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Resumen

En esta tesis trabajamos con una extension de la llamada Formula de Cambio de Variable para
integrales; esta extension es conocida como la Férmula del Area. Lo hacemos para funciones
Lipschitz y la integracion con respecto a la llamada medida de Hausdorff. Para ello presenta-
mos una exposicion casi autocontenida acerca de las propiedades de las funciones Lipschitz y
la medida de Hausdorff. A continuacién, utilizando estas propiedades, probaremos la Férmula
del Area y daremos algunas de sus aplicaciones. En el Capitulo 1 estudiamos a las funciones
Lipschitz y la medida de Hausdorff en espacios Euclidianos. En el Capitulo 2 demostraremos
el célebre Teorema de Rademacher. En el Capitulo 3 probamos la Férmula del Area en Es-
pacios Euclidianos y en Conjuntos Rectificables, asi como también presentamos ejemplos y
aplicaciones. Finalmente en el Céapitulo 4 extendemos lo anterior a espacios métricos.
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Abstract

In this thesis we work with an extension of the so-called Change of Variables integral formula,
this extension is known as the Area formula. We do it for Lipschitz functions and the integration
with respect to he so-called Hausdorff measure. For this purpose we present an almost self-
contained exposition of the properties of Lipschitz functions and Hausdorff measure. Thereafter,
using these properties we will prove the Area formula and give some of its applications. In
Chapter 1 we study Lipschitz functions and the Hausdorff measure in Euclidean spaces. In
Chapter 2 we will prove the famous Rademacher’s Theorem. In Chapter 3 we prove the Area
formula in Euclidean spaces and Rectifiable sets, we also present examples and applications.
Finally, in Chapter 4 we extend the above to metric spaces.
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Introduction

The goal of this work is to present an extension of the so-called Change of Variables integral
formula. This extension is called the Area formula and we do it for Lipschitz functions and the
integration with respect to he so-called Hausdorff measure, for this reason we give an extensive
almost self contained and detailed exposition of the principal properties of Lipschitz functions
and Hausdorff measure, which will later be used to prove the mentioned extension, and provide
some applications. In the first three chapters we will work on Euclidean spaces endowed with
the usual norm, while in the last chapter we will work on general metric spaces.

The concepts of Lebesgue measure and integral play an important role in mathematics due
to their good properties and multiple applications in many areas, such as probability and real
analysis. However, a disadvantage of the Lebesgue measure lies in the fact that it does not
distinguish between sets of dimension less than n. For example, in R3, for A\? there is no
distinction between a line segment and a plane figure, since for both sets A\* will be equal to 0.
To solve this problem, in 1918, in the article Dimension and Outer Measure, Felix Hausdorff
introduced the concept of s—dimensional measure, denoted by H?®, where s € [0,00). This
measure, later known as the Hausdorff measure, apart from having similar properties to those
of the Lebesgue measure (they coincide when n = s), allows us to measure lengths, areas,
volumes, hypervolumes and even fractal-sets of lower dimensional in R™. Naturally, since the
Hausdorff measure has similar properties to the Lebesgue measure, in the mathematicians quest
for generalization, attempts were made to extend the known results of Lebesgue measure and
integration to this new measure. This generalization effort was proved particularly fruitful in
the case of one of the most useful results of Lebesgue measure and integration, the Change of
Variables Theorem, as in 1969 Herbert Federer proved the Area Formula, which generalizes the
Change of Variables Theorem.

Recall that the change of variables theorem for Lebesgue measure and integration states that:

Let V . C R™ be an open set and ¢ : V — R™ be an injective function of class C*. Then

/ f(z)dA"(z) :/(fow)(y)ldet(dyw)ldkn(y), Vf € Co(p(V)),
(V) Vv

where dy s the differential of ¢ at y.

In this context, the Area Formula generalizes the previous theorem, as firstly, we are no
limited to the particular case of a function from R™ to R", since we will use with functions from
R™ to R™ with n < m. Furthermore, we are no longer restricted to the use of C! functions,
because we will use Lipschitz functions. The latter class of functions are themselves an inter-
esting object of study, since they possess operational and extension properties that make them
useful in various fields of mathematics.

Lipschitz functions, although not necessarily differentiable over their entire domain, share cer-
tain similarities with functions of class C!', which makes them in a sense a good replacement for
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continuously differentiable functions. In this sense, Rademacher’s Theorem is relevant, since it
states that a Lipschitz function is differentiable almost everywhere with respect to the Lebesgue
measure. This implies that, although Lipschitz functions may present problems on a set of zero
measure, they still retain some degree of smoothness.

As we can notice we have highlighted two important tools which are the Hausdorff measure
and Lipschitz functions, this is not causality because these two will be useful to develop and
prove the main topic of this work, for this purpose we will follow the following order:

In Chapter 1, we first give a brief reminder about some general concepts of measure theory.
Subsequently, we define and prove the main properties of the Hausdorff measure and Lipschitz
functions, highlighting in the case of Lipschitz functions the extension properties. Then, we
show some relations between the Hausdorff measure and Lipschitz functions. We end this
chapter with the introduction of two useful tools: the Steiner symmetrization (that provides
a way to tranform a object in a symmetric object with the samen Lebesgue measure) and the
Isodiametric inequality (wich states that among all sets of fixed diameter, balls have maximum
volume), we use these tools combining by some results proved in this chapter to show that

H" = A" on R".

In Chapter 2, we state and prove Rademacher’s Theorem. To do so, we will begin by re-
calling the concept of differentiability and stating some lemmas that will be useful for proving
the main theorem of this chapter. This theorem will be of great importance as it will allow us
to introduce, in the following chapter, the concept of Jacobian for a Lipschitz function (wich
represents a generalization of the classical Jacobian and by Rademacher’s Theorem can be de-
fined in all R™), and likewise, many of the subsequent results will depend on it.

Chapter 3 will be the centerpiece of this work, as we will present the Area formula. In simple
terms, the Area formula states that given a Lipschitz function f : R" — R™ with n < m, the
Hausdorff measure of every Lebesgue measurable set E of R" can be computed as a integral,
ie.,

H(J(E)) = / Jfd",

E

provided f is injective, where J f denotes the Jacobian of f. In the case that f is not injective,
we introduce the multiplicity function (which counts the cardinality of the inverse image of
every point in the codomain), and we can obtain a generalization of the last equation, wich
represents the general version of the Area formula

The first part of this chapter will consist of the proof of this theorem in Fuclidean spaces,
which we will do constructively: we will start by proving the case when we have a linear map,
then we will add the injectivity hypothesis (in this part we present as corollary the Change
of Variables Theorem), subsequently we introduce the multiplicity function and use these two
last versions of the Area formula to prove the general case where we only require the function
in question to be Lipschitz from R™ to R™ with n < m. Throughout this part of the chapter,
we will introduce three important lemmas, which by themselves are already interesting results.
These lemmas refer to one characterization of H™-measurable sets on R™, the linearization of
Lipschitz functions, and the H"—measure of the set of critical values of Lipschitz functions.
Having established the above results, in the second part of this chapter, we introduce the
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concept of Rectifiable sets, which are sets that looks like a countable union of images under
some Lipschitz functions of R* for some k& € N, i.e., M C R" is Rectifiable if there exist
countably Lipschitz functions f; : R¥ — R", h € N such that

HE (M\ U fh(Rk)> =0.

heN

These sets have interesting geometric properties and can be considered as a generalization of
the k—dimensional embedded surfaces in R". Rectifiable sets allow us to extend the concept
of surface or curve defined by differentiable functions to sets that may be more general and
still admit a well defined notion of length or area. This is especially useful in contexts where
structures may be more irregular, but one still seeks to have tools to measure and analyze their
geometric properties.

We presented some properties and examples of rectifiables sets and, extend some concepts in-
troduced at the beginning of the chapter, as well as a kind of Rademacher’s Theorem, which,
together with the results obtained in Euclidean spaces, we will use to prove the Area formula
in Rectifiable sets.

We conclude this chapter by presenting some applications of the Area formula, which, along
with the examples showed throughout the entire chapter, we hope will serve as a good comple-
ment to showcase some uses of the Area formula.

Finally in Chapter 4 we generalize the concepts and some results seen in Chapter 1 to more

general metric spaces, as well as introduce new concepts and results, and conclude by giving a
brief look at the generalization of the Area formula to general metric spaces.
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Chapter 1

Hausdorft Measure and Lipschitz
functions on R"

1.1 Outer Measures on R"

We will review some concepts from measure theory that will recur throughout this work. For
this reason, we have limited to state only the respective definitions and results, however we
refer to [8], [11], [14], and [15], for a more exhaustive and complete development of this theory.

Definition 1.1. An outer measure on R" is a set function, u : P(R") — [0,00|, with
(@) =0 and
Ec|UEB = wE) <> wE).
keN keN

Example 1.1. Let E C R", and define

N(B)i=  inf {kele(Q)"} :

where F is the family of countable covers {Qr}tren of E by cubes with sides parallel to the
coordinate azxes, and [(Qy) denotes the side length of Q. (the cubes Q. are not assumed to be
open, nor closed).

Then X! is an outer measure on R™ (see [14] or [15]), that is called the Lebesgue outer measure
on R™. |

A

Figure 1.1: Covering of E by squares.

The next theorem (first proved by Constantin Carathéodory in 1914) is a fundamental result
in measure theory.



Theorem 1.1. (Carathéodory’s Theorem) If 1 is an outer measure on R"™, and M(u) is
the family of those E C R™ such that

W(F) = u(FNE) + u(F N E°), VFCR",

then M(u) is a o—algebra, and p is a measure on M(u).

Remark 1.1. We recall that M C P(R"™) is a c—algebra on R™ if E € M implies E¢ € M,
{Ep}52, € M implies U2 E, € M, and R™ € M.

If M is a o—algebra, then a set function p: M — [0,00] is a measure on M if u(0) =0 and
p is o—additive on M i.e., if { Ej}ren C M, is such that E; N E; =0 for i # j, then

§ (U Ek) = u(Ey).

<

Note that, by Theorem 1.1 we can pass from an outer measure to a measure whenever we
restrict ourselves to a suitable family of subsets, i.e., any outer measure p, provides a natural
domain of o—additivity for u, so every outer measure on R™ can be seen as a measure on a
o-algebra on R”. In this way, various classical results from Measure Theory are immediately
recovered in the context of outer measures.

Example 1.2. Applying Theorem 1.1 to the Lebesque outer measure, we obtain a o—algebra
M(XY), this o—algebra is called the Lebesgue o—algebra on R™, which we denote by £ (R™),
and the restriction of A\ on ZL(R™) is called the Lebesgue measure on R™ and we denote by
A" <

Definition 1.2. A Borel measure on R" is an outer measure u on R™ such that B(R™) C
M), where B(R™) is the Borel o—algebra on R™.

Theorem 1.2. (Carathéodory’s criterion) If 1 is an outer measure on R™, then u is a
Borel measure on R™ if and only if

p(Er U Ey) = u(Ey) + p(Es),
for every Ey, Es C R™ such that dist(E;, Es) > 0.

Definition 1.3. We say that a Borel measure p on R"™ is regular if for every F' C R™ there
exists a Borel set E such that

FCE and p(E)=pF).
Thus, a regular Borel measure is completely determined by its values on Borel sets.

Definition 1.4. An outer measure p is locally finite if u(K) < oo for every compact set
K C R™

Definition 1.5. An outer measure p is a Radon measure on R™ if it is a locally finite, Borel
reqular measure on R".



Definition 1.6. Given an outer measure p on R"*, and E C R", the restriction of u to FE
1s the set function pu_E defined as

pu E(F) = pn(ENF), YFCR"
It is easy to see that uL E is an outer measure on R™ and M(u) C M(uE).

Proposition 1.1. If p is a Borel reqular measure on R™, and E € M(u) is such that u_E is
locally finite, then pu_E is a Radon measure on R™.

Theorem 1.3. The Lebesgue outer measure is a Radon measure on R".

Proposition 1.2. If i is a Radon measure on R™, then:
1.- w(E) =inf{u(A) : E C A, A is open}, for every E C R™.
2.- un(E) =inf{u(K) : K C E,K is compact}, for every E € M(u).

Definition 1.7. Giwen a function f : R® — R™ and an outer measure p on R", the push-
forward of | through f is the outer measure fup defined by the formula

fo(E) = p(f7(E)), VECR™

Proposition 1.3. If y is a Radon measure on R™, and f : R™ — R™ 1is continuous and proper,
then fup is a Radon measure on R™.

1.2 Hausdorff Measure on R"

The concept of Hausdorff measure generalizes counting, length, area and volume like the
Lebesgue measure; the only difference is that the Hausdorff measure can measure the length,
area and volume of objects that live in a higher dimensional space. In this section we will state
and prove the most important properties of this measure.

Definition 1.8. Letn € N, s € [0,00], and § > 0. For E C R", define

s L : & : s
HilE) = {Fk}l?efNEf { 25 D_(diam(Fy)) } ’

keN

where the infimum is taken over the family F of all countable covers of E consisting of sets
F C R™ such that diam(F') < § (which we will call §-covers), and ws is given by:

Nolm

™

Ty

where T":]0, 00[— [1, 00] is the Euler Gamma function
[(s) = / tletdt, s> 0.
0
We also define:

H*(E) :=sup Hi(E).

