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Resúmen

En esta tesis presentamos aplicaciones cosmológicas de algunas propuestas en gravedad cuántica. A
saber, exploraremos implicaciones clásicas y cuánticas del Principio de Incertidumbre Generalizado
(GUP), la teoŕıa de gravedad de Hořava-Lifshitz (HL) y las conjeturas del pantano. Además,
también presentaremos un anaĺısis detallado de las transiciones de vaćıo lorentzianas en varios
contextos.

Primeramente presentaremos un estudio de las implicaciones clásicas de una forma general del
GUP al escenario inflacionario estándar descrito por un campo escalar. Describiremos un proced-
imiento de aproximaciones para obtener inflación similar al criterio de rodamiento lento. Además,
obtendremos un resultado anaĺıtico que generaliza la solución estándar de una constante cosmológica
en la forma de un campo escalar con su potencial correspondiente. Con este resultado mostraremos
que el único ingrediente necesario para obtener un universo con expansión exponencial es un GUP
con la forma correcta.

Después presentaremos un estudio de la compatibilidad de la conjetura dS y las teoŕıas F (R̄)
de Hořava-Lifshitz. Mostraremos que la conjetura implica restricciones en los paramétros de la
teoŕıa. Para un universo en expansión con una ley de potencia obtendremos que en algunos casos
la restricción concuerda con el comportamiento UV esperado, además también podemos estudiar
un ĺımite en el que se recuperan las teoŕıas f(R) estándar donde la conjetura se cumple de una
forma muy restrictiva. Además, mostraremos que para un paramétro de Hubble constante la teoŕıa
es consistente con la conjetura mientras que las teoŕıas f(R) estándar y Relatividad General (GR)
no lo son. Con lo cual, nuestros resultados apoyan la idea de que la conjetura puede ser correcta
y puede ser aplicable a mas escenarios, en particular cuando se rompe la invariancia de Lorentz
expĺıcitamente.

A continuación estudiaremos los efectos de considerar un GUP en las variables del superespacio en
un modelo de la ecuación de Wheeler-DeWitt (WDW) en gravedad de HL. Mostraremos dos maneras
equivalentes posibles para obtener una deformación relevante de la ecuación de WDW que contenga
la información del GUP. Además, exploraremos los ĺımites infrarojo (IR) y ultravioleta (UV). En el
infrarojo obtendremos consistencia con los resultados encontrados en Relatividad General. Por otro
lado, encontraremos soluciones anaĺıticas en el UV que describen un comportamiento oscilatorio.

Finalmente, presentaremos un estudio general de las trancioenes de vaćıo lorentzianas. Pre-
sentaremos un método general para calcular las probabilidades de transición entre dos minimos del
potencial de un campo escalar para cualquier modelo en el superespacio que lleve a una forma
genérica de la constricción Hamiltoniana, al resolver la ecuación de WDW con una expansión
semiclásica. Solo consideraremos hasta el primer orden en esta expansión pero el método otorga
suficiente información para calcular las probabilidades a cualquier orden. Luego aplicaremos el
método en distintos escenarios. Primeramente lo usaremos para estudiar las transiciones en Rela-
tividad General con métricas isotrópicas y anisotrópicas, aśı podremos explorar expĺıcitamente el
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efecto de la anisotroṕıa. Luego lo aplicaremos a la teoŕıa HL empleando campos escalares inho-
mogéneos y homogéneos. Finalmente, aplicaremos el método a un escenario donde las variables
del superespacio, que describen la ecuación de WDW, obedecen un GUP, aśı también estudiaremos
los efectos del GUP en las probabilidades de transición. Daremos una interpretación general de los
resultados como distribuciones de probabilidad de crear universos con un tamaño dado. Con lo cual,
los resultados de GR siempre predicen una singularidad en el origen del universo. Por el contrario,
la teoŕıa HL con un campo escalar inhomogéneo predice que el universo empieza con un tamaño
pequeño pero finito, y las soluciones con GUP incrementan la probabilidad de crear universos con
un tamaño distinto de cero.

Con estos estudios nos acercaremos a aspectos claves de cosmoloǵıa que se esperaran sean resueltos
con gravedad cuántica, esto es, exploraremos (al nivel de un modelo de juguete): el origen de la
inflación, la viabilidad de las conjeturas del pantano y un modelo plausible para evitar la singularidad
inicial. Esta tesis engloba seis art́ıculos de investigación donde estos resultados fueron presentados
originalmente.
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Abstract

In this thesis we present the cosmological applications of some proposals from Quantum Gravity.
Namely, we will explore classical and quantum cosmological implications of the Generalized Uncer-
tainty Principle (GUP), the Hořava-Lifshitz (HL) theory of gravity and the Swampland Conjectures.
Furthermore, we will also present a detailed analysis of Lorentzian Vacuum Transitions in various
contexts.

First of all, we will present a study of the classical implications of a general form of the GUP to the
standard inflationary scenario driven by a scalar field. We will describe an approximation procedure
to obtain inflation similar to the slow roll criteria. Furthermore, we will obtain an analytical result
that generalizes the standard cosmological constant solution in the form of a scalar field with its
corresponding potential. With this result we will show that the only ingredient needed to obtain
an exponentially expanding universe is a GUP with a correct form.

We will then present the study of the compatibility between the dS swampland conjecture and
the Hořava-Lifshitz F (R̄) theories. We will show that the conjecture implies constraints on the
parameters of the theory. For an expanding universe of a power law form we will obtain that in
some cases the constraint is in agreement with the expected UV behaviour of the theory, furthermore
we can also study a limit to recover the standard f(R) theories where the conjecture is fulfilled in
a very restrictive form. In addition, we will show that for a constant Hubble parameter the theory
is consistent with the conjecture whereas the standard f(R) theories and General Relativity (GR)
are not. Thus our results support the idea that the conjectures may be right and may be applicable
to more scenarios, in particular with explicit breaking of Lorentz invariance.

Then we will study the effects of considering a GUP in the variables of the superspace in a model
of the Wheeler-DeWitt (WDW) equation in HL gravity. We will show two possible equivalent ways
to obtain a relevant deformation of the WDW equation that contains the information of the GUP.
Furthermore, we will explore the infrared (IR) as well as the ultraviolet (UV) limit. In the IR we
will obtain consistency with the results found in General Relativity. On the other hand, we will
find analytical solutions in the UV that can exhibit oscillatory behaviour.

Finally, we will present a general study of the Lorentzian vacuum transitions. We will present
a general method to compute the transition probabilities between two minima of a scalar field
potential for any model of the superspace that leads to a generic form of the Hamiltonian constraint,
by solving the WDW equation with a semiclassical expansion. We will only consider up to first
order in this expansion but the method provides enough information to compute the probabilities
up to any desired order. We will then apply the method in different scenarios. First we will use
it to study the transitions in General Relativity with isotropic and anisotropic metrics, thus we
will be able to explore explicitly the effect of anisotropy. Then, we will apply it to the HL theory
employing inhomogeneous and homogeneous scalar fields. Finally, we will apply the method to a
scenario where the variables of superspace describing the WDW equation obey a GUP, thus we
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will study the effect of the GUP in the transition probabilities as well. We will give a general
interpretation of the results as probability distributions of creating universes with a given size. In
this way, the GR results will always predict a singularity at the beginning of the universe. On the
other hand, the HL theory with an inhomogeneous scalar field predicts that the universe starts with
a small but finite value, and the GUP solutions enhance the probability of creating universes with
a non-zero size.

With these studies we will approach keys aspects of cosmology that are hoped to be solved by
quantum gravity, that is we will explore (at a toy model level): the origin of inflation, the viability
of the swampland conjectures and a plausible model to avoid the initial singularity. This thesis
encompasses six research articles where these results were presented originally.
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Resúmen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1 Introduction 13

2 Preliminaries 19

2.1 Cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.1.1 Cosmological metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.1.2 Scalar field inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.1.3 The ADM formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.1.4 Friedmann equation in the Hamiltonian formalism . . . . . . . . . . . . . . . 23

2.2 Canonical Quantum Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2.1 The Wheeler-De Witt equation . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2.2 Interpretation of the solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2.3 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2.4 The problem of time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2.5 Other applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
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Chapter 1

Introduction

The pursue of a quantum theory of gravity represented a logical step forward to the application
of the quantum ideas that revolutionized physics on the 20th century. However, this task was
found to be far more complicated and it remains as an open problem today, for some discussion in
general of the subject see for instance [1–3]. There are many reasons why such a theory presents
important conceptual problems. To begin with, the current classical theory of gravitation is General
Relativity (GR) where the structure of spacetime is a dynamical object and thus a quantum theory
of gravity should contain a quantum description of spacetime itself, something that is not required
in the other quantum field theories. At present this is a still an unresolved problem. On the
other hand, a quantum description of gravity is expected to be relevant at distances of the order
of the Planck length, thus much smaller than ordinary quantum mechanics. This represents a
formidable difficulty on trying to conceive laboratory experiments to explore such regimes with
direct measurements. However, this does not mean that a quantum theory of gravity is not relevant
on events that are accessible to us at present, since there are places of nature that provides natural
scenarios where this type of theory is necessary. For example, the regions where gravity is very
strong and restricted to a small region in spacetime such as a singularity within a black hole, or the
physics of the very early universe. It is known that in the very early universe a period of inflation,
that is of exponential expansion, must be present, therefore this expansion can grow signatures of
a quantum behaviour of gravity to macroscopical size, thus it can provide indirect measurements
of these quantum features. Therefore, cosmological scenarios represent a realistic setup to look
for quantum signatures of gravity. Furthermore, it is expected that a quantum theory of gravity
can provide the necessary completion to correctly answer the remaining questions of the very early
universe, such as the big bang singularity or the origin of inflation. In this thesis we will treat these
subjects in different scenarios derived or inspired by quantum gravitational proposals.

Despite the fundamental problems of a quantum theory of gravity mentioned earlier, there have
been some approaches to describe gravity in a quantum regime with different levels of success and
conceptual grounds. One of the first approaches to pursue this goal consists on applying the standard
canonical quantization procedure to General Relativity. In order to correctly apply the procedure,
the ADM formalism is used, in which the spacetime is foliated by spacelike hypersurfaces and the
dynamical object is the spatial three metric [4]. In this formalism the system is described by con-
straints that are imposed on the quantum theory. These are the momentum and the Hamiltonian
constrains, the latter ensures that the total Hamiltonian vanishes. Following the standard quan-
tization procedure to these constraints, the Hamiltonian constrains leads to the Wheleer-DeWitt
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(WDW) equation with the idea that the universe as a hole can be described as a single entity
with a wave functional defined on the superspace [5, 6]. In quantum cosmology such functional is
usually called the wave function of the universe (for some general reviews see [7–9]). The super-
space is defined by the degrees of freedom of the three-metric as well as any matter content that
is considered. However, for concrete applications, cosmological metrics are used, which only have
a few degrees of freedom. In this case, it is said that an approximation to the minisuperspace is
performed. Although this quantization scheme turned out to be troublesome and the interpretation
of the wave functional have been subjected to debate up to date (for example see [10] for a recent
discussion), there are some scenarios where this framework is relevant as an s-wave approximation
to quantum behaviour. For example, it is believed that a vacuum transition can be the beginning
of the universe, this kind of processes can be described by using an interpretation of the ratio of
two solutions of the WDW equation as a probability to obtain a transition between both configura-
tions. These ideas were developed in [11,12] for transition between regions of different cosmological
constants and recently they have been extended in [13, 14] where transitions between minima of a
scalar field potential can be studied. These results were compared to the results obtained by using
a path integral approach relying on a Euclidean computation and some important differences were
outlined.

The WDW approach to quantum gravity takes the classical description of gravity in General
Relativity and try to apply a quantization procedure as it is performed with standard quantum
mechanics. This approach is natural but it is limited to a semiclassical description. On the other
hand, the best candidate for a full quantum theory of gravity is the framework of string theory.
These approaches modify in a profound way the description of gravity by proposing models of 1-
dimensional objects that can reproduce gravitation when the spectrum of closed strings is closely
investigated. With these modifications the classical behaviour can be recovered at low energies by
an effective action but they always carry additional fields that alter the effective theory profoundly.
There is, however, one proposal for a quantum theory of gravity that can be thought of as to live
in the middle of these approaches. That is, we can modify General Relativity at the classical level
in order to have a theory that has a better quantum behaviour without the need to incorporate
more radical changes. With this spirit in mind, based on the Lifhstiz scaling proposed on solid
state physics, Petr Hořava proposed a modification of General Relativity that breaks the Lorentz
invariance on the ultraviolet but render the theory power counting renormalizable as a result [15]
(for some recent reviews, see [16–19] and references therein). There are various versions of such
Hořava-Lifshtiz (HL) theory for gravitation but they all rely on such anisotropic scaling. The
cosmological scenarios in this kind of theories have been studied extensively, finding new behaviours
such as cosmological bounce scenarios [20–22] or the appearance of dark matter as an integration
constant [23]. The canonical procedure described earlier can also be pursued with this theory. In
this way, the WDW equation is expected to have a better UV behaviour since it is derived from a
theory that improves GR in the UV. Such WDW equations have also been considered extensively
(for some examples see references [24–30].). On the other hand, these theories can be generalized
in the same way in which f(R) theories generalize General Relativity leading to what has been
called F (R̄) Hořava-Lifshitz theories [31, 32]. These theories have some cosmological interesting
features such as the presence of two regions of exponential expansion. Therefore, we can study
the Hořava-Lifshitz theory of gravity, in any of its forms and generalizations, in order to explore
quantum behaviour with very similar techniques as the ones employed in General Relativity.

Adopting a phenomenological point of view, we can avoid the complications involved by consider-
ing proposals of quantum theories of gravity, but still obtain some insights into what we can expect

14



from them, by modifying the quantum theories that are well understood with some properties that
we expect are going to arrive when gravity takes a quantum description. For example, it is believed
that any theory of quantum gravity should have a minimum measurable length, this is of course
present on string theory [33, 34] and Loop Quantum Gravity but it can be justified in general by
thought experiments on black hole physics as well [35,36] (see for example [37] for a more thorough
discussion). We can incorporate such feature to quantum mechanics by modifying the uncertainty
principle through a modification of the Heisenberg algebra. This kind of generalization have been
called the Generalized Uncertainty Principle (GUP) and have been studied extensively in the liter-
ature. From the modifications that they imply to standard quantum mechanics and the changes on
the mathematical description such as in [38–40] or looking to constrain their defining parameters
by experimental measurements [41–49]. Furthermore, modifications to the Heisenberg Uncertainty
Principle (HUP) have also been found necessary when the quantization procedure takes place on
a de Sitter or anti de Sitter space [50–52], or by the theory of Doubly Special Relativity [53–56].
Thus, there are many motivations to generalize the HUP with different forms and implications, not
only the search of a minimum measurable length. Since this generalization modify the quantum
description in a profound way we can look to the modifications implied in the superspace through
the WDW equation, this has been done in a variety of ways, for example see [57–66]. Furthermore
the GUP modifications are not restricted to the quantum theory, there are some ways in which
we can derive modifications to the classical theory as well. In this sense implications regarding
classical cosmology have also been studied, in particular the implications to the CMBR spectrum
were investigated in [67–70] as well as the changes that it implied to the Friedmann equations using
different techniques in [71–79]. Therefore, considering a GUP allows to find modifications to the
classical and quantum theories inspired by quantum gravity and other scenarios.

The must robust proposal of a quantum theory of gravity is the framework of string theory
which encompass different theories whose mathematical description have been expanded for decades.
This setup have many deep implications to physics such as treating the dimension of spacetime
as a quantity constrained by the consistency of the theory, among others. The phenomenological
implications of such proposals have been studied extensively. For example, the look for a description
of scalar field inflation derived from string theory have been an important area of research since
there are many candidates for such a field, see for example [80]. However, there are important
issues regarding the phenomenological aspects of these theories that have prevented this framework
to be completely accepted. One of such complications arises because all the physical constants in
these theories are obtained as expectation values of scalar fields in the vacuum, but there is not
a single vacuum of the theory, there is instead a huge number of possibilities, this is the so called
Landscape of string theory. However, at present a mechanism to choose dynamically such vacuum
does not exists. There are many scenarios that can be formulated on these theories that will lead to
effective low energy theories that can then be used to describe cosmological scenarios among other
aspects. All the effective theories constructed in this way will be compatible to a completion to
the full quantum theory, thus they will belong to the landscape. On the other hand, if we have
a low energy effective theory that cannot be completed in the ultraviolet to string theory (or in
general to any quantum theory of gravity), it is said that this theory belongs to the swampland.
Therefore, exploring a possible way to distinguish an effective theory that can be completed to
a correct quantum theory of gravity in the ultraviolet from those which cannot is an important
subject that have attracted attention in the past years. With this classification in mind, conditions
on an effective field theory (EFT) containing gravity to identify if it belongs to the landscape or
to the swampland have been proposed recently [81–86], they are called the swampland conjectures.
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Their goal is to identify general aspects of string theoretic realizations such that they may serve as
guidelines to characterize the effective theory. The application of some of these conjectures such as
the de Sitter conjecture (that claims that a dS background cannot be found in string theory [87–91])
to cosmological scenarios have attracted a lot of attention leading to some insightful results. For
example, the standard slow roll criteria for the inflation potential is not consisted with the dS
conjecture [92–94]. This can be resolved by considering multifield inflation, modifying the theory of
gravity, or breaking Lorentz invariance among other approaches [95–104]. Therefore the conjectures
can be used to explore if any given cosmological setup can present a well behaved quantum behaviour
by providing information of its correctly completion to a full quantum regime.

In this thesis we will present the study of the different theories and proposals that we have
described on relevant cosmological scenarios. We will present results in the classical and quantum
regimes that will allow us to explore important conceptual problems such as the viability of the
swampland conjectures, the initial singularity and the origin of inflation. The outline of this thesis
is as follows:

In chapter 2 we will present the mathematical and conceptual preliminaries to the thesis. Firstly,
we will present a brief introduction to classical cosmology, describing the relevant cosmological
metrics as well as the standard inflationary scenario driven by a scalar field. Then we will present
the Hamiltonian formalism of General Relativity, in order to pursue the canonical quantum gravity
procedure to obtain the Wheeler-DeWitt equation. Later on, we will discuss some aspects about
the interpretation of the solutions and limitations of this procedure. Then we will present the action
that describes the Hořava-Lifshitz theory of gravity and discuss the different versions of the theory,
the way in which the scalar field can be coupled to such theories and the generalization to F (R̄)
theories. Next, we will describe the different forms that have been proposed of the Generalized
Uncertainty Principle and describe some cosmological scenarios where its effects have been studied.
Finally, we will present the swampland conjectures, in particular the dS conjecture, and discuss the
way in which it can be used as a tool to test different cosmological scenarios.

We will begin to present our results by starting with a classical scenario in chapter 3. There we will
study the modifications implied by a GUP on the classical inflationary scenario driven by a scalar
field. Since there are many proposals for the GUP, we will not use a particular form, we will instead
consider a general modification of the Heisenberg algebra. In order to find classical implications
of the GUP, we will perform a classical limit consisting in modifying a Poisson bracket whenever
the corresponding quantum commutator is modified. In some cases we will find that inflation can
be obtained approximately by Hubble slow-roll parameters that depend on the standard slow roll
parameters in a very different form that in the usual case, thus opening the possibility to more
forms for the potential. Furthermore, we will show that there is an analytical solution describing an
exponentially expanding universe that generalizes the standard cosmological constant solution by
restricting the form of the GUP. It is found that even if the cosmological constant is set to vanish
when the GUP vanishes, the expansion of the universe is present when the GUP is relevant. Thus
we can relate the origin of inflation to a GUP with an appropriate form, there is no need of any
other source. The results of this chapter were first presented in [105].

Since we know that the Hořava-Lifshitz theory of gravity has a better ultraviolet behaviour than
GR, we will study in chapter 4 the compatibility between the Hořava-Lifshitz F (R̄) theories and
the de Sitter swampland conjecture. We will perform such test using a flat Friedmann-Lemâıtre-
Robertson-Walker (FLRW) metric which is of cosmological interest. We will find appropriate forms
of the F (R̄) function that allows us to use the conjecture to constrain the parameters of the theory.
First of all, we will show that in standard f(R) theories the conjecture can be fulfilled but in a
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very restrictive way. On the other hand, for the F (R̄) theories we will firstly present the analysis
with an ansatz of a power law form for the scale factor. There is one particular case in which the
theory is described by only one parameter, whereas in the general case the theory is described by
two parameters. In the particular case the conjecture leads to a region on the parameters space
where it is expected ultraviolet behaviour, thus we find an agreement between the conjecture and
the ultraviolet region of the theory. In the general case, we can obtain consistency with such region
as well but we can also perform the f(R) limit and obtain consistent results. Finally, we study
the case of a constant Hubble parameter, the dS conjecture can also be fulfilled by constraining
the parameters of the theory, however the constrictions make this compatibility exclusive to these
theories. These results can be used to support the idea that the conjectures may be right and that
they can also be applied to more scenarios than originally thought, in particular, in this case we
obtain consistency with a theory that breaks Lorentz invariance in the ultraviolet. The results of
this chapter were first presented in [106].

We will then move on to a quantum scenario employing the canonical quantum procedure in
the form of the Wheeler-DeWitt equation. In chapter 5 we will study a way in which the GUP
can be incorporated to deform the WDW equation obtained in the Hořava-Lifshtiz theory, using
in particular a Kantowski-Sachs metric. Firstly, we will explore the WDW equation with standard
uncertainty principle, and explore analytical solutions in the infrared limit as well as a convenient
ultraviolet limit. From this we will show that one particular version of the theory derived by using
detailed balanced can be obtained from the most general form of the theory by an appropriate
choice of the parameters. We will then consider a GUP in the variables of minisuperspace. We
will describe two possible ways to obtain a modification of the WDW equation with only up to
second power terms in the momenta. One of them is useful to present an equation for the most
general form of the theory. However, the second option allows to obtain analytical solutions in
the limiting cases considered before. In the infrared limit we will obtain consistency with General
Relativity. Moreover, in the ultraviolet limit we will obtain an analytical solution that displays
oscillatory behaviour, but we will find that this can not be achieved in general and it depends on
the parameters involved. These results are relevant since by introducing a GUP by hand to the
WDW equation, we are improving its ability to correctly describe quantum behaviour. The results
of this chapter were first presented in [107].

We will then use all the ingredients explored before to study a process which is purely quantum
in a general form in chapter 6. We will study the vacuum transition probabilities between two
minima of a scalar field potential by using the semiclassical Wentzel-Kramers-Brillouin (WKB)
approximation to the WDW equation in a Lorentzian formalism. First of all we will present a
general method to compute such probabilities for any model on superspace by considering a general
form of the Hamiltonian constraint described by quadratic as well as linear terms in the momenta.
In section 6.2 we will use this method to compute probabilities in General Relativity. We will study
first the FLRW metric and obtain the same results as the ones obtained by using an Euclidean
approach with path integral methods. However, our is method is not restricted to a specific form
of the metric. Thus we will use it to study the transition probabilities with some homogeneous but
anisotropic metrics such as the Kantowski-Sachs, biaxial Bianchi IX and the Bianchi III metric,
and study what are the implications of anisotropy. Since our method is not restricted to General
Relativity we will use it in section 6.3 to study the transition probabilities in the Hořava-Lifshitz
theory of gravity. We will consider and FLRW metric and homogeneous fields as usual but we will
also study a field that can depend on the spatial variables as well. In this latter case we will find
that the probabilities are modified in the UV region leading to the contrary behaviour than in GR,
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in fact vanishing when the scale factor vanishes. By giving an appropriate interpretation to the
probabilities this represents a plausible resolution of the initial singularity, namely if the universe
is created by a vacuum transition in this form the universe should be created without a singularity.
Finally, in section 6.4 we will use the most general form of our method to study the implications of
considering a GUP. To achieve this we will use the techniques developed in chapter 5. We will study
such transitions with a FLRW metric as well as with anisotropic metrics and study the differences
with the standard case. We will find that the probability of creating a universe with a nonzero
size increases as the GUP parameter increases. Therefore, by studying vacuum transitions and
interpreting the solutions in a proper manner, we will explore some relevant features of the very
early universe, in particular, a possible way to avoid the initial singularity. The results of this
chapter were first presented in [108–110].

Finally, in chapter 7 we will present our final remarks.
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Chapter 2

Preliminaries

In this chapter we will present a brief conceptual and mathematical introduction to the subjects
that we will be using in the rest of this thesis. Our intention is not to be exhaustive, instead we
will focus only on the aspects that will be necessary for the development of the following chapters
with the intention for this thesis to be as self-contained as possible. However, we will try to provide
sufficient references so the reader that is interested in any of the subjects presented can explore
further.

Notes about units

In the majority of this work we will use natural units in which c = ℏ = κ = Mpl = 1 where
κ = 8πG with G Newton’s constant and Mpl is the Planck mass. However, when dealing with
classical cosmology we will maintain the κ term in the equations so the results can be compared to
the standard classical procedures. Furthermore, in chapter 6 a semiclassical expansion on ℏ will be
performed, thus in that chapter ℏ ̸= 1 and the units will be chosen appropriately for every example
considered. Furthermore, when dealing with HL gravity we will explicitly write Mpl when needed.

2.1 Cosmology

Let us begin with a brief description of some aspects of classical cosmology. We will discuss the
form of the metrics mostly used on cosmological scenarios, the standard model of inflation driven
by a scalar field and the Hamiltonian formalism of General Relativity.

2.1.1 Cosmological metrics

Most of the cosmological studies are based on the cosmological principle, which states that the
universe at great scales described as one entity is homogeneous and isotropic. The metrics that
describe the universe with these properties have the maximum number of symmetries, that is the
maximum number of Killing vectors, and are categorized only by the sign of the constant spatial
curvature. They are the Friedmann-Lemâıtre-Robertson-Walker metrics and can be written in
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general as [111]

ds2 = −dt2 + a2(t)


dr2 + sin2(r)dΩ2

2

dr2 + r2dΩ2
2

dr2 + sinh2(r)dΩ2
2

(2.1)

where the first case corresponds to positive spatial curvature (closed spatial surface), the second to
the zero curvature (flat and open spatial surface), and the third one to the negative curvature case
(open spatial surface). Furthermore, dΩ2

2 = dθ2 + sin2 θdϕ2 stands for the metric of the 2-sphere.
In the latter expression a(t) is called the scale factor which is responsible for the description of the
expansion of the universe. For example, we can note that for the positive curvature case in (2.1)
the metric of the spatial part is just the metric of the 3-sphere times a function that changes with
time, thus it is an sphere whose size evolves with time dictated by the scale factor. Most of the
discussion on cosmological models is performed in the context of these types of metrics, particular
attention is put in the Hubble parameter H defined by

H =
ȧ

a
, (2.2)

where ȧ = da
dt . At present, there is a tension between the experimentally measured values of this

parameter coming from the early universe, and the values arriving from measurements in the late
time universe. This tension is a subject of intense debate, for recent reviews on this subject see for
example [112–114] and references therein.

On the other hand, there has been a recent debate regarding the level of anisotropy in the
universe. Observations from type Ia supernovae [115] of the cosmic acceleration or based-space
x-ray measurements [116] seem to imply certain degree of large scale anisotropy. However, analysis
from the Cosmic Microwave Background (CMB) measures of temperature and polarization from
Planck observatory [117], or using supernovae [118] seems to strongly imply that the deviations from
isotropy are disfavoured. The question of the level of anisotropy in our universe is fundamental for
the cosmological models, for example implications of the anisotropy in galaxy clusters have been
analyzed in [119]. More recently, it has been proposed that anisotropies seem to be compatible
with the tension in the value of the Hubble constant, suggesting that modification of the current
cosmological paradigm is needed [120, 121]. Thus, the debate about the possible existence of a
certain degree of anisotropy in our universe is still not conclusive. All these results show that
there is a great interest from the observational point of view to study homogeneous but anisotropic
metrics. These kind of anisotropic metrics have been considered and studied extensively from the
theoretical point of view as well. Employing a construction based on the group of isometries they
can be classified following the classification of 3-dimensional Lie algebras made by Bianchi [122] and
they correspond to 9 metrics named after him [123,124]. They can be written in general as [125]

ds2 = −dt2 + gij(t)ω
i ⊗ ωj , (2.3)

where ωi are the invariant 1-forms associated with the isometry groups. Furthermore, a different
homogeneous anisotropic metric can also be defined, namely the Kantowski-Sachs metric [126] in
the form

ds2 = −dt2 ++a2(t)dr2 + b2(t)dΩ2
2. (2.4)

This metric is useful since it can be used to study not only anisotropic cosmological models, but also
the interior of a Schwarzschild black hole as well. For a thorough discussion about the classifica-
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tion and behaviours encountered with anisotropic metrics see for example [124,127] and references
therein.

2.1.2 Scalar field inflation

The current paradigm of the cosmological history of the universe, states that in the very early
universe, there should be a period where the expansion in the scale factor has an exponential form.
This period is called inflation, and it is commonly described by a homogeneous scalar field, called
the inflaton, coupled minimally to General Relativity with the action

S =

∫ √
−g

[
R

2κ
+
ϕ̇2

2
− V (ϕ)

]
, (2.5)

where ϕ is the inflaton and V (ϕ) is its corresponding potential. In this context, the flat FLRW
metric is used, which can be written in cartesian coordinates as

ds2 = −dt2 + a2(t)
(
dx2 + dy2 + dz2

)
. (2.6)

Varying the action with respect to the scalar field we can obtain the scalar field equation of
motion in the form

ϕ̈+ 3Hϕ̇+ V ′ = 0, (2.7)

The Einstein equations are obtained after variation with respect to the metric, from the 00 compo-
nent we obtain the Friedmann equation

H2 =
κ

3

(
ϕ̇2

2
+ V

)
. (2.8)

On the other hand, the Einstein equation coming from the spatial indices leads to the second
Friedmann equation which can be derived from (2.7) and (2.8), thus it is not independent. It is
known that the only analytical solution that can describe a period of accelerating expansion (i.e.
a constant Hubble parameter) is when the scalar field vanishes and its potential is a constant, the
cosmological constant. However, when the scalar field is present we can obtain this behaviour by two
approximations, called the slow-roll approximation, in the following way; first we ignore the kinetic
term with respect to the potential in (2.8), second we ignore the acceleration term with respect to
the friction one (that is, the second term) in (2.7). These two approximations are measure by the
slow-roll Hubble parameters

ϵH = − Ḣ

H2
, ηH = − ϕ̈

Hϕ̇
. (2.9)

Thus, the approximations are well justified if we demand that ϵH , ηH ≪ 1. However, we can write
these two conditions in terms of the potential by using the standard slow-roll parameters defined
by

ϵV =
1

2κ

(
V ′

V

)2

, ηV =
1

κ

(
V ′′

V

)
, (2.10)

then, in the light of these approximations we can write

ϵH ≈
3ϕ̇2

2V
≈ ϵV , ηH ≈ ηV − ϵV . (2.11)
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Therefore, when the standard slow-roll parameters are small, the slow-roll Hubble parameters are
small and the approximations are justified. We note from the definition (2.10) that if we ask ϵV ≪ 1,
we obtain that V is approximately constant and thus from the Friedmann equation (2.8) we obtain
an approximately constant Hubble parameter and thus a period of inflation.

2.1.3 The ADM formalism

As is well known, General Relativity can be formulated by considering the Einstein-Hilbert action
and obtain the Einstein equations with a variational procedure with respect to the metric, as was
performed in the last subsection. However, a Hamiltonian formalism for General Relativity can
not be constructed directly from this action, since it has a covariant form and the time variable
is treated in the same form as the spatial variables. In order to correctly perform a Hamiltonian
formulation we need to employ the Arnowitt-Deser-Misner (ADM) formalism [4]. Let us briefly
review this formulation. (For a detailed introduction see [1, 128] and for a thorough description of
the application to cosmology see [129,130]).

In order to split the time variables from the covariant description, this formalism employs a
foliation of spacetime with spatial hypersurfaces of constant time. That is, the four dimensional
spacetime is decomposed into three dimensional hypersurfaces of constant time that fills the whole
manifold and do not intersect. In this form, the metric is written as

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt), (2.12)

where the spatial index i runs from 1 to 3, N is the lapse function that gives information of
how a point moves in the time direction between hypersurfaces, N i are the shift functions which
give information of how a point can be moved in the spatial variables when moving through the
hypersurfaces, and hij is the three three-metric describing the induced metric on each spatial surface.
The lapse function, the shift vector (composed of the three shift functions) and the three-metric
represents the ADM variables in which we can express the whole equivalent formalism. With these
variables the Einstein-Hilbert action can be written as

S =
1

2κ

∫ ∫
dtd3x

√
hN

[
KijK

ij −K2 +R
]
, (2.13)

where Kij is the extrinsic curvature on the spatial hypersurface, K its contraction, that is K = Ki
i ,

h is the determinant of the spatial three-metric induced on the hypersurface and R its corresponding
Ricci scalar. With this form we can construct the Hamiltonian in the usual way in terms of the
ADM variables. The Lagrangian L does not depend on the time derivatives of the lapse or shift
functions, making them non dynamical variables. Thus their canonical momenta must vanish, that
is

πN =
δL
δṄ

= 0, πi =
δL
δṄi

= 0, (2.14)

these are primary constraints. Therefore, the Legendre transformation is performed only with the
variables of the three-metric. The corresponding canonical momenta are defined by

πij =
δL
δḣ

(3)
ij

, (2.15)
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where a functional derivative is used, since in general, we will have an infinite number of degrees of
freedom. Then the total Hamiltonian is written as

H =

∫
d3x

[
NH+N iHi

]
, (2.16)

where
H = N

√
h
[
KijK

ij −K2 −R(3)
]
, Hi = 2∇jπ

j
i , (2.17)

and ∇i is the covariant derivative with respect to the three-metric. As a consequence of the primary
constraints (2.14) it is obtained that the N and Ni functions act as Lagrange multipliers, and thus
they are in principle arbitrary functions. Varying wih respect to those variables the secondary
constraints are obtained

H = 0, Hi = 0. (2.18)

The first of these equations is called the Hamiltonian constraint whereas the second set of equations
are the momentum constraints. As stated earlier, the dynamical variables are the components
of the three-metric hij and they evolve in such a way that these constraints are preserved. In
practice, the Hamiltonian constraint is equivalent to the Einstein equation with both temporal
indices, whereas the momentum constraints are equivalent to the equations with one temporal and
one spatial indices. The remaining Einstein equations are obtained by variation of the action with
respect to the three-metric or as Hamilton equations with the total Hamiltonian.

2.1.4 Friedmann equation in the Hamiltonian formalism

Let us note that the FLRW metric (2.1), in particular the flat FLRW version (2.6) is already in the
ADM form (2.12) with a unit lapse function and vanishing shift vector. Therefore the only degree
of freedom coming from the spatial metric is the scale factor. Thus we can incorporate the scalar
field in the action (2.5) and perform a Hamiltonian treatment to obtain the same equation as in
the last section. Let us show how this procedure works. The canonical momenta of the scale factor
and scalar field have the form

πa = −6aȧ

κ
, πϕ = a3ϕ̇. (2.19)

In this case the momentum constraints are automatically satisfied and the Hamiltonian constraint
is the vanishing of the total Hamiltonian constructed in the usual way, in terms of the scale factor
and the scalar field. Thus, in this case the Hamiltonian constraint is

H = − κ

12a
π2a +

1

2a3
π2ϕ + a3V (ϕ) ≃ 0. (2.20)

We also obtain the four Hamilton equations

ȧ = {a,H} =
∂H
∂πa

, ϕ̇ = {ϕ,H} =
∂H
∂πϕ

, (2.21)

π̇a = {πa,H} = −∂H
∂a

, π̇ϕ = {πϕ,H} = −∂H
∂ϕ

. (2.22)

In this case the two equations in (2.21) are just the definitions of the momenta (2.19) as usual.
The first equation in (2.22) leads to the equation coming from the variation of the action (2.5)
with respect to the scale factor, that is, the Einstein equation with spatial indices that will lead

23



to the second Friedmann equation. On the other hand, the second equation in (2.22) leads to the
scalar field equation (2.7). Finally, the Friedmann equation (2.8) is obtained after substituting the
canonical momenta in the Hamiltonian constraint (2.20). Thus, the scalar field inflation scenario
can be studied in the same form as in the last section using the Hamiltonian formalism.

2.2 Canonical Quantum Gravity

The ADM formalism described in the last subsection is useful because with this setup the Hamil-
tonian description is written in terms of the true degrees of freedom, that is, with the variables
describing the spatial three-metric. For this reason, sometimes this formalism is called geometrody-
namics. Having obtained this form we can proceed to perform a canonical quantization procedure
seeking a quantum description for gravity. Let us review how this procedure works and discuss its
interpretations and limitations, for an extensive review on the subject see [1].

2.2.1 The Wheeler-De Witt equation

Once we have identified the true degrees of freedom, we can proceed to quantize the theory with the
techniques developed by Dirac for a constrained system [131]. In this way, in the coordinate repre-
sentation the momenta will be promoted to functional derivative operators, whereas the constraints
(2.18) will have to be imposed at the quantum level. Thus we have that the wave functional Ψ will
obey1

HΨ = 0, (2.23)

HiΨ = 0. (2.24)

This wave functional will depend on the true degrees of freedom, that is, on the variables of the three-
metric as well as any other matter content that is considered. Therefore, it will be defined on a space
of parameters where the coordinates are the degrees of freedom just mentioned. This is called the
superspace2 and is in principle infinite dimensional (for a mathematical discussion of such space see
[132]). However, in most practical applications of this formalism, one usually employs cosmological
homogeneous metrics which can be described by only a few number of degrees of freedom, for
example, the FLRW metrics are just described by the scale factor and the Bianchi metrics just by
3 functions at most. When such metrics are used, it is said that a minisuperspace approximation
is performed, and then the functional derivatives can be exchanged by standard partial derivatives.
In this context, the theory is usually just called quantum cosmology. In this quantization scheme,
equation (2.23) is called the Wheeler-DeWitt (WDW) equation [133, 134] and it has the form of a
Schrödinger equation independent of time. The wave functional Ψ appearing in the WDW equation
is sometimes called the wave function of the universe with the idea that the universe as a hole
can be described as a single entity obeying this set of equations. Furthermore, the momentum
constraints (2.24) imply the invariance of the theory under three-dimensional diffeomorphisms, then
in most homogeneous metrics they are satisfied identically. Thus all the quantum treatment can be
performed with the WDW equation alone. In the following we will briefly discuss some aspects of
quantum cosmology, for a more thorough introductory discussion see for example [7, 125, 135–137]
and references therein.

1Throughout this work we will use the same notation for the classical functions and their corresponding quantum
operators. The context will provide the information of the correct interpretation.

2Although it has the same name, this space has nothing to do with the space of supersymmetric theories.
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2.2.2 Interpretation of the solutions

This proposal for a quantum theory of gravity was one of the first to be explored since it naturally
follows from the Hamiltonian description of GR. However, the interpretation of the wave functional
can not be performed as easily as in standard quantum mechanics, thus the correct interpretation
is still a subject to rigorous debate. Let us review some general aspects on this regard.

� First of all, in most cases the wave functional does not lead to quadratic integrable functions
and thus the Bohm interpretation of |Ψ|2 as a probability measure can not be used (see [10]
for a recent discussion), among other conceptual problems [138].

� In general, the WDW equation will be of the Klein-Gordon type on superspace, thus we can
define a conserved current

J =
i

2
(Ψ∗∇Ψ−Ψ∇Ψ∗) , (2.25)

that satisfies ∇ · J = 0. However, as in the Klein-Gordon case, the probability measure
constructed from this current can display negative values and thus it can not be interpreted
as a correct probability measure. For a thorough discussion of this subject see [138]

� Usually on quantum cosmology, the WKB approximation to the WDW equation is used to
perform a semiclassical treatment. In this sense the wave functionals can be of the form
Ψ ∼ eiS or Ψ ∼ e−S . The oscillatory form represents classical behaviour since the solutions
are going to be peaked around classical Lorentzian solutions, and will imply correlations
between the coordinates and their canonical momenta. On the other hand, the second form
is a solution belonging to a pure quantum regime prior to the classical transition.

� Even if the solutions of the WDW equation cannot define a probability measure by themselves,
it is possible to use them to construct a conditional probability that can be helpful to interpret
results. In this sense, the ratio of absolute squares of the wave functionals for different
configurations can be interpreted as relative probabilities between two states in which the
system performs a transition [14,139].

� A more recent interpretation employs the Born-Oppenhaimer approximation in the presence
of matter fields. In this regard, the heavy degrees of freedom coming from the gravitational
part defines the background whereas the light degrees of freedom of the matter fields propagate
in such background. In this way, it is possible to obtain quantum corrections to the scalar
field modes that leads to modification to some parameters that can be measured. For more
information on this interpretation see for instance [140–143].

Therefore, even if the probabilistic interpretation of solutions of the WDW equation is trouble-
some and there is still an ongoing debate, we can focus on some aspects of such solutions to extract
information from the results. In this sense, when dealing with the WDW equation in chapter 5 we
will look for oscillatory behaviour with a classical description in mind. Furthermore, we will use
the conditional probability proposal to study the vacuum transitions in chapter 6.

2.2.3 Boundary conditions

Now that we have addressed the question of interpreting the solutions of the WDW equation we
move on to the question of how to obtain such solutions in the first place. Let us remark that
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we have a differential equation that presumably captures some quantum behaviour of the universe
treated as a single entity, however in order to obtain solutions to this equation we need to impose
boundary conditions. In standard quantum mechanics such conditions are imposed externally to
the system. However, if we are dealing with the universe as a whole, the nature of such conditions
represents a new law by itself. In this regard, there are two proposals that have defined the standard
uses of quantum cosmology;

� The Hartle-Hawking no boundary proposal [144]: As the name suggest, this proposal states
that the universe has no boundary at the beginning and thus the wave functional takes the
form of an Euclidean path integral over compact 4-geometries bounded by the corresponding
three-geometry.

� The tunnelling proposal [145]: This is a proposal directly in the superspace and states that at
singular boundaries the wave function of the universe must consist only of outgoing modes.
It can also be defined analogously to the no boundary proposal but using a Lorentzian path
integral.

� Linde proposed [146, 147] that the Wick rotation employed by Hartle and Hawking should
be done on the negative time instead of the positive one. However, for simple models this
proposal leads to the same results as the Vilenkin proposal, thus it is usually stated under the
tunnelling proposal as well.

Both proposals lead to the paradigm that the universe was created from “nothing” (a state with
zero geometry) by a tunnelling event and have different conceptual and operational problems. How-
ever, they have been studied extensively since their first appearance and have dictated the usual
framework of quantum cosmology. For an early discussion of the differences between both proposals
see [148,149]. Furthermore, for some recent developments see [150–155].

In analogy to the Lorentzian formalism of the WDW equation just described, a formalism using
the path integral approach can also be studied. On a formal level this approach is equivalent to
the WDW equation although in most cases one uses a Wick rotation as in standard quantum field
theories. In this formalism the problem of initial conditions is encountered in the form of the
definitions of the contours of integration. For some recent discussion in this regard see [155–160].

2.2.4 The problem of time

One particular problem that arises in any quantization approach to gravity is the so called problem
of time. In the quantum cosmology scenario it appears in the following form: We note that the
WDW equation (2.23) is defined in the superspace, and thus there is not a time variable to properly
define evolution. This is not at all surprising, since this behaviour is common to parametrized
theories such as General Relativity. Let us review some solutions to this problem (for a formal
discussion see [138])

� Internal time: It can be proposed that before quantization one can interpret one of the
variables as time, in this way we can obtain a functional Schrödinger equation instead of
the WDW equation. In this proposal we can use for example the volume of the three-metric
as such parameter or the mean extrinsic curvature which leads to the York time [161,162].

� Reference fluid: It can be proposed that a fluids fills the universe, the particles of the fluid
identifies the space points and their clocks measure time [163]. This procedure can also be
performed with dust [164].
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� Matter clocks: instead of using a perfect fluid, we can also use a scalar field as a clock. For a
recent work regarding this subject see for example [165].

All of the approaches to define a time parameter to the WDW equation have issues, at present there
is not a general consensus on which can be the solution to this problem. However, even if we do
not attempt to consider a time parameter to incorporate an evolution to the WDW solutions, we
can still obtain physically relevant results by studying the oscillatory regions of such solutions, or
by employing the conditional probability stated in the last subsection.

2.2.5 Other applications

Nowadays it is believed that the paradigm of the WDW equation represents an approximation to the
quantum behaviour of gravity in the same way as an s-wave approximation. Therefore it is expected
that we can gain information about the quantum regime at least in a semiclassical approximation
by using this formalism. The quantum cosmology methods presented have been extensively used in
standard inflationary scenarios. However, the method is not restricted to General Relativity, it can
be used on different theories of modified gravity as well, for example in the Hořava-Lifshitz theory
as we will see in the next section. Furthermore, since we can derive low energy actions arriving from
string theories, we can recover some quantum features by applying this procedure to those actions,
for some examples on this line of work see [166–175]. Moreover, the ideas of the tunnelling from
nothing scenario can also be applied to study the swampland of string theories [176,177]. Therefore,
at present, the canonical approach contained in the WDW equation continues to represent an
important proposal to look for quantum behaviour of gravity.

2.3 Hořava-Lifshitz theories of gravity

It is well known that General Relativity is not a renormalizable theory. Therefore, the look for
quantum behaviour by employing the canonical formalism of the last section is necessarily limited.
Let us review some aspects of a theory that improves the UV behaviour of GR and represents a
better candidate to explore gravity at the quantum level.

2.3.1 Action

The Lifshitz scaling from condensed matter physics was applied to modify the theory of General
Relativity by Petr Hořava leading to the Hořava-Lifshitz theory of gravity [15] (for some recent
reviews, see [16–19] and references therein). The theory employs an anisotropic scaling of space and
time variables described by

xi → bxi, t→ bzt, (2.26)

where z is the dynamical critical exponent. In the ultraviolet z = 3 and the theory becomes power
counting renormalizable. We note that since the space and time variables scale differently, this
theory is no longer Lorentz invariant at high energies. Since such scaling must be preserved under
any change of variables, the theory is no longer invariant to the full four dimensional diffeomorphism,
the symmetry is reduced to the so called foliation preserving diffeomorphisms. The action of this
theory can be written as [24,178,179]

SHL =
1

2κ

∫
d4xN

√
h
[
KijKij − λK2 + L(hij)

]
, (2.27)
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where the metric is written in the ADM form (2.12), λ is a dynamical coupling constant susceptible
to quantum corrections, that defines the restricted foliation compatible with the Lifshitz scaling,
and L(hij) is a potential term for gravity that is constructed only by higher order derivative terms
in the spatial components of the curvature, giving rise to a ghost-free theory. There are two versions
of this theory regarding the choice for such potential term:

� Detailed balance condition: Originally it was proposed that such term can be derived from
a geometrical action, thus adding a new symmetry to the theory. In this way the potential
term can be written as

L(hij) ∼ EijGijklE
kl, (2.28)

where Gijkl is the metric in superspace and Eij is derived from

√
hEij =

δW [gkl]

δgij
, (2.29)

for some action W , this is called the detailed balance condition. It is useful since the number
of constants needed in the potential term is reduced, but it leads to consistency problems.

� General case: If we abandon such condition, in the general scenario, the potential term con-
tains the scalar curvature of the three-metric R(3) and seven constants accompanying higher
spatial derivative terms written in terms of the Ricci scalar of the spatial three-metric.

