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Resumen

En esta tesis estudiamos la normalidad de ideales monomiales utilizando
programacion lineal y teoria de grafos. Damos criterios de normalidad para
ideales monomiales, para ideales generados por monomios de grado dos y

para ideales de aristas de grafos, clutters y sus ideales de coberturas.
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Abstract

In this thesis we study the normality of monomial ideals using linear pro-
gramming and graph theory. We give normality criteria for monomial ideals,
for ideals generated by monomials of degree two, and for edge ideals of graphs

and clutters and their ideals of covers.
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Introduction

In this thesis we study the normality of monomial ideals, and the normality of
edge ideals of graphs and clutters and their ideals of covers. A main problem
in this area is the characterization of the normality of the ideal of covers
I.(G) of a graph G in terms of the combinatorics of G. If G is an odd cycle
or a perfect graph, then I.(G) is normal, see [I] and [32], respectively.

The contents of this thesis are as follows. In Section [I} we introduce the
notation requeried, we also introduce definitions as well as some background
knowledge of these areas that will be used later to describe the problem
investigated in this job.

In Section [2, we introduce a few results from polyhedral geometry, com-
mutative algebra, and linear programming.

As we now recall there are two well known characterizations of the nor-
mality of I, one comes from commutative algebra and uses Rees algebras,
and the other comes from integer programming and uses Hilbert bases.

The Rees algebra of I can be written as
Sllzl=S®Iz&---aI""®--- C S|z

It is well known [29] p. 168] that the integral closure of S[Iz] is given by

S[lzl=S®Iz®---@I""®--- C S[z].
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Thus, the ring S[/z] is normal if and only if the ideal [ is normal. Normal
monomial subrings arise in the theory of toric varieties [6].

Let I be a monomial ideal of S and let G(I) = {t*,...,t"} be the
minimal set of generators of I. Let A := {e1,...,es (v1,1),...,(vg 1)},
where e; is the i-th unit vector in R*™!. The ideal I is normal if and only if
A’ is a Hilbert basis (Lemma [2.6.2)).

In Section [3| we give normality criteria for monomial ideals and member-
ship tests to determine whether or not a given monomial lies in the integral
closure of I™ or is a minimal generator of the integral closure of I". Let I and
I5 be ideals of S generated by monomials in disjoint sets of variables, we show
that [11, is normal if and only if I; and I5 are normal (Proposition .

We arrive at our first normality criterion.

Proposition Let I be a monomial ideal of S and let A be its incidence

matrix. The following conditions are equivalent.
(a) I is a normal ideal.

(b) For each pair of vectors a« € N* and A € Q% such that A\ < «, there
is m € N7 satisfying Am < a and |\ = |m|+ € with 0 < e < 1.

Given a monomial ideal I and a monomial ¢*, a linear programming
membership test for the question “is t* a member of I?” was shown in [7]
Proposition 3.5], [19, Proposition 1.1]. The following proposition gives a
linear algebra membership test that complement these results.
Proposition m (Membership test) Let I be a monomial ideal of S, let
A be its incidence matriz, and let t* be a monomial in S. The following are

equivalent.
(a) t* €I, n>1.
(b) AN < « for some A € QL with |\| > n.

(c) max{(y,1) |y > 0; Ay < a} = min{(, x) | > 0; vA > 1} > n.



As a byproduct we obtain a minimal generators test for the integral clo-
sure of the powers of a monomial ideal.
Proposition Let I be a monomial ideal of S and let A be its incidence
matriz. A monomial t* € S is a minimal generator of I™ if and only if the

following two conditions hold.

max{(y,1) | y > 0; Ay < a} = min{{a,2) | > 0; vA > 1} > n.
max{(y,1) |y > 0; Ay < a —e;} = min{{a —¢;,2) |2 > 0; zA > 1} <n

for each e; for which o —e; > 0.

The equality 1™ = (t™1, ... t"a) for n > 1 comes from [7, Examples 1.4,
3.7]. We use the membership test to give a short proof of this equality
(Corollary [3.2.3).

The normality of I is also related to integer rounding properties [9, Corol-
lary 2.5]. Systems with the integer rounding property are well studied; see
[2, 3], [26, Chapter 22|, [27, Chapter 5], and references therein.

As an application we give a short proof of the fact that [ is normal if
and only if the system x > 0;2A > 1 has the integer rounding property [9,
Corollary 2.5] (Corollary [3.3.2). This fact was shown in [9] using the theory
of blocking and antiblocking polyhedra [2], [27, p. 82].

The notions of contraction, deletion, and minor come from combinatorial
optimization [27].

If C is a clutter and I(C) is a normal ideal, then I(#) is a normal ideal
for any minor H of C [11, Proposition 4.3]. The following result complements
this fact.

Proposition Let C be a clutter and let 1.(C) be its ideal of covers. If
I.(C) is normal, then I.(H) is normal for any minor H of C.

In Section [ we use Hilbert basis, Ehrhart rings, and a duality for integer

rounding properties, to examine the normality of ideals generated by mono-

mials of degree 2, and generalize some results that were previously known to



be valid for edge ideals of graphs.
In what follows [ = (¢"*,...,t%) is an ideal generated by monomials of

degree 2 and A is the incidence matrix of I. We set

B :={es1}U{e +esatig U{(vi, 1)},

Q :=conv(0,e,...,e5,01,...,0,),

R:= K|NB] = K|z, t12,...,tsz,t" 2z, ..., t"z], the semigroup ring of NB,
Er(Q) := K[t*2* | a € Z° NbQ] C S|z, the Ehrhart ring of Q.

The following is one of our main results.

Theorem Let I = (t",...,t%) be an ideal of S generated by mono-
mials of degree 2. Then, I is a normal ideal if and only if B is a Hilbert
basis.

As an application we recover the fact that if I is the edge ideal of a con-
nected graph, then [ is normal if and only if K[NB] is normal [§, Theorem 3.3]
(Corollary [4.1.2).

We characterize when the Ehrhart ring of Q is the monomial subring
K[NB] using the integer rounding property.

Theorem Let I be an ideal of S generated by monomials of degree
2 and let A be the incidence matriz of I. Then, K[NB] = Er(Q), and the
equality

K[NB] = Er(Q)

holds if and only if the system © > 0; xA < 1 has the integer rounding
property.

In particular, we recover the fact that if I is the edge ideal of a connected
graph, then the semigroup ring K[NB] is normal if and only if the system
x > 0;xA <1 has the integer rounding property [8, Theorem 3.3].

If A and A* are the incidence matrices of I and I*, respectively, then the
system x > 0;2A > 1 has the integer rounding property if and only if the
system z > 0;zA* < 1 has the integer rounding property [3, Theorem 2.11]



(Theorem [2.4.7). We will use this duality to characterize the normality of
the dual of the edge ideal of a graph using Hilbert bases.

If I is the edge ideal of a graph, we prove that I* is normal if and only if
the set B is a Hilbert basis (Corollary , and furthermore we prove that
I* is normal if and only if / is normal (Proposition [£.3.3). These two results
follow from [3, Theorem 2.12] and [8, Theorem 3.3] when [ is the edge ideal
of a connected graph.

In Section |5, we study the normality of the ideal of covers I.(G) of a graph
G and give a combinatorial criterion in terms of Hochster configurations for
the normality of I.(G) when the independence number of G is at most two.

Let v be a vertex of a graph G. Recall that if I.(G) is normal, then
I.(G \ v) is normal. The following results shows that the converse holds
under a certain condition.

Theorem Let v be a vertex of a graph G. If the neighbor set Ng(v)
of v is a minimal vertex cover of G, then I.(G \ v) is normal if and only if
I.(G) is normal.

As a consequence, we recover a result of Al-Ayyoub, Nasernejad and
Roberts showing that the ideal of covers of the cone over the graph G is
normal if the ideal of covers of the graph G is normal [I, Theorem 1.6]
(Corollary [5.1.3).

Let G be a graph and let GGy, ..., G, be its connected components. If the
edge ideal I(G) is normal, then the edge ideal I(G;) is normal fori = 1,...,r
[1T, Proposition 4.3] but the converse is not true (Example [6.0.8). Using
Proposition [3.1.1] we show that I.(G) is normal if and only if I.(G;) is normal
for i =1,...,r (Corollary [5.1.4).

Hochster gave an example of a connected graph whose edge ideal is not
normal [33] p. 457] (cf. |28, Example 4.9]).

It was conjectured in [28, Conjecture 6.9] that the edge ideal of a graph
G is normal if and only if the graph has no Hochster configurations. This
conjecture was proved in [16, Corollary 5.8.10], [33, Corollary 10.5.9]. We



give a direct proof of this conjecture using Vasconcelos’s description of the
integral closure of the Rees algebra of I(G) [16] p. 265] (Theorem [5.2.3).

Using Proposition and Theorem , we prove that if G is the dis-
joint union of two odd cycles of length at least 5, then I.(G) is not normal,
and if G is an odd cycle of length at least 5, then I.(G) is normal (Corol-
lary . Furthermore, we show that if I.(G) is normal, then G has no
Hochster configuration with induced odd cycles C, C5 of length at least 5
(Corollary [5.2.5).

The following result gives a combinatorial description of the normality of
the ideal of covers of graphs with independence number at most two.
Theorem (Duality criterion) Let G be a graph with By(G) < 2. The
following hold.

(a) 1.(G) is normal if and only if I(G) is normal.
(b) 1.(G) is normal if and only if G has no Hochster configurations.

In Section [6] and Appendix A, we show some examples and procedures
for Normaliz [4] and Macaulay?2 [I§]. We give an example showing that
Theorem does not extend to ideals generated by monomials of degree
greater than 2 (Example . If G is a cycle of length 7, then the ideals
I(G), I(G), I.(G), and I.(G), are all normal (Example . In Exam-
ples 6.0.9H6.0.11} we illustrate an auxiliary result (Lemma and the
duality criterion (Theorem [5.2.7).

The graph G in Example was introduced by Kaiser, Stehlik, and

Skrekovski [23]. They show that the ideal of covers of G satisfies
depth(S/I.(G)*) = 0 < 4 = depth(S/I.(G)*),

i.e., the depth function of the cover ideal of (G is not non-increasing, answering
a question of Herzog and Hibi. They also show that Ass(S/I.(G)3) is not a
subset of Ass(S/I.(G)?), i.e., the ideal of covers I.(G) of G does not satisfy



the persistence property of associated primes (see [12, 24] and references
therein). The graph G is denoted by H, in [23]. Using the normality test
of Procedure and Macaulay?2 [18], we obtain that I(G) and I.(G) are
not normal whereas I(G) and I.(G) are normal. This example shows that
none of the implications of the duality criterion of Theorem [5.2.7(a) hold for
graphs with independence number greater than 2.

Let G be the graph of Example[6.0.13] This graph has independence num-
ber equal to 3. Using the normality test of Procedure |6.0.16{ and Macaulay?2
[18], we obtain that /(&) is normal, I.(G) is not normal, and furthermore
I.(G)® is not integrally closed. This example shows that the Hochster con-
figurations of G, with C;, C5 induced odd cycles of length at least five, are
not the only obstructions to the normality of I.(G) (see Corollary [5.2.5).

For unexplained terminology and additional information, we refer to [7,
22, 291, 130] for the theory of integral closure, |21l B3] for the theory of edge
ideals and monomial ideals, and [20, 26}, 27] for the theory of Hilbert bases
and polyhedral geometry.



Chapter 1

Definitions

In this chapter we introduce the notation requeried, we also introduce defini-
tions as well as some background knowledge of these areas that will be used

later to describe the problem investigated in this job.

1.1 Clutters

Definition 1.1.1. A clutter C is a pair (V, E) where V' is a finite set and F

is a family of subsets of V' none of which is included in another.

The elements of V' are called the vertices of C and those of E are the edges
of C. V and E are denoted by V' (C) and E(C) respectively. See(6.0.1}(6.0.2[6.0.3|

to ilustrate examples of clutters.

Definition 1.1.2. A graph is a clutter C such that

EC) c{z,y} 2,y e V(C)iz # y}

See to ilustrate an example of a graph.

Definition 1.1.3. A set of vertices C' of C is called a verter cover if every

edge of C contains at least one vertex of C.

8



Definition 1.1.4. A minimal vertex cover of C is a vertex cover which is

minimal with respect to inclusion.

Example shows us a clutter and its 3 minimal vertex covers. In
example we have that {t1,f;} is a vertex cover and {t;},{ts,t4} are

minimal vertex covers.

Definition 1.1.5. The clutter of minimal vertex cover of a clutter C, denoted
CY, is called the blocker of C, where

V(CY)=V(C) and E(CY)={C:C is a minimal vertex cover of C}.

Example [6.0.1] shows the difference between a clutter C and its blocker.

1.2 Monomial ideals

Let K be a field and S = K[x] be the polynomial ring over K in n indeter-

minates X = (2, ..., Tp,).

