CENTRO DE INVESTIGACION Y DE ESTUDIOS
AVANZADOS DEL INSTITUTO POLITECNICO NACIONAL

Cinvestav

UNIDAD ZACATENCO
DEPARTAMENTO DE MATEMATICAS

Complejidad Topolbégica Simétrica
y Plan Motriz

T E S | S

QUE PRESENTA

ISAAC ORTIGOZA SUAREZ

PARA OBTENER EL GRADO DE
DOCTOR EN CIENCIAS

EN LA ESPECIALIDAD DE
MATEMATICAS

DIRECTOR DE TESIS:
DR. JESUS GONZALEZ ESPINO BARROS

CIUDAD DE MEXICO. NOVIEMBRE, 2022






CENTER FOR RESEARCH AND ADVANCED
STUDIES OF THE NATIONAL POLYTECHNIC INSTITUTE

Cinvestav

ZACATENCO CAMPUS
DEPARTMENT OF MATHEMATICS

Symmetrical Topological Complexity
and Motion Planning

T H E S | S

SUBMITTED BY

ISAAC ORTIGOZA SUAREZ

TO OBTAIN THE DEGREE OF
DOCTOR OF SCIENCE

IN THE SPECIALITY OF
MATHEMATICS

THESIS ADVISOR:
DR. JESUS GONZALEZ ESPINO BARROS

MEXICO CITY. NOVEMBER, 2022






Contents

Agradecimientos v
Resumen ix
Abstract xi
Introduction xiii
1 Symmetric and Symmetrized TC 1
1.1 Configuration Spaces and Braid Groups . . . . . . . . . ... ... ... ... ... 1
1.2 Symmetric Motion Planning . . . . . .. . . ... o oo L 2
1.3 Monodromy . . . . . .. e 4
2 The 2-String Braid and Pure Braid Groups on the Torus 7
2.1 The Fundamental Groups of F(T,2) and B(T,2) . . . . . .. ... ... ... ... .. 7
2.2 The Word Problem of B,(T) . . . . . . . . 14
3 The Cohomology of F,(T) and Obstruction Theory 17
3.1 Obstruction Theory . . . . . . . . . 17
3.2 Deleted Product, Mimick for P,(X) . . ... ... ... . ... 19
3.3 The Sectional Category for the Fibration eg; over F(T,2), Torus Case . . . . . . .. 20
3.4 Motion Planning . . . . . . . ... L 28
4 Minimal B,(T)-Free Resolution of Z 31
4.1 A Contracting Homotopy of (C,d) . . . . . . ... . . 35
4.2 Diagonal Approximation . . . . . . . ... 69
5 The Symmetric and Symmetrized Topological Complexity of the Torus 77
5.1 Mimick for B,(X) . . . . .o e 7
5.2 The Third Power . . . . . . . . . . . e 80
6 Conclusions and Future Work 85

7 Bibliography 85



Contents

ii



A mis padres

José Luis Ortigoza

Lucia Teresa Sudrez

A mi esposa Lupita Reyes

A mis hijas Regina e Isabella Ortigoza



Agradecimientos

v



Agradecimientos

En esta ocasion quiero dividir los agradecimientos en cuatro grandes partes, que han sido pilares,
que me sostienen y me alientan a seguir superandome: Mi familia, las instituciones que me han
formado y a las que espero contribuir, los maravillosos amigos que he conocido en esta etapa de mi
vida, y mi razon de ser quienes me alientan con su presencia a seguir superandome, asi pues, en ese

orden, antes que nada quiero agradecer a mi familia:

A José Luis Ortigoza te extrano mucho papé, en gran medida, este logro es por ti. Siempre
extranaré esos momentos en los que platicAbamos de matematicas. El amor que le tengo a

esta ciencia es gracias a ti.

A Lucia Teresa Suérez, porque me haz dado amor, consejos, apoyo, comprension y por haber
sido un ejemplo en mi vida. Mama ni en tres vidas me alcanzarian para devolverte todo lo

que haz hecho por mi. Te amo mucho MAMA y te agradezco por todo.

Ambos me han formado como un ser de valores y principios, lo que considero, es la parte mas dificil

en la educacion.

A mi hermana: Ingrid Ortigoza a quien admiro por sus logros, quien siempre me ha dado su

apoyo de manera incondicional.

A mi tio Mauricio Ortigosa quien, en cierto modo, es mi hermano mayor, quien ha sido un

modelo de éxito y desarrollo integral.

A Adriana Paredes una gran amiga y ahora parte muy importante de mi familia, quien siempre

tiene esa actitud positiva y llena de energia que nos contagia a todos.

A mis primos Tono y Mary, por su ayuda en diversos aspectos de mi vida, por sus comentarios

constructivos; por haber sido siempre un ejemplo de esfuerzo y determinacion.

Al resto de mi familia por sus contribuciones a mi formaciéon brindadas a lo largo de los anos.



Agradecimientos

Mi agradecimiento a los académicos, las instituciones y a las personas que las integran, quienes
contribuyeron para formar profesionistas de gran calidad que puedan ayudar a resolver algunas de

las probleméticas del pais, gracias por haber depositado su confianza en mi:

A Jestis Gonzalez, quien fue un excelente maestro que supo motivarme y entusiasmarme por
la topologia algebraica; cada dia contigo fue un aprendizaje, me hiciste reflexionar y creo que
SOy una mejor persona gracias a ti. También quiero darte las gracias por tu apoyo y paciencia,

para la elaboracion de esta tesis.

Quiero agradecer a los profesores del Cinvestav, por sus consejos, su tiempo y por los conocimien-
tos complementarios a este trabajo, ya que sin ellos no habria notado ni disfrutado muchas

de las posibles conexiones y ramificaciones del mismo.

Ademsés no puedo dejar de mencionar a Miguel A. Xicoténcatl, Ruy Fabila Monroy, José
Martinez Bernal, y a Carlos G. Pacheco por ser mis maestros, y quienes me ayudaron a

descubrir, jugar y gozar las matemaéticas en esta etapa.

Al Cinvestav por sus recursos y espacios, asi como al apoyo administrativo, de secretaria
(Norma Acosta, Anabel Lagos, Roxana Martinez, Adriana Aranda, Laura Valencia y Omar

Hernandez) de vigilancia, mantenimiento y de intendencia porque su labor es muy valiosa.

A Conacyt por el apoyo econémico otorgado sin el cual este trabajo posiblemente no se habria

logrado, y al fomento a la ciencia que realizan con diversas actividades y dindmicas.
A esos hermanos que la vida ha puesto en mi camino, y cuya influencia ha sido muy importante.

A mis grandes amigos que se convirtieron en hermanos Rex (Daniel Vazquez), Roberto Fierros,
Duck (Francisco Leandro), Yannick de Icaza, Anaid Rosas, con quienes creci y con quienes

me gustaria tratar el resto de mi vida.

