuous with respect to the positive Borel measure \, we denote dm = fd\ where
f is the Radon-Nikodym derivative of m with respect to A\. If Z is a set, let us denote
the corresponding L, space with the counting measure by ¢,(Z). In the case Z = Ny we
simply denote ¢,. For a compact interval [a,b] C R, the class of absolutely continuous
functions on [a, b] is denoted by AC[a,b]. If J C R is a infinite interval, AC},.(J) denotes
the class of measurable functions f : J — C such that f € AC[a, 3] for all [a, 8] C J. If
G C Cis an open set we denote the class of holomorphic functions on G by Hol(G).
Suppose that I C R is an interval (possibly infinite) and let zy be a limit point of
I (with the possibility zp = o0). Let f,g : I — C functions. We use the following

asymptotic relations [49, Sec. 1]:

1. f(x) = O(g(x)), when x — x(, means that there exists a constant C' > 0 and a
neighborhood U of xy such that |f(z)| < C|g(x)| for all z € I NU.

2. f(x) =o(g(z)), when x — xy, means that for all £ > 0 there exists a neighborhood
U of xy such that |f(z)| < elg(x)| for all x € I NU. If there exists a neighborhood
U’ of xg such that g(z) # 0 for all x € U’, then f(z) = o(g(x)), when x — xg, is

(=)

equivalent to saying lim ﬂ =0.
T—T0 g €T
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Similar notations are used for sequences.

1.1 Abstract linear equations

Throughout the text, all the vector spaces under consideration will be complex. Let X
and Y be Banach spaces. For M C X, the closure of M in the norm of X is denoted
by M. The closed unit ball in X is denoted by Bx. Given A : 2(A) C X —» Y a
linear operator, Z(A) denotes the domain of A, Z(A) the range and ker A its kernel.
For bounded operators we assume that Z(A) = X. The Banach space of all bounded
linear operators from X into Y is denoted by B(X,Y), and the subspace of compact
operators by IC(X,Y'). The identity operator on X is denoted by Iy (if there is no danger
of confussion, we simply denote it by I). When X =Y, we denote B(X, X) = B(X) and
K(X,X) = K(X). In this case, G(X) denotes the set of bijective operators A € B(X).
By the open mapping theorem, if A € G(X) then A~ € G(X) and G(X) is a group ([35,
Th. 6.5.4]).

The dual space of X is denoted by X*. For W C X we define the annihilator of
W as the set W* := {f € X*|Vz € W f(z) = 0}. On the other hand, if M C X* the
pre-annihilator of M is the set M, := {x € X |Vf € M f(x) = 0}. Both sets are closed
subspaces of X and X™* respectively. It is not difficult to see that (W), = W iff W is a

closed subspace. For our purposes, the following lemma will be necessary.
Lemma 1. If M is a finite dimensional subspace of X*, then (M,)* = M

Proof. The containment W C (W,)® is clear. For the other containment, consider the
weak star topology w* in X*. Since (X*,w*) is a locally convex Hausdorff space [122,
Sec. 3.14] and M is finite dimensional, M is closed in (X*,w*) [122, Th. 1.21]. Since
(M,)* is the closure of M in (X*,w*) [122, Th. 4.7 (b)], hence (M,)* = M. Q.E.D.

We recall that an operator A € B(X,Y) is called a Fredholm operator if the range
Z(A) is closed in Y and ker A and Y/Z(A) are finite dimensional. In this case the index
of A is defined as Ind(A) := dimker A — dim Y/Z(A). For example, bijective operators
A € B(X,Y) are Fredholm with Ind(A) = 0. If A is Fredholm and K € K£(X,Y), then
A +K is Fredholm with Ind (A + K) = Ind(A) [107, Th. 2.26]. The well known Fredholm
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alternative theorem establishes that if A is a Fredholm operator with Ind(A) = 0, hence
A is injective iff is surjective [107, Th. 2.27 (i)]. In either case, the operator is a bijection.
As a consequence, given K € (X)) and A € C\ {0}, the operator Ix — AK is injective iff

it is surjective.

1.1.1 Classification of the spectrum of an operator

Let A: 2(A) C X — X be a linear operator (possibly unbounded). The resolvent of A

is the set p(A) consisting of all values A € C satisfying the following conditions.

1. ker(A — M) = {0}.

2. Z(A — \y) = X.

3. The resolvent operator Ry := (A —Xx)™!: Z(A — Nx) — Z(A) is bounded (that
Rasls _
s < 00).

is,
yER(A—NIx)\{0} lyllx
The elements of p(A) are called the regular values of A. The spectrum of A is the set

o(A) :=C\ p(A). The spectrum o(A) admits the following decomposition.

1. The point spectrum o,(A) consists of those values A € C for which there exists
r € Z(A)\ {0} such that Az = Az. A value A € 0,(A) is called an eigenvalue
of A and a vector z € ker(A — Alx) is the corresponding eigenvector (the term
eigenfunction is used when A is a differential operator on a space of functions). The
multiplicity of X € o,(A) is the value dimker(A — AIy). If the multiplicity is 1 we

say that \ is simple.

2. The continuous spectrum o.(A) consists of those values A € C such that ker(A —

My) ={0}, Z(A — /\IX)X = X, but R, is unbounded.

3. The residual spectrum o,.(A) is the set of values A € C such that ker(A—\x) = {0}
but Z(A — My) # X.

Thus, 0(A) = 0,(A) Uo.(A)Uo,.(A) and the union is disjoint. Additionally, we can
define the discrete spectrum o4(A) as the set of isolated eigenvalues of finite multiplicity

and the essential spectrum oess(A) := o(A) \ o4(A).
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If K € K(X), then 0(K) \ {0} = 04(K) \ {0} [35, Th. 10.6.3] and the Fredholm
alternative can be reformulated as follows: if A # 0, then A\ & o4(K) iff K — Mx is a
bijection.

If H is a Hilbert space and A : Z(A) C H — H is a self-adjoint operator (see [17, Sec.
3.2.1] for the definition of the adjoint of an unbounded operator on a Hilbert space), then
o(A) C R [126, Cor. 3.14] and o,(A) = 0 [100, pp. 546]. Eigenvectors corresponding to

different eigenvalues are mutually orthogonal [126, Lemma 3.4].

1.1.2 Linear equations involving sesquilinear forms

We recall that a sesquilinear form on X x Y isamap ¥ : X x Y — C such that ¥ is
conjugate-linear in the first slot and linear in the second one. We say that ¥ is bounded
if there exists a constant M > 0 such that |U(x,y)| < M||z| x|y|ly for all (z,y) € X xY.

Suppose that X is a reflexive space. A conjugationon X isamap X >z +— z* € X
such that (Az 4+ y)* = Az* +¢* and ||z*||x = ||z||x for all z,y € X, A € C. For example,

if X = Ly(U), u* = for u € Ly(U) is a conjugation. We can define a conjugation on X*

as follows. For f € X* define f*(x) := f(x*). It is easy to verify that this is a conjugation
on X*. In consequence, X* x X > (f,z) — (f,z)x := f*(z) € C is a sesquilinear form.

Similarly, we denote (z, f)x+ := (f,z)x. If W (M) is a subspace of X (X*), we define
W*:={a*|ze e W} (M*:={f*|f € M}) and the following equalities hold:

(W5 = W), (M7)a = (Ma)". (1.1)

If A € B(X,X"*), the adjoint of A is the unique operator A* € B(X*, X) satisfying
(Az,y)x = (z,A*y)x- for all z,y € X. Actually, A*z = (AT ((JX:U)*))* where AT €
B(X**, X*) is the transpose of A (ATp = po A for p € X*) and Jx : X — X** is the
canonical injection (Jxz)f = f(z) for x € X, f € X*. For this class of operators, we

establish the following version of the Fredholm alternative.

Theorem 2 ([107], Th. 2.27). If A € B(X, X*) is a Fredholm operator with Ind(A) = 0,
then A* is Fredholm with Ind (A*) = 0 and dimker A = dimker A*. Also, only one of

the following statements is true.
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1. If ker A = {0}, hence A and A* are bijections and A~' € B(X*,X), (A*)™! €
B(X,X*). In particular, for every f € X* the equation Ax = f has a unique

solution x € X.

2. If dimker A = p > 0, then the equation Az = f has a solution iff (f,w;)x = 0

where {wy, -+ ,w,} is a basis for ker A*.

Let ® : X x X — C be a bounded sesquilinear form. Define the operator Ag : X — X*
whose action is given by (Asz,y)x = ®(x,y) for z,y € X. Then A* € B(X, X*) with

P
| As|lBx,x%) < sup [P, y)]| The adjoint of ® is the bounded sesquilinear form

@pexiooy lzllllyll
®*: X x X — C given by ®*(z,y) = ®(y, x). Is not difficult to see that Ag« = (Ag)". If

® = &* we say that ® is Hermitian and Ag is self-adjoint.

Suppose that H is a Hilbert space with a conjugation. Using the Riesz representation
theorem we identify H with H* by the map ¢+ : H < H* given by (1w, v)y := (v, u)y (the
angular parenthesis denotes the inner product in H). One can verify that this is a linear
isometry. Now suppose that V' C H is a dense subspace with a norm || - ||y which makes
it into a Hilbert space and such that the natural embedding V' < H is continuous and
the conjugation on H is also a conjugation on V' with the norm || - ||y;. We consider the
triple V' < H < V* with the embedding ¢; : H < V* given by 1;u = wuly. The space H
is called a pivot space for V. We say that a bounded sesquilinear form ® : V x V — C is
coercive on V with respect to the pivot space H if there exists constants C, Cy > 0 such
that

Yo eV  Re®(v,v) = Ci|v]|} — Callvll3,

Theorem 3 ([107], Th. 2.34). Suppose that ® is a bounded sesquilinear form on V,
coercive with respect to the pivot space H. If the natural embedding V- — H is compact,

then the operator Ag is Fredholm with Ind (Ag) = 0.
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1.1.3 Representation and matrix approximation of equations

with Hilbert-Schmidt operators.

In this subsection we assume that H is a separable Hilbert space. Fix an orthonormal

basis {e, }22, for H. Given K € B(H) we define the infinite matrix

K

A® = (ayy )mnen, with entries apy = (Key, e)y for m,n € Ny, (1.2)

Note the relations between the adjoints (4%)" = AX". Hence AX is an Hermitian matrix
iff K is self-adjoint. We say that K is a Hilbert-Schmidt operator, if it satisfies the

condition
oo
D IKen |5, < oo.
n=0

It is possible to see that this condition does not depend on the choice of the basis (see,

e.g., [46, pp. 195]). By Parseval’s identity and Tonelly’s theorem we have the equality
Z I1Ke,|3, = Z Z lak .|*. Hence A¥ € (5 (N3). We denote the class of Hilbert-
n=0

m=0 n=0

Schmidt operators by Ba(H). Note that K € By(H) iff A¥ € ¢, (N2). We remember that
the map

Hox—T€ly given by T := {{(x, €,)2 tneny,

is an isomorphism between Hilbert spaces, i.e., (x,y)y = (Z,y)s, (see [3, pp. 16]). For

M € Ny consider the operator

M /M
Kyz = E AmnZn | €m-
-0

m=0 \n

Thus, K}, is bounded with finite range and

00 00 M o0
Kz — Karz|lz, < ( Yoo D amalP > > Iam,nl2> [E(E

m=M-+1 n=0 m=0n=M+1
o0 o0 o0 o0
<( S S e 3 ziammw) el
m=N-+1 n=0 n=N+1m=0

oo oo [e.9] [e.9] %
which implies that | K — Ky||gm) < ( Z Z |G |® + Z Z |am,n|2> — 0,

m=N-+1 n=0 n=N+1m=0
M — oo. Hence K — Ky, M — oo, in B(H). In particular K € K(#H) [35, Th. 5.6.4].
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Let A € C\ {0}. Suppose that % ¢ 0, (K). We are interested in approximating the
equation

x— MKz =y where y € H. (1.3)

Remark 4. Taking the inner product of (1.3) with e, for each m € Ny we obtain that

(1.3) is equivalent to the infinite system of linear algebraic equations
B =AY AR B =T for m €N, (1.4)
n=0

Since AKX € €y (N2), the series in (1.4) converges absolutely. The system (1.4) has a

unique solution T € Uy iff Eq. (1.3) has a unique solution x € H.

Set By = Span{em}%zo and let Py, : H — Ej; be the orthogonal projection onto
Eyr. Note that Ky, € B(Ey;) and we can take A¥» ¢ CM+D . We look for a solution

M) e By, for the approzimated equation

e — \K 2™ = Py (1.5)
Eq. (1.5) is equivalent to the finite system of linear algebraic equations

(Ipy — NAKa ) ZM) — M) (1.6)

where I, € CM+UX(M+D) g the identity matrix and M) 7 ¢ CM+! with M) =
—_— M
(x(M)m> M) = (5,)M_,. Eq. (1.5) has a unique solution ™) € E,; iff the system
m=0

(1.6) has a unique solution ) ¢ CM+1),

Theorem 5. Let K € By(H) and A € C\ {0} with + & 0,(K). Gweny € H, there
exits My € N large enough such that for all M > My, Eq. (1.5) has a unique solution
+M) € Ey (and then also system (1.6) has a unique solution ™) € CM*1). Moreover,

if x € H is the unique solution of (1.3) then
|2 — z[]3 — 0, M — oo. (1.7)
If we consider ™) as an element of ls, then

|2 — 2|, = 0, M — oo. (1.8)
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Proof. This is a consequence of the theory developed in [68, Ch. XIV], in specific Theo-
rems 14.1-14.3. Q.E.D.

Now we analyze the stability of the solution of the truncated system (1.6). Following

[112, Sec. 9], consider a non-exact system
(Ing + A% 4 Typ) 0= g + Gy,

where Ty, € CMHDOHY represents errors in the coefficients a ™ and Oy € COIHY
errors in the coefficients y/,(C ). Let i) be the solution of the exact truncated system (1.6)
and v the solution of the non-exact one. The solution is called stable if there exist
positive constants ci, cs, r independent of M, such that for |y < r and arbitrary &

the non-exact system is solvable and the following inequality holds

linr = | < exTaell + el 0ne ]|
Proposition 6. The approzimate solution iy of the truncated system (1.6 ) is stable.

Proof. Consider the Bubnov-Galerkin procedure [112, Sec. 14] applied to the equation
(1.3) with respect to the orthonormal basis {e;,,}>°_,. One can verify that this leads to
the truncated system (1.6). Since the system {e;,}7°_, is strongly minimal [112, Sec. 2],
it follows from [112, Th. 14.1 and Th. 14.2] that the solution of the truncated system is
stable. Q.E.D.

Remark 7. Let J C R be an open interval and m a reqular positive Borel measure in J. In
this case Lo(J;dm) is a separable Hilbert space (see [35, Prop. 4.4.2]) and then Ly(J;dm)
possesses a countable orthonormal basis {¢,(x)}22,. Let K € Lo(J x J;d(m x m)) and

define the linear Fredholm integral operator with kernel K by
Txf(x /K z, t)f(t)dm(t) for f € La(J;dm). (1.9)

It is known that T € By (Lao(J;dm)) and

' ‘/ / (2, )6 (t) S (x)dm(x)dm(t)  ¥m.n € No, (1.10)

and HaTKHb(N%) | K || Lo(rxsidimxmy) (see [12, Th. 3.39]). The operator Tk is self-
adjoint iff K(x,t) = K(t,z) a.e. z,t € J. For this integral operator we can apply
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Theorem 5 to the linear Fredholm integral equation of the second kind

f(z) — )\/JK(a:,t)f(t)dm(t) =g(x) where g € Lyo(J;dm(t)). (1.11)

In Section 1.3 we see some useful basis of orthogonal polynomials.

1.2 Some facts related with the Sobolev spaces

In this section, d € N denotes the dimension of the Euclidean space in which the spaces

of functions to be treated will be defined.

Definition 8. Given U,V C RY open sets, we say that V is strictly interior to U and
we denote V€ U, if V is bounded and V C U.

Throughout this section, U denotes an open subset of R%. Given 1 < p < +o0, we
denote by L7 (U) the class of all measurable functions f : U — C for which f |V e L,(V)

for all V- € U. The set of all infinitely differentiable functions with compact support in

U is denoted by C§°(U). In a similar way C§°(U) := {¢|U‘<p € C’go(]Rd)}. Let o € Nd

be a multi-index of order |a| := 22:1 ar > 0. We use the notation 0% := %. Let
w1 Vg

uwe L (U). A function v, € L} (U) is said to be the a"-weak derivative of u if

loc loc

/u(x)ao‘go(x)dx = (—1)“|/va(x)g0(x)dx Vo e C3°(U). (1.12)
U U

1
loc

If a = 0, we define 9%u = u. The a'"-weak derivative of a function u € L}, .(U) is uniquely
determinated a.e. in U [101, Sec. 5.2.1].

For this reason, we use the standard notation for the a'’-weak derivative 0%u = v,.
When u € C*(U), the weak derivatives coincides with the classical derivatives. We denote
the gradient of u by Vu(x) := (%“—agf))j:l.

Let k € N. The Sobolev space of order k, denoted by W*P(U), consists of all
functions u € L,(U) such that for each multi-index o € N¢ of order k, 9*u exists and

belongs to L,(U). The space W*?(U) is endowed with the norm

4 =
> ol oy | 1< p <o,
[wlwrs @) = <k
> loull, .y » if p = oo.
\ |o|<ke
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In the case p = 2 we denote H*(U) := W*?(U) and we introduce the inner product

(u, v) gy = Z 0%u(z)0v(x)dzx,

la|<a v

that induce the norm || - ||g1@r. The Sobolev space W*P(U) is a Banach space and

H*(U) is a separable Hilbert space [101, Th. 2, Sec. 5.2.3]. We use the convention

9%u
8xk8xj :

We define the local Sobolev space W}>P(U) as the set of functions u € L} (U) such that

loc
u|V e WFP(V), for all V € U. Again, when p = 2 we denote HE (U) = WFA(U).

loc

WOP(U) := Ly(U). For second order derivatives, we use the notation tu, ., :=

Another important space that we use is Hy(U) := Wm. We have that H}(U) is a
closed subspace of H(U) (both spaces are equal iif U = R?) and then HZ(U) is a Hilbert
space.

By a domain Q C R? we understand a connected open subset (usually, the symbol
2 is most common to denote domains instead the letters U or V). We assume that €
is bounded and we denote I' = 9. Let us denote by Iso(R?) the set of all isometries
T : RY — RY (an element of Iso(RY) is also called a rigid movement). Actually, T € Iso(R%)
iff there exists Q € O(R?) (where O(R?) denotes the set of d x d orthogonal matrix) and
y € R? such that Tz = Qx + y for all z € R? (see [133, Prop. 1.58]). Remember that a

function ¢ : V' > Ris Lipschitz, if sup M < +00.

z,y6\7’ |I - y|
TH#Y

Definition 9. A domain Q) is said to be a Lipschitz domain, if its boundary I" is compact

and for any x € T there exists a neighbourhood V of x in R and T € Iso(R?) such that:

1.V = V) = {(yl,--- ,Yd) GRd| —a; <y;<aj,j :m} for some {aj}?zl C

2. There exists a Lipschitz function ¢ : V= R, where

V= { =, ,ya1) € R | —a; <y; <aj, j=1,d—1}, satisfying

(i) le(y)| <% Wy eV
(i) T@NV) = {y = (/,va) € V| wa < 20)}.

(iii) T(C V) ={y =, 0) €V |[ga= o) }.
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If for all x, the function ¢ € Ck(‘A/’), we say that Q is a C*-domain. Q is said to be a
smooth domain if ¢ € C(V').

Lipschitz domains are more flexible than C* domains, since they include domains with
corners, such as rectangles. The importance of this type of domains with certain regularity
in their boundaries, is that in them the concept of boundary value can be extended to the

class of functions in the Sobolev spaces HF.

Theorem 10 ([107], pp. 102-106). Suppose that Q2 is a Lipschitz domain. Then there

exists a bounded linear operator trr : HY(Q) — Ly(T') such that trp(u) = ul., if u €

T’

C*>(Q), and satisfying ker (trr) = HE(Q). The operator trr is called the trace operator.

Definition 11. If Q is a Lipschitz domain, we define the Sobolev space of order % in I’
as H2(T) == trp(HY(Q)).

The space Hz(T') is endowed with the norm Hg0||H%(F) = inf [lw|m ). By the
wetry (¢)

first isomorphism theorem H %(F) is a Banach space.

Proposition 12 ([107], pp. 102). Let 2 be a bounded Lipschitz domain. The trace oper-
ator trp : HY(Q) — H2(T) is bounded and admits a bounded right-inverse € : Hz(T') —

HY(Q) (called an extension operator).

The following proposition summarizes some important properties of inclusion and

density.
Proposition 13. If QO C R? is a bounded domain, then the following statements hold:

1. For k,l € Ny, if k <l then the natural embedding H'(2) — H*(2) is compact.

—HF

2. If Q is a Lipschitz domain, C=(Q2) = H*(Q).

The first assertion can be found in [107, Th. 3.27] and the second one in [107, Th.
3.29]. Additionally, we define the following Sobolev spaces of negative order as the dual
spaces of the Sobolev spaces of positive order:

1. HY(Q) :== (H} Q)"

2. H1(Q) = (HY(Q))".
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3. If Q is a bounded Lipschitz domain, we define H=2(T") := <H%(F)>*.

It is worth to mention that this Sobolev spaces can be defined in an equivalent form using
the Schwarz distribution’s theory, see, e.g., [107, Ch. III, pp. 77-92].

Finally, we see certain regularity conditions in the Sobolev spaces when the domains
are Lipschitz or C* type. Given a compact K C R? we denote by C%*(K) the class of

Lipschitz functions in K. For Lipschitz domains we have the following characterization:

Theorem 14 ([101], pp. 279). Let Q be a bounded Lipschitz domain. If u € C%(Q),
then u € WH(Q). Conversely, if u € WH>2(Q), there exists it € C(Q) such that u = @

a.e. in €.

The last statement can be reformulated as follows: if v € WH>(Q), by Theorem 14
exists 7 € C%1(Q) with u = @ a.e. in 2, and the continuity implies that such @ is unique.
Then we have a map Wh®(Q) > u +— @ € C%(Q) and Theorem 14 establishes that this
is a bijection. In this sense, we can write Wh=(Q) = C%1(Q).

In a general context, we look for relations of the type H*(Q) c C™(Q). This means
that every function in H*(2) has a representative element in C™(Q2). The principal
properties that we need are presented in the next theorem.

Theorem 15. Let Q2 be a bounded domain and | € N.
d
6) a8 c ).
(1) If Q2 is of class Cl+1+[g], then H'*+s] (Q) c CYQ).
d
2

found in [113, Ch. III, pp. 154-155).

(The expression [4] means the entire part of 4). The proof of these statements can be

Remark 16. In the case d = 1, if J C R is an open interval, we have the characterization
WhP(J) = {u € L,(J)|u € C* (), u*V € AC),e(J) and u™® € L,(J)}

(see [19, Ch. 8]).

1.3 Orthogonal basis of polynomials

In this section, we discuss some orthogonal families of polynomials to be used throughout

the text.
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1.3.1 Jacobi polynomials

Let us consider a weight function of the form w, g(t) = (1 —¢)*(1+t)? where a, 8 > —1,

and consider the Jacobi polynomials {P}La’ﬂ ) (t)}o2,, given by
PR (1) = (_1)n(1 — )7 (1 + t)‘ﬂﬁ [(L—t)*(1+) (1 -],
" 2nn)! dtm

It is well known that {P,(La’ﬁ) (1)}, is an orthogonal basis of Lo((—1,1); w, 5(t)dt) that

satisfies the relation

PlB) () PlsB) (1)(1 — )*(1 + t)Pdt =

n,m

/1 208+l Tn+a+1)I(n+ B +1)

(see [131, Ch. VII]). Given d > 2, one can obtain an orthogonal basis for Ly((0, 1); w,(t)dt),
with wy(t) = t2! by means of the translation z = 2¢ — 1. This leads to the shifted Jacob:
polynomials

a_
POty = P2 Dot — 1) (1.13)

n

that are an orthogonal basis in Lo((0,1); wg(t)dt) (see [42]) with norm

2
4n +d

||ﬁ7(Ld)||L2((0,1);wd(t)dt) = fOI" n c No. (114)

Now we see two special cases of the Jacobi Polynomials. When a = § = 0, we obtain
the Legendre Polynomials, that we denote by {P,(t)}>°,. These are an orthogonal basis
for Ly(—1,1) with norm

2
2n +1

||PnHL2(—1,1) = for n S NO. (115)

The Legendre polynomial P,(t) is odd (even) if n is odd (even) and P,(1) = 1 for all
n € No. In the interval (0,¢), £ > 0, we have that { P, (%)};’;0 and { Pa,41 (%) }:;0 are

orthogonal basis for Ly (0, ¢) with norms

14

2 _ —
||P2n+5||L2(O,Z) = m forn € N[}, 0= 07 1. (116)

t

Usually, one uses {P2n+1 ( 7

)}:;0 to represent odd functions.

2, pA—3A—3
<§+£>HP’S 0

(see [131]). This polynomials will be useful in the study of harmonic functions.

For A > —%, the Gegenbauer polynomials are defined as! oM (t) ==

)y =ttt +1)--(t+n—1).
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Set RT := (0, 00). The Laguerre polynomials {L,(t)}52, are defined by
Lo(t) :=1, Ly(t) & (t"e™") f > 1
= a(t) i= ——(t"e or n>1.
0 ’ n! dt®
The Laguerre polynomials { L, (#)}°2, are an orthonormal basis for Ly (RT; e~ *dt). These

satisfy the condition at the origin L,(0) =1 for n € Ny (see [131, Ch. VI}).

1.3.2 Spherical harmonics

Let d € N, d > 1. The open ball of radius R > 0 centered at the origin is denoted by
B%(0). The d-dimensional unit ball is denoted by B? := B{(0) and S¢~! := 9B¢. Given

an open set U C R?, we denote by Har(U) the set of the harmonic functions on U, i.e.,
d
82
the functions u € C?(U) such that Agu = 0 where Ay := E 52 is the d-Laplacian. In
14
J

j=1
spherical coordinates r = |z| and 2’ := ;—‘, the Laplacian A4 can be written as
1 0 0 1 ? d—-10 1
Ng=—— (ri 1= —ANga-1 = — + ——— + —ANga— 1.17
4T 1y (r 87“) + r2 ST gy + r or + p2 Sh (1.17)

where Aga-1 is the spherical Laplacian (see [45, Prop. 2.5, or [37, Lemma 1.4.1] ). The
action of this operator does not affect the radial component of functions that can be
written in separate variables.

The set of all homogeneous harmonic polynomials of degree m will be denoted by
H,n(RY). In the case d = 2, the set H,,(C) is generated by the analytic and antianalytic
powers {z™,z™}, and dim H,,(C) = 2, for any m > 0, dim H,(C) = 1. In the general case

we have
1, if m=0,
dp = dim H,,, (R?) = { d, if m=1, (1.18)
d+m—1 d+m—3
— 1 >
\( J_1 > ( do1 ), it m > 2,

(see [8, Prop. 5.8]). We recall the following facts.

Theorem 17 ([8], pp. 100). If u € Har(B%(a)), then there exists a sequence of polyno-
mials pp, € Hum(R?) such that

u(z) = me(av —a) for v € B%a),
m=0
and the series converges absolutely and uniformly on compact subsets of B%(a).
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Theorem 18 (Runge’s approximation theorem [117]). Let D C R? be a domain, and
K C D be a compact such that R4\ K is connected. Then for any h € Har(D), there
exists a sequence {p,}, with p, € Span (UZ@:O Hon (Rd)) such that p, converges uniformly
to h in K.

Definition 19 ([8]). A spherical harmonic of degree m is the restriction to S*™! of an
element of H,,(R?). The collection of all spherical harmonics of degree m will be denoted

by Hom(S).

Note that every p € H,,(R?) can be written as p(z) = |z|p/ (%), with p’ = p‘SﬁH and
this representation is unique. Conversely, every spherical harmonic p’ € H,,(S%™!) defines
an clement of H,,(R?). Hence, the map H,(RY) 3 p — p|, s € Hm(ST!) provides
an identification of the complex vector space H,,(R?) with H,,(S¢!). The following

statement contains some main properties of the spherical harmonics.
Proposition 20. 1. dimH,,(S*!) = d,,.

2. Ifm#n, and p € Hpn(STY), ¢ € H,pn (ST, then

(P, @) Ly(sa1) = /d 1P(C)Q(C)d0c =0,
S
where o is the surface area measure. In consequence H,,(ST1) L H, (S if n # m.

3. The spherical harmonics are the eigenfunctions of the spherical Laplacian. More

precisely, if m € Ny and p € H,,(S41), then

Aga-1p=—m(m+d—2)p. (1.19)

4. Span (U;_y Hm(S41)) = C(S*Y) (in the uniform norm).
5 La(8") = @ (),

Property 1 is a consequence of the identification of H,,,(S?~!) with H,,,(RY). Properties
2,4,5 can be found in Chapter 5 of [8], and property 3 in [37, Th. 1.4.5].

If U C R? is open, the harmonic Bergman space in U is defined as
be(U) := {u € Har(U) ’ / lu(z)|*dx < oo} :
U
2
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This is a Hilbert space with the Ly-norm ([8, Prop. 8.3]). In the case U = B%(0), R > 0,
writing in spherical coordinates the inner product and using property 2, one obtains that
the restrictions of the spaces H,,(R?) and H,(R?) are mutually orthogonal for n # m. For
m € N fixed, one can choose an orthogonal basis {Y{™, - ,K}g)} of H,n(S*1). Then

any harmonic polynomial p € H(R?) can be written in the form

dm
p(x) =r™ Zb,(cm)Yk(m)(a:’), where b,(cm) = (p‘Sd*l,Yk(m)hQ(qu), k=1,d,.
k=0

Theorem 21. For any m € Ny, fix a basis {Y\™,--- ,Yd(;n)} of Hp(ST1). Then
dm )

{{rmYk(m) (x’)} } is an orthogonal basis for the Bergman space by(B%(0)).
k=1} =0

Proof. Tt follows from the density of @ {p‘Bd(O) ‘p € Hm(Rd)} in by(Bgr(0)) (see [8,
R
m=0

Lemma 8.8]) and the previous remark. Q.E.D.

1.4 Transmutation operators

1.4.1 Basic definitions and main examples

Now we introduce the main tool of this thesis work: the transmutation operators. The
following definition, the most suitable for our purposes, is a modification of the definitions

presented in [88, 105].

Definition 22 ([88]). Let E be a topological vector space, Ey, Ey C E linear subspaces
(not necessarily closed) and A : By — E, B : Ey — FE linear operators. A linear invertible
operator T : E — E, such that T(Fy) C E, is said to be a transmutation operator

for the pair of operators A, B, if the following conditions are fulfilled:
1. Both the operator T and its inverse T~1 are continuous in E.
2. The following operator equality is valid

AT =TB in E. (1.20)

When E; = E,, Definition 22 is the same as the one presented in [88]. The basic
idea of the transmutation operator is to “transmute” the solutions of a simpler equation

Bv = A\v, into those of a more complicated one Au = Au.
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Remark 23. Let A € C. Suppose that v € Ey satisfies Bv = \v. Take u = Tv. Since
T(Ey) C Ey, u € Ey and by property 2 we obtain

Au = ATv = TBv = A\Tv = Au.
Hence Au = Mu. In particular T(ker B) C ker A.

Remark 24. Suppose that T(Es;) = Ey. If u € ker A, then u = Tv for some v € Es.
Thus,
0=Au= ATv =TBuw.

Since T is invertible, v € ker B. Therefore T (ker B) = ker A.

One of the applications of transmutation operator theory is to describe the operators
that transmute D?, where D := %, to the one-dimensional Schrodinger operator given
by

S := —D? + ¢(x),

where ¢ is a function of the class Lo called the potential of the operator S. In this case
we consider E = Ly(—b,b), b > 0 and Ey = Ey = H*(—b,b). According to Remark 23, a
transmutation operator would allow us to transmute the solutions of equation v+ v = 0

into solutions of the Schrodiner equation

—y" +qlx)y = Ny, (1.21)

where A € C is called the spectral parameter of Eq. (1.21). It is known that the transmu-
tation operator has the form of a Volterra operator of the second kind with a continuous
kernel that does not depend on the spectral parameter (see, e.g., [52, 105, 111]). Actually,
it is possible to obtain a parameterized family of transmutation operators. The following

proposition is a summary of results obtained in [24, 87, 88, 89].

Theorem 25. Suppose that q € Ly(—b,b). Given h € C, there exists a function K, €
C(Q)NWIYQ), where Q = (—b,b) x (—b,b), satisfying the Goursat conditions

h 1 [* h
Kp(z,x) = 5 + 5/0 q(s)ds, Kp(x,—z)= > (1.22)

and such that the integral Volterra operator

Tyu(z) = u(z) + /_ " Ko u(t)dt (1.23)
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satisfies Ty, € G(La(—0,b)), Tr(H?*(=b,b)) = H*(=b,b) and the following relation holds
d2
<— — (x)) Tyu(r) = Tu"(x), VYu & H*(=b,b). (1.24)

That is, Ty, is a transmutation operator for the pair S, —D? : H*(=b,b) — Lo(—b,b).
Moreover, if ¢ € CP[—b,b] for some p € Ny, then K, € CPT(Q), T}, € G(C[—b,b]) and it
is a transmutation operator for S, —D? : C*[—b,b] — C[-b,].

Of crucial importance is the fact that the integral kernel Kj(z,t) is independent of
the spectral parameter A of (1.21). Of such transmutation operators, we highlight the
following. Suppose that ¢ € C[-b,b]. Take f € C?*(—b,b) N C'[—b,b] a solution of
f" —q(z)f = 01in (=b,b), such that f does not vanish in the whole interval [—b, b] and
satisfies the normalizing condition f(0) = 1 (such solution always exists, see [83]). Taking
h = f'(0) and employing Theorem 25 we obtain a transmutation operator Ty whose
kernel will be denoted by K(z,t). T;and Ky(x,t) are called the canonical transmutation

operator and integral transmutation kernel, respectively.

Theorem 26 ([24]). Define the following sequence of recursive integrals {X®) (x)}2,,
{)Z'(k)(q;)}zio by X0 = XO =1, and fork>1

XO(r) = k/m XED(5)(f2(s)) W ds, XP(z) = /z XE=D(f2(5)) D gs,

Define the family of functions {cpgck) (m)}zo by
=0

X ) f k 1s odd
gogck)(x) = /@) (@), 4k ts odd for k € Ny. (1.25)

Fla)X®), if k 1s even,

Then the following relations hold:
Tya*] = 7 () Vk €Ny (1.26)

The functions {cp;k)(x)} are called the formal powers associated to f. They have
k=0

~—C[—bb]
the property that Span {(p;k)(x)}kzo = C[—b, b] (see [80]).

Given h € C, define the kernels

KE(x,t) = Ky(x,t) + Ky(z,—t), K%z, —t) = K(2,t) — K} (x, —t), (1.27)
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and the functions

cn(p,x) = TCcos(pr)] := cos(px) /Kh (x,t) cos(pt)dt, (1.28)
o oo [ s gm0

where p € C. Hence c,(p,x) and s(p, ) are solutions of (1.21) in (=b,b) with A = p?,

satisfying the initial conditions

en(p,0) =1, ¢(p,0) = h, (1.30)

s(p,0) =0, $'(p,0)=1. (1.31)

For = € [—b,b] fixed, c,(lk)(~,x), s (. x) € Hol(C) for k = 0,1, (see, e.g., [83]).

1.4.2 Applications of transmutation operators to the spectral

inverse problem for the Schrodinger equation

Consider the Schrodinger equation
—y" +qx)y=>y, 0<z<m, (1.32)

with a real-valued potential ¢ € Ly (0, 7) (if originally the equation is considered on another
finite interval (a, b), then by a simple change of the independent variable ¢t = =27 it can
always be transferred to (0,7)). Together with Eq. (1.32) we consider the boundary
conditions

Uy :=y'(0)—hy(0) =0 and Vy=1y/(r)+ Hy(r) =0, (1.33)

with h, H € R.

Let us associate to the problem (1.32), (1.33) an unbounded operator in the Hilbert
space Ly(0,m). Let 8" : 2 (S"H) C Ly(0,7) — Lo(0,7) be the operator whose action
is given by Sy and with the domain 2 (S") := {y € H*(0,7) |y satisfies (1.33)}.

It is well known that the operator S" is self-adjoint in Ly(0,27) and o (S") =
04 (S™H") (see [114, Th. 2.7.4]). The operator S possesses a infinite number of eigen-
values o4 (S™) = {)\,}22, C R satisfying

A <A< o<\, =00, n— 00,
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and each eigenvalue A, is simple (see Chapter 1 of [52] and [106]). For A € C, we take
p € C* such that A = p? and denote ©(p,7) := cu(p,x). Then ¢(p, x) satisfies the first
boundary condition and V(p,z) = 0 iff ¢(p, ) is an eigenfunction iff p* € o4 (S™H).
Then we have the sequence {p, }°2, C R U R such that p? = ), for all n € Ny. For each
n € Ny, the eigenspace associated to A, is generated for ¢(p,,x) and this eigenfunction
is real valued (see [52, Ch. I] ). The eigenfunction ¢(p,, x) is said to be normalized at the

ortgin and we define the norming constant

ap, ::/ ©*(pn, )dz. (1.34)
0

Thus, the set {%}:}:0 is an orthonormal basis for Ly(0,7) (see [52, Th. 1.2.1]). The
sequence of pairs {A,, a,}>2, is called the spectral data of the problem (1.32), (1.33).
The direct spectral problem associated to (1.32), (1.33) consists of finding the eigenvalues
{\n}52, and the corresponding eigenfunctions {p(pn,z)}0>,. The inverse spectral prob-

lem associated to the Schrodinger equation (1.32) is the following:

Inverse problem: Given an increasing sequence of real numbers {\,}5°, that
tends to infinity and a sequence of positive numbers {a,,}5°, find a real valued func-
tion ¢ € Ly(0,7) and constants h, H € R such that {\,, @, }5°, be the spectral data of
(1.32),(1.33).

The following theorem establishes the necessary and sufficient conditions for a set

{An, an }52, to be the spectral data of a Sturm-Liouville problem.

Theorem 27 ([52]). The set {\,, @, }22, is the spectral data of a problem (1.32), (1.33)
iff the following asymptotics hold:

w k
n = — + =, Ak,} € by, 1.35
po = =t (k)b (1.35)
T~ K
W = =2 K E L, 1.36
a 2+n {Kn} € 0 (1.36)

1 ™
where w = h + H + 5/ q(s)ds.
0

Denote G(z,t) = K (x,t), in such a way that
w(p, ) = cos(px) +/ G(z,t) cos(pt)dt. (1.37)
0
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According to (1.22) and (1.27) we have

1

—/xq(s)ds, and G(0,0) = h. (1.38)

G(z,x) :h—|—2

Suppose that {p,}>°, and {a, }22, satisfy the asymptotic relations (1.35) and (1.36),

respectively. Define the function

Afr) = S0t) j{: (COS put) _ COS“1x>) . (1.39)

™

The following result improves the properties of A obtained in [52, Lemma 1.5.4].
Lemma 28. The function A € H'(—n,27).

Proof. Denote 9,, :== p, — n and note that

) _ 2 (cos(pyr) — cosna)) + (i - 2) cos(pat)

oy T

cos(ppx) 5
Q, m

and

cos(ppr) — cos(nx) = cos(nx + 0,2) — cos(nx)
= cos(nx) cos(d,x) — sin(nz) sin(d,z) — cos(nx)
= cos(nz) (cos(d,x) — 1) — (sin(d,x) £+ §,x) sin(nzx)

= 2sin? (%) cos(nz) — dpx sin(nz) — (sin(d,z) — d,x) sin(nx)

Substituting this expressions in (1.39) we have

20T o= sin(nx)
72 n
n=1

_mwzgﬂﬂﬁ—%+m@y- (1.40)

&%)

where

Since {%2}, {£2} € ¢y, i — % = O (£2) and the rest of the sums have terms of order

O (#), then the series of A; converges absolutely and uniformly on [—27,27]. Differen-
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tiating the terms of the series we have

((L _ 2) COS(,,H;C))/ —0 (K,,) sin(pnz) = O (K,) sin(nz) + O (%) ,

o, T

(2 sin? ((571733) cos(nm)) :% sin(d,2) cos(nx) — nsin? (%) sin(nz)

0 (2 catar) () s

((sin(d,z) — 6,2) sin(nz))" = (8, cos(6,x) — 6,) sin(nx) + n(sin(d,z) — §,2) cos(nz)

—0 (%) sin(nz) + O (%) cos(na).

and {5- cos(nx) }Z‘i

Since { ;- sin(nz) }Zoi .

. are orthonormal sequences in Lo(—2, 27),

then the series of derivatives of A; converges in Lo(—27,27), and then A; € H'(—27,27).
In particular A; € H(—m,2m).

On the other hand, the series » °, w converges in Lo(—27,27) (and hence in

2WT = sin(nx) wlz|(m — |z|)
Ly(—m,2m)). Furthermore, for —m < = < 27, — — ; e and
this function belongs to H*(—m,2). In this way A € H'(—m,2m). Q.E.D.

Let us define F(x,t) = w, for 0 < x,t <, it is

Flat) = sin(knz) sin(k,t)  sin(na) sin(nt)+z (sin(/inac) sin(knt) 2sin(mc) sin(nt)) |

Qay, 7r Qay, T

n=1

(1.41)
By Lemma 28, F'(z,t) admits a continuous representative for 0 < z,¢ < 7 and L F(z,z) €

Ly(0, 7). The following theorem is a compilation of results shown in [52, Sec. 1.5].

Theorem 29. For every x € (0,7), the kernel G(x,t) satisfies the Fredholm integral
equation

G(x,t) + F(x,t) + /I G(z,8)F(s,t)ds =0, 0<t<ux. (1.42)

Reciprocally, if {pn}2, and {a,}5°, are sequences satisfying the asymptotic relations
(1.35) and (1.36), then for every x € (0, 7] fixed, Eq. (1.42) possesses a unique solution
G(x,-) € Ly(0,z). Moreover, G(z,x) € H*(0,7), and if we take

o(z) = %G(x, ), h=G(0,0), H=w—h— %/OW o(s)ds, (1.43)

hence {p2, an,}S%, are the direct spectral data of the Sturm-Liouville problem (1.32),
(1.33).
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Eq. (29) is called the Gelfand-Levitan equation. The Gelfand-Levitan equation was
derived in [55] and reduces the inverse Sturm-Liouville problem to the solution of a Fred-

holm integral equation of the second kind.

Remark 30. The Gelfand-Levitan equation can be written in the form
G(x,t) = —TC[F)(x,1),

and hence the function F(x,t) is the preimage of G(x,t) under the transmutation operator

TC.

For every = € (0, 7] fixed, Eq. (29) is a Fredholm integral equation, then the
methods developed in Subsection 1.1.3 are applicable. Specifically, according to Remark
7, it is enough to develop the kernel G(z,t) as a Fourier series for a certain orthonor-
mal basis. Choosing the orthogonal basis of Ly(0,x) given by the Legendre polynomials
{Pzn (%) }n _,» the kernel G(z,t) admits the Fourier-Legendre series representation

h-y el

> ) p, (-) . (1.44)

The idea of representing the kernel G(z,t) as a Fourier-Legendre series was developed in

[81], and its application to the solution of the inverse spectral problem in [76]. This tech-
nique has been developed for different types of problems associated with the Schrodinger
equation [39, 78, 92]. In fact, the following relations hold

90()

T h = g}(0). (1.45)

q(z) =

(See [78], Th. 9.2 and Cor. 9.1). In this way, to solve the inverse problem it is only
necessary to compute the first coefficient go(z), and then recover g and h using the formulas

(1.45). H is recovered by means of (1.43).

1.4.3 The Sturm-Liouville equation in impedance form

Let I C R be an open interval (possibly infinite). The Sturm-Liouville equation in

impedance form (SLEIF, for short) is the second-order linear ordinary differential equation

%( (z )2u>—|—)\p( Ju=0, zel, AeC. (1.46)
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The function p € AC),.(I) is called the principal coefficient and we assume that p(z) # 0

for all € I. The complex number \ is called the spectral parameter. Eq. (1.46) can be

written as
—u" 4 q(z)u’ = Mu, (1.47)
where
p'(z)
q(x) = — . 1.48
(@) = 25 (1.45)

The function ¢ is called the potential of Eq. (5.1). By the properties of p, the potential

q € L}, .(I). Choosing zy € I we have the relation

loc

p(z) = p(xo) exp (— /x: Q(S)) : (1.49)

Note that if P = ap, for some a € C, the coefficient P generates the same equation and
potential that p. For this reason, in certain problems it is convenient to use a normalized
coefficient p at the point 2y € I. Such normalization is given by p(z) = 1.

