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Resumen

En esta tesis, presentamos las redes neuronales celulares p-adic, que son generalizaciones
matematicas de las redes neuronales celulares cldsicas (CNN) introducidas por Chua y
Yang en la década de 1980. Las nuevas redes tienen infinitas celdas que estan organizadas
jerarquicamente en arboles enraizados, y también tienen infinitas capas ocultas. También
presentamos dos tipos de CNN que pueden realizar cdlculos con datos reales y cuya dinamica
se puede entender casi por completo. El primer tipo puede detectar el borde de las imagenes
grises. El segundo tipo es una nueva clase de redes de reaccion-difusién. Investigamos la
estabilidad de estas redes y demostramos que pueden usarse como filtros para reducir el
ruido, conservando los bordes, en imagenes contaminadas con ruido gaussiano aditivo.

Esta tesis se basa en las publicaciones [70, 71] escritas en colaboracién con mi supervisor Dr.
Wilson Zuniga-Galindo.



Abstract

In this thesis, we introduce the p-adic cellular neural networks, which are mathematical gen-
eralizations of the classical cellular neural networks (CNNs) introduced by Chua and Yang in
the 1980s. These new networks have infinitely many cells which are organized hierarchically
in rooted trees, and also they have infinitely many hidden layers. We also present two types
of CNNs that can perform computations with real data, and whose dynamics can be under-
stood almost completely. The first type can detect the edge of gray images. The second type
is a new class of reaction-diffusion networks. We investigate the stability of these networks
and show that they can be used as filters to reduce noise, preserving the edges, in images
polluted with additive Gaussian noise.

This thesis is based on the publications [70, 71] written in collaboration with my supervisor
Dr. Wilson Zuniga-Galindo.
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Overview

In the late 80s, Chua and Yang introduced a new natural computing paradigm called the
cellular neural networks (or nonlinear cellular networks) CNN, which includes the cellular
automata as a particular case [17, 19, 20]. From the beginning, the CNN paradigm was in-
tended for applications such as integrated circuits. This paradigm has been highly successful
in various applications in vision, robotics, and remote sensing. See, e.g., [18, 59|, and the
references therein.

In this work, we present a mathematical generalization of the CNNs of Chua and Yang called
p-adic cellular neural networks. The p-adic continuous CNNs offer a theoretical framework
to study the emergent patterns of hierarchical discrete CNNs having arbitrarily many hidden
layers.

This work was carried out in collaboration with Dr. Wilson A. Zuniga Galindo, and it was
published in the Journal of Nonlinear Mathematical Physics, [70].

Nowadays, it is widely accepted that the analysis of ultrametric spaces is the natural tool
for formulating models where the hierarchy plays a central role. An ultrametric space (M, d)
is a metric space M with a distance satisfying d(A, B) < max{d(A,C),d(B,C)} for any
three points A, B, C' in M. Ultrametricity in physics means the emergence of ultrametric
spaces in physical models. Ultrametricity was discovered in the 1980s by Parisi and others
in the theory of spin glasses and by Frauenfelder and others in the physics of proteins. In
both cases, the space of states of a complex system has a hierarchical structure that plays a
central role in the physical behavior of the system, see e.g. [21, 23, 29, 34, 41, 52, 64, 72],
and the references therein.

On the other hand, Khrennikov and his collaborators have studied neural network models
where p-state neurons take their values in p-adic numbers, see [1, 35]. These models are
entirely different from the ones considered here. In addition, Khrennikov has developed non-
Archimedean models of brain activity and mental processes, see, e.g., [31] and the references
therein.

Among the ultrametric spaces, the field of p-adic numbers Q,, plays a central role. A p-adic
number is a series of the form

T=x_wp F+ar pp TN+t ag+aip+ ..., with x_y #0, (0.0.1)

where p is a prime number, the z;s are p-adic digits, i.e. numbers in the set {0,1,...,p — 1}.
The set of all the possible series of form (0.0.1) constitutes the field of p-adic numbers
@Qp. There are natural field operations, sum and multiplication, on series of form (0.0.1),
see e.g. [37]. There is also a natural norm in Q, defined as [z|, = p¥, for a nonzero p-
adic number x of the form (0.0.1). The field of p-adic numbers with the distance induced
by |-|p is a complete ultrametric space. The ultrametric property refers to the fact that

|z —yl, < max {\x — 2|, |2 = y]p} for any z, y, z in Q,.

We denote by G the set of all the p-adic numbers of the form ¢ = i_y;p™ +4_ . p M+ +

oo+ -+ ip1p™M 1, where the ¢;s belong to {0,1,...,p — 1}. Then (Gyy, |,,) is a finite
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ultrametric space. Geometrically speaking, G, is a regular rooted tree with 2M layers, here
regular means that exactly p edges emanate from each vertex. We study N-dimensional,
discrete hierarchical CNNs having arbitrarily many layers. In particular, a (1-dimensional)
p-adic discrete CNN is a dynamical system of the form

gX(i,t) = XG0+ Y AGHY G+ Y B HUG) + 2(), (0.0.2)

ot
jeGum J€G M

i € Gy, where Y (5,t) = f(X(4,t)), with f(z) = 1 (Jo + 1| — |# — 1|). Here X(¢,t),Y (4,1) €
R are the state, respectively the output, of cell 4 at the time ¢. The function U(2) € R is the
input of the cell 4, Z(¢) € R is the threshold of cell 2, and the matrices A, B : Gy x Gpy — R
are the feedback operator and feedforward operator, respectively. Note that the matrices A,
B are functions on the Cartesian product of two rooted trees. The Chua-Yang CNNs are a
particular case of (0.0.2), see e.g. [18, 59].

For the sake of simplicity, we focus on space-invariant networks, i.e. in the case in which
A2, 3) = A(ls — g1,), B(2,7) =B(|2 —j,). (0.0.3)

We study the emergent patterns produced by the p-adic discrete CNNs. Since we are inter-
ested in arbitrary large trees, the description of these networks requires literally millions of
integro-differential equations, consequently, a numerical approach seems not suitable for an
exploration of the theoretical properties. Instead of this, we construct a p-adic continuous
model that can be very well approximated by (0.0.2).

Intuitively, in the space-invariant case, the continuous model corresponding to (0.0.2) is
obtained by taking the limit as M tends to infinity:

Qp
[ Bl =)@y + 2(0)
Qv

with Y(x,t) = f(X(z,1)).

The study of the qualitative behavior of differential equations on large graphs is a relevant
matter due to its applications. In [47] Nakao and Mikhailov proposed using continuous mod-
els to study reaction-diffusion systems on networks and the corresponding Turing patterns.
In [74] the second author showed that p-adic analysis is the natural tool to carry out this
program. Models constructed using energy landscapes naturally drive to a large system
of differential equations (the master equation of the system), see e.g. [9, 34, 41]. p-Adic
continuous versions of some of these systems were constructed by Avetisov, Kozyrev and
others in connection with models of protein folding, see e.g. [34, 41] for a general discussion.
Another relevant system is the Eigen-Schuster model in biology, see e.g. [49]. In [73] a p-adic
continuous version of this model was introduced, this p-adic version allows to explain the
Eigen paradox. Recently Hua and Hovestadt pointed out that the p-adic number system
offers a natural representation of hierarchical organization of complex networks [29].
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We now describe in detail the results and contributions presented in this thesis. In Chapter
1 we present the essential aspects of p-adic analysis, including the definitions of the field of
p-adic numbers and the Bruhat-Schwartz space. We also define the integration over Q) and
the change of variables theorem. Chapter 2 introduces semilinear differential equations over
Banach spaces, a natural theory to study integro- differential Equations that describe p-adic
CNN.

Chapter 3 we present the results concern to p-adic CNN. For the sake of simplicity, in the
introduction we discuss our results in dimension one. We study the case where A(|z[)),
B(|z|,) are integrable, and U, Z are continuous functions vanishing at infinity. Under these
hypotheses the initial value problem attached to (0.0.4) with initial datum X (a continuous
function vanishing at infinity) has a unique solution X (x,t) which is a continuous function
vanishing at infinity in x for every ¢ > 0, satisfying | X (z,t)| < Xpax, where the constant
Xmax 18 completely determined by A, B, U, Z and f, see Theorem 9. An analogous result
is valid for discrete CNNs, see Theorem 10.

The solution X (z,t) can be very well approximated in the ||-|| _-norm as

> XG0 (M | - 4,)

JEGM

By using standard techniques of approximation of semilinear evolution equations, we show
that the solution of the Cauchy problem attached to (0.0.2), under condition (0.0.3), is
arbitrarily close in the [|-|| _-norm to the solution of the Cauchy problem attached to (0.0.4),
if M is sufficiently large, see Theorem 11. This implies that the p-adic continuous CNNs
have infinitely many hidden layers, and that they are continuous versions of suitable p-adic
discrete CNNs. It is relevant to mention that equation (0.0.4) makes sense over the real
numbers, i.e., by replacing Q, by R in (0.0.4) we get an equation modeling a continuous
network. But, there are no natural discretizations of the real version of (0.0.4) that can be
interpreted as hierarchical CNNs, because the real numbers are a completely ordered field,
and thus the natural hierarchy is only the linear one.

In practical applications it is natural to assume that the radial functions A, B have com-
pact support or that they are test functions. Under this hypothesis we study the patterns
produced by p-adic continuous CNNs when U, Z and X, are test functions. The hypoth-
esis that X is a test function means that at time ¢ = 0 only certain clusters of cells are
excited. Each cluster corresponds to a p-adic ball centered at some cell with radius, say
p~ L. The intensity of the excitation is the same for all cells in a given cluster. The fact that
U, Z are test functions can be interpreted in an analogous way. Let B);, denote the ball
centered at the origin with radius p°, which the smallest ball containing the supports of
A, B, U, Z, Xy. Then the solution X (x,t) of the initial value problem attached to (0.0.4)

ey X (00 (P | = 1, ) for t = 0,
with My > L, see Theorem 8. This means that a p-adic continuous CNN produces a pattern
which is organized in a finite number of disjoint clusters, each of them supporting a time
varying pattern. We also show the existence of two steady state patterns X, (z), X_(z),
which are test functions, such that X_(z) < lim; . X(2z,t) < X (x), see Theorem 9. We

is a test function supported in By, of the form )
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conjecture that for generic p-adic continuous CNNs, lim;_,., X (z,?) is a test function, which
means that the steady state pattern is organized in a finite number of disjoint clusters, each
of them supporting a constant pattern. This is exactly the multistability property reported
in [47], see also [74], for reaction-diffusion networks.

We have conducted a large number of numerical simulations. Such simulations require solving
integro-differential equations on a tree. The numerical study of p-adic continuous CNNs offers
two big challenges. The first, the need of dealing with matrices having millions of entries,
the second, the visualization of functions depending on p-adic variables. Due to the first
problem, we use small trees with 16 to 64 leaves. The p-adic numbers have a fractal nature,
so0, it is necessary to visualize real-valued functions defined on the Cartesian product of a
fractal times the real line. To deal with this problem we systematically use heat maps which
allow us to get a glimpse of the hierarchical nature of the CNNs. Our numerical simulations
show that the solutions of continuous CNNs exhibit a very complex behavior, including self-
similarity and multistability, depending on the interaction of all the parameters defining the
network and initial datum.

In the last Chapter 4, we show that p-adic CNNs can perform computations using real data
and that the dynamics can be understood entirely. We present two types of p-adic CNNs,
one for edge detection of gray images and the other for denoising gray images polluted
with Gaussian noise. This work was carried on in collaboration with Dr. Wilson Zuniga
Galindo, [71]. It is important to emphasize that our goal is not to produce new techniques
for image processing but to use these tasks to verify that p-adic CNNs can perform relevant
computations. On the other hand, classical CNNs have been implemented in hardware for
performing certain image-processing tasks. We have used some of the ideas introduced in
[18], but our results go in a completely new direction.

We found experimentally that p-adic CNNs of the form

I X(z,t) = —X(z,t) +aY(z,t) + (BxU)(z) + Z(x), € Zy,t > 0;
(0.0.5)
Y<x7t) = f(X(l‘,t)),

can be used as edge detectors. Here Z,, is the p-adic unit ball, and U is an image. We develop
numerical algorithms for solving the Cauchy problem attached to (0.0.5), with initial datum
X(z,0) = 0. The simulations show that after a time sufficiently large the network outputs a
white and black image approximating the edges of the original image U(x). The performance
of this edge detector is comparable to the Canny detector and other well-known detectors.
But most importantly, we can explain reasonably well how the network detects the edges of
an image.

We determine all the stationary states of (0.0.5), i.e., the solutions of %X(x,t) = 0, for
all a € R, see Lemma 8 and Theorem 12. We show that for a > 1, the set of all possible
stationary states M of (0.0.5) has a hierarchical structure; more precisely, (M, <) is a lattice,
where < is a partial order. Furthermore, we determine the set of minimal elements of (M, %),
see Theorem 13. The dynamics of the network consists of transitions in a hierarchically
organized landscape (M, <) toward of some minimal state. This is a reformulation of the
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classical paradigm asserting that the dynamics of a large class of complex systems can be
modeled as a random walk on its energy landscape.

We found experimentally that p-adic CNNs of the form

axg;, D X (at) + (M= D)X (1) + / Az — 9) f(X (5, 1))dy (0.0.6)

Zp

+/B®—MU@My+ﬂ@,

Zp

can be used for denoising gray images poluted with Gaussian noise. In this case, X (z,0) is
the input image, and X (x,ty) for a suitable (typically small) ¢, is the output image.

The CNN (0.0.6) is a reaction-diffusion network. The diffusion part corresponds to

0X (z,t)

o = \[ = D{)X(a.t), & € Z,,1 20, (0.0.7)

here Dg is the Vladimirov operator acting on functions supported in the unit ball, o >
0. The equation (0.0.7) is a p-adic heat equation in the unit ball: this means that there
is a stochastic Markov process attached to it. The paths of this stochastic process are
discontinuous. p-Adic heat equations and the associated stochastic processes have been
studied intensively in the last thirty years in connection with models of complex systems,
see, e.g., [7, 8, 21, 34, 38, 41, 63, 64, 72, 75].