The most general form of the action without using detailed balanced is then expressed as

SHL =
M2
pl

2

∫
M
d3xdtN

√
h

[
KijK

ij − λK2 − ΛM2
pl +R(3) − 1

M2
pl

(
g2(R

(3))2 + g3R
(3)
ij R

(3)ij
)

− 1

M4
pl

(
g4(R

(3))3 + g5R
(3)R

(3)i
j R

(3)j
i + g6R

(3)i
j R

(3)j
k R

(3)k
i + g7R

(3)∇2R(3) + g8∇iR
(3)
jk ∇

iR(3)jk
)]

+M2
pl

∫
∂M

d3x
√
hK, (2.30)

where we have added a cosmological constant term Λ and a boundary term that for most cases can

be omitted, we have also denoted the Ricci tensor and curvature scalar in three dimensions as R
(3)
ij

and R(3) respectively. Furthermore, all gn (n = 2, ..., 8) are positive dimensionless running coupling
constants. In addition to the two versions of the theory defined by the choice of the gravitational
potential term, the lapse function appearing in the action can lead to different versions of the theory
as well, classified by the variables in which it may depend on:

� Projectability condition: In this case the lapse function only depends on the time variable,
and thus the Hamiltonian constraint is a global constrain. Therefore, we can not use it to
construct an equation of motion, as it was used for example to obtain the Friedmann equation
in the last part of subsection 2.1.3.

� Without projectability: In this case, the lapse function is allowed to depend also on the spatial
variables. Thus the Hamiltonian constraint is local, that is, valid on every spatial point.
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In any of the two versions there is enough freedom to choose convenient values for the lapse function,
but in general, the global nature of the Hamiltonian constraint leads to an integration constant,
and thus a new term in the equations of motion [17, 23]. Therefore, even though in both cases we
can choose the lapse function to be one, the equations of motion will be different.

This theory has been studied extensively in the classical regime, in particular it has led to new
relevant cosmological behaviours such as bouncing universes [20–22] or the appearance of a dark
matter term as a constant of integration [23], to name a few. The compatibility with observational
data have also been studied [180–186].

2.3.2 The infrared limit

As can be easily seen from (2.30), we can try to recover standard General Relativity by performing
an infrared limit consisting of z → 1 (the Lorentz invariance is recovered) accompanied by λ → 1
(the full diffeomorphism symmetry is recovered, consequently the foliation takes the form as the
usual in the ADM formalism). In addition, the higher order derivative terms in the action have to
be neglected in order to get the correct limit, that is gn → 0 for all n. In this case, it is obtained
that L(hij) → R(3). However, this limit was found to be troublesome, since it remains an additional
degree of freedom which leads to a perturbative IR instability [17,19,187,188]. The non-projectable
version has the possibility to remove this unphysical degree of freedom.

In order to improve the issues in the IR limit found in the original theory, the Hořava-Lifshitz
theory of gravity has been generalized in a number of ways. For example, in [189–191], an extra
U(1) field was added.

2.3.3 Coupling matter

In order to couple a scalar field to this theory ϕ(t, xi), we need to consider actions that are invariant
to the symmetries of the theory, that is that take into account the anisotropic scaling symmetry
and UV renormalizability. The general scalar action in HL gravity is found to consist of spatial
derivatives up to order 6. For simplicity, we do not consider terms of products of derivatives, then
this action is written in the form [192]

Sm =
1

2

∫
dtd3x

√
hN

[
(3λ− 1)

2N2

(
ϕ̇−N i∂iϕ

)2
+ F (ϕ)

]
, (2.31)

where the function F (ϕ) is given by

F (ϕ) = ϕ
(
c1∆ϕ− c2∆

2ϕ+ c3∆
3ϕ
)
− V (ϕ), (2.32)

where ∆ denotes the three-metric Laplacian, whereas V (ϕ) is the potential for the scalar field. The
constant c1 is the velocity of light in the IR limit, the two other constants are related to the energy
scale M (which can be taken as the Planck mass Mpl) as

c2 =
1

M2
, c3 =

1

M4
. (2.33)

We note that for homogeneous scalar fields, that is with a time dependence only, the action
will be very similar to that of standard General Relativity, the difference will only be a constant
regarding λ in the kinetic term. Therefore, since the higher spatial derivative terms in the action
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(2.30) are abscent for an FLRW flat metric, we can see that most of the cosmological analysis with
this metric will be as in standard GR, in particular the inflationary scenario performed in 2.1.2
can be carried out in the same manner, there will only be an extra term with the λ parameter in
the expressions. On the other hand, for inhomogeneous fields the actions will be different and the
results are expected to deviate from GR results significantly.

2.3.4 Quantum cosmology in HL gravity

Since the Hořava-Lifhitz theory represents an improvement over GR in the high energy regime, it
is natural that quantum gravity aspects of the theory are of great interest. Furthermore, the form
of the action is naturally written in the ADM form. Thus, the canonical quantization techniques of
the last section can be used. These approaches have been extensively studied. For example, some
of the works regarding quantum cosmology in Hořava-Lifshitz gravity are [24–30].

2.3.5 F (R̄) Hořava-Lifshitz theories

There are many ways to generalize GR by modifying the Einstein-Hilbert action. One of the most
important theories in this regard is the f(R) theories [97]. The gravitational action for these
proposals in the Jordan frame is written as

S =
1

2κ

∫
d4x

√
−gf(R), (2.34)

where f(R) is some well-behaved function of the curvature scalar R. In this scenario, it is thought
that the action of GR is just the first term on a Taylor expansion of the f function around a small
curvature. These theories are of great interest since they lead to many new interesting cosmological
behaviours, see for instance [193].

As we can see from the form of action (2.30), it is natural to generalize HL theories in the same
way as the generalization leading to f(R) theories just described. In this case, the action for the
generalization is written as

SF (R̄) =

∫
d4x

√
hNF (R̄), (2.35)

where R̄ can be seen as a generalization of R which includes the new terms of spatial derivatives
abscent in the GR scenario, and is proposed to have the form [31,32]

R̄ = KijKij − λK2 + 2µ∇ρ(n
ρ∇νn

ν − nν∇νn
ρ) + L(hij), (2.36)

where µ is a constant. The term with the µ parameter is usually omitted in the standard f(R)
proposal since in that case it is just a total derivative term. However, for these new theories such
term is necessary. As we can see from (2.35) and (2.36), the limit λ→ 1, µ→ 1 of this theory leads
to the standard f(R) theory (2.34). This theory was originally proposed employing the detailed
balanced condition in a series of papers [31,32]. They turned out to be relevant in cosmology since
the solutions with the flat FLRWmetric describe new and interesting behaviours such as two periods
of accelerating expansion. These theories were later studied further, for example the Ekpyrotic
scenario was presented in [194]. Pursuing a more general version, the detailed balanced condition
was abandoned in [195]. A Hamiltonian analysis for these theories was performed in [196], and the
relation to general scalar tensor HL theories was investigated in [197]. Furthermore, an extension
to incorporate a U(1) field was performed in [198]. Thus, these theories represent an interesting
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generalization to the HL theory of gravity, in particular to cosmological scenarios. For this reason,
in chapter 4 we will study a new feature for these theories in the form of their compatibility with
the dS swampland conjecture.

2.4 Generalized Uncertainty Principle

The Heisenberg Uncertainty Principle is a key result of standard quantum mechanics, it represented
one of the first features that changed the paradigm of classical theories. However, as the quantum
ideas were pursued in different contexts, a generalization of this principle was found to be necessary
motivated within different scenarios. Let us review some of these scenarios and their implications
to cosmology at the classical, as well as at the quantum level.

2.4.1 GUP proposals

We can categorize the motivations from such generalization as follows:

� Minimum measurable length: At the present time it is believed that a quantum theory of
gravity, whatever its form, must contain a minimum measurable length, since it is expected
that the standard classical view of spacetime as a smooth manifold breaks down and a more
fundamental structure should appear [33–37], which is incompatible with the HUP. Thus,
we can modify the uncertainty principle, by modifying the Heisenberg algebra, in the well
established quantum theories, in order to obtain some insight to the modifications that we
expect are going to arrive with the full quantum gravity theory.

� Quantization in (anti) de Sitter space: It has been found that when the quantization procedure
takes place in a dS or AdS space the uncertainty principle has to be modified in order to
incorporate a maximum distance given by the dS (or AdS) radius, this has been called the
Extended Uncertainty Principle (EUP) [50–52].

� Modifications in the coordinates and momenta: Modifying the uncertainty principle by incor-
porating a dependence on the momentum as well as the position have also been performed,
this proposal is called the Generalized Extended Uncertainty Principle (GEUP) in [50,51].

� Doubly Special Relativity (DSR): On the other hand, in the context of the Doubly Special
Relativity theory it has also been found that a modification of the HUP is needed [53,54] which
leads to a form that is compatible with string theory and black hole physics as well [55, 56].

� Non-commutativity: Furthermore, considering non-commutativity on the variables of space-
time can also lead to a modification of the HUP which are of great interest as well. For some
reviews, see for instance [199,200].

Strictly speaking, only the modifications that seek a minimum measurable length are called the
Generalized Uncertainty Principle. However, in this work we will refer to any modification of the
uncertainty principle in the form of a modification to the Heisenberg algebra as a GUP for simplicity
of notation.

The easiest way to incorporate a minimum measurable length to the quantum theory is by
considering that the GUP takes the form [38]

[x, p] = i(1 + γ2p2), (2.37)
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where γ is a small parameter which will play the role of the minimal measurable length. In general
it can be shown that proposing a GUP in the form [39]

[x, p] = iF (p2), (2.38)

a minimal measurable length can be incorporated to the theory if the function F (x2)/x has a
minimum, provided that the states are chosen such that ⟨p⟩ = 0. Therefore, a wide variety of GUPs
have been proposed in the literature. Some examples are the following:

� It can be proposed a GUP with a function that coincides with (2.37) on a Taylor series at first
order, for example the GUP inspired by non-commutative Snyder space [76,201] in the form

[x, p] = i
√

1− γp2. (2.39)

� In the same spirit, an exponential proposal have also been studied [202]

[x, p] = ieγp
2
. (2.40)

� A function that generalizes (2.37) as a geometric series have been studied as well in [40]

[x, p] =
i

1− γ2p2
. (2.41)

This form is also compatible with Doubly Special Relativity and loop quantum cosmology.

These kind of proposals have been extensively studied in the literature. From the purely theoretical
point of view see for example [38,203–209]. For studies that look to constrain the GUP parameters
by established measurements from the classical as well as the quantum point of view see for example
[41–48]. For a proposal of direct measurement in experiment see [49].

2.4.2 Cosmological applications

Any of the GUP proposals have a significant impact on the quantum theory since it completely mod-
ifies the involved operators [38]. Furthermore, a cosmological setup represents a natural interesting
scenario to study the implications of these generalizations since as we stated in the Introduction,
the early universe provides a natural framework to study quantum gravity phenomenology. The
different forms of cosmological applications derived from a GUP that have been studied previously
are:

� Modifications to the WDW equation: The GUP can be implemented in the variables of
superspace, leading in this way to a deformation of the Wheeler-DeWitt equation, this have
been performed for example in [57–66,210]

� Modifications to the scalar field modes: An important feature of standard inflationary scenar-
ios is the quantization of the inflaton modes that are responsible for the CMBR spectrum. A
GUP can also be applied to the modes in this procedure, this has been carried out in [67–70],
where it was shown that there appears an ambiguity regarding the action for the scalar modes.

� A modification to the Friedmann equation for a perfect fluid or for a scalar field (2.8) can also
be pursued by some classical limit starting from the modifications derived from the GUP at
the quantum level. This has been performed in different ways:
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– It can be obtained using a thermodynamical approach, this has been carried out in [71–73]
where it was found that the results are identical to the behaviour encountered with the
standard HUP case, at least for the forms of the GUP considered.

– An scalar field can be incorporated by reconstructing the effects of the GUP in the form
of a new action for the scalar field, this was carried out in [74,75], leading to compatibility
with an exponentially expanding universe. However, we note that in this case the GUP
is only in the scalar field, not in the scale factor.

– A procedure using the noncommutative approach have also been performed in [211–214].

– A classical limit can be implemented through the modification of the Poisson brackets in
the same form as the GUP modifies the corresponding quantum commutators. In this
way, a universe filled with a perfect fluid was considered in [76–79]. It was found that
the resulting solutions describe a cosmological bounce, or an static universe depending
on the specific form of the GUP.

� A similar treatment exploring and comparing, the classical and the quantum implications of
a GUP and polymer quantum mechanics, in the context of cosmology have been performed
in [215–217].

Therefore, the GUP proposal have many applications in cosmology ranging from the classical
to the quantum point of view. We can use it in the coordinates of space to infer non-trivial
modifications to the quantum theories that we know and in that way look for signatures to quantum
gravity. Moreover, we can also use such proposals on the canonical formalism of section 2.2. In
that case, the GUP is an ingredient that incorporates to the WDW equation an extra quantum
gravitational feature. In this way we expect to improve the ability of such formalism to describe
the quantum behaviour. In the present work we will be interested in both applications of the GUP,
at the classical and at the quantum level.

2.5 Swampland conjectures

The first string theory was proposed many decades ago. The area has grown vastly and it now rep-
resents a framework where different realizations can be explored. As we stated in the Introduction,
the swampland conjectures [81–83, 85, 86] try to constrain an effective theory so we can discover if
it can be completed to string theory in the ultraviolet, therefore belonging to the landscape, for
an extensive review see [84]. These conjectures try to extract key elements of a quantum gravity
theory from generic behaviours found on string theoretic realizations. Although features derived
from string theory models are used as guidelines, the conjectures are expected to be valid in a
general sense, even if string theory fails to be the complete form of quantum gravity.

The cosmological scenario have naturally attracted much attention in string theory, seeking to
find a suitable construction within this framework that can correctly describe the physics involved
compatible with observations. In particular, from the inflationary point of view, many candidates
for the inflaton field have been proposed from string theory (see, for example, [80]). Therefore, we
can expect that a cosmological setup is a natural scenario to test the viability of the conjectures, or
assuming their validity, use them as a new ingredient to constrain the models, once we identify them
as effective theories. Let us briefly summarize some of the conjectures that have direct consequences
on inflationary models:
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� The de Sitter conjecture: Despite many different efforts that have been pursued, a dS back-
ground has been impossible to obtain starting with a complete proposal on any higher di-
mensional string theory. This apparent impossibility have led to the dS conjecture that now
claims that it is not possible to obtain such background [87, 89, 91]. This conjecture implies
a direct conflict with the standard slow roll inflationary scenario of General Relativity as we
will see in the next subsection.

� The Distance conjecture: This conjecture constrain the distance on field space that the scalar
fields can travel, in order to not spoil the effective field theory validity. In other words, it
implies a maximum limit for ∆ϕ, where ϕ is any scalar field of the EFT. This can have
immediate consequences for the duration of inflation for example. For relations to the de
Sitter conjecture see [88].

� The Trans-planckian Censorship conjecture: In the usual inflationary model, it is widely
accepted that quantum fluctuations of the inflaton are the seeds for the late-time structure
formation, since such fluctuations grow because of the exponential expansion. However, it is
known that a trans-planckian problem exists in this scenario, that is if going back in time we
are lead to a perturbation that is smaller than the Planck length, since in such scenario the
viability of the effective theory breaks down. In order to avoid this problem, this conjecture
states that any effective field theory consistent with quantum gravity can not generate such
trans-planckian problem, in this way setting bounds for the Hubble parameter [218]. A relation
with the distance conjecture can be found in [219,220].

Although the three conjectures have direct implication to cosmological models, in the following
we will focus only on the dS conjecture. For some recent references regarding the other conjectures
see for example [90,221–223].

2.5.1 The dS conjecture

We consider a theory of gravity (not necessarily GR) coupled to a single scalar field, as standard in
inflationary models. The first proposal of the dS conjecture was written originally in the following
form [87–91]:

|Vϕ| ≥ cV, (2.42)

where V is the scalar field potential, Vϕ is the derivative of the potential with respect to the scalar
field, and c is an order 1 constant. Later on, this conjecture was refined to incorporate another
possibility, which is written as

Vϕϕ < −c̃V, (2.43)

where c̃ is another order 1 constant. Now, the dS conjectures states that either one of the two
inequalities, the first dS conjecture (2.42), or the second dS conjecture (2.43), must be satisfied.
We can easily see that (2.42) and (2.43) are incompatible with the standard slow-roll conditions
that require the parameters in (2.10) to be small. Therefore, the dS conjecture is not compatible
with the standard cosmological picture of an inflationary universe driven by a scalar field that
obeys the slow-roll conditions on General Relativity [92–94]. However, there are many forms to
obtain an inflationary scenario and consistency with this conjecture. For example considering warm
inflation [95], multi-field inflation [96], or generalizations of GR in the form of f(R) and Brans-Dicke
theories [97–99] among other proposals [100–104].
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The swampland conjectures are a young area that have attracted much attention and can have
potential deep implications on cosmological models, as well as effective theories that tries to capture
some aspects of the quantum gravity behaviour, for example the implication of these conjectures
to the wave function of the universe have been studied in [152, 153]. Although this program relies
on conjectures, and for that reason it can comprehensively be seen with scepticism, it represents a
new angle to study cosmological models. With this idea in mind, in chapter 4 we will use the dS
conjecture to explore its compatibility with the F (R̄) Hořava-Lifshtz theories. We will se how this
procedure can lead to an argument that supports the conjecture a posteriori, as well as a possible
indication that the conjecture may be applicable to more scenarios than originally thought.
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Chapter 3

Scalar field inflation driven by a
classical limit of the GUP

In this chapter we present the study of the modifications induced on scalar field inflation, by
considering a general form of the GUP through a modification of the Heisenberg algebra.

As we pointed out in subsection 2.4.2 there are various ways to find the modifications on the
Friedmann equation as a consequence of a GUP. In this chapter we will use a classical limit in which
a modification of the quantum commutator will correspond to a modification of the corresponding
Poisson bracket on the classical theory. This method has been explored before when the only source
of the gravitational field is a perfect fluid [76–79], in section 3.1 we will review these works. Then, in
section 3.2 we will present the generalization of this treatment by taking into account a scalar field
with an arbitrary potential. However, as we pointed in subsection 2.4.1, there are many scenarios
that motivates a modification of the Heisenberg algebra and can take many forms and imply different
behaviours. Therefore, the analysis will not be restricted to a specific form of the GUP, instead we
will constrain the functions defining the GUP by looking for an appropriate cosmological behaviour.
Thus, we will employ the GUP by general proposals which will be categorized in four cases that
will be treated separately in subsections 3.2.1-3.2.4. We will encounter that for some proposals the
way in which inflation can be obtained is by approximations to the equations of motion in the same
line as the ones used in subsection 2.1.2, but in this case three slow roll Hubble parameters will
be needed, instead of the standard two. Furthermore, they will depend on the standard slow roll
parameters in a very different form than in the usual case, in some cases they can be less restrictive
to the form of the potential, therefore allowing for more ways to describe inflation. Furthermore,
we will show that for all the general forms of the GUP considered there is an analytical solution
which describes a constant Hubble parameter, that is an exponentially expanding universe, which
will be found to be a generalization to the cosmological constant solution. It will be found that
even if the modifications implied by the GUP can be neglected in some limit at the same time that
the cosmological constant is set to vanish, the inflationary solution is present when the GUP is
relevant. Therefore, an appropriate modification of the Heisenberg algebra is sufficient to produce
an exponentially expanding universe driven by a scalar field, there is no need of any other source.
The results of this chapter were first presented in [105].
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3.1 Modifications to the cosmology of a perfect fluid by a GUP

Let us begin with a brief discussion of how the modification from the Heisenberg algebra derived
from the GUP have been studied in a classical limit, in particular how the Friedmann equations
are modified at the classical level when the only gravitational source is a perfect isotropic fluid
with energy density ρ and pressure p. In this chapter we will consider General Relativity, thus
the gravitational action will be given by the Einstein-Hilbert action, furthermore since we want to
explore the Friedmann equation, we will consider the FLRW flat metric (2.6). The Hamiltonian
constraint that follows from the standard formulation is written as

H = − κ

12a
P 2
a + a3ρ ≃ 0, (3.1)

where Pa is the canonical momentum associated to the scale factor a. Following the standard
procedure, the Hamilton equations of motion will be given by

ȧ = {a,H} =
∂H
∂Pa

, Ṗa = {Pa,H} = −∂H
∂a

. (3.2)

Furthermore, the fluid obeys the standard conservation law

ρ+ 3H(ρ+ p) = 0, (3.3)

where H is the Hubble parameter (2.2). As in the standard scenario, the first equation in (3.2) is
just the definition of Pa. The Friedmann equation is obtained as in subsection (2.1.4), that is after
substituting the momentum Pa into the Hamiltonian constraint (3.1), in this case this leads to

H2 =
κ

3
ρ. (3.4)

Once again, the second equation in (3.2) leads to the second Friedmann equation after using (3.3)
and can be derived from (3.4). Therefore the scenario is the same as the one presented in subsection
2.1.4 with the only difference that the fluid is the only gravitational source.

When the canonical quantization procedure is used, an equivalence between the classical Poisson
brackets of any two variables and the quantum commutator of their corresponding operators is
established, this takes the form

{·, ·} ↔ i[·, ·]. (3.5)

where {·, ·} denotes the classical Poisson bracket and [·, ·] the quantum commutator. Thus, by
employing this relation we can obtain modifications of the classical equations of motion by modifying
the Poisson brackets whenever the commutator is modified by the GUP. In particular, with this
procedure the modifications to the Friedmann equations can be obtained. Let us consider a general
form of a GUP

[a, Pa] = iF (P 2
a ), (3.6)

where F is any function that must depend on a parameter γ such that limγ→0 F = 1 (as in all the
cases shown in subsection 2.4.1), this proposal can lead to a minimum value for the position if the
function is chosen properly. Therefore, the Poisson brackets will be modified as

{a, Pa} → {a, Pa}F. (3.7)
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Considering a Hamiltonian system with coordinates xi and momenta pi, in general we can express
the Poisson bracket of any two functions A and B in the form

{A,B} =

(
∂A

∂xi

∂B

∂pj
− ∂A

∂pi

∂B

∂xj

)
{xi, pj}. (3.8)

Therefore, in the case at hand, we obtain from (3.7) and (3.8) the following equations of motion

ȧ =
∂H

∂Pa
F (P 2

a ), Ṗa = −∂H
∂a

F (P 2
a ). (3.9)

We remark that the form of the Hamiltonian constraint (3.1) is not modified by the GUP. However,
we can interpret the first equation in (3.9) as a modification to the definition of the momentum Pa.
Therefore, even if the form of the Hamiltonian constraint is unaltered, the Friedmann equation will
be modified in a particular form for every function F . We note that in order to obtain the Friedmann
equation, the first equation in (3.9) must be solved for the momentum, and then substitute the
solution back into the Hamiltonian constraint. Thus, this procedure can not be carried out in
general, we must know the specific form of the F function to proceed. Let us review some particular
functions that have been studied previously:

� Firstly, taking the GUP defined by (2.39), the Poisson brackets will be modified as

{a, Pa} =
√
1− γP 2

a , (3.10)

then, the first equation in (3.9) takes the form

ȧ = −κN
6a

Pa
√
1− γP 2

a , (3.11)

which is actually a quartic equation for Pa. Substituting the solution back into (3.1), we
obtain the modified Friedmann equation [76](

ȧ

a

)2

=
ρκ

3

[
1− 12γρ

κ
a4
]
. (3.12)

� Next, we consider a GUP that is compatible with DSR. For a single coordinate it takes the
form

{a, Pa} = 1− 2γPa, (3.13)

the equation that defines the momentum leads to a quadratic equation, with the solutions we
obtain the modified Friedman equation [77](

ȧ

a

)2

=
κρ

3

[
1− 8γ

√
3ρ

κ
a2 +

48γ2ρ

κ
a4

]
. (3.14)

� Taking now the GUP defined by the geometric series (2.41), we have

{a, Pa} =
1

1− γP 2
a

. (3.15)

which leads to quadratic equation for Pa and to the modified Friedmann equation [78](
ȧ

a

)2

=
κρ

3

[
12ργ

κ
a4 − 1

]−2

. (3.16)
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These results show, that as we pointed out, the modified Friedmann equation is determined by
the specific form of the F function considered. However, all the equations obtained describe a
cosmological bounce, i.e. there is a value of the scale factor different from zero for which ȧ = 0. Thus,
the cosmology contained in these equations is not related to the standard inflationary paradigm.
This may seem as a generic feature when the only gravitational source is a perfect fluid, however
things can change significantly if we consider instead a scalar field equipped with a potential. This
scenario was considered by a noncommutative approach (similar to a GUP) in [211,214]. Moreover,
considering a GUP and a scalar field but without a potential was performed in [76], however the
analysis was simplified by a proper choice for the lapse function. Furthermore, a study with a
GUP and a potential using a numerical analysis was presented in [74, 75], these results points
towards an agreement between the GUP modified scenario and considering a scalar field with the
standard inflationary behaviour. Therefore, in the following section we will generalize the analysis
presented in this section to take into account a scalar field with a general potential and look for
consistency with the standard inflationary paradigm by using the classical limit just employed to
obtain analytical solutions.

3.2 Modifications to the cosmology of a scalar field by a GUP

The standard Hamiltonian treatment when the gravitational source is a scalar field ϕ with its
corresponding potential V was presented in subsection 2.1.4. In particular, we showed that the
Hamiltonian constrain takes the form

H = − κ

12a
P 2
a +

1

2a3
P 2
ϕ + a3V (ϕ) ≃ 0. (3.17)

We now proceed as before, that is, by modifying the Poisson brackets of the classical theory. As we
saw in the last section, the Friedmann equation depends on the specific form of the GUP considered,
however we intend to present an analysis as general as possible. Therefore we will consider a
general form of the GUP with arbitrary functions that can depend on the coordinates and the
momenta and we will restrict its form only by seeking a consistency with the standard cosmological
behaviour. However, as was shown in the last section, the variables in which the function can
depend is important since the GUP will modify the equations that defines the momenta. Thus
we will categorize the possible general forms of the GUP and treat each case separately. Such
classification is defined as follows.

� Case I. The simplest form of the GUP is described by the diagonal case in which

[a, Pa] = [ϕ, Pϕ] = iF (a, ϕ), (3.18)

where F (a, ϕ) is considered to be a function only of the coordinates a and ϕ.

� Case II. Moving on to consider the simplest way to incorporate a dependence on the momenta,
we propose a GUP described by two different functions, one for each coordinate in the following
form

[a, Pa] = iF1(a, Pa), [ϕ, Pϕ] = iF2(ϕ, Pϕ). (3.19)

� Case III. The next scenario considers a similar form as in case I, but now the function can
depend on the coordinates as well as the momenta, it is a more complicated form but still has
a diagonal form

[a, Pa] = [ϕ, Pϕ] = iF (a, ϕ, Pa, Pϕ). (3.20)
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� Case IV. Finally, the most general GUP proposal is obtained in the non-diagonal case, that
is when there are four functions modifying the commutators in the following form

[a, Pa] = iF1, [ϕ, Pϕ] = iF2, [a, Pϕ] = iG1, [ϕ, Pa] = iG2, (3.21)

where all functions F1,2 and G1,2 can depend on the momenta as well as both coordinates.

In the following subsections we will study the modifications in the classical equations of motion for
each case separately, paying particular attention to the implications on the inflationary scenario.

3.2.1 Case I

Let us start by considering the simplest GUP proposal, in the diagonal form with no dependence
on the momenta, defined by (3.18). The equations of motion are modified as

ȧ =
∂H
∂Pa

F = −κPa
6a

F, ϕ̇ =
∂H
∂Pa

F =
Pϕ
a3
F, (3.22)

Ṗa = −∂H
∂a

F, Ṗϕ = −∂H
∂ϕ

F. (3.23)

Let us remark that this is the simplest case because the redefinition of the momenta from (3.22) is
trivial, the equation can be solved in general in terms of the coordinates as

Pa = −6aȧ

κF
, Pϕ =

a3ϕ̇

F
. (3.24)

then, substituting back into the Hamiltonian constraint (3.17) we obtain the modified Friedmann
equation

H2 =
κ

3

[
ϕ̇2

2
+ F 2(a, ϕ)V

]
. (3.25)

The modified equation of motion for the scalar field is obtained from the second equation in (3.23)
leading to

ϕ̈+ (3H −HF )ϕ̇+ F 2V ′ = 0, (3.26)

where we have defined HF = Ḟ
F . With these set of equations we can explore the modifications in

the standard picture of inflation without the need of specifying a particular form for F . As we
presented in subsection 2.1.2, in the standard scenario, scalar field inflation is realized after making

two approximations, in the Friedmann equation (2.8) it is assumed that ϕ̇2

2 ≪ V and in the scalar

field equation (2.7) it is imposed that ϕ̈ ≪ Hϕ̇. These approximations are guaranteed when the
two slow roll Hubble parameters (2.9) are small, which is satisfied when the standard slow roll
parameters (2.10) are small. Let us proceed in an analogous manner, that is, in the Friedmann

equation (3.25) we are going to neglect the kinetic term ϕ̇2

2 with respect to F 2V and in the field

equation (3.26) we are going to neglect ϕ̈ with respect to the friction term (3H −HF )ϕ̇. By doing
these approximations we hope to obtain an exponential expansion as in the standard case. Thus
let us define the slow roll Hubble parameters as

ϵ = − Ḣ

H2
, η =

ϕ̈

(3H −HF )ϕ̇
. (3.27)
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With these definitions we obtain

ϵ =
3ϕ̇2

2F 2V
− 3HHF

kF 2V
, (3.28)

then in this case assuming ϵ ≪ 1 does not guarantee that the kinetic term can be neglected with
respect to the potential. We can guarantee this fact by defining a third Hubble parameter as

ω =
ϕ̇2

2F 2V
. (3.29)

With these parameters, the approximations will be justified with an approximately constant H by
demanding ϵ, η, ω ≪ 1. Furthermore, these Hubble parameters can be related to the standard slow
roll parameters by

ϵ = ϵV

1 + HF
3ϵVH2

(
2HF − 3H − H2

F
3H

)
1 + HF

9H2 (HF − 6H)

 , (3.30)

η =
ηV

3
[
1 + HF

9H2 (HF − 6H)
] − 3H2

(3H −HF )2
ϵ− 2HF

3H −HF
− ḢF

(3H −HF )2
. (3.31)

Since we only require that ϵ, η, ω ≪ 1, we note from the above expression that this can be achieved
even if ϵV or ηV are of order 1, the constrictions can be put in the form of the F function. This
implies a bigger set of possibilities since the constrictions on the form of the potential can be
relaxed. However, the approximations used only guarantee that we can neglect the kinetic term in
the Friedmann equation (3.25), thus we obtain

H2 ≈
κ

3
F 2V. (3.32)

Therefore, in order to obtain a solution describing exponential expansion, the F function must be
chosen appropriately. Assuming the standard slow roll criteria ϵV , ηV ≪ 1 we obtain that V is
approximately constant, therefore if we choose F to be a function only of the scalar field potential,
that is taking F = F (V (ϕ)), the above analysis guarantees that there will be exponential expansion
if F leads to ϵ, η, ω ≪ 1. On the other hand, if we do not restrict V to be a constant (contrary to the
standard slow roll criteria), we see from (3.32) that a constant Hubble parameter can still be present
if F is chosen in such a way that the term F 2V is a constant. Let us consider a particular example
to illustrate this possibility. In order to have a constant ϵV parameter we choose V = V0e

γϕ, where
γ is the constant related to the GUP and V0 is an independent constant, then an appropriate form
for the GUP function is

F =

√
A

V0
e−

γ
2
ϕ, (3.33)

where H ≈ κA
3 with A a positive constant, then we obtain

ϵ ≈
γ2

2κ

 1−
√

1− 2γ2

3κ

1− γ2

3κ +
√

1− 2γ2

3κ

 , (3.34)

η ≈
2γ2

3κ

1− γ2

3κ +
√

1− 2γ2

3κ

−
2
3ϵ

1− γ2

3κ +
√
1− 2γ2

3κ

−
2

(
1−

√
1− 2γ2

3κ

)
1 +

√
1− 2γ2

3κ

, (3.35)
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ω ≈
3κ

γ2

[
1− γ2

3κ
−
√

1− 2γ2

3κ

]
. (3.36)

In this case the standard slow roll parameters are given by ϵV = γ2

2κ and ηV = γ2

κ . From the above
we find that the absolute value of the three parameters increase when γ increases, thus the three are
small when γ is small. In Figure 3.1 we show the behaviour of the GUP Hubble parameter ϵ and
the slow roll parameter ϵV (that coincides with the standard Hubble parameter for small γ2). We
show that ϵ < ϵV , therefore the scenario modified by the GUP is less restrictive than the standard
slow roll scenario. For example, choosing γ = 0.5 (and κ = 1) we obtain ϵ ≈ 0.00595, η ≈ −0.00217,
ω ≈ 0.0455, thus the approximations are well justified. On the other hand ϵV = 0.125 which is two
orders of magnitude bigger than ϵ.

Figure 3.1: Slow roll Hubble parameters that guarantee the inflationary behaviour for an exponential
potential. The standard slow roll parameter is shown in the red curve, whereas the Hubble parameter
in the GUP scenario is shown in the blue curve. We find that ϵ < ϵV in all the range.

We have shown that the standard inflationary scenario can be obtained by approximations as
in the standard case. However, using the system of equations modified by the GUP, it is possible
to perform a full analytical analysis. The set of equations describing the cosmological setup are
the Hamiltonian constraint (3.17) and the modified equations of motion (3.22) and (3.23). We can
express the latter in the form

Pa = −6aȧ

κF
, Pϕ =

a3ϕ̇

F
, (3.37)

Ṗa = −
[

κ

12a2
P 2
a − 3

2a4
P 2
ϕ + 3a2V

]
F, Ṗϕ = −a3V ′F. (3.38)

As we stated earlier, F has a dependence on a parameter γ such that limγ→0 F = 1 in order to
recover the standard scenario in such limit. We then propose an exponentially expanding universe
ansatz, that is a(t) = a0e

Ht with a0 and H constants. It can be shown that the analytical solution
of this system of five equations is

Pa = −6a20H

κ

e2Ht

F
, Pϕ = ±a30e3Ht

√
2HḞ

κF 3
, (3.39)
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ϕ̇ = ±
√

2H

κ

√
Ḟ

F
, V =

H

κF 3

(
3HF − Ḟ

)
. (3.40)

From consistency of the above equations we impose that Ḟ
F ≥ 0. However, from the last equation

we can write the Hubble parameter as

H =
Ḟ

6F

1±
√
1 +

12κF 4V

Ḟ 2

 , (3.41)

thus, since we are seeking a constant H, we can impose the condition Ḣ = 0, then the last expression
leads to

Ḟ 2 − FF̈ = 0. (3.42)

The general solution of this equation is F = Aeαt with A and α constants. However, in order to
obtain the appropriate limit when γ → 0, and for simplicity, we choose A = 1 and α = α(γ), such
that limγ→0 α = 0. With this form, we obtain from (3.39) and (3.40)

Pa = −6a20H

κ
e(2H−α)t, Pϕ = ±

√
2Hα

κ
a30e

(3H−α)t, ϕ̇ = ±
√

2Hα

κ
, (3.43)

furthermore, the scalar field potential takes the form

V =
H

κ
(3H − α)e−2αt. (3.44)

However, consistently with the latter expression, we can write the potential in general as

V = Be−2αt, (3.45)

where B is an independent constant. Therefore, the resulting Hubble constant will be described by
two parameters, namely α and B, taking the form

H =
α

6

(
1 +

√
1 +

12κB

α2

)
. (3.46)

Thus, by choosing an exponential form in the time variable for the F function we obtain a solution
that describes an exponentially expanding universe with a constant Hubble parameter, without any
approximation. The scalar field is linear in time and the potential has an exponential form. We
chose α to be determined by the constant γ in a proper way to fulfil limγ→0 α = 0, then if B is
independent of γ we obtain

lim
γ→0

H =

√
κB

3
. (3.47)

We also note that in this limit limγ→0 ϕ̇ = 0 and limγ→0 V = B. Therefore, we can identify B with
the cosmological constant, since in this limit the scalar field will vanish and the potential will only
be a constant. Thus, the solution obtained is actually a generalization of the well known positive
cosmological constant solution, but it is generalized through a scalar field with a corresponding
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potential. Since α ≥ 0, we note from (3.46) that the Hubble parameter is bigger than in the
standard cosmological constant solution, thus the expansion in the presence of the GUP is faster.
On the other hand, we can choose B to be a function of γ, in a way in which limγ→0B = 0 is
fulfilled, then we obtain limγ→0 V = 0 and limγ→0H = 0, that is we recover the static universe.
Therefore, even if we start with a static universe, the appropriate form of the GUP will create an
exponentially expanding universe by creating the appropriate scalar field and its potential. Thus
the GUP is capable of creating and exponentially expanding universe in the standard form of an
inflaton, without the need of a cosmological constant or any other extra source.

Let us discuss the form of the scalar field potential obtained. From (3.39), neglecting an integra-
tion constant we obtain

ϕ = ±
√

2Hα

κ
t, V (ϕ) = Be

∓
√

2κα
H
ϕ
. (3.48)

Let us choose the minus sign for the field, then

V ′

V
=

√√√√ 12κ

1 +
√
1 + 12Bκ

α2

. (3.49)

Considering B as the cosmological constant (independent of γ) we obtain from the above expression
that limγ→0

V ′

V = 0, thus in this case the standard slow roll criteria in the ϵV slow roll parameter
(2.10) is satisfied when γ ≪ 1. On the other hand, in the static universe case, B has a dependence on
γ, therefore if we choose B such that limγ→0

B
α2 = 0 (in units of κ = 1), we obtain limγ→0

V ′

V =
√
6

which is an order 1 constant. Thus, in this case the inflationary procedure does not fulfil the slow
roll criteria when γ → 0. In contrast, the dS swampland Conjecture (2.42) can be fulfilled. In order
to obtain consistency with the conjecture in general we are lead to the condition

B ≤ α2

12

[(
12

c2
− 1

)2

− 1

]
, (3.50)

where c ∈ [1,
√
6]. In particular, choosing B = α2 this simplifies to

1 ≤ 1

12

[(
12

c2
− 1

)2

− 1

]
, (3.51)

which can be fulfilled if c ∈ [1,
√√

13− 1] ≈ [1, 1.614]. Thus in the static universe case, we have an
inflationary scenario consistent with the dS conjecture for different values of the constant c. This is
a relevant result, since as we explained in section 2.5 the conjecture is consistent for theories that
have a correct UV completion, thus it is in agreement with the fact that the modification of the
Heisenberg algebra that we are proposing comes from a correct quantum gravity behaviour.

The condition to have a constant Hubble parameter in this case is that F has an exponential
form with the time variable. However, we defined this case by asking F to be a function only of
the coordinates. Furthermore, from the ansatz of the scale factor and (3.48), we note that F can
be written as a power term of the scale factor or an exponential function of the scalar field, that is
it can be written as

F =

(
a

a0

)c1
= ec2ϕ, (3.52)
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where

c1 =
α

H
=

6

1 +
√
1 + 12κB

α2

, (3.53)

c2 = α

√
κ

2Hα
=

√√√√ 3κ

1 +
√

1 + 12κB
α2

. (3.54)

When B is independent of γ, we have that limγ→0 c1 = limγ→0 c2 = 0, therefore c1, c2 ≪ 1 for
γ ≪ 1. Thus, using the general relation

∆x∆p ≥ 1

2
|⟨[x, p]⟩|, (3.55)

we obtain that the modified uncertainty principle is written as

∆a∆Pa ≥
1

2ac10
|⟨ac1⟩|, (3.56)

∆ϕ∆Pϕ ≥ 1

2
|⟨e−c2ϕ⟩|. (3.57)

However, since c2 is small we can expand the exponential in the scalar field, keeping only quadratic
terms. Furthermore, we choose states in which ⟨ϕ⟩ = 0, thus we have that

⟨e−c2ϕ⟩ ≈ ⟨1− c2ϕ+
c22
2
ϕ2⟩ = 1 +

c22
2
⟨ϕ2⟩ = 1 +

c22
2
(∆ϕ)2. (3.58)

Therefore the uncertainty relation in the scalar field is expressed as

∆Pϕ ≥ 2 + c22(∆ϕ)
2

4∆ϕ
. (3.59)

We note that the right hand side function has a minimum value in ∆ϕmin =
√
2
c2
, which implies a

minimum measurable value for the scalar field momentum given by (∆Pϕ)min = c2√
2
. This conclusion

is valid for the static universe case as long as limγ→0
α2

B = 0 so it is guaranteed that c2 ≪ 1.
Unfortunately, in this case we cannot reduced the uncertainty principle in the scale factor (3.56),
since the right hand side cannot be related to ∆a when c1 ≪ 1. The only scenario in which we can
relate these two quantities is by taking c1 = 2n with n a natural number. This can be obtained by
proposing

B =
α2

12κ

[(
3

n
− 1

)2

− 1

]
, (3.60)

it follows that H = α
2n and c2 =

√
κn. Then, we note that limγ→0B = 0, thus it is a particular

example of the static universe case. Employing the property ⟨a2n⟩ ≥ (⟨a2⟩)n and choosing states in
which ⟨a⟩ = 0 we obtain from (3.56) that

∆Pa ≥
(∆a)2n−1

2a2n0
. (3.61)
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In contrast, considering the easiest form of the GUP in the scale factor (2.37), that is taking
F (a) = 1 + γ2a2, the uncertainty principle is written as

∆Pa ≥
1 + γ2(∆a)2

∆a
. (3.62)

Let us remark that (3.61) has the same behaviour as (3.62) when n = 1 for big values of ∆a, that
is the minimum value for ∆Pa grows linearly with ∆a. However, for the simplest case (3.62) there
is a minimum value for ∆Pa obtained for some ∆a ̸= 0, if we consider smaller values of ∆a beyond
this point ∆Pa increases as in the standard scenario without a GUP. In contrast, in our solution the
minimum value gets displaced to the origin, therefore our result leads to the unexpected behaviour
that ∆Pa → 0 implies ∆a→ 0, loosing the region of standard behaviour. In this case however c2 is
not a small number and we cannot say more about the uncertainty principle for the scalar field.

A realistic scenario

In the presented analysis we have only considered a scalar field to be the source of the gravitational
field, the scalar field is defined by the γ parameter describing the GUP. Although this is a toy model
for the universe, we can ask ourselves how to conceive a more realistic scenario for this solution,
it can be done as follows: We remark that by definition γ is a parameter that measures how great
the modification from the GUP in the Heisenberg algebra is, then it should be related to the scale
in which the effects of a quantum theory of gravity is expected to be relevant. Therefore, a more
realistic scenario will be to consider this parameter as a function of the size of the universe, or
depending inversely with its energy density, in such a way that in the very early universe we expect
a non zero value for γ (when the effects of the GUP are expected to be relevant), as the expansion
proceeds γ should decease, then for big values for the scale factor, that correspond to classical
values, this parameter decreases until it can be neglected, therefore in this moment, the inflaton
field vanishes as well as its corresponding potential (in the static universe case), or the cosmological
constant remains (in the other case). Therefore, at this point the standard cosmological scenario
can follow with the other gravitational sources of the universe, the scalar field does not decay, it
just vanishes because the γ parameter can be neglected.

3.2.2 Case II

Let us consider now a dependence on the momenta for the GUP proposal. First of all, we will
consider the simplest case where a GUP is proposed for each coordinate independently (3.19). In
this case the Hamiltonian constraint is the same as before (3.17), the remaining equations in the
system are the equations of motion

Pa = − 6aȧ

κF1
, Pϕ =

a3ϕ̇

F2
, (3.63)

Ṗa = −
[

κ

12a2
P 2
a − 3

2a4
P 2
ϕ + 3a2V

]
F1, Ṗϕ = −a3V ′F2. (3.64)

with F1 = F1(a, Pa) and F2 = F2(ϕ, Pϕ). As we pointed out earlier, in order to obtain the Friedmann
equation we need to specify the form in which the F functions depend on the momenta such that we
can solve for Pa and Pϕ in (3.63) and then substitute these results back in (3.17). However, as we
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haven seen in section 3.1 this procedure will modify completely the form of the Friedmann equation.
For example, taking the simplest possibility where the modification by a GUP is implemented only
in the scale factor, that is taking F2 = 1, the resulting modified Friedmann equations will have the
form in (3.12)-(3.16) when the appropriate form for the F1 function is chosen, the only difference

will be that the energy density ρ is changed to ϕ̇2

2 +V as expected. However, when F2 is taken into
account we can obtain more forms of the Friedmann equations, in particular we are interested in
obtaining consistency with the standard cosmological behaviour. Therefore, instead of proposing
a particular ansatz for the F functions, we will perform the analytical treatment of the system
of equations analogous to the one presented in the last section. In this case, the system of five
equations can also be solved with the exponential ansatz a = a0e

Ht, the solutions are given by

Pa = −6a20H

κ

e2Ht

F1
, Pϕ = ±a30e3Ht

√
2HḞ1

κF 3
1

, (3.65)

ϕ̇

F2
= ±

√
2H

κ

√
Ḟ1

F 3
1

, V =
H

κF 3
1

(
3HF1 − Ḟ1

)
. (3.66)

We note that as a consequence of considering a different function for each coordinate, F2 is relevant
only in the equation involving ϕ̇. Therefore, the potential has the same form as in case I, but in
terms of F1. Thus following the same procedure, we impose the condition Ḣ = 0 which leads to
F1 = eαt. Using this form we can obtain the appropriate form for the potential, thus we propose
again V = Be−2αt. The only difference with case I is that in this case the form of the scalar field
is not uniquely determined, since F2 is not restricted by the system. Thus we have the freedom
to choose the F2 function as we prefer and it will not alter the expansion of the universe, it will
only alter the form of the scalar field and thus the form of the potential to obtain this solution.
Therefore we obtain

Pa = −6a20H

κ
e(2H−α)t, Pϕ = ±

√
2Hα

κ
a30e

(3H−α)t,
ϕ̇

F2
= ±

√
2Hα

κ
e−αt, (3.67)

where the Hubble parameter will be given by

H =
α

6

(
1 +

√
1 +

12κB

α2

)
. (3.68)

Making a general ansatz of the form F2 = f2(Pϕ)g2(ϕ), we obtain from the last expression in (3.67)
that the scalar field obeys the equation∫

dϕ

g2(ϕ)
= ±

√
2Hα

κ

∫
f2

(
±
√

2Hα

κ
a30e

(3H−α)t

)
e−αtdt. (3.69)

In the solutions for this case the Hubble parameter and the potential (in terms of the time
variable) have the same form as in case I. Thus, the analysis presented in case I for the Hubble
parameter is applicable here. In particular, B can be identified with the cosmological constant, or
it can be considered in terms of γ which leads us to the static universe scenario. What is different
than in case I for the scale factor is that the F1 function can also be written as powers of the scale
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factor as in (3.52), but from (3.67) we see that we can also write it as powers of the scale factor
momentum in the form

F1 = (c3Pa)
c4 , (3.70)

where
c3 = − κ

6a20H
= − κ

a20α
(
1 +

√
1 + 12κB

α2

) , (3.71)

c4 =
α

2H − α
=

6√
1 + 12κB

α2 − 5
. (3.72)

Taking B as the cosmological constant, we have that c4 ≪ 1 and c3 → − 1
a20

√
κ

12B when γ → 0.

Then, the uncertainty principle in the scale factor in this case is written as

∆a∆Pa ≥
|cc43 |
2

|⟨P c4a ⟩|, (3.73)

where c4 is a small number, for this reason we cannot relate the right hand side to ∆Pa. The only
example in which we can relate both of them is if we propose that c4 = 2n with n a natural number,
this can be obtained by choosing

B =
α2

12κ

[(
3

n
+ 5

)2

− 1

]
, (3.74)

then c3 = − κ
a20α(6+

3
n)

. Thus the uncertainty principle is written as

∆a ≥ 1

2

(
κ

a20α
(
6 + 3

n

))2n

(∆Pa)
2n−1, (3.75)

which describes the same unexpected behaviour as in case I, that is ∆Pa → 0 implies ∆a → 0.
However for ∆Pa ̸= 0, we note that since the coefficient depends inversely with α, for small values
of α we always have a much bigger uncertainty in the position than in the momentum.