Definition 1.2.1. A monomial of S is an element of the form

Azt . o (0# X a; € N={0,1,...}).

n

Throughout this tesis, with very few exceptions, by a monomial we really
mean a monomial with A = 1. To make notation simpler we set

an
n

a a n
=o' for (ay,...,a,) € N".

In particular ¢; = t.,, where e; is the ¢-th unit vector in R".

Definition 1.2.2. An ideal I of S is called a monomial ideal if there A C N"
such that I is generated by {z® | a € A}. If I is a monomial ideal the quotient

ring R/1 is called a monomial ring.



Theorem 1.2.3. Fvery monomial ideal has a unique minimal set of mono-

maal generators, and this set is finite.

Proof. The Hilbert Basis Theorem says that every ideal I in S is finitely
generated. A polynomial belongs to [ if only if all its monomials belong to
I. Tt implies that if I is a monomial ideal, then I = (z%,...,z%). Now a
monomial belongs to I if only if it is divisible by one of the generators of I

so it follows that this set it must be unique. n

Let I a monomial ideal. We denoted this unique minimal set of monomial

generators by G(I)

Definition 1.2.4. Let I be a monomial ideal of S and let G(I) = {t"*,... t%}
be the minimal set of generators of I. The incidence matriz of I, denoted

by A, is the s X ¢ matrix with column vectors vy, ..., v,.

Definition 1.2.5. A monomial 2 is squarefree if every coordinate of a is 0

or 1. An ideal is squarefree if it is generated by squarefree monomials.

1.3 Polyhedral sets and cones

An affine space or linear variety in R™ is by definition a translation of a

linear subspace of R".

Definition 1.3.1. Let A be a subset of R™. The affine space generated by
A, denoted by aff(A), is the set of all affine combinations of points in A

aff(A) == {a1v1 + ... + a,v,|v; € Aja; € Rag + ... +a, = 1}

There is a unique linear subspace V of R™ such that aff(A) = zq + V, for
some zy € R™. The dimension of A is defined as dim A = dimg(V).

A point z € R” is called a convex combination of vq,...,v, € R™ if there
are as, ...,a, € R such that a; > 0 for all i, x = ), a;v; and ), a; = 1.

10



Definition 1.3.2. Let A be a subset of R". The convex hull of A, denoted by
conv(A) is the set of all convex combinations of points in A. If A = conv(A)

we say that A is a convex set.

The convez hull of a subset A of R”™ is the intersection of all convex sets

containing it.

Definition 1.3.3. A convex polytope P C R"™ is the convex hull of a finite

set of points vy, ..., v, € R", that is, P =conv(vy, ..., v,).

Definition 1.3.4. The inner product of two vector = (z1,...,x,) and
Yy = (y1,...,Yn) € R" is defined by

(x,y) =2y = 2191 + ... + TpYn

An affine space of R™ of dimension n — 1 is called an affine hyperplane.

Definition 1.3.5. Given a € R*\ {0} and ¢ € R, the affine hyperplane
H(a,c) is defined as

H(a,c) == {z € R°|(z,a) = c}.

Notice that any affine hyperplane of R™ has this form and notice that
there are two spaces bounded by H(a, c).

Definition 1.3.6. Given a € R*\ {0} and ¢ € R, the two closed halfspaces

are defined as
H"(a,c) :={zx € R®*|(x,a) >c}. and H (a,c):=H"(—a,—c)

If a and ¢ are rational, the closed halfspace H" (a,c) (resp. affine hyper-
plane) is called a rational closed halfspace (resp. rational affine hyperplane).

If ¢ = 0, for simplicity the set H, will denote the hyperplane of R™ through

11



the origin with normal vector a, that is,
H, = {z e R°| (z,a) = c}.
The two closed halfspaces bounded by H, are denoted by
H :={x € R®|(x,a) > c} and  H; :={z € R’ (z,a) <c}.

Definition 1.3.7. A polyhedral set or convex polyhedron is a subset of R™
which is the intersection of a finite number of closed halfspaces of R™. The

set R™ is considered a polyhedron.

Definition 1.3.8. A rational polyhedron is a subset of R™ which is the in-

tersection of a finite number of rational closed halfspaces of R".

Since the intersection of an arbitrary family of convex sets in R" is convex,
one derives that any polyhedral set is convex and closed.

The transpose of a matrix A (resp. vector x) will be denoted by A’ or
AT (resp. 2t or 7). Often a vector x will denote a column vector or a row
vector, from the context the meaning should be clear. Thus, a polyhedral

set Q can be represented as
Q= {zreR"Az < b}

for some matrix A and for some vector b. As usual, if a = (a4, ...,a,) and

c=(cy,...,cq) are vectors in R?, then a < ¢ means a; < ¢; for all i.

Definition 1.3.9. A hyperplane H of R™ is an affine subspace of codimension

1 in an affine space.

Definition 1.3.10. Let Q be a closed convex set in R". A hyperplane H of
R" is called a supporting hyperplane of Q if Q is contained in one of the two
closed halfspaces bounded by H and Q@ N H = ().

12



Definition 1.3.11. A proper face of a polyhedral set Q is a set F' C @) such
that there is a supporting hyperplane H(a, c) satisfying the conditions

a) F=09QnNH(a,c)#0D

b) Q ¢ H(a,c),and Q & H*(a,c) or Q ¢ H (a,c).

The improper faces of a polyhedral set Q are Q itself and ().

Definition 1.3.12. A proper face F' of a polyhedral set Q C R" is called a
facet of Q if dim(F) = dim(Q) — 1.

Definition 1.3.13. The cone generatedby a finite subset I" of R®, denoted

R, T, is the set of all finite linear combinations of I' with coefficients in R.

If T' is finite we say that C' = R, T is a finitely generated cone.

Definition 1.3.14. If C' C R" is closed under linear combinations with non
negative real coefficients, we say that C'is a convex cone. A polyhedral cone

is a convex cone which is also a polyhedral set.

An affine space on dimension 1 is called a line. The following result is

quite useful in determining the facets of a polyhedral cone.

Proposition 1.3.15. [35, proposition 1.1.23] Let A be a finite set of points
in Z"™ and let F be a face of R A. The following hold.

a) If F # {0}, then F =R,V for some V C A.

b) If dim(F) =1 and Ry A contains no lines, then F' = Ry« with o € A.

c) If dim(R . A) =n and F Fis a facet defined by the supporting hyperplane
H, then H, a is generated by a linearly independent subset of A.

Proof. Let F = R A with R, A C H; . Then F is equal to the cone
generated by the set V = {a € A | (a,a)}. This proves a). Parts b) and c)

follow from a). O

Definition 1.3.16. Let Q be a polyhedral set and zy € Q. The point z is

called a vertex or an extreme point of Q if {xy} is a proper face of Q.

Definition 1.3.17. A polyhedron containing no lines is called pointed.

13



1.4 Edge ideals

Let C be a clutter with vertex set V(C) = {t1,...,ts}, we consider each vertex
t; as a variable, and we consider the polynomial ring S = Klty,...,ts] over
a field K.

Definition 1.4.1. The edge ideal of C, denoted I(C), is the ideal of S given
by
1(€) == ({Il e ti | € € B(C)})-

The minimal set of generators of I(C), denoted G(I(C)), is the set of all
squarefree monomials ¢, := [], .. ti such that e € F(C). Any squarefree

monomial ideal I of S is the edge ideal I(C) of a clutter C with vertex set
V(C) - {tl, e ,ts}.

Definition 1.4.2. Let I be a monomial ideal of S. If I is the edge ideal of

a clutter C, the incidence matrix of [ is called the incidence matriz of C.
The example show us a clutter and its incidence matrix.

Definition 1.4.3. The edge ideal I(CY) of CV is called the ideal of covers of
C and is denoted by I1.(C)

1.5 Two special polyhedrons

1.5.1 The covering polyhedron

Definition 1.5.1. Let I = I(C). The covering polyhedron of I, denoted by
Q(I), is the rational polyhedron

Q) :={z|z>0; A > 1},

where 1 = (1,...,1) and A is the incidence matrix of I.
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Theorem 1.5.2. [33, proposition 13.1.2] Let Q(I) .= {x |z > 0; zA > 1}
be the covering polyhedron of I = I(C). The following are equivalent

a) C ={ty,...,t,} is a minimal vertez cover of C.
b) a =e + ...+ e is a vertex of Q(I).

Corollary 1.5.3. [33, Corollary 13.1.3] A vector a € R™ is an integer vertex
of Q(I) if only if a = e;, + ... +eis for some minimal vertex cover {t;,, ..., t; }

of C

Proof. By theorem it suffices to observe that any integral vertex of
Q(A) has entries in {0, 1}. O

We observe that exist a bijection between F(CY) and the set of integral
vertices of Q(I) (see example [6.0.3). More specifically, the map E(CY) —
{0,1}°, €= >, ¢ €i, induces these bijection.

1.5.2 The Newton polyhedron

Definition 1.5.4. The Minkowski sum of subsets A, B C R" is
A+B:={a+blacAbe B}

Definition 1.5.5. Let [ a monomial ideal with minimal set of generators
{t",...,t"}. The Newton polyhedron of I, denoted NP(I), is the rational
polyhedron

NP(I) = R} + conv(vy, ..., v,),

where Ry ={A € R |\ >0}.

This polyhedron is the convex hull of the vectors exponents of monomials
in [ [34, p. 141] and is equal to {x | x > 0; B > 1} for some rational matrix
B with non-negative entries [I5, Proposition 3.5 (b)].
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1.6 Rees algebras and Rees cones

Definition 1.6.1. The Rees algebra of an monomial ideal I with minimal

set of generators {t",... t"7} is the monomial subring
Slz] = Klty, ... ts, t" 2, ..., t%2],

where z = t,,1 is a new variable.
Following [11], we have the next definition.

Definition 1.6.2. The Rees cone of an ideal I with minimal set of generators
{t*r, ... t%}, denoted RC(I), is defined as the rational cone

RC(I) := R, A’ (1.1)

generated by the set A := {ey,..., €5, (v1,1),..., (v4, 1)}, where ¢; is the i-th

unit vector in R+,
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Chapter

Preliminaries

In this section we introduce a few results from polyhedral geometry, commu-
tative algebra, and linear programming. We continue to employ the notations
and definitions used in chapter [I}

2.1 The fundamental theorem of linear in-
equalities

The fundamental theorem is due to Farkas and Minkowski, with sharpenings
by Caratheodory and Weyl. Its geometric content is easily understood in

three dimensions.

Theorem 2.1.1. (Fundamental theorem of Linear inequalities) [26, Theorem
7.1] Let ay, ..., am, b be vectors in n-dimensional space. Then one and only

one of the following happens:

a) b is a nonnegative linear combination of linearly independent vectors

from ay, ..., an;

b) there ezists a hyperplane {x|cx = 0}, containing t — 1 linearly inde-

pendent vectors from a, ..., a,, such that cb < 0 and caq,...,ca,, > 0,
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where t :== rank{ay, ..., an, b}.

Proof. We may asume that a4, ..., a,, span the n-dimensional space. Clearly,
a) and b) exclude each other, as otherwise, if b = \ja; + .. + A\na,, with

Aty ooy A > 0, we would have the contradiction
0>cb=A(car)+ ..+ An(cay) >0

To see that at least one of a) and b) holds, choose linearly independent
Qiy s -y @, from ay, ..., ay and set D = {a;,, ..., a;, }. Next apply the following

iteration:
1) Write b = N\ a;, + ... + A, aq,. If X\, ...; A, > 0, we are in case a).

ii) Otherwise, choose the smallest h among iy, ...,7, with 7, < 0. Let
{z|cx = 0} be the hyperplane spanned by D \ {a,}. We normalize ¢
so that cap = 1. [Hence c¢b =\, < 0.]

iii) If caq, ..., ca,, > 0 we are in case b).

iv) Otherwise, choose the smallest s such that ca, < 0. Then replace D by
(D \ {an}) U {as}, and start the iteration anew.

We are finished if we have shown that this process terminates. Let Dy denote
the set D as it is in the kth iteration. If the process does not terminate, then
Dy = D, for some k < [ (as there are only finitely many choices for D). Let
r be the highest index for which U, has been removed from D at the end of
one of the iterations k,k + 1,...,1 — 1, say in iteration p. As D, = D;, we
know that a, also has been added to D in some iteration ¢ with k£ < ¢ < [.
So

D, {art1, s am} = DgN{ars1, ..., G}
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Let D, = {as,...,a;,}, b = Ajai, + ...+ N, a;,, and let ¢ be the vector ¢

found in ii) of iteration q. Then we have the contradiction:
0>cb= c’()\ilail + ...+ )‘lnaln) = )\ilclail + ...+ )\inc’ain >0

The first inequality was noted in ii) iteration above. The last inequality

follows from:

( ij <r then X\, >0,ca; >0

i; <1 then X\ <0,cda; <0
J J

. ;o
[ i; <71 then cay; =0

2.2 The finite basis theorem

Most of the notions and results considered thus far make sense if we replace
R by an intermediate field Q C K C R, i.e., we can work in the affine space
K". However with very few exceptions, like for instance Theorem [2.2.1], we
will always work in the Euclidean space R™ or Q™.