A mis amigos del Cinvestav: Nestor Colin, Alejandro Gonzélez, Max E. Mitre, Yulieth K.
Prieto, Fabiola Rodriguez, Rodolfo Salinas, Raul Alvarez, Miguel E. Uribe, Wincy A. Guerra,
Barbara M. Gutiérrez, Jonathan J. Gutiérrez, Christopher J. Roque, Carlos E. Vivares, Carlos
Castro, Alejandra Fonseca, Hugo Corrales, Alejandro Avilés con ellos he aprendido, platicado

y reido matematicas, de no ser por ellos la vida matemaética no tendria el sentido que tiene.

Al Acapulco (Jesus Angel Lara Rivera), Eduardo Lopez y a Isidro Morales con quienes he
compartido, no solo platicas interesantes de matemaéticas, también cine, teatro, vacaciones,

etcétera; ellos son, quienes para mi, le dan vida al departamento.

A Natalia Cadavid Aguilar muchas gracias por todo. Fuiste dos veces mi hermana academica.

Les deseo mucha suerte a ti y a Mario en esta nueva etapa de su vida.

vi



Agradecimientos

A Oscar Adrian Méndez Lara, con quien he compartido muchas platicas, café y se ha vuelto

un gran amigo.

Quiero agradecer de manera muy especial a Nadia Huerta Sanchez por todo, no s6lo ha sido
una amiga, si no que se ha convertido en la companera de muchas aventuras, siempre ha
estado ayudandome en muchos aspectos, sin mencionar los momentos tan agradables que

hemos compartido cafeteando matematicas.

También quiero agradecer de manera muy especial a Alvaro Martinez Ramirez por ser un gran
amigo y companero en la vida, con él aprendi que a los mateméaticos les gustan los polinomios,

pero so6lo hasta cierto grado.

Por ultimo quiero agradecer a las personas mas importantes en mi vida, a quienes me motivan,

e inspiran para seguir superandome en todos los aspectos.

Quiero expresarle mi mas sincera gratitud a mi esposa Lupita Reyes, por ser un breve cielo en
la tierra, por ser el amor de mi vida y con quien espero compartir el resto de nuestros anos en el
mundo. Te doy gracias mi amor porque cuando sonries serenas mi cansancio, cuando me abrazas
me das consuelo cuando creo que las cosas estan saliendo mal. Tt eres la mejor esposa para mi y

si hubiera que elegir otra vez te eligiria un millén de veces.

A mi hija Regina Ortigoza Reyes el dia que escuche tu corazén, supe que mi vida habia cambiado
para siempre. Mi amor amo jugar contigo y gracias por cuidarme.
A mi pequena Isabella Ortigoza Reyes, amo ser tu papa. Me encantan tus chinos y tu sonrisa.

Mis hijas son la luz de mis ojos y el motivo de éste y todos mis esfuerzos. Son el mas grande

tesoro de mi vida y tengo la fortuna de compartartirlo con su madre.

vii



Agradecimientos

viii



Resumen

La motivacion de la tesis se debe a que M. Farber y M. Grant introducen el concepto de compleji-
dad topologica simétrica TCS(X) aunado a que 1. Basabe, J. Gonzélez, Y. B. Rudyak, y D. Tamaki
introducen el concepto de complejidad topologica simetrizada TCZ(X ), esto es por la necesidad de

crear una planificacion de movimiento que satisfaga la condicion

a(B,A)(t) =a(A,B)(1—t) cuando A # B.

Estos conceptos se presentan en el primer capitulo. Definimos férmulas anélogas a las que dieron
Armindo Costa and Michael Farber, para describir la acciéon de la monodromia, en la fibracion
NL(X)/Zs — B(X,2).

En el segundo capitulo explicamos las presentaciones que mostré J. Birman para los grupos
de trenzas sobre el toro P,(T) y B,(T). Esta es la herramienta esencial para los resultados maés

importantes de la tesis.

El objetivo principal de la tesis es estudiar la categoria seccional de las fibraciones NL(T') —
F(T,2) y NL(T)/Zs — B(T,2). Para esto en el tercer capitulo construimos una resolucion libre
de Z sobre Z Pp,(T) COn una cantidad minima de generadores, y un levantamiento sobre la resolucion
barra de Z P, (T) que permite calcular los productos en la cohomologia y mostramos un plan motriz

para la primer fibracion.

El resultado mas importante de la tesis se encuentra en el capitulo cuatro. Construimos una
resolucién libre minimal de Z sobre Z B,(T) Y S€ dieron formulas explicitas para una homotopia de
contraccién. Usando la técnica descrita por David Handel construimos una aproximacién diagonal,

con la cual obtenemos férmulas explicitas que permiten calcular el producto cup.

En el capitulo cinco usamos la herramienta construida para calcular la complejidad topolégica
simétrica TC¥(T) y simetrizada sobre el toro TC*(T'), usando los resultados de Jests Gonzalez y

Schwarz. Con este resultado se completan los calculos para todas las superficies cerradas.
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Abstract

The motivation of the thesis is due to the fact that M. Farber and M. Grant introduce the concept
of symmetric topological complexity TCS(X ) and I. Basabe, J. Gonzalez, Y. B. Rudyak and D.
Tamaki introduce the concept of symmetrized topological complexity TC* (X), this is due to the

need to create a movement planning that satisfies the condition

a(B,A)(t) =a(A,B)(1 —t) when A#B.

These concepts are presented in the first chapter. We define analogous formulas to those given
by Armindo Costa and Michael Farber, to describe the action of monodromy, in the fibration
NL(X)/Zy — B(X,?2).

In the second chapter we explain the presentations that J. Birman showed for the groups of braids

on the torus P,(T") and B, (T'). This is the essential tool for the most important results of the thesis.

The main goal of the thesis is to study the sectional category of the fibrations NL(T") — F(T,2)
and NL(T')/Z2 — B(T,2). For this in the third chapter we build a free resolution of Z over Zp (1)
with a minimal number of generators, and a lifting over the bar resolution of Zp (1) that allows

us to calculate the products in the cohomology and we show a motion planning for the first fibration.

The most important result of the thesis is found in chapter 4. We construct a minimal free
resolution of Z over Zp, (1) and explicit formulas for a contraction homotopy were given. Using the
technique described by David Handel we construct a diagonal approximation. We obtain explicit

formulas that allow us to calculate the cup products.
In chapter five we use these tools to compute the symmetric topological complexity TCS(T)

and symmetrized on the torus TC™(T'), using the results of Jestis Gonzélez and Schwarz. With this

result the calculations for all closed surfaces are completed.

xi



xii



Introduction

M. Farber and M. Grant introduce the concept of symmetric topological complexity TC®(X) in [1]
and I. Basabe, J. Gonzalez, Y. B. Rudyak and D. Tamaki introduce the concept of symmetrized
topological complexity TC* (X) in [2], this is due to the need to create a movement planning that

satisfies the condition

a(B,A)(t) =a(A,B)(1 —t) when A#B.

