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Resumen

La motivación de la tesis se debe a que M. Farber y M. Grant introducen el concepto de compleji-
dad topológica simétrica TCS(X) aunado a que I. Basabe, J. González, Y. B. Rudyak, y D. Tamaki
introducen el concepto de complejidad topológica simetrizada TCΣ(X), esto es por la necesidad de
crear una planificación de movimiento que satisfaga la condición

α(B,A)(t) = α(A,B)(1− t) cuando A 6= B.

Estos conceptos se presentan en el primer capítulo. Definimos fórmulas análogas a las que dieron
Armindo Costa and Michael Farber, para describir la acción de la monodromía, en la fibracion
NL(X)/Z2 −→ B(X, 2).

En el segundo capítulo explicamos las presentaciones que mostró J. Birman para los grupos
de trenzas sobre el toro P2(T ) y B2(T ). Esta es la herramienta esencial para los resultados más
importantes de la tesis.

El objetivo principal de la tesis es estudiar la categoría seccional de las fibraciones NL(T ) −→
F (T, 2) y NL(T )/Z2 −→ B(T, 2). Para esto en el tercer capítulo construimos una resolución libre
de Z sobre ZP

2
(T ) con una cantidad mínima de generadores, y un levantamiento sobre la resolución

barra de ZP
2
(T ) que permite calcular los productos en la cohomología y mostramos un plan motriz

para la primer fibración.

El resultado más importante de la tesis se encuentra en el capítulo cuatro. Construimos una
resolución libre minimal de Z sobre ZB

2
(T ) y se dieron formulas explícitas para una homotopía de

contracción. Usando la técnica descrita por David Handel construimos una aproximación diagonal,
con la cual obtenemos fórmulas explícitas que permiten calcular el producto cup.

En el capítulo cinco usamos la herramienta construida para calcular la complejidad topológica
simétrica TCS(T ) y simetrizada sobre el toro TCΣ(T ), usando los resultados de Jesús González y
Schwarz. Con este resultado se completan los cálculos para todas las superficies cerradas.
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Abstract

The motivation of the thesis is due to the fact that M. Farber and M. Grant introduce the concept
of symmetric topological complexity TCS(X) and I. Basabe, J. González, Y. B. Rudyak and D.
Tamaki introduce the concept of symmetrized topological complexity TCΣ(X), this is due to the
need to create a movement planning that satisfies the condition

α(B,A)(t) = α(A,B)(1− t) when A 6= B.

These concepts are presented in the first chapter. We define analogous formulas to those given
by Armindo Costa and Michael Farber, to describe the action of monodromy, in the fibration
NL(X)/Z2 −→ B(X, 2).

In the second chapter we explain the presentations that J. Birman showed for the groups of braids
on the torus P2(T ) and B2(T ). This is the essential tool for the most important results of the thesis.

The main goal of the thesis is to study the sectional category of the fibrations NL(T ) −→ F (T, 2)

and NL(T )/Z2 −→ B(T, 2). For this in the third chapter we build a free resolution of Z over ZP2 (T )

with a minimal number of generators, and a lifting over the bar resolution of ZP
2
(T ) that allows

us to calculate the products in the cohomology and we show a motion planning for the first fibration.

The most important result of the thesis is found in chapter 4. We construct a minimal free
resolution of Z over ZB

2
(T ) and explicit formulas for a contraction homotopy were given. Using the

technique described by David Handel we construct a diagonal approximation. We obtain explicit
formulas that allow us to calculate the cup products.

In chapter five we use these tools to compute the symmetric topological complexity TCS(T )

and symmetrized on the torus TCΣ(T ), using the results of Jesús González and Schwarz. With this
result the calculations for all closed surfaces are completed.
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Introduction

M. Farber and M. Grant introduce the concept of symmetric topological complexity TCS(X) in [1]
and I. Basabe, J. González, Y. B. Rudyak and D. Tamaki introduce the concept of symmetrized
topological complexity TCΣ(X) in [2], this is due to the need to create a movement planning that
satisfies the condition

α(B,A)(t) = α(A,B)(1− t) when A 6= B.

The symmetrized topological complexity TCΣ(X) is a homotopy invariant of X, whereas it is
not known whether TCS(X) satisfies the homotopy invariance. Much of the interest in TCΣ and
TCS comes from the relation

max{TCS(X)− 1,TC(X)} 6 TCΣ(X) 6 TCS(X),

which holds for reasonably well-behaved spaces (see [2]). Together with Farber-Grant’s upper esti-
mate TCS(X) 6 2 dim(X) in [1] holding when X is a closed manifold, and Cohen-Vandembroucq’s
result that TC(S) is maximal possible for all closed surfaces S≥2 of genus at least two (orientable
of not), we see that TCΣ(S≥2) = TCS(S≥2) = 4. The situation for the projective plane RP 2

is completely similar as the equality TCΣ(RP 2) = TCS(RP 2) = 4 is known from [3, Theorem
1.7]. However, the situation for the 2-sphere S2 is somehow special as TCΣ(S2) = TCS(S2) = 2,
in view of [2, Example 4.5]. As a consequence of the calculations in this thesis, we are able to
settle (Theorem 5.2) the situation in the case of the torus T , the only remaining closed surface:
TCΣ(T ) = TCS(T ) = 3.

One consequence that we have is that the Torus is an example where the general inequality

TCΣ(X × Y ) 6 TCΣ(X) + TCΣ(Y )

proven in [3, Lemma 4.9] is strict.
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Chapter 1

Symmetric and Symmetrized TC

1.1 Configuration Spaces and Braid Groups

Given a space X, the configuration space of ordered pairs of distinct points in X is

F (X, 2) = {(x, y) ∈ X ×X | x 6= y}.

The group Z2 acts on F (X, 2) by permutation of coordinates, and we write

B(X, 2) = F (X, 2)/Z2

for the configuration space of unordered pairs of distinct points in X. We use the notation

π1(F (X, 2)) = P2(X) and π1(B(X, 2)) = B2(X),

when the spaces are pathwise connected.
Using the Fadell-Newirth fibration and the associated homotopy exact sequence it can be shown

(see for instance F. Cohen and J. Pakianathan [4]) that F (X, 2) is a K(P
2
(X), 1)-space, if X is R2

or a closed 2-manifold other than the sphere or the projective plane. In particular, from the 2-fold
covering

Z2
j
↪→ F (X, 2)� B(X, 2)

we get πn(F (X, 2)) = 0 = πn(B(X, 2)) for all n > 2, together with the short exact sequence

1 −→ P
2
(X) −→ B

2
(X) −→ Z2 −→ 0. (1.1)

Then B(X, 2) is also a K(B2(X), 1) and we can interpret B2(X) as the braid group of X on 2

1



strings, understanding P2(X) as the pure braid subgroup. Thus P2(X) is a normal subgroup of
B2(X) of index 2.

G.P. Scott gives presentations of the braid groups B
2
(X) and P

2
(X) if X is a closed 2-manifold

different of S2 or RP 2 [5]. In this work, we use the presentation given by D.L. Gonçalves, J. Guaschi,
and M. Maldonado for P

2
(T ) [6] and by K. Murasugi and B.I. Kurpita for B

2
(T ) [7], where T =

S1 × S1 stands for the 2-torus.

1.2 Symmetric Motion Planning

The sectional category of a fibration p : E −→ B, denoted by secat(p), is the least integer n such
that the base space B can be covered by n+ 1 open subspaces on each of which p admits a section.
If no such n exists one sets secat(p) =∞.

The topological complexity TC(X) of a space X is defined as the sectional category of the
evaluation map e0,1 : P (X) −→ X ×X which takes a free path γ in X to its end points: e0,1(γ) =

(γ(0), γ(1)). This concept is intended to give a homotopical framework for studying the motion
planning problem in robotics.

Farber-Grant introduced the concept of symmetric topological complexity [1], this is motivated
by the need to create a motion planning that satisfies the condition

α(B,A)(t) = α(A,B)(1− t) for A 6= B.

We write NL(X) for the complement of the free loop space L(X) in the free path space on X.
The group Z2 acts on a nonloop α by traveling it in the opposite direction, that is α 7→ α where
α(t) = α(1− t). The inclusion map NL(X) −→ PX gives us a restricted fibration e0,1 : NL(X) −→
F (X, 2) which passes to the quotient giving the commutative diagram

M̃

��

M̃

��

oooo M̃

��

NL(X)/Z2

ε
0,1

��

NL(X)
� � //

e
0,1

��

oooo P (X)

e
0,1

��

B(X, 2) F (X, 2) �
�

//oooo X ×X.

(1.2)

Here M̃ denotes the path space Maps([0, 1], 0, 1;X,x0, x1) for a point (x0, x1) in F (X, 2). Alterna-

2



tively, when X is path connected, we have the commutative diagram with fiber columns

ΩX

��

ΩX

��

ΩX

��

NL(X)/Z2

ε
0,1

��

NL(X) �
�

//

e
0,1

��

oooo P (X)

e
0,1

��

B(X, 2) F (X, 2)
� � //oooo X ×X.

(1.3)

Remark 1.1
Observe that the diagram

NL(X) // //

e
0,1

��

NL(X)/Z2

ε
0,1

��

F (X, 2) // // B(X, 2).

(1.4)

is a strict pullback, and that the fiber at {x0, x1}1 is homeomorphic to Maps([0, 1], 0, 1;X,x0, x1).

Definition 1.2 The symmetric topological complexity TCS(X) of a space X is defined as one
more than the sectional category of the evaluation map ε0,1 : NL(X)/Z2 −→ B(X, 2) which takes
the class of a unoriented nonloop α in X to the set of its end points on the configuration space of
unordered pairs of points.

Definition 1.3 The symmetrized topological complexity of a spaceX, TCΣ(X), is the smallest
positive integer n for which X×X can be covered by n+1 open sets U each of which is closed under
the switching involution κ on X ×X, and admits a continuous Z2-equivariant section U −→ P (X)

of the (Z2-equivariant) double evaluation map e0,1 : P (X) −→ X ×X.

Much of the interest in TCΣ and TCS comes from the relation

max{TCS(X)− 1,TC(X)} 6 TCΣ(X) 6 TCS(X), (1.5)

which holds for reasonably well-behaved spaces (see [2]). Together with Farber-Grant’s upper esti-
mate TCS(X) 6 2 dim(X) in [1] holding when X is a closed manifold, and Cohen-Vandembroucq’s
result that TC(S) is maximal possible for all closed surfaces S≥2 of genus at least two (orientable
of not), we see that TCΣ(S≥2) = TCS(S≥2) = 4. The situation for the projective plane RP 2

1The fiber at {x0, x1} is Maps([0, 1], 0, 1;X,x0, x1)∪ Maps([0, 1], 0, 1;X,x1, x0) / ∼ where α ∼ α

3



is completely similar as the equality TCΣ(RP 2) = TCS(RP 2) = 4 is known from [3, Theorem
1.7]. However, the situation for the 2-sphere S2 is somehow special as TCΣ(S2) = TCS(S2) = 2,
in view of [2, Example 4.5]. As a consequence of the calculations in this thesis, we are able to
settle (Theorem 5.2) the situation in the case of the torus T , the only remaining closed surface:
TCΣ(T ) = TCS(T ) = 3.

1.3 Monodromy

There is a classical definition of sectional category in terms of fiberwise joins which is more appro-
priate for our purposes than the original one. We denote by ∗nE the n-fold fiberwise self-join of
the fibration p : E −→ B and by jn(p) : ∗n E −→ B the n-join map. Then secat(p) 6 n if and only
if jn+1(p) has a cross section [8].

We begin by giving a description of the action of π1(B(X, 2)) = B
2
(X) on ΩX, which is the

homotopic fiber of the map ε
0,1

: NL(X)/Z2 −→ B(X, 2).

Given an element γ in B
2
(X) at the based point {x0, x1} in B(X, 2), we can interpret γ as an

element in the braid group of X on 2 strings, that is α, β : [0, 1] −→ X where |{α(t), β(t)}| = 2 for
all t in [0, 1], {α(0), β(0)} = {α(1), β(1)} = {x0, x1}. We pick an arbitrary ordering (x0, x1). Let α
be the path that ends in x0 and β the one that ends in x1.

Let M denote the space Maps([0, 1], 0, 1;X,x0, x1)∪ Maps([0, 1], 0, 1;X,x1, x0) /Z2. By defini-
tion (see for instance [9]), we need to describe a homotopy H : M × [0, 1] −→ NL(X)/Z2 fitting in
a strictly commutative diagram

M �
�

//

j
1

��

NL(X)/Z2

ε
0,1

��

M × [0, 1]
γ◦p2

//

H

::

B(X, 2),

(1.6)

where j1 : M −→M × [0, 1] is defined as j1(x) = (x, 1).

We start by describing the action of B2(X) on M̃ =Maps([0, 1], 0, 1;X,x0, x1) which is the fiber
of the map e0,1 : NL(X) −→ F (X, 2), and then we pass it to the quotient.

Let H̃ : M̃ × [0, 1] −→ NL(X) be defined by

H̃(ω, t)(s) =


α(3s+ t), if 0 6 s 6 1−t

3 ;

ω
(

3s+t−1
1+2t

)
, if 1−t

3 6 s 6 2+t
3 ;

β (t+ 3− 3s) , if 2+t
3 6 s 6 1.

(1.7)

4



These formulas are analogous to those described by Armindo Costa and Michael Farber in [10].

Figure 1.1: Monodromy Action

The map (1.7) renders the commutative diagram

M̃ �
�

//

j̃
1

��

NL(X)

e0,1

��

M̃ × [0, 1]
γ̃◦p2

//

H̃

;;

F (X, 2),

(1.8)

were γ̃(t) = (α(t), β(t)).
We now take H to be the composition of the homeomorphism M × [0, 1] to M̃ × [0, 1], H̃ and

the projection from NL(X) onto NL(X)/Z2. Then we get the following commutative diagram

M̃ �
�

//

j̃
1

��

NL(X)

e
0,1

��

M
xxxx

∼=

� � //

j
1

��

NL(X)/Z2

xxxx

ε
0,1

��

M̃ × [0, 1]
γ̃◦p̃

2

//

H̃

EE

F (X, 2)

M × [0, 1]
γ◦p

2

//

xxxx

∼=

H

11

B(X, 2).
xxxx

(1.9)

Notice that the front face of (1.9) is exactly (1.6) and the triangles in the front commute in view
of Lema (1.5) below.

Theorem 1.4
The monodromy action of γ ∈ B2(X) on M , denoted by · : B2(X) × M −→ M, is given by

5



[γ] · [ω] = [{α, β}][ω] = [αωβ]. Here ω is a path with endpoints x0 and x1 , α is the path that ends
in x0 and β the one that ends in x1 .

Figure 1.2: The Action of B
2
(X) into M .

The monodromy of the middle fiber in (1.2) is recovered as the restriction of the one on the
right.

Lemma 1.5
Suppose that in the following diagram all the squares and back triangles commute and h

1
, h

4
are

epimorphism in some category. Then the triangles in front commute too.

A
f
1 //

f
4

��

B

f
2

��

A′
~~~~

h1

g
1 //

g
4

��

B′
~~

h2

g
2

��

C
f3

//

H

GG

D

C ′
g
3 //

~~~~
h
4

H

66

D′
~~

h
3

Proof. The proof is routine.
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Chapter 2

The 2-String Braid and Pure Braid
Groups on the Torus

2.1 The Fundamental Groups of F(T,2) and B(T,2)

Let T = R/Z×R/Z ∼= S
1 × S1

the oriented surface of genus one. We view a point on T in terms
of its rectangular coordinates (u, v), where u, v are real numbers module 1. The context will make
it clear whether (u, v) ∈ R × R or (u, v) ∈ T . The configuration space of two distinct points in T
is the space

F (T, 2) = {(x, y) ∈ T × T | x 6= y}.

The group Z2 acts by permutation of coordinates. Write

B(T, 2) = F (T, 2)/Z2

for the configuration space of unordered two distinct points in X. The notation we have already
used is

π1(F (T, 2), (x0, x1)) = P2(T ) and π1(B(T, 2), [x0, x1]) = B2(T ).1

The group P2(T ) is the 2-string pure braid group on T , and B2(T ) is the 2-string full braid
group on T . By the exact sequence (1.1) we can consider P2(T ) as a subgroup of B2(T ).

In [11], Joan S. Birman gives a presentation of the braids groups. We will give explicit formulas
for generators of B

2
(T ) and P

2
(T ).2 Consider the points

1For simplicity in notation, we omit writting base points whenever it is unnecessary to stress them explicity.
2In this work we will consider P2 (T ) and B2 (T ) as the groups based on (x0 , x1 ) and {x0 , x1} respectively defined

in (2.1).
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x0 =

(
1

5
,

1

5

)
, x1 =

(
2

5
,

2

5

)
. (2.1)

Let f0, f1, g0, g1 : [0, 1] −→ T × T be given by

f0 =(x
0

+ (0, t), x
1
), (2.2)

f1 =(x0 , x1 + (0, t)),

g0 =(x
0

+ (t, 0), x
1
),

g1 =(x
0
, x

1
+ (t, 0)).

We define the elements τ0, τ1,∈ P2
(T ) ⊂ B

2
(T ) as the classes represented by the elements f0 and

f1 respectively. Consider also the elements ρ0, ρ1 represented by g0 and g1.

We now define γ01 : [0, 1] −→ T × T to be the curve given by

γ01(t) =


(
x0 +

(
2t
5 , 0

)
, x1 −

(
2t
5 , 0

))
if t ∈

[
0, 1

2

]
,

((
1
5 ,

2
5

)
+
(
0, 2t

5

)
,
(

2
5 ,

1
5

)
−
(
0, 2t

5

))
if t ∈

[
1
2 , 1
]
.

(2.3)

Then the element σ ∈ B2(T ) is represented by γ01 . This element is illustrated by the represen-
tative loop in Figure(2.1).
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Figure 2.1: The loop σ ∈ B2(T ).

Note that even though σ is not a pure braid, σ2 is a pure braid. Then we define B as σ2. The
braid B is of the homotopy type of two loops, the first one begins at x0 and surrounds x1 , and the
second is the constant loop at x1, as can be seen in Figure (2.2).

=⇒

Figure 2.2: The homotopy type of B

To describe braids graphically on T , first consider T × [0, 1], or equivalently consider the smaller
torus T1 inside the bigger torus T0 . The space between these two tori is denoted by R× S1

, where
R is an annulus. The smaller torus will also be referred to as the core of R× S1

.
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Figure 2.3: R× S1

Then, braids are strings in R×S1

that connect the base points x
0
, x

1
on T1 to the same points

on T0.

As can be seen from Figure(2.3), if we cut R × S
1

open, then we can think of R × S
1

as a
cylinder whose ends we identify. See for example Figure (2.4).

Figure 2.4: The braid ρ0 in the Cylinder.

To further simplify the diagrams we need, we project the cylinder and its contents onto a vertical
plane, this is just the analogue of a braid projection. In exactly the same way as for the a braid
projection, we may add over "-" and undercrossing information to the projection, see for example
Figure (2.5)

10



Figure 2.5: The braid ρ0.

Figure 2.6: The braids τ0, τ1, σ and B.

As mentioned previusly, a presentation of the braids groups of the torus has been found and
shown to be complete by J. Birman.

Theorem 2.1
For a torus T , the pure braid group, P2(T ) has the following generators and relations, which in
turn constitute a complete presentation for P2(T ).
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Generators:
τ0, τ1, ρ0, ρ1, B.

Relations:
1. [τ0, τ1] = [ρ0, ρ1] = 1,

2. ρ
−1

0 τ1ρ0τ
−1

1 = ρ1τ
−1

0 ρ
−1

1 τ0 = B,

3. τ
−1

0 τ
−1

1 Bτ1τ0 = ρ
−1

0 ρ
−1

1 Bρ1ρ0 = B,

4. ρ
−1

0 τ
−1

0 ρ0τ0 = ρ1τ1ρ
−1

1 τ
−1

1 = B.

A presentation for the full braid group on T , B
2
(T ), can then be obtained by adding σ to the

set of generators for P
2
(T ), and adding the following relations to the set of relations for P

2
(T ):

5. ρ1 = σρ0σ, τ1 = στ0σ,

6. σ2 = B.

The proof can be found in [11].

=⇒ =⇒

⇒ =⇒ =⇒

Figure 2.7: The relation ρ1τ1ρ
−1

1 τ
−1

1 = B .

In order to solve the word problem, we use a second presentation for P
2
(T ) and B

2
(T ).

Theorem 2.2
Define

a = τ0τ1, b = ρ0ρ1, x = ρ1, y = τ1.

12



Then the pure braid group P2(T ) is generated by a, b, x, y and B subject to the relations

[a, b] = [a, x] = [a, y] = [b, x] = [b, y] = 1, [x, y] = B. (2.4)

That is; the group P
2
(T ) is the direct sum of copies of Z generated by a, b and a free group

generated by x and y:
P

2
(T ) = Za⊕Zb⊕ 〈x, y〉. (2.5)

Proof. The proof is routine, using the table of relations

a = τ0τ1, a
−1

= τ
−1

1 τ
−1

0 , τ0 = ay
−1

, τ
−1
0 = ya

−1

,

b = ρ0ρ1, b
−1

= ρ
−1

1 ρ
−1

0 , ρ0 = bx
−1

, ρ
−1
0 = xb

−1

,

x = ρ1, x
−1

= ρ
−1

1 , ρ1 = x, ρ
−1
1 = x

−1

,

y = τ1, y
−1

= τ
−1

1 , τ1 = y, τ
−1
1 = y

−1

.

The assertion in (2.5) can also be observed in [11]. Actually, the above result is well known
given that T is a topological group, for then F (T, 2) ' T × (T \{x

1
}). Using the presentation given

by [12] and [5], D.L. Gonçalves, J. Guaschi and M. Maldonado give in [6] a different presentation
of P2(T ) leading to an isomorphism P2(T ) ' Z⊕Z⊕ F2

3 as in (2.5)
The next theorem can be found in [7].

Theorem 2.3
Define

ã = ρ0σ, b̃ = σ
−1

τ0, c = ãb̃σ
−1

= ρ0τ0σ
−1

.

The braid group B
2
(T ) admits a presentation with generator ã, b̃, c subject to the relations

[ã
2

, b̃] = [ã
2

, c] = [̃b
2

, ã] = [̃b
2

, c] = 1, ã
2

b̃
2

= c
2

. (2.6)

Furthermore, the center of B
2
(T ) is 〈ã2

, b̃
2 | ã2

b̃
2

= b̃
2

ã
2〉, and

B
2
(T )
/
Z(B

2
(T )) = 〈ã, b̃, c | ã

2

= b̃
2

= c
2

= 1〉. (2.7)

Proof. In accordance with [11], the full braid group B
2
(T ) is generated by τ0, τ1, ρ0, ρ1, σ and

3Fn is the free group generated by n elements.
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B with relations given as in Theorem 2.1. The rest of the proof is routine. At any rate, alternative
arguments are given at the end of the chapter implying (2.7).

Remark 2.4
In terms of the presentation in Theorem 2.3, the inclusion P

2
(T ) ↪→ B

2
(T ) is determined by

a 7→ b̃
2

, b 7→ ã
2

,

x 7→ c
−1

ãb̃ã, y 7→ ã
−1

c.

Proof. By Theorems 2.2 and 2.1, we have a = τ0τ1 so

a = τ0τ1 = (σb̃)(̃bσ
−1

) = c
−1

ãb̃
2

ã
−1

c = b̃
2

.

Likewise, Theorems 2.2 and 2.1 yield b = ρ0ρ1 so

b = ρ0ρ1 = (ãσ
−1

)(σρ0σ) = ãσ
−1

σã = ã
2

.

The rest of the proof is done in the same way.

2.2 The Word Problem of B
2
(T )

The word problem for P
2
(T ) is easy to solve due in part to the fact that we have a homotopic model

for F (T, 2). In this section we will solve the word problem for the full braid group B
2
(T ).

Note that a word W in the group of braids can be rewritten of the form ã
n

b̃
m

w′, where w′ is a
word in ã, b̃, and c with exponents 1. For instance, the letter ã

−1

can be exchanged by ã
−2

ã, where
the central element ã

−2

can be moved to the beginning of the word. Likewise b̃
−1

= b̃
−2

b̃ and
c
−1

= c
−2

c = ã
−2

b̃
−2

c.
The free abelian subgroup generated by braids a and b is central in the group of braids, in view

of (2.5). In fact this subgroup is the center of B2T .
We thus have the exact sequence

0 // Zã
2 ×Zb̃2 i // B2(T )

π // 〈ã, b̃, c | ã2

= b̃
2

= 1, c
2

= ã
2

b̃
2〉 // 1. (2.8)

Note that the i-image of an element (n,m) ∈ Zã2 ×Zb̃2 has to be understood as ã
2n

b̃
2m

with n and
m integers. The map π is the projection to the quotient.