On the other hand, since the solutions do not imply a specific form for the F2 function, we can
obtain the standard implications of the GUP by choosing the appropriate form for this function.
For example, if we propose that it is a function only of P 2

ϕ , or a function only of ϕ2, such that

F (x2)/x has a minimum value, we obtain a minimal measurable value for the scalar field or for the
momentum respectively. The only requirement to write the potential in terms of the momentum
in an analytical form, is that we can solve (3.69) for the time variable t, since the form of V with
respect to time is restricted to be an exponential function. Let us consider two particular examples:

� Choosing F2 = f2(Pϕ) we obtain from (3.69) that the scalar field will be given in general by

ϕ = ∓
√

2H

κα

∫
f2

(
±
√

2Hα

κ
a30x

(1−3H/α)

)
dx, (3.76)

where x = e−2αt and the potential is always given by V = Bx2. Thus in order to write an
analytical expression for the potential V = V (ϕ), we need proposals for the f2 functions such
that we can solve for x in the latter expression.
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� Choosing F2 = g2(ϕ) we can always solve for the time variable in terms of the scalar field,
then the potential will be given in general by

V (ϕ) =
3κB

1 +
√

1 + 12κB
α2

[∫
dϕ

g2(ϕ)

]2
. (3.77)

Finally, let us consider a particular example of the general solution found that has some interesting
features. We note from (3.67) that by taking α = 2H, the scale factor momentum will be a constant.
This is helpful because we can then propose F1(a, Pa) = f1(Pa)g1(a) = f1(Pa)e

2Ht. Then f1(Pa)
will be constant, independently of the particular form of f1. Thus we look for a solution to the
system of equations (3.17), (3.63) and (3.64) employing the ansatz V = Be−2αt = Be−4Ht. We
obtain that the solutions are

Pa = ±6a20

√
B

κ
, Pϕ = ±2a30e

Ht
√
B, (3.78)

thus the scalar field obeys the equation

ϕ̇

F2
= ±2

√
Be−2Ht, (3.79)

and the Hubble parameter is written in terms of the f1 function as

H = ∓
√
κBf1

(
±6a20

√
B

κ

)
. (3.80)

Thus we have the freedom to propose forms of the f1 function as in the standard cases. In particular
with the proposal f1(Pa) =

1
1−γP 2

a
we can obtain big values for H in the vicinity of the value that

makes f1 divergent, by choosing B in a proper manner. We note that in this particular example
limγ→0H = limγ→0 α = 0, then limγ→0B = 0, thus this solution is a particular example of the
static universe case.

3.2.3 Case III

Let us consider now the GUP diagonal proposal but with a dependence on the momenta defined
by (3.20). We have the same system of equations than in case I, but now F can depend on the
coordinates and in the momenta as well. Thus we have the Hamiltonian constraint (3.17) and the
equations of motion

Pa = − 6aȧ

κF (a, ϕ, Pa, Pϕ)
, Pϕ =

a3ϕ̇

F (a, ϕ, Pa, Pϕ)
, (3.81)

Ṗa = −
[

κ

12a2
P 2
a − 3

2a4
P 2
ϕ + 3a2V

]
F (a, ϕ, Pa, Pϕ), Ṗϕ = −a3V ′F (a, ϕ, Pa, Pϕ). (3.82)

Let us consider firstly the simpler case in which the dependence is only in the total momentum.
However, we note from the Hamiltonian constraint (3.17) that the minisuperspace is not defined by
a flat euclidean metric, in contrast it takes the form

Gµν =

(
Gaa Gaϕ

Gϕa Gϕϕ

)
=

(
− κ

12a 0
0 1

2a3

)
. (3.83)
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Therefore, the total momentum have to be expressed by considering this metric. Thus it must be
defined as the kinetic part of the Hamiltonian constraint, that is

P2 = − κ

12a
P 2
a +

1

2a3
P 2
ϕ . (3.84)

However, from the Hamiltonian constraint it follows that P2 = −a3V . Therefore, if F = F (P2) we
actually have F = F (−a3V (ϕ)). Thus this particular case is effectively the same scenario as in case
I, then all that was derived in subsection (3.2.1) is applicable to this case as well. In particular, the
Friedmann equation can be expressed in general as in (3.25), that is

H2 =
κ

3

[
ϕ̇2

2
+ F 2(−a3V (ϕ))V (ϕ)

]
. (3.85)

The procedure to obtain inflation through approximations can also be done in the same form, as
well as the exact solution describing the exponentially expanding universe. The only difference is
that now the condition to obtain such solution is

F (P2) = eαt, (3.86)

but it was found in that case that a = a0e
Ht and V (ϕ) = Be−2αt, thus for this solution the total

momentum is
P2 = −a3V = −a30Be(3H−2α)t, (3.87)

then we can write F as a power term of the total momentum as well

F =

(
− P2

a30B

) α
3H−2α

=

(
− P2

a30B

) 2√
1+12κB

α2 −3
. (3.88)

However, this form it is not particularly helpful since it is not possible to extract general conse-
quences to the uncertainty relations of the coordinates.

Let us abandon now the constriction of a dependence only through the total momentum, thus
we consider the most general dependence on F in the form F = F (a, ϕ, Pa, Pϕ). In this case in
order to obtain a general form of the Friedmann equation, we need to solve for the momenta in
the coupled system of equations in (3.81), thus we need a particular form for the F function.
Therefore, once we consider a dependence on the momenta we cannot obtain a general Friedmann
equation. However the system of equations have the same exact solution as in case I with the same
condition, that is we have to impose F = eαt, then the analysis of case I follows in the same way. In
particular, the solution takes the form (3.43) with the potential (3.45) and the Hubble parameter
(3.46). Then, the scalar field is linear with time, the potential is exponential with the scalar field
and both momenta are exponentials with time. Thus, we can write the F function as in (3.52) in
terms of the coordinates, or as a function of the scale factor momentum as in (3.70). Furthermore,
in this case we can also write it as a function of the scalar field momentum as

F = (c5Pϕ)
c6 , (3.89)

where

c5 = ± 1

a30

√
κ

2Hα
= ± 1

αa30

√√√√ 3κ

1 +
√

1 + 12Bκ
α2

, c6 =
α

3H − α
=

2√
1 + 12Bκ

α2 − 1
, (3.90)
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which leads to the uncertainty relation

∆ϕ∆Pϕ ≥ |cc65 |
2

|⟨P c6ϕ ⟩|, (3.91)

we note that c6 is a small number when α ≪ 1 but c5 ≫ 1 in the same limit. Once again, we can
reduce this expression in terms of uncertainties by proposing c6 = 2n with n a positive integer,
which can be realized by choosing

B =
α2

12κn

(
2 +

1

n

)
, (3.92)

which will be a particular example of static universe scenario when α → 0. With this choice, the
uncertainty principle leads to

∆ϕ ≥ 1

2

(
3κn

α2a60(1 + 2n)

)n
(∆Pϕ)

2n−1. (3.93)

Therefore, we obtain the unexpected behaviour that ∆ϕ → 0 implies that ∆Pa → 0 once again,
but we also have that for ∆ϕ ̸= 0, the uncertainty in the scalar field is much greater than the
uncertainty in its momentum since α is a small number.

3.2.4 Case IV

Finally, let us consider the most general scenario, where the form of the GUP is non-diagonal (3.21).
For simplicity we will first consider the case in which F1 = F2 and G1 = G2, this will be called case
A in the following. We will study this case by analyzing the system of equations with the hope of
obtaining an analytical solution describing inflation as in the latter cases. We will then consider
the most general case, case B, in which F1 ̸= F2 and G1 ̸= G2 and proceed in the same form.

Case A

Let us start with the simplest non-diagonal form of the GUP defined by F1 = F2 = F and G1 =
G2 = G, where both F and G are functions of the coordinates and any of the momenta. As we have
established by now, both functions must contain a parameter γ in order to recover the standard
commutator relations in the limit γ → 0. Therefore we require that such functions obey

lim
γ→0

F = 1, lim
γ→0

G = 0. (3.94)

The system of equations in this case takes the form

H = −κP
2
a

12a
+
P 2
ϕ

2a3
+ a3V = 0, (3.95)

ȧ = −κPa
6a

F +
Pϕ
a3
G, ϕ̇ = −κPa

6a
G+

Pϕ
a3
F, (3.96)

Ṗa =

[
− κP 2

a

12a2
+

3P 2
ϕ

2a4
− 3a2V

]
F − a3V ′G, (3.97)

Ṗϕ =

[
− κP 2

a

12a2
+

3P 2
ϕ

2a4
− 3a2V

]
G− a3V ′F. (3.98)
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Let us remark that in cases I and III the general solution of the system of equations gave us the
form of the momenta, the scalar field and its potential in terms of the function F (3.39), (3.40).
Then, the appropriate form for this function was obtained by imposing the condition of a constant
H, in this form a unique solution was found for the complete system. However, in this case the
number of equations defining the system is the same but the number of variables has increased by
one, thus we expect that the system will not constrain both F and G, so we will have to rely on
giving appropriate ansatz for these functions in order to obtain a constant Hubble parameter. Let
us consider the exponentially expanding universe ansatz a = a0e

Ht, then from (3.95) and (3.96) we
can write everything in terms of one of the momenta, choosing Pϕ as the independent variable we
obtain

Pa =
6

κF

[
PϕG

a2
−Ha2

]
, V =

[
3G2

κF 2a2
− 1

2

]
P 2
ϕ

a6
+

1

κF 2

[
3H2 −

6HPϕG

a4

]
, (3.99)

ϕ̇ =
Pϕ
a3

(
F 2 −G2

F

)
+
HGa

F
. (3.100)

Furthermore, from (3.97) and (3.98) we obtain

−κP
2
a

3a2
+

3P 2
ϕ

a4
=
ṖaF − ṖϕG

F 2 −G2
, V ′ =

V̇

ϕ̇
=

ṖaG− ṖϕF

a3(F 2 −G2)
, (3.101)

which represents a system of differential equations for Pϕ. So the analytical solution for the whole
system will be obtained after solving these differential equations. However, in the particular case
we are considering, both equations in (3.101) lead to

3(F 2 −G2)

a4

(
1− 4G2

κF 2a2

)
P 2
ϕ +

(
1− 6

κa2

)
GṖϕ +

6G

κa2

[
6H − 4HG2

F 2
+
Ḟ

F
− Ġ

G

]
Pϕ

+
6Ha2

κ

[
2HG2

F 2
− Ḟ

F

]
= 0. (3.102)

This differential equation is hard to solve in general, therefore continuing the procedure to obtain
a general solution and then impose Ḣ = 0 is really hard to follow. However, instead of looking
for a general constraint for the GUP functions F and G, we can propose a convenient ansatz to
the system of equations in order to obtain a constant H. We note from (3.96) that the Hubble
parameter can be written as

H = −κPa
6a2

F +
PϕG

a4
, (3.103)

thus we can guarantee that H is a constant by proposing

Pa = −6Aa2

κF
, Pϕ =

Ba4

G
. (3.104)

where A and B are constants. Then (3.102) simplifies to[
3B2

(
1− F 2

G2

)
+B

(
Ġ

G
− 4H

)]
a20e

2Ht =
12B2

κ

(
G2

F 2
− 1

)

+
6

κ

[
2HB +

2HG2

F 2
(H − 2B) +

Ḟ

F
(B −H)

]
. (3.105)
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From this expression we can see that an exponential ansatz for both F and G will greatly simplify
the equation, furthermore as we encountered in the last cases an exponential form for the F function
was indeed the only compatible form. Taking into account the correct limits (3.94) we propose

F = eαt, G(t) = δeβt, (3.106)

where α, β and δ are constants that depend on γ and fulfil limγ→0 α, β, δ = 0. Then (3.105) simplifies
to

[3B + β − 4H]Ba20e
2Ht − 3B2

δ2
a20e

2(H+α−β)t − 12δ2

κ

[
B2 +H(H − 2B)

]
e2(β−α)t

+
6

κ

[
2B2 − 2HB + α(H −B)

]
= 0. (3.107)

The consistent solution is obtained with β = α and leads to the following system of equations

3B = [3B + α− 4H]δ2, (3.108)

2B2 − 2HB + α(H −B) = 2δ2[B2 +H(H − 2B)]. (3.109)

In this case, the potential (3.99) takes the form

V =
3(H −B)2

κ
e−2αt − B2a20

2δ2
e2(H−α)t. (3.110)

However, as we have seen in the last sections, it is convenient to write the potential in terms of an
independent constant, since it will have a particular physical meaning, thus we propose that the
potential is of the form

V = De−2αt + Ee2(H−α)t, (3.111)

where D will be an independent constant, but E will be expressed in terms of the other constants.

From this we have D = 3(H−B)2

κ , then taking into account (3.108) and (3.109), we can obtain the
solution in terms of just two variables. It is convenient to choose D and δ as the two independent
constants, then the solution takes the form

B = 2

√
κD

3

[
δ2(δ2 − 2)

3− δ2

]
, α = 2

√
κD

3

[
δ2(δ2 − 1)

3− δ2

]
, (3.112)

H =

√
κD

3

[
2δ4 − 5δ2 + 3

3− δ2

]
. (3.113)

Furthermore, since limγ→0 δ = 0 we have limγ→0 α = 0 as expected, but we also have limγ→0B = 0

and limγ→0H =
√

κD
3 . Therefore, if D is independent of γ, we can identify it once again with the

cosmological constant. On the other hand if D depends on γ and obeys limγ→0D = 0, then we will
have the static universe case. Therefore, in this particular non-diagonal case we have obtained a
solution describing the same physics as in the previous sections.

Since we want to describe an exponentially expanding universe, we seek a positive value for the
Hubble constant, then from (3.113) we see that δ must be restricted to the regions δ2 < 1 or
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3
2 < δ2 < 3. Furthermore, if we want a faster expansion than in the cosmological constant case, δ
must be constrained to the region 2 < δ2 < 3. Moreover, solving (3.100) and setting the integration
constant to vanish, the scalar field takes the form

ϕ =
δ(δ2 − 1)a0
2δ4 − 5δ2 + 3

eHt, (3.114)

therefore in the limit δ → 0 the kinetic term vanishes as in the previous cases. With this solution
we note that the potential is written as

V = D

(2δ4 − 5δ2 + 3

δ(δ2 − 1)a20
ϕ

) 4δ2(1−δ2)

2δ4−5δ2+3

− 2a20κδ
2(δ2 − 2)2

3(3− δ2)2

(
2δ4 − 5δ2 + 3

δ(δ2 − 1)a20
ϕ

) 6(1−δ2)

2δ4−5δ2+3

 , (3.115)

and obeys limγ→0 V = D as expected. Furthermore, from (3.114) and (3.104) we find that in this
case both momenta, the scale factor and the scalar field are exponential functions on the time
variable. Thus the F and G functions can be written as in the following equivalent forms

F =

(
a

a0

)d2
= (d1ϕ)

d2 = (d3Pa)
d4 = (d5Pϕ)

d6 , (3.116)

where

d1 =
2δ4 − 5δ2 + 3

δ(δ2 − 1)a0
, d2 =

2δ2(δ2 − 1)

2δ4 − 5δ2 + 3
, d3 = − 1

2a20

√
κ

3D
, (3.117)

d4 =
δ2

δ2 − 3
, d5 =

√
3

κD

3− δ2

2a40δ(δ
2 − 2)

, d6 =
δ2

3(δ2 − 2)
(3.118)

and G = δF . Thus the uncertainty relations lead to

∆a∆Pa ≥
1

2ad10
|⟨ad1⟩| = |dd43 |

2
|⟨P d4a ⟩|, (3.119)

∆ϕ∆Pϕ ≥ |dd12 |
2

|⟨ϕd1⟩| = |dd65 |
2

|⟨P d6ϕ ⟩|, (3.120)

∆a∆Pϕ ≥ δ

2ad10
|⟨ad1⟩| = δ|dd65 |

2
|⟨P d6ϕ ⟩|, (3.121)

∆ϕ∆Pa ≥
δ|dd12 |
2

|⟨ϕd1⟩| = δ|dd43 |
2

|⟨P d4a ⟩|. (3.122)

Since limγ→0 δ = 0 we expect that δ ≪ 1. Then, d2 is small, whereas d1 and d5 are big numbers. We
can not simplify the above expression in terms of uncertainties since d2, d4 or d6 can be written as
odd integers only in the region 3

2 < δ2 < 2. Thus, in this particular region we would obtain similar
results as in the previous cases, that is, we would obtain that all the uncertainties on the coordinates
and the momenta will vanish at the same time. Let us remark that the solution obtained in this
case was found through a convenient ansatz on the momenta that guarantee a constant Hubble
parameter. In this case, we did not find a uniquely general constraint in F and G for this kind
of solution to appear, thus we can not assure that it is the only way to obtain a constant Hubble
parameter.
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Case B

Finally, let us study the most general case defined by (3.21) with F1 ̸= F2 and G1 ̸= G2. As in the
previous case we note that these functions must depend on γ and obey

lim
γ→0

F1 = lim
γ→0

F2 = 1, lim
γ→0

G1 = lim
γ→0

G2 = 0. (3.123)

In this case the system of equations is

H = −κP
2
a

12a
+
P 2
ϕ

2a3
+ a3V = 0, (3.124)

ȧ = −κPa
6a

F1 +
Pϕ
a3
G1, ϕ̇ = −κPa

6a
G2 +

Pϕ
a3
F2, (3.125)

Ṗa =

[
− κP 2

a

12a2
+

3P 2
ϕ

2a4
− 3a2V

]
F1 − a3V ′G1, (3.126)

Ṗϕ =

[
− κP 2

a

12a2
+

3P 2
ϕ

2a4
− 3a2V

]
G2 − a3V ′F2. (3.127)

Let us proceed as in the particular case studied before, that is, we use (3.124) and (3.125) to write
everything in terms of Pϕ, then we obtain

Pa =
6

κF1

[
PϕG1

a2
− a2H

]
, ϕ̇ =

Pϕ
F1a3

(F1F2 −G1G2) +
aHG2

F1
, (3.128)

V =

[
3G2

1

κF 2
1 a

2
− 1

2

]
P 2
ϕ

a6
+

3

κF 2
1

[
H2 −

2HG1Pϕ
a4

]
. (3.129)

Thus, from (3.126) and (3.127) we obtain(
1− 4G2

1

κF 2
1 a

2

)
3P 2

ϕ

a4
− 12

κF 2
1

(
H2a2 − 2HG1

a2
Pϕ

)
=
ṖaF2 − ṖϕG1

F1F2 −G1G2
, (3.130)

V ′ =
ṖaG2 − ṖϕF1

a3(F1F2 −G1G2)
. (3.131)

In the particular case A, the two expressions led to the same differential equations for Pϕ. However
in this case this will no longer hold, since from (3.130) we obtain

3(F1F2 −G1G2)

a4

(
1− 4G2

1

κF 2
1 a

2

)
P 2
ϕ +

(
1− 6F2

κa2F1

)
G1Ṗϕ

+
6F2

κa2F1

[
G1

(
6H − 4HG1G2

F1F2
+
Ḟ1

F1

)
− Ġ1

]
Pϕ +

6Ha2

κF 2
1

[
2HG1G2 − Ḟ1F2

]
= 0, (3.132)
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whereas from (3.131) we obtain

6(F1F2 −G1G2)

Ha4

[
G1 −G2

κF 2
1 a

2

(
Ġ1 −

G1Ḟ1

F1

)
+

2HG1

κF 2
1 a

2
(G2 − 2G1) +

H

2

]
P 2
ϕ

+
6G1(G1 −G2)

κHF 2
1 a

6
(F1F2 −G1G2)PϕṖϕ +G2

[
1 +

6

κa2

(
G1

F 2
1

(G1 −G2)−
F2G1

F1G2

)]
Ṗϕ

+
6

κF 2
1 a

2

[
Ḟ1

(
F2(2G1 −G2) +

2G1G2

F1
(G2 −G1)

)
− Ġ1 (F1F2 +G2(G2 −G1))

+2H
(
F1F2(2G1 +G2)− 2G2

1G2

)]
Pϕ −

6Ha2

κF 2
1

[
Ḟ1

F1
G2(G2 −G1) + F2Ḟ1 − 2HG2

2

]
= 0. (3.133)

However, in this general case we note from (3.125) that the Hubble parameter can also be written
as

H = −κPa
6a2

F1 +
Pϕ
a4
G1. (3.134)

Thus an appropriate ansatz that guarantee a constant H is

Pa = −6Aa2

κF1
, Pϕ =

Ba4

G1
. (3.135)

Consequently, the system of equations (3.132) and (3.133) simplifies to

B

[
3B

(
F1F2

G2
1

− G2

G1

)
+ 4H − Ġ1

G1

]
a2 =

6H

κ

(
F2Ḟ1

F 2
1

− 2HG1G2

F 2
1

)

+
12B2

κ

(
F2

F1
− G1G2

F 2
1

)
+

6BF2

κF1

(
4HG1G2

F1F2
− 2H − Ḟ1

F1

)
, (3.136)

B

G1

[
3B

(
F1F2

G1
−G2

)
+G2

(
4H − Ġ1

G1

)]
a2

=
6B2

κH

[(
1− G2

G1

)(
G1G2

F 2
1

− F2

F1

)(
4H − Ġ1

G1

)

+

(
G2

F 2
1G1

− F2

F1G2
1

)(
(G1 −G2)

(
Ġ1 −

G1Ḟ1

F1

)
+ 2HG2(G2 − 2G1)

)]

+
6B

κ

{
G2

(
F2

F1G2
− G1 −G2

F 2
1

)(
4H − Ġ1

G1

)
− 1

G1F 2
1

[
−Ġ1(F1F2 +G2(G2 −G1))

+Ḟ1

(
F2(2G1 −G2) +

2G1G2

F1
(G2 −G1)

)
+ 2H(F1F2(2G1 +G2)− 2G2

1G2)

]}
+

6H

κF 2
1

[
Ḟ1

F1
G2(G2 −G1) + F2Ḟ1 − 2HG2

2

]
. (3.137)

57



From this system of equations we note that a convenient ansatz is to propose an exponential form
for the four functions. Considering the limiting behaviours (3.123) we propose

F1 = eαt, F2 = Ceαt, G1 = h1e
αt, G2 = h2e

αt, (3.138)

where limγ→0 α, h1,2 = 0 and limγ→0C = 1. However, the above system of equations imply h1 =
h2 = η as well as

3B

η

(
C

η
− η

)
+ 4H − α = 0, (3.139)

2B2 − 2HB + α(H −B) =
2η2

C

[
B2 −H(H − 2B)

]
. (3.140)

Thus the potential is constrained to be two terms of exponentials of the time variables once again,
thus we write it as

V = De−2αt + Ee2(H−α)t, (3.141)

where D is an independent constant related to B and H by D = 3(H−B)2

κ and E will depend on the
other constants. The solution of the system of equations is

B = 2

√
κD

3

η2(η2 − 2C)

C(3C − η2)
, α = 2

√
κD

3

η2(η2 − C)

C(3C − η2)
, (3.142)

H =

√
κD

3

[
2η4 − 5η2C + 3C2

C(3C − η2)

]
, (3.143)

it also follows that

ϕ̇ = a0

√
κD

3

η(η2 − C)

3C − η2
eHt. (3.144)

We know that limγ→0 η = 0 , then limγ→0 α = limγ→0B = limγ→0 ϕ̇ = 0 and limγ→0H =
√

κD
3

with limγ→0 V = D. Therefore, we can identify D with the cosmological constant once again if it is
independent of γ, but even if it depends on γ and vanishes in that limit, leading to a static universe,
we still have an exponential expansion thanks to the GUP as in the previous cases. By imposing
the condition H ≥ 0, the allowed values of η and C will be constrained, however, in this case such
condition will be easier to fulfil than in the particular case, because of the presence of C. We also
constrain these parameters to obtain a faster expansion than in the cosmological constant case, this
leads to 2C < η2 < 3C, which can be less restrictive to η than in the particular case by choosing
appropriate values of C. Furthermore, solving (3.144) and setting the integration constant to zero,
we obtain the scalar field

ϕ =
a0Cη(η

2 − C)

2η4 − 5η2C + 3C2
eHt, (3.145)

thus the potential takes the same form as before, that is we obtain

V = D

(2η4 − 5η2C + 3C2

a0Cη(η2 − C)
ϕ

)− 4η2(η2−C)

2η4−5η2C+3C2

−2κa20η
2(η2 − 2C)2

3C2(3C − η2)2

(
2η4 − 5η2C + 3C2

a0Cη(η2 − C)
ϕ

)− 6C(η2−C)

2η4−5η2C+3C2

 . (3.146)
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Finally, in this case both the momenta and both coordinates are exponentials in time, thus we can
write the F ’s and G’s functions as powers of any of those variables in the form

F1 =

(
a

a0

)k2
= (k1ϕ)

k2 = (k3Pa)
k4 = (k5Pϕ)

k6 , (3.147)

where

k1 =
2η4 − 5η2C + 3C2

η(η2 − C)a0C
, k2 =

2η2(η2 − C)

2η4 − 5η2C + 3C2
, k3 = − 1

2a20

√
κ

3D
, (3.148)

k4 =
η2

η2 − 3C
, k5 =

√
3

κD

C(3C − η2)

2a40η(η
2 − 2C)

, k6 =
η2

3(η2 − 2C)
, (3.149)

and F2 = CF1, G1 = G2 = ηF1. Thus the uncertainty relations lead to

∆a∆Pa ≥
1

2ak10
|⟨ak1⟩| = |kk43 |

2
|⟨P k4a ⟩|, (3.150)

∆ϕ∆Pϕ ≥ |Ckk12 |
2

|⟨ϕk1⟩| = |Ckk65 |
2

|⟨P k6ϕ ⟩|, (3.151)

∆a∆Pϕ ≥ h

2ak10
|⟨ak1⟩| = h|kk65 |

2
|⟨P k6ϕ ⟩|, (3.152)

∆ϕ∆Pa ≥
h|kk12 |

2
|⟨ϕk1⟩| = h|kk43 |

2
|⟨P k4a ⟩|. (3.153)

These expression can not be reduced further since we can not make k2, k4 or k6 to be an odd integer
consistently with the limits of η and C when γ → 0. Such ansatz can only be proposed for non
small values of γ, in that case it will lead to the same unexpected behaviour as in the other cases.

3.3 Discussion

Finally, let us summarize and give a discussion of the results presented in this chapter.

We have presented a general study of the implications of a classical limit of the GUP, on the
classical inflationary scenario driven by a scalar field. Such limit was implemented through modi-
fications of the Poisson brackets of the classical theory in the same way as the GUP modifies the
corresponding quantum commutators. This study represents the generalization of the treatment
in [76–79] by considering explicitly a scalar field and its corresponding potential. We note that
in these works they only considered a perfect fluid, the cosmological solutions describe bouncing
universes or a static solution. On the other hand, we have shown that when the scalar field is
incorporated an agreement with the standard inflationary behaviour is found. In fact, we showed
that we can obtain an exponentially expanding universe through an approximation method with
slow roll parameters as in the standard case, but we also obtained analytical solutions. We remark
that different approaches to incorporate the effects of a GUP at the classical level have found agree-
ment with the standard inflationary cosmology before [71–75] but not employing a general analytic
treatment of the equations of motion through the classical limit employed in this chapter.
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Instead of considering a particular form for the GUP we considered a general modification of the
Heisenberg algebra and classified the different forms of the GUP only by the variables in which it
may depend. In this way we identified four distinct cases and we treat each of them separately in
subsections 3.2.1 to 3.2.4.

When the GUP is implemented in a diagonal form in case I and a particular example of case III
with a dependence only in the total momentum, we obtained the general form of the Friedmann and
scalar field equations. With these equations we obtained an inflationary solution by implementing
an approximation procedure in the same line as the standard slow roll criteria. We showed that
inflation can be obtained with three slow roll Hubble parameters that depend on the standard
potential slow roll parameters in a very different form than in the usual case. Therefore, it is
possible to obtain an exponentially expanding universe even if the standard slow roll parameters
are not small. We used a particular form of the potential as an exponential function to show an
explicit example in which the conditions found can be less restrictive than the standard scenario.

We also showed that for every form of the GUP, that is for all four cases, we can obtain an
analytical solution describing an exponentially expanding universes with an explicit form of the
scalar field and its potential. This solution can be seen as a generalization to the cosmological
constant solution (which is the only analytical solution describing inflation in the standard scenario).
However we showed that even if the cosmological constant is set to vanish when the GUP can be
neglected, we still have the constant Hubble solution when the GUP is relevant, thus we can identify
this solution as being defined exclusively by the GUP. Then we can propose a more realistic scenario
by considering the GUP parameter γ as varying with the size of the universe, then for the very early
universe γ ̸= 0 and it will not be necessary to incorporate any other matter content, the universe
will expand in an exponential form because of the GUP. Then, as the universe expands γ decreases,
in a such way that for a big enough universe γ can be neglected, then the scalar field will vanish
and it will only remain a cosmological constant or nothing derived from the GUP. Thus at this
time standard classical cosmology can follow. We remark that the only requirement to obtain this
solution was to constrain the functions defining the GUP to be exponentials with the time variable.
However, the form of the scalar field and its potential is different for every case.

For cases I and III the scalar field has a linear dependence in time and the potential is an
exponential function of the scalar field. In these cases we explicitly showed that we can have a
scenario where the potential obeys the standard slow roll criteria, however we can also obtain that
the potential obeys the dS conjecture at the same time that it describes an exponentially expanding
universe. Furthermore, in this case the constriction on the form of the GUP lead the function to be
written as powers of the scale factor, any of the two momenta or an exponential in the scalar field.
With this form a minimal measurable value for the scalar field momentum is encountered when γ is
small. However, for the scale factor we cannot derived a conclusive statement since the form of the
GUP is not written in terms of only uncertainties. We can only simplify this relation by choosing
a very particular form for the constants involved. However, in this case we obtain that for non
small values of the uncertainties we can have the same behaviour as the one encountered with the
simplest form of the GUP, but for very small uncertainties we loose the standard behaviour, that
is, instead of a divergence we obtain the unexpected behaviour that both uncertainties vanish at
the same time. We remark that this only occurs by selecting a very specific form of the GUP and
is not a general feature.

In case II the GUP function for the scale factor take the same form. But the function defining
the GUP in the scalar field was not restricted. Therefore, the scalar field and its potential (written
in terms of the field) are not restricted. Then, in this case we can consider standard GUP proposals
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and obtain the corresponding phenomenological features without spoiling the inflationary solution,
the only thing that is changed is the form of the potential.

Let us remark that in cases I-III the constriction found on the GUP function was found to be
the only way to produce a constant Hubble parameter. However, case IV was more difficult, in
particular we did not find a general constriction to the form the GUP. Instead, we proposed a
convenient ansatz and find a solution describing exponentially expanding universes with the same
phenomenological features of the other cases. The only difference originated in the form of the
scalar field, since for this case it was an exponential function with time that lead to potentials
defined by two power terms of the scalar field. Then , the uncertainty relations were written as
powers of all the coordinates and momenta and in general they cannot be reduced to a relation of
the uncertainties only. They can only be reduced in that way by choosing the parameters in a very
specific form leading to the same unexpected behaviour as for the other cases, however this cannot
be done for small values of γ.

Finally, we remark that we have found analytical solutions describing exponentially expanding
universes that generalize the standard cosmological constant case. It is very interesting that the
form in which the standard cosmological constant solution is generalized to incorporate a GUP is
precisely by the appearance of a scalar field with and an adequate potential. Unfortunately, the
forms of the GUP that allow this solution have not the standard forms of the GUP that have been
studied previously (the only exception will be in cases I and III that we in fact encountered a GUP
that leads to a minimum measurable scalar field momentum). Thus, the results presented in this
chapter can be complemented by studying the general implications of the GUPs that we have found.
Furthermore, it will be also interesting to study in a more formal ground what are the implications
that the modification of the Poisson brackets imply to the classical theory in order to have a deeper
understanding of the classical implications of a GUP.
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Chapter 4

Consistency of the Hořava-Lifshitz
F (R̄) theories and the Swampland
conjectures

In this chapter we will study the consistency between the dS swampland conjecture and the Hořava-
Lifshitz F (R̄) theories, using a flat FLRW metric.

First of all, in section 4.1, we will summarize the way in which standard f(R) theories are
studied in the light of the dS conjecture, we will consider the scenario where the conjecture can
be made independent of R, and thus it can be used to constraint the parameters of the theory.
We will show that such theories can be compatible with the conjecture but with a very restrictive
form. Then, in section 4.2 we will perform the full analysis using the HL F (R̄) theories. We will
construct the relevant forms of the F (R̄) functions starting from relevant proposals for the scale
factor of cosmological interest, then we will show that such forms will lead to constrictions on
the parameters of the theories. In some cases the regimes of compatibility will be identified with
an ultraviolet behaviour of the theories, signalling consistency with the conjecture and expected
behaviour. In other cases, it will be shown that these theories are compatible with the conjecture in
the scenario where General Relativity and standard f(R) theories are not compatible. Therefore,
the results of this chapter can be used as an argument to support the idea that the dS conjecture
may indeed capture key features of quantum gravity. The results of this chapter were first presented
in [106].

4.1 dS Swampland conjecture in f(R) theories

Let us start by giving a brief review of how can we study the dS swampland conjecture in the light
of the standard f(R) theories. The action for such theories in the Jordan frame is of the general
form (2.34). However, we need to transform this action to a form suitable to study its compatibility
with the dS conjecture, let us then consider the equivalent action [193,224]

S =
1

2

∫
d4x

√
−g[ψR− U ], (4.1)

where ψ = df
dR = fR is an auxiliary field and we have used U = Rψ − f(R). Then, we can perform

a conformal transformation in order to describe gravity in the Einstein frame, such transformation
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is written as
g̃µν = e2φgµν , (4.2)

where φ = 1
2 ln fR. Then, in the Einstein frame we obtain the action

S =

∫
d4x
√
−g̃

[
R̃

2
− 1

2
g̃µν∇̃µϕ∇̃νϕ− V (ϕ)

]
, (4.3)

which is express in the form of an action of gravity plus a scalar field ϕ defined by

ϕ =

√
3

2
ln fR, (4.4)

furthermore, the scalar field potential is

V (ϕ) =
RfR − f

2f2R
. (4.5)

Let us remark that we have started in the Jordan by considering only a gravitational action, we
did not consider any external scalar field. The canonically coupled scalar field ϕ has appeared in
the process of reaching the Einstein frame through a conformal transformation, therefore it is only
geometry that defines the scalar field and its potential. By doing this procedure we will see that the
conjecture can be used to constrain the parameters of the theory and thus provide a way to explore
if the theory itself can be compatible with the conjecture. We can se from (2.42) that the conjecture
is satisfied immediately if the potential is negative. Therefore, we will always be interested in the
scenario where the potential is positive. Therefore, we note from the scalar field potential (4.5),
that we must impose the condition

RfR − f > 0. (4.6)

Furthermore, from (4.4) we also note that in order to have an scalar field properly defined we
demand that fR > 0. Therefore, the derivative of the potential with respect to the scalar field can
be written as

dV

dϕ
=
dV

dR

dR

dfR

dfR
dϕ

. (4.7)

Using the above expression, the first dS conjecture (2.42) takes the general form

|2f −RfR| ≥
√

3

2
c(RfR − f), (4.8)

whereas the second dS conjecture (2.43) is written as

f2R + fRR(RfR − 4f)

3fRR(RfR − f)
< −c̃. (4.9)

Using these expressions, the conjectures were studied in a general way in [97]. They look for the
constraints on the f function in order to make it compatible with the conjecture. Furthermore,
in [98], a function of the form f(R) = R1+ϵ, where ϵ is a small number, was studied. It was found
that the conjecture is compatible by restricting the ϵ parameter to a region that coincides with the
one of phenomenological interest. Finally, in [99], the first dS conjecture was found to be in good
agreement with these theories and with numerical data.

64



Let us remark that in general (4.8) will lead to an inequality involving R. However, we can use
the conjecture to constrain the parameters of the theory by seeking a possible way in which such
expression can be made independent of R, in that way making it valid for all values of R. This
scenario can be achieved by imposing

|2f −RfR|
RfR − f

= A, (4.10)

where A is a constant, it has to be positive so we can fulfil (4.6). Let us remark that this represents
an ansatz for the f(R) function, therefore it is not the only way to fulfil (4.8), it is however the only
way to make this expression independent of R. Since we have an absolute value in the left hand
side, we have two possibilities. First of all if such term is positive 2f > RfR, then (4.10) leads to

f(R) = βRγ , (4.11)

where γ = A+2
A+1 with 1 < γ < 2. In order to have a well defined scalar field and not ghostly

gravitons, we demand that fR > 0. Furthermore, in order to have positive mass of the curvature
fluctuations, we also require fRR > 0 [193]. The expression in (4.11) fulfils both conditions for
β > 0. Substituting this ansatz in the first dS conjecture (4.8), we obtain that γ is constrained to
the region

γ ≤
2 +

√
3
2c

1 +
√

3
2c
. (4.12)

In particular, for c = 1, this leads to γ ≲ 1.45. Thus, the conjecture implies constraints on the
exponent of the f function in such a way that the GR value is not allowed, the exponent must be
bigger, but its allowed region is very small.

On the other hand, if the term within the absolute value is negative, that is if 2f < RfR, we
obtain the same form (4.11), but with γ = A−2

A−1 , therefore γ > 2. We obtain that in this case the
conditions fR > 0 and fRR > 0 can be fulfilled for β > 0. However, the first dS conjecture cannot
be fulfilled for these values of γ.

Moreover, using the form of the f(R) function given by (4.11), we determine from (2.43) that
the second dS conjecture is written as

(γ − 2)2

3(γ − 1)2
< −c̃, (4.13)

which is independent of R, but this expression cannot be fulfilled for any value of γ. Therefore, the
form for the f function obtained to make the dS conjecture independent of R, is incompatible with
the second dS conjecture. This is not a problem since we only need to fulfil one of the two versions
of the conjecture, and we have shown that the first version is indeed fulfilled.

Therefore, we can conclude that the only way to fulfil the first dS conjecture independently of
R for f(R) theories is to consider the f function as a power term in R. The conjecture constrain
the exponent of this function to be close to the GR value, furthermore the second dS conjecture is
never valid. In the following section, we will pursue a similar procedure to look for the viability of
the dS conjecture with HL F (R̄) theories.
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4.2 dS Swampland conjecture in HL F (R̄) theories

In the remaining of this chapter we will consider a flat FLRW metric (2.6), which as we have
seen is of great cosmological interest. Furthermore, as we saw in chapter 2, the general action of
Hořava-Lifshitz gravity takes the form (2.30). Then, for the flat FLRW metric the gravitational
potential term vanishes, because for this metric the spatial part is just the scale factor times the
three-dimensional euclidean flat metric (2.6). Thus, in the following, we will not be concerned with
the explicit form for this term, since at the level of equations of motion that we will employ, we can
treat any of the two version in the same form.

Moreover, as we saw in section 2.5, General Relativity is not consistent with the dS conjecture
with the flat FLRW metric in the context of the slow roll scenario, then it is interesting to study
if the Hořava-Lifshitz theory of gravity can be consistent with this metric in particular. In that
context, in [225] the swampland conjectures were studied when a non-linear dispersion relation is
present. Such feature comes naturally from HL gravity and all its possible extensions (such as [190]).
However, as we have pointed out before, for an FLRW flat metric, the equations of motion are almost
identical in all types of HL theories to the ones obtained in GR, the only difference are constants.
Therefore, the inflationary scenario must be carried out in the same form as in GR, that is by
employing the slow roll criteria, thus the incompatibility with the dS conjecture will be present in
this theory as well. However, we can consider a different proposal to describe an expanding universe
in these theories without the need of an extra scalar field. This can be achieved by considering the
HL F (R̄) theories presented in subsection 2.3.5. Considering only the flat FLRW metric at the level
of equations of motion, all the versions proposed for the F (R̄) generalization will lead to the same
results. Therefore, the following analysis is valid for all these type of theories.

With the flat FLRW metric, we obtain from (2.36) that we can write

R̄ = (3− 9λ+ 18µ)H2 + 6µ
d

dt
(H) , (4.14)

where H is the Hubble parameter. In contrast, the standard curvature scalar for this metric is

R = 12H2 + 6
d

dt
(H) . (4.15)

Therefore, for this metric the difference between the two variables are just the appearance of the two
parameters µ and λ, then we can provide an interpretation of R̄ as to be related to the curvature,
at least for this metric.

Let us consider in the Jordan frame only gravity described by the action (2.35), then the hamil-
tonian constraint provides the first equation of motion in the form [31]

F (R̄)− 6
[
(1− 3λ+ 3µ)H2 + µḢ

]
F ′(R̄) + 6µH

dF ′(R̄)

dt
− C

a3
= 0, (4.16)

where Ḣ = dH
dt , F

′ = dF
dR̄

and C ̸= 0 is an integration constant in the projectable version of the
theory (in standard HL theory this constant can be considered to represent dark matter for the
way in which it appears in the equations of motion when it takes positive values [23]). In the non-
projectable version of the theory, we have C = 0. This is the only difference between both versions
of the theory that we will be considering. The second equation of motion is obtained by varying
with respect to the three-metric, which leads to [31]

F (R̄)− 2(1− 3λ+ 3µ)(Ḣ + 3H2)F ′(R̄) + 2(3λ− 1)H
dF ′(R̄)

dt
+ 2µ

d2F ′(R̄)

dt2
= 0. (4.17)

66



Employing a constant Hubble parameter ansatz H = H0 in the above equations, in addition to
considering a polynomial form for the F (R̄) function of second or third order, the solutions obtained
from this set of equations describe a universe with two periods of exponential expansion [31, 32].
This behaviour is exclusive of these theories since it is removed in the limit µ, λ → 1 which is the
f(R) limit. This result shows the importance of these kinds of theories.

Let us discuss an important point before we enter to the main analysis of this chapter. The
swampland conjectures were proposed originally in the context of theories with Lorentz invariance.
However, as we discussed in section 2.3, HL theories and all their generalizations, break explicitly the
Lorentz invariance in the UV. Thus, it is natural to worry about the applicability of the conjectures
to these kinds of theories. In this regard, we assume an a posteriori position. That is, if we apply
the conjectures and find that they are incompatible with these theories, we may conclude that
Lorentz invariance is a key requirement of the conjectures. On the other hand, if the conjectures
are found to be compatible with these theories, and as we will show in the next section they actually
lead to some expected behaviours, then the results can support the idea that the conjectures may
be applicable to a context without Lorentz invariance. Actually, in [104], the compatibility of the
conjectures with a cosmological context without Lorentz invariance was studied with positive results
as well.

Let us study now the dS conjecture with these type of theories. Since in the Jordan frame we
only have the action of gravity, we need to perform a conformal transformation to the Einstein
frame, as it was done for the f(R) theories of the last section. In this case we perform a conformal
transformation in the three-metric of the HL F (R̄) theories, in order to study the compatibility
with the dS conjecture in the Einstein frame. We consider an equivalent action of (2.35) for any
metric with an auxiliary field in the form

S =
1

2

∫
d4x

√
hN

[
R̄F ′(R̄)− U

]
, (4.18)

where U = R̄F ′(R̄)− F (R̄), We then employ a conformal transformation, but in this case only on
the three-metric, given by

hij = e−ϕ̄h̃ij , (4.19)

then by considering metrics with lapse function N = 1 and shift functions N i = 0, as for the flat
FLRW metric, we obtain in the Einstein frame the gravitational action [32,195]

S =
1

2

∫
d4x
√
h̃

[
K̃ijK̃ij − λK̃2 +

(
−1

2
+

3λ

2
− 3µ

2

)
h̃ij

˙̃
hij

˙̄ϕ

+

(
3

4
− 9λ

4
+

9µ

2

)
˙̄ϕ2 − L(e−ϕ̄hij)− 2V (ϕ̄)

]
, (4.20)

where

ϕ̄ =
2

3
lnF ′(R̄), V (ϕ̄) =

R̄F ′ − F

2F ′ . (4.21)

We would like that the action in the Einstein frame takes the form of an action of gravity plus an
action for a canonically coupled scalar field (that is, that it appears as in standard scalar theories),
however from the above we note that we have an extra term that combines the metric with the
scalar field. Therefore, in order to eliminate such term we choose

µ = λ− 1

3
. (4.22)
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Furthermore, in order to obtain a canonically coupled scalar field we also perform the redefinition

ϕ = αϕ̄ =
2α

3
lnF ′(R̄), (4.23)

where

α =

√
3

4
− 9λ

4
+

9µ

2
=

√
3(3λ− 1)

2
. (4.24)

Thus, we finally obtain in the Einstein frame the action

S =

∫
d4x
√
h̃

[
K̃ijK̃ij − λK̃2 − L(e−ϕ̄hij)

2
+
ϕ̇2

2
− V (ϕ)

]
. (4.25)

However, we have not obtained the HL theory of gravity in the Einstein frame, since the action
for the scalar field does not contain the higher derivative terms in (2.31). Nevertheless, since the
general form is described by an action for gravity plus an action for a scalar field, we can use it
to investigate the compatibility with the dS conjecture. We remark that we only require an action
that describes gravity, not necessarily GR. For example, in [102], the conjectures have been studied
with a Gauss-Bonnet extra term in the action. Let us remark that since we made the choice (4.22),
we can no longer recover the f(R) theories in any limit (since we can not choose µ→ 1 and λ→ 1
at the same time). We will study firstly this case since this simplification allows a complete analytic
analysis. The general action where this choice is not required will be studied in subsections 4.2.4
and 4.2.5.

With the simplification of the action in the Einstein frame, we are going to use (4.7) expressed
in terms of R̄. Then the first dS conjecture (2.42) takes the general form

|Vϕ|
V

=
3

2α

|F |
R̄F ′ − F

≥ c, (4.26)

which can be written as

|F | ≥ 2αc

3
(R̄F ′ − F ). (4.27)

A condition for the scalar field to be positive will also be required for these theories, thus we impose
that

R̄F ′ − F > 0. (4.28)

On the other hand, the second dS conjecture takes the general form

Vϕϕ
V

=
9

4α2

(F ′)2 − F ′′F

F ′′(RF ′ − F )
< −c̃. (4.29)

We note from these results that the only way in which the conjecture can be independent of
R̄ is by considering F (R̄) as some power of R̄, as it happened with the standard f(R) theories.
However, the HL F (R̄) theories have not been studied as extensively as the f(R) theories, then we
will proceed in a different way. Instead of proposing a convenient ansatz for the F function, we will
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propose a relevant cosmological ansatz for the Hubble parameter and use the system of equations
of motion in the Jordan frame to construct the appropriate F (R̄) function. Then, we will analyze
if such function can fulfil the conjecture at the same time that leads to cosmologically interesting
solutions.

With the particular choice (4.22), the system of equations of motion (4.16) and (4.17) takes the
form

F (R̄) + 2(3λ− 1)H
dF ′(R̄)

dt
+

2

3
(3λ− 1)

d2F ′(R̄)

dt2
= 0, (4.30)

F (R̄)− 2(3λ− 1)ḢF ′(R̄) + 2(3λ− 1)H
dF ′(R̄)

dt
− C

a3
= 0. (4.31)

We also obtain in this case
R̄ = (3λ− 1)(3H2 + 2Ḣ). (4.32)

Furthermore, from (6.8) and (6.10) we can obtain the differential equation

d2

dt2
F ′(R̄) + 3ḢF ′(R̄) +

3C

2(3λ− 1)a3
= 0. (4.33)

These equations represent the system that we will solve in order to construct the appropriate F (R̄)
function by starting with a relevant cosmological ansatz. We note however that C change the set of
equations, consequently the possible solutions. Thus, we will consider separately the two different
scenarios, namely the non-projectable case in which we set such constant to zero, and the projectable
case in which it has to be different from zero.

