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Abstract

In this work it is given for the first time an explicit description of the transversally
locally constant Teichmiiller space of certain minimal laminations fibering over an in-
finite type hyperbolic surface. In particular, it is shown that it is a contractible and
separable space. For this it is defined an Ahlfors-Bers model for the Teichmiiller space
of laminations fibering over hyperbolic surfaces analogously to the known Ahlfors-Bers
model for Riemann surfaces.

Resumen

En este trabajo se da por primera vez una descripcién explicita del espacio Teichmiiller
transversal-localmente constante de ciertas laminaciones minimales fibrando sobre su-
perficies hiperbdlicas de tipo infinito. En particular se muestra que este espacio es
contraible y separable. Para esto se define un modelo de Ahlfors-Bers para el espacio
Teichmiiller de laminaciones que fibran sobre superficies hiperbdlicas analégamente al
conocido modelo de Ahlfors-Bers para superficies de Riemann.






Introduction

In this work it is given an explicit description of the Teichmiiller space of laminations
fibering over hyperbolic surfaces. A hyperbolic surface is a Riemannian surface of
constant sectional curvature —1. Only metrically complete surfaces will be considered
here and a hyperbolic surface will be denoted by ¥. Given the well-known relation
between the group of all biholomorphisms on the unit disc Bihol(A) and the set of all
positively oriented isometries on the unit disc Isom™ (A),

Bihol(A) = Isom™(A),

from now on it will be considered a hyperbolic surface as a Riemann surface.

A lamination is a compact and metrizable topological space L locally modeled on
the product of the unit disc by a topological space. It comes with an atlas, whose
transition functions preserve the disc factor of the product structure. When transition
functions are holomorphic along the disc coordinate, L is called a Riemann surface
lamination.

Teichmiiller spaces have various applications. For example, in physics they have
been used within string theory (see [32] and [9]). In other areas of mathematics they
have also been used, for example in Sullivan’s proof of the non-wandering domain
theorem (see [31]). Furthermore, conformal structures have been used in the digitization
of three-dimensional scenes, (see [33]).

The Teichmiiller space of a Riemann surface lamination was defined by Sullivan in
[29], see also [15]. It was defined as the space of all transversally continuous conformal
structures along the space of leaves up to the action of the group of quasiconformal
isotopies tangent to the leaves. In [30] he proved that this Teichmiiller space is a
Banach manifold and he considered those objects which are continuous and locally
constant in the transverse direction, these objects define the transversal-locally constant
Teichmiiller space.

Considering this definition, unless the lamination is fibering over a Riemann surface
with discrete fiber, the conformal structures of L cannot be defined as the union of the
conformal structures of the sheets.

Regarding the Teichmiiller space of laminations, there are general results such as
[13] and [5].

For explicit descriptions of the Teichmiiller space, there are recent works in which
have been considered specific laminations. For example in [3], Alvarez and Lessa con-
sidered the Hirsch foliation. They give a description of the Teichmiiller space for the



Hirsch foliation as the space of closed curves in the plane. In [10], Burgos and Verjovsky
consider the universal hyperbolic lamination ¥, of a compact hyperbolic surface ¥,
of genus g. This lamination is defined as the inverse limit of the category of unram-
ified holomorphic connected coverings of a Riemann surface X,. They show that the
Teichmiiller space of the universal hyperbolic lamination is biholomorphic to a space of
continuous functions. In [24], Penner and Sari¢ considered the punctured solenoid which
is defined as the inverse limit of all finite covers of any fixed punctured surface with
negative Euler characteristic and they give a description of the decorated Teichmiiller
space of this lamination as a space of continuous functions.

Then with the idea of considering more general laminations whose Teichmiiller space
is described explicitly, we proceed as follows. Consider a minimal lamination L fibering
over a hyperbolic surface ¥ with fiber F', that is to say 7 : L — X is a locally trivial
fibration with fiber F' such that 7 restricted to any leaf is a local diffeomorphism. It is
assumed that F'is a Hausdorff compact space. With this hypotheses L is a hyperbolic
surface lamination that is each leaf is a hyperbolic surface. Since the lamination L is
minimal, thus each sheet of the lamination is densely immersed in L.

Note that if the surface X is not hyperbolic, according to the uniformization theorem
Y is the Riemann sphere or a surface with a universal covering biholomorphic to the
plane C. In the first case, since the sphere is simply connected, any minimal lamination
fibering on X is a sphere. The Teichmiiller space of the sphere is a single point (see page
44), then this case is not considered. In the case of surfaces with universal covering
biholomorphic to the complex plane, it is a work in progress.

Denoting by G the fundamental group of ¥, it can be considered the right holonomic
action on the fiber

Hol : G — Homeo(F)?, g+ ¢4, where ¢, : F — F, p,(k)=k-g. (1)

We can identify the pullback of the fibration © by the uniformization u : A — X

with the product F' x A, then it can be shown that the lamination L is isometric to
(F x A)/G, where the diagonal action of G is defined by g - (k,a) = (k- g7, g a).

In this work it is given a mathematically tractable definition of the space Trpc(L). For
this, in Chapter 3, it is defined an Ahlfors-Bers model for the Teichmiiller space of the
lamination L. The Beltrami differential space of the lamination L is defined as the set
of continuous functions u : F' — Bel(A) such that for every k € F and each g € G, we
have I3 (u(k)) = p(k - g), and it is denoted by Bel(L). Here Bel(A) is the set of L.
section of w* ® w here w is the canonical bundle on the disc whose supremum norm is
less than one.
It also is defined on Bel(L) the following equivalence relation:

pr~noif p(k) ~n(k), VkeF.

Then, analogously to the case of Riemann surfaces, the Teichmiiller space of the lami-
nation L can be defined as the quotient space

T(L) = Bel(L)/ ~ .



Let B : Bel(L) — T(L) be the quotient map. The transversally locally constant
Beltrami differential space on the lamination L is by definition

BGZTLC(L> = CLC(F, Bel(A))eq(G)
and it is defined the transversally locally constant Teichmiiller space as
TTLC<L) = B(BGZTLc(L))

Now, suppose that ¥ is a complete hyperbolic surface without boundary and the
lamination is minimal with Hausdorff compact fiber and holonomy action (1). Given
a pair of pants decomposition of the surface ¥ by generalized hyperbolic pair of pants
(see Section 2.6, Chapter 2), it will be said that the fibration has trivial holonomy on
pants if the interior P of every pair of pants in the decomposition verifies

Hol(iy(m1(P))) = {idp}, ¢: P — X.

In this case it will said that the pants decomposition has trivial holonomy. Then, in
the Chapter 3, it is given the following explicit description of the space Trrc(L) of the
lamination L.

It is shown that given a hyperbolic surface ¥ without boundary obtained by gluing
a (possibly finite) sequence of a pair of generalized hyperbolic pair of pants, each glued
to the next along a common boundary geodesic, such that the length of these geodesic
boundaries is uniformly upper bounded and given a minimal lamination L fibering over
> with a Hausdorff compact fiber F' whose holonomy action continuously extends to
the profinite completion of the fundamental group GG and has a trivial holonomy on
pants, then we have the following homeomorphism

Trrc(L) = Cro(F, T(X)),

where the left hand is the transversally locally constant Teichmiiller space of L and the
right hand is the space of locally constant functions valued on the Teichmiiller space of
3.

This result provides an explicit description of the transversally locally constant Te-
ichmiiller space of laminations fibering over infinite conformal type hyperbolic surfaces
(see Example 7 in Chapter 3). This work is the first time that an explicit description
of a Teichmiiller space of laminations fibering over an infinite conformal type surface is
given. Also, laminations are not required to be compact, here it is only asked for the
fiber to be compact.

Let me briefly mention the structure of this thesis. In Chapter 1, notation and
definitions of terms that will be used in the following chapters are given. In Chapter 2,
it is given the definition of the Teichmiiller space for Riemann surfaces and some known
results for these spaces are included.

Chapter 3 is original work, the Ahlfors-Bers model for laminations is defined and an
explicit description of the transversally locally constant Teichmiiller space for specific
laminations is given (also see [11]). To demonstrate the central result, it was necessary
to prove certain key Lemmas, which although I do not dare to proclaim originality
about them, I could not have these results available since I only found similar but not
exact versions. Such is the case of Lemmas 1.3.7, 1.3.13 and 1.3.21.






Chapter 1

Preliminaries

In this chapter it is introduced the notation that will be used in the following chapters.
It will be use the term domain to mean a connected open subset of the complex plane
C and unless it will be indicated otherwise, the letter D will denote a domain. Also,
throughout this text the Riemann sphere will be denoted by C, that is to say, C =
CU {oo} and C* will denote the punctured plane C* = C\{0}. A homeomorphism (or
biholomorphism) on a domain D onto its image will be called simply homeomorphism
(or biholomorphism) on D. Also, it will be called measurable subsets to the Lebesgue
measurable subsets.

1.1 Quasiconformal Mappings

In this section, the Beltrami coefficients are introduced which will play a very important
role throughout this text.

Definition 1.1.1. Let D C C be a domain and let f : D — C be a homeomor-
phism which preserves orientation. It will be said that f is a quasiconformal mapping
(abbreviated as qc mapping) on D if f satisfies the following conditions:

(1) The distributional partial derivatives of f with respect to z and Z can be repre-
sented by functions f., f; € L'°¢(D), respectively.

(2) There exists k € R such that 0 < k < 1 and |f;| < k|f.| a.e. on D.

Let D and D’ be subset of C, it will be denoted by QC(D, D’) the set of quasi-
conformal maps from D to D’, with the topology of uniform convergence on compact
subsets. If D = D', it will simply be written QC(D).

Remark 1.1.2. If a homeomorphism f : D — C has the derwatives f, and f, a.e. on
D, then f is totally differentiable a.e. on D, see [17, Proposition 4.1]. Now, let f be
a quasiconformal mapping, then it is totally differentiable a.e. on D and the Jacobian
determinant of f is J(f) = |f.|?> — | fz|>. By the second item of the above definition, we
have that J(f) > 0.
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If f is quasiconformal mapping on D and k is a constant for which the second item
of the definition 1.1.1 is satisfied, setting K = %, it will be said that f is a K-qc
mapping on D and K (f) will be called mazimal dilatation, where it is defined by:

K(f) = inf {% 12| < KIf| ae. on D} |

Now, let’s see some examples of quasiconformal mappings.

Example 1. If f is a biholomorphism on D, then f is a quasiconformal mapping. In
fact, since f is infinitely differentiable, it is enough verify the item 2 of the definition
1.1.1. But, in this case f; = 0, then we can take k = 0. Also, f is a 1-qc mapping,
moreover K (f) = 1.

Example 2. Consider the function f : C — C defined by f(z) = az + bz + ¢ with
a,b,c € C. Notice that if b = 0, then the Weyl’s lemma implies that f is holomorphic.
In general, the distributional partial derivatives of f are given by f, = a and f; = b,

thus f is quasiconformal if |b| < |a| and in this case K(f) = iZIﬂZ}

Example 3. Let f : C — C be the function defined by f(z) = z+iKy with z = = + 1y
and K > 1. Notice that f can be written as:
Z+Zz z2—z 14K 1-K
= K = z.

A ; ‘Tt F
Since f, = (1+ K)/2 and f; = (1—K)/2, for the Weyl’s lemma again, f is holomorphic
ifft K =1 and f is quasiconformal iff (K — 1)/(K + 1) < 1, the latter happens iff
K < +4o00. In this case K(f) = K.

Now, let’s see an example of a homeomorphism which isn’t a quasiconformal map-
ping.
Example 4. Consider the unit disk A and let f : A — C be the function defined by
f(2) = —%5. Let us see that f isn’t a quasiconformal mapping'. A direct calculation

1—|z]>"

show that

1 | 2|2 1 22

f(2) = PE + (1= |2]2)2 = (1—1z22)? fz(2) = m

Thus |fj| = 2?2, which converges to 1 when |z| — 1. So, we can’t find a constant k such
that the item 2 of the definition 1.1.1 be satisfied.

In the above example, the item 2 of the definition 1.1.1 fails, let’s see an example
in which the condition 1 of that definition is not satisfied.

Remark 1.1.3. In the definition 1.1.1 we can change the item 1 by let f be ACL ?,
and we get an equivalent definition, see [17, Theorem 4.4].

!There exist no quasiconformal mapping of A onto C, (See [17, Proposition 4.32]).
2 Absolutely continuous on lines.
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Example 5. Let f: C — C be the function defined by

w—kiy if xe€l0,1]

f(z) =
< if xﬁé [07 1]7

where ¢ : [0,1] — [0, 1] is the function known as “Devil’s staircase”, which assigns to
each x the value g(z) determined as follow:

e Let [z]3 the representation of z as number ternary.

e If [x]3 contains its first 1 at position n, [z]; = 0.2129...2,—1124 ..., We replace ev-
ery ternary digit following the 1 by a 0, then we consider [T'(z)]3 = 0.z123...2,_12.
Otherwise, if [x]3 doesn’t have 1's, then we let [T'(z)]3 = 0.x122..2p—112p ...

e Finally, we remplace all 2's as 1’s and we interpreted the string that remains as
a binary number which gives g(z).

The function ¢ is not absolutely continuous because ¢’ = 0 almost everywhere on [0, 1]
3. Therefore the function f is not ACL and by the observation 1.1.3, f does not satisfy
the item 1 of the quasiconformal definition. So, f is a homeomorphism, but it is not a
quasiconformal mapping.

Now, consider f : D — C be a quasiconformal mapping. For every Borel set £ C D,
we define A(E) as the area of f(E). This define a locally finite additive measure and
by Lebesgue’s Theorem, see [19, Page 120], we have A has almost everywhere on D a
finite derivative Jy which is measurable as a function of z. Also, for every measurable
subset E, we have:

/EJf(z) drdy < A(E).

(See [19, Lemma 3.3]). Since f is differentiable at almost every z € D, by the observa-
tion 1.1.2 and [19, Lemma 3.2], it result that at almost every z € D,

Jp(z) = |f(2)* = [ f=(2)]*.

By the item 2 of the definition of quasiconformal mapping, we have the inequality
1£2(2)]? = | f2(2)]? > | f-|*(1 — k?), then:

i
1 —k?

o] < 1f* <

almost everywhere on D. Since J; is locally integrable, It has been shown the following
result:

Proposition 1.1.4. Let f : D — C be a quasiconformal mapping. Then the partial
derivatives f, and f; are locally square integrable on D.

3A absolutely continuous function h : (a,b) — R such that b’ = 0 a.e. on (a,b) is constant.



8 CHAPTER 1. PRELIMINARIES

Let me notice that even though the partial derivatives of a quasiconformal mapping
are in LY¢(D), in the definition of quasiconformal mapping, it is only asked that they
are in Li¢(D).

In the example 1 it is seen that a biholomorphism is a 1-qc¢ mapping, now it will be
seen the converse, for this, a geometric definition of quasiconformal mapping is given.

First, a quadrilateral is a pair (Q, ¢1, ¢2, g3, ¢3) of a Jordan closed domain @ and four
points qi, g2, q3, @4 on the boundary 0@ of () which are mutually distinct and located
in this order with respect to the positive orientation of 0Q).

Proposition 1.1.5.[17, Proposition 4.7] For every quadrilateral (Q; q1, g2, g3, q4), there
is a homeomorphism & of @) onto some rectangle R = [0,a] x [0,b] (a,b > 0) which is
conformal in the interior Int(Q) of @, and satisfies

h(q1) = 0,h(q2) = a, h(gs) = a +ib, h(qs) = ib.
Moreover, a/b is independent of h.

It will be said that a/b is the module of the quadrilateral (Q;q1, g2, ¢s,q), and it
will be denoted by M(Q).

Definition 1.1.6. Let f be a homeomorphism of a domain D into C which preserves
orientation. It will be said that f is quasiconformal on D if f satisfies the following
condition:

There is a constant K > 1 such that

M(f(Q)) < KM(Q) (1.1)

holds for every quadrilateral () in D.

Now, it is shown that the condition 1.1 is equivalent to the following condition:
There is a constant K > 1 such that

LM(Q) < M(F(Q) < KM(Q) (1.2

holds for every quadrilateral () in D.

Let f : D — C be a orientation preserving homeomorphism that satisfies 1.1. Let
@ be a quadrilateral, then there exist conformal homeomorphisms h : @ — R, =

[0,a] x [0,b] and A : f(Q) — Ry = [0,4] x [0, 0] such that
h(q1) =0, h(q2) =a, h(gs) =a+1ib, h(qs) =ib and
h(f(@)) =0, h(f(g)) =a, h(f(as)) =a-+ib, h(f(qs)) = ib.

By the definition of module we have that M(Q) = § and M(f(Q)) = % Now, if we

consider the conformal maps ih + b and ih + b, by the proposition 1.1.5 and 1.1, we
have 2 < K2, Thus 1§ < ¢ that is to say £M(Q) < M(f(Q)).

Theorem 1.1.7. The definition 1.1.1 is equivalent to the definition 1.1.6.



1.1. QUASICONFORMAL MAPPINGS 9

Proof. See [17, Lemma 4.8 and Lemma 4.14]. ]

It will be needed the following lemma, the proof can be consulted in [17, Theorem
4.10].

Lemma 1.1.8. If f : D — C is a K — qc mapping, then f~! is also a K — qc mapping.

Proof. By the above observation we have

1

ZMH(f(Q) < M(f(Q)).

Therefore, M(f1(f(Q))) < KM(f(Q)), that is to say f~! is K-qc. O

Theorem 1.1.9. Let f: D — C be a function, then f is a 1-qc mapping if and only if
f 1s a conformal map.

The proof of the above theorem follows from the Weyl’s lemma which we include
below, Lemma 1.1.10. In fact, if f is a 1-qc mapping, then the distributional partial
derivative satisfies f; = 0, by Lemma 1.1.10, f is holomorphic. Also, by Lemma 1.1.8,
f~11is also a holomorphic function.

Lemma 1.1.10. (Weyl’s lemma). Let f : D — C be a continuous function with
distributional partial derivative fr € L'¢(D). If f- =0, then f is holomorphic.

Proof. Let K C D be a compact set and consider a positive real function ¢ € C°(D)
such that ||p]]; = 1, its support is a disc of radius r centered at 0 and K + supp(p) C D.
For each 0 < & < 1, we define the function ¢.(z) = Z¢(z/e). Then supp(p:) =
e - supp(p). Define f. = f * ¢, then f. is defined on K and since p. € C*(D),
f- € C°(D). By properties of the derivatives of the convolution we have:

(fo): = (f xpe)s = fz*x p. =0, on the compact subset K.

Therefore, f. is holomorphic on K for every . Also, (f.). converge uniformly to f on
K when ¢ tends to zero. We conclude that f is holomorphic on K and because the
compact set was arbitrary, f is holomorphic on D. O]

The quasiconformal mappings are less rigid than conformal mappings, but they have
good properties as show the following proposition.

Proposition 1.1.11.[17, Proposition 4.11] If f is quasiconformal on D, then f, # 0
a.e. on D.

It will be denoted by L..(D) the complex Banach space of all bounded measurable
functions on a domain D. It will be considered the norm

||plloo = ess.sup.ep|pu(2)], pt € Loo(D). (1.3)
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B(D); will denote the set of functions in L. (D) with norm less than 1 with respect
to the norm 1.3. By the Proposition 1.1.11, for every quasiconformal mapping f on D,
we can consider the following quantity called complex dilatation:

pf = % a.e. on D.

Since f, and f; are measurable functions, we have that py is a bounded measurable
function a.e. on D, and satisfies:
K(f)—1

—K(f)—i—1<1'

esssup |y (2)] <
zeD

Therefore we have the following result.

Theorem 1.1.12. Let f : D — C a homeomorphism. Then f is a quasiconformal
mapping iff there exists p € B(D)y such that

fz=pf. a.e. on D (1.4)
where f., fz € L'(D) represent the distributional partial derivatives of f.

Equation 1.4 is called Beltrami equation and pu is a Beltrami coefficient on D. By
the Theorem 1.1.12, a Beltrami coefficient let us “measure” the deformation of the
complex structure realized by a quasiconformal mapping, so the Beltrami coefficients
can be thought of as deformation parameters.

Consider f# and f" be quasiconformal mappings with p and v their respective
Beltrami coefficients. Then the Beltrami coefficient of f#o (f¥)~! is given by (see [17]):

JY ppe — pype
o fvy—1 — :Z . 15
e (1.5)

1.1.1 Solutions of the Beltrami Equation

In this section solutions of the Beltrami equation are studied. First, it will be seen how
to get many solutions from a given solution. Then necessary and sufficient conditions
will be obtained for the Beltrami equation to have a solution.

Proposition 1.1.13. Let f : D — D’ be a solution of the Beltrami equation 1.4. If
g : D' — C is a holomorphic function, then g o f is a solution of the equation 1.4 too.

Proof. By a direct calculation it follows that
(gof). = (gwof)fz+(gwof>fz: (gwof)fm

(9o flz=(guwo [)fs+(gao [)f: = (gao f)f>

Therefore, taking the quotient:
(go f)z _ <9w0f> E
(gof)- Gwo [/ [
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In the Proposition 1.1.13, the function ¢ is not necessarily a homeomorphism, let’s
see the following example.

Example 6. Let f: D — D’ be a qc mapping and consider the function g : C — C
defined by g(z) = (2 —a)? with a ¢ I'm(f). Then g is not a homeomorphism because it
is not injective, but g: = 0. Thus (go f).(2) = 2(f(2)—a)f. and (gof): = 2(f(z)—a) f5.

This mean that
(9o f)s _ 2(f(z) —a)f: -y
(gof):  2(f(z) —a)f:
Notice that given a solution of the Beltrami equation 1.4, f : D' — C,ifg: D — D’

is a biholomorphism onto a domain D', then fo g is a solution of the Beltrami equation
where the Beltrami coefficient is given by

9z
(wog)Z. (16)

9=
Because if g is a biholomorphism and ¢ € C(D’), then ¢ o gt € C(D). This
implies that there exist the distributional derivatives (f o ¢), and (f o g)s. Then we

have (fog). = (fwo9)g. and (f o g): = (fw o g)gs. Therefore

(fog): _ (;”wog>@
wog

9=
= (nog)=—.
9: 9-

(fog):

Now, necessary and sufficient conditions will be put for that solutions to the Beltrami
equation there exist. Some results that will be necessary to show the existence are
included, its proof can be consulted in [17, Chapter 4].

Consider the following operators on LP(C):

Ph(¢) = —%//C h(z) ( L 1) drdy he I7(C),¢ € C.

z—( z

i d L h(z) -
Th(¢) = £—>0{ W//M'X R dy} h € C=(C).

Lemma 1.1.14. For every p with 2 < p < oo and for every h € LP(C), Ph is a
uniformly Hélder continuous function on C, with exponent (1 — 2/p), and satisfies

Ph(0) = 0. Moreover, Pf satisfies (Ph); = h on C in the sense of distribution.
Lemma 1.1.15. For an arbitrarily given p > 2 and every h € LP(C),
(Ph), =Th
on C in the sense of distribution.
Theorem 1.1.16. For every p with 2 < p < oo,

Cp = sup HTh| ’p
heC§e(C),||h||p=1
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is finite. Hence, the operator T is extended to a bounded linear operator of LP(C) into
itself with norm C,. Moreover, C, is continuous with respect to p. In particular, C,
satisfies lim,_,o C), = 1.