6>0
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Remark 1.2. Let E C R", s € [0,00] and 61,62 > 0, with 6; < 6. We claim that, the family

f52 = {{Fk}kEN CR": EC U Fk, dl&m(Fk) < 52} ,
k=1

contains the family

f51 = {{Fk}kEN CR": FEC U Fk, dlam(Fk) < (51} .
k=1

Indeed, if {Fy}ren € Fs, is arbitrary, then diam(Fy) < §; < 02, Vk € N, so {Fj}ren € Fs,-
Hence,

s o . Ws . s . Ws . N
i (B) =, b {2— > (diam(Fy)) } < ot {2— > (diam(Fy)) } = 3, (E).

keN keN

We have proved that, given 61 < 0y, then Hj (E) > H§ (E), so H;j(E) is decreasing in 0.
Therefore, we can write:
H*(E) =sup H3(E) = lim Hi(E).

>0 6—0t

Figure 1.2: §—Covering of E.

Remark 1.3. Notice that the sets F' in the definition of H5 are arbitrary subsets of R". How-
ever, the same results would be obtained if one considers the subsets F' to be either closed convex
sets intersecting E or open sets intersecting E. <

Proposition 1.4. For every s € [0, 00[ and every 6 > 0, Hj and H® are outer measures on R".
We will call Hj the s-dimensional Hausdorff outer measure of step 0 and H® the s-dimensional
Hausdorff measure.

Proof. Let ¢ €]0,1] and E C {Fj}jen, for every j let {Fjj}ren be a cover of F; such that
diam(Fj ) < 0 and

Ws

22 3 (dian(F)* < H3(Fy) + .
keN



Then Ugen{ Fjx}ren is a cover of E, thus

Hi(E) < 2250 3 (diam(Fjy)*

jEN keN
<) [Hy(F)) + €]
jeN

= H(F)+

JEN

3

1—¢

Since € was arbitrary, it follows that 3 is subadditive. Noting that Hj(0) = 0, we obtain that
‘H; is an outer measure. To finally see that H® is an outer measure, we can use the fact that
the supremum of any arbitrary family of outer measures is indeed an outer measure. |

As a comment, the construction of the Hausdorff measures is a special case of Carathéodory’s
construction in measure theory.

In this work, we will use || - || to always refer to the Euclidean norm in R", unless otherwise
specified.

Remark 1.4. Recall that given A, B C R™. The distance between A and B is defined as
dist(A, B) ;== inf{||lx —y|| : x € A,y € B}.
This concept can be extended to arbitrary metric spaces (as will be used in Chapter 4). <

Proposition 1.5. For every s € (0,00, H® is a Borel measure on R".

Proof. Let A and B be subsets of R” such that dist(A, B) > 0. Given ¢ > 0 with dist(A, B) > ¢
and ¢ > 0 arbitrary, there exist a d—cover {Ej }xen of AU B such that
% (diam(Ey))* < H3(AU B) + . (1.1)
keN

We define
Iy,={ieN:ENA#0} and Iz ={i e N: E;N B # (}.

Note that I, N Ip = 0, because if 14 N I # () then there would exist iy € N, a € E;; N A and
b € E;, N B, where ||a — b|| < (since a,b € E;, and diam(E;,) < 0), therefore dist(A, B) < ¢
(because dist(A, B) < ||a — b||). However, this contradicts our choice of 9.

By the definitions of 14 and I, it is easy to see that { E;};c;, forms a d-cover of A, and {E;}icr,
forms a d-cover of B. Therefore, by the definition of H3(A) and H3(B), we have

H3(A) + H3(B) < 53 > (diam () + 5 3 (diam(E,))°
= ;LSS ' (diam(E;))°.

)

Thus, from (1.1), it follows that
H5(A) + H5(B) < H5(AUDB) +e.

>



Taking 6 — 0 we obtain H*(A) + H*(B) < H*(AU B) + . Since € was arbitrary, we obtain
H(A) + H*(B) < H(AU B). (1.2)
Now, from the subadditivity of H* , it follows that
H (AU B) < H(A) + H(B). (1.3)
Therefore, from (1.2) and (1.3)
H (AU B) = H*(A) + H*(B).
Thus, from the latter, using Carathéodory’s criterion we obtain that H* is a Borel measure on
R™. [

It can be proven that Hj is not a Borel measure when s < n. To see this, consider the case
when n = 2 and s = 1. Given any arbitrary € > 0, let A :=[0,1] x {0} and B. := [0, 1] x {¢},
then

H;(A) = 1 =H;(Be).
Thus,

Hi(A) +H(B.) = 2.
However, we can observe that diam(A U B) = v/1 + £2, choosing ¢ sufficiently small, will have
to diam(A U B) = v1+¢2 < 2. Then, by choosing é(¢) > 0 sufficiently large such that
diam(AU B) < () and using the fact that AU B is a d(¢)—cover of itself, we will have for the
above that

H;(AUB.) < 2.

Therefore
H;(AU B.) # Hs(A) + Hs(B:),

and as dist(4, B.) = ¢ > 0 from Carathéodory’s criterion we will have that H} is not Borel.
Another way to prove the above is as follows: Given U an open ball on R" (n > 2), such that
diam(U) = 0, it can be show, that for 0 < s <1

H3(U) = H3 (T) = H3(0U).
So H3 cannot be Borel, since it is not additive on U = U U dU.

Proposition 1.6. For every s € [0,00[, H® is Borel regular on R".

Proof. Let E C R", for each k£ € N, we can find a cover C} := LJ]-GNEJ’-f D FE, where every E]’c
is a closed set such that diam(E¥) < ¢ and
Ws : k\\s s 1
%+ 2 N(dlam(Ej)) < /H%(E) +o
je

if we put F' := NienClh, then F'is a Borel set, £ C F and

s s & : k\\s s l
HL(F) <HL(C) < o7 D (diam(E))” < HY(B) + 1,

jEN
taking k — oo, we have H*(F) < H*(E). Since E C F, we obtain the opposite inequality. W
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The proof of the next proposition follows from the fact that the diameter is invariant under
translations and rotations.

Proposition 1.7. For every s € [0,00), H* is invariant under translations and rotations.

Proposition 1.8. Let E C R" and a > 0. Then
HP(aE) = o"H*(E).
Proof. If {E}}ren is an arbitrary d—cover of E| then {aF}y }ren is an ad—cover of aE. Hence

as(E) < % Z(diam(aEk))s =af <(;Lj Z(diam(Ek))s> '

keN keN

Therefore
5(aB) < a"H3(E).

Taking 6 — 0, we have
H(aE) < o"H*(E).

Replacing a by é and F by aF yields the oposite inequality. [ |
We now introduce a measure-theoretic notion of dimension.

Definition 1.9. Let E C R", the Hausdorff dimension of E is defined as
H-dim(E) := inf{s € [0, 00[: H*(E) = 0}.

Its use as a notion of dimension is justified by Propositions 1.9, 1.10, 1.11, 1.13, and Theo-
rems 1.6 and 1.8.

Proposition 1.9. If E C R and s > n, then H*(F) = 0.
Proof. Let @ = (0,1)", since o*(H*(Q)) = H*(aQ) — H*(R™) as a — o0, it suffices to prove
that H*(Q)) = 0, to do this, consider a partition of () into k™ cubes of diameter ‘/Tﬁ, thus

\/— S s
n Wsn2
) = —k"%,

s < n V'™
?{v%(cg)-_.“%k ( ok 9s

taking k£ — oo we can conclude. |

Proposition 1.10. If E C R", then H-dim(F) € [0,n] and H*(E) = oo for each s <
H-dim(E).

Proof. From Proposition 1.9, we know that H-dim(£) € [0,n]. We will now prove that if
H*(E) < oo for some s € [0,n), then H'(E) = 0 for every ¢t > s. Indeed, if {Ej}ren is a
d—cover of E, then

Hy(E) < 5 Y (om(B)) < (3) (;’— Z(diamwk)f) .

keN keN

Hence H5(E) < C(t,s)0" 5H5(E), taking 6 — 0 we find that H'(E) = 0. |
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Proposition 1.11. H° is the counting measure.

Proof. If € R" y § > 0, then HY({z}) = wy = 1, therefore H° = 1. Since H° is a Borel
measure, if F is finite or countable, then

HOE) =Y H'({x}) = #(E).

zeFE

If E is uncountable, then there exist a countable subset ' C E, so

oo =HUF) <HUE).

Proposition 1.12. If E C R" with H: (E) =0, then H®* = 0.

Proof. Let s > 0, since H:_(F) = 0 for £ > 0 arbitrary, there exist a cover { Ej }ren of E such

that w
> > (diam(Ey))* < e,
keN
thus )
sup diam(Ey) < 2 (£> = i(e).
keN s
Hence M) ) (E) <€ with d(¢) = 0 as e — 0. |

Proposition 1.13. The Hausdorff dimension satisfies the following properties:
1.-If E C F, then H-dim(F) < H-dim(F).
2.- If {Ek}ng C R™, then

H-dim (U Ek> = sup{H-dim(Fy)}, (Countable Stability).

keN keN

3.- If E C R™ is countable, then H-dim(E) = 0.
4.- If A C R™ is open, then H-dim(A) = n.

The proof of this proposition can be found in [1].

If s € [0,n), then H*® is not a Radon measure, this is because from Propositions 1.9 and
1.13, we deduce that H*(A) = oo, for every open set A on R™ | which implies that H® is not
locally finite. However, we have the following:

Proposition 1.14. If E C R" is a Borel set such that H*(E) < oo, then H*_FE is a Radon
measure on R".

Proof. Let K C R” be a compact set, then
HLE(K)=H(ENK) <H(E) < oo

from which we obtain that H*_FE is locally finite, thus we can use Proposition 1.1 for conclude.
|



1.3 Lipschitz functions on R"

In this section we study the basic properties of Lipschitz functions, for this purpose we provides
some operational properties and extension results about these functions, which will also be
useful in later sections and chapters.

Definition 1.10. The Lipschitz constant Lip(f; F) of a function f : E C R" — R™ is
defined as the infimum over all non negative constants L (it exist) such that

1f(2) = f)Il < Lllz = yll, Y,y € E.

If Lip(f; E) < oo, we say that f is a Lipschitz function on E, also if Lip(f; E) < L we say
that f is L— Lipschitz function, if there is no confusion, we simply say that f is Lipschitz.
In the case where E = R™, we write Lip(f) := Lip(f; R™).

Remark 1.5. Since the norms on R? are equivalent, the above definition does not depend on
the choice of norms on R™ and R™. That is, if we change the norms of the domain and the
codomain, then f remains Lipschitz, although possibly with a different Lipschitz constant. <

It is immediate from the definition that a Lipschitz function is uniformly continuous. In
fact, these class of functions has interesting properties, which we will discuss in later chapters.
If f:R — R is a Lipschitz function, we can prove that

Graph(f) = {(z,y) € R? 1y = f(z)} C ﬂ C(xo; Lip(f)),

roER

where C(xo; Lip(f)) = {(z,y) € R? : |y — f(zo)| < Lip(f)|r — x|} is a double cone with
vertex at (xo, f(xo)). This gives us a geometric interpretation of a Lipschitz function in the
case n =m = 1.

C'xo, f(rn))

TN AN

/ X
Graph(f) g, fx0))

Figure 1.3: Given (zo, f(z9)) € Graph(f) we can draw a double cone C(zy, Lip(f)) such that
its vertex is at (zg, f(x0)) and contains Graph(f).

The following proposition gives us some closure properties regarding Lipschitz functions.

Proposition 1.15. 1.- Let f : ECR* = R™, F C f(E) and g : F — R’ If f and g are
Lipschitz functions, then g o f is Lipschitz and

Lip(g o f; E) < Lip(g; F)Lip(f; E).

2.-1If f,g : A CR"™ — R™ are Lipschitz functions, then f + g and of are Lipschitz functions
Va € R.



3.-1If f,g: ACR"™ = R are Lipschitz and bounded functions, then fg is a Lipschitz function.
4.~ If { fx tren is a sequence of functions from A C R™ to R™, such that fy, is Ly— Lipschitz, and
there exist L > 0 such that Ly < L, Vk € N and fi, — [ uniformly, then f is a L—Lipschitz
function.

5.- Let F be a family of L— Lipschitz functions from an A C R™ to R. Then,

g«(x) == inf {f(z)} and g"(x):=sup{f(x)}

fer feF
are L— Lipschitz functions.

Proof. For (1), let z,y € E. Then

g o f(z) = go f(y)ll < Lip(g; F)I[f(x) = f()Il < Lip(g; F)Lip(f; E)|[x — yl].

The proof of (2) is an immediate consequence of the triangle inequality (for addition) and the
definition of Lipschitz function (scalar multiplication). To prove (3), given x,y € A note that
i |L£(0)]] < My and [lg(o)]| < M, Yo € A, then

1(fg)(x) = (fa) W)l < [If(x)g(x) — f(@)g)l| + [|f(x)g(y) — f(y)gW)ll
< Millg(z) — gW)|| + Ma[|f(z) — f(y)]]
< (M;Lip(g) + MyLip(f))||x — vl|.

For (4), first note that from the hypotheses,
() = )| < Llle —yll, Vao,ye AVkeN.