4.2.1 Non-Projectable version

Let us begin with the non-projectable case in which C = 0. The most relevant cosmological ansatz
for the Hubble parameter is a constant value, that describes an inflationary period where the
universe has an exponential expansion. With this proposal a solution with two different periods
of accelerated expansion was found in [31]. However, with the particular choice implemented by
choosing the value of µ in (4.22), this ansatz leads to a solution with a vanishing F function,
therefore it is inconsistent. Thus, we propose instead an ansatz describing an expanding universe
but in the form of a power law with time, that is we propose for the scale factor in the Jordan frame
the form

a(t) = tn, (4.34)

where n is a positive constant. Thus, the Hubble parameter for this ansatz is H = n/t. Then, from
(4.32) we obtain that R̄ is written in terms of the time variable as

R̄ =
(3λ− 1)n(3n− 2)

t2
. (4.35)

Furthermore, from (4.23) we can see that in order to have a properly defined scalar field we must
impose the condition 3λ > 1. Since we want rapidly expanding universes, we will be generally
interested in values of n that are not small, therefore considering positive values for R̄, we obtain
from (4.35) the condition 3n−2 > 0. Furthermore, we obtain from this result that R̄ grows inversely
with time, a behaviour that could be expected of the curvature. With this result, the differential
equation in (4.33) is written as

t2
d2

dt2
F ′(R̄)− 3nF ′(R̄) = 0, (4.36)
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which has as the general solution

F ′(R̄) = c1t
α+ + c2t

α− , (4.37)

where c1 and c2 are integration constants and

α± =
1

2

[
1±

√
1 + 12n

]
. (4.38)

The remaining equations of the system are satisfied identically. Therefore, using (4.35), we can
write the F function in terms of R̄, thus we obtain

F (R̄) = − A1

β+R̄β+
+
A2

β−
R̄β− , (4.39)

where the positive constants β± are defined by

β+ =
α+

2
− 1 =

1

4

[√
1 + 12n− 3

]
≥ 0, β− = 1− α−

2
=

1

4

[√
1 + 12n+ 3

]
>

3

2
. (4.40)

The last inequality follows from the condition 3n− 2 > 0 in both cases, we have also defined

A1 = c1 [(3λ− 1)n(3n− 2)]β++1 , A2 =
c2

[(3λ− 1)n(3n− 2)]β−−1
. (4.41)

We note that the general form of the solution contains two powers terms of R̄, then we expect
that the dS conjecture can not be fulfilled independently of R̄ with the two terms at the same time,
it can only be fulfilled in this way when each term is taken independently. Moreover, the positivity
condition of the scalar field potential in the Einstein frame (4.28) is written as

R̄F ′ − F =
A1

R̄β+

(
1 +

1

β+

)
+A2R̄

β−

(
1− 1

β−

)
> 0. (4.42)

Furthermore, from (4.40) we obtain that

1 +
1

β+
=

√
1 + 12n+ 1√
1 + 12n− 3

> 0, 1− 1

β−
=

√
1 + 12n− 1√
1 + 12n+ 3

> 0. (4.43)

Thus taking positive values for the integration constants c1 and c2 we can easily fulfil (4.42). In
this case, we obtain

|F | =
∣∣∣∣− A1

β+R̄β+
+
A2

β−
R̄β−

∣∣∣∣. (4.44)

We note that the F function cannot have a definite sign for all values of R̄ because there is a minus
sign in the first term. Thus considering both terms at the same time, we cannot fulfill the dS
conjecture for all values of R̄, as anticipated. Let us then consider each term separately.

Firstly we choose c1 = 0 and c2 > 0, that is we consider only the positive power term in F (R̄).
Then, the first dS conjecture (4.27) leads to

1

3
< λ ≤ 1

3
+

16

c2(
√
1 + 12n− 1)2

. (4.45)
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On the other hand, choosing c1 > 0 and c2 = 0, that is considering only the negative power term in
F (R̄), the first dS conjecture leads to

1

3
< λ ≤ 1

3
+

16

c2(
√
1 + 12n+ 1)2

. (4.46)

In both cases the positivity of the potential condition (4.28) is automatically satisfied. Thus, for
both cases the dS conjecture leads to a constraint for the HL parameter λ. We note that as the
value of n increases, that is as the expansion is faster, the upper bound from λ decreases and it
gets closer to the limiting value λ = 1/3. Thus, in order to have a fast expansion and fulfil the
conjecture independently of R̄ at the same time, we conclude that λ must be bigger but close to
1/3. Therefore, λ is constrained to a region away for its IR limit value (λ→ 1). Furthermore, since
neither β+ nor β− in (4.39) depend on λ, the exponent of the F (R̄) function is not constrained by
the conjecture. Thus, we have the freedom to choose any positive values for these terms, contrary
to what happened in the standard f(R) case.

On the other hand, in this case the second dS conjecture (4.29) is written in general as

Vϕϕ
V

=
9

4α2

[
A1

R̄β++1
+A2R̄

β−−1

]2
−
[
− A1

β+R̄β+
+
A2

β−
R̄β−

] [
−A1(β+ + 1)

R̄β++2
+A2(β− − 1)R̄β−−2

]
[
−A1(β+ + 1)

R̄β++2
+A2(β− − 1)R̄β−−2

] [
A1

R̄β+

(
1 +

1

β+

)
+A2R̄β−

(
1− 1

β−

)]
< −c̃.

(4.47)
Taking c1 = 0, that is the positive powers of R̄, we obtain

9

4α2

1

(β− − 1)2
< −c̃, (4.48)

however the term on the left hand side is always positive, thus this inequality can never be fulfilled.
On the other hand, taking c2 = 0, that is considering only the negative power terms in R̄, we obtain

9

4α2

1

(β+ + 1)2
< −c̃, (4.49)

which is also never fulfilled. Thus, we can conclude that the second dS conjecture is never compatible
with the obtained forms for the F (R̄) function.

In summary, we have shown that in HL F (R̄) theories we can obtain solutions that describe
expanding universes with a power law scale factor in the Jordan frame. Through the equations of
motion these solutions lead naturally to power law terms for the F (R̄) function. After performing
the conformal transformation, we can obtain in the Einstein frame a scalar field and its potential
defined by geometry, then we can apply the dS conjecture. The first version of the dS conjecture
can be studied independently of R̄ taking each term on the solution of F separately. In both cases
it leads to an inequality for the λ parameter which gets constrained to the UV limit λ → 1/3 for
fast expanding universes. This result is in agreement with the difficulties of achieving this scenario
in GR. Moreover, we showed that the second dS conjecture can never be fulfilled.
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Finally, we note that in the Jordan frame we have an expanding universe with a power law form,
let us explore what behaviour is encountered in the Einstein frame, where there is a scalar field
coupled to gravity. In order to obtain such behaviour, we note that both frames are related by the
conformal transformation (4.19) only on the three-metric, thus in the Einstein frame we also have
a flat FLRW metric, with a scale factor given by

ã(t) = tn
[
c1t

1
2(1+

√
1+12n) + c2t

1
2(1−

√
1+12n)

]1/3
. (4.50)

Let us consider each term separately, as we have considered for the dS conjecture. The negative
powers of R̄ are obtained with the choice c1 = 1 and c2 = 0. Then, the scale factor takes the form

ã(t) = t
1
6 [6n+1+

√
1+12n] = tθ+ . (4.51)

We note that θ+ does not depend on λ, therefore the constraint derived from the dS conjecture
in (4.46) does not constrain this parameter. Furthermore, we note that such exponent is always
positive, therefore in this case the universe is always expanding as well.

On the other hand, choosing c1 = 0 and c2 = 1 we get the positive power term in R̄. For this
term the scale factor is given by

ã(t) = t
1
6 [6n+1−

√
1+12n] = tθ− . (4.52)

We note again that θ− is independent of λ and always takes positive values, thus it is not constrained
and it always describes expanding universes in the Einstein frame. Moreover, we can show that in
general,

θ− < n < θ+. (4.53)

Thus, for negative power terms of R̄ in F , we have in the Einstein frame, a more rapidly expanding
universe than in the Jordan frame for t > 1. On the contrary, for positive powers, we have a slower
expanding universe. However, for small time values t < 1, this behaviour is reversed, and the fastest
expanding universe corresponds to positive powers of R̄. We show the behaviour just described for
n = 2 in Figure 4.1.

4.2.2 Projectable version

We now study the projectable case, that is we consider C ̸= 0 in the system of equations (6.8)-(4.33).
We employ the same ansatz as in the last subsection, that is, an expanding universe in the form of
a power law of the scale factor in the Jordan frame. Thus, the form for the R̄ parameter (4.35) is
still valid. In this case, the differential equation in (4.33) is written as

d2

dt2
F ′(R̄)− 3n

t2
F ′(R̄) +

3C

2(3λ− 1)t3n
= 0. (4.54)

The general solution of this equation is composed of the general homogeneous solution (the same
as in the non-projectable case with C = 0) and a particular solution. In this form, we obtain that
the general solution is written as

F ′(R̄) = c1t
α+ + c2t

α− − 3C

2(3λ− 1)(9n2 − 12n+ 2)
t2−3n, (4.55)
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Figure 4.1: Scale factor with n = 2 in the Jordan frame (Red curve) and in the Einstein frame with
negative power terms of R̄ in F (Blue curve) and with positive power terms (Black curve).

which is valid avoiding the roots of the polynomial 9n2 − 12 + 2, which are n ≈ 0.1952, 1.138. In
this case, the F (R̄) function is written as

F (R̄) = − A1

β+R̄β+
+
A2

β−
R̄β− −ACR̄

3n/2, (4.56)

where we have defined

AC =
C

(3λ− 1)n(9n2 − 12n+ 2) [2(3n− 2)(3λ− 1)]3n/2−1
. (4.57)

Furthermore, in this case the condition for the positivity of the potential (4.28) is written as

R̄F ′ − F =
A1

R̄β+

(
1 +

1

β+

)
+A2R̄

β−

(
1− 1

β−

)
−ACR̄

3n/2

(
3n− 2

2

)
> 0. (4.58)

Since β± fulfils (4.43), we obtain that this condition is fulfilled for all values of R̄ when AC < 0,
which implies C

9n2−12n+2
< 0. Therefore, we have two possibilities:

� C > 0 and 2
3 < n < 2+

√
2

3 .

� C < 0 and n > 2+
√
2

3 .

Moreover, in this case we have

|F (R̄)| =
∣∣∣∣− A1

β+R̄β+
+
A2

β−
R̄β− −ACR̄

3n/2

∣∣∣∣. (4.59)

However, since in this case the last term will always be present (since C ̸= 0), the function F will
not have a definite sign for all values of R̄ taking c2 = 0, then in this case we will not find constraints
from the dS conjecture valid for all values of R̄. Therefore, we will take c1 = 0 and consider only
the positive power term. In this case, the dS conjecture can be studied for all positive values of R̄,
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but not independently of it as we stated before. Thus with this choice, the first dS conjecture leads
to

A2R̄
β−

[
1

β−
− 2αc

3

(
1− 1

β−

)]
−ACR̄

3n/2

[
1− 2αc(3n− 2)

6

]
≥ 0. (4.60)

We note that in order to fulfil this inequality for all values of R̄, we must impose that each term
within square brackets is positive. Thus, these two constraints lead to

λ ≤ 1

3
+

16

c2(
√
1 + 12n− 1)2

, (4.61)

λ ≤ 1

3
+

4

c2(3n− 2)2
. (4.62)

We note that the first constraint (4.61) is the same as the one obtained in the non-projectable
case (4.45). However, since we have obtained two constraints in the same parameter, we only
need to impose the stronger one. It turns out that (4.61) is more restrictive than (4.62) only if

n < 2+
√
2

3 ≈ 1.138. Thus, for most of the values of n, the dS conjecture is satisfied by (4.62) for
every value of R̄. Then, taking C ̸= 0, we are lead to a stronger condition for the λ parameter for
most cases.

On the other hand, from the general form of the F function (4.56), taking c1 = 0 we obtain in
this case

F ′ = A2R̄
β−−1 − 3n

2
ACR̄

3n
2
−1, (4.63)

F ′′ = A2(β− − 1)R̄β−−2 − 3n

4
(3n− 2)ACR̄

3n
2
−2. (4.64)

Then since we have imposed that −AC > 0, we have F ′′ > 0 for all R̄ > 0. However, in this case
we obtain

(F ′)2 − F ′′F =
A2

2

β−
R̄2β−−2 +

3n

2
A2
CR̄

3n−2

+A2AC

[
−3n+

3n

2β−

(
3n− 2

2

)
+ (β− − 1)

]
R̄3n/2+β−−2, (4.65)

thus, (F ′)2−F ′′F does not have a definite sign for all values of R̄. Therefore, we can not study the
second dS conjecture (4.29) in the projectable version for all values of R̄ in general.

In summary, in the projectable case, the first dS conjecture can not be fulfilled independently of
R̄, instead it is fulfilled for all positive values of R̄ and only for positive power terms in the F (R̄)
function. The conjecture also constrain the λ parameter near the UV region, actually for most
values of n, this new condition is more restrictive than in the non-projectable case.

In the projectable case we also have a flat FLRW metric in the Einstein frame. Taking c2 = 1,
the scale factor is

ã = tn
[
t
1
2
(1−

√
1+12n) − 3C

2(3λ− 1)(9n2 − 12n+ 2)
t2−3n

] 1
3

. (4.66)

Thus, in this case, the scale factor depends on λ, then it gets constrained by the dS conjecture, it
creates a lower bound for it. Furthermore, we note that both terms are positive, thus the universe
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is always expanding in this case as well. In Figure 4.2, we plot this scale factor choosing λ = 0.39,
c = 1 and n = 2 for different values of C. Since we choose n = 2, in order to fulfil the condition
AC < 0, we need to take negative values for C. Thus, we write C = −|C|. From this figure we see
that the effect of projectability, (|C| ≠ 0), is that as |C| increases, the scale factor increases, making
the expansion faster.

Figure 4.2: Scale factor in the Einstein frame for the projectable case with λ = 0.39, c = 1, n = 2
and choosing C = −|C| for |C| = 0 (Black curve) (Non-projectable case), |C| = 10 (Green curve)
and |C| = 100 (Brown curve). In all cases, we have expanding universes.

Finally, considering c1 = 0 and c2 = 1 in (4.56) we obtain an F (R̄) function with two terms of
positive powers of R̄. Thus, we can look for a possible way to write this function in the approximation
form of an Einstein-Hilbert term R̄ plus corrections. From the dS conjecture constraint (4.61) we
obtain that if n is close to its limiting value 2/3, we can have access to the IR limit λ → 1. Thus,
we will study the form that the F (R̄) takes for values of n close to 2/3. Let us write

n =
2

3
(1 + ϵ), (4.67)

with ϵ≪ 1. In this scenario we can take C > 0, then the most restrictive inequality is (4.61). Then,
taking c1 = 0, c2 = 1 in (4.56), we obtain

F (R̄) =
3C

4(1 + ϵ)|1− 2ϵ2|(4ϵ)ϵ(3λ− 1)ϵ+1
R̄ϵ+1

+
4

[
√
9 + 8ϵ+ 3]

[
4
3ϵ(ϵ+ 1)(3λ− 1)

](√9+8ϵ−1)/4
R̄(

√
9+8ϵ+3)/4. (4.68)

For ϵ << 1, we can make the approximation [98]

R̄1+ϵ =

∞∑
ν=0

ϵνR̄ lnν(R̄)

ν!
≃ R̄+ ϵR̄ ln(R̄). (4.69)

Thus, the latter is written as

F (R̄) ≈ 3C

4(1 + ϵ)|1− 2ϵ2|(4ϵ)ϵ(3λ− 1)ϵ+1
R̄+ Fc(R̄), (4.70)
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with the correction term

Fc(R̄) =
3Cϵ

4(1 + ϵ)|1− 2ϵ2|(4ϵ)ϵ(3λ− 1)ϵ+1
R̄ ln R̄

+
4

[
√
9 + 8ϵ+ 3]

[
4
3ϵ(ϵ+ 1)(3λ− 1)

](√9+8ϵ−1)/4
R̄(

√
9+8ϵ+3)/4. (4.71)

Furthermore, the scale factor in the Einstein frame (4.66) takes the form

ā(t) = t
2
3
(1+ϵ)

[
1

t
1
2
(
√
9+8ϵ−1)

+
3C

4(3λ− 1)|1− 2ϵ2|
1

t2ϵ

] 1
3

. (4.72)

Therefore, for these values of n, we can take values of λ greater than one, that is a form of an IR
limit, and the resulting universes are always expanding. However, from (4.32) we obtain in this
limit

lim
λ→1

R̄ = 6H2 + 4Ḣ. (4.73)

We note that this result does not coincide with the R value in GR (4.15). Thus, since we have chosen
(4.22) in this case, the λ → 1 IR limit does not correspond to GR. We will be able to perform a
correct GR limit in subsection 4.2.4, where we will avoid this particular choice and consider the
conjectures in the general case.

4.2.3 Constraints on λ

So far, we have used the particular case defined by µ = λ−1/3, and we have shown that the first dS
conjecture leads to constraints on the λ parameter, for both the projectable and the non-projectable
versions of the theory.

We want to obtain a visual representation of these constraints. Thus in Figure 4.3 we present
a plot of such constraints choosing in all cases c = 1. For the non-projectable version, we plot
the upper values (4.45) and (4.46) varying the n parameter. It is shown that the region where
λ > 1 is allowed only for small values of n, furthermore the allowed region is reduced as n grows
in both cases. It is shown that in general, the allowed region for positive power terms in the F (R̄)
function is bigger than for the negative power terms. On the other hand, for the projectable case,
the behaviour of the corresponding upper bound in (4.61) and (4.62) is also shown. We only plot
the most restrictive constraint as we vary n. We can see that that the constraint in this case is
the same as the one obtained in the non-projectable case for small values of n. However, when n
takes big enough values, the constraint coming from the projectable case is more restrictive, thus
the allowed range of λ is reduced and decreases inversely with n.

4.2.4 The General Case

Let us move on to the general scenario, in this case µ and λ in (4.20) will be considered as indepen-
dent parameters. The scalar field is defined in the same form by (4.23). We note that in this case
the action does not consist only of a gravitational action and the action for a canonically coupled
scalar field, we have an extra term, the third one in (4.20), that combines the metric with the scalar
field. However, we still have a correct definition for the scalar field with the appropriate kinetic
term in the action as in the particular case, we also have a concrete definition of the corresponding
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Figure 4.3: Allowed region for the λ parameter consistent with the dS conjecture with c = 1. The
lower bound 1/3 is indicated with the horizontal black line. For the non-projectable case, we have
the generic form F (R̄) ∼ R̄γ . The upper bounds for the non-projectable case are shown for γ < 0
(Blue curve), and for γ > 0 (Red curve). For the projectable case, we have the additional term in
F (R̄) with C ̸= 0 and γ > 0. The corresponding upper bound is shown as well (Yellow curve).

potential. Thus, adopting the a posteriori position indicated earlier, we will propose that the dS
conjecture can still be applicable for this action. This kind of argument of applying the swampland
conjectures in scenarios where the scalar field is not canonically coupled have been studied before,
for example in [103].

From the definition of the scalar field in (4.23) we note that in order to have a proper definition
we need the parameter α defined in (4.24) to be a real number, this fact leads to the condition

λ <
1

3
+ 2µ. (4.74)

From the system of equations (4.16) and (4.17), we can derive the following differential equation

d2F ′

dt2
+

3λ− 1− 3µ

µ
H
dF ′

dt
+

3λ− 1

µ
ḢF ′ +

C

2µa3
= 0. (4.75)

In the following, we will consider µ, λ > 0. Furthermore, we are also going to use the ansatz for the
scale factor in the Jordan frame as in the particular case, that is we will employ a(t) = tn. Then,
in the non-projectable case (C = 0) the latter expression leads to

t2
d2F ′

dt2
+

3λ− 1− 3µ

µ
nt
dF ′

dt
− (3λ− 1)n

µ
F ′ = 0. (4.76)

Furthermore, in this case we obtain from (4.14) that

R̄ =
D

t2
, (4.77)

where D = 3n[n(6µ + 1 − 3λ) − 2µ]. Therefore, in the general case we still can think of R̄ as to
be related to the curvature. In the particular case studied before, we considered positive values for
R̄, this fact led us to a lower bound for n which was compatible with expanding universes. For
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consistency and simplicity, in the general case we will also take positive values of R̄ only. Thus
D > 0, which leads to the constraint

λ <
1

3
+

2µ(3n− 1)

3n
, (4.78)

from which it can de deduced that n > 1/3. Thus the condition for a correct definition of the scalar
field and the constriction to take only positive values for R̄ have led to upper bounds for λ. Now,
we proceed as in the particular case, that is we will find the solution of (4.76) and construct the
F (R̄) function. The general solution of (4.76) is

F ′(R̄) = c1t
δ+ + c2t

δ− , (4.79)

with

δ± =
1

2

[
3n+ 1−B ±

√
(B + 1− 3n)2 + 12n

]
, (4.80)

where we have defined

B =
3λ− 1

µ
n. (4.81)

Using the relation (4.77), we can integrate the latter expression to obtain

F (R̄) = −c1D
δ+/2

γ+R̄γ+
+
c2D

δ−/2

γ−
R̄γ− , (4.82)

where c1,2 are constants of integration and

γ+ = −1 +
δ+
2
, γ− = 1− δ−

2
. (4.83)

In this case, the condition of the positivity of the scalar field potential is written as

R̄F ′ − F =
c1D

δ+/2

R̄γ+

(
1 +

1

γ+

)
+ c2D

δ−/2R̄γ−
(
1− 1

γ−

)
> 0, (4.84)

which has the same form as (4.42) with β± substituted by γ±. Thus, the condition can be fulfilled
for all values of R̄, by considering each term to be positive. Choosing c1 > 0 and c2 > 0, we obtain
the conditions δ+ > 2 and δ− < 0. The first condition is automatically satisfied with (4.78), however
the second condition leads to

λ >
1

3
. (4.85)

Furthermore, we can show from (4.78) and (4.85), that γ± > 0 always, therefore in the general
case the F (R̄) function (4.82) is written in the form of two power terms in R̄, one with positive
exponent and one with negative exponent. Furthermore, the negative power term always has a
negative coefficient, whereas the positive power term always has a positive coefficient, in agreement
with the particular case studied before.

Therefore in the general case before the dS conjecture, we have three inequalities that constrain
the λ parameter, namely expressions (4.74), (4.78) and (4.85). Since the three constraints are
imposed on the same parameter, it is sufficient to consider only the most restrictive one. Therefore
we obtain the constraint

1

3
< λ <

1

3
+

2µ(3n− 1)

3n
. (4.86)
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This constraint implies that as µ goes to zero, λ becomes closer to its limiting UV value 1/3.
Furthermore, we also obtain that µ ̸= 0 in order to correctly fulfill the inequalities. Thus, the
simpler versions of F (R̄) theories that do not take into account µ are inconsistent with this conformal
transformation. Thus, considering both parameters is needed as explained in [31].

In the general case the first dS conjecture is still of the form (4.27) but now with the F (R̄)
function (4.82). As performed in the particular case we will consider each term separately, so we
can fulfil the conjecture independently of R̄. Taking c2 = 0 we consider the negative power term,
then the conjecture leads to

√
3µ(6n−B)

n

[√
(B + 1− 3n)2 + 12n+ 3n+ 1−B

]
≤ 12

c
. (4.87)

On the other hand, taking c1 = 0 for the positive power term, the conjecture leads to

√
3µ(6n−B)

n

[√
(B + 1− 3n)2 + 12n+B − 3n− 1

]
≤ 12

c
. (4.88)

We note that in general, both constraints (4.87) and (4.88) will lead to a region of validity for λ
and µ. Thus we must intersect the resulting region with the results of (4.86) in order to obtain a
consistent model compatible with the dS conjecture. Unfortunately, the expressions are complicated
to solve analytically, thus we will rely on a numerical analysis.

We consider first the negative power term in the F (R̄) function, then upper and lower bounds
from (4.87) are found numerically. In Figure 4.4 these bounds are shown for n = 2, c = 2 and
varying the value of the µ parameter. Furthermore, in this figure we also plot the upper and lower
bounds coming from (4.86). Therefore, the final allowed region must be the one in which the upper
bound from (4.86) is bigger than the lower bound from (4.87). Therefore an upper bound for µ
appears. Then, the allowed region for λ increases as µ increases, but there exists a maximum value.
Considering smaller values of n or bigger values of c, the constrain on µ is more restrictive, thus λ
gets constrained closer to 1/3.

On the other hand, for the positive power term in F (R̄), we find performing a numerical analysis,
that for small values of µ (4.88) leads to an upper bound for λ that is bigger than the one coming
from (4.86), therefore the conjecture is automatically satisfied as a consequence of the consistency
condition (4.86) in this case. However, when µ takes values large enough, (4.88) leads to two regions
of validity: the first is an upper bound which is smaller than (4.86), the second one is a region with
an upper and lower bounds bigger than (4.86), therefore the second region is inconsistent. Thus,
for large values of µ, the dS conjecture is more restrictive than the consistency constraint (4.86).
Furthermore, both upper bounds grow with µ, then in this case we can have access to larger values
of λ, it is constrained to a region near 1/3 if µ is small enough. In Figure 4.5 we show this behaviour
for n = 2 and c = 1. Taking smaller values of n, or larger values of c, the region where the dS
conjecture is more restrictive than (4.86) is found for smaller values of µ.

On the other hand, the second dS conjecture takes the same form as in (4.47) with γ± instead
of β±. Therefore, for the positive power term, we have (4.48) with γ−, and for the negative power
term we have (4.49) with γ+. Therefore, the second dS conjecture is never fulfilled in the general
scenario either.
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Figure 4.4: Allowed region of validity with a consistent theory and the dS conjecture for λ, in the
general scenario without projectability, considering only the negative power term in F (R̄) for n = 2
and c = 2. The lower and upper bounds from the dS conjecture are shown with the red and blue
curves, respectively. The lower (λ = 1/3) and upper bounds coming from (4.86) are also shown
with the green and black curves, respectively. The allowed values of µ are constrained to the region
where the red curve shows smaller values than the black one.

Figure 4.5: Allowed region of validity with a consistent theory and the dS conjecture for λ, in the
non-projectable general scenario for the positive power term in F (R̄) for n = 2 and c = 1. The
lower (λ = 1/3) and upper bounds from the consistency constrain (4.86) are shown with the green
and red curves respectively. The upper bound from the dS conjecture is shown with the blue curve.
For large enough values of µ, there are two allowed regions. We show only the lowest upper bound
since the other region is inconsistent with (4.86).

In the general case, the metric in the Einstein frame is also of the flat FLRW form, the scale
factor will be given by

ã(t) = tn
[
c1t

δ+ + c2t
δ−
]1/3

. (4.89)

Thus, choosing the negative power term (c1 = 1 and c2 = 0), the scale factor takes the form

ã(t) = tθ+ , (4.90)
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where

θ+ =
1

6

[
9n+ 1−B +

√
(B + 1− 3n)2 + 12n

]
. (4.91)

In the same way, for the positive power term (c1 = 0 and c2 = 1), the scale factor takes the form

ã(t) = tθ− , (4.92)

with

θ− =
1

6

[
9n+ 1−B −

√
(B + 1− 3n)2 + 12n

]
. (4.93)

Thus, we see that in the general scenario, the scale factor depends on λ and µ. Therefore the
consistency constraint (4.86) and the allowed region compatible with the first dS conjecture constrain
the possible values. Moreover, we can show that θ± > 0 is satisfied, thus we always have expanding
universes in the Einstein frame as well.

In summary, the dS conjecture in the general scenario leads to constraints on the parameters of
the theory as in the particular case. Here we obtain two constraints, one coming from consistency
of the theory and the other one arriving from the dS conjecture, the allowed region of validity
restricts λ in terms of µ around 1/3. Furthermore, the resulting description in the Einstein frame
are expanding universes. However, one important aspect to remark is that in the general scenario
we can have access to larger values of λ by considering appropriate values for µ. This opens the
possibility to consider the relevant limit to the f(R) theories λ, µ → 1. In this case, we have also
shown that the second dS conjecture is never fulfilled.

As we have stated earlier, the general scenario allows us to explore correctly the limit µ, λ → 1
which, as previously discussed, should correspond to standard f(R) theories. In this limit, (4.74)
and (4.85) are automatically satisfied, whereas (4.78) leads simply to n > 1/2. Then, the first dS
conjecture will lead simply to upper bounds for n.

For the negative power term, the dS constraint (4.87) leads to c ≲ 0.87, which is inconsistent
with c being an order 1 constant, thus in this case the dS conjecture can not be consistent in this
limit. On the other hand, for the positive power term, the dS constraint (4.88) leads to

1

2
< n ≤

√
3

c

(
c+

√
3

2c−
√
3

)
, with 1 ≤ c ≲ 3.46. (4.94)

The largest upper bound is obtained where c = 1 and corresponds to approximately 17.66. With
these bounds, we obtain the allowed region for the exponent in the F function from (4.80) which is
given by

γ−
∣∣
n=1/2

= 1.25 < γ− ≤ γ−
∣∣
n=17.66

≃ 1.866. (4.95)

The obtained region for the dS conjecture consistency (4.95) must be compared to the one obtained
in the standard f(R) case given by (4.12). We note that the lower bound from (4.95) comes from
the dependence of δ− on n and the condition n > 1/2 coming from (4.78). We know that the system
of equations (4.16) and (4.17) reduces to the standard f(R) case in the limit µ, λ → 1, C → 0.
Therefore if we propose a(t) = tn, the same form of the f function (4.82) can be constructed, thus
after imposing the positivity of R , that is D > 0 in the standard f(R) theories, we can obtain the
same lower bound, those we find consistency for the lower bound. However, the upper bound is
actually different. This occurs because although in the Jordan frame the F (R̄) theory recovers the
standard f(R) in the mentioned limit, the transformation to the Einstein frame employed for the

81



F (R̄) theories (4.19) was performed only on the three-metric. In contrast, in the standard f(R)
theories, the conformal transformation used (4.2) is in the complete four-metric. Thus, the resulting
scalar field and scalar potential are different for both theories, therefore the first dS conjecture has
in general a different form. However, let us remark that although the analytical forms of both upper
bounds are different, their maximum values are not too far apart. In the standard f(R) theories,
we obtain approximately the maximum upper bound 1.45, whereas in the F (R̄) theories we obtain
approximately the maximum upper bound 1.866. Thus, the F (R̄) theories imply a bigger region of
validity for the exponent, although it is still not too far from one. Therefore, in the limit µ, λ→ 1,
the F (R̄) theories lead to a consistent result with the standard f(R) theories. That is, we obtain
R̄→ R, then the exponent on the F (R̄) functions gets constrained to be bigger than one (actually
bigger than 1.25), but not too big (smaller than approximately 1.866). Furthermore, using (4.93),
we can obtain that in this limit the scale factor has the same form as in (4.92) with

1

3
< θ− ≲ 17.083. (4.96)

Thus, in the Einstein frame the velocity for the expansion of the universe can be quite large.
Finally, let us study the projectable case in the general setup. We note that in the general case,

the F function has the same form as the one obtained in the particular case, the only difference is
the specific form of the exponents. Thus, the projectable case can be treated in the same form as
in subsection 4.2.2. We obtain in this case that the F (R̄) function takes the form

F (R̄) = −c1D
δ+/2

γ+R̄γ+
+
c2D

δ−/2

γ−
R̄γ− − C

3µn(18n2 − 15n+B − 3nB + 2)D3n/2−1
R̄3n/2. (4.97)

The condition for the positivity of the potential is written in the same form as in (4.58), thus it
can also be fulfilled for all values of R̄ by taking the coefficient of the new term to be positive and
imposing n > 2/3. We choose c1 = 0, then the first dS conjecture leads to a constrain written
with two terms as in (4.60), therefore we can ask for the two terms to be positive in order to fulfil
the conjecture for all values of R̄. The first resulting constraint in this case is the same as the one
obtained in (4.88), on the other hand the second constraint leads to

λ ≥ 1

3
+ 2µ− 4

(3n− 2)2c2
. (4.98)

Therefore, in the projectable case we obtain an extra constraint, in addition to (4.86) and (4.88).
We note that this new inequality is actually a lower bound for λ. In Figure 4.6 we show the bounds
encounter earlier for the constraints (4.86) and (4.88) for n = 2 and c = 1, we now add to the
plot the constraint coming from (4.98). We note that in order to fulfil the complete system of
inequalities, an upper bound for µ appears, thus λ becomes constrained to be close to the UV limit
1/3 once again.

Furthermore, in the f(R) limit, the new constraint (4.98) takes the form

n ≤ 1√
3c

+
2

3
. (4.99)

We note that the maximum value for the upper bound appears when c = 1 and gives approximately
1.244. Therefore the upper bound from the projectable case on n is more restrictive than in the
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Figure 4.6: Allowed region of validity with a consistent theory and the dS conjecture for λ in the
general scenario with projectability for n = 2 and c = 1. The lower (λ = 1/3) and upper bounds
from the consistency constraints (4.86) are shown with the green and red curves, respectively. The
upper bound from the dS conjecture is shown with the blue curve. The lower bound from (4.98)
is shown with the black curve. The allowed region for µ is then constrain to the region where the
black curve displays smaller values than the blue or red curves.

non-projectable case. Furthermore, with these constraints we obtain

γ−
∣∣
n=2/3

= 1.295 < γ− ≤ γ−
∣∣
n=1.244

≃ 1.407. (4.100)

Thus, the exponent of the F (R̄) functions is constrained with bounds that are even more restrictive
than in the standard f(R) theories. However, the form of the F function has an extra power term
with an exponent of 3n/2. Thus, taking small values of n around 2/3 as in (4.67), we can write
this function as GR plus correction terms in the same form of (4.70) (the only difference will be
that the coefficients of each term and the exponent of the second term in (4.71) will have a different
form). However in this case the infrared limit will actually correspond to GR since in this case we
can obtain consistently R̄→ R.

4.2.5 Constant Hubble Parameter

Let us remark that in the particular case considered in subsections 4.2.1-4.2.3, a solution with a
constant Hubble parameter was not consistent with the choice of µ in terms of λ. It was for this
reason that we used the ansatz (4.34). Furthermore, in the general case, we have only considered
the same ansatz, and use it to constrain the parameters of the theory. However, in the general case,
there should not be an inconsistency problem for a constant Hubble parameter, actually this ansatz
was used in reference [31] and explicit solutions were obtained for particular forms of the F (R̄)
function. Therefore, in this last subsection, we will employ this ansatz and analyze its compatibility
with the dS conjecture as well.

If the Hubble parameter is a constant, we obtain from (4.14) that

R̄ = 3(1− 3λ+ 6µ)H2, (4.101)

therefore R̄ is also a constant. Then the F (R̄) function does not depend on time. Thus, both
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equations in the system (4.16) and (4.17), lead to

F (R̄)− 6H2(1− 3λ+ 3µ)F ′(R̄) = 0, (4.102)

where we have considered the non projectable case (C = 0) for consistency of the equation. Now,
since R̄ is a constant, this equation does not lead to a unique solution. In particular, in [31], some
F (R̄) functions were proposed as polynomials. With these forms, they encountered two periods of
accelerating expansion. However, as we have seen before from (4.27), if we want to fulfil the dS
conjecture independently of R̄, as it was performed on the previous sections, we must propose the
form F (R̄) = AR̄γ with A and γ constants. Then, we obtain from (4.101) and (4.102) that the
exponent is given by

γ =
3λ− 1− 6µ

2 (3λ− 1− 3µ)
. (4.103)

Furthermore, the condition for a positive potential (4.28) can be fulfilled, in addition we can obtain
a real value for α (4.24) by imposing the condition

λ <
1

3
+ µ, (4.104)

then we obtain that R̄ > 0 always. The first dS conjecture is written in the same form as in (4.27),
in this case this leads to

(3λ− 1)
√
1− 3λ+ 6µ

2
√
3(3µ− 3λ+ 1)

≤ 1

c
. (4.105)

Let us point out that in the standard f(R) limit µ, λ → 1, the constraint (4.104) is satisfied, but

the dS constraint (4.105) leads to c <
√
3
2 ≃ 0.866, which is not compatible with c being an order

1 constant. Furthermore, the general solutions for the two constraints (4.104) and (4.105) are two
validity regions given by

λ <
1

3
, µ ≥ 3λ− 1

6
, (4.106)

and

λ >
1

3
, µ ≥ −1

3
+
c2(3λ− 1)2

36
+ λ+

1

36

√
c2(3λ− 1)3 [12 + c2(3λ− 1)]. (4.107)

Then, the dS conjecture can be fulfilled in the region where λ < 1/3 and µ takes any positive value
or in the region where λ > 1/3 and µ is bounded from below with a value that grows with λ and c.
We note that taking the limit µ, λ → 1 is prohibited in any of the two regions. Furthermore, from
(4.19) we note that the scale factor in the Einstein frame takes the form

ã(t) =

[
3λ− 1− 6µ

2(2λ− 1− 3µ)

[
(3− 9λ+ 18µ)H2

] 3λ−1
2(3µ−3λ+1)

]
eHt, (4.108)

thus we have an exponentially expanding universe in the Einstein frame as well. In conclusion, a
constant Hubble parameter is compatible with the dS conjecture leading to constraints over the
parameters of the theory that forbids the infrared behaviour λ, µ → 1, therefore this compatibility
is exclusive to Hořava–Lifshitz F (R̄) theories.
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4.3 Discussion

Finally, let us summarize and discuss the results presented in this chapter.

We presented a study of the consistency between the dS swampland conjecture and the Hořava-
Lifshitz F (R̄) theories, in particular we used a FLRW metric. We did not consider any matter
content in the Jordan frame, then we performed a conformal transformation to the Einstein frame,
it was in this process that a scalar field appeared with a corresponding potential. Thus, in the
Einstein frame we were able to apply the conjecture to obtain information of the theory since the
scalar field and its potential were defined entirely by the geometry. We focused on scenarios where
we can make the conjecture valid for all values of R̄ in order to use it to constraint the parameters
of the theories, in this way we were able to study the compatibility of the conjecture with the theory
itself.

We first considered the standard f(R) functions that have been studied before in [97]. We showed
that the only way to fulfil the conjecture independently of R is by taking f as power terms in R.
The exponent is constrained by the conjecture to be greater than 1 (not GR) but less than around
1.45, thus the conjecture can be satisfied in a very restrictive way.

We then considered the HL F (R̄) theories. Since we used a FLRW flat metric, the analysis
is valid for every version of the theory. Furthermore, instead of proposing an ansatz for the F
function, we proposed an ansatz for the Hubble parameter and use the equations of motion to
construct the corresponding F function, then we analyzed if these functions could lead to interesting
cosmological solutions at the same time that fulfil the dS conjecture. In the process of getting to
the Einstein frame, we encountered that choosing a particular value for µ in terms of λ simplifies
the action by eliminating an extra term that combines the scalar field with the metric. Thus we
first considered this particular case in subsections 4.2.1-4.2.3. We then considered the general case
with two independent parameters in subsection 4.2.4.

For the particular case we proposed an ansatz that describes an expanding universe with a power
law form. We studied the projectable and non-projectable cases separately. The differences between
both versions is that in the projectable case the conjecture can not be fulfilled independently of
R̄, but it can be studied for all positive values of R̄, thus we can still use it to constraint the
parameters of the theory. We found that for both cases the dS conjecture implies constraints on the
λ parameter, it gets restricted around the limiting value 1/3. We showed such constraints in Figure
4.3. Furthermore, we showed that the faster the expansion of the universe, the closer λ gets to the
UV limit 1/3. Thus we found a consistency with the complications obtained in GR, since in order
to fulfil the conjecture the λ parameter is restricted to a region that does not allow the infrared
limit. We studied the scale factor in the Einstein frame as well and showed that it always describes
expanding universes. It is only on the projectable case where the scale factor is constrained by the
conjecture, we showed the behaviour of these scale factors in Figures 4.1 and 4.2.

Then we studied the general version where the two parameters were considered as independent.
We proposed that the conjecture can still be applied to this case since we still can identify an
action of gravity and a properly defined scalar field with its potential. In this case we also studied
the projectable and non-projectable cases with the same differences as before. We found that the
dS conjecture leads to a constraint in both parameters, furthermore the consistency of the theory
also implies a constraint of the two parameters, then the allowed values for the parameters are the
region that fulfils both constraints. We studied each scenario with a numerical analysis. In the
non-projectable case for negative power terms in the F function we obtained Figure 4.4, where we
showed that µ is bounded from above and consequently λ gets restricted around 1/3. For positive
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power terms we obtained Figure 4.5 where we showed that the upper bound for λ can increase with
µ, thus in this scenario we could performed the f(R) limit µ, λ → 1. We obtain consistency with
the standard f(R) theories since the conjecture led to a constraint on the exponent of the function
which is constrained to be greater than 1.25 and lesser than around 1.866. The lower bound can be
realized in standard f(R) theories as well whereas the upper bound is different since in HL F (R̄)
theories the conformal transformation is performed only on the three-metric, however we can say
that it is in agreement since the numerical bounds are close. On the other hand, for the projectable
case we obtained Figure 4.6 which provided a new constraint that implied a constriction of λ around
1/3 once again. However, we could still consider the f(R) limit and we obtain in this case a more
restrictive constraint.

In the general case we were also able to study the ansatz of an exponentially expanding universe,
which was forbidden in the particular case. We assumed a power form for the F function since
the equations of motion do not provide a unique form. The dS conjecture and consistency of
the theory led once again to constraints on the parameters of the theory. However the regions of
validity forbids the f(R) limit, Thus, a consistency with the dS conjecture and a constant Hubble
parameter is exclusive to this theories. Let us point out that as we discussed in subsection 2.5.1,
GR is inconsistent with the dS conjecture when there is a scalar field whose potential obeys the
slow roll conditions, that is when the Hubble parameter is approximately constant. Therefore, it is
interesting to see that with a constant Hubble parameter that describes an inflationary scenario, GR
and standard f(R) theories are not consistent with the dS conjecture, whereas HL F (R̄) theories
are, in fact, consistent.

Finally, we can conclude that our results support the idea that the dS conjecture may be encoding
key aspects of quantum gravity since we have found agreement between the conjecture and a region
of the parameters where we expect UV behaviour in one case, or exclusive to the HL F (R̄) theories
in the other. We also point out that these theories break Lorentz invariance in the UV, however
we are still obtaining consistent results, thus we can also use these results to support the idea that
the dS conjecture is applicable to theories without general covariance (as was also considered before
in [104]), and thus they may be, in fact, more general than originally thought. We also remark that
our results show that these kinds of theories are relevant to be studied further. Since they do not
only lead to interesting classical cosmologies, they are indeed compatible with the dS conjecture,
in particular in the case in which neither GR nor f(R) theories are. Thus these theories may be a
better candidate to study inflationary solutions with a correct quantum description.

Finally, let us mention a possible scenario to extend this work. As we saw in subsection 2.1.2 the
inflationary paradigm is described with the FLRW flat metric, and it is for this scenario that the
dS conjecture is not fulfilled in GR as discussed in subsection 2.5.1. Those are the main reasons
why we use it in this chapter. However, it would be interesting to use a closed or open FLRW
metric or even other anisotropic metrics, since by doing so we will obtain different equations of
motion between the different versions of the HL F (R̄) theory, then we will obtain different scenarios
regarding the dS conjecture. This could be used to explore what version of the theory is the most
useful using the dS conjecture as a guideline.
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Chapter 5

GUP effects in the WDW equation
derived from Hořava-Lifshitz gravity

In this chapter we present the study of the modifications induced on the Wheeler-DeWitt equa-
tion in Hořava-Lifshitz gravity when thee coordinates of the minisuperspace obey a GUP, we will
particularly focus on a Kantowski-Sachs metric. There is a possible connection within a GUP in
the space coordinates and Hořava-Lifshitz gravity as studied in [226, 227]. However, in the present
chapter we will consider a GUP in the variables of the superspace, treating such modification as an
extra independent ingredient to the WDW equation. Therefore, by considering the WDW equation
in HL gravity and incorporating a GUP as an extra consideration, we are indeed incorporating two
contributions to the WDW equation that are expected to be relevant in the ultraviolet, therefore, we
expect that the ability of the WDW equation to describe quantum gravity behaviour is enhanced.

First of all, in section 5.1 we will study the standard WDW equation (that is with coordinates
that obey the HUP) derived from HL gravity. We will obtain analytical solutions in the infrared,
as well as in a particular ultraviolet limit of interest. In this framework we will show that the
solution found with the version of the theory that employs projectability and detailed balanced, can
be found as an approximation of the general theory without detailed balance. We then move on,
in section 5.2 to consider that the set of variables on minisuperspace obeys a GUP. We will present
two equivalent methods to deduce the modification of the WDW equation in this context. The first
one is useful to present the general WDW equation. However, in section 5.3 we will consider the
second option, which will be helpful to obtain analytical solutions in the limiting cases considered
before. In the IR limit we obtain consistency with the results found in GR. On the other hand, in
the UV limit we will obtain a new analytical solution. For this solution we will explore the regions
of oscillatory behaviour, since as we pointed out in subsection 2.2.2, such regions can be related to
the classical behaviour. The results of this chapter were first presented in [107].

5.1 Standard Wheeler-DeWitt equation in HL gravity

Let us begin by considering the standard case, where the variables of minisuperspace obey the
HUP. We will consider the most general version of HL gravity, that is without detailed balance,
whose action is given by (2.30). In the process to deduce the WDW equation for this theory the
classical differences between the projectable and non-projectable versions of the theory are irrelevant,
therefore in this chapter we will always use the projectable version. The Kantowski-Sachs metric
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defined in (2.4) can be written in a parametrization proposed by Misner [228] in the form

ds2 = −N2(t)dt2 + e2
√
3βdr2 + e−2

√
3(β+Ω)

(
dθ2 + sin2 θdϕ2

)
, (5.1)

where β and Ω are real functions of the the time variable. We will not consider any matter content,
thus the minisuperspace will be defined by β and Ω, which are related to the anisotropic nature of
the metric. The action of HL gravity (2.30) in this case leads to

S = V0

∫
dtN

{[
3

N2
(3− λ)β̇2 +

12

N2
(1− λ)β̇Ω̇ +

6

N2
(1− 2λ)Ω̇2

]
e−

√
3(β+2Ω)

+2e
√
3β
(
1− Λe−2

√
3(β+Ω)

)
− gre

√
3(3β+2Ω) − gse

√
3(5β+4Ω)

}
, (5.2)

where we have defined
gr = 2g2 + g3, gs = 2g4 + g5 +

g6
2
. (5.3)

Furthermore, we have factorized the volume of the particular spatial slice, which is given by

V0 =

∫
sin θd3x, (5.4)

If we consider the whole space time described by the metric, the volume V0 would diverge, it can
only be finite if we consider a properly compactified spatial slice. However, since it appears only
as a global multiplicative factor, we will ignore it hereafter. Following the standard procedure, the
hamiltonian constraint leads in this case to

H =
N

12

e
√
3(β+2Ω)

3λ− 1

[
(2λ− 1)P 2

β − 2(λ− 1)PβPΩ +
1

2
(λ− 3)P 2

Ω

−24(3λ− 1)e−2
√
3Ω
(
1− Λe−2

√
3(β+Ω)

)
+ 12gr(3λ− 1)e2

√
3β

+12gs(3λ− 1)e2
√
3(2β+Ω)

]
≃ 0, (5.5)

where Pβ and PΩ are canonical momenta of the corresponding variables. This constraint is fulfilled
globally since we have chosen the projectable version of the theory, thus the dependence on the
spatial variables has only given a global multiplicative factor after integration. If we want to
consider the non-projectable version of the theory, we would have obtained the same constraint but
valid only locally. However both expressions are equivalent because we have chosen the fields on
minisuperspace to depend only on the time variable. The first five terms of the hamiltonian (5.5)
corresponds to the constraint obtain in Hořava-Lifshitz gravity with detailed balance condition
for this metric in [28]. The new term obtained from the general theory is a manifestation of the

cubic terms in R in the form e4
√
3β+2

√
3Ω which represents a higher-correction in the radius of the

Kantowski-Sachs model. Therefore, as it was described in [24,26,178,179] we have obtained that the
general projectable version without detailed balanced that we have employed reduces consistently
to the one with detailed balance. Let us perform the standard canonical quantization procedure on
the hamiltonian constraint, that is, in the coordinate representation we promote the momenta to
operators in the form

Pβ = −i ∂
∂β

, PΩ = −i ∂
∂Ω

, (5.6)
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considering the standard commutator relations

[Ω, PΩ] = i, [β, PΩ] = 0, [Ω, Pβ] = 0, [β, Pβ] = i. (5.7)

In this way, the general WDW equation in the standard HUP case is obtained in the form[
1

2
(λ− 3)

∂2

∂Ω2
− 2(λ− 1)

∂

∂Ω

∂

∂β
+ (2λ− 1)

∂2

∂β2

+24(3λ− 1)e−2
√
3Ω
(
1− Λe−2

√
3(β+Ω) − gr

2
e2

√
3(β+Ω) − gs

2
e4

√
3(β+Ω)

)]
Ψ(β,Ω) = 0. (5.8)

In order to obtain exact solutions for this equation we will focus in two limiting cases, namely an
infrared and a particular ultraviolet limit.