The reaction term in (0.0.6) gives an estimation of the edges of the image, while the diffusion
term produces a smoothed version of the image. Under suitable hypotheses, see Theorem 14,
we show that a solution of the initial value problem attached to (0.0.6) is bounded at very
time if u < 0, otherwise, the solution is bounded by Ce*, where C' is a positive constant.
Some numerical simulations show that our filter effectively reduces the noise while preserving
the edges of the image. However, its performance is inferior to the Perona-Malik filter, see,
e.g., [57].

Finally, we want to mention that Prof. Adrei Khrenikov and his collaborators have studied
extensively the applications of p-adic analysis to image processing, see [10] and related papers
[11, 33, 40]
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Chapter 1

Essential aspects of p-adic analysis

In this document, p will be a fixed prime number. In this chapter, we present some important
results about of p-adic numbers. For an in-depth review of p-adic analysis, the reader may
consult [2, 64], and the references therein.

1.1 The field of p-adic numbers

The field of p-adic numbers Q) is defined as the completion of the field of rational numbers
Q with respect to the p—adic norm | - |, which is defined as

2] = 0 it z=0
Pl pT? i x=p78,

where a and b are integers coprime with p. The integer v := ord(x), with ord(0) := +o0, is
called the p—adic order of x. We extend the p—adic norm to Qév by taking

|||, == 1122}](V|Ii|p, for v = (2q,...,2Nn) € @év

We define ord(z) = miny<;<y{ord(x;)}; then ||z||, = p~"*®). The metric space (QY, ]| |l,)
is a complete ultrametric space. As a topological space @, is homeomorphic to a Cantor-like
subset of the real line, see e.g. [2, 64].

Any p—adic number z # 0 has a unique expansion of the form
oo
T = pord(:v) Z xjpj,
§=0

where z; € {0,1,...,p— 1} and z¢ # 0.

1.2 Topology of Q]‘QV

For r € Z, denote by B (a) = {z € Q); ||z — all, < p"} the ball of radius p" with center at
a=(ay,...,ay) € Q), and take B (0) := B). Note that B, (a) = B,(a1) X - -- X By(an),

1



where B,.(a;) := B}(a;) = {x € Qp;|z; — ail, < p"} is the one-dimensional ball of radius p"
with center at a; € Q,. The ball BY equals the product of N copies of By = Z,, the ring of
p—adic integers. We also denote by SN (a) = {z € Q); ||z — al|, = p"} the sphere of radius
p" with center at a = (ay,...,ay) € Q), and take S(0) := S}. We notice that Sj = Z
(the group of units of Z,), but (Z;)N C SY. The balls and spheres are both open and closed
subsets in @]]DV . In addition, two balls in Q;,V are either disjoint or one is contained in the

other.

As a topological space (Qé,v Al - ||p) is totally disconnected, i.e. the only connected subsets
of QIJ?V are the empty set and the points. A subset of @év is compact if and only if it is closed
and bounded in @]JDV , see e.g. [64, Section 1.3], or [2, Section 1.8]. The balls and spheres are

compact subsets. Thus (@;V Al ||p) is a locally compact topological space.

We will use Q (p~"||z — al|,) to denote the characteristic function of the ball BY(a). For
more general sets, we will use the notation 1, for the characteristic function of a set A.

1.3 Integration over @év

We now review Haar’s theorem for locally compact topological groups, which allow us to
develop an integration theory over (@]]DV . For further details, the reader may consult [64,
Chapter 4] and [2, Chapter 3].

Theorem 1. /28, Thm B. Sec.58] Let (G, +) be a locally compact topological group. There
exists a Borel measure dx, unique up to multiplication by a positive constant, such that

fU dz > 0 for every non empty Borel open set U, and fHE dr = fE dx, for every Borel set
E.

The measure dz is called a Haar measure of G. Since (Q,, +) is a locally compact topological
group, by Theorem 1, it has a Haar measure dr. We normalize this measure using the
condition pr dr = 1.
In the N-dimensional case, we denote by d¥z the product measure dz - - - dz. This measure
—
N—times

satisfies that d™(z + a) = d"x, for a € Qfov, and [,y d¥z = 1.

Example 1. 1. fpzp dx = p~t. Indeed,

p—1 p—1
1:/da::/ dr = / dr = / dm:p/ dx.
Zp uf;()l 1+pZp Z i+pZp ; pZLp j 4

1=0 P
N, _ N
2. fo_Vld r=pN.

3. fSi"l d¥x = (1 — p™), this formula is obtained as follows:

/ de:/ de:/ de—/ dNe=1-p .
s Zy\BY, zZy BN,

2



4. fB,{V(a) ANz =pV.
5. fS,{V(a) dNx =p (1 —p).
6. Let s € C with Re(s) > 0. Then

—ls —p—1 .
wf =1 P (=) # vz, (1.3.1)
; p o 1151 . ! o
a+plZp p~'lal, if a¢ p'Z,.

Indeed,

If a ¢ p'Z,, by changing variables x — y — a we have

[l = [ ety =laly [ dy =yl
a+p'Zy ptZyp p'Z

P

If a € p'Z, then a + p'Z, = p'Z,, by changing variables x — yp' we have

s— _ s—1 —ls S—
/ [y e = pl/ p'y| dy:pl/ |y~ dy
a+p'Zy Zp Zp

= p > | Wl tdy=p ) p e Up R —p)
k=0

k=0 Sk
_ls -1 —ks —ls
p— 1 —_— pr— .
prl=p) kE_Op R

1.4 The Bruhat-Schwartz space

A real-valued function ¢ defined on QI])V is called locally constant if for any x € Qi,v there
exists an integer () € Z such that

p(x +2') = p(x) for 2’ € BY,. (1.4.1)

A function ¢ : (QQ;V — R is called a Bruhat-Schwartz function (or a test function) if it is
locally constant with compact support. Any test function can be represented as a linear
combination, with real coefficients, of characteristic functions of balls. The R-vector space
of Bruhat-Schwartz functions is denoted by D(Q)'). For ¢ € D(Q)), the largest number
I = l(p) satisfying (1.4.1) is called the exponent of local constancy (or the parameter of
constancy) of .

If U is an open subset of Q;V , D(U) denotes the space of test functions with supports
contained in U, then D(U) is dense in

1

LP(U)=¢p:U—R; /|<p(x)|pde < ooy,
@

3



where dVz is the Haar measure on QN normalized by the condition vol(BY) = 1, for 1 <
p < 00, see e.g. [2, Section 4.3]. In the case U = Q , we will use the notation L” instead

of L? (Q]JDV ) For an in depth discussion about p-adic analysis the reader may consult [2, 38,
62, 64].

1.5 The Spaces X, Xy

We define Xoo(Q)) := X = (D(QY),]||), where [|¢]., = sup,cqy |¢(x)| and the bar
means the completion with respect the metric induced by ||-|| .. Notice that all functions in
X, are continuous and that

Xoo CCo = ({f : Q) — R; f continuous with lim f( ) = },HHOO) :

llzll,—

On the other hand, since D(Q}]f ) is dense in Cy, cf. [62, Chap.II, Proposition 1.3], we conclude
that X = Co.

For M > 1, we set GY; := BY,/BY,,, which is a finite additive group with #G?%; := p*™

elements. Any element ¢ = (4y,...,4y) of G} can be represented as
ij= ™M+ M L+ dp M (1.5.1)
for y=1,..., N, with 'L{c € {0,1,...,p—1}. From now on, we fix a set of representatives in

Q) for G of the form (1.5.1). Notice that

i;=p M (a% +alp+ -+ a%MfpoMfl)

Y

where a)) + alp+ - - -+ aly,_p*M ' € Z,/p*MZ, = By/B_ou.
The characteristic functions of the balls BY},(2) for 1 € G¥;

{Q <pM |z — in> }ie% (1.5.2)

are orthogonal with respect to the standard L? inner product, since
Q (pM |z — in) Q (pM |z —ij> =0, for i,5 € GY, i # j and for any z € BY).
We denote by DM (QIY) := DM the R-vector space spanned by (1.5.2). We set
X = (DM, |-]|.) for M > 1.

Notice that X, is isomorphic as a Banach space to (R#Gﬁy H'”R>, where

[t = s o
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1.6 Tree-like structures and p-adic numbers

Take N = 1 and fix M € N\ {0}, then G}, := Gy = pMZ,/pMZ, is an additive group
consisting of elements of the form

t=d_up MAi_yap Mg+ i pM (1.6.1)

where the ; belong to {0,1,...,p — 1}. Furthermore, the restriction of Hp to G induces

an absolute value such that |Gy, = {0,p~™M=D ... p=t 1. pM}. We endow Gy with
the metric induced by ||, and thus G becomes a finite ultrametric space. In addition, G
can be identified with the set of branches (vertices at the top level) of a rooted tree with
2M + 1 levels and p?M branches. Any element 4 € Gy can be uniquely written as p~M4,
where L B

t=1+up+---+ i2M_1p2M—1 € Zp/pzMZp,

with the st belonging to {0,1,...,p — 1}. The elements of the Z,/p**Z, are in bijection
with the vertices at the top level of the above mentioned rooted tree. By definition the
root of the tree is the only vertex at level 0. There are exactly p vertices at level 1, which
correspond with the possible values of the digit ¢( in the p-adic expansion of ¢. Each of these
vertices is connected to the root by a non-directed edge. At level £, with 1 < ¢ < 2M, there
are exactly p’ vertices, each vertex corresponds to a truncated expansion of 2 of the form
io + -+ 2,_1p"". The vertex corresponding to 4o + - - - + 3,_;p’ "' is connected to a vertex
~

e, pt2 1 if (344 a0t ) = (T4 43, pt2
i+ -+, op" ~ at thelevel /-1 if and only if (29 + -+ + 21D Tg+ -+ T _op
is divisible by p‘~!.

In conclusion, Z,/p*7Z, is a rooted tree, and Z, is an infinite rooted tree. Now, the 1-

dimensional unit sphere Z; is the disjoint union of sets of the form j + pZ,, for j €
{1,...,p—1}. Each set of the form j + pZ, is an infinite rooted tree. Then, Z is a
forest formed by the disjoint union of p — 1 infinite rooted trees. On the other hand,
Q; = Qp, ~ {0} is a countable disjoint union of scaled versions of the forest Z), more
precisely, Q) = U]Zifzpkzg The field of p-adic numbers has a fractal structure, see e.g.
2, 64].
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Figure 1.1: The rooted tree associated with the group Z,/23Z,. We identify the ele-
ments of Zo/237, with the set of integers {0,...,7} with binary representation i =
10 + 112 + 1322, 49, %1,% € {0,1}. Two leaves ¢,j € Z,/237Z, have a common ancestor
at level 2 if and only if 2 = j mod 22, ie., 2 = ag + @12 + 2% and j = ag + a2 + 7,22
with 25,7, € {0,1}. Now, for 4,5 € Zo/23Z, have a common ancestor at level 1 if and
only if 2 = j mod 2. Notice that that the p-adic distance satisfies —log, |t — j|, =
(level of the first common ancestor of 2, j).



Chapter 2

Semilinear differential equations

This chapter will regard the main ideas about semi-linear partial differential equations that
we will apply during all the remaining chapters. The explanation is based on the reference
[46, Chapter 4, Chapter 5], [67, Chapter 1, Chapter 2].

Through this chapter, X will denote a Banach space over K = R or C with norm || - ||.

For a linear operator A : Dom(A) C X — X we denote p(A) as the resolvent of A, i.e., all
A € K such that R(\, A) := (M — A)~! : X — Dom(A) exists and is bounded. We denote
o(A) =K\ p(A) as the spectrum of A.

2.1 Strongly continuous semigroups

In this section, we will summarize the theory of strongly continuous semigroups.

Definition 1. Let {T(t)}i>0 be a family of bounded linear operators on X. {T(t)}i>o is
called a strongly continuous semigroup or Cy-semigroup if

o Ty is the identity 1.
o Forallt,s >0, T(t)T(s) =T(s+1).
e Forallx € X, limy_,+ ||T(t)x — || = 0.

Given a strongly continuous semigroup {T(t)}i>0, its infinitesimal generator A is defined as
x € Dom(A) if and only if lim;_,o+ T(t)f*x

exists and Ax 1s the limit.

Theorem 2. Assume that {T(t)}1>0 is a strongly continuous semigroup with infinitesimal
generator A. Then

1. There exist constants w € R and M > 0 such that
IT@)|| < Me* fort > 0.
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2. Forx € X andt >0, we have fot T(s)xds € Dom(A) and

Tt —z = A < /0 t T(s)xds) |

3. For all x € Dom(A) ant >0, T(t)x € Dom(A) and

di'(t)x . Tt+hz-T({t)xr B
prak }LILI(I) h = AT (t)x = T(t)Ax.

4. Dom(A) is dense in X and A is a closed linear operator, i.e., {(x, Ax); x € Dom(A)}
is closed in X x X.

5. For every x € Dom(A) andt > s >0

Tt — T(s)z — / () Awdr — / AT ()i

S

The following well-known theorem due to Hill-Yosida-Phillips tells us how we can identify
whether an operator A is the infinitesimal generator of a strongly continuous semigroup.

Theorem 3 (Hill-Yosida-Phillips). A linear operator A is the infinitesimal generator of a
strongly continuous semigroup {T'(t)}i>o satisfying ||T(t)|| < Me™ if and only if

1. A is a closed operator and Dom(A) is dense in X, and either
2a. (w,00) C p(A) and

M
— for A >w

IR AN < 5o

or

2b. p(A) contains complex numbers A with Re(\) > w and

M

[R(A, A) < Rex—w)

for Relw.

There is a more direct relation between a strongly continuous semigroup {7'(¢) };>o and the
resolvent operator R(\, A) of its infinitesimal generator given by:

1. Integral formula

RN\ A) = / e MT(s)ds if Rel > w
0

2. Exponential formula
Tt)r = lim (I —t/nA) "z

n—o0

for all x € X, and the convergence is uniform in ¢.



2.2 Semilinear partial differential equations

Now we consider the theory of semilinear partial differential equations where one study
abstract Cauchy problems such as

{ d);'t(t) _ AX(lf) _|_F<X, t), ift>0 (2.2.1)

where A is the infinitesimal generator of a strongly continuous semigroup {7'(¢)}:>0, Xo € X
and F': X x [0,7) — X for some co > 7 > 0.