Thus,
1£@) = F@)lI = Jim [[fele) ~ felw)l] < Lllz —yl].

To prove (5), let x,y € A. Then, given ¢ > 0 arbitrary, there exist f € F such that

g (z) —e < f(x).

Then,

g () — 9" (y) < flx) —g"(y) + €
< flz) = f(y) +e
<|f(x) = fly)| +e
< Lljz —yl|| +¢,

where the second inequality follows from the definition of ¢g*, taking ¢ — 0 we have

9 (x) = g"(y) < Lllz —yl|. (1.4)
Exchanging the roles of x and y, we obtain
9°(y) —g"(x) < Lllz —yl|. (1.5)

Thus, from (1.4) and (1.5), we deduce
9" () = 9" (y)| < Ll|lz = y]|.
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From which we have the desired result for g*. Now, considering g, given € > 0 arbitrary, there
exist h € F such that
h(z) < gu(z) + €.

Thus,
9+(y) = 9:(2) < gu(y) — h(z) + €
< h(y) — h(z) + ¢
< [h(x) = h(y)| + €
< Lljx — y|| +=.
Then, following a similar reasoning as already done for g*, we can conclude. |

A natural question that may arise is: What happens for the product of two Lipschitz
functions? In this case, the result may not be favorable, as shown by the following example.

Example 1.3. Consider the function f : R — R given by f(z) = x. This is a Lipschitz
function. However z*> = f(x)f(x) is not a Lipschitz function, because if x* were Lipschitz,
there would exist L > 0 such that

|ZL‘2—y2| SL|‘,L'_y|7 VI’,yGR. (16)

Then,
k> —0*| < Llk—0= k<L, VkeN,

which would imply that the set of natural numbers is bounded, but this is a contradiction.
Therefore, 2% is not Lipschitz.
|

Proposition 1.16. Let f : R" — R™ be a function and denote f = (fi1,..., fm). Then f is
Lipschitz if and only if f; is Lipschitz for each i =1,... m.

Proof. Suppose that f is Lipschitz, then for given x,y € R® with i = 1,...,m, we have

|[fi(x) = fiy)] < |If () = F()ll < Lip(f)llz = yll;

thus the claim follows. Now suppose that f; is Lipschitz for each ¢ = 1,..., m. Then, for any
x,y € R”

1£(z) = FW)ll < Z |[fi(z) = fily)] < <Z Lip(ﬁ)) [z = yll.
u

Proposition 1.17. Let L : R" — R™ be a linear map. Then L is a Lipschitz function and
N (L) = Lip(L) (here N(-) denotes the norm of L as an operator).

Proof. The first assertion follows from the characterization of the continuity of L as a linear
operator, while the equality N (T") = Lip(T') follows from the definition of N (-). [ ]

11



1.3.1 Extension of Lipschitz functions on R"

Lemma 1.1. (McShane’s extension lemma) Let f : E C R* — R be an L—Lipschitz
function. Then there exist an L— Lipschitz function F : R™ — R such that F|g = f.

Proof. For each y € R", we define
F(y) :=inf{f(z)+ L||z —y|| : =€ E}. (1.7)

Note that if y € E, then
fy)=fy)+ Llly —yll = F(y).

Thus, on E we have
f>F. (1.8)

Also, given z,y € E, with x arbitrary and y fixed, from the Lipschitz condition
fy) = f(z) < Lf|lz —yll,

hence
fly) < fx) + L[z = y]|.
Then, minimizing the right hand side of the last inequality over all x in F, it follows

f<F. (1.9)

And therefore, from (1.8) and (1.9) we obtain that, indeed, (1.7) is an extension of f. It remains
to show that F'is an L—Lipschitz function. For this, it suffices to note that given s,¢ € R™ and
z € E, then

[f(2) + Lllz = sl = f(2) = Lllz = t[|| = L[|z = s][ = ||z = ¢]]|
< Llls — |-
So for each z € E, we have that f.(s) := f(z) + L||z — s||,¥s € R™, is a Lipschitz function.

Hence, using Proposition 1.15 we can conclude. [ |

Observe that the previous extension has a geometric interpretation because the graph of F
is obtained by taking the lower envelope over all sets

Co={(y,2) €R" xR: 2= f(z) + Llly — 2}, =€E,

where each C), represents a half-cone with slope L, with its vertex on the graph of the original
function f.

Corollary 1.1. Let f : E C R* — R™ be an L—Lipschitz function. Then there exist a
/mL— Lipschitz function F : R™ — R™ such that F|g = f.

Proof. Put f = (fi,..., fin), then for any s,t € E, we have

[fi(s) = fi&)| < [1f(s) = f(O)I] < Li|s —t]]
for each i € {1,...,m}. Thus each coordinate function is an L—Lipschitz function from E
to R™. Therefore, by McShane’s lemma, for each i € {1,...,m} there exist an extension
F; : R" — R, L—Lipschitz of f;. Defining F' := (Fy,..., F,), note that F|g = f. Furthermore,
for z,y € R™ we have

1F(x) = FW)ll < vVm[|F(z) = F(y)ll < vmLl|z —yl],

which implies the result. [ |
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In the case where we work with the infinity norm on R™, the factor \/m in the previous
corollary is irrelevant. We should note that in the previous corollary, we are guaranteed that
the found extension will have a Lipschitz constant greater than or equal to that of the original
function. However, the following result tells us that we can find an extension with the same
Lipschitz constant as the original function.

Theorem 1.4. (Kirszbraun Theorem) Consider R" and R™ both of them equipped with the
Fuclidean norm. If E C R™ and f : E — R™ s a Lipschitz function. Then there exist a
function G : R™ — R™ such that G|g = f and Lip(G) = Lip(f; F).

The proof of the previous theorem can be consulted in [11]. In a more general context, it
can be shown that Kirszbraun’s Theorem remains valid whenever R" and R are replaced by
Hilbert spaces Hi, Hy, although it can be seen (Example 4.1) that the result may fail if we
consider finite dimensional Banach spaces.

1.4 H' and the classical notion of length

We first present the following result, which provides an initial relationship between Hausdorft
measure and Lipschitz functions. It is worth mentioning that this result will be useful through-
out this work.

Theorem 1.5. If f : R™ — R™ s a Lipschitz function, then
H*(f(E)) < Lip(f)*H*(E) (1.10)
for each s € [0,00] and E C R™. In particular H-dim(f(E)) < H-dim(E).
Proof. Let {Ej}reny be a d—cover of E. Then {f(FEy)}ren is a Lip(f)d—cover of f(F), since
diam(f(Ey)) < Lip(f)diam(FEy) < Lip(f)d, Vk € N.
Moreover, note that

Hispis(f(E)) < 35 > (diam(f (L))" < Lip(f)° (;”— Z<diam<Ek>>s> .

keN keN

Then, as the cover is arbitrary,
Hiip(p)s(f(E)) < Lip(f)H3(E).
Taking § — 0, we can deduce the conclusion (1.10). [

In terms of the Hausdorff dimension, the above theorem tells us that Lipschitz functions
behave in a regular manner with respect to it.

Definition 1.11. A set I' C R" is a curve if there exist a > 0 and a continuous and injective

function v : [0,a] — R™ such that I = v([0,a]). The function v is called a parametrization
of I.

13



A~
% cos(t), 2w sin(t), )

X
Figure 1.4: Curve given by the parametrization ~(t) = (27 cos(t), 27 sin(t), t).

Given a parametrization v : [0,a] — R" and a subinterval [b, c| of [0, a], the length of v
over [b, | is defined as:

K
((~; [b, ]) := sup {Z y(th) =Yt =ty <t <t <tg =c¢, K € N} .
k=1

It can be proven that ¢(v; [0, a]) is independent of the parametrization v of I'. This allows us
to define the length of I" as
length(I') := {(v; [0, a)).

The following are well known properties of ¢:
0(7y; [b,c]) > |v(b) —v(c)|, whenever 0 <b<c¢<a (1.11)
U(7y; [b,c]) = L(y; [b,d]) + €(; [d, c]), whenever 0 <b<d<c<a (1.12)

Lemma 1.2. Let H C R" be an affine subspace, and let p : R" — R" be the projection from
R™ onto H. Then p is a 1-Lipschitz function.

Proof. Firstly, as H is an affine subspace, we have
H=V+a
where V' is a linear subspace of R" and a € R™. Therefore
p(x) =a+ fv(z—a),

where f, is the projection from R™ onto V. Since R® = V @ V*, for z,y € R", there exist
v1,v9 € V and wy, wy € V* such that

r=vi+w and y=uvy+ ws.

1fv (@) = fv @)l = [lvr = ve] (1.13)
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and

[l = yll = [[(vr = v2) + (w1 = w)|l = V/[[or = val? + [[wr — wa[. (1.14)
From (1.13) and (1.14), we have
I fv() = fv@)ll < llz = yll. (1.15)

Thus
p(z) = pWI| = [[fv(z — a) = fv(y — a)|| < [lz—yll,

which implies the result. [ |

Definition 1.12. Given x,y € R", we define the line through = in the direction y (or
the line defined by x and y), as the set

[z,y] ={z+ty:t € R"}.
Theorem 1.6. IfI' is a curve on R", then
HYT) = length(T).

Proof. Let v : [0,a] — R" be a parametrization of I' and put ¢ = length(I') = £(~; [0, a]).
First, prove that
HI(T) = |y(a) = 7(0)]. (1.16)

Indeed, as the projection p : R — R” onto the affine subspace given by the line defined by
~(0) and 7(a), satisfies Lip(p) < 1, from Theorem 1.5 we obtain that

1 (p(T)) < HN(T). (1.17)

Also, note that [y(0),v(a)] C p(T'), since otherwise I" = ([0, a]) would be disconnected, which
would contradict the continuity of 7v. Then, by the monotonicity of H! we have

H (p(D)) > H'([v(0),7(a)]) = |y(a) —~¥(0)]. (1.18)

Thus, from (1.17) and (1.18), we obtain (1.16). Now, let {t;}%* , be a partition of [a,b], and
define T'y := v([ts_1,tx]). Then I' = UK T} and, by the injectivity of v

Hl(Fk N Fk—f—l) = Hl({tk}> =0.

Therefore, from this and (1.17), we have

This implies
HYD) > L. (1.19)

To prove the reverse inequality, define v : [0,a] — [0, /] by v(t) := £(~;0,t]), Vt € [0,a]. Note
that
v(0) =0 and wv(a)="4¢

15



and also that if s < ¢, then v(s) < wv(t). Thus v is strictly increasing and hence injective.
Moreover we can observe that v is continuous, then by the Intermediate Value Theorem, v will

be surjective, and thus v is invertible with inverse w : [0, {] — [0, a], which is strictly increasing
and continuous. Now define : [0 (] — R™, by v*(s) := y(w(s)), Vs € [0,¢]. Then v* is
injective and continuous. Furthermore, from (1.11) and (1.12), if [sq, s9] C [0, ¢], then
7" (s2) =" (s1)] < £(7; [s1, 52])
— 073 [0, 52]) — €05 [0, ) (1.20)
= S9 — S1.

From all the above, we have that v* is a 1—Lipschitz parametrization of I'. Thus, by Theorem
1.5, we obtain

HI(T) =H' (v ((0,4])) < H'([0,4]) = ¢. (1.21)
Finally, from (1.19) and (1.21) we can conclude. [

If v:[0,a] — R™is a C! parametrization of ', we know that

length(T") = /Oa [|v(t)]|dt.

In particular, from Theorem 1.6, we obtain

- / e

This represents a particular 1—dimensional case of the Area formula, which we will discuss in
Chapters 3 and 4.

1.5 Relationship between Hausdorff and Lebesgue mea-
sures

In order to prove Theorem 1.7 we introduce a first tool, which is called Steiner Symmetriza-
tion (named after the mathematician Jakob Steiner). This is a geometric technique used to
transform a geometric object into another with greater symmetry, through reflection, rotation
and translation operations, we will study a particular case, however, we refer to [5] for a more
general case of this symmetrization.

In this work we denote by (-, -) the usual dot product on R".

Definition 1.13. Let p : R* — R" ! and ¢ : R* — R be the projections onto the first
(n — 1)—coordinates and the last coordinate, respectively. Given E C R", we define the vertical
sections of E, as:

E.,.={teR:(z,t) e E} CR, zeR"!
and we define the Steiner symmetrization of E with respect to (e,)* := {z € R" :
(x,e,) =0} (here e, = (0,...,0,1)), as:

E* = B = {(z,t) ER"IXR:E, #0, |t| < %Hl(Ez)}

1
- {x ER": By #0, |q(z)] < §H1(Ep<x>)} :
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Figure 1.5: Steiner symmetrization of E.

€1

We can think in the Steiner symmetrization with respect to (e;)~ as a set function s :

Z(R") — Z(R") such that s(F) = E*, VE C R".