In the Misner parametrization for the Kantowski-Sachs metric we have that the time variable
can be expressed as t = e−

√
3(β+Ω). Furthermore, the IR limit is obtained through t ≫ 1 and

λ → 1. Therefore, in this limit we obtain a very small curvature (very large curvature radius)
with respect to the Planck length, that is Rc ≫ LPl. Thus, we obtain for this limit that the
relevant contributions will come from the exponentials with negative signs. Therefore, neglecting
the cosmological constant we obtain in this limit that the WDW equation takes the form[

− ∂2

∂Ω2
+

∂2

∂β2
+ 48e−2

√
3Ω

]
Ψ(Ω, β) = 0, (5.9)

which corresponds to the appropriate equation obtained in GR. The solutions of this equation take
the form

Ψ±
ν (Ω, β) = e±iν

√
3βKiν

(
4e−

√
3Ω
)
, (5.10)

where Kiν are the modified Bessel functions of the second kind.
We now consider the UV limit achieved when t≪ 1. In this case, this limit corresponds to a huge

curvature (very small curvature radius) which may be of the same order of magnitude than LPl.
Then the relevant contributions to the WDW equation are the exponentials with positive signs in
(5.5). However, for simplicity we will consider the particular case in which gr = 2 and gs = 0, for
this case the WDW equation takes the form[

λ− 3

2

∂2

∂Ω2
− 2(λ− 1)

∂

∂Ω

∂

∂β
+ (2λ− 1)

∂2

∂β2
− 3µ2(2λ− 1)e2

√
3β

]
Ψ(Ω, β) = 0, (5.11)

where µ2 = 83λ−1
2λ−1 . This equation was obtained in [28] for the version of HL gravity with projectabil-

ity and with detailed balance. However in our analysis we have obtained (5.11) as a particular case of
the theory without detailed balance after a correct choice of parameters. The normalized analytical
solutions for this equation are written as

Ψν(β,Ω) =
31/4

π

√
3λ− 1√

2(2λ− 1)

√
sinh

(
π
√
3λ− 1|ν|√
2(2λ− 1)

)
e±

√
3νΩ

[
µe

√
3β
] λ−1

2λ−1
ν

×K √
3λ−1√

2(2λ−1)
ν

(
µe

√
3β
)
, (5.12)

where ν is constrained to be a purely imaginary number. Let us explore the behaviour of this solution
in a graphical form, in Figure 5.1 we plot the squared absolute value of this wave functional and
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take different values for λ. Since ν is constrained to be a purely imaginary number, in this case after
taking the absolute value squared of the wave functional, the dependence on Ω vanishes. Therefore
we only present a one dimensional plot against β. We show that there is a region of oscillatory
behaviour with increasing height that reaches a maximum peak, then the oscillations stop and the
absolute value squared decreases. This behaviour is found generically for any value of λ in the
region of interest. The implications of varying λ are found to be a decrease of the height of the
oscillations and a reduction to the region of oscillatory behaviour as λ increases.

Figure 5.1: Absolute value squared of the wave functional |Ψν |2 solution to the UV standard WDW
equation, choosing ν = 20i for λ = 1 (red curve), λ = 1.5 (blue curve) and λ = 2 (black curve).

5.2 Modified Wheeler-DeWitt equation by a GUP in HL gravity

Let us move on to study what are the modification induced on the WDW equation by considering
a set of variables on minisuperspace that obey a GUP. This can be performed in different ways,
however we will employ the techniques developed in [66] in the context of GR, and generalize them
to the HL gravity theory, this will allow us to obtain differential equations up to order two in the
momenta. We will employ a generalization to more variables of the simplest form of the GUP (2.37),
which in the simplest case leads to a non-zero minimum uncertainty in the position variable. That
is, we will propose the following commutation relation in the variables on minisuperspace

[qi, pj ] = iδij
(
1 + γ2p2

)
, (5.13)

where q1 = Ω, q2 = β, p1 = PΩ, pβ = Pβ, γ is a small constant with units of inverse momentum
and the total momentum squared is p2 = pkpk, which must be computed using the metric in
superspace. Furthermore, we also introduce coordinates q′i that obey the usual HUP, that is they
obey [q′i, pj ] = iδij . In the coordinate representation we can relate the variables of the two sets of
coordinates in the form

qi = q′i
(
1 + γ2p2

)
. (5.14)

Furthermore, we choose the following representation for the momentum operators

PΩ = −i ∂
∂Ω′ , Pβ = −i ∂

∂β′
. (5.15)
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Taking into consideration the metric on the minisuperspace in (5.8), we have in this case that

p2 = (2λ− 1)P 2
β − 2(λ− 1)PβPΩ +

1

2
(λ− 3)P 2

Ω. (5.16)

In order to obtain a modification of the WDW equation derived from the GUP we have to rewrite
each term in (5.5) in terms of prime coordinates. Since we will deal with different exponential
terms, we are going to use repeatedly the Zassenhaus formula (Baker-Campbell-Hausdorff formula,
see references [229,230]) which states that for the operators A and B the following is fulfilled

eA+B = eAeBe−
1
2
[A,B]e

1
6
([A,[A,B]]+2[B,[A,B]]) · · · (5.17)

where · · · denotes terms involving higher order commutators.
Let us consider all the terms which does not depend on the momenta in (5.8) as a gravitational

potential. Thus, considering the first term of such potential and employing the relations (5.14) we
obtain that it can be written as

exp[−2
√
3Ω] = exp

[
−2

√
3Ω′ − 2

√
3γ2Ω′p2

]
. (5.18)

Then, using the Zassenhaus formula (5.17) with A = −2
√
3Ω′ and B = −2

√
3γ2Ω′p2 we obtain

exp[−2
√
3Ω] ≃ exp

[
−2

√
3
{
1− 2γ2(λ− 3)

}
Ω′
]
exp

[
−2

√
3γ2Ω′p2

]
× exp

[
−6iγ2Ω′ {(λ− 3)PΩ − 2(λ− 1)Pβ}

]
, (5.19)

where we have only kept terms up to second order in γ since it is a small parameter, thus the
higher order commutators can be neglected. Following the same procedure in the remaining terms
contributing to the potential we obtain

exp
[
2
√
3β
]
≃ exp

[
2
√
3
{
1− 4γ2(2λ− 1)

}
β′
]
exp

[
2
√
3γ2β′p2

]
× exp

[
−12iγ2β′ {(2λ− 1)Pβ − (λ− 1)PΩ}

]
, (5.20)

exp
[
−2

√
3(β + 2Ω)

]
≃ exp

[
−2

√
3(1 + 12γ2)(β′ + 2Ω′)

]
exp

[
−2

√
3γ2(β′ + 2Ω′)p2

]
× exp

[
−12iγ2(β′ + 2Ω′)(Pβ − 2PΩ)

]
, (5.21)

exp
[
2
√
3(2β +Ω)

]
≃ exp

[
2
√
3
{
1− 6γ2(3λ− 1)

}
(2β′ +Ω′)

]
exp

[
2
√
3γ2(2β′ +Ω′)p2

]
× exp

[
−6iγ2(3λ− 1)(2β′ +Ω′)(2Pβ − PΩ)

]
. (5.22)

Now that we have expressed all the factors describing the potential in terms of prime coordinates,
we can study how are they applied to the wave functional. We begin with the first term in (5.19).
We find that up to second order in γ and the momenta we can write

e−2
√
3ΩΨ(Ω, β) ≃ exp

[
−2

√
3
{
1− 2γ2(λ− 3)

}
Ω′
]
exp

[
−2

√
3γ2Ω′p2

]
× exp

[
−6iγ2Ω′ {(λ− 3)PΩ − 2(λ− 1)Pβ}

]
Ψ(Ω′, β′), (5.23)
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Then, the application of the exponential terms with linear momenta to the wave functional can
be studied in two different ways. The first one consists in factorizing up to second order in γ the
exponential in the form

exp
[
−6iγ2Ω′ {(λ− 3)PΩ − 2(λ− 1)Pβ}

]
= exp

[
12iγ2(λ− 1)Ω′Pβ

]
exp

[
−6iγ2(λ− 3)Ω′PΩ

]
, (5.24)

then, defining Ω′ = ey we obtain from (5.15) that

Ω′PΩ = −i ∂
∂y
. (5.25)

Therefore, the last term in (5.24) acts on the wave functional as a translation operator for y, which
in turns represents an scaling of Ω′ in the wave functional. Thus we obtain

exp
[
−6iγ2(λ− 3)Ω′PΩ

]
Ψ(Ω′, β′) = Ψ(e−6γ2(λ−3)Ω′, β′). (5.26)

Moreover, the first exponential term of (5.24) can be expanded as a power series, then by keeping
only up to second order in γ we obtain

exp

{
− 6iγ2Ω′ ((λ− 3)PΩ − 2(λ− 1)Pβ)

}
Ψ(Ω′, β′)

≃
[
1 + 12iγ2Ω′(λ− 1)Pβ

]
Ψ(e−6γ2(λ−3)Ω′, β′). (5.27)

Substituting back this expression into (5.23) and expanding in the same form the second exponential
we finally obtain that the first option leads to

e−2
√
3ΩΨ(Ω, β) ≃ e−2

√
3[1−2γ2(λ−3)]Ω′

{
1 + 12iγ2Ω′(λ− 1)Pβ

− 2
√
3γ2Ω′p2

}
Ψ(e−6γ2(λ−3)Ω′, β′). (5.28)

On the other hand, we have a second option, instead of interpreting the second term in (5.24)
as an scaling on Ω′, we can expand this exponential in a power series as well and keep only up to
second order in the parameter γ. Choosing this path we obtain that the second options leads to

e−2
√
3ΩΨ(Ω, β) ≃ exp−2

√
3
[
1−2γ2(λ−3)

]
Ω′
{
1− 6iγ2Ω′[(λ− 3)PΩ − 2(λ− 1)Pβ

]
− 2

√
3γ2Ω′p2

}
Ψ(Ω′, β′). (5.29)

Let us remark that both options described are equivalent at the level of approximation employed,
which corresponds to second order in γ and momenta. Therefore, we have the freedom to choose
any of the options, in the following we will find the most useful option in each particular case.

We point out that the arguments used to obtain (5.26) are applicable to any term that contains
a factor of a product of a coordinate times its momentum within an exponential. Therefore, any of
the terms contributing to the potential (5.20)-(5.22) have two possible expansions in the same way
as (5.28) and (5.29). Therefore, we will employ the most helpful option in each case.
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Now that we have explored the general way in which any of the terms contributing to the potential
in (5.8) are expressed in terms of prime coordinates and the two possible applications to the wave
functional, we have all the information to obtain the modified WDW equation. For simplicity we
take in all cases the second option of the form (5.29), then the modified general WDW equation
takes the form

{[
1 + γ2F (Ω′, β′)

] [
(2λ− 1)P 2

β− 2(λ− 1)PβPΩ +
1

2
(λ− 3)P 2

Ω

]
+ iγ2G(Ω′, β′, PΩ, Pβ) + Ṽ (Ω′, β′)

}
Ψ(Ω′, β′) = 0,

(5.30)

where we have defined

F (Ω′, β′) = 48
√
3(3λ− 1)Ω′e−2

√
3[1−2γ2(λ−3)]Ω′

− 48
√
3(3λ− 1)Λ(β′ + 2Ω′)e−2

√
3(1+12γ2)(β′+2Ω′)

+ 24
√
3gr(3λ− 1)β′e2

√
3[1−4γ2(2λ−1)]β′

+ 24
√
3gs(3λ− 1)(2β′ +Ω′)e2

√
3[1−6γ2(3λ−1)](2β′+Ω′), (5.31)

G(Ω′, β′, PΩ, Pβ) = 144(3λ− 1)Ω′ [(λ− 3)PΩ − 2(λ− 1)Pβ] e
−2

√
3[1−2γ2(λ−3)]Ω′

− 288(3λ− 1)Λ(β′ + 2Ω′)(Pβ − 2PΩ)e
−2

√
3(1+12γ2)(β′+2Ω′)

− 144gr(3λ− 1)β′ [(2λ− 1)Pβ − (λ− 1)PΩ] e
2
√
3[1−4γ2(2λ−1)]β′

− 72gs(3λ− 1)2(2β′ +Ω′)(2Pβ − PΩ)e
2
√
3[1−6γ2(3λ−1)](2β′+Ω′), (5.32)

Ṽ (Ω′, β′) = −24(3λ− 1)e−2
√
3[1−2γ2(λ−3)]Ω′

+ 24(3λ− 1)Λe−2
√
3(1+12γ2)(β′+2Ω′)

+ 12gr(3λ− 1)e2
√
3[1−4γ2(2λ−1)]β′

+ 12gs(3λ− 1)e2
√
3[1−6γ2(3λ−1)](2β′+Ω′). (5.33)

This equation is very complicated to solve in general. Thus, with the hope of obtaining analytical
solutions, in the next section we will restrict ourselves to the limiting cases considered for the
standard case in section 5.1.

5.3 Infrared and Ultraviolet limits

In order to correctly perform the limits of interest, we note that due to the expansions used in order
to obtain (5.19)-(5.22) we have changed the exponentials in all the terms of the potential in the
following form

� e−2
√
3Ω → e−2

√
3[1−2γ2(λ−3)]Ω′

� Λe−2
√
3(β+2Ω) → Λe−2

√
3(1+12γ2)(β′+2Ω′)

� gre
2
√
3β → gre

2
√
3[1−4γ2(2λ−1)]β′
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� gse
2
√
3(2β+Ω) → gse

2
√
3[1−6γ2(3λ−1)](2β+Ω).

Therefore, since the overall sign of the exponential determines in which limit they are relevant, we
need to be careful not to change the signs of each term, such that the same terms contribute in
each limiting case considered in section 5.1. Therefore, we demand that the new factors in all the
exponential terms are positive, that is we propose the constraints

1

γ2
> sup (6(3λ− 1), 4(2λ− 1)) =

{
6(3λ− 1), λ > 1

5 ,

4(2λ− 1), λ < 1
5 .

(5.34)

However, since γ is a very small parameter, these constraints can be easily fulfilled. Thus, we can
proceed as in the standard case.

Then, in the IR limit (obtained with t ≫ 1 and λ → 1) the relevant terms are the ones contain-
ing negative exponentials, as in section 5.1. Therefore, neglecting the cosmological constant and
employing the first option in the form of (5.28), we obtain in this infrared limit the WDW equation

[(
1 + 96

√
3γ2Ω′e−2

√
3(1+4γ2)Ω′

) (
P 2
β − P 2

Ω

)
− 48e−2

√
3(1+4γ2)Ω′

]
Ψ
(
e12γ

2
Ω′, β′

)
≃ 0. (5.35)

Which corresponds to the result obtained in General Relativity in [66] as expected.

Let us study now the same UV limit as in section 5.1, since an analytical solution was found for
this particular example in the standard case. Since we imposed the constraint (5.34), we know that
the relevant terms in this limit are the gr and gs ones once again. Therefore, choosing gr = 2 and
gs = 0, and employing the expansion of the first form in (5.23) for the gr term, we obtain that the
WDW equation in this limit takes the form{[

1 + 48
√
3(3λ− 1)γ2β′e2

√
3[1−4γ2(2λ−1)]β′

] [
(2λ− 1)

∂2

∂β′2
− 2(λ− 1)

∂

∂β′
∂

∂Ω′

+
λ− 3

2

∂2

∂Ω′2

]
− 36(2λ− 1)(λ− 1)µ2γ2β′e2

√
3[1−4γ2(2λ−1)]β′ ∂

∂Ω′

−3(2λ− 1)µ2e2
√
3[1−4γ2(2λ−1)]β′

}
Ψ(Ω′, e−12γ2(2λ−1)β′) ≃ 0. (5.36)

Considering the form of the solution in the standard case given by (5.12), we propose a general
ansatz in the form

Ψ
(
Ω′, e−12γ2(2λ−1)β′

)
= e

√
3νΩ′

[
e
√
3β′
] λ−1

2λ−1
ν
χ(β′). (5.37)

Substituting back (5.37) into (5.36) we obtain that the χ(β′) function must obey[
d2

dβ′2
− V

]
χ(β′) = 0, (5.38)

where we have defined the function

V =
3ν2(3λ− 1)

2(2λ− 1)2
+

1 + 12(λ− 1)
√
3νγ2β′

1 + 48
√
3(3λ− 1)γ2β′e2

√
3[1−4γ2(2λ−1)]β′

24(3λ− 1)

(2λ− 1)
e2

√
3[1−4γ2(2λ−1)]β′

. (5.39)
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Furthermore, in the UV limit considered we have that t = e−
√
3(β′+Ω′) ≪ 1. We note that this

condition can be achieved by considering β′ ≫ 1. Therefore, taking this condition for the β′

function, we can make an approximation for the denominator of (5.39) in the form

1 + 48
√
3(3λ− 1)γ2β′e2

√
3[1−4γ2(2λ−1)]β′ ≃ 48

√
3(3λ− 1)γ2β′e2

√
3[1−4γ2(2λ−1)]β′

, (5.40)

thus, the V function can be approximated as

V UV = V

∣∣∣∣
β′≫1

= Aν,λ +
Bγ,λ
β′

, (5.41)

where

Aν,λ =
3ν

2λ− 1

[
ν(3λ− 1)

2(2λ− 1)
+ 2(λ− 1)

]
, Bγ,λ =

1

2
√
3(2λ− 1)γ2

. (5.42)

Then, with the approximated form for the V function (5.41) we obtain that the general solution
of (5.38) takes the form

χ(β′) = CMρ,1/2

(
2
√
Aν,λβ

′
)
+DWρ,1/2

(
2
√
Aν,λβ

′
)
, (5.43)

where C and D are constants of integration, furthermore Mk,m(z) and Wk,m(z) denotes the Whit-
taker functions and

ρ = −
Bγ,λ

2
√
Aν,λ

. (5.44)

In contrast to the standard situation studied in section 5.1, in the present solution the parameter
ν is not restricted to take an specific form. Thus in the GUP scenario we will only constrain such
parameter by seeking a well defined behaviour for the wave functionals, and can be a real, imaginary
or even a complex number. However, as we discussed in subsection 2.2.2, we are looking for a region
of oscillatory behaviour for the wave functional since such region can be interpreted as Lorentzian
geometries [7,231,232]. However, it can be shown [233,234] that the Whittaker equation that obeys
the χ function does not have oscillatory solutions if Aν,λ and Bγ,λ are real positive numbers, which is
found when ν is a positive real number and λ > 1/2 (which is a region of interest to us). Therefore,
we will not propose positive real values for the ν parameter. Furthermore, for generic values of the
parameters, the function |Wρ,1/2|2 exhibits a monotonically decreasing behaviour, therefore in order
to obtain oscillatory behaviour we will consider only the M function in (5.43). Thus, the solution
for the wave functional will be given by

Ψ
(
Ω′, e−12γ2(2λ−1)β′

)
= Ce

√
3νΩ′

[
e
√
3β′
] λ−1

2λ−1
ν
Mρ,1/2

(
2
√
Aν,λβ

′
)
. (5.45)

We find that the squared absolute value of this wave functional |Ψ|2 with respect to β′ does not
exhibit oscillatory behaviour for all values of the parameters. In most cases it only presents a
monotonically increasing behaviour, which is not of interest for us. Nevertheless, it is possible to
obtain an oscillatory behaviour for some parameters. For example, for λ > 1 such behaviour can be
present by choosing negative real numbers for ν (with Aν,λ non-positive), or choosing such parameter
as a complex number with negative real part. In Figures 5.2 and 5.3 we show plots of the projection
of |Ψ|2 with respect to β′ choosing |Ce

√
3νΩ′ |2 = 1 for different values of γ and λ respectively. In
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particular, in Figure 5.2 we choose λ = 1.5 and ν = 10i − 1, we show curves for three different
values of γ. We note that as γ increases, the projection of |Ψ|2 decreases. On the other hand, in
Figure 5.3 we choose ν = 10i− 1 and γ = 0.1, in this case we show curves for three different values
of λ. We obtain analogously that as λ increases, the projection of |Ψ|2 decreases. In both cases we
encountered a limited region for γ and λ, since we can spoil the oscillatory behaviour by varying
too much one of these two parameter as well as varying ν. We also note from this plots that the
oscillatory behaviour is present for small values of β′, but it is reduced as β′ increases, eventually
this behaviour disappears and we obtain a monotonically decreasing behaviour. Therefore, we need
to choose the parameters of the solution in a proper form such that the the region of oscillatory
behaviour is in agreement with the region where the UV approximation (5.40) employed is valid.
The same scenario is present when ν takes real negative values. Finally, in Figure 5.4 we show
the complete squared absolute value of the wave functional |Ψ|2, we choose |C|2 = 1, ν = 10i − 1,
λ = 1.5 and γ = 0.1. We see that the dependence on Ω′ is just a negative exponential as shown in
(5.45).

Figure 5.2: Projection of the absolute value squared of the wave functional |Ψ|2 solution to the UV

modified WDW equation by a GUP, choosing |Ce
√
3νΩ′ |2 = 1, λ = 1.5 and ν = 10i− 1 for γ = 0.09

(red curve), γ = 0.1 (blue curve) and γ = 0.2 (black curve).

We note from (5.42) that when λ = 1, Aν,λ only depends on ν2, thus we expect a different
behaviour in this particular case. In this scenario a solution presenting an oscillatory behaviour can
also be found by choosing ν as a pure imaginary number. However, in this case the oscillations do
not decrease in height after a few peaks. In Figure 5.5 we show the plot of the projection of |Ψ|2

with respect to β′ choosing |Ce
√
3νΩ′ |2 = 1 for this case. We choose ν = 5i and show curves for

three different values of γ. In this case we also obtain that the |Ψ|2 increases inversely with γ.
From these results we conclude that the solution of the WDW equation modified by the GUP in

the particular UV limit considered (5.37) can be obtained in a similar form as the one obtained in
the standard case (5.12). We obtain that the special function involved is modified from a Bessel
function in the HUP case to a Whitakker function in the GUP scenario. In both cases we can obtain
a region of oscillatory behaviour for the squared absolute value of the wave functional. For λ > 1
we obtained in both cases a finite region of oscillatory behaviour starting from the origin at β = 0
(β′ = 0 in the GUP case). However, in the standard scenario this is achieved after constraining
the ν parameter to be a purely imaginary number. Furthermore, the oscillations increase in height
until they reach a maximum value. On the other hand, for the GUP case an oscillatory solution is

96



Figure 5.3: Projection of the absolute value squared of the wave functional |Ψ|2 solution to the UV

modified WDW equation by a GUP, choosing |Ce
√
3νΩ′ |2 = 1, γ = 0.1 and ν = 10i− 1 for λ = 1.5

(red curve), λ = 1.8 (blue curve) and λ = 2 (black curve).

Figure 5.4: Absolute value squared of the complete wave functional |Ψ|2 solution to the UV modified
WDW equation by a GUP, choosing |C|2 = 1, λ = 1.5, γ = 0.1 and ν = 10i− 1.

found when ν is a real negative number or a complex number with negative real part. In this case
the oscillations show the opposite behaviour, that is they decrease in height until the oscillations
stop. Furthermore, we remark that in order to obtain the analytical solution in the GUP scenario
we used the UV limit in the form β′ ≫ 1, therefore the starting region of oscillatory behaviour is
not accessible to this solution. Moreover, in both cases we obtained that as λ increases the squared
wave functional decreases. Finally, in the GUP case, the choice λ = 1 is an special scenario. In
this case the oscillatory behaviour does not decrease in height. In contrast, for the standard case
in (5.12) this value of λ is not special, it produces the same behaviour described earlier.

97



Figure 5.5: Projection of the absolute value squared of the wave functional |Ψ|2 solution to the UV

modified WDW equation by a GUP, in the particular case λ = 1, choosing |Ce
√
3νΩ′ |2 = 1, and

ν = 5i for γ = 0.1 (red curve), γ = 0.11 (blue curve) and γ = 0.12 (black curve).

The γ → 0 limit

Before we end up this chapter let us discuss a subtle issue regarding the γ → 0 limit. As we expect
such limit should transform the GUP solution into the standard case solution. In fact, if we take
such limit in (5.36) we obtain the standard case result (5.11). We also note that in this limit the
differential equation in the GUP case (5.38) takes the form of the equation obeyed by the modified
Bessel function of second order with the appropriate change of variables. Therefore, in this limit the
ansatz (5.37) gives smoothly the same solution of the standard case (5.12) as expected. However
after taking the UV limit, we note from (5.42) that Bγ,λ is divergent when γ → 0. Therefore the
solution in the GUP case (5.45) does not simplifies to the solution of the standard case. The reason
for this impediment is that in order to obtain analytical solutions, we employed the ultraviolet
limit that leads to (5.40). We note that this approximation is no longer valid in the γ → 0 limit.
Therefore, the region of validity of the solutions found in the GUP case in terms of the Wittaker
functions is defined by appropriate values of β′ and γ such that the approximation is valid.

We can try to propose a method to recover the standard case solution (5.12) from analytical
solutions of the GUP case. We may propose to expand the denominator in the second term of (5.39),
keeping only up to second order in the γ parameter. However, in this case γ is accompanied by a
positive exponential term depending on β′. Therefore, we can not justify to keep an approximation
up to second order on γ in the UV limit, because the whole term is not small in general. It can only
be small for small values of β′, which does not correspond to the UV limit that we are considering.
Therefore, we believe that the UV approximation used in the denominator is a more compelling
method even if we cannot longer recover the standard case solution.

5.4 Discussion

Finally, let us summarize and discuss the results presented in this chapter.

We presented the study ot the Wheeler-DeWitt equation for the Kantowski-Sachs metric in
Hořava-Lifshitz gravity with coordinates of minisuperspace that obey a GUP using the procedure
presented originally in [66].
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We first studied the WDW equation arriving from the standard commutator relations. We
particularly focused on two limiting cases, the IR limit that displayed consistency with GR, and a
particular UV limit after a proper choice of the parameters, that coincides with the result obtained
from the version of HL theory with projectability and detailed balance, but now only as a particular
example of the more general form derived from the theory without detailed balance. We presented
analytical solutions for both limits, in particular the UV solution was show in Figure 5.1. This
solution exhibits a region of oscillatory behaviour with increasing height until a maximum peak is
reached, then the oscillations stop leading to a region of exponential decay. Furthermore, it was
found that the absolute value squared of the wave functional decreases with λ.

We then considered the generalization to more variables of the simplest form of the GUP. In
order to deform the WDW equation we used the relations between a set of coordinates that obeys
the GUP and one that obeys the standard HUP. We used approximations up to second order in
the momenta as well as in the GUP parameter. We found that there are two possible ways to
obtain the WDW equation modified by the GUP regarding an exponential term writen in terms of
a coordinates times its corresponding momentum. The first possibility interprets such term as an
scaling on the wave functional as done in [66], this option was useful to look for analytical solutions
in the UV. On the other hand, there is a second option that consists on expanding as a power series
such term, this was useful to provide a general modified WDW equation.

We presented the general form of the modified WDW equation. However in order to obtain ana-
lytical solutions we used the limiting cases considered before. In the IR limit we found consistency
with the result obtained in GR in [66]. Furthermore, we considered a particular UV limit obtained
after a proper choice of the parameters as in the standard case. We also employed the UV limit in
the form β′ ≫ 1 and obtain an adequate approximation. Then we were able to solve analytically
the WDW equation in terms of the Whittaker functions. With this solution we look for oscillatory
behaviour. We encountered that contrary to the standard case ν was not constrained to be a purely
imaginary number, in order to obtain the correct behaviour however we find that it can not take
positive real values. We found that the oscillatory behaviour depends on the correct choice of the
parameters ν, γ and λ and it is not a generic feature since it can be spoiled easily. We presented
plots of |Ψ|2 in Figures 5.2, 5.3 and 5.4 by taking different values of γ and λ. We found that the
oscillatory behaviour is present for small values of β′, it then decreases until it eventually stops,
thus since we make an approximation for big β′, we need to find a region where the approximation
is valid and the oscillatory behaviour is present. We also encounter that |Ψ|2 decreases inversely
with γ or λ. In addition we found that λ = 1 represented an special case since for this case the
oscillatory behaviour does not stop as shown in Figure 5.5. This is a particular feature of the GUP
deformation since for the standard case the behaviour found is the same for all values of λ.

Finally, let us discuss a possible way to expand the present work. The GUP proposal naturally
implies a non-commutativity for the coordinates on the minisuperspace. However, we can also
pursue a deformation of the WDW equation (5.8) through the standard non-commutative approach
employing a θ parameter as in [57]. This deformation will be different that the one studied in this
chapter but it will also be relevant at high energies, thus it may be relevant in the same line of the
GUP deformation. Some solutions of the noncommutative deformation of (5.9) have been studied
previously [57]. Thus it will be interesting to pursue a general deformation of such equation as the
general analysis presented in this chapter.
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Chapter 6

Lorentzian vacuum transitions

In the canonical approach to quantum gravity, the quantum transitions between different configura-
tions have been one of the main topics to study. For example, the tunnelling from nothing scenario
described in section 2.2 is a particular example of this kind of processes. In order to correctly study
such transitions we need to employ the quantum features of gravity since there is not a classical
analog. One particular example of this kind that will be of interest of us in the present chapter are
vacuum transitions in the presence of gravity. There has been great interest over the years to obtain
a correct quantum description of such process. Euclidean methods to study these processes were
developed originally by Sidney Coleman and collaborators for field theory [235,236] and then, they
were extended to include gravity by Coleman and De Luccia [237] using a path integral approach.
Their results were later generalized by Parke [238]. This process is described by the nucleation of
true vacuum bubbles and the subsequent evolution is obtained after making an analytic continuation
to the Lorentzian description. It is found that only open universes can arise as the end result.

On the other hand, an alternative procedure to compute these transitions without using Euclidean
methods, employing instead the hamiltonian approach which is explicitly Lorentzian, was developed
by Fischler, Morgan and Polchinski (FMP) in [11, 12]. This method employs the formalism of
the Wheeler-DeWitt equation presented in section 2.2. The vacuum is implemented through a
cosmological constant which is interpreted as the vacuum energy and the transition are carried out
through a bubble nucleation [13]. This procedure was later generalized in [13, 14], it was used to
compute tunnelling probabilities of transitions between two de Sitter universes as well as transitions
from a Minkowski to a de Sitter space. In this kind of models it was shown that the transitions
between closed universes are allowed, in contrast to the result obtained by using the Euclidean
methods. It was conjectured that the Euclidean result could be only a limitation of relying on
an analytic continuation. However, in these works there were considered only transitions between
universes with a different cosmological constant. A generalization to consider explicitly a scalar
field with the vacuum states described by the minima of its potential was carried out in [14]. In
order to solve the WDW equation a WKB approximation was used. Although the method can be
defined on the general superspace, in order to compute the transition probability explicitly, they
used a closed FLRW metric. For this metric they obtained the same results as the one obtained by
using the Euclidean methods. However, since the minisuperspace approximation was used, in this
approach a description of bubble nucleation is not present, then it is conjectured that this approach
can describe a generalization of the tunnelling from nothing scenario described in subsection 2.2.3.
That is, it can be used to describe the creation of universes by the process of a vacuum transition.
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Furthermore, a proposal to leave the minisuperspace approximation was studied in [239].

In this chapter we will present the full analytical study of the vacuum transition probabilities
between two minima of a scalar field potential in various contexts:

First of all, in section 6.1 we present a general method to compute such transition probabilities
by solving the Wheeler-DeWitt equation in a semiclassical approach, that is employing a WKB
approximation. This method will be valid for any model on the superspace whose Hamiltonian
constraint is composed of terms of squared as well as linear momenta. In this way we generalize
the treatment developed in [14]. We remark that this method only assumes a generic form of the
Hamiltonian constraint, thus it will be applicable not only to an isotropic universe in GR as studied
before. As we will see, this method will be general enough to be applied to any metric and any
gravitational theory that leads to the appropriate form for the WDW equation, at least in principle.

In section 6.2 we will apply the method to compute the transition probabilities in General Relativ-
ity. Firstly we will consider a closed FLRW metric in subsection 6.2.1 and show that our procedure
gives the same result as in [14] but now only as a particular solution of the general method. Next,
we obtain the transition probabilities for the flat FLRW metric in subsection 6.2.2. Moreover, since
in principle, we can apply our method to any metric, we will be interested in studying the transi-
tion probabilities of homogeneous but anisotropic metrics. Vacuum transitions for these types of
universes have also been studied previously. For example, the transitions between two values of
the cosmological constant considering only gravity, as well as considering a scalar field using the
Bianchi IX metric were studied in [240]. Moreover, these transitions were studied with Euclidean
methods for a Kantowski-Sachs metric in [241]. Furthermore, the tunnelling from nothing scenario
was studied for the Bianchi IX metric in [242]. In addition, the transitions between two minima of
a scalar field potential using the Bianchi I metric were studied in [243]. However, in this section
we will present the study of such transition probabilities using the Lorentzian formalism developed
in the previous section without using any Euclidean method. We will carry out this procedure for
the Kantowski-Sachs metric in subsection 6.2.3, the Bianchi III metric in subsection 6.2.4 and the
biaxial Bianchi IX metric in subsection 6.2.5. We remark that the isotropic limit of the Bianchi III
metric is found to be the flat FLRW metric. Thus, the study of the Bianchi III metric allows us to
find what is the effect of anisotropy in the transition probabilities explicitly.

As we remarked in section 2.3, the Hořava-Lifshitz theory of gravity has a better UV behaviour
than GR, then this theory is more adequate to describe the quantum effects of gravity. Thus, we
expect that the study of the vacuum transition using this theory can provide more information
about the quantum features of gravity. For this reason, in section 6.3 we will apply the general
method to the HL theory. We will particularly focus on the closed FLRW metric. We will derive the
corresponding WDW equation in subsection 6.3.1. However, for this theory we will study two types
of scalar fields. First, since the anisotropic scaling of spacetime variables is the property defining
the HL theory as we remarked in subsection 2.3.3, we will consider a scalar field which is allowed to
depend on all spacetime coordinates. In subsection 6.3.2 we will obtain the transition probability
in this case. Then, we will consider also a scalar field which only depends on the time variable,
as usual on cosmological studies, in subsection 6.3.3. In both cases the infrared and ultraviolet
limits will be discussed for comparison with the results obtained in General Relativity. For the
inhomogeneous case in which the scalar field depends on all spacetime variables we will obtain that
the behaviour in the infrared limit will be similar to the one encountered in GR. However, the
behaviour found in the ultraviolet limit will be completely opposite. This result will allow us to
obtain a plausible resolution of the initial singularity. On the other hand, for the homogeneous
scalar field which depends only on the time variable, the behaviour will coincide with that of GR
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in both limits, although in the intermediate region the probability will be slightly altered.

On the other hand, in chapter 5 we presented a method to incorporate a GUP in the variables of
minisuperspace to the WDW equation. It was found that the modification of the WDW equation
is not trivial but an equation that takes into consideration the GUP can be found starting from
the WDW equation with the standard commutators. Using this procedure, in section 6.4 we will
apply our general method to study the effect of the GUP in the vacuum transition probabilities, in
this case the variables on minisuperspace will be the gravitational degrees of freedom and the scalar
field. We will consider a closed FLRW metric with positive curvature in subsection 6.4.1, an FLRW
metric with zero curvature in subsection 6.4.2. Furthermore we will also study the Bianchi III metric
in subsection 6.4.3 in order to incorporate the anisotropic effect as well. In all cases we compare the
results obtained with the GUP with the results obtained in the standard HUP scenario in section
6.2. We will find for all metrics that the effect of considering a GUP is to enhance the probability
for small values of the scale factor, but it produces a faster decay so when the corresponding scale
factor is big enough the probability is reduced. Finally, in subsection 6.4.4 we will briefly discuss
other extensions of the uncertainty principle that could lead to interesting results as well as the
possible applicability of the general method.

The results of this chapter were originally presented in [108–110].

6.1 General Method

In this section we will introduce a general method to compute the transition probabilities between
two minima of a scalar field potential. This will be achieved after obtaining a solution, using a WKB
semiclassical approximation, to a generic form of WDW equation that is described by quadratic and
linear momentum terms. This approach was originally proposed in [14] for a Hamiltonian described
only by quadratic terms in the momenta. Therefore, the method introduced in the present section
represents its generalization.

Let us consider a generic form of the Hamiltonian constraint written in the context of the ADM
formalism of subsection 2.1.3 in the form

H =
1

2
GMN (Φ)πMπN +WM (Φ)πM + f(Φ) ≃ 0, (6.1)

where ΦM denotes the variables on superspace which are the degrees of freedom of the three-metric,
as well as all the matter field variables considered (collectively they will all be denoted just by Φ),
their corresponding canonical conjugate momenta are respectively πM . The superspace in general
may be infinite dimensional, furthermore in this case it is equipped with the inverse metric GMN (Φ).
We have defined a vector in superspace with entries WM (Φ) that can depend in general on all the
fields. Finally, f(Φ) is a scalar function that will be composed of the scalar field potential, as well
as any other term that could arise in the quantization procedure that does not depend on any of
the momenta. The Wheeler-De Witt equation will be obtained after doing a canonical quantization
procedure to this generic Hamiltonian constraint, in the coordinates representation we will promote
the momenta to operators as πM → −iℏ δ

δΦM in (6.1). Then, we obtain

HΨ(Φ) =

[
−ℏ2

2
GMN (Φ)

δ

δΦM
δ

δΦN
− iℏWM (Φ)

δ

δΦM
+ f(Φ)

]
Ψ(Φ) ≃ 0, (6.2)
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where Ψ(Φ) is the wave functional. We will now consider a semiclassical approximation to the
WDW equation of the WKB type, that is we propose the ansatz

Ψ(Φ) = exp

{
i

ℏ
S[Φ]

}
, (6.3)

where S = S[Φ] is a function that can be expanded in ℏ as is usual in the WKB procedure, that is

S[Φ] = S0[Φ] + ℏS1[Φ] +O(ℏ2), (6.4)

where S0 is the classical action and Si with i ≥ 0 will correspond to quantum correction terms.
We will see in the following sections that employing this semiclassical approximation and keeping
only the first term will be sufficient to study the vacuum transitions probabilities obtaining relevant
results. Substituting this approximation back in (6.2) we obtain an equation for every order in ℏ.
For the first two powers of ℏ we obtain the set of equations

GMN (Φ)

2

δS0
δΦM

δS0
δΦN

+WM (Φ)
δS0
δΦM

+ f(Φ) ≃ 0, (6.5)

− i

2
GMN (Φ)

δ2S0
δΦMδΦN

+GMN (Φ)
δS0
δΦM

δS1
δΦN

+WM (Φ)
δS1
δΦM

≃ 0. (6.6)

For the remaining of this chapter, we will focus only at first order in the semiclassical expansion,
that is only up to first order in ℏ. Then all the information of the WDW equation will be contained
in (6.5). Let us note that if we choose a different ordering in the quantization procedure leading to
the WDW equation (6.2), the modifications will appear at second order in ℏ, therefore at the level
of approximation that we will employ, we can ignore any related issues. Next, we will define a set
of integral curves in superspace parametrized by a parameter s in the following form

C(s)
dΦM

ds
= GMN (Φ)

δS0
δΦN

, (6.7)

where C(s) is a function to be determined. We have the freedom to incorporate this function in
(6.7) so we can take into account the information coming from the WDW equation. From (6.5) we
obtain

GMN (Φ)
dΦM

ds

dΦN

ds
= − 2

C(s)

[
f(Φ)

C(s)
+WP (Φ)

dΦP

ds

]
, (6.8)

where GMN is the inverse of GMN and we lower and raise indices with this metric, that is WP =
GLPW

L. Using (6.5) we can also obtain for the classical action

S0 = −2

∫
X

∫
s
ds

[
f(Φ)

C(s)
+WN (Φ)

dΦN

ds

]
, (6.9)

where X is the spatial slice being considered. We note that equations (6.7) and (6.8) actually

describe a system of equations for the variables dΦM

ds and C(s). Furthermore we have the same
number of equations as variables, then in principle we have all the information we need to solve
this system. With the solutions, we can use (6.9) to obtain the classical action, then we can obtain
the correct form for the wave functional (6.3), in this way we can obtain a solution to the WDW
equation at first order in ℏ regardless of the number of fields in superspace.
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Let us simplify the system of equations by assuming that all the fields depend only on the time
variable. In this case, the variational derivative of the classical action can be explicitly computed,
then (6.7) takes the form

dΦM

ds
= −2Vol(X)

C2(s)
GMN ∂f

∂ΦN
− 2Vol(X)

C(s)

[(
GMNGLP

∂WP

∂ΦN
− ∂WM

∂ΦL

)
dΦL

ds

+GMNWP

(
∂GLP
∂ΦN

− ∂GNP
∂ΦL

)
dΦL

ds

]
, (6.10)

where Vol(X) represents the volume of the spatial slice.
If we consider the particular simple case in which WM = 0, we can obtain a general solution to

the system which is written as

C2(s) = −2Vol2(X)

f [Φ]
GMN ∂f

∂ΦM
∂f

∂ΦN
, (6.11)

dΦM

ds
=

f [Φ]

Vol(X)

GMN ∂f
∂ΦN

GLO ∂f
∂ΦL

∂f
∂ΦO

. (6.12)

Furthermore, from this general solution (6.12) we can see that the fields on superspace are not
independent, they must fulfill the following system of differential equations

dΦM

dΦN
=
GML ∂f

∂ΦL

GNP ∂f
∂ΦP

, (6.13)

which is valid for every value of M and N such that dΦM,N ̸= 0. Therefore, in this particular case
the independent degrees of freedom are reduced and then we will need less fields for the computation
of the classical action. This is similar to the procedure used in [242] in which the degrees of freedom
are also reduced in order to compute the classical action. However, in the general case in which
WM ̸= 0, we cannot longer obtain a general solution, since the system of equations is far more
difficult, thus for this scenario we will only solve the system in special cases of interest.

As we pointed oud in subsection 2.2.2, the interpretation of the solutions of the WDW equation
is still an ongoing debate. One of the possible interpretations proposed is that the squared ratio
of two solutions represent a relative probability of obtaining a certain universe configuration with
respect to the other. With this framework in mind, in [14] the transition probability between two
minima of the scalar field potential was proposed to be obtained by

P (A→ B) = |e−Γ|2 =
∣∣∣∣Ψ(φI0, ϕB;φ

I
f , ϕA)

Ψ(φI0, ϕA;φ
I
f , ϕA)

∣∣∣∣2, (6.14)

where ϕA and ϕB are the values that the scalar field takes in each minimum. In the rest of
this chapter we will always consider transitions from a false minimum to a true one, where the
potential will have the false minimum at ϕA and the true one at ϕB. Furthermore, in this expression
Ψ(φI0, ϕB;φ

M
f , ϕA) represents the path in superspace in which the scalar field varies from ϕB to ϕA

and all the others fields evolve from an initial value φI0 to a final value φ
I
f (the notation here indicates

that the scalar field is denoted by ϕ and all the other fields in superspace are denoted by φI). On the
other hand, Ψ(φI0, ϕA;φ

M
f , ϕA) represents the path in which the scalar field remains constant in the
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false minimum whereas all the other fields evolve. We will consider that both paths are described
by the parameter s defined in (6.7) taking values in the interval [0, sM ]. Thus, considering the WKB
expansion proposed previously, the transition probability will be given in general by

P (A→ B) = exp(−2Re [Γ]), (6.15)

where

±Γ =
i

ℏ
[
S0(φ

I
0, ϕB;φ

I
f , ϕA)− S0(φ

I
0, ϕA;φ

I
f , ϕA)

]
. (6.16)

The sign ambiguity arrives from the fact that the general solution in (6.14) will consist of a linear
superposition of two exponentials with diferent signs. However, we can only keep the dominant
term in both cases that leads to an overall sign ambiguity.

It is worth mentioning that this method only assumes a Hamiltonian constraint written in the
general form of (6.1). Therefore, it is not tied to any theory of gravitation and it can be applied,
in principle, to any model of superspace that fulfils this condition. Furthermore, the case when
there is only quadratic terms in the Hamiltonian constraint, that is, when WM = 0, is a natural
general form that will be used to study the transitions in General Relativity with different metrics,
as well as in the Hořava-Lifshitz theory. Moreover, the linear terms in momenta will be used to
study a deformation of the WDW equation to take into account a GUP in the variables of the
minisuperspace. It will be interesting to keep exploring further the applicability of the method to
more scenarios.

Let us also remark that in this thesis we will only consider the first term in the WKB expansion
(6.4), this will be sufficient to capture some features of the microscopic spacetime. Moreover, the
quantum correction terms arriving from higher orders in ℏ can be incorporated into this method
in the following way: The general method presented allows us to compute, in principle, S0 for any
model. Thus, we note from (6.6) that once we have obtained S0, we can obtain the next term in
the expansion S1 by solving this equation. Then, the first correction term can be incorporated in
the transition probability by adding S1 to both solutions in (6.16). We note that for every higher
order term in ℏ that we want to take into account, a new equation will be obtained from the
WDW equation that defines the correction term Si in terms of all the others Sj with 0 ≤ j < i.
Thus, in principle we can obtain enough number of equations to solve for every quantum correction
term Si that we want to incorporate. Therefore, the method presented is applicable not only to
different gravitational theories and any model in the superspace in a semiclassical approximation,
we have enough information to compute the wave functional, and thus the effect on the transition
probabilities, up to any quantum correction term that we desire.