The impedance function of Eq. (1.46) (associated to the normalized coefficient p) is
given by

1

a(z) = /p(@) = exp (—5 / :q(s)ds), from where q(z) = —2‘;(;.

Depending on the problem under consideration, it is sometimes more convenient to work

(1.50)

with a instead of p.

Note that p, % € L}, .(I), hence Eq. (1.46) possesses two linearly independent solutions
uy,uy € W2H(I) such that {u,us} is a fundamental set of solutions for (1.46) (any
solution of (1.46) can be expressed as a linear combination of u; and us, see [146, Th.

2.2.1] and [12, Cor. 4.1.2]). Denote the differential operator

1
L:= ——Dp(z)D = —D? — ¢(2)D.
5 Dola) (@)
2,1 : u(x) v(z)
For u,v € W}, (I) we denote the p- Wronskian W[u, v](z) := . Note

that
d d
ﬁwp[u, v|(z) = %(upv’ — pu'v) = (pv')'u+ pu'v' — (pu') v — pu'v' = (pv')'u — (pu')v,
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from where we obtain the Lagrange identity

d

2 Walu, v](2) = p(z)v(z)Lu(z) — p(z)u(z)Lo(z). (1.51)

In particular, if u,v € W2 (I) are solutions of (5.1), W,[u, v] is constant. The set {u,v}

is a fundamental set of solutions iff W,[u, v] # 0.

Note 31. It is possible to formulate the concept of a weak solution for Eq. (1.46) (see
[19, Sec. 8.4]). However, in [16, Prop. 2] it was proved that every weak solution belongs

to space W2 (I) and satisfies the equation a.e. x € 1.
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Chapter 2

Gelfand-Levitan equation and
solution of the inverse Dirichlet
problem for the one dimensional

Schrodinger equation

Let ¢ € Ly(0,7) be real-valued. In this chapter we consider the Schrédinger equation
(1.32) with the Dirichlet conditions

u(0) = u(m) = 0. (2.1)

We obtain a Gelfand-Levitan equation similar to Eq. (29). Once the equation is deduced,
the methods developed in Subsection 1.1.3 are applied to obtain an algorithm for solving

the inverse spectral problem.

2.1 Properties of the Sturm-Liouville problem with
Dirichlet condition

Let us associate to the problem (1.32), (2.1) an unbounded operator in the Hilbert space
Ly(0,7). Let Sp: Z(Sp) C La(0,m) — Ly(0,7) be the operator whose action is given by
Su and with the domain 2 (Sp) = H?(0,b)NHL(0,b). The operator Sp is densely defined
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and self-adjoint in Ly (0, ), with purely discrete spectrum o4 (Lp) = {\,}22, satisfying
AL < Ag <--- <A, — 00, B — 00, (2.2)

(see [114, Th. 2.7.4] or [52, Ch. I]). The eigenvalues can be characterized in the following
way. Consider the solution S(p, z) of (1.32) satisfying the initial conditions (1.31). Then

A € oq(Lp) iff X = p?, where p is a root of the characteristic equation
S(p,m) =0. (2.3)

A corresponding eigenfunction of \, = p? is S(pn, z). However, it is convenient to use the
eigenfunctions §(pn, x), where §(p, x) := pS(p,x). Thus, the eigenspace associated to A,

is generated by S (pn,x) and we define the norming constant

™
an::/
0

In this way, {\/%Tng(pn, x)}oo is an orthonormal basis for Ls(0,7) (see [114, Th. 2.7.4]).

n=1

Furthermore, if ¢ € AC|0, 7], then

§(:0mx)‘2

dx. (2.4)

N—o0

é(z) = lim ZW /O " 508 (pn. 1), (2.5)

uniformly on = € [0,7] (see [52, Th. 1.2.1]). For example, when ¢ = 0, A\, = n?,

S(n,z) = sin(nz) and a, = 7 for all n € N.

Inverse problem. Given an increasing bounded from bellow sequence {\,}>°; that
tends to infinity and a sequence of positive numbers {a,}>° ;, find a real-valued function
q € Ly(0,7) such that {\,}>°, be the spectrum of the Dirichlet problem (1.32),(2.1) and

o :
{@, }22, its sequence of norming constants.

The sequence of pairs {\,, @, }°°, is called the spectral data of the Dirichlet problem
(1.32),(2.1).

2.2 Gelfand-Levitan equation

A necessary condition for the sequence {\,}>2; to be the eigenvalues of a Dirichlet prob-

lem, is that the sequence {p, }5°, with p, := /A, (choosing the branch of the square root
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with arg A, € (—m,7]) satisfies the asymptotic relation

k.

n L[
pn=n+ L4 where {k,} €y and w = —/ q(s)ds (2.6)
™m n 2 Jo

(see [52, pp. 13]). A similar condition for the norming constants is established.

Theorem 32. The norming constants {c, }52, satisfy the asymptotic relation

T K
p = =+ —

5 where {K,} € (5. (2.7)

Proof. The solution S (p, x) satisfies the integral equation

S(p.z) = sin(or) + [ ==y 0)55, 10 (2.
0
and the asymptotic relation
R celm p|
S(p,z) =sin(pz) + O < B > . |p] = 0. (2.9)

(see [52, pp. 10-15]). Substitution of the asymptotic relation (2.9) into (2.8) and the

relation szﬁ =0 (e“‘zzl> lead us to
S(p, x) = sin(px) + /I WQ@) sin(pt)dt + /I WQ(QO (et||zp|> dt
_ sinpo) /O;c cos(p(z — 2215,)0) - COS(’Ox)q(t)dt
. o(a—t)[m oAt gl
+/0 Q(t)o( Iz >O< Iz )dt
= sin(pz) + %Q(m) + %/0 cos(p(x — 2t))q(t) + O (%) )

with Q(z) = [; q(t)dt. In particular, for p, we have the asymptotics

~ cos(pn)

S(pn, x) = sin(ppz) + Q(z) + L /Ox cos(pn(x — 2t))q(t)dt + O (i) , (2.10)

20n 20n n?
because p, = O(n), n — oo by (2.6). Writing (2.6) as p, = n + = with ¢, := £ + k,, we

deduce the following relations:

cos(ppx) = cos(nx) cos (%x) — sin(nx) sin (%"x)
= cos(nz) + cos(nz) (cos (%"x) — 1) — sin(nz) sin (%x)

= cos(nz) + O (%) +0 (%) ;
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En
and in a similar way sin(nz) = sin(nz) + cos(nx) sin ( ) +0 ( 2)
n n
Substituting these asymptotics in (2.10) we obtain

§(pn, x) = sin(nx) + #,

where

() = ncos(na) sin () + %}:U@)Q(m) o /0 “cos(n(a — 20)q(t)dt + O (%) |

(2.11)

Note that the sequence of functions {,(x)} is uniformly bounded in the whole segment

[0, 7]. Now, we deduce that

a, = /07r §(pn,x)’2dx = /OWSmQ(nx)dx—i—Re (% /OTFSlH(nI En( ) + _/ [0 (2) [P
2 [T 1
= g + Re (E/o sin(nm){n(x)) +0 (ﬁ) .

K, = Re (2 /0 ’ sin(nw)fn(x)) L0 G)

=Re (Qn /7T sin(nx) cos(nx) sin (%x) dx + i—n sin(nx) cos(nx)Q(t)dt
0 n Jo

+ i_f Oﬂ sin(nz) [ /0 " cos(n(z — 2t))q(t)dt] dx) Lo <%) .

Developing the integrals involved we obtain

En

T En
Qn/ sin(nz) cos(nx) sin | —x | dx —n/ sin(2nz) sin ( —z ) dx
0 (n > 0 ( >
(51

n 2n— ) sin((?n—i—%)w))

2n + ==

— 0(1) (2sin ( ;‘W)) —0(3),
2 /07r sin(nx) cos(nx)Q(z)dr = /OTr sin(2nz)Q(z)dr = (sin(2n-), Q) r,(0,x),

and the sequence {(sin(2n-),Q)r,0x} € ¢2 because {sin(2nz)};2, is an orthonormal
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sequence in Ly(0, ). Finally, taking I = [ sin(nz) [ [, cos(n(x — 2t))q(t)dt] dz we have

1= =0 [ coutn — 2npgttyar + [ {g(x) [ (ot 20)a(0)it| da
_ /0 " cos(na) [ /0 " sin(n(z — 2t>)q(t)dt] dz + 0 (%)
_ /0 " sin(nz) [ /0 " cos(nlz — zt))q(t)dt] iz + 0 (%) ,

hence I = O (1), and since 2 = O(1), we conclude that {K,} € £s. Q.E.D.

Define the function

Ap(z) == g (Cos(p”x) - 2COS("$>> (2.12)

According to Lemma 28, Ap € H'(—m,27). Let us define Fp(z,t) = AD(x_t);AD(xH) for

0Lz, t<m,itis

Foat) = f: <sin(pn:c) sin(pnt) 2sin(mc) sin(nt)) ' (2.13)

(6% s
n=1 n

By Lemma 28, Fip(z,t) admits a continuous representative for 0 < z,t < 7 and %F(m, x) €

Ls(0, 7). Note that Fp(z,t) = Fp(t,z). For N € N we denote

Fpx(z,t) = Z (sin(ﬁnx) sin(pnt) 2sin(n:v) sin(nt)) |

(0% Vi
n=1 n

It is clear that Fp n(x,t) converges weakly in ¢t to Fp(x,t), i.e., for all ¢ € ACI0, 7],
Jo o(t)Fn (2, t)dt — [ ¢(t)F(z,t)dt for every x € (0, 7).
By (1.29), we can write S(p, z) as

S(p, x) = sin(pz) + /Ox G(z,t)sin(pt)dt, (2.14)

where G(x,t) = K%(z,t). We deduce a Gelfand-Levitan equation for the transmutation

kernel G(z,1).

Theorem 33. For every x € (0, 7] fized, the kernel G(x,t) satisfies the Gelfand-Levitan
equation

G(z,t) + Fp(x,t) +/ G(x,8)Fp(s,t)ds =0, 0<t<ux. (2.15)
0
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Proof. Consider (2.14) as a Volterra integral equation. Since the inverse of a Volterra

integral operator is also a Volterra integral operator, we can write
sin(pz) = / H(z,t)S(p, t)dt, (2.16)

where H(z,t) is a continuos function (actually, since G is absolutely continuous in both

variables, H also). Then for each N € Ny we have the equalities

S(pn, ) sin(put) :sin(pnx) sin(pt) N /I Gl S)Sin(an) sin(pnt)ds

(07% 79
S(pn, ) sin(p,t) :§(pnx (pnt) /H S(pu, 5 )5(pn7 ) e
a,

From this, we obtain

S(pn, 2)S(pn, 1) _ 2sin(nz) sin(nt) :g(pn, sin(ppt) / Hit S(pn, s )S(pn, )ds
ay, T
2 sm(nx) sin(nt)
T
_sin(ppx)sin(p,t)  2sin(nx) sin(nt)
B ay, a 7r
+/z G(xjs)sin(pns()ysin(pnt)ds

[ Sl
/ Gz, S)Qsm(ns) sm(nt)ds

™

Qy, T

N ~
It wo denote (o, ) Z(S Pus )8 (pust)  2sin(nz )81n(nt)>7hence

n=1
4
Oy (x,t) = Fpy(,t) + Y Tin(z,t), (2.17)

k=2

where

N _ .
IQJ\[(.CC, t) = Z / G(.CC, 8) 2 Sln(ns; Sln(nt) s,
n=1 0

I3 n(z,t) ::/ G(z,s)Fpn(s,t)ds,
0

Iin(z,t) Z pn, )S(pn’x)ds.

(e
nlo n
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Take ¢ € AC0, 7]. Multipliying (2.17) by ¢ and using (2.5) we obtain the following limits

uniformly for x € (0, 7]

lim / " 5@ (s )l = 0,

N—oo 0
Jm [ o Fo s = [ o0 Foatar
T T N . z
Jlim. /O S(1)Inale, it = Jim | o(1) (;28”;(”” /0 G(x,s)sin(ns)ds) dt

~ lm OwG(as,s) (ﬁ:%%(”s) /0 " () sin(nt)dt) ds
- [ et
lim /Wqﬁ(t)Jg,N(x,t)dt “aim [ e </OIG(:U ) Fpx(s,1)d )dt

N—oo 0 N—o0 0

:Nhféoo :L‘S(/gb VFp.n(s,t)d )dt

= [t ([ stomtas) it = [ o0 ([ ctamoteia) a
Nhgl)o/oﬂgb(t)hw(x,t)dt:—]Vlijréois(p”’ / (/ H(t, $)S(pn, s )ds) dt

:_Nllmoo S(pn, 7) //¢ S(pn, s)dtds

:_Nhféo S(pn, ) /Spn, (/¢ tsdt)
_ / ﬂH(t,x)gb(t)dt

Extend G(z,t) = H(x,t) =0 for t < z. Then

ds.

/07T {G(m,t) + Fp(z,t) + /OZ G(x,s)Fp(s,t)ds — H(I,t)} o(t)dt = 0.
Due to the arbitrariness of ¢ € AC[0, 7|, we conclude that
G(z,t) + Fp(z,t) + /0z G(z,s)Fp(s,t)ds — H(xz,t) =0 for z,t € [0,7].
In particular, for ¢ < z we obtain (2.15). Q.E.D.

Remark 34. Note that for © € (0,7 fized, Eq. (2.15) is a Fredholm integral equation

of the second kind. Since Ap admits a continuous representative in [—m, 2|, the kernel
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F € Ly ((0,z) x (0,2)). Furthermore, for x € (0,7, Eq. (2.15) has a unique solution.
By the Freedholm alternative, it is enough to show that for g € Ly(0,x) the equation

g(t) + /Df” F(s,t)g(s)ds =0,

has only the trivial solution. Indeed, multiplying by g(s) and integrating we obtain

/Omf(t)dw/om /:F(s,t)g(s)g(t)dsdt:(),

Considering the extension g(t) = g(t)x o) (t) (where X0 15 the characteristic equation
of the interval (0,7)) we obtain the equality

| # s+ i:: (ai ([ stsmmsras) 2 ([ a0 sm<ns>ds)2> o

Since {%} is an orthonormal basis in Ly (0, ), by the Parseval identity/ g*(s)ds =
2 0

o] 9 T . ‘ 2 1 - i . 5 - |
Z; </0 g(s) sm(ns)ds) , thus Z — (/o g(s) sm(pns)ds) = 0. Since o, > 0 for
n

n=1

ay,
n=0
€ N, we conclude that

/ g(s)sin(p,s)ds =0 Vn € N.
0

Under the conditions (2.6) on the sequence {p,}>2, the system {sin(p,)}>2, is complete
in Lo(0,7) (see [143, pp. 122] ). Hence g(s) =0 a.e. in (0,7), and the equation has only

the trivial solution.

2.3 Solution of the inverse problem

Fix z € (0,7]. Since G(x,-) € Ly(0,x), it admits a Fourier-Legendre series

Gla,t) = i (@) p, (é) . (2.18)

n=0 X

The choice of the odd polynomials is due to condition G(z,0) = 0. The series (2.18)
converges with respect to the variable ¢ in Ly(0,x). Furthermore, for ¢ € C[0, 7], the

series converges uniformly for 0 < z < 7, t € [0, z] (see [81, Th. 3.3])
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Remark 35. The potential q(x) can be recovered from the first Fourier-Legendre coeffi-

cient bo(x) by the formula

o(z) = @) (2.19)

Indeed, multiplying (2.18) by Py (%), integrating form 0 to x with respect tot and using

the Lo(0, z)-convergence of series (2.18), we obtain

bo(z) = 3/;0(3;,@131 <3) dt = 3 (Tglz] — ). (2.20)

T T

Note that S(p,z) = T? [%] and %L:O = x, then we have the relation T®[x] =
S(0,x). In this way
3 bo
bo(x) = = (S(0,z) — x), or S(0,z)=ux 34—1 .
T
Applying the Schrodinger operator S to both sides of the equality we obtain

0= éS[xbo +3] = —(wbo)” + q(x)(xbo + 3),

from where we obtain (2.19).

2.3.1 A infinite system for the the Fourier-Legendre coefficients

Following [71], we improve the convergence of series (2.12) in the following way. In the

proof of Lemma 28 we sce that Ap(z) = Ay (z) — 24 Z sin(na) , where A; converges ab-
n=1
, , o S Sin(n) wlz|(m — |z])
solutely and uniformly on [—, 27]. Then, using that —=5 Z — =,
—~ n s
we can write a in the form
=, [cos(ppr) 2cos(nz) 2wz sin(nz) w
Ap(z) = - — (- 221
o) = Y (0 ) | Zor i) Lpge ) (220

n=1
The series in (2.21) converges absolutely and uniformly on x € [—m,27]. Hence, for

0 < z,t <7 we have
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AD(ZL’ — t) — AD(.I' + t)
2

=— o (lz —t|(m — |z —t]) = |z +t|(7 — [z + 1))

2_
N Z [ (x =) —cos(pn(z +1)) cos(n(z —1)) — cos(n(z +1))

FD(.Z',t) =

ni (“’(x ~ 1) sin(iogl S t))g }

— (r(lz+t| = |z —t]) + |z =t — [z + t]°)

(07% ™

= (
Z [ sin(pn) sin(p,t)  2sin(nz)sin(nt)

_ 7?2_wn (x cos(nx) sin(nt) + sin(nx)x cos(nx)) }

Since z,t > 0, then |z +t| — |z —t| = 2 + ¢ — |x — t| = 2min(z, ), hence we obtain the

representation

Fp(x,t) = wz(wmm(x t) — 2uxt) +Z

™

{sm Knx)sin(k,t)  2sin(nx) sin(nt)

(6% v
n=1 n

_ 732_wn (z cos(nz) sin(nt) + sin(nx)x cos(nz)) (2.22)

The series in (2.22) converges absolutely and uniformly for 0 < x,¢ < 7. Now we

use the ideas developed in subsection 1.2 to obtain an infinite system of linear algebraic

oo
n=0’

equations for the Fourier-Legendre coefficients {b,(x)}

Neumann problem (see [76, 78, 92]).

in a similar way as for the

Theorem 36. For every x € (0, 7] fized, the coefficients {b,(x)}>, of the series expansion
(2.18) satisfy the infinite system of linear algebraic equations

% + Y Ana(@)ba(2) = Bu(x),  for m € N, (2.23)
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2wx25(n70)5(m70) W

972 T

5(n+1,m) . 26(n,m) + 5(n—1,m)
(Zn—i—%)g (2n+1);  (2n— %)3

ey [(jzn+l<pkx>j2m+l<w> - 2"2”“(“”%“(“)) (2.24)

a T
k=1 k

2w 2n+1 ) )
- j2n+1(k3$) $J2n+2(k’$) J2m+1(l€9€)
2k k

+ j2n+1(kx) (%]%n-&-l(kx) - x]2m+2(kx)) )] )

2sin(kx)jom1 (k) B sin(pr) jo2m+1(pr)
™ 73

B(z) = 5522 — 7)0(m,0) + (=1)™ [

2w . 2m +1 . ) .
+ o <sm(kx) < ’ Joms1(kx) — x32m+2(kx)) + xCOS(kx)ij+1(kx>>] )

(2.25)

Proof. Fix x € (0,7]. Thus, the Gelfand-Levitan equation (2.15) is a Fredholm integral
equation of the second kind. By Remak 7 and (1.4), (2.15), it is equivalent to the infinite

system of algebraic equations

)+ Z cin( = y;(2), (2.26)

where, according to (1.10) and (1.16), we have

¢ - b;(z)
TVA 3V

/
cix = /Aj +3VAk + 3x/ / Fp(5,t) Poest (x) Pyt <;> dsdt,
—w/4j + 3\/5/ FD(x,t)ngH (E) dt.
0

If we define

s t\ dsdt
/ / Fp(s,t) Pansa (-) Pyt <—> —3
T v) x

t\ dt
By (x) := —/ Fp(z,t) Pt (—> —,
0 x) x
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hence the infinite system (2.23) is equivalent to the normalized one (2.26). By Remark
(4), the series in (2.23) converge pointwise. Now we compute the matrix A, ,(x) and the

right-hand side By,,(z). We denote Ty, (z,t) := [} Fp(s,t)Pans1 (2) £, Thus,

Tz, 1) :/OwFD(s O (1) 2

X

w _ s\ ds v ds
=— <7r/ min{s, t} Py, 11 (;) P 275/ Py q (a:) ?)
0 0
sin(ppt) [* S\ . ds 2sin(kt) [* S\ . ds
(M/ Py (—) sin(pgs)— — J/ Py, (—) sm(ks)—)
—1 873 0 x x T 0 xX T

2w [ . v s ds v s ds
- (sm(kt)/o Pyiq (E) scos(ks); + tcos(kt)/o Pyyiq (x) sin(ks)— . ) ] .

The exchange of the order of summation and integration is due to the uniform convergence

of the series in both variables s, ¢ € [0, 7r]. Using the formula 2.17.7 from ([119, pp. 433])

/Ox Ponsa (2) Sin(zs)% = (=1)™jani (22), (2.27)

differentiating it with respect to z

2n+1

P (3) seonten . = (7 aitytor) = 1

j2n+1(zx) - Ij2n+2(2$)) )

and using that fox P11 (%) % = 0(n,0)3 5 we obtain

To(x,t) ( / min{s, t} Py, 11 < ) ds %5@ 0))

. > 1) [ (Sln(pkt)ijnJrl(ka) B QSin(kt)an(kx))
B % (sin(k:t) (Qn];L 1]2n+1(kx) xj2n+2(kw)> +tcos(kt)j2n+1(k$))

The integral / min{s,t} Py, 1 ( > ds can be computed as follows. Let n > 0. Then

x d + d T d
/ min{87t}P2n+1 <£> _S - / SP2n+1 (£> _S + t/ P2n+1 <£> _S
0 T/ x 0 T/ T ¢ r/ x

Using the relations




S m—+1 S m S
Pa(3) = Pasi () Pt (3))
° x x<2m—|—1 Az +2m+1 "\z
we obtain
tg s T2+ 2 s 2n+1 s
° Py, (—)d :/ Pon () Pn SRR
/0.7: g ° 0 (4n+3 2 +4n~|—3 ? x °
2n+ 2 T s ¢
- P (5) = Pousa ()
4n+3{4n—|—5< ants 1\ )/ o
2n+1 T S S
Panst (3) = Pt ()
+4n+3[4n+1<2+1 x i\

y
2n + 2 )Pzn+3 (t> N ( Papy1 (1)

N n+3)an+5 in+ 1)(dn +5)

_ 2n+1 P 3
(4n+1)(4n+3) "'\

(here we use the fact that P,,,,1(0) = 0). On the other hand,

z s s
P (05 P (5) = P (3)]
/1; it ) 4n+3 2n+2 ()],

t
tP, | — | —tP,, —
s (7 (3) w(x))

T 2n—|—1P t t
4dn + 3 4dn + 1 et T Pan-i T

2n—|—3p t +2n—|—2

In 5l 5 2n+1

2n+3 t Py,q
=r| — P,
x[ (4n + 3)(dn + 5) “5( >+(4n—|—1)(4n+5)

T any 12)?4n gy (%) ]

(here we use the equality Ps,,(1) = 1). Thus,

x

ds Py (%) 2P 1 (%) Pona (%)
/ min{s, ¢} Pan 1 ( ) - [_ (@n+3)@dn+5)  @n+ )(@En+5)  (dn+ D)(dn + 3)
(2.28)

Defining P_; = 0, one can verify that formula (2.28) is valid for n = 0 as well. Hence
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we obtain the formula

_ 2wat wz Pyt (i) 2P, 11 (i) Py, (%)
Ta(#,8) == 35 %m0 + [_ @n+3)@n+5) @ @nt1)@n+5)  (@n+ @n+3)
(2.29)

S [(sin(nkt)j%ﬂ(mkx) - ZSin(kt)jgnH(k;x))

(673 ™

T2

- 2_‘2 (sin(k‘t) (%; % amia (ke) - $J2n+2(km)) * tCOS(kt)jQ"“(m)) ]

Thus, we have

o1




r t\ dt
Amn(l') _/0 7;1(33,t)P2m+1 <E) —

X

200y r t\ dt
= - % / tPoy1 | = ) —
3m 0 x) x

LW CJo Ponsa (3) P (5) &
T (4n + 3)(4n + 5)
2 J0 Poni1 (5) Pon1 () % Jo Pon1 (3) Poma (5) %
(dn + 1)(4n + 5) (dn + 1)(4n + 3)

o
>
=1

k
 2jonsa (k) [ sin(kt) Py (5) 4 dt)

™

2w 2n +1 T t\ dt
- 2k ( < 2 ]2n+1(/€$) - 5U]2n+2(]€95)) /0 Sln(kf)PmnH (E) ;

e e ()2)

2wx2§(n70) O(m,0) W

<j2n+1 o) [y sin(pt) Pama (L) 4
Qy

B <P2n+3, P2m+1>L2(0,1)
(4n + 3)(4n + 5)

972 T

2(Poni1, Pom+1)15000)  (Pon—1, Pom41) £2(0,1)

(4n 4+ 1)(4n +5) (4n+1)(4n + 3)

+ (—1)m+n i [<j2n+1(/)k$)j2m+2(ﬂk$) _ 2j2n+1<kx>j2m+l(kx)>

(8] T
k=1 k

2w 2n + 1 .
- w2k ( < L ]2n+1(kx) - $]2n+2<kl‘)) ]2m+1(km)

+ Jon+1(kx) (Qm—;—ljzmﬂ(k@ - $J2m+2(k$)> )] .

Expanding the inner products we obtain formula (2.24) for A,,,(z), n,m € Ny.
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On the right-hand side, By, (z) := — [} Fp(,t)Popi1 (1) £ = —Tp (2, @), it is
dt 2
B, (r)=——= ( / min{z, t} Py, 1 (— P %5(7710 )

00 1y [ (31n(pkx)jgn+1(pkx) B QSin(k:c)anH(km))

a T
k= k

Since t < x, then foz min{xz, t} Py, 11 (%) % = fo‘r tPs, 1 (%) % = xs(g”’o), from where we

obtain (2.25). Q.E.D.

We emphasize that to recover the potential ¢ it is enough to compute the coefficient
by and use relation (2.19).
For the numerical solution of system (2.23) it is natural to consider its reduced version,

i.e.,

4m + 3 ZAmn bo(z) = Bp(z), for m=0,M. (2.30)

The following theorem is a consequence of Remark 7, Theorem 5 and Proposition 6.

Theorem 37. Fiz x € (0,7]. For M large enough the truncated system (2.30) has a

unique solution (b(()M) (x),--- ,b%\/[)(x)) and
[bm ( @R @)
—— =0, M : 2.31
Z 4m+3 +m§+l4m+3—> T (2:31)
In particular, it follows that
b () = bo(z), M — . (2.32)

(M) (g .
Furthermore, the approrimate solution Uy = {lbﬁi;} of the normalized system
k=0

(2.26) is stable.

2.4 Numerical algorithm and examples

2.4.1 General algorithm

Given a finite set of spectral data {p,, a, }2%, with p, € R, p2 # p2, for m # n and o, > 0
for n = 0, Ny, we propose the following method for recovering the potential ¢, using the

normalized version (2.26) of system (2.23).
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1. Choose M € N. For a set of points {z;} from (0, 7], compute the approximate values

of the following functions for n,m = 0, M,

B o~ [ sin(pt)gome (per)  2sin(ka) o (k)
By, () :(-nmmz Pk Znﬂ PET) fmﬂ
k=1
2w (. 2m+1 . ‘ .
+ = <sm(k::v) ( 2 Jom+1 (k@) — x]2m+2(k::1:)> + xCOS(kSE)szH(kx)) ] :

w2k
Zm,n =(=1)"""\/(4m + 1)(4n + 1)z 21: [<2j2n+1(/€i€7)rj2m+1(kx)

k=1

_ J2n1(P) Jom 11 (Pk)
oy

2w [ (2n+1. , ,
+ 2k ( ( L ]2n+1(kl’> — $]2n+2(l{?$)> j2m+1(k$)

+ Jont1 (k) <$]’2m+1(lm) - $j2m+2(k$)) )] )

(

5 <§m7n—|—%§x(ﬂ—2x), ifm=mn=0,
Em’n, otherwise,
\
( ~ 3 2
Amn—|—2§‘;‘g—%-§, ifm=n=0,
A wax? 1 : _
Amn + 5 @ aT)  tm=ntl,
7y — A wz? 2 3 —
Am,n <Am’”_TW’ 1fm—n,m>0
e w2 1 . _
Amn + 7 VAn—1)(dn+1)(VAn+3)’ it m=mn-—1
Avm,na otherwise.

2. Solve the system

Coo Cox -+ Com o By
Cip Cii -+ Cim &1 B,

. . . . = . ?
Cuo Cua -+ Cum| |Sm Bum

where @m = Emm — —i:;r;
3. Compute /b\o(:v) from é/i)(x) by bo(z) = \/33:5)(90).
4. Compute ¢ in {z;} from b using (2.19).
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2.4.2 Numerical examples

We illustrate the performance of the algorithm. All the computations were performed
in Matlab R2021a. The potential ¢(z) was recovered using the first coefficient /35, which
was approximated by a spline using the routine spapi and differentiated twice using the
routine fnder.

In many formulas we need the values of the spherical Bessel functions ji(t) for a list of
indices k = 0, M for the same argument. A considerable speedup is achieved by applying

the backwards recursion formula

2n+1 . )
n ]n(t) - ]n-‘rl(t)

jn—1<t) -

(see [9, 60]). So only ja—1(t) and jas(¢) have to be computed using the Matlab function
besselj. Next, we show 3 examples, when the potential ¢ is an smooth function, a

continuous H'(0, 7 )-function and a discontinuous function.

Example 38. Consider the potential q(x) = sin(2z), for 0 < xz < . We compute 200
“eract” spectral data {p,,a, %, applying the method proposed in [81]. We take M = 4
and the number of spectral data Ny € {11,50,100,200}. In the right side of Figure 4.1
whe see the graphs of the absolute error |q — qn,|. On the left, the graphs of q and qn,

with Ny = 200. For N, = 200, we obtain that ||q — qn,|| 1,0~ = 0.00351.

0.35

Ns=11
Ns=50

T
q exact
— % —q recovered |

Ns=200

0.3 Ns=100 |

0.25 f

0.2 {

Absolute error

0.1r

= WWMM

0 0.5 1 15 2 2.5 3 3.5 0 0.5 1 15 2 2.5 3

Figure 2.1: On the left, the graphs of the exact potential ¢(z) = sin(2z) and the recovered
potential for Ny = 200. On the right, the graphs of the absolute error |qn, — g| for
N, = 11,50, 100, 200.
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Example 39. In this case, we take the “saw-tooth” potential

o(z) = /0 “san (sin (%)) dt. (2.33)

In this case ¢ € H*(0, 7). Again, we take M = 4, but in this case we complete the spectral

w w1 Na+Ns

data with an additional sequence of N4 “asymptotic spectral data” {n + e S neN.t1

to recover the potential qn,. In the left side of Figure 2.2 we see the potential q and
the recovered potential qn, with Ny = 20 ezact data and Ny = 500 asymptotic spectral
data. On the right side we see the absolute error |q — qn,|. In this case we obtain
lg — anallL o) = 0.095897. In the left side of Figure 2.3 we see the potential q and
the recovered potential qn, with Ny = 200 ezact data and N4 = 1000 asymptotic spectral
data. On the right side we see the absolute error |q —qn,|. In this case ||¢ — qn, L 0,7 =

0.064168.

0.35

l

0.25

q exact
q recover

0.8

0.6 -

0.4+

0.2

0.2

Absolute error

-0.2

-0.4

Figure 2.2: On the left, the graphs of the exact potential (2.33) and the recovered potential
for Ny =20 and N4 = 500. On the right, the graph of the absolute error |gn, — ¢l

Example 40. Finally, we consider the discontinuous potential

.

=_s, =1 23)
1 fae (s,
2, if v € 4?”,7?].
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0.06

q exact ‘
recover | 7

9 0.05 |

|

0.9 r

o
o
=

o

o

w
—
—

Absolute error

.
=
=

0.01 |

3.5 0 0.5 1 1.5 2 2.5 3 35

Figure 2.3: On the left, the graphs of the exact potential (2.33) and the recovered potential
for Ny =200 and N4 = 1000. On the right, the graph of the absolute error |gy, — ¢|.

We take M = 4. In the left side of Figure 2.4, the potential q and the recovered
potential qa, with Ny = 40 exact spectral data and N4 = 500 asymptotic spectral data.
On the right side, the absolute error |q — qn,|. In this case ||¢ — qn, | L, (0,x) = 0.31111. In
the left side of Figure 2.5, the potential q and the recovered potential qa, with Ny = 200
exact spectral data and N, = 1000 asymptotic data. On the right side, the absolute error

l¢ — qn |- In this case || — qn a2, 0,x) = 0.27707.

5 2.5
q exact
q recover
4t ]
2l
3
S
£ 15
2| £ ‘
o}
. |
L o
1 e ‘
2 \ n
0 ‘ M
0.5 ‘ ‘ Il
A1t g f‘ \ ‘ ‘H |
\V\ I ﬁ‘\‘ I ‘ ‘M A“’
| \n al
> . . . . . . B OO | LLvY VLA Y L
0 0.5 1 15 2 2.5 3 3.5 0 0.5 1 15 2 2.5 3 3.5
X X

Figure 2.4: On the left, the graphs of the exact potential (2.34) and the recovered potential
for Ny =40 and N4 = 500. On the right, the graph of the absolute error |gy, — q|.
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5 25
q exact
q recover
al |
2L
3
S
. E1sy ‘
2
5
1t 1 ﬁ 1L ‘
< [
° ’ (—
0.5} I
f |
\
2 . . . . . . 0 AMMM (\\,\NW\/\}\ u\/\/\f\/\”’\”/w
0 0.5 1 15 2 2.5 3 35 0 0.5 1 15 2 25 3 35
X X

Figure 2.5: On the left, the graphs of the exact potential (2.34) and the recovered potential
for Ny =200 and N4 = 1000. On the right, the graph of the absolute error |gn, — ¢|.
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Chapter 3

Construction and analytical

properties of transmutation

operators for the SLEIF

The aim of this chapter is to develop a transmutation operator theory (analogously to
the case of the Schrodinger equation) for the SLEIF (1.46). The construction of integro-
differential transmutation operators is presented. Their analytical properties of bound-
edness and invertiblity in appropriate functional spaces are studied. A Fourier-Legendre
series for the integral transmutation kernel in terms of the Legendre polynomials is ob-

tained together with a representation of the solutions of (1.46) as NSBF.

3.1 Integral representations for solutions and trans-

mutation kernels

3.1.1 Properties of the Sturm-Liouville equation in impedance

form

Consider Eq. (1.46) with the impedance function

_ % (GQ(@Z_;L) =p’a*(z), —-b<z<b (3.1)
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where p € C and b > 0. Suppose that a € WH*(—=b,b). Due to (1.50) q(z) = —2'1,(;) €

Loo(—b,b) and eq. (3.1) can be written as
— "+ q(x)u = p*u, —b<z<b. (3.2)

Without loss of generality we assume that a(0) = 1. Thus, choosing xy = 0 in (1.50)
we obtain a(z) = e 2 lo 4(s)4s ' The dependence of g on a is denoted by ¢,. Note that when

q is real valued, a > 0 in [—b, b]. We denote the differential operator

1
Dd*(z)D = D? — ¢(z)D  with D = i

L, :=
“T a?(x) dx

3.1.2 Integral representations and transmutation kernels

We look for a fundamental set of solutions {C(p,z), S1(p,x)} for (3.1), satisfying the

initial conditions
C(p,0) = Si(p,0) =1, C"(p,0) = Si(p,0) = 0. (3.3)

By Lagrange identity (1.51), W,[C,Si](x) = W,[C,51](0) = 1. The solutions C(p, z),

S1(p, z) must satisfy the integral equations

C(p,z) = cos(pzx) + /Om wq(t)d(p, t)dt, (3.4)
Sip.) = =)y [P =Dy, ar 3.5)

Let = € [0,b]. The solution C(p, z) is an entire function of exponential type satisfying

the estimate
|C(p, z) — cos(px)| < C’ﬁe“mp‘xefoz la()lds ) € C, (3.6)
1+ |pla
where C' > 0 is a constant independent of p and z (see [26, Th. 2.2]). Similar prop-
erties of the solution Sj(p,x) are established by solving the integral equation (3.5) by

sin(pz

! ) and s,(p,z) =

f()z sin(p;x—t))q(t)sg_l(m t)dt for n > 1. Then Si(p,z) = > o0 sn(p, ). In order to show

the method of successive approximations, choosing so(p,z) =

the convergence of this series we need the following inequality

2|Im p|

|plze
1+ |pla

B}
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|sin(pz)| < ¢ VpeC,z>0 (3.7)

with ¢ = max {maﬁc(l + |2|)e It sin(z)
zE




Proposition 41. Let ¢ € L1(0,b). Then the solution Sy(p,x) of the integral equation

(3.5) is an entire function of the spectral parameter p, and

e&tm pl )|d
Slpn) < o etle (o [l las) 39)
for all p € C, x € [0,b]. For q € Ly(0,b), the function Si(p,z) is a solution of (3.2)

belonging to H*(0,D).

Proof. Let us see by induction in n > 1 that the following estimates hold for p € C, x >

et xexﬂm ol Q(l‘)

1+ |plz  n!

[sn(p, )] < : (3.9)

54 2)| < crtertimn S (3.10)

n!

where Q(z) = [ |q(s)|ds.

For n =1,
5100, 7)) < /
0

z|Im p| z _ —s[Im p|
By (59) << | il - s)e
0

sin(p(x

))\ 14()] [cos(pa)| s

|a(s)[[ cos(ps)]ds.

ol 1+ |pl(x = s)
Note that | cos(z)| = |sin (z + Z)| < ce'Imz|% < cel™=I hence
x C2xe:c|lmp| _
si(p,2)] < ¢ x“mp'/ q(s)lds = ————Q(2),
e ) 0 1+|pl o)l = T @)

and
[s1(p, )| < / | cos(p(z — s))lla(s)[] cos(ps)|ds
0
< 02/ 6(:vfs)|lmp\’q(s>|eshnpds _ C26x\Imp\Q<x).
0

Thus (3.9) and (3.10) are valid for n = 1. Assuming their validity for n we establish it
for n + 1:

$)[tm p|

[a(s)lls(p; 8)Ids

" 1 elpl(a — s)el=-
|sn+1<p,x>|</ L
S v @9

< ont [ ala s
nl Jo 1+ |plz

o x6|lmp| Qn-ﬁ-l(m)

B 1+ |plz (n+ 1)V
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and

Sn(p2)] < / [cos(p(e — s))lla(s)|S (o, )|ds
0
< Cn—i—l /x e(m—s)\Imp\|q(s)|es|lmp| Qn(s) ds
0

n!
An+1
— Cn+1em|lm ol Qn+ ('I)

(n+ 1)1
Thus,
o0 z|Im S A o z|Im 5
S fsalpa)| < LEI SR OW) ™ g
— 1+plz == nl 1+ |plz

and the series S1(p,x) = >~ sa(p, ) converges absolutely and uniformly on [0, ] and

for p such that [Im p| < M, M > 0. Similarly

o0
S 1 (py )] < cetlimel @@,

n=1
and the series of the derivative converges absolutely and uniformly. Thus the solution
S1(p, x) of the integral equation exists, S;(p, ) € AC|0,b], Si(-,z) € Hol(C) and satisfies
(3.8). Furthermore, one can verify that S;(p, z) satisfies (3.2) a.e. in (0,b). Thus, S1,.5] €
AC0,0] and if ¢ € Lo(0,b), then S} = q(2)S] — p?S1 € Lo(0,). Q.E.D.

An important corollary of (3.8) is the existence of the transmutation operator. Indeed,

define ¢(p, = snler) _ g p,z). For z € (0,b] fixed, p(-,z) € Hol(C) and |p(p,x)| <
P

CT

c q x Im . . . . .
P lallzy 0.y gztmpl o ©(+, x) is an entire function of exponential type, and for p € R

we have

dp
©(p, m)]de < cxeldlzy o) / P
/R | g (1+|plz)?

Then the Paley-Wiener theorem (see, e.g., [121, Th. 19.3]) implies that ¢(p,z) =
[7 Ki(z,t)e''dt, for some function K(z,t) satisfying K (z,-) € Ly(—x,z). Thus,

Si(p,x) = Sln(ppx) - Ky (z,t)e*dt. (3.11)

A

Note that for p fixed, Sy (—p, z) satisfies (3.2) and (3.3). By uniqueness of the solution

Si(p,x) = S1(—p, x) and substituting in (3.11) we have

o : T ipt —ipt
Sl(p’x):sﬂp,x)zsl( p,@:sm;px)_ - < e >dt,
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from which we obtain the integral representation

Si(p,x) = sin(pz) —/ Ky (x,t) cos(pt)dt. (3.12)
p e
We deduce a formal differential equation for the kernel Kj. Deriving Si(p,z) with

respect to x we obtain

S1(p,x) = cos(px) — Ki(z, ) cos(px) — Ki(x, —x) cos(px) — /2 Oy, 1) cos(pt)dt,

_, Ox

y ) d d
ST (p,x) = —psin(pz) — %Iﬁ(iﬂ,%) cos(px) + Ky (z,x)pcos(pr) — — Ky (x, —x) cos(px)

dx
+ Ki(x, —z)psin(pz) — % cos(pzx) — W cos(px)
v 82K1 (l’, t)
— /x 0z cos(pt)dt.

From which we have

—S7(p,x) + q(x)Si(p,x) = psin(px) + /$ (% — (ZL‘)%) Ky (x,t) cos(pt)dt

—x

+ {HED) L o) - ato) sl ) = 1 b eoslp)

4 {W + C%Kl(:c, —x) — q(x) Ky (x, —x)} cos(px)
— (Ku(z,2) + Ky (2, —x)) psin(pz)

Integration by parts on the left hand side of (3.12) leads to the equality

Si(p,x) = sinl(opx) — (Ki(z,z) + Ky(z, —x)) psin(pz)

N _OK(,x) N OK1(x,—z)\ cos(px) N /x O?Ky(z,1)
ot ot P T

cos(pt)dt.

Substituting both equalities in (3.1), and using that %K(w, +z) = aK(gffx) + 8K(;£ix)

we obtain

{2%1(1(95, z) — q(@) [K1(z, z) — 1]} cos(pzr) + {Q%Kl(x, —2) — q(2) K (z, —x>} cos(pz)

L 0 0?
—i—/_x <@ — q(m)a—x — @) Ky (x,t) cos(pt)dt = 0.
Hence the kernel K must satisfy (at least formally) the hyperbolic equation
82K1(x,t) _ (l’) 8K1(£L‘,t) o 62K1($,t)
orr Yo T T

It <z < b. (3.13)
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with the Goursat conditions

d 1 d 1
%Kl(x,x) = §q(x) [Kq(z,z) —1], %Kl(z, —x) = iq(a:)Kl(q:, —x), (3.14)
so that
Ki(z,z) =1+ Aez Jo a()ds, Ki(z,—z) = Bez o a()ds (3.15)

for some constants A, B € C. For the continuity of the solution the equality B =1+ A is
necessary. On the other hand, by the initial condition Sj(p,0) = 0, we have K;(0,0) =0
and hence

Ki(z,z) =1-— ez o als)ds, Ki(z,—z)=0. (3.16)

Considering the function ¢ (p, x) = iw, due to (3.6), the Paley-Wiener the-

orem and the oddity of ¢ in p, we obtain that C'(p,z) admits the representation

T

C(p,z) = cos(px) + Ky (x,t)psin(pt)dt, (3.17)

where Ky(z,-) € Lo(—z,x) for all z € (0,b]. Repeating the same procedure as for the
solution Si(p, z) we obtain that Ks(z,t) satisfies equation (3.13) with the Goursat con-
ditions (3.16). If the solution of this Goursat problem exists, it must be unique, and
Ki(z,t) = Ky(z,t). We denote this kernel by K(z,t). Thus,

Clp.x) = Tleos(pe)], Si(p,a) = T [%} , (3.18)

where
X

Tu(z) =u(z)+ [ K(z,t)u'(t)dt. (3.19)

-

We call K(xz,t) the transmutation kernel. Its crucial feature is its independence of the

spectral parameter p.