The symmetrized topological complexity TCZ(X ) is a homotopy invariant of X, whereas it is
not known whether TC®(X) satisfies the homotopy invariance. Much of the interest in TC* and

TC® comes from the relation
max{TC%(X) — 1,TC(X)} < TC*(X) < TC%(X),

which holds for reasonably well-behaved spaces (see [2]). Together with Farber-Grant’s upper esti-
mate TC®(X) < 2dim(X) in [1] holding when X is a closed manifold, and Cohen-Vandembroucq’s
result that TC(S) is maximal possible for all closed surfaces S>2 of genus at least two (orientable
of not), we see that TC*(S>p) = TC¥(S>2) = 4. The situation for the projective plane RP?
is completely similar as the equality TC*(RP?) = TC¥(RP?) = 4 is known from [3, Theorem
1.7]. However, the situation for the 2-sphere S? is somehow special as TC*(S?) = TCY(52) = 2,
in view of [2, Example 4.5]. As a consequence of the calculations in this thesis, we are able to
settle (Theorem 5.2) the situation in the case of the torus T, the only remaining closed surface:
TCH(T) = TCS(T) = 3.

One consequence that we have is that the Torus is an example where the general inequality
TC(X x Y) < TC¥(X) 4+ TC*(Y)

proven in [3, Lemma 4.9] is strict.
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Chapter 1

Symmetric and Symmetrized TC

1.1 Configuration Spaces and Braid Groups

Given a space X, the configuration space of ordered pairs of distinct points in X is
P(X,2)={(z,y) e X x X |z #y}.
The group Zs acts on F(X,2) by permutation of coordinates, and we write
B(X,2) = F(X,2)/Z-
for the configuration space of unordered pairs of distinct points in X. We use the notation
m(F(X,2))=P,(X) and m(B(X,2))=B,(X),

when the spaces are pathwise connected.

Using the Fadell-Newirth fibration and the associated homotopy exact sequence it can be shown
(see for instance F. Cohen and J. Pakianathan [4]) that F(X,2) is a K(P,(X), 1)-space, if X is R?
or a closed 2-manifold other than the sphere or the projective plane. In particular, from the 2-fold

covering '
Zy <& F(X,2) — B(X,2)

we get mp(F(X,2)) =0 =m,(B(X,2)) for all n > 2, together with the short exact sequence
1— P,(X) — B,(X) — Zy —0. (1.1)
Then B(X,2) is also a K(B,(X),1) and we can interpret B,(X) as the braid group of X on 2

1



strings, understanding P,(X) as the pure braid subgroup. Thus P,(X) is a normal subgroup of
B,(X) of index 2.

G.P. Scott gives presentations of the braid groups B, (X) and P,(X) if X is a closed 2-manifold
different of S? or RP? [5]. In this work, we use the presentation given by D.L. Gongalves, J. Guaschi,
and M. Maldonado for P,(T) [6] and by K. Murasugi and B.I. Kurpita for B,(T) [7], where T =
S1 x St stands for the 2-torus.

1.2 Symmetric Motion Planning

The sectional category of a fibration p : E — B, denoted by secat(p), is the least integer n such
that the base space B can be covered by n + 1 open subspaces on each of which p admits a section.

If no such n exists one sets secat(p) = oo.

The topological complexity TC(X) of a space X is defined as the sectional category of the
evaluation map eg 1 : P(X) — X x X which takes a free path v in X to its end points: eg1(y) =
(7(0),v(1)). This concept is intended to give a homotopical framework for studying the motion

planning problem in robotics.

Farber-Grant introduced the concept of symmetric topological complexity [1], this is motivated

by the need to create a motion planning that satisfies the condition

a(B,A)(t) =a(A,B)(1—1t) for A+#B.
We write NL(X) for the complement of the free loop space L(X) in the free path space on X.
The group Zs acts on a nonloop « by traveling it in the opposite direction, that is o — @ where

@(t) = a(1—t). The inclusion map NL(X) — PX gives us a restricted fibration eg ; : NL(X) —
F(X,2) which passes to the quotient giving the commutative diagram
M (1.2)

L

M

i/zﬂ%m(}( ) P(X)
| | |
B(X F(X X

X.
Here M denotes the path space Maps([0,1],0,1; X, xg, 1) for a point (zg,z1) in F(X,2). Alterna-

24— F(X, 20— X

2



tively, when X is path connected, we have the commutative diagram with fiber columns

Qx QX Ox (1.3)

| J

NL(X)/Zy 4———— NL(X)—— P(X)

(X

B(X,2)4¢——— F(X,2)— 5 X x X,

Remark 1.1
Observe that the diagram
NL(X) ———» NL(X)/Z> (1.4)

0,1 0,1

F(X,2) —— % B(X, 2).

is a strict pullback, and that the fiber at {zg,z1}" is homeomorphic to Maps([0,1],0,1; X, o, z1).

Definition 1.2 The symmetric topological complexity TC® (X) of a space X is defined as one
more than the sectional category of the evaluation map ¢, , : NL(X)/Zy — B(X,2) which takes
the class of a unoriented nonloop « in X to the set of its end points on the configuration space of

unordered pairs of points.

Definition 1.3 The symmetrized topological complexity of a space X, TCE(X ), is the smallest
positive integer n for which X x X can be covered by n+1 open sets U each of which is closed under
the switching involution k on X x X, and admits a continuous Zs-equivariant section U — P(X)

of the (Zs-equivariant) double evaluation map eg : P(X) — X x X.

Much of the interest in TC® and TC? comes from the relation
max{TC®(X) — 1,TC(X)} < TC¥(X) < TC¥(X), (1.5)

which holds for reasonably well-behaved spaces (see [2]). Together with Farber-Grant’s upper esti-
mate TC®(X) < 2dim(X) in [1] holding when X is a closed manifold, and Cohen-Vandembroucq’s
result that TC(S) is maximal possible for all closed surfaces S>2 of genus at least two (orientable
of not), we see that TC*(S>p) = TCY(S>2) = 4. The situation for the projective plane RP?

IThe fiber at {xg, 21} is Maps([0, 1],0, 1; X, zo, x1) U Maps([0, 1],0, 1; X, z1,x0) / ~ where a ~ @




is completely similar as the equality TC¥(RP?) = TC®(RP?) = 4 is known from [3, Theorem
1.7]. However, the situation for the 2-sphere S? is somehow special as TC*(S?) = TCY(52) = 2,
in view of [2, Example 4.5]. As a consequence of the calculations in this thesis, we are able to

settle (Theorem 5.2) the situation in the case of the torus T, the only remaining closed surface:
TC*(T) = TC*(T) = 3.

1.3 Monodromy

There is a classical definition of sectional category in terms of fiberwise joins which is more appro-
priate for our purposes than the original one. We denote by % E the n-fold fiberwise self-join of
the fibration p : E — B and by j"(p) : #® E — B the n-join map. Then secat(p) < n if and only
if j7*1(p) has a cross section [§].