6.2 Transitions in General Relativity

Let us begin in this section by applying the method to study the transition probabilities in General
Relativity. First of all, we will study the FLRW metrics, in particular in the case with positive
curvature we will obtain consistent results with the ones obtained previously on [14] and using
Euclidean methods in [238]. Furthermore, we will use homogeneous but anisotropic metrics to
study the effect of considering anisotropy in the transition probabilities as well.
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6.2.1 Transitions for a FLRW metric with positive curvature

We start by studying the simplest model on minisuperspace, that is the homogeneous and isotropic
model described by a FLRW metric with positive curvature. The transition probability for this
metric was already obtained using the Lorentzian formalism in [14], however here we will derive
it as a particular application of the general method, in addition we will point out a subtlety not
considered in that work. This metric can be written as the first form of (2.1), however, considering
for more generality a lapse function we can write the metric as

ds2 = −N2(t)dt2 + a2(t)
(
dr2 + sin2 θdΩ2

2

)
, (6.17)

In the following we will consider a homogeneous scalar field that only depends the time variable
ϕ = ϕ(t), then the Lagrangian for this system takes the form

L = 3N(t)a(t)− 3a(t)ȧ(t)2

N(t)
+
a3(t)ϕ̇2

2N(t)
−N(t)a3(t)V (ϕ), (6.18)

where as usual ȧ(t) = da
dt and V (ϕ) is the scalar field potential. Following the standard procedure,

the canonical momenta are defined by

πN = 0, πa = −6aȧ

N
, πϕ =

a3ϕ̇

N
, (6.19)

which lead to the Hamiltonian constraint

H = N

[
π2ϕ
2a3

− π2a
12a

− 3a+ a3V

]
≃ 0. (6.20)

As we expected, the canonical momentum with respect to N vanishes. Thus we can ignore the
prefactor and focus only on the term inside brackets in the last expression as the full Hamiltonian
constraint. Therefore we see that we have obtained a Hamiltonian constraint of the same form
as (6.1). Furthermore, the variables in minisuperspace in this case are {ΦM} = {a, ϕ}, while the
non-vanishing elements of the metric are

Gaa = − 1

6a
, Gϕϕ =

1

a3
, (6.21)

furthermore, we also have in this case

f(a, ϕ) = −3a+ a3V (ϕ). (6.22)

and
{
WM

}
= 0. We note that for this metric the volume of the spatial slice will be given by

Vol(X) =

∫ 2π

ϕ=0

∫ π

θ=0

∫ π

r=0
sin2 r sin θdrdθdϕ = 2π2, (6.23)

which is evidently finite.
In order to proceed with the application of the general method we need to choose and appropriate

parameter s so that we can correctly describe the process. We will choose in this case the parameter
such that for the interval [0, s̄ − δs], where s = 0 is the initial value, the field remains close to its
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value at the true minimum ϕB, and for the interval [s̄ + δs, sM ] the field remains very close to its
value at the false minimum ϕA, that is, we choose the parameter s such that

ϕ(s) ≈

{
ϕB, 0 < s < s̄− δs,

ϕA, s̄+ δs < s < sM .
(6.24)

In this way we are implementing a configuration where there is a bubble of true minimum in the
background of a false minimum with a thin wall. Since we cannot describe such bubble in the
minisuperspace approach, this is the only way to implement such configuration. Therefore, from
(6.9) we obtain for the classical action

S0(a0, ϕB; am, ϕA) = −4π2
∫ sM

0

ds

C(s)

[
−3a+ a3V (ϕ)

]
= −4π2

{∫ s̄−δs

0

ds

C(s)

[
−3a+ a3VB

]
+

∫ s̄+δs

s̄−δs

ds

C(s)

[
−3a+ a3V (ϕ)

]
+

∫ sM

s̄+δs

ds

C(s)

[
−3a+ a3VA

]}
, (6.25)

where VB = V (ϕ = ϕB) and VA = V (ϕ = ϕA). For the second path we also obtain

S0(a0, ϕA; am, ϕA) = −4π2
∫ sM

0

ds

C(s)

[
−3a+ a3VA

]
. (6.26)

Substituting these two expressions back in (6.16) we obtain

± Γ = −4π2i

ℏ

∫ s̄−δs

0

ds

C(s)

[
−3a+ a3VB

]
+

4π2i

ℏ

∫ s̄−δs

0

ds

C(s)

[
−3a+ a3VA

]
− 4π2i

ℏ

∫ s̄+δs

s̄−δs

ds

C(s)
a3 [V (ϕ)− VA] . (6.27)

The first two integrals can be computed by studying the general solution of the system of equations
(6.8) and (6.10) for this metric, when the scalar field is a constant. Such general solutions (6.11)
and (6.12) leads in this case to

C2(s) = 4π4
(
aVA,B − 1

a

)2
a2

3 VA,B − 1
, (6.28)

da

ds
=

1

2π2

a2

3 VA,B − 1

aVA,B − 1
a

, (6.29)

where in both expressions VA,B represents either VA or VB. We perform a change of variables in

the integral from s to a in the form ds =
(
da
ds

)−1
da, we then obtain

− 4π2
∫

ds

C(s)

[
−3a+ a3VA,B

]
= ±12π2i

∫
a

(√
1− a2

3
VA,B

)
da

= ±12π2i

VA,B

[
1−

VA,B
3

a2
]3/2

. (6.30)
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We can write for the scale factor a(s̄± δs) = ā± δa, then we obtain

− 4π2i

∫ s̄−δs

0

ds

C(s)

[
−3a+ a3VA,B

]
= ∓12π2

VA,B

{[
1−

VA,B
3

(ā− δa)2
]3/2
−
[
1−

VA,B
3

a20

]3/2}
. (6.31)

We note that in the limit a0 → 0 this expression is well behaved. Therefore, even if we are
working at first order in a semiclassical approximation, we can safely choose the origin to be at
a0 = a(s = 0) = 0. Thus we finally obtain for the first two integrals in (6.27)

−4π2i

∫ s̄−δs

0

ds

C(s)

[
−3a+ a3VA,B

]
= ∓12π2

VA,B

{[
1−

VA,B
3

(ā− δa)2
]3/2

− 1

}
. (6.32)

The third term in (6.27) can be treated as follows: by analogy with the computation performed in
the Euclidean approach, we can define a tension parameter T as the contribution to Γ coming from
the portion of the path in which the scalar field can vary in the following way

2π2ā3T = −4π2i

∫ s̄+δs

s̄−δs

ds

C(s)
a3 [V (ϕ)− VA] . (6.33)

Then, substituting these two results back into (6.27) we obtain that the logarithm of the transition
probability (that is Γ) for this metric is given by

± Γ = ∓12π2

ℏ

{
1

VB

[(
1− VB

3
(ā− δa)2

)3/2

− 1

]
− 1

VA

[(
1− VA

3
(ā− δa)2

)3/2

− 1

]}

+
2π2

ℏ
ā3T. (6.34)

We note that our result has two sign ambiguities ±. However, they are independent to each other,
since they arrive from different reasons. The sign ambiguity in the left appeared in (6.16) and as was
explained before it comes from the fact that the general solution of the WKB type is a superposition
of two exponentials with different signs. On the other hand, the sign ambiguity on the right hand
side appears because as it was shown in (6.11) , the system of equations gives a solution for C2(s),
but in order to compute the classical action we need C(s). In practice we have the freedom to
choose both signs in an appropriate way to obtain a well defined probability1.

Furthermore, this transition probability was derived in [14] using the same Lorentzian formal-
ism. However, they derived this result by proposing C2(s) = −1. We note that such proposal is
inconsistent with the general system of equations (6.8) and (6.10), actually the general solution of
this system of equations provides an unique value for such function given by (6.28). Nevertheless
the solution found in [14] gives the correct expression for the classical action (6.30), and thus the
correct solution for the transition probability.

1This argument will be valid throughout this chapter for any equations involving two sign ambiguities.
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The transition probability obtained can be compared to the Euclidean result when we apply the
thin wall approximation, that is considering δs→ 0, therefore we obtain in this limit

±Γ = ∓12π2

ℏ

{
1

VB

[(
1− VB

3
ā2
)3/2

− 1

]
− 1

VA

[(
1− VA

3
ā2
)3/2

− 1

]}

+
2π2

ℏ
ā3T.

(6.35)

We note that the transition probability is described by two parameters, ā and T . However, in the
Euclidean formalism it is proposed that both parameters are related by requiring that the tension
is obtained when Γ acquires a maximum value with respect to ā. Therefore, the condition to find
an extremum of the latter expression with respect to ā is ∂Γ

∂ā = 0, which in the case leads to

1

ā2
=
VB
3

+

(
∆V

3T
+
T

4

)2

=
VA
3

+

(
∆V

3T
− T

4

)2

, (6.36)

where ∆V = VA − VB. Considering such value for ā in (6.35), and choosing the plus sign in the
right, we finally obtain

±Γ =
12π2

ℏ

{[
4(VA − VB)

2 + 3T 2(VA + VB)
]
ā

12TVAVB
+

1

VA
− 1

VB

}
. (6.37)

These results coincide with the Euclidean approach for this case presented originally in [238]. Fur-
thermore, we note that the above analysis is valid for all non-zero values of VA and VB, there is not
a constriction regarding their signs. Moreover, for the case in which one of the potential is zero, we
can still apply the same procedure, the difference arrives in the integral (6.30), since it will provide a
dependence of the form ā2, therefore the following equations must be changed in the corresponding
manner.

Furthermore, we note that our final result for the logarithm of the transition probability given by
(6.37) is still written in terms of two factors just to obtain the same expression as in the Euclidean
approach. However, in order to obtain such solution we relate both parameters in (6.36). Therefore,
we must be able to write effectively the logarithm of the probability in terms of just one of the
parameters. Solving for the tension term in (6.36) we can write

T = ±2

(√
1

ā2
− VA

3
−
√

1

ā2
− VB

3

)
. (6.38)

Then choosing the plus sign in the right hand side of (6.35) we finally obtain in terms of just one
parameter the transition probability

± Γ =
12π2

ℏ

{
1

VB

[(
1− VB

3
ā2
)3/2

− 1

]
− 1

VA

[(
1− VA

3
ā2
)3/2

− 1

]

− ā
2

3

(√
1− VA

3
ā2 −

√
1− VB

3
ā2

)}
. (6.39)

110



It can be shown that the right hand side is always positive, therefore in order to have a well defined
probability, we also choose the plus sign in the left hand side as well. Furthermore, we note from
(6.38) that limā→0 T = 0, therefore from the latter expression we obtain that the logarithm of the
transition probability in the limit ā → 0 is well behaved, giving a vanishing value. Therefore, the
transition probability obeys limā→0 P (A → B) = 1. Thus, even if we have employed a limited
approach by keeping only the first term in the semiclassical expansion and used General Relativity
as the gravitational theory, we can still obtain a well defined transition probability in the ultraviolet
limit. Furthermore, we note that choosing the appropriate signs in (6.39) we obtain that the
transition probability decreases as ā increases. Thus, the maximum value is encountered in ā = 0,
then the probability falls to zero.

Let us discuss a particular complication regarding this extremizing procedure, we note from (6.38)
that the tension will only be well defined if the terms inside the square roots are positive. This can
be achieved if the potential minima are negative. However, if the potential minima are positive, this
expression implies an upper bound for the scale factor. Therefore, since we require that T must be
a real number, in this case the above expressions are not valid for all values of ā. This complication
is not fatal for our solutions (it is actually present in the Euclidean approach as well), since if the
extremizing procedure fails in some region, we should simply abandon this condition and consider
both parameters ā and T as independent. When we apply this procedure to new scenarios (that
have not been considered previously) in the following subsections, we will encounter that in general
this extramizing procedure will be troublesome, thus in the majority of the cases we will consider
the tension term in the transition probability as an independent parameter.

The transition probability in this subsection was obtained by choosing a path in field space
parametrized by s in the form of (6.24). We showed that this choice was useful to obtain consistency
with the Euclidean approach. However, we have the freedom to choose such parameter in different
forms. For instance, we could define the s parameter as the distance in field space along the
trajectories, that is we can propose

ds2 =

∫
X
GMNdΦ

MΦN . (6.40)

Following the same procedure as before, the classical action (6.9) in this case is written as

S0 = ±2π

∫ am,ϕA

a0,ϕB

(
a3V (ϕ)− 3a

)3/2√
3
2a (a

2V (ϕ)− 1)2 − a3(V ′(ϕ))2

√
a3dϕ2 − 6ada2, (6.41)

where as usual V ′(ϕ) = dV
dϕ . We note from the Hamiltonian constraint (6.20) that the kinetic part

of the WDW equation is proportional to the same for of the term, when instead of differentials they
are derivatives with respect to time, that is we obtain

a3ϕ̇2 − 6aȧ2 = 2N2

[
π2ϕ
2a3

− π2a
12a

]
= 2N2

[
3a− a3V (ϕ)

]
, (6.42)

Furthermore, from the definition of the transition probability (6.15) we note that the imaginary
part of the classical action is actually the term defining the transition probability. Therefore, if the
integrand in (6.41) is real, we note that it is possible to obtain an imaginary contribution to the
classical action when the momenta πA and πϕ take values such that the last expression is negative.
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This is in general possible only because the metric in superspace is not definite positive, therefore
this allows us to find a classical path for the transition. The reason for the non-positiveness of the
metric in superspace can be related to the attractive nature of gravity [1], thus the existence for the
transition probabilities that we are studying is closely related to the quantum behaviour of gravity.

Finally, before we end up this case let us discuss a subtle issue that will be relevant in the
following subsections. We note that the original Hamiltonian constraint was written with a lapse
function as a global multiplicative factor in (6.20), since the lapse function is non-dynamical we
ignored this factor and consider only the terms within square brackets. However, if we factorize any
other term that corresponds to dynamical variables, the Hamiltonian constraint will be modified.
At the classical level it will be equivalent to the form without the factorization. However, at the
quantum level the WDW equation obtained will be different, and in general we will not be able to
relate both equations on a simple form. This ambiguity on the correct choice for the Hamiltonian
constraint is equivalent to the ordering ambiguity appearing when the quantization procedure is
performed for the squared momentum. Thus, we have the freedom to factorize any term in order
to simplify the computation of the transition probabilities.

Let us illustrate this point with a particular example that will be relevant in section 6.4. Let us
write the scale factor as a(t) = eA(t). Then, considering an adequate factorization of the Hamiltonian
constraint we obtain

H = Ne−3A

[
−
π2A
12

+
π2ϕ
2

+ e6AV (ϕ)− 3e4A

]
≃ 0, (6.43)

where the canonical momenta are in this case

πϕ =
e3A

N
ϕ̇, πA = −6e3A

N
Ȧ. (6.44)

We will consider the Hamiltonian constraint to be defined by the terms inside the squared brackets.
Thus, we note that in this case the fields in superspace are {A, ϕ}, the inverse metric is still diagonal
but it now takes the form GAA = −1

6 , G
ϕϕ = 1, furthermore now f(A, ϕ) = e6AV (ϕ) − 3e4A and

we still have WM = 0. Following the same procedure as before we will obtain Γ in terms of two
integrals that can be solved employing the general solutions, furthermore we will also obtain a third
term regarding the region where the scalar field is allowed to vary. Thus, we treat such term in the
same way, that is by defining a tension term, however in this case we propose the definition

2π2e6ĀT = −4π2i

∫ s̄+δs

s̄−δs

ds

C(s)
e6A [V (ϕ)− VA] . (6.45)

Therefore, in the thin wall limit we obtain

±Γ = ±12π2
{

1

VB

[(
1− VB

3
e2Ā
)3/2

− 1

]
− 1

VA

[(
1− VA

3
e2Ā
)3/2

− 1

]}
+ 2π2e6ĀT. (6.46)

We note that this result differs from the one obtained without the factorization in (6.35) only on
the tension term, since the power of the scale factor for this term is modified.

Following the procedure, we relate Ā and T by looking for an extremum with respect to Ā. This
condition leads to

T = ∓e−4Ā

[√
1− VA

3
e2Ā −

√
1− VB

3
e2Ā

]
, (6.47)
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which is similar to (6.38) with an extra term of e−3Ā/2. In the same way the tension term will only
be well defined if the terms inside the square roots are positive which can create an upper bound
for the scale factor and correspondingly to the validity of this procedure. Finally the transition
probability will be written in terms of just one parameter in the form

± Γ = ±12π2

{
1

VB

[(
1− VB

3
e2Ā
)3/2

− 1

]
− 1

VA

[(
1− VA

3
e2Ā
)3/2

− 1

]

−e
2Ā

6

[√
1− VA

3
e2Ā −

√
1− VB

3
e2Ā

]}
. (6.48)

This result differs from (6.39) only by a constant factor regarding the last term. However, as we
have seen, in order to obtain an appropriate transition probability that coincides with the Euclidean
result in (6.39) the correct choices of sign are the plus sign in the right as well as a plus sign in the
left. Nonetheless, since for this result (6.48) the second term is smaller, it is not always possible to
obtain a positive quantity in the right hand side if we choose the plus sign, therefore in this case in
order to have a well defined probability we have to choose the minus sign in the right hand side and
the plus sign in the left. Thus, by factorizing a term in the Hamiltonian constraint we obtained a
different solution for the transition probability that can not be related in a simple form to the one
obtained if we do not perform such factorization. Therefore, the particular choice for the classical
Hamiltonian constraint is relevant and it implies a concrete transition probability.

6.2.2 Transitions for a flat FLRW metric

Let us study now the transitions probability using a flat FLRW metric. In cartesian coordinates
this metric is given by (2.6), however considering a lapse function as well we can write it as

ds2 = −N(t)dt2 + a2(t)
[
dx2 + dy2 + dz2

]
. (6.49)

We will consider the homogeneous case where the scale factor and the scalar field depend only on
the time variable t as usual. Then the Lagrangian takes the form

L = −3a(t)ȧ(t)2

N(t)
+
a3(t)ϕ̇2

2N(t)
−N(t)a3(t)V (ϕ). (6.50)

The canonical momenta are the defined by (6.19) as in the latter case, then the Hamiltonian
constraint leads to

H = N

[
π2ϕ
2a3

− π2a
12a

+ a3V

]
≈ 0. (6.51)

As in the previous case we can identify the terms within brackets as the Hamiltonian constraint
and apply the same procedure as before. Although this can be done without issues, it will be useful
for comparison with the anisotropic metrics to factorize the Hamiltonian as follows

H =
N

a3

[
π2ϕ
2

− a2π2a
12

+ a6V

]
≈ 0, (6.52)
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and then focus on the terms inside the brackets. Then, we have obtained the general form (6.1),
with the coordinates of minisuperspace {ΦM} = {a, ϕ} and metric

Gaa = −a
2

6
, Gϕϕ = 1, (6.53)

furthermore the function f reads in this case

f(a, ϕ) = a6V (ϕ), (6.54)

and {WM} = 0. We remark that the spatial volume for this metric is given by

Vol(X) =

∫ ∫ ∫
dxdydz, (6.55)

which may diverge because the spatial slice described by this metric is not compact. We can ob-
tain a finite volume if we restrict the variables to a finite interval. However, we are considering a
homogeneous case where both fields depend only on time. Therefore, we can consider an appropri-
ately compactified spatial section to obtain a finite volume which will lead to a regularized form
for the probability. The transition probability obtained in this form will be also well defined and
finite, thus it will be useful to describe the process in the non-compact scenario. In any case, the
following procedure will be valid without any change, thus in the following we will treat this term
as a constant2.

Considering the s parameter as in (6.24), we obtain for the classical actions in (6.9) the solutions

S0(a0, ϕB; am, ϕA) = −2Vol(X)

∫ sM

0

ds

C(s)

[
a6V (ϕ)

]
= −2Vol(X)

[∫ s̄−δs

0

ds

C(s)

[
a6VB

]
+

∫ s̄+δs

s̄−δs

ds

C(s)

[
a6V (ϕ)

]
+

∫ sM

s̄+δs

ds

C(s)

[
a6VA

]]
, (6.56)

S0(a0, ϕA; am, ϕA) = −2Vol(X)

∫ sM

0

ds

C(s)

[
a6VA

]
. (6.57)

Substituting these results into (6.16) we obtain

± Γ = −2Vol(X)i

ℏ

∫ s̄−δs

0

ds

C(s)

[
a6VB

]
+

2Vol(X)i

ℏ

∫ s̄−δs

0

ds

C(s)

[
a6VA

]
− 2Vol(X)i

ℏ

∫ s̄+δs

s̄−δs

ds

C(s)
a6 [V (ϕ)− VA] . (6.58)

We proceed as before, that is we use the general solution (6.11) and (6.12) to compute the first
two integrals in (6.58), which in this case take the form

C2(s) = 12Vol2(X)a6VA,B, (6.59)

da

ds
=

1

Vol(X)

a

6
. (6.60)

2This argument will hold for any volume arriving from a non-compact spatial slice for the the rest of this chapter.
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Changing the integration variable to a we then can perform the integral to obtain

−2Vol(X)

∫
ds

C(s)

[
a6VA,B

]
= ±2Vol(X)

√
VA,B
3

a3. (6.61)

Since this expression is regular in zero, we can safely choose a0 = 0 once again, then we get

−2Vol(X)

∫ s̄−δs

0

ds

C(s)

[
a6VA,B

]
= ±2Vol(X)

√
VA,B
3

(ā− δa)3. (6.62)

For the third term we also define a tension parameter T as the contribution coming from the portion
of the path in which the scalar field varies in the following way

Vol(X)ā6T = −2Vol(X)i

∫ s̄+δs

s̄−δs

ds

C(s)
a6 [V (ϕ)− VA] . (6.63)

Using these results in (6.58) and considering the thin wall limit (δs→ 0), we obtain

±Γ = ±2iVol(X)√
3ℏ

(√
VB −

√
VA

)
ā3 +

Vol(X)

ℏ
ā6T. (6.64)

We now try to relate both parameter as in the Euclidean approach, that is by imposing the condition
∂Γ
∂ā = 0, which leads to

ā3 =

{
0,

∓ i√
3T

(√
VB −

√
VA
)
.

(6.65)

The first option of (6.65) implies the vanishing of (6.64), thus it is not relevant. For the second
option we note that ā must be real, then this expression is only valid when both VA and VB are
negative, in which case we obtain

ā3 = ± 1√
3T

(√
|VB| −

√
|VA|

)
, (6.66)

thus the transition probability (6.64) is expressed finally as

±2Re[Γ] = −2Vol(X)

3ℏT

(√
|VB| −

√
|VA|

)2
. (6.67)

Taking in general non-negative values of VA,B the transition probability will be described by two
independent parameters in the form

±2Re[Γ] = ∓4Vol(X)√
3ℏ

Im
[(√

VB −
√
VA

)]
ā3 +

2Vol(X)

ℏ
ā6T, (6.68)

From this expression we note that for a transition between two dS spaces values (that is for positive
values of VA and VB), the probability is described only by the tension term.

We can see that in any of the possible cases, that is, regarding T as an independent parameter
or finding a relation with ā by the extremizing procedure, whenever possible, leading to (6.66), the
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logarithm of the transition probability (6.68) is well behaved in the ultraviolet limit ā → 0 giving
once again a vanishing value at this point.

Finally, the transition probability for this metric (6.64) can be written with the change of variables
on the scale factor a(t) = eA(t), as

±Γ = ±2Vol(X)i√
3

(√
VB −

√
VA

)
e3Ā +Vol(X)e6ĀT. (6.69)

This form will be important in section 6.4.

6.2.3 Transitions for a Kantowski-Sachs metric

So far we have only considered the simplest models on minisuperspace employing metrics that
describe homogeneous and isotropic universes in GR. Let us move on to the study of homogeneous
but anisotropic metrics. We will begin by considering the Kantowski-Sachs metric, which can be
written as (5.1) with 0 ≤ θ ≤ π and 0 ≤ ψ ≤ 2π. For simplicity we define ζ(t) = e

√
3β(t) and

σ(t) = e−
√
3Ω(t), then the metric is written in the form

ds2 = −N2(t)dt2 + ζ2(t)dr2 +
σ2(t)

ζ2(t)

[
dθ2 + sin2 θdψ2

]
. (6.70)

Considering the corresponding homogeneous scalar field ϕ(t), the Lagrangian is given by

L =
σ2(t)

ζ3(t)N(t)
ζ̇2 − σ̇2

ζ(t)N(t)
+N(t)ζ(t) +

[
ϕ̇2

2N(t)
−N(t)V (ϕ)

]
σ2(t)

ζ(t)
. (6.71)

In these case the corresponding canonical momenta are given by

πN = 0, πζ =
2σ2

Nζ3
ζ̇, πσ = − 2

Nζ
σ̇, πϕ =

σ2

Nζ
ϕ̇ (6.72)

and the Hamiltonian constraint takes the form

H = N

[
ζ3

4σ2
π2ζ −

ζ

4
π2σ +

ζ

2σ2
π2ϕ +

σ2

ζ
V (ϕ)− ζ

]
≈ 0. (6.73)

In this case we do not factorize any term besides the lapse function, then we have the general form
(6.1) with coordinates {ΦM} = {ζ, σ, ϕ}, and metric

Gζζ =
ζ3

2σ2
, Gσσ = −ζ

2
, Gϕϕ =

ζ

σ2
, (6.74)

the function f is written as

f(ζ, σ, ϕ) =
σ2

ζ
V (ϕ)− ζ, (6.75)

and {WM} = 0. Furthermore, since the metric describes a non-compact spatial slice the volume of
X takes the form

Vol(X) =

∫
r

∫ π

θ=0

∫ 2π

ψ=0
sin θdrdθdψ = 4π

∫
dr, (6.76)
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which can be finite by taking a finite interval on r.
Choosing s as in (6.24), we obtain the classical action (6.9) on each path given by

S0(ζ0, σ0, ϕB; ζm, σm, ϕA) = −2Vol(X)

{∫ s̄−δs

0

ds

C(s)

[
σ2

ζ
VB − ζ

]
+

∫ s̄+δs

s̄−δs

ds

C(s)

[
σ2

ζ
V (ϕ)− ζ

]
+

∫ sM

s̄+δs

ds

C(s)

[
σ2

ζ
VA − ζ

]}
, (6.77)

S0(ζ0, σ0, ϕA; ζm, σm, ϕA) = −2Vol(X)

∫ sM

0

ds

C(s)

[
σ2

ζ
VA − ζ

]
, (6.78)

then, from (6.16) it follows

± Γ = −2Vol(X)i

ℏ

∫ s̄−δs

0

ds

C(s)

[
σ2

ζ
VB − ζ

]
+

2Vol(X)i

ℏ

∫ s̄−δs

0

ds

C(s)

[
σ2

ζ
VA − ζ

]
− 2Vol(X)i

ℏ

∫ s̄+δs

s̄−δs

ds

C(s)

σ2

ζ
[V (ϕ)− VA] . (6.79)

Once again, to evaluate the first two integrals we employ the general solutions (6.11) and (6.12),
which in this case take the form

C2(s) = Vol2(X)

(
ζ2

σ2
+ 3VA,B

)
, (6.80)

dζ

ds
=

1

Vol(X)

ζ
(
ζ2

σ2 + VA,B

)
ζ2

σ2 + 3VA,B
,

dσ

ds
=

1

Vol(X)

2σVA,B
ζ2

σ2 + 3VA,B
. (6.81)

We now assume that VA and VB are different from zero, then (6.13) is written in this case as

1

ζ
(
ζ2

σ2 + VA,B

)dζ =
1

2σVA,B
dσ, (6.82)

which leads to the differential equation

2σVA,Bdζ − ζ

(
ζ2

σ2
+ VA,B

)
dσ = 0. (6.83)

Solving this equation we obtain that the variables on minisuperspace are related by

ζ2 =
σ2VA,B
1− cσ

, (6.84)

where c is an integration constant. We note that by definition ζ and σ are definite positive, therefore
the following condition must hold

VA,B
1− cσ

> 0, (6.85)

which establish a constraint of the c constant depending on the values of VA,B and σ. Now that
we have related these two fields, we can compute the first two integrals in (6.79) in terms of one
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function only. We choose σ, then performing a change of variables ds =
(
dσ
ds

)−1
dσ the integral leads

to

−2Vol(X)

∫
ds

C(s)

[
σ2

ζ
VA,B − ζ

]
= ±Vol(X)cA,BFKS [cA,B, σ], (6.86)

where we have defined the function

FKS [c, x] =

∫ √
4− 3cx

1− cx
xdx = − 2

9c2
[√

4− 3cx(5 + 3cx)− 9 arctanh
(√

4− 3cx
)]
. (6.87)

The third term in (6.79) can be treated as in the FLRW cases. That is, analogously to (6.33), we
can define a tension term as

Vol(X)
σ̄2

ζ̄
T = −2Vol(X)i

∫ s̄+δs

s̄−δs

ds

C(s)

σ2

ζ
[V (ϕ)− VA] , (6.88)

However, we have shown that in the regions where the scalar field is a constant ζ and σ are related
by (6.84). Therefore employing the s parametrization we obtain

ζ =


σ
√

VB
1−cBσ , 0 < s < s̄− δs,

ζ(σ), s̄− δs < s < s̄+ δs,

σ
√

VA
1−cAAσ

, s̄+ δs < s < sM ,

(6.89)

where cAA is an integration constant that must satisfy the condition (6.85), however it is in general
different from cA in (6.86) since this constant appears on a different path. Furthermore, the value
of ζ(σ) in the intermediate region can be found by solving the system of equations when the scalar
field is allowed to vary. However, this process needs an explicit particular form of the potential.
Furthermore, since we are interested in the thin wall limit δs → 0, the above expression simplifies
to

ζ =

σ
√

VB
1−cBσ , 0 < s < s̄,

σ
√

VA
1−cAAσ

, s̄ < s < sM ,
(6.90)

thus we can forget about the intermediate region. Then imposing continuity on ζ we obtain

ζ̄ = σ̄

√
VB

1− cBσ̄
= σ̄

√
VA

1− cAAσ̄
=

VB − VA√
(cB − cAA)(cBVA − cAAVB)

, (6.91)

and

σ̄ =
VA − VB

cBVA − cAAVB
. (6.92)

Substituting (6.88) and (6.86) back into (6.79) and taking into account the above consideration, we
finally obtain in the thin wall limit

±Γ = ±Vol(X)i

ℏ

[
cBFKS [cB, σ]

∣∣∣∣σ̄
σ0

− cAFKS [cA, σ]

∣∣∣∣σ̄
σ0

]

+
Vol(X)

ℏ
σ̄T√
VB

√
1− cBσ̄.

(6.93)
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Therefore, the transition probability is described by two variables, σ̄ and T , in complete analogy
to the FLRW cases. We also note that the expressions found allow us to safely choose σ0 = 0 since
the above expression is well behaved in such limit.

If we want to relate the two parameters by an extremizing procedure, that is to find σ̄ such that
∂ζ
∂σ̄ = 0, we are lead to the condition

2− 3cBσ̄

2
√
VB(1− cBσ̄)

T = ∓iσ̄
[
cB

√
4− 3cBσ̄

1− cBσ̄
− cA

√
4− 3cAσ̄

1− cAσ̄

]
. (6.94)

We note that for two positive values of the potentials, this condition leads inevitably to T = 0, which
is not a realistic scenario. Thus we will consider once again the two parameters as independent.

Since all the constants of integrations are real numbers, we finally obtain

± 2Re[Γ] =
2Vol(X)

ℏ

{
∓

[
cBIm [FKS [cB, σ]]

∣∣∣∣σ̄
σ0

− cAIm [FKS [cA, σ]]

∣∣∣∣σ̄
σ0

]

+
σ̄T√
VB

√
1− cBσ̄

}
. (6.95)

Let us remark that this result is valid for any values of the potentials different from zero. The only
difference between choosing positive or negative values for the potential minima are the constraints
on the integration constants so the condition (6.85) is satisfied in each case. We have also obtained
that if we regard T as an independent parameter for positive values of the potentials, or related to
σ̄ as in (6.94), the limit σ̄ → σ0 = 0 is well behaved, it actually leads in both case to a unit value
for the probability, therefore we can safely study the ultraviolet limit, and the general behaviour
that the probability starts at its maximum and then decays to zero with varying σ̄ as in the FLRW
cases is present in this scenario as well.

For a vanishing value of the any of the potential minima, the general solution (6.11) and (6.12)
leads to

C2(s) = Vol2(X)
ζ2

σ̄2
, (6.96)

dζ

ds
=

ζ

Vol(X)
,

dσ

ds
= 0, ∴ σ = σ̄, (6.97)

then we obtain for this case

−2Vol(X)

∫
ds

C(s)

[
σ2

ζ
V − ζ

] ∣∣∣∣
V=0

= ±2Vol(X)σ̄ ln ζ. (6.98)

Let us consider first that the zero minimum is at the false one, that is VA = 0, then VB < 0. In this
case the path on superspace in which the system tunnels from the false minimum to the true one is
described as follows; σ starts with one specific value and evolves until it reaches a constant σ̄ then
it remains there. For this case we obtain

±Γ = ±Vol(X)i

ℏ

cBFKS [cB, σ]∣∣∣∣σ̄
σ0

− 2σ̄ ln ζ

∣∣∣∣σ̄
√

VB
1−cBσ̄

σ0

√
VB

1−cBσ0

+
Vol(X)

ℏ
σ̄T√
VB

√
1− cBσ̄, (6.99)
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we note that in this case we cannot longer choose σ0 = 0 since there is a divergence in the logarithm,
thus we loose the ability to explore the UV region. Furthermore, the extremizing condition to relate
both parameters leads to the equation

2− 3cσσ̄

2
√
VB(1− cσσ̄)

T = ∓i
{
− 2

[
ln

(
σ̄

√
VB

1− cσσ̄

)
− ln

(
σ0

√
VB

1− cσσ0

)
+ 1− cσσ̄

2(1− cσσ̄)

]
+

√
4− 3cσσ̄

1− cσσ̄
cσσ̄

}
. (6.100)

On the other hand, if the zero is at the true minimum, that is VB = 0, we then have VA > 0. In
this case the probability is described in terms of ζ instead of σ, we obtain

σ̄ =
ζ̄

2VA

[√
c2Aζ̄

2 + 4VA − cAζ̄

]
, (6.101)

and consequently

± Γ = ±Vol(X)i

ℏ

{
ζ̄

VA

[√
c2Aζ̄

2 + 4VA − cAζ̄

]
ln ζ

∣∣∣∣ζ̄
ζ0

− cAFKS

[
cA,

ζ

2VA

(√
c2Aζ

2 + 4VA − cAζ

)] ∣∣∣∣ζ̄
ζ0

}
+

Vol(X)

ℏ
ζ̄T

4V 2
A

(√
c2Aζ̄

2 + 4VA − cAζ̄

)2

, (6.102)

we note that once again we loose the ability to explore the UV region since the limit ζ0 → 0 causes
a divergence. The condition for this expression to have an extremum with respect to ζ̄ leads to

T

4V 2
A

[
6c2Aζ̄

2 + 4VA − 2cAζ̄

d̄

(
3c2Aζ̄

2 + 8VA
)]

= ∓i

− cA
VA

(
c2Aζ̄

2 + 2VA

d̄
− cAζ̄

) √4− 3cA
2VA

ζ̄ b̄

1− cA
2VA

ζ̄ b̄
+

b̄

VA

+
2

VA

(
c2Aζ̄

2 + 2VA

d̄
− cAζ̄

)(
ln ζ̄ − ln ζ0

)]
, (6.103)

where

d =
√
c2Aζ̄

2 + 4VA, b̄ = d̄− cAζ̄. (6.104)

Therefore, the procedure allows us to consider the case with vanishing potential minima, but the
results obtained are restricted, making it impossible to explore the UV region.

As we mentioned in the final part of subsection 6.2.1, we can employ a general definition of
parameter s as the distance along the trajectories in the form of (6.40). In this case, doing the same
procedure we obtain for the classical action

S0 = ±2
√
Vol(X)

∫ ζm,σm,ϕA

ζ0,σ0,ϕB

σ2
(
V (ϕ)− ζ2

σ2

)3/2
ζ

√(
3V (ϕ) + ζ2

σ2

)(
V (ϕ)− ζ2

σ2

)
− 2(V ′(ϕ))2

ds, (6.105)
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where

ds =

√
2σ2

ζ3
dζ2 − 2

ζ
dσ2 +

σ2

ζ
dϕ2, (6.106)

however from the Hamiltonian constraint (6.73) it follows that the ds term can be written as

2σ2

ζ3
ζ̇2 − 2

ζ
σ̇2 +

σ2

ζ
ϕ̇2 = 2N2

[
ζ3

4σ2
π2ζ −

ζ

4
π2σ +

ζ

2σ2
π2ϕ

]
= 2N2

[
ζ − σ2

ζ
V (ϕ)

]
. (6.107)

Thus if the integrand in (6.105) is real, we can have a transition probability simply by obtaining
a negative kinetic term in the WDW equation. This is possible because the metric on superspace
is not positive definite, allowing again for a classical path in consistency with the FLRW cases.
However, in this case we actually have three terms, thus there are more possibilities to realize such
paths. Since the only negative term is in the momentum πσ, it may seem from the first equality
that we could have transitions even if the scalar field is not considered. However, if we neglect the
scalar field from (6.105) we obtain

S0

∣∣∣∣
ϕ=0,V=0

= ∓2
√

Vol(X)

∫ ζm,σm

ζ0,σ0

σ

√
2σ2

ζ3
dζ2 − 2

ζ
dσ2, (6.108)

but from (6.107) we obtain that the last term cannot be negative, since it only depends on ζ. There-
fore, if we do not consider the scalar field, we have no contributions for the transition probability
as we expected.

6.2.4 Transitions for a Bianchi III metric

The transitions described for the Kantowski-Sachs metric were illustrative to show how to apply the
general procedure to anisotropic models. However, the isotropic limit of such metric is not easily
related to the FLRW scenario. Therefore, let us consider an anisotropic metric whose isotropy limit
can be related to one of the FLRW metric, this will be helpful because with this metric we will be
able to explicitly obtain the effects of anisotropy. Then, let us study the transitions for the Bianchi
III metric that presents this behaviour. The explicit form for the metric can be written as [129]

ds2 = −N2(t)dt2 + A2dx2 + B2(t)e−2αxdy2 + C2(t)dz2, (6.109)

where α ̸= 0 is a constant important to the anisotropy behaviour. Let us note that in the limit
A(t) = B(t) = C(t) and α → 0, the above expression results in the FLRW flat metric (6.49), thus
we have an easy connection between both metrics. We once again consider a homogeneous scalar
field, then the Lagrangian is found to be

L = − 1

N(t)

(
Ȧ(t)Ḃ(t)C(t) + Ȧ(t)Ċ(t)B(t) + Ḃ(t)Ċ(t)A(t)

)
− α2

A(t)
N(t)B(t)C(t)

+
ϕ̇2

2N(t)
A(t)B(t)C(t)− V (ϕ)N(t)A(t)B(t)C(t). (6.110)

Then, the corresponding canonical momenta take the form

πN = 0, πA = − 1

N
(ḂC + ĊB), πB = − 1

N
(ȦC + ĊA),

πC = − 1

N
(ȦB+ ḂA), πϕ =

ϕ̇

N
ABC

(6.111)
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and the Hamiltonian constraint is written as

H = N

[
A

4BC
π2A +

B
4AC

π2B +
C

4AB
π2C − 1

2C
πAπB − 1

2B
πAπC − 1

2A
πBπC

+
π2ϕ

2ABC
+
α2BC
A

+ V (ϕ)ABC

]
. (6.112)

However, in this case it will be more useful to consider the following factorization

H =
N

ABC

{
A2

4
π2A − AB

2
πAπB − AC

2
πAπC +

B2

4
π2B − BC

2
πBπC +

C2

4
π2C +

1

2
π2ϕ

+ B2C2α2 + A2B2C2V (ϕ)

}
, (6.113)

then, we focus on the terms within brackets, we note that this form reduces consistently in the
isotropy limit to the form considered in the FLRW flat case (6.52). We then obtain the same
general form as in (6.1) with coordinates {ΦM} = {A, B, C, ϕ}. Moreover the metric in this case
takes the non-diagonal form

(GMN ) =
1

2


A2 −AB −AC 0

−AB B2 −BC 0
−AC −BC C2 0
0 0 0 2

 , (6.114)

and the function f is written as

f(A,B, C, ϕ) = B2C2
(
α2 + A2V (ϕ)

)
, (6.115)

and {WM} = 0. Furthermore, the spatial slice volume in this case is written as

Vol(X) =

∫ ∫ ∫
e−αxdxdyxdz, (6.116)

which is finite only if we restrict to a finite interval in y and z since the spatial slice is non-compact.
Using the parameter s defined by (6.24) we obtain for the two classical actions

S0(A0,B0, C0, ϕB;Am,Bm, Cm, ϕA) = −2Vol(X)

[∫ s̄−δs

0

ds

C(s)

[
B2C2α2 + A2B2C2VB

]
+

∫ s̄+δs

s̄−δs

ds

C(s)

[
B2C2α2 + A2B2C2V (ϕ)

]
+

∫ sM

s̄+δs

ds

C(s)

[
B2C2α2 + A2B2C2VA

]]
, (6.117)

S0(A0,B0, C0, ϕA;Am,Bm, Cm, ϕA) = −2Vol(X)

∫ sM

0

ds

C(s)

[
B2C2α2 + A2B2C2VA

]
, (6.118)

then

± Γ = −2Vol(X)i

ℏ

∫ s̄−δs

0

ds

C(s)
B2C2

[
α2 + A2VB

]
+

2Vol(X)i

ℏ

∫ s̄−δs

0

ds

C(s)
B2C2

[
α2 + A2VA

]
− 2Vol(X)i

ℏ

∫ s̄+δs

s̄−δs

ds

C(s)
A2B2C2 [V (ϕ)− VA] . (6.119)
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Using the same procedure as in the previous examples, we obtain that when the scalar field is
constant and the potential minima are different from zero, the general solution is

C2(s) = 4Vol2(X)A2B2C2VA,B
4α2 + 3A2VA,B
α2 + A2VA,B

, (6.120)

dA
ds

=
1

Vol(X)

1

2AVA,B
(2α2 + A2VA,B)(α

2 + A2VA,B)

4α2 + 3A2VA,B
, (6.121)

dB
ds

=
1

Vol(X)

B
2

α2 + A2VA,B
4α2 + 3A2VA,B

,
dC
ds

=
1

Vol(X)

C
2

α2 + A2VA,B
4α2 + 3A2VA,B

. (6.122)

In addition, the coordinates are related by

1

C
dC
ds

=
1

B
dB
ds

=
AVA,B

2α2 + A2VA,B

dA
ds
, (6.123)

which leads to

B = b0C = c0

√
2α2

VA,B
+ A2, (6.124)

where B0 and c0 are integration constants. Since these constants appear only as global multiplicative
terms to each coordinate, we can in general choose a unit value for all of them by redefinitions on
the spatial variables. Thus, in the two regions of constant scalar field in (6.119) we have

B = C =

√
2α2

VA,B
+ A2. (6.125)

We notice from this relation that the limit α → 0 implies A = B = C. Thus at the semiclassical
level the isotropy limit that allows to recover the flat FLRW metric is simply α → 0. Employing
these relations we can express the first two integrals in (6.119) in terms of any of the coordinates.

Let us choose A, then by performing a change of variables in the form ds =
(
dA
ds

)−1
dA, the integral

leads to

−2Vol(X)

∫
ds

C(s)
B2C2

[
α2 + A2VA,B

]
= ±2Vol(X)

√
VA,BFIII [VA,B,A], (6.126)

where we have defined

FIII [V, x] =

∫ √(
3x2 +

4α2

V

)(
x2 +

α2

V

)
dx

=
1

9
√

4α4

V 2 + 7α2

V x2 + 3x4

{
12α4

V 2
x+

21α2

V
x3 + 9x5

+
2α3i

V 5/2

√
x2V + α2

√
3V x2 + 4α2

[
F

(
i arcsinh

(√
V x

α2

)
,
3

4

)

−7E

(
i arcsinh

(√
V x

α2

)
,
3

4

)]}
, (6.127)
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where F (x,m) and E(x,m) denote the elliptic integrals of first and second kind respectively. Note
that in the isotropy limit α→ 0 the integral in (6.126) simplifies to the form encountered in the flat
FLRW case (6.61) as expected. We will deal with the third term in (6.119) as in the other cases,
that is by defining a tension term valid in the thin wall limit. In this case we propose such term as

Vol(X)Ā2B̄2C̄2T = −2Vol(X)i

∫ s̄+δs

s̄−δs

ds

C(s)
A2B2C2 [V (ϕ)− VA] . (6.128)

Furthermore from (6.125), we obtain in the thin wall limit the relations

B = C =


√

2α2

VB
+ A2, 0 < s < s̄

b
√

2α2

VA
+ A2, s̄ < s < sM ,

(6.129)

where b is a constant of integration that cannot be absorbed by redefinition of the space variables
since it arrives in the same path. Therefore, imposing continuity of B and C in s̄ we obtain the
relations

B̄ = C̄ =

√
2α2

VB
+ Ā2 = b

√
2α2

VA
+ Ā2 =

√
2αb

√(
1

b2 − 1

)(
1

VB
− 1

VA

)
, (6.130)

and

Ā2 =
2α2

b2 − 1

(
1

VB
− b2

VA

)
. (6.131)

Thus, we finally obtain the transition probability in the thin wall limit

±Γ = ±2Vol(X)i

ℏ

[√
VBFIII [VB,A]

∣∣∣∣Ā
A0

−
√
VA FIII [VA,A]

∣∣∣∣Ā
A0

]

+
Vol(X)

ℏ
Ā2

(
2α2

VB
+ Ā2

)2

T.

(6.132)

Therefore the transition probability for the Bianchi III metric is also described by two parameters,
one coming from the metric, we have chosen Ā, and the tension term T . Furthermore, we note that
limx→0 FIII [V, x] = 0 for any value of V , therefore in all cases we can choose A0 = 0. We remark
that this expression is valid for positive potential minima, since the relations (6.125) must hold,
and the functions B and C are real.

Thus, we obtain for positive potential minima VA,B

± 2Re[Γ] = ∓4Vol(X)

ℏ

{
Im
[√

VBFIII [A, VB]
] ∣∣∣∣Ā

0

− Im

[√
VAFIII [A, VA]

∣∣∣∣Ā
0

]}

+
2Vol(X)

ℏ
Ā2

(
2α2

VB
+ Ā2

)2

T. (6.133)

As we remarked earlier, the isotropy limit α→ 0 of this result gives consistency with the flat FLRW
metric (6.64).
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Following the extremizing procedure to relate the two parameters describing the probability we
obtain that ∂Γ

∂Ā
= 0 leads to

T Ā
(
3Ā4 +

8α2

VB
Ā2 +

4α4

V 2
B

)
= ∓i

[√(
3Ā2VB + 4α2

)(
Ā2 +

α2

VB

)

−

√(
3Ā2VA + 4α2

)(
Ā2 +

α2

VA

)]
. (6.134)

However, for positive values for the potentials the solution is given by T = 0. Thus, we must
consider each term as independent in this case as well. Furthermore, for positive values of the
potential, we can study the UV region where Ā→ 0 in (6.133). It leads to a vanishing result for Γ.
Thus, the general form of the probability is the same as for the other metrics.

If we want to consider a vanishing value for one ot the potential minima, we obtain that the
system of equations (6.8) and (6.10) for a constant scalar field is inconsistent. Therefore, the results
found for this metric are only valid when VA,B ̸= 0. We could try another factorization of the
Hamiltonian in order to obtain a well defined result, but we fail to obtain a particular factorization
that could lead to a solvable system for the vanishing of the potential minima at the same time that
gives an integral in (6.126) that is computable. Thus, we do not consider this case any more.

We have obtained analytical solutions for the transition probabilities in this metric, and we have
obtained that the effect of anisotropy is described by the appearance of α in a complicated form.
Thus, let us plot our solutions in on order to visualize what is the consequence of anisotropy. We
choose the minus sign both in the left and in the right of (6.133) in order to obtain a well defined
probability. We present plots for the probability obtained for this metric in (6.133) for different
values of α (different levels of anisotropy) as well as the isotropy limit α → 0 that gives the flat

FLRW result (6.68). We choose units such that 2Vol(X)
ℏ = 1, as well as positive values for the

potential minima VB = 10, VA = 100. Since the probability is described by two parameters we
present to plots. First, in Figure 6.1 we set T = 1 and plot the probability versus Ā, or equivalently
ā. For the FLRW metric (6.68) and for the Bianchi III metric (6.133) the contribution comes only
from the tension term. Furthermore, in Figure 6.2 we also show the plot of the probability versus
the tension term and choose Ā = 1. For both figures we conclude that the effect of anisotropy is to
reduce the transition probability and make it fall faster as α2 increases.