3.1.3 Existence of the transmutation kernel

Let © € [—b,b]. We seek to extend representations (3.18) to this interval. For this the
kernel has to be defined in the domain R = {(z,t) € R?||z| < b, |t| < |z|}. However,
for convenience we consider the Goursat problem (3.13), (3.15) in the whole rectangle
Q= [~b,b] x [=b,b]. The change of the variables { = £, ¢ = ZL transforms (3.13) to

the equation
O*H(E,C) 1 OH (¢, ¢) +8H(£,§))

el = Sate o (2 y

(3.20)
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considered in the closed rectangle Q with vertices (£b,0) and (0, £b) (see Figure 3.1).
Here H(E, () = K(§+ ¢, €= ().

—b

Figure 3.1: Domains R and Q.
The Goursat conditions take the form
H(E,0) =1+ Aez [ 998 (¢ 0) = Bez s 994 ith B =1+ A. (3.21)

The problem (3.20),(3.21) can be written as the integral equation

OH(a,8)  OH(a, )
o + a7 > dpBdao.
(3.22)

Let us see that (3.22) has a unique solution H € C*(Q) for ¢ € C[—b,b]. First, we

1 1 1 £ C
H(E.G) = Ack a0y pet e o [ f (J(a+ﬂ)<
0 JO

endow C*(Q) with a Banach space structure as follows. For u € C'(Q) we define

Du(6.0) = ue(6,C) +ucl6.C). 1Dl i= i [ug(€. O] + ma uc(s. )

and [|ul|c1(g) = ||ullc(o)+||Dul|. With this norm C'(Q) is a Banach space and a sequence
Q Q
{ur} converges to u in C(Q) iff uy = u, deuy, deur = deu, Oeu, k — oo.
Consider the operator A : C'(Q) — C*(Q) defined by

& r¢
Au(& Q) = %/o /o q(a+ B)Du(a, f)dBdo. (3.23)
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For v € C*(Q) and (£,¢) € Q we have
gl pldl

[Au(&, ) q (sgn(&)a +sgn(¢)3) Du (sgn(§)ev, sgn(¢)F) dfda

| &l il
< Sllalorsn / | ®use@asen(c)5)] dade. (3.21)

)

1 i €]
<z .
< 2|\qumb]< | mutesmcmias+ | \@u(sgn@)@,o\da)

(3.25)

I<]
DAu(E Q) < 5 ( | ate +sen(0) Due.sen(9) 43

3
+/0 q (sgn(§)a + ¢) Du (sgn(§)a, ¢) da

Inequalities (3.24), (3.25) and [£|+|¢| < blead us to ||Aullc1(g) < <§ + b) laller—spllullcr o)
Thus, A € B(C'(Q)). Note that equation (3.22) can be written as (I — A)u = ¢ with
B(€,¢) = Aez Js a(9)ds 4 Bes Ja)ds — A With the aid of the method of successive ap-
proximations, by taking ¢g := ¢ and ¢p11 := A¢@p we prove that this equation is uniquely

solvable for any ¢ € C'(Q).

Lemma 42. Given ¢ € C*(Q), the functions {¢x}32, of the method of successive approz-

imations satisfy the following estimates for k > 1

L 16x(&, O < Slallb_py D00 EALZ V(g ) € Q,
2. 196u(€, Q)1 < Sllallb Dol EEELE (g, ¢) € Q.

Proof. For k =1, we use (3.24) to obtain

1 €l rICl 1
61601 < llalleran [ [ 106n(sen(€)asen(O)3)ddda < lallr-sall Dol ]I
0 0

and since [£][¢] < w, we obtain |¢g| < Hq|]c[,b7b]||©¢0\|w. For the derivatives,

inequality (3.25) leads us to

€]

I<]
961601 < gldllora | [ Dn(esen@)8)las+ [ [D6n(sen(@)anOlda
0 0

1
< g llaller-sal1Dgoll (Il + [€1).
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This establishes the inequalities for k = 1. Now suppose the estimates hold for k € N.
Let us check their validity for k£ + 1. First note that

§ K (|€|+IC| )<t e il )i o (gl +1eh*
/O(a+|<|) da < B // (a+ B)*dBda (k+1)(k+2) (3.26)

and

] & plel
— _ 53) dpd
[Pria| < S llalley b,b}/o /0 1D¢r(€ a, ¢ B)|dBdor

1€l pil k
< lallstyloanl [ (ol 181" 540
’ o Jo k!

(laf + 8"+
(k +2)!

=N =N

(by (3.26)) < 5 llalley y Dol

[\]

For the derivatives we have

<l €
/0 |©¢k(£7sgn(€“)ﬁ)|d6+/o |@¢k(sgn(€)@,é)|da] :

1
[Dbri1] < 5llaller-se

By the induction hypothesis we obtain

(1€l + 18)* € (laf +[¢D*
/ o dﬁ—l—/o I d&]

_|| ”k—i—l (‘5’ + ’C’)k—H
Cl=bbl (k1)

1
D drt1| < ZHqHéﬂb’b}Hi‘ngoH

(by (3.26)) <
This concludes the induction and proves the estimates for all £ € N. Q.E.D.
Theorem 43. For any ¢ € C1(Q) the equation
(I—-A)u=9, (3.27)
possesses a unique solution u € C*(Q).

Proof. We define the series uw = Y, ¢p with {¢;}72, being the sequence of successive

approximations. By Lemma 42(1) we obtain

= 1810 5 ol 4+
ol < Il + ool (6150 52 Sl i

b
< ldolleco) + 5\!@%“ exp (blqllc—b)) -
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Hence by the Weierstrass M test the series of u converges uniformly and absolutely on Q.

k
For the derivatives note that Lemma 42(2) implies that ||D¢|| < H@@MW, and

thus,

o0

a¢k HQHC bb])

2k!

< Dol + Dol Z < D¢oll exp (bllgller-bes) -

k=
Again, by the Weierstrass M test the series of u¢ converges uniformly and absolutely on
Q, and similarly for u;. Hence the series converges in C*(Q) and u € C*(Q). Finally,

using the continuity of A we have

Au=A (Z%) = ZAd)k = Z¢k+1 = Z¢k = u — ¢o.
k=0 k=0 k=0 k=1

", u is a solution for (I — A)u = ¢.
For the uniqueness, suppose that there exists a solution v € C*(Q) for (I— A)v =
0. Thus v is a fixed point for A, and applying Lemma 42(1) we have that ||v|/cg) =
k
|A*v] o) < % — 0, k — oo, then v = 0. Thus, Eq. (3.27) must have a unique
solution. Q.E.D.

Proposition 44. If ¢ € C[-b,b], then the kernel K satisfying the Goursat conditions
(3.15) belongs to C1 (). Moreover, if ¢ € CY[=b,b], then K € C*(Q) and satisfies (3.13).

Proof. Define H (£, C) = K(f + (,& — (). Then H must satisfy (3.27) with ¢(&, () =
Ae3 J5 a@ds | Bes Jya@ds _ A Since g € C[—b,b], then ¢ € C'(Q), and by Theorem 43
we have H € C'(Q). Hence K € C'(Q).

Now suppose that ¢ € C'[—b,b]. Then taking partial derivatives in (3.22) we have
Hee(€,0) = %q(lf + ()DH(E, (), and hence Hee € C(Q). On the other hand

1 [¢ 1 [¢
Hee(€,¢) = 5/0 q’(§+ﬁ)©H(§76)dﬁ+§/o [Hee (€, 8) + Hae (€, )] dB.

In this particular case ¢y € C?(Q), and deriving A¢;, we see that ¢, € C?*(Q) for all
k € N. Actually we have

82¢ gac 1 ¢ / 1 ¢ 82¢ 6,5 82¢ 5’
—5 [ dermoaenis+; [ ac+mo {;ﬂ 5

68



To the first integral we apply Lemma 42(2) with ¢’ instead of ¢, and in the second integral

3¢0
(3%) ) (lg]+[ehrt
(k+1)! 7

converge absolutely and uniformly on

we change @9 by 2. In this way we have the estimate

O Pr1(§, ¢
'%‘ (Hq I alD ol + gl | ©

22 ¢y,
02

Q. Then He € C(Q). In a similar way Heo € C(Q), and hence H € C*(Q). Thus
K € C*(Q), and rewriting (3.20) with the change of variables (£,¢) = (£ + ¢, € — () we

obtain that K satisfies (3.13). Q.E.D.

from which we obtain that the series > -,

We conclude this section with an important approximation theorem.

Theorem 45. Let {q,} C C[=b,b] such that ¢, — q, n — oo in C[—b,b]. Then the
solutions H,, of (3.22) with potential q,, (B fized) converge in C'(Q) to the solution H of

(3.22) with potential q. The corresponding solution K, converges to K in C*(Q).

Proof. Fix N € N. Denote by A,,,
respectively, and let ¢y (&, C) = Ae@nE) 4 Be@N©) — A ¢(€,() = AeR®) 4+ BeRl) — A
with Qn(x) = 2f0 qn(s)ds, = 2f0 ds. If Hy,H € C'(Q) are the unique
solutions of (I — A, )Hy = ng, ( —A)H = gb, define My = Hy — H and note that
My —A, Hy +A/H = ¢n — ¢, and

A, the corresponding operators (3.23) for qu, ¢

1 & (¢
A, Hy—AH = 5/ / (gnv(a+ B)DHy(a, ) — qla+ B)DH(a, fB)) dBda
o Jo

L[ re 1 (€ ¢
:5/0/OQN(a+ﬁ)@(HN—H)d6dOz+§/O/O(QN—q)(a+5)@Hd5da

= AQNMN + AqN—qH'

Then My is the unique solution of (I — A, ) My = dn, where oy = oy — ¢ + A, —H.

According to Theorem 43 the solution My satisfies the estimate

3 b §
Ml < Idnllewo + (1+ 5 ) [D3yltmicton

Since gy — ¢ in C[=b, b, then C := sup ||gn||ci-p < 00 and
NeN

b
IMxlono < (1 (145) ) {llow - llora) + I1An-afllova)} -
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We know that operator A, _, satisfies |Aqy—¢H |lc1(0) < 3 (% + b) lav—allcrj—sn | H || c1 (o)
hence ||Aqy—¢H||c1(0) = 0, N — 0o. On the other hand, note that

[on — dllore) < (A+ B) ([[e® — e?lcrp-py + llave?™ — qe®||crj—py)) -

Using the inequality ||e?||c(_py < €l 9llet-24 and the uniform convergence we obtain ||e@~ —
GQHc[_bM — O, and HquQN — quHC[—b,b} — 0 , N — oo. “MNHCl(Q) — 0, N — o0,
ie., Hy — H in C*(Q). Since the change of variables (z,t) — (£, £1) is an isometry

between C(Q) and C'(Q), we have that Ky — K in C*(Q). Q.E.D.

Remark 46. In Q consider the subdomains Q1 = {(£,¢) € R?, |£,¢ > 0,6 + ¢ < b}
and Qs = {(£,¢) € R, |£,¢ < 0,€ + ¢ > —b} (see Figure 3.1). The existence of the
solution H in Q1 depends only on values of q in [0,b]. Moreover, the change of variables
(z,t) — (ZE, 21 transforms Ry = {(z,t) € R*|0 < z < b, [t] < 2} to Qi, hence the
kernel K in Ry depends only on values of q in [0,b]. Similarly, the existence of H in Qo
depends only on values of q in [—b,0].

Remark 47. If g € Lo(—b,b) we can consider Eq. (3.22) in the Sobolev space WH>(Q).
In this case A € B(W1>°(Q°)), where Q° is the interior of Q. The proof of Theorem 43
based on successive approzimations works then by replacing the C' norms with L., norms.
Since Q° is a bounded Lipschitz domain, H is Lipschitz continuous in Q (see Theorem

14). Thus K is Lipschitz continuous in Q. In the same way Theorem 45 holds if ¢, — q
in Loo(—b,b).

Remark 48. If ¢ € C[-b,b], take a sequence {q,} C C'[—b,b| such that q, — q in
C[~b,b]. By Proposition 44, K, € C*(Q) and satisfies Eq. (3.13) with potential q,. This

equation can be written in divergence form as 2 (pn(z)2Ez) = pn(x)agfg". Multiplying

this equation by ¢ € C§°(2) and using integration by parts we have

// {p” aK )3g0éa: ! pn(:c)aK’é(f 1 awéxt’t)}d:cdtzo.

[_bvb]
Uniform convergence of q,, implies that p, = p, and by Theorem 45

OKn 0Kn :§ IK 09K
7 Ox 7 0Ot Bz 0 Bt

from which we obtain

// { GK (1) 3@52 1) p(m)aKgf’t) 8(,0(axt,t) } dedt =0 Vo e CF(Q).
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The integral form is continuous in the H'-norm, hence the equality is valid for o € H} ().

In conclusion, if ¢ € C|—b,b], then K is a weak solution of (3.13) in Q.

3.2 Analytical properties of transmutation operators

Throughout this section we assume that ¢ € C[—b,b]. Let h € C. Denote by Hp(&, ()
the unique solution in C*(Q) of equation (3.22) with B = 5% Denote K!(z,t) :=

Hy, (&, 21). Then K7(0,0) = 152 By T we denote the operator

T u( / K"z, t)u(t)dt. (3.28)

Note that T? : C1[—b,b] — C[~b,b], and

(Tu) (0) = u(0), (Thu) (0) =w'(0) (1 — 2K"(0,0)) = ha'(0). (3.29)
In particular, T} preserves the initial conditions and transforms cos(p, z) and sin(pr) ingo
C(p,x), S1(p,x). Denoting the operator
_ / KN (o, )l (1),

we see that K" : C1[—b,b] — C'[—b,b] and T? =1 — K"
3.2.1 Transmutation property
Consider C*[—b, ] as a Banach space with the norm ||ul|c1_p 4 := [|ullcj—sg + @]l c—p-
For u € C'[—b, b] we have

[Kau(@)] < 261 K¢ llo I llor-by-

h,\' h ! h / aKh !

| (Kau) (2)] < K (@) |Ju'(2)] + [ Kq (2, —2)[Ju' (=2)] + 2b N llor-sa
c@)

h
2 (HKSHC(Q) +bH p) - C(g)) [l o-b.81-

Hence [[Klullci—sy < 201+ O)||EL | or @ llullorj—pe, and Ky, € B(C'[=b,b]) (as well as
T},).
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Proposition 49. Let {¢,} C C[=b,b] and {K],} be the sequence of corresponding oper-
ators. If g, — q in C[=b,b], then KI! — K} in B(C'[-b,b]). In particular, T}, — T}
in B(C'[—b,b]).

Proof. Take u € C'[—b,b]. Consider
K u(e) — Kpu()] < 20| Kg, — K¢llom 1@ llor-ba,
and

(K3 ) (2) — (Kgu)'(2)] < |Kg, (2, 2) — Kg (@, 2)|[u'(@)] + | K, (2. — @) — K (2, 2)[[u/(2)]

a,n

oK 9K,
2 || —=r - 0 Il
+ ox O . [ |-
OK!', OKh
<2 HKa,n—Kfch@er e ox v [l eb.)-
c©)

Hence [[Kf,,u — Kjullerjopy < 200+ 0)1KZ, — Killor @ llullor oy Thus,
”KZn - KZHB(Cl[fb,bD <21+ b)HKgn - KZLLHcl(ﬁ)'

By Theorem 45, the right hand side tends to zero when n — co. Hence KZn — K" in

B (C[—b,b]). Q.E.D.

We obtain the following transmutation property for the operators L, = %Da2 (x)D =

D? — ¢(x)D and D2
Theorem 50. For all h € C the equality is valid
L, T'u(z) = T'D?u(x) VYu € C3[—b,b]. (3.30)

Proof. We consider two cases.

Case 1: ¢ € C'[—b,b]. By Proposition 44, K" € C?(R) and satisfies the Goursat
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problem (3.13)-(3.15). For u € C3[—b,b] we have

i h ! _gh / _gh . e _/xﬁKg(x,t) /
deau(x) =u (:C) Ka (:C7 27)U (I) Ka (.T, LIZ’)U ( .I') . Ox u (t)dt7
d—QThu(x) =u"(z) — iKh(x ) (z) — KMz, 2)u (z) — iKh’(ac —x)u'(—x)
dz?2 ™ ¢ de V7 v de V7
0Kz, x) OK!(z,—x)
h o "ne . a\*" / o a\*" I
+ K (x, —x)u"(—x) o u'(x) — o u'(—x)
02K x,t)
- /x gz U (t)dt.
Thus,
d OKMx, )
h N _J =2 gh a\"» _ h . /
L Thute) =u'(0) - { 5 KGon) + S8 gk a) - 11 o)
d OK"(x, —x) " ,
— {%Kh(m, —x) + — o q(z) K (x, —x)} u'(—x)
— KM2, 20" (z) + K" (2, )" (=) — /w > (J:)3 KMz, t)u (t)dt
v v _, \ Ox2 or) 7 '
On the other hand integration by parts in T/ (x) = u"(x) — ffx KMz, t)u" (t)dt gives
T h h _
[ Rl =K @) — K, = (=) - et 4 S0y
T OPKMx,t)
+ /x el (1),
Hence
v (02 o 0?2
h _ mh2 _ v v Y% h ’
L. T u(z) — T;Du(x) /_m (6:1:2 q(:v)aw 8752) K (z,t)u'(t)dt
d ., OKMx,z) OK!Mz,—x) " ,
{2 Ko + 2l 5 0) )t a) — 1) Lol ()
d ., OKMx,—x) OK!(z,—2x) h ,
L Kty + 2 020 ) K.~ )yl (2)

due to (3.13)-(3.15). Due to the arbitrariness of u € C®[—b, b] we obtain (160).

Case 2: ¢ € C[—b,b]. Take a sequence {q,} C C*'[—b,b] such that ¢, — ¢, n — oo in
C[—b,b]. Let TZ}n be the corresponding operators. Given u € C3[—b,b], by the first part,
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LaTgnu = TgnD?u or more explicitly,

"

(TZnu(x)) = gn(x) (sznu(:c))/ + TZ}nu”(x).

—bb
Due to Proposition 49, T — T} in B(C'[—b,b]). In particular, T! «"(z) = Thu"(z),

[_bvb]
qn(x) (Tgnu(a:))/ = q(z) (TZu(x))/, n — oo. Set y, = (Tgmu)’, and v = ¢ (TZu)/ +
Thu”. Theny, = (Thu) andy, = v, n — oco. Hence (Thu)" = v = ¢ (Thu) +Thu”,

which is (160). Q.E.D.

According to Remark 23, the operator T" transforms solutions of the elementary
equation v” + p*v = 0 into solutions of (3.2). Due to (3.29) the function S,(p,z) =
Th [%] is the solution of (3.2) satisfying the initial conditions Sy (p,0) = 0, S}, (p,0) =
h. Contrary to this dependence on h, the function v = T%[cos(pz)] is the solution
satisfying v(0) = 1, v/(0) = 0, i.e., it is independent of h, and hence C(p, z) = T" [cos(pz)].
Note that T" maps the solutions of v" + p*v = 0 onto the solutions of (3.2).

In the case h = 1 we denote T. by T, and call it the canonical transmutation operator.

The corresponding canonical kernel is denoted by K,(z,t).

Proposition 51. The canonical transmutation operator is injective, and if ¢ € C'[—b, b,

then T, € G (C'[—b,b]).

Proof. Suppose there exists u € C1[—b, b] such that T,u = 0. Integration by parts gives

T OK,(x,t)

5 u(t)dt =0

(1 — Ky(x,z))u(x) + /

—T

(because K,(x,—x) = 0). Also Ku(z,2) = 1 —e2Jo9)ds — 1 — ¢71(z), and the last

equation can be written in the form
0=u(z)+ / Ko (x, t)u(t)dt,

where K,(z,t) = a(x)aK‘é—im’t). This is a homogeneus Volterra integral equation of the
second kind with a continuous kernel. Hence it does not admit non-trivial solutions (see,
e.g., [72, Ch. X]). Hence T, is injective.

Now suppose that ¢ € C'[—b,b]. Given y € C'[—b,b], consider the equation

a(z)y(x) = u(z) + /_x Ko(z, t)u(t)dt.
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It has a unique solution u € C[—b,b] (see [72, Ch. X]).
Since K, € C*(Q), then u(z) = a(x) (y(a:) - [ aKg—f’t)u(t)dQ € C'[—b,b]. Applying

—x

integration by parts we recover the equation y = T,u. Then T, is a surjective map and

hence a bijection, i.e., T, € G (C'[—b,]). Q.E.D.

Remark 52. In the proof of Proposition 51 we obtain that the operator

Vu(r) = % + /x Maa—(:’t)u(t)dt (3.31)

belongs to G (C[—b,b]). Additionally T,u = Vau for all w € C'[—b,b]. In the case
q € C*[—b,b] we have V, € B(C[—b,b]).

3.2.2 Mapping property

Here we establish how the transmutation operators T? act on non-negative integer powers
of the independent variable. Let g € C[—b,b] be a nonvanishing function (in general,
complex valued). We define the following recursive integrals: Y©® =vy© =1, and for
k> 1:

k—1

Y& (z) =k /OI y k=D (5) (92(8)(12(8))(_1) ds, (3.32)

k

Y (z) =k /O Cyn () (¢*(s)a*(s)) " ds. (3.33)

The functions {¢) > o defined by

g(x)Y®)(z), for k odd ,
Pag(T) = ) (3:34)
g(x)Y®)(z), for k even.

for k € NU {0} are called formal powers associated to g.

Theorem 53 (SPPS Method). Suppose that g € C'[—b,b] N C?*(—b,b) is a nonvanishing
n [=b,b] solution of Log = 0. Then the general solution of Eq. (3.1) has the form

U = C1U1 + CaU2,

where ¢, co € C and

k- (2k+1) (Z')

C SOt(zg)( ) =
Z; , Z; 2k+ . (3.35)
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The solutions uy,us satisfy the initial conditions

u1(0) = ¢(0), u,(0) = 4'(0),
1(0) = g(0) 1(0) 9(1 ) (3.36)
w(0) =0, w0) =
Proof. The proof consists in applying Theorem 1 from [83] to Eq. (3.1). Q.E.D.

A possible choice of the solution g can be gy = 1. In this case we use the notation
{cpa )} o2, and call these functions the canonical formal powers. Another linearly indepen-
dent solution is given by y(z) = [ ‘z) In order to obtain a nonvanishing solution one
can choose go(x) = A+ By(z) for some appropriate constants A, B. For our purposes we

(
take gn(z) = 3+ + y(z), where h # 0, and h # —y(z) for all z € [—b, D).

Theorem 54. The following relations hold

1 VEeNU{0} Tt = P (2),

(k) . .
Dagn (1), if k is odd,
2. Vk e NU{0} T2 = " (k+1)
h‘Pa gh( ) — %I(x), if k 1s even.

Proof. 1. We apply the SPPS method with the solution ¢;. Using the initial conditions
(3.36) we have that u;(z) = C(p,x), u ( ) = Si(p,x). Then uy(z) = T,[cos(px)].

. . Vk 2k 2k )
Since the Taylor series cos(pz) =Y oo 0 Qk), converges in C'[—b, b] we have

u(z) =T,

o ( l)kp%x% B o (—1)kp2kTa[x2k]
2 (2k)! ] (2k)! '

k=0

(21)
On the other hand, the SPPS series for the equation Lyu = p*uisui(x) =Y 1o, (_l)kﬁék+(x).

Comparing both series as the Taylor series of an entire function of p we conclude
k 2k 2k+1

that To[z2*] = ¢, For the odd powers note that Sm(p‘r = 0 (2k+1)

Hence comparing with the SPPS series for us we have

k 2k (2k+1)(x) k 2kT [ 2k+1]

2/<:+ = uz(®) =To {Sm } i 2k + 1

k=

OM8

Thus, To[z2+1] = o (2).
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2. In this case, we apply the SPPS method to the equation L,u = p*u with g;,. Then
the solutions uy,uy satisfy u1(0) = 5, v;(0) = 1 and uy(0) = 0,u(0) = h. Hence
ug(z) = Sh(p,x) = T [%]. Proceeding as in the case 1 we obtain T?[z?**1] =
oo ().

On the other hand u; = + (C(p, z) + Sp(p, z)). Hence

sm<px>]

=uy () = %TZ [Cos(px) +

_1 oo ( 1)k 2kTh oo k 2kTh[ 2k+1]
o (o 3 C)

Comparing both series as Taylor series of an entire function of p, we conclude that
(2k)

T ’ N
oy (@) _ 1 (TZ[:BQ"} + TZ[I”“*W) Hence hol) (z) = Th[a%] + pisy () , as required.

(2k)! (2k)! (2k+1)! 2k+1
Q.E.D.
Remark 55. Due to Theorem 160 we have the relations
L,o" = L,T,[z"] = T, [D*2"].
Hence for all k € Ny
Lo — 0, if k=0,1, (3.37)

k(k— D82, ifk>2
We say that the canonical formal powers form an L,-basis [20, 2/].

[t is easy to prove that the system of canonical formal powers is complete in C[—b, b].

Additionally, if ¢ € C[—b,b], it is complete in C*[—b, b].

3.2.3 Even and odd operators

Denote by P* the even and odd projections, defined by

Pru(z) := w, P u(x) := w, for u e C[-b,1].

Obviously, P* € B(C[-b,b]) and (P*)* = P, P*PT = 0, P* + P~ = Iy

PT (C[—b,b]) (P~ (C[=b,b])) is the set of even (odd) functions. Note that D : P* (C*[—b,b]) —

T (C[=b, ).
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Definition 56. Let h € C. Define the kernels in Q.
(i) K&y (x,t) = Kz, t) — K}z, —t) (the cosine kernel).
(it) K3 (x,t) .= K}z, t) + K!'x,—t) (the sine kernel).
The corresponding “sine” and “cosine” operators are defined on C1[—b,b] by
(a) T / th (z, t)u'(t)dt,

(b) TS, /th;ct (t)dt.

Clearly T3, TS, € B(C'[=b,b]). Actually T, and TS, are well defined and bounded
on C0,0].

Proposition 57. T = TS, Pt + T, , P~ on C'[-b,b)].

Proof. Since T} = T/P* + TiP~, it is sufficient to show that T/P* = T¢,P* and
T'P~ = Tf,hP*. We show the first equality, the proof of the second is analogous. Take
u € C'[—b,b] and set v = PTu. Thus v € P (C'[-b,b]), v' € P~ (C[—b,b]), and

Thy( / K"z, t)v =v(z) + xKg(x,t)v’(—t)dt
+/ K"z, —t)0'(t)dt.

Then

1

Tho(a) = vfa) - 5 /_ (K" (2, t) — KMz, —1)) o/ (t)dt = v(z) — % /_ KC,(x, )0/ (£)dt.
Since Kg’:h(x, t) is an odd function in ¢, the integrand is even and
Tho(z) _ -/ K, (x, ) (£)dt = v(z) - /0 K, (., )0/ ()4,
ie., T/Ptu(z) = TS, Ptu(z). Q.E.D.

In particular,

Clpa) = TE,leos(poll. - Sh(pre) = T3, |02,
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Remark 58. (i) Let g € C[0,b]. According to Remark 46, it is sufficient to construct
the kernel K" in Ry, then KaC:h and K;Zh can be constructed knowing the values of q
only in [0,0]. It is not difficult to see that if ¢ € C[0,b], the sine an cosine kernels
satisfy the hyperbolic equation (3.13) in the domain R3 = {(z,t) € R* |z € [0,0], 0 < t < z}.
In this case the characteristics are {(z,z) |z € [0,b]}, {(x,0)|x € [0,0]}. Along the

first characteristic we have
1. Klfh(‘rax) = Kt}zl(mvr) - K(]ll(x7 —l‘) =1- %6% fozq(s)ds - %6% fozq(s)ds =1-
exfoals)ds — 1 _ a=*(z)

2. K2 (v,2) = K}(x,2) + K} (2, —2) =1 — %e%foxq(s)ds + %e%fox a(s)ds — 1 —
hez Jo a)ds — 1 — pa1(x).

In particular both kernels satisfy the Goursat condition

d 1
%G(x,x) = 54(0) (Gz,2) - 1). (3.38)

For the second characteristic we note that

](gh(x,()) :}(g(l",()) —](3($,0) =0, (339)
OK"(x,1)  OK"(x, —t)
S _ a\" _ a \""> —
OKS, (2, 0) = ( o o ) =0 (3.40)

(ii) Let {q,} < C[0.b] converge to q in C[0,b]. Due to Theorem 45 the corresponding
KS

a,h,n

kernels K¢

a,h,n>

in C1(R3) and B (C0,b]), respectively.

and operators TS, T2,  converge to K&,, K5, and TS, T?,

(i11) Additionally, both operators preserve the value at x =0, and
(TS,u) (0) = ' (0), (TS,u) (0) = ' (0)

In this sense the kernel KS, (x,t) is independent of h.

Again, when h = 1 we use the notation K% (z,t), K(x,t), TS, T?, and call these

objects the canonical sine and cosine kernels and operators, respectively.
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Remark 59. Suppose G € C*(R3) satisfies Eq. (3.13) with the Goursat condition (3.38).
Defining the operator

Tu(x) = u(z) — /z G(x, t)u'(t)dt,
deriving with respect to x and applying the sa(;ne procedure as in the proof of Theorem 50

we obtain the relation

L,Tu(z) — Tu"(z) = G(z,0)u”"(0) — %u'(()).

Proposition 60. Denote Cj ;[0,b] := {u € C*[0,8] |u)(0) = 0}, j = 1,2. Then
L, T, =TS, D? in C§,[0,0). (3.41)
L, TS, =T;,D* in C§,[0,0]. (3.42)
In particular (3.41) is valid in P (C3[—b,b]) and (3.42) in P~ (C3[-b,V]).
Proof. Assume ¢ € C'0,0] (if ¢ € C[0,b], we apply Remark 58(ii) and a procedure

analogous to Theorem 50). According to Remark 59, if v € C§ [0, b],

GKGCJL(I,O)
ot

In this case v(0) = 0 and by (3.39), L,T¢,v — TS, D?v = 0. On the other hand, if

v E 03,2[07 b]v

/

LaTghv - Tg{hD% = th(a:, 0)v”(0)

B 8[(57,1(2:,0)

L, TS, v —T;,D* = K, (z,0)0"(0) 5

v'(0) =0,

because v”(0) = 0 and (3.40).
The validity in P* (C[—b,b]) is due to the embeddings P* (C*[—b,b]) — C§,[0, ),
P~ (C?[-b,b]) = C§,[0,b]. Q.E.D.

Proposition 61. For all k € NU {0} the following relations hold.

T [2%] = &P (2), (3.43)
T[22 = P (). (3.44)

Proof. Consider
T [2%] = TP [2™] = Tu[2*] = o (2),
and

Tf[x%H] — TaP_[I2k+1] — Ta[$2k+1] — QOE?IH_I)(SC).

Q.E.D.
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3.2.4 Liouville transformation

Direct computation shows that the operator L, admits the factorization

L.u = {é (D + %/) (D — %/) a} u  Vu e C?*[—b,b]. (3.45)

’

Note that if u € C*[~b,b], then (D — %) u =a (%), and (D + %) u = L(au)’. Thus
we can write

L,u ( ( ) au  Yu € C*[—b,b]. (3.46)

If a € C?*[-b,0] (i.e., ¢ € C'[—b,b]), the following factorization holds

Seu == (D* = Qq(z)) u (D + ) (D - “—,) u  Vu € C*[-b,b], (3.47)

a

where ), := %” (see [75, Th. 25]). Comparing (3.45) with (3.47) we have the relation
1
Lou=— (D* = Qu(z)) au Vu € C*[—b,1).
a

Consider the operator R, : C[=b,b] — C[—b,b] given by Ryu(z) = a(x)u(z). It is
bounded on C[—b,b] with the norm ||Rq||sci—p) = llallci—spy- Its inverse is R 'u(z) =
%. According to (3.47), if u € C?*[—b,b] is a solution of (3.1), then v = R,u is a
solution of the Schrédinger equation —v” + Q,(x)v = Av. Actually R, is the Liouville
transformation of equation (3.1) (see [79]). This transformation is applicable for a general

equation of the form —D (P(z)Dy) + Q(x)y = —AR(x)y, with P, R positive in [—b, b] and
P, R € C*[—b,b]. In our case P = R = a?, and the relation holds

S.R.u =R,L,u Yu & C?*[-b,b (3.48)

(see [79, Prop. 2.7]). Equality (3.48) establishes that R, is a transmutation operator for
the pair S,, L, in the sense of Definition 22.

Note that according to (3.48), a = R,1 is a nonvanishing solution of S,u = 0 in [—b, b].
Following the terminology of Theorem 26, we denote by {wék)}zio the canonical formal
powers associated with S,, defined by (1.25). The canonical transmutation operator of S,
associated to the nonvanishing solution a and given by (1.23) is denoted by {/'a, and the
corresponding canonical kernel by }A(a. Using the Liouville transformation it is possible

to obtain a transmutation operator for the pair Lo, D? : C?*[—b,b] — C[—, b].
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Theorem 62. The following relation holds
L, (Rgl{/a> - (R;l\A/a) D2 in C%[—b,b]. (3.49)
Additionally the formal powers {gpgk)}zio and {wc(lk)}zozo satisfy the relation
o (z) = RapP vk € NU{0}. (3.50)

Proof. The first assertion can be found in [79, Th. 4.3], and (3.50) is an application of
[79, Th. 3.5] to our particular case. Q.E.D.

Hence R, 'V, is a transmutation operator for Lo, D?. In contrast to this, T, is not a

transmutation operator in the sense of Definition 22 . However it satisfies condition 2 in

C3[—b, b].
Theorem 63. The following relations hold.

1. Vo =R,V, in C[-b,b].

OKu(z,t) 1 =
2. o a@) K. (z,t) VY(z,t) € R.

Proof. First note that according to (3.50), for all £ € Ny we have
R, V.[2"] = Rl () = ¢ () = Va[a?].

Thus R,V, and \A/'a coincide on the dense set Span{xk}zozo. Hence R, V, = \A/'a on
C[-b,b], or equivalently V, = R;l\Afa. Expanding this equality we have

), [ AKle0),
o / (t)dt,

R, 'V, u(z ):ﬁ( / Ka(z, t)u dt)

0K, (x,t S RPN

Thus / 6%—(:’)u(t)dt = / ﬂKa(x,t)u(t)dt, for all u € C[—b,b] and for all x €
e _alx

[—b,0]. For a fixed x € [—b,b] the integrals are equal for all u € C[—z,z]. Hence

@

V,u(z) =

D

~—

8K‘5§f’t) = a(x)K (z,t), for all |t| < |z|. Due to the arbitrariness of x € [—b, b] the equality
is valid in R. Q.E.D.
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Remark 64. If a € W?>(=b,b), as noticed in Remark /7, K, € W*>(Q). In this
case Qu € Loo(—b,b), the kernel K, € W“(Q) and the operator V,, is a transmutation
operator for S,,D? in the class W*>(—b,b) (Theorem 25). Repeating the same procedure

we can obtain that relation 2 of Theorem 63 is still valid.

Example 65. Consider the equation —y" + ¢y’ = Ay, with ¢ € R\ {0}. In this case

g=c,p=€e“ a= e_%cx, and the potential of the corresponding Schrodinger equation
1s given by Q, = %. Thus we obtain the Schrédinger equation —u” + }lczu = A\u. Denote
the Schrédinger operator by S, := D? + C, with C = —%02. Then the transmutation

kernel K, satisfying Vo[1] = a = e 2%, K,(z,z) = —30d/(0) + 5 [ Qals)ds = ¢ — g,

IA(a(x, —x) = 1c is given by

~

Ro(a,t) = %Lc + Gt + ;lc /t (Gl t) — Gla, 1)),

where G is a solution of%%g"—i-CG = %279 satisfying the Goursat conditions G(x,x) = —%,

G(z,z) =0 (see [24]). The solution of this problem is given by

G(x,t) = _% VC(@ =21 (\/Cla? — 7))

Tx—1

B ty/C(22—12) J1(/C(a2—12))

r2—¢2

(see [88, Example 4.3]). Moreover, it is known that G(z,t)—G(z, —t) =
Using Ji(z) = J1(2) we have

B /x sy/C(a? — s2)Ji(v/C(a? — 32))ds :/f’f d (Jo( Cla?— 32))> ds

2 — 52 ds

=1 — Jo(/C(a? — ).

Then

N c+1 1,/C0*—2)N(/CE?—1?)
2

K, (z,t) = 1 + Jo(n/C(2? —12)).

r—1

Hence the transmutation kernel Ki(x,t) has the form

Ko ) = U (s 1)+/0 e (JO( O =) — %\/0(552 — )N (V/C(a? — 82))> e

8¢ T — S

Remark 66. Considering operators corresponding to é instead of a we obtain the factor-

Liu=a (aDl) (lDa> Y a (D - 3) (D + 3) % vue o?-b,b).
a a a a a a a
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Note that in this case Li = D? + q,(x), then q1 = —q,. If a € C?*[-b,b], the last

factorization can be written as

L. =R,S:R; in C*-b,}

a

/ / N\ 2 "
:(D—g) (D+2>2D2—Q1(m), and Q1:2(a—) —Qa:a(l) )
a a a a a a

The operator S1 is known as the Darboux associated operator of S,. Generalizing

1
a

Q=

where

S

Q=

this concept, the operator L1 will be called the Darbouzx associated operator of L,. The

corresponding Darboux associated canonical kernel will be denoted by Ki(x,t).

3.2.5 Existence of the inverse operator

Let a € C?[—b,b]. By Proposition 51 T, ! exists, and the relation holds
DT, 'v =T, 'L,y Vv € C*[—b,b]. (3.51)

Consider an operator of the form Qu(z) = v(z) — [* G(z,t)v/(t)dt with a kernel
G € C?*(R). Suppose that Q satisfies relation (3.51). Deriving with respect to x we

obtain
C%Qv(x) =v'(z) — G(z,2)v' (z) — Gz, —2)V'(—x) — /_i %v’(t}dt,
%Qv(z) =v"(x) — C%G(x,az)v’(m) — Gz, z2)v"(x) — %G(w, —x)v'(z) + G(z, 2)v" (—x)
D) gy OEE D / T vy

On the other hand

x

QL) = 1'(5) — @@/ (2) — [

—X

Gla, )" (t)dt + /_ "Gl (@O () dt.

Integration by parts as in the proof of Theorem 50 leads to

/_x G(x, )" (t)dt =G(x,x)v"(z) — G(z, —x)v"(—x) — %v’(m) + W@'(—x}
+/_x %v’(t)dt.
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On the other hand

[ Gt @) @t =G ) (@) - Gl o~y - [ 0y S o
Hence
QL v(z) =v"(z) — qo(2)0'(z) — G(z, 2)0" () + G(x, —z)v" (—z) + % o)
_ OG(?); I)U’(—x) + G(2,7)qa(2)0 (2) — Gz, —2)ga(—2 )V (—2)
- ( 2l ;) o,y (Bt
Thus

B {%G(m,x) N 8Géx$, ) n GG(aIt,iﬂ) + o(2)(G(z, z) — 1)} v (x)

| + 2G0T )G e) - 1) bl (),

In particular, relation (3.51) holds if G satisfies the equation
O*’G(x,t)  0°G(x,t) 0G(z,1)

81‘2 = 8t2 + qa(t)T m R, (352)
with the Goursat conditions
C%G(x,x) _ —%qa(x)(G(m, D) —1), Glz,—z)=0. (3.53)

With the continuity condition G(0,0) = 0 we have
x 1= s)ds
Gz,z) =1 —e 2k s — 1 _ 2 Joay (s _ a(z).

If we consider the kernel K1 of the Darboux associated operator in the domain Q\ R,
then the function G(z,t) := K1 (¢, z) belongs to C*(R) and satisfies equation (3.13) with
the Goursat conditions (3.53).

Now we define the operator

Quu(z) = v(x) — / KL (2 (), (3.54)

in such a way that it satisfies relation (3.51). Note that Q, is well defined and belongs
to B(C'[—b,b]) even if a € C'[—b,b]. Furthermore, if ¢, — ¢, n — oo in C[-b,D]
(that implies that the corresponding sequence {a,} converges to a in C'[—b,b]), then

K1, — K1, in C'(Q) and Qu, — Qo in B(C*[—b,b]).
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Theorem 67. Let a € C'[—b,b], then T, € G (C'[—b,b]) and T;! = Q,.
Proof. First suppose a € C*[—b,b]. Then Q, satisfies relation (3.51). Let v € C'[-b, ],
then

(Qav) (0) =v(0),

(Quo)' (0) = (1= K1(0,0)) v/(0) = v/(0).
Thus Q, preserves the conditions at x = 0. Let us define ¢ (x) := Qagoék)(a:) for k € Ny.
Note that ¢g(z) = 1, and v, satisfies D*); = 0 with the conditions ;(0) = go,(ll)(O) =0,
(11)(0) = ((p,(ll))’(O) = 1, which implies that ¢4 (x) = z. For k > 2 we have

Dy = D*Qup” = QuLagl” = k(k — 1)Quel ™ = k(k — 1)¢p.

Thus {¢%}32, is a D%-basis. According to [20, Remark 9], ¥ can be constructed for k > 2
by the formula

¢k:(x) / %Z)o 77[]1 ()77Z)0 Z;J; )¢(S)¢k_2(8)d8
=k(k—1 (o — _o(8)ds = k(k t)dsd
( )/0(1' $)r—a(s)ds = //@Dkz sdt.
By induction we can see that ¢y (z) = 2*. Then Qagoa = 2 for all k € Ny, i.e.,

Q,T,z* = 2% VEkeN,.

Hence Q, T, = 1¢1j—pp on the dense set Span{z*}2°,. Since both operators are contin-
uous we conclude that Q,T, = 1¢1j_py. By Proposition 51, T, € G (C'[-b,b]). Hence
o = Qa~

Now suppose that a € C'[—b,b]. Take a sequence {q,} C C'[-b,b] such that ¢, — q,
n — oo in C''[—b,b]. Hence a, — a, n — oo in C'[—=b,b], and T,;! = Q,, — Qq, n — o0,
in B(C[-b,0]).

Thus, T,Q, = lim Ty, Qu, = Ioi—pp. Similarly Q,Ty = Ieij—py. Hence T, €
G (C*[—b,b]) and T, 1 = Q- Q.E.D.
Remark 68. In contrast to the case of the Schrodinger operator, where the kernel of the
inverse of the transmutation operator is directly related to the kernel of the initial problem

(see [87, Th. 10]), in this case the kernel of the inverse operator comes from the associated

Darbouzx operator.
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3.3 Fourier-Legendre series expansion of the trans-
mutation kernel

In this section we propose a Fourier-Legendre series representation for the kernel Kj,
study some of its properties and derive formulas for its coefficients. Following [81] we
employ the fact that for z € (0,b] fixed the kernel K"(x,-) € Ly(—x,z), so it can be
expanded into a series in terms of Legendre polynomials {P, ()} ,. More precisely the

following proposition is valid.

Proposition 69. Forxz € (0,b] fized the transmutation kernel Ky (x,t) admits the Fourier-

Legendre series representation

Khxt:ia () (3.55)

n=0

where the coefficients are defined by

ol'(z) = (n + %) /_ KNz, )P, (%) dt forn e N (3.56)

The series converges with respect to t in the norm of Lao(—x, x).

Proof. Proposition 44 implies that K”(z,-) € Ly(—x, x). Since {P, (L)} is an orthogonal
basis for Ly(—x,z), K!(z,-) has a series of the form K" (z,t) = Y°7  b,(z)P, (%), and the

aj (@)

series converges with respect to ¢ in Ly(—x,x). For convenience we choose b,(z) = ==,

and obtain (3.55). Equality (3.56) is obtained by multiplying K!(xz,t) by P, (%) and

0
|

integrating
[t (3 [ (8550 (1))
DY RAOLIE
:iaz(x) / Py (u) Py (w)du = ol () 2n2+ I

The exchange of the order of integration and summation is justified since the integral is

dt

a bounded functional in Ly(—z, ), and the last equality is due to ||P,||zy-11) = 527

Thus we obtain (3.56). Q.E.D.
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Corollary 70. The sine and cosine kernels admit the Fourier-Legendre series represen-

tations

> t
KC, (x P = .
an( Z 2n+1 (x) (3.57)

=0

K7y (e, i 'p,, (—) . (3.58)

The coefficients are given by

and

B (z) =(4n + 3) /0 : KC(2,t) Popss (2) dt, (3.59)
() =(4n + 1) /0 K (2,0 Py (i) dt. (3.60)

Proof. Using (56) and (3.55) we obtain
— t t
KC, (1) = K!(x,t) — K!'(w, —t) i ~P(-=)).
a,h<x7 ) a(x7 ) ilf HZ:; T T

e h
Since (1) = (~11By(0), KG,(e.t) = Y222 p,

n=0
2a9,41(x) we obtain (3.57), and (3.59) is obtained from

i) =2 (o0 +3) [ KR () a
=(4n + 3) {/0 Kj;(x,t)PQnH( )dt+/ KMz, ) Popia (%) dt}
—(4n +3) {/0 Kg(x,t)Pan( )dt+/ K"z, —t) Ponin (_é) dt}
=(4n + 3) /D ' K& (2, ) Panga (E) dt.