We begin by giving a description of the action of 71 (B(X,2)) = B,(X) on QX, which is the
homotopic fiber of the map ¢, , : NL(X)/Zy — B(X,2).

Given an element v in B, (X) at the based point {zg,z1} in B(X,2), we can interpret v as an
element in the braid group of X on 2 strings, that is «, 5:[0,1] — X where |[{a(t), B(t)}| = 2 for
all ¢ in [0,1], {«(0), 5(0)} = {«a(1),8(1)} = {xo,z1}. We pick an arbitrary ordering (zo,z1). Let «
be the path that ends in zg and  the one that ends in x;.

Let M denote the space Maps([0,1],0, 1; X, zg, 21) U Maps([0,1],0,1; X, z1,20) /Zso. By defini-
tion (see for instance [9]), we need to describe a homotopy H : M x [0,1] — NL(X)/Z, fitting in

a strictly commutative diagram
M———— 3 NL(X)/Zs (1.6)
-

J1 o €0,1

M % [0,1] ———— B(X,2),
where j; : M — M x [0,1] is defined as j1(z) = (z, 1).
We start by describing the action of B,(X) on M =Maps([0,1],0,1; X, g, 1) which is the fiber
of the map e, , : NL(X) — F(X,2), and then we pass it to the quotient.
Let H : M x [0,1] — NL(X) be defined by

a(3s+1t), if 0 <s < %;
Hwt(s) =1 w(35). i 5 <s <% (1.7)
B(t+3—3s), if  #H <s <1




These formulas are analogous to those described by Armindo Costa and Michael Farber in [10].

Figure 1.1: Monodromy Action

The map (1.7) renders the commutative diagram

were 3(t) = (a(t), B(1)): B )
We now take H to be the composition of the homeomorphism M X [0,1] to M x [0,1], H and

the projection from NL(X) onto NL(X)/Zs. Then we get the following commutative diagram

MC¢ (1.9)

M % [0,1] B(X,2).

Yop,

Notice that the front face of (1.9) is exactly (1.6) and the triangles in the front commute in view

of Lema (1.5) below.

Theorem 1.4
The monodromy action of v € B,(X) on M, denoted by - : B,(X) x M — M, is given by

5



[7] - [w] = [{a, B}][w] = [awp]. Here w is a path with endpoints x, and x,, « is the path that ends
in x, and S the one that ends in z,.

Figure 1.2: The Action of B, (X) into M.

The monodromy of the middle fiber in (1.2) is recovered as the restriction of the one on the
right.
Lemma 1.5

Suppose that in the following diagram all the squares and back triangles commute and h,, h, are

epimorphism in some category. Then the triangles in front commute too.

Proof. The proof is routine. m




Chapter 2

The 2-String Braid and Pure Braid

Groups on the Torus

2.1 The Fundamental Groups of F(T,2) and B(T,2)

Let T=R/Z xR/Z = 5" x 8" the oriented surface of genus one. We view a point on 7' in terms
of its rectangular coordinates (u,v), where u, v are real numbers module 1. The context will make
it clear whether (u,v) € R X R or (u,v) € T. The configuration space of two distinct points in T

is the space
F(T,2) = {(2,y) € T x T | 2 # y}.

The group Zs acts by permutation of coordinates. Write

for the configuration space of unordered two distinct points in X. The notation we have already

used is
7, (F(T,2),(zg,71)) = P,(T) and 71 (B(T,2),xo,z1]) = B,(T).!

The group P,(T) is the 2-string pure braid group on T, and B,(T) is the 2-string full braid
group on T'. By the exact sequence (1.1) we can consider P,(T) as a subgroup of B, (T).

In [11], Joan S. Birman gives a presentation of the braids groups. We will give explicit formulas
for generators of B,(T) and P,(T).?> Consider the points

1For simplicity in notation, we omit writting base points whenever it is unnecessary to stress them explicity.
2In this work we will consider P, (T") and B, (T') as the groups based on (z,,z,) and {z,,z, } respectively defined
in (2.1).



(11 . (22
0_5’5a 1_575'

Let fo, f1, go, g1:[0,1] — T x T be given by

Jo=(z, +(0,t),z,),
fr=(z,z, +(0,1)),
9o =(z, + (t,0), z,),
g1 =(z,,z, + (¢,0)).

We define the elements 79, 71,€ P,(T) C B,(T) as the classes represented by the elements f, and

f1 respectively. Consider also the elements py, p1 represented by gg and ¢;.

- 1 o -1
. [
xl xl
T, ) T, 70
R /zxz
- - - -
We now define 7,, : [0,1] — T x T to be the curve given by
(w0 +(5,0) 01 = (5,0))  if te0,5],
Vor () = (2.3)

((5:3) +(0.5),(3:5) - (0,%)) if te[51].

Then the element o € B,(T) is represented by ~,,. This element is illustrated by the represen-

tative loop in Figure(2.1).

8



- -

Figure 2.1: The loop ¢ € B,(T).

Note that even though o is not a pure braid, o2 is a pure braid. Then we define B as 2. The
braid B is of the homotopy type of two loops, the first one begins at =, and surrounds x,, and the

second is the constant loop at 1, as can be seen in Figure (2.2).

- 1 - g

= - v B

Figure 2.2: The homotopy type of B

To describe braids graphically on T, first consider T x [0, 1], or equivalently consider the smaller
torus 7, inside the bigger torus 7,. The space between these two tori is denoted by R x S 1, where
R is an annulus. The smaller torus will also be referred to as the core of R x S .




1;

Figure 2.3: R x s

Then, braids are strings in R x S " that connect the base points z,, =, on 7} to the same points

on Tj.

As can be seen from Figure(2.3), if we cut R X s open, then we can think of R x S as a

cylinder whose ends we identify. See for example Figure (2.4).

Figure 2.4: The braid pg in the Cylinder.

To further simplify the diagrams we need, we project the cylinder and its contents onto a vertical

plane, this is just the analogue of a braid projection. In exactly the same way as for the a braid

n_n

projection, we may add over and undercrossing information to the projection, see for example

Figure (2.5)

10



i ~ i

Figure 2.5: The braid pg.

:rl :I:| Tl a:I :I:| Tl
:r:l x‘ Ti :r:l x‘ Ti

Figure 2.6: The braids 79, 71, ¢ and B.

As mentioned previusly, a presentation of the braids groups of the torus has been found and

shown to be complete by J. Birman.

Theorem 2.1
For a torus T, the pure braid group, P,(T') has the following generators and relations, which in

turn constitute a complete presentation for P,(T').

11



Generators:

To, T1i, Po, Pl B.

Relations:

1. [70, 1] = [po, p1] 1,
—1 -1 -1 -1

2. Po T1POT1 = mT p1 0o = B,
-1 -1 -1 -1

3. T T Bno = po pp Bpipo = B,
—1 -1 -1 -1

4. Po To P0T0 = pimipp 7 = B.

A presentation for the full braid group on T, B,(T'), can then be obtained by adding o to the
set of generators for P,(T), and adding the following relations to the set of relations for P,(T'):

5. p1 = 0poo, TL = 0Ty0,
6. o2 = B.