First, it is supposed that p has compact support. Let K C C be a compact set. We
denote by B (C) the subset of L (C); consisting of functions with support in K.

Theorem 1.1.17. Fix k such that 0 < k < 1 arbitrarily. Take a positive p > 2 with
kC, < 1. The for every p € B(C); with ||p|lec < k and with compact support, there
exists a continuous function f such that f(0) = 0, f, — 1 belongs to LP(C), and f
satisfies

fE - Nfz

on C in the sense of distribution. Moreover, such an f is determined uniquely by these
conditions.

Proof. First, we will obtain a condition that the partial derivative f, has to satisfy.
Since f; = pf. has a compact support, and since f, — 1 belongs to L,(C), then f; also
belongs to LP(C). Thus P(f;) is defined. Let F(z) = f(2) — P(f:)(z), z € C. Then
by the Lemma 1.1.14 we have that F is continuous and F(0) = 0. Moreover, since
(Pf:)s = fz, then F; = 0 in the sense of the distribution. By the Weyl s Lemma, F
is holomorphic on the whole C. On the other hand, since f, — 1 and (Pf;), = T(f5)
belong to LP(C), so does F'—1. Thus we can conclude that F'(z) = 1, i.e., F(z) = z+a.
Since f(0) = 0, we have a = 0, and hence

f(2) = P(f:)(2) + 2,2 € C.
Taking the derivative with respect to z we obtain the equation that must satisfy f:

fo=P(f:): +1=T(fz) + 1 =T(uf.) + 1.

Using the above equation, we shall show the uniqueness of the solution. Suppose that
there is another solution g. Then, we have g, = T'(ug,) + 1. By the Calderén and
Zygmund Theorem we obtain

1z = g:llp = 1T (1f2) = T(pg)llp < Collpllsolf2 = gellp < Cokl1fz = 921l

Since kC), < 1 by the assumption, we get f, = g, a.e. on C. Hence, again by Weyl’s
lemma we conclude that f — g and f — g are holomorphic on C, which in turn implies
that f — g should be a constant. Since f(0) = ¢g(0) = 0, we conclude that f = g, which
implies the uniqueness of the solution. Finally, the existence of the normal solution
follows also from the obtained equation. In fact, repeat substituting the whole right
hand side for f, on the right hand side. Then, we have the following formal series for
fz — 1L

fo=1=Tp+T(Tp)+T(uT(uTp) + - (L.7)
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The series actually converges in LP(C), since the linear operator which sends h € LP(C)
to T'(uh) € LP(C) has the operator norm not greater than kC, < 1. We set h =
Tu+ T(uTp)+--- . Then h belongs to LP(C). We shall show that

f(z) = P(u(h +1))(2)

is a desired solution. In fact, pu(h + 1) belongs to LP(C), for p has a compact support.
Hence, f is continuous, f(0) =0, and f; = u(h + 1). Moreover, we have f, = T'(pu(h +
1)) +1 = h+ 1. Hence, f satisfies the Beltrami equation f; = uf,, and f, — 1 belongs
to LP(C). O

The function f is called the normal solution of the Beltrami equation for .
By the Theorem 1.1.17, the following map is well defined.

M : Bg(C) = QC(C,C), (1.8)
po R

Proposition 1.1.18. Let k and p be as in Theorem 1.1.17. Let {u,}22, be a sequence
in B(C); satisfying the following conditions:

o ||itn]|oo < K for every n,

e cvery i, has a support contained in z € C: |z| < M with a suitable constant M
independent of n, and

e i, converges to some p € B(C); a.e. on C as n — co.

Let f,, be the normal solution for x,, and f be the normal solution for u. Then f, — f
uniformly on C as n — oo, and

Proof. As in the prove of the Theorem 1.1.17, we have:

then by the Calderén and Zygmund

[fe = (fa)allp = 1T () = T(n(fr) )l
< T (un(fe = (F) Do + 1T (pnfz) = T ()l
= [T (un(fe = (Fa) D lp + 1T (i = 1) fp
< kG[If2 = (fn)ellp + Coll(n = 1) f- |-

Thus, we have the following inequality

Coll(pn — 1) 2l
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Since that every p, is uniformly bounded and since pu, converges to u a.e. on C, we
have that 1.9 is satisfied. Now, since f(z) = P(f:)(z) + z and f,(2) = P((fn)z)(2) + 2,
we obtain

1(8) = FOI = P(£)(0) = P((£)2)(8)] < Kll.fz = (fu)sllplo] 27
< Kp{llnfs = pnfllp + Kl f= = (Fa):llp O] >7

for every 0 € C. Since the right side converges to zero and the unique factor which
depends of § is |6]'7?/?, we have that f, — f locally uniform on C. Since f, — f is
holomorphic in a fixed neighborhood of oo for every n, we conclude that f,, converges
to f uniformly on C. O

Now, it will be proved that the normal solution is a qc mapping, but we will need
some lemmas, their proof can be consulted in [17].

Lemma 1.1.19. Let u and v be continuous functions on a simply connected domain D
whose distributional partial derivatives can be represented by locally integrable functions.
Further, suppose that us = v,. Then there exist a function f which is continuously
differentiable and satisfies f. = u and f; = v.

Let p € Lo(C) with compact support and let M be a fix constant such that {z €
C : |z| < M} contains the support of p. Fix also a sequence {p,}7, in C2°(C) with
||ttn]|oo < k such that the support of u, is contained in {z € C : |z| < M} for every n,
and that u, — p a.e. on C as n — oco. It will be denoted by f,, the normal solution for
by for every n.

Lemma 1.1.20. If a function f : C—Cis locally homeomorphism, then f is actually
a homeomorphism of C onto C.

Proof. Denote by C. and by C,, the Riemann spheres which are the domains and the
target of f, respectively. Since f is an open mapping and C, is compact, f (@z) is
open and compact. We conclude that f (@z) — C,. Next, one way to show that f is
a homeomorphism is to consider f as a holomorphic function. This can be done by
introducing a new complex structure on C, by pulling back the structure on C,. We
have that f~! has holomorphic branches in a neighborhood of any point of C,,. Since
C, is simply connected, the classical monodromy theorem implies that f~! has a single
valued branch on the whole @w. Thus, f is a homeomorphism. O

Lemma 1.1.21. f, is a qc mapping.

Proof. Consider a function g with g; = ug,. Set
u=g, and v = gs = l,U.

By Lemma 1.1.19 if we show that u is a continuous function which satisfies us = (u,u),
then we will have that g is a quasiconformal mapping. If we set ¢ = logu, then

0z = uze 7 = [(fn) U + piou]e™” = (fn)z + fin0.
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Thus, it is enough to see that o is a continuous function and satisfies oz = (). + (0 0.
Now, the above differential equation is solved in a similar way to the case of the Beltrami
equation and as in the prove of the existence Theorem, we can construct a solution h
in LP(C) defined by

h =T (pnh) + T((pn)-)-

Then, we define 0 = P(p,h+ (p1,).) + C. We choose C such that lim,_, 0(2) = 0. Note
that o is holomorphic in a neighborhood of z = oc. Since o, = T'(p,h + (1)) = h and
05 = pph + (i1,)., then o is a solution of the equation:

Oz = Un0, + (/Jm)z

Now, consider 7 = €. Then 7 is continuous and we have 7; = (e7); = 0;¢° =

(ftnh + (11n)2)€” = (pn0s + (fin)2)e” = (e%4tn): = (j1nT)>. By the Lemma 1.1.19, since
7 and p,7 are continuous and their distributional derivatives are locally integrable
functions, we have that there exist a function g € C*(C) such that g = p,,7 and g, = 7,
therefore g; = p,g.. We can suppose that g(0) = 0. Since g, = 7 is holomorphic in a
neighborhood of z = oo and lim, . 0(z) = 0 implies lim, ,,, 7(2) = 1, we have that
g. — 1 is a continuous function and vanishes at infinity, therefore it belongs to L?(C).
The uniqueness of the normal solution implies that g = f,. Then f, is of class C*.
Finally, if we consider the Jacobian, we have

|(fn)2|2 - |(fn)2’2 = |T|2 - |Nn7—‘2 = |60‘2 - |Pmea|2 =(1- |Nn’2)|620”
which is positive, then f, is a local homeomorphism in C. Since f, has a simple pole
in z = oo, then f, is a local homeomorphism in C. Thus, by the above lemma, we have

that f,, is a homeomorphism of C. m

It will be used the inequality of the following lemma. The proof of the lemma can
be consulted in [17].

Lemma 1.1.22. FEvery f, satisfy the following inequality:

|21 — 29| <

(1 _ kc«p)1+2/p||ﬂn||p|fn(zl) - fn(ZQ)ll_Q/p + |fn(zl) — fn(z2)|7

for every zy, zo € C.

Theorem 1.1.23. A normal solution of the Beltrami equation is a quasiconformal map
on C, and satisfies puy = pn a.e. on C.

Proof. Consider p,, and f,, as before, then by the Corollary 1.1.18, we have f,, — f
uniformly in C. Since |||, — ||p|lp, then the inequality in the Lemma 1.1.22 is
satisfied by f and u. Therefore f : C — C is a continuous bijection and thus, it is a
homeomorphism. Since f, — 1 belongs to LP(C), then f; = uf,. By the definition of
quasiconformal mapping we have that f is a quasiconformal mapping. O]
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Following theorem gives conditions for the existence of solutions to the Beltrami
equation where an arbitrarily Beltrami coefficient is taken.

Now, it will be seen the existence of a quasiconformal mapping with complex dilata-
tion p for a general p € Lo (C);. It will be called the canonical mapping with complex
dilatation g and it will be denoted by f*.

Theorem 1.1.24. For every Beltrami coefficient p € B(C)y, there exists a homeomor-
phism f of C onto C which is a quasiconformal mapping of C with complex dilatation
. Moreover, f is uniquely determined by the following normalization conditions:

f(0)=0, f(1) =1 and f(oc0) = 0.

Proof. Uniqueness: Let g another quasiconformal mapping with complex dilatation pu
and such that ¢ satisfies the normalization conditions. Then, g o f~! is a conformal
map in f(C) = C. Therefore, go f~'(z) = az + 8. Using the normalization conditions,
we have:

gofTH(0)=p8=0, gof'(1)=a=1, then f =g.

Existence: First, we suppose that p has compact support. In this case, let F* be the
normal solution for p. Then, puy = p and the wanted homeomorphism is F*(z)/F*(1),
because F*(0) = 0 and F*(1)/F*(1) = 1. Now, we suppose that 4 = 0 a.e. in some
neighborhood of the origin. In this case, we consider the pullback of u by a Mdbius
transformation and define:

. 1Y 22
fi(2) :M(;> = 2 €C

Since ||fi]]oo = ||u(%);—§||oo < [|n(3)]|oe < 1, then fi belongs to B(C); and it has compact
support because p has compact support. Thus, there exists a canonical mapping i —
gc of C, which is denoted by f#. Since f” is a homeomorphism and it has partial
derivatives a.e. on C, then f# is totally differentiable a.e. on C. For each point 1/z,
the quasiconformal map defined by

1
(&)= =713
()
is also totally differentiable a.e. on C. Then, we can applied the usual chain rule and
we have

) &

Che_(FO)CE ey
pr(z) = ) ( 5(%» - ( > = u(z), a.e. on C.

z
Also, f(0) =0, f(1) =1, f(co) = oo. Therefore f is the wanted homeomorphism.
Finally, suppose that p is a general Beltrami coefficient. In this case, we define:

{9 42257 o
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Then, by the above case, there exists f#*. Now, we define:

= (M), o (#H1Y-1
Mz—(l_MMW) (f) .

Since o has compact support, there exists f#2. Moreover g = f#? o f#1 is a quasicon-
formal mapping. Also, u, = p, because f#2 = go (f*1)~! and, by 1.5, the Beltrami
coefficient of g o (f*1)~! is given by:

— M1

Hgo(fu1)-1 © fH1 = at 7”1 Q .
1-— ,ugul (flll)z

Since f#2 and f#** satisfy the normalization conditions, then ¢ satisfies the normalization

conditions and g is the wanted function. O]

Now, if f : A — D is a quasiconformal mapping with py = g, then f has an
extension of A onto D. In fact, we can define 4 = 0 in C — A and thus there exists
a canonical mapping f* defined on C. Now, if we consider g= frof! then gisa
quasiconformal mapping on D. Moreover, ¢ is a conformal mapping because p, = 0
a.e. on D. Since f#(A) is a Jordan domain, by the Caratheodory theorem, g can be
extended to a homeomorphism of D onto f#(A). Since f = g~' o f* then f has an
extension of A onto D.

In the Example 4 of the Chapter 1 we saw that there are orientation preserving dif-
feomorphisms defined of A onto C which are not quasiconformal mappings. In general,
there are not quasiconformal mappings of A to C. In fact, if there exists a quasicon-
formal map f : A — C, then y = ps-1 is defined on C. If we consider g = f# o f,
then py = 0 a.e. on A. Therefore g is a conformal map. In the other hand, since
g 1(C) = A, then g is a bounded entire function and by the Liouville Theorem, g~*
should be a constant, a contradiction.

We can consider Beltrami coefficients defined on the upper half plane H and we can
show analogously to the Theorem 1.1.24 the following result.

Proposition 1.1.25. Let p be an arbitrary element of B(A);. Then there exists a
quasiconformal mapping w of A onto A with complex dilatation . Moreover, such a
mapping w is uniquely determined by the following normalization conditions:

w(i) =1, w(l) =1, and w(—1) = —1.

There is a dependence of quasiconformal solutions on the Beltrami coefficients as
show the following proposition. For the proof, it can be consulted in [17].

Proposition 1.1.26. If p converges to 0 in B(C);, then the canonical pu-qgc mappings
fH converges to the identity mapping locally uniformly on C.
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1.1.2 Analytical Dependence on Beltrami Coefficients

In this subsection it is described the dependence of the solutions of the Beltrami equa-
tion on the Beltrami coefficients. For this, it will be used the Lemma 1.1.27 and some
definitions to show the Theorem 1.1.28. The proof of this theorem give us an explicit
solution of the Beltrami equation but following this proof we do not ensure that the
solution is quasiconformal.

Lemma 1.1.27. Let f : C — C be a continuous function with distributional partial
derivatives represented by f., fz € Lé"c((C), 1 < p < oo0. Suppose that f5 has compact
support and f(z) = O(1/|z]), then f satisfies:

1
R (1.11)
Tz

In particular, f € LI*°(C).

Proof. Let (fn)n be a sequence L,-smoothing. We will see that f,, satisfies the equation
1.11. By definition of convolution product we have:

(i*(fnz 27rz/ fn—zz dz N dz

27TZ r—0t fl/?“ D(E 7,.) —Z

Since that we can write the integrand as:

(J;n)z( )d A dz _<<f”z(z>) dz A dz

we can simplify the above formula and we obtain:

(% * (fn)z> (&) = %rlg(% //D(5 b, (?ﬂ(i) dz) ;

then applying the Stokes’s theorem it result that

— lim
21mi r=0% Jo(n(g,1/r)-Digr) &~ 2

L (/n)(2) (fn)(2)
=—1 ~——dz — ~——dz | .
2710 ra0t (/BD(g,l/r) -z /BD(Z,T) §—z Z)

dz

7 N
*
—~
;ﬁ
N—

Wl
~_
—~
™
N—
Il
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Because the first term does not contribute to the integral, applying a change of variable
to the second term and using the continuity of f,,, we have:

(i " (fn)z> (€) = —— lim /Wm )2,

TZ 271 r—0+ E—2
— L [T Ui
27 r—0+ J —ret?
1 21

=5 | ilfa)(€)dO = fu(8).

21 J,

Therefore (- * (fy)z)  converges uniformly on compact sets to f. Also, since ((fn)z)n

converge to fz with respect to the norm L, then (= * (f,)z), converges to - x (f)

Tz

Hence, L« (f): = f. O

Now, it is considered the Fourier transform on L;(C) which is given by the formula

F(0) = fie +in) = /C f( + iy)e 2 EE I gy

It is well known that for every f € Ly(C) N Ly(C), we have [|f|]s = ||f|]2. Also the
Fourier transform can be extend to an isometry Lo(C) — Lo(C).
By properties of the Fourier transform, we have

— —

af =2 af
iey=29 haC
Lo =omiti), oL
Theorem 1.1.28. The map M defines in 1.8 is analytic, in the sense that it is con-

tinuous, and for each z € C the map u — f*(2) is analytic.

(€) = 2mi¢ £ (Q).

Proof. Considering the multiplication by (/¢ which is an isometry on Ly(C), we can
take the unique isometry

—

L : Ly(C) = Ly(C) such that L(f) = > f.

I Y

Therefore, if a function F' € Ly(C) has distributional derivatives in Lo, then

oF <8F )

—=L|=—.

0z 0z
In particular, if p € Bg(C) and we write the solution of Beltrami equation as f#(z) =
z 4+ g"(z) with g*(z) € O(1/|z|), then Beltrami equation becomes

o uo2(2))

Since ||pL|| = ||p||so < 1, id—pL is invertible and the equation 1.12 can be rewritten
(id — pl)*h = p.



20 CHAPTER 1. PRELIMINARIES

The inverse of id— uL is the sum of the convergent geometric series. Applied to equation
1.12 this gives

dgt

i + pulp+ plply+ - --
The sum of this series depends analytically on pu, since it is the sum of a uniformly
convergent series of analytic functions of pu. Thus dg*/0z depends analytically on u,
and so does
1 Og"
T 0z
This convolution is well defined, since dg*/0Zz has compact support and we have used
the Lemma 1.1.27 to get the equality; f* also depends analytically on pu, since f* =

z 4 g"(2). O

n_

1.2 Riemann Surfaces and Complex Structures

In this section some terms that will be used throughout this text are introduced. Let
X be a connected Hausdorff space, and let {U; };cn be an open covering of X consisting
of domains. Suppose that on each U; C X, we have a homeomorphism z; : U; — D;
defined by:

zi:p = z(p) = (2 (p), -, 2} (), p € Uj,
where D; C C" is a domain. Then for each j, k such that U; N Uy, # 0, the map

Tik © 2e(p) = 2;(p), p € U; N Uy,

is a homeomorphism of the open set Dy; = {zx(p) : p € U; N Ui} C Dy, in C™ onto the
set Djp ={z;(p) :p e U;NU;} C D;.

If 7)) is biholomorphic for any j, &k such that U; N Uy # 0, each z; : p — z;(p) is
called a local complex coordinates defined on U;. Each domain Uj is called a coordinate
neighbourhood. The collection {z1, ..., z;,...} is called a system of local complex coordi-
nates on X. If a system of local complex coordinates {z1, ..., zj, ...} is defined on X, it
will be said that a complex structure is defined on X. A connected Hausdorff space X
with a complex structure defined on it is called a complex manifold. Usually a complex
manifold will be denoted by the letter M. The dimension or complex dimension of X
is defined to be n.

Definition 1.2.1. A Riemann surface is a 1-dimensional connected complex manifold.
Usually a Riemann surface will be denoted by 3.

\— —

Figure 1.1: Examples of Riemann surfaces.
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Consider a Riemann surface ¥. Let p € X, the point z;(p) = (z]l (p)) of C is called
the local coordinate of p. If we choose a coordinate neighbourhood U; with p € Uj, p is
determined uniquely by its local coordinate z; = (zjl) = zj(p). Identifying U; with D;
via zj, we can consider that > = Uj D;. Then z; € D; and 2, € D}, are the same point

on ¥ if and only if z; = 7, (2k).

Any compact Riemann surface is homeomorphic to a sphere with a certain number,
say g > 0, of handles attached. This nonnegative integer ¢ is the genus of the surface.

Definition 1.2.2. A Riemann surface is of finite conformal type if it is obtained from
a compact Riemann surface by removing a finite number of points, and otherwise it is
said to be of infinite conformal type.

1.2.1 Covering Surfaces and Uniformization

In this part it will be seen that any Riemann surface is covered by @, C or H, then
we can study the complex structures of a Riemann surface, studying the Beltrami
coefficients defined in the first chapter.

Let B and X be topological spaces and let p be a map from X over B. The couple
(X, p) will be called a covering space of B if the following property is satisfied:

for each b € B there exists an open neighborhood U of b in B, a non-empty
discrete space F' and a homeomorphism ¢ : p~'(U) — U x F such that the
following diagram commutes:

U U) — L UxF (1.13)

where pri : U x F' — U is the first projection map.

With the above notation, it is said that B is the base of the covering, X is the total
space and p~1(b) the fiber over b. If for every b € B, the fiber over b is a finite set of
X, it will be said that (X, p) is a finite covering space and if all fibers have the same

cardinality, say d, then it will be said that (X, p) is a finite covering space of B of degree
d.

We are interested in the special case in which B and X are Riemann surfaces, then
we have the following definition.

Definition 1.2.3. Let ¥ and ¥ be Riemann surfaces. Let (f], 7) be a covering space of
Y and let U be an open subset satisfying 1.13. If 7 is a surjective holomorphic mapping
and 7 : V — U is biholomorphic, for each connected component V' of the inverse image
7Y U) of U, it is said that 3 is a covering surface of ¥ and 7 is called the projection
of ¥ onto . If & is simply connected, S is called a universal covering surface of R.
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The universal covering surface of a Riemann surface ¥ is unique, that is to say, for
any two universal coverings 33 and Y of Y, with projections 7 and 7’ respectively, there
exists a biholomorphic mapping ¢ of 3 to ¥/ with 7’ 0 p = .

Now, functions between covering spaces of a same space B can be defined. Let B
be a topological space and (X, p) and (Y,q) two covering spaces of B. A continuous
map f: X — Y will be called morphism of covering spaces of B from (X,p) to (Y, q)
if the following diagram commutes.

x—71 .y
B
It will be said that a morphism f of covering spaces of B is an isomorphism if there
exists a morphism of covering spaces ¢ : (Y, q) — (X, p) such that the topological maps

go f and fog are the identity maps of X and Y respectively. In the particular case in
which X is a Riemann surface and X =Y we have the following definition.

Definition 1.2.4. Let X be a Riemann surface and let 5 be a universal covering surface
of ¥ with projection 7. Any biholomorphism 7 : ¥ — ¥ with 7 oy = 7 is called a
covering transformation of X.

For a given covering f], denote by I' the set of all its covering transformations. By
composition of mappings, I' forms a group, which is called the covering transformation
group of 3. In particular, if ¥ is a universal covering surface of ¥, I' is called the
universal covering transformation group of 3

Theorem 1.2.5. Let ¥ be a Riemann surface, (%) its fundamental group and T' its
universal covering transformation group. Then we have the following isomorphism:

1 (Z) ~T.

Riemann surfaces can be represented as quotient spaces. Let S be a Riemann surface
and let I be a subgroup of the covering transformation group of 3. Suppose that I
acts properly discontinuously on i, that is to say, for every p € f], there exists a suitable
neighborhood U of p in 3 such that fy((A]) NU = 0 for every v € I" — {id}.