The extension (2.8) gives rise to an action of Z2ã∗Z2b̃∗Z2c
4= 〈ã, b̃, c | ã2

= b̃
2

= 1, c
2

= ã
2

b̃
2〉

4The free group generated by groups G1 and G2 is denoted by G1 ∗G2. The elements of this group are words in
the free group generated by the elements of G1 and G2 subject solely to the relations in the groups Gi.

14



on Zã
2 ×Zb̃2 given by conjugation on B2(T ). This action is trivial since the elements in Zã

2 ×Zb̃2

commute with any braid in B2(T ).

Let s : Z2ã ∗ Z2b̃ ∗ Z2c −→ B2(T ) be the set function defined as s(w) = w, that is, given a
word w in 〈ã, b̃, c | ã2

= b̃
2

= 1, c
2

= ã
2

b̃
2〉 this function interprets it as a braid in B

2
(T ). Then s

turns out to be a set-theory cross-section of π, i.e. πs = Id
Z2ã∗Z2b̃∗Z2c

, moreover s is a normalized
section in the sense that s(1) = 1.

For w1, w2 ∈ Z2ã ∗Z2b̃ ∗Z2c, both s(w1)s(w2) and s(w1w2) map to w1w2 in Z2ã ∗Z2b̃ ∗Z2c. Then
we have that there exists a unique element palin(w1, w2) ∈ Zã2 ×Zb̃2 such that

s(w1)s(w2) = palin(w1, w2)s(w1w2). (2.9)

So palin : Z2ã ∗Z2b̃ ∗Z2c×Z2ã ∗Z2b̃ ∗Z2c −→ Zã
2 ×Zb̃2 is a well-defined function that satisfies

(2.9). Note that palin(w1, w2) measures the deviation of w1w2 from being a palindrome. That
is, reading w1 from right to left, and w2 from left to right, count the amount of letters ã, b̃ and
c appearing in the exact same order until a difference arises and, in the case that a c appears,
add one to the counter both for ã and for b̃. For example, consider the words w1 = ãb̃cb̃ãcb̃ and
w2 = b̃cãb̃ã ∈ Z2ã ∗Z2b̃ ∗Z2c then w1w2 = ãb̃cã then palin(w1, w2) = ã

2(2)

b̃
2(3)

because

(ãb̃cb̃ãcb̃)(̃bcãb̃ã) = ã
2(2)

b̃
2(3)

ãb̃cã ∈ B
2
(T ).

So, in this case, the function palin(w1, w2) counts one ã, two b̃’s and one c in the correct order and
c increases the counter of ã and b̃ by one.

Consider the group law on
(
Zã

2 ×Zb̃2
)
×
(
Z2ã ∗Z2b̃ ∗Z2c

)
defined by

(ã
2(n1)

b̃
2(m1)

, w1)(ã
2(n2)

b̃
2(m2)

, w2) =
(
ã

2(n1+n2)

b̃
2(m1+m2)

palin(w1, w2), w1w2

)
(2.10)

We denote this group by
(
Zã

2 ×Zb̃2
)
opalin

(
Z2ã ∗Z2b̃ ∗Z2c

)
perturbed by palin.

Theorem 2.5
The braid group on the torus with two strings B2(T ) is isomorphic to the group

(
Zã

2 ×Zb̃2
)
opalin(

Z2ã ∗Z2b̃ ∗Z2c
)
whith the group law (2.10).

Proof. The bijection
(
Zã

2 ×Zb̃2
)
opalin

(
Z2ã ∗Z2b̃ ∗Z2c

)
−→ B

2
(T ) defined by (ã

2n

b̃
2m

, w) 7→

ã
2n

b̃
2m

s(w) is a group map. Furthermore
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(
ã

2(n1+n2)

b̃
2(m1+m2)

palin(w1, w2), w1w2

)
7−→ã

2(n1+n2)

b̃
2(m1+m2)

palin(w1, w2)s(w1w2)

=a
2(n1+n2)

b̃
2(m1+m2)

s(w1)s(w2)

=(ã
2(n1)

b̃
2(m1)

s(w1))(ã
2(n2)

b̃
2(m2)

s(w2)).

This theorem solves the word problem for the group of braids in the torus with two strings.

In the rest of this work, we will not make a distinction between the notation of s(w) and w,
that is, we will simply interpret the word w as the braid defined by the letters of w. So a word W
in B

2
(T ) has a canonical expression of the form ã

2n

b̃
2m

w.

16



Chapter 3

The Cohomology of F2(T ) and
Obstruction Theory

3.1 Obstruction Theory

Using the work of A.S. Schwarz, for a fibration p : E −→ B, we denote by ∗nE the n-fold fiber
join of the fibration and by j

n

(p) : ∗nE −→ B the n-join map. Then secat(p) 6 n if and only if
j
n+1

(p) has a cross section [8]. If F is the homotopic fiber of p, then ∗n+1F is the homotopic fiber
of j

n+1

(p) in the fibration

∗
n+1

F ↪→ ∗
n+1

E
j
n+1

(p)
−−−−−−→ B.

It is well known that ∗n+1

F ' Σ
n

F
∧n+1

so that ∗n+1

F is (n−1)-connected. The primary obstruction
to create a cross section in j

n+1

(p) is a cohomology class θ
n+1

in H
n+1

(B;πn(∗n+1

F ))1 [9]. Note
that, if n ≥ 2,

π
n
(∗
n+1

F ) ' π
n
(Σ

n

F
∧n+1

)

' Hn
(Σ

n

F
∧n+1

)

' H
0
(F
∧n+1

)

'
⊗
n+1

H
0
(F ). (3.1)

Recall that the evaluation map e0,1 : P (X) −→ X × X takes a free path γ in X to its end
points: e0,1(γ) = (γ(0), γ(1)), and that secat(e0,1)=TC(X). Recall also that NL(X) stands for the

1Here H
∗
(X;G) stands for the cohomology of X with a local coefficient system G.
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complement of the free loop space L(X) in the free path space on X. The group Z2 acts by taking a
nonloop α to the reversed path α, i.e., α(1− t) = α(t). The inclusion map NL(X) −→ PX renders
a restricted fibration e0,1 : NL(X) −→ F (X, 2). This map passes to the Z2-quotient, and we get
the commutative diagram with fiber columns

M̃

��

M̃

��

oooo M̃

��

NL(X)/Z2

ε0,1

��

NL(X) �
�

//

e0,1

��

oooo P (X)

e0,1

��

B(X, 2) F (X, 2) �
�

//oooo X ×X.

(3.2)

Here M̃ denotes the path space Maps([0, 1], 0, 1;X,x0 , x1) for a point (x0, x1) in F (X, 2). When X
is path connected, we choose a fixed path δ : [0, 1] −→ X, such that δ(0) = x0 and δ(1) = x1 . The
map ψ

δ
: M̃ −→ ΩX defined as ψ

δ
(ω) = ωδ is a homotopy equivalence and its homotopy inverse

is given by ψ
δ

(σ) = σδ, where ΩX =Maps([0, 1], 0, 1;X,x0 , x0). We thus have the commutative
diagram with fiber columns

ΩX

��

ΩX

��

ΩX

��

NL(X)/Z2

ε
0,1

��

NL(X) �
�

//

e
0,1

��

oooo P (X)

e
0,1

��

B(X, 2) F (X, 2) �
�

//oooo X ×X

(3.3)

with common homotopy fiber ΩX.

Set G = π
1
(X,x

0
) and let I

0
= ker(ε) ⊂ ZG be the kernel of the augmentation homomorphism

ε : ZG −→ Z. An element of I
0
is a finite sum of the form

∑
n
i
g
i
where n

i
∈ Z, g

i
∈ G and∑

n
i

= 0. In the above terms, the local coefficient system (3.1) takes the form

π
n
(∗
n+1

ΩX) '
⊗
n+1

H0(ΩX) '
⊗
n+1

I0 (3.4)

and the primary obstructions θ
n+1

associated to ε0,1 and e0,1 lie in

H
n+1

(B(X, 2);
⊗
n+1

I0)), H
n+1

(F (X, 2);
⊗
n+1

I0)) (3.5)

respectively. It will always be clear from the context whether we consider the obstruction as a
cocycle or as a cohomology class.
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3.2 Deleted Product, Mimick for P
2
(X)

We define an action of P
2
(X) on ZG and I

0
via

[γ]
∑

n
i
g
i

= [(α, β)]
∑

n
i
g
i

=
∑

n
i
αg

i
δβ δ. (3.6)

Here γ = (α, β) represents an element in the pure braid group of X on 2 strings, that is

α, β : [0, 1] −→ X,

α(t) 6= β(t) for all t in [0, 1] and α(0) = α(1) = x
0
, β(0) = β(1) = x

1
. The action is well defined,

given that α and δβ δ are loops based on x
0
, and they are understood as elements of π

1
(X, (x

0
))

by taking their respective homotopy classes. These element are illustrated by their representative
loops in Figure 3.1.

Figure 3.1: The braid γ, the loop gi and the pad δ.

In Figure 3.2, which describes the action, [γ]gi is represented by the homotopy class of the
loop αgiδβ δ. The path giδ describes the image of gi , as an element in the loop space ΩX, of its
corresponding path in the honest fiber at M̃ .

Figure 3.2: The Action of P
2
(X) on I

0

Remark 3.1
The concatenation ψ

δ

(gi) = giδ lies in M̃ , and [γ][ψ
δ

(gi)] = [αψ
δ

(gi)β], as defined in Theorem 1.4,
is the analogous action defined in (3.6). That is ψ

δ
([γ][ψ

δ

(gi)]) = αgiδβ δ.
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Proposition 3.2
Consider the map f : P

2
(X) −→ I

0
given by f([γ]) = [αδβ δ] − 1, where γ = (α, β). Then f

determines a one dimensional cohomology class [f ] = b ∈ H1

(F (X, 2); I
0
).

Proof. The function f is a crossed homomorphism, so we only have to check the equality
f([γ

1
][γ

2
]) = f([γ

1
]) + [γ

1
]f([γ

2
]). But

f([γ1 ][γ2 ]) =f([α1 , β1 ][α2 , β2 ]) = f([α1α2 , β1β2 ]) = [α1α2δβ1β2 δ]− 1,

whereas

f([γ
1
]) + [γ

1
]f([γ

2
]) =[α

1
δβ

1
δ]− 1 + (α

1
, β

1
)[α

2
δ β

2
δ]− 1 = s[α

1
α

2
δβ

2
β

1
δ]− 1.

The result then follows from Whitehead’s book [9].

Remark 3.3
If we need to work with the actual fiber instead of the homotopic fiber, the action in the fiber is
defined just as in Theorem 1.4 via (1.7). That is,

[γ] · [ω] = [αωβ].

Figure 3.3: The action of P2(X) on the true fiber M̃ .

3.3 The Sectional Category for the Fibration e0,1 over F (T, 2),

Torus Case

According to Theorem 2.2, the 2-string pure braid group on T is

P
2
(T ) =Za⊕Zb⊕ F

2
= 〈a, b, x, y | [a, b] = [a, x] = [a, y] = [b, x] = [b, y] = 1〉,

where {a, b} is the basis of the free abelian group Z⊕ Z, and F2 = 〈x, y〉 is the rank-2 free group
generated by x and y. F (T, 2) has the homotopy type of T ×

(
S

1 ∨ S1
)
because T is a topological

group, so F (T, 2) is a K(P2(T ), 1) space. In their book [13], Milnor and Stasheff describe the
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cohomology of a deleted product. In this work we follow Brown’s construction in [14] in order to
calculate a free resolution of Z over the direct sum of two groups in terms of explicit free resolution
of Z over each group. Thus, for the infinite cyclic group 〈t〉 generated by t, it is easy to see that
the sequence

0 // Z〈t〉σ1

t−1
// Z〈t〉σ0

ε // Z // 0 (3.7)

is a free resolution. Then

0 // ZF2
k
x

1
⊕ZF2

k
y

1

∂ // ZF2
k

0

ε // Z // 0 (3.8)

is ZF2
-free resolution, where ∂k

s

1
= (s− 1)k

0
, for s = x, y.

If G and G′ are groups and M, M ′ are G-module and G′-module respectively, then M
⊗
M ′

is a G × G′-module via (g, g′) · (m ⊗m′) = gm ⊗ g′m′. If M is projective (e.g. free) over ZG and
M ′ is projective (e.g. free) over ZG′ , then M

⊗
M ′ is projective over ZG×G′ , moreover the obvious

homomorphism ZG
⊗
ZG′ −→ Z[G×G′] is isomorphism.

Let ε : F −→ Z and ε : F ′ −→ Z be projective resolutions of Z over ZG and ZG′ respectively,
and consider the complex F

⊗
F ′. This is a complex of projective Z[G×G′]-modules, and it is

augmented over Z by ε⊗ ε′ : F
⊗
F ′ −→ Z

⊗
Z = Z.

Proposition 3.4
If ε : F −→ Z and ε : F ′ −→ Z are projetive resolutions of Z over ZG and ZG′ respectively, then
ε ⊗ ε′ : F

⊗
F ′ −→ Z is a projective resolution of Z over Z[G×G′]. Moreover, if ε : F −→ Z and

ε : F ′ −→ Z are projective resolutions of Z over ZG, then so is ε⊗ ε′ : F
⊗
F ′ −→ Z, where G acts

diagonally on F
⊗
F ′.

Proof. This is a standard result, see for instance [14].

Using the free resolution for π
1
(S

1

) in (3.7), we obtain the free resolution over π
1
(T ) ∼= π

1
(S

1 ×
S

1

) = π
1
(S

1

)⊕ π
1
(S

1

)

0 // Zπ1(T )(g1h1)
δ2 // Zπ1(T )(g1h0)

⊕
Zπ1(T )(g0h1)

δ1 // Zπ1(T )(g0h0)
ε // Z // 0.

(3.9)
In turn, from the free resolution of Z over ZF

2
(3.8) and the free resolution of Z over Zπ1(T ) (3.9)

we obtain a resolution F ε−→ Z. Explicitly

· · · → ZP2 (T )ex
⊕

ZP2 (T )ey
D3−→

5⊕
i=1

ZP2 (T )ẽi
D2−→

4⊕
i=1

ZP2 (T )ei
D1−→ ZP2 (T )e

ε−→ Z→ 0, (3.10)

which is a free resolution of Z over ZP2 (T ), and whose differentials are defined in the following way.
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If a
i

b
j

w ∈ P2(T )2, then D1 is defined by

D1(a
i

b
j

w)e1 =(a
i

b
j

(wx− w))e = a
i

b
j

w(x− 1)e,

D1(a
i

b
j

w)e2 =(a
i

b
j

(wy − w))e = a
i

b
j

w(y − 1)e,

D1(a
i

b
j

w)e3 =(a
i

(b
j+1

− b
j

)w)e = a
i

b
j

w(b− 1)e,

D1(a
i

b
j

w)e4 =((a
i+1

− a
i

)b
j

w)e = a
i

b
j

w(a− 1)e. (3.11)

D2 is defined by

D2(a
i

b
j

w)ẽ1 =a
i

b
j

w(a− 1)e1 − a
i

b
j

w(x− 1)e4,

D2(a
i

b
j

w)ẽ2 =a
i

b
j

w(a− 1)e2 − a
i

b
j

w(y − 1)e4,

D2(a
i

b
j

w)ẽ3 =a
i

b
j

w(b− 1)e1 − a
i

b
j

w(x− 1)e3,

D2(a
i

b
j

w)ẽ4 =a
i

b
j

w(b− 1)e2 − a
i

b
j

w(y − 1)e3,

D2(a
i

b
j

w)ẽ5 =a
i

b
j

w(a− 1)e3 − a
i

b
j

w(b− 1)e4. (3.12)

Finally D3 is defined by

D3(a
i

b
j

w)ex =a
i

b
j

w(a− 1)ẽ3 − a
i

b
j

w(b− 1)ẽ1 + a
i

b
j

w(x− 1)ẽ5,

D3(a
i

b
j

w)ey =a
i

b
j

w(a− 1)ẽ4 − a
i

b
j

w(b− 1)ẽ2 + a
i

b
j

w(y − 1)ẽ5. (3.13)

The generators are obtained in the following order: For ZP
2
(T )e,

e = g0h0k0 = g0 ⊗ h0 ⊗ k0 .

For the generators of
4⊕
i=1

ZP2 (T )ei
3,

e1 = g
0
h

0
k
x

1
, e2 = g

0
h

0
k
y

1
, e3 = g

0
h

1
k

0
, e4 = g

1
h

0
k

0
.

For the generators of
5⊕
i=1

ZP
2
(T )ẽi,

ẽ1 = g1h0k
x

1
, ẽ2 = g1h0k

y

1
, ẽ3 = g0h1k

x

1
, ẽ4 = g0h1k

y

1
, ẽ5 = g1h1k0 .

Lastly, for ex, ey we have
ex = g

1
h

1
k
x

1
, ey = g

1
h

1
k
y

1
.

2Where w is a word in F2 = 〈x, y〉.
3Throughout the rest of the chapter, we will omit the ⊗ symbol for simplicity for the generators.
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As in (2.1), without loss of generality, we take the base point of F2(T ) by choosing the points x0 ,
x1 ∈ T = R/Z×R/Z as

x
0

=

(
1

5
,

1

5

)
, x

1
=

(
2

5
,

2

5

)
.

Consider the path d0,1 : [0, 1] −→ T given by

d0,1(t) = x
0

+ t(x
1
− x

0
) =

(
t+ 1

5
,
t+ 1

5

)
,

and let δ be the corresponding homotopy class. By Proposition 3.2, the map f : P2(T ) −→ I
0
given

by f([γ]) = [αδβ δ]− 1 where γ = (α, β) is a crossed homomorphism and [f ] = b ∈ H1

(F (T, 2), I
0
).

Lemma 3.5
The crossed morphism f restricted to the subgroup generated by a and b in P

2
(T ) is trivial. Thus

the evaluation of the class b at a
i

b
j

w agrees with the evaluation at w, where w is any word in x
and y.

Proof. Notice that classes a = τ0τ1 and b = ρ0ρ1 are represented by ka, kb : [0, 1] −→ T given
by ka = (x

0
+ (0, t), x

1
+ (0, t)) and respectively. Then the evaluation of f in a is given in the

following way

f(a) =f(τ0τ1)

=[x
0

+ (0, t)]δ[x
1

+ (0, t)]δ − 1

=[x
0

+ (0, t)][d0,1][x
1
− (0, t)]d0,1 − 1

=[x0 + (0, t)][x0 + t(x1 − x0)][x1 − (0, t)] [x1 + t(x0 − x1)]− 1. (3.14)

Consider K : [0, 1]× [0, 1] −→ T given by

K(t, s) = [x
0

+ st(x
1
− x

0
)][sx

1
+ (1− s)x

0
− (0, t)] [sx

1
+ (1− s)x

0
+ st(x

0
− x

1
)].

Note that K(0, s) = K(1, s) = x
0
for all s ∈ [0, 1], and

K(t, 1) =[x0 + t(x1 − x0)][x1 − (0, t)] [x1 + t(x0 − x1)]

K(t, 0) =[x
0
][x

0
− (0, t)][x

0
].

It is clear that K(t, 0) = [x0 − (0, t)] = [x0 + (0, t)], so f(a) = [x0 + (0, t)][x0 + (0, t)]− 1 = 0.

Note that ai can be represented by the braid (x0 + (0, it), x1 + (0, it)) . Using the same idea,
we get δ[x1 + (0, it)] δ = [x0 + (0, it)]. In a completely analogous way we see that f(b

j

) = 0, so
f(a

i

b
j

) = f(a
i

) + a
i

f(b
j

) = 0. Thus f vanishes on the subgroup generated by a and b in P2(T ).
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Finally, if w is any word in 〈x, y〉, then f(a
i

b
j

w) = f(wa
i

b
j

) = f(w)+wf(a
i

b
j

) = f(w)+w0 =

f(w), which completes the proof.

Recall that [x
0

+ (0, t)] and [x
0

+ (t, 0)] are the generators of π
1
(T, x

0
) ∼= Z

⊕
Z. The free

non-abelian part of P
2
(T ) is generated by x, y and are represented by

g1 = (x0 , x1 + (t, 0)) and f1 = (x0 , x1 + (0, t))

respectively. Note that one of the braids is constant and the other is homotopic to one of the
fundamental cycles, that is,

δ[x
1

+ (t, 0)]δ = [x
0

+ (t, 0)] and δ[x
1

+ (0, t)]δ = [x
0

+ (0, t)].

Without this representing any confusion, we will consider x and y as the classes of homotopy based
loops on x

1
when it is convenient4. For example,

δxδ = [x0 + (t, 0)] and δyδ = [x0 + (0, t)].

Corollary 3.6
Let w be a word in the free group generated by x and y, let nx be the degree of [w] ∈ 〈x, y〉/y and
ny be the degree of [w] ∈ 〈x, y〉/x. Then

f(w) = δx
nx
y
ny
δ − 1.

Proof. The result follows from the fact that π
1
(T, x

0
) is abelian group.

Corollary 3.7
Then the subgroup spanned by {a, b} acts trivially on Zπ

1
(T ). In detail, if w is a word in the free

part of P
2
(T ), and we let nx and ny be defined as in Corollary 3.6, then

w
∑

n
k
g
k

=
∑

n
k
g
k
δx

nx
y
nx
δ, (3.15)

moreover, for any a
i

b
j

w ∈ P
2
(T ),

a
i

b
j

w
∑

n
k
g
k

=
∑

n
k
g
k
δx

nx
y
nx
δ. (3.16)

Proof. Using the same formulas as in the proof of Lemma (3.5), we have

4For this we consider only the non-constant braid given by the representatives g1 and f1 respectively.
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a
i

b
j∑

n
k
g
k

=
∑

n
k
[x

0
+ (0, it)][x

0
+ (jt, 0)]g

k
δ[x

1
− (0, it)][x

1
− (jt, 0)] δ

=
∑

n
k
g
k

(
[x0 + (0, it)] [x0 + (jt, 0)]

)(
δ[x1 − (0, it)] δ δ[x1 − (jt, 0)] δ

)
=
∑

n
k
g
k

(
[x0 + (0, it)]δ[x1 − (0, it)] δ

) (
[x0 + (jt, 0)]δ[x1 − (jt, 0)] δ

)
=
∑

n
k
g
k
(1)(1) =

∑
n
k
g
k
.

Finally, for a
i

b
j

w ∈ P
2
(T ),

a
i

b
j

w
∑

n
k
g
k

=
(
a
i

b
j
)
w
∑

n
k
g
k

= w
∑

n
k
g
k

=
∑

n
k
g
k
δx

nx
y
nx
δ,

which completes the proof.

Corollary 3.8
The local system of coefficients associated to the fibration e0,1 : NL(T ) −→ F (T, 2), as described
in Remark 3.3, depends only on the action restricted to π

1
(T, x

0
).

Proof. Note that the morphism defined on fundamental groups by the homeomorphism

(T, x
1
)

(_−1/5,_−1/5)
// (T, x

0
)

agrees with the homomorphism δ δ : π
1
(T, x

1
)→ π

1
(T, x

0
).

The monodromy action we found, is the one described by Costa-Farber in [10] restricted to
(1, ).

The Alexander-Whitney diagonal approximation ∆ : B −→ B ⊗B for the bar resolution5

B : · · · −→ B3 −→ B2 −→ B1 −→ B0 = ZP
2
(T )

ε−→ Z −→ 0

of Z over ZP
2
T , is given by

∆
[
γ1 | γ2 | . . . | γn

]
=

n∑
p=0

[
γ1 | . . . | γp

]
⊗ γ1 · · · γp

[
γp+1 | . . . | γq

]
.