Formulas (3.58) and (3.60) are obtained analogously. Q.E.D.

VR

t
—). Denoting B (x) =
x

Remark 71. Note that KC) (z,z) = Y B@p, (1) =% 59 pecquse Po(1) = 1

n=0 =z n=0 ¢

Jor all k € No. Since K$)(z,2) =1 —a"'(x), we obtain the equality

 Bh(x)
=1- R .
> . (3.61)
n=0
Remark 72. Representations for K¢ (x,t) and K} (x,t) can be obtained in another way
by using the fact that th(a:, -),Kih(m, -) € Ly(0,x) and {P2n+1 (%)}:OZO, {Pgn (%)}:;0
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are orthogonal bases in Ly(0,x). The fact that KaC:h is represented by a series of odd
Legendre polynomials is in agreement with the property Kacjh(m, 0)=0.

Furthermore, if ¢ € L1(0,b), the kernels KCp(x,t) and K3, (x,t) exist and satisfy
K¢, (x,-), K7 (x,-) € Ly(0,z), as seen in Section 2. Hence the representations (3.57)
and (8.58) remain valid.

By K} y(z,t) = D @) p, (£) we denote the N-th partial sum of (3.55).

n=0

Lemma 73. Let p € N and f € CP™[—1,1]. There exists a constant ¢, > 0 such that

If = fnller1) < NP ey, YN > p, (3.62)

Np+
where fn(x) = Zgzo a, P, () is an N-th partial sum of the Fourier-Legendre series of f.

The constant c, does not depend on f.
Proof. See the proof of Theorem 4.10 from [131] with Theorem 5.21 of [135].  Q.E.D.

From this we obtain that (3.55) converges uniformly to K} and an estimate for the

: h h
remainder K, — K y.

oPHIKh
“otptL

. Then there
C(R1)

exists a constant ¢, > 0 such that for all x € (0,b] and t € [—x,x] the inequality holds

Proposition 74. Let ¢ € C?[0,b], p € {0,1}. Denote M, = ‘

p+1
cpMpx

NP3

I, 1) — Kl (. )] < YN > p. (363)

Proof. Proposition 44 establishes that K" € CP*'(R;). Fix x € (0,b] and define g(t) :=

OPTIK! (x
KMz, xt), gn(t) := K! y (2, xt). Then g € CP[—1,1] and g® (1) = xp“—ay( ) et

Since gy is a partial sum of a Fourier-Legendre series for g, by Lemma 73,

Hg - gNHC[—l,l X Np+1 Hg(pH)HC[—l,l]

forall N > p. Note that ||g—gn|lc[-1,1] = tem[iax} |K£‘(x, t)—KiN(a:,t)L and ”g(pH)HO[—l,l} =
OPTLKI (1)

max_|xPt! < 2P M,,. From this we obtain (3.63). Since ¢, does not de-
te[—z,z] otptl
pend on z, the estimate is valid for all z € (0, b]. Q.E.D.

Similar estimates are valid for K¢ o and K f b
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For every n € NU {0} we write the Legendre polynomial P, (z) in the form P,(x) =
> h—olkna®. Note that if n is even, Iy, = 0 for odd k, and Py,(z) = >}, [k,nx%
with lNkn = lopon. Similarly P,yi(z) = > 7, lAk’nx%“ with an = lok+1,2n41. With this

notation we write an explicit formula for the coefficients of (3.55) for the canonical kernel.

Proposition 75. The coefficients {al (2)}°2, of the Fourier-Legendre expansion of Ky (z,t)

are given by

1 "o . k+1 _ ((lk“rl)
al(z) = <n+ 5) k’; : <I fk @) wnenugor. (364
k=0

The coefficients of the cosine and sine kernels satisfy the following relations for all n €
Nu {0}

n

7 2k+2 _  (2k+2)
Bhx) = (4n+3) Y e (“” ngil <“">>, (3.65)

£ 2k + 2

n

i . o 82k+1) T
Y= (dn+ 1) 8 < ;jk (@) (3.66)

— 2k+1

Proof. According to (3.56)

1\ [* t 1 ! v
Lip) = - Z — - kn k
a,(x) = (n+ 2) /w K. (z,t)P, (x) dt <n+ 2) 2 o /x K, (x, t)t"dt.

Note that

v x d [ e+l k+1 1 Bl _ kD)
/Ka(x,t)tkdt:/ Ka(:c,t)a{ } “’ T{ }:x pa(x)

k1] k+1  “|k+1 k+1
by Theorem (54). Substituting this in the previous formula we obtain (3.64). To obtain

the formula for {3} (x)}52,, we see that

Ba(2) =205, (x) = (4n +3)

2n+1 lk,2n+1 (xkﬂ . go((lkﬂ)(x))

k
par k+1 T

n ik:,n p2k+2 _ QOEL%H)(I)
:<4n + 3) Z 2%k + 2 < 12k+1 ’
k=0

The proof of (3.66) is analogous. Q.E.D.

Remark 76. Formula (3.65) gives the following expression for B3(z):

1’2— ((12) T
B = 5 (—‘” ( )> .

X
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Applying the operator L, to xf(x) we have L, [z8}(x)] = g (La[xQ] - L, [got(f) (a:)} ) By
Remark 55, L, [gpgz)} = 2, thus

DN | W

(@85)" — a(z)(xBy)" = 5 (2 — 2wq(z) — 2) = —3xq().

From this we obtain that the potential q(x) can be recovered from the coefficient 83(z) by

the formula

q(z) = - . (3.67)

In fact from the equation L, [z6§(x) — 22%] = —3 we deduce that ¥ satisfies the first
order equation (p(x)d(x)) = =3p(zx), for x € (0,b), and ¥(0) = 0. Since p > 0 in [0,b],
W(z) = —I% Jy p(s)ds does not vanish for x € (0,0).

Theorem 77. Let ¢ € C[0,b]. The solutions C(p,x) and Sy(p,x) admit the representa-

tions
C(p,x) = cos(pr) + p Y _(=1)"B(x)jons1(pz), € (0,1) (3.68)
and . .
Su(prr) = S S 1 wlpn). € 0.1 (3.69)

where ji stands for the spherical Bessel function of order k, defined as ji(z) := /%J,H%(z)
(and J, stands for the Bessel function of the first kind of order v). Both series converge
uniformly with respect to x on (0,b] and converge uniformly with respect to p on any

compact subset of the complex p-plane. Moreover, for each N € N, the approximations

25
Cn(p,x) = cos(pz) +p Y (=1)"B}(2)jans1(p) (3.70)
n=0
and
sin(pz) 2]
Snn(prr) === = (—1)" 7 (@) J2n11(p), (3.71)
n=0
obey the estimates
Clp, z) —p Cnlp2)| 2wen(z),  |Su(p.2) — Shn(p,1)| < 2wen(x), (3.72)
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for any p € R\ {0}, and

C(p,z) — Cn(p,x) < 2en(x) sinh(Cx)

P C ) ’Sh(p, x) — Sh,N(P, :B)| < 25N(I) Slnh(C’g;)

C ’
(3.73)
for any p € C\ {0} belonging to the strip | Im p| < C, C' > 0, where ex(x) is a sufficiently

small nonnegative function such that |Kp(x,t) — Kpn(x,t)| < en(z), en(x) — 0 when

N — oo.

Proof. We show the corresponding results for C(p, x) (the proofs for Sy,(p, x) are analo-
gous). Substitution of Kj(z,t) in the form of the series (3.55) into the equality C(p,z) =
T} [cos(px)] leads to the equalities

C(p,x) =cos(px) + p/_x K"(z,t)sin(pt)dt

— cos(pz) + p / (f: @PR (é)) sin(pt) dt
= cos(pz) —i—pz / C;) sin(pt)dt
— cos(px) + p; %%1(“") /w Pnia (é) sin(pt)dt,

because [ P, (L) sin(pt)dt = 0 if n is even. Using formula 2.17.7 from [119, pp. 433]

alp,, 23 - sin(by) 1
/ 21 (2) - sin(by) dy = (—1)" /220, soa(ab), 6=14 , b a>0, (3.74)
0 Pay, (4) - cos(by) 2b i

we obtain the representation

= OégnJrl(x) ’ t :
C(p,x) =cos(px) + 2p Z - Pyi1 - sin(pt)dt
n=0 0

= ab . (2) . [T
= cos(px) + ZpZ %(—1) %J2n+1+%(p$)

n=0

= cos(pr) + PZ (7)jan+1(pT).

The convergence of the series with respect to p can be established using the fact that for
each x, (3.68) is a NSBF for the entire function C'(-, z). The radius of convergence of the

Neumann series coincides with the radius of convergence of its associated power series
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(obtained from the SPPS representation) (see [141, pp. 524-526]), hence the series (3.68)
converges uniformly on every compact subset of the complex p-plane.

For the estimates note that Cy(p, z) = cos(px) + p [*, K y(x,t) sin(pt)dt, hence
Clp.a) = Colp. ) < I [ 1Kalest) = Ka )| sin(p .

By Proposition 74 we can take ey(x) = CJNM}” For p € R\ {0} we have

xT

C(px) — Cw(p.2)] < Iplen(@) / |sin(pt)|dt = 2Jplzen (@),

On the other hand, if p € C\ {0} belongs to the strip | Im p| < C, then

T

Clp.) = Covlp. )] <lplew(a) [ [sinpnlat

x €|Impt| +e—|Impt|

<Uplen(@) / i

:2|p|5N(a:)/ cosh(| Im pt|)dt
0

sinh(|Im px|)
=2|plen () —————F=
plex(a)

Since the function Smh‘éﬁ is increasing in both variables when &,z > 0, we obtain (3.73).

Hence, if z € (0, b] then

|C(p,z) — Cn(p,x)| < 2|p| max {b, Slnh(C’b)} ' COMOb'

¢ N3
The right hand side tends to zero when N — oo, thus (3.68) converges uniformly in

x. Q.E.D.

Remark 78. In the case ¢ € L(0,b) the representations (3.68) and (3.69) remain valid.
For C(p,x), using (3.17) and the evenness of C(p,x) in p we obtain the representation
Clp,z) = cos(px) + p [y K (x,t)sin(pt)dt with K, (x,-) € Ly(0,2). According to Re-
mark 72 this kernel admits the representation (3.57). Substituting it into the integral we
obtain (3.68). In this case the estimate for the remainder is obtained with the aid of the
Cauchy-Bunyakovsky-Schwarz inequality. Suppose that p € C\ {0} and denote T = Im p.

For |t| < C we have
Clp.) = Covlp. )] < [ |KE,(0.0) = Kanv(a.0)lpsinon)
0

< ||Kac:h<x7 ) - Ka,h7N<x7 ')HLQ((),I) ’ |P| “ Sin(/)t)HLz(O,x)?
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and

/A

. € || La0.2) + 1€ Lo(0.2)
lsin(ot) 2, 0 ( 2 2

2
1 i —i
5 ) < 5 (e N2 20,0 + le™ 1 70.0))

—/0 cosh(27t)dt = w
Thus,
sinh(2Cx
Clp.2) ~ On(p, )] < e ()|l ),

where ey(z) = Hth(x, ) = K&, n(x, Il 0.2)° Similarly for Sy(p, ) we obtain the esti-

Lo

mate
154(0,2) — Shv(p,2)] < () AT,

Remark 79. Representations (3.68) and (3.69) are useful for solving direct spectral prob-
lems related to (3.1). For example, finding the eigenvalues of a Dirichlet problem reduces
to finding zeros of an analytic function in the form (3.68). Furthermore, expression (3.70)
can be used to find the approximate eigenvalues. For a Neumann or a more general spec-
tral problem, it is possible to find the NSBF representations for the derivatives C'(p, x)
and S} (p,x) (see [81, Sec. 7] and [93], for examples of how to use the Neumann series

in solving spectral problems).
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Chapter 4

Solution of the inverse problem for

the SLEIF on finite intervals

In this chapter we consider the inverse problem for Eq. (1.46) in the interval (0, ), with
the Neumann-Neumann boundary conditions. The impedance function a is assumed to
be positive in [0, 7]. The inverse problem consists in recovering the impedance function
from the spectral data which are the eigenvalues of the Sturm-Liouville problem and the
norming constants defined below by (4.2). A corresponding Gelfand-Levitan integral
equation is derived. A Fourier-Legendre series expansion for the transmutation operator
kernel combined with the Gelfand-Levitan equation leads to a simple direct method for
solving the inverse problem of recovering the impedance function from spectral data by
solving a system of linear algebraic equations, such that the impedance function is recov-
ered from the first element of the solution vector. Stability of the method is proved. Its

numerical performance is illustrated by several examples.

4.1 Properties of the Neumann problem

Suppose that p € W*°(0,7) with p(z) > 0 for all z € [0, 7] and p(0) = 1. Consider the
spectral problem

—(px)y) = Ap(x)y =€ (0,7),
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With the problem N the following unbounded operator in the Hilbert space H, :=
Ly (0, 7; p(x)dz) is associated, Ly : D (Ly) C ‘H, — H, with the domain

7 (Ly) = {y € H*(0,7) |y'(0) = o/ (x) = 0},
and acting as Ly := —%(py’ ). The operator is densely defined and symmetric.

Proposition 80. The operator Ly is self-adjoint and semi-positive in H,, and the spec-

trum o (Lyr) is purely discrete. The eigenvalues are simple and satisfy
O0< N <A <<\, = 0. (4.1)

Proof. According to [114, Th. 2.7.4] the operator Ly is self-adjoint, its spectrum is purely
discrete, and the eigenvalues o (L) = {\,}22, are simple and satisfy |\,| — 0o, n — oc.

For y € 2 (Ly) the associated quadratic form satisfies

(L == [ (o @)y
=~ el @@, + [ @) Pptade = 11, > 0

Hence Ly is semi-positive, thus o (Lys) C [0,00) [122, Th. 13.31]. Rearranging indices in
the eigenvalues we obtain (4.1). Q.E.D.

Eigenvalues of N correspond to those of the operator Ly,. It is easy to see that A = p?
is an eigenvalue iff p is a zero of the entire function C’(p,7) = 0. Moreover, since the
eigefunctions are real and simple, C(p, x) is real valued.

For each eigenvalue )\, = p? we define the norming constant

Q= /07r C?(pn, 2)p(x)dw, (4.2)

[e.9]

so that {\/%C’(pn,a:)} is an orthonormal basis for H (see [114, Th. 2.7.4]).

n=0
Remark 81. For the Neumann problem N, \g = 0 is the first eigenvalue with the eigen-

function C(0,z) = 1 and the norming constant is given by oy = ||a||2L2(077r).

Inverse problem. Given an increasing sequence starting with zero {\, }52, and a se-

quence of positive numbers {a,, }°2, find a real-valued function a € W>(0, 7) such that
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{An}52, be the spectrum of the problem A and {«, }22, its sequence of norming constants.

Suppose a € W2*(0, 7). As seen in Subsection 3.2.4, the operator R, : H — Lo(0, 7)
defined by R,y(z) = a(x)y(z) is unitary, and if y € D (Ly) then u = R,y satisfies the
equation R;'S,R,y = Lyy, where S, = —D? + Q,(x), with Q, = ‘% and the bound-

ary conditions u/(0) = da/(0)y(0) = a’(0)u(0) (because a(0) = 1), u/(7) = d(7)y(7) =

a/(r)
a(m)

u(m).

Consider the problem

S = 1 u/(0) — a'(0)u(0) = 0, (4.3)

If X is an eigenvalue of N with an eigenfunction y(\, z) then X is also an eigenvalue
of § with an eigenfunction R,y(A, z). Reciprocally, if A is an eigenvalue of & with an
eigenfunction u(\, x), it is an eigenvalue of A" with an eigenfunction y(\, z) = R, 'u(\, x).
That is, the eigenvalues of N and S coincide.

Consider 6(p, x) = R,C(p,x). Then

— "+ Qu(@)C = p’C and C(p,0) =1 C'(p,0) = d'(0), (44)

As seen in subsection 1.4.2; the eigenvalues of § are determined by the characteristic
a’(m)

e C (p, ) = 0. The eigenspace of the eigenvalue \, = p? is generated

equation C'(p, ) —

by C (pn, x), and the corresponding norming constant is

G, = /OW <a(pn,x)>2dx _ /0 02(2) (Cpn, 7)) dz = aup.

In summary, the spectral data of N and S coincide. By Theorem 27 they satisfy the

asymptotic relations

K,
Po=nt — (4.5)
nim n
T~ K,
n=-=+—, 4.6
e 2+n (4.6)

a

where w = a’(0) — a/((;r)) + 3 [y Qa(s)ds and {k,}, {K,} € 0,.
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4.2 Gelfand-Levitan equation

Let [A(a(x,t) the canonical transmutation kernel of S,, and denote @(m,t) = l?a(m, t) +
[A(a(x, —t), the cosine kernel. By Theorem 29, the kernel @(:E,t) satisfies the Gelfand-

Levitan equation

G(x,t) + F(z, 1) +/ G(x,s)F(s,t)ds =0, for 0<t< z. (4.7)
0

Here

>, for 0<t,z<m
ayp T Qo T

F(,t) = 11 n i (COS<anE) cos(pnt) 2cos(nx) cos(nt)
. (4.8)

_ A(z—t)—A(xz+t)

(remember that py = 0). We recall that F(z,1) 5 ) where

Az, t) = 1 + i <COS(Pn3?) _ 2Cos(m:))

(7)) ™ (7% ™

n=1
(see formula (1.39)). By Lemma 28, A € H'(—m, 7) and hence F(x,t) admits a continuous
representative for 0 < z,t < 7 and L F(z,z) € Ly(0, ).

The potential @), can be recovered from the formula Q,(z) = 2%@(% z), h=d(0)=
G(0,0) and H = -2 — oy — p — 5 Jo Qa(s)ds. However, as was shown in [76, 78, 92]

a(m)

and as we discuss below, there are more practical ways to recover Q,, h and H from (4.7).
After having recovered ), and h, the function a can be recovered by solving the Cauchy

problem
(

"= Qu(x)a=0 =z € (0,m),

Let us show that in fact a can be recovered directly, without previous recovering @),
h and H. We use the notation G(z,t) = K¢ (x,t) for the canonical cosine transmutation

kernel.

Theorem 82 (Gelfand-Levitan equation). For every x € (0,7 fized, the kernel G(z,€)

satisfies the linear integral equation
Gz, ) + Qz,€) — / G(z,8)0(s,6)ds =0 for 0 <& <, (4.9)
0
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where Q(x, &) : fo (z,t)dt and Q(az €)= 69(33 33 Furthermore, the functions  and O

can be represented by the series

Q(x,g):(aio__% Z( (puit) sin(pnc) zcos(nfv)sin(nf)) 0

PnCin nmw

and

s Qo

O, €) Z (QSin(nx) sin(n§)  sin(p,) sin(,onf)) . (411)

Proof. According to Theorem 63 (2), e — _L_[& (2 ¢) for all (z,t) € R, thus

8le,t) = Rl ) + Rl 1) = afa) 22D o0 (aK“) (2 2oy

ot ot
B OK,(z,t) O B 0G(x,t)
= a([[‘) (T — a (Ka(l', —t))) = a(l’)T
Substituting this expression into (4.7) we obtain
0G (z,t) 1 T 0G(x, ) B
T +a(x)F(:v,t)+/0 P F(s,t)ds =0, for 0<t<zx. (4.12)

Choose £ such that 0 < t < £ < x and integrate (4.12) from 0 to £ with respect to ¢:

/05 aGg(;?t) di+ a&) /OgF(x,t)dH /O5 on %F(s,t)ds dt = 0.

Since the series of F' converges in the Ly norm with respect to the variable ¢t and due to

Remark 81, we obtain the representation (4.10) for Q(z,s). By (3.39) G(z,0) = 0, and

since the function F(z,t) is continuous in 0 < x,t < 7, due to the Fubini theorem we

obtain

1 $0G (z, 5) B o .
Gl + 75 0r.€) + /OTQ(S,g)ds—O, for 0<¢<a. (4.13)

Integrating by parts gives

? 0G(z, s) ‘ o, 5)
[Pt s = 600000, - [ Gl )

Differentiating formally in (4.10) and using Remark 81, we obtain % = Q(s, €), where
Q(s,€) is given by (4.11). Note that Q(s, &) = M, thus Q(s, &) is continuous
and the integration by parts is justified. Finally, since G(z,z) = 1 — ﬁ (see Remark

58), substituting this into (4.13) we obtain (4.9). Q.E.D.
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The Gelfand-Levitan equation (4.9) is analogous to that obtained for the spectral
problem for equation (1.46) on the half axis (see [26, Theorem 4.2]).

Remark 83. Eq. (4.9) can be written in terms of the canonical transmutation operator

as

Gz, s) = ~TC [z, )], (4.14)

and hence the function —Q(x, &) is the preimage of the function G(x,&) under the action

of the transmutation operator TS.

Remark 84. Note that for x € (0, 7| fized, Eq. (4.9) is a Fredholm integral equation of the
second kind. By Lemma 28, the function A admits a continuous extension onto [—m, 27|
and then we have Q(s, &) € Ly ((0,) x (0,z)). Furthermore, for x € (0,7 equation (4.9)
s uniquely solvable. The proof of this fact is completely analogous to that of Remark 34.

Remark 85. Comparing the Gelfand-Levitan equation (4.9) with Eq. (2.15) obtained
in Chapter 2, we have that ﬁ(s,é’) = —Fp(s,§), it is, the kernel of the Gelfand-Levitan
equation of the Neumann problem for the Sturm-Liouville equation is equal to that of the

Dirichlet problem for the Schrodinger equation.

4.3 Infinite system for coefficients [,

Fix z € (0,7]. By Corollary 70 the kernel G(z,&) admits the Fourier-Legendre series

representation

6o, =Y. 2 (8. (4.15)
n=0
By Remark 71 we have

a M) =1-) 5"7(“”) (4.16)

Furthermore, the potential ¢ (and hence the impedance function a) can be recovered from

the first coefficient Sy(x) by the relation

(4.17)

zPo(x))”
(x

q(z) = (@) — 32"

0

where (z0y(z)) — 3z # 0 for x € (0, 7] (see Remark 76).
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Before deriving the system of equations for {3, (z)}>2, let us improve the convergence
of the series (4.11) as follows. By Remark 85, Q(s, &) = Fp(s,€), and using formula (2.22)

we obtain

s o,

5(s. ) = _77 (rmin(s, €} — 25¢) +Z <2 sin(ns) sin(ng)  sin(p,s) sin(pag) (4.18)

m2n

+ 2w (s cos(ns)sin(né) + sin(ns)& cos(n)) >

The series in (4.18) converges absolutely and uniformly for s,t € [0,7]. Hence Q €

C ([0, 7] x [0, 7]).

_ A(s+)+A(s—1)

5 , by repeating the same procedure the following

Similarly, since F(s,t)
representation is obtained (see [71])

F(s,t) = (i - 1) ~ D max{s, 1) + (5 + 1) (4.19)

(7)) ™

+ Z (COS(PnS) cos(pat)  2cos(ns) cos(nt) N 2w

o, - . (ssin(ns) cos(nt) + tsin(nt) cos(ns))) ,

n=1
This series converges absolutely and uniformly for s,¢ € [0, 7]. Since on the right-hand

side of (4.13) we have z > t, then Q(z,¢) = fo (x,t)dt is given by

2 3
e - (1 - et
cos(pn) sin(p,§) 2 cos(nz)sin(nf)

+ Z PrnQn nmw

L2 (xsin(nm)sin(nf)+cos(nw) (Smflng) gcos(ng))>]

T™n

Theorem 86. Let a € W»*(0, 7). For every x € (0, 7] fized, the coefficients {B,(x)}52,

of the series expansion (3.57) satisfy the infinite system of linear algebraic equations

=B 4.2
4m+3 +Zﬁn mn m(x)a fOT’ m e NO: ( 0)
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2wm25(n70)5(m,0) wT

972 8T

2w 2n+1 ) .
+ 2k ( ( L ]Zn-l—l(kx) $]2n+2(kx>> ]2m+1(kx)

5(n+1,m) 25(71, m) 5(11 1,m)
(2n + %) - (2n+ Dy (2n-— —)

<2j2n+1 (kx)j2m+2(kx) _ j2n+1(pkx)]2m+1 (p;ﬂ?)) (4.21)

™ [07%

2m+1

+ Jont1 (k) ( Jom+1(kx) — $J2m+2(k$)) )] ;

1 1\ z wz? wrd wad 2w
Bu(x)=—|(——=)%- Sty — G
(z) Kao w) 37 3r o 157?2} (m0) 10572 (m:D)
(

)Joms1(prw) 2 cos(kx)joms1 (k)

> COS( P
— (=1 _
( ) ; [ PECL km

+ ;‘;2 (x sin(ka) jom 1 (k) + cos(kz) ($J2m+2<k$> - 2?mj2m“(m))) }

(4.22)

Proof. Fix x € (0,7]. Thus, the Gelfand-Levitan equation (4.9) is a Fredholm integral
equation of the second kind. By Remak 7 and (1.4), (2.15), it is equivalent to the infinite

system of algebraic equations

&(x) + ) cin(x)(x) = y;(x), (4.23)

WE

i

0

where, according to (1.10) and (1.16), we have

bj(x)
T

Cik = \/4] + 3\/4]{? + 3ZE/ / P2]€+1 <§) P2j+1 (%) dsd{,
~VIFVE [ 99Pyn (g) s
0

& =

If we define

/ / (5,8) Panta (% Pt (2) %,

B () := —/0 Q(z,8) Pomya <§> %,
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hence the infinite system (4.20) is equivalent to the normalized one (4.23). By Remark 4,
the series in (2.23) converge pointwise.
Eq. (4.21) is verified by repeating the same procedure as in the proof of Theorem 36.
For the equality (4.22) we substitute (4.19) into Bp,(z) = — [ Q(x, ) Paps1 (5) df

and we use formula (2.27) and that £ < x to obtain

B (r) = |:(Oéi0_%) _w?x “ ] = 0(m,0) +—/ & Poyi1 (§> %

— (=)™ f: {QCOS(kx)J2m+1(k$) _ cos(pr) Jom+1(Pr) 2w

(k) jo e (K
2 I P + 7r2kasm( x)jomas1(kx)

+

2w Joma1(kx 2m + 1
T2k2 cos(kx) ( : t( ) - < 2 Jom+1(kz) — $J2m+2(kx))> }

Since P3(t> = 5t32_3t7 we have t3 — w7 and

¢ d 3 223 3
/ £3P2m+1 (g) f = E (2<P3, P2m+1>L2(0,1) + 3<P17 P2m+1>L2(0,1)) = §5(m,1)+€5(m,0)-
0

Substitution of this expression into the previous formula for B, (z) leads to (4.22). From

this we obtain (86). Q.E.D.

Now we obtain that the truncated system

4 + 3 + Z Bn mn - Bm(l’) for m = O, M. (424)

is solvable, and the stability of the solution. The proof of the following theorem is the

same of Theorem 37.

Theorem 87. Fiz x € (0,7]. For M large enough the truncated system (4.24) has a

unique solution ( (()M) (), -+, T(nM)(x)), and
M . 4.2
Z 4m+3 -+ Z 4m—|—3—>07 e (4.25)
m=M+1
In particular, it follows that
(M) M 4.26
Bo (@) = Bo(x), M — oo. (4.26)

(M)
Moreover, The approzimate solution Uy = {54\/%3)} of the normalized system (4.23)
k=0

1s stable.

103



Remark 88. The parameter w can be recovered using the asymptotics (4.5) from the
relation

w=m lim n(p, —n)
n— o0

(see [123, Sec. 4.2]). Note that due to (4.5), the sequence {n(p, —n) — £ oo = 1kntnly €
ly. If we have only a finite number of spectral data {pi1,--- ,pn,}, an appro:mmate value
of w can be found by minimizing the {5 norm of the sequence {n(pn —n)— %}QZNS, where
Ny is an integer between 1 and Ny chosen to skip several first eigenvalues which can differ

a lot from the asymptotic formula. One can take, e.q., Ny = [%} and obtain that

™

w R arg mln Zl ( — c_u>2 (4.27)

(see [92, Sec. 3.3] for a deeper discussion of this method).

Remark 89. If a € W1>(0,7), one cannot guarantee the asymptotics (4.5). However,
a similar representation for {p,}, can be obtained as follows. For each n € Ny, p, is a

zero of the entire function

sin(pt)dt

C(p, ) = _ psin(pr) N p/o7r 0G(m,t)

a(m) Ox

From Definition 56, % 1s an odd function in t. Hence we can write

/Ox aGé(é’ 208 in(pt)dt = 2/1 ang )sm(pt)dt " (/x aG(;x 2 wtdt—/i %e_”’tdt)

("1 [(0G(x,t)  OG(z,—t)\ _/x 1 0G(z,t)
_/_$4z'< or  Ox et = .20 Oz et

Then {p,}5°, are zeros of the entire function

F(p) = sin(p) — / ' “;?M

—T

ePtdt.

T

Since f(t) = )ath belongs to Lo (—m,m) C Lo(—m, ™), according to [104], zeros of

21

F(p) are distributed as follows

pn=n+Co,  with {(,} € lo.
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4.4 Numerical algorithm and examples

4.4.1 General algorithm

Given a finite set of spectral data {p,, a, }2=, with p, € R, p2 # p2, for m # n and o, > 0

for n = 0, Ny, we propose the following method for recovering the potential ¢(x) and the
impedance function a(x).

1. If the parameter w is not given, find it using formula (4.27), i.e., take
N

w R Ns——[N—]nZ[Z] n(pn —n).

2. Choose M € N. For a set of points {x;} from (0, 7], compute the approximate values

of the following functions for n,m = 0, M:

A (z) 1 1\ 22 wa? n wa? n wa? 2wt 5
m\Zr) = — — — — ) 5 — m,0) — TAr_59%m
a0 7) 3 3m @ 2x2 | 15x2) ™0 105m2° ™Y
N, , .
- m 2 cos (k) jomy1(k
— (_Umxz cos(px)Jam+1(PrT) _ cos(kz) jom-+1 (k)
1 PEO km
2w . . . 2m
55 | Tsin(kz)jom 1 (k) + cos(kz) | wjamia(kz) — ——jomi1(kT) :
w2k k
N, . . . .
gm’n -2 Z(_l)n-i-m [(2]2n+1(kx)]2m+1(kx) . ]2n+1<pkm)j2m+1(pkx)>
™ Q.
k=1
2w 2n+1 . . )
+ = Jon+1(kx) — Tjoni2(kx) | jomi1 (k)
w2k k
. 2m+1 . .
+ jons1 (k) < 2 Jom+1(kx) — $]2m+2(7€$)) )] ;
ﬁm7n+2§jr”§3+“’7m2-%, ifm=n=0,
Y OJI2 3 —
Amp — <5 (4n+3)(4n1+5)(4n+7)’ it m=mn+1,
A — A wx? 2 :
Am,n = Am,n+T " @D ([@n3)(dnt5)’ lfmzn,m >0

~ 2 1

A — 25 (An—1)(An+1)(4n13)’ it m=mn—1,

\ Apn, otherwise.
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3. Solve the system

C() 0 Co,l C’O,M 50 BO
6‘1,0 611 : 61.,M ?1 _ él , (4.28)
_aM 0 é’\M,l : é1\M,M _BM_ _BM_

~ ~ 6 nom
where Cy, ., = A + 4(m’+§.

4. Compute g at {z;} from Bo using (4.17). Subsequently, the impedance function is
calculated from ¢ using formula a(x) = e~3 Iy a(s)ds, Alternatively the impedance

function can be approximated directly by using formula (4.16), i.e.,

v o~ -1
a(z;) ~ (1 — Z ﬂm(m)) . However this alternative showed to be slightly less

accurate.

4.4.2 Numerical examples

We illustrate the performance of the algorithm with two examples: a smooth impedance
function, and an impedance function belonging to W?2°(0,7) and possessing a discon-
tinuous second derivative. All the computations were performed in Matlab R2021a. On
the fourth step of the algorithm the impedance function a was recovered from the first
coefficient 3. The numerical differentiation of Sy was performed by converting first the
set of values obtained on the third step into a spline using the routine spapi and then

differentiating it twice using the routine fnder.

Example 90. Consider the impedance function

x
a(z) = cos (Z> , for 0<x <. (4.29)
In this case the eigenvalues are given by \ = 2> — %6, where z is a non-negative zero of

the characteristic equation
1
zsin(nz) — 1 cos(mz) = 0.
Thus, for every n € Ny the spectral data are given by

1

7w sin(27z,)
— 22— = and a, = & 4 SETE)
T TP
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Moreover, w =

B

i

First, we consider Ny = 5 pairs of spectral data and solve the system (4.28) for M €
{1,2,3,4}, using the known wvalue of w. The impedance function recovered with M +
1 equations is denoted by apr. It is recovered in 200 points {x;} C (0,7] distributed
uniformly. In all the cases the maximum absolute error is of order 5.6 x 10~*. For
M=1: Jnax lay(z) — a(x)| = 5.681341 x 107, and for M = 4: [nax lay (z) —a(z)| =
5.674308 x 10™*. In all the cases the Ly-norm ||axr — al|z,0.x) is of order 4.9 x 107%.

For N, = 10 the order of the absolute erroris 1.39x10~*. For M = 1: maxXoc <y |ans(7)—
a(z)] = 1.396005 x 107* and |laym — allp, 0 = 1.002899 x 107, while for M = 4:
maxXo<z<r |an(z) — a(z)| = 1.395702 x 10~ and ||an — al|, 0., = 1.0028 x 107*. In both
cases (Ns =5 and Ns = 10) the best accuracy is obtained for M = 4.

For the second numerical test we fix M = 4 and vary the number of given spectral data
Ny € {2,4,6,8,10,12}. Here we again use the exact value of w. The recovered impedance
function is denoted by ay,. Both ay, (for Ny = 12) and the original a are presented on
the left side of Figure 4.1. The absolute error for each Ny is presented on the right side
of Figure 4.1, and the errors of approximation for ay, with respect to the mazimum and
Ly norms are presented in Table 4.1.

Thus, starting from a certain number of equations, increasing it further and preserving
a fired number of given spectral data does not improve considerably the accuracy. On the
other hand, for a fixed number of equations, increasing the number of given spectral data
leads to a better accuracy.

Further, we repeat the same calculations, but using an approximate parameter w, com-
puted by the formula (4.27). The recovered impedance function is denoted by ayy . Table
4.2 shows the mazimum of |a3 —al| in [0, 7] and the Li-error. Of course, the error in the
approximation of the parameter w, makes the convergence of the method slower. Fxcept
for the first case Ny = 2, all maximum errors are one tenth greater than when the exact
parameter is used. In this case, the error in the Li-norm behaves better.

For the third experiment we take M = 4, N € {5,20} of the original spectral data and
compute Ny = 1000 of asymptotic spectral data {p, = n + 2, o, = %}flVﬁNSH, using the
exact parameter w and the approrimate parameter w,. The impedance function obtained

with the aid of these combined spectral data with the exact w is denoted by ay,, while with
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the approximate w, by ayy, -

For Ns = 5 we have maxo<,<x |an, (z)—a(z)| = 4.126184x10~* and ||an,, —a|| 1, 0,n) =

4.182432 x 107*. In the case of ay, we have maxoc,<r a3 (z) — a(z)] = 4.2397 x 1072
and ||ay, — allL,0x = 1.1623 x 1072,

For Ny = 20 we have maxo<, < |an, () —a(z)| = 2.802095% 107" and ||an, —al| 1, 0,n =

4.09982 x 107°. In the case of afy, we have maXoca<x |a3, (x) — a(z)| = 3.382623 x 10~*

and ||ay, — all,0x = 5.381838 x 107°.

The graphs of the absolute errors |ay,

(right) are presented on Figure 4.2.

a recovered
I o
I © o ©
© w o (%]

o
N
I3y

— % —aexact
a recover

e
N

L
0.5

o

3.5

Absolute error

—al, lay, — a| for Ny =5 (left) and Ny = 20

%1073

4.5

w
3]

w
T

25F 1 A | |

0 0.5 1 1.5 2 2.5 3 35

Figure 4.1: On the left, the graphs of a given by (4.29) and the recovered impedance

function ay,. On the right, the absolute error |ay, — al.

maxocz<r |an, () — a(x)|

lan, — allz, o,

10
12

4.351711 x 1073
9.141057 x 10~
3.875865 x 10~*
2.166957 x 10~
1.3957 x 10~*
9.59477 x 107°

6.336344 x 1073
9.0798846 x 1074
3.019686 x 10~*
1.515506 x 10~*
1.002807 x 10~*
7.562398 x 107°

Table 4.1: Approximation error for ay, from the first numerical example in the maximum

and L; norms.

108



-3
45 x10 i

Error w exact, Ns=5
Error w approx., Ns=5

35 ¢

25¢

Absolute error

15

0.5F

Absolute error

%10
:

3.5

Error w exact, Ns=20
Error w approx., Ns=20

25 ¢

15F

0.5

Figure 4.2: On the left, the graphs of absolute errors |ay, — a| and |ay, — a for Ny =5

and a given by (4.29). On the right, the absolute error for N; = 20.

Ns

MaXo<a<r [aN () — a()]

lax: — allL, o,

2

10
12

4.780866 x 1073
8.294079 x 1073
3.886554 x 1073
2.184072 x 1073
1.389329 x 1073
9.588838 x 10~*

6.844988 x 1073
2.647811 x 1073
9.138956 x 10~*
4.19633 x 1074
2.319543 x 1074
1.463004 x 104

Table 4.2: Approximation error for aj from the first numerical example in the maximum

and L; norms.

Example 91. Consider an impedance function a € W*(0, 7) possessing a discontinuous

second derivative

¢

\

1, if 0<z <3,
2

o) =8Bt yrcsc
Z, if F<r<n

(4.30)

To compute the “exact” spectral data the Neumann problem was transformed into the

Sturm-Liouville problem (4.8) with the potential

Qa(z) =

18 ‘ 2
if 3< o<

92 —6rr+4m2

3

0, otherwise,
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with h =0 and H = —%. Applying the method from [81] we computed 201 spectral data
{(pn, @) 2%, and the parameter w. For the first two experiments we use the “eract” w.

As in the first example, we take Ny = 5 spectral data and compute ap; for M €
{1,2,3,4}. On the left side of Figure 4.3 the absolute error of aps is shown. For M =1,
maXo<p<r |ar (7) —a(z)| = 1.626015 x 1072 with an Ly-norm error of order 8.6613 x 107,
For the other values of M, the error |ay — a| is of order 6.204 x 1074, and the Ly-error
is of order 7 x 1074,

For the next experiment we fix M = 4 and vary N € {2,4,6,8,10,12}. We use the
“exact” parameter w. The right side of Figure 4.3 shows the absolute error of ay,. Table
4.8 presents the mazimum of |an, — a| in [0, 7] and the Ly-error.

Further, we repeat the same calculations, but using the approximate parameter w,.
The recovered potential is denoted by ayy. Table 4.4 presents the mazimum of |ay — al
in [0, 7] and the Li-error. Obviously, the approximation error in the parameter w, makes
the convergence slower.

Finally, for M = 4 and N € {6,12,50} we compute the approzimate parameter w, and
add Ny = 1000 asymptotic spectral data. The graph of the recovered impedance function
(for Ny = 6) compared with the exact one is depicted on the left side of Figure 4.4, and
on the right side the graph of the absolute error of the recovered impedance function ay,
compared to a is presented. With N, =6 evact data we have maxoc < |ay, () — a(x)| =
5.60573 x 1072 and ||la%’, — all, 0~ = 1.188489 x 107°. With N, = 12 ezact data we have
maxo<a<r a5, () —a(z)| = 3.002263 x 10" and ||afy, —al|L, (0 = 1.2074x 107, Finally,
for Ny = 50 we obtain maxoc,<x |ay, () — a(z)] = 5.60809 x 107° and ||ay, — al|L,(0x) =
2.2613124 x 107°. On the right side of Figure 4.4 the graphs of the absolute error |ay, —al
for Ny = 12,50 are presented.
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Figure 4.3: On the left, graphs of the absolute error |ay; — a| for a given by (4.30). On

the right, the absolute error |ay, — al.

Table 4.3:

Ly norms

2.2

N

MaXo<r<r [N, (T) — a(7)]

lan, — a||L1(0,7r)

2
4
6
3

10
12

3.83115 x 1073
2.19969 x 1073
5.792752 x 1074
2.57998 x 10~*
2.227975 x 10~*
1.410056 x 104

4.895084 x 1073
2.021055 x 1073
6.081727 x 10~*
2.476142 x 10~*
1.883309 x 1074
1.079353 x 1074

Approximation error for ay, from the

= = -
> o ©
T T T

a recovered

=
[N}
T

— % —aexact
a recover

3.5

second example, in the maximum and

Absolute error

35 X107
Ns=12
3 Ns=50
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2
1.5
1k
0.5
0 \ WY, A
0 0.5 1 15 2 2.5 3 3.5
X

Figure 4.4: On the left, graphs of a given by (4.30) and the recovered impedance function.

On the right, the absolute error |ay, — al.
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N, | maxocser a5z (@) — a(@)] | a2 — alliyonm
2 2.111937 x 1072 7.40011 x 1073
4 1.93921 x 1072 4.630266 x 1073
6 5.613387 x 1073 1.184495 x 103
8 1.036525 x 1073 2.98156 x 107
10 1.315091 x 103 2.715286 x 1074
12 3.012736 x 1074 1.211153 x 1074

Table 4.4: Approximation error for a}? from example 2, in the maximum and L; norms
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Chapter 5

Series representation for the Jost

solution of the SLEIF

In this chapter we consider Eq. (1.46) on the half-line R* := (0, 00), it is,

1 d du 4

where R* := (0,00) and p € AC;,.(R*) is a positive bounded function. Under the
condition % € L1(R"), it is known (see [26]) that (5.1) admits a Jost solution, similarly
to the case of the one-dimensional Schrodinger equation [30, 48, 52, 78, 105].

A series representation for the Jost solution is obtained in the form of a power se-

l .
ries with respect to the parameter z = iiﬂg The series converges in the unit disk
B) 7

|z] < 1 and leads to an explicit representation for spectral data and analytic method for

their computation. The characterization of the spectral data for (5.1) with the boundary

condition

u'(0) — hu(0) =0, where h € R, (5.2)

is given.

5.1 Integral representation for the Jost solution

5.1.1 Properties of the Jost solution
We start by considering the following assumptions on the function p.
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1. p is positive, bounded, and «, := iggp(x) > 0.

2. lim p(x) = peo exists and is finite.
T—r00

3. lim p/(x) = 0.

T—r00
4. p' € Li(RT).
Denote the square root of the spectral parameter A by p, A = p?, and choose it such
that p € CT. Eq. (5.1) can be written as
—u" +q(x)u' = p*u, z€RT, (5.3)

p'(z)
p(z)

where ¢(x) = — (formula (1.48)). Choosing xy = oo in (1.48) we have the relation

) = o ([ ats1ts). (5.49)

Note that from (5.1), we can assume without lost of generality that py := p(0) = 1. Due
to conditions 1 and 4, g € Ly (R™).
It is known (see [26]), that (5.3) possesses a unique solution e(p, ), called the Jost

solution, that satisfies the following asymptotic conditions
e®(p,x) = (ip)* e (1 +0(1)), x—o0; k=01, (5.5)

uniformly with respect to p € C+. Of course, one can obtain a solution for p € C~ taking
e_(p,x) := e(—p,z). In the case that p € R\ {0}, the solutions e(p,z) and e_(p, x) are
linearly independent and satisfy e(—p, z) = e(p, z). Due to (5.5), e(p,-) € H'(R*), for all
p € C*. In this chapter we denote the differential operator

1

L= p(x)

Dp(z)D = —D? + ¢(x)D.