Two points p,§ € 3 are said to be ["-equivalent if there exists an element ~ € I”
satisfying ¢ = v(p). Denote by [p] the equivalence class of p. Let E/F’ be the set of
all these equivalence classes [p], which is called the quotient space of )y by I'. Define
the projection 7 : I Z/F’ by m(p) = [p]. Consider the quotient topology on f]/F’
since ¥ is connected, so is )y /T, Also, )y /T is a Hausdorff space, for I acts properly
discontinuously on 3.

Now, we define a complex structure on 3 /T as follow: for any point p € 3, take a
neighborhood U, of j satisfying the hypothesis v(U) N U = () for every y € IV — {id}.
We may assume that there exists a local coordinate z; on Uf;. Then, putting p = 7(p),

Uy = 71'((713)7 we see that m : Uﬁ — U, is a homeomorphism. Hence, setting z, = zzom !,
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we conclude that {(Up, 2p)} exjp defines a complex structure so that 3 is a covering of

5./T". This Riemann surface 3/T" will be called the quotient Riemann surface of 3 by
I

Theorem 1.2.6. Let X be a Riemann surfacg with universal covering transformation
group I'. Then the quotient Riemann surface ¥2/T" of ¥ by T' is biholomorphically equiv-
alent to .

Now, it will be studied the biholomorphisms on the universal covering of a Riemann
surface.
A Moébius transformation is a map T : C — C of the form

az+b

T(z) = (1.14)

cz+d

where a,b,c,d € C and ad — bc = 1. The set of all M6bius transformations will be

~

denoted by M&b(C). Also, if T" and S are Mobius transformations, then T ~1 and

S o T are Mobius transformations too, consequently, the set M6b(C) is a group under
composition.

Remark 1.2.7. Consider the Mobius transformation 1.14 such that T # Id, then its
fixed points are given by:

o [fc=0, z=o00 is a fized point. Also, if a/b# 1, T has a finite fived point given
by z = dfa. Ifa/d =1 and b # 0, then T has a double fixed point in z = co.

o Ifc # 0, the two fized points of T are obtained solving the equation cz* + (d —
a)z —b=0.

Therefore any Mobius transformation, T # Id, has two fized points. That is to say, if
T is a Mobius transformation with more than two fixed points, then T = Id.

N

We denote by Mob(C), Mob(H) and Mob(A) the subgroups of Méb(C) consist-
ing of all Mobius transformations that preserve C, H and A, respectively. Mobius
transformations of canonical domains C, A and H have the following forms:

Proposition 1.2.8.
e Every element of Mob(C) has a form
v(2) =az+b, where a,beC with a#0.
e Every element of MOb(A) has a form

b
v(z) = 2z +7, where a,b€ C with |a|* —|b]* = 1.
bz +a

e Every element of Méb(H) has a form

W(Z):az_#—b’ where a,b,c,d € R with ad —bec = 1.
cz+d
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A

Each element of M6b(C) can be represented by a matrix of non-zero determinant
where the matrix entries are the complex coefficients a,b,c and d. Then there is a

N

surjective map SL(2,C) — Mob(C). Notice that if A is a matrix representation

A

of v € M6b(C), then —A is also a matrix representation of . Therefore the map

A

SL(2,C)/{xl} — M&b(C) is an isomorphism and we have the following identifications

A

Mob(C) =2 SL(2,C)/{+I} = PSL(2,C). (1.15)
Now, by Proposition 1.2.8 we have the following group isomorphisms:
Méb(H) ~ PSL(2,R), Méb(A) ~ PSU(1,1), (1.16)

where PSL(2,R) is the real projective special linear group of degree 2 and PSU(1,1)
is the projective special unitary group of signature (1, 1).

Now, it is defined the boundary of a Riemann surface, for this, the following defini-
tions are given ([22, Subsection 1.1.4, pag. 12]).

We consider in SL(2,C) the topology whose base is generated as follows: if we take
v € SL(2,C) and € > 0, B(7,¢) is the set of elements of SL(2,C) whose distance to
~v is, entry by entry, less than . Then this topology passes to the quotient PSL(2,C),
and given the identification in 1.15, the group Mé’)b(@) inherits a topology. We consider

A

this topology on Mob(C). Let G be a discrete subgroup of Méb(C). The set
QG)=A{z¢€ C | G acts properly discontinuously at z}

will be called the region of discontinuity of G. The complementary set L(G) = @—Q(G)
is called the limit set of G. It is the set of accumulation points of orbits of G. The
orbit of z € C is the set G(z) = {g(z) | g € G}.

If Q(G) is nonempty, it will be said that G is a Kleinian group. A Kleinian group
G is called Fuchsian if its limit set lies on a circle C' on the Riemann sphere and G
preserves each of the two disks into which C is separated by C. We may always take
C' =R and in this case, we can assume G operates properly discontinuously on H and
H*. Therefore G can be considered as a subgroup of Mob(H ) up to a global conjugation.
The proof of the following theorem can be consulted in [17, Theorem 2.17, page 43].

Theorem 1.2.9. For a subgroup T of Méb(H) the following are equivalent:

(1) T is a discrete subgroup of Méb(H).
(2) T acts properly discontinuously on H.

Considering that a Fuchsian group acts properly discontinuous in H and by the
identification in 1.16, we can define a Fuchsian group as follow.

Definition 1.2.10. A Fuchsian group is a discrete subgroup of PSL(2,R).

Definition 1.2.11. Let ¥ = A/T" be a Riemann surface. The boundary of ¥ is defined
as

A

9% = 95" = (Q(I) NR)/T.
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Theorem 1.2.12 (Uniformization Theorem). Fvery simply connected Riemann surface
is biholomorphically equivalent to one of the three Riemann surfaces C, C, or H.

Corollary 1.2.13. For every Riemann surface X, there erists a universal covering
surface ) of X, which is btholomorphic to one of the three Riemann surfaces C, C, or

H.

Corollary 1.2.14. Fach Riemann surface ¥ with universal covering biholomorphic to
H can be represented as a quotient H/T', where I' is a Fuchsian group.

Proof. By Theorem 1.2.6, we have ¥ = H/T', where I is the covering transformations
group. Since I' acts properly discontinuously on H, by Theorem 1.2.9, T' is a discrete
subgroup of Mob(H). Therefore, I' is a Fuchsian group. ]

Now, if f: B’ — B is a continuous map between topological spaces B’ and B and
(X, p) is a covering space of B, we can “lift” f to a continuous map ¢ : B’ — X such
that the following diagram commutes.

g
p
B/ T) B
The mapping g is called a lifting of f for p. A section of the covering (X, p) is a lifting
of the identity of B for p. ) A
Also, for Riemann surfaces ¥ and X, let (X, 7) and (%', 7') be their universal cov-
ering, respectively. Let f : X — ¥’ be a continuous mapping if f 3 — 3 satisfies

for=n"of, wecall falift of f.

Theorem 1.2.15. For Riemann surfaces X and Y and an arbitrary continuous map-
ping f: X — X/ there exists a lift of f, f IS Z’, which is uniquely determined under
the condition that f(p1) = 41, where p; € ¥ and G, € ' are such that 7 (¢) = f(7(p1)).

Moreover, if f is differentiable or holomorphic, then f is also differentiable or holomor-
phic.

1.2.2 Quasiconformal Mappings on Surfaces

In this subsection a definition of quasiconformal mappings is given and it will be seen
another definition in the second section of the following chapter.

Let ¥ be a Riemann surface, {1, ..., 2, ...} the system of local complex coordinates, U;
the domain of z;, and U; = z;(U;). It will be defined a holomorphic mapping from the
Riemann surface 3 to another Riemann surface 3. Let {wy, ..., w,, ...} be the system
of local complex coordinates of ¥/, W) the domain of wy, and Wy = wy(W,) C C.
Let ® : p — ¢ = ®(p) be a continuous map from a domain D C ¥ into ¥'. Since
z; © p — z;(p) maps U; homeomorphically onto U;, and wy : ¢ — wx(g) maps W)
homeomorphically onto W, for A, j such that @~ (W) NU; # 0,

Dy : zj(p) = wr(q), ¢ = P(p), p€ (W) NUj,



26 CHAPTER 1. PRELIMINARIES

is a continuous map from the domain U, = {z;(p) | p € @ (W) NU;} C C into Wi:

(I)_I(W,\) N Uj F W

"

. .
Upn ——5— W

Definition 1.2.16. If ®,; is holomorphic, quasiconformal or of class C" for each A and
j such that U;Nn® Y (W )ND # 0, ® : D — ' is said to be holomorphic, quasiconformal
or of class C" (r = 1,2,...,00) map on D, respectively. If D = ¥ then we simply say
that ® is a holomorphic, quasiconformal or of class C" map.

Two surfaces ¥ and ¥/ are called biholomorphically equivalent if there exist a bi-
holomorphic map ® from Y onto .

1.2.3 Riemannian Metrics and hyperbolic surfaces

In this section, it is briefly seen the relation between Riemann surfaces and Riemannian
surfaces.

Consider a differentiable manifold M. A Riemannian metric on M is a corre-
spondence which associates to each point p € M an inner product (,), (that is, a
symmetric, bilinear, positive-definite form) on the tangent space T,M, which varies
differentiably in the following sense: If z : U C R® — M is a system of coor-
dinates around ¢, with z(xy,...,x,) = ¢ € z(U) y %(q) = dz,(0,...,1,...,0), then

<8%i(q), a%j(q)>q = gij(z1, ..., x,) is a differentiable function on U.
Definition 1.2.17. A differentiable manifold M with a given Riemannian metric will
be called a Riemannian manifold. If M is 2-dimensional, M is called a Riemannian
surface.

Let M and N be Riemannian manifolds. A diffeomorphism f: M — N is called an
1sometry if:

(u,v), = (dfyp(u), dfp(v)) ;) forallpe M, u,v € T,M.

It is said that a 2-dimensional manifold X is a hyperbolic surface if it is a Riemannian
surface of constant sectional curvature —1. Then the universal covering of a hyperbolic
surface is biholomorphic to A and we can identify the fundamental group of ¥ with the
set of all positively oriented isometries on the unit disc Isom™(A). Here, only metrically
complete surfaces will be considered.

Since Isom™ (A) acts on A such that we have the identification ¥ 2 A /Isom™ (A) and
Isom™*(A) coincides with the group of all biholomorphisms on the unit disc Bihol(A),
then 3 = A /Bihol(A). Therefore ¥ has a complex structure and it can be considered
as a Riemann surface.
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1.2.4 Deformations of Complex Structures

In this section Beltrami coefficients on surfaces are defined, they will play a very im-
portant role in the following chapters. Let f : ¥ — ¥/ be a diffeomorphism. Consider
(U, z) a coordinate neighborhood of 3 and let (V, w) be a coordinate neighborhood of ¥
with f(U) C V. Define F = wo foz"'. Then we can consider the Beltrami coefficient

F;
"
which is a smooth complex function on z(U).

The function g is transformed under a holomorphic change of coordinates. Let
(Uj, z;) and (Ug, z1,) be coordinate neighborhoods of ¥ and let (V}, w;) and (V, wy) be
coordinate neighborhoods of ¥’ such that f(U;) C V¢ and f(U;) C Vi. Let py, and p;
be Beltrami coefficients defined wit respect to (Uy, z¢) and (Uj, z;). When U; N Uy, # 0,
we have

dzi; dzy;
i = (pr © 2xj) - (%) / (ﬂ) on z;(U; N Uy), where zp; = z, 0 2.
Zj de

The set of Beltrami differentials defines a differential form of type (—1,1) on .

Denote this (—1, 1)-differential form by
_dz

Ky = H dz’
this is called the Beltrami differential of f on 3. Let {(V,, wa)}aca be a system of coor-
dinates on ¥’ and for a diffeomorphism which preserve orientation f : ¥ — >’ consider
a system of coordinates {(f~1(V,),wa © f)}aca which defines a complex structure on
2. Then we have a new Riemann surface X with system of coordinates neighborhood
{(f7'(Va),wa © f)}aea. Also, the identity map id : ¥ — X, is a diffeomorphism and
f: Xy — ¥ is a biholomorphism.

Now, suppose that f : ¥ — ¥’ is a quasiconformal mapping between Riemann
surfaces. If f(z) = w represents the mapping in terms of the z and w local coordinates
on ¥ and ¥, respectively, then puf = f;/f. is a L section of the complex line bundle
w* ® w, where w is the holomorphic cotangent bundle of . Since f is quasiconformal,
we obtain that py takes values in the unit disk bundle with respect to absolute value
norm on the fibres. Then we can consider ||x||~ and this is a number strictly less than
1. Thus iy lies in the open unit ball of the Banach space of sections L (w* ® @) for
any quasiconformal f.

Definition 1.2.18. A Beltrami differential on the disc is an L, (—1,1)-form on the
disc, that is to say an L., section of w* ® w. The space of these differentials will be
denoted by Bel(A).

A Beltrami differential on the disc can be thought of as an element p in the unit

ball of L, (A) such that

/

V() = o,
Y



28 CHAPTER 1. PRELIMINARIES

where 7 is any Mobius transformation on the disc.

Now, to represent the Beltrami differential of any hyperbolic surface in terms of
the Beltrami differentials, we proceed as follow: consider a hyperbolic surface ¥ and
its Poincaré uniformization u : A — ¥, (see Theorem 1.2.12). Then the group of deck
transformations G is a Fuchsian group.

The group of deck transformations defines an action on the disc

Deck : G x A — A, (g,a) —>g-a (1.17)
whose orbit space is isometric with the surface 3, that is to say, ¥ = A/G.

Definition 1.2.19. A Beltrami differential on X is a Beltrami differential on the disc
i invariant under the corresponding deck action, that is to say

(p) = p, Vg €G. (1.18)

where [, denotes the deck action (a — g-a) on the disc. The space of these differentials
will be denoted by Bel().

By the existence Theorem 1.1.24, we can find quasiconformal mappings w,(z,) on
each holomorphic coordinate patch (U,, z,) such that the Beltrami coefficient of w, on
U, is p(zq). These w, provide a complex analytic atlas on . Consequently any p in
Lo (w*®w), assigns a complex analytic atlas on 3 whose local charts are quasiconformal
with respect to the original complex structure of 3. Denote by X, the Riemann surface
> with the new structure. The identity map Id : ¥ — ¥, is a quasiconformal map with
Beltrami differential p. Also the Beltrami differentials on ¥, are given by definition
1.2.19 replacing G for w*G(wH)™L.

1.3 Notions of Topology

In this section some definitions and results on topology that will be used in the following
chapters are included. Here it is defined the notion of a lamination, this is one of the
main objects of study in this work.

1.3.1 Laminations and Foliations

A p-dimensional lamination, L, is a separable, locally compact, metrizable space covered
by an atlas {(U;, ;i) }ier. Every ¢; : Uy — T; x D; is a homeomorphism whose target
space is the product of some topological space T; with a set D; homeomorphic to an
open subset of CP in such a way that the transition maps preserve the first factor, that
is to say, the maps p; 0 ;" 1 ;(U; NU;) — ¢,;(U; NU;) satisfy:

(1) ¥j© w;l(k‘l’a) = (hji(k:)7fji(k>a))’

where each map fj; is smooth in the second variable and all its partial derivatives with
respect to the second variable are continuous functions of all the variables.

A Riemann surface lamination, denoted by L, is a lamination 1-dimensional whose
transition maps are holomorphic with respect to the second factor, that is



1.3. NOTIONS OF TOPOLOGY 29

(2) ;0 ¢; ' (k,-) is holomorphic for all k € T; and Vi, j € 1.

Laminations can have very interesting and complex dynamic behavior. In this re-
gard, see the works [2] and [3].

A foliation F of codimension ¢ (and class C") is defined as a lamination where
T; = R4, D; is an open subset of R? and which is differentiable (class C"), that is to
say, the transition maps p; o ;" are differentiable (class C™).

Given a lamination £, ¢;'(t; x D;) is called a plaque and the maximal joins of
plaques will be called the leaves of the lamination. In particular, a Riemann surface
lamination has well defined the concept of leaves. In this case, leaves are Riemann
surfaces immersed in the lamination. It will be said that the lamination is minimal if
all the leaves are dense.

Now, consider a Riemann surface lamination L fibering over a complete hyperbolic
surface ¥ with fiber F, that is to say 7 : L — 3 is a locally trivial fibration with fiber
F' such that 7 restricted to any leaf is a local diffeomorphism. Since we can consider
on ¥ the atlas whose charts are given by the maps ¢; o 7! restricted to the domains
where 7 is a diffeomorphism, then the map 7 is a local holomorphic homeomorphism.
This implies that every leaf is a covering of the base and thus it is a hyperbolic surface.
Hence L is a hyperbolic surface lamination.

By the Theorem 1.2.12, we can consider the uniformization of >:

u A=Y,

Consider the pullback of the fibration 7 by the uniformization u, that is to say

~

L={(,a) e LxA | n(l) =u(a)},

where the hatted morphism are the restrictions of the respective projection on L.
L—Y% -1
7?‘ pb. T ‘
A—p—Y

(1.19)

Lemma 1.3.1. (1) L is a lamination.
(2) u is a morphism of laminations.
(3) 7 is a locally trivial fibration.

(4) L is a lamination fibering over A.

Proof. Let C be a collection of open sets of the unit disk A such that u|4 is a home-
omorphism for each A € C and u(A) is a trivializing neighborhood of 7. Thus, each
A € C is a trivializing neighborhood of 7. In particular, 7 is a locally trivial fibration,
this proves item 3. Also, A = {#7'(A) | A € C}is an atlas of L as lamination, this
proves items 1 and 2. Item 4 is trivial and follows from the previous ones. O
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Since A is simply connected, 7 is a trivial fibration, hence it is assumed that the
lamination L is F' x A and 7 is the projection on the second factor denoted by p,. The
following commutative diagram will be called the lamination uniformization.

A

FxA"% 1L (1.20)
p.b. s

D2

1.3.2 Holonomy

In this part it is defined the concept of holonomy. Consider a lamination L. We will call
coordinate disc of L to any open set of L homeomorphic to a coordinate chart T; x A
for some i € I. Consider a sheet £, of a lamination L at the point x € F and let
v :[0,1] = L, be a continuous path. We will say that a collection of coordinate discs
{U;}F_, is a subordinate chain to 7 if it satisfies

e There exists a partition of I = [0,1], 0 = t; < t; < --- < t;y; = 1 such that
Y[t tin]) CUL0< i< k.

o IfU;NU; # (), then U; U Uj is contained in a coordinate disc Vj;.

A transversal is a Borel subset of L which intersects each leaf in a countable subsets.
The standard ones are those of the form T; x x for some chart T; x D,;. Regular
transversals are those contained in some standard transversal.

We can define local homeomorphism between regular transversals. Let us describe
the construction of such homeomorphisms. consider 7 : [0,1] — F a continuous path
and let Dy = T} x {7(0)} and D, =T, x {7(1)} be regular transversals. Fix a subor-
dinate chain to v, {U; };?:0 and a partition 0 =ty < t; < -+ < tx,1 = 1 which satisfies
the item 1 of the definition of subordinate chain. For each i € {1,...,k} we fix an em-
bedded regular transversal D; = T! x {~(t;)} C Ui_y N U;. Consider Dy C Dy N Uy and
Dy C Dy NU,. For each z € D; sufficiently near of x;, a plaque that passes through
x intersects D, at a single point f;(x). Then we have a homeomorphism defined in a
domain D] C D, onto f;(Dj). Hence we can consider the function f, = fyo fy_10--- fo
which is a homeomorphism of a domain D onto f, (D).

The function f, is called a holonomy transformation and it is independent of the
regular transversal chosen, of the partition and of the subordinate chain. Let 7, and
72 be continuous paths and z a point in the domain of f,, and f,,, we say that f,,
and f,, are equivalent if there exist an open set containing to x in which coincide. The
equivalence class of a function f, is denominated the germ of f, at x. The set of germs
that fix a point x is denoted by G(z, D) and it is a group with the multiplication

germ(f) - germ(g) = germ(f o g).

The proof of the following proposition can be consulted in [12, Proposition 1.1]
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Proposition 1.3.2. Let v, : I — L,,, © = 0,1 be continuous paths on the leaf £, such
that v;(0) = yo, 7(1) = y1, @ = 0,1. Let Dy, D; be regular transversals of £, in yo, 1,
Dy O V; — D; holonomy transformations associate to v; and ®,, the germ of f,, at yq.

(1) If 59 >~ 1 rel(0,1) then @, = P,,.

(2) If yo = y1 and Dy = Dy, then the transformation v — &, induces a homomor-
phism
P Trl(‘cyoay()) — G(y07 DO)? @([IYD = q)W‘

Note that by the first item of the Proposition 1.3.2, in this case, the notions of
monodromy and the holonomy coincide.

Definition 1.3.3. The group Hol(L,,,y0) = ®(m1(Ly,,y0)) is called the holonomy
group of L, at yo.

Now, since the lamination L fiber over the surface X, we can consider the action of
the fundamental group G on the fiber F' of the lamination. This action will be called
the holonomy action.

Hol : G — Homeo(F)?, G =m (). (1.21)

If > is a Riemann surface such that ¥’ C ¥ we can consider the embedding ¢ : ¥’ —
Y. This map induces a homomorphism in the fundamental groups ¢, : m(3') — m (%),
Then it is considered the holonomy of ¥ as Hol (¢, (71 (X"))).

Henceforth the following hypotheses on the lamination L are considered.

Hypotheses 1.3.4. Let L — X be a fibration, such that L is minimal, the fiber F'is a
Hausdorff compact space and the holonomy action continuously extends to the profinite
completion G and has trivial holonomy on pants?.

For the proof of the following proposition see [27].

Proposition 1.3.5. The map @ in the diagram (1.20) is the canonical map of the
orbit space of the diagonal action on F' x A such that the following is an isometry of
laminations

L2 (FxA)/G, g-(kya)=(k-g7',g-a) (1.22)

where the action on the first factor is the holonomy action 1.21 and the one in the
second factor is the deck action 1.17.

Let L be a lamination satisfying the hypotheses 1.3.4. Considering the identification
between L and the quotient space (F' x A)/G we can define the leaf of the lamination
Latxel as

L,=m{x} xA)=A{[(z,k)] | k € A} (1.23)

where 7 is the canonical morphism of the quotient by the right diagonal action with
the identification 1.22.

4Pants are defined in the following chapter.
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Remark 1.3.6. On the leaf L, we will consider the final topology of the map 7 :
{z} x A — L, with the usual topology on the disc A. Whit this topology the leaf is a
densely immersed manifold in L. Since an open set in {x} X A is not necessarily open
in F x A, unless the fiber F' is discrete, the topology in L, is strictly finer the relative
one induced by L.

The leaf £, is a covering of ¥ hence 7 (L,) is a subgroup of G = m(X). Concretely,

m(Ly) ={9€ G| (x,9) ~(x,9 k), Vk € A}. (1.24)

For every z in the fiber F', denote by G, the isotropy group of the holonomy action
1.21,

G.={9€G |z -g=z}. (1.25)

Lemma 1.3.7. For every x € F, the isotropy of the holonomy at x coincides with the
fundamental group of the leaf at x,

G, =m (L), Vx € F. (1.26)

Proof. Consider g € m(L;). By definition of the fundamental group of the leaf, for
every k € A, (z,k) ~ (z,g- k). Let’s fix a k € A, by definition of the diagonal action
1.22, there is h € G such that

(x,g-k)=h-(v,k)=(x-h " h-k).