Let us remark that for this metric we can write the transition probability in terms of any of
the two different variables, that is A or B, we note that they are not independent and thus the
probability is equivalent with the two variables, however we will see that each variable is useful
for a particular scenario. We can easily see from (6.125) that for positive values of the potential
minima, we can take A0 = 0 without any problem, thus the transition probability is well defined
for all values of Ā. However, for negative values of the potential minima, this expression implies
that A0 ̸= 0 in order to have a correctly defined form for B. Therefore, for negative values of the
potential minima, the probabilities written in terms of D does not allow to explore the UV region.
In contrast, from (6.125) wee see that in this case we can indeed choose B0 = 0. Thus if we express
instead the probability in terms of B, we will obtain a consistent result valid for all values of B̄
and we can explore the UV region. Therefore, writing the transition probability in terms of one of
the two variables is a matter of convenience depending on the signs of the potential minima that
we want to consider. Therefore, we can also study the effect of anisotropy with negative potential
minima, but now employing only the parameter B̄. Choosing B0 = 0 and making the corresponding
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Figure 6.1: Transition probability in units such that 2Vol(X)
ℏ = 1, with VA = 100, VB = 10 and

T = 1 for the Bianchi III metric with α = 10 (black line), α = 5 (yellow line), α = 4 (orange line),
α = 2 (green line), α = 1 (red line) and α = 0 corresponding to the flat FLRW result (blue line).
The contribution comes only for the tension term in (6.133).

Figure 6.2: Transition probability in units such that 2Vol(X)
ℏ = 1, with VA = 100, VB = 10 and

Ā = 1 for the Bianchi III metric with α = 5 (yellow line), α = 4 (orange line), α = 2 (green line),
α = 1 (red line) and α = 0 corresponding to the flat FLRW result (blue line).

change of variables, we obtain that (6.132) is written as

± Γ = ±2Vol(X)i

ℏ

[√
VBGIII [VB,B]

∣∣∣∣B̄
B0

−
√
VAGIII [VA,B]

∣∣∣∣B̄
B0

]

+
Vol(X)

ℏ
B̄4

(
B̄2 − 2α2

VB

)
T, (6.135)
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where we have defined the function

GIII [V, x] =

∫ √√√√√
(
3x2 − 2α2

V

)(
x2 − α2

V

)
(
x2 − 2α2

V

) xdx, (6.136)

which can also be written in terms of elliptic integrals. Studying the effect of anisotropy on the
tension term we note that as α2 increases, this term will also increase because the potential minima
are negative, the same behaviour as the one encountered in (6.132). However, contrary to what is
encountered with positive potentials, in this case the first term will contribute to the probability.
Regarding the sign ambiguity we find that choosing the plus sign in the right hand side of (6.135)
we obtain the same behaviour with the variable A, that is, as α2 increases the probability decreases.
However for this choice of signs there will be a region near B̄ → 0 where the isotropy limit α → 0
would lead to an ill defined probability, since it will produce values greater than 1. Therefore, in
order to obtain well defined probabilities for all values of α, we choose the minus sign. This choice
leads to a scenario where the tension term has the same behaviour as in the latter case, but the first
term has the opposite behaviour. We plot the probability (6.135) in Figure 6.3 for different values
of α, choosing unit in which 2Vol(X) = 1, we also choose VA = −100, VB = −200 and T = 10. We
note that for small values of B̄ the first term is dominant and makes the probability increase with
α, however the tension term grows with B̄, eventually this term becomes dominant and we recover
the same behaviour as the one encountered with the positive potentials. On the other hand, we
can easily see from (6.135) that if we vary the tension the behaviour will be the same as the one
presented in Figure 6.2.

Figure 6.3: Transition probability in units such that 2Vol(X)
ℏ = 1 for the Bianchi III metric with

α = 6 (Blue curve), α = 3 (Red curve) and the isotropy limit with leads to the FLRW flat result
when α = 0 (Black curve) choosing VA = −100, VB = −200 and T = 10.

Pursuing a more general analysis we can choose s as in (6.40). In this case, the classical action
is given by

S0 = ±
√
2Vol(X)

∫ Am,Bm,Cm,ϕA

A0,B0,C0,ϕB

BC
(
α2 + A2V (ϕ)

)3/2
A
√
2V (ϕ) (4α2 + 3A2V (ϕ))− A2(V ′(ϕ))2

ds, (6.137)
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where

ds =

√
− 2

AB
dAdB− 2

AC
dAdC − 2

BC
dBdC + dϕ2. (6.138)

From the Hamiltonian constraint (6.113), we obtain a relation between the kinetic term in the
WDW equation and the ds term in the form

− 2

AB
ȦḂ− 2

AC
ȦĊ − 2

BC
ḂĊ + ϕ̇2

=
2N2

A2B2C2

[
A2

4
π2A − AB

2
πAπB − AC

2
πAπC +

B2

4
π2B − BC

2
πBπC +

C2

4
π2C +

1

2
π2ϕ

]
= −2N2

A2

(
α2 + A2V (ϕ)

)
. (6.139)

Therefore, when the integrand in (6.137) is real, we can obtain a transition probability simply
by considering a negative kinetic term in the WDW equation, which can be achieved by having
correct values for the momenta, or just by having a positive potential as the second equality of
the last expression shows. If we want to explore a system without a scalar field, the expression for
the classical action does not have a well defined behaviour, this happens because, as we have seen
previously, the system of differential equations in this case is inconsistent.

Finally, let us write the results of this chapter using a change of variables that will be helpful in
section 6.4. We define

A(t) = ep(t), B(t) = eq(t), C(t) = eu(t), (6.140)

then, the Hamiltonian constraint with the proper factorization takes the form

H =
N

ep+q+u

{
π2p
4

+
π2q
4

+
π2u
4

− πpπq
2

− πpπu
2

− πqπu
2

+
π2ϕ
2

+ e2(q+u)
[
α2 + e2pV (ϕ)

]}
≃ 0, (6.141)

where the canonical momenta are given by

πp = − q̇ + u̇

N
ep+q+u, πq = − ṗ+ u̇

N
ep+q+u, πu = − ṗ+ q̇

N
ep+q+u, πϕ =

ϕ̇

N
ep+q+u. (6.142)

In this case, the relation between the coordinates on minisuperspace in the region where the
scalar field is constant (6.125) is written as

q = u = ln

√
2α2

V
+ e2p, (6.143)

Therefore, we can write the transition probability (6.132) for positive values of the potential minima
in terms of the p variable as

± Γ = ±2Vol(X)i

[√
VB

∫ p̄

−∞
ep

√(
e2p +

α2

VB

)(
3e2p +

4α2

VB

)
dp

−
√
VA

∫ p̄

−∞
ep

√(
e2p +

α2

VA

)(
3e2p +

4α2

VA

)
dp

]
+Vol(X)e2p̄

(
e2p̄ +

2α2

VB

)2

T, (6.144)
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Moreover, for negative values of the potential minima we can write the probability (6.135) in terms
of the q variable as

± Γ = ±2Vol(X)i

√VB ∫ q̄

q0

e2q

√√√√√
(
e2q − α2

VB

)(
3e2q − 2α2

VB

)
e2q − 2α2

VB

dq

−
√
VA

∫ q̄

q0

e2q

√√√√√
(
e2q − α2

VA

)(
3e2q − 2α2

VA

)
e2q − 2α2

VA

dq

+Vol(X)e4q̄
(
e2q̄ − 2α2

VB

)
T. (6.145)

6.2.5 Transitions for a Bianchi IX metric

The last metric that we will consider in this section will be the biaxial Bianchi IX metric [129],
which is an anisotropic metric that describes a compact spatial slice. Such metric is given by

ds2 = −N
2(t)

Q(t)
dr2 +

P (t)

4

(
σ21 + σ22

)
+
Q(t)

4
σ23, (6.146)

where
σ1 = sinψdθ − cosψ sin θdω, σ2 = cosψdθ + sinψ sin θdω, (6.147)

σ3 = − (dψ + cos θdω) , (6.148)

and 0 ≤ ψ ≤ 4π, 0 ≤ θ ≤ π and 0 ≤ ω ≤ 2π. Considering the above definitions we can expand the
metric to take the form

ds2 = −N
2(t)

Q
dt2+

Q(t)

4
dψ2+

Q(t)

2
cos θdψdω+

P (t)

4
dθ2+

1

4

(
P (t) sin2 θ +Q(t) cos2 θ

)
dω2. (6.149)

Considering a homogeneous scalar field the Lagrangian takes the form

L =
1

16

[
− Q

2NP
Ṗ 2 − Q̇Ṗ

N
− 2Q

P
N + 8N

]
+
P

8

[
Qϕ̇2

2N
−NV

]
. (6.150)

The canonical momenta derived from this expression are

πN = 0, πP = − 1

16N

(
Q

P
Ṗ + Q̇

)
, πQ = − Ṗ

16N
, πϕ =

PQ

8N
ϕ̇. (6.151)

Thus the Hamiltonian constraint in this case is

H = N

[
8Q

P
π2Q − 16πPπQ +

4

PQ
π2ϕ +

1

8

(
Q

P
+ PV (ϕ)− 4

)]
≈ 0. (6.152)

We will not factorize any other term in this case, then we only focus on the expression inside
brackets, therefore we have the general form (6.1) with the coordinates {ΦM} = {Q,P, ϕ}, the
metric is given by

GQQ =
16Q

P
, GPQ = −16, Gϕϕ =

8

PQ
, (6.153)
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the function f is

f(P,Q, ϕ) =
1

8

(
Q

P
+ PV (ϕ)− 4

)
, (6.154)

and {WM} = 0. For this metric the spatial volume is given by

Vol(X) =

∫ 2π

ω=0

∫ π

θ=0

∫ 4π

ψ=0
sin θdψdθdω = 16π2, (6.155)

which is finite since the spatial slice is compact.

Taking s as in the previous cases, we obtain for the two classical actions

S0(P0, Q0, ϕB;Pm, Qm, ϕA) = −4π2
{∫ s̄−δs

0

ds

C(s)

[
Q

P
+ PVB − 4

]
+

∫ s̄+δs

s̄−δs

ds

C(s)

[
Q

P
+ PV (ϕ)− 4

]
+

∫ sM

s̄+δs

ds

C(s)

[
Q

P
+ PVA − 4

]}
, (6.156)

S0(P0, Q0, ϕA;Pm, Qm, ϕA) = −4π2
∫ sM

0

ds

C(s)

[
Q

P
+ PVA − 4

]
. (6.157)

We then obtain

± Γ = −4π2i

ℏ

∫ s̄−δs

0

ds

C(s)

[
Q

P
+ PVB − 4

]
+

4π2i

ℏ

∫ s̄−δs

0

ds

C(s)

[
Q

P
+ PVA − 4

]
− 4π2i

ℏ

∫ s̄+δs

s̄−δs

ds

C(s)
P [V (ϕ)− VA] . (6.158)

For a constant scalar field the general solution gives

C2(s) = −1024π4
3Q− 2VA,BP

2

P 2 (Q+ P 2VA,B − 4P )
, (6.159)

dQ

ds
=

1

16π2
(2Q− VA,BP

2)(Q+ P 2VA,B − 4P )

3Q− 2VA,BP 2
,

dP

ds
= − 1

16π2
P (Q+ P 2VA,B − 4P )

3Q− 2VA,BP 2
,

(6.160)
which imply the relation

1

2Q− VA,BP 2

dQ

ds
= − 1

P

dP

ds
. (6.161)

This expressions leads to the differential equation

PdQ+ (2Q− VA,BP
2)dP = 0, (6.162)

where the general solution is

Q =
c

P 2
+
VA,B
4

P 2, (6.163)

with c an integration constant. By definition P and Q are positive functions, furthermore we impose
the condition limP→0Q = 0 in order to have an spatial singularity at the beginning as standard in
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cosmological solutions, thus we see for this expression that we can only consider positive values for
the potential minima and we have to neglect the integration constant, thus we obtain the relation

Q =
VA,B
4

P 2. (6.164)

With this expression, we can compute the first two terms in (6.158) as integrals on any of the two
variables, we choose P , then we obtain

−4π2
∫

ds

C(s)

[
Q

P
+ PVA,B − 4

]
= ±2π2

√
5VA,BFIX [VA,B, P ], (6.165)

where we have defined

FIX [V, x] =

∫ √
x

(
5V

16
x− 1

)
dx

=
1

4
(
5V
16

)3/2√
x
(
5V
16 x− 1

)
[√

5V

16
x

(
1− 15V

16
x+

25V 2

128
x2
)

−

√
x

(
5V

16
x− 1

)
ln

[
5V

16

√
x+

√
5V

16

√
5V

16
x− 1

]]
. (6.166)

Analogously as it was done in all the previous cases, we propose for this metric the tension term

16π2P̄ T = −4π2i

∫ s̄+δs

s̄−δs

ds

C(s)
P [V (ϕ)− VA] . (6.167)

Therefore, in the thin wall limit we obtain the logarithm of the transition probability

±Γ = ±2π2i
√
5

ℏ

{√
VBFIX [VB, P ]

∣∣∣∣P̄
P0

−
√
VAFIX [VA, P ]

∣∣∣∣P̄
P0

}
+

16π2

ℏ
P̄ T, (6.168)

which is again expressed in terms of only two independent variables, namely P̄ and T . Furthermore,
this expression allows us to explore the UV limit by choosing safely P0 = 0. Therefore we finally
obtain

±2Re[Γ] = ∓4π2
√
5

ℏ

{
Im
[√

VBFIX [VB, P ]
] ∣∣∣∣P̄

0

− Im
[√

VAFIX [VA, P ]
] ∣∣∣∣P̄

0

}
+

32π2

ℏ
P̄ T. (6.169)

Seeking an extremum for this expression leads to the equation

8T = ∓
√
5i

[√
VBP̄

(
5VB
16

P̄ − 1

)
−

√
VAP̄

(
5VA
16

P̄ − 1

)]
, (6.170)

which puts constrictions on P̄ , thus we can consider both terms as independent as usual. We remark
that the results obtained for this metric is only valid for positive potential minima. If we want to
consider negative values for any of the VA,B, the integration constant cannot be set to zero, then we
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will describe a cosmology without an initial singularity. Furthermore, we obtain that limP̄→0 Γ = 0,
then the transition probability near the primordial singularity is regular and it acquires its maximum
value at P̄ = 0.

If we consider that one of the potential minima is zero, the general solution for a constant scalar
field leads to

C2(s) = −1024π4
3Q

P 2 (Q− 4P )
, (6.171)

dQ

ds
=

1

24π2
(Q− 4P ),

dP

ds
= − 1

48π2
P (Q− 4P )

Q
, (6.172)

then, the coordinates are related by
1

Q

dQ

ds
= − 2

P

dP

ds
. (6.173)

Solving this equation and absorbing a multiplicative constant by redefinition of the spatial variables
we obtain

Q =
1

P 2
. (6.174)

Thus, we get

−4π2
∫

ds

C(s)

[
Q

P
+ PV − 4

] ∣∣∣∣
V=0

= ±2
√
3π2F 0

IX(P ), (6.175)

where we defined

F 0
IX(x) =

∫ √
4x3 − 1

x3
dx

= −
√
4x3 − 1

2x2
+
i21/333/4√
4x3 − 1

√
(−1)5/6(22/3x− 1)

√
1 + 22/3x+ 24/3x2

× F

(
arcsin

(√
−(−1)5/6 − i22/3x

31/4

)
, (−1)1/3

)
. (6.176)

Since we cannot choose negative values for the potential, the only possible case is VB = 0 and
VA > 0. Then, we obtain in the thin wall limit

±Γ = ±2π2i

ℏ

{√
3F 0

IX(P )

∣∣∣∣P̄
P0

−
√
5VAFIX [VA, P ]

∣∣∣∣P̄
P0

}
+

16π2

ℏ
P̄ T. (6.177)

We note that F 0
IX(P ) is divergent in the limit P → 0, thus we loose the ability to explore the UV

region since P0 ̸= 0. Therefore, we finally obtain

±2Re[Γ] = ∓4π2

ℏ

{√
3Im [F 0

IX(P )]

∣∣∣∣P̄
P0

−
√
5VAIm [FIX [VA, P ]]

∣∣∣∣P̄
P0

}
+

32π2

ℏ
P̄ T. (6.178)

If we look for an extremum of the above expression we obtain the condition

8T = ∓i

[√
3(4P̄ 3 − 1)

P̄ 3
−

√
5VAP̄

(
5VA
16

P̄ − 1

)]
. (6.179)
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Since T is real, the above condition leads to upper bounds for P̄ in general, therefore we will not
have a correctly defined tension for all values of P̄ .

Finally, in a more general setup we choose s as in (6.40). Then, the classical actions takes the
form

S0 = ±π
2

∫ Qm,Pm,ϕA

Q0,P0,ϕB

(
Q+ P 2V (ϕ)− 4P

)3/2√
2P 2V (ϕ)− 3Q− P 4

2Q(V
′(ϕ))2

ds, (6.180)

where

ds =

√
−1

8
dQdP − Q

16P
dP 2 +

PQ

8
dϕ2. (6.181)

From the Hamiltonian constraint (6.152) we obtain

−Q̇Ṗ
8

− Q

16P
Ṗ 2 +

PQ

8
ϕ̇2 = 2N2

[
8Q

P
π2Q − 16πPπQ +

4

QP
π2ϕ

]
= −N

2

4

(
Q

P
+ pV (ϕ)− 4

)
(6.182)

Therefore, if the integrand in (6.180) is real, we can have transition probabilities simply with a
negative kinetic term in the WDW equation. It may seem from the first equality above that if we
remove the scalar field, we could have a negative term contributing to the probability. However, if
we remove the scalar field, the action is reduced to

S0

∣∣∣∣
ϕ=0,V=0

= ±π
2

∫ Qm,Pm

Q0,P0

(Q− 4P )

√
4P −Q

3Q

√
−1

8
dQdP − Q

16P
dP 2 (6.183)

On the other hand, we obtain from (6.182) that

−Q̇Ṗ
8

− Q

16P
Ṗ 2 =

N2

4

(
4P −Q

P

)
. (6.184)

Thus, from this result we show that it is not possible to obtain an imaginary term from the classical
action, thus if there is not a scalar field, there is not a transition.

6.3 Transitions in Hořava-Lifshitz gravity

Now that we have applied the general method to minisuperspace models derived from General
Relativity with different forms of the metric, let us move on to consider the Hořava-Lifshitz gravity
theory. As we remarked earlier, we will be able to apply the method since the only requirement is
that the Hamiltonian constraint is written in the general form (6.1). Furthermore, we note that in
the last section we were able to explore the UV limits (for example in the FLRW metric such limit
was a → 0) because the expressions found are well behaved functions in the corresponding limit.
However, since HL gravity represents a better description than GR in the UV, we expect that we
can obtain more information from the transition probabilities, in particular in the UV regime, by
employing this theory.

6.3.1 WDW equation for Hořava-Lifshitz gravity coupled to a scalar field

Let us begin by obtaining the WDW equation in Hořava-Lifshitz theory considering the coupling
to an inhomogeneous scalar field that depends on the time variable as well as the spatial variables.
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Although in cosmological studies it is more common that the field depends only on the time vari-
able, we will allow the scalar field to depend also on the spatial variables in this case since the
anisotropic scaling of both sets of variables is the key ingredient defining the HL theories. This type
of dependence has been explored in a cosmological scenario previously by studying the perturba-
tions derived from a scalar field in HL theories in [244]. However, for completeness and in line with
standard cosmological models, we will also study the homogeneous case where the field will only
depend on the time coordinate in subsection 6.3.3.

We will consider the most general action in projectable HL gravity without a cosmological con-
stant and without detailed balance given by (2.30). We will also consider the closed FLRW metric
with positive curvature (6.17). For this metric the action takes the form

SHL = 2π2
∫
dtN

[
−
3(3λ− 1)M2

pa

2N2
ȧ2 + 3M2

pa−
6

a
(3g2 + g3)

− 12

a3M2
p

(9g4 + 3g5 + g6)

]
, (6.185)

Where the volume of the spatial slice is given by Vol(X) = 2π2 and it appears as a global constant.
Furthermore, we couple the inhomogeneous scalar field ϕ(t, xi) using the action (2.31). We note
from (2.1) that the three-metric in this case is simply the metric of the three-sphere times the scale
factor, then we can employ the spherical harmonic functions defined in S3 [245,246] in order to make
expansions of the scalar functions involved. Such harmonic functions are defined as eigenfunctions
of the Laplacian in the form

∆Ynlm(x
i) = −n(n+ 2)

a2
Ynlm(x

i), (6.186)

where n is an integer. They obey the orthonormality condition

1

a3

∫ √
hYnlm(x

i)Y ∗
n′l′m′(xi)d3x = δnn′δll′δmm′ . (6.187)

These harmonic functions form a complete basis in this space, thus we can expand any scalar
function defined on the three-sphere as

f(xi) =

∞∑
n=0

n∑
l=0

l∑
m=−l

αnlmYnlm(x
i) =

∑
{n,l,m}

αnlmYnlm(x
i). (6.188)

Therefore the scalar field can be expanded as

ϕ(t, xi) =
∑

{n,l,m}

ϕnlm(t)Ynlm(x
i), (6.189)

where the fields ϕnlm(t) are real functions that depend only on the time variable. Furthermore, we
can also make an expansion of the scalar field potential as

V (ϕ) =
∑

{n,l,m}

Vnlm(t)Ynlm(x
i), (6.190)
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where the functions Vnlm(t) will depend on all the functions ϕnlm(t) in general. Substituting (6.189)
and (6.190) back into the action for the scalar field (2.31) we obtain

Sm =
∑

{n,l,m}

1

2

∫
dt

{
3λ− 1

2N
a3ϕ̇2nlm −Na

[
c1βn +

c2β
2
n

a2
+
c3β

3
n

a4

]
ϕ2nlm

−Na3γnlmVnlm
}
, (6.191)

where βn = n(n+ 2) and

γnlm =

∫ π

r=0

∫ 2π

ψ=0

∫ π

θ=0
sin2 r sin θYnlm(r, θ, ψ)drdψdθ, (6.192)

are constants. Finally, considering both actions (6.185) and (6.191), the full Lagrangian describing
HL gravity coupled to an inhomogeneous scalar field is given by

L = 2π2N

[
−
3M2

p ȧ
2a

2N2
(3λ− 1) + 3M2

pa−
6

a
(3g2 + g3)−

12

a3M2
p

(9g4 + 3g5 + g6)

]

+
∑

{n,l,m}

{
3λ− 1

4N
a3ϕ̇2nlm − Na

2

[
c1βn +

c2β
2
n

a2
+
c3β

3
n

a4

]
ϕ2nlm − Na3

2
γnlmVnlm

}
. (6.193)

The superspace in this case is defined by the fields {a, ϕnlm}, which are in principle infinite. Their
corresponding canonical momenta are

πa = −
6π2M2

p (3λ− 1)

N
aȧ, πϕnlm

=
3λ− 1

2N
a3ϕ̇nlm, (6.194)

and, as usual πN = 0. Therefore, the most general form of the Hamiltonian constraint is

H = N

− π2a
12π2M2

p (3λ− 1)a
+
∑

{n,l,m}

π2ϕnlm

(3λ− 1)a3

+2π2
[
−3M2

pa+
6

a
(3g2 + g3) +

12

M2
pa

3
(9g4 + 3g5 + g6)

]

+
1

2

∑
{n,l,m}

[(
c1βn +

c2
a2
β2n +

c3
a4
β3n

)
aϕ2nlm + a3γnlmVnlm

] ≃ 0. (6.195)

6.3.2 Transitions for an inhomogeneous scalar field

Now that we have obtained the most general form of the Hamiltonian constraint with an inhomoge-
neous scalar field, let us study the transition probabilities. We note that the form of the Hamiltonian
constraint (6.195) has the general form (6.1) with the coordinates on superspace {a, ϕnlm}, which
in this case will be in general infinite dimensional. Furthermore, we note the metric on superspace
is given by

(GMN ) = diag

(
− 1

6π2M2
p (3λ− 1)a

,
2

(3λ− 1)a3
1nlm

)
, (6.196)
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where 1nlm denotes a vector with the same length to all the possible allowed values that the set
{n, l,m} can have and with 1 in all its entries. In this case we also obtain

f(a, ϕnlm, Vnlm) = 2π2
[
−3M2

pa+
6

a
(3g2 + g3) +

12

M2
pa

3
(9g4 + 3g5 + g6)

]
+

1

2

∑
{n,l,m}

[(
c1βn +

c2
a2
β2n +

c3
a4
β3n

)
aϕ2nlm + a3γnlmVnlm

]
, (6.197)

and {WM} = 0. Therefore, even if the Hamiltonian constraint has a more complicated form, the
general procedure to study the transition probabilities described in section 6.1 is applicable to the
HL gravity theory as well. In order to correctly apply the method we make some assumptions. We
consider that all fields Vnlm appearing in the expansion of the potential (6.190) are well defined
functions with the same minima, that is they all have a false minimum at ϕAnlm and a true minimum
at ϕBnlm. Therefore, we assume that the two minima of the general homogeneous scalar field ϕ(t, xi)
arrives only from its time dependence. With these assumptions the method proceed in the same
form as in all the cases in GR.

Let us choose s as usual in the form of (6.24). However, since we employed the expansion (6.189),
and the spherical harmonics are an orthonormal set, (6.24). implies in this case

ϕnlm(s) ≈

{
ϕBnlm, 0 < s < s̄− δs,

ϕAnlm, s̄+ δs < s < sM ,
(6.198)

in an analogous manner we obtain for the potentials

Vnlm(s) ≈

{
V B
nlm, 0 < s < s̄− δs,

V A
nlm, s̄+ δs < s < sM .

(6.199)

Therefore, the classical actions in the form of (6.9) will be given in general for this case

S0
(
a0, ϕ

B
nlm; am, ϕ

A
nlm

)
= −4π2

[∫ s̄−δs

0

ds

C(s)
f
∣∣
ϕnlm=ϕBnlm

+

∫ s̄+δs

s̄−δs

ds

C(s)
f

+

∫ sM

s̄+δs

ds

C(s)
f
∣∣
ϕnlm=ϕAnlm

]
, (6.200)

and

S0
(
a0, ϕ

A
nlm; am, ϕ

A
nlm

)
= −4π2

∫ sM

0

ds

C(s)
f
∣∣
ϕnlm=ϕAnlm

. (6.201)

Therefore, the logarithm of the transition probability (6.16) takes the form

± Γ =
i

ℏ

[
−4π2

∫ s̄−δs

0

ds

C(s)
f
∣∣
ϕnlm=ϕBnlm

+ 4π2
∫ s̄−δs

0

ds

C(s)
f
∣∣
ϕnlm=ϕAnlm

−4π2
∫ s̄+δs

s̄−δs

ds

C(s)

1

2

∑
{n,l,m}

[
a
(
c1βn +

c2
a2
β2n +

c3
a4
β3n

) (
ϕ2nlm − (ϕAnlm)

2
)

+a3γnlm(Vnlm − V A
nlm)

]}]
. (6.202)
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Let us discuss firstly the terms that arrive in the region where the scalar field can vary. We note
that the last term in (6.202) can be written in the following form

−4π2i

∫ s̄+δs

s̄−δs

ds

C(s)

1
2

∑
{n,l,m}

a3γn,l,m(Vn,l,m − V A
nlm)

 = −4π2i

∫ s̄+δs

s̄−δs

ds

C(s)
a3
[
V0 − V A

0

]
, (6.203)

with a potential function defined by

V0 =
1

2

∑
{n,l,m}

γnlmVnlm. (6.204)

We note that (6.203) is of the same general form as the term considered in (6.33) in GR. Therefore
we can also propose a tension term for this integral in the form

2π2ā3T0 = −4π2i

∫ s̄+δs

s̄−δs

ds

C(s)
a3
[
V0 − V A

0

]
. (6.205)

Moreover, we note that the term that contains c1 in (6.202) can be written as

− 4π2i

∫ s̄+δs

s̄−δs

ds

C(s)

1
2

∑
{n,l,m}

ac1βn
(
ϕ2nlm − (ϕAnlm)

2
)
= −4π2i

∫ s̄+δs

s̄−δs

ds

C(s)
c1a
[
V1 − V A

1

]
, (6.206)

with

V1 =
1

2

∑
{n,l,m}

βnϕ
2
nlm. (6.207)

We note that this function does not have a minimum in the scalar fields where V0 does. However,
it is a well defined function of the scalar fields, therefore we can interpret V1 as a new effective
potential which has the form of a mass term for the fields. Therefore, applying the same logic used
so far regarding these types of integrals, we can define a new contribution for the tension term in
the form

2π2c1āT1 = −4π2i

∫ s̄+δs

s̄−δs

ds

C(s)
c1a
[
V1 − V A

1

]
. (6.208)

In a similar manner, for the two remaining terms we define

V2 =
1

2

∑
{n,l,m}

β2nϕ
2
nlm, V3 =

1

2

∑
{n,l,m}

β3nϕ
2
nlm, (6.209)

which lead to two new contributions to the tension terms as

2π2
c2
ā
T2 = −4π2i

∫ s̄+δs

s̄−δs

ds

C(s)

c2
a

[
V2 − V A

2

]
, (6.210)

2π2
c3
ā3
T3 = −4π2i

∫ s̄+δs

s̄−δs

ds

C(s)

c3
a3
[
V3 − V A

3

]
. (6.211)
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On the other hand, as it was done in GR, we can employ the general solutions (6.11) and (6.12)
in order to compute the first two integrals in (6.202), since they are defined in the region where all

scalar fields are constants, then making a change of coordinates as ds =
(
da
ds

)−1
da we obtain

− 4π2
∫ s̄−δs

0

ds

C(s)
f
∣∣
ϕnlm=ϕA,B

nlm

= ±4π3Mp

√
3(3λ− 1)

∫ ā−δa

a0

√
−αA,B1 a2 + αA,B2 +

αA,B3

a2
+ V A,B

0 a4da, (6.212)

where
αA.B1 = 6π2M2

p − c1V
A,B
1 , (6.213)

αA,B2 = 12π2(3g2 + g3) + c2V
A,B
2 , (6.214)

αA,B3 =
24π2

M2
p

(9g4 + 3g5 + g6) + c3V
A,B
3 . (6.215)

Therefore, considering all the definitions (6.205), (6.208), (6.210), (6.211) and taking into account
(6.212), we obtain from (6.202) that the logarithm of the transition probability in this scenario
takes the form

± Γ = ±
4π3Mp

√
3(3λ− 1)

ℏ

[∫ ā−δa

a0

F
(
αB1 , α

B
2 , α

B
3 , V

B
0 , a

)
da

−
∫ ā−δa

a0

F
(
αA1 , α

A
2 , α

A
3 , V

A
0 , a

)
da

]
+

2π2

ℏ

[
ā3T0 + c1āT1 +

c2
ā
T2 +

c3
ā3
T3

]
. (6.216)

where we have defined the function

F (a, b, c, e, x) =

√
ax2 − b− c

x2
− ex4. (6.217)

Let us discuss a particular issue regarding the choice of units. As we described in subsection
2.3.2, the IR limit of HL gravity for an FLRW metric is achieved in the limit λ → 1 and a ≫ 1, it
should lead to GR with an extra degree of freedom, apart from instability issues. However, let us
note that the kinetic term for the scale factor in (6.193) is

−2π2

[
3M2

paȧ
2

2N
(3λ− 1)

]
. (6.218)

On the other hand, in the GR case (6.18) the kinetic term was written as

−3aȧ2

N
, (6.219)

because the spatial volume given by 2π2, is a global multiplicative factor to the full Lagrangian in
that case, and thus it was ignored. Therefore since we want to compare directly the result obtained
in this case with the one obtained in GR, we need to get the same kinetic term in both cases in the
limit λ→ 1, thus we choose units such that 2π2M2

p = 1 in this case.
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Then, the logarithm of the transition probability is finally written in the form

±Γ = ±
2π2
√

6(3λ− 1)

ℏ

[∫ ā−δa

a0

F
(
αB1 , α

B
2 , α

B
3 , V

B
0 , a

)
da

−
∫ ā−δa

a0

F
(
αA1 , α

A
2 , α

A
3 , V

A
0 , a

)
da

]
+

2π2

ℏ

[
ā3T0 + c1āT1 +

c2
ā
T2 +

c3
ā3
T3

] (6.220)

with

αA.B1 = 3− c1V
A,B
1 , (6.221)

αA,B2 = 12π2(3g2 + g3) + c2V
A,B
2 , (6.222)

αA,B3 = 48π3(9g4 + 3g5 + g6) + c3V
A,B
3 . (6.223)

In contrast to all the results obtained for General Relativity in section 6.2, we see that this transition
probability for HL gravity is described by five parameters. By looking for an extremum with respect
to ā we can at most reduce the number of parameters by one. We also note that the integrals involved
cannot be done explicitly for any values of the constants αi. Nonetheless, the result is valid for any
value of the potential minima and it is not necessary to consider the different modes contributing
to the expansion in (6.189) separately.

As we stated in subsection 6.2.1 the choice of s as in (6.24) is useful to obtain exact solutions for
the transition probabilities that leads to consistent results with the Euclidean approach. However,
as we saw in all the cases considered in the last section, we can also choose s as the distance in field
space. This choice allows us to show that we can have classical transitions just because the metric in
superspace for the WDW equation considered here coming from the Hamiltonian constraint (6.195)
is non-positive definite as well. Therefore we obtain consistency with all the results found in section
6.2 for GR.

Now that we have a concrete expression for the transition probability for HL gravity with an
inhomogeneous scalar field in general, let us consider its infrared and ultraviolet limiting behaviour.
With the IR limit we can directly compare to the result found in GR. On the other hand, the UV
limit will allow us to highlight the contributions for high energies that are expected to change the
result since it is in this region where HL gravity improves over GR.

Implementing the IR limit in the form λ→ 1 and a≫ 1, we obtain from (6.220) that

± ΓIR = ∓4π2

ℏ

√
1

3

[
(αB1 )

3/2

V B
0

(
1− V B

0

αB1
a2
)3/2 ∣∣∣∣ā−δa

a0

− (αA1 )
3/2

V A
0

(
1− V A

0

αA1
a2
)3/2 ∣∣∣∣ā−δa

a0

]

+
2π2

ℏ
[
ā3T0 + c1āT1

]
. (6.224)

Thus, the infrared results provides an expression similar to the GR result (6.34), we encounter an
extra degree of freedom arriving from the c1 term in the action for the scalar field (6.191) as we
anticipated. Let us choose for the moment c1 = 0, then the last result simplifies to

±ΓIR = ∓12π2

ℏ

[
1

V B
0

(
1− V B

0

3
a2
)3/2 ∣∣∣∣ā−δa

a0

− 1

V A
0

(
1− V A

0

3
a2
)3/2 ∣∣∣∣ā−δa

a0

]
+

2π2

ℏ
ā3T0, (6.225)
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which is the same result as the one obtained for GR in (6.34). However, for consistency in the
approximation of the integral here we must impose that a0 ≫ 1, therefore it cannot be chosen to
be zero. Thus, the difference between this result and the GR one are only constants. We also
remark that the potential appearing in this expression is not the original potential, it is an effective
potential appearing after integration of the harmonic functions (6.204). Implementing the thin wall
limit δa→ 0 and looking for an extremum with respect to ā we obtain

T0 = ±2

(√
1

ā2
− V A

0

3
−
√

1

ā2
− V B

0

3

)
. (6.226)

Then, choosing the plus sign in the right of (6.225) side we finally obtain in the infrared

± ΓIR =
12π2

ℏ

{
1

V B
0

[(
1− V B

0

3
ā2
)3/2

−
(
1− V B

0

3
a20

)3/2
]

− 1

V A
0

[(
1− V A

0

3
ā2
)3/2

−
(
1− V A

0

3
a20

)3/2
]
− ā2

3

(√
1− V A

0

3
ā2 −

√
1− V B

0

3
ā2

)}
. (6.227)

Therefore, in the IR limit the transition probability is finally described in terms of just one parameter
(since a0 is just a constant) as in General Relativity.

We can see easily see from the GR result (6.35) that choosing the plus sign on the right hand side
of (6.37) and the plus sign on the left, as was done in the last section, implies T > 0 since VA > VB.
The same is true regarding T0. Thus in the following we will always choose positive values for T0,
not only in the infrared limit.

Let us study now the ultraviolet limit, this is implemented through a ≪ 1. In this case, the
logarithm of the transition probability (6.220) takes the form

±ΓUV = ±
2π2
√
6(3λ− 1)

ℏ

[(√
−αB3 −

√
−αA3

)
ln a

∣∣∣∣ā−δa
a0

]
+

2π2

ℏ

[c2
ā
T2 +

c3
ā3
T3

]
. (6.228)

Let us remark that since all the gn constants are positive, the V3 function defined in (6.209) is
also positive definite for both minima, then the first term is purely imaginary. Thus, it does not
contribute to the transition probability and we can ignore it. Then, we finally obtain in this limit

±ΓUV =
2π2

ℏ

[c2
ā
T2 +

c3
ā3
T3

]
. (6.229)

We note that this expression does not have an extremum with respect to ā. Thus, in this case the
probability is necessarily described by three independent parameters. For consistency with the GR
result we choose the plus sign in the left hand side of the latter equation. Thus in order to have a
well defined probability we need the overall sign of the right hand side to be positive. Then, we are
going to consider that both tension terms T2 and T3 take always positive values.

We remark from the GR result (6.35), or (6.39), that we obtained P (A → B) → 1 in the UV
limit ā → 0. However for the HL theory result (6.229) we find that P (A → B) → 0 when ā → 0,
then the probability increases with ā. Therefore the result found in this case exhibits the opposite
behaviour than in GR.
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Now that we have presented the study in the two limits of interest analytically, let us proceed to
compare the full result for the transition probability for all values of ā (6.220) and compare it to
the GR result. Employing the correct choice of signs mentioned earlier we obtain in thin wall limit

Γ = −
2π2
√

6(3λ− 1)

ℏ

[∫ ā

a0

F
(
αB1 , α

B
2 , α

B
3 , V

B
0 , a

)
da

−
∫ ā

a0

F
(
αA1 , α

A
2 , α

A
3 , V

A
0 , a

)
da

]
+

2π2

ℏ

[
ā3T0 + c1āT1 +

c2
ā
T2 +

c3
ā3
T3

]
. (6.230)

If we want to look for an extremum of (6.230) we will obtain an expression involving the tension
terms and the functions F (αA,B1 , αA,B2 , αA,B3 , V A,B, ā). However, these functions are defined on terms
of square roots, therefore in order to have real values for the tensions terms we will need that

αA,B1 ā2 − αA,B2 − αA,B3

ā2
− V A,B

0 ā4 ≥ 0. (6.231)

In the best scenario, this expression implies only a lower bound on ā coming from the α3 term. In
the other cases, it can imply a lower and an upper bound for ā, making the tension well defined only
on a specific interval of ā. However, it could also be the case that such constraint cannot be satisfied
for any value of ā, in that case (6.230) would not have an extremum. In any case, we see that the
extremizing procedure depends completely on the many parameters of the theory and it always
forbids exploration into the UV region. Thus, we will avoid all these difficulties by considering all
the parameters involved as independent. Then we will compare the GR result described by its two
parameters (6.35) choosing the correct signs used in that section, with the HL result (6.230). We are
going to evaluate numerically the integrals of the HL result, furthermore, by analyzing the limiting
procedures we found that we must choose T , T0, T2 and T3 to be positive. In order to obtain a well
defined probability, we will also choose positive values for T1. Thus, we will consider positive values
for all the tension terms involved.

In this way, in Figure 6.4 we show a plot of the transition probabilities from the two theories.
We employ units where 24π2

ℏ = 1. For the GR result (blue line) we choose VA = 1, VB = 0.1 and
T = 2. Since the first term in (6.35) is negative for this choice, we need to choose big enough
values for T to obtain a well defined probability. For the HL result we choose V A

0 = 1, V B
0 = 0.1,

αA1 = αA2 = αA3 = 5, αB1 = αB2 = αB3 = 4, T0 = 2 and c1T1 = c2T2 = c3T3 = 1, we show plots of
the probability for three different values of λ to see how the variation of this parameter affects the
behaviour. In order to evaluate numerically the integral we choose a0 = 0.000001, but this is only a
computational limitation, since as we know from the analytical UV analysis presented before, there
is not an issue with the choice a0 = 0, then the general form will be unaltered. In this case, we
also obtain that the first term in (6.230) is negative and increases with λ, therefore, we also need to
make sure that the tension terms are big enough to have a well defined probability. The behaviour
encountered with the analytical treatment of the limits is portrayed in the figure. In the IR region
the probability falls in the same manner as the GR result. In this limit we note that the first term
contributes to the probability only when ā is big enough, the behaviour derived from this term
implies that λ only affects the curve in the IR region and the probability increases with λ, because
this term have the opposite sign that the tension terms. On the other hand, in the UV region the
parameter λ has no impact at all, all the contributions arrive by the tension terms. As explained
before, we find that the probability goes to 0 in the limit ā→ 0, furthermore in the UV region the
probability increases with ā. We note that this behaviour comes from the extra terms in the action
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for the scalar field (2.31), that is from the c2 and c3 terms. The probability grows only to a maximum
point, then for some small value of ā the behaviour changes, then the probability decreases with ā
and leads to the IR behaviour. The general behaviour just described will be valid regardless of the
values that we assign to the parameters. We only have to propose appropriate values such that the
tension terms dominates, and we can have a well defined probability. However, specific points as
the maximum height or the point in which both plots match is completely determined by the choice
of parameters, thus we cannot say something about them in general.

Figure 6.4: Transition probability for HL gravity in units where 24π2

ℏ = 1, with VA = V A
0 = 1,

VB = V B
0 = 0.1, αA1 = αA2 = αA3 = 5, αB1 = αB2 = αB3 = 4, T = T0 = 2, c1T1 = c2T2 = c3T3 = 1,

for GR (blue line) and HL with an inhomogeneous scalar field depending on all spacetime variables
with λ = 0.5 (red line), λ = 1 (green line) and λ = 2 (yellow line). For HL we choose a0 = 0.000001
but the same form is expected for a0 = 0.

Let us remark that the relevant terms that led us in HL gravity to an opposite behaviour than in
GR appear in the action for the scalar field when the field depends on the spatial variables. Thus,
for a homogeneous field we expect that these results will be modified. In the next subsection we
are going to study such scenario.

Physical interpretation

Before we end up this subsection let us discuss some phenomenological aspects regarding our results.
As we discussed earlier, in the Euclidean approach to the vacuum transitions formulated in [237],
the process is described by the nucleation of true vacuum bubbles in a background defined by the
false vacuum, then they describe the corresponding expansion of the bubble. This could lead to
phenomenological predictions regarding this kind of phase transitions occurring at some point in the
evolution of the universe. However employing the Hamiltonian formalism to study the transitions
between two minima of a scalar field potential is limited, since we have to use a minisuperspace
approximation as explained in [14]. Within this formalism we do not have a notion of bubble nu-
cleation, we only compare two three-metric configurations and interpret its ratio as a transition
probability. Therefore it is believed that this approach is describing a generalization of the tun-
nelling from nothing scenario. That is, the transition probabilities obtained can be interpreted as
probability distributions of creating universes from a tunnelling event between two minima of the
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scalar potential. We will consider this interpretation seriously. Then, the scale factor ā appearing
in the transition probabilities with FLRW metrics would correspond to the value that the scale
factor of the created universe would have at the time of creation (its corresponding ’size’). Then,
the results of last section imply that in General Relativity we always expect that the creation of the
universe starts with a singularity since all the probability distributions exhibit their maximum value
at vanishing scale factor. On the other hand, we have obtained for HL gravity with an inhomoge-
neous scalar field that the universe would be created with an small scalar factor, but different from
zero. In this way we would avoid the singularity at the beginning of the universe. This of course
would have relevant phenomenological consequences in the physics of the early universe and its
corresponding evolution. Therefore, even if we have used semiclassical approximations to study the
transition probabilities we have been able to explore concrete examples that deals with important
subjects such as the initial singularity, in fact we have obtained a toy model where we can avoid
such singularity.

6.3.3 Transitions for a homogeneous scalar field

As we stated earlier, in cosmological scenarios it is more common to study a homogeneous scalar
field that depends only on the time variable as it was done for example in [192, 247, 248]. Let us
study then the vacuum transition probabilities for this type of scalar field as well.

For a homogeneous field, the scalar field action (2.31) simplifies to

Sm = 2π2
∫
dta3(t)

[
3λ− 1

4N2
ϕ̇2 −NV (ϕ)

]
, (6.232)

where we have redefined the scalar field of (2.32) in the form V
2 → V in order to obtain consistency

with the usual scalar potential in the action. In this case the spatial volume will provide a global
2π2 to both the gravitation as well as the scalar field actions, thus we can ignore it. Then the
Lagrangian takes the form

L = N

[
−
3M2

p ȧ
2a

2N2
(3λ− 1) + 3M2

pa−
6

a
(3g2 + g3)−

12

a3M2
p

(9g4 + 3g5 + g6)

]

+ a3
[
3λ− 1

4N
ϕ̇2 −NV

]
. (6.233)

Thus, this case is far simpler because as in GR the only coordinates on superspace are a and ϕ,
their canonical momenta are written as

πa = −
3(3λ− 1)M2

p

N
aȧ, πϕ =

(3λ− 1)a3

2N
ϕ̇, (6.234)

and the Hamiltonian constraint takes the form

H = N

[
π2ϕ

a3(3λ− 1)
− π2a

6(3λ− 1)M2
pa

− 3M2
pa+

6

a
(3g2 + g3)

+
12

M2
pa

3
(9g4 + 3g5 + g6) + a3V (ϕ)

]
≃ 0. (6.235)
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Then we have the general form of (6.1), with inverse metric

Gϕϕ =
2

(3λ− 1)a3
, Gaa = − 1

3(3λ− 1)M2
pa
, (6.236)

f(a, ϕ) = −3M2
pa+

6

a
(3g2 + g3) +

12

M2
pa

3
(9g4 + 3g5 + g6) + a3V (ϕ), (6.237)

and {WM} = 0. We choose the parameter s as usual in (6.24), then following the same procedure
as in the previous cases and choosing Mp = 1 (as in the GR case) we obtain in the thin wall limit

±Γ = ±
2π2
√

6(3λ− 1)

ℏ

[∫ ā

a0

F (3, ᾱ2, ᾱ3, VB, a)da−
∫ ā

a0

F (3, ᾱ2, ᾱ3, VA, a)da

]
+
2π2

ℏ
ā3T,

(6.238)

where

ᾱ2 = 6(3g2 + g3), ᾱ3 = 12(9g4 + 3g5 + g6), (6.239)

and the function F is the same that was defined in (6.217).
Now that we have computed the transition probability in general, let us study the limiting cases.

We implement the IR limit through λ→ 1 and a≫ 1, in this case we obtain the same result as in
(6.225) with the same subtlety about a0. On the other hand, the UV limit is described by a ≪ 1.
In this limit we obtain Γ → 0 as ā → 0. Thus, the limiting behaviour coincides with GR in both
cases. In fact, we can look for an extremum of (6.238) with respect to ā which leads to

T = ±
√

6(3λ− 1)

3ā2
[F (3, ᾱ2, ᾱ3, VA, ā)− F (3, ᾱ2, ᾱ3, VB, ā)] . (6.240)

Then, from (6.238) we obtain finally

± 2Re [Γ] = ±
4π2
√
6(3λ− 1)

ℏ
Re

[∫ ā

a0

F (3, ᾱ2, ᾱ3, VB, a)da−
∫ ā

a0

F (3, ᾱ2, ᾱ3, VA, a)da

+
ā

3
{F (3, ᾱ2, ᾱ3, VA, ā)− F (3, ᾱ2, ᾱ3, VB, ā)}

]
. (6.241)

Thus, the transition probability can also be written in terms of just one parameter as in the GR
result. Therefore, the only difference between GR and HL in this case is that the functions involved
in the integrals change, acquiring two more terms in the square root before integration, then the in-
tegral cannot be computed in a general form, furthermore there is an overall global factor depending
on λ in (6.241). However, the qualitative behaviour in both the IR and UV limit is unaltered.