From the last section, we state the fundamental theorem of linear inequal-
ities (see last section theorem [2.1.1)):

Theorem 2.2.1. [26, Theorem 7.1] Let Q C K C R be an intermediate field
and let C C K™ be a cone generated by A = {oq,...,aq}. If o € K"\ C
and t = rank{o, ...,ay,a}, then there exists a hyperplane H, containing
t — 1 linearly independent vectors from A such that (a, ) and (a,a;) <0 for
1=1,....q

Theorem 2.2.2. (Farkas’s Lemma) [33, Theorem 1.1.25] Let A be an s x g
matriz with entries in a field K and let o € K*. Assume Q C K C R. Then,
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either there exists x € K¢ with Axr = o and x > 0, or there exists § € K*
with BA > 0 and (3, a) < 0, but not both.

Proof. Let A = {a, ..., g} be the set of column vectors of A. Assume that
there is no x € K9 with Az = aand z > 0, i.e., a is not in R, .A. By theorem
there is a hyperplane Hg such that (8, ) < 0 and (5, o;) > 0 for all . Hence
BA > 0, as required. If both conditions hold, then 0 > (8, a) = (8, Az) =
(BA, z) > 0, a contradiction. ]

The theorem [2.2.2] is a general result but basically tell us that given a
point and a cone then the point belong to cone or can separate it from the

cone. The next result tells us how to separate a point from a cone (see

example .

Corollary 2.2.3. [33, Theorem 1.1.26] Let C C K" be a cone generated by
A={ay,....;an}. Ify € K" and v & C, then there is a hyperplane H through
the origin such that v € H'\H and C C H™.

Proof. Let A be the matrix with column vectors aq,...,a,. By Farkas’s
lemma (see Theorem ) there exists u € K" such that A > 0 and (v, u) < 0.
Thus (u,a;) > 0 for all . If H is the hyperplane through the origin with

normal vector p we get C C H*| as required. O

Corollary 2.2.4. Let A be a finite set in Z", then

where ZA is the subgroup of Z™ spanned by A and Q, = {z € Q | x < 0}.
Proof. 1t follows at once from Theorem [2.2.3] m

Theorem 2.2.5. [33, Theorem 1.1.29] If C C R™ then C is a finitely gen-
erated cone (resp. finitely generated cone by rational vectors) if and only if

C' is a polyhedral cone (resp. rational polyhedral cone) in R™.
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Proof. =) Assume that C' # (0) is a cone generated by A = {ay, ..., }.
We set r = dim(R;.A). Notice that aff(C) is the real vector space generated
by A, because 0 € C. If aff(C') = C, then C is a polyhedral cone, because C
is the intersection of n-r hyperplanes of R" through the origin. Now assume
that C' C aff(C). Consider the family

F={F|F=H,nC;dim(F)=r—1;C C H;}

By theorem the family F is non-empty. Notice that F is a finite set
because eache F in F is a cone generated by a subset of A; see proposi-
tion . Assume that F = {F}, ..., Fs}, where F; = H, N C. We claim
that the following equality holds

C=H, Nn..NnH, Nnaff(C) (2.1)

The inclusion “C” is clear. To show the other inclusion, we proceed by
contradiction. Assume that there exits a ¢ C such that « belongs to the
right-hand side of Eq. By theorem [2.2.1| and by reordering the elements
of A if necessary, there is a hyperplane H, containing linearly independent

vectors oy, ..., a,_1 such that
i) (a,a) >0
i) (a,a;) <0fori=1,2,...,m.

Thus F' = H,NC = H, NC for some a < k < s. We may assume that
aq, ..., o form a basis of aff(C). Since a € aff(C) there are scalars Aq, ..., A,
with & = A\jag + ... + A\, Using ii) we get (a,a) = \.(a,,a) > 0. Hence
Ar < 0. On the other hand (a, ;) < 0 because C' C H,,, and dim(Fy)=r—1.
Therefore (ag, a) = A\{ax, o) with A\, < 0 and (ag, o) < 0 a contradiction
to the fact that o € H, .

<) Assume that C' = H, N...NH, , where by, ..., b, € R". Consider the cone
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C" generated by by, ..., b,.. From the first part of the proof we can write
C'=Ry{b,...b,} =H, Nn.NH, (2.2)

for some set of vectors A = {aq,...,a;,} in R". Next we show the equality
C = Ry A. Notice that (b;, ;) < 0 for all 1,j, because b; € C’ for all i.
Thus R;A C C. Assume that there is a € C'\ Ry A. By corollary [2.2.3]
there exists a hyperplane H, such that R, A C H_; and (a,a) > 0. Hence
(aj,a) < 0 for all i, and by Eq. we conclude that a € R, {by,...,b.}.
Therefore, we can write a = A\1by +...+ A\.b,., A\; > 0 for all i. Since o € C, we
have (a,a) = A{a, b1) + ... + A\ (@, b,) < 0, contradicting (a,a) > 0. Thus
C = R, A. The respective statement about the rationality character of the

representations is left as an exercise. ]

Theorem 2.2.6. (Finite basis theorem)[33, Theorem 1.1.33] If Q is a set
in R™, then Q is a polyhedron (resp. rational polyhedron) if and only if Q
can be expressed as Q = P+ C, where P is a convez polytope (resp. rational
polytope) and C' is a finitely generated cone (resp. finitely generated rational

cone).

Proof. =) Let Q = {z|Az < b} be a polyhedron in R", where A is a matrix

and b is a vector. Considere the set

{(i) |x€R";/\€R+;Ax—)\b§O}.

Notice that C’ can be written as

((remen (s 6 )

where —b is a column vector. Thus C’ is a polyhedral cone in R*™!. Using
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corollary we get that C” can be expressed as

T Tm
C'=R s ey )\Z>O, ; € R™).

We may assume that \; € {0,1} for all i. Set
A= {wl | )\Z = 1} = {1'1, '-~7I7"}7 B = {l’z | )\Z = 0} = {IET+1, ...,ZEm},

P = conv(A), and C = R, B. Notice that z € Q if and only if (z,1) € C".
Thus z € Q if and only if (z,1) can be written as

T o T + + Ly + Tri1 + + Tm
1 =t 1 e T My 1 Hr+1 0 ce T 0

with p; > 0 for all <. Consequently x € Q if and only if z € P+ C. Therefore
we obtain @ =P + C.
<) Assume that Q is equal to P + C with P = conv(xy,...,x,) and

C =Ry (zp41,...,Tm). Consider the following finitely generated cone

{6 () 6)

By corollary the cone C' is a polyhedron. Thus there exists a matrix A

and a vector b such that C’ can be written as

{(i) |m€R";A€R;Aw+)\b§O}.

Since x € Q if and only if (z,1) € C" we conclude that Q = {z | Az < —b},
that is Q is a polyhedron. O

The finite basis theorem asserts that a subset Q of R® is a rational poly-
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hedron if and only if
Q - R+F + 7)7

where I' is a finite set of rational points and P is the convex hull conv(.A) of
a finite set A of rational points (see example [6.0.4). In particular the Newton

polyhedron of a monomial ideal is a rational polyhedron.

Corollary 2.2.7. A set @ C R" is a convex polytope if and only if Q is a
bounded polyhedral set.

Proof. If Q = conv(ay, ...,y ) is a polytope, then by the triangle inequality
for all z € Q we have ||z|| < [|ai|| + ... + ||am||. Thus Q is bounded.
Conversely if Q is a bounded polyhedron, then by Theorem we can
descompose Q as Q + P + C, with P a polytope and C' a finitely generated
cone. Notice that C' = {0}, otherwise fixing py € P and ¢y € C \ {0} we
get po + Acg € Q for all A > 0, a contradiction because Q is bounded. Thus
P = Q, as required. H

2.3 Hilbert basis

Definition 2.3.1. A Hilbert basis is a finite set of vectors B C R" with the
property that every integer vector in the cone generated by this set is also a

nonnegative integer combination of its elements ,i.e, if R, BN Z" = NB.
Notice that all vectors in a Hilbert basis are integral.

Definition 2.3.2. Consider a cone R, I' C R" containing no lines and gen-
erated by a finite set I' of rational points. A finite set B is called a Hilbert
basis of R, " if R, I' =R, B and B is a Hilbert basis.

The program Normaliz [4] can be used to compute the Hilbert basis of
R, I'. Hilbert bases of rational polyhedral cones always exist. For a pointed
cone there is only one minimal Hilbert basis. To prove these two facts, we

need Gordan’s lemma. Below we give two versions of this lemma.
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Definition 2.3.3. Given a vector ¢ = (¢y,...,¢,) in R”, we define the value

of cas |c| :==>"1  ¢.
Lemma 2.3.4. (Gordan, version 1) If A = {vy,...,v,} CZ" and ZA is the
subgroup generated by A, then there exist vi,...,Vm in Z" such that

ZANRLA=N{v,...,7m} =Ny +... + Ny,

and y; € [N, M|"™ for all i, where N = —q max |v; | and M = q max |l uf].
<i<q <i<q

Proof. Recall that C = ZANR, A = ZAN QL A: see corollary Let

B € C. Then one can write

Where z; € N and 0 # y; € N. By the division algorithm there are r;,n; in

N such that z; = n;y; + r; and 0 < r; < y;. Therefore one can write

q q
B = g n;v; + g a;v;,
=1 =1

with @; € [0,1] N Q. As Y7, a;u; € C' N[N, M]", the set AU (CN[N,M]")
is a generating set for C' with the required property. [

Definition 2.3.5. A semigroup (5, +,0) of Z™ is said to be finitely generated
if there exists a finite set I' = {71,...,7,} C S such that:

S=NI'":=Ny +...+ Ny,
A set of generators I' of § is called minimal if 7, = 0 Vi and none of its
elements is a linear combination with coefficients in N of the others.

Any subsemigroup of N is finitely generated but there are examples of

subsemigroups of N”, with n > 2, wich are not finitely generated.
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Lemma 2.3.6. (Gordan, version 2) If R A is a cone in R™ generated by a
finite set A C Z", the semigroup Z™ N R A is finitely generated.

Proof. If A= {vy,...,v,}, consider the finite set of integral points:
{avr+ - +auw | 0<a; <1}NZ" ={7,....,%}

It is left to the reader to prove that vi, ..., 7, is the required set of generators

for Z" "R A. See [206], p. 233]. O

Let A be a finite set in Z™ and let G = Z" or G = ZA. Then, by Gordan’s

lemma (versions 1 and 2) there exists 71, ...,7, € Z" such that:
GNRy =Ny + ...+ Ny,

Therefore Hilbert bases of rational polyhedral cones always exist:

Proposition 2.3.7. Let A be a finite set in Z". Then there exist vy1,...,7:
such that

R, ANZ" =Ny + ...+ N,

and {v1,...,7} is a Hilbert basis of R..A.

Proof. The existence follows from Lemma [2.3.6], That A is a Hilbert basis
of R, A follows from the equality R, A =R, v + ...+ Ryv,. O

In Definition [1.3.17| we considered pointed polyhedra. For cones we have

the following equivalent definition.

Definition 2.3.8. A polyhedral cone C' = {x | Ax < 0} is called pointed if
the lineality space C' = {z | Az = 0} is equal to {0}.

Lemma 2.3.9. Let C' be a rational polyhedral cone. If C' is pointed, then
there ezists an integral vector b such that (b,x) >0 for all 0 # z € C.
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Proof. There is a rational matrix A such that C' = {z | Az < 0}; see
Theorem [2.2.5] We may assume that A is integral. If u, ..., u, are the rows

of A, then b = —u; — ... — u, satisfies the required condition. m

Theorem 2.3.10. Let A be a finite set in Z"™ and let C = Ry A. If C is

pointed, then there exists a unique minimal Hilbert basis of C' given by
H={xeCNZ"|0+#x¢ Ny, + Nys; Vy1,y2 € (C\ {0})NZ"}

Proof. Let — = {v,...,7} be a generating set of C. We claim that ( C T
Let x € H. Since Z" N C' = NI' we can write z = 22:1 a7y, 0 # a; € N
Thus, by construction of H, one has x = v for some ¢. To finish the proof it
suffices to prove NH = NI', because this equality implies R, H = R, I" and
consequently Z" "R, H = NH. We argue by contradiction by assuming that
the set:

Y =NI'\ NH

is not empty. Since the cone R, A is pointed, by theorem there exists
b € Z° such that (b,x) > 0 for all 0 # x € C. Let 25 € V such that

(x9,b) = min{(x,b)| x € V}.

Since xo ¢ H, we can write zg = x1 + 22 with 1, 29 in C'\ {0} NZ"™. Thus,
since (z;,b) < (o, b) fori = 1,2, we have x1, o € NH and zq = z1+25 € NH,

a contradiction. O

It may be verified easily that if C' is not pointed there are several minimal

bases.
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2.4 Complete and normal ideals

Let R be a ring and let I be an ideal of R, an element z € R is integral over

I if z satisfies an equation

ddaZd M+ a2+ aq =0, a; € I'.
The integral closure of I is the set of all elements z € R which are integral
over I. This set will be denoted by T

Definition 2.4.1. If ] = I, I is said to be integrally closed or complete.