Then g - k = h - k, this implies that g = h because every element g € G — {id} acts on
A without fix points. Therefore x-h™! = 2-¢~! = x and we conclude that ¢ € G,. We
have proved that m;(£,) C G,. For the reverse inclusion, consider g € G, by definition
of G, r = x - g. Then we have for every k € A:

(x, k) ~g-(z,k)~(x-g )~ (z-g g k)~ (2,9 k)

That is to say, g € £,. We have proved G, C m(L,) and we have the result. O

1.3.3 Collars

In this section it is considered a connected Riemannian manifold (M, g). Let N C M be
a submanifold with the Riemannian metric induced by M. Since the set of rectifiable
curves joining the points ¢; and g5 in IV is contained in the set of the respective curves
in M, dy; is dominated by dy in N, that is

du(q1,¢2) < dn(qr,q2), Yar1,q2 € N.

It will be said that the submanifold N is a length space if the canonical inclusion
(N,dy) — (M, dy) is an isometric embedding as metric spaces, that is

dv(q1,q2) = dn(qr,q2), Yqi,q2 € N.
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Definition 1.3.8. A subset S C M is strongly convex if for every pair of points ¢; and
g2 in the closure S, there is a unique minimizing geodesic joining these points whose
interior is contained in S.

As a consequence of the definition we have that any strongly convex submanifold
is a length space. The converse is false in general, for example if we consider the unit
disc without the zero A\{0} in Euclidean space, then this is a length space but there
is no a minimizing geodesic contained in A\{0} joining antipodal points in S*.

A careful inspection of Whitehead’s Theorem [14, Proposition 4.2, Chapter 3| con-
cerning strongly convex balls allows the following statement.

Lemma 1.3.9. For every point p in M, there is f > 0 such that Bg/(p) is strongly
convezx for every 5 < .

Lemma 1.3.10. /14, Corollary 3.9, Chapter 3]. If a piecewise differential curve -y :
[a,b] — M with parameter proportional to arc length, has length less or equal to the
length of any other piecewise differential curve joining y(a) to v(b) then v is a geodesic.
In particular, v is reqular.

Definition 1.3.11. A connected Riemannian manifold (M, g) is uniquely geodesic if
for every pair of points ¢; and ¢» in M, there is a unique minimizing geodesic in M
joining these points.

By definition strongly convex submanifolds are uniquely geodesic and uniquely
geodesic submanifolds are length spaces.

Definition 1.3.12. Consider an oriented Riemannian surface > and a closed minimiz-
ing geodesic C with a neighbourhood U such that U —C' has two connected components.
A collar of C'is ¢ = C' U U’ where U’ is a connected component of U — C.

In general, ¢ — C' will not be a length space for a collar ¢ of C'. However, it will be
so locally on C' in the sense of the next lemma.

Lemma 1.3.13. Consider an oriented Riemannian surface 3 and a collar ¢ of a closed
manimizing geodesic C'in 3. Then, for every point y € C', there is a neighbourhood B
of y in X such that BN (¢ — C) is uniquely geodesic. In particular, BN (¢ — C) is a
length space.

Proof. Consider y € C'and B = By (y) as in Lemma 1.3.9. Recall that, by construction,
B is a normal neighbourhood of y and because C' is a minimizing geodesic passing at v,

BNC'is a proper segment of C' and B — C' has only two distinct connected components
B’ and B”. Take ' small enough such that

B'ce¢, B"'nc=0.

It is enough to show that B’ is uniquely geodesic. Consider a pair of points ¢; and ¢,
in B’. There is a unique minimizing geodesic 7 from ¢; and ¢, such that it is contained
in B. It rest to show that v is contained in B’.
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Suppose that « : [a,b] — B is not contained in B’. Then, there is ¢ € (a,b) such
that v(¢) € C. Define

t— =min{t € [a,b] | 7(t) € C},
ty = max{t € [a,b] | y(t) € C}.

Define the segments a; = v|: ], @3 = Y|p, 4 and az as the minimizing geodesic
segment of C' from ¢; = v(t_) to ¢5 = v(t4). Because C' is a minimizing geodesic, we
have

(041) + l(OéQ) + 1(063)

l(ag % ag xaz) =1
< Uan) + Uy ey) +Uaz) = 1(7).

(1.27)

Parametrizing the concatenated curve proportional to the arc length, by Lemma
1.3.10 we have that the concatenated curve is a geodesic and in particular a regular
curve. By 1.27, the concatenated curve is a minimizing geodesic joining the point ¢; and
¢2 and because the minimizing geodesic joining these point is unique, the concatenated
curve coincides with v up to reparametrization. We have proved that ~ is contained in
¢ and reaches the curves the curve C' at the point ¢j. Because 7 is regular, it must be
tangent to C' at ¢} hence ~ coincides with C' up to reparametrization. This is absurd
since neither ¢; nor ¢ belong to C' by hypothesis and we have proved that B’ is uniquely
geodesic. This concludes the proof. O]

1.3.4 Profinite Completion

This section contains some results needed in the following chapters about the profinite
completion of groups. For details, see [25, Chapter 1]. Consider a group G and let C be
the set of finite index normal subgroups. For every S, S € C such that S’ < S| there is
a canonical epimorphism

Nsrs - G/Sl — G/S

The collection (ngg)s<g is an inverse system, that is, if S” is another finite index
normal subgroup of G such that S” < S < S, then ngng = ngrg © Ngrs.

Definition 1.3.14. The profinite completion of G is the inverse limit G of the inverse
System (775‘/5)5’/§S, that iS,
G =1limG/S.
1)
sec

Example 7. Consider G = Z, then its profinite completion is

Z = lim Z/nZ.
%
neN
By the Chinese Remainder theorem, we can identify with the product of rings of p-adic
integers:
z= 1] z,.

p prime
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Since every G/S with S a normal finite index subgroup is a finite group with the
discrete topology, the inverse limit G is a topological group with the following properties.

Proposition 1.3.15. The profinite completion Gisa compact, Hausdorff and totally
disconnected topological group.

Also we can define the profinite completion as follow: we define the profinite topology
on GG as the topology generated by the basis of cosets of normal finite index subgroups
of G. We will denote the topological group G with this topology by G,¢. This topology

is inherited from a metric whose completion is the topological group G.
There is a canonical morphism of groups

n:G—>é

whose image is dense.

Definition 1.3.16. The group G is residually finite if the intersection of all the normal
finite index subgroups is the trivial subgroup.

Proposition 1.3.17. The following assertions are equivalents.

e group G 1s residually finite.

1) Th G i idually fini

(2) The topological group G, is Hausdorft.
(3) The canonical map n : G — G is injective.

Theorem 1.3.18. The profinite completion Gisa topological group with a fundamental
system U of open neighbourhoods U of the identity element such that each U € C and

G = lim G/U.
vecC

Corollary 1.3.19. The profinite completion G is residually finite. In particular, C is
a fundamental system of open neighbourhoods of the identity.

Proof. By the previous theorem there is a fundamental system U, then we have:

{lcSc(U=1{1}

Sec veu

Therefore, we have the result. n
Corollary 1.3.20. Every subgroup S € C is open and closed.

Proof. Let S be a finite index normal subgroup of G. By the Corollary 1.3.19, S is
open. However, G — S is a finite union of cosets of S which are open as well since G is
a topological group, hence G — S is open and we conclude that U is closed. [
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Lemma 1.3.21. Consider a group morphism f : Gi — Gy such that the groups G
and Gy are residually finite. Then there is a continuous extension of f to the profinite
completions of the groups, that is there is a commutative diagram

~

~

a1 .a, (1.28)

f

11— G2
such that f 1$ a continuous group morphism.
Proof. For every finite index subgroup S of GG, we have a monomorphism
G1/f1(S) — Ga/8S. (1.29)
In particular, f~1(9) is a finite index subgroup of G; and we have the isomorphism
C1/F1(8) = Ga/171(9). (1:30)

Define the group morphism fg as the composition of the top row in the next commu-
tative diagram

—_— Y

fs: Gi——— G/ (S) —— G /f1(S)— G,/S (1.31)
1 — jT;1 f jT;Q

By the universal property of the inverse limit and Proposition 1.3.17, taking the inverse
limit of diagram 1.31 with respect to the finite index subgroups S gives diagram 1.28
and the morphism f. It is clear that f is continuous since by construction, for every
finite index subgroup U of G5, we have

-~

FTHU) = fFHUNGY),
a finite index subgroup of @1. Then the result is proved. O
Theorem 1.3.22. The fundamental group of a surface is residually finite.

If the surface is non compact, then its fundamental group is free [28] with a countable

set of generators hence residually finite [7]. In the case the surface is compact, this was
proved in [20] and there is also a one page proof in [16].
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1.4 Riemann-Roch Theorem

In this section it is presented the Riemann-Roch Theorem and it will be used to show
that the space of holomorphic quadratic differentials of a closed Riemann surface of
genus ¢ is 3g — 3-dimensional. This result will be used in the following chapter.

Let X be a compact Riemann surface and let w be the holomorphic cotangent bundle
of ¥. If we have any nontrivial meromorphic section of a holomorphic line bundle over
Y., there can be only finitely many zeros and poles. Then we consider the divisor of the
section as the formal sum of the points where there are zeros minus the points where
there are poles (each point being weighted by the multiplicity of the zero or pole there
at). The degree f a divisor D = n1 Py + -+ + ng Py, n; € Z, P; € ¥, is defined as the
integer S% n,.

The degree of the divisor of any nontrivial meromorphic section of a holomorphic
line bundle over a compact Riemann surface ¥ is independent of which meromorphic
section is chosen. Since any holomorphic line bundle ¢ on ¥ always has nontrivial
meromorphic sections, we may associate with ¢ the degree of the divisor of any non-
trivial meromorphic section of . This integer is called the degree of ¢ and it is denoted
deg(¢p).

Denote by dim hol(y) the dimension of the vector space of holomorphic sections of
the holomorphic line bundle ¢ on 3. When ¥ is a compact surface, dim hol(y) is finite.
Notice that

deg(¢) < 0 implies that dim hol(¢) = 0. (1.32)

Because if there exists an holomorphic section f, then by definition f is a meromorphic
section. Since the definition of deg(y) is independent of the meromorphic section chosen,
we can consider the section f and we have deg(y) = 0.

A family ¢ = {¢;}, of holomorphic functions ¢j on z;(U;) for all coordinate neigh-
borhoods (Uj, z;) of a Riemann surface ¥ is called a holomorphic quadratic differential
on Y if it satisfies

2 _
or(zr) = @j 0 zjk(zk) - (z;k,(zk)) , on U; N Uy, where 2, = zj 0 2, .

A holomorphic quadratic differential will be denoted by ¢ = ¢(2)dz? and Ay(X) will
denote the complex vector space of all holomorphic quadratic differentials on Y. The
holomorphic quadratic differentials are holomorphic sections of the bundle w ® w.

Now, it will be used the Riemann-Roch Theorem to show that the dimension of
Ay(X,) the space of holomorphic quadratic differentials of a closed Riemann surface of
genus g, is 3g — 3 (g > 2).

Theorem 1.4.1 (Riemann-Roch). Let ¥, be a compact Riemann surface of genus g
and let ¢ be any holomorphic line bundle over ¥,. Then

dim hol(¢) — dim hol(w ® ¢~ ') = deg(p) — g + 1. (1.33)

Let X4 be a compact Riemann surface of genus g > 2 and consider the holomorphic
line bundle ¢ = w ® w, where w is the holomorphic cotangent bundle over ¥,. Since
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deg(w) = 29 — 2, deg(w ® p~ ') =2 — 2¢g < 0. By 1.32, we have dim hol(w ® =) = 0.
Using the Riemann-Roch Theorem we have

dim hol(p) =deg(p) —g+1=2(2g—1)—g+1=3g— 3.
Then we have the following result.

Proposition 1.4.2. The space of holomorphic quadratic differentials of a closed Rie-
mann surface of genus g, denoted by Ay(X,), is a complex vector space of dimension
3g — 3.



Chapter 2

Teichmuller Theory for Riemann
Surfaces

In this chapter different ways, in which the Teichmiiller space for Riemann surfaces has
been defined, are presented. This definitions coincide in the case of compact surfaces
of finite genus. In the next chapter, based on one of these Teichmiiller representations,
it is defined the Teichmiiller space for laminations.

2.1 Marked Riemann Surfaces

We can think the Teichmiiller space as a parametrization of all the complex structures
on a given surface and before giving a precise definition, let’s see an example. Let 31 be
a closed Riemann surface of genus 1. For any point p = (z(p), w(p)) on X, we define the
elliptic integral @ selecting a branch of the algebraic function w(z) = 1/2(z — 1)(z — \)
and a path from oo to z(p), and by setting

z(p) dz
(I) — )
®) /oo NECEDICEDY

The value of this elliptic integral ® is not determined uniquely. It depends on a path
joining ps, and p.

The values of ® along the simple closed curves A; and B; (see figure above) are
represented by

! dz A dz
m =2 and my, = 2 ,
/0 Vz(z=1)(z = A) /0 Va(z=1)(z = \)
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respectively. Setting
I'={mm +nmy | m,n €7},

then, we have that the function ®(p) has infinitely many values which differ from each
other by elements of I'. Every element of I' is called a period of ®. Since the periods
1, T satisfy Im(m;/me) > 0, they are linearly independent over the real number field R.
Also, every v = mm;+nmy € I' can be identified with a translation (z) = z+mm +nmy
of C. Then we say that two points z, 2’ € C are equivalent under I' if there exists an
element 7 € I' with 2’ = v(z). This equivalent relation defines a quotient space C/I"
and we have that ¥; is biholomorphic to C/T". Therefore each torus is represented by
a Riemann surface C/T" for a lattice group I'.

We may assume that the generators m; and my for I' are the canonical ones 1 and 7
with Im(7) > 0, respectively. Then, we consider a lattice group

I={y=m+n7r| mmnelZ}

where 7 € H. In this case, we will denote the surface C/T"; by 37 and we have the
following theorem. Its proof can be consulted in [17, Theorem 1.1].

Theorem 2.1.1. For any two points T and 7" in the upper half-plane H, two tori X7
and X7 are biholomorphically equivalent if and only if T and 7' satisfy the relation

, ar+b

ct +d

where a, b, c and d are integers with ad — bc = 1.

Considering the Theorem 2.1.1 we have a parametrization of complex structures
of tori up to biholomorphism given by H/PSL(2,Z) where PSL(2,7Z) is the modular
group defined by

az+b

PSL(2,Z):{7(2):Cz+d \ a,b,c,dEZandad—bc:l}.

This parametrization is the moduli space of tori, and it is denoted by M;. Then the
Teichmiiller space will be a universal covering of this space. In this case the Teichmiiller
space is identify with the upper half plane H.

Now, let Y, be a closed Riemann surface of genus g. Consider simple closed curves
Ay, By, ..., Ay, B, with base point p such that the fundamental group 7 (3, p) of X, with
base point p is generated by the homotopy classes [A4], [Bi], ..., [44], [By). Then S, =
{[A;],[B;] }5:1 is a canonical system of generators of m(3,, p) and we call it a marking on
4. We will say that two markings S, = {[A;], [Bj]}gzl and S, = {[A4], [B}]}Jg,zl on X,
are equivalents if there exists a continuous curve Cy on ¥, such that [A%] = T, ([4;])
and [Bj] = T¢,([By]) for j = 1,...,g, where Tg, is the isomorphism of 7 (%, p) to
m1(2,,p') sending any [C] to [Cy' - C - Cy]. Let S, and S, be markings on closed
Riemann surfaces ¥, and ¥ of genus g, respectively. Two pairs (%,5,) and (X', S,)
are said to be equivalent if there exists a biholomorphic mapping h : ¥ — Y’ such that
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the marking h,(S;) = {h.([A}], h*([Bﬂ))}?zl is equivalent to S, = {[4;], [Bj] =1 The
equivalence class of (3, 5,) is denoted by [X,S,] and called a marked closed Riemann
surface of genus g. Then, the Teichmiiller space T, of genus g is the set of all marked
closed Riemann surfaces of genus g.

2.2 Quasiconformal Teichmiiller

In this section it will be given a general representation of the Teichmiiller space using
quasiconformal maps and also, it will be defined the reduced Teichmiiller space.

Consider an arbitrary, not necessarily closed, Riemann surface . For every qua-
siconformal mapping f of ¥ onto another Riemann surface ¥/, consider a pair (3, f).
We say that two pairs (X', f1) and (X", fo) are equivalent if there is a conformal map
h: Y — %" such that fy,'oho f; : Y UJY — X UIY is homotopic to the identity by
a homotopy (via continuous mappings) that keeps every point of 9% fixed throughout.
Denote by [%, f] the equivalence class of (X, f). We call the set of all such equivalence
classes the quasiconformal Teichmiiller space of ¥ or simply Teichmiiller space of ¥
and denote it by T'(X). We will call to [X,id] the base point of T'(X), where id is the
identity on ..

Remark 2.2.1. The extension to the boundary of the quasiconformal mappings fi1 and
fa in this definition is well defined, see discussion after Theorem 1.1.24. The boundary
of a Riemann surface was defined in 1.2.11.

Now, we say that two pairs (X', f1) and (X", f) are weakly equivalent if there is a
conformal map h : ¥ — X" such that f, *oho f; : ¥ — ¥ is homotopic (via continuous
mappings) to the identity. Denote by [X, f] the equivalence class of (X, f). We call the
set of all such equivalence classes the reduced Teichmiiller space of ¥ and denote it by
T#(X). Analogously to the Teichmiiller space, we will call to [¥,4d] the base point of
T#(%).

Remark 2.2.2. Note that if ¥ = A/T is a hyperbolic surface with 9% = 0, then
T(X) = T#(X). That is to say, if L(T') = R, then T(X) = T#(%).

As it is mentioned in [21, Page 4], there is a substantial difference between the
two theories obtained by consider Teichmiiller space or reduced Teichmiiller space. For
instance, the Teichmiiller space of the unit disk in C is, in the non-reduced theory,
infinite-dimensional (and it is called the universal Teichmiiller space), whereas in the
reduced theory, this space is reduced to a point.

Since any orientation-preserving diffeomorphism with compact domain is quasicon-
formal, for any closed Riemann surface of genus g, it is enough to take the pairs (3, f)
where X} is a closed Riemann surface and f : ¥, — X is an orientation-preserving
diffeomorphism in the definitions above.

Let 3 the universal covering of . By the Uniformization Theorem 1.2.12 we can
suppose that S is @, C or the upper half plane H.
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Let f: X — ¥’ be a homeomorphism, by the Lifting Theorem 1.2.15, there exists a
homeomorphism f of ¥ to Y. We say that f is a quasiconformal map if the lifting f
is quasiconformal, here we say that a map f on Cis quasiconformal if it is a canonical
mapping of C compound with a Mobius transformation. This definition is independent
to the lifting and it coincides with the definition 1.2.16.

Now, we want to obtain the reduced Teichmiiller space of a surface depending on
its cover. First, we suppose that 3= C. Then ¥ = C and each quasiconformal map of
3} is homotopic to the identity id. Therefore, T#(@) consists of only one point.

Then, we suppose that & = C. In this case X is conformally equivalent to C, C— {0}
or a tori. If f: 3 — ¥ is a quasiconformal mapping between surfaces and ¥ = C or
Y. = C — {0}, then f(X) is conformally equivalent to C or C — {0}, respectively.
Moreover, each quasiconformal map of C is homotopic to the identity id. Therefore
T#(C) consists on only one point. Each quasiconformal map of C — {0} is homotopic
to the identity map or to the conformal map z — 1/z. Thus, T#(C — {0}) consists of
only one point. Finally, if ¥ is the tori, then we saw that 7(3;) is identified with the
upper half plane H. Since 9%, = ) we have T#(X,) = H.

Thus, from here on, it is assumed that S is the upper half plane. In this case we have
that the fundamental group of ¥ is abelian if and only if ¥ is conformally equivalent to
A, A—{0} or ring domains {z € C : 1 < |z| < r(< 00)}. Suppose that ¥ = A or X =
A —{0}. Then the image under a quasiconformal map is conformally equivalent to X.
Also, each quasiconformal map of ¥ is homotopic to id. Therefore, T'(3) consists of only
one point. Now, if ¥ = {z € C : 1 < z < r} then the image under a quasiconformal
map is conformally equivalent to another ring ¥’ = {z € C : 1 < |z| < '} and each
quasiconformal map of ¥ is homotopic to id or to the map z — s/z. Moreover, by
the reflection principle, we have that ring domains corresponding to different ' are not
conformally equivalent. Hence, T'(X) is identified with the open interval (1, 400).

Now, we suppose that ¥ is a Riemann surface which has no-abelian fundamental
group and its covering is conformally equivalent to the upper half plane H. The group
of deck transformations of >, I', will be called Fuchsian model. In this case I' is a
subgroup of Aut(H). By the Theorem 1.2.5, we can suppose that the Fuchsian model
is not abelian. Also, the set of fixed points of elements of I' — {id} contains at least
three points.

We can suppose that 0,1 and oo are fixed points of some element of I' — {id}. Let
f : H — H be a lifting of a quasiconformal map f : ¥ — >, which fix 0,1 and co. This
map is uniquely determined and it is the restriction of a quasiconformal map defined
on C. We will call to f the canonical lifting.

Remark 2.2.3. Notice that the Beltramsi differential of this map f satisfies 1.18.
Now, considering the Remark 2.2.3, we can define the following map:

©;:T — PSL(2,R)

Os(7)=foyof! yeT.
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This map is well defined because if we consider the Beltrami coefficient of ©, by
the properties of the coefficient Beltrami of a composition 1.5 and the Remark 2.2.3, we
have o, = 0, therefore ©; is an element in PSL(2,R). Let us see that © is injective:
If @f(fy) = id, then fo~o f~' =id, since f is bijective we have v = id. Now, let us
see that © is a homomorphism.

N ~

Oi(mom)=fo(nor)of 't =0xn) 6(r).

Then we have an isomorphism ©; of I' onto another Fuchsian group I'y and another
Riemann surface ¥’ = H/T';.

Notice that for any quasiconformal map f : H — H with Beltrami differential s
if ©4(I) is an automorphism group, then we have

N N

Oi(v)of=fon, veT.

Differentiating with respect to z, since v and © f(’y) are Mobius transformations, we
have:

~ ~ ~ ~ ~

(@f(’y)of)z :@f(Py)zof'fz_‘_@f(ﬁ)/)EOf'fz :@f<7)zof'fza

(fey).=frov- v+ frovT=f.0ov 7.