Proposition 1.18. (Steiner symmetrization properties) Let E C R™ be a Lebesgue mea-
surable set. Then:
1.- E, is Lebesque measurable, the function z — A\Y(E,), Vz € R"™, is Lebesque measurable

and
AY(E) = \(E®). (1.22)

2.-
diam(F£?®) < diam(FE). (1.23)

Proof. 1) From Fubini’s theorem, we can deduce the first two statements. Furthermore, from
the same theorem and the translation invariance of \', we obtain

N'(E) = /R » M(E,)dz = / M(ES)dz = \"(E*),

Rn—1

from which (1.22) follows.
2) Suppose diam(FE) < oo, otherwise the result is immediate. Let x,y € E*, we claim that

|z = yl| < max{[|M(x) —m(y)l], [[M(y) —m(x)][}, (1.24)

where M (z), m(x), M (y),m(y) € E are defined as follows (see Figure 1.6) :

with:
r=inf{E,q)}, s =sup{Epx)}

u = inf{Ep)}, v =sup{E,(y)}.
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m(x) m(y)

Figure 1.6:

Without loss of generality, suppose that

V—1r>8S—U.

Then,
1 1
v—rzﬁ(v—r)qLé(s—u)
1 1
:i(s—'r’)—l—i(v—u)
2 Al(Ep(fﬂ)) + )‘1<Ep(y))>

wich implies that
v—r 2 lq(x)| +la(y)| = la(z) — a(y)],

where the second inequality follows from the definitions of r, s, u,v. Hence

|z —yll = Vlp(e — 9)I? + la(z — )2 < VIp(x — )| + o — ]2
And as
Ve = g)|P + v =12 = Vlp(z = 9)I? + lg(M(y) — m(2))|? = [|M(y) — m(z)|].

We will have:

|z =yl < [[M(y) = m()]],

and therefore we obtain (1.24). B
Since x,y € E* were arbitrary and M (x), m(z), M(y), m(y) € E, then

diam(E*) < diam(E) = diam(FE).
|

If {e1,...,e,} is the standard basis of R™, in a similarly way that we defined the Steinner
symmetrization with respect to (e,)*, we can define the Steiner symmetrization with respect
to {e;)* for j=1,...,n— 1. We do it as follows:

18



Definition 1.14. We define the Steiner symmetrization of E C R" with respect to
()t = {z € R" : (z,e;) = 0}, as

1
E% = U {b+tej St < 57—[1(140 b, ej])}
be(ej) -
Eﬂ[b,ej];é@

It is possible to prove that this definition coincides with the particular case showed in
the Definition 1.13, indeed these new symmetrizations satisfies analogue properties to those
mentioned in the Proposition 1.18, and also, we can think as a set functions s.; : Z(R") —
P (R"), such that s, (F) = E*, VE C R™.

We now introduce a second tool to prove Theorem 1.7, namely, the isodiametric inequality
which states that among all sets of fixed diameter, balls have maximum volume.

Theorem 1.7. (Isodiametric inequality) Let E C R™, then
N(E) < %(diam(E))".

Proof. Let § =s., 0---0s,, be the composition of Steiner’s symmetrizations s., with respect
to (e;)* (thinking of them as a set functions) . We claim that

N(EY) = M (B) < w, <dlamT(E)) | (1.25)

Indeed, it suffices to prove that

which follows from the fact that:
YEE™ = (y1,...,~Yir...,yn) EE, Vi=1,...,n.
Thenz € E° = —2 € E° and as
lz = (=a)]| < diam(E").

We obtain:

And thus we can deduce (1.25). Finally, using Propositions 1.18 and 1.25, we obtain:

No(E) < X(E) = M(B) = N'(E') < w, (me@)> <w, (d%@)) _ (me@)

We conclude this chapter showing the equivalence of the Lebesgue outer measure and the
n—dimensional Hausdorff measure H™ on R".
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Theorem 1.8. If E C R" and § > 0, then
M(E) = H'(E) = H (E).

Proof. Let {E}}ren be a cover of E in the sense of the definition of Lebesgue outer measure
(see Example 1.1). Then by Pythagorean theorem, we have that diam(E}) = v/nl(E}) , where
[(E)) denotes the side length of the cube Ej, Vk € N. Hence

HZO(E) < % Z(diam(Ek))” = Wp, (4) Z Z(Ek)n

keN keN

Thus, we have

W (E) < w, <4>n)\;';(E). (1.26)

Now, suppose without loss of generality that \* (E) < oco. Let € > 0 and § > 0, by the regularity
of Lebesgue outer measure, there exist an open set A C R"™ such that £ C A and

N(A) < N(E) + e

By Vitali’s Covering Theorem (see Appendiz A), there exist a countable disjoint family of closed
balls F contained in A, with diameters strictly less than §, such that

AL (A\U{E:Eef}) —0.
If F =Jg.»B, then
MNo(E) +e> N(A) = Ny (F)= > Mi(B Z(dlam( N > HYF). (1.27)

BeF BeF
Also, from (1.26) applied to A\ F', we have H (A\ F') = 0, and by monotonicity, H2 (E\ F') = 0.
Then by Proposition 1.12, H"(E \ F) = 0 and from the definition of H", we obtain that
HY(E\ F) = 0. Thus, from (1.27),
Hs(E) S HF(ENF) +Hg(E\ F) <HF(F) < A (E) +e.
Taking 6 - 0 and e — 0
H(E) < A (E). (1.28)

To prove the reverse inequality, let § € (0,00] and {Fj}ren be a d—cover of E, from the
isodiametric inequality,

Wn «
o > (diam(Fy))" > > AL (Fy)
keN keN
>\ (U Fk>
keN
> A (E).
Hence
HO(E) > HI(E) > N(E). (1.20)
Thus, from (1.28) and (1.29) the result holds. |

Corollary 1.2. If E C R" is a Lebesque measurable set, then
AN(E)=H"(E)=H;(E).
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Chapter 2

Rademacher’s Theorem

In this chapter, we will study Rademacher’s Theorem (named after Hans Rademacher, who
first proved it in 1930). Which is an important result for this work, because it establishes the
differentiability properties of Lipschitz functions, providing a relation between the regularity of
the functions and their geometric properties, specifically, the theorem establishes that Lipschitz
functions are almost everywhere differentiable in the sense of Lebesgue measure.

Definition 2.1. A function f: R™ — R™ is said to be differentiable at x € R™ if there exist
a linear map L : R™ — R™ such that

) = S@) = Ly = o)

y=e ly — ]

—0. (2.1)

In such a case, we will say that L s the differential of f at x, and denote it by d,f.

We begin with the following lemma regarding the differentiability of a Lipschitz function in
the case where f : R — R, which we can indeed think of as a particular case of Rademacher’s
Theorem and will be useful in the proof of the latter.

Lemma 2.1. Let f : R — R be a function. The following statements are equivalent:
1.- f is a Lipschitz function.
2.- f is differentiable a.e. with respect to the Lebesque measure, f' € L>®(R) and

f() = f(0) —l—/o f'(s)ds, VteR.
3.- There ezist g € L>(R) such that
f(@) = £(0) —i—/o g(s)ds, VteR.

Moreover, it holds that
Lip(f) = 1"l = [19]lsc-

Corollary 2.1. Let S C R such that \(S) > 0 and let f : S — R be a Lipschitz function. Then
f is differentiable a.e. in S and ||f'||sc < Lip(f). If S is an interval, then ||f'||c = Lip(f) and

¢
fO =1t + [ Fo)s vnes,
to
while if S is disconnnected, then || f'||.c < Lip(f).
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The proof of the two previous results requires tools from real analysis and will be omitted,
but we refer to [17] for further details.

Definition 2.2. Let f : R" — R and v € S* 1. We define:

D, f(x) = lim L F “’t) — @y ere (2.2)

t—0

whenever the limit exist, and D, f(z) will be called the directional derivative of f at z in
the direction of the vector v.

Proposition 2.1. Let f : R® — R be a Lipschitz function, v € S and x € R". If D, f(x)
exist, then:

| D, f(x)] < Lip(f).

Proof. From the continuity of the absolute value and the Lipschitz condition:

)] = iy FEH R <y P
im Lip( 2T =l
S%E%MPG)T = Lip(f).

In the following, we denote by C&(R",R) to the set of smooth functions from R” to R with
compact support. Recall that a function f : R™ — R is smooth provided that all mixed partial
derivatives of f of all orders exist and are continuous at every point of R".

The importance of the following lemma in the proof of Rademacher’s Theorem lies mainly in
its corollary, which is an immediate consequence.

Lemma 2.2. (Fundamental Lemma of Variational Calculus) Let f € L} (R",R). If

loc
. f(@)e(z)dX"(x) =0, Ve e CF(R",R),

then f =0 A" — a.e.

Corollary 2.2. Let f,g € L}, (R" R). If

loc

[ H@e@ive) = [ s@e@an), veecE®R)

then f =g \" — a.e.
Now, we have the necessary tools to state and prove Rademacher’s Theorem.

Theorem 2.1. (Rademacher’s Theorem) Let f : R" — R be an L— Lipschitz function.
Then f is differentiable a.e. with respect to the Lebesque measure on R™.
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Proof. We will divide the proof into three steps, as follows:
Step 1) We claim that, for v € S"! fixed, D, f(z) exist for \"—a.e. r in R".
From the continuity of f (due to the Lipschitz property), the functions

[z +tv) - f(=) flx +tv) - f(z)

D, f(z) := limsup = lim  sup
=0 L k=00 oclt|< 1 teq i
and t t
D, f(x) := liminf fl+tv) = fz) = lim inf flz+tv) - f($)7
v t—0 t k—00 0<|t|<L,t€Q t

are Borel measurable, thus
A, :={x €R": D,f(x) does not exist } = {x € R": D, f(z) < D, f(x)}
is a Borel set and hence is Lebesgue measurable. Define now ¢ : R — R by
o(t) = f(z +tv), VteR.
Note that
16() — 6()| = |f(a + 1) — f(z +cv)]
<Lip(f)|lx +lv — x — cv|| = Lip(f)|l — ¢,
Thus ¢ is Lipschitz, then by Lemma 2.1 ¢ is differentiable A\!—a.e. Therefore,
H' (A,NL) =0,

for each parallel line L to v (see figure 2.1). Then by Fubini’s Theorem and the invariance
under rotations and translations of the Lebesgue measure:

A"(Ay) :/ Xa,d\"
R

:/ /XAUnded)\”_l
Ro-1 JR

:/ A(A, N L)d\"
Rn—1

=0,
hence we have the claim, in particular we will have that

V() = (De f(2), ., De, f())

exist A"—a.e. on R"™.

/
g
tt gy
; L ]

’
’

AN
7,0, ’

~
~
o~
~ 0~
PEREN
FQES
~
s
~
~ %
\:

Figure 2.1:
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Step 2) We claim that, for v € S"~! fixed,

Dyf(x) = (v, V f(x))

A'—a.e. on R"
Let ¢ € CF(R",R) be arbitrary. Using the classical change of variables theorem for the
Lebesgue integral, we have:

. f(z)p(x — to)d\"(x) = . fz+ tv)p(x)d\*(x).
hen fla+ ) = f@) ol2) — ol — to)
[T v - [ 22 faav )
-/ [z +tvt) - f(x)(p(x)dwx) _ / p(r — ti;) - @(w)f(x)dv(x).
Taking ¢ — 0 and using the Dominated Convergence Theorem, we obtain:
[ D@ == [ Dopaax(a) (23)

Now notice that D_,p corresponds precisely to the directional derivative of ¢ in the direction
of —v. Using the fact that ¢ € C>°(R",R) we can deduce that

D_yp(x) = (Vo(x), —v) = =(Vp(2),0v) = =Dyp(z), Vo eR"
Thus, from this and (2.3)

Duf(@)e@)iN(x) = [ Dupla)dx(a) 2.4

]Rn

In particular, if ey, ..., e, is the standard basis of R"

/ af_(x)@(x)dv(x) = Mf(m)d)\”(m).

81:1- R™ 8x2

Now, again using the fact that ¢ € C*°(R",R), we obtain
"0
Dple) = (Vola),0) = 3 028D vy e

Then, from this and (2.4)




Thus,
/ Duf()ela)dx'(x) = / (0, V() plw)dX (2).

Since D, f, (v, Vf(z)) € L. .(R" R) (this follows from Proposition 2.1 and the fact that A" is

loc
a Radon measure), from (2.1) and Corollary 2.2

Dyf(z) = (v, V[(z)) A" —a.e.,

as desired.
Step 3) Let {vj}ren be a countable dense subset of S*~! and define:

Ag:={z € R": D,, f(x) exist and D,, f(z) = (v, Vf(x))}, VkeN.