Remark 1. A continuous functions X : [0,7) — X is called a classical solution of 2.2.1 if
and only if

1. X(0) =Xy forallz € X.

2. X(t) is continuously differentiable for t > 0.
3. X(t) € Dom(A) fort > 0.

4. Satisfies 2.2.1

Theorem 4. Let A be a densely defined linear operator with a non-empty resolvent set p(A).
The initial value problem 2.2.1 with F' = 0 has a unique solution X (t) : [0,00) — X for
every Xo € Dom(A) if and only if A is the infinitesimal generator of a strongly continuous
SEMIGroup.

In general, it is hard to find a classical solution of 2.2.1 thus, we are satisfied with finding
a weaker solution called a mild solution. The existence of such a solution, up to some
hypothesis, is given by the following theorem.

Theorem 5. Let F': [0,7] x X — X be continuous and satisfy a Lipschitz condition
17 (t,¢) = F(t, ) < Ll¢ = ¢'ll, t € [0,7), ¢,¢"€ X, L=0.

Assume that {T(t)}1>0 is a strongly continuous semigroup on X satisfying | T(t)| < Me**
fort > 0. Then for a given Xy € X, there exists a unique function X : [0,7) — X which
solves the following abstract integral equation,

X(t) = T(t)Xo + /0 tT(t— s)F (s, X (s))ds. (2.2.2)

Such an X is called the mild solution of 2.2.1.

2.3 Approximation for Semilinear differential Equations

We shall approximate the solution of 2.2.1 without any a priori information of X. We will
seek approximations on spaces X,, of X, which are usually finite dimensional.

In this section, we assume that



A. Xy, Xs, ... are all Banach spaces over K. We will denote all theirs norms as || - ||.

B. There exist p,q > 0 and bounded linear operators P, : X — X,, and F,, : X,, — X for
each n > 1 such that || P,|| < p and ||E,| < q.

C.Foralz e X andn>1, B,E,x = x.

D. There exist M > 0, w € R and bounded linear operators A, : X,, — X,, such that
lefnt|| < Me*t for all t > 0.

E. A is a densely defined linear operator in X, Ag € (w,00) N p(A) and

lim ||A,P,x — P,Az|| = lim |E, P,z — z|| = 0; for all z € X.
n—oo

n—oo

Lemma 1. For all z € Dom(A)

lim || B, (A, — Ao) ™ Paz — (A — Xg) '] = 0.
n—oo

Theorem 6. Under the hypothesis of this section. A is the infinitesimal generator of a
strongly continuous semigroup {T'(t)}i>0. Moreover, | T(t)|| < pgMe™ fort >0 and

lim sup e || R,e "' Pz — T(t)z|| = 0

n—00 t>(

forallz € X and b € (w,00) C p(A).

Now we also assume a Lipschitz condition for the non-linearity for a abstract Couchy problem.
More precisely,

F. Assume that F': [0,7] x X — X is continuous, 7 € (0, 00), and there exists L > 0 such
that
|F(t,z) — F(t,2")|| < L||jz — 2||; for all x € X, t € [0, 7].

Given Xy € X, let X : [0,7] — X be the mild solution of 2.2.1, and let X, the solution of

Xn
= A X, + P F(t,EnX,), t>0, (2.3.1)
X,(0) = P, X,
Theorem 7. Under the hypothesis and notation we have introduced,
lim sup ||E,X,(t) — X(t)|| = 0. (2.3.2)

n—oo 0<t<r
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Chapter 3

p-adic Cellular Neural Networks

We introduce the p-adic cellular neural networks which are mathematical generalizations
of the classical cellular neural networks (CNNs) introduced by Chua and Yang. The new
networks have infinitely many cells which are organized hierarchically in rooted trees, and
also they have infinitely many hidden layers. Intuitively, the p-adic CNNs occur as limits
of large hierarchical discrete CNNs. More precisely, the new networks can be very well
approximated by hierarchical discrete CNNs. Mathematically speaking, each of the new
networks is modeled by one integro-differential equation depending on several p-adic spatial
variables and the time. We study the Cauchy problem associated to these integro-differential
equations and also provide numerical methods for solving them.

3.1 p-Adic CNNs: basic definitions

We say that a function f : R — R is called a Lipschitz function if there exists a real constant
L(f) > 0 such that, for all z,y € R, |f(x) — f(y)| < L(f)|z — y|. A relevant example is

fla) = 5 (o 1]~ o~ 1)).

3.1.1 p-Adic discrete CNNs
By considering G as a subset of Q) (G]\N4, IRl p) becomes a finite ultrametric space.

Definition 2. An element i of G is called a cell. A p-adic discrete CNN is a dynamical
system CNNg(A,B,U,Z) on GY;. The state X;(t) € R of cell i at time t is described by the
following differential equations:

(i) state equation:

dX(i,1)
dt

= —X(i,t)+ > AGHY G0+ Y BEHUG) + Z2(3), i € Gy,

JjeGY; jeGY;

11
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Figure 3.1: The heat map associated with the p-adic distance function on Z,/23Z,.

evel 1
evel 3

(i1) output equation:
Y(5,1) = f(X(5,1)),

where Y (i,t) € R is the output of cell © at the time t, f : R — R is a bounded
Lipschitz function satisfying f(0) = 0. The function U(z) € R is the input of the cell 1,
Z(1) € R is the threshold of cell i, and A, B : G}, x GY; — R are the feedback operator
and feedforward operator, respectively.

Not all the cells of G4} are active. A cell ¢ is connected with cell j if A(%,5) # 0 or B(z,5) # 0
for some j € GY;. Then, a p-adic discrete CNN is a dynamical system on

Cny = {1, € GV A(4,7) # 0 or B(4,4) # 0 for some j € GAN4} )

The topology of a p-adic discrete CNN depends on the functions A, B : G3; x G}, — R. For
general matrices A, B, it is difficult to give a graph-type description of the topology of the
network. Our p-adic CNNs contain as a particular case the CNNs of Chua and Yang, see
e.g. [18], [59]. In this article we focus on p-adic CNNs satisfying

A3, 5) = A(lle = 4ll,), B(,5) = B(]li — 31,), (3.1.1)

which are discrete CNNs having the space-invariant property. The fact that A and B are
radial functions of ||-||, implies that the cells are organized in a tree like-structure with many
layers.

3.1.2 p-Adic continuous CNNs

Definition 3. Given A(x,y), B(z,y) € L'(Q) xQ)), and U, Z € X, a p-adic continuous
CNN, denoted as CNN(A, B,U, Z), is the dynamical system given by the following differential

equations: (i) state equation:

0X (z,t)

D X+ / Ale.y)Y (5, )%y + / Bla.y)Uwd y + 2(x),  (312)

QY QY

12
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Figure 3.2: A 1-dimensional discrete 2-adic CNN with 8 cells: Cy3 = {0,1,2,3,4,5,7} C
Zo|2%Ty C 273727y We set B =0 and A(2,7) = [a;4], with a; ; # 0 if |2 — F|o = 1/2 and
1, J € Ci3; a; 5 = 0 otherwise.

where x € QZ])V, t >0, and (1) output equation: Y (x,t) = f(X(z,t)), f: R — R is a bounded
Lipschitz function satisfying f(0) = 0. We say that X (z,t) € R is the state of cell x at the
time t, Y(x,t) € R is the output of cell x at the time t. Function A(x,y) is the kernel of the
feedback operator, while function B(x,y) is the kernel of the feedforward operator. Function
U is the input of the CNN, while function Z is the threshold of the CNN.

We focus mainly in continuous CNNs having the space invariant property, i.e. A(z,y) =
A(llx —ylp) and B(z,y) = B(||x —yl|,) for some A, B € L', however our results are valid for
general p-adic continuous CNNs. Along this chapter the function f(z) = 1 (|z + 1| — |z — 1|)
will be fixed, for this reason it does not appear in the list of parameters of the CNNs.

3.1.3 Discretization of p-adic continuous CNNs

A central result of the present work is the fact that p-adic continuous CNNs are ‘continu-
ous versions’ of p-adic discrete CNNs. More precisely, p-adic discrete CNNs are very good
approximations of p-adic continuous CNNs for sufficiently large M. We discuss here the
discretization process in an intutive way (a formal theorem will be provided later on, see
Theorem 11).

Intuitively, a discretization of a p-adic continuous CNN(A, B, U, Z) is obtained assuming

13
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Figure 3.3: A 1-dimensional 3-adic CNN with 7 cells, Cy 5 = {0,1,2,3,4,5,6} C Z3/3°Z3 C
3_223/32Z3. We set B =0 and A(Z,]) = [ai,j], with ai,j #+ 0 if |Z — ]|3 =1land,j € CLQ;

a; ; = 0 otherwise.

that X(-,t), A, Y(-,t), B, U and Z belong to DM (see Section 1.5), i.e.

X, t) = 30 X@00 (p" e =) Y(et) = 3 V(@00 (9 2 —il,).

ieGY; ieGY
U) = S U@ (pVlle —il,) . Z@) = Y 2@ (0 - il,).
ieG; ieG;

Alw,y) = 3 S AGHD (P o —ill,) 2 (P Iy — )

ieGl, jeGY,

Blay)= 3 S BGH (0" e —ill,) 2 (0" Iy~ 4ll,)

. AN :-AN
ie€Gy, JEGY,

Notice that if f: R — R, then

F X)) = 37 X 0)9 (0 e —il,) = V(.1).

. N
1€Gyy

Now,

) 0. ,. .
SX ()= 3 S X000 (0 -l

ieGY;
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and

/ Al ) f (X(y.8) dVy

Q)

YD A(i,j)f(X(j,t))/Q (pM ly — j||p> dVy 5 Q (pM |l — i”p)

. ~N : N
i€Gy | I€G, Qé\r

=S ST 4G Y GL) 9 (5 e )

- N AN
ieGy, \JeGyy

Similarly,

[BaU@ay =5 Y § S BEAUE) 2 (e - i)

QY ieq, \jeGcY;
Therefore,
0 . . _MN .o .
EX(,I” t) - _X<'La t) + Z p A(’L,])Y(], t)
JeGY;
+ > pMNB(i,§)U(F) + Z(4), for i € G,

. N
JE€Gy,

and Y(¢,t) = f(X(4,1)), for 2 € GY;. This is exactly a p-adic discrete CNN with A(z,7) =
pMYA(4, 5), B(3,5) = p MV B(3, ).

Intuitively a p-adic continuous CNN has infinitely many layer. Each layer corresponds to
some M, and the layers are organized in a hierarchical structure. For practical purposes, a
p-adic continuous CNN is realized as a p-adic discrete CNN for M sufficiently large.

3.2 Stability of p-adic continuous CNN

Lemma 2. Let f be a Lipschitz function on R with f(0) =0 and let E be a radial function
in L'(Q)). Then, the mappings

are well defined bounded operators from X into itself.

15



Proof. We first notice that for all g € X, Fy(g)(x) exists for all z € Q)Y, since

[E(lyllp)] 1 (g(z = y)I < L(Pllgllee [EYLI (3.2.1)

where E(||y|[,) € L'(Q})). To show the continuity of Fy(g)(z), we take a sequence {@m, fmen C
Q)Y such that x,, — =. By using (3.2.1) and the dominated convergence theorem,

lim,, 00 Fo(9)(2) = Fo(g)(x). Finally, we show that Fy(g) € X. By contradiction, assume
that Fy(g) € Xs. Then, there is a sequence {Z, }men C QI])V such that lim,, e |||, = 00
and € > 0 such that Fy(g)(z,) > € for all m € N. By using (3.2.1) and the dominated
convergence theorem, we have

m—r 00

< lim [Folg)(an)| = lim ‘ | Bl ot~ ey

=0

- ‘ /@ Bl { Jim fatan = )}

which contradicts the fact € > 0. The same argument allow us to show that F(g) € X for
any g € X. O

Lemma 3. Assume A, B € Ll((@;\’) are radial functions and that U, Z € X,. For g € X,
set

H(p)(a) = [Alle = yl)f o) @y + [ Blle - yl)U )y + Z(o)
Qy QY
Then H : X, — X is a well-defined operator satisfying
I1H (9) = H(g)lo < LINNAlLg = 9'lloo: for g, 9" € X,

where L(f) is the Lipschitz constant of f.

Proof. By Lemma 2, H : X, — X is a well-defined operator. Take ¢, ¢ € X, then

|H (g)(z) — H(g')(2)| = /A(Il:r —yllp) (f (9) — [ (g ())) d™y

N
P

Q
< /|A(H$ —ylp)IIf (9() = £ (d' (W) 1[4y < L(f)llg — ngoo/\A(Hx —yllp)[dVy
QY QY
= L(HIIAl1llg = 9'llo-

]

Remark 2. (i) Lemma 2 remains valid if we replace the condition E is radial and integrable
by the condition E(x,y) is a continuous function with compact support.
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(i) Under the hypothesis of part (i), Lemma 3 is valid for operators of the form

Ly(x) = / Al 9)f (9(y)) dy + / Bz, y)U(y)d"y + Z(x),
Q¥ QY
for g € X.

Proposition 1. Assume that A, B € L'(Z,), and that U, Z € X.,. Let T be a fized positive
real number. Then for each Xy € Xy there ezists a unique X € C([0, 7], X) which satisfies

X(z,t) =e"Xg (z) + /t e" I H (X (x,5))ds (3.2.2)
where
HX.0 = [Alle =l fX @00y + [ Blle —ul)U@d%y + 26 (323)
QY QY

The function X (x,t) is differentiable in t for all x, and it is a solution of equation (3.1.2)
with tnatial datum X,.

Proof. The result follows from Lemma 3, by using standard techniques in PDEs, see e.g.
[46, Theorem 5.1.2]. To make the treatment comprehensive, we provide some details here.
First, define

t

T(Y) = Xoe ™t + / e" I H(Y (2, 5))ds,

0
and Y = C(|0, 7], X ) which is a Banach space with the norm || -||. By Lemma 3, T": Y —
Y. IfY, Y, € Y, then

X)) =T D)o = / e TI{H(Y)(s) = H(Y1)(5)} ds

0

[e.9]

S/O e TIH(Y)(s) — H(Y1)(5)||., ds < L(f)HAHl/O 1Y =Yl ds.