Analogously, differentiating with respect to z, we have:

(©;(7) 0 f): =0;(7)s0

S~
hagl
_l’_
©)
~
2
w0
@]
s
o
I
@
&H
2
N
O
—
I

(fov)z=feoy Tt feoy - yz=fz07 72
Therefore, for almost every z € H, we have:

@f(’y)zof Az:fzofy"yz

Oi(V)sof fr=fr0v 72
Taking the quotient between the two equations above, we obtain:
= (puroy)y:/v:, a.e.on H ~vel. (2.1)

Conversely, if (2.1) is satisfied, then ©;(I') is an automorphism group. That is to
say, © (1) is an automorphism group if and only if 2.1 is satisfied.

Lemma 2.2.4. Two points [¥, fi], [X", fo] € T#(X) satisfy X, fi] = [X", fo] in T#(X)
if and only if ©f = Oy, where f; is the canonical lift of f; for each j =1,2.
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Proof. First, we suppose that [/, f1] = [¥”, fa]. By definition of the equivalence rela-
tion, there exists a conformal map h : ¥/ — %" such that fyo f; ! is homotopic to h. By
composing with a conformal mapping, if it is necessary, we can assume that X/ = X"
and f; is homotopic to fo. Let {fi}1<i<2 a homotopy between f; and f,. Let fl the
canonical lift of f; with respect to I'. Then the homotopy {f:} has a unique continuous
lift {Ft} such that Fy, = f1 and {Ft} give a homotopy between fl and a lift £, of fa.
Fix v € I" and z € H arbitrarily. Then the following two paths have the same initial
point fi o (2):
{Fron(z) » 1<t <2},

{fiovofit (Fl2)) + 1<t<2}

and they also have the same projection on X', {f; : 1 <t < 2}. Therefore both
paths coincide with each other. In particular, the terminal point F2 o v(z) is equal to
f1ovf1(Fy(2)). Since z was arbitrarily, we conclude that Fy o~y o [} = 0, (7). Since

~v was chosen arbitrarily and 0,1 and oo are fixed by some element of I, then F, fixes
0,1 and co. Thus, F, coincides with the canonical lift of f, with respect to I' and hence
@f1 - @fz'

Now, we suppose that (9]51 = @f2 = ©. Then for every v € I', we have

fioy=00)of;, j=1.2

For every t € [0, 1] and every z € H, let g, be the geodesic (with respect to the Poincaré
metric) connecting fi and fo. We denote by f (z,t) the point which divides g, in the
ratio ¢ : (1 —t). Then {f; = f(z,t —1) : 1 <t < 2} is a homotopy between f; and f>.
Now, we have R R

froy=0(y)o fi, ye 't €[1,2].

Therefore every ft is projected to a continuous map f; of ¥ onto ¥’ = X" and we have
a homotopy between f; and f,. Hence [¥, fi] = [X, fa]. O

Remark 2.2.5. Two quasiconformal maps f; : R — S; (j = 1,2) satisfy O =06 if
and only if fi = fo on the limit set L(T") of T, see [17, Remark, page 123].

Now, it is defined the reduced Teichmiiller of a Fuchsian model as follow:

T#() = {©; : fis a canonical qc map of C such that ©4(I) is a Fuchsian group}.

Let me note that in the definition of 7% (T), it is considered qc mappings defined on
C, then ©; is not necessarily a Fuchsian group and it does not necessarily act properly

discontinuously on C.
Now, it is defined the Teichmiiller space of a Fuchsian group, for this it is considered
the following set:

C(T) ={w : w is a canonical gc map of C and ©4(T) is a Fuchsian group}.
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It will be said that two elements w;,ws € QC(I") are equivalent if w; = wy on R.
We denote by [w] the equivalence class of w. Let

T(T) =A{w] : weQCI)}.
T(T") is called the Teichmiiller space of T'.

Let me note that it can be defined the reduced Teichmiiller space in terms of QC(I")
defining that two elements wy,ws € QC(T) are equivalent if ©,5, = O,,. Then T#(T)
is the quotient of QC(I") by this equivalence relation. For this and the Remark 2.2.5,
we have that if two mappings determining the same point of 7'(I'), they determine
the same point of T#(I"). That is to say, the equivalence classes in T#(T") are larger
than in 7'(T"), thus in general, T#(I") has fewer elements. Moreover, if ¥ = H/T is a
closed Riemann surface, then it will be seen that T'(I") = T#(T"). To show this, the two
following results will be used, their proof can be consulted in [17, Subsection 2.4.3].

Lemma 2.2.6. Let {7,}32, be a sequence of Aut(H) which converges uniformly on
compact subsets of H to a holomorphic function f defined in H. Here f admits a
constant function with value oo. Then either one of the following holds:

(1) f is an element of Aut(H).

(2) f is a constant function ¢ with ¢ € R.

Lemma 2.2.7. Let I' be a Fuchsian model of a closed Riemann surface of genus g > 2.
For an arbitrary point ¢ € R, there exists a sequence {7,}°2, of I such that {v,(z0)}5>,
converges to ¢ for any point zy € H.

Proposition 2.2.8. Let X be a compact Riemann sprfacg. Two quasiconformal maps
fi X — 55 (j=1,2) satisfy ©; = Oy, if and only if f; = f, on R.

Proof. Suppose that fi = f, on R. Then for every v € T, O () = ©4,(y) on R.
Since O (v) and O, () are Mdbius transformations and they coincide on more than
two points, by Remark 1.2.7, we have (9};1 = @f2 for every v € I, that is to say,
@ﬁ =0 I Conversely, suppose that @fl =0 P = O. Let zy be a fixed point in H.
By the Lemma 2.2.7, for every ( € R there exists a sequence {7,}>2, of I' such that
{7n(20)}22, converges to (. Moreover, by the Lemma 2.2.6, such a sequence converges
locally uniformly on H to a constant function (. Since

f’ °Vn(20) = O(Mm) © fj(zo),

) = faomo fs ' (f2(20)) and taking the limit when n — oo,

Wehaweflo%of1 (f( %) t
) = f2(¢). Since ¢ was arbitrarily, we have f; = fo on R. ]

we conclude that fi(¢

By definition of the Teichmiiller space and the reduced Teichmiiller space, the Propo-
sition 2.2.8 implies that T'(T") = T#(T) for compact surfaces. Now, we want to see the
relation of this Teichmiiller spaces with the quasiconformal Teichmiiller spaces defined
in last section.
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Remark 2.2.9. By Lemma 2.2.6, the limit set L(I") of a Fuchsian group T, is the set
of all accumulation points of the set {y(z) | v € I'} for any zo € A. Since L(T') is a
closed set and by Lemma 2.2.7, if ¥ = A/T' is a compact surface, then L(I') = R.

Proposition 2.2.10. Let I' be a Fuchsian model of a Riemann surface >. Then the
reduced Teichmiiller space T7%(X) of X is identified with 7% (T").

Proof. Consider the map 7 : T#(%) — T#(T) defined by
>, fl— 6. (2.2)

By the Lemma 2.2.4, this map is well defined and it is injective. For every quasicon-
formal map f of C such that © f(F) = fI'f~! is a Fuchsian group, consider the group

I = @f(F). Then f can be projected to a quasiconformal map f of ¥ = H/T onto

> = H/Ty. Therefore each quasiconformal map f determines a point [¥, f] € T#(3),
that is to say, the map (2.2) is surjective. O

Corollary 2.2.11. If X is a compact surface, then T(X) = T#(X) = T#(I') = T(T).

Proof. By the Lemma 2.2.8, if 3 is a compact Riemann surface, then two maps deter-
mine the same point in 7#(T") if and only if they determine the same point in T'(T).
Therefore, if ¥ is compact, T#(X) is identified with 7'(T"). Also, by Remarks 2.2.9 and
2.2.2, if ¥ is compact, T'(X) = T#(X). By 2.2.10, we have the result. O

2.3 Completeness of Teichmiiller Spaces

In this section it is considered a compact Riemann surface > of genus g > 2, then it
will not be distinguish between Teichmiiller space and reduced Teichmiiller space. Let
p1 = [, f1] and py = [¥', fo] be points in T'(X). Let Fy, s, be the set of quasiconformal
maps of ¥ onto X which are homotopic to f, o f;'. Define

d(p1,p2) = inf logK(g), K(g)=inf{K]gisa K-qc map}. (2.3)
9EF ), fo

We call to d the Teichmiiller distance on T'(3). Let’s see that this function is inde-
pendent of the choice of representatives at p; and py. Suppose that [, f1] = [27, f1],
then fl o f’ )~ tis homotopic to a conformal mapping h. Let g a quasiconformal map-
ping homotopic to fQO( fl) with complex dilatation K'(g), then goh is a quasiconformal
map homotopic to fo o (f/;)~! with complex dilatation K(go h) = K(g).

Now, we will see that d is a metric. If p; = po, then by definition of infimum there
exists a sequence {g,}, in Fp, s, such that log K(g,) — 0, that is to say K(g,) — 1
when n — oco. Let g, the canonical lift of g, with respect to ©; (T') for each n. Since
g, — 0, by Proposition 1.1.26, gn converges to id locally umform on H. On the other

hand, since g,, € Fy, 1,, then fyo fi' =~ g,. Therefore [¥/, fy 0 fl 'l = [¥, §,] and by
Lemma 2.2.4, we have ®f oot () = 64,(7), v € I', n € N. Taking the limit when
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n — 0o, we have @f o (7) =, v € I'. This implies that [, fi] = [¥, f2], that is to

say p1 = pa. If p1 = po, the K(g) =1 for every g € Fy, y, and thus d(p;, p2) = 0. Since
K(g) = K(g7!) for every quasiconformal map g, then d is symmetric. The triangle
inequality follows from K (g1 0 g2) < K(g1) - K(g2)-

Theorem 2.3.1. The Teichmiiller space T(X) is complete with respect to the Te-
tchmiiller distance.

Proof. Let {p, = [¥", fu]}n be a Cauchy sequence in T'(¥) with respect to the Te-
ichmiiller distance. By definition of d, for every ¢ > 0 we can find a sufficiently large
N, such that for every n,m > N, there exists a quasiconformal map f,, ,, homotopic to
fm o fi! and such that |[fnm|| < €, where i, m = iy, .. In particular, we can find a
subsequence {py, }; and a sequence { f,; ,,,} of quasiconformal maps such that:

gy lloo <271, 5 =1,2,3,....

Then, let py the base point in T'(X). Since {d(po, pn)}n is a bounded sequence, we can
suppose that K(f,) < K for every n € N with K sufficiently large. Since

1 . . 4\ 1
1+§§(1+4-2 (-2 J):1+(3—2—])5,

we have ,
14277
(fny ”J-H) S 1—92-7

< 144-27, 5>1.

Then g; = fu, 1n,; © fr;_om;—1 ©** © fryny © fny 18 @ quasiconformal map of ¥ onto ¥™.
. . . ~ 1 . .
Also it is homotopic to f,;, because fn, | n; = fn, © fnk1 and it satisfies

j—1
K(‘gj)SK(f”J*h”J)K(f?n)SK (1+42_])

j=1

Therefore {K(g;)}; is a bounded sequence. Denote by K; the supreme of {K(g;,)};.

Let g; the canonical left of g; with respect to I' for each j. Then pu; := ugy, belongs to

Bel(Y) and [|ft|oo < k1 = 1+? <1, because (K; +1)(K; —1) > (K; — 1)(K; +1).
Also, we have

Hj+1 — Ky

1 — Tt - H’U“njvanrlHoo <27

1
3 15 — pjall o <

for every j € N. In particular, {u;}; is a Cauchy sequence in Bel(X). Therefore
p = lim;_, pt; there exists in Bel(X) and satisfies |||l < k1. Let f be the canonical

map j- quasiconformal of H. Then f € QC(T). Let p = [¥/, p] be the point determined
by ©;. Since

tanh

pnj,p H =
L —=Hjpll

then p,, — p. Since the limit of a Cauchy sequence is unique, p, — p. Hence, T'(X) is
a complete metric space. ]

Ly =l
1—(k1)2 ,LL] ﬂoo,
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Now, it will be seen that the Teichmiiller space is independent of the base point.
Let [, f1] € T'(X) be a arbitrary point. Define

AL(Z" ) = 2", fo fi'), [27, fl € T(D),

then we have a mapping of 7'(3) onto T'(X') with base point [¥,id] and we have the
following result.

Proposition 2.3.2. The map [fi]. : T(X) — T(¥') is an isometric homeomorphism
with respect to the Teichmiiller distance. In particular 7'(X) is homeomorphic to T'(3').

Proof. Since [f; '], : T(X') — T(X) gives the inverse map, then [f1], is a bijection.
Now, for any two points p = [¥", f] and ¢ = [£™, g] in T'(X), the set F; , coincides with
Ffoffl,goffla because fog™ = (fo fi)o(fiog™)=(fofi')o(go fi')"". Then

d(p,q) = d([Z", fo fi ], [E™, g0 fi]).

Therefore [f1], is an isometry. O

2.4 T(X,) as a Holomorphic Quadratic Differential
Space

In this section, it will be identified the Teichmiiller space with a quadratic differential
space. Consider k£ € R such that 0 < k < 1 and ¢ € Ay(X) — {0}. It will be said that a
quasiconformal mapping f is a formal Teichmiller mapping of ¥ for the pair (k, ¢) if
the Beltrami differential pf of f is equal to k%/|p|. It is considered that the conformal
mappings are formal Teichmiiller mapping corresponding to the case k = 0 or ¢ = 0.

Denote by Ay(X); the unit ball of holomorphic quadratic differential space, that is
to say,

A = {p € A2(2) | [llh < 1},

where ¢ = ¢(2)d22, ([l = 2 [y (=) ldady.

Consider ¢ € Ay(X) and suppose that k = ||¢||;. Then we simply will call to a
formal Teichmiiller mapping of the pair (k, ¢) a Teichmiiller mapping for .

Now, let ¥, be a closed Riemann surface of genus g > 2 with Fuchsian model I'.
Then for every ¢ € A2(X) we have ||¢|[1 < co and A3(X) is a complex Banach space of
dimension 3g — 3, see 1.4.2.

Define

T A(X) — T(2)

T(SD) = [ZlafL RS A2<Eg)1

where f: ¥, = ¥ = f(X,) is a Teichmiiller mapping for ¢ # 0 and f = id for ¢ = 0.
Now, we want to show the following result:
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Theorem 2.4.1. The mapping T is a surjective homeomorphism. In particular, T'(3,)
is homeomorphic to R%76,

For the proof we will show the followings lemmas and we will use the Theorem 2.4.2,
whose proof can be consulted in [17, Section 5.3].

Theorem 2.4.2. Let f be a Teichmiiller mapping for an element p € Ay(X,)1 and let
T () =%, f]. Then every quasiconformal mapping fi of ¥, to X' which is homotopic
to f satisfies

g lloo = Ml lloo-

Moreover, the equality holds if and only if f1 = f.
Lemma 2.4.3. The mapping T is injective.

Proof. Suppose the T (1) = T (p2) with @1, s € As(X,);. Consider f; the Teichmiiller
mappings for p; and T (p;) = [¥7, f;] for every j. Then there exists a conformal map
h:¥' — ¥2 such that ho f; ~ f,. By the Theorem 2.4.2, we have:

i lloo = Mlnos [loo = [l1ps oo

Analogously, h™! o f, ~ fi, then we have:

lipalloo = lin-10plls0 = [t lloo-

By the Theorem 2.4.2, we obtain that h o f; = f, and therefore piy, = py,.

If o1 =0, 2 = 0. If o1 # 0, then [[p1][1 = [[2|[1 and @1/[e1] = w2/[p1| ace.
on R. Therefore py/¢; is positive a.e. on R. Since /1 is a meromorphic function,
it must be constant. Then there exists a positive constant C' with ¢; = Cp,, since
lle1]l1 = ||@2]|2, we conclude that C' = 1, that is to say, @1 = ps. O

It can be shown that for a point [¥, S] in T}, the Fuchsian model I" has a canonical
system of generators {cy;, 5;}_;. This canonical system is written uniquely in the form

a;jz+b;
J J
o = ot d’ CLj,bj,Cj GR, Cj > 0, &jdj—bjCj =1,
J J
' /
aiz+ U
o _J J Il / [ A NV
B = T d a;,b;,¢; €R, ¢; >0, ayd; — by =1,
J J

for each j = 1,2,...,g — 1. Now, we define the Fricke coordinates .,7-:9 : Ty, — R%6 by

~

Fo([%,5]) = (a1, cr1,dr, ay, ¢y, dy, o ag1, cqor, dg vy a5 ¢y g, dy o).

The image F, = }’Z(Tg) is called the Fricke space of closed Riemann surfaces of genus
g.

Lemma 2.4.4. The mapping T is a homeomorphism onto its image.
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For the proof of Lemma 2.4.4, we will use that there exists a continuous bijection F,

between T'(3,) and the Fricke space F}, see [17, Lemmas 5.6 and 5.8] and T = FygoT
is a continuous map, [17, Lemma 5.7].

Proof. First, we are going to show that 7 is continuous. Let ¢ € Ay(3,); and p =
T () = [¥', f1] Consider the translation [f1]. : T'(X,) — T'(X') of the base point, which
maps p to [¥', Id]. Then [fi], is a surjective isometry. Define

Ti: Ay(X) — T(X') such that ¢ — [X", f]
and consider 7~'1 =F,o0 [fil; o T Ax(X)) — F,, then we have
T(p) = Fylp) = Fyo [A] (¥, 1d)) = Fy 0[] o Ti(0) = Ti(0).

Therefore (1)1 o T = (T1) o [fils o T : Ax(X); — Ay(X'); is well defined in a
neighborhood of ¢ and it is a homeomorphism onto its image. Hence, T is continuous
at ¢ if and only if 77 is continuous at the origin. Let {¢,}, be a sequence in Ay(3);
such that ||¢,|[1 — 0. Since the maximal dilatation of Teichmiiller mapping for ), is
equal to (1 + [|tn|]1)/(1 = ||1n]]1) for each n, we have:

ATi(0). Ti(wn)) < log 1 = .

Then, 77(0) is continuous at the origin. Since ¢ was arbitrarily, 7 is continuous. O]
Lemma 2.4.5. The mapping T is surjective.

Proof. Since T is injective and F is bijective, then T is injective, also it is continuous.
Since Ay(3,); is homeomorphic to R%~5 then by the Invariance of domain Theorem
we have that 7T (A2(X,)1) is an open set.

~

Consider E = T (A3(X,)1) = (F,) (T (A2(Xy)1)), since T(3,) is a connected space
(see [17, Lemma 5.12]) to show the surjectivity of T it is enough to show that OF = {).
Suppose that OF # () and let [¥, f] be a point in JF. Then there exists a sequence
{¢n}n in As(X,) such that T (p,) — [¥', f] and ||¢n|]1 = 1. Let f,, be a Teichmiiller
mapping for ¢,, and T (¢,) = [£", f»]. By the hypotheses, there exists a quasiconformal
mapping h, : X" — Y’ which is homotopic to f o f. ! for every n and such that
||tth, [lo — 0. In particular, for some k& < 1 we have ||y, || < k, where g, = h;* o f.
On the other hand, since g, is homotopic to f,, by the Theorem 2.4.2, we obtain

| tgnlloo = HHgalloo = llnlloe — 1.
This is a contradiction, therefore OF = (). O

The following theorem is a corollary of the Lemma 2.4.5.

Theorem 2.4.6. For every quasiconformal mapping f : ¥, — ' there exists a Te-
ichmailler mapping homotopic to f.

Since we are considering Riemann surfaces of genus g > 2, we have the following
result.

Corollary 2.4.7. The spaces T# (%), T(X), T#(T), T(T), F,, R%% are mutually
homeomorphic to each other.
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2.5 T(X,) as a Derivative Space

In this section it will be considered a closed Riemann surface of genus g. Set 1 € Bel(%,)
then by the Proposition 1.1.25 there exists a canonical quasiconformal mapping w* of
A. Now, we define:

u(z) if z€eA
0 if zeC—-A.

By Theorem 1.1.24, for g there exists a quasiconformal mapping on C which will be
denoted by w,.

Remark 2.5.1. Note that w,, is holomorphic on the outer of the unit disc, A*.

Lemma 2.5.2. Let pu,v be elements of Bel(¥X,), then the following statements are
equivalent:

(1) w' =w" on S*.
(2) w, =w, on A*.

Proof. First, we suppose that w* = w” on R, then we have a homeomorphism f : C—C
defined by:

(w) L ow”(2) if zeA

f(z) =
z if ze€A*USL

Since (w")™! o w” is a quasiconformal mapping on C, then it is ACL on C and
the identity function is ACL too. Therefore f is a ACL function on C. By the
Observation 1.1.3 and since the composition of quasiconformal maps is quasiconformal,
we have that the function f is a quasiconformal map. Hence, by the Observation
2.5.1 and since w, and w, coincide with w* and w" respectively on A, we have that
g :=wyo fo(w,) ! is a conformal mapping on C. Namely, g is a Mobius transformation
and since g fixes 0,1, 00 then g is the identity function. We conclude that w, = w,
on A* because f is the identity on A*. Conversely, if w, = w, on A*, then w, = w,
on A* U St because w, and w, are continuous and the codomain is Hausdorff, then
the set where they coincide is closed. Therefore, we obtain a quasiconformal mapping
h=wto (w,) ow,o(w’) ™ : A — A. The mapping h is conformal on C and since it
fixes 0,1, 00, h has to be the identity function on C. Thus w” = w* o (u,) ' ow, = w*
on R. O]

Now, we can define that w, and w, are equivalent, with p,v € Bel(X,), if w, =
w, on A*. Let Ts(I") be the set of equivalence classes and let

B Bel(S,) — Ts(T) (2.4)
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the projection map. By the Lemma 2.5.2, we can identify T'(I") with T(I).

Note that analogously to the case of closed hyperbolic surfaces, for every hyperbolic
surface without boundary, we can define the Teichmiiller space as follow: we say that
p and v in Bel(X) are equivalent, if w* = w” on S'. The quotient space

T(2) = Bel(X)/ ~ (2.5)

with this equivalence relation is called Ahlfors-Bers model of the Teichmiiller space of
the surface X. By Remark 2.2.2, it coincides with the reduced Teichmiiller space.

Now, we associate a derivative to each conformal map. Let f be a conformal mapping
on C, then its Schwarzian derivative is given by

") 3 ()Y
=353 () 20

Lemma 2.5.3. If f and g are conformal maps of D and f(D), respectively, then
{gof,2} ={9. f(2)} - f'(2)* +{f.2}, =€ D.

Moreover, a conformal map of D is a Mébius transformation if and only if {f,z} =0
on D.

Proof. By a direct calculation we have:

(g0 f)(z) =3 (f(2)) - ['(2),

(g0 f)"(2) = g"(f(2)) - f'(2)* + ¢'(f(2)) - ["(2),

(g0 f)"(2) =g"(f(2) f'(2)* + 3 g"(f(2)) - f'(2) - ["(2) + ' (f(2)) - [ (2).

Then we have
(9o f)"(z) 3 (( go f)'(z ))
(9o f)(z) 2 \(gof)(z)
g/// g//(f(z) 2 2 f’”(Z) _§ f”(z) 2
( <¢U@»))'”)'*f@> (7o)
={9. f(z } f()+{f,z}
Therefore {go f,z} = {g, f(2)} - f'(2)* +{f, 2}

Let v be a Mobius transformation. Then it is of the form:

. b
V(Z)IZ-jj-—d with a,b,¢,d € C and ad—bc=1.