5.1.2 Levin’s representation for the Jost solution

In order to obtain Levin’s integral representation for the Jost solution analogous to that
for solutions of the one-dimensional Schrédinger equation (see [48, Sec. 4] or [30, Ch.
V]), we review the deduction of e(p, x) given in [26]. The solution e(p, z) must satisfy the
integral equation

e(p, ) = e + /00 Mq(s)e'(p, s)ds. (5.6)
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o0

Eq. (5.6) is solved by the successive approximation method, taking e(p, = Z en(p

n=0

with eg(p, ) := €, and e,41(p, 1) = / Mq(s)e’ (p,s)ds, n > 0.
p

T

In [26, Th. 2.2.] it is shown that for n > 1 the function e, and its derivative satisfy

the estimates

—atmp o Uy 19(5)]ds)"
’en(p7x)‘ g e ! pc (f n' ) ) (57)
atmp o (o 10(5)]ds)"
len(p,2)] < ple™™™0c U m ) : (5.8)
where ¢ > 0 is a constant, for which the inequality holds
jplacrime _
|sin(px)| < ¢ TR VpeC, VzeR (5.9)

(actually, we can choose ¢ = max {maﬁc(l + |2|)e~Mm=l ,2}). In [26, Th. 2.2] it is
zE

shown that e(-, ) € Hol(C™) for all € RT, and the estimate is valid

1™ (p, ) — (ip)*e?*| < |p|Fe ™7 exp (c/oo ]q(s)|ds) , k=0,1; Vpe Ct, Vz € RT.
' (5.10)
In order to obtain the integral representation, we need to improve the estimate for e(p, ) —
e'*®. For this reason, and similar to the case of the Schrodinger equation (see [52, Ch. IIJ),

assume that ¢ € L1 (R*"; (1+x)dz). Note that L (R*; (1+x)dz) = L1 (RT)N Ly (R zdz).

Lemma 92. Let ¢ € Ly (RT; (1 + x)dx). Forn > 1 the following inequality holds

ol Q)"

T+ ol o for p € C+, z € R, (5.11)

len(p, )] <

lq(s)], if 0<s<1,
where Q(z) = [° G(s)ds with q(s) ==
slq(s)|, if s> 1.

Proof. Consider

|6n p,x /

o0

sm

\|q ()1, )| ds

(s—z)Imp |p|( ) |q(s)||6;_1(P7 5)|d8

<) IR 1
Y < e ([ wene) ) s,
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where we used (5.8) and (5.9). Hence

et Imp

o)) < E e @y

e T Imp

o 7! / i) (QUs)™ ds

(n—1!I1+ |p|lx
ple=* , (Q(a))"

Y

1+ |p|z n!
where we used the fact that for ¢ > 0 the function #t is increasing, and 1+rt is non-
increasing, respectively, and that z < s. Q.E.D.

Theorem 93. Let ¢ € Li(RY; (14 x)dx). Then there exists a function A(x,t), defined in
= {(z,t) e R?|0 < x < t}, such that for any v € R" fized, A(x,-) € Ly(x,00) and

e(p,r) = e + / A(x, t)ipe'dt, Vpec CT. (5.12)

Proof. Fix & € R and define ¢(p, x) = W for p € Ct. Using the estimate (5.11)

we get

_ 1y e N Q)" e
Wi, = o Z enlp. ) < T 2 S TR

—zImp

exp (cQ(x)) .

n=1

This implies that |¢(p, z)| < ]\416;‘—3:)1‘? for all p € C* with M = exp (c[|q||r,®+)). Hence

for p € R we have
dp
plp.0)Pdp <32 [ s < oo
/IR r (1 +|plz)?
Thus, (-, z) € Ly(R), and by the Plancherel theorem its Fourier transform
Az, t) = 27T/ V(p,x)e P dp exists, and A(z,-) € Ly(R).
R

Denoting p; = Rep and p; = Im p, we obtain

. _ dp1 _
+ips, x)|2dpy < M?e 29‘3’)2/ - = O(e2r2), 5.13
/le(pl P2 )’ P1 " (1+ ’p1+2p2‘x)2 ( ) ( )

Since ¢(-,x) € Hol(C*) (because e(-,z) € Hol(C%)), it is known (see [136, Th. 96, pp.
129]) that condition (5.13) implies that A(z,t) = 0, for all ¢ < x. Thus A(x,t) € La(z, 00)

and applying the inverse Fourier transform

vlp) = [ Al
from where we obtain (5.12). Q.E.D.
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Differentiating formally in Eq. (5.12) we get

e (p,x) = ipe™ — A(z,x)ipe” + / Ay (z,t)ipedt, (5.14)

¢ (p,x) = —p°e? (1 — Az, x)) — ipe'” <d_A(x, z) + Ag(z, :c>) +/ Ay (, t)ipedt.
X X

Substituting (5.12) in (5.1) we have

p2/ Az, t)ipedt = / {—Ape(x,t) + q(2)Ay(z, 1)} ipedt — p*e A(x, )

+ipe't” [%A(:v, x) + Az(x, 2) + q(z) (1 — A, 517))}

Integrating by parts in the left hand we arrive at

) ) ) 1px 00 ipt
/ Az, t)ipedt = —A(z,x)e™ + Ay, x)e, + / Ay (z, t)e dt

ip
Hence
i pein {% A, 7) + Aol ) + Ay(z,7) + g(2) [1 — Az, x)]} (5.15)
+ /OO {—Apa(z,t) + q(2) Ap(,t) + A (, t) }ipe®dt = 0.  (5.16)

Using that L A(z,z) = A,(z,z) + Ai(z,z), we conclude that the kernel A must satisfy

(at least formally) the partial differential equation

(% _ (@%) Az, ) = %, (2,1) €1, (5.17)

with the Goursat condition

d 1
A7) = 50(@) [Alw, ) — 1], (518)

Integrating Eq. (5.18) we obtain the relation

Az, 2) =1 — exp (—% / N q(s)ds) | (5.19)

T+t

Eq. (5.17) in terms of the new variables u = £, v = 5% can be written in form

(5.20)

OH(u,v) 1 0H(u,v) 0H(u,v)
oudv —§q(u —v) < ou o > ’
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where H(u,v) = A(u — v,u + v). In its turn equation (5.20) together with (5.18) is

equivalent to the integral equation

H(u,v) = 1— exp (—% | q(é)dé) w5 [ a0 (.0 - Hele ) g
(5.21)
Let us see that Eq. (5.21) possesses a unique solution of class C! in the domain
Q= {(u,v) € R?|0 < v < u}. By the method of successive approximations, we propose
the solution H (u,v) = i H,(u,v), where

n=0

Ho(u,v) = 1—exp (—% / Q(ﬁ)df), Hoalu) =3 [ / A(E—QDH, (€, C)dCde, n > 0,

where ® f(u,v) := 9f(w,v) _ afgf}’ U), for f € WH=(Q). In the same way we introduce

ou
‘O_f of . Hence we can take the W1 (Q))-norm

Il 19V
as |[fllwre@) = | fllee@ + 1D f]]. We denote

Quia) = [ lats)lds (5.22)

Theorem 94. Suppose that g € Ly (RY; (1 4 x)dz) N Loo(RT). Then Eq. (5.21) possesses
a unique solution H € WH(Q) N C(Q). In consequence A € WL=°(I1) N C(II).

the semi-norm || f|| :=

Proof. Note that © Ho(u,v) = $q(u) exp (=1 [ q(s)ds), then |D Ho(u, v)| < 3]g(u)|e@ ™.

2

Hence if (u,v) €  we obtain

mol<g [ [ s =@ Olice <7 [ 1a©1e [ late - Olacas

1 00 £ Qo(u) o
< e [ e [ ol < 5= [ @i - vyde

< M Qo (u)Qo(u — v),

because (QQo(u) is decreasing. For the derivative we show the estimate

1D H, (u,v)| < 2"*1||q\|LOO(R+)eQ°<“>M V(u,v) € Q, Vn € N. (5.23)

n!
By induction in n, for n = 1 we get
1 v o0
(D Hi(u,v)| < 1 (/ lq(u — C)||q(u)|eQ°(“)d§+/ lq(& — v)||q(§)|eQ°(E)d§>
0 u

gl o e+ eQo(u) u e u
< (4> / |q(s)yds+/ la(s)lds ) < 1|4l 1. qe)e® ™ Qolu —v)
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Now we suppose (5.23) for n and we check it for n + 1:
1 v o0
D H 1 (u,0)] < & ( [ =l olac+ [ late - v>r|@Hn<s,v>|d5)
dl| Lo w
<2 ”L =) / lq(u — Q)| Qi (u — ¢)e®™d¢

omn 1
+% / (6~ Q€ ~ 1)@ e

2" gl Lo ye®™ ([ . 0 )
S nl / ~ la(s)@(s)ds + / ) |q<s>|@0<s>ds)
2n||Q||L (R)er(u) > n+1(u . U)
< = n d — 2n QD(U)O—
n! /u—'u ’CI(5>’QO (S) S HQHLOO(R)G (n n 1>‘ ,

which establishes (5.23). Hence, for n > 2

Ho(u,0)] < = / / 4(€ = OlID Hy1 (€, )| dCdg
< 2ol ey / / (¢ — <|eQ°5>@ Ye - Q)dcde

(n—1)!
n—2 Qo(u
h (n— 1 v
n—2 Qo(u
h (n— 1 v
2" 2|l o )™ n
= =) / Qbe — v)de
2" 2| gl| oo rry €™
< = Q0= 0)Qu(u —v),
where Q1(z) := [ Qo(s)ds = [ (s — x)|q(s)|ds. From this we have

S Qo(u) Qo(u) — 2"2Q0 " (u —v)
§ | Hp(u,v)| < e Qo(u)Qo(u — v) + ||¢|| o r+)e**"™ Q1 (u — v) § p
n=1 !

n=2

< eL0Q0(0)Qo(u — ) + [|gl 1.2y e? Y Q1(0)** O Qo (u — v).

Then the series converges absolutely and uniformly on Q and H = Y °7 | H,(u,v) € C(Q).

For the derivatives we obtain

© . *© 2n71Qn U—0 y
> 1D H (u,0)] < [lgllpo@ne®™ D (;f, ) <4l Loy 22X O Qo (u — v),

n=1

and the series converges absolutely and uniformly on Q. In this way H € Wh=(Q).
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Furthermore, from the previous computations we have

|H (u,v)] <1 — e 2 )0 al)ds 4 (e2Q0(0) + [|g]| 1oz +)e* PP Q1(0)) Qolu —v) (5.24)

[DH (u, )] <§|Q(U)|€Q°(°) + Loz €% Qo(u — v) (5.25)

From (5.25) we obtain that integration in (5.21) makes sense. Then H € W1>®(Q)NC(9)

is the unique solution of (5.6). Since the change of variables u = %, v = £ transforms

IT onto €, we conclude that A € W1*°(II) N C(II). Q.E.D.

5.2 Birkhoff solution

Analogously the case of the Schrédinger equation ([52, Ch. 2]), we look for a solution
E(p,z) of (5.3) that satisfies the following asymptotic relation

E® (p,x) = (—ip)*e (1 + 0(1)), z = 00, VYp e C* for k=0,1. (5.26)

Such a solution is referred to as Birkhoff solution. Fix a € RT. Application of the method
of variation of parameters to (5.3) leads to the equation

o0

1 )
E(p,z) =e " + 5 /. etV E (p, t)dt, Yz > a. (5.27)
p

The method of successive approximations is applicable to (5.27).

Theorem 95. For every a € RT, such that Qo(a) < 1, there exists a unique solution
E(p,x) of (5.3) that satisfies the integral equation (5.27) for all x > a. The solution
E%(p,x) satisfies (5.26), and (E*)®) (-, x) € Hol(C*) for all z € R* and k =0, 1.

Proof. For applying successive approximations we define E (p,x) = Z En(p, x) with

n=0

Eo(p,z) :== e and E,1(p, x) = 2Zp/ ele=tg(t)E" (p,t)dt for n > 0. Note that

E(p,x) = —ipe™#* + / e tg(t)E!_(p,t)dt. Let us prove by induction the in-

l\D|+—~

equality

|E! (p,2)] < |ple”™PQ(a), V& >a, Vpe C*, VneN,. (5.28)
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For n = 0 (5.28) holds. Suppose that (5.28) is valid for n and check it for n + 1:

1 ; —x)1lm o e Tr— m T
Braooal < 5 ([ ™ol Expoolar+ [~ e melqo) Erfo.lar)

< |p|Q20(a’) </ e(tx)Imp‘q(tNetImpdt_'_/ 6(xt)lmp|q(t>|etlmpdt)

Qn a > X lm T 1m n
< L [ cetmey ) = |l ™ )

(because et 1mr < 1 and e!'™? L ™ for ¢ <t < x). This establishes (5.28).

Now we get for n > 1

o 1 ’ —x)Im = T—t)lm B
Bulpa)l < g ([ e lE e+ [ a0E 0l
n—1 x o)
< QO (a) (/ e(t—m)Imp’q(t)‘etImpdt+/ 6(w—t)Imp|q(t)|€tImpdt>

2

< G [T magg e = Q)

By hypothesis Qg(a) < 1, hence

o0 |k zImp

Z’Ek |p|k rImpZQO T(), for l{?:O,l

n=0

Then both series converge absolutely and uniformly for z > a and E(p,-) € C'la, 0) is a

solution of (5.27) and a strong solution of (5.3) in the interval (a,c0). Furthermore,

. ) k-1 —:EImp T 00
B ) (—ip) e — 1 < T ( [ emaga+ [ e“mﬂ|q<t>|dt)
Tt

2(1 = Qo(a
2(t—z) Im o
st ([ e [ o)

7
1—|;01 ( m/ =) el ()| dt + / ) |q<t>|dt)
I

I Y )]dt+/oo|q(t)|dt> =o(1),

201 - Qola)) :
where we took into account that e=*)™# < 1. Thus, we obtain (5.26).

Now we show by induction that E5' )(p, x) is holomorphic for p € C*. For n = 0 it is
obvious. We suppose this for n. Consider ¢,(p,t) = e~ E! (p,t) so that E’gi)l(p, x) =
Qip%wx(p), where 1, (p) = /OO ¢z(p,t)q(t)dt . By the induction hypothesis ¢.(-,t) €

Hol(C*) for all t > a, and due to (5.28), |d.(p, )] < Re*RQp(a) for all p € C*t N Bx(0),

121



t > a and R > 0. Take py € C* and a sequence {p,,} C C* such that p,, — po. Choosing
R > 0 such that {p,,} U{po} € CTN Bg(0) we obtain |¢,(pn,t) — d.(p,t)| < 2Re"RQ(a).
Hence by dominated convergence 1, (p,) — 1. (p), thus ¥, (p) is continuous for all p € C*.
Take a triangular path T in C* of length |T'|. We have

[ [ 16200 0llt0)idedp] < Do T @(a), where T = max|ol.
I'Ja

Applying the Fubini and Cauchy theorems we obtain

/wx dp—/ {/ ¢2(p,t) dt} dp_/aoo {/F@;(p,t)dp} q(t)dt = 0.

By Morera’s theorem ([121, Th. 10.17]), ¢, € Hol(C*) and hence Eﬁgl(,x) € Hol(C™).
Since the series E® (p, z) = Yoo EY (p, ) converges absolutely and uniformly for p €
C* N Bg(0), for each R > 0 we obtain that E® (-, z) € Hol(C*) for all 2 > a, k =0, 1.

Now set &(p) :== E®(p, a) for k = 0,1, and take &(p, z) the unique solution of (5.3) in
(0, a) satisfying the initial conditions €*)(p, a) = & (p) for k = 0, 1. Since & (p) € Hol(CH),
then ¢ (-, 2) € Hol(C*) for all 0 < = < a (this can be seen, for example, with the aid of
the SPPS method, see [83]). Finally we take

elp,z), fo0o<z<a
E%(p,x) =

E(p,z), otherwise.

Hence E%(p,-) € C'(R¥) and it is easy to see that E%(p,-) € W2 (R*), and hence it is a
strong solution of (5.3). Q.E.D.

Remark 96. The asymptotic relations (5.5) and (5.26) yield

lim W(e(p, ), E(p, x)) = —2ipoop.

T—00

Thus, Wy(e(p,x), E*(p,x)) = —2ipoop, and {e(p,z), E*(p,x)} is a fundamental set of
solutions of (5.3).

5.3 Series representation of the Jost solution

Following [77], we introduce a functional series representation for the kernel A(x,t) in

terms of Laguerre polynomials.
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5.3.1 Fourier-Laguerre series expansion of the kernel A(z,t)

Fix z € RT, and denote

a(z,t) := Az, x + t)e%.
By Theorem 93, a(z,-) € Ly (RT;e 'dt). An orthonormal basis for Ly (RT;e'dt) is
given by the Laguerre polynomials {L,(¢)}22, (see [131, Ch. VI]). Thus a(z,t) admits a

Fourier-Laguerre representation

t)=> an(z)L

This series converges with respect to ¢ in the norm of the space Ly (RT; e *dt). Returning
to the Levin kernel we obtain

x

Z an(2) Ly (t — x)e%. (5.29)

In particular, by (5.4) and by the equality L, (0) = 1 for all n € Ny (see [131, Ch. VI]),

we have
Za :cac)—l—exp( 1/ooq(s)ds):1— P (5.30)
! 2 J, p(w)
With the aid of (5.29) we obtain a series representation for the Jost solution.

Proposition 97. The Jost solution e(p,z) admits the following series representation

e(p,x) = e'*” ( "2y (x ) , VreR' peCt, (5.31)

n=

l .
where z = ijp. The series converges pointwise for all x € RT, p € C*.

Proof. Due to (5.12) and (5.29) we obtain

€(p7x) = eipiﬂ—l—/ A(I,t)ipeiptdtzeipz+/ A(x,a:—l—t)zpe’p(”t)dt
z 0
= {1 —l—/ (a(x,t)e*%> ipei”tdt}
0
= {1 +ip)_ an(®) / Ln<t>e-<%-w>tdt}
n=0 0

(the change of the order of integration and summation is due to Parseval’s identity [3, pp.

16]). According to [62, formula 7.414(2)],
|t Gt = 20
0
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Thus,
clp.) = (1403 (-1 )
n=0 5 - p)
1+ . . . .
Denote z = 32 Then ip = 2= and T —ip = ﬁ, from which we obtain (5.31).
2

i 2 Z+1)
Q.E.D.

1, -
Remark 98. Note that z = 22

of the complex variable p onto the unit disk . It maps the point p =0 to z = 1, the ray
p =1it, T > 0 to the interval (—1,1) in terms of z, and when T runs from 0 to +o0, z
runs from 1 to —1. When p runs from 0 to 400 along the real line, z runs from 1 to —1

along the upper unit semicircle (see Figure 5.1). Note that the function e(p, x)e " is just

1
Figure 5.1: Schematic illustration of the Mobious transformation z = iJ_r £

half-plane onto the unit disk.

a power series in the parameter z. The series converges in the unit disk of the variable z.
For x € R fized, {a,(x)} € la, because these are the Fourier coefficients of the function
a(x,-) € Lo (RY;e~'dt) with respect to the orthonormal basis of Laguerre polynomials.
Hence the function e(p, z)e"** belongs to the Hardy space H*(D) as a function of z (see
/121, Th. 17.12)).

Let us denote by ey (p, z) the N-th partial sum of (5.31) (not to be confused with the
notation used in section 2). Then ey (p,z) = €* + / an(z,t)e 2@ dt where
0
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N
an(z,t) = Z an(x)L,(t). In a similar way we define
n=0
N
An(z,t) = ay(z,t —2)e? =Y an(x)Ly(t — )’ .

n=0

Theorem 99. Fiz x € RY, and for N € N define Ry(p,x) := %;N(W).

1. Let p € C*. Then

efxlmp
|RN<IO> ZE)| < 8]\[(«77) ) (532)
2Imp
o0 2
where ey () = ( Z |an(x)]2> .
n=N-+1
2. ForpeR
RN (s ),y = V2men (). (5-33)

In particular, series (5.31) converges uniformly with respect to p such that C; < Imp <

Cg, with 01,02 > 0.

Proof. 1. Suppose that p € C*. Consider

Rutpall = | [ (Alwa+0) = Axlo+0) )
0

= / (a(x,t)—aN(x,t))e—é“p(W)dt‘
0

_ <€%+ip(x+t)7a(x’t) _aN($’t)> —
Lo(Rt;e—tdt

Using the Cauchy-Bunyakovsky-Schwarz inequality we obtain

”e%Jrip(ert

Rn(p,x)| < llalx, t) — an(z, )] Lo@tietar) )|’L2(R+;e—tdt)-

1
[e§) 2
Due to the Parseval identity |la(z,t) — an(z,t)| 1, @+ e-tar) = ( Z |an(x)|2> =

n=N-+1
en(z), and

D=

00 —xImp
L ip(ztt) _ —2(z+t) Imp _°
e2 e— = e dt - 3
| ||L2(R+7 tdt) (/0 ) v2Imp

from which (5.32) follows.
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2. For p € R, we consider the difference
Ro(p, ) = / (A(z, 1) — An(z, 1)) e dt,

Extending the function A(x,t) — An(y,t) by zero for ¢t < z, we obtain that Ry(p, z)

is the Fourier transform of an L, function, then by the Parseval identity we have
RN () ) = V2R A, ) = An (2, ) 12,00
and
/OO |A(x,t) — An(x,t)|?dt = /OO la(x,t) — ay(x,t)]e dt = en(z),
@ 0

that establishes (5.33).
Q.E.D.

Remark 100. The coefficient ao(x) is given by
ag(x) =2 (1 —e?e <%,x)) . (5.34)
Indeed, multiplying A(z, x +t) by L,(t)e"2 and integrating we obtain
/ A DL = 3 (o) / L (O L (t)e~tdt = a (),
0 0
In particular, for n =0:

ao(a:):/ A(x,x+t)L0(t)e—édt:/ A<x,m+t)e—édt:/ Az, t)e’T dt.
0 0 T

Note that ag(z) = e2 / A(x,t)ei<%)tdt, and then e (4, 2) = e 2 (1 — Lao(x)).

In the next subsection we derive a system of equations for the coefficients {a, (z)}22,.

5.3.2 System of equations for the coefficients {a,(z)}>2,

Differentiating (5.31) we obtain

e(p,x) = e {ip (1 + %1 Z(—l)”z”an(a:)> 4z ; ! Z(—l)"z”a;(aj)} ,

S(p.a) - em{—/f <1+Z;12<—1>nz”an<x>>+z‘p<z—1>2<—1>nz”a;<x>}
+eipw%1 S (=1)"2al ().
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Substituting these expressions into (5.3) leads to the equality

oz = 1) (1)l (o) + S5 S (1)l () = a(a)ip (1 At Z(—wz”an(m)

2
n=0 n=0 n=0
o0
Z n S
n=0
Dividing the last equality by 7p and taking into account that ip = Q(Zz;fl), we obtain

o0 ) o0
Z—lz_; nn/ Z_; nn// IQ($ ( 2 zan >
Z+1 f: nn/

or equivalently,

o0

DD o) — @, —a g —dl L} - ah=q - % + qaj

_ _%_%}
+Z {a qa 5 5 .

n=1

Comparing both series we obtain the equations

Lao(s) + ah(a) — () %7 = —g(a), (5.35)
Lan<x)+a;(x>—q(m)a”§x) - Lan_l(x)—a'nl(x)—kq(x)anTl() for n > 15.36)

Due to (5.34) and (5.5), ap(z) — 0 when z — oo. Since e (%,z) is a solution of

(L—1)e(4,2) =0, ao satisfies (5.35).

4

Proposition 101. Set b, := 1 — % for n € No. Then the system (5.35), (5.36) can be

written as

=

b
Lby + b, — q(x)EO = (5.37)

—1
Lb, + b, — q(x)%n <ak —q(z ) for n > 1. (5.38)

k=0

Proof. First, note that La, = —2Lb, for all n € Ny. Hence Eq. (5.35) can be written as

3

Lby + by, — q(z)% = 0. Eq. (5.38) is proved by induction. For n = 1 we have

—2Lby + @) — gz )a; = Lag —ag+q(2)—

I
|
)
—~
S
S~—
|
[\V)
RS
S
S~
|
)
—~
S
N~—
N——
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where we used (5.35). Thus,

This establishes (5.38) for n = 1. Suppose that (5.38) is valid for n. Then for n + 1 we

have
an
27

ap,
—2Lb, 41 + a;z+1 —q(x) 2“ = La, — a +q(r)—

and hence

by, 1 an,
Lb,1 + b, —q(x) 2“ =3 (Lan —a, + q(:c)? + q(:v)) .

Using the hypothesis of induction we obtain

1 a, 1 an, L , ay
gyl =5 =0 (1= ) =3 (d - @),
k=0
and hence .
an, a
La, = —q(z) — a,, + q(x); - 22 (a}C — q(x)f) :

k=0

Thus,

Lb bni1 . - Qg
1+ 0y — ¢(x)—= = > (ak - Q($)7> :
k=0
This establishes (5.38) for n + 1 and finishes the proof. Q.E.D.

Theorem 102. For all n € Ny, Eq. (5.36) possesses a unique solution a,(x) satisfying
the condition

an(x) — 0, x — oc. (5.39)

Proof. Let us show that the system of equations (5.35) and (5.36) admits solutions satis-
fying (5.39) and such solutions are unique.

First, note that the left hand side of (5.37), (5.38) admits the factorization
E 1 _z
Lu+u' — q(z )2 e2 <L+ )( 2u) . (5.40)

Actually, (5.37) is equivalent to (L 4+ 1) u = 0, and we know that e (%, z) is its solution.
With the notation ¢, = e~ 2b, for n > 1, Eq. (5.38) takes the form

1
(L + Z) Cn=0n, neEN, (5.41)
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n—1

where 0, () = e 2 Z (a?C - q(a:)%) A particular solution for (5.41) can be obtained

by the method of variation of parameters by the formula

B o0 ul(t) 'ng(t) o'n<t)
Cn’O(x)_/x ur(z) us(z) Wp(ula“2)(t)p(t)dt’

where {uy,us} is a fundamental system of solutions for (L + 1) u = 0. Take a Birkhoff so-

lution E* (4, ) and consider the normalized solution E" (p,x) = pLE*(p,x). By Remark

96, {e (%, x) ,E" (Z x)} is a fundamental set of solutions with W), (e (%, x) ,Ea (%, x)) =

2

1. Hence the particular solution ¢, is given by

Cool(z) = / h e%’t) Ee (f’t) p(t)on(t)dt — B (%:) fl,n(x)—e@,x) Do),

where

Now we prove by induction that the solutions {a,(z)}°, satisty (5.39). For n = 0 this
has already been established. Assume it for n > 0. Then using (5.26) we have

n

@) = [0 3 (o) - a0 ) at

k=0
n

= S { [ aromnaa - [T avoman®Paf,

k=0
By the induction hyphotesis, ax(x) = o(1), x — oo, thus the second integral is o(1).

For the first integral we have

/OO ay(t)dt = —ap(x) = o(1), z — oc.

Hence I5,41(x) = o(1), x — oo. For I; ,(x) we have

o (2) = i ( / T (%t) el (p(t)dt — / e (% )eéq(t)“’“;t)p@)dt) |

k=0
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The second integral is e *o(1), and for the first, integration by parts yields

/:Oe (%t) e ba (Op(t)dt = —eFe (%m) p(@)ax(x) + % /:o e (%t) e~ p(t)ay(t)dt
[Te(3e)tmna - [Te(50) e Oa

=e " (14o0(1))o(1) + %e‘”" (14 0(1))o(1)

+e " (1+o(l))o(l)+e* (14 0(1))o(1)

=e %0(l), = — 0.
Thus, [ ,+1(x) = e o(1), © — oo. Substituting the asymptotics of Iy ,4+1 and I, in
(n.0 We obtain that (,.10(z) = e 20(1),  — oo. Then the unique solution (,,; of (5.41)

satisfying C,+1(z) = €72 (1 +0(1)),  — oo is given by (u1(2) = Cuo(2) + € (4,2), and
eventually @, 1(z) =2 — 2b,(z) = 2 — 2e2(,(z) = o(1), 2 — oo. Q.E.D.

5.3.3 Series representation for the derivative of the Jost solution

In this subsection we obtain a series expansion for €¢/(p,z). For this it is necessary to

establish the conditions under which A, (z,t) € Ly(x,00) for all z € R*.
Theorem 103. Suppose that p € W ®(R"). If p/,p” € Li(R*;(1 + x)%dx), then
Ay (z,t) € Ly(x,00) for every x € RT.

Proof. Consider y(p, z) = /p(x)e(p, x). This is the Liouville transformation of Eq. (5.1),

and in this case y(p, x) is a solution of the Schédinger equation

—y"(p,x) + q(2)y(p,x) = P*y(p, x), © € RY, (5.42)
1 @) (P’ : y(p, )
\/—de p(z) = Zp(x) _<§p( )> (see Subsection 3.2.4) Note that lim i =
r—00 EeWwxT
VPoo- On the other hand y/(p, z) = - \/—y p:x) +/p(x)y (p, ). Since lim p(z) = 0,

we obtain lim 2 <'0’p ?) = /Po- Hence y(p,x) = \/poe(p, ), where €(p,x) is the Jost
z—00 pewT

solution of (5.42). By hypothesis, p,p’ € Ly(RT; (1 + z)?dz) and p’ € Loo(RT), hence

with g(x) =

7
’A‘ < |p |Oép‘|’ MO‘QHP HL»(]R* c Ll(R+ (1 —|—x) dl‘) C Ll(R (1 +33)d.1')

Then it is known that e(p, ) admits the Levin representation

elp,x) =" +/ Az, t)e'dt, Yz eR*', peCT, (5.43)
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where A € C(TI) N WL(I1) and A(z,-) € Ly(z,00) (sce [52, Th. 2.1.3]). Define
B(z,t) ::/ A(z,s)ds  for (z,t) € IL.
¢

Using the estimate |g(x,t)| < MiQ, (%), where @o(a:) = [1q(s)|ds and M; > 0
depends only on ¢ ([52], formula 2.1.35), we obtain

/t| (2, 5)lds < M//

which is finite for all x € RT. Hence B(z,t) is continuous, bounded and

00 _ 2
/y (z,8)|dt < M1/ / LS \drdsdt_ml/ (s 29”) 13(s)|ds,

which is finite because ¢ € Li(R™"; (1 + x)?dz). Then we can apply the integration by

r)|dr = 2M1/ (s —x)|q(s)|ds,

parts in (5.43) to obtain the relations

e(p,x) = e + B(z,x)e"™ + / B(x,t)ipedt

— 7 (1 +/ fAl(m s)ds) / B(z, t)ipedt
= e""¢(0,x) + / B(z,t)ipe'dt = e ” / (z,t)ipe'dt,  (5.44)
x Poo

where we used the equalities e(0,z) = 3’:(/?0;3 = ’/1;00 e(0,z) and e(0,z) = 1. Since
e(p,x) = ’%e(p, ) for all p € CT, comparing (5.12) with (5.44) and taking the inverse
Fourier transform we obtain that B(z,t) = ,/’%A(x, t) for all (x,t) € II.

Now we use the estimate |4, (z,t)| < M(|g ()] + Qo (%)) ([52], formula 2.1.37),

where M, > 0 depends only on g. Since the right hand side of this inequality belongs to
Ly(R") in the variable ¢, we have that B,(z,t) = [ A,(z,s)ds. Hence

Ay(z,t) = p;“) <Bm(x,t) _ V@) B(x,t)) .

p(x 2p(x)
Under the hypothesis on p, to prove the inclusion A,(z,t) € Li(x,00) it is enough to
show that By(z,-) € Li(z,00). Using the estimate for A,(z,t) we get

/:O|B(xt|dt (/ / ‘ (mﬂ) ds+/ / AS |drdsdt>
<ot ([Te-angonas+ [T )
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which is finite for all x € RT. Hence A,(x,) € Li(x,00). By Theorem 94, A, € L. (II),
thus A, (z,-) € La(z,00) for all x € RT. Q.E.D.

Proposition 104. Let p € W2°(R") and p,p’ € L1(RT; (1 + z)%dx). The derivative of

the Jost solution admits the series representation

/ _ z—-1 ipxz p;OO . _1\n n + +
e(p,x)—z(z+1)e (Mp@)—i-(z—i-l)nzzo( 1) dn(x)z>, Ve e RT, pe C .

(5.45)

The series converges pointwise for all x € RT and uniformly for p such that C; < Imp <

Cy with Cy,Cy > 0. The coefficients {d,(x)}>2, can be computed from the relations

Y S CO Ny
do(z) = 1 (@) 5 T o(z), (5.46)

dpo(x) = dy_1(x) +an(x) —ap_1(x) +

form>1.  (5.47)

Proof. Denote by (z,t) := e2 Ay(z, +t). By Theorem 103, by (z,-) € Lo(RT; e~*dt). Hence

bi(x,t) admits the Fourier-Laguerre series representation

) = dn(x)La(t). (5.48)

From (5.14) we have the following representation for the derivative of the Jost solution

e (p,z) = ipe” (,/ Poo / (r,z+1) Zptdt)

(here we use (5.19) and (5.4) to obtain 1 — A(z, z) = , /.2=5). Substituting (5.48) in the

previous expression we get

¢ (p,x) = ipe” (\/% + /OOO bl(x,t)e—@“”)tdt)
= ipeir® <\/;:°; + i d,(z) / h Ln(t)e—<%+iﬂ>tdt>
([ o 28

In terms of the variable z it can be written as (5.45).
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On the other hand, differentiating (5.31) we have

o0

¢ (p,x) = " {z’p ( = Z(—l)”z”anm)) + i Z<—1>”z”a;<x>}

n=0 n=0

[e.e]

_ -1 P <1 4z ; ! Z(—l)"z”an( )+ (2 +1) Z( 1)”2”@%(3:)) .

2(2 ™ 1> n=0 n=0
(5.49)
Comparing (5.31) with (5.49) we get

[e.e] [e.e]

T (o4 1) (1) ()2 = S ) ) + (4 ) Y

Thus, we arrive at the equations (5.46), (5.47). The proof of the uniform convergence of

(5.45) in p is similar to that of Theorem 99(1). Q.E.D.

5.4 Representation of spectral data

5.4.1 Spectrum characterization

The eigenvalues of problem (5.1), (5.2) are those values of A for which there exists a
solution of (5.1), (5.2) belonging to the Hilbert space H, := Lo (R™; p(x)dz). Note that
by the conditions on p from subsection 2.1, Ly(R™) = H,, and their respective norms are

equivalent.

Proposition 105. The Sturm-Liouville problem (5.1), (5.2) has no non-negative eigen-

value.

Proof. Suppose that there exists an eigenvalue Ay > 0, and let uy be the associated eigen-
function. In this case Ay = p3, po € R, and {e(py, z), e_(po, )} is a fundamental set of so-
lutions, so ug(x) = Ae(po, ) + Be_(po, z). Since e(£pp, r) ~ 0%z — oo, we have that
e(po, ), e—(po,) & Lao(RT). Moreover, |ug(z)]* ~ (JA]* +|B[* + ABe*Pv + ABe2ior),
x — 00. Hence uy € Ly(RT) if only A = B =0. Thus Ay > 0 cannot be an eigenvalue.

Todt
In the case Ay = 0, the solutions satisfying (5.2) are of the form ug(z) = C (1 + h/ —) :
0

p(t)
and hence ug € Ly(R™) if only C' = 0. Hence zero is not an eigenvalue. Q.E.D.
Define
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Remark 106. (i) A € Hol (C*).

(ii) For p € Ct the asymptotic relation (5.5) implies that e(p,-) € H,. Thus, p € Ct is

a zero of A(p) iff e(p, x) is an eigenfunction.

(111) Suppose that p € R\ {0} is a zero of A. In this case ™) (p,x) = e®)(p,x). Hence
A(p) = A(=p) and A(—p) = 0. Wy(e,e) is constant. On the one hand, letting
r — 0o we obtain Wy(e,e_)(x) = —2ipsop # 0, while on the other

Wy (e, e-)(x) = p(O)W (e, e-)(0) = (e(p, 0)¢'(=p, 0) — €'(p, 0)e(—p, 0)) = e(p, 0)A(=p) = 0.
This contradiction implies that A(p) # 0 for p € R\ {0}.

We denote by (A, z) the unique solution of (5.1) satisfying the initial conditions
©(X,0) =1,¢(A\,0) = h. (5.51)

Note that (A, x) = C(p,x)+hS1(p, x) (see (3.3)), and W, [p, S](z) = 1. As a consequence
of the estimates (3.6) and (3.8) of C'(p,x) and S1(p, x), we have the following result.

Proposition 107. The solution @(\, x) is an entire function of the spectral parameter X,

and for all A = p* € C, x € R+ the inequality hold

o 2)] < (14 e exp ( | |q<s>|ds) |

Remark 108. Tuke p € R\ {0} and X\ = p*>. We can write p(\,x) = c(p)e(p,x) +
d(p)e—(p,x), where c(p) and d(p) are corresponding coefficients. Since p(\,x) is an even
function in p, p(A\,x) = c(—p)e_(p,x) + d(—p)e(p,x). By the uniqueness of the coeffi-

cients, c(p) = d(—p), and we obtain the representation

p(A, x) = c(p)e(p,x) + c(=p)e-(p, x). (5.52)

The function c¢(p) is called the Jost coefficient [26]. A direct computation shows that
WP(@()V .T), e(ﬂ? ZE)) = —C(—p)Wp(6<p7 l’)7 6—(p7 I)) = _2Zpoop On the other hand
Wy(p(\, ), e(p,z)) = A(p), from where we obtain

_ Al
2iPoc

c(=p) (5.53)
Thus, ¢(—p) admits an analytic extension onto C*.
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Proposition 109. Let p € C*.
(i) If A(p) =0, then Rep = 0.
(ii) If p =it with 7 > 0, then A(iT) = 0 ¢ff A = —72 is an eigenvalue.

Proof. (i) Suppose that p € Ct and A(p) = 0. Then e(p,-) € Ly(R™) is an eigenfunc-

tion. Note that Le(p, ) = p*p(z)e(p, z). Thus, by the Lagrange identity (1.51) we

have

d

TWle,2)(@) = p’p(@)e(p, x)elp, ) —p

p(x)e(p, x)e(p, x) = 4iRe pTm p-p(z)|e(p, )|

2

Hence 4i Rep-hrnp‘/ooo le(p, 2)|*p(x)dx = mh_)rgo Wy(e,€)(x) —Wy(e,€)(0). By (5.5),
W(e,e)(z) = (—iple”|* —iple” ") (1 + o(1)) = (—2iRep- e *"™) (1 +o(1)) = o(1),

when  — oo, and

W (e, )(0) = e(p, 0)7(5,0) — €(p,0)e(7,0) = hle(p, O)> — hle(p,0)[* = 0.
Then 4iRe p - Tm plle(p, -)||3, = 0 and therefore Re p = 0.

(i) If A(iT) = 0, with 7 > 0, by Remark 106 (ii), A = —72 is an eigenvalue.
Reciprocally, suppose that A < 0 is an eigenvalue. Let ug be the corresponding
eigenfunction, and write A = (i7)?, 7 > 0. In this case e(it,-) € H,. Take a
Birkhoff solution E“(it,z). Then uo(x) = Ae(it,z) + BE*(it,z). Since uy € H,p,
by the asymptotic relation (5.26), we obtain that B = 0. Then ug(x) = Ae(it, x)
and 0 = u/(0) — hu(0) = AA(iT).

Q.E.D.

Let us associate to the problem (5.1),(5.2) an unbounded operator in the Hilbert space

H,. Let L": D (Lh) C H, — H,, whose action is given by Lu and with the domain
D (L") = {u e H,nW2! (RY) | Lu € H, and satisfies (5.2) }.

loc

Theorem 110. The operator L" is self-adjoint.
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Proof. Consider the operator Ly,q; : D (Lias) C H,y — H,, whose action is given by Lu
and with the domain D (Lya,) = {u € H, N W2 (RT) |Lu € H,}. Let A € C\ R. Note
that every solution y € W2 (R*) of (5.1) belongs to Ly((0,d’); p(z)dz), for some a’ > 0.
Hence a = 0 is in the limit-circle case of Eq. (5.1) ([15, Th. 6.1.6 and Cor. 6.1.7]). On
the other hand, choosing p € C* such that A\ = p?, by the asymptotic relation (5.5) the
Jost solution e(p,-) € La((b', 00); p(x)dx) for some b’ > 0. Now take a Birkhoff solution
E%(p,x). Due to the asymptotic relation (5.26), E%(p, ) € Lao(b', 0o; p(x)dz) for all b > 0.
Thus, b = oo is in the limit-point case (see [15, Th. 6.1.6 and Cor. 6.1.7]). Denote
F1O0) := W,(f(x), (N, 2))(0) = hf(0) — f(0), for f € D (Lynae). With this notation we
can write
D (L") = {v € D (Lias) |u(0) = 0}.

Since a = 0 is in the limit-circle case and b = oo is in the limit-point case, it is known

that L" = Lm‘m’D(Lh) is a self-adjoint operator in #, (see [15, Prop. 6.4.9]). Q.E.D.

Let us denote the spectrum and the resolvent of L by o (Lh) and p (Lh), respectively.
Thus, o (Lh) C R, and consists of the point and continuous spectrum, that we denote
by o, (Lh) and o, (Lh) respectively. The discrete and essential spectrum are denoted by
04 (Lh’) and o, (Lh), respectively.

Remark 111. Proposition 105 implies that o, (Lh) C (—00,0). If X € g, (Lh), due to
Proposition 109 (i1), A = —7% with 7 > 0 such that A(it) = 0, and the corresponding

eigenspace is generated by the Jost solution e(iT,y). Hence all the eigenvalues are simple.
Theorem 112. 1. If h > 0, then o (Lh) = o, (Lh) = Oegs (Lh).
2. If h <0, then o, (Lh) =0y (Lh), and the number of the eigenvalues is finite.

Proof. 1. Suppose that there exists A € o, (Lh). By Remark 111, A = —72 for some
7 > 0 and e(ir,x) is an eigenfunction. Note that the asymptotics (5.5) implies

e (ir,-) € Hp and lim e® (ir,2) = 0, k = 0, 1. Integrating by parts we obtain
T—r00

Ale(iT, )H%p = (Le(ir,"), e(iT, ")), = p(0)€'(iT,0)e(iT,0) + /000 e’ (i, z)|*p(x)dx

= hle(ir,0)* + ||€'(i7, )l[3, > 0,
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which is a contradiction. Thus, o, (L") = 0 and o (L") = o, (L"). In particular,
o4 (Lh) = and o (Lh) = Opss (Lh).

. By Remark 111, all the eigenvalues are simple and

op (L") = {—=7%|7 >0 and A(ir) =0}. Since A # 0 and A € Hol (C"), all the
eigenvalues are isolated points and hence o, (Lh) = 0y (Lh). Now we prove that
o4 (Lh) has no limit point. Suppose, there exists a convergent sequence {\,} C

o4 (L"). The only possibility is that A, — 0. Write \, = —72

n

Tn > 0. Thus,

iT, — 0. By (5.10), €/(i7,,0) = 0, n — oo, and

* sin(i1,$)

e(it,,0) = 1+/ —————2q(s)€e' (i, s)ds.

0 1Ty

Using (5.9) and (5.10), we obtain

Sin’gian)q(S)el(iTnas)’ <ec (1 + ecllQHm(Rﬂ) |q(s)|
Then by the dominated convergence e(i7,,0) — 1,n — oco. Thus, 0 = lim A(it,) =
n—oo

h, which is a contradiction. Therefore o, (Lh) has no limit point. Now choose an

arbitrary A € g, (Lh). Repeating the reasoning from part 1 of this proof, we obtain
MleGir, )l = —|hlle(ir, 0)[* + [l€'(ir, )3,

Since e(iT,-) € C(R*¥) and p is positive and bounded in R+, applying the first mean

value theorem for integrals in the interval [0, 1] we have

/ elir, 2)Pp(e)di = |e(ir, ) / "p(@)dz for some € € [0,1].
0 0

£ 3
Note that / e(it,z)e (i, x)dx = e(it,z)e(it, ) g —/ e'(it,z)e(it, z)dx, from
0 0

where we obtain

le(ir, 0)[2 =|e(ir, )2 — 2 /0g Re ((ir, 2)elir, z) ) d

Jelim O Jy p(r)dr
Jo p(x)dx

e(it,-)||2 1
\w+/ 2le/(ir, z)||e(iT, x)|dz.
||p||L1(o,1) 0

1
—i—/ 21¢'(iT, x)||e(iT, x)|dx
0
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Note that —— < 2&) hence

p(z) S al”

) 2 —He(iﬂ.)H%{p 1 @e’ it x)|? Mezﬁ-x 2) dx
(im0 < v [ (B s Ehiinor) d

1212, 0,1)
LT
<——i—2 e’ (iT, z)|*p(x dx+—/|zrx|p)x
12121 0.1) Tl
1
< —1 | | 2 2 )
(2o 23 ) Hetm M, + e,

From this we obtain the inequality

. h|?
Nletir B, > = (WP + o ) e 1B,

P
Thus, A > <|h| Hp||L1 01 T L ) Due to the arbitrariness of A\ we conclude that
oq (L") C [ <|h|||p||L1 01) |h|2> ,O] Since o4 (L") has no limit point, it must be

o?

a finite set.