Put A := ),y Ak, then by step 2 A"(R™\ A;) =0, Vk € N, thus

AM(R™\ A) = A" (U (R™\ Ak))

keN
<D AR\ Ay)
k=1
hence
AHR™\ A) = 0.
We claim that f is differentiable on A. Indeed, let x € A fixed, for v € S* ! and t € R with
t # 0 define
flrx+tv) — f(x
Q0.0 = T ID 4, g5,
Given u € S"! with u # v note that
flx+tv) — f(x flx+tu) — f(x
QCev.8) ~ Qe )] = | LEFIZIE) gy SEFIZTE 4 g
flx+tv) — f(z + tu
T R
Using the Lipschitz condition and the Cauchy Schwarz inequality, we obtain:
|Q(z,v,t) = Qz, u, )| < Lip(f)llv —ul[ + ||V f(2)][||v — ul]. (2.5)

Moreover, since we are assuming that =z € A, we can use Proposition 2.1, hence

" |0
vl < 3|28 < ip(),
i=1 !
and replacing into (2.5)
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Given £ > 0 arbitrary, from the compactness of S"~! and the density of {v;}ren there exist
v1,...vy such that

Thus, for v € S"!, there exist v; such that

o — o] < S
2(1 4+ n)Lip(f)

taking u = v; in (2.6) and combining it with the latter
£
Q(x,v,t) — Q(z,v;,t)] < 3

Also, due to how we chose x
lim Q(x,v;,t) =0,
t—0

hence for € there exist § > 0 such that [¢| < 0 implies |Q(x,v;,t)| < 5. Combining all of the
above

Q(z, v, 1) < [Q(z,v,t) — Qz,v;, )| + [Q(z,v5,8)| <e. (2.7)
Finally taking ¢ and § as above, if y € R" satisfies y # z and ||z — y|| < ¢ puting v = Hi:ZI
and t = ||z — y|| < ¢, and replacing this in (2.7), we get
() = fl2) —{y—2, V@) __
Iy — | ’
and thus -
i @) = f@) =y~ V@)l _
t=0 |y — |
Therefore f is differentiable on A (and hence \* — a.e. on R") with d,f = (-, V f(z)). |

Corollary 2.3. Let f : R* — R™ be an L—Lipschitz function. Then f is differentiable a.e.
with respect to the Lebesque measure on R™.

Proof. Since fis L—Lipschitz, every coordinate function of f is L—Lipschitz, thus by Rademacher’s
Theorem every coordinate function is differentiable \*—a.e. on R™ and this implies the claim.

The previous proof of Rademacher’s Theorem represents the most common approach, as
this theorem can also be proven using other tools such as using the notion of weak gradient of
a function and its properties, for an approach like this, we refer to [11]. It is worth mentioning
that with this approach the Lemma 2.2 and its corollary play a more significant role.
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Chapter 3

Area formula

3.1 Area formula on Euclidean Spaces

Given E C R" and f : R — R™ (1 < n < m) a Lipschitz function, Theorem 1.5 and the
properties of Hausdorff measure imply that f(FE) is at most n—dimensional on R™, so it makes
sense to ask about the measure H" of f(E). In this chapter we will study the Area formula,
which gives us a way to express H"(f(E)) in terms of an integral over E, whenever E is a
Lebesgue measurable set and f is a Lipschitz function.

The approach we will take for the above will be in a similar way to the classical proof of the
change of variables theorem. First, we will prove it for the special case when f is a linear map,
then when f is injective, and finally, we will provide the proof of the general case. We will now
give some definitions and lemmas which will be useful in the following sections of this chapter.
In the following we will denote by (d,f)* to the adjoint of d,f (see Apendix B).

Definition 3.1. Let f : R® — R™ be a Lipschitz function, with 1 < n < m. We define the
Jacobian of [ as the function Jf : R™ — [0, 00] given by

00, if f s not differentiable at x.

* o 1/2 . . . 3 .
Tf(z) = {[det((dxf) d.)]Y?,  if f is differentiable at x

Note that Jf is a Borelian function (it is defined in terms of Borelian functions) and fur-
thermore we can notice that the set {x € R™ : Jf(z) < oo}, coincides precisely with the set
of points where f is differentiable, which by Rademacher’s Theorem has full Lebesgue measure
on R".

The following lemma establishes a condition for a set to be H"—measurable on R™, this
is important as firstly we would like to compute H"(f(F)) as integration of its characteristic
function with respect to H™. This will enable us to develop some results.

Lemma 3.1. If E is a Lebesgue measurable set on R™ and f : R" — R™ (1 <n <m)isa
Lipschitz function, then f(E) is H"—measurable on R™.

Proof. First, suppose that E is bounded, so A\"(F) < oo. Given ¢ > 0, since E is Lebesgue
measurable, we can find a sequence of compact sets { K;};en such that K; C F and

N(E\K;) < 25

27



for each i € N. Using the continuity of f we obtain that f(K;) is compact for each i, this
implies that |J,.y f (/) is a Borel set on R™, and hence H"—mesurable on R™ because H" is
a Borel measure.

Putting N = f(E) \ U,y f(J;) notice that

H'(N) =H" (f(E) NG f(&-))

€N

()

< (Lip(f))"H" (E U m)

1€EN

— (Lip(f))"\" (E U m)

€N
= (Lip(f))"A\" (U(E \ Ki>>

< (Lip(f)" > NY(E\ K;)

1€EN
£

< ip(H)" Y

i€N
= e(Lip(f))"™.
Taking ¢ — 0, we obtain H"(N) = 0, and this implies that N is H"—measurable on R™. Since
- ().
iEN

we obtain the claim. In the case where E is unbounded, as R" = U;enB(0, ), we only need to
set C; = EN B(0,1), to obtain & = (J,.y Ci. Since it has already been proven that f(Cj) is
H"—mesurable for each i € N, then as f(E) = (J,oy f(C;) we can conclude. |

For the proof of the following theorem, we introduce the notation:
1.- Given k € Ny 7 > 0, B¥ denotes the open ball of radius 7 centered at the origin of R¥, i.e.,

BF = {z e R": ||z]| < r}.
2.- Given F' C R™ and ¢ > 0, I.(F') denotes the epsilon neighborhood of F' on R™, i.e.,
I.(F) ={z € R" : dist(z, F) < }.
3.- D, denotes a k—dimensional disk of radius s > 0 on R™, i.e.,
D, ={(z,y) e RF x R™ " ||z|| < s and y = 0}.

Theorem 3.1. Let f : R" — R™ (1 < n < m) be a Lipschitz function, if E = {x € R" :
Jf(z) =0}. Then
H*(f(E)) = 0.
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Proof. We divide the proof into three steps:
Step 1)We first prove that, if 1 <k <n — 1, then

Ho (I5Ds)) < C(n,s)d, ¥ée (0,1). (3.1)
For this purpose, let
K ={(z,y) e RF x R™ % . ||z|| < ds, ||y|| < 6} = BE, x By

In order to prove (3.1) we prove that I5(D,) can be covered by at most C(n,s)d* sets of the
form K, then first notice that

I5(Ds) C {(z,y) e R" x R™* 1 ||z]| < s+ 6, ||y]| < 0} = BY s x B"
and by Fubini’s Theorem,
H™(K) = H"(By, x B"™)
= HM (B H" By ) (3.2)
= WS O™,
Thus
I5(Ds) € {(z.y) € R* x R™ ™+ [|2]| < s+, [lyl| < 6} = Bys x By,
and
H™(I5(Dy)) < wrm—i(s + 8)F6mF. (3.3)

Now, let {K;}¥, be a maximal disjoint collection of sets obtained by translations of the set K
such that K; C I5(Dy),i=1,..., N (We can assume this because by how K is defined, we have
K C I5(Dy)). Since the F; are translations of K, then H™(K) = H™(F;), for i = 1,...,N.
Using (3.2), (3.3) and the previous considerations, we make the following Bishop-Gromov type
estimate:

NH"(K) =Y H"(F)

()

< H™(I5(Ds))

< H™ (B x By'™").

Hence i e
v o HBE X BT (s 0)"
- H™(K) skok 7

since ¢ € (0,1)

Usingthatl#—%zlandkgn—l



Now, we can find a family F of disjoint sets obtained by translations of K that cover Is(Dy).
From the previous estimate, we have an upper bound for its cardinality. Also, for F' € F, note

that
diam(F)? = diam(K)? = diam(BY,)? + diam(B}**)? = 46%(1 + s).

Thus

HE(I5(D.) < 52 ) (diam(F))"

FeF
<= <1 + 1) 67F(1 + 5)/22nsn
S
= C(n, s)d.

From which (3.1) follows.
Step 2) Now, let z € E, then V,, := d, f(R") is a vector subspace of R” with

kE=dim(V,) <n—1<m.

We distinguish two cases:

Case 1) If £ > 1, by linearity of d, f and Proposition 2.1 it follows that d, f(B}) is contained

in a k—dimensional disk of radius Lip(f)r on R™, i.e.,
Thus (3.1), implies that for each € €]0, 1] and r > 0

Hio(Ier(do f(B))) < HE (Ter(Biipyr N Va)
= 1"H (I(Brip sy N Vi) < C(n, Lip(f))r"e.

Case 2) If £ =0, then V, = {0}, thus for each € €]0,1[ and r > 0

Hgo(ler(‘/;)) = Hgo(]er({o}))

=Ho (BI) = wper"™ < wper™.

(3.4)

(3.5)

Step 3) Let x € E and ¢ € ]0,1], since f is differentiable at z, there exist r(e,z) € (0,1)

such that
1f(z+v) = f(z) = da f(0)]| < elfv]],

whenever ||v|| < r(e,z). In particular, for each r < r(e, x)
f(B™(,7)) C f(x) + Ler(do f(BY))-
Combining this with (3.4),(3.5), and the properties of HZ we have
HL(f(B"(x,r)) < C(n, Lip(f))er".
Now, given R > 0 define

F:={B"x,r):x € ENBE and 0<r<r(ex)}.

(3.6)

From the construction of F we can notice that the family of its centers is bounded, therefore
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that £ N B} C Ufﬁ? Fi, where each F; is countable and disjoint. Thus from (3.6) (putting
C := C(e,x) for simplicity )

£(n)

HL(FENBR) <Y, Y HL(f(B"(z,1)

i=1 Bn(z,r)eF;

ey ¥

i=1 Bn(x,r)eF;

Ce £(n)
=—> > N(Br)

Wp, <
" i=1 B (z,r)eF;

Ce £(n)
= Z A" U B(z,r)

B(z,r)eF;
< Geg (n)

Wn

——X"(L(EN BR)).

In the last inequality, we used the fact that r(e,z) €]0, 1[. Thus, we obtain
Ceg(n)

Wn

HL(f(ENBg)) < A'(L(E N Bg)),

taking ¢ — 0 we find that H2 (f(£ N B%)) = 0, and using Proposition 1.12 we get that
H"(f(E N BE)) =0 from which taking R — oo we can conclude. [

As a comment, we can note that the above theorem is in a way a “Sard-type” theorem for
Lipschitz functions, since it tells us that the measure of the set of critical values of f is an
H"—null set.

3.1.1 Area formula for linear maps

Next we will prove the particular case of the Area formula when the function in question is
linear.
In the following we will denote by dim to the dimension in the sense of a vector space.

Theorem 3.2. Let L :R" — R™, (1 <n <m) be a linear map. Then, for every A C R"
H"(L(A)) = JLA(A). (3.7)
In particular, if A is Lebesque measurable
H"(L(A)) = JLA"(A).

Proof. From Polar Decomposition Theorem B.1, we can write L = O o S, where O is an or-
thogonal linear map and S is a symmetric linear map. Then JL = |det(.S)|, We can distinguish
two cases:

Case 1: If JL = 0, then det(S) = 0. Thus S cannot be injective, by the rank nullity
theorem, we obtain that Ker(S) # {0}, which implies that dim(Ker(S)) > 1 and hence
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dim(Im(S)) < n — 1, consequently dim(L(R")) < n — 1. Therefore H"(L(R")) = 0, con-
cluding this case.
Case 2: If JL > 0, note that given x € R" and r > 0

H*(L(B(z,7))  A(O*o L(B(z,7)))  XNY(S(B(z,1)))

X(B(z,r)  A(B(x,r)  XY(B(z,r))
_ AM(S(2) + 5(B(0, 7)) _ AM(S(B(0,7) _ A"(S(B(0,1))) (3.8)
A (B(x,r)) \(B(z,7)) W, ’ '
Using the Change of Variables Theorem for the Lebesgue integral
PO _ | gers) = 1. (3.9)
Substituting (3.9) into (3.8)
HLB@.r) _ gy (3.10)

A (B(z, 7))
Now, define v(A) = H™"(L(A)) for each A C R". It is easy to see that v is an outer measure on
R", and furthermore, it is a Radon measure. To see the latter, first note that for any K C R”

v(K) = H'(L(K)) < Lip(LYH"(K) = Lip(LA"(K) < oo,

which implies that v is locally finite, to see that v is Borel regular, let A C R", then L(A) C
L(R™) and since ‘H™ is Borel regular, there exists a Borel set C' C R™ such that L(A) C C, and

H"(L(A)) =H"(C). (3.11)
Using the same argument for A on R”, there exists a Borel set B C R™ such that A C B and
H"(A) = H"(B),
furthermore, we have that L(A) C L(B) C L(R™). Define D := CNL(B) C L(B) C L(R™) and

note that D is a Borel set, because it is the intersection of two Borel sets (L(B) is Borel since
it is the image of B under an injective and continuous function). Also, since we are assuming
that L is injective and D C L(R™), there exists F C R" such that L(E) = D or equivalently
E = L7Y(D). Again, using a previously used argument, we conclude that F is a Borel set, thus
we have:

CNLB)<C and L(A)CCNL(B).
Thus, from this and (3.11)
H"(CNL(B)) <H"(C)
=H"(L(A)) < H"(CNL(B)).