Then the class b2 ∈ H2

(F (T, 2), I0
⊗
I0) is represented by f ^ f = (f × f) ◦∆ : B2 −→ I0

⊗
I0 ,

which is defined as
f ^ f

[
γ1 | γ2

]
= −f(γ1)⊗ γ1f(γ2). (3.17)

5The bar resolution is also called the standard resolution, [14].
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Then, if γ1 = a
i1
b
j1
w1 , γ2 = a

i2
b
j2
w2 , we have

f ^ f
[
γ

1
| γ

2

]
=− f(w

1
)⊗ w

1
f(w

2
)

=−
(
δw1

δ − 1
)
⊗ w

1

(
δw2 δ − 1

)
=−

(
δw

1
δ − 1

)
⊗
(
δw2w1

δ − δw
1
δ
)
. (3.18)

We have an augmentation-preserving chain map f̃ : F −→ B

· · · 0 //

f4

��

ZP2 (T )ex
⊕
ZP2 (T )ey

D3 //

f3

��

5⊕
i=1

ZP2 (T )ẽi
D2 //

f2

��

4⊕
i=1

ZP2 (T )ei
D1 //

f1

��

ZP2 (T )e
KS

f0=IdZP
2
(T )

��
· · ·B4

// B3
// B2

// B1
// B0 = ZP2 (T )

(3.19)
which is a homotopy equivalence, and is defined as f0 = IdZP2

: ZP
2
(T )e −→ B0 = ZP

2
(T ),

fk : 0 −→ Bk for k > 4 in the only possible way, and

f1

(
(a
i

b
j

w)e1

)
=
(
a
i

b
j

w, a
i

b
j

wx
)

= a
i

b
j

w (1, x) = a
i

b
j

w
[
x
]
,

f1

(
(a
i

b
j

w)e2

)
=
(
a
i

b
j

w, a
i

b
j

wy
)

= a
i

b
j

w (1, y) = a
i

b
j

w
[
y
]
,

f1

(
(a
i

b
j

w)e3

)
=
(
a
i

b
j

w, a
i

b
j+1

w
)

= a
i

b
j

w (1, b) = a
i

b
j

w
[
b
]
,

f1

(
(a
i

b
j

w)e4

)
=
(
a
i

b
j

w, a
i+1

b
j

w
)

= a
i

b
j

w (1, a) = a
i

b
j

w
[
a
]
,

f2

(
(a
i

b
j

w)ẽ1

)
=
(
a
i

b
j

w, a
i+1

b
j

w, a
i

b
j

wx
)
−
(
a
i+1

b
j

w, a
i

b
j

wx, a
i+1

b
j

wx
)

=a
i

b
j

w
[
a | a

−1

x
]
− a

i+1

b
j

w
[
a
−1

x | a
]
,

f2

(
(a
i

b
j

w)ẽ2

)
=
(
a
i

b
j

w, a
i+1

b
j

w, a
i

b
j

wy
)
−
(
a
i+1

b
j

w, a
i

b
j

wy, a
i+1

b
j

wy
)

=a
i

b
j

w
[
a | a

−1

y
]
− a

i+1

b
j

w
[
a
−1

y | a
]
,

f2

(
(a
i

b
j

w)ẽ3

)
=
(
a
i

b
j

w, a
i

b
j+1

w, a
i

b
j

wx
)
−
(
a
i

b
j+1

w, a
i

b
j

wx, a
i

b
j+1

wx
)

=a
i

b
j

w
[
b | b−1x

]
− a

i

b
j+1

w
[
b
−1

x | b
]
,

f2

(
(a
i

b
j

w)ẽ4

)
=
(
a
i

b
j

w, a
i

b
j+1

w, a
i

b
j

wy
)
−
(
a
i

b
j+1

w, a
i

b
j

wy, a
i

b
j+1

wy
)

=a
i

b
j

w
[
b | b

−1

y
]
− a

i

b
j+1

w
[
b
−1

y | b
]
,
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f2

(
(a
i

b
j

w)ẽ5

)
=
(
a
i

b
j

w, a
i+1

b
j

w, a
i+1

b
j+1

w
)
−
(
a
i

b
j

w, a
i

b
j+1

w, a
i+1

b
j+1

w
)

=a
i

b
j

w
[
a | b

]
− a

i

b
j

w
[
b | a

]
= a

i

b
j

w
([
a | b

]
−
[
b | a

])
,

f3

(
(a
i

b
j

w)ex

)
=a

i

b
j

w
(

(1, b, x, ab)− (1, a, x, ab) + (b, x, ab, bx)− (a, x, ab, ax)

+ (x, ab, bx, abx)− (x, ab, ax, abx)
)

=
(
a
i

b
j

w
)([

b | b
−1

x | abx
−1
]
−
[
a | a

−1

x | abx
−1
]

+ b
[
b
−1

x | abx
−1

| a
−1
]

− a
[
a
−1

x | abx
−1

| b
−1
]

+ x
[
abx

−1

| a
−1

x | a
]
− x
[
abx

−1

| b
−1

x | b
])
,

f3

(
(a
i

b
j

w)ey

)
=a

i

b
j

w
(

(1, b, y, ab)− (1, a, y, ab) + (b, y, ab, by)− (a, y, ab, ay)

+ (y, ab, by, aby)− (y, ab, ay, aby)
)

=
(
a
i

b
j

w
)([

b | b
−1

y | aby
−1
]
−
[
a | a

−1

y | aby
−1
]

+ b
[
b
−1

y | aby
−1

| a
−1
]

− a
[
a
−1

y | aby
−1

| b
−1
]

+ y
[
aby

−1

| a
−1

y | a
]
− y
[
aby

−1

| b
−1

y | b
])
.

Theorem 3.9
The primary obstruction b2 ∈ H2

(F (T, 2); I
0

⊗
I
0
) to cross section j

2

(e0,1) : ∗2NL(T ) −→ F (T, 2)

vanishes.

Proof. The chain map f̃ : F −→ B between the free resolution (3.10) and the bar resolution of
Z over ZP2 (T ) induces an isomorphism f̃

∗
: H

2

(F (T, 2); I
0

⊗
I
0
) −→ H

2

(F (T, 2); I
0

⊗
I
0
). Then

b
2

= 0 if and only if f̃
∗
(b

2

) = 0. The class of b
2

is represented by f ^ f , so it is enough to prove

the vanishing of f ^ f ◦ f2 :

5⊕
i=1

ZP2 (T )ẽi −→ I0
⊗

I0 :

f ^ f ◦ f
2

(
(a
i

b
j

w)ẽ1

)
= a

i

b
j

wf ^ f
[
a | a

−1

x
]
− a

i+1

b
j

wf ^ f
[
a
−1

x | a
]

=a
i

b
j

w(f(a)⊗f(a
−1

x))−a
i+1

b
j

w(f(a
−1

x))⊗xf(a)) =a
i

b
j

w( 0⊗f(x))− a
i+1

b
j

w(f(x)⊗ 0) = 0.

In a similar way, we have f ^ f ◦ f2

(
(a
i

b
j

w)ẽi

)
= 0 for i = 2, 3, 4, 5:

f ^ f ◦ f
2

(
(a
i

b
j

w)ẽ2

)
=a

i

b
j

wf ^ f
[
a | a

−1

y
]
− a

i+1

b
j

wf ^ f
[
a
−1

y | a
]

= 0,

f ^ f ◦ f
2

(
(a
i

b
j

w)ẽ3

)
=a

i

b
j

wf ^ f
[
b | b

−1

x
]
− a

i

b
j+1

wf ^ f
[
b
−1

x | b
]

= 0,

f ^ f ◦ f
2

(
(a
i

b
j

w)ẽ4

)
=a

i

b
j

wf ^ f
[
b | b

−1

y
]
− a

i

b
j+1

wf ^ f
[
b
−1

y | b
]

= 0,

f ^ f ◦ f
2

(
(a
i

b
j

w)ẽ5

)
=a

i

b
j

w
(
f ^ f

[
a | b

]
− f ^ f

[
b | a

])
= 0,
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which completes the proof.

Since
∑

(ΩT ∧ ΩT ) '
∨
Z×Z

S
1

, Theorem 3.9 implies in fact that there are no homological ob-

structions to cross section j2(e0,1). However, we are prevented from deducing that secat(e0,1) ≤ 1

because the Hurewicz homomorphism that we use when describing the coefficient system in (3.1),
from the n-th homotopy group to the n-th homology group

π
n
(Σ

n

F
∧n+1

) −→ Hn(Σ
n

F
∧n+1

)

is an isomorphism for n > 1, but is just abelianization for n = 1 (which is the situation in Theo-
rem 3.9).

3.4 Motion Planning

As discussed above, Theorem 3.9 does not give us a conclusive secat-argument. So, at this point in
the work, the approach arises to explicitly solve the motion planning problem in F (T, 2).

For p ∈ T = R/Z × R/Z there are representatives (p1, p2) ∈ R2

such that [(p1, p2)] = p. We
define the set U as the collection of points (p, q) ∈ F (T, 2), such that, given a element (p1, p2) in
the class p there exists a representative (q1, q2) of q such that (q1, q2) ∈ (p1, p1 + 1)× (p2, p2 + 1).
That is

U = {(p, q) ∈ F (T, 2) | p = [(p1, p2)] ∧ ∃(q1, q2) ∈ q ∧ (q1, q2) ∈ (p1, p1 + 1)× (p2, p2 + 1)}.
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It is easy to see that U is an open subset of F (T, 2): just consider a neighborhood

((p1 − ε, p1 + ε)× (p2 − ε, p2 + ε))× ((q1 − ε, q1 + ε)× (q2 − ε, q2 + ε))

with a small enough epsilon. Next define S : U −→ NL(T ) as S(p, q) = [(1− t)(p1, p2) + t(q1, q2)].
This is a continuous section of e

0,1
: NL(T )→ F (T, 2).

The complement of U is not open, but it is a deformation retract of one. Explicitly, define
S̃ : F (T, 2) \U −→ NL(T ) by S̃(p, q) = [(1− t)(p1, p2) + t(q1, q2)], and extend S̃ in the obvious way
over the open set described in the following figure.

So, we have covered F (T, 2) with two open sets over each of which there is a section for the
map e0,1 : NL(T )→ F (T, 2). Consequently secat

(
e0,1 : NL(T )→ F (T, 2)

)
≤ 1. It should be noted

that the latter assertion does not take into account the Z2 action used in the definition of TCS and
TCΣ. The latter invariants will be addressed in the following chapters.
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Chapter 4

Minimal B2(T )-Free Resolution of Z

From this chapter on we will rename the generators of B
2
(T ) to simplify the notation. According

to the notation used in Theorem 2.1, we define

a = ρ0σ, b = σ
−1

τ0, c = ρ0τ0σ
−1

Then by Theorem 2.3,

B
2
(T ) = 〈a, b, c | [a

2

, b] = [a
2

, c] = [b
2

, a] = [b
2

, c] = 1, a
2

b
2

= c
2

〉.

Also the center of B
2
(T ) is 〈a2

, b
2〉 and

B
2
(T )
/
Z(B

2
(T )) = 〈a, b, c | a

2

= b
2

= c
2

= 1〉 = Z/2Z ∗Z/2Z ∗Z/2Z.

In section §2.2 we studied the exact sequence

0 // Za
2 ×Zb2 // B2(T ) // Z/2Za ∗Z/2Zb ∗Z/2Zc // 1,

showing that B
2
(T ) is a semi-direct product perturbed by palin1:(

Za
2

×Zb
2
)
opalin (Z2a ∗Z2b ∗Z2c) .

See Theorem (2.5). In particular we have a canonical word form for each element in B2(T ), that
is, if W ∈ B

2
(T ), then

W = a
2n

b
2m

w, where w ∈ Z2a ∗Z2b ∗Z2c,

1palin is the function defined by the equation (2.9).
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and we will simply interpret the word w as the braid defined by the letters of w. Summarizing, an
element W in B2(T ) has a canonical word expression of the form a

2n

b
2m

w.

The objective of this chapter is to develop the algebraic tools that will allow us to do the
fiber analysis of ε

0,1
: NL(T )/Z2 −→ B(T, 2). Such results will allow us calculate the symmetric

topological complexity of the torus. At any rate, the results in this chapter are highly non-trivial
and interesting in themselves.

Haefliger describes in [15] the cohomology ring H∗(B(X, 2)) for certain manifolds X. Using
Haefliger’s calculations, Farber and Grant study TCSX in [1] when X is a closed smooth manifold.

A well known fact is that if (C, d) is a chain complex and sn : Cn −→ Cn+1 , sn−1 : Cn−1 −→ Cn

are additive homomorphisms such that dn+1sn + sn−1dn = IdCn , then C is exact in Cn . This is
the case when s∗ : C → C is in fact a contracting homotopy, i.e., when the latter equality holds
for every n. The main objective of this chapter is to construct a free resolution of Z over B2(T )

together with a contracting homotopy.

We define the sequence of modules C
3

=

3⊕
i=1

ZB
2
(T )Pi , C2

=

5⊕
i=1

ZB
2
(T )Ri

, C
1

=

c⊕
i=a

ZB
2
(T )[i],

C
0

= ZB2 (T ), C−1
= Z and C

n
= 0 for all n other than 3, 2, 1, 0, −1. Then we define the graded

ZB2 (T )-module C =
⊕
n∈Z

C
n
and we define a ZB2 (T )-endomorphism d : C −→ C of degree -1. The

map components are defined on generators and then extend by linearly.

Let d3 :

3⊕
i=1

ZB2 (T )Pi −→
5⊕
i=1

ZB2 (T )Ri be defined by

d
3
(P

1
) =(1 + b)R

1
+ (1 + a)R

3
,

d3(P2) =(1 + b)R1 + (1 + c)R4 − (1− b
2

)R5 ,

d
3(P3

) = R
2

+ a
2

R
4
− (1− c)R

5
. (4.1)
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Let d2 :

5⊕
i=1

ZB2 (T )Ri
−→

c⊕
i=a

ZB2 (T )[i] be defined by

d
2
(R

1
) =(1 + a− b− ba)[a]− (1− a

2

)[b] = (1− b)(1 + a)[a]− (1− a
2

)[b],

d2(R2) =(1 + a− c− ca)[a]− (1− a
2

)[c] = (1− c)(1 + a)[a]− (1− a
2

)[c],

d
2
(R

3
) =− (1− b

2

)[a] + (1− a+ b− ab)[b] = −(1− b
2

)[a] + (1− a)(1 + b)[b],

d2(R4) =(1 + b− c− cb)[b]− (1− b
2

)[c] = (1− c)(1 + b)[b]− (1− b
2

)[c],

d
2
(R

5
) =(1 + a)[a] + a

2

(1 + b)[b]− (1 + c)[c]. (4.2)

Let d
1

:

c⊕
i=a

ZB
2
(T )[i] −→

c⊕
i=a

ZB
2
(T ) be defined by d

1
([i]) = i− 1.

Lastly, d0 = ε : ZB2 (T ) −→ Z is the augmentation map.
The rest of the boundary operators are forced to be zero: d

n
: C

n
= {0} −→ C

n−1
for all n

diferent than {3, 2, 1, 0, −1} and d−1
: Z −→ 0.

Theorem 4.1
The sequence (C, d) below is a ZB

2
(T )-chain complex.

· · · 0 //

3⊕
i=1

ZB
2
(T )Pi

d3 //

5⊕
i=1

ZB
2
(T )Ri

d2

oo. . .d2

��

· · ·

c⊕
i=a

ZB
2
(T ) [i]

d1 // ZB
2
(T )

ε // Z // 0.

(4.3)

Proof. The proof is a straightforward calculation generator by generator, degree by degree.

d2d3(P1) =d2 ((1 + b)R1 + (1 + a)R3)

=(1 + b)d
2

(R
1
) + (1 + a)d

2
(R

3
)

=(1 + b)
(

(1− b)(1 + a)[a]− (1− a
2

)[b]
)

+ (1 + a)
(
−(1− b

2

)[a] + (1− a)(1 + b)[b]
)
.
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The elements (1− a2

) and (1− b2) lie in the center of ZB
2
(T ), so d2d3(P1) = 0.

d
2
d

3
(P

2
) =d

2

(
(1 + b)R

1
+ (1 + c)R

4
− (1− b

2

)R
5

)
=(1 + b)d2 (R1) + (1 + c)d2 (R4)− (1− b

2

)d2 (R5)

=(1 + b)
(

(1− b)(1 + a)[a]− (1− a
2

)[b]
)

+ (1 + c)
(

(1− c)(1 + b)[b]− (1− b
2

)[c]
)

− (1− b
2

)
(

(1 + a)[a] + a
2

(1 + b)[b]− (1 + c)[c]
)
.

The element (1− b2) lies in the center of ZB2
(T ) and c

2

= a
2

b
2

, so

d
2
d

3
(P

2
) =− (1− a

2

)(1 + b)[b] + (1− a
2

b
2

)(1 + b)[b]− a
2

(1− b
2

)(1 + b)[b] = 0.

Likewise,

d2d3(P3) =d2

(
R2 + a

2

R4 − (1− c)R5

)
= d2 (R2) + a

2

d2 (R4)− (1− c)d2 (R5)

=
(

(1− c)(1 + a)[a]− (1− a
2

)[c]
)

+ a
2
(

(1− c)(1 + b)[b]− (1− b
2

)[c]
)

− (1− c)
(

(1 + a)[a] + a
2

(1 + b)[b]− (1 + c)[c]
)

and the element a
2

lies in the center of ZB
2
(T ), thereupon

=− (1− a
2

)[c]− (a
2

− a
2

b
2

)[c] + (1− c
2

)[c] = 0.

For the degree-two generators R
1
, R

2
, R

3
, R

4
and R

5
:

d1d2(R1) =d1

(
(1− b)(1 + a)[a]− (1− a

2

)[b]
)

= (1− b)(1 + a)d1 ([a])− (1− a
2

)d1 ([b])

=(1− b)(1 + a) (a− 1)− (1− a
2

) (b− 1) = 0.

d1d2(R2) =d1

(
(1− c)(1 + a)[a]− (1− a

2

)[c]
)

= (1− c)(1 + a) (a− 1)− (1− a
2

) (c− 1) = 0.

d1d2(R3) =d1

(
−(1− b

2

)[a] + (1− a)(1 + b)[b]
)

= (b
2

− 1) (a− 1) + (1− a)(1 + b) (b− 1) = 0.

d1d2(R4) =d1

(
(1− c)(1 + b)[b]− (1− b

2

)[c]
)

= (1− c)(1 + b)(b− 1)− (1− b
2

)(c− 1) = 0.

d1d2(R5) =d1

(
(1 + a)[a] + a

2

(1 + b)[b]− (1 + c)[c]
)

=(1 + a)(a− 1) + a
2

(1 + b)(b− 1)− (1 + c)(c− 1) = a
2

− 1 + a
2

b
2

− a
2

− c
2

+ 1 = 0.

Lastly, for i ∈ {a, b, c} we have ε d
1
([i]) = ε (i− 1) = 1− 1 = 0, which completes the proof.
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4.1 A Contracting Homotopy of (C, d)

Let us now consider C as a graded Z-module. Thus, the group Cn is zero, if n is diferent than
{3, 2, 1, 0, −1}, and

C−1
= Z C

0
= ZB2 (T ), C

1
=

c⊕
i=a

ZB
2
(T )[i], C

2
=

5⊕
i=1

ZB
2
(T )Ri

, C
3

=

3⊕
i=1

ZB
2
(T )Pi .

In each dimension, C is Z generated by a
2n

b
2m

w E
i

, where E
i

stands for generic generator of C
i

as ZB
2
(T )-module and a

2n

b
2m

w is an element of ZB
2
(T ) in its canonical form. Just for emphasis,

let us note that the generator of C−1
= Z is the number 1.

We now define a degree-1 Z-endomorphism s : C −→ C via its value on Z-generators and then
extend it in a linear way. Explicitly, s

n
= 0 for all n 6 −2 and n > 4, whereas:

• s−1
: Z −→ ZB2 (T ) is given by s−1

(n) = n.

• s
0

: ZB
2
(T ) −→ C

1
is given by

s0(g1g2 · · · gu) = [g1 ] + g1 [g2 ] + · · ·+ g1g2 · · · gu−1 [gu ], (4.4)

where g
1
g
2
· · · g

u
is in its canonical form, and with the consideration that, if g−1 = g

i
, then

[g
i
] = [g

−1

] = −g−1

[g], where g = a or b and s
0
(1) = 0. In particualr, the elements of the sum

in (4.4) may fail to appear in their canonical form.

A property that satisfies s
0
that will be very useful to us later is the following

s
0
(g

1
g
2
· · · g

k
g
k+1
· · · g

u
) = s

0
(g

1
g
2
· · · g

k
) + g

1
g
2
· · · g

k
s
0
(g
k+1
· · · g

u
), (4.5)

when g
1
g
2
. . . g

k
g
k+1

. . . g
u
and g

k+1
. . . g

u
are words in their canonical form.

In preparation for the definition of s
1

: C
1
−→ C

2
, we need the following preliminary considera-

tions. Let a
2n

b
2m

w be an element in B
2
(T ) written in canonical form, so that w = g

1
g
2
· · · g

u
gu+1

is a word in 〈a, b, c | a2

= b
2

= c
2

= 1〉. Set in addition w
k

= g
1
g
2
· · · g

k
and w

0
= 1. Then:

s1(a
2n

b
2m

w[a]) =



−a2n
2m−1∑
r=0

b
r

R
1
− a

2n

b
2m

u−1∑
k=0

w
k
Rϕ(g

k+1
), if g

u+1
= a, n ∈ Z, m > 0;

a
2n
−2m∑
r=1

b
−r
R

1
− a

2n

b
2m

u−1∑
k=0

w
k
Rϕ(g

k+1
), if g

u+1
= a, n ∈ Z, m < 0;

0, if g
u+1
6= a,
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where

Rϕ(g
k

) =


0, if g

k
= a;

R
1
, if g

k
= b;

R
2
, if g

k
= c.

s1(a
2n

b
2m

wua[a]) = −a
2n

2m−1∑
r=0

b
r

R1 − a
2n

b
2m
(
Rϕ(g1 ) + g1Rϕ(g2 ) + · · ·+ g

1
g
2
· · · g

u−1
Rϕ(gu )

)
.

s
1
(a

2n

b
2m

w[b]) =


−a

2n

b
2m

k=u−1∑
k=0

w
k
Rψ(g

k+1
), if g

u+1
= b, n,m ∈ Z;

0, if g
u+1
6= b,

where

Rψ(g
k

) =


R

3
, if g

k
= a;

0, if g
k

= b;

R
4
, if g

k
= c.

s1(a
2n

b
2m

wub[b]) = −a
2n

b
2m
(
Rψ(g

1
) + g1Rψ(g

2
) + · · ·+ g1g2 · · · gu−1Rψ(gu )

)
.

s1(a
2n

b
2m

wuc[c]) = −a
2n

2m−1∑
r=0

b
r

R1 − a
2n

b
2m

R5−a
2n

b
2m(

η(g1) + g1ηϕ(g2) + · · ·+ g1g2 · · · gu−1η(gu)
)
.

s
1
(a

2n

b
2m

w[c]) =



−a2n
2m−1∑
r=0

b
r

R
1
− a

2n

b
2m

R
5

if gu+1 = c, n ∈ Z, m > 0;

−a
2n

b
2m

u−1∑
k=0

w
k
η(g

k+1
),

a
2n
−2m∑
r=1

b
−r
R

1
− a

2n

b
2m

R
5

if g
u+1

= c, n ∈ Z, m < 0;

−a
2n

b
2m

u−1∑
k=0

w
k
η(g

k+1
),

0, if g
u+1
6= c,

where

η(g
k
) =


a

2

R
3
− (1− a)R

5
, if g

k
= a;

R
1
− (1− b)R

5
, if g

k
= b;

0, if g
k

= c.
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The map s2 : C2 −→ C3 is defined to be (Za
2 ×Zb2)-linear. Thus, it suffices to define it under

the following conditions: For a word W in 〈a, b, c | a2

= b
2

= c
2

= 1〉, considered as an element of
B2(T ), say W = g1g2 · · · gugu+1, set wk = g1g2 · · · gk and

s2(WR1) =

{∑
w
k
ξ1(g

k+1
), if W = wb;

0, if gu+1 6= b,
where ξ1(x) =


(a− 1)P1 , if x = a;

0, if x = b;

(c− 1)P2 + (1− b2)P3 , if x = c.

s
2
(WR

2
) =


w(a

2

(a− 1)P1 − a
2

aP2 + a(1 + c)P3) +
∑
wkξ2(g

k+1
), if W = wac;

wb(−a2

P2 + (1 + c)P3) +
∑
wkξ2(g

k+1
), if W = wbc;

−a2

P2 + (1 + c)P3 , if W = c;

0, if gu+1 6= c,

where

ξ2(x) =


a

2

(a− 1)P1 , if x = a;

0, if x = b;

(1− c)(−a2

P2 + (1 + c)P3), if x = c.

s
2
(WR

3
) =


wbP

1
+
∑
wkξ3(g

k+1
), if W = wba;

w(cP
1

+ (1− c)P
2

+ (b
2 − 1)P

3
) +

∑
wkξ3(g

k+1
), if W = wca;

P
1
, if W = a;

0, if g
u+1
6= a,

where

ξ
3
(x) =


(1− a)P

1
, if x = a;

0, if x = b;

(1− c)P
2

+ (b
2 − 1)P

3
, if x = c.

s
2
(WR

4
) =


w ((1− a)P1 + aP2) +

∑
wkξ4(g

k+1
), if W = wac;

wbP2 +
∑
wkξ4(g

k+1
), if W = wbc;

P2 , if W = c;

0, if gu+1 6= c,

where

ξ4(x) =


(1− a)P1 , if x = a;

0, if x = b;

(1− c)P2 , if x = c.