The proof can be found in [11].

T €T T x xT T x T T

€T x T €T x T xT xT T

;&-ﬁ-:}-
1

Figure 2.7: The relation p171p, 7, =B .

In order to solve the word problem, we use a second presentation for P,(T) and B,(T).

Theorem 2.2
Define

a=17o71, b=pop1, T=p1, y=71.

12



Then the pure braid group P,(T) is generated by a, b, =, y and B subject to the relations
[a,0] = [a,2] = [a,y] = [b,2] = [b,y] =1, [x,y] = B. (2.4)

That is; the group P,(T) is the direct sum of copies of Z generated by a, b and a free group
generated by x and y:

P,(T)=Za®7Zb& (x, y). (2.5)
Proof. The proof is routine, using the table of relations

-1 -1 -1 -1 - —1

a = T0T1, a = T Ty , T0o = ay , o = yYya ,
_ -1 -1 -1 _ -1 -1 -1
b= POP1, b = P1 Po > po = bx ’ Po~ = xb )
—1 —1 -1 —1
€T = P1, r = P1 > P1 = Z, P = T
—1 —1 -1 -1
Y= T1, Yy = T T = Y, = Y

The assertion in (2.5) can also be observed in [11]. Actually, the above result is well known
given that T is a topological group, for then F(T,2) ~ T x (T'\ {z, }). Using the presentation given
by [12] and [5], D.L. Gongalves, J. Guaschi and M. Maldonado give in [6] a different presentation
of P,(T) leading to an isomorphism P,(T) ~ Z @& Z @® F»* as in (2.5)

The next theorem can be found in [7].

Theorem 2.3
Define

1 1

~ ~ -1 ~ - -
a=pyo, b=oc 19, c=uaboc =pyToo .

The braid group B, (T) admits a presentation with generator @, 37 ¢ subject to the relations

@.b)=[a,c=[b.a=[b,d=1, ab =c. (2.6)
Furthermore, the center of B, (T)is (@, b |a b =ba ), and
B2(T)/Z(BZ(T)) =@ bocla=b=c=1). (2.7)

Proof. In accordance with [11], the full braid group B, (T) is generated by 79, 71, po, p1, o and

3F,, is the free group generated by n elements.
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B with relations given as in Theorem 2.1. The rest of the proof is routine. At any rate, alternative

arguments are given at the end of the chapter implying (2.7). m

Remark 2.4
In terms of the presentation in Theorem 2.3, the inclusion P,(T) < B,(T) is determined by

—~
a +— b, b

ey
r +— c¢ aba, y — a c

Proof. By Theorems 2.2 and 2.1, we have a = 197 so
a =TT = (ag)(gafl) =c aba

Likewise, Theorems 2.2 and 2.1 yield b = pgp; so

b=pop1 = (5071)(0,000) —Go oca=a .

The rest of the proof is done in the same way. m

2.2 The Word Problem of B,(T)

The word problem for P, (T) is easy to solve due in part to the fact that we have a homotopic model
for F(T,2). In this section we will solve the word problem for the full braid group B, (T).
Note that a word W in the group of braids can be rewritten of the form a'b"w' , where w' is a
word in a, 3, and ¢ with exponents 1. For instance, the letter @ ' can be exchanged by 5725, where
the central element @ ~ can be moved to the beginning of the word. Likewise b = b b and
¢ '=cc=a b c

The free abelian subgroup generated by braids a and b is central in the group of braids, in view
of (2.5). In fact this subgroup is the center of B,T.

We thus have the exact sequence

0——7Za x7Zb ———B,(T)—"=(a, b,cla =b =1, ¢ =ab)—>l. (2.8)

Note that the i-image of an element (n,m) € Za x Zb has to be understood as @ b with n and

m integers. The map 7 is the projection to the quotient.
2772

b’)

4The free group generated by groups G1 and Gz is denoted by G1 * G2. The elements of this group are words in
the free group generated by the elements of G1 and G2 subject solely to the relations in the groups Gj.

The extension (2.8) gives rise to an action of Zya*Zob*Zoc*= (@, b, c|a =b =1,¢ =a

14



onZa x7b given by conjugation on B, (7). This action is trivial since the elements in Za x7bh

commute with any braid in B, (7).

Let s : Ziod * Ziob * Zoc — B,(T) be the set function defined as s(w) = w, that is, given a
word win (@, b, ¢c|@ =b =1, ¢ =a b ) this function interprets it as a braid in B, (T). Then s

turns out to be a set-theory cross-section of 7, i.e. ms = Id moreover s is a normalized

ZoaxZobxZoc’
section in the sense that s(1) = 1.
For wy, ws € Zisa ZQZ* Zsc, both s(wy)s(ws) and s(wiws) map to wyws in Zoa * Zzg* Zoc. Then

we have that there exists a unique element palin(w;,ws) € Za x 7Zb such that
s(wy)s(we) = palin(wy, we)s(wiws). (2.9)

So palin : Ziya * Zgg* Zioc X Ziga ZQZ* Zoc — 7Za x Zb is a well-defined function that satisfies
(2.9). Note that palin(w;,ws) measures the deviation of wjws from being a palindrome. That
is, reading w; from right to left, and ws from left to right, count the amount of letters a, b and
¢ appearing in the exact same order until a difference arises and, in the case that a ¢ appears,
add one to the counter both for @ and for b. For example, consider the words w; = abcbach and

wy = beaba € Zoa * Zzg* Zyc then wiwy = abca then palin(wy, ws) = a5 because

e~ 2(2)72(8) o
(abebach) (beaba) = a7 abea € B,(T).
So, in this case, the function palin(wy,ws) counts one @, two b’s and one ¢ in the correct order and

¢ increases the counter of @ and b by one.

Consider the group law on (Z52 X ngz) X (ZQE * Zgg* ZQC) defined by

~2(n1+n2)72(m1+ma)

,wWa) = (a b palin(wy, ws), w1w2) (2.10)

~2(n1)72(my) ~2(n2)’l‘)’2(MQ)

(a b ,wi)(a

We denote this group by (Z52 X Z?) X palin (Zga * Zgg* ch) perturbed by palin.

Theorem 2.5
The braid group on the torus with two strings B, (T') is isomorphic to the group (ZZL“Q X Z?) X palin

(Zg'd % Zioh * ZQC) whith the group law (2.10).

m

Proof. The bijection (Z&f X Z??) X patin (ZQa* Zob + Z2c) —s B,(T) defined by (@™, w) —

~2n72m

a b s(w)is a group map. Furthermore

15



~2(n1+ng)72(my+ma) . ~2(n1+n2)72(my+ma) .
a b palin(wy, ws), wiws | —a b palin(wy, we)s(wiws)

:aj2(n1+n2)"-b’2(7n1+7n2) S<w1 )8<w2)

~2(n1)72(mq)
b

=(a

~2(ng)72(mg)
b

s(wi))(a s(wz)).