Q.E.D.

Note that the mapping C* 3 p+— A = p? € C \ R¥ is a conformal bijection with the
inverse p = v/A with the chosen branch arg A € (0, 27). If A > 0, we take p = lim VX + i,

e—0t
_elpa)
A(p) ~

Then ®(\, r) satisfies (5.1) with the conditions ®'(\,0) — h®(A,0) = —1 and ®*) (), z) =
O((ip)ke™), x — oo, for k = 0,1. Thus, ®(),-) € H*(RT). This function is called the
Weyl solution of the problem (5.1), (5.2). The Weyl function of the problem is defined as

that corresponds to the positive square root of A\. For A\ & g4 (Lh) define ®(\, z) :=

e(p, 0)
M(\) = ®(\,0) = — . 5.54
() i= 20,0 = -2 (5.5)
Note that M()) is analytic in A € p (L"). We have the relation
(N, x) = M(N)p(A x) — S\ ). (5.55)

Proposition 113. If A € C\ (R* Uoy (Lh)), then \ € p (Lh), and the resolvent operator

R, = (Lh — )\IHp)_l can be written in the form of the Fredholm integral operator
Ry f(x) :/ G\, z,t)f(t)p(t)dt  for f € Hp, x € RT, (5.56)
0
where G(\, x,t) is the Green function
(A z)0(A 1), ifx <t
G\, z,t) = (5.57)
PN DB\ 2), ift <.
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Proof. If X € C\ (RT Uay (L"), then ®(X, z) is well defined and belongs to H*(RT) N
H}.(RT). On the other hand, W,(p, ®) = ®'(\,0) — h®(\,0) = —1 and (A, x), (A, z)
are linearly independent. Define the integral operator R, by formula (5.56). Asymptotics
(5.5) implies that there exists a constant C; > 0 for which |e(p, z)] < Cre *'* for all
x € RF. Similarly, by Proposition 107 (ii), there exists a constant Cy > 0 such that

lo(\, )| < Coe™? for all x € RT. Set P, = sup p(z). Hence for t € R* we have
z€RT

) Pl t
/0 \G(A,x,mp(wdmm(/o o(h 2)le(o, £)|dz + / |¢<A,t>\|e<p,x>\dx)

t 0
< C1Co Py (/ emImpe—tlmpdx_i_/ etlmpe—rlmpdx)
|A(p)] 0 t

2 — e tmp 20102P1
— C,CyP <
Y2 I p|A(p)] T Im p|A(p)]

uniformly for ¢ € RT. Since the Green function is symmetric, we obtain the similar

o0

estimate [ |G(X, z,t)[p(t)dt < % < oo uniformly for z € R*. By the Schur test
([51, Th. 6.18]), Ry € B(L2(R™)). Since Ly(RT) = H,, with equivalent norms, we obtain
R, € B(H,).

Direct computation shows that Ryf € D (L") for all f € H, and (L" — A\I;,) R\ f =
f. Then Lh—)\IHp is surjective, and since A & o, (Lh), it is a bijection and (Lh — AIHP)_I =

R, € B(H,). Hence X € p (L"). Q.E.D.
Theorem 114. o, (L") = [0,00) for all h € R.

Proof. By Proposition 113, it is only necessary to show that [0, c0) C o (Lh). Let A = p?,
with p > 0. Take ¢ € C§°(0, 00) with Supp(#) C (1,2) and [;~ [¢(x)[*dz = 1. Define the
sequence vy(z) = e(p,z)y (%) for k € N. The asymptotics (5.5) implies that there are
Ry, C3 > 0 such that |e(p,x)| = C5 for © > R;. Hence for k > R; we have

2 2 2 T |2 ? 2 2 2
ol > [ leto.0) [0 ()| o=k [ lelo k)Pl @)Pde > gk, (5.58)
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Clearly {v;}, C D (L") and

Vo) = =Lt (1 (F) o) + 0 (7) 0.0
(g (@ () et + 2@’ () o)+ 0 (7) 1 ) .0 )
= relp. e (1) = 2ot () 4 (3) he(o, )
= 2elp. )L (T) = 2o () + Aol

xz

g~

By (5.5) the functions e(p, z) and €'(p, x) are bounded, and choosing Cy = max 1e® (p, )| oo ()

and P; = sup p(z) we obtain
:tcE]Ri+

I M)l < [ ( “(p. :c% (e’ (3)) ] ¢(o.0) (5) 2p<x>) &
S / Dy (7) +r@v (¢ )| o+ W
< (o / () aes [ o () )

804 P

19112129

404131 4Cy [**
<R o+ 5 [

Since p'(z) — 0, z — oo (see subsection 2.1), there exists Ry > 0 such that |p/(z)] < 1
for x > Ry. Thus, if £ > Ry we have

P! (D) e+ )

4C4P1 404 8C’4 Pl

k2 H¢ HLQ 12)

H (Lh — )\IHP) UkH%[p HwHHLQ 1 2) H¢ HLQ 1,2)- (559)

Consider the normalized sequence vy, = . If k> max{R;, R2}, by (5.58) and (5.59)

llvell?e, H

we have

I (L" — Ayy,) dx 13, < maX{ifééi36'4Pl} 19 3 (1.2
Hence || (L" — ALy, ) 0kl3,, — 0, k — oo. By the Weyl criterion [17, Th. 4.16] and
Proposition 109 (i), A € o, (L"). Q.E.D.
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5.4.2 Spectral expansion theorem

In [26] it was shown that for the problem with the Neumann condition (h = 0), the

following expansion theorem (in terms of the Jost coefficient) is valid for f € Cg°(R™):

%/OOOF(p)C(pQJ)]%, where F(p / fly )p(y)dy.

The spectral measure for the Neumann problem is given by dv(p) =

fx) =

W This result
was proved under the assumption that the potential ¢ is non-negative and 15210 c(—p) #£0.
We prove the expansion theorem in terms of the characteristic function A(pp) forallh € R
and give a representation for the spectral data analogously to the case of the Schrodinger
equation ([52, Ch. II}).

In the case h < 0 we order the eigenvalues as follows Ay < -+ < Ao < 0. For A; J ,

7; > 0 we obtain W,(¢(A;, z), e(itj,x)) = A(ir;) = 0. Since h # 0, we have e(i1;,0) # 0

In this case we

and hence ¢(\;,x) = Bje(itj, x) is an eigenfunction with f; = e(ile 5

define the normalizing constant

o = s, 2 = ( / ) ¢2<Aj,x>p<x>dx)_l. (5.60)

Proposition 115. The Weyl function M()) is meromorphic for X € C\ RT with simple

poles in oy (Lh) and residues
Resy—x, M(\) = —a; for j=0,N. (5.61)

Proof. Take \; for some j € {0,---, N} and )\ in a neighborhood of ); in C\ R¥. By the

Lagrange identity (1.51) we have

d

de (¢ ()\j,x),e(p, ) = ()‘j —A) p(fﬂ)@(”jax)@(ﬂ, ).

o0

>~ d

Thus, — [ LW, a)selpra))de = 0= ) [ oy 0)e(p,alpla)d.
0 0

Since (A, x) is an eigenfunction, lim W,(¢(\;, x),e(p,z)) = 0 and hence

T—00

- / (o0 2). €. 2))da = Wy(p(Ag, 7). e(p, ) (0) = Alp).

dx
Writing \; = —7'j2 with 7; > 0, we obtain
A(p) — A(iT; *°
=208 7 o a)elp. ot (5.62)
)\ - )\] 0
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Letting A — A; we obtain on the left-hand side %A(p) . On the right-hand side we

-7
can use the estimates for e(p, x) and ¢(i7;,x) and dominated convergence to obtain that

Jo e 2)ep, x)p(x)de — 5 57 ¢ (pj; x)p(x)dz. Thus,

d 1 e(it;,0)
N ’ _ _ A 5.63
dA (p) A=) Oéjﬁj Q; ( )
Hence ), is a simple zero of A(v/A). Then
d -1
Resy_y, M(A) = —e(ir, 0) (EA(p)’A:Aj) = .
Q.E.D.
The following proposition establishes basic properties of the Weyl function.
Proposition 116. The Weyl function is a Nevanlinna function, that is
(i) Im M(X) >0 if A\ € CT,
(ii) M(X) = M(X), for X € p (L"),
(i1i) there exists an increasing and left-continuous function v such that
1 —tA du(t)
M(N) =A+ B _ 5.64
(\) + +/oot—A1+t2’ (5.64)

Im M (i
where A = ReM(i), B = lim Im M(iy)
Yy—r+00 Yy

respect to the Lebesque-Stieltjes measure generated by v. The function v is unique

and dv denotes the integration with

under the normalization v(0) = 0.

Proof. (i) Take A € C* and note that

_ i €(p, O) . e(ﬂ? O) _ —1 e e —¢ e

Wy (e, e)(0)
2| A(p)*

d —
By the Lagrange identity (1.51), d—Wp(e,E)(x) = (A = Np(z)le(p,2)|*. In the
T
proof of Proposition 109 (i) we see that lim W,(e,€)(x) = 0, then —W,(e,€)(0) =
T—00
2iTm Allelf3,,. Thus,

__Wp(e,é)(()): Im A oll2
M) == 20A0E ~ TapE s >0
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(i) If X € p (Lh), then R} = Rix because L" is self-adjoint ([3, pp. 98]). For u,v €
Cg°(R*) we have (Ryu, v)y, = (u, Rxv)s,. Expanding the inner products and using

the symmetry of G and Fubini’s theorem we obtain

/0 h /0 h G\, z, t)p(z)p(t)u(t)v(x)dtds = /O h /0 h GO\, z, t)p(z)p(t)u(t)o(z)dtdz.

Due to the arbitrariness of u,v € C3°(R™) this implies that G(\, z,t) = m
a.e. x,t € RT (see [139], lemmas from pp. 72 and pp. 99). Note tha §" — q(z)p =
@, and P satisfies the initial conditions (5.51). Then by uniqueness of solution
o\ z) = p(\, z), ae. z € RT. In a similar way S(\,z) = S(\,z). Using (5.55)
and (5.57) we obtain

M(N)p(A, min(z,t))e(N\, max(z,t)) — @A, min(z, t))S (A, max(x, t))

a.e. 7, € RT. This concludes the proof of M()\) = M(X).

(iii) Follows from the classical theory of Nevanlinna functions (see [12, Th. E.1.1], [3,
Sec. 59] and [15, A. 2]).

Q.E.D.
The function v is called the spectral function of L".
Theorem 117. The spectral function has the form
- ) a, A0,
.— ISV DAL
v(\) = 30<J< <Aj} (5.65)
/ V(s)ds, if A >0,
0
where
oV A
vy =L VA (5.66)

AWV
Proof. The following inversion formula for Nevanlinna functions is known (see [15, Corol-

lary A.2.8]) for a,b € R:

v() (7)) vle)+vle) _ l/bIm M (s + ig)ds

2 2 e—0t T

= lim = b(M(s +ie) — M (s +ic))ds.(5.67)

e—0t 271 a
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Let (a,b) C (—00,0) be a subinterval (possibly infinite). According to [15, Prop. A.2.9],
if M () is holomorphic for all A € C\ R U (a, b), this implies that v is constant on (a,b).
Hence v is constant on the intervals (—oo, Ay ), (Ao, 0) and (A\;, Aj_1) for j =1, N. Then

v is a step function on (—o0,0). For A > 0 we use the formula A.2.28 from [15]:
lim e Im M(X\ +ig) = v(AT) —v(A\7).
e—0t
W, (e(\/)\ i, x), e(VA 1 e, x)) (0)
2i|A(VA +ig) |2 ’

. Since v/ is real, then

From the proof of Proposition 116 (i), Im M (A+ic) = —

W, (e(VA,2).e(VA.2)) (0)
and we obtain lim Im M (A +ic) = —
I o 2i|A(VA)?
e(vV A\ 2) = e (VA z), and Wy(e,e_) is constant. Hence

Wy(e,e-)(0) = lim p(x) (e(\/g, z)e (VA x)— e (VA x)e_ (VA a:)) = —pe2iV A

Tr—r00
. 4 PV
by (5.5). Thus lim Im M (X +ic) = ————
=07 ( ) IA(VN)]

and v is continuous for A > 0. Thus, using that v is left-continuous and v(0) = 0 we have

—+ 1 A A
v(A) — V(g ) = lim —/ Im M (s + ie)ds :/ Mds
0 0

, from where we obtain that v(A1) = (A7)

o0t T T A(Vs)|
by dominated convergence. Now take A < 0. If \; < A < \;_; for some j € {1,--- , N},
by formula (5.67) and Proposition 116 (ii) we have
0F 1/
v(A) = V<2 ) _ 81_i>I(l)fl+ i |, (M(s+ic) — M(s —ig))ds.

Consider the rectangle R. with vertices at A\ 4 ie, +ie, oriented counterclockwise. This
rectangle contains the singularities Ag,---, A\j—1. Hence by residue theorem and Proposi-

tion 115 we have

271

Jj—1 1
N a = [ M
k=0 Re

£

:_/A (M(s+i5)—M(s—z’5))ds+/ (M(is) — M(t — is))ds.

—&

Taking the limit when € — 0 we obtain

0t) -
V()\) = I/( ) — (0773
2
k=0
Applying the same procedure for Ay < A < 0 we obtain v(\) = "(g+). Then v is continuous
at A =0, and (5.65) is established. Q.E.D.
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Theorem 118. Let f € C°(RT). For A € R define

= /000 f(@)p\, z)p(x)de. (5.68)

Then f € Ly(R; dv(N\)). Furthermore, the action of the map (5.68) can be extended to an
isometry from H, onto Ly(R;dv(N)) and for f € H, we have

N

P = 3 as(F o, M (A 2) + / T EeL VDL (5.69)

J=0

The integral in (5.69) converges in La(R;dv(N)).

Proof. Formulas (5.57), (5.55) and Proposition 116 establish that M () is the Titchmarsh-
Weyl function of L from the general theory of Sturm-Liouville operators, and it is known

that (5.68) can be extended to an isometry U : H,, — Lo(R, dv())). More explicitly, for

feHt, Uf(A hm / f(z )p(z)dx, where the limit converges in Lqo(R; dv())),
B
and the inverse is given by U 'g(r) = Blirn g(N)e(A, x)dv(N), where the limit con-
—oo J 4
A——o00

verges in ‘H,, (the scheme of the proof can be found in [12, Th. 4.37] and [3, Th. 2, pp.
192]). Note that v()) can be written as

== 3 at e / "V (s)ds,
{0<G<N : A<} 0
where yg+ is the characteristic function of R*. The jumps at the discontinuity points
Ao, + -, An are given by 1/()\;) —v(A)) = qj for j = 0, N, then the Lebesgue-Stieltjes
measure m, generated by v is given by
my, =Y a0y, + xrr (A)V(A)dA,
=0

where dy; is the Dirac measure at A = A;. Hence the inverse transform is given by

B B
U g(x) = lim g N e\, z)dv(A Za]g /\],x)—i— hm g N)e(A, )V (N)dA,
A5 A 0
from where we obtain (5.69). Q.E.D.

The collection {);, a;}}., and the function V(X) are called the spectral data of the
problem (5.1), (5.2).
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5.5 Representation for spectral data

Denoting A1 (p) = <= A(p), the spectral data can be written in the form

Aj = 2‘7 Q; = ) — T A/ N9
7=l TN () =INOE

l .

where {p; ;V:o are zeros of A(p). Considering the change of variables z = —f_r—zz, according
2

to Remark 98 the corresponding values {z;}}_, lie in the interval (—1,1), 2y < zy_1 <

- < zg. On the other hand, the continuous spectrum corresponds to the upper unit

semicircle, where z runs counterclockwise, that is, z = €, 0 < 6 < 7 (see Figure 5.2). If

Figure 5.2: Schematic illustration of the distribution of the spectrum of L" in terms of

the parameter z.

h < 0, using representations (5.31) and (5.45), the problem to compute the eigenvalues is

reduced to finding zeros in (—1,1) of the function

z—1 27— 1 —

V) = A =~ g ggpl0 4 5 S @0) b0, (570)
and the eigenvalues are obtained as
2
Zj — 1 . I
= = fi =0,N. 71
A (2(2j+1)) or j=0, (5.71)
On the other hand, we denote ¥y(z) = Ay(p) in terms of z, that is
dp d 1dzd (z+1)32d
Uy(2)= LANp) = — L Ly = - -
1(2) d\ dp () 2pdp dz (2 (z—1) dz (2)

— ((itll)) h— (z "__ 1)p(0) . ((Zztll)) Z(_l)n (dn(o) _Zhan(o)) ((TL + 1)Zn _ nzn—l) )
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Then

o0

1+ @ Z(—l)"an(())z;‘

n=0
Wy (z5) ’

and the spectral function has the form

<
I
=

a; =

_ iPoo(1l — 2)
2z + D)

V(A) for z=¢€" 0<6 <.
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Chapter 6

Inverse spectral problem for a type

of wave equation

In this chapter, we solve a one-dimensional wave propagation problem. It is known that
the inverse problem associated with a certain type of wave equation can be transformed
into an inverse problem for the SLEIF [26]. Following [39], using the Fourier-Legendre
series representation of the canonical cosine kernel, the inverse problem is reduced to

solution of a system of linear algebraic equations.

6.1 Problem setting

Suppose that p € AC,.(RT) satisfies conditions 1-4 of Subsection 5.1.1. Consider the

wave equation

Po(x,t) 1 9 dv(z, 1)
= s (M0 ) G eRxEL o)

Eq. (6.1) can be written as

O*v(z,t)  OPv(z,t)
o~ o g,

for (t,z) € R x RT, (6.2)

where ¢(z) = —%. Choosing o = 0 in formula (1.48) we have p(x) := p(0)e~Jo 9). As
in Chapter 3, we assume that p(0) = 1.
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Together with equation (6.1) the following conditions are considered

v(t,z) =0 for t <0, (6.3)
vy(t,0) = 4(2), (6.4)

where ¢ is de Dirac delta distribution. The direct problem for equation (6.1) is formulated
as follows.

Direct problem 1. Given a positive function p € AC,.(RT) satisfying conditions
1-4 of Subsection 5.1.1, find the function (or distribution) g(t) = v(t,0), where v(t,x) is
the solution of equation (6.1) satisfying conditions (6.3) and (6.4).

The solution of the problem is known and is given in the following way (see [26] for

more details). Denote by F the Fourier transform acting on a function ¢ € L;(R) by

F(O)p) = olp) = [ ott)e vt

and extending its action onto Schwarz distributions f € S'(R) by (F(f),¢) := (f, F()),
for ¢ € S(R). Assuming that it is possible to apply the Fourier transform to both sides

of the main equation, we obtain that o(p, fR v(t, x)e”rdt satisfies the equation

— Oau(p, ) + q(2)0a(p, ) = p*0(p,x), for z € R, (6.5)

Condition (6.4) turns into the equality ©'(p,0) = 1. If there exists a solution of this
problem, the solution v(t, ) is given (at least formally) by v(t,z) = F 1(d(p,x)) =
5 fR p,y)e dp. Once the solution is obtained, one can compute the function (or dis-
tribution) ¢(t) = v(¢,0). The important point is that the problem is reduced to study the
Sturm-Liouville equation in impedance form (6.5).

We are interested in the inverse problem for (6.1), that can be formulated as follows.

Inverse problem 1. Given a function (or distribution) g(t), find a function p such
that there exists the solution v(t,z) of (6.1) satisfying (6.3) and (6.4), and the equality
holds g(t) = v(t,0).
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6.2 Relation with the inverse problem for the SLEIF

In [26], a procedure to reduce the inverse problem for Eq. (6.2) to the spectral inverse
problem of eq. (5.1) with condition (5.2) with h = 0 (that is, with Neumann condition)
was proved. Let C(p,x) be the solution of (5.1) satisfying C'(p,0) =1, C'(p,0) = 0. We
recall that the Jost coefficient ¢(p) is the unique holomorphic function in C~ satisfying

C(p,x) = c(p)e(p,x) + c(—p)e(—p,x) for p € R\ {0}, where e(p, x) is the Jost solution
(Remark 108). The function ¢(p) does not vanish for p € R\ {0} (see [26, Lemma 2.6]).

We suppose that there exists a constant ¢; > 0 such that < ¢ (this occurs, for

1
c(p)
example, if g(z) < 0 for all x € RT, see [26, Remark 2.8]). The following result shows the
relation between the solutions of problems (6.2), (6.3), (6.4) and (5.1), (5.2).

Theorem 119 ([26]). The solution v(t,x) of the problem (6.2), (6.3), (6.4) is given by

ot ) — glt) = —27;00 /0 T Cl ) — 1] Smépt) |C(dpp)|2 (6.6)
In consequence
! ot) = 1 /°° sin(pt) dp 6.7)
2mpc Jo o lelp)* '
Denote
~ 1 1
Vip) = %W (6.8)

(actually, this is the spectral function V() in terms of p and ¢(p)). The main fact is the

relation between the data ¢(t) with the function IA/(p) via the sine Fourier transform

~ Qp o0 )
Vip)=—— [ g(t)sin(pt)dt (6.9)
0
(see [26]). Thus, the inverse problem for (6.2) is reduced to that for (5.1).
Remark 120. If ¢ € WEYRT) for k € N, then integrating by parts and using the

Riemann-Lebesgque lemma [121, Th. 9.6] we have that

R 9(0) , ¢"(0) 9(0) ( 1 )
g(t)sin(pt)dt = — +~—=+---+—F+o0| - |, — +00,
| attysingonyi = 220+ 25 ol ) e

k—1, ifk s odd,

where o = . Hence
k—2, ifkiseven
- 2 g"(0) 9)(0) 1
__= . ) 1
V(p) - (g(O) + e +- 4 p +o ) p — 00 (6.10)



6.3 Solution of the inverse problem

Let G(z,t) the canonical cosine transmutation kernel. As in the case of a finite interval,
it is known that G(z,t) satisfies a Gelfand-Levitan equation for the Neumann problem

on the half-line.

Theorem 121 ([26]). Given the spectral function V(p), the transmutation kernel G(x,t)

satisfies the Gelfand-Levitan equation

G(z,z) + Qz,2) = /Or G(x,n)Q,(n, 2)dn, =z <z, (6.11)

where

Oz, 2) = /000 sin(ppz) cos(px)do(p) and Q.(x,z)=— /000 sin(pz) sin(pz)do(p),
(6.12)
and the measure do(p) is defined by do(p) = <‘7(p) - %) dp.

Roughly speaking, the function €, (x, ) is the derivative of Q(z, z) with respect to z.
Both integrals exist, at least in the weak sense. Under some additional conditions on the

function V(p) it can be shown that the integrals converge absolutely.

Remark 122. According to Remark 120, if g € W*1(RT), then

~ 2 1
V(p) + —g(0) =0 (;) , p—oo.
If g(0) = —1, then ‘7(,0) — % =0 (%), p — 00, and the integral Q(x,z) converges

uniformly and absolutely for all x,z € RT. For the absolute convergence of Q. (x,z) we

require that g € W3H(R") and ¢"(0) = 0 in order to obtain V(p) — 2 = o ( ! ) , p— 00.

™ g

Again, we use the Fourier-Legendre series (3.57) G(z,z) = g 6n(x)P2n+1 <E> to
x x
n=0

transform the Gelfand-Levitan equation (6.11) into a system of linear algebraic equations

where the unknowns are the coefficients {3, (z)}22,. By formula (4.17), only the first

coefficient f3y is required to recover the potential q.

Theorem 123. Suppose that g € W(R™) satisfy the conditions g(0) = —1 and ¢"(0) = 0.
For every x € RT the Fourier-Legendre coefficients {5, (x)}5°, satisfy the infinite system
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of linear algebraic equations

4m + 3 + Z Ay (2)Bn(x) = Tr(x)  for m € Ny, (6.13)

where
Auin() = (0 [ s (p2) s ) (o), (6.14)
Tola) = (-1 | ) Cosff”””)ml(pm)do«m, (6.15)

and the series (6.13) converges pointwise.

Proof. By Remark 122, the conditions in g implies that V( ) — ; =0 (p%), p — 00,
and hence the integrals in (6.12) converges absolutely for all z,z € R*. Thus, Q(x, 2)
and Q,(z, z) are uniformly bounded for z,z € R, and for every x € R, Eq. (6.11) is a
Fredholm integral equation of the second kind with kernel 2, € Ly ((0,2) x (0,)). Then

we only have to repeat the procedures of Theorems 36 and 86 and calculate the integrals

dnd v
/ / P2m+1 P2n+1 (77> Qn(’f], Z) 7;2 and Tm<l’> = / P2m+1 (g) Q(ZE, Z)dZ
0

By the absolutely convergence of the integrals, we can use the Fubini theorem and formula

(2.27) to obtain

Aonal) == [ [ P (2)snp2) S| | [ Prs (%) st doo
= 0" [ jaer(pdizn () do (o)

The proof of (6.15) is similar. Since for p € R
2m+1 s
, cos (pxr — 1 1
o (p) = Dio(hs) e
) |pz?
(see [1], formula (9.2.1)) the integrals in (6.14) and (6.15) converges absolutely. Q.E.D.

The proofs of the convergence and stability of the solutions of the corresponding

approximate system are analogous to those of Theorems 37 and 87.

6.4 Numerical algorithm

Theorem 123 together with equality (4.17) lead to a direct algorithm for solving the inverse

spectral problem, and with this the inverse problem for (6.2).
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Algorithm 124. Given g € W3(R") satisfying g(0) = —1 and ¢"(0) = 0. Fix M € N

and A > 0.

1. Compute the spectral function ‘7(p) using formula (6.9).

2. Compute Ap, (x) and T,}(x) by the formulas

A
Aﬁm(‘r n+m$/ Jont1(pT) jom1(px)do(p),
0

A
TMw) = (—1)™e / OS(PT) . (o) (p),
0

3. For a set of points {x;}1—, C (0,b], b > 0, solve the system

A _
4m+3+ZA = TMx) for m=0,N.

4. Compute q(z), x € (0,b], using (4.17), and p(x) using (1.48).
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Chapter 7

Runge property and approximation
by complete systems of solutions for

strongly elliptic equations

In this chapter give an overview of some concepts related to the approximation of so-
lutions of a strongly elliptic operator. A definition of a complete system of classical
solutions is given, and we show how using the Runge property, it is possible to extend the
completeness of these systems onto strictly internal domains with respect to the Lo, H!
and H?-norms. This result is applied to Schrodinger equations with potentials possessing

some symmetries.

7.1 Relations between different types of solutions

Throughout the chapter € denotes a bounded domain in R? d > 2. Let us consider the

elliptic operator of the form
Lu(z) := —div (A(z)Vu(x)) + q(x)u(x), (7.1)

acting in a first instance on functions v € C?(2). The coefficient ¢ € L,(Q) is called
the potential of L, and in general it is supposed to be complex valued. The function
A Q — R s called the principal coefficient and supposed to be a symmetric matrix

function, A € W (Q, RdXd). We assume that there exists a constant py > 0 such that
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(A(x)€, &) ca = pol€)? for all € € C? and for almost all x € Q. Under these conditions the
operator L is called strongly elliptic. Following [120] we suppose additionally that there

exists a constant K > 1 such that

L %]€]? < (A()€, E)ca < K|EJ?, for all £ € C? and for almost all z € (.

2. ldllzaciey < K-

3. If d > 3 then also |VA; | < K, i,j =1,d.

As our main example we consider the Schridinger operator Su := — Agu+ q(x)u. In
this case the conditions 1,2 and 3 hold for K = max{1, ||l¢|[z_ ()}
In the case when the coefficients satisfy the additional conditions: A € C(£, R¥*?)

and g € C'(£2) we introduce two spaces of classical solutions of the equation
Lu(z) =0 for z € Q. (7.2)
1. The space of classical solutions is defined by

Sol“(Q) := {u € C*(Q) | u satisfies (7.2)} . (7.3)

2. The Bergman space of solutions of (7.2) is defined by
Soll () = {u € Sol“(Q) ‘ / u(z) 2z < oo} | (7.4)
Q

Note that Sol™(Q) is a subspace of C(Q). C(Q) can be endowed with a standard
topology as follows. Let {K,}2°, be a sequence of compact subsets of {2 such that

(i) Vn e N K, C Int (K,41) (where Int (K1) denotes the interior of the set K1),
(i) @ =U", K.

One can choose, for example,

K, := BI(0) N {x =0 ] dist (z, 9Q) > 1} .

n

By (i) and (ii), the sequence { K, }22 ; has the property that for any compact K C € there
exists NV € N such that K C Ky. Then the topology of C(£2) is generated by the family
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of semi-norms {Hf”n = max |f(:1c)|} . With this topology C(Q2) is a Fréchet space,
TEKy

n=1
and the convergence induced is given by the uniform convergence on compact subsets of

2. The topology is independent of the choice of {K,}5°, (for the proof of these facts see
[34, Ch. VII, Sec. 1] or [51, Prop. 4. 39)).

For some operators L, Sol™(Q) is closed in C(2). For example, in the case A = I,
¢ =0, Sol*¥(Q) = Har() is closed in C(Q) (see [8, Th. 1.23]).
For the Bergman space of solutions the following result is known as Friedrich’s prop-

erty.

Proposition 125 ([53]). Let K C Q be compact. Then there exists a constant Cgx > 0
such that for all u € Sol%(Q) the inequality holds

ma [u(2)] < Crcllulz,(0). (7.5)
As a corollary, the following completeness property holds.

Proposition 126. If Sol“(Q) is closed in C(Q), then Soly(Q) endowed with the Ly-norm
is a Hilbert space. Furthermore, for each xo € ), the evaluation functional Soly () >

u— u(xg) € C is bounded in the Ly-norm, and hence the space has a reproducing kernel.

Proof. Using (7.5), the proof is similar to the case of the analytic Bergman spaces (see,

e.g. [44, Ch. 1]). Q.E.D.

Again, Sol5(2) = by(f), the harmonic Bergman space.

Let us introduce the concept of weak solutions for (7.2). For this we suppose that ¢ is
real valued (this assumption is only for this class of solutions) and consider the sesquilinear

form @ : H(Q2) x H'(Q) — C defined by
O (u,v) := /Q {(Vv(x), A(x)Vu(z))ca + q(x)v(x)@} dr  for u,v € H'(Q).
The sesquilinear form is Hermitian, bounded and satisfies the inequality
2(u,0)] < (14l (o) + lllsei) lulmalloling Yoo e HYQ). (76)
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In this case, the space H'(£2) has a natural conjugation given by the standard conjugation
of functions. By simplicity, we denote the associated operator A = Ag. Hence A €
B(H'(Q), H(Q)) and (Au, V) () = P(u,v) for all u,v € H(Q).

Now we introduce some operators derived from A. We define A; : H'(Q) — H~(Q)
given by Aju := Au‘Hé(Q) foru € H'(Q). Thus A; € B(H'(Q), H1(Q)) and (Ayu, v) g3 () =
O(u,v) for all w € HY(Q), v € H} (). In a similar way, we define Ay : H} () — H1(Q)
by Ag := Ailyiq). Note that Ay € B(Hj(Q2), H'(2)) is the associated operator for

q)‘Hé(Q)xHé(Q)'
A function u € H*(Q) is called a weak solution of (7.2) if it satisfies the equation

O(u,v) =0 Vv e Hy (), (7.7)

or equivalently, if Aju = 0. The space of all weak solutions is denoted by SOIE(Q), and
due to (7.6) it is a closed subspace of H'().

There are known several relations between the spaces of weak and classical solutions.
Note that for any V € Q: u € Sol%(Q) implies uly € Sol%(V) . Other relations are

summarized in the following proposition.

Proposition 127. Let A € C1(Q,R¥4). Then the following properties are valid.

1. Sol%(Q) c H?

loc

(Q) and

Vu € Solk(Q) Lu(z) =0 a.e inQ.

2. Given V' € Q, there exists a constant C; = C1(A, q,Q, V) > 0 such that

Vu € Sol(9) [ulylli) < Cillulza)- (7.8)

3. If ¢ € C(Q), then Sol*(Q) c H}?

0e(Q), and for w € V € Q there exists a constant
Cy = Cy(A, q,V,w) such that

Vu € Sol“(Q)  lulullmzw) < Collulv |l o). (7.9)

4. If Qis a C?*-domain and A € CY(Q,R™), ¢ € C(Q), then Sol%(Q) ¢ H?*(Q).
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Proof. The proof of 1 and 2 can be found in [101, pp. 309-314].

For the part 3, it is clear that Sol®(Q) Cc H?.(Q). Thus, if w € V € Q, then
uly € Sol%(V) for all u € Sol™(Q), and applying the part 2 we obtain the constant
Cy(A, q,V,w) satisfying (7.9).

Finally, the proof of 4 can be found in [113, pp.232]. Q.E.D.

7.2 The Dirichlet and Neumann problems

In this section all the domains €2 are supposed to be bounded and of Lipschitz type, and
we denote I' = 0).

The Dirichlet problem admits the following weak formulation. Given f € H~*(Q2) and
¢ € Hz(T"), find u € H'(Q) satisfying the conditions

A1U = f,
Do) = (7.10)

trr(u) = ¢.

The pair (f,¢) € H(Q)x Hz(Q) is called the Dirichlet data. Of course, when f € Ly (),
the corresponding functional is (f,v)g1q) = (v, f) 1, and the first condition in (7.10)
can be written as ®(u,v) = (v, f)r,(), that is the usual way for Lo-functions (see [113,

Ch. 1V]). Actually, a functional f € H™'(Q2) can be written in the form (f,v)g1 ) =

d
/QMU(:L’)CM + ;/Qmig—g), for some functions {f;}7_y C La(€2) (see [19], Prop.

9.20 and Remark 2_1 from pp. 220).

Remark 128. Since H'(Q) C Ly(2) is dense, Ly(2) is a pivot space for H' () and
we have the triple HY(Q) — Ly(Q) — H™Y(Q). By the condition 1 of Section 7.1, if
u e HY(Q), then

Re ®(u,u) = Re (/Q(Vu(x),A(x)Vu(x»Cddx) +/QRe q(z)|u(z)*dx
> Re (/Q<VA(x)u(x), VU(x)><cdd$) - HCIHLOO(Q)HUH%Q(Q)
1 9 2
> 5 [ IVu@) Pl = lall ol o

1 1
— el — (lalaior + 72 ) a0
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Thus, ® is coercive on H'(Q)) with respect to the pivot space Lo(Q). In a similar way,
Ly(9) is a pivot space for HY (), HY (Q) < Ly(Q) — HH(Q) and ® is coercive on H} ()
with respect to La(€).

Among the results on the existence of solutions of the Dirichlet problem ® ;4 we
need one in particular that relates the Dirichlet data with the normal derivatives of the
solutions of the homogeneous problem ® ). For a Lipschitz domain 2 a normal vector

v is defined a.e. on I'. Then for u,v € C*°(Q2) application of the Gauss-Ostrogradsky

theorem gives us the Green identity

/Lu(x)v(:p)d:p = d(u,v) — /M(A(x)Vu(w),y(x»dS. (7.11)
Q r

Using the density of C*°(Q) in H*(Q) for Lipschitz domains (Proposition 13 (2)), we can
rewrite (7.11) as

(L, U>L2(Q) = ®lu,v] - <811/4u7 U>L2(F)7 (7.12)

d d
0
where 9%2u = ; ;Ajvktrr (a—;) v;. Note that 94u defines a functional in H_%(F),

given by (97'u, ¢)H%(r) = (02, B) () for ¢ € Hz(T), and is related with L and & by
(7.12). In this case Lu defines a functional in H~'(£2). This indicates that the normal
derivative can be defined for those functions that satisfy Lu = f with f € H ~1(Q2). This

can be reformulated in terms of operator A. The following result is a modification of [107,

Lemma 4.3].

Proposition 129. Let u € H'(Q) and f € H™(Q) be such that Aju = f’Hl(Q)' Then
0
there exists o € H=2(I) such that

(Au, U)H1(Q) = (f, U)HI(Q) + (QO, trp(v))H%(F) Yv € HI(Q) (7.13)

Furthermore, ¢ 1s uniquely determined by f and uw and there exists a constant C' > 0 for

which

1l-1 ey < € (Il + 1l - (7.14)

Proof. Define ¢ : H%(F) — C given by

(2:0) iy = (AwEDn) — (f,€)mey  for ¢ € H2(T),
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where £ € B (H%(F), Hl(Q)> is a extension operator. It is clear that ¢ € H~2(I"). Take
v € HY(Q) and set vg = v — € trr v, in such a way that vy € H} (). By hypothesis

0= (Alu "UO)Hl(Q (f|H1(Q UD)HI(Q (Au Uo)Hl( Q) — (f, UO)HI(Q)
= (AU, ’U)Hl( (f U)Hl(Q ((AU E tI‘F ’U)Hl(Q) (f, E tI‘F U)Hl(Q))

= (Au,v) ) — (f,v)m19) — (¥, trr(v)) H3 ()’

from where we obtain (7.13). The bound (7.14) follows from definition of ¢ and the
boundedness of A and f. For the uniqueness, suppose that ¢ € H _%(F) satisfies (7.13).
Taking ¢ € H2(T') and v € HY(Q) with trp(v) = ¢, we obtain

(o =%:0) 44y = (A, V) i) — (f,0) i) — ((Au,v) i) = (f,v) () =0
Hence ¢ = 1. Q.E.D.

Motivated by this proposition and following [107, 120], we introduce the definition of

the co-normal derivative of a function u € H'(().

Definition 130. Let u € H'(Q) and f € H™'(Q). Suppose that Aju = f‘Hl(Q)' The
0
co-normal derivative of the function u with respect to f and A is the functional O,u €

H~2(T) defined by

(001, 0) 3 ) = (A.E0) — (F.E6) ey for & € HH(D), (7.15)
where € € B (H%(F), Hl(Q)> is an extension operator.

Remark 131. 1. Ifu € H*(Q)), using the Green identity (7.12) we obtain that Au =
Lu. Then taking f = Lu, by Green identity and Theorem 129, one obtains that the
co-normal derivative coincides with 02u. In particular, for the Schrédinger operator

it coincides with the normal derivative O, u.

2. From Theorem 129, the co-normal derivative d,u of a function u € H'(Q) does not

depend on the extension operator chosen.

3. The co-normal derivative is well defined for u € Sol=(Q) and is given by
(avua gb)H%(F) - (AU/, g¢>H1(Q)
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Based on this results, we formulate the Neumann problem in the following way (that

can be found in [113, Ch. IV] and [107, Ch. IV]):

Neumann problem: Given f € ﬁ‘l(Q) and ¢ € H—2(T"), find u € H'(Q) satisfying

the condition:

‘ﬁ(ﬁ@ : (Au, U)Hl(ﬂ) = (f, 'U)HI(Q) + ((,0, trF(U»H%(F) You € Hl(Q) (716)

The pair (f, ) € H(Q) x H™2(T") is called the Neumann data.

About the existence of solutions, there are several results that relate the solutions of a

non-homogeneous problem with the solutions of the homogeneous (i.e., with data (0,0)).

Theorem 132 (Existence of solutions for the Dirichlet problem). Denote by W the set of

solutions of Do0y. Then W has a finite dimension and there exist only two possibilities.

1. If W = {0}, then for any (f,¢) € H™(Q) x Hz(T') the Dirichlet problem D (1.6)
has a unique solution v € H(Q), and there exists a constant C > 0 that does not

depend on (f, ) such that
lllin oy < € (I 10+ 1l ) - (7.17)

2. If p=dimW >0, W = Span{w; }},_,, the problem D ;4 has a solution u € H'(Q)
iff the Dirichlet data satisfies the condition

(frwi)mgo) = (6:00w05) oy s 7 =1, (7.18)

in which case the problem has exactly p linearly independent solutions. In this case

if u is a solution then there exists C' > 0 such that
e+ Wl @y < C (Il + 1603, ) - (7.19)

Proof. Consider the operator Ay associated to the sesquilinear form (ID‘ HL(Q) . By
0

Remark 128, L,(Q2) is a pivot space for H} () and <I>|H1(Q)
0

xHy (%)

<HI(Q) is coercive with respect

to this pivot space. By Proposition 13 the embedding H} () < Lo(Q2) is compact, then
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it follows from Theorem 3 that Ay is a Fredholm operator with Ind(Ay) = 0. Note that
W = kerAg. Set (f,¢) € H'(Q) x H2(I'). Given u € HY(Q), take uy = £¢, where
£ehB (H%(F), Hl(Q)> is an extension operator and set y = u — ug. Hence y € H}(Q) iff
trr(u) = ¢ and
Aoy = Ay = Ayu — Aquo.

Writing g = f — Ajug, we have g € H(Q) and u is a solution of D ;4 iff y is a solution
of D0 iff Agy = g. By Theorem 2, if W = {0} then the equation Agy = ¢ has a
unique solution y € Hj(€2). Thus u = y + ug is the unique solution of D s4). In this case

o' € B(HH(Q), Hy()), hence [|yllmyo) < 1A 151 @).mi@)lglla-1(), from where
we obtain (7.17) with

C= maX{HAo 5109, 12 2))» [ Al Ba @), -1 [I€]] 5 s(r @)’ €N, Bk, ))} :
Now suppose that p = dim W > 0 and write W = Span{wj}i;o. Since Ay is self-adjoint,
by the second part of Theorem 2, Aoy = g iff (g, w;)p1(q) =0, for j = 1,p, it is

0= (97wj)H01(Q) = (f, wj)Hg(Q) - (Aluoawj>H3(Q)7

hence

(f, wJ)Hl(Q) Ay, wy)Hl(Q)
Auo, wj)Hl(Q)

o, Aw;) -1

—~ o~ ~  —~

in which in the third equality we use that A is self-adjoint and in the fifth the Remark
131(3). Finally, to obtain (7.17), since Z(A,) is closed, by the first isomorphism theorem
the operator Aq : H}(Q)/W — Z(Ap) given by ;&vo(u + W) = Agu, has a bounded
inverse [107, Cor. 2.2]. Hence there exists a constant C; > 0 such that [ly +W|[ g1 q)w <
Cligllz-1 (0. Note that [ly+Wlmqw < |ly+W g qw (because {w € Hy(Q) [w—y €
W} C {w e H Q) |w—yeW}). Applying the same procedure of the case 1 we obtain
(7.19). Q.E.D.
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Corollary 133. Set V = {trp(u) |u € Sol=(Q)}. If W = {0}, then V = H2(T'). On the
other case, if W = Span{w;}_,, then

{wElTéGHQg¢GhD:OV¢EV}:SmmﬁM%Kﬂ. (7.20)

Proof. First suppose that W = {0}. By Theorem 132(1), given ¢ € Hz(I'), there exists
u € H'(Q2) that is a solution of D (g 4), but then u € Sol%(Q2) and ¢ = trr(u) € V. Hence
V = Hz2(I).
5 1 :
On the other hand, set V = {gp e Hz2(I')| (go,gzﬁ)H%(F) =0V e V}. Given ¢ €
Hz=(T), note that ¢ € V iff there exists a solution u € H'(2) of D (0,4), and by condition

(7.18), this happens iff (¢, 3,,wj)H7%(F) =0 for j = 1, p. Hence

N

V:{¢6Hﬂmuawﬁham:QVweW}:{¢eH

= (Span{(d,w;)¥y),

(1) (@w)"(6) =0, Voo € W

Since Span{(d,w;)"}}_, is finite dimensional, by Lemma 1

v = ((Span{(@w;)"¥), )" = Span{(,w;)}.

Finally, note that V = (V*)¢ = (V%)* (by (1.1)). Thus,
V = (Span{(@,w;)"Yi_,)" = Span{(d,w;) Vi,
Q.E.D.