Let us compare now the result of this section with the one obtained in GR in all the regimes. We
note that although it is true that we can write the probability in terms of only one parameter, the
extremizing procedure leading to (6.240) give constrictions for the validity of (6.241). In particular,
we never have access to the UV region where ā is small. Therefore, we are going to consider the
result depending on the two parameters (6.238) and consider both as independent, we will also
choose the minus sign in the right hand side and the plus sign in the left for consistency with the
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GR result. We will compare such result with the one obtained in GR (6.35). In both cases we
will take positive values for the tension T big enough so the probability is well defined and we will
compute the integrals numerically. In Figure 6.5 we show plots of both results. We choose units
where 24π2

ℏ = 1, with VA = −1, VB = −10, ᾱ2 = ᾱ3 = 5 and T = 5. For the HL result we show
plots for three values of λ and choose a0 = 0.000001 only for a numerical limitation, but the same
form is expected for a0 = 0 as shown previously. This figure shows the limiting behaviour that we
described earlier, that is, in the IR and in the UV limits all curves behave in the same way, the
general form is unaltered. It is in the middle region where their behaviour is modified. In particular,
in the same form than in the previous case we find that the contribution of λ appears only when ā
is big enough and it implies the same behaviour as before, that is the probability increases with λ.
Finally, in the IR region all probabilities fall as in the GR case.

Figure 6.5: Transition probability for HL gravity in units where 24π2

ℏ = 1, with VA = −1, VB = −10,
ᾱ2 = ᾱ3 = 5 and T = 5, for GR (blue line) and HL with a homogeneous scalar field depending only
on the time variable with λ = 0.5 (red line), λ = 1 (green line) and λ = 2 (yellow line). For HL we
choose a0 = 0.000001 but the same form is expected for a0 = 0.

6.4 Transitions with a Generalized Uncertainty Principle

Until now, we have studied the transition probabilities in two gravitational theories, that is, in
General Relativity in section 6.2 and in Hořava-Lifshitz gravity in section 6.3. However, let us
remark that in all the cases that have been studied so far, the Hamiltonian constraints have been
of the form (6.1) with only quadratic terms that is in the special case in which WM = 0, since
as we anticipated the form with only quadratic terms is a generic one. However, we will now use
the procedure presented in chapter 5 to incorporate a GUP in the variables of the minisuperspace
to the WDW equation. As we saw in that chapter the WDW equation will be modified in a non-
trivial form, in particular linear terms in the momenta will appear. Thus, in order to compute the
transition probabilities for such deformed equation the full general method will be needed. We will
use in this section the flat and closed FLRW metrics firstly, but we will also use the Bianchi III
metric in order to study the effects of the GUP as well as anisotropy at the same time.
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6.4.1 Transitions for a closed FLRW metric

Let us begin by considering the FLRW metric with positive curvature. We will employ the Hamilto-
nian constraint written in terms of the A(t) variable as in (6.43). We will consider the simplest form
of the GUP generalized to more variables in the form of (5.13). In order to simplify notation we will
denote the prime coordinates employed in chapter 5 with a subscript g, that is we will consider3

[ΦMg , πN ] = iδMN

(
1 + γ2P2

)
. (6.242)

In this case the total momentum is given by

P2 = −
π2A
12

+
π2ϕ
2
. (6.243)

As usual, the coordinates ΦM obey the standard commutation relations, that is [ΦM , πN ] = iδMN .
As explained in chapter 5 in order to obtain a WDW equation with this set up we start by considering
that (6.43) is valid written in terms of coordinates with the g subscript and then each term in that
expression has to be rewritten in terms of the coordinates without subscript by using the relations
between both sets of variables. Considering only up to second order in γ and in momenta we obtain

−3e4AgΨ(Ag, ϕg) ≃ −3e
4

(
1+ 4γ2

9

)
A
e4γ

2AP2
e

4γ2

3
iAπAΨ(A, ϕ) . (6.244)

As we explained in chapter 5 there are two ways to proceed. In this chapter we will always use the
second form, where both exponentials depending on the momenta are expanded as power series,
then we obtain

−3e4AgΨ(Ag, ϕg) ≃ −3e
4

(
1+ 4γ2

9

)
A
(
1 +

4

3
iγ2AπA + 4γ2AP2

)
Ψ(A, ϕ) (6.245)

and in the same way using a power series expansion on the scalar field potential, we obtain up to
second order in γ

e6AgV (ϕg)Ψ(Ag, ϕg) ≃ e6(1+γ
2)AV (ϕ)

(
1 + 3iγ2AπA + 6γ2AP2

)
Ψ(A, ϕ) . (6.246)

Therefore the modified WDW equation takes the form{[
1 + 6γ2e6(1+γ

2)AV (ϕ)A− 12γ2e4(1+
4
9
γ2)AA

](
−
π2A
12

+
π2ϕ
2

)

+

[
3iγ2e6(1+γ

2)AAV (ϕ)− 4iγ2e
4

(
1+ 4γ2

9

)
A
A

]
πA

+e6(1+γ
2)AV (ϕ)− 3e

4

(
1+ 4γ2

9

)
A
}
Ψ(A, ϕ) ≃ 0. (6.247)

We note that we still have the same general form of (6.1) but in this case

{GMN} =

(
1 + 6γ2e6(1+γ

2)AV (ϕ)A− 12γ2e
4

(
1+ 4γ2

9

)
A
A

)
diag

(
−1

6
, 1

)
, (6.248)

3In this section we will use ℏ = 1 from the start.
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{WM} =

(
3iγ2e6(1+γ

2)AAV (ϕ)− 4iγ2e
4

(
1+ 4γ2

9

)
A
A, 0

)
, (6.249)

f(A, ϕ) = e6(1+γ
2)AV (ϕ)− 3e

4

(
1+ 4γ2

9

)
A
. (6.250)

The modified WDW equation by the GUP that we have obtained has been changed in a number
of ways. It still has the same general form but all the components have been modified, in addition
there are now extra term of linear momenta. We note that (6.247) simplifies to the WDW equation
obtained after quantizing (6.43) with standard ordering in the limit γ → 0 as expected. Therefore
this deformed WDW equation represents a non trivial deformation of the standard case, since it is
defined by the γ parameter which has the physical significance of measuring the deviation from the
HUP. In contrast, if we simply consider a different ordering in (6.43) we can also obtain a linear
term depending on the factor ordering. However such term has few physical meaning, furthermore
all the other terms will be unaltered. However as we discuss in section 6.1 the ordering ambiguity
will not be present at the semiclasical level of approximation we have employed. Thus, considering
a deformation defined by the GUP is a more relevant scenario to consider and its effects will be
present even at the first order in the semiclassical approximation.

Choosing s as usual in (6.24) and following the same procedure we obtain

± Γ = −4π2i

[∫ s̄−δs

0

(
f

C(s)
+WM

dΦM

ds

) ∣∣∣∣
ϕ=ϕB

ds−
∫ s̄−δs

0

(
f

C(s)
+WM

dΦM

ds

) ∣∣∣∣
ϕ=ϕA

ds

]
+ 2π2e6(1+γ

2)ĀT, (6.251)

where the corresponding tension term is defined as

2π2e6(1+γ
2)ĀT = −4π2i

∫ s̄+δs

s̄−δs

ds

C(s)
e6(1+γ

2)A [V (ϕ)− VA] . (6.252)

Once again, the first two integrals in (6.251) can be computed by solving the general system of
equations (6.8) and (6.10) when the scalar field is constant. However we did not find a general
solution in this scenario. Nonetheless, for this simple metric the system simplifies and we can
obtain a solution in the form

C(s) =
2π2

f

∂f

∂A

[
WA ±

√
(WA)2 − 2fGAA

]
, (6.253)

dA

ds
= − GAAf2

π2 ∂f∂A

[
WA ±

√
(WA)2 − 2fGAA

]2 , (6.254)

where the sign ambiguity appears as as a result of C(s) as it happened in all the other scenarios we
have considered. We make a change of variables in the form dA =

(
dA
ds

)
ds, which leads in this case

to ∫ (
f

C(s)
+WM

dΦM

ds

)
ds =

1

2

∫
WA

GAA
dA±

∫ √
(WA)2 − 2fGAA

2GAA
dA. (6.255)
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We note that WA has an overall dependence on γ2, therefore we can neglect its squared value with
respect to 2fGAA, thus the second integral simplifies. Following the procedure we finally obtain up
to second order in γ and using the thin wall limit

±Γ ≃ ±12π2

[∫ Ā

−∞

√
F (A, VB)dA−

∫ Ā

−∞

√
F (A, VA)dA

]

− 12π2γ2

[∫ Ā

−∞
G(A.VB)dA−

∫ Ā

−∞
G(A, VA)dA

]
+ 2π2e6(1+γ

2)AT,

(6.256)

where we have defined the functions

F (A, V ) =
e
4

(
1+ 4γ2

9

)
A
− V

3 e
6(1+γ2)A

1 + 6γ2e6(1+γ2)AV A− 12γ2e
4
(
1+ 4γ2

9

)
A
A

, (6.257)

G(A, V ) =
3V e6(1+γ

2)A − 4e
4

(
1+ 4γ2

9

)
A

1 + 6γ2e6(1+γ2)AV A− 12γ2e
4
(
1+ 4γ2

9

)
A
A

A, (6.258)

and we have chosen the limits of integration in order to explore the UV limit since the functions
are well behaved. We note that for some values of the potentials the integrals of the F functions
could result in imaginary values which will not contribute to the transition probability. However the
integrals of the G function are always real. Thus they will always contribute to the probabilities.
Therefore, the dependence of the probabilities with the GUP parameter γ will always be present.
Furthermore, we can see that this result simplifies to the standard case (6.46) consistently in the
limit γ → 0 as expected. The probability found is described in terms of two parameters as in the
standard case. Following the extremizing procedure to try to relate them we are led to

T =
e−6(1+γ2)Ā

1 + γ2

[
γ2
(
G(Ā, VB)−G(Ā, VA)

)
∓
(√

F (Ā, VB)−
√
F (Ā, VA)

)]
, (6.259)

which can only be fulfilled under the condition F (Ā, VA,B) ≥ 0. However when Ā≫ 1 we obtain

F (A, VA,B) → − 1

18γ2Ā
, (6.260)

therefore, the tension term (6.259) will only be defined until an an upper bound for Ā, regardless
of the value of the potential minima. Thus we are going to consider both parameters in (6.256) as
independent as usual at this point. Furthermore, we note that both functions (6.257), (6.258) have
a singular value in which the denominator goes to zero for some A. Therefore when studying the
transition probabilities we will avoid such values so the integrals can be performed numerically.

The correct choice of signs for the standard case was discussed at the end of subsection 6.2.1.
For the GUP result (6.256) the correct choice is the plus sign in the right (which corresponds to
the minus sign in the standard case, thus we are considering the same sign in both expressions).
We then can compare both results. By studying limiting cases we find that the general form of
the probability is unaltered, that is it always starts at 1 in the UV limit ā → 0 and falls to 0
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as the scale factor increases. However, the effect of the GUP is that the probability in the UV
region (small scale factor) is increased with the GUP parameter γ, however it also decreases faster,
thus in the IR region (big scale factor) the probability is smaller than the GR case. Employing
the interpretation of the transition probabilities as probability distributions of creating universes as
explained in section 6.3, this behaviour exhibits consistency with the idea of a minimal measurable
value for the scale factor, since it implies that the probability of creating a universe with small non-
zero value of the scale factor increases proportional to the GUP parameter. However, this effect is
subtle because γ is a small number and we have done approximation up to second order. Thus, in
order to visualize correctly this behaviour we show two plots. In Figure 6.6 we present a plot of
the UV region and in Figure 6.7 we show a plot in the intermediate region where the change in the
behaviour of the probabilities is clearly appreciated. We note that the point where the behaviour
is changed is not the same for all the curves, it depends on γ . Therefore, there is always a small
intermediate region where the probability has neither an increasing nor decreasing behaviour with
γ. In both plots we choose VA = −1, VB = −2, T = 7, furthermore we ignore the overall factor
2(12π2) in all the expressions and plot for different values of γ. We remark that we can perform the
numerical integrations since the region where a singularity could appear in the F or G functions is
encountered for bigger values of the scale factor where the probability is very small.

Figure 6.6: Transition probability for the FLRW closed metric in the UV region with HUP or γ = 0
(Green curve), and considering a GUP with γ = 0.5 (Blue curve) and γ = 0.7 (Red curve) for
VA = −1, VB = −2 and T = 7.

6.4.2 Transitions for a flat FLRW metric

Let us consider now a FLRWmetric with vanishing spatial curvature. We will consider the procedure
in terms of A(t), in the standard case the transition probability is given by (6.69). Let us assume
now that the coordinates in minisuperspace obey a GUP of the form (6.242) and proceed as in the
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Figure 6.7: Transition probability for the FLRW closed metric with HUP or γ = 0 (Green curve),
and considering a GUP with γ = 0.5 (Blue curve) and γ = 0.7 (Red curve) for VA = −1, VB = −2
and T = 7 focusing on the region where the change of behaviour occurs.

previous case. Using (6.246) we obtain the modified WDW equation

{[
1 + 6γ2e6(1+γ

2)AV (ϕ)A
](

−
π2A
12

+
π2ϕ
2

)
+ 3iγ2e6(1+γ

2)AAV (ϕ)πA

+e6(1+γ
2)AV (ϕ)

}
Ψ(A, ϕ) ≃ 0. (6.261)

We see that we have the general form of (6.1) with

{GMN} =
(
1 + 6γ2e6(1+γ

2)AV (ϕ)A
)
diag

(
−1

6
, 1

)
, (6.262)

{WM} =
(
3iγ2e6(1+γ

2)AAV (ϕ), 0
)
, f(A, ϕ) = e6(1+γ

2)AV (ϕ). (6.263)

Considering s as usual by (6.24) and following the same procedure as always we obtain

± Γ = −2iVol(X)

[∫ s̄−δs

0

(
f

C(s)
+WM

dΦM

ds

) ∣∣∣∣
ϕ=ϕB

ds

−
∫ s̄−δs

0

(
f

C(s)
+WM

dΦM

ds

) ∣∣∣∣
ϕ=ϕA

ds

]
+

Vol(X)

ℏ
e6(1+γ

2)ĀT. (6.264)

The corresponding system of equations can be solved in the same form as before leading to (6.255),
then we note that for this metric we can also neglect (WA)2 with respect to 2fGAA. in this way
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we finally obtain in the thin wall limit and up to second order in γ

±Γ ≃ ±2
√
3iVol(X)

[∫ Ā

−∞

√
Ff (A, VB)dA−

∫ Ā

−∞

√
Ff (A, VA)dA

]

− 18Vol(X)γ2

[∫ Ā

−∞
Gf (A.VB)dA−

∫ Ā

−∞
Gf (A, VA)dA

]
+Vol(X)e6(1+γ

2)ĀT,

(6.265)

where

Ff (A, V ) =
V e6(1+γ

2)A

1 + 6γ2e6(1+γ2)AV A
, Gf (A, V ) = AFf (A, V ). (6.266)

The transition probability is described once again by two parameters. We will consider that they
are independent since pursuing an extremizing procedure will lead to similar problems as for the
closed FLRW metric. Furthermore, in this result we also have that the second term in (6.265)
always contributes to the probability, whereas the first term could result in imaginary values in
some cases that will be irrelevant for the probability, for example when both potential minima are
positive. Finally, in the limit γ → 0 this results reduces consistently to the standard result (6.69).
Let us remark that for negative potential minima, the Ff and Gf functions can have a singular
point where the denominator vanishes. Thus, the probabilities will be well defined in this case for
regions that avoid these points. Furthermore, the correct choice to obtain well defined probabilities
in this case is the minus sign in the right hand side and the plus sign on the left. This result exhibits
the same behaviour as the FLRW closed metric, that is, at first the probability increases with γ,
but it decreases faster and when the scale factor is big enough the behaviour is flipped. However,
the general behaviour for all the cases is the same, they all start at 1 in the UV limit and falls to 0
as in the GR case.

6.4.3 Transitions for a Bianchi III metric

Finally, in order to study the effect of anisotropy at the same time that the GUP we will consider
the Bianchi III metric, in particular we will use the p(t), q(t), u(t) functions in which the probability
is written in the standard case as (6.144) or (6.145).

We now consider the GUP (6.242), in this case the total momentum is given by

P2 =
π2p
4

+
π2q
4

+
π2u
4

− πpπq
2

− πpπu
2

− πqπu
2

+
π2ϕ
2
. (6.267)

Then, using the relation between both sets of variables in the coordinate representation (5.14) and
the Zassenhaus formula (5.17) we obtain

e2(qg+ug) ≃ e2(q+g)
[
1 + 2iγ2(q + u)πp + 2γ2(q + u)P2

]
, (6.268)

e2(pg+qg+ug)V (ϕg) ≃ e2(1+γ
2)(p+q+u)V (ϕ)

[
1 + iγ2(p+ q + u)(πp + πq + πu)

+2γ2(p+ q + u)P2
]
. (6.269)
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Then we obtain the modified WDW equation{
L̃[p, q, u, V (ϕ)]

[
π2p
4

+
π2q
4

+
π2u
4

− πpπq
2

− πpπu
2

− πqπu
2

+
π2ϕ
2

]
+L1[p, q, u, V (ϕ)](πq + πu) + (L1[p, q, u, V (ϕ)] + L2[p, q, u])πp

+α2e2(q+u) + e2(1+γ
2)(p+q+u)V (ϕ)

}
Ψ(p, q, u, ϕ) ≃ 0, (6.270)

where we have defined

L̃[p, q, u, V (ϕ)] = 1 + 2γ2α2e2(q+u)(q + u) + 2γ2e2(1+γ
2)(p+q+u)(p+ q + u)V (ϕ), (6.271)

L1[p, q, u, V (ϕ)] = iγ2e2(1+γ
2)(p+q+u)(p+ q + u)V (ϕ), (6.272)

L2[p, q, u] = 2iγ2α2e2(q+u)(q + u). (6.273)

We note that we have obtained a more difficult equation but it still has the same general form as
in (6.1) identifying

{GMN} =
L̃[p, q, u, V (ϕ)]

2


1 −1 −1 0
−1 1 −1 0
−1 −1 1 0
0 0 0 2

 , (6.274)

{WM} = L1[p, q, u, V (ϕ)](1, 1, 1, 0) + L2[p, q, u](1, 0, 0, 0), (6.275)

f(p, q, u, ϕ) = α2e2(q+u) + e2(1+γ
2)(p+q+u)V (ϕ). (6.276)

Choosing s as usual in (6.24) and following the same procedure we obtain

± Γ = −2Vol(X)i

[∫ s̄−δs

0

(
f

C(s)
+WM

dΦM

ds

) ∣∣∣∣
ϕ=ϕB

ds

−
∫ s̄−δs

0

(
f

C(s)
+WM

dΦM

ds

) ∣∣∣∣
ϕ=ϕA

ds

]
+

Vol(X)

ℏ
e2(1+γ

2)(p̄+q̄+ū)T, (6.277)

where the tension term is defined as usual by

Vol(X)e2(1+γ
2)(p̄+q̄+ū)T = −2Vol(X)i

∫ s̄+δs

s̄−δs

V (ϕ)− VA
C(s)

e2(1+γ
2)(p+q+u)ds. (6.278)

The integrals in (6.277) can be computed by solving the system of equations (6.8) and (6.10) when
the scalar field is constant. In this case such system is written as

dp

ds
=

2Vol(X)

C2(s)
L̃(p, q, u, V )

[
(1 + γ2)e2(1+γ

2)(p+q+u)V + 2α2e2(q+u)
]

− Vol(X)

C(s)

[
dp

ds
+

1

2

dq

ds
+

1

2

du

ds

]
8iγ4α2e2[q+u+(1+γ2)(p+q+u)]V [2γ2(p+ q + u)(q + u)− p]

L̃[p, q, u, V ]
, (6.279)
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dq

ds
=

2Vol(X)

C2(s)
L̃[p, q, u, V ](1 + γ2)e2(1+γ

2)(p+q+u)V

+
2Vol(X)

C(s)

[
dq

ds
+
du

ds

]
4iγ4α2e2[q+u+(1+γ2)(p+q+u)]V [2γ2(p+ q + u)(q + u)− p]

L̃[p, q, u, V ]
, (6.280)

du

ds
=

2Vol(X)

C2(s)
L̃[p, q, u, V ](1 + γ2)e2(1+γ

2)(p+q+u)V

+
2Vol(X)

C(s)

[
dq

ds
+
du

ds

]
4iγ4α2e2[q+u+(1+γ2)(p+q+u)]V [2γ2(p+ q + u)(q + u)− p]

L̃[p, q, u, V ]
, (6.281)

where V represents wither VA or VB depending on which path is considered. It is hard to pursue
a general solution for this system, however in the three equations the second term has an overall
dependence of γ4, in contrast the first term only contains up to second order in γ. Thus, in the
three equations we can safely ignore the second term with respect to the first, then the system of
equations simplifies and takes the form

dp

ds
≃ 2Vol(X)

C2(s)
L̃[p, q, u, V ]

[
(1 + γ2)e2(1+γ

2)(p+q+u)V + 2α2e2(q+u)
]
, (6.282)

dq

ds
≃ 2Vol(X)

C2(s)
L̃[p, q, u, V ](1 + γ2)e2(1+γ

2)(p+q+u)V, (6.283)

du

ds
≃ 2Vol(X)

C2(s)
L̃[p, q, u, V ](1 + γ2)e2(1+γ

2)(p+q+u)V. (6.284)

From this equation we find that the coordinates of minisuperspace are related to each other, in this
case it follows

1

(1 + γ2)e2(1+γ2)(p+q+u)V + 2α2e2(q+u)
dp

ds
=

1

(1 + γ2)e2(1+γ2)(p+q+u)V

dq

ds

=
1

(1 + γ2)e2(1+γ2)(p+q+u)V

du

ds
, (6.285)

that leads to the solution

u = q, p = ln

[(
e2(1+γ

2)q − 2α2

V (1 + 3γ2)
e−4γ2q

) 1
2(1+γ2)

]
, (6.286)

where the integration constants have been absorbed by a proper redefinition of the coordinates.
Thus, we obtain from (6.8) a quadratic equation for C(s) that leads to the solution

C(s) =
M1

2f
±
√
M2

1 + 4M2f

2f
, (6.287)

where

M1 = 4Vol(X)iγ2e2(1+γ
2)(p+q+u)V

[
3(1 + γ2)e2(1+γ

2)(p+q+u)(p+ q + u)V

+2α2e2(q+u)
[
p+ q + u+ (1 + γ2)(q + u)

]]
, (6.288)

153



M2 = 4Vol2(X)L̃[p, q, u, V ](1 + γ2)e2(1+γ
2)(p+q+u)V

[
3(1 + γ2)e2(1+γ

2)(p+q+u)V

+4α2e2(q+u)
]
. (6.289)

Moreover, the M2
1 term has a global factor of γ4 , therefore we can neglect it with respect to 4M2f

once again. Thus we obtain

C(s) ≃ M1

2f
±

√
M2

f
, (6.290)

Therefore employing an approximating up to second order in γ we obtain for a constant scalar field∫ (
f

C(s)
+WM

dΦM

ds

)
ds ≃ ±

∫ √
FIII(q, V )dq − iγ2

1 + γ2

∫
GIII(q, V )dq, (6.291)

where

FIII(q, V ) =

[
3(1 + γ2)V e6(1+γ

2)q − 2α2(1−3γ2)
1+3γ2

e4q
] [
V e6(1+γ

2)q − 1−3γ2

1+3γ2
α2e4q

]
L̃[q, V ]

[
V (1 + γ2)e6(1+γ2)q − 2α2(1+γ2)

1+3γ2
e4q
] , (6.292)

GIII(q, V ) =
3V (1 + γ2)(2q + p(q))e6(1+γ

2)q + 4α2

1+3γ2

[
(3γ4 + 4γ2 − 1)q − p(q)

]
e4q

L̃[q, V ]
. (6.293)

In this result we have written p(q) in this way to specify that p is related to q as stated in (6.286),
furthermore L̃[q, V ] means the function defined in (6.271) with those relations considered, which
leads to

L̃[q, V ] = 1 + 2γ2V (2q + p(q))e6(1+γ
2)q − 4γ2α2

1 + 3γ2
[
(1− 3γ2)q + p(q)

]
e4q. (6.294)

We can also write the tension in (6.277) in term of just q̄ and the potential minima after using
the thin wall limit, and considering the relations in (6.286) to impose continuity in q as it was done
in the standard case. In this way we finally obtain

±Γ ≃ ±2Vol(X)i

[∫ q̄

q0

√
FIII(q, VB)dq −

∫ b̄

q0

√
FIII(q, VA)dq

]

− 2Vol(X)γ2

(1 + γ2)

[∫ q̄

q0

GIII(q, VB)dq −
∫ q̄

q0

GIII(q, VA)db

]
+Vol(X)

[
e6(1+γ

2)q̄ − 2α2

VB(1 + 3γ2)
e4q̄
]
T,

(6.295)

where in each integral pmust be related to q as in (6.286) with the appropriate value of the potential.
We note that as it happened in the case without a GUP in subsection 6.2.4, the value of q0

can only be chosen on the origin at −∞ when the potential minima take negative values. In
principle the case with positive values should be correctly describe by the p function. However
in this case it is very difficult to express the integral in terms of p , thus we will only consider
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negative potential minima. In this case we also obtain a similar behaviour as before, that is the
transition probability is described by two parameters, which will be considered as independent to
avoid difficulties. Furthermore, once again the first term can be ignored if the integrals leads to
a real value since only the overall real part of this expression will contribute to the probability,
whereas the second term will always contribute since it will take real values.

This result reduces to standard result with a HUP (6.145) in the limit γ → 0 as expected,
Furthermore, it leads to the result for the flat FLRW metric modified by the GUP (6.265) in the
isotropy limit α→ 0 as expected. Thus this result fulfils the two appropriate limits and provides a
transition probability that has a more complicated form and should be evaluated numerically, but
is still described by the same number of parameters as before.

The correct choice of signs in this case is the minus sign on the right hand side and the plus sign
on the left. Varying the γ parameter we obtain a consistent behaviour in agreement with the earlier
result for the FLRW metric, i.e. we find that the effect of the GUP is to increase the probability at
first but make it fall faster so eventually the roles are interchanged and the probability decreases
with γ. On the other hand, varying the anisotropy parameter α we obtain a consistent behaviour
with the one encountered in the HUP case and shown in Figure 6.3. Interestingly we have found
that the variation of both parameters, γ (measuring the GUP) and α (measuring the anisotropy)
leads to a very similar behaviour, although the parameters are independent to each other. Moreover,
for all cases the probabilities obey the same limits as found with the HUP and with isotropy, that
is they all go to 1 when q → −∞ and as B increases they fall to zero.

6.4.4 Other possible extensions

To end this section let us remark that we have applied the most general version of our method
to incorporate the effects of a GUP in the transition probabilities. However, the applicability of
the method relies only on a general Hamiltonian constraint of the correct form. Thus, it would be
interesting to study more scenarios that deform the WDW equation in such a way that we can still
apply the method. Let us briefly discuss some of these kind of scenarios.

In this section we considered a GUP in the form of (6.242) that is a direct generalization of
the simplest form of the GUP. Furthermore, we worked in the coordinate representation where we
promoted the momenta to derivative operators. Moreover, both sets of coordinates can be related
as (5.14). Thus, we have effectively considered a Hamiltonian constraint of the form

H

(
ΦN , i(1 + γ2P2)

δ

δΦN

)
Ψ(Φ) = 0. (6.296)

On the other hand as we discussed in section 2.4 when the quantization procedure is applied to
an (anti)-de Sitter background, the commutator relations can modify the uncertainty principle by
a term which depends on a cosmological constant Λ, this is called the EUP [50–52]. Using these
principle in the variables of superspace we would have

[ΦM , (πN )g] = iδMN

(
1 + λ2Q2

)
(6.297)

where Q2 = qℓqℓ will take into account the metric on superspace and λ will be the EUP parameter.
Thus we can seek for the dual representation where the momenta πM will act as coordinates of
superspace and the original coordinates will be promoted to differential operators, in this way the
Hamiltonian constraint would take the form

H

(
− i(1 + λ2Q2)

δ

δπN
, πN

)
ψ(Π) = 0. (6.298)
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where Π denotes collectively all the momenta. Therefore, employing the relations in this case
between both sets of momenta and making approximations uo to second order in λ we would obtain
a modified WDW equation in the momentum representation that would contain relevant information
of the EUP. Thus, it would be interesting to consider some models in quantum cosmology employing
the momentum representation. In particular if we can get a Hamiltonian constraint wit the general
form of (6.1) in the momentum representation, our method will still be applicable to this context.
It is worth mentioning that if we want to pursue this path the interpretation of the EUP in the
variables of minisuperspace has a different meaning that the original interpretation of quantum
mechanics in (anti)-de Sitter space [50–52]. This issue also arrives with the GUP as well. However,
the relation between both descriptions can be a very interesting subject to study.

Finally, we can consider the effects of the GUP and EUP at the same time. In this situation the
commutator relations will be given by

[ΦMg , (πN )g] = iδMN

(
1 + γ2P2 + λ2Q2

)
. (6.299)

We would need two transformations to relate both sets of coordinates and momenta with the
subscript in terms of the ones without the subscript that obey the standard commutator relations.
One possible candidate to carry out such description would be the phase space representation [249–
251], in which the WDW equation would take the generic form

H

(
− i(1 + λ2Q2)

δ

δΦM
, i(1 + γ2P2)

δ

δπM

)
Ψ(Φ,Π) = 0. (6.300)

It would be interesting to see if this proposal is viable to study quantum cosmological models in
the superspace using the WDW equation in the phase space representation. Furthermore, it would
be interesting to explore if our general method, or a variation of it can be used to compute the
corresponding transition probabilities that take into account both effects.

6.5 Discussion

Finally, let us summarize and discuss the results presented in this chapter.
We studied the transition probabilities between two minima of a scalar field potential using

the Lorentzian formalism of the Wheleer-De Witt equation. We proposed a general method to
compute such probabilities analytically by solving the WDW equation with a WKB semiclassical
approximation. The method only assumes a general form of the Hamiltonian constraint consisting
of squared and linear terms in the momenta that is a generic form. The method generalized the
ideas proposed originally in [14] by considering the linear terms and by treating the equations
obtained as a system of equations as well. In this way the system led to an unique solution in the
case of only quadratic momentum terms in the Hamiltonian. Let us point out that we presented
the explicit computation of the transition probabilities in different scenarios by staying at first
order in ℏ in the semiclassical approximation. However, the method also provides the necessary
equations to incorporate up to any order of quantum corrections to the probabilities. Thus, this
procedure can in principle be applied to any model in the superspace with the correct form of the
Hamiltonian constraint, and it can provide the transition probabilities up to any order in the WKB
approximation.

We obtained the transition probabilities in General Relativity for the homogeneous isotropic met-
ric FLRW with both positive and zero curvature, as well as for the anisotropic metrics: Kantowski-
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Sachs, Bianchi III and biaxial Bianchi IX. For the FLRW metric with positive curvature, we re-
produced the same result obtained in [14], with the advantage that the general method produces
an unique possible result (up to sign ambiguities). For all the metrics considered, we found that
the probabilities are described by two parameters, namely, one degree of freedom coming from the
metric and one tension term. For the anisotropic metrics the gravitational degrees of freedom were
related as a consequence of the semiclasssical approximation, such that we have only one indepen-
dent variable at the end, then we could write the probability in terms of any of those degrees of
freedom. Moreover, we showed that in order to obtain a well defined probability we should consider
both parameters as independent, since the extremizing procedure based on the Euclidean approach
is troublesome. Furthermore, the Bianchi III metric allowed us to study explicitly the effect of the
anisotropy. We found that the A variable was useful to study the probabilities for positive values
of the potential minima, then we showed in Figures 6.1 and 6.2 that the effect of anisotropy is
to reduce the probability and produce a faster decay. This result coincides with the general be-
haviour described in [243] for the Bianchi I model using a different approach. On the other hand,
taking negative values of the potential minima we needed to employ the B variable, then the effect
of anisotropy was shown in Figure 6.3. We showed that for negative values of the potential the
probability increases with the anisotropy for small values of B̄ but when the corresponding scale
factor is big enough the behaviour is flipped and the smaller probability is found with the biggest
anisotropy. Let us remark that in all cases we are able to explore the ultraviolet limit since the
probabilities were well behaved and represented by regular functions in such limit. For all cases we
found that in the UV limit the probability leads to 1, thus it always have its maximum value for
the initial singularity.

We then applied the method to study the probabilities in the Hořava-Lifshitz theory using the
FLRW closed metric. We considered two types of scalar fields. Firstly, an inhomogeneous scalar
field which depends on all spacetime variables in order to explore the differences with General
Relativity that are present for such inhomogeneous scalar fields in the action. Then, we also studied
a homogeneous scalar field that depends only on the time variable as customary in cosmology.
The transition probability for the inhomogeneous scalar field was found to be described by five
parameters that should be considered as independent to avoid issues. We examined analytically
the IR and UV limits of this expression. The IR limit was similar to the GR result with an extra
degree of freedom as expected, However the UV limit showed a completely different behaviour,
since it lead to a vanishing value of the probability for vanishing scale factor. We showed the overall
behaviour in Figure 6.4. We found that the λ parameter is relevant only in the IR region where
the probability increases with this parameter, the UV region is described exclusively by the tension
terms. On the other hand, for the homogeneous scalar field we obtained a result described only
by two parameters as in GR. Furthermore, the IR and UV limits coincide with the ones on GR.
Thus, the only difference appeared in the intermediate region and a dependence on λ in the IR that
behaves as in the inhomogeneous case. We presented such behaviour in Figure 6.5. It is interesting
to note that using HL theory instead of GR we were able to explore the UV region for both cases.
In particular, although we only used up to first order in the semiclassical expansion, we were able
to obtain a relevant result for the inhomogeneous case.

Finally, we used the most general form of the method to study the transition probabilities when
the variables of the minisuperspace obey a GUP. In order to modify the WDW equations obtained
using the standard commutators we used the procedure presented in chapter 5. In order to simplify
the GUP analysis a change of variables was carried out in all the metrics considered, as we all an
appropriate factorization in each case. We studied the closed and flat FLRW metrics, as well as the
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Bianchi III metric in order to incorporate anisotropy as well and consider in all cases up to second
order terms in the GUP parameter and in the momenta. For all the metrics used, it was found
that the effect of considering a GUP is that the probability increases at first but it decays faster
and then it decreases with the parameter γ. We presented a plot of this behaviour for the closed
FLRW metric in Figures 6.6 and 6.7. Furthermore, for the Bianchi III metric we also were able
to relate the degrees of freedom coming from the metric using approximations up to second order
in γ, then again all the probabilities were described by two parameters that should be considered
as independent. The result or the Bianchi III case has a very complicated form but it fulfils the
two expected limits. That is, in the isotropy limit α → 0 it reduces to the flat FLRW result and
in the standard HUP limit γ → 0 it reduces to the Bianchi III with standard commutators result.
By varying both parameters, α and λ we encountered similar behaviour as explained previously,
although both parameters are independent. Finally, we described some other possible ways to
deform the WDW equation that could lead to scenarios where the general method, or variations
from it, can also be applicable.

Let us point out that one of the differences encountered when studying this type of transition
probabilities with the Lorentzian formalism, instead of relying on the analytic continuation used
in the Euclidean formalism, was that the end result of such transition respects the closeness of the
spatial universe as was shown in [14]. Contrary to the prediction obtained using the Euclidean
formalism. However, in the present chapter we were limited by a minisuperspace approximation, in
particular, we do not have an explicit description of the bubble, thus we could not explore the end
result of the transition. However, we obtained transitions between metrics with the same sign of the
spatial curvature in the three different scenarios. Thus, we expect that debate landscape/swampland
corresponding to open/closed universes [252–255] can be extended to the anisotropic context in
General Relativity, but also to the Hořava-Lifshitz theory of gravity as well as within the context
of a GUP.

Furthermore, given the minisuperspace limitation, in [14] it was proposed that we can interpret
the expressions computed as probabilities of creating universes by vacuum transitions, that is a
generalization of the tunnelling from nothing scenario. In that sense the value of the parameter
coming to the metric will correspond to the size of the universe at the moment of creation. Thus,
we see that in General Relativity for all the metrics studied the most probable scenario is to have a
singularity as the origin for the universe. However, for the HL gravity with an inhomogeneous scalar
field we obtained that the most probable value for the creation of the universe is small but different
than zero. In this way HL gravity predicts that if a universe is created with this mechanism, it can
start without a singularity. Furthermore, for the last case considered, we found that the probability
of creating a universe with a non-zero small size is enhanced when a GUP is considered compared
to the standard case which indicates that the idea of a minimal measurable length derived from the
GUP is present in the transition probability even if the GUP is taken in the minisuperspace with the
gravitational degrees of freedom as well as the scalar field. Thus, even if we restricted ourselves to
first order in the semiclassical approximations, we obtained in the transition probabilities relevant
information of the UV region by applying the method to scenarios that change the UV behaviour.
Therefore, even with this limitation, the computation of the probabilities have been proven to be
very insightful.

Let us remark that as we explained before, the addition of quantum correction terms to the
transition probabilities can in principle be done up to any desired order. Thus, we can expand
the result of this chapter by considering more terms in the WKB expansion. We expect that by
doing so we can obtain important implications to the UV region in particular. Furthermore, it will
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be interesting to keep exploring more models of the minisuperspace, or deformations of the WDW
equation that lead to the correct form of the Hamiltonian constraint such that the general procedure
can still be applicable, in this way keep exploring the transition probabilities for even more scenarios.
Finally, it would also be interesting to explore a possible way to left behind the minisuperspace
limitation so we can explore more properties regarding the end result of the transition which in this
case would correspond to the initial conditions of the universe.
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Chapter 7

Final Remarks

In the present thesis we have explored different classical and quantum cosmological scenarios and
we have obtained relevant results. The main idea was to use different ingredients that have been
proposed in the literature that try to describe gravity at a quantum level with different levels of
rigour, and use them in cosmological scenarios in order to obtain insightful information about the
phenomenological aspects that we can expect. With this general idea in mind we have presented
several interesting results.

First of all, in chapter 3 we presented an analysis of the implications of a GUP to the classical
description of inflation driven by a scalar field by using a classical limit. Instead of using a particular
form of the GUP, we proposed a general deformation of the Heisenberg algebra and we restricted
its form by looking for the appropriate cosmological solutions. In this way, we obtained that
inflation can still be obtained by an approximation procedure, as in the standard case, but now the
constrictions on the potential can be less restrictive. Furthermore, the most interesting result was
that there is always an analytical solution describing inflation driven by a scalar field when the GUP
is restricted to take an specific form. We showed that such solution can be seen as a generalization
of the cosmological constant solution of the standard case. However, it can also be seen as a solution
arriving exclusively because of the GUP. In this way, we showed that such solution has the property
that when the GUP can be neglected, the scalar field vanishes and the only remaining ingredient can
be a cosmological constant or nothing at all. Therefore, even if the scenarios that we are presented
are at the level of a toy model, and the form of the GUP obtained has not been explored before,
we have obtained explicit analytical solutions where the scalar field and the inflationary period
of expansion are described exclusively by the presence of the GUP. Thus, our result supports the
idea that a modification of the standard quantum theory, inspired presumably by quantum gravity
should provide answers to the origin of inflation.

Then, in chapter 4 we explored the compatibility of the dS conjecture with the Hořava-Lifshitz
F (R̄) theories. We showed that using the flat FLRW metric, commonly used in inflationary scenar-
ios, the conjecture can provide constraints on the parameters of the theory. It is in this sense that
we can study the compatibility of the conjectures with the theory itself. We showed that standard
f(R) theories can be compatible with the conjecture in a very restrictive way. On the other, the
F (R̄) HL theories are compatible by restricting the parameters of the theory. We showed that for
a power law form of the scale factor, the conjecture is consistent in the UV region of the theories.
Furthermore, for a constant Hubble parameter, where GR and standard f(R) theories are not com-
patible with the conjecture, we showed that these theories are in fact compatible. Let us point out

161



that this study was particularly interesting because we know that the HL theory of gravity, as well
as its generalizations have a better UV description than GR. On the other hand, the swampland
conjectures are an attempt to capture features of effective theories that can be completed to a full
theory of quantum gravity. Thus, the agreement of the conjectures with these theories can be in-
terpreted in two ways: If we assume that the conjectures are in fact true, we have obtained a proof
that these theories with the corresponding regions for the parameters are in fact describing a UV
behaviour, and thus there should be a way to describe this theory as an effective theory derived
from some configuration of a string theory. However, since the UV behaviour of the parameters is
well known without use of the conjecture, we can interpret our results as an statement that the dS
conjecture may possibly be right, since in one case it is in agreement with the UV behaviour and in
the other it can be fulfilled only in these type of theories. Furthermore, since we have applied the
conjecture in a scenario where the Lorentz invariance is broken and obtain consistent results, we
can also support the idea that the conjecture may be applicable to more scenarios than originally
thought.

We point out that in these two first chapters we have explored classical implications of ideas that
are derived from a scenario of quantum gravity, such as the GUP and the swampland conjectures.
On the remaining of the thesis, we studied explicitly a proposal for a quantum gravity by exploring
the Wheeler-De Witt equation. In chapter 5 we studied the implications of considering a GUP in
the variables of the minisuperspace to the canonical quantum version of HL gravity. We showed how
at the quantum level the different versions of the HL theory can be related, only by an appropriate
choice of constants. Furthermore, in the infrared region we obtained consistent results with GR.
The UV region on the other hand, was studied and analytical solutions were presented. We showed
that oscillatory behaviour can still be present after deforming the WDW equation. Let us remark
that the canonical quantization approach of the WDW equation is believed to be limited in nature,
and it is thought that it is equivalent to an s-wave approximation to the full quantum theory of
gravity. In this way, studying such equation with the HL theory of gravity and with the GUP
represents a form in which we expect to improve the ability of such proposal to describe gravity at a
quantum level, since we are adding to the formalism an expected quantum gravitational behaviour
in the GUP and we are applying the formalism to a theory with a better UV description. It is thus
important to study the UV behaviour, and it is for this reason that finding analytical solutions that
describe oscillatory behaviour can provide relevant information.

Finally, in chapter 6 we presented a thorough analysis of Lorentzian vacuum transitions. We
focused on this processes because it is quantum in nature and thus it needs a proper approach to
quantum gravity in order to obtain the transition probabilities. We presented a general method
using a semiclassical approximation and used it in different scenarios. We remark that this method
only relies on a generic form of the hamiltonian constraint and thus, it is in principle applicable
to any model in the minisuperspace, furthermore, it can also provide quantum correction terms up
to any desired order in the semiclassical expansion. We discussed that the probabilities obtained
can be interpreted as the probability of creating universes through a vacuum transition with a
given size. With this interpretation we showed that in GR the most probable scenario is that the
universe starts at a singularity in all cases. Furthermore, the effect of anisotropy does not change
the general form of the probabilities, it only increases or decreases their value depending on the sign
of the potential minima. However, when studying these transitions in the HL gravity theory we
encountered that for an inhomogeneous scalar field, the UV region (that is, for small scale factors)
is entirely modified, giving in this way a prediction for a universe to be created at small values of the
scale factor but different than zero, thus avoiding the initial singularity. Finally, the transitions were
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studied when the WDW equation is deformed through the incorporation of a GUP in the variables
of minisuperspace. In this way we obtained that although the general behaviour is unaltered, the
probability of creating universes with a non-zero size increases with the GUP parameter. We remark
that even if we only used the first order on the semiclassical approximation we have obtained results
that allow us to explore the UV region near the initial singularity, thus even if the WDW approach
is limited, it can in fact be used to explore quantum cosmological features even at the semiclassical
level used. The HL result is particularly interesting because we believe this result supports a
previously proposed idea that HL theory can be related to a form of the GUP. Furthermore, if the
GUP is a general feature of quantum gravity, we can expect that the transition probabilities do
not lead to a a prediction of a singularity, therefore the HL supports this idea. Moreover, since
the introduction of the GUP allows the probability of creating a universe with a non-zero size, we
believe this supports the idea that the probabilities can indeed be interpreted in this way, since
a minimum value for the scale factor does have the expected behaviour in the probabilities even
after approximations. Furthermore, the vacuum transitions for different values of the cosmological
constant have been recently studied further on various situations in [256, 257]. Thus the study of
vacuum transitions employing Lorentzian methods is at present a very relevant subject where many
new scenarios can be studied. For example, we point out that the method presented in this work
can be explored further, for different theories of modified gravity or in other scenarios that lead to a
deformation of the WDW equation in an adequate form. Moreover, in principle, we can also study
the quantum corrections to the transition probabilities with this method. These corrections are
being studied at the moment and will be presented in the future. Therefore this study has shown
that indeed, as it is generally believed, a quantum theory of gravity is capable of giving information
about the initial singularity, in particular, we have obtained a fairly simple toy model in which such
singularity is avoided.

In summary, all the results presented have provided information of keys aspects that are generally
hoped to be resolved when a full theory of quantum gravity is finally obtained. Even if we have
been limited in our studies, for example incorporating the GUP as an extra ingredient, or using
semiclassical approximations to the WDW equation for the transition probabilities, we have been
able to explore in relatively simple models important subjects such as: the origin of inflation, the
validity of the swampland conjectures, the limiting nature of the WDW equation and the possible
avoidance of the initial singularity. There is of course much to do in order to provide definite answers
to all of these subjects. However, we expect that the results presented in this work provide a solid
step in many directions that can be used to get a little bit closer to such answers.
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perspace perspective,” Gen. Rel. Grav. 45 (2013), 1313-1331 doi:10.1007/s10714-013-1527-8
[arXiv:1301.0809 [gr-qc]].

[28] O. Obregon and J. A. Preciado, “Quantum cosmology in Hořava-Lifshitz gravity,” Phys. Rev.
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evidence for a closed universe, and the Hubble tension,” Eur. Phys. J. C 82 (2022) no.10, 873
doi:10.1140/epjc/s10052-022-10839-3 [arXiv:2108.07986 [hep-th]].

[186] C. Escamilla-Rivera and H. Quevedo, “Quantum signatures from Horava–Lifshitz cos-
mography,” Class. Quant. Grav. 38 (2021) no.11, 115009 doi:10.1088/1361-6382/abf66c
[arXiv:2005.08784 [gr-qc]].

[187] K. Izumi and S. Mukohyama, “Nonlinear superhorizon perturbations in Hořava-Lifshitz grav-
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Lifshitz gravity with a scalar field in gradient expansion,” Phys. Rev. D 85, 064042 (2012)
doi:10.1103/PhysRevD.85.064042 [arXiv:1109.2609 [hep-th]].

[189] T. Zhu, Q. Wu, A. Wang and F. W. Shu, “U(1) symmetry and elimination of spin-0 gravi-
tons in Horava-Lifshitz gravity without the projectability condition,” Phys. Rev. D 84 (2011),
101502 doi:10.1103/PhysRevD.84.101502 [arXiv:1108.1237 [hep-th]].

[190] T. Zhu, F. W. Shu, Q. Wu and A. Wang, “General covariant Hořava-Lifshitz gravity without
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