This theorem solves the word problem for the group of braids in the torus with two strings.

In the rest of this work, we will not make a distinction between the notation of s(w) and w,

that is, we will simply interpret the word w as the braid defined by the letters of w. So a word W

in B,(T) has a canonical expression of the form A"y w.
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Chapter 3

The Cohomology of F,(T') and
Obstruction Theory

3.1 Obstruction Theory

Using the work of A.S. Schwarz, for a fibration p : E — B, we denote by % E the n-fold fiber
join of the fibration and by 5" (p) : **E — B the n-join map. Then secat(p) < n if and only if
jnﬂ(p) has a cross section [8]. If F is the homotopic fiber of p, then *"*!F is the homotopic fiber
bl X .
of 7 (p) in the fibration
n+1 n+1 jn+1(1”)
* F—x FE—F—B.
It is well known that " F ~ X" F"""" so that " F is (n—1)-connected. The primary obstruction
to create a cross section in j" (p) is a cohomology class 6" in HnJrl(B;7rﬂ(>f<”+1F))1 [9]. Note

that, if n > 2,

o (F)- (3.1)

Recall that the evaluation map eg; : P(X) — X x X takes a free path v in X to its end
points: eg1(7y) = (7(0),7(1)), and that secat(eg,1)=TC(X). Recall also that NL(X) stands for the

'Here H" (X; G) stands for the cohomology of X with a local coefficient system G.
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complement of the free loop space L(X) in the free path space on X. The group Z, acts by taking a
nonloop « to the reversed path @, i.e., (1 —¢) = @(t). The inclusion map NL(X) — PX renders
a restricted fibration eg; : NL(X) — F(X,2). This map passes to the Zy-quotient, and we get

the commutative diagram with fiber columns

€0,1 €0,1 Jeo@
X

B(X,2) ¢———— F(X,2)——— X x X.

(3.2)

2
=
=
N
2
=
ks
=

Here M denotes the path space Maps([0,1],0,1; X, z,,z,) for a point (zg,x1) in F(X,2). When X
is path connected, we choose a fixed path § : [0,1] — X, such that 6(0) = z, and 6(1) = x,. The
map ¥, : M —3 QX defined as Y, (w) = wé is a homotopy equivalence and its homotopy inverse
is given by 7,[15 (o) = 00, where QX =Maps([0,1],0,1; X, x,,z,). We thus have the commutative

diagram with fiber columns

0x 0x 0x (3.3)

| | J

NL(X)/Zy 4—— NL(X)&——— P(X)
BX,2)¢«——— F(X,2)¢—— X x X
with common homotopy fiber 2X.

Set G = 7, (X,x,) and let I, = ker(e) C Z¢g be the kernel of the augmentation homomorphism
€ : Zg — Z. An element of I, is a finite sum of the form Y n,g, where n, € Z, g, € G and
>~ n, = 0. In the above terms, the local coefficient system (3.1) takes the form

w7 0x) ~ QH,(QX) ~ Q) ], (3.4)

n+1 n+1

. . n41 . ..
and the primary obstructions ¢ associated to €g,; and eg; lie in

2 (B(X,2: Q) 1o), H™(F(X,2):R) o)) (3.5)

n+1 n+1

respectively. It will always be clear from the context whether we consider the obstruction as a

cocycle or as a cohomology class.
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3.2 Deleted Product, Mimick for P,(X)
We define an action of P,(X) on Zg and I, via
M ng, =(.B)]D ng => nagdps. (3.6)
Here v = («, ) represents an element in the pure braid group of X on 2 strings, that is
a, f:10,1] — X,

a(t) # B(t) for all ¢ in [0,1] and a(0) = (1) = z,, 8(0) = 5(1) = z,. The action is well defined,
given that o and §3§ are loops based on z,, and they are understood as elements of 7, (X, (z,))
by taking their respective homotopy classes. These element are illustrated by their representative

loops in Figure 3.1.

0

Figure 3.1: The braid ~, the loop g, and the pad 4.

In Figure 3.2, which describes the action, [y]g, is represented by the homotopy class of the
loop ag,636. The path g,8 describes the image of g,, as an element in the loop space QX of its
corresponding path in the honest fiber at M.

Remark 3.1
The concatenation )’ (g,) = g,0 lies in M, and [7] [1/1(s (9,)] = [cup5 (g9,)p], as defined in Theorem 1.4,
is the analogous action defined in (3.6). That is ¢, ([y [1/15 (9.)]) = ag,6B6.
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Proposition 3.2
Consider the map f : P,(X) — I, given by f([y ]) [ Bg} 1, where v = (a, ). Then f
H'(F

(X,2); L)

Proof. The function f is a crossed homomorphism, so we only have to check the equality

f(h/l]h/z]) = f(h/l]) + h’l]f([’)/z})' But

determines a one dimensional cohomology class [f] =

Fnlbe)) =f (o, Blles, B]) = f(la, g, B, B,]) = [, 0,0 8,8, 0] —

whereas

f(h/l]) + [71}-}0([72]) :[al(sﬂilg] -1+ (a17ﬂ1)[a26/8723] -1= s[ala25ﬂ726713} -1
The result then follows from Whitehead’s book [9]. m

Remark 3.3
If we need to work with the actual fiber instead of the homotopic fiber, the action in the fiber is
defined just as in Theorem 1.4 via (1.7). That is,

] - [w] = [awp].

| — N b . \
\3 ..\‘*--.______‘_ - ______—/"I

Figure 3.3: The action of P,(X) on the true fiber M.

3.3 The Sectional Category for the Fibration ¢;; over F(T,2),

Torus Case
According to Theorem 2.2, the 2-string pure braid group on T is
P,(T)=Za®ZbdF, ={(a, b, z, y|la,b] =[a,z] =[a,y] = [b,x] = [b,y] = 1),

where {a, b} is the basis of the free abelian group Z @ Z, and F, = (z,y) is the rank-2 free group
generated by « and y. F(T,2) has the homotopy type of T' x (S ‘v s 1) because T is a topological
group, so F(T,2) is a K(P,(T),1) space. In their book [13], Milnor and Stasheff describe the
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cohomology of a deleted product. In this work we follow Brown’s construction in [14] in order to
calculate a free resolution of Z over the direct sum of two groups in terms of explicit free resolution
of Z over each group. Thus, for the infinite cyclic group (t) generated by ¢, it is easy to see that

the sequence

0*>Z<t>0'1 L}Z@)UO = Z 0 (37)

is a free resolution. Then

0——Zpk ®Zpk' 2 Lk, — z 0 (3.8)

is Z ,-free resolution, where 81{ =(s—1)k,, for s==z, y.