Lastly, s
2
(WR

5
) =

∑
χc(gk+1

)wkP3
, where χc is the characteristic function of {c}.

The main result of this section is:

37



Theorem 4.2
The map s is a contracting homotopy of (C, d). Thus (C, d) is a free resolution of Z over B

2
(T ).

Proof. The proof will be complete once we check the homotopy relation d
`+1
s
`

+ s
`−1
d
`

= IdC
`

for all ` in Z —so that the chain complex (C, d) is exact in C
`
.

· · · 0 // 0
d4 //

s
4

···

��

C
3

d3 //

s
3

��

C
2

d2 //

s
2

��

C
1

d1 //

s
1

��

ZB2 (T )
ε //

s
0

��

Z //

s−1

��

0

s−2

��

···

···

· · · 0 // 0
d
4 // C

3

d
3 // C

2

d
2 // C

1

d
1 // ZB2 (T )

ε // Z // 0
···

Case ` = −1. Observe that εs−1(n) = ε(n) = n. So is (C, d) is exact in C−1 .

Case ` = 0. Start by observing that d
1
([g

1
]+g

1
[g

2
]+· · ·+g

1
g
2
· · · g

u−1
[g
u
]) is a telescopic sum equal

to g
1
g
2
· · · g

u−1
g
u
− 1. Using the convention we pointed out in (4.4) and the fact that d

1
(w[g

−1

]) =

d
1
(−wg−1

[g]), we get
d

1
(w[g

−1

]) = wg
−1

− w.

Then
d

1
s
0

+ s−1
ε
(
g
1
g
2
· · · g

u−1
g
u

)
= g

1
g
2
· · · g

u−1
g
u
,

where g
1
g
2
· · · g

u−1
g
u
∈ B

2
(T ) is written in its canonical form. The chain complex (C, d) is thus

exact in C
0
.

Case ` = 1. Let a
2n

b
2m

W be an element of B
2
(T ) expressed in its canonical form, that is,

W = g1g2 · · · gu−1gugu+1 ∈ 〈a, b, c | a
2

= b
2

= c
2

= 1〉 ⊂ B2(T ).

If g
u+1

is different from a, then d
2
s
1
(a

2n

b
2m

w
u
g
u+1

[a]) = d
2
(0) = 0, whereas using the identity (4.5)

s
0
d

1
(a

2n

b
2m

w
u
g
u+1

[a]) =s
0

(
a

2n

b
2m

w
u
g
u+1

a− a
2n

b
2m

w
u
g
u+1

)
=s

0

(
a

2n

b
2m

w
u
g
u+1

)
+ a

2n

b
2m

w
u
g
u+1

s
0
(a)− s

0

(
a

2n

b
2m

w
u
g
u+1

)
=s

0

(
a

2n

b
2m

w
u
g
u+1

)
+ a

2n

b
2m

w
u
g
u+1

[a]− s
0

(
a

2n

b
2m

w
u
g
u+1

)
=a

2n

b
2m

wugu+1 [a] (4.6)
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To illustrate this, consider n, m > 0 the latter expression is

s0d1(a
2n

b
2m

wugu+1 [a]) =

(
2n−1∑
r=0

a
r

)
[a] + a

2n

(
2m−1∑
r=0

b
r

)
[b] + a

2n

b
2m

s0(wu+1) + a
2n

b
2m

wugu+1 [a]

−

(
2n−1∑
r=0

a
r

)
[a]− a

2n

(
2m−1∑
r=0

b
r

)
[b]− a

2n

b
2m

s
0
(w

u+1
)

=a
2n

b
2m

w
u
g
u+1

[a].

The other cases are analogous and differ by a sign and an exponent depending on the sign of n and
m. Then from (4.6), for all n, m ∈ Z,

(
d2s1 + s0d1

)(
a

2n

b
2m

wugu+1 [a]
)

= IdC
1

(
a

2n

b
2m

wugu+1 [a]
)

if g
u+1
6= a. In a parallel way we have

(
d

2
s
1

+ s
0
d

1

)(
a

2n

b
2m

w
u
g
u+1

[b]
)

= a
2n

b
2m

w
u
g
u+1

[b] if

g
u+1
6= b, and

(
d

2
s
1

+ s
0
d

1

)(
a

2n

b
2m

w
u
g
u+1

[c]
)

= a
2n

b
2m

w
u
g
u+1

[c] if g
u+1
6= c. Thus, the bulk of

the argument in the current case (` = 1) focuses on the situations for the elements of a
2n

b
2m

w
u
a[a],

a
2n

b
2m

w
u
b[b] and a

2n

b
2m

w
u
c[c], which we now consider.

If g
u+1

= a, the addends of d
1

(
a

2n

b
2m

w
u
a[a]

)
are not written in canonical form. So, for n,m > 0,

s
0
d

1
(a

2n

b
2m

w
u
a[a])

= s0

(
a

2n

b
2m

wua
2

− a
2n

b
2m

wua
)

=

(
2n+1∑
r=0

a
r

)
[a] + a

2(n+1)

(
2m−1∑
r=0

b
r

)
[b] + a

2(n+1)

b
2m

s
0
(w

u
)

−

(
2n−1∑
r=0

a
r

)
[a]− a

2n

(
2m−1∑
r=0

b
r

)
[b]− a

2n

b
2m

s0(wu)− a
2n

b
2m

wu [a]

= a
2n

(1 + a− b
2m

w
u
)[a] + a

2n

(a
2

− 1)

(
2m−1∑
r=0

b
r

)
[b] + a

2n

b
2m (

(a2 − 1)s
0
(w

u
)
)
.

Then a
2n

b
2m

w
u
a[a]− s

0
d

1
(a

2n

b
2m

w
u
a[a]) is equal to

−a
2n
(

(1 + a− b
2m

w
u
− b

2m

w
u
a)
)

[a]− a
2n

(
(a

2

− 1)

(
2m−1∑
r=0

b
r

)
[b] + b

2m (
(a2 − 1)s

0
(w

u
)
))

=− a
2n
(

(1 + a− b
2m

w
u
(1 + a))

)
[a]− a

2n

((
2m−1∑
r=0

b
r

)
(a

2

− 1)[b] + b
2m (

(a2 − 1)s
0
(w

u
)
))

=− a
2n
(

(1− b
2m

wu)(1 + a)
)

[a]− a
2n

((
2m−1∑
r=0

b
r

)
(a

2

− 1)[b] + b
2m

(a2 − 1)s0(wu)

)
. (4.7)
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On the other hand, in ZB
2
(T ) we have the identity

1− b
2m

w
u

= 1− b
2m

− b
2n

w
u

+ b
2m

=

(
2m−1∑
r=0

b
r

)
(1− b) + b

2m

(1− w
u
). (4.8)

Then, using (4.8) in (4.7) we have

(Idc1 − s0d1
)(a

2n

b
2m

w
u
a[a]) = −a

2n

(((
2m−1∑
r=0

b
r

)
(1− b) + b

2m

(1− w
u
)

)
(1 + a)

)
[a]

− a
2n

((
2m−1∑
r=0

b
r

)
(a

2

− 1)[b] + b
2m

(a2 − 1)s0(wu)

)

=− a
2n

(
2m−1∑
r=0

b
r

)(
(1−b)(1+a)[a] + (a

2

−1)[b]
)
−a

2n

b
2m(

(1− w
u
)(1 + a)[a]+(a2 − 1)s

0
(w

u
)
)

and

(IdC
1
− s

0
d

1
)(a

2n

b
2m

w
u
a[a]) = −a

2n

(
2m−1∑
r=0

b
r

)
d

2
(R

1
)− a

2n

b
2m(

(1−w
u
)(1+a)[a] + (a2−1)s

0
(w

u
)
)
.

(4.9)
Note that w

u−1
g
u

= w
u
since we have set w

k
= g

1
g
2
· · · g

k
. Then

(1− w
u
)(1 + a)[a] + (a2 − 1)s

0
(w

u
) = (1− w

u−1
+ w

u−1
− w

u
)(1 + a)[a]

+ (a2 − 1)
(
s
0
(w

u−1
) + w

u−1
[g
u
]
)

=(1− wu−1)(1 + a)[a] + (wu−1 − wu−1gu)(1 + a)[a] + wu−1(a
2

− 1)[gu ] + (a
2

− 1)(s0(wu−1))

=w
u−1

(
(1− g

u
)(1 + a)[a] + (a

2

− 1)[g
u
]
)

+ (1− w
u−1

)(1 + a)[a] + (a
2

− 1)(s
0
(w

u−1
))

=d2

(
wu−1Rϕ(gu )

)
+ (1− wu−1)(1 + a)[a] + (a

2

− 1)(s0(wu−1)).

Proceeding inductively we have

(1− w
u
)(1 + a)[a] + (a2 − 1)s

0
(w

u
) = d

2

(
w
u−1

Rϕ(gu )

)
+ d

2

(
w
u−2

Rϕ(g
u−1

)

)
+ · · ·+ d

2

(
Rϕ(g1 )

)
=d2

(
wu−1Rϕ(gu ) + wu−2Rϕ(g

u−1
) + · · ·+Rϕ(g1 )

)
= d2

(
u−1∑
k=0

w
k
Rϕ(g

k+1
)

)
.
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Then, using (4.9), we finally have the required

(IdC
1
− s

0
d

1
)(a

2n

b
2m

w
u
a[a]) = −a

2n

(
2m−1∑
r=0

b
r

)
d

2
(R

1
)− a

2n

b
2m

(
d

2

(
u−1∑
k=0

w
k
Rϕ(g

k+1
)

))

=d
2

(
−a

2n

(
2m−1∑
r=0

b
r

)
R

1
− a

2n

b
2m

(
u−1∑
k=0

w
k
Rϕ(g

k+1
)

))
= d

2

(
s
1

(
a

2n

b
2m

w
u
a[a]

))
. (4.10)

Before dealing with the situations where one (or both) of n and m are negative, note that, if
g = a or b, then

s
0
(g
−2k

) =[g
−1

] + g
−1

[g
−1

] + · · ·+ g
−2k+1

[g
−1

] =

2k−1∑
r=0

g
−r

[g
−1

] = −
2k−1∑
r=0

g
−r
g
−1

[g] = −
2k∑
r=1

g
−r

[g].

Thus, when n > 0, m > 0 (so that −n < 0), we have

s
0
d

1
(a
−2n

b
2m

w
u
a[a]) = s

0

(
a
−2n

b
2m

w
u
a

2

− a
−2n

b
2m

w
u
a
)

= −

(
2n−2∑
r=1

a
−r

)
[a] + a

−2n+2

(
2m−1∑
r=0

b
r

)
[b] + a

−2n+2

b
2m

s
0
(w

u
)

+

(
2n∑
r=1

a
−r

)
[a]− a

−2n

(
2m−1∑
r=0

b
r

)
[b]− a

−2n

b
2m

s
0
(w

u
)− a

−2n

b
2m

w
u
[a]

= (a
−2n+1

+ a−2n − a
−2n

b
2m

wu)[a]

+ a
−2n

(
2m−1∑
r=0

b
r

)
(a2 − 1)[b] + a

−2n

b
2m (

(a2 − 1)s0(wu)
)

= a
−2n

(1 + a− b
2m

w
u
)[a] + a

−2n

(a
2

− 1)

(
2m−1∑
r=0

b
r

)
[b] + a

−2n

b
2m (

(a2 − 1)s
0
(w

u
)
)
.

Then a
−2n

b
2m

w
u
a[a]−s

0
d

1
(a
−2n

b
2m

w
u
a[a]) is equal to (4.7) except for the sign in the exponent and

a
−2n

can be factored to the final conclusion in (4.10). We thus get the required

(IdC1
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0
d

1
)(a
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b
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w
u
a[a]) = d

2

(
s
1

(
a
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b
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w
u
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))
. (4.11)
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Likewise, for the case −m < 0 and n > 0 we have

s
0
d

1
(a

2n

b
−2m

w
u
a[a]) = s

0

(
a
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b
−2m

w
u
a

2

− a
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b
−2m

w
u
a
)

=

(
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a
r

)
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(
2m∑
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b
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)
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b
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−

(
2n−1∑
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a
r

)
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(
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b
−r
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[b]− a
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b
−2m
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0
(w

u
)− a
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b
−2m

w
u
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(1 + a− b
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w
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(
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b
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)
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b
−2m (

(a2 − 1)s
0
(w

u
)
)
.

Then a
2n

b
−2m

w
u
a[a]− s

0
d

1
(a
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b
−2m

w
u
a[a]) is equal to

−a
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(

(1 + a− b
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wua)
)

[a]− a
2n

(
(1− a

2

)

(
2m∑
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b
−r

)
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−2m (
(a2 − 1)s0(wu)

))
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(
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w
u
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2m∑
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b
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)
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2
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0
(w

u
)

)
. (4.12)

On the other hand, the following identity, analogous to that in (4.8), holds in ZB2
(T ):

1− b
−2m

wu = −

(
2m∑
r=1

b−r

)
(1− b) + b

−2m

(1− wu). (4.13)

Then, using (4.13) in (4.12), we get

a
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b
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w
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. (4.14)

42



Lastly, for the case −n and −m with n, m > 0:

s
0
d
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w
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0

(
a
−2n

b
−2m

w
u
a

2

− a
−2n

b
−2m

w
u
a
)

= −

(
2n−2∑
r=1

a
−r

)
[a]− a

−2n+2

(
2m∑
r=1

b
−r

)
[b] + a

−2n+2

b
−2m

s0(wu)

+

(
2n∑
r=1

a
−r

)
[a] + a

−2n

(
2m∑
r=1

b
−r

)
[b]− a

−2n

b
−2m

s
0
(w

u
)− a

−2n

b
−2m

w
u
[a]

= a
−2n

(1 + a− b
−2m

w
u
)[a]− a

−2n

(a
2

− 1)

(−2m∑
r=1

b
−r

)
[b] + a

2n

b
−2m (

(a2 − 1)s
0
(w

u
)
)
.

Then a
−2n

b
−2m

w
u
a[a]− s
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(4.15)

Note that a
−2n

b
−2m

w
u
a[a] − s

0
d

1
(a
−2n

b
−2m

w
u
a[a]) is equal to (4.12) except for the sign in the

exponent and a
−2n

can be factored to the final conclusion in (4.14). This yields the required
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)(a
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b
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w
u
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(
s
1

(
a
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b
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w
u
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. (4.16)

We now deal with the situation for a
2n

b
2m

wub[b]. As above, we divide the analysis into cases
according to the signs of n and m in the exponents of a and b. For n,m > 0, we have
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Then a
2n

b
2m

wub[b]− s0d1(a
2n

b
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wub[b]) is equal to

a
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b
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b
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(4.18)

Recalling that w
u−1

g
u

= w
u
, we have

(w
u
− 1)(1 + b)[b]− (b

2

− 1)s
0
(w

u
)

=(w
u
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Proceeding inductively we have
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So, substituting the previous identity in (4.18), we are led to the required
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. (4.19)

For the case −n, with n, m > 0:
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Equality (4.20) is analogous to (4.18) except for the sign in the exponent −2n and the term a
−2n

,
which can be factored until reaching a conclusion analogous to (4.19):

(IdC
1
− s

0
d

1
)(a
−2n

b
2m

w
u
b[b]) = d

2

(
s
1

(
a
−2n

b
2m

w
u
b[b]
))

. (4.21)

For the case −m, with n, m > 0:

s0d1(a
2n

b
−2m

wub[b]) = s0

(
a

2n

b
−2m

wub
2

− a
2n

b
−2m

wub
)

=

(
2n−1∑
r=0

a
r

)
[a]− a

2n

(
2m−2∑
r=1

b
−r

)
[b] + a

2n

b
−2m+2

s
0
(w

u
)

−

(
2n−1∑
r=0

a
r

)
[a] + a

2n

(
2m∑
r=1

b
−r

)
[b]− a

2n

b
−2m

s0(wu)− a
2n

b
−2m

wu [b]

=a
2n

(b
−2m+1

+ b
−2m

)[b] + a
2n

b
−2m

(
(b

2

− 1)s
0
(w

u
)− w

u
[b]
)
. (4.22)

Equality (4.22) is analogous to (4.18) except for the sign in the exponent −2m and the term b
−2m

,
which can be factored until reaching a conclusion analogous to (4.19):

(IdC
1
− s0d1)(a

2n

b
−2m

wub[b]) = d2

(
s1

(
a

2n

b
−2m

wub[b]
))

. (4.23)

For the case −n, −m, with n, m > 0:

s
0
d

1
(a
−2n

b
−2m

w
u
b[b]) = s

0

(
a
−2n

b
−2m

w
u
b
2

− a
−2n

b
−2m

w
u
b
)

=−

(
2n∑
r=1

a
−r

)
[a]− a

−2n

(
2m−2∑
r=1

b
−r

)
[b] + a

−2n

b
−2m+2

s
0
(w

u
)

+

(
2n∑
r=1

a
−r

)
[a] + a

−2n

(
2m∑
r=1

b
−r

)
[b]− a

−2n

b
−2m

s
0
(w

u
)− a

−2n

b
−2m

w
u
[b]

=a
−2n

(b
−2m+1

+ b
−2m

)[b] + a
−2n

b
−2m

(
(b

2

− 1)s
0
(w

u
)− w

u
[b]
)
. (4.24)

Equality (4.24) is analogous to (4.18) except for the sign in the exponents −2n, −2m and the term
a
−2n

b
−2m

, which can be factored until reaching a conclusion analogous to (4.19):

(IdC1
− s

0
d

1
)(a
−2n

b
−2m

w
u
b[b]) = d

2

(
s
1

(
a
−2n

b
−2m

w
u
b[b]
))

. (4.25)

Lastly, we deal with the case of a2nb2mwuc[c], starting with the case where both n and m are
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positive. We have

s
0
d

1
(a

2n

b
2m

w
u
c[c])

=s
0

(
a

2n

b
2m

w
u
c
2

− a
2n

b
2m

w
u
c
)

=s
0

(
a

2n+2

b
2m+2

w
u
− a

2n

b
2m

w
u
c
)

=

(
2n+1∑
r=0

a
r

)
[a] + a

2n+2

(
2m+1∑
r=0

b
r

)
[b] + a

2n+2

b
2m+2

s
0
(w

u
)

−

(
2n−1∑
r=0

a
r

)
[a]− a

2n

(
2m−1∑
r=0

b
r

)
[b]− a

2n

b
2m

s
0
(w

u
)− a

2n

b
2m

w
u
[c]

=a
2n

(1 + a)[a] + a
2n

(a
2

− 1)

(
2m−1∑
r=0

b
r

)
[b] + a

2n

b
2m
(

(a2b
2

− 1)s0(wu)
)

+ a
2n

b
2m
(
a

2

(1 + b)[b]− w
u
[c]
)
. (4.26)

Then a
2n

b
2m

wuc[c]− s0d1(a
2n

b
2m

wuc[c]) is equal to

−a
2n

(
(1 + a)[a]+

(
2m−1∑
r=0

b
r

)
(a

2

− 1)[b]

)
− a

2n

b
2m
(
a

2

(1 + b)[b] + (a
2

b
2

− 1)s0(wu)− wu(1 + c)[c]
)

= −a
2n

(
(1 + a)[a] +

(
2m−1∑
r=0

b
r

)
(a

2

− 1)[b]

)
+ a

2n

b
2m

w
u
(1 + a)[a]

− a
2n

b
2m
(
a

2

(1 + b)[b] + (a
2

b
2

− 1)s0(wu)
)
− a

2n

b
2m

wu(1 + a)[a]

− a
2n

b
2m

(−w
u

+ 1− 1) (1 + c)[c].

Using (4.8)

= −a
2n

(
2m−1∑
r=0

b
r

)(
(1− b)(1 + a)[a] + (a

2

− 1)[b]
)

− a
2n

b
2m
(
(1+a)[a]+a

2

(1−b)[b]−(1+c)[c]
)
− a

2n

b
2m
(
(a

2

b
2

−1)s
0
(w

u
)+(1−w)(1+c)[c]

)
,

and using the definition of d
2
(4.2),

= −a
2n

(
2m−1∑
r=0

b
r

)
d

2
(R

1
)−a

2n

b
2m

d
2
(R

5
)−a

2n

b
2m
(
(a

2

b
2

−1)s
0
(w

u
)+(1−w)(1+c)[c]

)
. (4.27)
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On the other hand, note that elements of the form (a
2

b
2 − 1)[g] + (1 − g)(1 + c)[c], with g = a,

b or c, lie in the image of d2 . The above assertion is elementary for g = c in view of the relation
c2 = a2b2, whereas for the other two options we have in fact

d
2
η(a) =d

2

(
a

2

R
3
− (1− a)R

5

)
=a

2
(

(b
2

− 1)[a] + (1− a)(1 + b)[b]
)
− (1− a)

(
(1 + a)[a] + a

2

(1 + b)[b]− (1 + c)[c]
)

=
(
a

2

(b
2

− 1)− (1− a)(1 + a)
)

[a] + (1− a)(1 + c)[c] = (a
2

b
2

− 1)[a] + (1− a)(1 + c)[c]

and

d
2
η(b) =d

2
(R

1
− (1− b)R

5
)

=(a
2

− 1)[b] + (1− b)(1 + a)[a]− (1− b)
(

(1 + a)[a] + a
2

(1 + b)[b]− (1 + c)[c]
)

=
(
a

2

(b
2

− 1) + a
2

− 1
)

[b] + (1− b)(1 + c)[c] = (a
2

b
2

− 1)[b] + (1− b)(1 + c)[c].

Then

(1− wu)(1 + c)[c] + (a
2

b
2

− 1)s
0
(w

u
)

= (1− wu−1 + wu−1 − wu−1gu)(1 + c)[c] + (a
2

b
2

− 1)
(
s0(wu−1) + wu−1 [gu ]

)
= w

u−1

(
(a

2

b
2

− 1)[g
u
] + (1− g

u
)(1 + c)[c]

)
+ (a

2

b
2

− 1)s
0
(w

u−1
) + (1− w

u−1
)(1 + c)[c]

= wu−1d2 (η(gu)) + (a
2

b
2

− 1)s0(wu−1) + (1− wu−1)(1 + c)[c].

Proceeding inductively we have

(a
2

b
2

− 1)s
0
(w

u
) + (1− w

u
)(1 + c)[c] =

u−1∑
k=0

w
k
d

2

(
η(g

k+1
)
)
. (4.28)

Finally, using (4.28) in (4.27), we get the required

a
2n

b
2m

w
u
c[c]− s

0
d

1
(a

2n

b
2m

w
u
c[c])

=d
2

(
−a

2n

(
2m−1∑
r=0

b
r

)
R

1
− a

2

b
2

R
5

)
− d

2

(
a

2n

b
2m

u−1∑
k=0

w
k
η(g

k+1
)

)

=d
2

(
−a

2n

(
2m−1∑
r=0

b
r

)
R

1
− a

2

b
2

R
5
− a

2n

b
2m

u−1∑
k=0

w
k
η(g

k+1
)

)
= d

2

(
s
1

(
a

2n

b
2m

w
u
c[c]
))

.
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For negative n:

s
0
d

1
(a
−2n

b
2m

w
u
c[c]) = s

0

(
a
−2n

b
2m

w
u
c
2

− a
−2n

b
2m

w
u
c
)

= s
0

(
a
−2n+2

b
2m+2

w
u
− a

−2n

b
2m

w
u
c
)

=−

(
2n−2∑
r=1

a
−r

)
[a] + a

−2n+2

(
2m+1∑
r=0

b
r

)
[b] + a

−2n+2

b
2m+2

s0(wu)

+

(
2n∑
r=1

a
−r

)
[a]− a

−2n

(
2m−1∑
r=0

b
r

)
[b]− a

−2n

b
2m

s
0
(w

u
)− a

−2n

b
2m

w
u
[c]

=a
−2n

(1 + a)[a] + a
−2n

(a
2

− 1)

(
2m−1∑
r=0

b
r

)
[b] + a

−2n

b
2m
(

(a2b
2

− 1)s
0
(w

u
)
)

+ a
−2n

b
2m
(
a

2

(1 + b)[b]− w
u
[c]
)
.