This implies that
v(A) = v(E),

and therefore, v is Borel regular. Also, as we had already proven that v is locally finite, we will
have that v is Radon measure on R".
We claim that v < A", indeed, if A C R" is such that \"(A) = 0, then

H"(L(A)) < (Lip(L))"H"(A) = (Lip(L))"A*(A) = 0 = v(A) = 0,
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hence v < A".
Now, note that from (3.10)

v(B(z,r)) _ . H'(L(B(,1)))

V) = e B ) P W (Blar)
Then, by Radon-Nikodym Theorem, for any Borel set B C R"
v(B) =H"(L(B)) = / Dynv(z)d\"(z) = / JLAN"(z) = JLA"(B). (3.12)
B B

So, we have obtained (3.7) for all Borel sets. Now, we need to prove it for any arbitrary set A
on R™. To prove this, since v is a Borel measure, there exist a Borel set B; such that A C B;
and v(A) = v(B;). Also, since A" is a Borel measure, there exist a Borel set By such that
A C By and A"(A) = \*(By). Putting B := By N By, note that A C B C By and A C B C By,
thus

v(A) <v(B) <v(By)=v(A) = v(A) =v(B) (3.13)

and
AMA) < AY(B) < AY(By) = A"(A) = \'(A)=\"(B). (3.14)

By (3.12), (3.13) and (3.14)
v(A) =v(B) = JLA\"(B) = JLA"(A),
which implies (3.7). [
Example 3.1. Let L : R? — R? given by
L(z,y) = (y,x +2y,x +y).

Then
L*(w,y,2) = (y + 2,0 + 2y + 2).

Since L and L* are linear maps, they are differentiable at R™ with d,L = L and (d,L)* = L* =
d.L*, thus

. 2 3
(d,L)* o d,L = [3 6],

hence
JL = [det((d,L)* o d,L)]"* = /3.
Thus, for example, if we consider the triangle E with vertices at (0,0), (0,+/3) and (1,0), then

H2(L(E)) = JLAX(E) = Jﬁg = g
) |

Remark 3.1. In what follows, GL(k) will denote the set of invertible linear maps of R¥ into
R* and N'(-) denotes the operator norm on GL(k).
1.- Let L € GL(n), then by linearity of L, both L and L™ are differentiable at R™. Therefore,
by the chain rule

(JLYJL™Y =J(Lo L™ =J) =1,
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which implies that JL >0 and (JL)™' = JL.

2.- We claim that
N(LH™ < JL<N(L)", VL€ GL(n). (3.15)

Indeed, by Theorem 1.5 and Proposition 1.17, given B C R™ with 0 < H"(B) < oo, note that
H"(L(B)) < N(L)"H"(B),

and

H"(B) = H"(L™" o L(B)) < N(L™')"H"(B),

using Theorem 3.2

H'(B)N(L™)™" < JLH"(B) < N(L)"H"(B),
so (3.15) follows from here.

3.- A similar argument to the one used in the previous point item that if n < m, L : R" — R™
is linear transformation and Ly € GL(m), then

N(LyY)™JLy < J(Lyo Ly) < N(Ly)"JLy.

4.- Let L, S € GL(n) such that N(L — S) <6, then
N(LoS™)<1+6N(S™) and N(SoL')<1+dN(L™).
<

We will now prove an important theorem regarding Lipschitz functions (under some condi-
tions). This theorem will be utilized initially in the proof of Theorem 3.4 and will also play a
crucial role in the theory of Rectifiable sets. A fundamental technique from elementary calculus
involves extending properties of linear maps to C! functions by leveraging the continuity of gra-
dients to deduce they are locally almost constant, unfortunately this approach is not applicable
to Lipschitz functions, however a brilliant result introduced by Federer allows us to reformulate
approximation via linear maps in this framework too.

Theorem 3.3. (Lipschitz linearization) Let f : R® — R™, (1 < n < m) be a Lipschitz
function and
F={zeR":0< Jf(x) < oo}.
Then, there exist a partition of F', {Fp,}nen into Borel sets such that:
1.- f|g, is injective.
2.-Vt > 1, Yh € N there exist S, € GL(n) such that:
(i)
tH1Su(@) = Su)Il < [1f (@) = fW)Il < tISu(x) = SuW)ll, Va,y € Fh.
Thus
- —1
Lip (f ° Sh|sh(Fh,)) =t

and

Lip(S o (fIr,)™") <t.
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(i)
tHISu)I| < [ldaf ()] < HISh(V)]], Vo € Fy,v € R™

(iii)
t_nJSh < Jf(ZL’) < thSh, Vo € Fj,.

Proof. Given t > 1, fix € > 0 such that
tldre<l<t—e,

and let C be a countable dense set F', G be a countable dense set of GL(n). For each ¢ € C,
S € G and h € N we define

F(c,S,h)
as the set of those z € F N B(c, 1/h) such that
(" + IS < lldaf ()] < (¢ =2)ISW)Il, Vv eR" (3.16)
and
1f(y) = f(2) = def(y = 2)|| <ellS(y —2)l|, Yy € Blx,2/h). (3.17)

Claim 1: All sets F(c, S, h) satisfy property (i).
By definition of F(c,S,h) and the triangle inequality, for x,y € F(c,S,h) note that y €
B(z,2/h), thus

1F () = F@)] < [ldef(y — 2)[| + €llS(y — )|

<|
< (t=a)l[S(y — o) +ellS(y — )|l = tlS(y — )],
Similarly,

1F(y) = F(@)[] = [lde f(y = 2)]| = el|S(y = 2)]|
>t Sy — )l +ellSy — )l = 1Sy — @)l

And the claim holds.
For condition (ii), by the way we defined the sets F'(c, S, h), (ii) is be trivially satisfied in each
of them.
Claim 2: All sets F(c, S, h) satisfy property (iii).
Given x € F(c, S, h), it suffices to prove that:

(t )" JS < Jf(x) < (t—e)"JS. (3.18)
By (3.16) and taking v € S7'(B(0,1)), we can deduce that:

B(0,t™ ' 4+¢&) Cd,f oS (B(0,1)) C B(0,t —¢)

=  H"(B(0,t" +e)) < H"(d,f oS (B(0,1))) < H"(B(0,t —¢)).
From here, using Theorem 3.2, Remark 3.1, and the fact that J(d,f o S™') = (Jd,f)(JS™!)

(" + )" 1 (B(0, 1)) < J(dp f)TST"HM(B(0,1)) < (t — &)"H"(B(0,1)),
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which implies (3.18).
Claim 3: F C UF(c, S, h).
Given x € F, write (using the polar decomposition)

dyf = P,0S,.

Since J f(z) > 0, we have that S, is invertible, then using Remark 3.1, we can find S € G (see
Remark 3.2) such that

N(S,0S8 M <t—e and N(SoS;h)<(t'+e)h.
Therefore
1S:()I] < (¢ =e)lIS@)I| and [[S@)]] < (¢ +&) 7 [IS:(v)ll, YveR™,
since d, f = P, 0 S, and P, preserves norm, we obtain
|lda f (V)| = ISz 0 Po(v)]| < (t = )[[S(v)]], Vv €R"

and
IS < ¢ + &) ISu )] = (£ + &) Idu f@)]], Vo € R™.

So we obtain (3.16), for (3.17), since S € GL(n), then
|2 = /|| < Lip(S7H[|S(2") = SW)Il, Va',y' € R™.

From the definition of d, f, there exist §(z,¢,.S), such that ||y — z|| < J implies

1f(y) = f(2) = def(y — )] < ly — =[] < ellS(x) = Syl

_ £
Lip(S—1)
Choosing h = h(z,e,S) € N such that % <9,

1 (y) = f(x) —dof(y — 2)[| <el[S(x) = SWII, Vy € B(x,2/h).
Finally, taking ¢ € C' such that ||z — ¢|| < + we have the claim.
Claim 4: f is injective in each F(c, S, h).
Given z,y € F(c, S, h) by Claim 1

t7H1S(x) = SWI < [ f(@) = FW)II < tl|S(x) = SW
this together with injectivity of S implies that
r=y <= f&)=/f(@)

To conclude the proof, using Claim 3 and renumbering {F(c,S,h)}esn as {F;}jen, We can
replace each F; by Fy := F; and F; := F; \ ( fg;ll Fk> for each 7 > 2, to obtain the desired
partition. This completes the proof. |
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Remark 3.2. Let ¢,t,S, as in the last theorem, using Remark 3.1 we need find S € G and
0 > 0 such that

1+ 6N(S) <t—e, (3.19)
and
L+N(S;H =t +e)h (3.20)
By solving (3.20), we find that
t—1—¢t
O= NE A+

which implies that
D1 —e—1
s < MEDA Lt —e—1)
t—1—c¢t

Using the inequality

and combining with the above, we have the following condition for S,

t—1—c¢t
NEOArai -1 =NV (3.21)

Since GL(n) is dense in the set of bounded linear operators of R™ into R", then as G is dense
in GL(n), without loss of generality we can assume that G is dense in the set of bounded linear
operators of R™ into R™, using this consideration it is easy to see that we can find S € G such
that it satisfies (3.21), in geometric terms S needs to be out of the open ball with center at O
and radius N S;l)t(zﬁl-;)t(t—a— ok Additionally to this, in order to use Remark 3.1 for concluding,
we also need that S satisfies

t—1—¢t
N(S;H)(1 +et)

N(S—8,) <= (3.22)

Using the density of G, if

t—1—cet
N(SHA +et)(t—e—1) < N(S.),

then it is possible find S € G satisfying (3.21) and (3.22), therefore for this S it holds (3.19)
and (3.20). Now if

t—1—c¢t
N(Sa) < NS HA +et)(t—e—1)
since 1
then
1 t—1—c¢t

NG SNE YA +e)i—c—1)

which implies that
t<e+t
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but this is a contradiction because we assume (in the last theorem) that t= + & < t, then

neccesarily
t—1—c¢t

NS YA +et)(t—e—1)

and we can conclude. <

<N(S,),

3.1.2 Area formula for injective functions

Before stating the main result of this section, we make the following remark, which will be
useful later on.

Remark 3.3. Let E CR" and f : R" — R™, (1 <n <m) be a Lipschitz function, if
F={zeR":0<Jf(z)<oo}={0< Jf < o0}.

Then, from Rademacher’s Theorem and Theorem 3.1, we can assume that E C F. This is
because from the aforementioned results, we can deduce that H"(f(F°)) =0, and as

H(f(E)) = H"(f(ENF))+H"(f(ENF)).
Then
H(f(E)) =H"(f(ENF)).
Therefore, we can make the aforementioned consideration. <

Theorem 3.4. (Area formula for injective functions) Let f : R — R™, (1 < n < m)
be a injective Lipschitz function and E C R™ be a Lebesgue measurable set. Then

H(f(E)) = [E JF(2)dX"(2).

If additionally f is proper, then H"_f(R™) is a Radon measure on R™.

Proof. By remark 3.3 we can assume that £ C F := {0 < Jf < oo}. Given ¢t > 1 fixed,
and consider the partition F = {F}, }xen of F given by Theorem 3.3, we have that F induces a
partition on F, namely { ENFy }ren. Thus, from the global injectivity of f, we can express f(F)
as a disjoint union of the H™—measurable sets { f(E N F) }xen, combining this with Theorems
1.5, 3.2 and 3.3

H(f(E) = H'(f(ENFY)

keN

=S H(flr © S ) (SK(E N FL)))

< D _(Lip(flr, o SN (Sk(E N F))

<MY JSN(ENF)

keN

<y [E @

keN

(3.23)

= t2"/EJf(x)d)\"(x).

38



Similarly, we obtain
Jf(x)d\" = E Jf(x)d\"
/E (z) (z) o /m : (z) (z)

<) JSIN(ENF)
keN

= "3 A([Sk o (flr) " (F(ENE)) (3.24)

keN

<Y H'(f(ENF))
keN

= t"H"(f(E)).
Thus, taking ¢ — 1 in (3.23) and (3.24), we can deduce the desired equality. To show that
H"C f(R") is a Radon measure, we use Proposition 1.1, because H" is a Borel measure on R™,
f(R™) is H™—measurable set and H"L f(R™) is locally finite, to see the latter, given K C R™
compact , since f is proper, then f~!(K) is compact on R", hence
HLf(R")(K) = H"(f(R") N K)
< Lip(f)"H"(R" N f~'(K))
< Lip(f)"H"(f~1(K)) < oo
[ |
Corollary 3.1. (Change of Variables) Let f be as in the previous theorem, and g : R™ —

[—00, 00| be a Borel measurable function such that g > 0 or g € L'(R™, H"_f(R"™)). Then go f
18 Borel measurable on R™ and

/ g(x)dH" (x) = / o(F (@) T (2)d\" ().
f(Rm) n

Proof. Suppose firstly that g is a non negative simple function, then

9= cnxr,,
heN
with ¢, > 0 and F}, Borel sets on R™, for each h € N. If we define Ej := f~!(F},), then
gof= Z ChXE, -
heN
Using Theorem 3.4

heN
=>» ¢ Jf(z)d\"(z)
- h/Eh

If we now assume that ¢ is a non negative Borel measurable function, from what has been
proven above and from the approximation of g by non negative simple functions, we obtain the
desired result. Finally, if g € L'(R™, H"_ f(R™)) it suffices to write g = g* — g~ [ |

39



Corollary 3.2. Let f : R" — R™ (1 < n < m) be an isometry. Then, for every Lebesque
measurable set £ on R"

H'(f(E)) = H"(E).