Now, for M > 1, it verifies that
TV L(f)M AN

ITM(Y)(t) = T (Y1)(t)]| oo < M

1Y = Y1,

- . . | TMLHMIANY
By the Stirling approximation formula for M!, it holds that 0 < i < 1 for some M

sufficiently large, and by the contraction mapping theorem applied to T, there is a unique
X € Y which T(X) = X, see e.g. [46, Theorem 1.1.3]. Moreover, since the right-hand side
of (3.2.2) is differentiable in ¢, X is a solution of (3.1.2) with initial condition. O

Remark 3. The contraction mapping theorem provides an iterative formula for approximat-
ing X(x,t). Set Xq(x,t) = Xo (z) and

t
Xy, ) = e Xo () + / =) H (X, (2, 5))ds, for =12, ..,
0
then im0 [| X1 (-, 1) — X (1) |loo = 0 for each t < 7, see e.g. [46, Theorem 5.2.2].
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Theorem 8. Assume A, B € Ll(p*MOZéV) are radial functions, for some My € N, and that
U, Z, Xo € Xu,. Then there is a unique X € C([0,7], Xar,) N CH[0, 7], Xas,) satisfying
(3.2.2), which is a solution of equation (3.1.2) with initial datum X.

Remark 4. This theorem remains valid if A(z,y), B(x,y) are continuous functions with
compact support, see Remark 2.

Proof. Since X, is a subspace of X, by applying Proposition 1, there exists a unique
X € C([0,7], X)) NC([0, 7], X ) that satisfies all the announced properties. By Remark 3,
limy oo || X7 (+,8) = X (-, 1) ||oo = 0, where

t
Xp(x,t) =e "X (2) + / eI H(X (2, 8))ds, for L=1,2,....
0

By induction on L, if X (-, s) € X, i.e. if

9= D Xuli, ) (" o —ill,)

ieGN

f(Xp(z,s)) ZYLzs (M‘)Haf—in)

N
zEGMO

by using that

t
/ =) F (X (2, 5))ds
0

=3 ([eemitisas) | [ -ulae (ol -il,)

iEG]I\YIO Qé\]
£ U= [Blle-yle (0 s i) d

ZEGNO Qé\]
+ Y (= ez@e (9 e - il,)

and that for any E € Ll(p_MOZéV ) are radial function, with the convention that the support
of E is the ball p~"0Z[,

[EGa =@ (0 Iy =all,) ¥y = [ Bl -yl

QY i+pMozZly
0 if x¢p Mz
/ E(Jell,)dz i xei+pMozd
pMozZy

pMNE(i = j|l,) i @€ j+p™ZN i £,
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we conclude that

Xp(n,t) =e " Xg (2) + (3.2.4)

S 43 a1 p o (5 - ) +

N N
jEGMO zeGMO

i#g

S oG | [ At | o (e -a1,) +

; N
JEGMO MOZIIgV

> 3> @ - e Bl gll) ¢ 2 (9 ly - ll,) +
i€GY, | €6,

i#£]
S v@a-e| [ Bl |2 (6 - dl,) + 09206,
€GN, Moz

iLe. Xpyi(,s) € Xy. Consequently, {X1(-,7)} ey jo) IS a sequence in Xyy. Since Xy is
closed in Xy, X (-, t) € Xy for any t < 7. m

Remark 5. By using that
MY / A(|2ll)dN = — A(0), pM™ / B(||z],)dY = = B(0)
pMZf)V pA{ZIJJV

as M — oo, see e.g. [62, Theorem 1.14], (3.2.4) provides an explicit approximation of the
continuous CNN described in Theorem 8.

Lemma 4. Let 7 be a fized positive real number, let X (x,t) be the solution given in Propo-
sition 1, with X (x,0) = Xo. Then, for all x,y € Qév and t € (0,71),

X (2,8) = X(y, )] < [ Xo(x) — Xo(y)]el D",

Moreover, if Xy is a locally-constant function, i.e. Xo(x) = Xo(y) for y € Bi(z), with
I =1(z) € Z, for any x € Q) then X (-,t) is a locally-constant function and X (x,t) = X (y,1)
fory € By(z) for any x € Q).

Proof. Fix x,y € @]]JV, the by Proposition 1 and Lemma 3, for all ¢ € (0, 7]
t
X (2, t) = X(y,1)| < e Xo(z) — Xo(y)| +/ e H(X (2,5) — H(X(y, 5))|ds
0

< [Xo(x) - Xo(y)| + LUIAlL / X(z,5) - X(y, 5)\ds.
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Thus, by Gronwall’s theorem, see [46, Theorem 5.1.1],
X (z,t) — X (y,t)] < |Xo(x) — Xo(y)|et D4t
for all ¢t € (0, 7). B

Definition 4. A function X (x) == Xga(x; A, B,U, Z) € X, is called a stationary state
of a p-adic continuous CNN(A, B,U, Z), if

Xotar() = /A(Hw —ylp)Y (y)d™y + /B(Hw =yl U™y + Z(2),
QY @’
where Y (2) = f(Xsat(z)) and z € Q).

Remark 6. If a p-adic continuous CNN(A, B,U, Z) satisfies that ||Al1L(f) < 1, then the
CNN(A,B,U,Z) has a unique stationary state. This follows by the fact that, under this
condition, H(X) becomes a contraction map in X, cf. Lemmas 2, 3.

Theorem 9. All the states X (x,t) of a p-adic continuous CNN(A, B,U, Z) are bounded for
all time t > 0. More precisely, if

Kmax 7= (| Xolloo + [ Flloo | ANl + [Ullcl Bllx + [ Z]]oc

then
| X (%,t)] < Xiax for all t >0 and for all x € Q). (3.2.5)

In addition

X_(x):= limtiilfoX(x,t) < X(z,t) < limsup X(z,t) =: X, (x),

t—o00

for x € Q;,V. If X (z) = Xy () := X*(x),then X*(x) is a stationary solution of the
CNN(A,B,U, Z) and

X)) = = [Ifllo 1Al = U lloo | Bl[x + Z(). (3.2.6)

Remark 7. Condition (3.2.5) implies that X (z,t) does not blow-up at finite time. The
existence of a stationary state X*(x) means that the state of each cell of a p-adic continuous
CNN most settle at stable equilibrium point after the transient has decayed to zero.

Proof. By Proposition 1, see (3.2.2)-(3.2.3), by using that |Y (y,t)| = |f (X (z,t))| < || fll,
we have

| H (X (z,1))] < /IA(IIx—yl\p)!|Y<y,t)\dNy+/IB(Hx—prMIU(y)Ide Z ()]
Qy QY
< [ fllsol[Afls + Bl Ul + | Z]|oc-
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Therefore
t
1X (2. D)l < e[ Xolloo + / e | H (X (x,5))]].. ds
0
< 1 Xolloo + 1 lnollAlls + 1B T oo + 1 Z 1.

This bound is valid for any ¢ € [0, 7], but 7 is arbitrary, so the bound is valid for any ¢ > 0.
The bound (3.2.5) implies existence of the functions:

X, (z) =limsup X(z,t) = lim sup{X(z,t);t > M},
t—o0 M—o0

X_(z)= limtiilfoX(x,t) = A}iinooinf {X(z,t);t > M}.

Now assume that X, (z) = X_(z) = X*(z), then lim; o, X (z,t) = X*(x) exists. By using
that

/Ot eI H (X (2, 8))ds = /Ot U EL(X (.t — u))d

= / Loy (u) e " H(X (2, t — u))du,
0
and
Lo (w) e H(X (2, t — )| < (Ifllcll Al + 1 Bl1[IUlloe + [ Z]|c) €™ € L' (R),

and the dominated convergence theorem and Lemma 3, it follows from (3.2.2) that
lim X (z,t) = / e tlim {1j4 (u) H(X (z,t — u))} du = / e "H(X"(x))du
0 oo 0

t—o00
= /A(Hffj = yllp) f(X*(2))ad"y + /B(Hx —yllp)Uy)d™y + Z(z).
Q¥ Q'
which shows that X*(x) is a stationary solution of the CNN(A, B, U, Z). O

3.3 Stability of p-adic discrete CNN and Approxima-
tion of Continuous CNNs

3.3.1 The operators P,;, E)
We now define for M > 1, Py : Xy — Xy as
Pup(a)= > ¢(6)Q (p" 2 —il,).
ieGY;
Therefore Py is a linear bounded operator, indeed, ||Py/|| < 1.

We denote by E,; , M > 1, the embedding X, — X. If Z, ) are real Banach spaces, we
denote by ®B(Z,)), the space of all linear bounded operators from Z into ). The following
result is a consequence of the above observations.
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Lemma 5. [72, Lemma 2] With the above notation, the following assertions hold true:
(1) Xs, Xy for M > 1, are real Banach spaces, all with the norm ||-||_;

(1) Py € B (X, Xur) and || Pyl < ¢l for any M > 1, p € Xy

(tii) By € B (X, Xso) and ||Enll, = @l for any M > 1, ¢ € Xy

(iv) Py Eye = for M > 1, p € Xy,

(v) limpros |l = Prrgplloo = 0 for any ¢ € X

(vi) imps oo | Ep P — @lloo = 0 for all ¢ € Xy

Proposition 2. Assume that A(||z||,), B(||lx — yll,), U(z), Z(z) € Xy, M > 1. Let T be a
fixed positive real number. Consider the initial value problem:

(X € ([0, 7], Xar) N CH[0, 7], Xas)

P — —X(at)+ [ Al = yll)f (X2, )aYy
@ (3.3.1)
+ [Blle = Uy + 2(), € BY, 120
Q)

X(x,O) = Xo € Xy.
There exists a unique X € C([0, 7], Xar) which satisfies
¢
X(x,t) =e "Xy () +/ e" I H (X (x,5))ds
0

where

HXO(@) = [Alle = yl) (X 0)dy + [ Blle - yl)U )Yy + Z(z).
Qy QY

The function X (z,t) is a solution of equation 3.3.1 with initial datum Xo.
Proof. The result is established by using the argument given in the proof of Theorem 8. [

By the discussion presented in section 3.1.3, (3.3.1) describes a p-adic discrete CNN. Fur-
thermore, Theorem 12 is also valid for discrete CNN in X,.

Remark 8. By using the discretization procedure given in Section 3.1.3 and in the proof of
Theorem 8, Proposition 2 implies that the initial value problem

X € C([0, 7], X)) N CH[0, 7], Xay)
B = — Xy + PyH(EyXuy)

Xn(0) = Pp(Xo)

22



has a unique solution for an arbitrary T > 0.

Theorem 10. All the states X (i,t), i € GY, in a p-adic discrete CNN are bounded for all
time t > 0. More precisely, if

KXmax = ggj)\f(: ‘X()('L)‘ +p7MN (max ‘f ) Z ’A

M ieGY

+—MN< Ui ) A1) + 7z
p gaxl ZI )| maXI (2)],

1,€GN

then
1X (3, 1)| € Xmax for all t >0 and for all i € G}

In addition

X_ (2) :=lim inf X (¢,¢) < X(4,¢t) <lim sup X(2,t) =: X4 (2),

t—o0 t—00

forie GY,. If X_(3) = X, (3) := X*(3), then

i) = > o MNA(E — gll) (X7 ()

JjeGY,
+ > p "VB(i = §ll,)U ) + Z(3), fori € Gl
JjeGY;
and
XG) 2 " (max 7)) X 140
G i€GY,
—MN . N
—p (maX|U ) Z |A(2)|+ Z(2) , for all i € Gy.

N
1eGyy

Theorem 11. Let X be the solution of a continuous p-adic CNN given by Theorem 1 with
initial condition Xo. Let Xy be the solution of the Cauchy problem

dt

Xy — _X,, + Py H(EyXy)
{ Xu(0) = Pu(Xo), (3.3.2)

cf. Proposition 2 and Remark 8. Then

lim sup [ Xar(t) — X (1)l = 0.

M—o0 g<t<r

Proof. The result follows from Lemma 5, Propositions 1, 2, by using standard techniques of
approximation for evolution equations, see e.g. [46, Theorem 5.4.7]. See also [72, Section 9.1
and Theorem 7] for an in-depth discussion of similar matters. O
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3.4 Numerical Simulations of p-Adic Continuous CNNs

In this section we present some numerical simulations of the solutions of several p-adic contin-
uous CNNs in dimension 1. We give two numerical schemes for the numerical approximation
of the solutions. In the first scheme, we consider the case when all of the functions A, B, U, Z
are radial functions. While the second one considers the case when one of these functions is
a test function.

3.4.1 Numerical Scheme A

In section we present an approximation of the solution X (z, t) of s p-adic continuous CNN(A, B, U, Z)
when A, B, U, Z are radial functions.

Lemma 6. Let H(| - |,) € L'(Q,) and let g € X. We set Gy, = p*Z,/p"Z,, k € N. Then

/H|:c—y| Jy = Tim > gl H (e — i) + o)1~ ) S H

zeGk; 1#£x 1=k

Proof. By Lemma 5-(v), limy o0 Y e, 9(8)Qp*|x — i[,) = g(x), now by the dominated
convergence theorem,

/H(Iw—y|p)g(y)dy= lim ) /H |z — yl,) Q" |y — ilp)dy

Qp 'LEGk

Now, if |z — 4|, > p7* ie. x #4 in Gy, then

| HEa =y~ ),

z—i+pkZy,

If |z —i|, <p* ie x=1 in Gy, then
/ H(el)dz = 3 Hp )1 —p

]

We now assume that A, B are radial integrable functions, and that U, Z, X, € X,,. Based
on the continuity of operators A, B : X, — X, and the formula given in Lemma 6, we
can approximate the solution X (z,t) of a p-adic continuous CNN(A, B, U, Z) by p** ODEs,
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k > 1, of the form

LG =—x@0+ S FXGOW A - dl,)+
JEGy; j#1

kmax

F(X (3t ZA Tt ) UG B(li - §l,)
JEGK; j#i

kmax

+U(G) (1 —p ) Z B(p ™ Hp™' 4 Z(3), for i € Gj.