Taking the derivative, we have:

1 —2c

V(z) = cz1d? and 7"(z) = C2tdp

" ” 2
Then, we obtain 7«/((;)) —3 <77,((ZZ))> = 0 and therefore {v, z} = 0.
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Now, suppose that f is a conformal mapping such that {f, z} = 0. Note that

(f,2) = (oa(7'(2))" ~  {(log f'(2))')*.

Then we have the differential equation 3" — %(y' )2 where y = log f’(z). Solving this
equation we have that f is of the form %, with C' and C; constants, that is to say,

f is a Mobius transformation. n

For every p € Bel(%,), we consider

ou(2) ={w,, 2}, 2z € A"

Proposition 2.5.4. If v € I', then

0u(1(2)) 7' (2)* = pu(2), z € A%

That is to say, ¢, is regarded as a holomorphic quadratic differential on a Riemann
surface A*/I". Moreover, for any two elements p, v € Bel(¥,), [w,] = [w,] in Tp(I") if
and only if ¢, = ¢, on A*.

Proof. Let v be an element of I'. Since u € Bel(3,), then v, = w,0v0(w,)"! is Mobius
transformation. Taking the Schwarzian derivative on both sides of w, oy = v, 0w, and
considering the Lemma 2.5.3 we obtain:

{wuoy 2} ={wu,v(2)} 7' (2)* + {7, 2} = {wuwv(2)} -7 (2)%,
{’Yu O Wy, 2} = {’Yw wu<z)} : w;(2)2 + {w/u 2} = {wm z}.
Therefore, {w,,v(2)} -/ (2)* = {w,, 2} on A*. Since ¢, (z) = {w,, z}, we have

Pu(1(2)) - 7'(2)* = pu(2).

If [w,] = [w,] in T(T"), then by definition of the equivalence relation we have
w, = w, on A*. This implies that ¢, = ¢, on A*. Now, suppose that ¢, = ¢, on A*.
Consider the map F' : w,(A*) — w,(A*) defined by F = w, o (w,)~*. F is a conformal

map because w,, is a conformal map on A* and thus w;l so is. By Lemma 2.5.3, we
have:

pu(2) = {F 0wy, 2} = {Fw,(2)} - w,(2)" + @u(2), on A™.

By the hypotheses, we conclude that {F,z} = 0 on w,(A*). Again, by the Lemma
2.5.3, F' is a Mobius transformation. Since F' fixes 0, 1, 00, I is the identity. Therefore
w, = w, on A* that is to say, [w,] = [w,] in Ts(T). O

An holomorphic automorphic form of weight —4 on A* with respect to I is a holo-
morphic function ¢ on A* such that

p(Y())V(2)" = p(2), z€ A",y €T (2.7)
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The space of all holomorphic automorphic forms will be denoted by Ay(A* T") and it
is identified with A5(A*/T"). By Riemann-Roch Theorem 1.4.1, A3(A*,T') is a (3g — 3)-
dimensional complex vector space.

Now, we define the following map:

B : Ts(I') — As(A*T)
(W] — @,

where ¢, is the Schwarzian derivative. By the Proposition 2.5.4, the map B is well
defined and is injective. It is called Bers’ embedding. The map ® : Bel(X,) — A(A*,T)
defined by ® (i) = B o B(u) is called Bers’ projection.

It can be show that B and ® are continuous maps, (see [17, Proposition 6.5]). Then,
we have the following Remark.

Remark 2.5.5. Notice that the Teichmiiller space of a Riemann surface ¥, can be
defined as the set

{@u | 1€ Bel(%,)}.

Now, we define a metric in Ay(A*,T") as follow. Consider the Poincaré metric on A*
given by
ds® = \(2)*|dz]?, (2.8)

where A\(z) = \zlé‘ir This metric is invariant under transformation in PSL(2,R),
that is to say,

Ay(2)* - Y (2)F = M=), 2z €A
By 2.7, we have
[V (2)Fle(v(2))] = lo(2)]
and by the invariance of ds* under PSL(2,R), we have

A e ()] = (M=2)*) e ()]

Therefore (A(2)?)7!p(z)| can be consider as a function on ¥* = A*/T". Then, the
Lo-norm in Ay(A*, T') is defined by

lellee = sup (A(2)*) " lo(2)].

ZEA*

Since we are considering closed Riemann surfaces, we can take the supremum over
only a relatively compact fundamental domain, then ||| is finite for every ¢ €
Ay(A*T), and therefore A;(A* T') is a complex Banach space. Also, we have the
following theorem, (its proof can be consulted in [17, Theorem 6.6]).

Theorem 2.5.6. The Teichmiiller space Tg(T") is contained in the open ball in As(A*,T")
with center 0 and radius 3/2.
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Now, we want to associate a measurable function p, satisfying (1.18) to each ¢ €
Ao(A*,T). For this, consider ¢ an element of Ay(A* T") and define ¢ € A5(A,T") as

V(2) = (p(z71)) 7, for all z € A.

Consider the Poincaré metric A\(1/z)?|dz|* with z € A, then
D(2)dz?)ds? = N7 V) 2p(z 1Y) dz/dz

is a Beltrami differential on A /T because, by the invariance of the Poincaré metric we
have

V()2 ds* = N E )Y (G dz/dz,
and by the condition 2.7, we obtain

w22 fds? = Ay el e L %
,Y/<z—1) A

Then, we define p,(z) = /\(')/(2*1))|7’(2*1)|2<,0(2—1)71d2/dz. This Beltrami differen-
tial is called a harmonic Beltrami differential. Set V' = {¢ € Ay(A*,T) | ||¢]le < 1/2},
then ., with ¢ € V belongs to Bel(X).

Now, we can define a continuous mapping ¥ : V' — T(I') by ¥(p) = [wy,]. Then
we have the Ahlfors and Weill Theorem (see [17, Theorem 6.9]).

Theorem 2.5.7. For any element ¢ € Ay(A*, ) with ||¢|l < 1/2, the harmonic
Beltrami differential p, constructed from ¢ satisfies B([w,,]) = ¢.

Corollary 2.5.8. For any ¢ € V, there exists u € Bel(3,) such that w,, is real-analytic
on A and B~ () = [w,].

Moreover, each point [¥', f] of the Teichmiiller space T(X,) of ¥, = A/I is repre-
sented by a real-analytic quasiconformal mapping g of X onto .

By the Theorem 2.5.7, we have that the Teichmiiller space of a compact surface
Y, = A/I' can be identified with the open ball in A;(A*,T") with center 0 and radius
3/2. That is to say, the Teichmiiller space of a Riemann surface of genus ¢ is a 3g — 3-
dimensional complete space.

2.6 Fenchel-Nielsen Coordinates

Let’s fix a Riemann surface X. It will be said that X is of (topological) finite type if its
fundamental group is finitely generated. Otherwise the surface is said of infinite type
and in this case its fundamental group is free with a countable number of generators.

Remark 2.6.1. A surface of finite type need not be of finite conformal type (see defini-
tion 1.2.2); for instance, the open unit disk is of (topological) finite type, but it is not a
surface of finite conformal type. A surface of infinite type is also of infinite conformal
type.
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A pair of pants is a surface whose interior is homeomorphic to a sphere with three
distinct points deleted and whose boundary is a (possibly empty) disjoint union of
circles, (see figure 2.1).

Figure 2.1: Examples of pair of pants.

Remark 2.6.2. In the definition of pair of pants, the boundary is considered in the
topological sense. We call pair of pants without boundary to a pair of pants such that it
does not intersect to its topological boundary.

Let ¥ be a Riemann surface without boundary. A (topological) pair of pants de-
composition of 3 is a family of pairwise disjoint simple closed curves C = {C;};cs in X,
such that

e X\ |J C; is a disjoint union of pairs of pants without boundary:;
1€l

e it is possible to find a family of pairwise disjoint tubular neighborhoods of these
curves C; in 2.

Example 1. Consider the closed Riemann surface 5 of genus 2. Then two pair of
pants decomposition of ¥ had been represented in Figure 2.2. Thus the pair of pants
decomposition is not unique.

Figure 2.2: Example of a pair of pants decomposition of the surface .

Definition 2.6.3. A generalized hyperbolic pair of pants is a hyperbolic sphere with
three geometric holes, where a geometric hole is either a geodesic boundary component
or a puncture whose neighborhood is a cusp.

The different generalized hyperbolic pair of pants had been represented in Figure 2.3.
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Figure 2.3: Representation of generalized hyperbolic pair of pants.

We call a decomposition of a hyperbolic surface into generalized hyperbolic pair of
pants glued along their boundary components a geometric pair of pants decomposition.

Given a geometric pair of pants decomposition of a hyperbolic surface ¥ consider
the boundary components simple closed geodesics

G={v|icA}

of the respective pair of pants. We will identify a geometric pair of pants decomposition
with the family of curves G. Every geodesic ; has associates two parameters. These
are length [; and twist 6; coordinates respectively in R and R, and we define them as
follow.

Let Hy be a hyperbolic structure on ¥, the length parameter of each v; € G is the
length of the geodesic 7; with respect to the hyperbolic structure Hy and it is denoted
by I(7;). If 74; is not a boundary curve of ¥, the twist parameter of 7; is defined as
the relative twist amount along the geodesic between the two generalized pairs of pants
that have this geodesic in common and it is denoted by 6(~;).

The collection of these coordinates (I(7;),0(7;))ieg, Will be called Fenchel-Nielsen
coordinates of the geometric decomposition G. Also, if Hy and H|, are given hyperbolic
structures we say that they are Fenchel-Nielsen equivalent relative to the pair of pants
decomposition G if their Fenchel-Nielsen parameters are equal.

The Fenchel-Nielsen distance with respect to G between two hyperbolic metrics H
and H| is defined by:

lHo (72)
lH(’) (7:)

If v; is in the homotopy class of a boundary component of ¥, then there is not twist
parameter to be considered. Also, the distance dpy depends on the geometric pair of
pants decomposition G.

A homeomorphism f : (X, Hy) — (3, H}) that is isotopic to the identity is Fenchel-
Nielsen bounded if dpn(Hy, H) is finite.

Now, consider a Riemann surface ¥. We fix a hyperbolic structure Hy on ¥ and
let C be a (topological) pair of pants decomposition on ¥. Let G be a geometric pair
of pants decomposition isotopic to C. Consider the collection of marked hyperbolic
structures (f, H) relative to Hy, with the property that the marking f : Hy — H is
Fenchel-Nielsen bounded with respect G.

drn(Ho, Hy) = sup max ( log

i=1,2,...

, !lHo (7i)Oro (Vi) — ZH(’)(%)QH() (%)|> .
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We say that two hyperbolic structures (f, H) and (f’, H') are equivalent if there

exists an isometry f”: H — H' which is homotopic to f’ o f~1.

Definition 2.6.4. Let ¥ be a Riemann surface and let C be a (topological) pair of
pants decomposition on Y. Let G be a geometric pair of pants decomposition isotopic
to C. The Fenchel-Nielsen Teichmaller space with respect to C and Hy, denoted by
Tren(Hp, C), is the space of equivalence classes [f, H] of Fenchel-Nielsen bounded marked
hyperbolic structures (f, H), where f : Hy — H is Fenchel-Nielsen bounded with
respect G.

The function dpy is a distance function on Try(Hy) and the base point in Tpy(Hp) is
[Zdv HO] :
The map defined as follow

Ten(Ho,C) = 1o(C),  [f, H] — (log1(7), 1(7)0(7)),eq (2.9)
defines a isometric homeomorphism.

Definition 2.6.5. Consider a surface ¥ with hyperbolic structure Hy and pair of pants
decomposition C = {C;| ¢ € A}. The hyperbolic structure Hy is upper-bounded with
respect to C if there is a constant M such that length(~;)< M for i € A, where ~; is the
simple closed geodesic freely homotopic to Cj.

The proof of the following theorem can be consulted in [6, Theorem 8.10].

Theorem 2.6.6. Let Hy be a complete hyperbolic structure on Y, and suppose that H
15 upper-bounded with respect to some pair of pants decomposition C. Then, the natural
map

j : T#(E) - %N(HO’C>7 [Zlvf] — (lz(fa H)vez(fa H))iEA (210)

is a locally bi-Lipschitz homeomorphism. (Here H in the image is the hyperbolic struc-
ture of ¥').

Remark 2.6.7. If X is a hyperbolic surface without boundary, then the Theorem 2.6.6,
gives us a locally bi-Lipschitz homeomorphism between the quasiconformal Teichmailler
space T(X) and the Fenchel Nielsen Teichmiiller space.

Corollary 2.6.8. Consider a complete hyperbolic surface 3 without boundary and sup-
pose that it is upper-bounded with respect to some pair of pants decomposition G. Then,
there is a locally bi-Lipschitz homeomorphism

FNg : T(2) = 1(G).

Let us show the construction of the mapping in the Corollary 2.6.8. Let [u] be a
point in 7'(X). Considering the Beltrami equation for y, by the Ahlfors- Bers Theorem,
there is a unique quasiconformal homeomorphism f#* of the disc whose continuous
quasisymmetric extension to the boundary fixes the points 1,7, —1.
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Consider the Fuchsian model of the hyperbolic surface ¥ by the Fuchsian group
I' <Mo6b(A), that is
S=A/T. (2.11)

Define the group
Ly = O(l) = {foyo(f) v e}
The group I', is a Fuchsian group and defines a hyperbolic surface
Xy = AfTp-

Consider the geometric pair of pants decomposition Gy, isotopic to C whose geodesic
are with respect to the hyperbolic structure of Xj,. The sequence of length and twist
coordinates of G, gives a sequence in [(C) via 2.9.
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Chapter 3

Teichmuller Theory for Laminations

In this chapter it is considered the Teichumiiller space of a lamination. As it was men-
tioned at the introduction, in recent works, specific laminations have been considered
and they have been explicitly described as function spaces. Then, it is wanted to ex-
tend the description of the Teichmiiller space of more general laminations as a function
space.

In [30] Sullivan defined the Teichmiiller space of a Riemann surface lamination,
denoted by T'(L), as the space of all transversally continuous conformal structures along
the space of leaves up to the action of the group of quasiconformal isotopies tangent to
the leaves.

Sullivan also considered the set of those objects which are continuous and locally
constant in the transverse direction and he denoted it by Trrc(L), (see [30]). Taking
this definition into account I want to give a mathematically tractable definition of
the space Trrc(L). Then, in the first section of this chapter it is defined an Ahlfors-
Bers model to the space Trpc(L), in the second section it is compared the lamination
that is being considered with the universal solenoid and in the following sections some
constructions are done to give an explicit description of this space for a special class of
hyperbolic surface laminations.

Throughout this chapter it is considered a complete hyperbolic surface without
boundary ¥ and L a minimal lamination fibering over ¥ with Hausdorff compact fiber
F. Also it will be considered the right holonomy action on the fiber

Hol : G — Homeo(F)?, G =m (). (3.1)

Remark 3.0.1. It will be considered some results in [6] and this work is in the context
of reduced Teichmiiller spaces. Since our surfaces do not have boundary by hypothesis,
the reduced and non reduced Teichmuller spaces coincide and no distinction is made
(see Remark 2.2.2).

3.1 Ahlfors-Bers Model for Laminations

As in the case of surfaces, it is wanted to define a Ahlfors-Bers model to a lamination,
then it is given the following definition of Beltrami differentials on the lamination.
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Definition 3.1.1. A Beltrami differential on the lamination L is a continuous function
p: F— Bel(A)

invariant under the diagonal action 1.22, that is to say, for every k in the fiber F' and
every ¢ in the group G we have the equivariance

ly(u(k)) = p(k - g). (3.2)

The space of Beltrami differentials on the lamination will be denoted by Bel(L) and
we have by definition
Bel(L) = C(F, Bel(A))eq(c)- (3.3)
Given a Beltrami differential u, by definition, u(k) is a Beltrami differential on
the disc for every k& € F. Then by the Ahlfors-Bers Theorem, there exists a unique
quasiconformal mapping f**) on the disc which is a solution of the respective Beltrami
equation fixing the boundary points 1,7, —1 such that these maps vary continuously
along the fiber, (Theorem 1.1.28). The normalization condition is well defined since
these maps uniquely extend as quasiconformal maps on the boundary of the disc (see
the discussion after the existence Theorem 1.1.24). We have a continuous function

HeF = QC(A), ki fr®)

where QC(A) is the space of quasiconformal maps on the disc.
It also is defined on Bel(L) an equivalence relation:

Definition 3.1.2. Let u,v Beltrami differentials on the lamination L. We will say
that they are Teichmiiller equivalent if for every k € F, u(k) and v(k) are equivalents
as Beltrami differentials on the disc

p~n if p(k) ~n(k), VkeF.
Therefore by the equivalence relation between Beltrami differentials on the disc 2.5,

we have:
(k) ~ (k) <= f®)g = 10|,

Then, analogously to the case of Riemann surfaces, the Teichmiiller space of the
lamination L can be defined as the quotient space

T(L) = Bel(L)/ ~ . (3.4)

Let B : Bel(L) — T(L) the quotient map, it will be called laminated Bers map.
The transversally locally constant Beltrami differential space on the lamination L is by
definition the space of locally constant continuous functions verifying 3.2, that is to say

BelTLc(L) = CLc(F, BGl(A))eq(G) (35)
and the transversally locally constant Teichmiiller space is defined as

TTLC(L) = B(BG[TLc(L)>
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Henceforth, laminations satisfying the hypotheses 1.3.4 are considered and surfaces
which satisfy the following hypotheses. In the next section we will see the relation of
the laminations satisfying this hypotheses with the universal solenoid.

Hypotheses 3.1.3. X is a hyperbolic surface without boundary obtained by gluing a
sequence of generalized hyperbolic pair of pants, each glued to the next along a common

boundary geodesic such that the length of these geodesic boundaries is uniformly upper
bounded.

3.2 Universal solenoid

Before beginning the construction to give the explicit description of the space Trrco(L),
let me describe the relation of the laminations that are being considered (see hypotheses
1.3.4) with the universal solenoid. For a thorough description of the universal solenoid
see [26].

Consider an arbitrary marked compact hyperbolic surface (X', p) where p is a point
in Y'. Define the universal solenoid Y., as the inverse limit of the inverse system of
finite marked coverings of (X', p). There is a canonical projection from the inverse limit
construction

T e = X

which is a locally trivial fibration.

If (X7,q) is another marked compact hyperbolic surface, then there is a cofinal
subsystem for both surfaces hence the inverse limit are isomorphic, that is the universal
solenoid Y, is independent of the original chosen marked compact hyperbolic surface
and fibers over any one of them.

Every finite covering of a marked surface (3',p) corresponds to a subgroup of
m (%', p). Analogous to Proposition 1.3.5, it can be proved that

Yoo 2 (G x A)/G, G =m(X,p). (3.6)

Under this description, the projection onto ¥ is given by 7 ([(h, k)]) = G - k where
we have identified G-orbits in A with points in 3, recall expression 2.11.

Because the right action of G on G is faithful, the leaves of 3 are densely immersed
discs and it fibers over ¥/ with fiber G.

Recall that a laminated map sends leaves to leaves, that is it is compatible with the
leaf structure of the laminations.

Proposition 3.2.1. Let X be a surface and let L be a lamination fibering over > which
satisfy the hypotheses 3.1.3 and 1.3.4. Suppose that ¥ is compact. Then, there is a
continuous laminated surjective map

¢S — L

compatible with the fibrations, that is the following diagram commutes
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S L. (3.7)

Proof. Denote by F' the fiber of the fibration L. Consider z € F' and define the map
pe : G — F by p.(g9) = x-g. By definition, this map is right G-equivariant. By
hypothesis, p, is continuous and by the minimality of the lamination, p,(G) =z - G is
dense in F'. Therefore, the image of p is closed since G is compact and contains a dense
subset hence it is surjective. Define the map

0:Gx A FxA, ¢hk)=(p(h),k).
This map is @—equivariant by the diagonal action. Indeed,
O~ (hk) = 6((h-g7 g K) = (pulh-g7), 9 K) = (palh) - 9.9 k) = g~ 6(h k).
By the description 3.6 of the universal solenoid, (Z defines a map
@Y — L.

By construction this is a continuous laminated surjective map and makes the diagram
3.7 commute since the classes [(h, k)] and [(p.(h), k)] are mapped to the same G-orbit
G - k and this finishes the proof. ]

Corollary 3.2.2. There is an isometric embedding of the Teichmiiller space of the
lamination into the Teichmiiller space of the universal solenoid.

Proof. Recall definition 3.3. Continuing with the proof of Proposition 3.2.1, there is a
monomorphism

py : C(F, Bel(A))eqc) — C(aa Bel(A))eq(c)

given by (pru)(g) = p(p(g)) = p(x - g) for every g in G. Then Pt is a monomorphism
since p, is an epimorphism. Moreover, it is well defined, that is p}u is G-equivariant.

Indeed,
G ((ppi)(9)) = (- ) = plz - gs) = (ppi)(gs),

for every g € G and every s € (G, where it has been used the G-equivariance of i in the
second equality. Moreover,

o~ v it pov ~ pop.
In effect, this follows from the chain of equivalences
o~ v = (k) ~v(k), Yk € F <= p(p(g)) ~ v(pz(9)), Vg € G
< (o) (9) ~ (p2v)(9), Vg € G <= prv ~ prp
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where it has been used the definition 3.6 and the fact that p is surjective.
Recalling definitions of Beltrami differentials and Teichmiiller space of the lamina-
tion L, it has been proved that p} induce an inclusion of Teichmiiller spaces

L T(L) = T(E), [u] = [pan].
In the model described in definition 3.4, the Teichmiiller distance reads as follows

drr)([u], [V]) = sup dra) ([u(F)], [V (K)]).-

keF

Therefore, by the surjectivity of the map p,, we have that the inclusion ¢ is an isometry,

drcoy ([, [V]) = sup dray (k)] [(K)])
= sup dr(a) ([(021) (9], [(02)(9)]) = oz (lo2d, [Pzv])-

geG

In particular, the inclusion ¢ is an isometric embedding and we have the result. O

3.3 Canonical Tower of Coverings

In this section it will be defined a tower of finite coverings of the Riemann surface X
such that they are larger and larger until they approximate L. In this line, to ensure
the convergence of the tower, it will be considered the following hypothesis.

Hypotheses 3.3.1. The holonomy action 1.21 continuously extends to the profinite
completion G of the fundamental group G.

Let S be the set of normal finite index subgroups of the profinite completion of the
fundamental group of X, (see section 1.3.4). Let S be an element of S. Then, we can
consider the restriction of the extended holonomic action to the subgroup S and we
have a continuous right action of the subgroup S on the fiber ' with respect to the
profinite topology on S,

Holg : S < G — Homeo(F). (3.8)

Now, we can consider the orbits generated by the action 3.8 and we define the set
of S-orbits as follow
Os(F)={z-S|x€F}.