The latter expression is identical to (4.26) except for the sign in the exponent at −2n. The rest of
the process is parallel and we get the required

a
−2n

b
2m

w
u
c[c]− s

0
d

1
(a
−2n

b
2m

w
u
c[c]) = d

2

(
s
1
(a
−2n

b
2m

w
u
c[c])

)
. (4.29)

For negative m:

s
0
d

1
(a

2n

b
−2m

w
u
c[c])

= s
0

(
a

2n

b
−2m

w
u
c
2

− a
2n

b
−2m

w
u
c
)

= s
0

(
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b
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w
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w
u
c
)

=
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r
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(
2m−2∑
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b
−r

)
[b] + a
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b
−2m+2

s
0
(w

u
)

−

(
2n−1∑
r=0

a
r

)
[a] + a

2n

(
2m∑
r=1

b
−r

)
[b]− a

2n

b
−2m

s
0
(w

u
)− a

2n

b
−2m

w
u
[c]

= a
2n

(1 + a)[a]− a
2n

(a
2

− 1)

(
2m−2∑
r=1

b
−r

)
[b] + a

2n

b
−2m

(
(a2b

2

− 1)s0(wu)
)

+ a
2n

b
−2m

((1 + b)[b]− w
u
[c]) . (4.30)
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Then a
2n

b
−2m

wuc[c]− s0d1(a
2n

b
−2m

wuc[c]) is equal to

−a
2n

(
(1 + a)[a]−

(
2m−2∑
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b
−r

)
(a

2

− 1)[b]

)
− a

2n

b
−2m
(
(1 + b)[b] + (a

2

b
2

− 1)s
0
(w

u
)− w

u
(1 + c)[c]

)
=− a

2n

(
(1 + a)[a]−

(
2m−2∑
r=1

b
−r

)
(a

2

− 1)[b]

)
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2n

b
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w
u
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− a
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b
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(
(1 + b)[b] + (a

2

b
2

− 1)s
0
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u
)
)
− a

2n

b
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w
u
(1 + a)[a]

− a
2n

b
−2m

(
(−w

u
+ 1− 1)(1 + c)[c] + a

2

(1 + b)[b]− a
2

(1 + b)[b]
)
.

Using (4.13) together with the relation
2m∑
r=1

b
−r

=

2m−2∑
r=1

b
−r

+ b
−2m

(b+ 1)

=a
2n

(
2m∑
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b
−r

)(
(1− b)(1 + a)[a] + (a

2

− 1)[b]
)
− a

2n

b
−2m
(
(1 + a)[a] + a

2

(1− b)[b]− (1 + c)[c]
)

− a
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b
−2m

(
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2

b
2

− 1)s
0
(w

u
) + (1− w)(1 + c)[c]

)
.

Using the definition of d
2
(4.2) and (4.28)

=a
2n

(
2m∑
r=1

b
−r

)
d

2
(R

1
)− a

2n

b
−2m

d
2
(R

5
)− a

2n

b
−2m

(
u−1∑
k=0

w
k
d

2

(
η(g

k+1
)
))

.

The last expression readily yields the required

a
2n

b
−2m

wuc[c]− s0d1(a
2n

b
−2m

wuc[c]) = d2

(
s1(a

2n

b
−2m

wuc[c])
)
.
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Lastly, for both m and n negative:

s
0
d

1
(a
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b
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w
u
c[c]) = s
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−2m

w
u
c
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w
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)
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w
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w
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c
)
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a
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)
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(
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b
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)
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+

(
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b
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)
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b
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s
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(w

u
)− a
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b
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w
u
[c]

= a
−2n

(1 + a)[a]− a
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(a
2

− 1)

(
2m−2∑
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b
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)
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−2n

b
−2m

(
(a2b

2

− 1)s
0
(w

u
)
)

+ a
−2n

b
−2m

((1 + b)[b]− wu [c]) . (4.31)

Equation (4.31) is identical to (4.30) except for the sign in the exponent at −2n, the rest of the
process is analogous and we get the required

a
−2n

b
−2m

w
u
c[c]− s

0
d

1
(a
−2n

b
−2m

w
u
c[c]) = d

2

(
s
1
(a
−2n

b
−2m

w
u
c[c])

)
. (4.32)

This completes the case ` = 1, thus showing that (C, d) is exact in C
1
.

Case ` = 2. As before, we verify the relation s1d2 + d3s2 = IdC2
on each Z generator a

2n

b
2m

WR
i

of C
2
. We set W = a

2n

b
2m

w
u
z ∈ B

2
(T ) written in canonical form, say w

u
= g

1
g
2
· · · g

u
and with

z a word (to be specified below, but not starting with g
u
) on the letters {a, b, c}2. We start by

considering the generators involving R
1
.

For n,m ≥ 0, we have

a
2n

b
2m

w
u
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1
− s

1
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2

(
a

2n

b
2m

w
u
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1

)
= a

2n

b
2m

w
u
aR

1
− s

1

(
a

2n

b
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w
u
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u
a[b]
)
.

Since s
1
vanishes on the three elements

a
2

a
2n

b
2m

wu [a], −a
2n

b
2m

wuab[a] and a
2n

b
2m

(a
2

− 1)wua[b],

2Recall that, for canonical-form purposes, we think of 〈a, b, c | a2
= b

2
= c

2
= 1〉 as contained in B2 (T ).
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we get

a
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1
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= 0. The latter

equality holds in fact for all integers n and m. Indeed, note that
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b
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So, if we set Υ
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b
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)
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b
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W ′[g]
)
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b
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)
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b
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)

can be used to take care of sign adjustments in the exponents n and m. In detail, for all n and m
in Z, we have
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which yields the required relation because the equality s
2
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b
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w
u
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)
= 0 holds by definition.

Likewise
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w
u
cR

1
−Υ(a

2n

b
2m

w
u
ca[a])− a

2n

b
2m

s
1
(w

u
ca[a]) + Υ(a

2n

b
2m

w
u
cba[a])

+ a
2n

b
2m

s
1
(w

u
cba[a]).
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But Υ(a
2n

b
2m

wuca[a]) = Υ(a
2n

b
2m

wucba[a]), so that

a
2n

b
2m

wucR1 − s1d2

(
a

2n

b
2m

wucR1

)
= a

2n

b
2m

wucR1 + a
2n

b
2m

u−1∑
k=0

w
k
Rϕ(g

k+1
) + a

2n

b
2m

wuRϕ(c) + a
2n

b
2m

wucRϕ(a)

− a
2n

b
2m

u−1∑
k=0

w
k
Rϕ(g

k+1
) − a

2n

b
2m

wuRϕ(c) − a
2n

b
2m

wucRϕ(b) − a
2n

b
2m

wucbRϕ(a).

Since Rϕ(a) = 0 and Rϕ(b) = R1 , we then get a
2n

b
2m

wucR1−s1d2

(
a

2n

b
2m

wucR1

)
= 0, which yields

the required relation because the equality s
2
(a

2n

b
2m

w
u
cR

1
) = 0 holds by definition.

In order to analyze the situation for a
2n

b
2m

wubR1 , we make a slight detour and establish the
following two identities:

(wu − 1) =

u−1∑
k=0

w
k
(g
k+1
− 1). (4.33)

d
3
(ξ

1
(x)) = (x− 1)(1 + b)R

1
+ (1− b

2

)Rϕ(x) + (a
2

− 1)Rψ(x), for x = a, b or c. (4.34)

The former one is obvious, while in the case of the latter one we have

(a− 1)(1 + b)R
1

+ (a
2

− 1)R
3

= (a− 1) ((1 + b)R
1

+ (1 + a)R
3
) = (a− 1)d

3
(P

1
) = sd

3
(ξ

1
(a)),

(b
2

− 1)R1 + (1− b
2

)R1 = 0 = d3(ξ1(b)) and

(c− 1)(1 + b)R1 + (1− b
2

)R2 + (a
2

− 1)R4 = d3((c− 1)P2 + (b
2

− 1)P3) = d3(ξ1(c)),

which are (4.34) for x = a, b, c, respectively.

Then, for all n,m ∈ Z, we have

a
2n

b
2m

w
u
cbR

1
− s

1
d

2

(
a

2n

b
2m

w
u
cbR

1

)
= a

2n

b
2m

w
u
cbR

1
− s

1

(
a

2n

b
2m

w
u
cb(1 + a− b− ba)[a] + a

2n

b
2m

(a
2

− 1)w
u
cb[b]

)
= a

2n

b
2m

w
u
cbR

1
− s

1

(
a

2n

b
2m
(
w
u
cba[a]− b

2

w
u
ca[a] + (a2 − 1)w

u
cb[b]

))
= a

2n

b
2m

(
wucbR1 +

u−1∑
k=0

w
k
Rϕ(g

k+1
) + wuR2 + wucR1 − (1 + b)R1

− b
2
u−1∑
k=0

w
k
Rϕ(g

k+1
) − b

2

w
u
R

2
+ (a

2

− 1)

u−1∑
k=0

w
k
Rψ(g

k+1
) + (a

2

− 1)w
u
R

4

)
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= a
2n

b
2m

(
(wuc− wu + wu − 1)(1 + b)R1 + wu(1− b

2

)R2

+ w
u
(a

2

− 1)R
4

+

u−1∑
k=0

w
k

(
(1− b

2

)Rϕ(g
k+1

) + (a
2

− 1)Rψ(g
k+1

)

))

= a
2n

b
2m

(
w
u

(
(c− 1)(1 + b)R

1
+ (1− b

2

)R
2

+ (a
2

− 1)R
4

)
+ (w

u
− 1)(1 + b)R

1
+

u−1∑
k=0

w
k+1

(
(1− b

2

)Rϕ(g
k+1

) + (a
2

− 1)Rψ(g
k+1

)

))
.

Using (4.33) we then get

a
2n

b
2m

wucbR1−s1d2

(
a

2n

b
2m

wucbR1

)
= a

2n

b
2m

(
wud3((c− 1)P2 + (1− b

2

)P3)

+

u−1∑
k=0

w
k

(
(g
k+1
− 1)(1 + b)R

1
+ (1− b

2

)Rϕ(g
k+1

) + (a
2

− 1)Rψ(g
k+1

)

))

and, by (4.34), we obtain the required

a
2n

b
2m

w
u
cbR

1
− s

1
d

2

(
a

2n

b
2m

w
u
cbR

1

)
=a

2n

b
2m

(
d

3
(w

u
((c− 1)P

2
+ (1− b

2

)P
3
)) +

u−1∑
k=0

w
k
d

3
(ξ

1
(gk+1))

)

=d
3

(
a

2n

b
2m

(
w
u
((c− 1)P

2
+ (1− b

2

)P
3
) +

u−1∑
k=0

w
k
ξ
1
(gk+1)

))
= d

3

(
s
2

(
a

2n

b
2m

w
u
cbR

1

))
.

We proceed in a similar way for a
2n

b
2m

wuabR1 :

a
2n

b
2m

w
u
abR

1
− s

1
d

2

(
a

2n

b
2m

w
u
abR

1

)
= a

2n

b
2m

w
u
abR

1
− s

1

(
a

2n

b
2m

w
u
ab(1 + a− b− ba)[a] + a

2n

b
2m

(a
2

− 1)w
u
ab[b]

)
= a

2n

b
2m

w
u
abR

1
− s

1

(
a

2n

b
2m
(
w
u
aba[a]− b

2

w
u
a[a] + (a2 − 1)w

u
ab[b]

))
= a

2n

b
2m

(
wuabR1 +

u−1∑
k=0

w
k
Rϕ(g

k+1
) + wuaR1 − (1 + b)R1 − b

2
u−1∑
k=0

w
k
Rϕ(g

k+1
)

+ (a
2

− 1)

u−1∑
k=0

w
k
Rψ(g

k+1
) + (a

2

− 1)w
u
R

3

)
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= a
2n

b
2m

(
(wua− 1)(1 + b)R1 + wu(a− 1)(a+ 1)R3

+

u−1∑
k=0

w
k

(
(1− b

2

)Rϕ(g
k+1

) + (a
2

− 1)Rψ(g
k+1

)

)
+ (−w

u
+ w

u
)(1 + b)R

1

)

= a
2n

b
2m

(
w
u
(a− 1)

(
(1 + b)R

1
+ (a+ 1)R

3

)
+ (w

u
− 1)(1 + b)R

1

+

u−1∑
k=0

w
k

(
(1− b

2

)Rϕ(g
k+1

) + (a
2

− 1)Rψ(g
k+1

)

))
.

Using (4.33) we then have

a
2n

b
2m

w
u
abR

1
− s

1
d

2

(
a

2n

b
2m

w
u
abR

1

)
= a

2n

b
2m

(
w
u
d

3
(P

1
) +

u−1∑
k=0

w
k

(
(g
k+1
− 1)(1 + b)R

1
+ (1− b

2

)Rϕ(g
k+1

) + (a
2

− 1)Rψ(g
k+1

)

))

and, by (4.34), we get the required

a
2n

b
2m

w
u
abR

1
− s

1
d

2

(
a

2n

b
2m

w
u
abR

1

)
= a

2n

b
2m

(
d

3
(w

u
P

1
) +

u−1∑
k=0

w
k
d

3
(ξ

1
(gk+1))

)

=d
3

(
a

2n

b
2m

(
w
u
P

1
+

u−1∑
k=0

w
k
ξ
1
(gk+1)

))
= d

3

(
s
2

(
a

2n

b
2m

w
u
abR

1

))
. (4.35)

This completes the analysis of the Z generators involving R1 and we consider next those involv-
ing R

2
. For any n,m ∈ Z we have

a
2n

b
2m

wuaR2 − s1d2

(
a

2n

b
2m

wuaR2

)
= a

2n

b
2m

wuaR2 − s1
(
a

2n

b
2m

wua
(

(1 + a− c− ca)[a] + (a
2

− 1)[c]
))

= a
2n

b
2m

w
u
aR

2
−Υ(a

2n

b
2m

w
u
a[a])− a

2n

b
2m

s
1
(w

u
a[a])

+ Υ(a
2n

b
2m

w
u
aca[a]) + a

2n

b
2m

s
1
(w

u
aca[a]).

But Υ(a
2n

b
2m

w
u
a[a]) = Υ(a

2n

b
2m

w
u
aca[a]), so

= a
2n

b
2m

w
u
aR

2
+ a

2n

b
2m

u−1∑
k=0

w
k
Rϕ(g

k+1
) − a

2n

b
2m

u−1∑
k=0

w
k
Rϕ(g

k+1
) − a

2n

b
2m

w
u
aR

2
= 0,

which yields the required relation because the equality s2(a
2n

b
2m

wuaR2) = 0 holds by definition.
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Likewise,

a
2n

b
2m

w
u
bR

2
− s

1
d

2

(
a

2n

b
2m

w
u
bR

2

)
= a

2n

b
2m

w
u
bR

2
− s

1

(
a

2n

b
2m

w
u

(
b(1 + a− c− ca)[a] + b(a

2

− 1)[c]
))

= a
2n

b
2m

wubR2 −Υ(a
2n

b
2m

wuba[a])− a
2n

b
2m

s1(wuba[a])

+ Υ(a
2n

b
2m

w
u
bca[a]) + a

2n

b
2m

s
1
(w

u
bca[a]).

But Υ(a
2n

b
2m

w
u
ba[a]) = Υ(a

2n

b
2m

w
u
bca[a]), so

= a
2n

b
2m

w
u
aR

2
+ a

2n

b
2m

u−1∑
k=0

w
k
Rϕ(g

k+1
) + a

2n

b
2m

w
u
R

1
− a

2n

b
2m

u−1∑
k=0

w
k
Rϕ(g

k+1
)

− a
2n

b
2m

w
u
R

1
− a

2n

b
2m

w
u
aR

2
= 0,

which yields the required relation because s
2
(a

2n

b
2m

w
u
bR

2
) = 0 by definition.

The analysis of the situation for a
2n

b
2m

w
u
cR

2
requires establishing first the following identity

analogous to (4.34). For x = a, b or c :

d
3
(ξ

2
(x)) = a

2

(x− 1)(1 + b)R
1

+ (1− a
2

)(x− 1)R
5

+ (1− a
2

b
2

)Rϕ(x) + (a
2

− 1)η(x). (4.36)

The details of the straighforward verification follow:

For x = a,

a
2

(a− 1)(1 + b)R
1
+(1− a

2

)(a− 1)R
5

+ (a
2

− 1)a
2

R
3
− (a

2

− 1)(1− a)R
5

=a
2

(a− 1) ((1 + b)R
1

+ (1 + a)R
3
) = a

2

(a− 1)d
3
(P

1
) = d

3
(ξ

2
(a)).

For x = b,

a
2

(b
2

− 1)R1+(1− a
2

)(b− 1)R5 + (1− a
2

b
2

)R1 + (a
2

− 1)R1 + (a
2

− 1)(b− 1)R5

=
(
a

2

b
2

− a
2

+ 1− a
2

b
2

+ a
2

− 1
)
R

1
= 0 = d

3
(ξ

1
(b)).

For x = c,

a
2

(c− 1)(1 + b)R1 + (1− a
2

b
2

)R2 + (1− a
2

)(c− 1)R5

=(1− c)
(
−a

2

(1 + b)R
1

+ (1 + c)R
2

+ (a
2

− 1)R
5

)
=(1− c)d

3
((1 + c)P

3
− a

2

P
2
) = d

3

(
(1− c)((1 + c)P

3
− a

2

P
2
)
)

= d
3
(ξ

2
(c)).
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Then, for all n,m ∈ Z, we have

a
2n

b
2m

w
u
acR

2
− s

1
d

2

(
a

2n

b
2m

w
u
acR

2

)
= a

2n

b
2m

w
u
acR

2
− s

1

(
a

2n

b
2m

w
u
ac(1 + a− c− ca)[a] + a

2n

b
2m

(a
2

− 1)w
u
ac[c]

)
= a

2n

b
2m

w
u
acR

2
− s

1

(
a

2n

b
2m
(
w
u
aca[a]− a

2

b
2

w
u
a[a] + (a2 − 1)w

u
ac[c]

))
= a

2n

b
2m

(
wuacR2 +

u−1∑
k=0

w
k
Rϕ(g

k+1
) + wuaR2 − a

2

b
2
u−1∑
k=0

w
k
Rϕ(g

k+1
)

+ (a
2

− 1)
(
R

5
+

u−1∑
k=0

w
k
η(g

k+1
) + w

u
(a

2

R
3
− (1− a)R

5
)
))

+ Υ(a
2n

b
2m

w
u
aca[a])−Υ(a

2n+2

b
2m+2

w
u
a[a]) + Υ(a

2n

b
2m

(a
2

− 1)w
u
ac[c]).

But

Υ(a
2n

b
2m

wuaca[a])−Υ(a
2n+2

b
2m+2

wua[a]) + Υ(a
2n

b
2m

(a
2

− 1)wuac[c]) = a
2n

b
2m

(−a
2

(1 + b))R1 ,

so that

a
2n

b
2m

w
u
acR

2
− s

1
d

2

(
a

2n

b
2m

w
u
acR

2

)
= a

2n

b
2m

(
− a

2

(1 + b)R
1

+ w
u
a(1 + c)R

2
+ (a

2

− 1)a
2

w
u
R

3
+ (a

2

− 1)(1− w
u

+ w
u
a)R

5

+

u−1∑
k=0

w
k

(
(1− a

2

b
2

)Rϕ(g
k+1

) + (a
2

− 1)η(g
k+1

)
)

+ (−w
u

+ w
u
)a

2

(1 + b)R
1

)

=a
2n

b
2m

(
w
u

(
− a

2

(1 + b)R
1

+ a(1 + c)R
2

+ a
2

(a
2

− 1)w
u
R

3
+ (a

2

)aR
5

)
+ (w

u
− 1)a

2

(1 + b)R
1

+ (wu − 1)(1− a
2

)R5 +

u−1∑
k=0

w
k

(
(1− a

2

b
2

)Rϕ(g
k+1

) + (a
2

− 1)η(g
k+1

)
))

.

Using (4.33) we then have

a
2n

b
2m

wuacR2 − s1d2

(
a

2n

b
2m

wuacR2

)
=a

2n

b
2m

(
wud3(a

2

(a− 1)P1 − a
2

aP2 + a(1 + c)P3) +

u−1∑
k=0

w
k

(
a

2

(g
k+1
− 1)(1 + b)R1

+ (1− a
2

)(g
k+1
− 1)R5 + (1− a

2

b
2

)Rϕ(g
k+1

) + (a
2

− 1)η(g
k+1

)
))
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and, by (4.36), we get the required

a
2n

b
2m

wuacR2 − s1d2

(
a

2n

b
2m

wuacR2

)
=a

2n

b
2m

(
d

3

(
w
u
(a

2

(a− 1)P
1
− a

2

aP
2

+ a(1 + c)P
3
)
)

+

u−1∑
k=0

w
k
d

3
(ξ

2
(gk+1))

)

=d
3

(
a

2n

b
2m

(
w
u
(a

2

(a− 1)P
1
− a

2

aP
2

+ a(1 + c)P
3
) +

u−1∑
k=0

w
k
ξ
2
(gk+1)

))
=d3

(
s2

(
a

2n

b
2m

wuacR2

))
.

Likewise,

a
2n

b
2m

w
u
bcR

2
− s

1
d

2

(
a

2n

b
2m

w
u
bcR

2

)
= a

2n

b
2m

w
u
bcR

2
− s

1

(
a

2n

b
2m

w
u
bc(1 + a− c− ca)[a] + a

2n

b
2m

(a
2

− 1)w
u
bc[c]

)
= a

2n

b
2m

w
u
bcR

2
− s

1

(
a

2n

b
2m
(
w
u
bca[a]− a

2

b
2

w
u
ba[a] + (a2 − 1)w

u
bc[c]

))
= a

2n

b
2m

(
wubcR2 +

u−1∑
k=0

w
k
Rϕ(g

k+1
) + wuaR1 + wubR2 − a

2

b
2
u−1∑
k=0

w
k
Rϕ(g

k+1
)

− a
2

b
2

w
u
R

1
+ (a

2

− 1)
(
R

5
+

u−1∑
k=0

w
k
η(g

k+1
) + w

u
(R

1
− (1− b)R

5
)
))

+ Υ(a
2n

b
2m

w
u
bca[a])−Υ(a

2n+2

b
2m+2

w
u
ba[a]) + Υ(a

2n

b
2m

(a
2

− 1)w
u
bc[c]).

But Υ(a
2n

b
2m

w
u
bca[a])−Υ(a

2n+2

b
2m+2

w
u
ba[a])+Υ(a

2n

b
2m

(a
2−1)w

u
bc[c]) = a

2n

b
2m

(−a2

(1+b))R
1
,

so that

a
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b
2m

w
u
bcR

2
− s

1
d

2

(
a
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b
2m

w
u
bcR

2

)
= a
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b
2m
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2

(1 + b)R
1

+ w
u
b(1 + c)R

2
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2

− 1)w
u
bR

5
+ (1− a

2

)(w
u
− 1)R

5

+ a
2

(1− b
2
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u
R

1
+

u−1∑
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w
k

(
(1− a

2

b
2

)Rϕ(g
k+1

) + (a
2

− 1)η(g
k+1

)
)

+ a
2

(w
u
b− w

u
b)R

1

)

= a
2n

b
2m

(
w
u
b
(
− a

2

(1 + b)R
1

+ (1 + c)R
2

+ (a
2

− 1)w
u
R

5

)
+ (w

u
− 1)a

2

(1 + b)R
1

+ (wu − 1)(1− a
2

)R5 +

u−1∑
k=0

w
k

(
(1− a

2

b
2

)Rϕ(g
k+1

) + (a
2

− 1)η(g
k+1

)
))

.
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Using (4.33) we then have

a
2n

b
2m

w
u
bcR

2
− s

1
d

2

(
a

2n

b
2m

w
u
bcR

2

)
= a

2n

b
2m

(
wub d3(−a

2

P2 + (1 + c)P3) +

u−1∑
k=0

w
k

(
a

2

(g
k+1
− 1)(1 + b)R1

+ (1− a
2

)(g
k+1
− 1)R5 + (1− a

2

b
2

)Rϕ(g
k+1

) + (a
2

− 1)η(g
k+1

)
))

and, by (4.36), we get the required

a
2n

b
2m

w
u
bcR

2
− s

1
d

2

(
a

2n

b
2m

w
u
bcR

2

)
= a

2n

b
2m

(
d

3

(
w
u
b(−a

2

P
2

+ (1 + c)P
3
)
)

+

u−1∑
k=0

w
k
d

3
(ξ

2
(gk+1))

)

=d
3

(
a

2n

b
2m

(
w
u
b(−a

2

P
2

+ (1 + c)P
3
) +

u−1∑
k=0

w
k
ξ
2
(gk+1)

))
=d3

(
s2

(
a

2n

b
2m

wubcR2

))
. (4.37)

Next we consider the generators involving R
3
. For n,m ∈ Z,

a
2n

b
2m

w
u
bR

3
− s

1
d

2

(
a

2n

b
2m

w
u
bR

3

)
= a

2n

b
2m

w
u
bR

3
− s

1

(
a

2n

b
2m

w
u
b
(

(b
2

− 1)[a] + (1− a+ b− ab)[b]
))

= a
2n

b
2m

wubR3 −Υ(a
2n

b
2m

wub[b])− a
2n

b
2m

s1(wub[b])

+ Υ(a
2n

b
2m

w
u
bab[b]) + a

2n

b
2m

s
1
(w

u
bab[b]).