In the simulations the parameters k, k,,.. were chosen by trial and error on a case by case
approach. The sum Zf:,j" A(p~Yp~! can be approximated by A(p~*)p~* in the cases where

A(p~*)p~* is the dominant term in S/ A(p~)p~.

3.4.2 Numerical Scheme B

In section we present an approximation of the solution X (z, t) of s p-adic continuous CNN(A, B, U, Z)
when A, B, U, Z are test functions.

Lemma 7. Let H(z) = Y " HQ(p" |z — bil,) be a test function and let g € Xu. Take
Gy =p"2,/p"Z,, k € N, as before. Then

/H(:v —y)g(y)dy = lim > g(d ZHz/ (|2 — 4 — b — ylo) P ylp)dy
Qp 1€Gy
= lim Z g(i ZHpmm —k—k) Q) (pfmax(*k’fkl)\x -1 — bl’p)

k—o0
1€Gy
— . — max(k,k;) min(k,k)|,.
Jim. 9(8) > Hp Q(p v =i —bily) .
1€Gy =0

Proof. Tt is sufficient to consider the case where H(z) = Q(p*# |z — by|,) for some ky € Z
and by € Q. Since g(z) = limg 00 D i, g()Q(p*|z — al,), we have

[ H = gy = fim 3 g(0) [ 201 = b~ o)y ~ il )y

Qp 1€Gy Qp
= lim g(i)/Q(p’“H!(x — by — 1) — ylp) "y, dy
1€Gy Qp

Without loss of generality, we may assume that ky < k, and since any two balls are disjoint
or one contains the other, then B_;NB_, (x—by—a) =0 or B_yNB_, (xt —by—1) = B_y.
The latter case occurs if and only if 0 € B_y, (v — by — 1), i.e. when |z — by — al, < p~*#.
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Therefore

/Q(p’”flzv — by — 1 —ylp,) Q" ylp)dy = pFQ (p" |z — by — i) -
3y

We now assume that U, Z, Xy € X, and that A, B are test functions of the form

ZAZ (" |z — aily), ZBI (P" ]z = bl -

Based on the continuity of operators A, B : X, — X, and the formula given in Lemma 7,
we can approximate the solution X (z,t) of a p-adic continuous CNN by p* ODEs, k > 1,
of the form

d . . max 1 min 1
%X(’Lvt):_X(zat)—'—Zf(X ZAP (kk)Q( (kk)| J_al|1)>

JjeGy =0

+)U( J)ZB]) max(kk) Q) (printkko |G — 5 — by|,) + Z(3), for 5 € Gy,

JEGk

It is possible to combine the approximations given in numeric schemes A, B.

3.4.3 A remark on the visualization of finite rooted trees

The discretizations to level k of the kernels A, B are functions on GG, x Gy, while the input
U and X are functions on G}. We use systematically heat maps ! to present these functions.
We always include a plot of the tree GGx. By convention we identify the leaves of the tree Gy,
with the set of rational numbers {0, 1/p*,2/pk, ... (p* —1)/p¥}. Furthermore, we label the
levels of G, with integers from the set {—k,—k+1,...,0,1,...k — 1}. The level [ consists
of the cells 2, j such that

—log,(|¢ — j|,) = (the level of the first common ancestor of 4, j) = [.

3.4.4 First Simulation

In this example, we take k = 2, p = 2, which means that we use a tree with 2* = 16 leaves
and 4 levels. A basic application of the classical CNNs is image processing, see e.g. [18]. In
this example we present a one-dimensional edge detector, which is a p-adic, one-dimensional
analog of the examples 3.1 and 3.2 in [18]. The input U is an image having three levels:

-1 if 1=1,2,1/4,13/4
=Y U Q2%|z —ily), U;= 0 if i=1/2,9/4,5/4
e 1 otherwise,

LA heat map is a data visualization technique showing a phenomenon’s magnitude as color in two dimen-
sions. The color in a cell represents the value of the function in that particular cell.
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x € Gy =272y /2%Z. As in [18] we take Xy(x) =0, A(z) = 0. We use

B(z) = 64Q(2’|zz) =4 Y Q2%|z —i]s), x € Ga.
1€G2; 1740

Finally, we take Z(z) = —Q(27%|z]2), f(z) = 5 (Jz+1] — |z —1]). The output Y (z,?)
consists of the edges on the input U, see Figure 3.6.

Input U(x)
1.00
Level -2 1
0.75
0.50
Level -1 4
0.25

e T

Level 2
0 2 1 3 1/25/23/27/21/49/45/413/43/411/47/415/4

-0.25

-0.50

-0.75

-1.00
0 2 1 3 1/25/2 3/2 7/2 1/4 9/4 5/413/43/411/47/4 15/4

Figure 3.4: Simulation 1. Heat map U(z).
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Feedforward B(x,y)

evel -; ’—
Level -1 4 rq,;

o,

0 2 1 3 1/25/23/27/21/49/45/413/43/411/47/415/4

60

o 0 2 1 3 1/25/23/27/2 1/4 9/4 5/413/4 3/411/4 7/4 15/4

Level -1
Level 0

-~
T T
33

3

Figure 3.5: Simulation 1. Heat map of B (| — y|,), =, y € Ga.

3.4.5 Second Simulation

In this example, we take k = 2, p = 2, which means that we use a tree with 2* = 16 leaves
and 4 levels. We consider a CNN with the followin parameters:

A(z) = Q22| — 27%]5), Blx) = Ulx) = Q2%|z]2), Z(z) =0, z € Gs

We set Xo(z) =0and  f(z) =3 (|z+ 1] — |z — 1]).

In this network, we have A(3,5) = A(i — 3) = Q(2*|i — 5 — 27Y,), B(4,5) = B(|t — j|,) =
Q(2%]é — jl,) = d;4, where §;; denotes the Konecker delta function. This network does
not have the space-invariant property because A(¢,7) = Q(2*|¢ — j — 27Y,) is not a radial
function. Due to this fact, A(%,7) is not a symmetric matrix. For instance:

1 1 1 1

=1.
4

) Z)
Our interpretation is that there is a connection from cell % to cell 0, and a connection from
cell 0 to cell i. This assertion is confirmed by the ouput Y (z,t), see Figure 3.10. Notice
that Y(3,t) # 0 and A(3,0) = A(0,1) = 0. But A(1,1) =0, A(3,1) = 1, then there is a
connection from cell § to cell 3, which explains the fact that Y'(3,t) # 0.
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Output Y(x,t)

1.00
15/4
7/4
0.75
11/4
3/4
0.50
13/4
5/4
0.25
9/4
1/4
0.00
] 7/2
L
-0.25
] 5/2
(. 12
—0.50
] 3
Mo
-0.75
1 2
o
— T -1.00
o — odn 0 1 2 3 4 5 6 7 8
] ] 2e9 time t
g 3 883
| -

Figure 3.6: Simulation 1. Step 0.05.

The numerical solution is given in Figure 3.10. We now take A(x) = B(x) = Q(2%|z|;). In
this case the output Y'(z,t) changes completely, see Figure 3.11.
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Feedback A(x,y)

Level -1

Level 0
Level 1
Level 2

0 2 1 3 1/25/23/27/21/49/45/413/43/411/47/415/4

1.0

15/4
714
11/4
3/4
13/4
5/4
9/4
14
72

TJ_l

32
512

0 r

=

o N R ow

N Ll 0 2 1 3 1/25/23/27/2 14 9/4 5/413/4 3/411/4 7/4 15/4

Level 0
Level 1
Level 2

3 3

Figure 3.7: Simulation 2. Heat map A(zx — y) for z,y € Gb.

3.4.6 Third Simulation

In this example, we take k = 3, p = 2, which means that we use a tree with 26 = 64 leaves
and 12 levels. We consider a CNN with the following parameters: A(z) = Q(23|z — 272|,),
B(|z]s) = Q(23]x]2), U(x) = sin(pt|x]z), Z(z) = 0.15Q(272|x|y) for x € Gy = 2737Z3/237s.
We set Xo(z) =0 and f(z) = 1 (|z + 1| — [z — 1]).

As a consequence of the fractal nature of the p-adic numbers, the p-adic CNNs exhibit self-
similarity in several ways. For instance, the graph of the kernel A(z,y) is a self-similar set,
this follows by comparing the graphs given in simulations 2 and 3 for this kernel. In addition,
the output Y (z,t) = 0 when the norm |z|, is sufficiently large. In this simulation the CNN
produces a pattern similar to the input, see Figure 3.13 and Figure 3.14.
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Feedforward B(x,y)

Level -1

Level 0
Level 1
Level 2

0 2 1 3 1/25/23/27/21/49/45/413/43/411/47/415/4

1.0

15/4

11/4

13/4

w o
N N

[
@
N

1 r

F‘T 1

N Ll 0 2 1 3 1/25/23/27/2 14 9/4 5/413/4 3/411/4 7/4 15/4

Level 0
Level 1
Level 2

3 3

Figure 3.8: Simulation 2. Heat map of B (|z — yl,) for z,y € Ga.

3.4.7 Fourth Simulation

In this example, we take k = 2, p = 2, which means that we use a tree with 2* = 16 leaves and
4 levels. The parameters of the CNN are A(z) = Q(2? |z — 272|,), B(z) = U(z) = Z(z) =0,
we set Xo (z) = Q (2% [z|,), f(z) =1 (Jo + 1| — |z — 1]) for z € G..

In this example, at time zero the cells near the origin are excited, which causes all the cells of

the network to activate. The activation can be seen in the Fourier transform of the output.
After some time the network returns to a state of rest.
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Input U(x)

Level -2 =0
0.8

Level -1 _

Level 0 A ’/I7| ‘7 0.6

S T

Level 2 /7 Ij /7 ﬁ

0 2 1 3 1/25/23/27/21/49/45/413/43/411/47/415/4 0.4

0.2
0.0

0 2 1 3 1/25/23/2 7/2 1/4 9/4 5/413/4 3/411/4 7/4 15/4

Figure 3.9: Simulation 2. Heat map of U(z).

Output Y(x,t)

15/4
7/4
11/4
3/4
13/4
5/4
9/4
1/4
712
3/2
5/2
1/2

SR A

Ii;
[
o N B W

Level -2
Level -1
Level O
Level 1 4
Level 2

Figure 3.10: Simulation 2. Step 0.05.
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Output Y(x,t)

15/4
7/4
11/4

0.30

3/4

all
all
13/4
_E 5/4
9/4
_E 1/4
1 712

L 3/2
1 5/2
L 1/2
13
o
. 2
L 0
~ L S
5 3 93T
H g 833
- -

Figure 3.11: Simulation 2. Output with A(x) = B(z) = Q(22|z|») and step 0.05.

Feedback A(x,y)

1.0

Figure 3.12: Simulation 3. Heat map of A(z —y) for z, y € Gs.

Input U(x) 0.75

0.50

0.25

0.00

-0.25

—-0.50

-0.75

Figure 3.13: Simulation 3. Heat map of U(zx).
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Output Y(x,t)

Level -2 -

Level -1 -

Level 0

sl b O

Level 2

Figure 3.15: Simulation 4. Heat map of Xy(z).

time t

Figure 3.14: Simulation 3. Step 0.05.

Initial datum X_0(x)

0 2 1 3 1/25/23/27/21/49/4 5/413/43/411/47/415/4

0 2 1 3 1/25/23/2 7/2 1/4 9/4 5/413/43/411/47/4 15/4

Output Y(x,t)

Level -2

15/4
714
11/4
3/4
13/4
5/4
9/4
1/4
712
3/2
5/2
12

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
time t

Level -1
Level 0
Level 1
Level 2

Figure 3.16: Simulation 4. Step 0.05.
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Level -2

Level -1

Level 0

2 e

o

Level 1

15/4
714
11/4
3/4
13/4
5/4
9/4
1/4
72
3/2
52
12

~

Level 2

Fourier transform Y(x,t)

7 8 9 10 11 12 13 14
time t

Figure 3.17: Simulation 4.
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Chapter 4

p-adic Cellular Neural Network:
Application to Image Processing

In this chapter, we present two new types of p-adic CNNs that can perform computations
with real data, and whose dynamics can be understood almost completely. The first type
can detect edges of gray images. The stationary states of these networks are organized
hierarchically in a lattice structure, and that dynamics of any of these networks consists
of transitions toward some minimal state in the lattice. The second type is a new class of
reaction-diffusion networks. We investigate the stability of these networks and show that
they can be used as filters to reduce noise, preserving the edges, in images polluted with
additive Gaussian noise. The networks introduced here we found experimentally. They are
abstract evolution equations on spaces of real-valued functions defined in the p-adic unit ball
for some prime number p. In practical applications the prime p is determined by the size of
image, and thus, only small primes are used. We provide several numerical simulations to
show how these networks work.

4.1 A type p-adic continuous CNNs for edge detection

In this section we present new edge detectors' based on p-adic CNNs for gray images. We
take B € L'(Z,) and U,Z € C(Z,), a, b € R, and fix the sigmoidal function f(s) =
2(]s+ 1| — [s — 1]) for s € R. In this section we consider the following p-adic CNN:

I X(z,t) = —X(z,t) +aY(z,t) + (BxU)(z) + Z(x), € Zp,t > 0;
(4.1.1)
Y(z,t) = f(X(x,t)).

We denote this p-adic CNN as CNN(a, B,U, Z), where a, B,U, Z are the parameters of the
network. In applications to edge detection, we take U(x) to be a gray image, and take the
initial datum as X (x,0) = 0.