Then, sending an element of the fiber F' to its corresponding orbit we can define a
canonical map g as follow:

bs i F — Og(F), k € (k). (3.9)

Also, we can consider a canonical right action of G on Os(F) given by

(x-8)-g:=x-(5). (3.10)
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Let us see that this action is well defined. By definition of the action we have (z-5)-
g = x-(Sg) and using that S is a normal subgroup, we have z-(Sg) = (x-g)-(g7'Sg).
By definition again, (z - g) - (¢~'Sg) = (z - g) - S. Therefore (z-S)-g=(x-g)-S.
Considering the previous calculation we have

bs(k-g)=(k-g)-S=(k-5) g="1vs(k)-g, (3.11)
that is to say, the map g is right @—equivariant.

Lemma 3.3.2. For every S € S, the map s is continuous and the set of S-orbits is
a finite discrete set.

Proof. Consider the final topology on Os(F) induced by the map g, that is the finest
topology on Og(F') such that vg is continuous. By Proposition 1.3.15 and Corollary
1.3.20, the subgroup S is compact in G hence, by hypothesis 3.3.1 and the fact that
every point in F' is compact, every S-orbit in F' is compact. Since the fiber is a
Hausdorff space, the final topology on the set of S-orbits is 77, that is points in Og(F")
are closed. Since the holonomy action is transitive, we have that if x - S and y - S
are S-orbits, then there exists an element h € F' such that x - h = y and therefore
(x-8)-h=(z-h)-S=y-S. Then the action 3.10 of G on Og(F) is transitive. Also
the number of elements of Og(F') is at most the index of S because the action of G on
Os(F) factors through the quotient group G /S. Since S has finite index, Og(F) is a
finite set with the discrete topology. O

Now, consider normal finite index subgroups S’ and S” of G such that
§"< S <S<G.

We define the map ¢gg : Og/(F) — Og(F) such that each S’-orbit is sending to the
S-orbit that contains it, that is to say,

¢5l5(1’ . S/) =x-95, Vo S’ e OS/<F).
The map g5 is right @—equivariant because
bss((@-5) - g9) =ves((x-g)-5) = (x-9)- S =(x-5)-g=vgs(z-95) g

Then we can construct the following commutative diagrams of continuous and right
G-equivariant maps,

P Y 0u(p) O (F)— "% L og(F)  (312)
bs l¢5's m ‘1/15'5
Os(F) Os(F)

These maps define a continuous right @—equivariant map
¢ F = lim Og(F), ¢(k) = (¢s(k))ses,
§es

with the inverse limit topology on the inverse limit.
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Lemma 3.3.3. The map v is a homeomorphism. In particular, the fiber F' is either a
finite set or a Cantor set.

Proof. Since Og(F) is finite for every S € S, by the Lemma 3.3.2, the inverse limit is a
Hausdorff, compact and totally disconnected space. Because the fiber F' is a compact

space, lim Og(F) is a Hausdorff space and ¢ is a continuous function, it is enough to
€s
prove that the map is bijective.

Let’s see the map 1) is injective. Suppose that ¢)(K) = (k). Then for every S € S,
Ys(k) = g(K'), that is to say k-5 = k’-S. Because G is residually finite, (see Corollary
1.3.19), the intersection of all elements of S is trivial, then

{k}y=k-()S=(k-S=(F -S=K-[)S={K}
Ses SesS Ses Ses

Finally, let’s see that 1) is surjective. Let (mg)ses be a sequence in the inverse limit.
Because F' is compact and Hausdorff, (mg)ses is a nested sequence of compact sets in
F hence it has non empty intersection with some element k£ € F. By the definition of
the maps ¥g and ¥ we have (k) = (mg)ses. We conclude that 1 is surjective and
therefore a homeomorphism. O]

For every S € S define the hyperbolic surface
ES = (OS(F) X A)/G7 g- <m7a’) = (m ’ gil7g ’ CL). (313)

On the other hand, for each S € § we have an action of SN G on A given by
restriction of the action of G and we can consider the Riemann surface A/(S N G).

Lemma 3.3.4. For every S € S, there is an isometric homeomorphism
Ys=A/(SNG). (3.14)

Proof. Consider an S-orbit m € Og(F'). Let’s see that up to this choice, the morphism
is canonical. Define the function

a:A— Og(F)x A, a(k)=(m,k).

Since the space Og(F) is discrete, by Lemma 3.3.2, we have that a is an isometrically
embedding of the disk and for every s € SN G we have a(s - k) = (m,s - k). Also,
m is an S-orbit, then (m,s-k) = (m-s7! s-k) and by definition of the action 3.13,
(m-s7t s k) =s-(m,k). Therefore a(s-k) = s-a(k). In particular, o induce an
isometric morphism

a:A/(SNG) = S, (SNG) -k G- (m, k).

Because it is an isometry, it rest to show that & has an inverse. Let G - (mq, k1) be an
arbitrary G-orbit. Since the holonomy action is transitive, there exists g € GG such that
my = m - g, where m is the S-orbit fixed to the beginning of the proof. Then,

G- (my,k)=G-(m-g,k1)=G-(m,g-k1)=G-(m,k)
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where we have defined £ = ¢- k;. Restricting this orbit to the subgroup SN G gives the
orbit (SNG) - (m, k) ={m} x (SN G) -k and forgetting the first coordinate gives the
orbit (SN G) - k. Then we can define the map

Y= A/(SNG), G- (m,k)— (SNG) -k
and this is an inverse of the map &. This conclude the proof. O

For every S’ € S such that S’ < S define

~ ~

Vo5 1 Bgr — Bg, Yars [(m, a)] = [(Ysis(m), a)]. (3.15)

Since the map g is right G-equivariant then ¢gg(m - g7') = gg(m) - g7t

Therefore w;s is well defined, because we have
vss g (m,a)] = [(Wssim-g),g-a)] = [(Wss(m) g7 g-a)] = [g- (Vss(m),a)].

The map thgg is a locally isometric finite covering. Remembering the isometry 1.22,
we also can define a map

s L= s, [(m.a)] = [(¥s(m),a)] (3.16)
This map is also a locally isometric covering. Now, consider S” and S” in S such that
S"< 5 <S<G.

Since the maps 1 g define commutative diagrams 3.12, we have the following com-
mutative diagrams of locally isometric coverings

L Vs S Sign — P58 S (3.17)
~ Vs 5 11/35'5
Vs J Ysrs
S S

Considering the maps 1&5' s as bonding maps, (1[151 S) defines an inverse system.

S'<S

Definition 3.3.5. The inverse system (1&5/5) with S and S’ running over all the

elements of S is the canonical tower.

S§'<S

Proposition 3.3.6. The following diagram commutes

~
~

L i fim 5 O(0) = (@s(1))ses. (3.18)
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Proof. By Lemma 3.3.3, we have the isometric isomorphisms

FxAz <nm 05(F>> N (3.19)

)

Also, we can consider the following map

((ms)ses;a)) = ((ms, a)) ges -

Then we have the isometric isomorphism

(}5%19 Os(F)) x A = hng‘(OS(F) X A) (320)

Denote by ¥ the isometric isomorphism resulting from the composition of the isomor-
phisms in 3.19 and 3.20. There is a natural action by G on the right hand side of 3.20
given by

g- ((m57a))SeS = (g ’ (mS’a))SeS = ((mS ’ g_lag ’ a))geg' (3'21)

Let’s see that the isomorphism W is G-equivariant with respect to the action just defined.

\I](g : (k7a)) = \I]((k ) g—l’g : a)) = ((?/)S(k‘ : g_l)vg ) a))SeS = ((ZDS(I{?) : g_lvg ) a))ges
= (9 (Ur,0))ges = 9 (Us(k), a))ges = g - W((k, a)).

In particular, the map ¥ induces an isometric isomorphism between the respective
spaces of G-orbits and because of the model 1.22 for the lamination L and the definition
of the action 3.21, this is the isometric isomorphism % in 3.18. The projection 7z of

the inverse system onto the G-coordinate gives the diagram commutative 3.18, where
@/A)@ is the map 3.16 with S evaluated on G. Since Og(F) consists of only one point
for the holonomy action on the fiber is transitive, by the model 2.11 of the surface we
have 3 = Y5 and the map @5 is the fibration of the lamination onto the surface. This
concludes the proof. n

Therefore there is an isometric isomorphism between the inverse limit of the canon-
ical tower and the lamination L and the map is also an isomorphism of fibrations over
the surface ¥,

L = lim Yg.
€s

3.4 Canonical Tower of Teichmiiller Spaces

In this section it will be used the canonical tower of coverings constructed in the previous
section. Here, it is assumed that the lamination L satisfies Hypotheses 1.3.4. Another
tower with the Teichmiiller spaces associated to each covering will be constructed. Then
it is shown that the direct limit of this tower of Teichmiiller spaces can be identify with
the space Trrc(L), L satisfying hypotheses 1.3.4.

The pullback by the map v is defined by the formula ¢§(v)(k) = v(vs(k)),
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Vg C(Og(F), Bel(A))eqc) = Cro(F, Bel(A))eg(c)- (3.22)

Let’s see that ¢g is well defined. Since g is constant on the S-orbits, the image of 9%
is the subspace of functions which are constant on the S-orbits. Let f be an element
of C(Og(F), Bel(A))eq(c), then by definition we have

La(Ws()(R)) = 15(f (s (K)))-

Using the equivariance 1.18 with respect to the right action on the S-orbits, we obtain
B(f(vs(k))) = f(s(k) - g). Also by the right equivariance of the map g, we have

f(Ws(k) - g) = f(¢s(k - g)). Then we conclude that [g(f(¢s(k))) = ¢5(f)(k - g). That

is to say, the image of a G-equivariant f under 9§ is G-equivariant.

Analogously we define the pullbacks (1% ¢)s<s as follow
Vg : C(Os(F), Bel(A))eqa) = C(Og (F), Bel(A))eg(c)
fr=45s()@-8) = f(Wss(z-5) = fz-9).

Then (9% ¢)s<s defines a direct system. The respective images of this direct system
constitute a nested sequence whose direct limit equals to the union of them.

Lemma 3.4.1. Consider S € § and m € Og(F). Then, for every g € G such that
m-g = m, there is s € SN G such that the corresponding left actions on the disk
coincide, that is l; = Is.

Proof. Consider g € G such that m-g =m. Then m-g~! = m and for every k € A we
have

g- (m7k) = (m-g_l,g-k‘) - (m,g-k;).
Fixing k € A, by definition of the action in 3.13, we have [(m, k)] = [(m,g - k)] in Xg
and by the isomorphism 3.14, we obtain g - k € (SN G) - k. In particular, there is an

element s € SN G such that [,(k) = [5(k). Since every element g € G — {ida} acts on
the disc without fix points, we conclude [, = [;. O

As in definition 1.2.19, it can be considered the set of Beltrami differentials Bel(Xg)

on each surface Xg. Then a differential on Xg is a Beltrami differential on the disk A
such that

U(p)=pn, Vs€ SNG. (3.23)

Lemma 3.4.2. There is an isometric homeomorphism
Bel(Es) = C(OS(F), Bel(A))eq(G).

Proof. Consider a Beltrami differential ;1 € Bel(Xg) and let m be an S-orbit in Og(F).
Let’s see that the right action of G on Og(F) is transitive. Let x-S and y - S be
S-orbits in Og(F'). Because the lamination is minimal, the holonomy action on the
fiber F' by the group G is transitive, then there exists ¢ € G such that x - g = y.



3.4. CANONICAL TOWER OF TEICHMULLER SPACES 71

Hence (z-S5)-g = (x-g)-S =y- S, that is to say, the right action of G on Og(F)
is transitive. Therefore, every S-orbit has the form m - g for some g € GG. Define the
function h, : Og(F) — Bel(A) by the formula

hu(m - g) = l5(n), Vg € G.

This function is well defined since m-g = m- g’ implies m = m-(¢’'-¢g~!) and by Lemma
3.4.1, there is an element s € S N G such that [, = [;. In particular,

by () = (Lslg)* () = L5 (5 (1)) = 15 (),
where we have used 3.23 in the last equality. Also h,, is equivariant because h,,(m-g-go) =

lggo (1) = 15, (hu(m - g)).
Thus, we have constructed a map

F : Bel(3g) = C(Os(F), Bel(A))eqcy, 1 — hy
This is a continuous map, moreover it is an isometry. In fact,

F o — F co — 00
1 Glloe = masc (1 (i) (m)l oo = [l

because on every S-orbit m - g we have

E () (m - 9)loo = [l (1)[[oo = [112lloc-

Now, we can define a continuous inverse of F. In effect, consider the map

f =y = f(m), Yf € C(Os(F), Bel(A))eqcr),

where m is the S-orbit as in the previous part of the proof. This map is well define
since

12(ug) = 1/ (m)) = f(m - 5) = f(m) = g, Vs € SNGC,

where we have used the equivariance of f in the second equality and the fact that
m-s =msince s € SN G. In particular, p1y € Bel(Xg). This map is an inverse of
F and it is an isometry since F'is so. In particular, the inverse is continuous. This
finishes the proof. O]

Corollary 3.4.3. The map ¢% is an embedding of Beltramu differentials
wg : BGZ(ZS) — BelTLc<L>.
Proof. By the embedding ¢ of C(Og(F), Bel(A))eqy in Cre(F, Bel(A))eq(c) and by

the Lemma 3.4.2, we have an embedding of Bel(Xg) in Cro(F, Bel(A))eqc)- By defi-
nition of the space Belrpc(L) (see definition 3.5), we have the result. [
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Lemma 3.4.4. Every ¢§ induces an embedding of Teichmiiller spaces
Ns : T(Zs) — TTLC(L)a

and the union of the images is the space

U ns(T(55)) = Trie (D).
SesS

Proof. By Corollary 3.4.3, every map psig is an embedding. Then to prove the embed-
ding between Teichmiiller spaces, it is enough to show that

vV if fg(v) ~ 0s(V).
In effect, this follows from the chain of equivalences

Vv = Mg = M0 Yim € Og(F)
s sy = s Ve F

* * (o] (324)
— f¢s(”)(k)|51 — fws(V)(k)|Sl’ Vk € F
= Y5v) ~ P5(v).
Thus we have an embedding ns : T(Xs) — Trrc(L) defined by
(1] — [5(w)]-
In particular, we have
U ns(T(Ss)) € Trre(L). (3.25)

Ses
Now, consider [u| € Trrc(L), that is to say, u is locally constant on the fiber F. Because
the fiber is compact, the number of open sets where y is constant is finite and because
of the residual finiteness of GG, there is a normal finite index subgroup S such that every

S-orbit is contained in one of these open sets. Hence, 1 is the image of some pg by %
and we have [u] = ns([ps]). Then, we have (Jg.s1s(T(Es)) = Trre(L). O

Lemma 3.4.5. For S and S" in S such that 8" < S, the canonical inclusion Bel(¥g) C
Bel(Xg) induces an inclusion in Teichmiiller spaces T'(Xg) C T'(Xg).

Proof. Note that since S < S, the condition [3(x), Vg € SNG implies that I3 (u), Vg €
S"NG. Then Bel(Xg) C Bel(Xg). By the Teichmiiller equivalence relation, for every
(1] € T(Xs), we can consider the corresponding class [u] in T'(Xg/). This define an
injective function, and we have the inclusion T'(Xg) C T'(Xg/). O

Lemma 3.4.6. There is a canonical homeomorphism

n:limT(Xs) = Trre(L)
Se

induced by the embeddings ng in Lemma 3.4.4.
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Proof. By the inclusion between Teichmiiller spaces, Lemma 3.4.5, (T'(Xg))ses is a
directed sequence. By Lemma 3.4.4, there is a canonical embedding

n: lim T(ES) — TTLC(L)
Se

whose image is the union of the nested sequence 75(7(Xs))ses. By the second part of
the Lemma 3.4.4, this union is Trpc(L) hence 7 is a homeomorphism and we have the
result. O

3.5 Canonical Tower of Fenchel-Nielsen Coordinates

In this section he towers defined in the previous sections will be considered. Now,
we want to identify the canonical tower of Teichmiiller spaces with a canonical tower
of Fenchel-Nielsen coordinates. It will be denoted by mg the finite locally isometric
covering zﬂSG : Yg — X defined in the previous section. From now on, it will be
considered the following hypotheses on X:

Hypotheses 3.5.1. Let ¥ be a hyperbolic surface without boundary obtained by
gluing a (possibly finite) sequence C of generalized hyperbolic pair of pants, each glued
to the next along a common boundary geodesic such that the length of these geodesic
boundaries is uniformly upper bounded. Also every pair of pants P in ¥ — [Joeo C
verifies

Hol(is(m(P))) = {idr}, ¢: P — X.

Let C be a pair of pants decomposition of ¥ as in the hypothesis 3.5.1. Since
the length of geodesic boundaries is uniformly upper bounded, then we can consider
the Fenchel-Nielsen Teichmiiller space of each surface g defined in 2.6.4. After a
quasiconformal deformation, C will be a topological pair of pants decomposition but no
longer a geometric one in general.

Define the set G of geodesic representatives of isotopic classes of the curves in C.
Since there is a unique geodesic for each isotopic class, G is well defined and it is a
geometric pair of pants decomposition corresponding to the new deformed hyperbolic
structure. Here, it will be abused of notation and it is said that G is isotopic to C.

By Wolpert’s inequality, the lengths of the geodesics in G will be uniformly upper-
bounded ([6, Lemma 8.1]) hence the new deformed hyperbolic structure will be metric
complete [6, Lemma 4.7]. Since G is isotopic to C, the pair of pants decomposition G
has trivial holonomy as well.

Lemma 3.5.2. Consider the pair of pants decomposition C. Then, for every S € S,
the set Cs = w5 (C) is a pair of pants decomposition of Y.

Proof. By definition, C = {C; | i € A} is a family of pairwise disjoint simple curves in >
such that removing these curves gives a disjoint union of pair of pants without boundary
and there is a family of pairwise disjoint tubular neighbourhoods U = {U;|i € A} of
these curves in ¥ such that C; C U;.
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Consider a curve C; € C. Since the covering mg is finite, then it is a proper map
hence mg'(C;) is compact. Also, ms is a local homeomorphism, then 7g'(C;) is a
one dimensional submanifold without boundary. By the classification of compact one-
manifolds without boundary, we conclude that 75'(C;) is a finite disjoint union of
simple closed curves in Xg. Therefore Cg is a disjoint union of simple closed curves in
Ys.

Consider a pair of pants P in ¥ — [J,c- C. By the definition of the right action of
G on the set of S-orbits, we have

(z-8)-g:==x-(S9)=(x-9)-(g7"-S5-g9)=x-8, Vg €u(m(P)),

where we have used in the last equality the normality of the group S and the fact that
the right action on the fiber is the identity since C has trivial holonomy. Then, we have
the holonomy action of the covering g is trivial on the subgroup ¢, (m(P)). Therefore,
the locally isometric covering mg restricted to the pair of pants P is trivial hence its
preimage under 7g is a disjoint union of homeomorphic copies of P. In particular, we
have proved that ¥g — (Jo C is a disjoint union of pair of pants without boundary.
Because every C; is compact and the covering 7g is finite and locally isometric, we
can take every neighbourhood U; small enough such that 73" (U;) is a disjoint union of
tubular neighbourhoods of the preimage curves in 7g'(U;). In particular, Upey 75 (U)
is a disjoint union of tubular neighbourhoods of the curves in Cg. This conclude the
proof. O]

Recall that if C' is a closed minimizing geodesic in ¥ ¢ with a neighbourhood U in ¥g
such that U — C has two connected components, then a collar of C'is ¢ = C'U U’ where
U’ is a connected component of U — C'. Also all of the geodesics isotopic to curves in
C are minimizing,.

Lemma 3.5.3. Consider the geometric pair of pants decomposition G isotopic to C in
Y. Then, for every normal finite index subgroup S of G, the set G = w;l(g) 1s the
geometric pair of pants decomposition in g 1sotopic to Cs. Moreover,

(1) For every collar ¢ of a geodesic in Gs, there is a collar ¢ C ¢" of the same geodesic
which is isometrically homeomorphic to a collar ¢ of a geodesic in G via 7g.

(2) Every pair of pants in 3s —Jgeg, C is isometrically homeomorphic to its image,
a pair of pants in ¥ —|Joeg C, via Ts.

Proof. Since mg is a finite locally isometric covering and G is isotopic to C, a similar
argument as in Lemma 3.5.2 shows that

(1) Gg is a disjoint union of simple closed geodesics in Yg and each one of them is
locally isometric to its image via 7g.

(2) Bs = Ugeg, C is a disjoint union of a pair of pants without boundary and each
one of them is isometrically homeomorphic to its image via 7g.
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(3) There is a family of pairwise disjoint tubular neighbourhoods in ¥ of the geodesic
in G whose preimage is a family of pairwise disjoint tubular neighbourhoods in
Y of the geodesics in Gg.

In particular, Gg is a geometric pair of pants decomposition of ¥g. Consider a geodesic
~" in Gg and the geodesic v = wg(v') in G. Let C be the simple closed curve in C
isotopic to v. By the unique lifting property of the covering 7g, there is a curve C’ in
Y isotopic to 7/ whose image by mg is C. Thus, by definition of Cg and Lemma 3.5.2,
C" is a simple closed curve in Cg isotopic to 7. It has been proved that Gg is isotopic
to Cs.

Now, let C’ be a minimizing closed geodesic in Gg and let ¢” be a collar of the curve
C'. Since 7g is a finite locally isometric covering, there is a small enough collar ¢ C ¢”
of C" which is locally isometric to a collar ¢ = mwg(¢’) of the geodesic C' = 7g(C’) in G
via g and ¢/ — C” is contained in a pair of pants P’ in g — UCGQS C. Let’s see that
¢ is isometrically homeomorphic to ¢. For this, it is enough to show that there is a
continuous inverse map.

Let y be a point in C' and consider a sequence (y,), in ¢ — C' converging to y.
Since mgls_¢r is an isometric homeomorphism, we can consider the sequence x, =
75|t cr(yn). Denote by w(y,) the set of limit points of the sequence (z,),. We claim
that w(y,) consists of just one point. Indeed, since w(y,) C C’ and C’ is compact,
w(yy,) is non-empty. Suppose that w(y,) hast two distinct points x and z’. In particular
d = dyy(z,2") > 0, (here the distance between two points is given by the length of the
geodesic that joins them). Then there are subsequences (z,), and (z/,)., converging
to x and x’ respectively such that

de—cr(Zm, 2,) = dsg(z2m, 20,) > d/2 >0, Vm € N.
Therefore,
dcfc<7'r5<2m),7l’s(z7/n)> > d/2 >0, Vm € N.

Now, (yy,)n is a Cauchy sequence with respect to the distance dy;, but by Lemma 1.3.13,
(Yn)n is a Cauchy sequence with respect to d._c. Then
im dec(ms(zn), Ts(21)) = 0

because (7s(zm))m and (7s(z.))m are subsequences of (y,),. This is a absurd and this

proves the claim. Because the sequence (y,), was arbitrary, defining

{msla' ()} = w(yn)

gives the continuous inverse to mg|s we were looking for. In effect, if (y/,) is another
sequence in ¢ — C' converging to y, then the sequence

(ylayihy%yéa )

has the same properties and the limit set of its preimage has only one point. In par-
ticular, the preimages of the sequences (y,), and (i), have the same limit and the
mentioned inverse map is well defined.
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Since mg|s is an invertible locally isometric map, the inverse is continuous and we
have proved that 7g|s is an isometric homeomorphism. This concludes the proof. [

In general, the map 7g will not be a homeomorphism on the closure P of a pair of
pants P in ¥g — (Jgeg, C- Let’s see an example.