Definition 2.4.2. If I™ is integrally closed for all n > 1, [ is said to be

normal.
Given an integer n > 1, the integral closure of I™, denoted I™, can be
described as

I" = {t* | a/n € NP(I)}) = ({t" | {a,u;) >nfori=1,...,p}), (2.3)

where (, ) denotes the ordinary inner product and u, ..., u, are the vertices
of Q(I) [15, Theorem 3.1, Proposition 3.5]. The edge ideal of a clutter is
integrally closed [33], p. 153].

Theorem 2.4.3. [35, Proposition 4.3.7] If A is an integral domain and S is

a multiplicatively closed subset of A, then

S-1(A) = S7(A) (2.4)

Proof. Note that A and S~*(A) have the same field of fractions K. First we
prove S—1(A) C S71(A). Take any z in K integral over S~'(A). There is an

equation

a Ap— Un 0
"4+ =" = (2.5)
S1 Sp—1 Sn 1
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where a; € A and s; € S for all i. Set s = s5...s, If we multiply by s", it
follows that sz € @ and x € S~1(A).
Conversely take z € S7*(A). There is s € S such that sz is integral over A.

Hence sz satisfies
(s2)" + ay(sz)" ™" + .. + 158+ a, =0 (2.6)

for some aq, ..., a, in A, dividing by sn immediately yields that x is integral

over S1(A), as required. O

Corollary 2.4.4. [33, Corollary 4.3.8] If A is a normal domain and S is a

multiplicatively closed subset of A, then S™'(A) is a normal domain.

Corollary 2.4.5. [353, Corollary 4.3.9] Let R = K|xy,...,xz,] be a poly-
nomial ring over a field K and let Kg be its field of fractions. If R =
Kla*t, ... aF'] C Kpg is the ring of Laurent polynomials , then R’ is a nor-

mal domain.

Proof. Notice that R’ is the localization of R at the multiplicative set of

monomials of R. Hence, by the last Corollary, we get that R’ is normal. [

Lemma 2.4.6. [29, p. 169] If I is a monomial ideal of S and n € N, then
In=({t* € S| (t*)P € I'™ for some p > 1}).

Proof. This follows using Eq. (2.3) and Farkas’s lemma (Theorem 2.2.2). [
The following duality is valid for incidence matrices of clutters (See defi-

nition |3.3.1)).

Theorem 2.4.7. [3, Theorem 2.11] Let A = (a;;) be a {0,1}-matriz and
let A* = (aj;) be the matriz whose (i,j)-entry is aj; = 1 — a; ;. Then, the
system x > 0;xA > 1 has the integer rounding property if and only if the
system x > 0; xA* < 1 has the integer rounding property.
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2.5 Monomial subrings

Let FF = {t"*,...,t“"} be a set of monomials of S and let F be the family of
all subrings D of S such that K U F' C D. The monomial subring generated
F' is defined by

K[F]:= (] D.
DeF

The elements of K[F] have the form > ¢, (t“*)* --- (t*7)"" with ¢, € K
and all but a finite number of ¢,’s are zero. Let A be the set of vectors
{wy,...,w,} C N°. As a K-vector space K[F] is generated by the set of
monomials of the form ¢*, with a in the semigroup NA generated by A.
That is, K[F] = K[{t* | « € NA}|. This means that K[F] coincides with
K[NA], the semigroup ring of the semigroup NA (see [14]).

2.6 Integral closure of monomial subrings

If R is an integral domain with field of fractions Kg, recall that the normal-
ization or integral closure of R is the subring R consisting of all the elements
of Ky that are integral over R. If R = R we say that R is normal. Normal

monomial subrings arise in the theory of toric varieties [6].

Theorem 2.6.1. ([13, pp. 29-30 ], [33, Theorem 9.1.1]) If ' C N*® is a finite
set of points and S = ZI' N R,.T', then the following hold:

a) K[S]:= K[{t" | a € S§}] is normal

b) K[F] = KIS]|, where F' = {t*| a € T'}.

Proof. (a): By Theorem there are non-zero vectors ay, ..., a, in Z" such
that R, I'= Hy N..NH; . WesetS; =ZI'N H, . Since K[S] is equal to
K[S1)N...N K[S,] and since the intersection of normal domains is a normal
domain, it suffices to show that K[S;] is normal for all 7. If ZI' C H,,,
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then S; = ZI' ~ Z7. Hence K[S;] ~ K[Z"] = k[zF, ..., 2] which is normal by
Corollary [2.4.5| Thus, we may assume that ZI' ¢ H,,. Setting r = rank(ZI)
and £ = ZI' N H,, one has rank(L) = r — 1. This follows by noticing that

QL =QI'n H,, and using the equality
n = dimg(QI' + H,) = dimg(QT") + dimg(H,) — dimo(QI' N H,)  (2.7)

together with the fact that the ranks of are equal to ZI' and L are equal
to dimg(QI') and dimg(QL), respectively. The quotient group H = ZI'/L
is torsion-free of rank 1. Thus, H is a free abelian group of rank 1 and we
can write H = Za for some is 0 # a € ZI' such that (o, a;) > 0. As a
consequence, we get that S; = LOENa ~Z" '@ N and K[S;] ~ K[Z" ' ®N].
Therefore S; is normal because K[Z'™' @ N] is equal to K[z7, ...,z |, 2]
and this ring is normal again by Corollary [2.4.5

(b): Since K[F] C K|S] taking integral closures and using part (a) gives

the inclusion K[F] C K[S]. To show the reverse inclusion, note the equality
ZUNRLT = ZI' N Q4T (see corollary [2.2.4]). A straightforward calculation
shows that za is in the field of fractions of K[F] if o € ZI', and z® is an

integral element over K[F] if « € Q,I". Hence K[S] C K[F]. O

Lemma 2.6.2. Let [ = (t"',...,t") be a monomial ideal of S and let A" be
the subset of R given by {e;};_; U {(vi, 1)},. Then, I is normal if and
only if Ry A'NZT = NA.

Proof. The Rees algebra of I is the monomial subring
Sz = Klty, ... ts,t" 2, ..., t"2]
where z = t,, 1 is a new variable. The Rees algebra of I can be written as

Slz)]=S@Iz®---@I"2"®--- C S[z]. (2.8)
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It is well known [29 p. 168] that the integral closure of S[/z] is given by

Slzl=S@lz® - dI"2"®--- C S[z]. (2.9)

By Egs. (2.8)—(2.9), the ring S[/z] is normal if and only if the ideal I is
normal. On the other hand the Rees algebra of I can also be written as

S[It] = K[{t"2"| (a,b) € NA'}] = K[NA'], (2.10)
and since ZA' = Z**', by Theorem [2.6.1] one has
S[It] = K[{t*2%| (a,b) € ZT' NRLAY] = K[ZT nRA. (2.11)
Hence, by Egs. 7,

S[It] is normal if and only if NA' = Z*T' N R, A’

32



Chapter 3

Normality Criteria for

Monomial Ideals

In this section we give normality criteria for monomial ideals and member-
ship tests to determine whether or not a given monomial lies in the integral
closure of I" or is a minimal generator of the integral closure of I". To
avoid repetitions, we continue to employ the notations and definitions used
in Sections [[l and 2

3.1 First normality criterion

Proposition 3.1.1. Let I1 and I, be ideals of S generated by monomials in

disjoint sets of variables. The following hold.
(a) [ Iy=I,NI,. (b) L I,C L.
(¢c) (L) =T I§ for alln > 1.
(d) I Iy is normal if and only if I; and Iy are normal.

Proof. (a) Clearly I1I C I; N I;. To show the reverse inclusion take t* €
I, N I,. Then, we can write t¢ = t*¢7 and t* = t°t° with t* € G(I;) and
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t® € G(1I,). Since the monomials in G(I;) do not have any common variable
with the monomials in G(I5), from the equality t¢7 = tt° it follows that
t* e 1 15.

(b) Take t2t® € I, I, with t* € G(I;) and t* € G(I;). Then, by Lemma,
we get that (t2)* € IF and ()¢ € IS for some positive integers k, £. Thus

(tatb)ké — (ta)ld(tb)ék c ]{d[gk — ([1[2)k€’

and consequently (t2t°)¥ € (I,1,)*. Hence t*t® € I, 1.

(c) Tt suffices to show the case n = 1 because (I115)" = I 1} for all n > 1.
By parts (a) and (b), one has I1l, C 1 NI, = I, I, C I, ], and equality
holds everywhere.

(d) =) Assume that [;]5 is normal. To show that I; is normal we need
only show the inclusion I7 C I} for all n > 1. Take t* € G(I}') and fix
t* € G(I%). From (c), one has

([11:)" = (L) = IT 13,
and consequently t%t° € (I,1,)". Thus, we can write
" = (¢t M) - (et (3.1)

with t% € G(I;) and t% € G(I,) for i = 1,...,n. Since the monomials in
G(I) do not have any common variable with the monomials in G(I%), from
Eq. it follows that ¢* is a multiple of t°* - - - t*» and t* € I}. By a similar
argument we obtain that [, is normal.

<) Assume that [; and I5 are normal. Then, by part (c), ;15 is normal.
]

Definition 3.1.2. Given a vector ¢ = (¢q,...,¢,) in RP, we denote the
integral part of ¢ by |¢| and the ceiling of ¢ by [¢]. We denote the nonnegative

rational numbers by Q..
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We come to our first normality criterion.

Proposition 3.1.3. Let I be a monomial ideal of S and let A be its incidence

matrix. The following conditions are equivalent.
(a) I is a normal ideal.

(b) For each pair of vectors a« € N* and A € Q% such that A\ < «, there
is m € N7 satisfying Am < a and |\ = |m| + € with 0 < e < 1.

Proof. (a)=-(b): Pick r € Ny = N\ {0} such that A(rA\) <ra and r\ € N%.

Let A1, ..., \; be the entries of A\. Then, regarding the v;’s as column vectors,
one has
A(rA) = (rA\)vr + -+ (rAJyy <ra . (1Y) € I U

Thus, by Lemma , t> e I = JUA because I is a normal ideal.
Then, we can write t* = (¢V1)™ .. (t%a)™a¢% with m; € Nfor all i, .7 m; =
[|Al], and § € N°. If m is the vector with entries my,..., my, then Am < «
and [A| = |[|A|] +e=|m|+ewith 0 <e< 1.

(b)=(a): To show that I is a normal ideal take t* € I". Then, by
Lemma [2.4.6 (t*)" € I"™ for some r € N} and we can write

e — (tvl)nl . (tvq)nqt(S,

with n; € N for all ¢, >}, n; = nr, and 6 € N°. Setting A\ = (ny,...,n,)/r,
one has .
o= (Z(ni/r)vi)> +(6/r) = AN+ (6/r) > A
i=1
Hence, by hypothesis, there is m € N? satisfying Am < a and |A| = |m|+¢
with 0 < € < 1. Note that |A\| = n, and consequently ¢ = 0 because
n — |m| = € is an integer. Thus, n = |A| = |m| and from the inequality
Am < « it follows readily that t* € I™. n
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3.2 Membership test

Given a monomial ideal I and a monomial ¢*, a linear programming mem-
bership test for the question “is * a member of I?” was shown in [7, Propo-
sition 3.5], [19, Proposition 1.1]. The following proposition gives a linear

algebra membership test that complement these results.

Proposition 3.2.1. (Membership test) Let I = (t",...,t"") be a monomial
ideal of S, let A be its incidence matriz, and let t* be a monomial in S. The

following are equivalent.
(a) t*€ 1", n>1.
(b) AX < a for some A € QL with |A\| > n.

(¢c) max{(y,1) |y > 0; Ay < a} = min{(, x) | > 0; vA > 1} > n.
Proof. Thesets A1 ={y |y >0; Ay <a}and Ay ={z|x>0; A > 1} are

not empty because 0 € A; and, since v; € N*\ {0} for all ¢, one can choose the
entries of x large enough so that = € A,, and furthermore the maximum in
the left hand side of part (c) is finite. Hence, by linear programming duality
[26, Corollary 7.1g, p. 91, Eq. (19)], the equality in part (c) holds.

(a)=-(b): By Lemma [2.4.6 (t*)" € I" for some r € N, . Hence,

Tozzp1U1+"'+pqvq+5:Ap+5ZAp’

where p = (p1,...,p,) € N, |p| = rn and 6 € N°. Therefore, making
A = p/r, one obtains that A € Q%, A\ < a and |\ = n.

(b)=>(c): This is clear because max{(y,1) | y > 0; Ay < a} > n and, as
noted above, the equality of part (c) holds.