'Edge detection includes a variety of mathematical methods that aim at identifying edges in a digital
image at which the image brightness changes sharply.
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4.1.1 Stationary states
We say that X (x) is a stationary state of network CNN(a, B,U, Z), if

Xtat(7) = aYsa () + (B *U)(2) + Z(x), € ZLy;

(4.1.2)
}/stat(x) = f(Xstat<x>>‘
Remark 9. Let X (z) be any solution of (4.1.2). Then
S o Ja+BrU)(@)+2(x) if X@)>1
X(2) = { —at (BxU)x)+ Z(z) if X(z)< -1, (4.1.3)
and _ ~
(1—a)X(z) = (B*U)(x) + Z(x) if ‘X(x)‘ <1. (4.1.4)

Lemma 8. (i) If a < 1, then network CNN(a,B,U,Z) has a unique stationary state
Xstat(z) € C(Z,) given by

+(BxU)(x)+ Z(x) if (BxU)(z)+Z(x)>1—a
Xgar(z) =4 —a+B*U)(x)+Z(x) if (BxU)(x)+Z(x)<-1+a (4.1.5)
(BU) @)+ (z) if |(BxU)(x)+Z(x)|<1-a

1—a

(ii) If a = 1 , then network CNN(a, B,U, Z) has a unique stationary state Xgq(z) € LY(Z,)
gien by

1+ (BxU)(x)+ Z(x) if (BxU)(z)+ Z(z)>0
Xaat(t) = =1+ (BxU)(z)+ Z(z) of (BxU)(x)+ Z(x) <0 (4.1.6)
0 if (BxU)(z)+ Z(x)=0

Proof. If a < 1, it follows from (4.1.3)-(4.1.4) that (4.1.5) is a continuous stationary state
since by the dominated convergence theorem (B x U)(x) is continuous. To establish the

uniqueness of the solution, let X (z) € C(Z,) be another stationary state. Consider a point
xy € Z, such that X(zg) > 1. Then by (4.1.3), X(x¢) = a + (B * U)(x) + Z(xo) > 1
consequently (B * U)(zg) + Z(x9) > 1 — a and thus

X(zo) = a+ (B U)(x) + Z(20) = Xstat(20)-

The cases X (x9) < —1 and X [(x)| < 1 are treated in a similar way.

The case a = 1 follows from (4.1.4), in this case we have that X (z) € L'(Z,) since X ga ()
is bounded. The continuity of X (x) requires further hypotheses on B, U, Z. O]

Definition 5. Assume that a > 1. Given
I.C{x€Zy 1—a< (BxU)(x)+ Z(x)},
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I_C{x€Zy; (BxU)(x)+ Z(z) <a—1},
satisfying I. NI =@ and

Zy~ Iy UI ) C{xeZy 1—a< (BxU)(x)+ Z(z) < a—1},

we define the function

a+ (BxU)(x)+ Z(x) if z€l,
Xstat<x; I+7I—> - —a + (B * U (l’) + Z(l‘) Zf T e I— (417)
B+ 2(x) if veZ,\(ILUl).

Theorem 12. Assume that a > 1. All functions of type (4.1.7) are stationary states of
network CNN(a, B,U, Z). Conversely, any stationary state of network CNN(a, B,U, Z)
has the form (4.1.7).

Proof. We first verify that any function of type (4.1.7) is a stationary state. Take a point
xg € Z,. Since the sets I, I_, Z, ~ (I4 U I_) are disjoint, three cases occur.

Case 1: zp € I,.

If 29 € I, then Xga(zo; 1+, 1) =a+ (BxU)(x) + Z(z0) and by definition of I, a + (B *
U)(SC()) + Z(.ﬁo) > 1. Then

af(Xspar(xo; I, 1))+ (B*U)(xo) + Z(x0) =
a+ (BxU)(xg) + Z(x0) = Xstar(xo; I+, 1-).

Case 2: 2o € I_.
If ®y € I, then Xgut(zo;[+,1-) = —a + (B * U)(xg) + Z(xy) and by definition of I_,
—a+ (B*U)(zg) + Z(x9) < —1. Then

af(Xstat(wo; I, 1-)) + (B * U)(x0) + Z(x0) =
—a+ (BxU)(xg) + Z(x0) = Xstar(xo; I+, ).

Case 3: vp € Z,~ (I UI).

If 2o ¢ I, UT_, then Xyu(xo; [y, 1) = w and by definition of Z, ~ (14 U I_),
1< (B*U)(f_w < 1, then

af(Xspar(xo; I, 1))+ (B*U)(xo) + Z(x0) =
a(B « U) (o) + Z(x0)
1—a

(B*U)(xo) + Z(x0)
1—a
= stat<x0;1+7[*)'

+ (B*U)(zg) + Z(x0)

Therefore Xgat(xo; [, 1) is a stationary state of the network CNN(a, B, U, Z).
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Now, suppose that X, () is a stationary state of network CNN(a, B,U, Z). Set

L= X3L((1,00), I = X5L((—o0,—1)).

stat stat

By using (4.1.3) and (4.1.4), we have
I, C(B+xU+2Z)'((1 - a,)),

I C(BxU+2Z)(—00,a—1)),

and
Zy~ (I, UI)C(BxU+2)" (1 —a,a—1)).

Then X (xo; I+, 1-) is a well-defined function. Finally, using again (4.1.3) and (4.1.4), we
conclude that Xt (7)) = Xgpar(vo; I, 1-) for all x € Z,,. O

Remark 10. Notice that

1 if el
Ytar(z; Iy, [) = f (Xtar (25 11, 1)) = ¢ —1 yooel
BO@ZD) i e 7,\ (I, UT).

The function Y (x; Ly, 1) is the output of the network. If I. UI_ = Z,, we say that
Xtat (x5 14, 1) is bistable. The set B (1, 1_) = Z,\(I+ U I_) measures how far X (x; I+, 1)
is from being bistable. We call set B (1,1 ) the set of bistability of Xgpee(x; I, 1-). If
B(l,1.) =, then Xga(x; 1+, 1_) is bistable.

Remark 11. If I, UI_ G Z,, we say that Xga(z; I, 1-) is an unstable.

4.2 Hierarchical structure of the space of stationary
states

A relation < is a partial order on a set S if it satisfies: 1 (reflexivity) f < f for all f in S;
2 (antisymmetry) f < ¢g and g < f implies f = g; 3 (transitivity) f < ¢ and g < h implies
[ =< h. A partially ordered set (S,<) (or poset) is a set taken endowed with a partial
order. A partially ordered set (S, <) is called a lattice if for every f, g in S, the elements
fAg=inf{f g} and fV g = sup{f, g} exist. Here, f A g denotes the largest element in S
satisfying f Ag < f and f A g < ¢; while fV g denotes the smallest element in S satisfying
f < fVgand g < fV g. We say that h € S a minimal element of with respect to <, if
there is no element f € S, f # h such that f < h.

Posets offer a natural way to formalize the notion of hierarchy.

We set
M: U {Xsmt('r;]—ﬂl—)}a

I I
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where I, run trough all the sets given in Definition 5. Given X (x; I, 1) and
Xatar(w; L, 1) in M, with I, UI_ # Z, or I' UI" # Z,, we define

Xstat(x; I',i" I/_) ‘\< Xstat(x; I_|_, I_) lf [+ U I_ g I'/f‘ U I,_ (421)

In the case I,UI_ = Z, and I' UI" = Z,, the corresponding stationary states Xq (x5 Iy, I-),
Xstar(w; I, 1) are not comparable. Since the condition [, U C I’ UI" is equivalent to
B(I',I') =Z,\ (I{UI'y) C B(L,I1)=Z, \ (I; UI_), condition (4.2.1) means that the
set of bistability of Xgq(z; 1/, 1" ) is smaller that the set of of bistability of X (z; Iy, I-).
Also, the condition I, UI_ C I' U I’ implies that

Xotat(z; I, 1) () = Xgpar (25 Ly, I ) (2) for all z € I, UT_UB (I, UI").

By using this observation, one verifies that (4.2.1) defines a partial order in M. This means
that the set of stationary states of the network CNN(a, B,U, Z), a > 1, has a hierarchical
structure, where the bistable stationary states are the minimal ones. Intuitively, the bistable
stationary states are at the deepest level of M. Furthermore, (M, <) is a lattice. Indeed,
given Xypoi(w; I, I1), Xopar (25 Iy, 1) in M, it verifies that

Xstat('x; [_/|_a]/_) A Xstat(x;]—&—aj—) = Xstat(m; [i,IZ),
where Iy = I, UI', I” =1_UI’, and
Xstat(aj;j-/q-a[/—) Vv Xstat(x;j+7[f) = Xstat(aj;j-/q,—/a [Z/)a

where I'" = I, NI’ , I" = I_NI". Therefore, we have established the following result:

Theorem 13. (M, <) is a lattice. Furthermore, the set of minimal elements of (M, <)
agrees with the set of bistable states of CNN(a, B,U, Z).

4.3 Edge detection

4.3.1 A new class of edge detectors

We take a > 1, X(2,0) =0, and U(z) € D(Z,) to be a gray image. We argue that network
(4.1.1) works as an edge detector. By Theorem 12, network CNN(a, B,U,Z), a > 1 has
steady states of the form

+1 if (B*U)(x)+ Z(x) > Threshold,

Yorar(7) = f(Xstar () = { 1 it (B#*U)(z)+ Z(x) < Threshold, (4.3.1)

where Thresholdy, Threshold; are real numbers. This type of outputs occur for networks with
stationary states where I,UI_ = Z,. For instance, when I, C (BxU+Z2)~!((Threshold;, 00))
and I C (B*U + Z)~!((—o0, Threshold,)). If U(x) is sufficiently small, then (B * U)(x) +
Z(x) gives a measure of dispersion of the image intensities; if this value is larger than
Threshold;, the networks ouputs +1 to indicate the existence of an edge, if value is smaller
than Threshold,, the network ouputs —1 to indicate the non existence of an edge.
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We conducted several numerical experiments with gray images presented in Section 4.4. We
implemented a numerical method for solving the initial value problem attached to network
CNN(a,B,U, 7Z), with X(z,0) = 0 and U(z) a gray image. The simulations show that
after a sufficiently long time the network outputs a white and black image approximating
the edges of the original image U(z). This means that for ¢ sufficiently large X (z,t) is close
to a bistable stationary state X (z; 4, ). Furthermore, after a certain sufficiently large
time, the outputs of the network do not show a difference perceivable by the human eye.
We interpret this result as the bistable stationary states are asymptotically stable; of course
this is a mathematical conjecture.

We now give an intuitive picture of the dynamics of the network, for ¢ sufficiently large,
using (M, <) as an asymptotic landscape for CNN(a, B,U, Z). For t sufficiently large, the
network performs transitions between stationary states X (z; Iy, I_) belonging to a small

neighborhood N around a bistable state Xs(gzt(x;Lr,I_), I, UI_ = Z, The dynamics of
the network consists of transitions in a hierarchically organized landscape (M, <) toward
of some minimal state. This is a reformulation of the classical paradigm asserting that the

dynamics of a large class of complex systems can be modeled as a random walk on its energy
landscape, see e.g. [21, 23, 29, 34, 41, 52, 64, 72]

4.3.2 Discretization

To process an image U(z), we use a discrete version of network CNN(a, B,U,Z), a > 1.
In turn, this requires to determine suitable kernels B(z). We address these matters on this
section.

We take L to be a positive integer, and set Gf, = Z,/p*Z,. We identify i € G, with an
element of the form
i=dg+ip+...+ig_p"

where the is belong to the set {0,1,...,p — 1}. We denote by Dy, (Z,) the R-vector space
of test functions of the form

p(2) = 3w @0 (phla—il,)

1€GY,

supported in the unit ball Z, and €2 (pL |z — i p) is the characteristic function of the ball
B_p(i). Since Q (pL x — z'|p> QO <pL z — j|p> — 0 for i # j, the set

(1),

is a basis of Dy, (Z,). Notice that the dimension of Dy, (Z,) is p*.
Assuming that B (z),U(z), Z(x) € Dy, (Z,), the initial value problem

DX (z,t) = —X(z,t) + aY(z,t) + (BxU)(z) + Z(z), € Zp,t > 0;
(4.3.2)
X(2,0) = Xo € D1, (Z,) .
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has unique solution

H=>" )((Lt)fl(pL|ar—-ﬂp> (4.3.3)

i€Gp,
in Dy, (Z,) for t > 0, see Theorem 8.
This result allow us to obtain a discretization of (4.3.2) and (4.1.1) as follows. Take

= > U@HQAp"|z — i), (4.3.4)
i€Gp,
Z(x) = Z([HQp"[x — i), (4.3.5)
1€GL,
and
B(z) = p"= Q" |2],) — Q(p™" |],) (4.3.6)

for some integers M; < My < L.

We now take 7, 7 € G, and an integer M < L, then
i — j+p 2|, = |i — j|, for any z € Z,,.
By using this observation, one gets that

QpM|ly) * U(x) = (4.3.7)

= 0SS0 [0l = )2y — il p 20— i)

i€G, JEGL Zp

=Y <> uG) / QMi = yl,)dy p Qp" |z —il,)

i€Gp, JjEGL

j+PLZp
¥ { Y Mrz—y|p>}sz<pL|x—z'|p>.
iEGL jEGL

Now, from (4.3.6)-(4.3.7), we get the following formula:

(BxU)(x) = (4.3.8)
ZpL< MemMUN QM — 1)U (G) = D Q™ 1)U )) Qp*fa — ).
1€G jEG J€G]

We now replace (4.3.3)-(4.3.8) in the equation in (4.3.2) and use that {Q(p*|z — i|)}icq, is
a basis of D (Z,), to get a discretization of (4.3.2):

{ DD — X (i,t) +aY (i,t) + p~ L (LU) (4) + Z(i), i€ Gy (4.3.9)

X(2,0) = Xo(4),
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where

Y(i,t) = f(X(i,t), i € G,
and

(LU) (@) = p™= =0y Q™ )i = jl,)UG) = Y Q™ i —jl,)UG), i € G (4.3.10)

JEG, JEG;

Graph Laplacians

Let G = (V, E) be a simple finite graph with vertices V' and edges E. Let ¢ : V — R be a
function on the graph. The graph Laplacian A acting on ¢ is defined as

Ag) ()= Y o) —ow),

weV
dist(w,v)=1

where dist(w, v) is the distance on the graph, e.i., the distance between w and v in G is the
number of edges in a shortest path, see [53]. Now, let N (v) be a fixed neighborhood of v,
for instance,

N (v) = {w € V;dist(w,v) < M},

for positive integer M, a generalization of operator A is

(Ane) (v) = D (Ag) (w). (4.3.11)

weN (v)

The operator £ has the form (4.3.11). Indeed, the following formula holds for operator
(LU) (3):

(LU) (i) = > > [U(G) - UK ,ieGy. (4.3.12)
jEGL keGy,
li—jlp<p~™2 [p~M2<|j—klp<p=*1
In particular, taking M; = 0, My = 1, one gets that
keGy, keGr,
p<|j—k|p<1 li—klp=1
which is the graph Laplacian on G = Z,/p*Z, with the distance induced by | - |,.
Finally, we establish formula (4.3.12). We use that
#{keGrp ™ <|j—kl, <p "} =p",

since i = g+ i p+ ... +ir_1ptt. Now |i — il, < p~ M2 and p~2 < |j — k|, < p~* implies
that
i = kl, = max {|i = jl, i = klp } = 1j =kl <p~",
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by ultrametric property of |- . Then,

> > U@G) =UE]| =

JjEGL keGy,
li—jlp<p=2 |p~M2<|j—klp<p~™1
> [#lkeGup ™ <li—k, <p "} UG)
JjeGL
li—jlp<p~M2

-y > -

JEGL keGy,
li—jlp<p~M2  p~M2<|j—k|,<p~ 1

Yoo pMMUG) - Y Ulk) = (LU) (i),
JEGL kedGy,
li—jlp<p~M2 |i—k|p<p~*1

4.4 Numerical Examples

To construct an edge detector using (4.3.9), it requires an algorithm for splitting a large
image into smaller sub-images. Given an image I of size (n,m), a prime p and an integer
K, the algorithm divides image I into sub-images I of size (p¥,p™) or less. Then, we use
another algorithm to codify sub-image I! as a test function T'est(I]). These algorithms are
presented in the Section 4.7. We process the test function T'est(I]) = U using network

B = —X(i,t) + aY (i, 1) + X5 {UG) = Ui +53%)} + 20, i€y
X(i,0) =0 (4.4.1)
Y<i7t) - f(X(i,t)),

withp =3, L =4, M; =2, My =4, and Z(i) = zy € R, for i € G, and rescaling (LU) (i) as
34 (LU) (i), for i € G, to get another test function X (i, ty; Test(I!)) taking values in {£1}.
Each test function X (i, tq; T'est(I)) is transformed into an image %% at the final step, we
concatenate all the images 1¢99°% to obtain a full image 7°99°%, which is the output image.