If G and G’ are groups and M, M’ are G-module and G’-module respectively, then M &) M’
is a G x G'-module via (g,¢") - (m @ m’) = gm ® ¢'m’. If M is projective (e.g. free) over Zg and
M’ is projective (e.g. free) over Zgs, then M Q) M’ is projective over Zgx g+, moreover the obvious
homomorphism Zg &) Za' — Zjgx ¢ is isomorphism.

Let € : F — Z and ¢ : F/ — Z be projective resolutions of Z over Zg and Zg: respectively,
and consider the complex F'@ F’. This is a complex of projective Zjgy¢-modules, and it is
augmented over Z by e®@ e : FRQF — Z QR 7Z = 7.

Proposition 3.4

If e: F — Z and ¢ : F' — Z are projetive resolutions of Z over Zg and Zg respectively, then
e®¢€ : FQF — 7 is a projective resolution of Z over Zgx . Moreover, if € : F' — 7 and
€ : F/ — 7 are projective resolutions of Z over Z¢, then so is e® €' : F'@Q F' — Z, where G acts
diagonally on F Q) F’.

Proof. This is a standard result, see for instance [14]. =

Using the free resolution for 7, (') in (3.7), we obtain the free resolution over =, (T) & 7, (S x

S =m(S)@mr(S)

[ 4 €
0—— Zﬂ'l(T)(glhl) 42) Zﬂ'l(T)(gl ho) EB Zﬂ'l(T) (g()h’l) *1> Zﬂ'l(T) (goho) ——Z——0.
(3.9)
In turn, from the free resolution of Z over Zp, (3.8) and the free resolution of Z over Z, (1) (3.9)

we obtain a resolution F < Z. Explicitly

5 4
D: ~ Do D €
e 4 Zp2(T)ew @ZPQ(T)ey = @Zp2(T)€i — @ZPQ(T)ei — ZPQ(T)e — 7 — 0, (310)
i=1

i=1

which is a free resolution of Z over Z P,(T) and whose differentials are defined in the following way.
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If ' b’ w € P,(T)2, then Dy is defined by

D5 is defined by

Finally D3 is defined by
Dg(aibjw)ea: :aibjw(a —1)es — aibjw(b —1er + aibjw(x —1)es,
D3(aibjw)ey :aibjw(a —1)ée; — aibjw(b —1es + aibjw(y —1)és.

The generators are obtained in the following order: For Z P,(T)€,

€= gohoko =Y, ®ho ®ko'

4

For the generators of @ZPQ(T)€i37
i=1

e1 =g, hk , ex=ghk , es=g.hk, es=g hk,.

0"y 07717

5

For the generators of @ZPQ(T)&-,
i=1

&1 =ghok,, @ =ghk, &=ghk, é=ghk, &=ghk,.
Lastly, for e;, e, we have

ez =g, h k' ey:glhlkf.

17y

2Where w is a word in F, = (z, y).
3Throughout the rest of the chapter, we will omit the ® symbol for simplicity for the generators.

(3.11)

(3.12)

(3.13)
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As in (2.1), without loss of generality, we take the base point of F,(T) by choosing the points z,,

x, €T =R/Z xR/Z as
(11 (22
o= \55) T \55)

Consider the path dg 1 : [0,1] — T given by

t+1 t+1
dO-,l(t):xo—i_t(xl_xo):( 5 ' 5 )»

and let § be the corresponding homotopy class. By Proposition 3.2, the map f : P»(T) — I, given
by f([7]) = [a6B3] — 1 where v = (a, B) is a crossed homomorphism and [f] = b € H (F(T,2),1,).

Lemma 3.5
The crossed morphism f restricted to the subgroup generated by a and b in P,(T) is trivial. Thus
the evaluation of the class b at a b’ w agrees with the evaluation at w, where w is any word in

and y.

Proof. Notice that classes a = 7971 and b = pgp; are represented by k,, kp : [0,1] — T given
by ko = (x, + (0,),z, + (0,¢)) and respectively. Then the evaluation of f in a is given in the

following way
fla) =f(r0m1)
[z, + (0,1)]6[x, + (0,£)]6 — 1
=[x, + (0, 8)][do,1][z, — (0,¢)]do — 1
[ + (07t)][$0 + t(xl - xO)Hxl - (O7t)] [ml + t(xo - xl)] -1 (314)
Consider K : [0,1] x [0,1] — T given by
K(tv 5) = [1’0 + St(xl - xo)][sxl + (1 - S)(EO - (O7t)} [le + (1 - S)xo + St(xo - ‘rl)]

Note that K(0,s) = K(1,s) = z, for all s € [0, 1], and

K(tv 1) :['ro + t(‘rl - xo)][‘xl - (0’t)] [xl —|—t($0 - xl)]
K(t,0) =z, ][z, — (0,8)][x,].

It is clear that K(t,0) = [z, — (0,t)] = [z, + (0,2)], so f(a) = [z, + (0,8)][x, + (0,1)] — 1 = 0.
Note that a’ can be represented by the braid (z, + (0,it),z, + (0,it)) . Using the same idea,

we get 6[z, + (0,it)] & = [z, + (0,4t)]. In a completely analogous way we see that f(bj) =0, so

f(a't’)y = f(a')+a f(b') = 0. Thus f vanishes on the subgroup generated by a and b in P, (T).
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Finally, if w is any word in (z, y), then f(a'b'w) = f(wa'b’) = f(w)+wf(a'b’) = f(w)+w0 =
f(w), which completes the proof. m

Recall that [z, + (0,t)] and [z, + (¢,0)] are the generators of w, (T, z,) = ZE@ Z. The free
non-abelian part of P,(T) is generated by x, y and are represented by

g1 = (1707:61 + (t,O)) and f; = (1‘0,$1 + (O’t))

respectively. Note that one of the braids is constant and the other is homotopic to one of the

fundamental cycles, that is,
Sz, + (£,0)]0 = [z, + (t,0)] and d[z, +(0,£)] = [z, + (0,2)].

Without this representing any confusion, we will consider z and y as the classes of homotopy based

loops on z, when it is convenient*. For example,
§x6 = [z, + (t,0)] and dyd = [z, + (0,1)].

Corollary 3.6
Let w be a word in the free group generated by = and y, let n, be the degree of [w] € (z, y)/y and
ny be the degree of [w] € (x, y)/x. Then

flw)y=0z"75"8 1.

Proof. The result follows from the fact that =, (T, z,) is abelian group. m

Corollary 3.7
Then the subgroup spanned by {a, b} acts trivially on Zy (r)- In detail, if w is a word in the free
part of P,(T), and we let n, and n, be defined as in Corollary 3.6, then

w Y n.g, =Y ng.0T F b, (3.15)

moreover, for any a'b’w € P,(T),
a'b'w angk = angk(%nmynz d. (3.16)

Proof. Using the same formulas as in the proof of Lemma (3.5), we have

4For this we consider only the non-constant braid given by the representatives g; and f1 respectively.
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a't’ Y n.g, =Y n,lz, +(0,it)][z, + (jt,0)g,0lz, — (0,it)][x, — (jt,0)]8
=" ng, [z, + (0,0)] [, + (it,0)]) (o, — (0,it)] To[, — (jt,0)])
=" n.g, Iz, + (0,i0)8lz, — (0,i6)]8) ([, + (jt, 0)]oz, = (jt.0)] )
=3 ng,1)1) = ng,.