Example 1. Let Y be the pinched torus with a cusp and C its pair of pants decomposi-
tion. Then C consists of a single curve C. Consider g the covering resulting from two
copies of the surface but interchanging the boundary components of the pair of pants
in the gluing process, see figure 3.1. Here the map 7g is not a homeomorphism in P
because an open set containing points on the geodesic boundary a is not sent under

Ts|p to an open set in X.
.'

..

Tts

=

Figure 3.1: Representation of the double covering of pinched torus.

Corollary 3.5.4. For every S € S, the lengths of the geodesic in Gs are uniformly
upper bounded and the hyperbolic surface Xg is complete without boundary.

Proof. Since mg is a locally isometric finite covering, then g is also hyperbolic and
neither has boundary. By the first item in the Lemma 3.5.3, the lengths of the geodesics
in Gg are uniformly upper bounded since the same holds for G. In particular, g is
complete, [6, Lemma 4.7]. ]

Corollary 3.5.5. There is an isometric homeomorphism
Tpn(¥s,Cs) = C(Os(F), Trn(%,C)).

Proof. From Lemma 3.5.3, it follows that 7g is trivial on C hence Cg = Og(F') x C since
Ogs(F) is the fiber of the covering. In particular, we have the isometric homeomorphisms

ZOO(CS) = ZOO(OS(F) X C) = C(OS(F)vZOO<C))-

By the isometric homeomorphism between the Fenchel-Nielsen Teichmiiller Ty space
and the space of [, sequences 2.9, we have the result. O
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Corollary 3.5.6. For S and S" in § such that S < S, consider the finite locally
isometric covering Ysig 1 Sgr — g defined in 3.15. Then,

(a) For every collar ¢" of a geodesic in Gs, there is a collar ¢ C ¢ of the same geodesic
which is 1sometrically homeomorphic to a collar ¢ of a geodesic in Gg via Vgig.

(b) Every pair of pants in g — Jereg C, via Vs

(¢) For every geodesic in Gg, there is a neighborhood U in Xg of the geodesic where
Wgrg 1S an 1sometric homeomorphism.

Proof. The first two items follow from Lemma 3.5.3 and the factorization
mgr = Tg O 1;5'5-
The third item follows from the first. O]

Now, we will define maps between the Fenchel-Nielsen Teichmiiller spaces of the
surfaces Yg.

Corollary 3.5.7. For S and S" in S such that S' < S, there is an embedding of
Fenchel-Nielsen Teichmiiller spaces

Ags : Trn(Xs,Cs) = Tpn(Xg,Csr) (3.26)
defined through the length and twist coordinates by

Assi((le,0c)cecs) = (ler, Ocr) crecy,
where lor =Ly, oy o0 = 05, g0y

Proof. Consider ¥g with another complete hyperbolic structure and denote it by 3.
This is equivalent to consider another Fuchsian group I'y in the Fuchsian model and
all of the previous results in this chapter regarding ¢ apply the same for ¥%. In
particular, by Corollary 3.5.6, the maps zﬂs/s sends isometrically geodesics in Gg to
geodesics in Gg. Then by definition of the Fenchel-Nielsen coordinates, we have the
embedding 3.26. [

For every S € § it is defined the following isometric embedding
\IJ*S : C(Os<F),TFN(Z,C>> — CLc(F, TFN(E,C)) (327)

by the formula U5(f)(k) = f(¥s(k)). In the following lemma, it will be considered the
identification in Corollary 3.5.5.

Lemma 3.5.8. The maps 3.27 define an isometric homeomorphism

U* : lim TFN(ESHCS) — CLc(F, TFN(E,C)) (328)
58
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Proof. Since Trn(Xg,Cs) is identified with C(Og(F), Trn(2,C)), we can consider the
embedding ASS’ = C(OS(F),TFN<E,C)) — C(OS/<F>, TFN( ,C)) AISO, by definition
of the maps Aggs we have for S” < 5" < S:

ASSH = AS/S// (e} ASS’; \IIE = \I]jgv/ @) ASS" (329)

Since every Aggr is an isometrical embedding with respect to the metric induced by
the identification 2.9 with the [, sequences, expressions 3.29 show that there is a well
defined metric in the direct limit and the following is an isometrical embedding

U lim TFN(ZS;CS) — CLc(F, TFN(Z,C))
ses

It rest to show that the image of U* is the whole space. In effect, consider a locally
constant function f. Since F' is compact and G is residually finite, there is a normal
finite index subgroup S of G and a function fg such that ¥*(fs) = V§(fs) = f and we
have the result. O

3.6 Description of the Leaves

Given the hypotheses that we are considering (hypotheses 3.5.1 and 1.3.4), the lam-
ination L is not necessarily compact. Let’s see what the laminations that are being
considered look like. Let C be the set of geodesic boundaries of the pair of pants
decomposition of the surface .

Lemma 3.6.1. For every x in the fiber, the subgroup generated by the freely homotopic
classes of curves in C is contained in the isotropy of the holonomy at x,

([Cle G| CeC)C Gy YreF.

Proof. Every curve C' in C has a tubular neighbourhood in the surface > hence there
is a homotopically equivalent curve C” entirely contained in the interior P of a pair of
pants in the decomposition. Since the fibration has trivial holonomy on pants, we have

Hol([C]) = Hol([C"]) € Hol(ts(m1(P))) = {idr}.
We conclude that Hol([C]) = idp for every curve C' € C therefore
z-[C] =Hol([C))(z) =z, VC €C, Yz € I
and we have the result. ]

Corollary 3.6.2. For every x in the fiber, the subgroup generated by the freely homo-
topic classes of curves in C is contained in the fundamental group of the leaf at z,

([Cle G| Cel)cm(Ly), Ve e F.

In particular, the fundamental group of any leaf of the lamination L has infinite elements
and none of the leaves is simply connected.
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Proof. By Lemmas 1.3.7 and 3.6.1, it rest to show the last statement. If 3 is the sphere
with three cusps, then the surface is a single pair of pants and since the lamination has
trivial holonomy on pants, the fibration is trivial. Because the lamination is minimal,
the lamination consists of a single leaf homeomorphic to ¥ whose fundamental group
has infinite elements. If X is not the sphere with three cusps, the set C is non-empty
because ¥ is obtained by gluing a sequence of generalized hyperbolic pair of pants.
Then we have the result. O

Now, we want to associate a graph to each hyperbolic surface considered. Then it
is considered the following. Since the set C is a topological pants decomposition, every
curve C' in C has a tubular neighbourhood Us. We can take these tubular neighbour-
hoods small enough such that every one of them is foliated by simple closed curves &
equidistant to the corresponding geodesic, then Uc = (J,, 7E.

On the other hand, by definition, every cusp B has a neighbourhood isometric to
the quotient of the hyperbolic upper-half plane H by the isometry group generated by
the translation z — 2z + 1,

Us=H/z—z+1)={z=a+iy|a<y}/(z—2z+1). (3.30)

Also, A =% — (UCGC UcUUp UB) is a disjoint union of topological pair of pants,
where the second union running over all cusps of .
Then the following map is defined:

f:YX—0o
(1) For every C € C contract each curve v to a point.
(2) For every cusp B, contract each of the y-constant circles in 3.30 to a point.

(3) Contract every component of A to a point.

We will call the map f and the graph o as the contraction of 3. Let’s see some
examples. The Example 3 show that the graph o depends of the decomposition C of X..

Example 2. Let ¥j be a torus with one cusp. Then the graph associate to X7 is
represented in the following figure where C' represent the geodesic in the pair of pants
decomposition.

Example 3. Let X3 be a double torus with one cusp. Then two graph associate to X3
are represented in the following figure where C; represent a geodesic in each of the pair
of pants decompositions.
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Since each pair of pants in X is contracted to a point and it contains three geometric
holes, then ¢ is the underlying topological space of a trivalent graph which has ”infinite
legs” corresponding to cusps of 3.

We define a graph with infinite legs as a graph with half real lines attached to their
vertices. Also, as topological space ¢ has a natural CW-decomposition. We will identify
a graph with its underlying topological space along with its natural C'WW-decomposition.

In this sense, every interior of either an edge or infinite leg of the graph is a one-
cell of the C'W-decomposition, then it has a canonical differential structure. In the
following we will denote by e a one-cell of the C'WW-decomposition. Considering this,
the following is well- defined.

Definition 3.6.3. We say ¢ : ¢ — R? is a smooth embedding of the graphic o if it is
a continuous embedding and restricted to each one-cell of the C'W-decomposition of o,
it is a smooth embedding.

From now on, we will always consider graphs smoothly embedded in the euclidean
three space such that every infinite leg goes to infinity. We will identify the graph with
its embedded image as usual.

Definition 3.6.4. Consider a smooth embedding of ¢ in the euclidean three space such
that every infinite leg goes to infinity. A tubular neighbourhood of the graph o, denoted
by N, is an open set in the euclidean three space containing the graph such that

(1) There is a continuous surjective map my : N — 0.

(2) For every e of the CW-decomposition, the map 7y restricted to 7' (e) is a tubular
neighbourhood.

We can take N small enough such that N has the structure of a tubular neigh-
bourhood. Now, we can recover the surface Y from the contraction graph X up to
homeomorphism.
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Lemma 3.6.5. There is a tubular neighbourhood N of the embedding of the contraction
graph o = f(X) such that there is a homeomorphism from ¥ to the boundary of N.

Proof. Let N be a small enough tubular neighbourhood of o such that
oy N — o
extends to the closure of N. Consider the restriction of 7y to the boundary
ony : ON — 0.

Every component of ON — |Joce Oy (f(C)) is homeomorphic to a sphere with three
punctures. In particular, every one of these components is homeomorphic to the interior
of a pair of pants P in the decomposition of 3 and the correspondence is bijective. Also,
every curve C' € C is a simple closed curve homeomorphic to dry'(f(C)). Then we
can deform each of these homeomorphisms in such a way that they glue together into
a global homeomorphism. We conclude that ¥ is homeomorphic to ON. O

Lemma 3.6.6. The holonomy action 1.21 factors through f. : G — m(0), that is there
15 a commutative diagram

Hol Homeo(F)°P (3.31)

\ hol,,

(o)

G

Proof. Let P be the interior of a pair of pants in the decomposition of . By definition
of the function f, f(P) retracts to a point hence f(7) is contractible for every closed
curve v contained in P and we have

fetum(P)={e}, t: P =X

where ¢ is the canonical inclusion. Since the lamination has trivial holonomy on pants
and P was arbitrary, we have (o) = G /ker(Hol). By the first isomorphism theorem
there is a unique homomorphism hol, such that the diagram 3.31 is commutative. [J

Every locally trivial fibration is determined by its holonomy action
Hol : G — Homeo(F)?, G = m (%)

and in this formalism, morphisms of these fibrations become right G-equivariant con-
tinuous maps between the fibers

where the right action is defined by k- g = Hol(g)(k).
Since the holonomy action extends to the profinite completion G, then the map ¢
is right G-equivariant. The same applies for the group (o), that is to say, the map

(F—=F, ((k-g)=d(k)-g, Vg € m(o)

extends to the profinite completion of 7 (o) and it is 7 (o)-equivariant.



82 CHAPTER 3. TEICHMULLER THEORY FOR LAMINATIONS

Lemma 3.6.7. Consider a hyperbolic surface ¥ as in the hypotheses 3.5.1. The category
of laminations verifying the hypotheses 1.3.4 is equivalent to the category of locally trivial
fibrations on the contraction graph o = f(X) whose holonomy continuously extends to

the profinite completion 7 (o).

Proof. Denote by C, the small category whose objects consist of the set of continuous
group morphism 7 () — Homeo(F) for every Hausdorff compact space and given two

—

objects, the morphisms between them is the set of right m;(o)-equivariant continuous
maps.

Denote by Cs the category whose objects consist of the set of continuous group
morphism G — Homeo(F')? such that the diagram 3.31 commute, F' is a Hausdorff
compact space and given two objects, the morphisms between them is the set of right
G-equivariant continuous maps.

Consider the continuous extension of the map f, in 3.31 to the profinite completions
(see 1.3.21), which will be denote by f., and define the functor F : C, — Cx, on objects
as

o — o —

F(h)=ho ., where h : m1 (o) — Homeo(F)?, G (o)

This is well defined since precomposing an object in C, with ﬁ gives an object in Cy.
And we define F on morphisms simply as

F(()=¢
This is well defined because for every right m(o)-equivariant continuous map ¢, it is
G-equivariant. This follows from

—~ o~

C(k)-g=C(k)- fulg) = (k- fulg)) = C(k - g)

where we have used the right 7 (o)-equivariance in the second equality and the com-
mutativity of diagram 3.31 in the first and last equality.
Now, consider an object H in Cx. By hypothesis, ker(f.) C ker(H|s) hence

ker(f.) = ker(f.) C ker(H|e) = ker(H)
and by the first isomorphism theorem, there is an object A in C, such that H = h o ﬁ
Define the functor G : Cx;, — C, on objects as

G(H)=h

and on morphism simply as G({) = (. Analogously as before, this define a functor
and it is well defined. By construction, the functors F and G define an equivalence of
categories and the result is proved. O]

By Lemma 3.6.7, considering the lamination L fibering over ¥ with fiber F', we
denote by L, the corresponding lamination fibering over the contraction graph o = f(3)
with the same fiber F'. We are abusing of the term lamination since the leaves are not
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immersed manifolds. Every leaf of L, is a normal covering! of the graph o. o, will
denote an arbitrary leaf of L, through x with the underlying topology of a graph.
This topology, unless the fiber F' is discrete, will be strictly finer than the relative one
induced by L,.

Corollary 3.6.8. Consider a lamination L as in the hypotheses 1.3.4. Then, for every
x € F, the graph f(L,) is homeomorphic to o,.

Proof. By Lemma 3.6.7, the locally trivial fibration on the graph o corresponding to
L, is o,. Also, by Lemma 3.6.6, such fibration must be homeomorphic to f(£,). O

Corollary 3.6.9. Any leaf of L is homeomorphic to the boundary of a tubular neigh-
bourhood of some normal covering of o = f(X) whose fiber is dense in F. In particular,
iof the fiber F' is infinite, then every leaf of L is of infinite type.

Proof. The proof is analogous to the proof of the Lemma 3.6.5, changing > by L. O
Conversely, we have the following result.

Corollary 3.6.10. Consider a hyperbolic surface 3> as in hypotheses 3.5.1 and a normal
covering o' of the graph o = f(X). Then, there is a locally trivial fibration L — %
verifying the hypotheses of 1.3.4 such that there is a leaf homeomorphic to the boundary
of a tubular neighbourhood of o’.

Proof. Denote by F the fiber of the covering ¢’ — o in the hypotheses. Because the
covering is normal, the right action of the group (o) on the fiber is transitive. In
particular, there is a subgroup S of m (o) such that the right cosets are in bijective

correspondence with the fiber F,

m(o)/S = F.

Taking the profinite completion of (o), define the new fiber F' as the set of right
cosets

—

F =m(0)/S.

Then, there is a canonical inclusion of F into F. The fiber F has a natural right action

—

by 71 (o) in such a way that every orbit of 71 (o) is dense in F'. In particular, this action
defines a locally trivial fibration L, — o such that L, is a minimal lamination and its

holonomy action continuously extends to 7 (o). By construction, this lamination has
the property that its leaf through [e] € F' coincides with the graph o,

O =0, (3.32)

where e denotes the neutral element in 7 (o).

!Here it is said that a covering is normal if the covering transformation group acts transitively on
fibers.
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Precomposing the resulting holonomy action with f, as in diagram 3.31, we have a
new holonomy action which defines a locally trivial fibration L. — ¥ with the required
properties.

In effect, since the fundamental group of a graph is free hence residually finite [7], by
Lemma 1.3.21 and Theorem 1.3.22 the map f, continuously extends to the respective
profinite completions. In particular, the new holonomy action continuously extends to
G. By construction, it verifies that it has trivial holonomy on pants. Finally, because of
3.32 and Lemma 3.6.6 again, by a similar argument as in Lemma 3.6.5 we have that the
leaf of L through [e] € F' is homeomorphic to the boundary of a tubular neighbourhood
of o,

,C[e] = aN(OJ),

where N(¢’) denotes a tubular neighbourhood of ¢’. This finished the proof. O

Example 4. Consider the surface X7 in the example 2. The following figure represents
a sheet of any lamination with the hypotheses considered. The leaf is homeomorphic
to a cylinder with infinite punctures.

Tt

b

Example 5. Consider the genus two surface s with the unique decomposition con-
sisting of two pants such that each pair of pants has a common boundary and both
of them glue along the remaining boundary. The following figure represents a sheet of
any lamination fibering over Y, with the considered hypotheses, and their respective
graphs.
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. Ox

O—0

Example 6. Given an orientation on the graph o of the Example 5 in such a way the
concatenation c¢b is defined. The fundamental group (o) is the free group generated
by the elements a and cbc™!,

71 = {a,cbct).

Consider the normal covering ¢’ corresponding to the subgroup of 7 (o) generated by
the elements
(cbe™'a™, n€Z.

The graph ¢’ is the infinite ladder. By Corollary 3.6.10, there is a locally trivial fibration
L as in the hypotheses 1.3.4 with a leaf homeomorphic to the infinite ladder surface
represented in the following figure.

3.7 Explicit Description of T (L)

In this section it will be used the canonical towers constructed in Sections 3.3, 3.4
and 3.5 to give the desired explicit description of the space Trpc(L). Before to give the
description, note that under the considered hypotheses we can include infinite conformal
type surface laminations. This work is the first time that an explicit description of a
Teichmiiller space of laminations fibering over an infinite conformal type surface is
given.

In the following lemma the functions Agg defined in Corollary 3.5.7 are considered.
Recall that the identification (2.9) of the Fenchel-Nielsen Teichmiiller space Try with
the space of [, sequences was used in such a corollary.

Lemma 3.7.1. For S and S’ in S such that S" < S, the following diagram commutes
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FNe,,
T(ZS/) Z TFN(ES’7 CS’)
lé‘SS' lAS’S
FNe
T(Xs) *— Tpn(Zs,Cs)

where eggr is the canonical inclusion (see Lemma 3.4.5), Ags is the embedding in
Corollary 3.5.7 and F'N s the locally bi-Lipschitz homeomorphism in Corollary 2.6.8.

Proof. Consider I's = {l, | g € GN S} < M6b(A), this is a Fuchsian group of ¥g. We
have an analogous definition of the Fuchsian group I'ss. Then we have I'gs < T'g.
Consider a point [u] € T'(3g) and the Fuchsian groups

Psju = O4:(Ts), Ty = Opu(Tsr),
along with the corresponding hyperbolic surfaces

B = A/Ts ), Xer = A/

(1]

Since I'¢s < I's, we have by definition s/ ,; < I'g, hence there is a finite locally
isometric covering
251 ) = s [p)-

By the embedding between Teichmiiller spaces, we have [u] € T(Xs) and the cor-
responding hyperbolic surface is Yg ). Considering the map ¥gg : Yg ) — Xg
defined as before, and by construction of Agg/, we have

FNeg, (ess([1])) = Ass (FNeg ([1))-
Because the point [i] was arbitrary, we have the result. O

Theorem 3.7.2. Consider a hyperbolic surface ¥ without boundary obtained by gluing a
(possibly finite) sequence of generalized hyperbolic pair of pants, each glued to the next
along a common boundary geodesic such that the length of these geodesic boundaries
18 uniformly upper bounded. Consider a minimal lamination L fibering over Y with
Hausdorff compact fiber F' whose holonomy action continuously extends to the profinite
completion of the fundamental group G and has trivial holonomy on pants. Then, there
18 a homeomorphism

Trrc(L) = Cro(F, T(X)),

where the left hand side is the transversally locally constant Teichmiiller space of L and
the right hand side is the space of locally constant functions valued on the Teichmiiller
space of 3. In particular, Trrc(L) is contractible since T(X) is so.

Proof. Taking direct limits in the commutative diagram of Lemma 3.7.1 gives the home-
omorphism

FN : lim T(Ss) — lim Try(Zs, Cs).
Q (S) QFN(S S)
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Composing this maps with the homeomorphisms 1 and U* in Lemmas 3.4.6 and 3.28
respectively gives a homeomorphism

Tric(L) = Cre(F, Tpn(%,C)).
Finally, by Corollary 2.6.8 we have
Tric(L) =2 Cre(F,T(X))
and this concludes the proof. O]

We have that although the transversally locally constant Teichmiiller space is in gen-
eral infinite dimensional, if we consider a surface with separable Teichmiiller space, the
Theorem 3.7.2 gives a family of separable contractible infinite dimensional transversally
locally constant Teichmiiller spaces.

Example 7. Consider the Jacob’s ladder surface > which is the boundary of a small
enough neighbourhood & of a ladder I' that is infinitely long in both directions. The
canonical inclusion ¢ : ¥ — § induce an epimorphism

L2 m(X) = m(S) = m (D).

Consider the lamination L that is the inverse limit of all finite coverings corresponding
to the preimages by ¢, of the normal finite index subgroups of 7 (I"). Since the ladder
I' is homotopically equivalent to the infinite wedge product of circles,

I~ (Sl)/\Z7

the fundamental group of the ladder is the free group with generating set Z and the
fiber of the laminations L is its profinite completion. Then, by Theorem 3.7.2 we have

a homeomorphism
p-f

Trro(L) = Cre (m 7T(E)> :

Corollary 3.7.3. Under the hypotheses of Theorem 3.7.2, we have an embedding
C(F, T(X)) = T(L).

Proof. 1f we take the Teichmiiller distance on the left hand side of the homeomorphism,
then it is dominated by the supremum distance on the right. Therefore, taking closures
on both sides we have the result. ]

Corollary 3.7.4. Consider the lamination L as in the hypotheses of Theorem 3.7.2.
Then the Teichmaller space of L is infinite dimensional if and only if there is a leaf in
L of infinite type.

Proof. Consider a surface > and a lamination L fibering over ¥ with fiber F' as in the
hypotheses of Theorem 3.7.2.
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Suppose that T'(L) is infinite dimensional. If the fiber F' is finite, then, by the
minimality of the lamination, L consists of a single leaf £ that is a normal covering
of ¥ and verifies T'(£) = T'(L). The leaf £ must be of infinite type otherwise T'(L)
would be finite dimensional which is absurd. If the fiber F' is infinite, then, by the
minimality of the lamination again, every G-orbit x - G has infinite elements hence,
by the characterization in Corollary 1.23, every leaf £, is of infinite type. Conversely,
suppose that L has a leaf of infinite type. Then, the fiber F' is infinite or ¥ is of infinite
type. In either case, C'(F,T(X)) is infinite dimensional hence, by Corollary 3.7.3, T'(L)
is infinite dimensional as well and the result follows. O
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