(c)=(a): Pick an optimal feasible solution A = (\,..., ;) € Q% where
the maximum in the linear programming duality equation is attained. Then,
|A| > n and AX < a. Choose r € N, such that rA € N%. Hence

A(rA) = (rA)vr + -+ (rAg)v, < ray,
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and consequently (t*)" € I c ™. Thus, by Lemma tv e In. O

As a byproduct we obtain a minimal generators test for the integral clo-

sure of the powers of a monomial ideal.

Proposition 3.2.2. Let I be a monomial ideal of S and let A be its incidence
matriz. A monomial t* € S is a minimal generator of I if and only if the

following two conditions hold.

max{(y,1) | y > 0; Ay < a} = min{(a,z) |z > 0; zA > 1} > n. (3.2)
max{(y,1) |y >0; Ay < a—¢}=min{{a—e,z) | >0;2A>1} <n
(3.3)

for each e; for which o — e; > 0.

Proof. =) By Proposition [3.2.1} Eq. (3.2)) holds. If Eq. (3.3)) does not hold
for some ¢ for which o —e; > 0, then by Proposition one has t*~¢ € In

and t* = t;t* %, a contradiction.

<) By Eq. and Proposition one has that t* € I". We ar-
gue by contradiction assuming that t* ¢ G(I™). Then, there is t* € G(I")
such that t* = t°¢% and t; divides #° for some i. Hence t*% € I" and, by

Proposition m, Eq. (3.3) does not hold, a contradiction. O
The equality I" = (tmv1, ... t"a) for n > 1 comes from [7, Examples 1.4,

3.7]. We use the membership test to give a short proof of this equality.

Corollary 3.2.3. If I = (t",...,t") is a monomial ideal, then

Tm = (o, .. tva)

forn > 1.

Proof. Let A be the incidence matrix of I. We set J = ("', ...,t"). The

inclusion I™ D J is clear because I" D J. To show the reverse inclusion take
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t® € I". Then, by Proposition , AN < « for some A € Q% with [\ > n.
Hence (nA)(A/n) < « and, by Proposition we get that t* € J because
nA is the incidence matrix of J and [A\/n| > 1. O

3.3 Integer rounding properties

The normality of I is also related to integer rounding properties [9, Corol-
lary 2.5].

Definition 3.3.1. We have the two next definitions

a) The linear system x > 0;xA > 1 has the integer rounding property if
max{(y,1) [y € N©; Ay < a} = [max{(y,1) |y = 0; Ay <} (3.4)

for each integral vector a for which the right-hand side is finite.

b) The linear system z > 0; A < 1 has the integer rounding property if
[min{(y,1) |y > 0; Ay > a}] = min{(y,1) |y e N, Ay > o}  (3.5)

for each integral vector « for which the left hand side is finite.

Systems with the integer rounding property are well studied; see [2, 3],
[26, Chapter 22|, [27, Chapter 5], and references therein.

As an application we give a short proof of the fact that I is normal if
and only if the system x > 0;2A > 1 has the integer rounding property [9,
Corollary 2.5] (Corollary [3.3.2). This fact was shown in [9] using the theory
of blocking and antiblocking polyhedra [2], [27, p. 82].

Corollary 3.3.2. [9, Corollary 2.5] Let I = (z**,...,2"%) be a monomial
ideal and let A be the matriz with column vectors vi,...,v,. Then, I is a

normal ideal if and only if the system x > 0;xA > 1 has the integer rounding
property.
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Proof. =) Assume that [ is normal. Let a be an integral vector for which
the right-hand side of Eq. (3.4)) is finite. Therefore

max{(y, 1) | y > 0; Ay < a} = (A, 1) = |
for some A € Q% with A\ < a. Note that o € N°. In general one has

max{(y, 1) |y € N% Ay < a} < |max{(y,1) | y > 0; Ay < a}] = |]A]].
(3.6)
Then, by Proposition [3.1.3] there is m € N7 satisfying Am < «a and
|A| = |m| + € with 0 < e < 1. Thus, the left-hand side of Eq. is at least
|m|, the right-hand side of Eq. is |m|, and equality holds in Eq. (3.6).
<) Assume that the system x > 0;zA > 1 has the integer rounding
property. To prove that I is normal take t* € I*, n > 1. Then, by Proposi-
tion , AN < o for some A € Q% with |A| > n. Therefore

max{(y,1) | y € N, Ay < a} = [max{(y,1) [y > 0; Ay < a}] > [[A]] > n.

Hence, there is m € N such that Am < a, |m| > n, and consequently
tr e [mc . O

3.4 Blocking and antiblocking polyhedral

The following notions of contraction, deletion, and minor come from combi-

natorial optimization [27].

Definition 3.4.1. Given a clutter C and a vertex t; € V(C), the contraction
C/t; and deletion C \ t; are the clutters constructed as follows:

Both have V' (C) \ {t;} as vertex set, E(C/t;) is the set of minimal elements of
{e\{t:}| e € E(C}, minimal with respect to inclusion, and E(C\ t;) is the set
{e|t; ¢ e € E(C)}. A minor of C is a clutter obtained from C by a sequence

of deletions and contractions in any order.
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Definition 3.4.2. The support of a monomial t* € S, a = (ay,...,as),
denoted by supp(t?), is the set of all variables ¢; such that a; > 0.

If C is a clutter and I(C) is a normal ideal, then I(#) is a normal ideal
for any minor H of C [11, Proposition 4.3]. The following result complements
this fact.

Proposition 3.4.3. Let C be a clutter and let I.(C) be its ideal of covers. If

1.(C) is normal, then I.(H) is normal for any minor H of C.

Proof. 1t suffices to show that 1.(C \ v) and I.(C/v) are normal for any v €
V(C). Weset V(C) ={t1,...,ts}, H=C\ v, D=C/v, and v = t;. We may
assume that t, is not an isolated vertex of C, i.e., there is at least one edge
of C that contains t,.

To prove that I.(C \ t,) is normal, we show that I.(H)" = I.(H)" for all
n > 1. The inclusion I.(H)" C I.(H)™ holds in general. To show the reverse
inclusion take t* = (' ---t2°7' € I.(H)", a = (a1, ...,as_1,0). Then, there is

k > 1 such that (t%)* € I.(H)* and we can write

with t% € G(I.(H)) for i = 1,..., kn. We may assume that t*, ... #* are in
G(I.(C)) and t¥+1 ... t%» are not in G(I.(C)). Note that tor+it,, ... tont,
are in G(1.(C)). Therefore,
() = () (e

and consequently (t%¢7)* € I.(C)*, that is, t*" € I.(C)* = I.(C)". Then,
tur =t -t with t% € G(I.(C)) for ¢ = 1,...,n. Any minimal vertex
cover of C contains a minimal vertex cover of H. Hence, we can write each
t as t% = t%t% with t% € G(I.(H)). From the equality

N (R A [ A T2
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we obtain t¢ = t%...¢d¢¢ hecause t, ¢ supp(t¥) for i = 1,...,n, and
t* e I.(H)".

To prove that 1.(C/t,) is normal, we show that I.(D)" = I(D)" for all
n > 1. The inclusion I.(D)" C I.(D)" holds in general. To show the reverse
inclusion take t* = ¢{*---t2°)' € I.(D)", a = (a4, ...,as_1,0). Then, there is
k > 1 such that (t*)* € I.(D)* and we can write

(ta)k‘ — tbl - tbnkté,

with t% € G(I.(D)) for i = 1,...,kn. Let f; be the support of t%. Then,
either f; € E(CY) or f; = e\ ts for some e € E(C") for which ¢, € e. Thus,
either t* € G(I.(C)) or t,t% € G(I.(C)). Hence, (t%™)k € I.(C)*", that is,
tt” € I(C)" = I.(C)*. Then, t*t" = t* .-t with t% € G(I.(C)) for
i=1,...,n. Making t;, = 1, it follows readily that t* € I.(D)"™ because each
t% is divisible by some monomial t* in G(I.(D)). O
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Chapter I

Ideals Generated by Monomials

of Degree 2

In this section we use Hilbert basis, Ehrhart rings, and a duality for integer
rounding properties, to examine the normality of ideals generated by mono-
mials of degree 2, and generalize some results that were previously known to
be valid for edge ideals of graphs.

In what follows [ = (t"*,...,t%) is an ideal generated by monomials of

degree 2 and A is the incidence matrix of 1. We set

B = {ecr1} Ufe +ecrn}ing U{(vi, DL, (4.1)
Q :=conv(0,eq,...,e501,...,0,), (4.2)
R:= K[NB] = K|z, t12,...,tsz,t" 2z, ... t"z], the semigroup ring of NB,
(4.3)
Er(Q) := K[t*2" | a € Z° N bQ] C S[z], the Ehrhart ring of Q. (4.4)

4.1 Hilbert basis

The following is one of our main results.
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Theorem 4.1.1. Let I = (t",...,t%) be an ideal of S generated by mono-
mials of degree 2. Then, I is a normal ideal if and only if B is a Hilbert

basis.

Proof. =) Assume that I is normal. The inclusion R, B N Z*** > NB holds
in general. To show the reverse inclusion take (a,b) € Ry BNZ, o € N*,
b € N. By Farkas’s lemma (Theorem [2.2.2)), we obtain that («,b) is in Q. B,

that is, we can write

s q
(@,b) = Tiesn + > ple + esin) + > Nilvi, 1), (4.5)

i=1 i=1

where 7y, ;, and \; are in Q4. Then, setting A\ = (A,..., ;) and p =
(f1, - .., pts), one has AN < o and b > |u| + |A|. Hence, by Proposition [3.1.3]
there is m = (mq,...,m,) € N? satisfying Am < o and |\| = |m| + € with
0 <e<1. Thus

o= XS: cie; + Zq: m;v;, (4.6)
i—1 i1

where ¢1, ..., ¢, are in N. Setting ¢ = (¢y,...,¢s), from Eqgs. (4.5) and (4.6)),

we get
| + 2|\ = || + 2|ml. (4.7)

Therefore, using that || = |m|+¢€, b > |u| + |\|, and Eq. (4.7)), one has
b+ (Im|+€) = b+ [A[ = ([ul + M) + [A] = |e] + 2|m],
and consequently b > |c| + |m| —e. We claim that b > |c| +|m|. We argue by

contradiction assuming that b < |c|+|m|. Then, |c|+|m|—e < b < |c|+|m|—1,
and we obtain that € > 1, a contradiction. Then, by Eq. (4.6)), we can write

S q
(o, b) = (b - |C‘ - |m|)es+1 + Z Ci(ei +esq1) + Zmi(% 1),

i=1 =1
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and (a,b) € NB. This completes the proof that B is a Hilbert basis.

<) Assume that B is a Hilbert basis and set A" = {e;};_; U {(v;, 1)} ,.
To show the normality of I we need only show that Ry A’ NZ*T = NA' (see
Lemma [2.6.2). The inclusion R;.A’ N Z*** D NA’ holds in general. To show
the reverse inclusion take (o, b) € R, A'NZ* o € N*, b € N. Then, we can

write

(a, ) = Zﬂiei + Z Ai(vi, 1), (4.8)

where u; and \; are in R,. Hence, setting g = (p1,...,1s) and A =
(A1,...,A), one has |a| = |u] + 2|A| = |p| + 2b. Noticing that |u| = |a| — 2b
is in N, by Eq. (4.8), we obtain that (a,b) + |pu|esy1 is in Ry BN Z* = NB.

Therefore, we can write

s q
(a, ) + |p|ess1 = nesi1 + Zci(ei +esi1) + Zmi(vi, 1), (4.9)
i=1 i=1
where n, ¢;, and m; are in N. Setting ¢ = (c1,...,¢;) and m = (mq,...,my),

from Eqs. (4.8) and (4.9)), we get the equalities

o] = lu] + 26 = ] + 2Im], (4.10)
b=|A=n+|c|+|m|—|pl| (4.11)

Then, from Eq. (4.10) and (4.11)), one has
|l +2b = [c[ +2|m| = (b—n — |m| + |u]) + 2[m| = b—n+ || + |m],

and consequently || +2b = b —n+ |u| + |m|. Thus, b+n = |m|. Therefore,
adding n to both sides of Eq. (4.11), we obtain

m| =b+n=2n+c[+|m|—|p| . 2n+|c| = |p| = 0. (4.12)
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Consider the multiset

F={(vi,1),...,(vi,1),..., (v, 1), .., (vg 1)}

(. 7 N J

Vo g
m71 times Mg times

This multiset has |m| = n+b elements. Pick a multiset F; = {(vg,,1),..., (v, 1)}
of b vectors in F and let o = F \ F; = {(v;,,1),...,(v;,,1)} be the com-
plement of F;. Then, by Egs. (4.9 and (4.12), one has

S q
(a,b) = (n — |pu[)ess + Zci(ei +esr1) + Zmi(via 1)
=1 =1
b

= (n— [u] + |e))est1 + Zciei + Z(Ujm 1) + Z(%, 1)
=1 =1 =1

n

s b
= (2n — |pl + leDesss + > ciei+ Y v+ Y (vg,, 1)
=1 =1

=1 ?
s n b
= ch-ei + Zvji + Z(Ufw 1)'
i=1 i=1 i=1

Thus, (a,b) is in NA’ and the proof is complete. O
As an application we have the next corollary.