Proof. Since f is an isometry, it follows that f is injective and Lipschitz and there exist an
orthogonal linear map O : R” — R™ such that

f(x) = f(0)+ O(z), VreR"

Then, by linearity we can observe that d,f = O, therefore Jf = 1. Thus given a Lebesgue
measurable set £ on R", using Theorem 3.4

H'(f(E)) = | Jfd\"(z)

E

- /E dN" ()

Example 3.2. Let f : R? — R? define by

f((@,y)) = (2,9, |2 = [yl)-

It is immediately to see that f is an injective function and furthermore, it is Lipschitz (since
each component is Lipschitz). Note that if (x,y) € R? is such that v = 0 ory = 0, then f is
not differentiable at (x,y), thus for such points

Jf((z,y)) = +oc. (3.25)

Let now (z,y) € R? such that x,y # 0, then

hence
thus

which implies that

TF((w,y) = V3. (3.26)
Using (3.25) and (3.26), we have

V3 if x,y # 0.
+oo  ifz=0o0ry=0.

Jf((z,y)) = {
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If we consider, for ezample E = B(0,2), from Theorem 3./

7—[2(f(E)):/ Jf(x)d)\Z(a:,y):/Ozﬂ/: V3rdrdf = 43,

B(0,2)
where in the second equality we have used change of variables to polar coordinates. <

Z

Figure 3.1: Image of f.

In the case when n = m, Corollary 3.1 represents a generalization of the Change of Variables
integral formula, in the case when n < m we have the next application.

Example 3.3. Let g : R® — R given by f(u,v,w) = e“T"%, compute

/ T AH? (u, v, w).
T

Where T' is the triangle defined by the vertices (—1,0,—1), (1,0,1) and (1,1, 2).
We use Corollary 3.1 for change this problem of integration with respect of the measure H?
on R3, for a problem of integration on R? with respect to \2. Indeed, define f : R? — R3

given by f(x,y) = (z,y,x+y), then f is Lispchitz and injective. Furthermore, we can see that
T = f(C), where C is the triangle defined by the vertices (—1,0), (1,0) and (1,1). By using
the Change of Variables integral formula (Corollary 3.1), we obtain that

/ eu-i—v—wdHQ(u, v, ’UJ) = / ef(z:,y) Jf($; y)d)\Q(fU, y)
T=£(C) “

:/ex+y_z_y\/§d)\2(x,y)
c
= [ V3dX*(z,y)

c

=V3)2(C)
— V3.

where we used the fact that J f(x,y) = /3, V(x,y) € R%. Thus, we can conclude that

/ AN (u, v, w) = V3.
T
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3.1.3 Area formula with multiplicities

In the previous section, we proved the Area formula for the particular case when f is injective
and Lipschitz. However, imposing the condition of injectivity limits us. In this section, we
present the general result of the Area formula in Euclidean spaces, where we only need f to be
a Lipschitz function. First, we present the following:

Example 3.4. Let f: R? — R? given by

. _ (z,y) if x > 0.
() {(_w) o

It is straightforward to verify that f is a Lipschitz function and is not injective. Furthermore,
we can also observe that Jf(x) = 1. So, for example, if T is the triangle with vertices at (1,0),
(—1,0), and (0,1), then integrating J f over T will precisely yield its Lebesque measure, which
is N*(E) = 1. Similarly, we can see that f(T) is the triangle with vertices at (0,0), (1,0), and
(0,1). Thus, H*(f(T)) = L. Therefore,

2

HA((T)) # N(T) = / TF(2)dX ().

Figure 3.2: “Overlap effect” in the image of f.

<

Definition 3.2. Let f : R” — R™ be a function and E C R™. We define mé :R™ — NU{+o0}
as

mh(y) = H(EN{f =y}), VyeR™,

where {f =y} ={z e R": f(z) = y}. We will call mé the multiplicity function of [ on
E.

The multiplicity function will play a significant role as it helps us compensate the “overlap
effects” in the image of f. We can illustrate this again using Example 3.4, where we saw that

HA(F(E)) + / T (2)dN%(x).
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However, noting that m{p(y) = 2 for \2—a.e. y on R?, by integrating m{p over f(T'), we obtain

/fmmmd%?() 2/T)cm2<> 1

/ y)dH*(y / Jf(2)dN\?(x
F(T)

This equality precisely corresponds to the Area formula.

Theorem 3.5. (Area formula with multiplicities) Let f : R" — R™, (1 <n <m) be a
Lipschitz function and E C R™ be a Lebesque measurable set. Then mé 1s an H"™ measurable
function and

hence

() dH () = [E T (2)dX"(2). (3.27)

Proof. We divide the proof into three steps:
Step 1) Let us prove that mpg is H"— measurable, to do this, let Q) be the standard dyadic
partition of R™ by semi-open cubes of side length 27%, and define m;, : R™ — NU {+00} as

)= > X)), YyeER™
Qe

Lemma 3.1 implies that for each Q € Q, f(£ N Q) is H"—measurable on R™, thus xseng) is
H"—measurable and therefore m;, is measurable for each &£ € N. We can also observe that

my(y) = number of cubes in Qy such that f~(y) N (ENQ) # 0.

Then, as £ — oo, we can deduce that

Rm™

WM,—?7H£,

and therefore m1, is H"—measurable.
Step 2) We will now prove that for every Lebesgue measurable set £ C R™ the following
inequality holds:
HUEN{f =y})dH"(y) < Lip(f)"\"(E). (3.28)
Rm
To do this, observe that from the construction of the sequence {my }ren, we have my < myyq.

Also, note that
= > M(ENQ).

QEQ
Thus, from the above and the Monotone Convergence Theorem, we have

mp(y)dH"(y) = lim [ o (y)dH"(y)

R™ k—oo

:]}ggo/m ZXfEﬂQ) )dH" (y)

QeQk

= Jim 3 [ v i) (3.29)

k—o0

Qe
= lim H'(f(ENQ))

k—oo

QEeQyk

< Lip(f)" lim Y A"(ENQ),
QEQy
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and as

Y AN(ENQ)=N'(E), VkeEN,

QEQy
combining this with (3.29), yields (3.28).
Step 3) To prove (3.27), from Step 2 and using Remark 3.3, we can assume without loss of
generality that £ C F := {0 < Jf < oo}, Now, consider the partition F = {Fj}ren of F
given by Theorem 3.3. This partition induces a partition on E, namely {E N F}}ren, where f
is injective on each E N Fj. Thus, by Theorem 3.4, we have

D) = [ S mde ) (w)

Rm keN
=> H'(f(ENF))
keN
:Z/ Jf(x)d\"(x)
keN Y ENF

:/EJf(x)d)\"(x).
|

The following corollary is a generalization of Corollary 3.1.

Corollary 3.3. Let f : R* — R™, (n < 'm) be a Lipschitz function and g : R" — [—00, 0] be
a Borel function such that g > 0 or g € L*(R™; \"). Then

L /{f:y} i) ar ) = [ gl 1@ o) (3.30)

Proof. Firstly, assume that g > 0. Then, there exist two sequences, one of Borel sets { E}, }ren
and {cp }ren CJ0, 00 such that
9= Z ChXEp-

heN
Now, using Theorem 3.5 and the Dominated Convergence Theorem

[ s@ir@iv = [ 3 exsf@av)

= Zch x)d\"(z)
= Z ch 7'[0 (En0{f =y})dH"(y)

( / - chXEhd’HO> aH" (y)

.2
/ </ (=) ( cthh> 4’ ) aH" (y)
/ (/f y}gd?-lo) dH (y).
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Proposition 3.1. Let f: R" = R™, (1 <n <m) be a Lipschitz function, E C R™ a Lebesgue
measurable set, and ' C R™ a Borel set. Then

feCE)(F) = A"(fTH(F)nEN{Jf =0})

dH° 3.31
Frgengsr>0p) \J =gy J (@)
In particular, if f is injective, proper, Jf =1 a.e. on E and \"(F) < oo, then
fe(A"LE)(C) =H"Lf(E)(C), YC CR™. (3.32)

Proof. First, note that for any Borel set F' in R™
Fa'E)(F) = XM(E N f7H(F))
— N (UE)NENLIf = 0} + X (T (F) N EN{Jf > 0})
= An(f_l(F) NEN {Jf = 0}) + /Rn X{f*l(F)mEm{Jf>0}(x)d)‘n(x)‘

Define

TJ (@)
0 ifrxg [FHUF)NEN{Jf >0}

Then we can observe that g is well-defined, Borel, and non-negative. Moreover

| xmesna@dn@) = [ g@i @)

n

—— ifxe fFHF)NEN{Jf >0}
g(w)z{

Thus, from Corollary 3.3, we have

[ e @ive) = [ g@is@ae)

n

-/ ( / gdHO) aH" ()
R™ {f=y}

-/ ( / gdHO) aH(y)
(Fnf(EN{Jf>0}))° {f=y}

+ / ( / gdH0> dH" (y).
FAf(EN{I£>03) \J {f=y}

Then, using the definition of g, we can verify that

/ ( / gd%o) dH" (y) = 0
(Fnf(En{Jf>0}))° {f=v}

d 0
/ ( / gd?—[0> M () — / < / i )d’l—["(y).
Frf(En(7>0}) \J{f=y} Frf(En{7>0p) \J{r=y} Jf(2)

Putting all of the above together, we prove that (3.31) holds.
Now assume that f is injective, proper and Jf = 1 a.e. on E, then from these new assumptions,

0 N(fTUF)NEN{Jf=0}) < A(En{Jf#1}) =0,

and
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which implies
MN(fUFYNEN{Jf=0})=0.

Thus, from the identity above and (3.31), it follows that

FROENE) = /Fﬁf(Eﬂ{Jf>0}) (/{fy} Jd;-([;)) W)

dH° )
- AH"
/me(Em{Jfl}) (/{fy} Jf(x) )
dHO
¥ ) aHr ).
/I;mf(Eﬁ{Jf>1}) </{fy} Jf($)> )

HYEOfENL{f>1}) <H (f(EN{Jf >1})) < (Lip(F)"H"(EN{Jf > 1}),

Now note that

and again using the hypothesis about Jf on E and the fact that in R", H"(EN{Jf > 1}) =
AN (H"(EN{Jf >1})) =0, we obtain

HY FNf(EN{Jf>1}))=0.

Then, when integrating over a set of measure 0 in (3.1), we get

FrLB = /me(Em{Jf>1}> (/{fy} JdJZ-([;)) )

From this last equality, using the injectivity of f, and the fact that in the integration set
Jf(x) =1forz € f~'({y})

peoveee) - [ s ( /{ . Jdﬁ‘;) 4 (y)

/ H"(y)
FOf(EN{Jf=1})

=H"(FNf(EN{Jf=1})).

(3.33)

Now, since J f is a Borel function, {Jf # 1} and {Jf = 1} are Lebesgue measurables. Moreover,
since F is Lebesgue measurable, then EN{Jf # 1} and EN{Jf = 1} are Lebesgue measurables.
Moreover, since f is Lipschitz and F'is a Borel set on R™ |, FNf(EN{Jf # 1}) and FN f(EN
{Jf = 1}) are H"—measurables and disjoint sets, because by the injectivity of f

Fof(En{Jf#1)nFnf(En{Jf=1})=Fnf(E)nf{Jf#1})nf{Jf =1})
=FNnfE)Nf{Jf#1n{Jf=1})
=Fnf(E)N f(0)
— 0.

Also, by a reasoning analogous to one already made, we can deduce that
H(F N F(B)N{If #£1}) = 0.
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Combining this with the sigma-additivity of H"

HYENOf(E) =H"(Fnf(E)N{Jf =1} +H"(Fnf(E)N{Jf #1})
=HIENFE)N{Jf =1}),

hence from this and (3.33),
f#N'E)(F) = H"(F N E) = H" f(E)(F),

for each Borel set ' C R™, and thus by Proposition 1.3, Proposition 1.14 and Theorem 1.5 we
obtain (3.32). [

Example 3.5. Let f : R — R? given by

f(t) = (rcos([t]), rsin([t])),

where v > 0. We can note that f is Lipschitz because each coordinate function is Lipschitz
(composition of Lipschitz functions). Let E =] — 2nm, 2nw[ with n € N, note that

0 if(x,y) & f(E).

mh((z =
5((7) {Qn if (x,y) € f(E).

Since
fE)={(z,y) eR*:2® +y* =1} = S,

we will have

(e, )M (o) = [ 2mdh (o.g) = 20H(S,) (3.34)
R2 S,
Also, we can see that
) if t # 0.
Jf(t) = {+OO ift—0. (3.35)

This is because f is not differentiable at t = 0 (since sin(|t|) is not differentiable at 0). Thus,
from (3.34), (3.35) and Theorem 3.5

2nH'(S,) = / Jf(t)d\'(t) = dnmr.

Therefore,
HY(S,) = 277,

3.2 Tangential differentiability and the Area formula

3.2.1 Rectifiable sets

We will now introduce the concept of a Rectifiable set, which extends the idea of a surface and
plays a crucial role in geometric measure theory. We start by fixing some concepts.
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Definition 3.3. Given k € N, 1 < k < n—1, h > 1, we shall say that M C R" is a
k—dimensional (embedded) surface of class C" in R" if for each v € M, there exist an
open neighborhood A of z, an open set E C R¥ and a bijection f : E — ANM with f € C"(E)
and Jf >0 on E. Fach map f is called a coordinate mapping of M.