The time tg is chosen on a case-by-case basis so that the edges are as sharp as possible. See
Figures 4.1, 4.2.

4.5 Reaction-diffusion Cellular Neural Networks

4.5.1 The p-adic heat equation

For a > 0, the Vladimirov-Taibleson operator D is defined as
D(Q) — L*Qy)NC(Qy)
p = D%,
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Figure 4.1: Left side, the original image. Right side, edges obtained by using a Canny edge
detector. See Section B.1

Figure 4.2: Left side, edges obtained by using CNN (4.4.1), with zy = —1 and 6 steps. Right
side, edges obtained by using the CNN (4.4.1), with zp = —1 and 10 steps.
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where

(D) (2) = —— " /[w(x—y)—w(l’)]d

_ m—a—1 a+1 Y.
l—p g v,

The p-adic analogue of the heat equation is

Ou (x,t)
ot

+aD%u (z,t) = 0, with a > 0.

The solution of the Cauchy problem attached to the heat equation with initial datum
u(x,0) = ¢ (x) € D(Q,) is given by

wwt) = [ 26— v 00y
Qv
where Z (z,t) is the p-adic heat kernel defined as
Z (x,t) = /Xp (—x€) el gg, (4.5.1)
Qp

where x, (—z§) is the standard additive character of the group (Q,,+). The p-adic heat
kernel is the transition density function of a Markov stochastic process with space state Q,,
see, e.g., 38, 75].

4.5.2 The p-adic heat equation on the unit ball

We define the operator D o > 0, by restricting D* to D(Z,) and considering (D%p) (x)
only for x € Z,. It satisfies that

Dgp(z) = Mp(z) +

1—p° /w(x—y)—w(x)dy

1—pet lylp™!

Zyp
for p €D(Z,), with A = pcﬁ;ll_lpa-

Consider the Cauchy problem

WD) + Dyu(a,t) — Mu(x,t) =0, €L, t>0;
u(z,0)=p(z), x € Ly,
where ¢ €D(Z,). The solution of this problem is given by
wot) = [ 2o~ yit)o )y, 2 € 2yt >0,

Zp
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where

Zo(z,t) == eMZ(2,t) + c(t), x € Zy,

c(t):=1—(1—pHeM i t

n=0

and Z(z,t) is given (4.5.1). The function Zy(x,t) is non-negative for z € Z,, t > 0, and

/Zo(ac,t)dx =1,

Zp

see [38]. Furthermore, Zy(z,t) is the transition density function of a Markov process with
space state Z,.

The family
T;: L1<Zp) N Ll(Zp)7
o(x) > Tip(z) = / ol — .06 (0)dy. (4.5.2)

is a C°-semigroup of contractions with generator D — AI on L'(Z,), see [32, Proposition 4,
Proposition 5]

4.5.3 Reaction-diffusion CNNs

Definition 6. Given u € R, a > 0, A(z), B(z),U(x), Z(z) € C(Z,), a p-adic reaction-
diffusion CNN, denoted as CNN (u,a, A, B,U, Z), is the dynamical system given by the
following integro-differential equation:

0X (z,t)

S = X (1) + (M = D)X (w,1) + / Al — y) f(X (5, 8))dy (4.5.3)

Zyp

+ /B(w —y)U(y)dy + Z(x),

Zp

where x € Z,, t > 0. We say that X(x,t) € R is the state of cell x at the time t. Function
A is the kernel of the feedback operator, while function B is the kernel of the feedforward
operator. Function U is the input of the CNN, while function Z is the threshold of the CNN.

Notice that if y =0and A= B =U = Z =0, (4.5.3) becomes the p-adic heat equation in
the unit ball. Then, in (4.5.3), (Al — Dg) is the diffusion term, while the other terms are
the reaction ones, which describe the interaction between X (z,t), U(x), and Z(z).

Remark 12. In this section, we assume that f is an arbitrary Lipschitz function, f(0) =0,
ie, |f(s)— f(t)] < L(f)|s —t|, fors, t € R, where L(f) is a positive constant.
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Lemma 9. Let A, B, U, Z € C(Z,).
(i) Set
H(g) — / Ale = 9)f (9(y)) dy + / B(x — y)U(y)dy + Z(), (4.5.4)

Zp Zp

for g € L'(Z,). Then H : L*(Z,) — L*(Z,) is a well-defined operator satisfying

1H (9) = H(g)ll < LN Allsllg = g'll1. for g, 9" € LN(Zy).

(11) The restriction of H to C(Z,) satisfies

I1H (9) — H(g)llo < LN All1llg = 'lloe, for g, ' € C(Zy),

so H : C(Z,) — C(Z,) is well-defined operator.

Proof. Take g,g' € L*(Z,), then

| H(g) — H(q' )| = H/A(:r —y){f(9W) = f(g' ()} dyllx

< / / Al — )| 1f (90) — £ ()l dy b de < L() Al / 9(y) — ¢'(v)| dy

Zp

< L(N)1Allllg — gl

This inequality also proves that H is well-defined. The second part is established in a similar
way. O

Proposition 3. Let A, B, U(z), Z € C(Z,). Take Xo(z) € L*(Z,) as the initial datum for
the Cauchy problem attached to (4.5.3). Then there exists T = 7 (Xy) € (0, 00] and a unique
X(t) e c([o,7], L} (Z,)) satisfying

X(t) = e"T,Xo + [) e!=9T,_ H(X(s))ds (455)
X(0) = X,.

Proof. By [32, Proposition 4], (D — AI) is the generator of a strongly continuous semigroup
{T;},~, of contraction on L'(Z,). Then (D§ — XI) + ul is the generator of a strongly
continuous semigroup {e"'T}},., on L*(Z,), see [46, Theorem 4.3-(10)]. Since ||e"T}|| < et
and H is a Lipschitz nonlinearity, see Lemma 9-(i), there exits a unique mild solution
X (t) € C([0, 7], L}(Z,)) satistying (4.5.5), see, e.g., [46, Thorem 5.1.2]. O

Lemma 10. Let A, B, U, Z € C(Z,). Take Xy € C(Z,). Then, the integral equation (4.5.5)
has unique solution C([0,00),C(Z,)).
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Proof. 1t is sufficient to show that (4.5.5) has a unique solution in C([0,T],C(Z,)), where
T > 0 is an arbitrary time horizon. Indeed, if Xy(t) € C(]0,7],C(Z,)) and X;(t) €
C([0,T1],C(Z,)), with T, < T; are mild solutions, then X,(t) = X;(t) for ¢ € [0,T1], see
[46, Theorem 5.2.3].

We set Y :=C([0,T],C(Z,)), which is a Banach space with norm

sup ||Y (t)]|,, = sup
0<t<T 0<t<T

sup |Y((L‘,t)|] :

TELyp

We now set .
Gy(t) = "' T, X + / e =IT, H (g(s)) ds,
0

for g(t) € C([0,T],C(Z,)). By using that Zy(z,t) € L'(Z,), one gets Tig € C([0,T],C(Z,)),
and by Lemma 9-(ii), G : Y — Y. We now set

G"=GoGo:.--0G.

n—times
N o
vV

We show that for n sufficiently large G™ is a contraction. We first notice that
IGg(t) — Ga(t)ll. < L{He" 1Al lg(t) = g' (1) o

By a well-known argument, see e.g. [46, Proof of Theorem 5.1.2], one gets that

IG"g(t) — G"g(t)|| . <

o0

ELDIALDY 1) — (o).,

n

with WM < 1, for n sufficiently large. Therefore G has a unique fixed point X ()

in ), see, e.g., [46, Theorem 1.1.3]. ]

Theorem 14. Let X(t) € C([0,00),C(Z,)) be the unique solution of (4.5.5), with initial
condition Xy € C(Z,). Then,

(e —1)
IX®)llee < €1 Xolloo + —— (I All1]I flloo + 1Bl Ulloc + 1 Z]l0) , (4.5.6)
if p # 0, otherwise
[ X (®)lloe < [ Xolloo + 7 (A1 flloc + [1BI[Ulloc + 11 Z1]0) - (4.5.7)

Proof. By using that ||BxU|| < ||B|1]|U||c, cf. [62, Theorem 1.7], and Lemma 9-(ii), we
get that
1 (9)lle < LIOIAl gl + [ Bll1[1U]loc + [|Z]lsc for g, € C(Zy).

Now, the stated formula follows from (4.5.5), by Lemma 10, by using that || Al < ||A]l«
and ||Bl[1 < ||Blls- The bound (4.5.7) is established in a similar way. O
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Figure 4.3: On the left side, the original image X (x,0). On the right side X (z, 3).

4.6 Denoising

In this section, we present a new denoising technique based on certain reaction-diffusion
CNNs. We first consider the initial value problem

OXD) L DX (2,) — AX (2,8) =0, 2 €7y, t>0 o
6.1

X(x,0) = Xo(x), x € Ly,

where Xo(x) € [0,1] is a gray image codified as a test function supported in the unit ball
Z,. The algorithm for this coding is discussed at the end of this section. The output image
X(x,t) is similar to the one produced by the classical Gaussian filter. See Figure 4.3.
We propose the following reaction-diffusion CNN for denoising gray images polluted with
normal additive noise:
8X (z,1)
ot
where a = 0.75, f(z) = 0.5(|z + 1| — |z — 1]), B(z) = (Q(@?*|z],) — Q(]z],)), and —1 <
Xo(z) < 1. Notice that we are using the interval [—1, 1] as a gray scale. This equation was
found experimentally. Natively, the reaction term 3X (z,t) + 3B x [Xo(z) — f(X(x,t))] gives
an estimation of the edges of the image, while the diffusion term (A — Dg)X (z,t) produces
a smoothed version of the image.

= 3X(x,t) + (A — D)X (z,t) + 3B % [Xo(z) — f(X(z,1))], (4.6.2)

The processing of an image Xo(x) using (4.4.1) requires solving the corresponding Cauchy
problem with initial datum X (x,0) = X,(z). Given an image I, i.e., a matrix of size (n, m),
and a pixel (¢,7) of I , for the processing this pixel we use a neighborhood I, ; centered at
this pixel, which is sub-image I; ; of size of (pK . pE ), where p?X is the number of pixels in

50



the sub-image I; ;. We use small primes, p = 2,3 to get sub-images of size 2 x 2 and 3 x 3.
The choosing of the prime p is completely determined by the image size, then, only small
primes are required. Now, we codify the sub-image I, ; a test function T'es(I; ;) and solve
numerically the Cauchy problem attached to (4.4.1) with initial datum Tes(I; ;). We pick a
time o, on a case by case basis, and take the test function X (x,o; I; ;) as the output of the
network. At the final step, we transform X (z,to; /; ;) into an image I} ;, and take the pixel
processed image at (i, j) as the center of I ;. See Figures 4.4, 4.5.

Figure 4.4: Left side, the original image. Right side, the image plus Gaussian noise, mean
zero and variance 0.05.

4.7 Images and test functions

We show the existence of a bijective correspondence between images and test functions. We
first show the existence of a bijective correspondence between finite disjoint unions of balls
contained in Z,, for some prime p with weighted rooted trees of valence p. The connection
between clustering, trees and ultrametric spaces is well-known, see e.g., [34, Chapter 2] and
the references therein. Then we show the existence of a bijective correspondence between
finite, regular rooted trees of valence p with images.

4.7.1 Finite rooted trees and test functions

By a finite rooted tree T, we mean a finite undirected graph in which any two vertices are
connected by exactly one path. The vertices V(T) of T are organized in disjoint levels:

V(T) = |A_/I| Level; (T),

Jj=0
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Figure 4.5: Left side, filtered image using Equation 4.6.2. Right side, filtered image obtained
by using Perona-Malik equation with A = 0.04, §; = 0.075, and ¢ = 100 iterations, and g;(s),
Section B.2.

where Level; (T) := Level; = {Uj,07vj,1, . ,UMJ.}, k; > 1, are the vertices of T at level j.
At level 0 there is exactly one vertex vy, the root of the tree. The vertices at the level 1
are the descendants of the root, which means that there is path vy — v;,; for any vertex
v1; € Levely. Inductively, the vertices at level j, 1 < j < M, are the the descendants of the
vertices at level 7 — 1. The vertices at level M do not have descendants.