Corollary 4.1.2. [8, Theorem 3.3] If I = (t",...,t") is the edge ideal
of a connected graph, then I is normal if and only if the subring R =

Kz, t1z, ... tsz, 1" 2, .. 1Y 2] is normal.

Proof. The subgroup ZB spanned by B is Z"*!. Then, by Theorem [2.6.1]

one has
R = K[{t"2"| (a,b) € NB}] C R = K[{t"2"| (a,b) € Z°*T' N R B}].

Hence, R is normal if and only if NB is equal to Z**' N R,.B. Thus,
the result follows from Theorem because [ is generated by squarefree
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monomials of degree 2. O

Lemma 4.1.3. Let [ = (t"',...,t") be an ideal of S generated by monomials
of degree 2 and let A be the set of vectors {e;}i_; U{v;}_,. The following
hold.

(a) If  is in N*\ {0}, B1,..., Bk are in A and Zle Bi > «, then there are
Y1y in A such that o = Zle ~i and k > 0.

(b) Ifa € Q3, b€ conv({0} UA)NQ°® and a < b, then a € conv({0} UA).

Proof. (a) Consider the following procedure. Assume that Zle Bi # a.
Then, the j-th entry of Zle B; is greater than the j-th entry of « for some
J, and consequently Zle Bi > a+e;. Hence, 8, > e; for some p, and either

Bp =ej or B, —e; = e, for some 1 <7 <s. Thus

(iﬁ) —¢ = (Zﬁz) +(Bp —€5) = o,

i#p

where 3, —e; =0or 8, —¢; € A If (Z#p 51») + (B, — €j) # «, we repeat
the procedure. Since

<

‘(Z&)Jr(ﬁp—ej) iﬁ

i7#p

applying this procedure recursively, we get that o = Zle ~; for some vy, ..., Y
in Aand k > /.

(b) One can write b= Y7, pi€i + > i Niviy Doy i + Dty N < 1, g,
Aj in Q4 for all 4, j. If a = 0, there is nothing to prove. Assume that a # 0.
Choose r € Ny such that ru;, rA; are in N for all 4, j and ra € N° \ {0}.
Then

s

ra <rb= Z(r,ui)ei + zq:(r)\i)%

i=1 =1
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and k=Y. (ru;) + Y i, (rA;) <r. Then, by part (a), there are 1, ...,7

in A such that ra = Zle i, £ <k <r, and a = Zle(%/r). Hence, as
(/r <1, we get a € conv({0} U A). O

We characterize when the Ehrhart ring of Q is the monomial subring

K [NB] using the integer rounding property.

4.2 Ehrhart ring

Theorem 4.2.1. Let I be an ideal of S generated by monomials of degree
2 and let A be the incidence matriz of I. Then, K[NB| = Er(Q), and the
equality

K[NB| = Er(Q)

holds if and only if the system © > 0; xA < 1 has the integer rounding
property.

Proof. We may assume that {t1,...,ts} = [J{_, supp(¢"), i.e., each variable
t; occurs in at least one minimal generator of I. The equality K[NB] = Er(Q)
follows readily from [10, Theorem 3.9].

=) Assume that K[NB] = Er(Q). Let a be an integral vector for which
the left hand side of Eq. is finite. By replacing « by its positive part

a4, we may assume that & € N\ {0}. In general one has

[[A[T = [min{(y, )|y > 0; Ay > a}] <min{(y,1) [y € N Ay > a},
(4.13)
where A = (A1,...,,) € Q% and A\ > a. Then

and, by Lemma4.1.3| we obtain that a/[|\|] € Q, that is, t*2/N! € Er(Q) =
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K[NB|. Therefore, there are nonnegative integers 7, n;,m; € N such that

T I\ (t12)™ - (be2)" (£ 2)™ - - - ($V92) ™, (4.14)
NA[l=m4+ni+--+ns+mi+ - +my, (4.15)

a=mnie + -+ nges +mvy + - + my,. (4.16)

For each e; there is v;, € {vy,...,v,} satisfying e; < v;,. Then, by

Eq. (4.16), o < Aw for some w € N? with |w| = >"7_  n; + > ¢, m;. From
Eqs. (L13) and (EI5), we get

w] < TIA[] = [min{(y, 1) [y = 0; Ay > a}] <min{(y,1) |y € N Ay > a} < |w],

and we have equality everywhere. Thus, the system x > 0; zA < 1 has the
integer rounding property and the proof of this implication is complete.

<) Assume that the linear system x > 0; A < 1 has the integer rounding
property. The inclusion K[NB] € Er(Q) is clear because K[NB] = Er(Q).
To show the reverse inclusion take t*2° € Er(Q), that is, a € bQ, o € N,

b € N,. Then,
s q
a/b= Z Hi€i + Z Aii,
i=1 i=1

where 1;, A; are in Ry, and >, p; + > ¢ A < 1. For any vector z that
satisfies z > 0; zA < 1, one has (x,e;) < 1 for i = 1,...,s because any t;
occurs in at least one of the minimal generators of I. Hence, for any such z,

we obtain

s q s q
(a/b,x) = ZM(%SU) + Z)\i@i,@ < Zui + Z)\i <L
=1 =1 =1 =1

Thus, («,z) < b and, by linear programming duality [26, Corollary 7.1g],
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one has
b>max{(a,z) | x > 0; A < 1} = min{(y,1) |y > 0; Ay > a}, (4.17)
and since system z > 0; zA < 1 has the integer rounding property, we get
b= [min{(y, 1) [y = 0; Ay > o} = min{(y, 1) | y € N; Ay > o}. (4.18)

Hence, we can choose m € N? such that b > |m| and Am > «. Setting

k = |m|, by Lemma |4.1.3] there are v1,...,7 in {e;}i; U{v}_,, |m| > ¢,
such that a = Zle ~;. Thus,

1220 = (t"z).-- (th)zb_g,

and consequently t*2° € K[NB]. O

In particular, we recover the fact that if I is the edge ideal of a connected
graph, then the semigroup ring K[NB] is normal if and only if the system
x > 0;xA <1 has the integer rounding property [8, Theorem 3.3].

Corollary 4.2.2. Let I be an ideal of S generated by monomials of degree

2. Then, the following conditions are equivalent.
(a) K[NB] = Er(Q); (b) K[NB]| is normal; (c) B is a Hilbert basis.

Proof. (a)=-(b) This follows from the fact that the Ehrhart ring of a lattice
polytope is a normal domain [33, Theorem 9.3.6].

(b)=-(c) Noticing that ZB is Z*™', by the description of the integral
closure of K[NBJ given in Theorem [2.6.1] one has

K|NB] = K[NB] = K[ZBNR,B] = K[Z°"' "R, B].

Thus, NB = Z**' "R, B and B is a Hilbert basis.
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(¢c)=(a) By Theorem we get K[NB| = Er(Q). Hence, using that B
is a Hilbert basis and the description of the integral closure of K[NB]| given

in Theorem [2.6.1] one has
K[NB] = K[ZBNR,B] = K|Z*"' "R, B] = K|NB].

Thus, K[NB| = Er(Q) and the proof is complete. O

4.3 Duality for integer rounding properties

Definition 4.3.1. The dual of the edge ideal I of a clutter C, denoted I*, is
the ideal of S generated by all monomials ¢; - - - ts/t. such that e is an edge
of C.

If A and A* are the incidence matrices of I and I*, respectively, then the
system x > 0;2A > 1 has the integer rounding property if and only if the
system x > 0;2A* < 1 has the integer rounding property (Theorem .
We will use this duality to characterize the normality of the dual of the edge
ideal of a graph using Hilbert bases.

Corollary 4.3.2. Let I be the edge ideal of a graph and let I* be the dual of
I. Then, I is normal if and only if B is a Hilbert basis.

Proof. Let A be the incidence matrix of I. By Corollary [3.3.2] I* is normal
if and only if the system xA* > 1;2 > 0 has the integer rounding property.
Then, by Theorem [2.4.7] I* is normal if and only if the system 24 < 1;2 >0
has the integer rounding property. Hence, by Theorem [4.2.1] I* is normal if
and only if K[NB| = Er(Q). Thus, by Corollary .2.2] I* is normal if and
only if B is a Hilbert basis. 0

Proposition 4.3.3. Let I be the edge ideal of a graph and let I* be the dual

of I. Then, I* is normal if and only if I is normal.

Proof. This follows from Theorem and Corollary [4.3.2] O
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The last two, Corollary and Proposition follow from [3, The-
orem 2.12] and [8, Theorem 3.3] when I is the edge ideal of a connected
graph.
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Chapter 5

Normality of Ideals of Covers
of Graphs

In this section, we study the normality of the ideal of covers I.(G) of a graph
G and give a combinatorial criterion in terms of Hochster configurations for

the normality of I.(G) when the independence number of G is at most two.

Lemma 5.0.1. Let v be a non isolated vertex of a graph G. If the neighbor
set Ng(v) of v is a minimal vertex cover of G, then a set C C V(G) is a
minimal vertez cover of G if and only if C' = Ng(v) or C = {v}U D with D

a minimal vertex cover of G\ v such that Ng(v) ¢ D.

Proof. =) Assume that C' is a minimal vertex cover of G. If v ¢ C, then
Ng(v) C C and, by the minimality of C', one has the equality C' = Ng(v).
Now assume that v € C' and set D = C'\ {v}. If Ng(v) C D, we get that D
is a vertex cover of G with D C C, a contradiction. Thus, Ng(v) ¢ D and
the proof reduces to showing that D is a minimal vertex cover of H = G \ v.
Take f € E(H), then v ¢ fand fNC # (. Thus, fND # 0, and D is a
vertex cover of H. To show that D is minimal take ¢, € D. Then t, # v
and, by the minimality of C, there is e € E(G) such that e N (C'\ {tx}) = 0.
Then, v ¢ e, e € E(H), and eN (D \ {tx}) = 0.
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<) Assume that C' = {v}UD with D a minimal vertex cover of H = G'\v
such that Ng(v) ¢ D. Take e € E(G). If v € e, then, e N C # @ and if
v & e, then eN D # (). Thus, C is a vertex cover of G. Next we show
that C' is minimal. As Ng(v) ¢ D, it follows that D = C'\ {v} is not a
vertex cover of G. Indeed, pick t; € Ng(v) \ D, then e = {v,t;} € E(G) and
en(C\ {v}) = 0. Now take t; € C, t; # v. Then, there is f € E(H) such
that f N (D \ {t;}) = 0 because D is a minimal vertex cover of H. Then,
Fo(@\{t}) = 0. O

5.1 Ideal of covers

Let v be a vertex of a graph G. Recall that if .(G) is normal, then I.(G\v) is
normal. The following results shows that the converse holds under a certain

condition.

Theorem 5.1.1. Let v be a vertex of a graph G. If the neighbor set Ng(v)
of v is a minimal vertex cover of G, then I.(G \ v) is normal if and only if

I.(G) is normal.

Proof. Setting V(G) = {t1,...,ts} and H = G \ v, we may assume that v is
not an isolated vertex, v = t,, and Ng(ts) = {t1,...,t}.

=) Assume that [.(H) is a normal ideal. To prove that I.(G) is normal,
we will show that I.(G)" = I(G)" for all n > 1. We argue by induction on
n. The case n = 1 is clear because I.(G) is squarefree [33 p. 153]. Assume
that n > 1. The inclusion I,(G)" C I(G)" holds in general. To show the
reverse inclusion take t* € I.(G)". Then, by Lemma , there is k € N

such that (t¢)* € I.(G)*" and we can write
(ta)k‘ — tbl .. tb"kté,

where %1, ...t are minimal generators of I.(G). Then, by Lemma [5.0.1]

53



we get
() = (ty - t,)™ (£t 01 - (200 ) 2, (5.1)

where t®m+1 ¢4k are minimal generators of I.(H). As {t1,...,t,} contains

a minimal vertex cover of H, one has (t*)* € I.(H)", and consequently

t* € I.(H)™. By the normality of I.(H), we obtain that ¢t* € I.(H)". Then
£ = oo (5.2)

where ¢, ... 1" are minimal generators of I.(H) and t7 € S = K[t,...,t4].
Case (I) n < as, a = (ay,...,as). By Eq. (5.2), t% divides t7, and we get

1= (L) - (Hoto) (O /12 )

Then, t* € I.(G)" because t:t% € I.(G) fori=1,... ,n.

Case (II) n > a,. By Eq. , one has ka, > kn — m and ka; > m for
i=1,...,r. Therefore, m > k(n—as) and a; > n—as fori =1,...,r. Thus,
we can write

1= (ty - t,) Ot (5.3)

Using Eqgs. and , we obtain
(t9)F = (o) () o ()8 = (- )R (1),
and consequently
(ty -t RO (g gmany (g gt )0 = (¢9)F,

As m — k(n — a,) + kn — m = ka,, we obtain that (t€)* € I.(G)**, that
is, t© € I.(G)%. By induction I.(G)% is equal to I,(G)%. Thus t° € I.(G)%
and, by Eq. (5.3), we get t* € I(G)". Hence, I.(G)" is equal to I.(G)" and
the proof is complete.