A similar result can be found for the Neumann problem.

Theorem 134 (Existence of solutions for a Neumann problem). Let us denote by Z the

set of solutions of N(o,0). Then Z has finite dimension and we have two possibilities.

1. If Z = {0}, then for any (f,¢) € H™(Q) x H2(T), the Neumann problem D(4.0)
has a unique solution uw € H'(Q) and there exists a constant C > 0 that does not

depend on (f, ) such that for all solution u

el < © (1720 + 103 ) (7:21)
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2. If g =dimZ > 0, Z = Span{z;}|_,, the problem N; ) has a solution u € H'(Q)
iff the Neumann data satisfies the condition

(f,2)m@) = —(,trr(2) iy =0, T=1a (7.22)

In such case, the problem has exactly q linearly independent solutions and there

exists a constant C' > 0 such that for all solution u
lut Zllmn@yz < C (Il + Il 1 ) - (7.23)

Proof. By Remark 128, @ is coercive on H'(f2) with respect to the pivot space Ly().
Since the embedding H'(Q) < Ly(Q) is compact (Proposition 13), the operator A is
Fredholm with Ind(A) = 0. Note that Z = ker A and given (f, ) € H(Q) x H~2(T'), the

Neumann problem (7.16) is equivalent to the equation

Au=g where g€ f[’l(Q) is given by (g,v) () == (f,v)m @) + (go,trp(v))H,%(F).

If Z = {0}, then Au = g has a unique solution. On the other case, the solution exists iff
(9, 2j) i) = 0 for j =1, ¢, from where we obtain (7.22). The proof of (7.21) and (7.23)
is similar to that of Theorem 132. Q.E.D.

Let us introduce the Cauchy problem on a segment of I'. Here we suppose that all
the functions involved are real valued. By a Lipschitz portion of I' we understand an
open subset X C I'. Following [4] we denote by H!(Q U X) the class of functions u €
H'(Q) having a compact support in QU X, by Hc%(E) = {trr(u)|s |u € H{(QUX)}, and
H2(%) = (HC%(E))*. Given the Cauchy data (¢, ¢, f) € Hc%(E) x H 2(%) x H1(Q),
the Cauchy problem

(

Lu=f in Q,

U= ¢ on X, (7.24)

ou=@ on %
\

consists in finding a function v € H*(Q) satisfying trr(u)|s = ¢ and
(A’LL, U)Hl(Q) = (@7 trp(v)]g)H%(E) + (f, ’U)HI(Q) Yv € Hcl (Q U E) (725)

In particular, we can consider a Cauchy data in H2(X) x H~2([') x H1(Q). For the

Cauchy problem the following uniqueness result is known.
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Theorem 135 ([4]). If ¢ = 0, ¢ = 0, f = 0, and the principal coefficient A €
Witee (Q,RdXd) satisfies conditions 1,2 and 3 of Section 7.1, then the unique solution
of the Cauchy problem (7.24) is zero.

7.3 A Runge property for Lipschitz domains

As in [102], the uniqueness of the Cauchy problem (UCP) will be key for proving the
Runge property (RP). The following lemma was used in [102] and [32] without proof.

Lemma 136. Let H be a Hilbert space, and Sy C Si subspaces. Then S; C S_QH iff
Sy Sit.

Proof. [=] Take z € Sy. If y € Si, by hypothesis there exists a sequence {z,} C
Sy such that z, — y,n — oo. The continuity of the inner product implies (z,y) =
lim,, o0 (7, 2,) = 0 and hence z € Si-. Therefore Sy C Si.

[«<] Suppose that there exists some y € 5 \S_QH It follows that there exists a
functional ¢ € H* such that ¢(S2) = {0} and ¢(y) = 1. By the Riesz representation
theorem ¢(z) = (z, 2) for a unique z € H. Then z € S5 but z & Si that contradicts the
hypothesis. Hence S; C S_QH Q.E.D.

Theorem 137 (Runge Property). If Q1 € s are both bounded Lipschitz domains, and
Oy \ Q is connected, then for all u € Sol= () and € > 0, there ewists v € Sol™(Qy) such
that

[ = vlollgra,) <€
Figure 7.3 depicts a schematic representation of the domains.

Proof. Without loss of generality we suppose that all the solutions under consideration

are real valued.

Set Sl = 8015}(91) and SQ - {U|Q1

ve 8015(92)}. Note that S; € H'(), j = 1,2.
: : : Lut(ay) Lui)
Then by Lemma 136, the conclusion of the RP is equivalent to show .5, YCs v
We use the notation I'; = 092, j = 1,2.
L -
Let f € 5, T Tn this case f defines a functional in H ~1(€;) by the inner product

(i) = o, f x)dzr + Zj Lo, filz av(z dx, with f; = ajj. This functional
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Figure 7.1: A schematic representation of the domains from the Runge property theorem.

can be extended onto H'(€),) as follows. Take fo = fyq, and fj = fiXa,, for j = 1,d,
(xq, denote the characteristic function of ;) and define (F,v)g1(q,) := sz fo(z)v(z)dz+
St Jo, (@)% de. Tt is clear that F' € H1(Q) and (F,v)may) = (f, vlay)niay), for
all v € H'(Qy).

Consider the Dirichlet problem D gy in Q2. Set W = {w € Soly(Qy) | trr, (w) = 0}.
For any w € W, by hypotheses we have (F,w)pi(a,) = (f,w|o,)m1@,) = 0. Then the
compatibility condition (F,w)p1(a,) = (0,0,w),, 3 () is fulfilled. Due to the existence
Theorem 132, the problem D () has a solution uy € H* ().

If v € Sol®(Qy), applying the co-normal derivative of ug to trp,(v) we obtain

(Oyug, trr, (v)) 1

HA () = (AUO,U)Hl(Q2) — (F, U)HI(Q2) = (uo, Av)ﬁ_1(92) — <f,U|Ql>H1(Q1)

= (A’U,U())HI(Qz) = 0,

by definition of a weak solution. Hence (0, uq, trr,(v)) )= 0 for all v € Solk (). Tt

H%(FQ
follows from Corollary 133 that d,uq = 0,wq for some wy € W. Take w; = ug — wg. Then
trr, (w1) = 0, d,w; = 0.

Denote D = (), \Q_1 Note that 9D is the chain I'y; — I'1, then we can take the

Lipschitz portion 3 = T'y. If v € H}(D U X)), consider the trivial extension v = vy pyus.
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Take ¢ € C$°(€2y), and for j = 1,d define ¥; = %XDUE- Then

[ (et + o202} = [ (% p(0) 400202 )
= | ttap(@)e)ran(e)a)ys(a)ds

- / trap () ()t (i) (),

- / trap () () ol (), (2)dS = 0,

because trr,(p) = 0 and T'; N Supp(v) = (. Thus, 68763- = ¥; € Ly(f)y) for j = 1,d, and

then o € H' (). Applying the definition of the co-normal derivative to w; we obtain
(Awl, U)Hl(D) = <I>(w1, U) = @(wl, ’lNJ) = (Awl, 1~)>H1(Q2)
= (ayw17i}>H%(F2) + (F, @)Hl(ﬂg) = (f, O)Hl(Ql) =0

Comparing with (7.25), we conclude that w, is a solution to the Cauchy problem (7.24)

in D with zero data. Due to Theorem 135, w; = 0 a.e. in D. It follows that w; satisfies

/

LU}1 = f in Ql;

tI‘Fl (U)l) = 0,

\a,,wl }Fl = 0.

Now, if u € 57, we have

(u, f>H1(91) = (f, U)Hl(nl) = (Aw,u) — (an17trF1<u>>H

Nl
—

.
-
—

= (Au,wl)}p(g) = 0,

because wy € H&(Ql) and u c Sl‘ f c Sf‘Hl(Ql).

Q.E.D.

Since the embedding H'(Q)) < Ly(f2) is continuous, we obtain as a corollary the RP

for the Ly-norm.

Corollary 138. Under the conditions of Theorem 137 for all u € Sol= () and € > 0

there exists v € SolZ () such that

||U - U|92||L2(Q1) <e€
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Remark 139. The standard statement of the RP property corresponds to the situation
when 0y € Qy are both simply connected bounded domains. Lax in [102] and Colton in [32]
in their proof used the fact that the simple connectivity implies that Q9 \ €, is connected.
In both cases the simple connectivity is considered in a stronger sense assuming that
R\ Q;, i = 1,2 are connected.

Under this condition, we obtain that the conclusions of Theorem 137 and Corollary

138 hold if 2y € Qg are simply connected.

Remark 140. The need to consider real coefficients appears only in relation with the
UCP [4]. If the UCP were valid for complex valued potentials, the proof of Theorem 137
can be easily modified for this kind of potentials, but in this case, the equation to which

UCP will apply involves the adjoint operator A*.

7.4 Approximation by complete systems of solutions

Next step is to apply Theorem 137 for studying approximation of weak solutions by
complete systems of classical solutions. The model example of such system is the system of
harmonic polynomials. If K C € is compact and the complement R?\ K is connected, then
any function which is harmonic in €2 can be approximated uniformly on K by harmonic
polynomials (see [117]). If d = 2 and Q is simply connected, the property is valid on
any compact subset [121, Ch. 10]. Systems of transmuted harmonic polynomials were
considered for the radial Schréodinger operator (which will be seen in the next chapter) and
for the Schrodinger operator with a separable potential [24] with similar results obtained.

Now we propose two different definitions of complete systems of solutions. The first
generalizes the completeness of harmonic polynomials. In order to consider classical so-

lutions, from now on we suppose that A € C1(Q, R™%) and q € C(Q).

Definition 141 (Complete system of solutions). A family of solutions {U,}>>, C Sol*(Q)
is said to be a complete system of solutions for Sol“(Q), if for any u € SolL(Q), e>0

and K C Q compact with R\ K being connected, there exists S € Span{U,}.—, satisfying

max |u(x) — S(z)| < e. (7.26)

zeK
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The second definition is proposed in order to generalize results for the Schrédinger

equation on the plane obtained in [24].

Definition 142 (Strongly complete system of solutions). Let £ be a bounded simply
connected domain. A family of solutions {U,}2%, C Sol™(Q) is said to be a strongly
complete system of solutions for SolL(Q), if for any u € SolL(Q), e>0and K C Q
compact, there exists S € Span{U,},_, satisfying

max |u(xz) — S(x)| < e. (7.27)

zeK
Assuming some additional smoothness of the coefficients, we obtain the following result

concerning approximation of weak solutions in the Lo-norm.

Theorem 143. Suppose that Q2 is a Lipschitz domain , and A € CPTL(Q,R¥>Y) ¢ €
CPT(Q), withp =1+ [2] . Let {U,}32, be a complete system of solutions. If w € Q is
a Lipschitz domain such that R*\ @ and Q\ @ are connected, then for any u € Sol™(w)

and € > 0, there exists S € Span{U,}. -, such that
= Slall ) <€

Proof. Let u € Sol%(w) and e > 0. By Corollary 138 there exists a solution v € Sol% (1)
satisfying the inequality ||u — v, ||zhw) < §.

On the other hand, since A € CP*1(, R¥4) and ¢ € CP*'(Q), we have v € H'*(Q)
(see [101], pp. 314, Th. 2). Since p = 1+ [4], and Hi;r[g](Q) C C*(Q2) (Theorem 15(1)),
we have v € Sol™(12).

Since w is a compact subset with a connected complement, by Definition 141 there
€

21/ Vol(w)

exists a linear combination S € Span{U,} ~, such that max |v(z) — S(z)| <
TEW

Hence

€
o= Sl < = ol + 160 = Sl < 5 + ([ 100) - s

<§+57€EE<L¢Q2:€

Q.E.D.

Remark 144. The statement of Theorem 143 is valid when w & () are both simply

connected and {U,}>° is a strongly complete system.
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In order to obtain the completeness in the H'-norm we need an additional assumption
on Q. Given £ > 0, the e-neighbourhood of € is the set Q. := {z € R?|dist(z,Q) < ¢}.
A Lipschitz simply connected domain €2 is said to be extendable if there exists p > 0
sufficiently small such that (2. is a Lipschitz simply connected domain, for all 0 < ¢ < p.
Examples of this kind of domains are balls, rectangles, and in general C* domains with
a normal pointing outside (one can obtain this applying the e-neighbourhood theorem to
the boundary I' = 09, for more details see [63, pp. 71] and [130, pp. 112]).

Now we prove the approximation theorem with respect to the H'-norm.

Theorem 145. Let Q) be a bounded Lipschitz simply connected domain. Suppose that
A e CPHYQR™), g € CPYQ), with p = 1+ [2]. Let {U,}2, C Sol*() be a
strongly complete system of solutions. Ifw € ) is an extendable Lipschitz simply connected

domain, then for any u € Sol (w) and € > 0 there exists S € Span {U,}>°, such that
[ = Sloll i) <€

Proof. Since w is extendable, we can take some 0 < p < dist(w, 09), such that w, be a
simply connected Lipschitz domain. We have w € w, € €.

First we apply Theorem 137 to the pair of the domains w € w, and obtain a solution
uy € Sol™(w,) such that |lu — uilu ) <

Additionally, by Proposition 127(2), there exists a constant C; = C;(A4, ¢, w,,w) such
that ||v]w |l #2(w) < C1l|v] 2a(w,) for all v € Soll;(w,).

Now we apply Theorem 143 to the pair of domains w, € €2, and we have a solution

S € Span{U, };2, satisfying |lu1 — Slo, || 12w, < a schematical representation of the

ser (
domains and solutions is depicted on Figure 7.4).

Set f = uy — Sl., and note that f € Solj;(w,), so then || flullr2w) < CillfllLaw,)-
Thus,

€
|u — Slullarw) < llu— volwllgrw) + [ flollaw) < 5t Cill fllLaw,) <e
Q.E.D.

For operators with smooth coefficients there exists a result that establishes the com-

pleteness of classical solutions in the H?-norm.

170



Figure 7.2: Schematical representation of the domains and solutions from the proof of

Theorem 145.

Theorem 146. Let D be a bounded domain, and suppose that there exists a neighborhood
U of D, D € U, such that A € C®(U,R™9%), ¢ € C=(U). Then for all u € Sol%(D) N
H?*(D) and € > 0, there exists a neighborhood V of D, D € V € U, and uy € Sol®(V)
such that

llw = uolpll e (p) <€

This result is a modification given in [70] of a general theorem for elliptic systems due
to Tarkhanov [134, Th. 8.1.3]. The following theorem establishes the completeness in the

H?-norm.

Theorem 147. Under the hypotheses of Theorem 145, if w is of the class C?, and there
exists a p-neighborhood of w such that A € C*(w,,R™>?), ¢ € C*®(w,), then for all

u € Solk(w) and € > 0, there exists S € Span{U,}>, such that
[ = Sloll 2 <€

Proof. Since dw is of the class C?, by Proposition 127 (4) u € H*(w), and by Theorem

£
5

146 we can take ¢ < p and ug € Sol®(w.) such that ||u — ol 2y <
Since w is simply connected with a C%-boundary, so is its neighborhood we. We have
wEws €N
By Proposition 4 (3), there exists a constant Co = C3(A, ¢, ws,w) such that [[v]o[|r2(.,) <

Col|v|| Ly(we) for all v € SolL(w%).

£
2
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Since ugly,. € SolLLU(w%), due to Theorem 143 there exits S € Span{U,}>, satisfying
a schematical representation of the domains and solutions is

<ﬁ(

Ug — S we
H< 0= 5l 2L (wg)
depicted on Figure 7.4).

-----------
_______

.
~
~eee

Figure 7.3: Schematical representation of the domains and solutions from the proof of
Theorem 147.
Setting f = (ug — 5) \W% we have f € SolL(w%) and || flu|l g2 @) < C’2|\f||L2(W%). Thus,

Q.E.D.

X

€
[ = Sloll g2y < = tololl g2y + 1 flollr2w) < 5 + Coll fllraws) <€
2 3

In the case of a normed space X, a system {U,, }22, is called complete if Span{U,, }>°,
X. Then Theorems 143, 145 and 147 can be summed up to establish the fact that every
strongly complete system of solutions is also complete in Solg(w) with respect to the Lo,

H' and H?-norms. As a corollary we obtain the completeness of boundary values of the

complete system in the space of traces.
Corollary 148. Under the conditions of Theorem 145 let I' = Ow and zero be not an

eigenvalue of the Dirichlet problem in w. Then the set

S = {Un‘r}zozo

is a complete system in Hz(T').
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Proof. Let ¢ € H2(I'). Then there exists a unique solution of the Dirichlet problem
u € Sol? (w) such that trp(u) = ¢ (Theorem 132(1))

Due to Theorem 145, given ¢ > 0 there exists S € Span{U,}°, such that |u —
Slollmrw) < €. Since S|y € H'(w) N C(W) we have trp (Sly) = S|F € Span(g). Due to

the boundedness of the trace operator we have

16 = 1l ey = Nore (0 = 81l gy < Newel i = Slill ey < s

Choosing €; = m finishes the proof. Q.E.D.

Remark 149. (i) If zero is not an eigenvalue of the Dirichlet problem, by (7.17) we
have that for any data ¢ € H%(I‘) there exists a solution u € Sol®(w) and a con-
stant Cy > 0 such that ||ul| g < C’3||qz5||H%(F) (see Theorem 132(2)). Due to this
property, in order to approximate a solution of the Dirichlet problem it is sufficient

to take a linear combination S of S such that ¢ ~ S|r' Then u ~ Sy in H'(w).

(i1) Corollary 148 can be applied to Bergman spaces of solutions on the boundary I' (see
[14]).  Moreover, for such spaces there are procedures allowing one to obtain an

orthonormal basis and the Bergman kernel derived from S (see [21]).

Remark 150. Consider a complete system of solutions {U,}°, in the Bergman space
Sol¥(Q) (assuming that the Bergman space is complete). Modifying the proof of Theorem
143, since v € H'(Q) N C?(Q), then v € Soly(Q), and we can choose S € Span{U,},
such that |[u — S||r,) < 5, and the proof continues in the same way. Then a com-
plete system in the Bergman space is complete as well in Sol%(w) in the Lo-norm. The
completeness in the H*-norm, k = 1,2 is obtained directly from the completeness in the

Lo-norm.

7.5 Applications to the Schrodinger equation on the
plane

Consider the case d = 2 and let Q = (—ay, a1) X (—ag, az), with a; > 0, j = 1,2. Suppose

that the potential ¢ € C(€2) has the form ¢(z,y) = q1(x) + ¢2(y), with ¢; € C[—a;, a;]
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for j = 1,2. We are interested in finding a transmutation operator that relates the
Schrodinger operator S = — Ay +¢1(x) + ¢2(y) with the Laplacian A, in C?(Q).

Fix j € {1,2} and let f; € C'[—a;,a;] N C*(—ay,a;) be a solution of —f}' 4 ¢;(x) f =
0, « € [—aj,a;], that does not vanish in [—a;, a;] and satisfying the normalizing condition

f;(0) = 1. Consider the canonical transmutation operator
T,uz) = u(z) + / K (x, tyu(t)dt (7.28)
satisfying the relation
o 0? 9
<@ - qj(w)) Tju(z) =T, (@u(t)) . for uwe C*[—ay,al. (7.29)

Take u € C(€2). The operators T, act on u as follows

xT

Tiu(z,y) =u(r,y) + [ Ki(z,t)u(t,y)dt, Tou(r,y) = u(z,y) + /y Ki(y, 7)u(z, 7)dr.

Is not difficult to see that Ty commutes with Ty in C(Q2). Let us define 7 := T, Ty. The
operator 7 is well defined in 2, and from relation (7.29) it follows that

STu="T Nyu, for uec C*Q).

Since T : C(Q) — C(Q) is bounded (by boundedness of T;), T is continuous in the
Fréchet space C(Q). Furthermore, 7 is invertible with the inverse 7' = T,'T;' being
continuous as well. Thus, 7 is a transmutation operator for S = Ay —q1(z) — ¢2(y)
and A,. By Remark 23, T (Har(Q2)) C Sol®(Q), but in this case T; (C?[—aj,a;]) =
C?*|—aj,a;], j = 1,2 (Theorem 25) hence we have T (C?*(Q)) = C?*(2). Thus, by Remark
24, T (Har(£2)) = Sol(Q). Since T is an homeomorphism, Sol®(€) is closed in C'(2), and
the corresponding Bergman space Sol5 () is complete.

Let us denote the associated formal powers to f; by {(p§-k)}:;0. With the aid of the

formal powers the following family of functions is defined, Uy(x,y) = fi(x)f2(y) and for

m >0
(2 .
E m Lﬂik . .
<_1)2( ; )‘OE P @), it mis odd,
_ ) even k=0
Un(,y) = m o (Y (5o) (7.30)
(=1)= (;)% ’ (I)@é’”(y% if mis even.
\odd k=0




When ¢; = 0 and f; = 1, (7.30) reduces to the family of classical harmonic polynomials

in 2 dimensions: p,,(z) = Re(z™) if m is odd, p,,(z) = Re(iz™) if m is even.

Theorem 151 ([24]). For all m € Ny

Un(z,y) = T [pm(z,9)]- (7.31)

Since the family of the harmonic polynomials represents a strongly complete system
of solutions in Sol®?(Q) (Theorem 18), the continuity of 7 and of its inverse implies the
completeness of the formal powers {U,,}>°_, [88, Th. 26]. Thus, in terms of Definition

142 we have the following statement.

Theorem 152 ([24]). The family of the formal powers {Uy}5°_, represents a strongly

complete system of solutions in Sol®(€2).

As an immediate corollary we obtain the completeness of the family of the formal
powers in the space of weak solutions Soli (w) considered in any simply connected Lipschitz

domain w € .

Theorem 153. If ¢; € C*(—aj,a;), j = 1,2, then in any simply connected Lipschitz
domain w € Q) the family of the formal powers {U,}°, represents a complete system in
Sol3 (w) with respect to the Ly-norm. If w is extendable then the completeness holds with
respect to the H'-norm.

In the case when w is of class C?, and there exists a p-neighborhood of w where q €

C*(w,), the formal powers are complete with respect to the H*-norm as well.

Remark 154. The construction of the formal powers (7.30) can be generalized to a general
Schrédinger operator S = —Ag+q(x,y) in a bounded simply connected domain, if it admits
a solution f € C*(Q) that does not vanish in the whole 2. Such construction is based on
the theory of pseudoanalytic functions [75] and bicomplex-valued pseudoanalytic functions
[22, 24]. Similar constructions can be applied to the operator L = —div(p(z)V) + q(x)
(see [75, Chs. III and IV]).

d
Remark 155. For higher dimensions, if the potential has the form q(x) = qu(xj),
j=1

where q; € C[—aj,a;], for j = 1,d, then using the same procedure one can construct
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a transmutation operator T : C(Q) — C(2) in the rectangle 2 = H;.lzl(—aj,aj), as the
product T = H?:l T, of the corresponding transmutation operators of—%—l—qj (z;). Then
Sol®(Q) is closed in C(2) and the Bergman space Sols(Q) is complete. The construction
of a complete system is reduced to finding an explicit form for the harmonic polynomials

mn €.
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Chapter 8

Transmutation operators and
complete system of solutions for the

radial Schrodinger equation

This chapter is dedicated to the construction of a transmutation operator for the radial
Schrodinger equation in a star-shaped domain 2, as well as its application to construct a
complete system of solutions. Several new properties of the transmutation operator are
established, including their continuity on the Fréchet space C'(£2) and its boundedness
on the Bergman space. A Fourier-Jacobi series expansion of the integral transmutation
kernel is derived and with its aid an infinite system of solutions of the radial Schrodinger
equation is obtained which is shown to be complete with respect to the uniform norm.
Explicit construction of the system is derived. In the case of {2 being an open ball centered
at the origin the system of solutions represents an orthogonal basis of the corresponding

Bergman space.

8.1 Some facts concerning to the radial Schrodinger
equation

In this chapter, we study the radial Schrédinger equation

(Aa —q(l2]) u(x) =0, (8.1)
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where ¢ is a C'-function that depends on the radial component of . The equation is
considered in a bounded domain Q C R, star-shaped with respect to the origin. In [14],
S. Bergman showed for the case d = 2 and the potential ¢ being an analytic function of

the radial component r = |z|, that any solution u of (8.1) can be written in the form

u(z) = H(x) +/0 oG(r,1 —o®)H(o*r)do

1

dt

where H(z) = / h <g[1 - tQ]) W is the Bergman transform of a harmonic func-
1 — t4)2

tion h, and G is an analytic function of r. In [56], R. Gilbert showed that for any solution

u there exists a unique harmonic function h such that
1
u(z) = Th(x) = h(z) +/ oG (r,1 — 6*)h(o?x)do. (8.2)

The representation (8.2) can be generalized for d > 3 and C'-potentials (see [57, 58, 59]
and [11, Ch. V]). The kernel G satisfies some initial value problem for a hyperbolic PDE
(see [57]). When the potential ¢ is analytic, the kernel G is an analytic function on the
radial component (see [14, 56, 57]). In [138], I. Vekua constructed the operator (8.2)
explicitly for the Helmholtz equation and showed its invertibility. In a general context,
the invertibility of the operator (8.2) was shown in [57, 59]. The operator (8.2) is usually
called a transformation or transmutation operator ([11]). It was applied, for example, to
solving the Dirichlet problem on an admissible domain (see [32, 58, 59]), as well as to

studying properties of generalized sub-harmonic functions [59].

8.2 Transmutation operators

For Eq. (8.1), it is required to specify a certain type of geometry in the domains.

Definition 156. A bounded domain @ C R? is said to be star-shaped with respect to
the origin if 0 € Q2 and for any x € Q the segment [0, x] := {tz |0 < t < 1} belongs to

Q. In this case denote b := sup,cq |z|.

An important special case is an open ball B%(0). Note that € is contained in B{(0),

which is the minimum ball centered at the origin containing 2 (see figure 8.2).
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Figure 8.1: A star-shaped domain and the minimum ball containing it.

We assume that ¢ € C*[0,b] and consider the radial Schrodinger equation (8.1) in 2

(RS, for short). In spherical coordinates (8.1) can be written in the form

(Ng—q(r))u(r,2’) =0 for (r,2') € (0,b) x S, (8.3)
where 7 := |z| and 2’ := - BY (1.17), the Laplacian A4 can be written as
1 0 ( .0 1 # d-10 1
Ba= g, ( 5) Tl S gnt g Tl

where Aga-1 is the spherical Laplacian. The action of this operator does not affect the
radial component of functions that can be written in separate variables.

We look for solutions u € C?(£2). It is well known (see, for example, [11, 56, 57, 59])
that all solution u of (8.1) is an image of some harmonic function 4 under the action of

the integral operator of the form
u(z) = h(x) + /01 o 1G(r,1 — 0*)h(o?x)do. (8.4)
Here the kernel G € C? ([0,b] x [0, 1]) is the unique solution of the equation
7 (Grr(r,t) — q(r)G(r,t)) =G (r, t)+2(1—t)Gp(r,t) =0 for (r,t) € [0,0] x[0,1], (8.5)
satisfying the initial conditions

G(r,0) = / Tq(T)dr for all r €[0,b]; G(0,t) =0 for all ¢ € [0,1]. (8.6)
0
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Note that the kernel G does not depend on the dimension d. The existence of the kernel for

an analytic potential ¢ is established in [14], and for a C'-potential in [59]. In summary,

Theorem 157 ([59]). Let ¢ € C'[0,b] (in general, complez-valued), and G € C? ([0, 0] x [0,1])
be a solution of (8.5), (8.6). Then for any h € Har(QY), (8.4) is a solution of (8.1). Re-
ciprocally, if u € C*(Q) is a solution of (8.1) then there exists such h € Har(Q) that u
has the form (8.4).

Example 158. Let d = 2 and k € R. Consider the Helmholtz equation in B2,
(Lo + ) u(z) =0 for z € B (8.7)

In this case it is known (see [11, 138]) that every solution u has the form

u(z) = h(z) — m"/o ajl(lj;l_li;ﬂ)

where h € Har(B?) and J,(¢) is a Bessel function of the first kind and first order. The

h(o*2)do,

kernel thus has the form

J1(kry/t)

G(r,t) = —kr———=.

Vi
As in chapters 1 and 2, denote by S := Ay — ¢q(r) the radial Schrodinger operator.
Based on the integral representation (8.4), we introduce the operator: T : C'(2) — C(Q)
defined by T =1+ G, where G is the Fredholm integral operator

Gh(z) = /01 o 'G(r,1 — o*)h(o?z)do = %/01(1 — t)%_lG(r, t)h((1 —t)x)dt. (8.8)

By Theorem 157, the operator T has the property T (Har(2)) = ker(S). We want to
show that T is a transmutation operator for S and A,4. For this, take F; := C?*(Q2) and
S,y : Ey — E, and note that E; is T-invariant. Note that in Har(2), the equality
holds, but we are interested in a more general common domain for the operators S, Ay,
specifically C?(Q). However, as the following counterexample shows, the transmutation

property is not valid on all C?(2).

Example 159. Let d = 2 and Q) = B%. Consider ¢ = —1, and the Helmholtz operator
(Ag +1) in C*(B?). Then from Ezample 158 we have

Th(z) = h(z)—r /0 IOV ) e () /0 i (7 (r/T=22)) hio2)do.

1 — o2 do
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Take f € C*(B?) given by f(z) = |z|*. Then Nyf(2) = 4, and application of T leads to

the equality

T[Aof(2)] = 4 [1 . /01 % (Jo (rﬂ)) da}

:4{1—%@@) 1

o=0

] = 4Jo(r).
On the other hand
TIf(2)] = 72 {— /01 (% (4o (rv1=07)) 04d0}
=2 [1 — oty (V1= 2?) lo + 4/01 oo (rVT=0?) da}

af (1) whtonn

where uw = rv/1 — 02. Direct computation shows that [ (1 - ﬁ—z) udo(u)du = 2J5(r), and
hence T[f(z)] = 8Ja(r). Finally,

(Do +1)T[f(2)] =8 {JQ(T) + %% (T%JQ(T)H

s [JQ(T) +1 (‘—l - r> JQ(T)} = 2 ).

r

Hence (5 + 1) T[f(2)] # T [Daf(2)].

This example shows that in general ST # T/, and hence T is not a transmuta-
tion operator for S and A,. However, from the same example it is easy to see that
r? (Ng + 1) T[f(2)] = T[r* Ay f(2)]. The following theorem extends this equality onto a

general situation.

Theorem 160. Let G € C?([0,b] x [0,1]) be the unique solution of (8.5) satisfying the
conditions (8.6), and S := 1% (g — q(r)) and L := r2Ay. Then the operator T =1+ G
where G is by (8.8), satisfies the relation

STf=TLf VfeC*Q). (8.9)
Proof. Let f € C%*(Q). In spherical coordinates the operator T has the form
1
') = Tf(ra) = f(ra) 4 5 [ (1= 08GO~ Or )
0

181



The integration here affects only the radial component of f. Applying the operator S we

have

Su(r,z") = Ngf(r,2") —q(r) f(r,2') + % AV (/0 (1-— t)%_lG(r, ) f((1—t)r, x/)dt) +

-3 | =0 G0 = o
= Aaf(r. ) — ()£ ’—%/(L%ﬂld>0mﬂﬂﬂ—ﬂrﬂﬁ

Since the spherical Laplacian does not affect the radial component, we have
Nga [f((1T=t)r,2")] = (Agar f) (1 — t)r,2’). Expanding the partial derivative with
respect to r and taking into account that 2 f((1 —t)r,a’) = (1 —t) f,((1 — t)r,a’), where

p = (1—t)r, we obtain

M\@.

Su(r.a') = Aaf = a()f = 5 [ (1= a6 i
+ %/0 (1— t)%_lG(T, t) {7"% Aga f:| dt
+ %/0 (1= -1) {G(: D 0= th(r’ t)fp} dt

+;/ (1—1)% G () f+21 = )G (rt) fo + (1= 1)°G(r,t) fop } dt

= faf 5 [ U= 0FG0) [(1= 0 (Baf) (1= ra)] dt = )

+;/01(1—t)

+ /01(1 —1)2G,(r, 1) f,dt.

-1
r

M\Q_

{waﬁw—«mewxw+d GAhﬂ}fﬁ

Note that 2 f((1 —t)r,a’) = —rf,((1 — t)r,a’). Hence the integral [)'(1—t)2G,(r,t)f,dt

can be written in terms of the partial derivative with respect to t. Integrating by parts
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we obtain

! d B Y1 —1)2G,(rt) 0
/(; (1 - t)2Gr(T7 t)fpdt - _/0 , 8—fdt

_ (1_t> Gr(ﬂf)f((l—t’r‘ﬁ

[NIISW

9 | (1=1)2G,(rt)
2 [ ] fa
2 —t)g‘l—Grg’t)] ft.

Substituting the last expression into the expression of Su(r,z") we arrive at the equality

M

<

<1—t> (.

nO |

Su(raa’) = 8af +5 [ (1= 087600 [(1 =17 (Baf) (1= )]
; (—Grﬂ’j’ 0 _ Q(r)) flrat)+ 5 / (1= DG ()} F(1 = 1))t
b [ a-oi pEEIEED ey - SR - g

r

By hypothesis, G satisfies Eq. (8.5) and the condition G, (r,0) = rq(r), then

Su(r,x') = Ngf + %/0 (1-— t)g_lG(T, t) [(1 — )2 (Agf) (1 —t)r, x’)} dt.

Finally, multiplying the last expression by 7% we obtain

STf(r,«) =Lf(r,2') + %/0 (1 =121 G(r, 1) [(1 = )% (AR) (1 — t)r,2')] dt

~

—Lf(r,a) + %/0 (1= 02601 (Lf) (1= t)r,a')ydt = TLY (r,2).
Q.E.D.

Let us study some properties of the operator T. Consider the operator G : C'(2) —
C(Q), and write Ry, := [0,b] x [0,1]. The main observation to establish the continuity
of G is the fact that G € C(R,) (see [59]). In order to obtain some estimates for the

approximation of operators, we need certain properties of the star-shaped domains.

Definition 161. Given A C R, we define the star hull (with respect tox =0 ) of A as
Star(A) := U[O,x].
z€A
Thus, Star(A) is the smallest star-shaped domain (with respect to = = 0) that contains
A ( In fact, the intersection of star-shaped domains with respect to x = 0 is a star-shaped

domain, and Star(A) is the intersection of all that contain A).
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Lemma 162. Let K C R? be compact. Then, the star hull Star(K) is compact.

Proof. Consider the function ¢ : K x [0,1] > (z,t) — tz € R% The function ¢ is
continuous and ¢(K x [0, 1]) = Star(K). By hypothesis, K x [0, 1] is compact, hence also
Star(K). Q.E.D.

Proposition 163. The operator G : C(Q) — C(Q) is continuous, and for all f € C()

and K C Q) compact, the inequality holds

1
max |G (2)] < ~[Gllewr, - max |f(2)]. (8.10)

zeStar(K)

Proof. Let f € C(Q2) and K C Q be compact. Since €2 is star shaped, Star(K) C €2, and
by Lemma 162, Star(K) is compact. Take z € K and note that

Gr@) < [ oG - o) f (%) do

0

- /01 ‘O%G(T, 1- 02)‘ ‘a%f(azx)‘ do
1

1

d—1 _02205 10d—1 o2 205
<(/Oa G 1 >\d) (/ A x)\d)

where the Cauchy-Bunyakovsky—Schwarz inequality was applied. Using the change of

variables t = 1 — 02 in the first integral, and ¢t = o2 in the second, we obtain

sl < g ([ -0t ”'thf (/oltg_l|f(tx)|2dt)%

The first integral can be estimated as follows

1

1 d_ d_ 2
/0 (1= 3G, 0)Pdt < |Cl3 e, / (1 - 1)8dt = Z|Glid,)

In the second integral, the function f is defined on the compact segment [0, z] C Star(K)

and hence

Uy 2ty 2 2
2! 2dt < 2t = = :
/O 27| f(tx)|dt (IEIST%;?K) |f($)!> /0 t27dt pi (IEISQ&%() !f(l‘)l)

Thus, we obtain the estimate

1
G (@)l < ZlGllow,) - max |f(z)].

zeStar(K)
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In particular, for n € N, Star(K,) is a compact subset of €2, and there exists N € N such
that Star(K,,) C Ky, then we have

1 1
IGflla < SlGllew, - max |f(2)] < S[Gllew,) - fllv,

zeStar(Ky,)

which implies that G is continuous in the topology of C(Q) (see [51, Prop. 5.15]).
Q.E.D.

Corollary 164. The transformation operator T : C(2) — C(§2) is continuous.

Remark 165. If f € C(Q), we have that |G f(z)| < CllHGHC(Rb)HfHC(ﬁ) for all x € Q.
Then G is bounded in the Banach space C(Q) with |G| < 3||Gllcr,) (and consequently,
also T).

To prove the invertibility of the operator T one can rewrite it as a Volterra integral
operator. For f € C(Q2) we write the integral G f(x) in spherical coordinates and changing

the variable o2 = £ obtain

Gf(r,a") = /1 cG(r, 1 — o®) f(o?r,2')do = /T <£>(121 G (7’, 1- g) f(p, 2"
0 0

r

[ 26628

d_
Denote K(r,p) := (3)5 "1a (r, 1— f) Then the operator T takes the form

r 2r

Thir,a) = f(r.2') + / "K(r,p)f (o, )dp. (8.11)

(see [11, pp. 235]) of a Volterra integral operator of second kind. The invertibility of T

depends on the behaviour of the kernel K (r, p) in the triangle IT := {(r, p) | 0 < p < r < b}.

Note that @ is continuous in Ry,. Indeed, the only singular point is » = 0, but

taking into account the condition G(0,t) = 0 for all ¢ € [0,1] (8.6) by the L'Hospital rule

we have
G(r,t
im S0 gy G, (r,t) = G,(0,1)
r—0t T r—0+
. . 2 - . G(T,t)
b)- = . .
(since G is of class C% in Rp). Denote My := sup(, per, |~ Note that from (8.6)
G(r,0)

K(r,r) =1 |5 7q(T)dr. By the L'Hospital rule, 1im+ q(0), and hence K(r,r) is
r—0

-
well defined on the main diagonal of II.
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For the rest of I, given (r,p) € Il we have 0 < 2 <l andt=1-2 € (0,1). Since
g — 1> 1, we obtain
d
1% 21 G(T,t) My
Kol =|(2) = <5
r 2r 2

Due to the arbitrariness of (r, p), K(r, p) is bounded on II. Since K € Ly(II) the Volterra

integral operator (8.11) is invertible [72, Ch. X].

Furthermore, in [57] it was shown that the inverse operator T~! has the form

T u(r) = u(x) + /0 o g(r,1 — o®)u(c?r)do (8.12)

where ¢ is related with the Riemann function of the equation (%22 + 1q(r))u(z) = 0.

Moreover, h = T~'u € Har(Q) for all solution u of (8.1). Then any solution u of (8.1)
is of the form v = Th. Since the inverse operator has the form of a Fredholm integral
operator with a continuous kernel, we conclude that T~ : C'(2) — C(Q) is continuous.

Consequently, we have the following statement.
Theorem 166. The operator T is a transmutation operator for S and L.

Example 167 ([138]). For the Helmholtz operator in B? the transmutation operator can

be written as a Volterra integral operator in polar coordinates as

Th(r,0) = h(r,0) — /07“ (%JO </£\/m> u(p, 0)dp,

and the inverse is given by

Yu(r,0) = u(r,0) + / ——JO (p—r)) u(p, 0)dp

=u(p,0) + m’/o g (/W(i V_10_2 g )

u(o®r,0)do.

avie ) (mm) , where I,(C)

Hence the kernel of the inverse operator has the form g(r,t) = D

is a modified Bessel function of first kind.

Remark 168. Since T(Har(Q)) = Sol®(Q2), by Remark 24, Sol®(Q) is a closed subspace
of C(Q).
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8.3 Boundedness and invertibility of the transmuta-
tion operator in the Bergman space

Now we establish the boundedness of the operator G : by(£2) — Lo(€2) in the Lo-norm.

Theorem 169. The operator G : ba(2) — Lo(Q2) is bounded. In consequence, the trans-

mutation operator T =1+ G is bounded as well.

Proof. Given h € by(€2) we have
1 1
Gh()P < ﬁ|yG||2C(Rb)./ h(tx)[2dt, for x € Q.
0

Thus,

1 1
[ 1Gnkas < 6w, [ | [ ok
Q Q 0
- 1 !
(Fubini) = ﬁHGH%(R,,) / [/ ]h(tx)\del dt.
0 Q

To study the integrals [, |h(tx)|*dz, we consider the family of operators B, : by(Q2) —
b2(Q2) defined by the equality B:h(z) = h(tx), for 0 < ¢t < 1. These can be seen as the
composition B;h = h o ¢;, where ¢, : Q — tQ C Q! is the homothetic transformation
() = @(tx), so that Byh is harmonic. For ¢t = 0, Boh(z) = h(0) is just a functional
evaluation, and in the Bergman space by(€2) it is bounded. Take p := dist (0, 0%2), then

BZZ(O) C (2. Hence the evaluation functional satisfies the inequality

1
1h(0)] < pdV—GBd)HhH%Q(Q)

V(Q
(see [8, Prop. 8.1]). Then ||B0h\|2L2(Q) < — (©)

77 @) Ml For ¢ > 0 with ¢ = to, we

have / |h(Q)|?dV; = / |h(tz)[*t?dV,, so
tQ2 Q

1 1
Bl = 7 [ IMOPIC < 5l 0

Thus, {B;}o<i<c1 C B (b2(2)). Fix h € by(2) and take ¢t € [0,1]. If ¢ = 0, we know that

V(Q
IBohl3, 0y < e 12130y TEE > 0, we have

Bl = 3 [ 1n0Pas = ve) { s [ mopac)

f Q is a star-shaped domain, then for any t € [0, 1], tQ is also a star-shaped domain and tQ C Q.
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Note that pB? C Q C bB?. Let 0 < ¢ < £, and note that tQ C (tb)B? C Q, and
d d
V(IQ) > V(to)BY) = 5"V (B') = (£) (ot)'V(B") = (£) V((th)BY).

Hence

v ., ORI < ey [ 0P
< (%) S /( Ih(C)PdC
< (%)d'oi%z{@/w Horc|

1

The supremum H,2(0) := sup {—d / |h(g)|2dg} is the Hardy-Littlewood maximal

o<t<p |V (tB?) Jipa

function of |h|? evaluated in x = 0. It is known that for a continuous function in pB?, x = 0
1

is a Lebesgue point and this quantity is finite (furthermore, hm V(t]B%d) / |h(O)|2d¢ =

|h(0)?, see [51, Ch. 3] or [121, Ch. 8]). Therefore, for O <t < ||Bth||%2(ﬂ) <

d d
(é) - Hjp2(0). Finally, for £ <t < 11t is easily seen that [|Bihl|7,q) < (%) 12017,
V()

p
% b é b %
B:h h — Hp2(0 — h <
s [Bitlo max{(pdv(ﬁd)) Il (2) - () (2) ) uw} o

Then
for all h € by(Q2). It follows from the Uniform Boundedness Principle [51, Ch. 5], that
M := sup [[B;]| < co. Thus,

0<t<1

1 1 1
/0 [/ |h<m>12dx] it = [ 1B ot < / IBUP IR, oyt = M2[I2, 0

From this we obtain ||Gh||%2( < 57 ||G||C Ry) ||h||L2(Q Q.E.D.

N|=

Remark 170. (i) Since Sol®(Q) is closed in C(Q), Proposition 126 implies that the

Bergman space Sol5(Q) is complete.

(ii) The previous result shows that T(by(2)) C Sol5 (). Actually, if u € Sol(S2), then
h = T 'u € Har(Q), and by the formula (8.12) one can show (in a similar way of
the proof of Theorem 169) that h € by(Q), and hence T(by(Q)) = Sol5(Q). Since
T € B (b2(92), Sol3(R)) is a bijection, it follows from the open map theorem (see [51,
Cor. 5. 11]) that T~' € B (Sol5 (), b2(12)).
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8.4 Fourier-Jacobi series expansion of the integral
transmutation kernel

In this section we propose a Fourier-Jacobi series representation for the kernel G and
study some of its properties, and in the next section we derive convenient formulas for its
coefficients. The interest in constructing G goes back to [57] where the possibility of its
computation via the method of successive approximations was explored.

Following [81], we employ the fact that for each r € [0, 1] fixed, the function G(r,-) €
Lo((0,1); wa(t)dt), with wa(t) = t2~1. In Subsection 1.3.1 we saw that shifted Jacobi
polynomials {13#’) (t)}zo_o given by (1.13) are an orthogonal basis for Lo((0,1); wa(t)dt)

whose norm is given by 1\1375‘”HLQ((OJ)M(M” = \/ G (see (1.14)).