We denote by v (v), v € V(T), the number of edges emanating from v. We set

7T1::£§%§){7(0)}-

We fix a prime number defined as py := min, {p prime; 77 < p}. For the sake of simplicity
we use p := py. Given any vertex v;;, € Level;, 1 < j < M, there is exactly one path
connecting v;;, with vg:

Vo = Vg 7 -+ —7 Vj—1,i;_1 — Vjij- (471)
We attach to v;;; the p-adic integer

Ivjyij

= le + 22]) + ..+ ’ijflpj72 -+ ’l'jpjil, (472)

where the digits i, belong to {0,1,...,p — 1}. Then, there is a bijection between the vertices
of 7 and the p-adic integers of form (4.7.2). Given a vertex v at level L, denote the
corresponding p-adic number as

I, =iy +igp+ ... +ip,1p™ ", L, < M. (4.7.3)
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Now we attach to 7 the following family of balls:
B(T) = {I, +p"Z,, v e V(T)~{w}} U {Z,}.

where the unit ball Z, correspond to the case v = vy. The tree 7 and the collection of balls
B(T) are equivalent data. Indeed, given a finite collection B of balls contained in Z, such
that Z, € B, there is a finite rooted tree 7 that represents the partial order induced by C
in B.

We say that a vertex v is a leaf of T if v does not have descendants. In particular, all the
vertices in Levely, are leaves. We denote by Leaf(T) the set of all leaves of 7. Finally, we
attach to 7 the open compact subset

K= || @©&+p"z,). (4.7.4)

vELeaf(T)

Now, given a finite disjoint union of balls of the form [ | 4 (Iv + pL”Zp), there is a unique
tree 7 having {/,;v € G} as a set of leaves. The other vertices correspond to truncations of
the numbers I,s. And given a tree T, (4.7.4) attaches a unique finite disjoint union of balls

to T.

We define a weighted tree as a pair (T,w), where w : Leaf(T) — Ry := {z € R;z > 0}.
We denote by (va |z — Iv|p) the characteristic function of the ball (I, + p**Z,). Given a
test function from Dy, (Z,) of the form

P (z) = > e, <va |z — Ivlp) , T €Ly, (4.7.5)

veG
we attach to it the unique weighted tree with leaves {I,;v € G} and weights v — ¢,, for

v € G. Conversely, given a weighted tree (7, w), with leaves G = {I,;v € Leaf(T)}, and
w(v) = ¢, for v € G, (4.7.5) defines a unique test function ® (x) from Dy, (Z,,).

4.7.2 Images and finite rooted trees

We propose an algorithm for coding an image as a finite, weighted, regular, rooted tree
of valence p, where p a prime number. The input is an image I, a (n,m) matrix, and a
prime number p satisfying p < m,n. The output is a finite, weighted, regular tree T'ree(1).
We use two functions. The function dy divides an image into p horizontal sub-images,
and the function dy divides an image into p vertical sub-images. The tree has at most
L := [log,(nm)] levels. The level zero contains just the root of the tree. Each vertex of the
tree corresponds to a sub-image I’ of I, and the descendants of this vertex, in the next level,
are sub-images of I’ obtained by using the function dy or dy .

1. The tree Tree(I) corresponding to an image I is construct recursively as follows:
2. Level 0: there is one vertex, the root of the tree which corresponds to I.
3. Level 2] + 1: the descendants of a vertex I’ at the level 2] correspond to the elements

of dy (I').
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4. Level 2[: the descendants of a vertex I’ at the level 2[ — 1 correspond to the elements

of dy(I').

5. Level L: all the vertices (leaves) at the level L are pixels. The gray intensity of each
pixel gives a the weight of the corresponding leaf.

We now define the operator dy. Let mg, rg nonnegative integers such that m = pmg + rp.

If mgy # 0, we define

I, =[1;]  o<i<n for s=0,...,7,
smo<j<mo(s+1)

I, =[1;] o<i<n fors=rq+1,...,p—1,

mos+ro<j<mos

and

If my = 0, we define

IS = [Ii,j]0§i<n for s = 0, ..., To, and dv(]> = [IS]S:(J p—1-

j=s
Thus the operator dy divides the image I into p vertical sub-images.

We now define operators dg. Let ng, ¢ be non-negative integers satisfying n = (p—1)ng+qo.
If ng #0. We define

[S = [[i,j]sn0§i§n0(5+1) fOI' S = O, ... qo,
0<j<m

I = [ jlnos+qo<i<nos for s =qo+1,...,p—1,
0<j<m

and

If ng = 0, we define
]s = (]i,j)i:s;0§j<m fOl" S = O, ..., 4o, and dH(]) = [15]5107.._71)_1.

Thus the operator dy divides the image I into p horizontal sub-images.

Consequently, the correspondence between images and weighted, finite, regular, rooted trees
of valence p, is a bijection. Figure 4.6 shows the correspondence between images and test
functions.

o4



Figure 4.6: Left side, original image 81 x 81. Right side, the representation of the image as
a test function. We use p =3, L = 8.
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Chapter 5

Conclusions

In this thesis, we presented a mathematical generalization of the CNNs of Chua and Yang
called p-adic cellular neural networks. The p-adic continuous CNNs offered a theoretical
framework to study the emergent patterns of hierarchical discrete CNNs having arbitrary
many hidden layers.

A p-adic Cellular Neural Network is

0X (z,t)

S — X+ [AQe— o)V 0y + [Bllo =yl Uy + 2(0),  (504)

Qp Qv

with V(z,t) = f(X(z,t)). We studied the case where A(|z[,), B(|z[,) are integrable, and
U, Z are continuous functions vanishing at infinity. Under these hypotheses the initial value
problem attached to (5.0.1), with initial datum X, (a continuous function vanishing at
infinity) has a unique solution X (z,¢) which is a continuous function vanishing at infinity
in z for any t > 0, satisfying |X(x,t)| < Xupax, where the constant X .. is completely
determined by A, B, U, Z and f. We also presented a large number of numerical simulations.
Such simulations required solving integro-differential equations on a tree.

We also showed that p-adic CNNs can process real gray images, and that the dynamics can
be understood almost completely. We presented two types of p-adic CNNs, one type for edge
detection of gray images, and the other, for denoising of gray images polluted with Gaussian
noise. The performance of this edge detector is comparable to the Canny detector. But
most importantly, we can explain, reasonably well, how the network detects the edges of an
image. On the other hand, although the image denoising performance is not as good as the
results obtained using the Perona-Malik equation, the mathematical analysis of the network
presented is more feasible than the mathematical analysis in the case of Perona-Malik.

This thesis open a path for different applications of p-adic Cellular Neural Networks or more
general Neural Networks.

There are some paths to continue this work. One is to use fuzzy operators in p-adic CNN,
which combines images’ low and high-level information. This line of research is connected
with the morphological operators in image processing. Another is to study p-adic versions
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of the Perona-Malik Equation. More generally, anisotropic p-adic diffusion equation. These
approximations can present betters results for denoising in image processing and new math-
ematical challenges.
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Appendix A

Cellular Neural Networks

Cellular neural network (CNN) was introduced by Leon O. Chua and Linc Yang in [20] as a
new circuit architecture. This CNN presents some of the critical features of neural networks
and has some significant potential applications in such areas as image processing, patter
recognition, and partial differential equations, among others.

The primary circuit unit is called a cell, where any cell is connected only to its neighbor cells.
The adjacent cells can interact directly with each other. However, cells not directly connected
may indirectly affect each other because of the continuous time dynamics’ propagation effect.
For an in-depth review cellular neural network, the reader may consult [18, 20, 59], and the
references therein.

The following section is taking directly from [61].

A.1 General Cellular Neural Network

We introduce 1-dimensional cellular neural networks (1D-CNN). A 1D-CNN cell will be
denoted by €;, where i € {1,2,..., N}. Each cell in the 1ID-CNN architecture is a dynamic
system and is locally coupled only to the neighboring cells that lie inside S;(r), sphere of
influence, of radio r.

Si(r) :={€ :max(|i —k|]) <7, 1 <k < N}. (A.1.1)

The cell dynamics are defined by the state equation

Xi = g(Xi, Zi, Ui(1), I?)
{ o (A.12)

with State vector X; € R”* Output vector Y; € R™, threshold Z; € R™+, and Input
vector U; € R™ of the i-th cell &,.

e /7 € R™ is a Synaptic law of the cell ¢;.

e f:R™ — R"™ is a nonlinear output function.
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o g: R x R™ x R™ x R™ — R™=,

The synaptic law defines the coupling between the considered cell €; and all the cells within
the sphere of influence S;(r).

L= > [Ai,kxk(t) + A Yi(t) + BipUs(t) + A7 Y5(t — 7)
keS;(r) (A.1.3)
+B]U(t — 1) + A% (Y:, Vi) + B (Ui, Ur) + C (X, Xie)]

The synaptic law is uniquely specify by synaptic matrices AM € Rmrxmx A, € RmMrxmy,
B;y € Rmrxme AT, € Rmrmv BT, € R™>™e and nonlinear functions

AP R X R™ 5 R
By, i R™ x R™ — R™
Cpy i R™ X R™ — R™.
It is usually listed these matrices as entries of the following matrices:
e State template A := (4, ;).
e Feedback template A := (A; ).
e Feedforward template B = (B, ).
e Delay-type feedback template A™ = (A7,).
¢ Delay-type feedforward template B™ = (B]).
e Nonlinear feedback template A™(Y;,Y;) = (A7, (i, Y3)).
e Nonlinear feedforward template B"(U;, Uy) = (Bi’fk(Ui, Uk))
e Nonlinear state template C"(X;, Xi) = (O (X;, Xi)).

The superscripts 7 and n of a template indicate that the template is a delay-type and
nonlinear type. In general, an n-dimensional cellular neural network (nD-CNN) is defined
the same way as 1D- CNN, but we put ¢« € Ny x ... x N, on the State equation and Synaptic
equation.

A.2 Chua-Yang CNN model

The cell dynamics of the Chua-Yang CNN model, see [20], is governed by the following
2-dimensional state equation

C!E” = —(L’Eij + z + IZSJ
Yij = f(wij) = 1/2(|wi5 — 1] — [24; + 1)

S
I = E @i Ykt + bij it
(k,l)esi]‘(T)

(A.2.1)
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with the following constraint conditions:
e u;;(t) are contestants on time.
o [z(0)], [uy| < 1.
e a>0.
We gather some results of Chua-Yang CNN presented in [20].

Theorem 15. [20, Theorem 1] All states x;; in a CNN A.2.1 are bounded for all time t > 0
and the bound ., can be computed by the following formula for any CNN

Tmar = 1+ (1/0)2mea + (1/a) . _max > (lasml + bigml) (A2.2)
- T (k,1)ES (5,5 (r)

Proposition 4. [20, Corollary 1] After the transient of a CNN A.2.1 has decayed to zero,
we always obtain a constant output, e.i.

lim y;;(t) = constant.
t—o0

Theorem 16. [20, Theorem 5] If the circuit parameters satisfy
Qij Kl > Q

then each cell of a CNN most settle at a stable equilibrium point after the transient has
decayed to zero (t — o0). Moreover, the magnitude of all stable equilibrium point is greater
than 1. In other words, we have the following properties:

t—o00

and
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Appendix B

Image processing

Following [13] a image is a function that maps every point in some domain of definition to a
certain color values. An gray image v is a map from an image domain €2 to some color space
F: u:Q — F. where ' C R. One can distinguish between discrete and continuous image
domains:

e discrete gray d-dimensional images, for example Q = {1,..., N;} x --- x {1,..., Ng}.

e continuous gray d-dimensional images, for example  C R? (domain), or specifically
Q=[0,a1] x -+ x [0, aq].

When partial differential equations are applied, continuous 2-dimensional gray images are
used as a theoretical object in image processing. But, discrete 2-dimensional gray images,
which are N; x N, matrices, are the best representations of the (real) images we want to
process.

B.1 Canny Edge detector

We follow section is taken from [68].

The edge is the most basic feature of an image, which refers to the set of pixels that have a
sudden change in the gray level. Edge detection is a basic method to recognize and segment
the edges of images based on gray discontinuous points. The Canny operator is a multiply-
scale edge detection algorithm proposed by John F.Canny in 1986, the goal is to find an
optimal edge detection algorithm, which is widely used in the field of image processing, and
are constantly improved and innovated.

Using Canny edge detection, there are usually several steps:

1. Denoise image vefore detecting edge of the image, and usually use the Gauss smoothing
filter to reduce noise, according to

G(z,y) = e 252 (B.1.1)
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2. Calculate the gradient amplitude and direction, usually the gradient direction takes

the four angles, according to
G=,/G2+G? (B.1.2)

0 = arctan (%) (B.1.3)

T

where G, and G, are the first derivative (as neighbor of a pixel) in the horizontal
direction and the vertical direction, respectively, e.i., G, = [1/20 — 1/2|G and G, =
[1/20 —1/2)7G.

3. Non maximum suppression, which eliminates non edge pixels, leaving only a few fine
lines. For this, at every pixel, pixel is checked if it is a local maximum in its neighbor-
hood in the direction of gradient.

4. Select the hysteresis threshold, hysteresis threshold needs two threshold which retain
or exclude pixels to select the edge.

If the amplitude of the pixel position if higher than the high threshold, the pixel is reserved
as an edge pixel.

If the amplitude of the pixel position is less than the high threshold, the pixel is exclude.

If the amplitude of the pixel position is between the two threshold, the pixel is reserved only
when connected to a pixel higher than high threshold.!

B.2 Perona-Malik Equation

We follow [13, 66] to write this section.

The idea of Perona and Malik [50] was to slow down diffution at edges, where edges can be
describe as points where the gradient has a large magnitude. They apply an inhomogeneous
process that reduces the diffusivity at those locations which have a large likehood to be
edges. This likehood is measured by | 7 u|?. The Perona-Malik is based on the equation

O = div(g(| 7 ul?) v u) (B.2.1)
where it is usual to take ] ,
91(s) = —=, g(s) = e 27, (B.2.2)
I+ 5

the parameter A\ says how fast the function tends to zero. One problem when g(s) is be
taken as g;(s) is that Equation B.2.1 is not always a well-posedness process for some initial
conditions, e.g., see [36].

'https://docs.opencv.org/4.x/da/d22/tutorial_py_canny.html
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