<) This implication follows at once from Proposition m O]
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Definition 5.1.2. Let G be a graph. The cone over G with apex v, denoted
C(@), is obtained by adding a new vertex v to G and joining every vertex of
G to v.

Corollary 5.1.3. [1, Theorem 1.6] Let G be a graph and let C(G) the cone
over G with apex v. Then, 1.(G) is normal if and only if 1.(C(Q)) is normal.

Proof. This follows readily from Theorem by noticing that V(G) is a
minimal vertex cover of C(G), Neg)(v) = V(G), and C(G) \ v =G. O

Let G be a graph and let G4, ..., G, be its connected components. If the
edge ideal I(G) is normal, then the edge ideal I(G;) is normal fori = 1,...,r
[T, Proposition 4.3] but the converse is not true (Example [6.0.8]).

Corollary 5.1.4. Let G be a graph and let G4, ..., G, be its connected com-

ponents. Then

((1,) ]C(G) = IC(G1> e ]C<GT))

(b) I.(G)" = I.(Gy)"- - I.(G,)" for alln > 1, and
(c) I.(G) is normal if and only if I.(G;) is normal fori=1,... r.

Proof. To show part (a), let C' be a set of vertices of G. Note that C' is a
minimal vertex cover of GG if and only if C' = C1 U---UC, with C; a minimal
vertex cover of G; for i = 1,...,r. Hence, I.(G) is equal to I.(G1) - - - I.(G,).
Parts (b) and (c) follow from part (a) and Proposition [3.1.1] O

Definition 5.1.5. A clique of a graph G is a set of vertices inducing a

complete subgraph.

Definition 5.1.6. The clique clutter of G, denoted by cl(G), is the clutter
on V(G) whose edges are the maximal cliques of G (maximal with respect

to inclusion).
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We also call a complete subgraph of G a clique and denote a complete

subgraph of G with r vertices by K,. Then

I(cl(G)" = ({(t1---1s)/te | e € E(cl(G))}).

If G is a discrete graph, by convention
[c(G) = S7I<G) = <O)a and I<G)* = (0)

Definition 5.1.7. The complement of a graph G, denoted G, has the same
vertex set as G, and {t;,¢;} is an edge of G if and only if {t;,¢;} is not an
edge of G.

Lemma 5.1.8. Let G be the complement of a graph G, let cl(G) be the clique
clutter of G, and let Isol(G) be the set of isolated vertices of G. The following
hold.

(a) 1(G) = I(cl(G))".

(b) If G has no triangles, then I.(G) = ({(t,---ts)/t; | t; € Isol(G)}) +
I1(G)*.

(¢c) If G is a discrete graph, then I.(G) = ({(t1---t,)/t; | t: € V(GQ)}).
(d) If G has no triangles and no isolated vertices, then I.(G) = I(G)*.

Proof. (a) To show the inclusion “C” take ¢* a minimal generator of I.(G),
i.e., the support U of t* is a minimal vertex cover of GG, and consequently
V(G)\ U is a maximal clique of G. Thus, U is the complement of a maximal
clique of G, and consequently t* € I(cl(G))*. The inclusion “D” is also easy
to prove.

(b) As the graph G has no triangles, the edges of the clique clutter cl(G)

are either isolated vertices of G (i.e., maximal cliques that correspond to K;)
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or edges of G (i.e., maximal cliques that correspond to Ks). Hence

and using part (a) we obtain the equalities
[(G) = I(cl(G))" = (Isol(G))"+(I(G))" = ({{t -+ ts) /ti | t; € Tsol(G) ) +I(G)".

Parts (c) and (d) follow from part (b). O

Lemma 5.1.9. If G is a graph and U C V(G), then
(a) G\U=G\U; (b) G\Isol(G) =G\ Isol(G).

Proof. (a) To show equality we need to show that the vertex set and edge

set of the two graphs G \ U and G \ U are equal. From the equalities

V(G\U)=V(G)\U=V(G)\U,
V(G\U)=V(G\U)=V(G)\U,

the vertex sets of the two graphs are equal. We set

Hy=G\U and H=G\U.

Note that V(Hy) = V(H) = V(H). To show the inclusion E(H,) C E(H)

take e € E(Hp). Then, e € E(G) and enU = (. If e € E(H), then e € E(G)

and e N U = (), a contradiction. Thus, e € E(H). To show the inclusion
E(Hy) D E(H) take e € E(H). Then, e ¢ E(H) and e C V(H). Hence,
e € E(G) and eNU = (. Thus, e € E(H,).

(b) Setting U = Isol(G), this part follows from (a). O
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5.2 Hochster configurations

Hochster gave an example of a connected graph whose edge ideal is not
normal [33, p. 457] (cf. [28, Example 4.9]). This example leads to the
following concept [28] Definition 6.7].

Definition 5.2.1. A Hochster configuration of a graph G consists of two odd
cycles C1, Cs of G satisfying the following two conditions:

(i) C1 N Ng(Cs) =0, where Ng(Cy) is the neighbor set of Cs.

(ii) No chord of C;, i = 1,2, is an edge of G, i.e., C; is an induced cycle of
G.

Lemma 5.2.2. Let I be the edge ideal of a graph G, let Cy, Cy be two odd

cycles of G with at most one common vertez, and let

Mere, = ([ ti ] t)=0cm1e=br,

t;€C1 t; €Co
The following hold
(a) If |Cy N Cy| =1, then Me, ¢, € S[Lz].

(b) If C1y N Cy = 0 and there is e € E(G) intersecting Cy and Cs, then
MC’1,02 S S[IZ]

(¢) If Cy,Cy form a Hochster configuration, then Mc, ¢, ¢ S[Iz].

Proof. We may assume that C; = {t1,...,t,} and Cy = {tos1, ..., to, 40, }
are odd cycles of lengths ¢; and /5, respectively.
(a) Assume that C1 N Cy = {t,, } and ty, = t;, 1. Then

MC1,02 = (tl N tel)(t£1+1 .. ,t£1+z2)z(€1+ez)/2

= (ty - .teliltilz(€1+1)/2)(t£1+2 .. _t61+£22(£271)/2)_
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Thus, Mc, ¢, € IGHD/25GH0/2[(6=1)/2 (=12 — [(h+6)/2,(L+t)/2
S[Iz].
(b) Assume that C; N Cy = () and {t,,ts,+1} is an edge of G. Then

Mey oy = (b1 te) (toy 41 - - 'tz1+42)z(£1+£2)/2

(€1+1)/2)( (fz—l)/Q)‘

= (tl ety le 412 b2t 42

Thus, Mg, c, € ITGHD/2(0+0/2[(0=1/2,(L-1)/2 = [h+6)/2,(0+6)/2
S[z].

(c) We argue by contradiction assuming that M¢, ¢, € S[Iz]. Then,
Mg, ¢, € I™2™ for some m > 1, that is, [[, cc e, ti € 1™ and m = (41 +
0¢5)/2. Thus

(t1--to)(toer - toae,) =te, - te, 1

for some edges e, ..., e, of G. Hence, for each 1 < i < m, either ¢., divides
ty -ty or t., divides ty 41ty +e,. Thus, we may assume that ., ---t.,
divides ¢y ---ts, 7 > 1, and ¢
¢y > 2r and ¢y > 2(m —r). As {; is odd, one has ¢; > 2r, and consequently
m = (l{y+43)/2>r+ (m—r)=m, a contradiction. O

eri1 " te,, divides tg 41 -+ -tg 44,. Therefore,

It was conjectured in [28, Conjecture 6.9] that the edge ideal of a graph
GG is normal if and only if the graph has no Hochster configurations. This
conjecture was proved in [16, Corollary 5.8.10], [33, Corollary 10.5.9]. We
give a direct proof of this conjecture using Vasconcelos’s description of the
integral closure of the Rees algebra of I(G) [16] p. 265].

Theorem 5.2.3. ([28, Conjecture 6.9], [16, Corollary 5.8.10]) The edge ideal
I(G) of a graph G is normal if and only if G admits no Hochster configura-

tions.

Proof. To show this result we use the following description of the integral clo-
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sure of the Rees algebra S[/z] of the ideal I = I(G) [16, Proposition 5.8.13]:

Sliz] = S[IZ][B,

where B’ is the set of all monomials Meq ¢, = (Htiec1 t; Htiec2 t;)2IC1IHIC2D/2
such that ' and C5 are two induced odd cycles of G with at most one
common vertex. If C and Cy intersect at a point or C; and Cy are joined by
at least one edge of G, then M¢, ¢, is in S[It] by Lemma . Hence, if U is
the set of all monomials M¢, ¢, such that C, C5 is a Hochster configuration

of G, one has the equality

S[I2] = S[I2][U).

Therefore, by Lemma [5.2.2(c), S[Iz] is normal if and only if G has no
Hochster configurations, and the result follows from the fact that I is normal

if and only if S[/z] is normal. O
Corollary 5.2.4. Let GG be a graph. The following hold.

(a) If G is the disjoint union of two odd cycles of length at least 5, then

I.(G) is not normal.
(b) If G is an odd cycle of length at least 5, then I.(G) is normal.

Proof. (a) As G has no triangles and no isolated vertices, by Lemma ,
one has I.(G) = I(G)*. Then, by Proposition 4.3.3, I.(G) is not normal
if and only if I(G) is not normal. As G is a Hochster configuration, by
Theorem (G) is not normal. Thus, I.(G) is not normal.

(b) As G has no triangles and no isolated vertices, by Lemma |5.1.8] one
has the equality I.(G) = I(G)*. Then, by Proposition 4.3.3, I.(G) is normal
if and only if 7(G) is normal. As G is an odd cycle, by Theorem [5.2.3 1(G)

is normal. Thus, /.(G) is normal. O
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Corollary 5.2.5. Let G be a graph. If I.(G) is normal, then G has no
Hochster configuration with induced odd cycles Cy, Cy of length at least 5.

Proof. We argue by contradiction assuming that G has a Hochster configu-
ration with induced odd cycles C1, C5 of length at least 5. Let U be the set
of vertices of G not in V(Cy) UV (Cy). Then, by Proposition [3.4.3 I.(G\ U)
is normal. The subgraph é\ U is the union C; U Cy of the cycles C; and
C5 because C; U C5 is an induced subgraph of G. Hence, by Lemma ,
G\ U = C, UCy. Therefore, by Corollary I.(G'\ U) is not normal, a

contradiction. ]

Definition 5.2.6. Let G be a graph with vertex set V(G) = {t1,...,t:}. A
subset B of V(G) is called independent or stable if e ¢ B for any e € E(G).
The independence number of G, denoted 5y(G), is the number of vertices in

any largest stable set of vertices.

The following result gives a combinatorial description of the normality of

the ideal of covers of graphs with independence number at most two.

Theorem 5.2.7 (Duality criterion). Let G be a graph with 5o(G) < 2. The
following hold.

(a) 1.(G) is normal if and only if I(G) is normal.
(b) 1.(G) is normal if and only if G has no Hochster configurations.

Proof. (a) =) Assume that I.(G) is normal. We proceed by induction on

s = |V(G)]. If s =1, then I.(G) = S and I(G) = (0), and if s = 2, then

either G is a discrete graph with two vertices, I.(G) = S and I(G) = (t1t2),

or G =Ky, I.(G) = (t1,t2) and I(G) = (0). Thus, I(G) is normal in these
cases. Assume that s > 3.

Case (I) t; is an isolated vertex of G for some i. By Proposition ,
I(G\t;) is normal. Then, by induction, I(G \ t;) is normal. As G\ t; = G\t

\ ¢
and t; is isolated in G, one has I(G \ t;) = I(G). Thus, I(G) is normal.
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Case (II) G has no isolated vertices. The graph G has no triangles because
Bo(G) < 2. Then, by Lemma , one has I.(G) = I(G)*. Hence, the ideal
I(G)* is normal and, by Proposition m, the ideal I(G) is normal.

<) Assume that I(G) is normal. By Lemmas [5.1.8| and [5.1.9} one has

_ua\mménzfgamd@ﬂ*zfmwmwﬁnﬂ;maf.

Hence, the ideal I.(G \ Isol(G)) is normal because I (6)* is normal by

Proposition 4.3.3, We set H = G\ Isol(G). We may assume that ti,...,,
are the isolated vertices of G, then

G=HUH U---UH,

where H; is the subgraph of GG given by

=~
=
I

V(H)U{t:} and E(H,) = {{tv.t;} | t; € V(H)} if i =1,
V(H,) = V(H)U{t,,....t:} and BE(H) = {{tut;} | t; € VIH) U {ts, ... ti1} if i >2.