Finally, for a'b’'w € P,(T),

abw) mg = (aibj)wznkgk —w) ng,=> ng0T Y 3,

which completes the proof. m

Corollary 3.8
The local system of coefficients associated to the fibration eg; : NL(T) — F(T,2), as described

in Remark 3.3, depends only on the action restricted to m, (T, z,).
Proof. Note that the morphism defined on fundamental groups by the homeomorphism

(_—-1/5,_—1/5)

(T,2,) (T, z,)

agrees with the homomorphism 6 §: 7, (T,z,) — m, (T, x,). =
The monodromy action we found, is the one described by Costa-Farber in [10] restricted to

).

The Alexander-Whitney diagonal approximation A : B — B ® B for the bar resolution®

(1,

B: ---—)Bg—>BQ—>Bl—>BQZZP2(T)L>Z—>0

of Z over Zp,r, is given by

A[’yl |7 | -~~|%} = [% | ~-~|7p] ®%~~-’yp[vp+l | ~-|%]
p=0
Then the class b2 € H' (F(T, 2),1,®1,) is represented by f— f=(f X f)oA: By — I, Q I,,
which is defined as

f~ f[% | vz} =—f(1) @7 f(7) (3.17)

5The bar resolution is also called the standard resolution, [14].
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. i1 571 i2 5752
Then, ify, =a b w,, v, =a b w,, we have

Pl ] == fw) @ w, flw,)
=— (6w, 0 — 1) ®w, (6wzé — 1)
— (6w; 6 — 1) ® (0wzw, 6 — 6w, 9) . (3.18)

We have an augmentation-preserving chain map f: F—B

D . D D
0——=Zp (rye2 D Zp,(1)ey — @ZPZ (T)€i —— @ZP2 (T)€i — Zp,(T)e

i=1 =1
fa J{fs lfz lﬁ fo_ldzpz(ﬂH

By Bs By B By =Zp,(1)
(3.19)
which is a homotopy equivalence, and is defined as fy = IdZP2 : Zp,rye — Bo = Zp, (1),
fr : 0 — By, for k > 4 in the only possible way, and

ﬁ(m%@ﬁgz{dﬁwﬂﬁﬁw)zayw@17—awa}
j}@dﬁm@)z(Jﬁw,Jﬁw@——abwuy —abwp]
ﬁ«fﬁ@w):@Wwﬂﬂﬁl)—abwlb—abwm,
ﬁ(m%@koz{dyw,aﬂyw)*abw]Jz*abw%}

i . i i+l i g i+l g i g i+l g
fg((abw)el):(abw,a bw,awa)—(a bw, abwzx, a wa)
—1 i+1l_j

ig [ [ -1
=abwla|la x| —a bwla z\a},

fa ((aibjw)éé) = (aibjw, aHlbjw, aibjwy> - ( Y w, a b wy, a 1bjwy)
=a'bw _a | aily_ —a " w _afly | a},
fa ((aibjw)é})) = (aibjw, aibjﬂw7 aibjwa:> - <a1b7+1w, aibjwz, aibﬁlwx)

i j+1

—a'bwlb|b7z| —a'b wb“xw}

fa ((aibjw)e]) = (aibjw, aibjﬂw, aibjwy) — (aibj+1w, aibjwy,aibjﬂwy)

—a' b w|b | b_ly} - aibj“w[b_ly | b},
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fo ((aibjw)e}) = (aibjw, aiHb’jw, ai+1b'j+lw) - (aibjw, aib'j+lw, ai+1bj+1w)

=a't'wla|t] —a'vw[pa] =a''w([als] - [o14]),

fs ((aibjw)ez) :aibjw((l,b,x, ab) — (1, a,,ab) + (b, z, ab, bx) — (a, z, ab, az)
+ (z, ab, bz, abzx) — (z, ab, az, ab:c))
- (aibjw) ([b 10 2| abx”} . [a la ' | abx“} + b[b”x | abz " | a”}
—ala wlabe b [+ afabe 10w 6] —afabe b 2 b)),
fs ((aibjw)ey) :a"b"w(u, b,y,ab) — (1, a,y,ab) + (b,y, ab,by) — (a, y, ab, ay)
+ (y, ab, by, aby) — (y, ab, ay, aby))
=(a'v'w) ([p16 "ylaby ']~ [ala "ylaby '] +0b 'y aby " 1a]
—a[a_ly laby” |b‘1] +y[aby_1 la 'y | a} —y[aby_l 10y | bD
Theorem 3.9

The primary obstruction b2 € H™ (F(T,2); I, ® I,) to cross section j (eg1) : * NL(T) —s F(T,2)

vanishes.

Proof. The chain map f : F — B between the free resolution (3.10) and the bar resolution of
Z over Zp,(r) induces an isomorphism o H(F(T, 21, 1,) — H (F(T, 2);1,®1,). Then
b° = 0 if and only if ]? ([12) = 0. The class of b is represented by f — f, so it is enough to prove

5
the vanishing of f — fo f, : @ZPZ(T)éVi — 1, ®IO:
i=1

f—1fof, ((aibjw)a) = aibjwf — f[a | ailx] — aiﬂbjwf — f[ailx | a}

i+l g

b w(f(z)® 0) = 0.

i+l j

=abw(f(a)@f(a z)—a bw(fla z)@rf(a) =adbw( 0&f(r)) —a
In a similar way, we have f — fo f, ((aibjw)gi) =0fori=2,3,4,5:
f= otk (@b wa) =avwf — flalay[ oV wr - flayla] =0,
f=fof. (@b we) wf — f[pz|b] =0,
f—1Ffof, ((aibjw)&;) aibjwf — f[b | bily] - aiijwf — f[bily | b} =0,
fefof ((aibjw)eg;) aibjw<fvf[a | b} —fvf[b | aD —0,

a' b w)é; :aibjwf - f[b | bilx} —a'v"
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which completes the proof. m

Since Y (QT AQT) =~ \/ S, Theorem 3.9 implies in fact that there are no homological ob-
YAYA
structions to cross section j2(eg1). However, we are prevented from deducing that secat(eg 1) < 1

because the Hurewicz homomorphism that we use when describing the coefficient system in (3.1),

from the n-th homotopy group to the n-th homology group

n An+1 —_ n An+1

(S F"TY S H (" FT)

is an isomorphism for n > 1, but is just abelianization for n = 1 (which is the situation in Theo-
rem 3.9).

3.4 Motion Planning

As discussed above, Theorem 3.9 does not give us a conclusive secat-argument. So, at this point in

the work, the approach arises to explicitly solve the motion planning problem in F(T, 2).

For p € T = R/Z x R/Z there are representatives (p1,p2)