But Υ(a
2n

b
2m

w
u
b[b]) = Υ(a

2n

b
2m

w
u
bab[b]), so

= a
2n

b
2m

(
w
u
bR

3
+

u−1∑
k=0

w
k
Rψ(g

k+1
) −

u−1∑
k=0

w
k
Rψ(g

k+1
) − wubR3

)
= 0,

which yields the required relation because s
2
(a

2n

b
2m

w
u
bR

3
) = 0 by definition. Likewise,

a
2n

b
2m

w
u
cR

3
− s

1
d

2

(
a

2n

b
2m

w
u
cR

3

)
= a

2n

b
2m

w
u
cR

3
− s

1

(
a

2n

b
2m

w
u
c
(

(b
2

− 1)[a] + (1− a+ b− ab)[c]
))

= a
2n

b
2m

wubR2 −Υ(a
2n

b
2m

wucb[b])− a
2n

b
2m

s1(wucb[b])

+ Υ(a
2n

b
2m

wucab[b]) + a
2n

b
2m

s1(wucab[b]).
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But Υ(a
2n

b
2m

wucb[b]) = Υ(a
2n

b
2m

wucab[b]), so

=a
2n

b
2m

(
wucR3 +

u−1∑
k=0

w
k
Rψ(g

k+1
) + wuR4 −

u−1∑
k=0

w
k
Rψ(g

k+1
) − wuR4 − wucR3

)
= 0,

which yield the required relation because s
2
(a

2n

b
2m

w
u
cR

3
) = 0 by definition.

The analysis of the situation for a
2n

b
2m

w
u
aR

3
requires establishing first the following identity

analogous to (4.34). For x = a, b or c:

d
3
(ξ

3
(x)) = (x− 1)(1 + b)R

1
+ (b

2

− 1)Rϕ(x) + (1− a
2

)Rψ(x). (4.38)

This time the details of the straighforward verification are left to the reader. Then, for generators
of the form a

2n

b
2m

w
u
baR

3
, we have

a
2n

b
2m

wubaR3 − s1d2

(
a

2n

b
2m

wubaR3

)
= a

2n

b
2m

wubaR3 − s1
(
a

2n

b
2m

wuba(b
2

− 1)[a] + a
2n

b
2m

wuba(1− a+ b− ab)[b]
)

= a
2n

b
2m

wubaR3 − s1
(
a

2n

b
2m
(
wuba(b

2

− 1)[a] + wuba(−a+ b)[b]
))

= a
2n

b
2m

(
wubaR3 + b

2
u−1∑
k=0

w
k
Rϕ(g

k+1
) + b

2

wuR1 −
u−1∑
k=0

w
k
Rϕ(g

k+1
) − wuR1

− a
2
u−1∑
k=0

w
k
Rψ(g

k+1
)+

u−1∑
k=0

w
k
Rψ(g

k+1
)+wubR3

)
+Υ(a

2n

b
2m

b
2

wuba[a])−Υ(a
2n

b
2m

wuba[a]).

But Υ(a
2n

b
2m+2

w
u
ba[a])−Υ(a

2n

b
2m

w
u
ba[a]) = a

2n

b
2m

(1 + b)R
1
, so

a
2n

b
2m

w
u
baR

3
− s

1
d

2

(
a

2n

b
2m

w
u
baR

3

)
= a

2n

b
2m

(
(1 + b− w

u
+ w

u
b
2

)R
1

+ w
u
b(1 + a)R

3

+

u−1∑
k=0

w
k

(
(b

2

− 1)Rϕ(g
k+1

) + (1− a
2

)Rψ(g
k

)

)
+ (w

u
b− w

u
b)R

1

)

= a
2n

b
2m

(
w
u
b
(

(1 + b)R
1

+ (1 + a)R
3

)
+ (1− wu)(1 + b)R1 +

u−1∑
k=0

w
k

(
(1− a

2

b
2

)Rϕ(g
k+1

) + (a
2

− 1)η(g
k+1

)
))

.
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Using (4.33) we have

a
2n

b
2m

wubaR3 − s1d2

(
a

2n

b
2m

wubaR3

)
= a

2n

b
2m

(
w
u
bd

3
(P

1
)+

u−1∑
k=0

w
k

(
(1− g

k+1
)(1 + b)R

1
+(b

2

− 1)Rϕ(g
k+1

)+(1− a
2

)Rψ(g
k+1

)

))

and, by (4.38), we get the required

a
2n

b
2m

w
u
baR

3
− s

1
d

2

(
a

2n

b
2m

w
u
baR

3

)
=a

2n

b
2m

(
d

3
(w

u
bP

1
) +

u−1∑
k=0

w
k
d

3
(ξ

3
(gk+1))

)
= d

3

(
s
2

(
a

2n

b
2m

w
u
baR

3

))
. (4.39)

Likewise, for generators of the form a
2n

b
2m

wucaR3 , we have

a
2n

b
2m

w
u
caR

3
− s

1
d

2

(
a

2n

b
2m

w
u
caR

3

)
= a

2n

b
2m

w
u
caR

3
− s

1

(
a

2n

b
2m

w
u
ca(b

2

− 1)[a] + a
2n

b
2m

w
u
ca(1− a+ b− ab)[b]

)
= a

2n

b
2m

w
u
caR

3
− s

1

(
a

2n

b
2m
(
w
u
ca(b

2

− 1)[a] + w
u
ca(b− ab)[b]

))
= a

2n

b
2m

(
wucaR3 + b

2
u−1∑
k=0

w
k
Rϕ(g

k+1
) + b

2

wuR2 −
u−1∑
k=0

w
k
Rϕ(g

k+1
)

− w
u
R

2
+

u−1∑
k=0

w
k
Rψ(g

k+1
) + w

u
R

4
+ w

u
cR

3
− a

2
u−1∑
k=0

w
k
Rψ(g

k+1
) − a

2

w
u
bR

4

)
+ Υ(a

2n

b
2m

b
2

w
u
ca[a])−Υ(a

2n+2

b
2m+2

w
u
ca[a]) + a

2n

b
2m

(w
u
− w

u
)(1 + b)R

1
.

But Υ(a
2n

b
2m+2

w
u
ca[a])−Υ(a

2n

b
2m

w
u
ca[a]) = a

2n

b
2m

(1 + b)R
1
, so

a
2n

b
2m

w
u
caR

3
− s

1
d

2

(
a

2n

b
2m

w
u
caR

3

)
= a

2n

b
2m

(
w
u

(
(1 + b)R

1
+ (b

2

− 1)R
2

+ c(a+ 1)R
3

+ (1− a
2

)R
4

)
+ (1− w

u
)(1 + b)R

1
+

u−1∑
k=0

w
k

(
(b

2

− 1)Rϕ(g
k+1

) + (1− a
2

)Rψ(g
k+1

)

))
.

Using (4.33) we then have
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a
2n

b
2m

w
u
caR

3
− s

1
d

2

(
a

2n

b
2m

w
u
caR

3

)
= a

2n

b
2m

(
wub d3

(
cP1 + (1− c)P2 + (b

2

− 1)P3

)
+

u−1∑
k=0

w
k

(
(1− g

k+1
)(1 + b)R

1
+ (b

2

− 1)Rϕ(g
k+1

) + (1− a
2

)Rψ(g
k+1

)

))
,

and, by (4.38), we get the required

a
2n

b
2m

w
u
caR

3
− s

1
d

2

(
a

2n

b
2m

w
u
caR

3

)
=a

2n

b
2m

(
d3

(
wu(cP1 + (1− c)P2 + (b

2

− 1)P3)
)

+

u−1∑
k=0

w
k
d3(ξ3(gk+1))

)
=d

3

(
s
2

(
a

2n

b
2m

w
u
caR

3

))
. (4.40)

It is now the turn of Z-generators involving R
4
. For n,m ∈ Z, we have

a
2n

b
2m

wuaR4 − s1d2

(
a

2n

b
2m

wuaR4

)
= a

2n

b
2m

wuaR4 − s1
(
a

2n

b
2m

wua
(

(1 + b− c− cb)[b] + (b
2

− 1)[c]
))

= a
2n

b
2m

w
u
aR

4
− a

2n

b
2m

s
1
(w

u
ab[b]) + a

2n

b
2m

s
1
(w

u
acb[b])

= a
2n

b
2m

(
w
u
aR

4
+

u−1∑
k=0

w
k
Rψ(g

k+1
) + w

u
R

3
−
u−1∑
k=0

w
k
Rψ(g

k+1
) − wuR3

− w
u
aR

4

)
= 0,

which yields the required relation because s
2
(a

2n

b
2m

w
u
aR

4
) = 0 by definition. Likewise,

a
2n

b
2m

w
u
bR

4
− s

1
d

2

(
a

2n

b
2m

w
u
bR

4

)
= a

2n

b
2m

w
u
bR

4
− s

1

(
a

2n

b
2m

w
u
b
(

(1 + b− c− cb)[b] + (b
2

− 1)[c]
))

= a
2n

b
2m

w
u
bR

2
− a

2n

b
2m

s
1
(w

u
b[b]) + a

2n

b
2m

s
1
(w

u
bcb[b])

= a
2n

b
2m

(
w
u
bR

4
+

u−1∑
k=0

w
k
Rψ(g

k+1
) −

u−1∑
k=0

w
k
Rψ(g

k+1
) − wubR4

)
= 0,

As in previous instances, the analysis of the generators of the form a
2n

b
2m

wucR4 requires the

61



following identity, whose straightforward verification is once again left as an exercise for the reader.

For x = a, b or c:

d
3
(ξ

4
(x)) = (1− x)(1 + b)R

1
+ (1− a

2

b
2

)Rψ(x) + (b
2

− 1)η(x) + (1− x)(b
2

− 1)R
5
. (4.41)

Then, for generators of the form a
2n

b
2m

w
u
acR

4
, we have

a
2n

b
2m

w
u
acR

4
− s

1
d

2

(
a

2n

b
2m

w
u
acR

4

)
= a

2n

b
2m

w
u
acR

4
− s

1

(
a

2n

b
2m

w
u
ac(1 + b− c− cb)[b] + a

2n

b
2m

(b
2

− 1)w
u
ac[c]

)
= a

2n

b
2m

w
u
bcR

4
− s

1

(
a

2n

b
2m
(
w
u
ac(b− cb)[b] + (b

2

− 1)w
u
ac[c]

))
= a

2n

b
2m

(
w
u
acR

4
+

u−1∑
k=0

w
k
Rψ(g

k+1
) + w

u
R

3
+ w

u
aR

4
− a

2

b
2
u−1∑
k=0

w
k
Rψ(g

k+1
)

− a
2

b
2

w
u
R

3
+ b

2

R
5
− b

2
u−1∑
k=0

w
k
η(g

k+1
) + a

2

b
2

w
u
R

3
− b

2

w
u
(1− a)R

5

−R
5
−
u−1∑
k=0

w
k
η(g

k+1
)− w

u
a

2

R
3

+ w
u
(1− a)R

5
+ (w

u
− w

u
)(1 + b)R

1

)
+ Υ(a

2n

b
2m

b
2

w
u
ac[c])−Υ(a

2n

b
2m

w
u
ac[c]).

But Υ(a
2n

b
2m

b
2

w
u
ac[c])−Υ(a

2n

b
2m

w
u
ac[c]) = a

2n

b
2m

(1 + b)R
1
, so

a
2n

b
2m

w
u
acR

4
−s

1
d

2

(
a

2n

b
2m

w
u
acR

4

)
= a

2n

b
2m

(
w
u

(
(1 + b)R

1
+ (1− a

2

)R
3

+ a(1 + c)R
4

+ a(b
2

− 1)R
5

)
+ (1− w

u
)
(

(1 + b)R
1

+ (b
2

− 1)R
5

)
+

u−1∑
k=0

w
k

(
(1− a

2

b
2

)Rψ(g
k+1

)

+ (b
2

− 1)η(g
k+1

)
))

.
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Using (4.33) and (4.41) we then get the required

a
2n

b
2m

w
u
acR

4
− s

1
d

2

(
a

2n

b
2m

w
u
acR

4

)
= a

2n

b
2m

(
wud3 ((1− a)P1 + aP2) +

u−1∑
k=0

w
k
d3

(
ξ4(g

k+1
)
))

= d
3

(
s
2

(
a

2n

b
2m

w
u
acR

4

))
. (4.42)

Likewise, for generators of the form a
2n

b
2m

w
u
bcR

4
, we have

a
2n

b
2m

wubcR4 − s1d2

(
a

2n

b
2m

wubcR4

)
= a

2n

b
2m

wubcR4 − s1
(
a

2n

b
2m

wubc(1 + b− c− cb)[b] + a
2n

b
2m

(b
2

− 1)wubc[c]
)

= a
2n

b
2m

wubcR4 − s1
(
a

2n

b
2m
(
wubc(b− c)[b] + (b

2

− 1)w
u
bc[c]

))
= a

2n

b
2m

(
wubcR4 +

u−1∑
k=0

w
k
Rψ(g

k+1
) + wubR4 − a

2

b
2
u−1∑
k=0

w
k
Rψ(g

k+1
)

+ b
2

R5 + b
2
u−1∑
k=0

w
k
η(g

k+1
) + b

2

wu (R1 − (1− b)R5)−R5 −
u−1∑
k=0

w
k
η(g

k+1
)

− wu (R1 − (1− b)R5)

)
−Υ(a

2n

b
2m

b
2

wubc[c]) + Υ(a
2n

b
2m

wubc[c]).

But −Υ(a
2n

b
2m

b
2

w
u
bc[c]) + Υ(a

2n

b
2m

w
u
bc[c]) = a

2n

b
2m

(1 + b)R
1
, so

a
2n

b
2m

w
u
bcR

4
− s

1
d

2

(
a

2n

b
2m

w
u
bcR

4

)
= a

2n

b
2m

(
wub

(
(1 + b)R1 + (1 + c)R4 + +(b

2

− 1)R5

)
+ (1− w

u
)
(

(1 + b)R
1

+ (b
2

− 1)R
5

)
+

u−1∑
k=0

w
k

(
(1− c

2

)Rψ(g
k+1

) + (b
2

− 1)η(g
k+1

)
))

.

Using (4.33) and (4.41) we then get the required

a
2n

b
2m

w
u
bcR

4
− s

1
d

2

(
a

2n

b
2m

w
u
bcR

4

)
= a

2n

b
2m

(
w
u
b d

3
(P

2
) +

u−1∑
k=0

w
k
d

3

(
ξ
4
(g
k+1

)
))

= d
3

(
s
2

(
a

2n

b
2m

w
u
bcR

4

))
. (4.43)

Lastly, for Z-generators involving R
5
we use the following identity, whose straightforward verifica-
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tion is again left as an exercise for the reader. For x = a, b or c :

d
3
(χc(x)P

3
) = Rϕ(x) + a

2

Rψ(x) − η(x) + (1− x)R
5
, (4.44)

where

χc(x) =

{
0, if x = a, b;

1, if x = c.

Then, for generators of the form a
2n

b
2m

w
u
aR

5
, we have

a
2n

b
2m

wuaR5 − s1d2

(
a

2n

b
2m

wuaR5

)
= a

2n

b
2m

wuaR5 − s1
(
a

2n

b
2m
(
wua(1 + a)[a] + a

2

wua(1 + b)[b]− wua(1 + c)[c]
))

= a
2n

b
2m

wuaR5 − s1
(
a

2

b
2

(wua[a] + a
2

w
u
ab[b]− w

u
ac[c])

)
= a

2n

b
2m

(
wuaR5 +

u−1∑
k=0

w
k
Rϕ(g

k+1
) + a

2
u−1∑
k=0

w
k
Rψ(g

k+1
) + a

2

wuR3 −R5

−
u−1∑
k=0

w
k
η(g

k+1
)− wu

(
a

2

R3 − (1− a)R5

))
−Υ(a

2

b
2

wua[a]) + Υ(a
2

b
2

wuac[c]).

But Υ(a
2

b
2

w
u
a[a]) = Υ(a

2

b
2

w
u
ac[c]) so, by (4.44), we get the required

= a
2n

b
2m

d
3
s
2

(w
u
aR

5
) = d

3
s
2

(
a

2n

b
2m

w
u
aR

5

)
.

Likewise, for Z generators a
2n

b
2m

wubR5 , we have

a
2n

b
2m

w
u
bR

5
− s

1
d

2

(
a

2n

b
2m

w
u
bR

5

)
= a

2n

b
2m

w
u
bR

5
− s

1

(
a

2n

b
2m
(
w
u
b(1 + a)[a] + a

2

w
u
b(1 + b)[b]− w

u
b(1 + c)[c]

))
= a

2n

b
2m

w
u
bR

5
− s

1

(
a

2

b
2

(w
u
a[a] + a

2

w
u
b[b]− w

u
bc[c])

)
= a

2n

b
2m

(
wubR5 +

u−1∑
k=0

w
k
Rϕ(g

k+1
) + wuR1 + a

2
u−1∑
k=0

w
k
Rψ(g

k+1
) −R5

−
u−1∑
k=0

w
k
η(g

k+1
)− w

u
R

1
− w

u
(1− b)R

5

)
−Υ(a

2

b
2

w
u
ba[a]) + Υ(a

2

b
2

w
u
bc[c]).
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But Υ(a
2

b
2

wuba[a]) = Υ(a
2

b
2

wubc[c]) so that, by (4.44), we get the required

= a
2n

b
2m

d3s2 (wubR5) = d3s2

(
a

2n

b
2m

wubR5

)
.

Lastly, for Z generators of the form a
2n

b
2m

w
u
cR

5
, we have

a
2n

b
2m

w
u
cR

5
− s

1
d

2

(
a

2n

b
2m

w
u
cR

5

)
= a

2n

b
2m

w
u
cR

5
− s

1

(
a

2n

b
2m
(
w
u
c(1 + a)[a] + a

2

w
u
c(1 + b)[b]− w

u
b(1 + c)[c]

))

= a
2n

b
2m

w
u
cR

5
− s

1

(
a

2

b
2

(w
u
ca[a] + a

2

w
u
cb[b]− w

u
c[c])

)
= a

2n

b
2m

(
wucR5 +

u−1∑
k=0

w
k
Rϕ(g

k+1
) + wuR2 + a

2
u−1∑
k=0

w
k
Rψ(g

k+1
) + a

2

wuR4 −R5

−
u−1∑
k=0

w
k
η(g

k+1
)

)
−Υ(a

2

b
2

w
u
ca[a]) + Υ(a

2

b
2

w
u
c[c]).

But Υ(a
2

b
2

wuca[a]) = Υ(a
2

b
2

wuc[c] so that, by (4.44), we get the required

= a
2n

b
2m

d3s2 (wucR5) = d3s2

(
a

2n

b
2m

wucR5

)
.

This completes the proof in the case ` = 2.

Case ` = 3. Since s
2
and d

3
are (Za

2 × Zb2)-linear, we only have to check that IdC
3
− s

2
d

3

vanishes in WP
i
for all W ∈ Z2a ∗Z2b ∗Z2c and i ∈ {1, 2, 3}. We start by considering the case of

generators of the form w
u
xaP

1
with x 6= a, for which(

IdC3
− s

2
d

3

)(
w
u
xaP

1

)
= w

u
xaP

1
− s

2

(
w
u
xabR

1
+ w

u
xaR

3

)
.

When x = b, we have(
IdC

3
−s

2
d

3

)(
w
u
baP

1

)
=wubaP1 −

u−1∑
k=0

w
k
ξ1(g

k+1
)− wuξ1(b)− wub(a− 1)P1 − wbP1 −

u−1∑
k=0

w
k
ξ3(g

k+1
).

But ξ
1
(b) = 0 and ξ

1
(g
k+1

) = −ξ
3
(g
k+1

), so we get the required(
IdC

3
− s2d3

)(
wubaP1

)
= 0.
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When x = c, we have

(
IdC

3
−s2d3

)(
wucaP1

)
= wucaP1 −

u−1∑
k=0

w
k
ξ1(g

k+1
)− wuξ1(c)− wuc(a− 1)P1

− w(cP1 + (1− c)P2 + (b
2

− 1)P3)−
u−1∑
k=0

w
k
ξ
3
(g
k+1

).

Since ξ1(c) = (c− 1)P2 + (1− b2)P3 , we get the required
(
IdC

3
− s2d3

)(
wucaP1

)
= 0.

When wux = 1, we have(
IdC

3
−s

2
d

3

)(
aP

1

)
= aP

1
− (a− 1)P

1
− P

1
= 0.

Now, for generators of the form w
u
xbP

1
with x 6= b, we have(

IdC
3
−s2d3

)(
wuxbP1

)
= wuxbP1 − s2

(
wuxbR1 + wuxbaR3

)
= w

u
xbP

1
−
u−1∑
k=0

w
k
ξ
1
(g
k+1

)− w
u
ξ
1
(x)− w

u
xbP

1
−
u−1∑
k=0

w
k
ξ
3
(g
k+1

)− w
u
ξ
3
(x) = 0,

because ξ1 = −ξ3 , and for the generators of the form wuxcP1 with x 6= c, we have(
IdC

3
−s2d3

)(
wuxcP1

)
= wuxcP1 − s2

(
wuxcbR1 + wuxcaR3

)
= wuxcP1 −

u−1∑
k=0

w
k
ξ1(g

k+1
)− wuξ1(x)− wux

(
(c− 1)P2 + (b

2

− 1)P3

)
− wux

(
cP1 + (1− c)P2 + (1− b

2

)P3

)
−
u−1∑
k=0

w
k
ξ3(g

k+1
)− wuξ3(x) = 0.

Next, in order to deal with Z generators of the form WP
2
, let us note that, for any x, we have

ξ
1
(x) + ξ

4
(x) + (b

2

− 1)χc(x)P
3

= 0. (4.45)
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Suppose W = wuxa, with x 6= a, then(
IdC

3
−s

2
d

3

)(
w
u
xaP

2

)
= w

u
xaP

2
− s

2

(
w
u
xabR

1
+ w

u
xacR

4
+ (b

2

− 1)w
u
xaR

5

)

= wuxaP2 −
u−1∑
k=0

w
k
ξ1(g

k+1
)− wuξ1(x)− wux(a− 1)P1 −

u−1∑
k=0

w
k
ξ4(g

k+1
)

− wuξ4(x)− wux
(

(1− a)P1 + aP2

)
+ (1− b

2

)

u−1∑
k=0

χc(gk+1
)w

k
P3 + (1− b

2

)wuχc(x)P3

= −
u−1∑
k=0

w
k

(
ξ
1
(g
k+1

) + ξ
4
(g
k+1

) + (b
2

− 1)χc(gk+1
)P

3

)
− w

u

(
ξ
1
(x) + ξ

4
(x) + (b

2

− 1)χc(x)P
3

)
= 0,

in view of (4.45).

For W = w
u
xb, with x 6= b,

(
IdC

3
−s

2
d

3

)(
w
u
xbP

2

)
= w

u
xbP

2
− s

2

(
w
u
xbR

1
+ w

u
xbcR

4
+ (b

2

− 1)w
u
xbR

5

)

= wuxbP2 −
u−1∑
k=0

w
k
ξ1(g

k+1
)− wuξ1(x)−

u−1∑
k=0

w
k
ξ4(g

k+1
)− wuξ4(x)

− wuxbP2 +

u−1∑
k=0

(1− b
2

)w
k
χc(gk+1

)P3 + (1− b
2

)w
u
χc(x)P

3
= 0.

For W = wuxc, with x 6= c, we define first

θ(wu , x) =

wu ((1− a)P
1

+ aP
2
) , if x = a;

w
u
bP

2
, if x = b.