Setting Go = H and G; = HUHU---UH; fori = 1,...,r, note that Gj is
the cone over GG;_1 with apex t; for: =1,...,r, i.e., GG; is obtained from G,_;
by joining every vertex of G;_; to t;. As I.(H) is normal, by successively
applying Corollary [5.1.3| we obtain that I.(G) is normal.

(b) This part follows from part (a) and Theorem O
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Chapter

Examples

In this section we give some examples to illustrate and complement our re-
sults. In particular, we show that Theorem does not extend to ideals
generated by monomials of degree greater than 2 (Example . In Exam-
ples [6.0.96.0.11] we illustrate Lemma [5.1.8 and the duality criterion given
in Theorem [5.2.7] Then, we show that none of the implications of the duality
criterion hold for arbitrary graphs (Example .

1 @ty Qtl ty
t3 t3
to to

Figure 6.1: Clutter C (left) and clutter CV (right)

Example 6.0.1. Let C the clutter (see figure given by

V(C) = {tl,tg,t37t4} and E(C) = {{tl,tg,tg}, {t17t4}}
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Then
V(") =V(C) and E(CY) = {{t:} {ta. ta} {ts. ta}}
We can observe that C and CV have different edges.
Example 6.0.2. Let C the clutter (see figure given by
V(C) = {t1,ta,t3,ts, 5,16}

E<C) = {{tb t27 t5}7 {tla t3a t4}7 {t27 t37 t6}7 {t47 t57 tﬁ}}

This clutter, usually is denoted by Qg in the literature and plays an important

role in combinatorial optimization. In this case then

I(C) = ({t1tats, titsty, tatste, tatste})

t3

Figure 6.2: Clutter Q.

Example 6.0.3. Let C the clutter (see figure given by
V(C) = {t1,t2,t3}
E(C> = {{tb t2}7 {t2v t3}7 {t37 tl}}
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This clutter (graph), usually is denoted by C3 or K3 in the literature. In this

case then

I(C) = ({tito, tats, tat1}) and A=

S =
_ = O
_ O

Moreover C has 3 minimal vertex covers {{t1, 2}, {t2, 3}, {t1,t3}}, by corol-
lary the covering polyhedron Q(I) := {z | > 0; zA > 1} has 3 integer
vertices {a = (1,1,0),b = (0,1,1),c¢ = (1,0,1)} (see figure [6.4).

t3

ty

to

Figure 6.3: Clutter K.

Example 6.0.4. Consider the rational polyhedron Q which is the intersection
of the rational closed halfspaces H*((—2,—3),—1), H"((—1,—1),—1) and
H*((1,0),0), in this case @ = R, I" + P where I" = {(0, —1), (1, —1)} and P
is the convex hull of {(0,1/3), (2, —1)} (see figure ?7?)

Example 6.0.5. Let C C R? be a cone generated by A = {a;,as} where
a; = (1,2) and as = (2,1) and let v = (=2,1) ¢ C. Let A be the matrix
whose set of column vectors is A, by theorem ?? there exists u € R? such
that pA > 0 and (7, u) < 0. In this case we can take for example y = (4, —1)
Thus (u,a;) >0 for i = 1,2 then C C H" = H*(p,0) and (7, ) < 0 then
w € H™\ H where H is the hyperplane through the origin with normal vector
p (Line red).We can see that H separates v from C (see figure [6.6)).
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Figure 6.4: Covering polyhedron of example [6.0.3

Figure 6.6: Ilustration of example [6.0.5
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Example 6.0.6. Let S = Q[ty,...,t10] be a polynomial ring and let I =
(tUr,...,t"1°) be the monomial ideal of S generated by the set

G(I) ={t1tatstatstets, titatstatstets, titatstatststo, titatstatststio, titatstatrtstio,
totststrtstotio, titatstrtstotio, tatstatrtstotio, tatatstrtstotio, tatstetrtstotio}-

Then, using Procedures [6.0.14] and |6.0.15, we get that B = {e11} U {e; +
e 12 U {(v;, 1)}, is not a Hilbert basis and I is a normal ideal. Thus,
Theorem does not extend to ideals generated by monomials of degree
greater than 2.

Example 6.0.7. Let S = Qlty, ..., 7] be a polynomial ring and let
I = I(G) = (tits, tita, tota, tits, tats, tsls, tite, tate, tsle, tate, Latr, taty, tat7, tstr)

be the edge ideal of the graph G of Figure . The complement G of G is
a cycle of length 7. The graph G is called an odd antihole in the theory of
perfect graphs [I7, p. 71].

ty

<

t1

t3

to

Figure 6.7: Graph G is an odd antihole with 7 vertices.

Using Procedure [6.0.16 for Macaulay?2 [I§], we obtain the following
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information. The incidence matrix B of I.(G) is

sy

|
O O == = e
O R R Bk = = O
_ O O~ =) =
[l e e R e R
[ e T = e B e B T
e e e = ==
—_ R R == O O

The ideals I.(G) and I(G) are normal, and so are the ideals I.(G) and
I(G). The normality of I(G), I(G), and I.(G) also follow from Theorem m
and Corollary |5.2.4) and the normality of I.(G) also follows from [I, Theo-
rem 1.10].

Example 6.0.8. Let G be a graph whose connected components are two
triangles G; and Gs. Then, by Theorem I(G;) is normal for i = 1,2

but I(G) is not normal by the same theorem.

Example 6.0.9. If G is the bipartite graph Ko with edges {t1,t2} and
{t;,t3}. Then, t; is an isolated vertex of G, E(G) = {{ts,t3}} and, by

Lemma [5.1.8, one has
IC(G) == (t2t3) + I(@)* == (tgtg) -+ (tgtg)* = (tgtg, tl)

Example 6.0.10. If G is a graph whose independence number [y(G) is

1, then G = K, is a complete graph, I(G) = (0), I.(G) is normal (Theo-
rem |5.2.7) and, by Lemma |5.1.8, one has

1(G) = ({(t -1/t | 1< i < 5}).

The normality of I.(G) also follows from the fact that the ideal gener-

ated by all squarefree monomials of S of fixed degree k£ > 1 is normal [31],
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Proposition 2.9].

Example 6.0.11. Let G be the cone with apex tg over the cycle C5 =
{t1,...,t5}. Then, 5o(G) = 2, I.(G) is normal (Theorem [5.2.7) and, by

Lemma [5.1.8] one has
I.(G) = (titatstats, taolatsts, titatals, titstats, titststs, tatststs).

Example 6.0.12. [23] Fig. 1, p. 241] Let I.(G) be the ideal of covers of the
graph G defined by the generators of the following ideal

I = (tyto, tats, tata, tats, tste, tetr, trts, tsto, tot1o, titio, (6.1)
tot11, tgti1, t3tia, trtio, titg, Laty, t3ty, tale, tits, taly, (6.2)

tst10, tiot11, ti1tiz, tstia).

The graph G is denoted by Hy in [23]. Using the normality test of Proce-
dure and Macaulay?2 [18], we get that I(G) and I.(G) are not normal
whereas I(G) and I.(G) are normal. This example shows that none of the
implications of the duality criterion of Theorem [5.2.7(a) hold for graphs
with independence number [y(G) greater than 2 because fy(G) = 4 and
Bo(G) = 3.

Example 6.0.13. Let G be the graph whose complement G is the graph
depicted in Figure [6.8 The graph G has 50 edges and 3,(G) = 3. Using the
normality test of Procedure[6.0.16]for Macaulay2 [I8], we obtain that I(G) is
normal, I.(G) is not normal, and furthermore I.(G)® is not integrally closed

because one has
f=t t;l té t tg té t? tg té tilo th t4112 tils € L.(G)>\ I(G)".

This example shows that the Hochster configurations of @, with C7, Cy

cycles of length at least five, are not the only obstructions for the normality

of I.(G) (see Corollary [5.2.5)).
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Figure 6.8: Graph G consists of two antiholes joined by a vertex.
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Appendix A: Procedures

In this appendix we give procedures for Normaliz [4] and Macaulay2 [18] to
determine the normality of a monomial ideal, the minimal generators of the
ideal of covers of a clutter, the Hilbert basis of the Rees cone R, A" defined
in Eq. , and the Hilbert basis of the cone R, B generated by the set B
defined in Eq. (4.1)). The sets A" and B are used to characterize the normality
of a monomial ideal (Lemma and the normality of an ideal generated
by monomials of degree two (Theorem .

Procedure 6.0.14. Let [ = (t"*,...,t%) be a monomial ideal of S. The
following procedure for Normaliz [4] computes the Hilbert basis of the cone

generated by
B = {€8+1} U {ei + 65+1}f:1 U {(Ui7 1) ;'1:17

and determines whether or not B is a Hilbert basis. The input is the matrix

whose rows are the vectors in the set B. This procedure corresponds to

Example [6.0.6]

amb_space 11
normalization 21
00000000001
10000000001
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, P, P, P, PO k0O O O O O O O o o o o o
= R R R R R B RO O O O 0O O O O O O K
P, P P, P PO R, kPO O O O O O O +r O
= PR, R, B, B, O O O Ok, O 0O O O O O~ o o
O R P P P P OO R OO O OO OoOISer o o o
O Bk O O O O B BH Bk O O O O+ O O O o
= = 2, O O B B Bk Bk Pk O O O +r O O O O O
= O B P R R R B R RB,E O O Rk, O O O O O O
O O O O K PKr PKr K Pk O Fr OO O O O O O
O O B O B B B B B B OO OOOOoO O O
e i = T e e e = O e e e N e S S S

Procedure 6.0.15. Let [ = (t",...,t%) be a monomial ideal of S. The
following procedure for Normaliz [4] computes the Hilbert basis of the Rees
cone of I defined in Eq. and determines whether or not the set A" =
{e;}s; U{(v;,1)}L_, is a Hilbert basis. In particular, by Lemma [2.6.2] we
can determine whether or not [ is a normal ideal. The input is the matrix
with rows vy, ..., v, This procedure corresponds to Example [6.0.6]

amb_space 11
rees_algebra 10
060011011111
0010111111
0110011111
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1100011111
060110101111
1111100110
1111100101
1111101100
1111111000
1111001101

Procedure 6.0.16 (Normality test). Let I be a monomial ideal. We im-
plement a procedure—that uses the interface of Macaulay2 [1§] to Normaliz
[4]—to determine the normality of I, and the normality and minimal gen-
erators of the ideal of covers of a clutter. This procedure corresponds to
Example [6.0.7 To compute other examples, in the next procedure simply
change the polynomial rings R and S, and the generators of I.

restart

loadPackage("Normaliz",Reload=>true)

loadPackage ("Polyhedra", Reload => true)
R=QQ[t1,t2,t3,t4,t5,t6,t7];

--antihole, complement of C7

I=monomialIldeal (t1*t3,t1*t4,t1xt5,t1*t6,t2%t4,t2*%t5,t2%t6,t2*t7,
t3*%t5,t3%t6,t3%t7,t4%t6, t4*t7 ,t5%t7)

dim I

--Ideal of covers of clutter associated to I

J=dual(I)

-—transpose incidence matrix of I

A = matrix flatten apply(flatten entries gens I , exponents)
--transpose incidence matrix of J

AJ=matrix flatten apply(flatten entries gens J , exponents)
--generators of Rees cone of I

M = id_(ZZ" (numcols(A)+1))~{0. .numcols(A)-1}]|

(Altranspose matrix {for i to numrows A-1 list 1})
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--generators of Rees cone of J

MJ = id_(ZZ" (numcols(AJ)+1))~{0. .numcols(AJ)-1}||
(AJ|transpose matrix {for i to numrows AJ-1 list 1})
--rows of M

1= entries M

--rows of MJ

1J= entries MJ

--Next we compute the normalization of Rees algebras
S=QQ[t1,t2,t3,t4,t5,t6,t7,t8];

L=for i in 1 list S_i

LJ=for i in 1J list S_i

--Normalization of the Rees algebra of I
ICL=intclToricRing L

gens ICL

#gens ICL

flatten \ exponents \ gens ICL

--Normalization of the Rees algebra of J
ICLJ=intclToricRing LJ

gens ICLJ

flatten \ exponents \ gens ICLJ

--Normality test for ideal I

sort L==sort gens ICL

--Normality test for ideal J

sort LJ==sort gens ICLJ
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Hilbert basis of a cone, 24
Hochster configuration, 58

hyperplane, 12

ideal of covers, 14

improper faces, 13

incidence matrix, 10, 14
independence number, 61
independent, 61

inner product, 11

integer rounding property, 38
integral closure, 28

integral part, 34

integrally closed, 28

line, 13

minimal vertex cover, 9
Minkowski sum, 15
minor, 39

monomial, 9

monomial ideal, 9

monomial subring generated, 30

Newton polyhedron, 15

normal, 28

normalization, 30

polyhedral cone, 13
polyhedral set, 12
polyhedron pointed, 13
proper face, 13

rational affine hyperplane, 11
rational closed halfspace, 11
Rees algebra, 16

Rees cone, 16

semigroup finitely generated, 25
semigroup ring, 30
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stable, 61

support, 40
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