Proposition 171. The integral kernel G admits the following Fourier-Jacobi series ex-

pansion, for each r € [0,1] fized

G(r,t) =Y an(r)P(1), (8.13)
where X
an(r) = (Qn + g) / t%_lG(r, t)P9D(t)dt Vn e N. (8.14)

The series (8.13) converges with respect to t in La((0,1);wq(t)dt).

Proof. Fix r € [0,1]. Since G(r,-) € Lo((0,1);wa(t)dt), we can expand it in terms of
the basis {ﬁﬁd) % o in the form (8.13), and the series converges in Lo((0, 1); wq(t)dt) with
respect to t. Also, for m € Ny the coefficient «,, can be obtained multiplying (8.13) by
P9 and integrating,

/ A ) PO (1t = / s (i an(r)ﬁéd)(t)> B (1)t

n=0
o0 1
d_ 1 ~ ~
= Zan(r)/o t2 = P () PO (t)dt = am<r)||Pr(r?)||%2((0,1);wd(t)dt)‘
n=0

(The change of the order of the integral and the series is justified due to the fact that the
integral is a bounded functional on Lo ((0, 1); wg(t)dt)). Since |]]3,§51)H%2((071);wd(t)dt) = =2

we obtain (8.14). Q.E.D.
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Remark 172. From (8.14) we can see that {a, }>°, C C?[0,1] (because G(-,t) € C*[0,0]).

Now, we study the pointwise convergence of the series (8.13). In fact, due to the

smoothness of GG, one can obtain that the convergence is uniform.

Proposition 173. Let Gy(r,t) = ij:o an(r)ﬁrgd)(t) denote the N-th partial sum of

PTG (r, t
(8.13). Suppose that g € C?[0,b], for somep > g—l, and define M, := (r%zgz # )
T, b

Then there exists a constant ¢, > 0, independent of N or r, such that for all N > p the

inequality holds

‘M
max |G(r,t) — Gu(r,t)] < 22
(T7t)eRb Np_§+l

(8.15)

Consequently, the Fourier-Jacobi series (8.13) converges uniformly to G in R,.

Proof. The following estimate for the remainder of the Fourier-Jacobi series of a smooth
function is known (see the proof of Theorem 7.6 from [131], with Theorem 5.15 of [135]).
Suppose that ¢ = max{a, S} > —%. Given p € N with p > q, there exists a constant
¢y, > 0 such that, for all f € CP*[—1,1] and N > p satisfies

C
— < P_ . (p+1) 1
xg[l_afulf(:v) v@l < 75 tg[l_aﬁgllf ®)1, (8.16)

where fy(x) := Zg:o anPéa”B)(:v) is an N-th partial sum of the Fourier-Jacobi series of

f. Since the change of variable x = 2¢ —1 is an isometry in the uniform norm between the
spaces C[—1,1] and C0, 1], the same estimate is valid for the shifted Jacobi polynomials
{ﬁ&d)};o:o. For this case, ¢ = %l — 1, and if p > g — 1, then (8.16) is fulfilled for all
f € CPt10,1]. Since ¢ € C?[0,b], G € CP™(R,). In particular, for r € [0,b] fixed,
G(r,-) € CP™0,1] and

c
Npp—q ' tE[O,}lc]

G(r,1) — Gu(r,1)| < vt € [0, 1].

oPHG(r, t)’ o cpM,

otr+1 N A

The constant ¢, does not depend on r and the last inequality is valid for all r € [0, 0],

from which we obtain (8.15), and thus the uniform convergence. Q.E.D.

For the dimensions d = 2,3 it is sufficient that ¢ € C'[0,b]. Proposition 173 provides

an estimate for the approximation of solutions of (8.1).
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Theorem 174. Suppose that ¢ € CP[0,b], for some p > g — 1. Letu € SoP(Q) and
h € Har($2) such that u = Th. Then u can be represented as the series

u(z) = h(z) + i M /1 t2 =1 P () h(ta)dt, (8.17)

n=0 0

which converges uniformly on each compact subset of 2. More precisely, if N > p and

un(z) = h(x) + Z w /01 tg_lﬁ,gd)(t)h(tx)dt, (8.18)

n=0
then for each compact K C §) the estimate is valid

_ _GM,
ra?ea%W(x) uv(@)l ANP—4+1 xG@{ISltaai{(K))|h<x)

, (8.19)

where ¢, and M, are defined as in Proposition 173.

Proof. Let u € Sol®(2) and h € Har(Q) such that u = Th. Substituting the Fourier-
Jacobi expansion (8.13) of the kernel G in the operator T and taking into account the

uniform convergence we obtain
1 00 N
u(z) = h(x) +/ ot (Z o (r) P (1 — 02)) h(o*z)do
0 n=0
00 1 i
= h(z)+ ) an(r) / o1 P2 (202 4 1) (02 do.
n=0 0

The Jacobi polynomials satisfy the equality P{*” (—z) = (=1)" P (2) [131, pp. 244].
a_ d_ ~
Hence P2 V(=202 + 1) = (=1)"P" V(202 — 1) = (~1)"P\?(6?), and

u(@) = hz) + 3 (=1)"an(r) /O LB (52 (020 do
= h(x) + i (_1)2%(7") /01 t2L P () h(tx)dt.

For the estimate, define the operator

1 N 1
Gyh(z) = / o Gn(r, 1 — ocH)h(o?x)do = Z T/ t%—lpﬁ (t)h(tx)dt,
0 0

where Gn(r,t) is the N-th partial sum of the Fourier-Jacobi series of G. Then uy(z) =
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(10(9) + GN) u(z). Now, given a compact K C 2 and x € K, we have

u(z) —un(2)| = [(G = Gy) u(z)]

( By (8.10)) < =+ max |G(r,t) — Gy(r,t)|- max |h(x)]

(rt)ERp zeStar(K)

M
PP max[h(z)]
NP3 zeStar(K)

QUl— Q-

( By (8.15)) <

This is fulfilled for all x € K, so we have that

M,
max lu(z) — un(z)] < W 'mefsftlgr}((m |h(z)].
Since h is harmonic, by the maximum principle, max |h(z)] = max |h(z)|, we
z€Star(K) z€d(Star(K))
obtain (8.19). Q.E.D.

Remark 175. The series (8.17) converges pointwise for all r € [0,b] (by the continuity
of the inner product), even if ¢ € C*[0,b].

8.5 A complete system of solutions for the Schrodinger
equation

The next step is the construction of the coefficients {a,(r)}5°,. We deduce a correspond-
ing system of equations considering images of certain type of harmonic functions. First,
observe from (8.17) that the action of the integral is focused on the radial variable, there-
fore, in case the integration variable is separated from A the expression can be simplified.

Hence, let us consider the homogeneous harmonic functions.

8.5.1 The transmuted homogeneous harmonic polynomials

Taking p € H,,(R?) and substituting it into the series (8.17) we have

o0 1
Tp( )+ Z / t2=1 P (¢)p(ta)dt

n— 0

[e.9]

1+ Z / t2=1pld)(y )tmdt]

0
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The last integral is the inner product (ﬁ,(f“, ") Lo([0,1],wa(t)dt)- Note that if n > m, then

pY t"™, hence the last series is a finite sum for n = 0, m. Denoting
Yrm = (ﬁéd),tm>L2((071);wd(t)dt) for m € Ny, 0 < n < m, (8.20)

we obtain the representation

Th(z) = 1+ (_1)%;(7")%” (), (8.21)

n=0

valid for all p € H,,(R?). Note that the representation does not depend on the choice of
p, only on the degree m.

Now we derive an expression for the coefficients {a,(r)}5°,. For this we estab-
lish the conditions fulfilled by them in the origin. For r = 0 we have the expansion

Zan , however, by conditions (8.6), G(0,t) = 0, for all t € [0,1],

SO Z Qo P,E = 0. Due to the orthogonality of the shifted Jacobi polynomials we
obtaln that:
a,(0) =0 Vn € Ny. (8.22)

Theorem 176. Let {¢n(r)}oo_, be the system of functions defined by the equalities

+(> for 0<r<b meN, (8.23)

(bm(r) =

rm

where Y, 15 the unique solution of the perturbed Bessel equation

A%y (1) +€m(£m +1) d—3

Poym(r) == — 72 2 Ym (1) +q(r)ym(r) =0 with £, = mt——, (8.24)

satisfying the asymptotic conditions

Ym (1) ~ pém+l yr(r) ~ (b + 1)7“&”, r—0t. (8.25)

Then the coefficients {a, (1)}, can be obtained as follows. For M € Ny the vectorial

functions @y = (b (r) — DM_, and Ay := (am ()M, are related by

m=0
I'vA,, =y (8.26)
where 'y 15 the lower triangular matrix
(=354 . .
—5, if 0<i <y,
(Lar)ig == ’ (8.27)
0, if > 1.
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Proof. Let m € Ny and take p € H,,,(R?). Write p(x) = r™p(2’) with r = |z and 2/ = £
for z € Q\ {0}, and P, = g, Denote

— <_1)nan(r)7nm
m =1 —. 2
Om(r) =1+ ; 5 (8-28)
Notice that by condition 8.22, ¢,,(0) = 1. By (8.21)
U (2) = TP () = G (1)r™ P ().
Since u,, € &(12), substituting it in (8.3) we have

? d—10 - mDga-1 ., ,
Stn(o) = gz + g 40)) G0 nle!) + (11" 5 01 =

Using part 3 of Proposition 20 and expanding the left part of the equation we have
Su,(z) = (gz%rm +2mr™ el m(m — 1)Tm_2¢m) D + ? (gzﬁ;nrm + mrm_lqﬁm) D+
= q(r)Gmr ™ P — m(m + d = 2)$r™ iy
= [1" (¢ — a(r)dm) + 17 (2m + d = 1)@}, ] P

+ [ 2 (m(m — 1) +m —m(m +d —2) +m(d — 1))] pm

2m+d—1 .
(oo I Y g
This is valid for any p,, € H,»(S? 1), so we have that every function ¢,,(r) satisfies the
problem
2m+d—1
We can rewrite the last equation as a perturbed Bessel equation. Consider ¢,,(r) = % (1)1

with £, :=m + ? > —%. Then y,, satisfies the perturbed Bessel equation

Py (r) Ayl + 1)

Pym(r) = — a2 + 2 Ym(r) + q(r)ym(r) =0

which possesses a unique solution y,,(r), satisfying the asymptotic condition

Y (r) ~ T = T ()~ (b 4+ 1)t — 07

see (73, . osing this solution we obtain ¢,,(0) = lim —— 71) = 1. Finally, we
(see [73, 127]). Chosing this sol btain ¢,,(0) = lim y+(d1 y
r—=0% pMmT 5~
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have the equality ¢,,,(r) =1+ > ", (71);%”“ a,(r) or, written in another form,

Lo 0 0 ao(r) po(r) — 1

LI S — 0 oy (r r)—1

2 2 1‘( ) _ ¢1( ) (8.29)
702m _"/12m (fl)Zme (7 Pm(r) — 1

which is precisely the representation (8.26). The determinant of the system (8.29) is
| % # 0, and thus it is uniquely solvable. Q.E.D.

~

Theorem 176 allows one to construct the kernel G(r,t) = "2 a,(r)P,(t) by solv-
ing system (8.26). However, as we show below, for practical purposes the functions

{Om(r)}e°_, are even more useful than the coefficients a,.

1

Definition 177. Let {¢,,(r)}5°_ be the system of functions defined by ¢ (r) = r’m’g+§ym(7’),
where Y, is the unique solution of the perturbed Bessel equation (8.24) that satisfying the
asymptotic condition Y, (r) ~ rmHS 5 0F. A formal power of degree m is a
function of the form

U () := Tpm(x) = G (r)r"pm (), (8.30)

where pp, € Hm(RY). The set of all formal powers of degree m will be denoted by S,,(Q2).
Note that a formal power of degree m is well defined in the ball BZ(0).

Example 178. In the case d = 2 the formal powers of degree m are generated by the

functions
D (|2])2™ = G (r)r™e™?, ifm>0

Oy (|2) 2™ = Gy (r)rImle™? - if m < 0.

Vin(z) ==

where ¢, (1) = r’m’%yn(r), and Y, satisfies (8.24) with €, = m — % and the asymptotic

. 1
condition Y, (r) ~r™*tz r — 07,

Theorem 179. If K C Q is compact with R?\ Star(K) being connected, then for any
u € SolP(Q) there exists a sequence {S,}2%y with S, € Span (! _, Sm(Q)) such that S,

converges uniformly to u in K.
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Moreover, if @ = B%(0) for some R > 0, then for any u € Sol®(B%(0)) there exists a
sequence of formal powers {Un }_y, with U, € Sn(B%(0)) such that

u(z) = Zum(x) for x € B%(0), (8.31)

and the series converges uniformly on compact subsets of B%(0).

Proof. Let u € Sol®(Q). Consider h € Har(Q) such that « = Th. Since Star(K) is

a compact subset of 2 with a connected complement, by Theorem 18, there exists a

n=0

in Star(K’). Consider S,, = Tp,. By definition, S,, € Span (| _, Sn(Q2)) and by (8.10),

sequence {p,}22, with p,, € Span (U"mzo Hm(Rd)), such that p,, converges uniformly to h

1
_ < = . _
max |u(z) — Su(2)] < ZllGllewr,) xegg%)lh(x) pn(2)]-

Since max |h(z) — pu(x)] — 0, n — oo, we have that S, converges uniformly to u

zeStar(k)
in K. For the second statement, if Q = B%(0), Theorem 17 establishes the existence of

a sequence {p,,}5°_, with p,, € H,(R?) such that h(z) = 377 pn(z) and the series
converges in the topology of C(B%(0)). Again, by the continuity of T we obtain

me@:)] =3 Tp(e) = 3 Un(a),

and the series converges in C(B%(0)), i.e., uniformly on compact subsets. Q.E.D.

u(z) = Th(z) =T

Example 180. For the case d = 2, every solution u € Sol3(B%(0)) can be written as a

series . .
u(z)= > Vulz)= Y e (r)e™,

and the series converges uniformly on compact subsets of B%(0).

Below, in Corollary 196 the absolute convergence of the series (8.31) is established.
Actually, we can prove that the system is complete in the strong sense of Definition 142.

For this purpose the following lemma will be useful.

Lemma 181. Let D C R? be bounded and star-shaped with respect to the origin. Then
R\ D is connected.
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Proof. Let z,y € RY\ D. We see that there a path joining x and y in R\ D. Let us
denote [z,00) := {tz|t > 1}. We claim that [z,00) N D = (). In fact, if there exists
¢ € [x,00) N D, then [x,(] C [0,{] C D, thus x € D, which contradicts our hypothesis.
Hence [z,00)N D = (), and similarly [y, c0)N D = (). By hypothesis D is bounded, then we
take R > 0 with {z,y} UD C B%(0), and (j, (s, such that ¢; € [x,00)N (Rd \ Ei(O)) and
G2 € ly,00)N (Rd \Ei(())). Since R? \Eé(O) is a domain, there exists a path v joining
(1 with ¢, in R? \EC];(O). Hence [z, (1] U~y U [(2,y] join z with y in R\ D. Q.E.D.

Theorem 182. The formal powers | J,._, Sm(§2) are a strongly complete system of solu-
tions for Sol®(€2).

Proof. If K C € is compact, then Star(K) is a bounded star-shaped domain w.r.t. the
origin, so then R?\ Star(K) is connected by Lemma 181. It follows from Theorem 179

that for any solution u € Sol®(Q2) and € > 0 there exists S € Span (J!"_, Sm(2)) such
that max lu(z) — S(z)| <€ Q.E.D.
S

An orthogonal basis for Sol; (B%(0)) is proposed in the following theorem.

Theorem 183. For any m € Ny, fix an orthonormal basis {Yl(m), e ,K}g)} for H,, (ST
and define

V(@) = o)V (@) k=T1,d,. (8.32)

Then § = {{V(m)}dT % is an orthogonal basis for the Bergman space Soly(B%(0)). In
particular S,,(B%(0)) L S,(B%(0)) if n # m.

Proof. First, note that S,,(B%(0)) C Lo(B%(0)). Let m,n € Ny, and k € {1,--- ,d,,} and
je{l, -+ ,d,}, with (m,k) # (n, k). Then

V) Lo = / V" (@) Vi (x)dv,
pvtm ny (m), ,
/ /Sd . ¢m< )gbm( ) (f )YJ (l‘ )dO'x/dT

_ ( /O m+"+d_1gbm(r)¢m—(r)dr) ( /S . Yk(m)(:t’)mdaf).

Thus, (V™ V](»n)>L2(B%(O)) = 0if (m, k) # (n,5). Then {V"™} is an orthogonal basis for
S (B%(0)), and S,,(B%4(0)) L S, (B%(0)) if n # m. Finally, if u € Sol5 (B%(0)), take h €
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By(B%(0)) such that u = Th. By Theorem 21 we can write h(z) = > oo r™ (ZZZO ﬁ,(cm)Yk(m)(x’)> :

m=0

where fL](gm) = (h, rmYk(m)> La(B(0)) and the series converges in the Ly norm. Thus, due to

the boundedness of T,

) dm, 0 dm
u(x) = Z r’m <Z h;m)Yk(m)(:v’))] = Z (Z h,im)T [rmYk(m) (.CE/)]>
m=0 k=0 m=0 \k=0
— Z (Z h(m b (7 my(m ) Z (Zh m)V‘m) )
k=
Hence u can be expanded into a Fourier series of formal powers (8.32). Q.E.D.

Example 184. For d = 2 the formal powers V,(r,0) = r‘”'gbw(r)eme, n € 7 represent
an orthogonal basis for Sol5 (B%(0)).

Example 185. For d = 3 the functions ¢,,(r) = %Sﬂ) are determined by the reqular
solutions ym,(r) of the perturbed Bessel equation

m(m + 1)

2 Ym (1) + q(r)ym(r) = 0.

—Ym (1) +

Consider the orthonormal basis for the spherical harmonics H,,(S?) given by

— k) 4
H.0) - \/<2n1+<2 Tk)n B P (cos(@))e™ for 0< 8 <m 0< ¢ <2m k= "mom
T :

(the classical 3-dimensional spherical harmonics), where Pk(m)

polynomial " (x) = G (1 — a)8 ity (a2 — )™

2mm!
(m) o @Cm+1)(m—k)! (m) ik _
Then V,"(r,0,¢) = \/ Tr(m 1 1] " o (r) Py (cos(8))e™, m € Ny, k =

—m, m represent an orthogonal basis for Sol5(Bg(0)).

15 the associated Legendre

Remark 186. For higher dimensions considering spherical coordinates on S for o' =
(11, ,2q) € ST, we write

x1 = sin(fy_1) sin(fyg_o) - - - sin(6s) sin(6y),

Tg = sin(fy_1) sin(04_2) - - - sin(6) cos(6;)

x3 = sin(fy_1) sin(4_2) - - - sin(f3) cos(6s)

zg_1 = sin(04_1) cos(fg_s),

xg = cos(f4-1),

\
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where 0 < 0 < 2,0 < 0; <, fori =2,d—1. Then the surface measure on S is
given by do = (H?;f(sin Gd,j)d_j_1> dfg_q---dOy (see [37, Ch. 1]). For a € N& with
ag € {0, 1}, define

d—2
_ . i+l .
Ya(z) = [hal ga(8) [ (sin(0a_y )l ™1 €O (cos(0y)),
j=1
where [07] 1= aj + -+ + ag_1; A = ol T + HH

cos(ag-10), if ag=0,
9ga(bh) =
sin(ag_10), if ag=1.

and Cy({\)<£L‘) = o

A5 "
d—2 —
[ha]2 — b, (O‘J') (d ;+1)JO‘?H| (O‘J + )‘3)7
j=1 (2)‘j)0¢j ( 2J)|aj+1| )‘J
in which
b 2, if Qg1+ 0aqg > O,

1, otherwise.

Then {Y, ||a] = m, ag € {0,1}} is an orthonormal basis for H,,, (S — 1) [37, Th. 1.5.1].
Consequently, {{r™¢,,(r)Y, | |a| = m, ag € {0,1}}}°_, is an orthogonal basis for Sol3 (B{(0)).

8.5.2 Approximation of weak solutions

Once the strong completeness of the formal powers has been obtained, we can apply the
results of section 2.4 to approximate the weak solutions. Since the formal powers are well
defined in the smallest ball B,(0) containing the star shaped domain €2, the completeness
of the formal powers can be formulated as follows. As a direct consequence of Theorems
143, 145 and 147 we have the completeness of the formal powers in the space of weak

solutions.

Theorem 187. Suppose that ¢ € CP(B4(0)), with p = 1 + [%l} Then in any simply

connected Lipschitz domain w @ B%(0) the radial formal powers | Jo_, Sm(B%(0)) are a
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complete system of solutions in Soli(w) with respect to the Lo-norm. If w is extendable,
the completeness holds with respect to the H'-norm.

Additionally, in the case when w is of class C*, and there exists a p-neighborhood of
w where ¢ € C*(w,), the radial formal powers are complete with respect to the H*-norm

as well.

8.6 Construction of the formal powers

As was shown above the construction of the formal powers reduces to the construction of

the functions ¢, (r) = y"j—(f_)g which implies solving the perturbed Bessel equation
Pt

lo (U + 1)

7 Ym(r) =0 for 0 <r <b, (8.33)
,

Py (r) := =4 (1) + a(r)ym(r) +

where £, = m + %, for m € N. A special case is precisely when d = 2 and m = 0, and
hence ¢y = —%. However, first we consider the case ¢,, = m + % >0,ford#2o0rd=2
and m > 0. It is well known that for ¢ € C[0, b] there exists a unique regular solution y,, of
(8.33) that satisfies the asymptotic conditions g, (r) ~ r*1 ' (r) ~ (lp+1)rtm, r — 0F
(see [73, 127]). First, consider the Bessel equation

Bp(r) = —v/() + 22y <o

A fundamental set of solutions is given by {rf=*! r=fm1 with the Wronskian W (rfm*! r=fm) =
—(20,,+1) = —2(m — 1) — d. Following [127], we are looking for a solution as a functional

yn(r) = S0 (r). (8.34)

Substituting formally the series into (8.33) and establishing that 5 (r) := r=*1 one can
get a sufficient condition for (8.34) to be a solution, and it consists in the requirement

that the system of functions {7 (1)}, should satisfy the recursive relations
B, (r) = —q(r)Yp 1 (r)  for m > 1. (8.35)

Eq. (8.35) can be solved applying the method of variation of parameters. For this, we

define the kernel function

1 r€m+1 SZerl
Lm(rys) = 57— (

) for (r,s) € (0,b] x (0,0]. (8.36)

stm  plm
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Then

d—1

for k=0,
/ Lo(r,s)q(s)p(s)ds, for k> 1.
0

Remark 188. 1. £,, € C*((0,b] x (0,b]) and L,,(r,7) = 0.

(8.37)

=1.

r=s

gfm+1
= ﬁ ((6 + )sem +€ rzm'*‘l)

3. g—;ﬁm(r, s) = —Zm(ﬁr’;ﬁl)ﬁm(r, s).

The following lemma provides some bounds for the function £,, which allow one to

establish the convergence of the integral in (8.37).

Lemma 189. For all (r,s) € (0,b] x (0,b] such that 0 < s < r, the function L,, satisfies

the inequalities
. Zm+1
(1) [Lm(r, )| < 257 St
.. r\fm
(i1) ‘%L’m(r,s)‘ < (g) .
Proof. (i) First, note that 2 <1 < %. Since £,, > 0 we have (f)ém < (E)em' Then
2 r\tm 8\ bm 2 7\ fm
et g2y () ()] it (O
[£m(r 5]l 2£m+1[T ;) e 20, +1 \s
(ii) Note that > < 1= (§)£m+1 < (f)gm, and so
1 T em S lm+1
bt 1) () "+ (7)
22 +1 {( +1) S * r

<t () e ()] <0

Q.E.D.

Using these bounds in the following statement we find majorants for the functions

(8.37).

Proposition 190. For all r € [0,b] the inequalities hold

) k  lm+1 i k
@ o < (51 ) S ([ slatolas) iz
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i o< () e ([ sltoras) vz

In consequence, {7}, € C10,b] N C?(0,b]. Furthermore, for k > 1, ¥ satisfies

the recursive equation (8.35).

Proof. For the first inequality, note that for k£ = 0 it is fulfilled. For k£ > 1 we proceed by

induction. For £ = 1 we have

7 (r / |Lon(r, 5)|q(s)]s" T ds
2

r 74€m—~-1

+1
(Lemma 189(i)) < 50 11 / o lg(s)|s"™ " ds

_ 2 em+1/r
=20 1" slq(s)|ds.

This proves the case k = 1. We assume the validity of inequality (i) for & > 1, and

prove it for k + 1,

[ (r) /|c (r, $)] ()] [ (s) ds

2 " ptmtl "
(Lemma 150() < 57— [ S—la)lei(s)lds
| . 2 "la(s)l (2 ’“sém“ / '
< lm+1
(Induction hypothesis) < 2£m+1r /0 ol Gy Clg(Q)|d¢ | ds

2 k+1 ¢, +1

:(% +1) )| e (/ Clatc 'dc) *
9 k+1 rﬂm-i-l

B (2£n+1> (k+ 1) (/0 sla(s )‘ds)

This concludes the induction and proves (i) for all £ > 0. For the derivative, first note

that
) (0) = Ll V() + [ 5 L shals)gt(5)ds
= [ rntrstatshigt (o)is

because L,,(r,7) = 0. Then, applying Lemma 189(i) and the inequality (i) we have

@Y ()] < / Lol 8)a(s)0p 1 (5)] d

k—1 m+1 k—1
< )|d d
[ ws) (oo
k—1 g
:(26 +1) ( sla(s |ds>
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Hence, {¢;"}72, and their derivatives are well defined with ¢};*(0) = (¢/7*)'(0) = 0. Thus,
{322, < C0,b] N C?(0,b]. Finally, simple calculation shows that ¢} satisfies the
recursive relation (8.35). Q.E.D.

The convergence of the series (8.34) is established in the next theorem.

Theorem 191. For m € N, the functional series (8.34), with the series of the first
derivatives, converges absolutely and uniformly on the whole segment [0,0], and the se-
ries of the second derivatives converges absolutely and uniformly on each compact in-
terval [0,b] C (0,b]. The function y,, defined by the series (8.34) is a reqular solution
of the perturbed Bessel equation (8.33), that satisfies the asymptotic conditions y,,(r) ~

rimtl g (1) ~ (L + Db 7 — 07,

Proof. We establish the convergence of the series (8.34). Let x € [0,b]. By Proposition

190, we have
oo 9 k T€m+1 r k
< d

[e.o]

1 2 '
<Hm 3T~ o (% +1|| Q(S)HLl{o,b])

k=0

2
_ b£m+1 exp (25 1 ||Sq(8)||L1[07b]>.

Hence by the Weierstrass M-test, the series y,,, (1) = Y _p ¥ (1) converges absolutely and

uniformly on [0,b]. In a similar way one can show that the series of the first derivatives
converges on [0, b] (using the bounds of Proposition 190 (ii)). For the second derivative,

take 0 < 6 < b and r € [6,b]. By the recursive relation ()" = —q(r)yr, — = ”H) i,

we have

8

Z| V)" ()] < Iél[%)g lq(r Z | (r Z |y (r

k=1

Since both series on the right hand side converge absolutely and uniformly, the same
is true on the interval [4,b] for the series of second derivatives as well. Then y,, €
C1[0,b] N C?(0,b]. Thus, substituting the series of ¥, into (8.33) and using the recursive

relation (8.35) we obtain that y,, is a regular solution. Finally, in order to establish the
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asymptotics of y,,(r), we note that

|y () — 7aéerll < i( 2 ) rtm+1 </r8‘q(s)’ds>kz
" h 2y +1) k! 0

k=1

2 T
< {exp (%m 1 /0 s|q(s)|ds) — 1}. The right hand side tends to

zero when r — 07. Hence lim,_,o+ ZEH(Q = 1, which is the first asymptotic relation sought.

yM<T)
rlm+1 1

Then

The proof of the second is similar. Q.E.D.

Remark 192. From the proof of Theorem 191 we obtain additionally two important facts.

1. For arbitrary m € N we have the bound
2
6m(r)] = | 2252 < exp ( 5 llsa()l o

15q()|| L1106
~ exp (—H < exp (15¢(5) | o)

ym(T)
rr-fm-i-l

2m+d—1
50 {om}oo_, C C[0,0] is uniformly bounded.

2. For the case b =1 we have that

fm(1) = 1] = [ym(1) — 1] < {exp (%) . 1} |

The right hand side tends to zero when m — oo, hence we conclude that lim ¢,,(1) =
m—0o0

1.

In this way the existence of the functions ¢,,(r) is established, m € N.

When /¢, = —%, the idea is to implement a similar procedure for Boy(r) = —¢§(r) —
=to(r). In this case a fundamental set of solutions is given by {rz,r2log(r)}, and the
Wronskian is W (r2, 72 log(r)) = 1. The existence of a regular solution for Boyo(rr) = 0 is
established under the condition that the potential satisfies the condition r(1—log(r))q(r) €
L1[0,b] (see [73]). This condition may be weakened of the type r'=q(r) € L;[0,0], for
some 0 < € < 1 (see [93]). Either of these two conditions is satisfied by a continuous
potential.

Following the same procedure we define
Lo(r, ) = V7 (log(r) — log(s)) = Vrslog (=) for (r,5) € (0,8] x (0,0]
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The function L, satisfies the same conditions as those of Ly(r,7),

1
-/ {— log <C> + 1]
r=s r |2 S

and satisfies the equation 8‘972250(7‘, s) = 12 Lo(r,s). Also the following bounds are valid.

250(7’7 3)

=1
or

r=s

?

Lemma 193. The function Ly satisfies for 0 < s < r < b the following inequalities

(i) [Lo(r,s)] <74/

(i1) ‘%Eo(r, s)} < %\/g

Proof. Using the inequality

1 1
\log(x)]<§ x——‘ for x>0
and that f <1 § we have
’EO(T75)|<@ " < - L=r /L
2 ls r S S
For the derivative, we have
0 s |1 r
|- () o
‘8r£0(r$) \/;‘2 og | - + ‘
1
< \/E {— ’log <t)‘ + 11
r|2 S
s[r
<\ s+
r [25 *
L n S o 3 /r
2V s r 2\ s
Q.E.D.
Now, we define the system of functions
N for k=0,

U(r) =9 pr
/ Lo(r,8)q(r)py_,(s)ds, for k> 1.
0

Repeating the same procedure as for the previous case, one can obtain the bounds for

this system of functions.
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Proposition 194. For all v € [0,b] the functions {)}32, satisfy the inequalities

(i) [i(r) \‘[bk (/| |dt> Vk > 0.

i 1601 <2 ([atog) s

Similarly to Theorem 191 we obtain the following statement.

Theorem 195. The functional series yo(r) = > oo ¥i(r) and the series of the first
derivatives converge absolutely and uniformly on [0,b], and the series of the second deriva-
tives converges absolutely and uniformly on each compact interval [6,0] C (0,b]. Further-
more, the function yy is a reqular solution of the perturbed Bessel equation Pyyo(r) = 0,

that satisfies the asymptotic conditions yo(r) ~ /1, yu(r) ~ #, r— 0t.

Proof. The proof of the convergence of the series is similar to that from Theorem 191.
Thus, yo € C'[0,b]NC?(0,b]. Also the system of functions satisfies the recurrence relation
Byl (r) = —q(r)y?_,(r), for k > 1, hence yj is a regular solution of Byy(r) = 0. Finally,

we have the estimate

yi/(;)—1‘ T fbk(/y \dt) {exp(b/0r|q(s)|ds)—1}.

The right hand side tends to zero when r — 0", from where we get that lim \/(_) 1.
r—0+

The proof of the second asymptotic condition is similar. Q.E.D.

Hence, the function ¢y (r) = yO—\/(? is continuous, and the system of functions {¢,, }7°_, C
C'[0,b] is uniformly bounded. As a corollary of this observation, we obtain the absolute

convergence of the expansion in terms of the formal powers.

Corollary 196. Any function u € Sol®(B(0)) admits a series of the form

= Z Un ()

where Uy, € Sp(BX(0)), and the series converges absolutely and uniformly on each

compact subset of BJ(0).
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Proof. Given u € Sol®(B{(0)), take h € Har(B{(0)) with « = Th. By Theorem 17, h
admits an expansion u(x) = > > py(x), with p,, € H,,(R?), and this series converges
absolutely and uniformly on compact subsets of B{(0). Applying the transmutation op-
erator we obtain the expansion u(z) = Y °_ Uy, (z) and the uniform convergence. For

the absolute convergence, note that

5 o)l = 3 It @] < ( 510 [mlcton ) - 3 lom(e)l
m=0 m=0 meRo m=0

and the last series converges absolutely. Thus, the expansion of u converges absolutely.

Q.E.D.

As an application, we construct the solution of the Dirichlet ® ) problem in the unit
ball BY. We mention here another approach based on the transmutation operator T for
solving the Dirichlet problem, developed in [57, 58, 59] where for the case of a positive
potential ¢ and ¢ € C(S?!) the unique solution u of D(0.p) is constructed as u = Th
with h being given as a double layer potential of some solution of an integral Fredholm
equation.

Using the orthogonal basis of Sol5 (B¢) we obtain an explicit expression for the solution

of (), as a series of the formal powers.

Proposition 197. Suppose that ® o) has only the trivial solution. Given ¢ € Cr(S4-1)

with p = 2 [%%3] , the unique solution of the Dirichlet problem oy can be written as the

series .
u(e) =D v (@), (8.38)
m=0 k=1
where

(m)
Y, . __
am = P X ey for me Ny, k=1,d,. (8.39)

b Om(1)
The series (8.38) converges in Ly(B%), and uniformly and absolutely in Be.

Proof. We look for a solution in the form (8.38). On the boundary we have

o0 dm oo dm
o) =u(l,a) =Y a"Vm(1,2) =YD 0o (Y™ (@),
m=0 k=1 m=0 k=1
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By Proposition 20 (5), {{Y;m)}ZZl}%O:O is an orthogonal basis for Ly(S?!). Then the

coefficients of the last expansion have the form
Cbm( )= ) : <<P,Y( )>L2(Sd—1)a m € Ny, bk =1,dp,.

If ¢,(1) = 0 for some m, then V,gm) is a solution for the radial Schrodinger equation
with V,Em)‘gd_l = 0, and is a non trivial solution for ), which contradicts the hy-
pothesis. Thus, ¢,,(1) # 0 for all m and we obtain formula (8.39). By Remark 192 (2),
limy o0 ¢ (1) = 1, and ¢ (1) # 1 for all m, hence the sequence {_— }m _o 1s bounded,

so we have

S S laf e < (s ) S SR < e

m=0 k=1
Thus, the series (8.38) converges in Ly(B?). Moreover, since ¢ € CP(S41) with p =

2 [‘{%3}, its Fourier expansion in spherical harmonics converges absolutely and uniformly
on ST (see [67]), S200_, S1¢m 1|g0k )| < 00, and hence

oo dm
>SS ron i@ < (sup Bl ) (s ) S ST < oo
m=0 k=1 meENp meNo |¢m —0 k=1

With the aid of the Weierstrass M-test we obtain the absolute and uniform convergence

in Be. Q.E.D.

Remark 198. For d = 2 it is sufficient that ¢ € Lip(S') in order to guarantee the

absolute and uniform convergence of its Fourier series on S* (see [10, Ch. II]).

Example 199. Consider the Helmholtz equation Au(x) + k*u(x) = 0. In this case, the
equation for the coefficients {¢m }oo_, is given by
r¢l (r) 4+ 2m +d — 1)@, + r&’p,(r) = 0.

For d = 3, the solutions of the equation Tl (r) —|—2(m—|— 1)@, +1620m(r) = 0 are given
by dm(r) = \/g]";#, where Ji(r) = /5 are the spherical Bessel functions.

Then an orthogonal complete system in three dzmenszons 8

(m) _ [Cm+1)(m— k) (m) ik l— T
Ve (1,0, ) = \/ 27 (m + 1) Jm(kr) Py (cos(8))e m € No; k = —m,m,

with 0 < r < b;0 <0 <m0 < ¢ < 2r. This coincides with known results for the

Helmholtz equation in three dimensions (see, e.q., [43, p. 44]).
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Example 200. Consider in R on some bounded star-shaped domain the radial equation
Asu(z) — |z[*u(z) = 0.
In this case, the associated perturbed Bessel equation s

1
—y"(r)+ (Wl(m—;—) + 7“2) y(r)=0 for 0<r<b. (8.40)
r
Applying formulas (8.37) for the system of functions {]*}32,, a direct computation
shows that

Tm+1+4k:

18 (4k)2m+ 1)(2m +5) - (2m + 1 + 4k)

Pt (r) =™ () = fork € N.

The last expressions can be written as

T (2mf4—&-5) ,r,m+1+4k

mie) —
v () A2REID (2L k1)
By Theorem 191, the reqular solution is given by

o0 D (2mE5) om + 5 ) r

_ m+l 4 = mtz . cd2mtl |

Ym(r) =7 Z@kw(zm%l%ﬂ)_r( . ).2 \/?12%1(2).
k=0 '

for k € Ny.

Hence an orthogonal complete system of solutions for (8.40) has the form

m (2m + 1)(m — k)! T (22£5) . om+5 2\ o i
Vlg )(7"797@:\/ 47T(m)(—|—k:)! iy ( imlé Lami1 5 Pé )(cos(6))e™?,

formeNg, k=—m,m; and 0 <r <b;0<0 <0< ¢ <27,

8.7 A relation with a transmutation operator for the
perturbed Bessel equation
Consider the radial part of the Laplacian A4 and define the radial operators

L P d-1d
T dr2 rodr’

Lq =L - q(?“),

defined on C?[0,b]. Note that the Laplacian in polar coordinates has the formal form

L+ % withe =2

: 55 Lhe operator T can be seen as an operator in C|0,b] having a

Volterra type form
Ty(r) = y(r) +/ K(r,s)y(s)ds for y e C|0,b]
0

209



d_

with K(r,s) = £2 G (r,1—2). It was shown in Section 8.2 that T is a transmutation
2r2

operator for the pair r?°L, and r*L. A direct computation shows that K satisfies the

equation
Ky + (d—1DrK, +[(d—2) —r’q(r)]K = p°K,, + (5 — d)pK, for (r,s) €11
where IT := {(r,s) |0 < s < r < b} (see [11, Ch. IV]). Aditionally, K satisfies the condition

K@ﬂzgigm@ﬁ

If we consider K(r,s) = ’;E,f;?, then the function x satisfies the problem:

r? (A, —q(r)) 6(r,s) = s* ANg k(r,s) for (r;s) €11
k(rr) = =g Jg ta(t).
Denote L, := r?L, and L = r2L. Then L,T = TL on C?[0,8].

Let y € C?[0, b] be such that u = rl%dy € C[0,b]. Applying L, to u and proceeding as

in the proof of Theorem 176, we obtain

- d—1\ (d—3 L Ca(la+ 1
szr%{y_ﬂwy_(2 )(2 )%]ZK2P“”“”_£L%—Q

r

where (; = %. The operator P := % —q(r) — Méﬁ%l) is the perturbed Bessel operator.

1—d

We have the relation L, <r%dy> =r2 Py.

Definition 201. Let a € R. We define the radial multiplication as the operator
M* : D(M®*) C C[0,b] — C10,b] given by

M*y(r) :==r®y(r) fory € C[0,b] with r* € C]0,b].

Note that M® is a densely defined operator, and for o > 0, D(M®) = C[0,b]. The

operator satisfies the commutativity relation M*M”? = MPM® = M*+7,

Let B := % — MT;LI) denote the spherical Bessel operator. Then the following (trans-

mutation) relations are valid
LM %5 =M 2P, LM 2 =M 7 B. (8.41)
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Due to the commutativity of the operators M similar relations are valid for the operators
P := M?P and B := M’B.

It is well known that there exists an operator

Tf(z) = f(x)+ /Ox V(x,t)f(t)dt, (8.42)

such that the kernel V' is a continuous function satisfying

(& - @) - ) V(e t) = (4 - L) V()
1 e ny
Vieo) =5 /O taltydt, i 1V (1) =0

and the condition sup / |V (x,t)|’dt < oo (see [36]) . Operator T satisfies the condition
0

0<z<b

PT=TB in &]0,b], (8.43)

where £[0,b] := {y € C?0,b] | y(0) =0 and y'(r) = O(r"),r — 0T, if £ =—1} (see [94]).

The following theorem establishes a relation between T and T.

Theorem 202. The operators T and T satisfy the equalities
d—

L, <M‘TT> - <M‘71T> B. (8.44)

and
p (M%TM*%> - (M%TM’%> B. (8.45)

Proof. Note that

T
d—1 ~
By (8.41) = M~ <PT)
By (8.43) = M—“%" <TB> ,

and we obtain the relation (8.44). On the other hand, since fq = M PM“ and

1

L= M_%EM%, we have

Hence

Q.E.D.
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Chapter 9

Conclusions and future work

Two new applications of transmutation operator theory to direct and inverse spectral
problems for the SLEIF and to the construction of complete system solutions for the

radial Schrodinger equation, were presented. The following results were obtained.

1. A transmutation operator that transforms solutions of v” + p?v = 0 into solutions of
the SLEIF is constructed. Its main properties of boundedness and invertibility are
proved. A Fourier-Legendre series representation for the integral transmutation ker-
nel is obtained with a recursive integration procedure for the expansion coefficients,

together with a representations of the solutions C(p, z) and S(p, z) as NSBF.

2. A direct method for solving the inverse spectral problem for the SLEIF is presented.
It is based on an integral representation for the solution with a continuous kernel,
for which a Gelfand-Levitan equation is derived. The method reduces the inverse
problem to an infinite system of linear algebraic equations for the Fourier-Legendre
coefficients of the series expansion of the integral kernel, and the impedance function
is recovered from the first coefficient of the solution vector. The numerical realization
of the method is simple and involves nothing but the built-in functions of a modern

numerical computing environment, such as Matlab.

3. An integral representation for the Jost solution and its derivative is obtained, to-

gether with an expansion in the form of a power series defined in the unit disk of

1, .
. 5+ . . .
the variable z = 2 iZ . The coefficients of the series expansion can be computed
1=
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recursively. As was shown in [38, 78] this kind of representations are useful for the
numerical computation of the Jost solution. The spectral data of the Sturm-Liouville
problem are characterized and explicit formulas are obtained for the calculation of

the eigenvalues, the normalizing constants and the spectral function.

4. Results on the Runge property for strongly elliptic equations are reported which
allow one to extend the results on the completeness of systems of classical solutions
onto essentially arbitrary bounded Lipschitz domains and spaces of weak solutions.
This is especially important in the context of the transmutation operator theory
which provides the possibility of efficient construction of complete systems of solu-

tions for equations with variable coefficients.

5. The continuity and invertibility of the transmutation operator for the radial Schédinger
equation, and its inverse, are established together with the transmutation property,
a Fourier-Jacobi series representation for the integral transmutation kernel and uni-
form estimates for the approximations. From the Fourier-Jacobi series a complete
system of solutions for (8.1) (called formal powers) is obtained. The completeness
is established in the sense of uniform convergence on compact subsets and in Lo
and H?-norms. The complete system can be applied to approximate solutions of
boundary value problems by means of linear combinations of formal powers. The
formal powers can also be used in the construction of the Green function or the

Bergman reproducing kernels related with boundary value problems.
Of course, there are still several interesting questions to be answered, for example:

1. The construction of transmutation operators for less regular impedance functions,

for example, for impedance functions from WhHt(—b,b).

2. The invertibility of the transmutation operators T}, with h # 1, as well as a formula

to relate operators corresponding to different parameters.

3. The solution of the inverse problem for an impedance function a € WP(0, ), for
1 < p < oo, which includes the derivation of a Gelfand-Levitan equation and the

asymptotic relations for the spectral data.
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4. The derivation of a Gelfand-Levitan equation for the Sturm-Liouville problem (5.1),

(5.2) for h # 0, as well as its solution.

5. Develop a procedure for solving the dispersion problem for Eq. (1.46) in the whole
line, analogous to the obtained for the Schrodinger equation [69, 77].

6. The construction of a transmutation operator and a complete system of solutions for
the Schrodinger equation possessing other symmetries, for example, in cylindrical

coordinates.
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