(4.46)
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Then (
IdC

3
−s

2
d

3

)(
w
u
xcP

2

)
= w

u
xcP

2
− s

2

(
w
u
xcbR

1
+ w

u
xcR

4
+ (b

2

− 1)w
u
xcR

5

)
= wuxcP2 −

u−1∑
k=0

w
k
ξ1(g

k+1
)− wuξ1(x)− wuxP4 −

u−1∑
k=0

w
k
ξ4(g

k+1
)− θ(wu , x)

+

u−1∑
k=0

(1− b
2

)w
k
χc(gk+1

)P3 + (1− b
2

)wuχc(x)P3

= w
u

(
xcP

2
− ξ

1
(x) + x(1− c)P

2
+ x(b

2

− 1)P
3
− θ(1, x) + (1− b

2

)xP
3

)
= wu(xP2 − ξ1(x)− θ(1, x)) = 0.

Finally for when W = c, we have(
IdC3

− s
2
d

3

)(
cP

2

)
= cP

2
− s

2
(cbR

1
+ cR

4
+ (b

2

− 1)cR
5
)

= cP
2
− (c− 1)P

2
+ (b

2

− 1)P
3
− P

2
+ (1− b

2

)P
5

= 0.

Lastly, we consider the Z generators involving P3. Suppose y = a or b, then for generators of the
form w

u
xyP

3
, with x 6= y we have(

IdC3
−s

2
d

3

)(
w
u
xyP

3

)
= w

u
xyP

3
− s

2
(w

u
xyR

2
+ a

2

w
u
xyR

4
+ w

u
xycR

5
− w

u
xyR

5
)

= w
u
xyP

3
−
u−1∑
k=0

χc(gk+1
)wkP3

− w
u
xyP

3
+

u−1∑
k=0

χc(gk+1
)wkP3

= 0.

For the case y = c, it is convenient to define

Φ(wu , x) =

wu(a
2

(a− 1)P
1
− a2

aP
2

+ a(1 + c)P
3
), if x = a;

wub(−a
2

P2 + (1 + c)P3), if x = b.
(4.47)

Furthermore, for x = a or b, we have the identity x(c+1)P
3
−Φ(1, x)−a2

θ(1, x) = 0 and, for x = a,
b or c, we have the identity ξ

2
(x) + a

2

ξ
4
(x) + χc(x)R

5
= 0, both verified by simple substitution

using the definitions of the corresponding functions.

Then, to finish the proof, it only remains to consider the case of
(
IdC

3
− s

2
d

3

)(
w
u
xcP

3

)
with
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x 6= c. Direct substitution gives(
IdC

3
−s

2
d

3

)(
w
u
xcP

3

)
= w

u
xcP

3
− s

2
(w

u
xcR

2
+ a

2

w
u
xcR

4
+ a

2

b
2

w
u
xR

5
− w

u
xcR

5
)

= wuxcP5 −
u−1∑
k=0

w
k
ξ2(g

k+1
)− wuΦ(1, x)−

u−1∑
k=0

w
k
ξ4(g

k+1
)

− a
2

wuθ(1, x)−
u−1∑
k=0

χc(gk+1
)wkP3 + wuxP3

= w
u

(
x(c+ 1)P

3
− Φ(1, x)− a

2

θ(1, x)
)
−
u−1∑
k=0

w
k+1

(
ξ
2
(x) + a

2

ξ
4
(x) + χc(x)R

5

)
= 0.

This completes the proof of the case ` = 3. We have thus proved that (C, d) is a free resolution of
Z over ZB

2
(T ).

4.2 Diagonal Approximation

In order to calculate the cup product of two cohomology classes it is necessary to construct a
diagonal approximation. In Chapter 3 we used the Alexander diagonal approximation to the bar
resolution, which helped us compute the cup product of the obstruction cohomology class. We are
going to use the technique described by David Handel in his article [16].

Proposition 4.3
Let G be a group, X a free resolution of Z over ZG, and T a contracting homotopy for X. Extend
T−1

ε : X
0
−→ X

0
to a chain map T−1

ε : X −→ X over Z by defining (T−1
ε)
i

= 0 if i 6= 0. Let
U
q

: (X
⊗
X)

q
−→ (X

⊗
X)

q+1
for q > −1 be the Z-homomorphisms given by U−1

= T−1
⊗ T−1

:

Z ⊗ Z −→ X
0

⊗
X

0
, and U

q
(u ⊗ v) = T

i
(u) ⊗ v + (T−1

ε)
i
(u) ⊗ T

q−i(v) for u ∈ X
i
, v ∈ X

q−i ,
0 6 i 6 q. Then the U

q
constitute a contracting homotopy for X

⊗
X.

Proposition 4.4
Let G be a group, X a free resolution of Z over ZG, and U a contracting homotopy for X

⊗
X.

Suppose that for each q > 0, Bq is a ZG-basis for Xq such that ε(b) = 1 for each b ∈ B0 . Let
Ψ0 : X0 −→ X0

⊗
X0 be the left ZG-module homomorphism determined by Ψ0(b) = b ⊗ b for

b ∈ B0 . For q > 0 let Ψq : Xq −→ (X
⊗
X)q be the left ZG-module homomorphism determined

inductively by Ψ
q
(b) = U

q−1
Ψ
q−1

d
q
(b) for b ∈ B

q
. Then Ψ is a diagonal approximation for X.

The previous propositions state how, given a finitely generated free resolution F of the trivial
ZG-module Z over ZG, we can construct a diagonal approximation Ψ : F → F

⊗
F . Proofs of

these propositions are routine and details can be found in Handel’s article [16].
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In this section we are going to follow Handel’s construction in proposition 4.4 inductively, degree
by degree and generator by generator, for the case of the chain complex (C, d) and the contration
s : C −→ C defined in the section §4.1. Let U : C

⊗
C −→ C

⊗
C be the contraction defined in

proposition 4.3.

We define ∆ : C −→ C
⊗
C, at each degree, using Handel’s construction, which yields commu-

tative squares of the diagram

· · · 0 //

··· ∆
5

��

0 //

∆
4

��

C3
//

∆
3

��

C2
//

∆
2

��

C1
//

∆
1

��

ZB2 (T )

∆
0

��

· · · (C
⊗
C)

5
// (C

⊗
C)

4
// (C

⊗
C)

3
// (C

⊗
C)

2
// (C

⊗
C)

1
// ZB2 (T )

⊗
ZB2 (T )

For degree 0 we define ∆
0

: ZB
2
(T ) −→ ZB

2
(T )

⊗
ZB

2
(T ) by

∆
0

(
p∑
i=1

k
i
a

2n
i b

2m
iw

i

)
=

p∑
i=1

k
i

(
a

2n
i b

2m
iw

i
⊗ a

2n
i b

2m
iw

i

)
. (4.48)

The situation for degree 1 is also immediate: we define ∆1 :

c⊕
i=a

ZB
2
(T )[i] −→

(
C
⊗

C
)

1

by

∆
1

([i]) = [i]⊗ i+ 1⊗ [i] for i = a, b, c. (4.49)

For degree 2 we next define ∆
2

:

5⊕
i=1

ZB
2
(T )Ri

−→
(
C
⊗

C
)

2

on each generator.

Recall from (4.2) that d
2
(R

1
) = (1 + a− b− ba)[a]− (1− a2

)[b], then

∆1d2(R1) = (1 + a− b− ba)([a]⊗ a+ 1⊗ [a])− (1− a
2

)([b]⊗ b+ 1⊗ [b]).

The last expression expands to

∆1d2(R1) =

[a]⊗ a + 1⊗ [a]

+ a[a]⊗ a2

+ a⊗ a[a]

− b[a]⊗ ba − b⊗ b[a]

− ba[a]⊗ a2

b − ba⊗ ba[a]

+ a
2

[b]⊗ a2

b + a
2 ⊗ a2

[b]

− [b]⊗ b − 1⊗ [b]

.
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Then

U
1
∆

1
d

2
(R

1
) =

s1([a]) ⊗a + s0(1) ⊗[a] + 1 ⊗s1([a])

+ s1(a[a]) ⊗a2

+ s0(a) ⊗a[a] + 1 ⊗s1(a[a])

− s
1
(b[a]) ⊗ba − s

0
(b) ⊗b[a] − 1 ⊗s

1
(b[a])

− s
1
(ba[a]) ⊗a2

b − s
0
(ba) ⊗ba[a] − 1 ⊗s

1
(ba[a])

+ s
1
(a

2

[b]) ⊗a2

b + s
0
(a

2

) ⊗a2

[b] + 1 ⊗s
1
(a

2

[b])

− s
1
([b]) ⊗b − s

0
(1) ⊗[b] − 1 ⊗s

1
([b]).

Using the definition of s
1
we then get

U
1
∆

1
d

2
(R

1
) = R

1
⊗ a2

b+ [a]⊗ a[a]− [b]⊗ b[a]− [b]⊗ ba[a]

−b[a]⊗ ba[a] + [a]⊗ a2

[b] + a[a]⊗ a2

[b] + 1⊗R
1

= R
1
⊗ a2

b+ 1⊗R
1

+ (1− b) ([a]⊗ a[a])

+ ((1 + a) [a])⊗ a2

[b]− [b]⊗ (b (1 + a) [a]) .

Likewise, we have d2(R2) = (1 + a− c− ca)[a]− (1− a2

)[c], so

∆
1
d

2
(R

2
) = (1 + a− c− ca)([a]⊗ a+ 1⊗ [a])− (1− a

2

)([c]⊗ c+ 1⊗ [c]),

which expands to

∆
1
d

2
(R

2
) =

[a]⊗ a + 1⊗ [a]

+ a[a]⊗ a2

+ a⊗ a[a]

− c[a]⊗ ca − c⊗ c[a]

− ca[a]⊗ a2

c − ca⊗ ca[a]

+ a
2

[c]⊗ a2

c + a
2 ⊗ a2

[c]

− [c]⊗ c − 1⊗ [c].

Therefore U
1
∆

1
d

2
(R

2
) becomes

U
1
∆

1
d

2
(R

2
) =

s1([a]) ⊗a + s0(1) ⊗[a] + 1 ⊗s1([a])

+ s1(a[a]) ⊗a2

+ s0(a) ⊗a[a] + 1 ⊗s1(a[a])

− s1(c[a]) ⊗ca − s0(c) ⊗c[a] − 1 ⊗s1(c[a])

− s1(ca[a]) ⊗a2

c − s0(ca) ⊗ca[a] − 1 ⊗s1(ca[a])

+ s
1
(a

2

[c]) ⊗a2

c + s
0
(a

2

) ⊗a2

[c] + 1 ⊗s
1
(a

2

[c])

− s
1
([c]) ⊗c − s

0
(1) ⊗[c] − 1 ⊗s

1
([c])

71



Simplification yields

U1∆1d2(R2) = R2 ⊗ a
2

c+ [a]⊗ a[a]− [c]⊗ c[a]− [c]⊗ ca[a]

−c[a]⊗ ca[a] + [a]⊗ a2

[c] + a[a]⊗ a2

[c] + 1⊗R2

= R2 ⊗ a
2

c+ 1⊗R2 + (1− c) ([a]⊗ a[a])

+ ((1 + a) [a])⊗ a2

[c]− [c]⊗ (c (1 + a) [a]) .

For R
3
, we have d

2
(R

3
) = (1 + b− a− ab)[b]− (1− b2)[a], so

∆1d2(R3) = (1 + b− a− ab)([b]⊗ b+ 1⊗ [b])− (1− b
2

)([a]⊗ a+ 1⊗ [a]),

which expands to

∆
1
d

2
(R

3
) =

[b]⊗ b + 1⊗ [b]

+ b[b]⊗ b2 + b⊗ b[b]
− a[b]⊗ ab − a⊗ a[b]

− ab[b]⊗ b2a − ab⊗ ab[b]
+ b

2

[a]⊗ b2a + b
2 ⊗ b2 [a]

− [a]⊗ a − 1⊗ [a]

Then

U
1
∆

1
d

2
(R

3
) =

s
1
([b]) ⊗b + s

0
(1) ⊗[b] + 1 ⊗s

1
([b])

+ s
1
(b[b]) ⊗b2 + s

0
(b) ⊗b[b] + 1 ⊗s

1
(b[b])

− s
1
(a[b]) ⊗ab − s

0
(a) ⊗a[b] − 1 ⊗s

1
(a[b])

− s
1
(ab[b]) ⊗b2a − s

0
(ab) ⊗ab[b] − 1 ⊗s

1
(ab[b])

+ s
1
(b

2

[a]) ⊗b2a + s
0
(b

2

) ⊗b2 [a] + 1 ⊗s
1
(b

2

[a])

− s
1
([a]) ⊗a − s

0
(1) ⊗[a] − 1 ⊗s

1
([a]),

or
U

1
∆

1
d

2
(R

3
) = R

3
⊗ b2a+ [b]⊗ b[b]− [a]⊗ a[b]− [a]⊗ ab[b]

−a[b]⊗ ab[b] + [b]⊗ b2 [a] + b[b]⊗ b2 [a] + 1⊗R
3

= R
3
⊗ b2a+ 1⊗R

3
+ (1− a) ([b]⊗ b[b])

+ ((1 + b) [b])⊗ b2 [a]− [a]⊗ (a (1 + b) [b]) .

For R
4
, d

2
(R

4
) = (1 + b− c− cb)[b]− (1− b2)[c], so

∆1d2(R4) = (1 + b− c− cb)([b]⊗ b+ 1⊗ [b])− (1− b
2

)([c]⊗ c+ 1⊗ [c]),

72



which expands to

∆
1
d

2
(R

4
) =

[b]⊗ b + 1⊗ [b]

+ b[b]⊗ b2 + b⊗ b[b]
− c[b]⊗ cb − c⊗ c[b]
− cb[b]⊗ b2c − cb⊗ cb[b]
+ b

2

[c]⊗ b2c + b
2 ⊗ b2 [c]

− [c]⊗ c − 1⊗ [c].

Therefore

U
1
∆

1
d

2
(R

4
) =

s
1
([b]) ⊗b + s

0
(1) ⊗[b] + 1 ⊗s

1
([b])

+ s
1
(b[b]) ⊗b2 + s

0
(b) ⊗b[b] + 1 ⊗s

1
(b[b])

− s
1
(c[b]) ⊗cb − s

0
(c) ⊗c[b] − 1 ⊗s

1
(c[b])

− s
1
(cb[b]) ⊗b2c − s

0
(cb) ⊗cb[b] − 1 ⊗s

1
(cb[b])

+ s
1
(b

2

[c]) ⊗b2c + s
0
(b

2

) ⊗b2 [c] + 1 ⊗s
1
(b

2

[c])

− s
1
([c]) ⊗c − s

0
(1) ⊗[c] − 1 ⊗s

1
([c]),

or
U

1
∆

1
d

2
(R

4
) = R

4
⊗ b2c+ [b]⊗ b[b]− [c]⊗ c[b]− [c]⊗ cb[b]

−c[b]⊗ cb[b] + [b]⊗ b2 [c] + b[b]⊗ b2 [c] + 1⊗R
4

= R
4
⊗ b2c+ 1⊗R

4
+ (1− c) ([b]⊗ b[b])

+ ((1 + b) [b])⊗ b2 [c]− [c]⊗ (c (1 + b) [b]) .

Finally, for the last generator in C2 , we have d2(R5) = (1 + a)[a] + a
2

(1 + b)[b]− (1 + c)[c], so

∆1d2(R5) = (1 + a)([a]⊗ a+ 1⊗ [a]) + a
2

(1 + b)([b]⊗ b+ 1⊗ [b])− (1 + c)([c]⊗ c+ 1⊗ [c]),

which expands to

∆1d2(R5) =

[a]⊗ a + 1⊗ [a]

+ a[a]⊗ a2

+ a⊗ a[a]

+ a
2

[b]⊗ a2

b + a
2 ⊗ a2

[b]

+ a
2

b[b]⊗ a2

b
2

+ a
2

b⊗ a2

b[b]

− [c]⊗ c − 1⊗ [c]

− c[c]⊗ a2

b
2 − c⊗ c[c].

Then
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U1∆1d2(R5) =

s
1
([a]) ⊗a + s

0
(1) ⊗[a] + 1 ⊗s

1
([a])

+ s
1
(a[a]) ⊗a2

+ s
0
(a) ⊗a[a] + 1 ⊗s

1
(a[a])

+ s
1
(a

2

[b]) ⊗a2

b + s
0
(a

2

) ⊗a2

[b] + 1 ⊗s
1
(a

2

[b])

+ s
1
(a

2

b[b]) ⊗a2

b
2

+ s
0
(a

2

b) ⊗a2

b[b] + 1 ⊗s
1
(a

2

b[b])

− s
1
([c]) ⊗c − s

0
(1) ⊗[c] − 1 ⊗s

1
([c])

− s
1
(c[c]) ⊗a2

b
2 − s

0
(c) ⊗c[c] − 1 ⊗s

1
(c[c]),

or
U

1
∆

1
d

2
(R

5
) = R

5
⊗ a2

b
2

+ [a]⊗ a[a] + [a]⊗ a2

[b] + a[a]⊗ a2

[b] + [a]⊗ a2

b[b]

+ a[a]⊗ a2

b[b] + a
2

[b]⊗ a2

b[b]− [c]⊗ c[c] + 1⊗R
5
.

Then, by Handel’s proposition (4.4), we can define ∆
2

:
5⊕
i=1

ZB
2
(T )Ri

−→
(
C
⊗

C
)

2

by

∆
2
(R

i
) =



R1 ⊗ a
2

b+ [a]⊗ a[a]− [b]⊗ b[a]− [b]⊗ ba[a] if i = 1;

−b[a]⊗ ba[a] + [a]⊗ a2

[b] + a[a]⊗ a2

[b] + 1⊗R1 ,

R2 ⊗ a
2

c+ [a]⊗ a[a]− [c]⊗ c[a]− [c]⊗ ca[a] if i = 2;

−c[a]⊗ ca[a] + [a]⊗ a2

[c] + a[a]⊗ a2

[c] + 1⊗R2 ,

R3 ⊗ b
2

a+ [b]⊗ b[b]− [a]⊗ a[b]− [a]⊗ ab[b] if i = 3;

−a[b]⊗ ab[b] + [b]⊗ b2 [a] + b[b]⊗ b2 [a] + 1⊗R3 ,

R
4
⊗ b2c+ [b]⊗ b[b]− [c]⊗ c[b]− [c]⊗ cb[b] if i = 4;

−c[b]⊗ cb[b] + [b]⊗ b2 [c] + b[b]⊗ b2 [c] + 1⊗R
4
,

R
5
⊗ a2

b
2

+ [a]⊗ a[a] + [a]⊗ a2

[b] + a[a]⊗ a2

[b] if i = 5.

+[a]⊗ a2

b[b] + a[a]⊗ a2

b[b] + a
2

[b]⊗ a2

b[b]− [c]⊗ c[c] + 1⊗R
5
,

(4.50)

The map ∆3 :

3⊕
i=1

ZB
2
(T )Pi −→

(
C
⊗

C
)

3

is defined analogously. In detail, the expression

∆2d3(P1) = (1 + b)∆2R1 + (1 + a)∆2R3 expands to

∆
2
d

3
(P

1
) = (1 + b)

[
R

1
⊗ a2

b+ [a]⊗ a[a]− [b]⊗ b[a]− [b]⊗ ba[a]

− b[a]⊗ ba[a] + [a]⊗ a2

[b] + a[a]⊗ a2

[b] + 1⊗R
1

]
+(1 + a)

[
R

3
⊗ b2a+ [b]⊗ b[b]− [a]⊗ a[b]− [a]⊗ ab[b]

− a[b]⊗ ab[b] + [b]⊗ b2 [a] + b[b]⊗ b2 [a] + 1⊗R3

]

74



= R1 ⊗ a
2

b+ [a]⊗ a[a]− [b]⊗ b[a]− [b]⊗ ba[a]

−b[a]⊗ ba[a] + [a]⊗ a2

[b] + a[a]⊗ a2

[b] + 1⊗R1

+bR1 ⊗ a
2

b
2

+ b[a]⊗ ba[a]− b[b]⊗ b2 [a]− b[b]⊗ b2a[a]

−b2 [a]⊗ b2a[a] + b[a]⊗ a2

b[b] + ba[a]⊗ a2

b[b] + b⊗ bR1

+R3 ⊗ b
2

a+ [b]⊗ b[b]− [a]⊗ a[b]− [a]⊗ ab[b]
−a[b]⊗ ab[b] + [b]⊗ b2 [a] + b[b]⊗ b2 [a] + 1⊗R3

+aR3 ⊗ a
2

b
2

+ a[b]⊗ ab[b]− a[a]⊗ a2

[b]− a[a]⊗ a2

b[b]

−a2

[b]⊗ a2

b[b] + a[b]⊗ b2a[a] + ab[b]⊗ b2a[a] + a⊗ aR3 .

Then, according to proposition (4.4), ∆
3
(P

1
) = U

2
∆

2
d

3
(P

1
), which expands to

∆3(P1) = P1 ⊗ a
2

b
2 −R1 ⊗ a

2

b[b]−R3 ⊗ b
2

a[a] + [b]⊗ bR1 + [a]⊗ aR3 + 1⊗ P1 .

For the second ZB2 (T ) generator, P
2
in C

2
, we have

∆2d3(P2) = (1 + b)∆2R1 + (1 + c)∆2R4 + (b
2 − 1)∆2R5

= (1 + b)
[
R

1
⊗ a2

b+ [a]⊗ a[a]− [b]⊗ b[a]− [b]⊗ ba[a]

− b[a]⊗ ba[a] + [a]⊗ a2

[b] + a[a]⊗ a2

[b] + 1⊗R
1

]
+(1 + c)

[
R4 ⊗ b

2

c+ [b]⊗ b[b]− [c]⊗ c[b]− [c]⊗ cb[b]

− c[b]⊗ cb[b] + [b]⊗ b2 [c] + b[b]⊗ b2 [c] + 1⊗R4

]
+(b

2 − 1)
[
R5 ⊗ a

2

b
2

+ [a]⊗ a[a] + [a]⊗ a2

[b] + a[a]⊗ a2

[b]

+ [a]⊗ a2

b[b] + a[a]⊗ a2

b[b] + a
2

[b]⊗ a2

b[b]− [c]⊗ c[c] + 1⊗R5

]
= R

1
⊗ a2

b+ [a]⊗ a[a]− [b]⊗ b[a]− [b]⊗ ba[a]

−b[a]⊗ ba[a] + [a]⊗ a2

[b] + a[a]⊗ a2

[b] + 1⊗R
1

+bR
1
⊗ a2

b
2

+ b[a]⊗ ba[a]− b[b]⊗ b2 [a]− b[b]⊗ b2a[a]

−b2 [a]⊗ b2a[a] + b[a]⊗ a2

b[b] + ba[a]⊗ a2

b[b] + b⊗ bR
1

+R
4
⊗ b2c+ [b]⊗ b[b]− [c]⊗ c[b]− [c]⊗ cb[b]

−c[b]⊗ cb[b] + [b]⊗ b2 [c] + b[b]⊗ b2 [c] + 1⊗R
4

+cR
4
⊗ a2

b
4

+ c[b]⊗ cb[b]− c[c]⊗ a2

b
2

[b]− c[c]⊗ a2

b
2

b[b]

−a2

b
2

[b]⊗ a2

b
2

b[b] + c[b]⊗ b2c[c] + cb[b]⊗ b2c[c] + c⊗ cR
4

+b
2

R
5
⊗ a2

b
4

+ b
2

[a]⊗ b2a[a] + b
2

[a]⊗ b2a2

[b] + b
2

a[a]⊗ a2

b
2

[b]

+b
2

[a]⊗ a2

b
2

b[b] + b
2

a[a]⊗ a2

b
2

b[b] + a
2

b
2

[b]⊗ a2

b
2

b[b]− b2 [c]⊗ b2c[c] + b
2 ⊗ b2R

5

−R
5
⊗ a2

b
2 − [a]⊗ a[a]− [a]⊗ a2

[b]− a[a]⊗ a2

[b]

−[a]⊗ a2

b[b]− a[a]⊗ a2

b[b]− a2

[b]⊗ a2

b[b] + [c]⊗ c[c]− 1⊗R
5
.

Then the diagonal approximation in P
2
is defined as

75



∆3(P2) = P2 ⊗ a
2

b
4 −R1 ⊗ a

2

b[b] +R5 ⊗ a
2

b
2

[b] +R5 ⊗ a
2

b
2

b[b]

−R4 ⊗ b
2

c[c]−R1 ⊗ a
2

b
2

[b]− bR1 ⊗ a
2

b
2

[b]−R
1
⊗ a2

b
2

b[b]− bR
1
⊗ a2

b
2

b[b]

+[b]⊗ bR
1

+ [c]⊗ cR
4

+ [b]⊗ b2R
5

+ b[b]⊗ b2R
5

+ 1⊗ P
2
.

For the last generator of C3 , the expression ∆2d3(P3) = ∆2R2 + a
2

∆2R4 + (c− 1)∆2R5 expands to

∆2d3(P3) = R2 ⊗ a
2

c+ [a]⊗ a[a]− [c]⊗ c[a]− [c]⊗ ca[a]

−c[a]⊗ ca[a] + [a]⊗ a2

[c] + a[a]⊗ a2

[c] + 1⊗R2

+(a
2

)
[
R

4
⊗ b2c+ [b]⊗ b[b]− [c]⊗ c[b]− [c]⊗ cb[b]

− c[b]⊗ cb[b] + [b]⊗ b2 [c] + b[b]⊗ b2 [c] + 1⊗R
4

]
+(c− 1)

[
R

5
⊗ a2

b
2

+ [a]⊗ a[a] + [a]⊗ a2

[b] + a[a]⊗ a2

[b]

+ [a]⊗ a2

b[b] + a[a]⊗ a2

b[b] + a
2

[b]⊗ a2

b[b]− [c]⊗ c[c] + 1⊗R
5

]
= R

2
⊗ a2

c+ [a]⊗ a[a]− [c]⊗ c[a]− [c]⊗ ca[a]

−c[a]⊗ ca[a] + [a]⊗ a2

[c] + a[a]⊗ a2

[c] + 1⊗R
2

+a
2

R
4
⊗ a2

b
2

c+ a
2

[b]⊗ a2

b[b]− a2

[c]⊗ a2

c[b]− a2

[c]⊗ a2

cb[b]

−a2

c[b]⊗ a2

cb[b] + a
2

[b]⊗ a2

b
2

[c] + a
2

b[b]⊗ a2

b
2

[c] + a
2 ⊗ a2

R
4

+cR
5
⊗ a2

b
2

c+ c[a]⊗ ca[a] + c[a]⊗ a2

c[b] + ca[a]⊗ a2

c[b]

+c[a]⊗ a2

cb[b] + ca[a]⊗ a2

cb[b] + a
2

c[b]⊗ a2

cb[b]− c[c]⊗ a2

b
2

[c] + c⊗ cR
5

−R
5
⊗ a2

b
2 − [a]⊗ a[a]− [a]⊗ a2

[b]− a[a]⊗ a2

[b]

−[a]⊗ a2

b[b]− a[a]⊗ a2

b[b]− a2

[b]⊗ a2

b[b] + [c]⊗ c[c]− 1⊗R
5
.

Then the diagonal approximation in the last generator is defined as

∆
3
(P

3
) = P

3
⊗ a2

b
2

c−R
2
⊗ a2

c[b]−R
2
⊗ a2

cb[b] +R
5
⊗ a2

b
2

[c]

+[a]⊗ a2

R
4

+ a[a]⊗ a2

R
4

+ [c]⊗ cR
5

+ 1⊗ P
3
.

Summarizing,

∆
3
(P

i
) =



P
1
⊗ a2

b
2 −R

1
⊗ a2

b[b]−R
3
⊗ b2a[a] + [b]⊗ bR

1
if i = 1;

+[a]⊗ aR
3

+ 1⊗ P
1
,

P
2
⊗ a2

b
4 −R

1
⊗ a2

b[b] +R
5
⊗ a2

b
2

[b] +R
5
⊗ a2

b
2

b[b]

−R
4
⊗ b2c[c]−R

1
⊗ a2

b
2

[b]− bR
1
⊗ a2

b
2

[b]−R
1
⊗ a2

b
2

b[b] if i = 2;

−bR
1
⊗ a2

b
2

b[b] + [b]⊗ bR
1

+ [c]⊗ cR
4

+ [b]⊗ b2R
5

+b[b]⊗ b2R
5

+ 1⊗ P
2
,

P
3
⊗ a2

b
2

c−R
2
⊗ a2

c[b]−R
2
⊗ a2

cb[b] +R
5
⊗ a2

b
2

[c] if i = 3.

+[a]⊗ a2

R
4

+ a[a]⊗ a2

R
4

+ [c]⊗ cR
5

+ 1⊗ P
3
,

(4.51)
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Chapter 5

The Symmetric and Symmetrized
Topological Complexity of the Torus

In this chapter we compute the symmetric topological complexity of the torus TCS(T ), i.e., the sec-
tional category of the fibration ε

0,1
: NL(T )/Z2 −→ B(T, 2). We will use the alternative definition

given by Schwarz in [8], which says that the sectional category of ε
0,1

is less than or equal to n
whenever the fiberwise join j

n+1

(ε
0,1

) : ∗n+1

NL(T )/Z2 −→ B(T, 2) has a global cross section.

Consider a pair of points x0 and x1 in the torus. As in subsection 1.3, let M denote the space
Maps([0, 1], 0, 1;T, x

0
, x

1
)∪ Maps([0, 1], 0, 1;T, x

1
, x

0
) /Z2, so we have a fiber sequence

∗
n+1

M ↪→ ∗
n+1

NL(T )/Z2

j
n+1

(ε0,1 )

−−−−−−−→ B(T, 2).

It is clear that the fiber M has the homotopy type of ΩT . By the connectivity of the fiber, the
primary obstruction for having TCΣ(T ) ≤ n is a twisted cohomology class

θ
n+1

∈ H
n+1
(
B(T, 2);πn(∗

n+1

ΩT )
)
.

As in (3.4) and (3.5), the additive structure of the local system of coefficients is π
n
(∗n+1

ΩT ) '⊗
n+1 I0, where I0 is the kernel of the the augmentation homomorphism ε : Zπ1 (T,x0 ) −→ Z.

5.1 Mimick for B
2
(X)

In this section I0 stands for the kernel of the augmentation homomorphism ε : Zπ
1
(X) −→ Z,

i.e. I0 = ker(ε). In later sections we will specialize back to the case X = T .
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An element γ in B2(X) at the based point {x0, x1} in B(X, 2), we can interpret γ as an element
in the braid group of X on 2 strings, that is

α, β : [0, 1] −→ X where |{α(t), β(t)}| = 2 for all t ∈ [0, 1],

and {α(0), β(0)} = {α(1), β(1)} = {x0, x1}. We pick an arbitrary ordering (x0, x1). Let α be the
path that ends in x0 and β the one that ends in x1. We define an action of B

2
(X) on Zπ

1
(X) and

I
0
as an extension to the action defined in (3.6) via

[γ]
∑

nigi =


∑
n
i
αg

i
δβ δ, if [γ] ∈ P

2
(X);

∑
n
i
βδg

i
αδ, if [γ] /∈ P

2
(X),

(5.1)

and for all i, the element gi is an element in π(X,x0) and δ is a fixed path from x0 to x1 . The
elements αgiδβ δ and βδgi αδ are understood as the corresponding homotopy classes, given by the
concatenation of their respective paths taking a representative of the class gi .

This action is analogous to the one described in (3.6), which is how monodromy is described for
the homotopy fiber in Theorem (1.4). The equivalence between the actual fiber and the homotopy
fiber was defined in Chapter 3, via the map ψ

δ
: M̃ −→ ΩX defined as ψ

δ
(ω) = ωδ. To visualize

the action, the reader should go back to images (1.2) and (3.2).

Figure 5.1: The Action of B2(X) \ P2(X) on I0

As discussed in the preliminary parts of this thesis, the primary obstruction for the inequality
TCS(T ) ≤ 3 is the third power of the cohomology class spelled out next:

Proposition 5.1
Consider the map f : B2(X) −→ I0 given by
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f([γ]) =

 [αδβ δ]− 1, if [γ] ∈ P
2
(X);

[βδ α δ]− 1, if [γ] /∈ P2(X),
(5.2)

where γ = (α, β). Then f determines a one dimensional cohomology class [f ] ∈ H1

(B(X, 2); I
0
).

Proof. Consider a product % = [γ
1
γ2] in B

2
(X) with γ

1
= [α

1
, β

1
] and γ

2
= [α

2
, β

2
], where we

are using the notation described above. If γ
1
and γ

2
are pure braids, the proof can be seen in

Proposition 3.2. Suppose γ
1
/∈ P

2
(X) and γ

2
∈ P

2
(X) so that % /∈ P

2
(X). Then

f(%) = f([γ
1
][γ

2
]) = f([α

1
, β

1
][α

2
, β

2
])

= f([α
1
α

2
, β

1
β

2
]) = [β

1
β

2
δα1α2 δ]− 1 = [β1β2δα2 α1 δ]− 1,

whereas

f([γ
1
]) + [γ

1
]f([γ

2
]) = [β

1
δα

1
δ]− 1 + [α

1
, β

1
]
(
[α

2
δ β

2
δ]− 1

)
= [β

1
δ δβ

2
δα

2
α

1
δ]− 1 = [β

1
β

2
δα

2
α

1
δ]− 1.

Consider now the case where γ
1
/∈ P

2
(X) and γ

2
∈ P

2
(X) so that % /∈ P

2
(X). Then

f(%) = f([γ1 ][γ2 ]) = f([α1 , β1 ][α2 , β2 ])

= f([β
1
α

2
, α

1
β

2
]) = [α

1
β

2
δβ

1
α

2
δ]− 1 = [α

1
β

2
δα

2
β

1
δ]− 1,

whereas

f([γ
1
]) + [γ

1
]f([γ

2
]) =[α

1
δβ

1
δ]− 1 + [α

1
, β

1
]
(
[β

2
δα

2
δ]− 1

)
=[α1β2δα2δ δβ1

δ]− 1 = [α1β2δα2β1
δ]− 1.

Finally, in the last case, we have that γ
1
and γ

2
are not elements in P

2
(X) but % ∈ P

2
(X). Then

f(%) = f([γ
1
][γ

2
]) = f([α

1
, β

1
][α

2
, β

2
]) = f([β

1
α

2
, α

1
β

2
]) = [β

1
α

2
δα

1
β

2
δ]− 1 = [β

1
α

2
δβ

2
α

1
δ]− 1,

whereas

f([γ1 ]) + [γ1 ]f([γ2 ]) =[β1δα1 δ]− 1 + [α1 , β1 ]
(
[β2δα2 δ]− 1

)
=[β

1
δβ

2
δα

2
δα

1
δ]− 1 = [β

1
α

2
δβ

2
α

1
δ]− 1.

Then, for all γ1 , γ2 ∈ B2(X), we have f([γ1 ][γ2 ]) = f([γ1 ]) + [γ1 ]f([γ2 ]). In accordance with White-
head’s book [9], f determines a one dimensional cohomology class [f ] = b ∈ H1

(B(X, 2); I0).
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5.2 The Third Power

For the particular case of the torus we have that the action defined in (5.1) and the crossed morphism
defined in (5.1) can be further simplified.

Recall that B
2
(T ) has a presentation of the form

B
2
(T ) = 〈a, b, c | [a

2

, b], [a
2

, c], [b
2

, a], [b
2

, c], a
2

b
2

= c
2

〉 '
(
Za

2

×Zb
2
)
opalin (Z2a ∗Z2b ∗Z2c) .

On the other hand π1(T, x0) = Zρ × Zτ , where τ and ρ are the homotopy class given by the
loops f̃ , g̃ : [0, 1] −→ T = R/Z×R/Z defined as

f̃(t) = (x
0

+ (0, t)) and g̃(t) = (x
0

+ (t, 0))

respectively. These loops are clearly related to the braids, τ0, τ1, ρ0, ρ1, σ in chapter 2. Here we
give explicit formulas and representatives for these homotopy classes —see (2.2):

a = ρ0σ, b = σ
−1

τ0, c = ρ0τ0σ
−1

.

Let δ be the homotopy class of the projection to the first coordinate of some representative of
the class of σ. For instance, in (2.3) we gave γ

01
as a representative of the σ class. Then the action

on Zπ1 (X) and on I
0
of the generators of B

2
(T ) is given by

ag
i

= ρg
i
, bg

i
= τ g

i
cg
i

= ρτg
i
.

By Corollary 3.6, a
2

gi = gi and b
2

gi = gi . The latter fact is also deduced from the previous formulas.
For instance, a

2

gi = a(agi) = a(ρg
i
) = ρ(ρg

i
) = ρg

i
ρ = g

i
, by the commutativity of π

1
(T ). Then

the action on the generators of B
2
(T ) of the crossed morphism f in (5.1) is

f [a] = ρ− 1, f [b] = τ − 1, f [c] = ρτ − 1. (5.3)

Theorem 5.2
The symmetric and the symmetrized topological complexity of the torus are both equal to three,
TCS(T ) = TCΣ(T ) = 3.

Proof. It is known from [3, Example 4.7] that 3 ≤ TCΣ(T ). In view of (1.5), it then suffices to
prove that TCS(T ) 6 3, i.e., that the fibration j

3

(ε0,1) : ∗3NL(T )/Z2 −→ B(T, 2) admits a cross
section. Now, according to Schwarz [8], the primary obstruction to the existence of such a section
is given by b

3

. Further, by dimensionality reasons, the primary obstruction is in fact the only one.
So, the proof will be complete once we show the triviality of b

3

.
In order to do the calculation we will use the free resolution (4.3), the diagonal approximation
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given in §4.2, and the representative f of the class b. To understand the behavior of [f ]
3

, it
is enough to understand its behavior in each of the generators. This is done via the relation
[f ]

3

(Pi) = [f ]
2 × [f ] ◦ ∆(Pi), where [f ]

2 × [f ] is the cross-product, of the classes [f ]
2

and [f ].

For the generator P
1
, we have

[f ]
3

(P
1
) = [f ]

2 × [f ] ◦ ∆(P
1
)

= (−1)
2·1
[
[f ]

2

P
1
⊗ a2

b
2

[f ]1− [f ]
2

R
1
⊗ a2

b[f ][b]− [f ]
2

R
3
⊗ b2a[f ][a] + [f ]

2

[b]⊗ b[f ]R
1

+ [f ]
2

[a]⊗ a[f ]R
3

+ [f ]
2

1⊗ [f ]P
1

]
.

The latter expression can be simplified as follows, since the evaluation is only different from zero in
the corresponding dimensions:

[f ]
3

(P
1
) = −[f ]

2

R
1
⊗ a

2

b[f ][b]− [f ]
2

R
3
⊗ b

2

a[f ][a] = −[f ]
2

R
1
⊗ b[f ][b]− [f ]

2

R
3
⊗ a[f ][a].

Similarly, using that [f ]
2

= [f ]× [f ] ◦ ∆, we have

[f ]
3

(P1) = (−1)
1·1
[
−[f ]R1 ⊗ a

2

b[f ]⊗ b[f ][b]− [f ][a]⊗ a[f ][a]⊗ b[f ][b] + [f ][b]⊗ b[f ][a]⊗ b[f ][b]

+ [f ][b]⊗ ba[f ][a]⊗ b[f ][b] + b[f ][a]⊗ ba[f ][a]⊗ b[f ][b]− [f ][a]⊗ a2

[f ][b]⊗ b[f ][b]

− a[f ][a]⊗ a2

[f ][b]⊗ b[f ][b]− [f ]1⊗ [f ]R
1
⊗ b[f ][b]

− [f ]R
3
⊗ b2a[f ]1⊗ a[f ][a]− [f ][b]⊗ b[f ][b]⊗ a[f ][a] + [f ][a]⊗ a[f ][b]⊗ a[f ][a]

+ [f ][a]⊗ ab[f ][b]⊗ a[f ][a] + a[f ][b]⊗ ab[f ][b]⊗ a[f ][a]− [f ][b]⊗ b2 [f ][a]⊗ a[f ][a]

− b[f ][b]⊗ b2 [f ][a]⊗ a[f ][a]− [f ]1⊗ [f ]R
3
⊗ a[f ][a]

]
.

Simplifying and using that the action of the squares is trivial, we have

[f ]
3

(P
1
) = [[f ][a]⊗ a[f ][a]⊗ b[f ][b]− [f ][b]⊗ b[f ][a]⊗ b[f ][b]− [f ][b]⊗ ba[f ][a]⊗ b[f ][b]

−b[f ][a]⊗ ba[f ][a]⊗ b[f ][b] + [f ][a]⊗ a2

[f ][b]⊗ b[f ][b] + a[f ][a]⊗ a2

[f ][b]⊗ b[f ][b]

+[f ][b]⊗ b[f ][b]⊗ a[f ][a]− [f ][a]⊗ a[f ][b]⊗ a[f ][a]− [f ][a]⊗ ab[f ][b]⊗ a[f ][a]

−a[f ][b]⊗ ab[f ][b]⊗ a[f ][a] + [f ][b]⊗ b2 [f ][a]⊗ a[f ][a] + b[f ][b]⊗ b2 [f ][a]⊗ a[f ][a]
]

= [[f ][a]⊗ [f ][a]⊗ [f ][b]− [f ][b]⊗ b[f ][a]⊗ b[f ][b] + [f ][b]⊗ b[f ][a]⊗ b[f ][b]

+b[f ][a]⊗ b[f ][a]⊗ b[f ][b] + [f ][a]⊗ [f ][b]⊗ b[f ][b]− [f ][a]⊗ [f ][b]⊗ b[f ][b]

+[f ][b]⊗ [f ][b]⊗ [f ][a]− [f ][a]⊗ a[f ][b]⊗ a[f ][a] + [f ][a]⊗ a[f ][b]⊗ a[f ][a]

+a[f ][b]⊗ a[f ][b]⊗ a[f ][a] + [f ][b]⊗ [f ][a]⊗ a[f ][a]− [f ][b]⊗ [f ][a]⊗ a[f ][a]]

= [f ][a]⊗ [f ][a]⊗ [f ][b] + b [[f ][a]⊗ [f ][a]⊗ [f ][b]]

+[f ][b]⊗ [f ][b]⊗ [f ][a] + a [[f ][b]⊗ [f ][b]⊗ [f ][a]]

= (b+ 1) ([f ][a]⊗ [f ][a]⊗ [f ][b]) + (a+ 1) ([f ][b]⊗ [f ][b]⊗ [f ][a]) .
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Evaluating the class of [f ] in the respective generators (5.3), we have

[f ]
3

(P
1
) = (b+ 1) ([f ][a]⊗ [f ][a]⊗ [f ][b]) + (a+ 1) ([f ][b]⊗ [f ][b]⊗ [f ][a])

= (b+ 1) ((ρ− 1)⊗ (ρ− 1)⊗ (τ − 1)) + (a+ 1) ((τ − 1)⊗ (τ − 1)⊗ (ρ− 1)) .

Now for the generator P
2
we have

[f ]
3

(P
2
) =[f ]

2

× [f ] ◦ ∆(P
3
)

= (−1)
2
[
[f ]

2

P2 ⊗ a
2

b
4

[f ]− [f ]
2

R1 ⊗ a
2

b[f ][b] + [f ]
2

R5 ⊗ a
2

b
2

[f ][b] + [f ]
2

R5 ⊗ a
2

b
2

b[f ][b]

−[f ]
2

R
4
⊗ b

2

c[f ][c]− [f ]
2

R
1
⊗ a

2

b
2

[f ][b]− b[f ]
2

R
1
⊗ a

2

b
2

[f ][b]− [f ]
2

R
1
⊗ a

2

b
2

b[f ][b]

−b[f ]
2

R
1
⊗ a

2

b
2

b[f ][b] + [f ]
2

[b]⊗ b[f ]R
1

+ [f ]
2

[c]⊗ c[f ]R
4

+ [f ]
2

[b]⊗ b
2

[f ][f ]R
5

+ [f ]
2

b[b]⊗ b
2

[f ]R
5

+ [f ]
2

1⊗ [f ]P
2

]
.

Simplifying and using de definition [f ] ^ [f ] = [f ]
2

we have,

= (b+ 1) ([f ][a]⊗ [f ][a]⊗ [f ][b])

−[f ][b]⊗ b[f ][a]⊗ [f ][b] + [f ][b]⊗ b[f ][a]⊗ [f ][b]

+[f ][a]⊗ [f ][b]⊗ [f ][b]− [f ][a]⊗ [f ][b]⊗ [f ][b]

+ (c+ 1) ([f ][b]⊗ [f ][b]⊗ [f ][c])

−[f ][c]⊗ c[f ][b]⊗ [f ][c] + [f ][c]⊗ c[f ][b]⊗ [f ][c]

+[f ][b]⊗ [f ][c]⊗ [f ][c]− [f ][b]⊗ [f ][c]⊗ [f ][c].

Evaluation of [f ] at [a], [b], [c] according to (5.3), yields

[f ]
3

(P
2
) = (b+ 1) ([f ][a]⊗ [f ][a]⊗ [f ][b]) + (c+ 1) ([f ][b]⊗ [f ][b]⊗ [f ][c])

= (b+ 1) ((ρ− 1)⊗ (ρ− 1)⊗ (τ − 1)) + (c+ 1) ((τ − 1)⊗ (τ − 1)⊗ (ρ τ − 1)) . (5.4)

Finally for the last generator, we have

[f ]
3

(P3) = [f ]
2

× [f ] ◦ ∆(P3)

=[f ][a]⊗ [f ][a]⊗ [f ][c]− [f ][c]⊗ [f ][c]⊗ [f ][c] + [f ][b]⊗ [f ][b]⊗ [f ][c]

=(ρ− 1)⊗ (ρ− 1)⊗ (ρτ − 1)− (ρ τ − 1)⊗ (ρ τ − 1)⊗ (ρ τ − 1) + (τ − 1)⊗ (τ − 1)⊗ (ρ τ − 1).

Hence [f ]
3

:

5⊕
i=1

ZB2 (T )Pi −→
3⊗
i=1

I0 is defined in generators as
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[f ]
3

(P
i
) =



(b+ 1) ((ρ− 1)⊗ (ρ− 1)⊗ (τ − 1)) if i = 1;

+ (a+ 1) ((τ − 1)⊗ (τ − 1)⊗ (ρ− 1)) ,

(b+ 1) ((ρ− 1)⊗ (ρ− 1)⊗ (τ − 1)) if i = 2;

+ (c+ 1) ((τ − 1)⊗ (τ − 1)⊗ (ρ τ − 1)) ,

(ρ− 1)⊗ (ρ− 1)⊗ (ρ τ − 1) if i = 3.

−(ρ τ − 1)⊗ (ρ τ − 1)⊗ (ρ τ − 1)

+(τ − 1)⊗ (τ − 1)⊗ (ρ τ − 1),

We define Ψ :

5⊕
i=1

ZB
2
(T )Ri −→

3⊗
i=1

I0 as the ZB
2
(T ) morphism given by

Ψ(R1) =(ρ− 1)⊗ (ρ− 1)⊗ (τ − 1),

Ψ(R2) =(ρ− 1)⊗ (ρ− 1)⊗ (ρ τ − 1)− (ρ τ − 1)⊗ (ρ τ − 1)⊗ (ρ τ − 1),

Ψ(R
3
) =(τ − 1)⊗ (τ − 1)⊗ (ρ− 1),

Ψ(R
4
) =(τ − 1)⊗ (τ − 1)⊗ (ρ τ − 1),

Ψ(R5) =0 = 0⊗ 0⊗ 0. (5.5)

The proof is complete by noticing that d∗
3
Ψ = Ψd

3
= [f ]

3

, so the class b
3

vanishes.

As noted in the introduction, we now have for a closed surface X:

TCS(X) = TCΣ(X) =



4, if X has genus at least 2;

2, if X = S
2

;

3, if X = T ;

4, if X = RP
2

.

(5.6)
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Chapter 6

Conclusions and Future Work

From the practical point of view, the symmetric forms of Topological Complexity TCS and TCΣ

are important given their naturalness within the planning problem in robotics. One possibility to
continue with this work is to build a motor plan associated with

Ω(T ) −→ NL(T )/Z2 −→ B(T, 2).

From a theoretical point of view, although symmetric topological complexity is a potentially
different invariant from symmetrized topological complexity, no example is known so far in which
the two invariants are different. Until before this thesis it was known that both invariants coincide
in the case of all closed surfaces, with the possible exception of the torus. But now with the Theorem
(5.2) the coincidence has been established also in that case.

A direct consequence is that the Torus is an example where the general inequality

TCΣ(X × Y ) 6 TCΣ(X) + TCΣ(Y )

proven in [3] is strict, since TCΣ(S
1

) = 2.
In addition, the B

2
(T )-free resolution of Z and the diagonal approximation shown in chapter 4,

gives us explicit formulas to calculate the comology ring H
∗
(B

2
(T ), G), when G is a ZB2 (T )-module.
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