If M is a k—dimensional surface of class C" in R” then by definition, M is a relatively open
set on R”, furthermore it is easy to show that M can be covered by countably set of images
f(E), with f and E as in the previous definition. Below, we present some well-known examples.

Example 3.6. 1.-S"! := {x € R" : ||z|| = 1} is an—1 dimensional surface of class C* in R".
2.- M =[0,1] x [0,1] C R? is not a surface of R

8-V = {(z,y,2) € R : 23 +¢*>+ 2% = 1;2 = xy} is a 1—dimensional surface of class
C> in R3.

Figure 3.3: V is obtained from the intersection of the sets {(z,y,2) € R? : 23 + ¢34 23 = 1}
and {(x,y,2) € R*: 2 = 2y}

4.- C:={(z,y,2) € R?: 2? + y* = 2%} is not a surface of R3.

P ) )
xrt+ oy 2

Figure 3.4: C turns out not to be a surface of R?* due to the impossibility of finding any suitable
neighborhood for the point (0,0, 0).

<

Of course, the comprehensive study of surfaces in R™ goes beyond the scope of this work,
but an interested reader can refer to [4] or [7].
As we mentioned at the beginning of this section, we will be interested in studying more general
objects than surfaces. More precisely, we have the following:
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Definition 3.4. Let k e N (1 < k < n) and M C R*. We say that M is countably H*—
Rectifiable if there exist countably Lipschitz functions f, : RF — R™, h € N such that

HE (M\ U fh(Rk)> =0.

heN

We say that M is locally H*-rectifiable if additionally H* M (K) < oo for every compact
set K C R™, and M is simply called H*-rectifiable if additionally H*. M (R") < oo.

This concept was first introduced by Besicovitch for 1—dimensional sets in the plane, then
his work was extended by Federer to m—subsets of R", and finally generalized by Marstrand
to fractal sets in the plane whose Hausdorff dimension is any positive real number. As we
have already mentioned above, Rectifiable sets in Euclidean space can be considered theoreti-
cal generalizations of C'-surfaces, in fact we can think of a Rectifiable set as our best definition
of a generalized k-dimensional surface on R™, possibly with infinite singularities and infinite
topological type (see Example 3.7), but structured enough to do differential geometry.

Example 3.7. Adding countably many handles of finite total area to the sphere can produce a
Rectifiable set S with infinite topological type.

Figure 3.5: Rectifiable set S.

<

Example 3.8. Let f : R"™' — R be a Lipschitz function, define the graph f:R* SR by
f(x) = (z, f(x)), then T := f(R"™') is locally H" ' — Rectifiable. <

The following remark gives us a characterization of countably Rectifiable sets, which will
be useful.

Remark 3.4. From McShane’s Lemma and the reqularity properties of Radon measures, we
will have that M C R™ is a countably H*-Rectifiable set if and only if there exist a Borel set
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My C R™ with H*(My) = 0, countably many Lipschitz functions f;, : R¥ — R"™ and Borel sets

E;, C R* such that
M = MyU (U fh(Eh)> :

heN
<

In the following example, we will make use of the previous remark to show that a set can
be H?—countably rectifiable.

Example 3.9. Let the square M = [0,1] x [0,1] x {0} € R3>. Then M is a countably H?-
Rectifiable set. Indeed, first note that

M = LU M, (3.36)
where
L= ([0,1] x {0} x {0}) U ([0,1] x {1} x {0}) U ({0} x [0,1] x {0}) U ({1} x [0,1] x {0})

and
M; =(0,1) x (0,1) x {0},

consider the function i : R? — R3 given by :
i((z,9)) = (2,9,0),

which is Lipschitz and satisfies i((0,1) x (0,1)) = M; with (0,1) x (0,1) being a Borel set.
Additionally, we can observe that H*(L) = 0, as each member of the union is an H*—null
set in R3. Therefore, combining all of the above and (3.36), we conclude that M is countably
H2-rectifiable. <

We can observe that any M C R"™, will be countably H"—rectifiable, since by taking the
identity function /d : R™ — R™ (which is Lipschitz), we can note that

H (M \ I;(R")) = H" (M \R") = H"(0) = 0. (3.37)

Note that the identity above is valid for all subsets of R", this happens, because recall that in
the strictly sense H", is an outer measure on R". Then if M is not a Lebesgue measurable set
of R™, using Theorem 1.8, we can write (3.37) as

H" (M 1o(R")) = A (M To(R")) = A (MAR") = A (0) = 0.
And if M is a Lebesgue measurable set of R", using Corollary 1.2, we can write (3.37) as
H" (M 1o(R")) = A" (M \ Tg(R")) = A"(M\R") = A"(0) = 0.

Thus, in both cases we have obtained (3.37).

Using well-known properties of the Hausdorff measure, we will have that for m > n, any set
M C R™ will be countably H™—rectifiable.

The following lemma shows elementary properties of Rectifiable sets.
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Lemma 3.2. The following properties hold:
1.- Every subset of an H*-Rectifiable set is H*-rectifiable.
2.- The countable union of H*-Rectifiable sets is H*-rectifiable.

Below, we present two interesting examples of Rectifiable sets, among which we highlight
Example 3.11 for the properties that the set exhibits.

Example 3.10. For g € Q, define
My = {(z,y) € R? 1 y = gz},
then, note that if f, : R — R? is the function
ft) == (t,qt),
this is a Lipschitz function, since for any t,r € R
(@) = F)ll = (1t qt) = (7, qr)]]

= ||(t = r,q(t —7)||
Sft—=rl+qlt—r| =1 +q)t —rl,

and since f,(R) = M,

H (M, \ f(R)) =
Thus, M, will be a countably H'-Rectifiable set for each ¢ € Q. Then, by Lemma 3.2,
M, = M,
qeQ
is a countably H*-Rectifiable. <

Example 3.11. There exist a dense subset E of R? such that E is H'-measurable, H!-
Rectifiable and

HY(E) < oo.
Indeed, consider Q> C R2?, without loss of generality, enumerate all the elements of Q% as

follows Q% := {@i }ren and let
E = U a Qk7 7

keN

where B(qk,27%) is the open ball with center at g, and radius 27%.
For each k € N, we define f3, : [0,27[— R? by

fe(t) := (27" cos(t),2 " sin(t)) + G,
and note that fy is Lipschitz, since for any s,t € [0, 27|

[1£u(s) = fu@®)Il = 127" cos(t), 27 sin(t)) + G — (27" cos(s), 27" sin(s)) — Gyl
= H2 *(cos(t) — cos(s), sin(t) — sin(s))|
(| cos(t) — cos(s)| + | sin(t) — sin(s)|)
<27 k+1|t — 5.
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Then, since [0,2x] is Lebesgue measurable (as a Borel set), for each k € N,

fi([0, 2n]) = 8(B(gi, 27"))

is H'—measurable. Moreover, it follows from Remark 3.3 that O(B(qy,27%)) is countably
H—rectifiable. Therefore, from the definition of E, Lemma 3.2, and the above, we have that
E is an H'-measurable and H'-countably Rectifiable set.

Now, from the subadditivity of H!

YE) <> HNOB(G.27) =D 22t =
keN keN

and thus H'(E) < oo.
To show that E is dense in R?, let x € R?. Then there exist a nontrivial subsequence {1k, }jen

(i.e., H'({qr,}) = 00) such that

qk — .
Jj—o0
Taking yr, € O(B(qk, 2" ¥)) C E, we form a nontrivial subsequence (which exist because {@k, }jen

is montrivial, implying #(27%) = o0). Thus, by the triangle inequality and the way we chose
Yk, and g,

d(z,yx;) < d(x, Gk;) + d(Gr;» Yx,;) — 0.
This implies that E is dense in R2. <

The following results and concepts will be used in an auxiliary way for the proof of the Area
formula in Rectifiable sets, for this reason we will omit their respective proofs, but we refer to
[11] for further details.

Definition 3.5. Given a Lipschitz function f : R¥ — R"™ and a bounded Borel set E C RF, we
say that (f, E) defines a Lipschitz regular image f(E) if:

1.- [ is injective and differentiable on E, with Jf(x) > 0 for every x € E.

2.- Bvery x € E s a point of density 1 for E.

3.- Bvery x € E is a Lebesgue point of V f.

Theorem 3.6. (Decomposition of Rectifiable sets) If M C R™ is countably H*— rectifi-
cable and t > 1, then there exist:

1.- A Borel set My C R™, such that H*(M,) = 0.

2.- Countably many Lipschitz functions f), : RF — R".

3.- Bounded Borel sets E;, C RF.

Such that:

(1) (fn, En) define a Lipchitz reqular image.

(i4)
M = My U (U fh(Mh))

heN
Definition 3.6. Let ®,, : R" — R" given by

y—x n
(I)x,r<y) = Ta Vy eR

and p be a Radon measure on R™. The blow-up of i of dimension k centered at x of
stze r 1s defined as
(o) g1t

fhayr =
x,T T’k

52



Note that @, , is a continuous and proper function with

D, (y) =z +ry.

Therefore, from Proposition 1.3, it follows that i, , is a Radon measure.

Theorem 3.6 provides a means to establish the existence (in a measure theoretic sense) of
tangent spaces to Rectifiable sets, more precisely:

Theorem 3.7. (Existence of approrimate tangent spaces) If M C R"™ is a locally
HE— Rectifiable set, then for HF—a.e. x € M there erist a unique k— dimensional vector
subspace I, of R™ such that, as r — 0"

(Do) (H" M)

: — HMLIL,, (3.38)
.

*
where — denotes weak convergence.

Definition 3.7. If I, is as in the previous theorem, we write
T,.M = 11,,
and name it the approximate tangent space to M at x.

Thus, for example despite its peculiar appearance, the Rectifiable set S defined in Example
3.7 has an approximate tangent plane at almost every point.
The set of points of M such that (3.38) holds true depends only on the Radon measure p =
HFLM, this set it is a locally H*—Rectifiable set in R™, which is left unchanged if we modify
M on and by H*-null sets. The following results concern properties of T, M.

Lemma 3.3. If M = f(F) is a k—dimensional reqular Lipschitz image in R and z € E, then
T.M =d,f(R"), == f(2).

Proposition 3.2. (Locality of approximate tangent spaces) If My and My are locally
H*— Rectifiable sets in R, then for HF—a.e. x € My N Mo,

T, M, =T, M,.

3.2.2 Area formula on Rectifiable sets

Given a locally H*¥—Rectifiable set M in R" and f : R” — R™ a Lipschitz function, similar to
the previous section, we would like to express H*(f(M)) in terms of some integral over M, i.e.,

HE(F(M)) = /M ).

To achieve this goal, we first need to introduce some concepts and results (which are indeed
analogous to the introduced in the last chapter and section).
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Definition 3.8. Let M be a locally H*— Rectifiable set in R™ and v € M such that TyM exist.
We say that f : R — R™ is tangentially differentiable (t.d.) with respect to M at x
if there exist a linear map dM f : T,M — R™, such that uniformly on {v € T,M : ||v|| = 1},

iy L@ 1) = f(@)

M
lim . =d, fv.

The above definition remains unchanged if we consider M as a k—dimensional C!—surface
in R™.

Remark 3.5. 1.- f : R™ = R™ may not be differentiable at every x € M, despite being t.d. at
every x € M. For example, consider M = {x, = 0} C R", o € CY(R"} R™), and define

f(@) = @(@') + |zalv,
where v € R™ is fired, and x = (2/,x,) € R x R = R",
2.-If f € CYR",R™), M is a k—dimensional C*—surface and x € M, then f is t.d. at
z and dM f = d,flr,r <

Lemma 3.4. If M = g(E) is a k—dimensional reqular Lipschitz image in R, f: R™ — R™ is
a Lipschitz function, and f o g is differentiable at z € E, then f is t.d. with respect to M at
x = g(z), with

4 f=d.(fog)(dg)™" in T.M = d.g(R"). (3.39)

Here, we have denoted by (d.g)~! the inverse of d.g seen as an isomorphism between R and
T.M = d.g(RF).

Proof. By Lemma 3.3, M admits the approximate tangent space T, M = d.g(R¥) at z = g(z).
Let v € T, M with ||v|| = 1, then there exists w € R¥ such that v = d.g(w), thus

i F@H 1) = @) L flgl2) + tdaglw)) - flg(2)

t—0 t t—0 t
o Sl ) = F(9(2))
t—0 t
_ iy J 09z Htw) — foglz)
t—0 t

In the third equality, we use the fact that
|9(2 +tw) — g(2) — td-g(w)| = oft)
and that f is Lipschitz. Also, since f o g is differentiable at z

iy L2910 =T 090

= d.(f o g)(w) = d.(f o g)(d-9) "} (v).

As d.g is a linear isomorphism between R* and T, M we will have that v — d.(f o g)(d.g)"'(v)
is a linear map. By combining all the above, we can conlude. |

We now prove a “Rademacher type” theorem concerning tangential differentiability on lo-
cally H*—Rectifiable sets, which will allow us to define the notion of Jacobian in this context.
The proof of the next theorem follows directly from Proposition 3.2, Theorem 3.6 and Lemma
3.4.
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Theorem 3.8. If M is locally H*— Rectifiable, and f : R"® — R™ 4is a Lipschitz function, then
fist.d H*—a.e. on M.

Definition 3.9. The tangential jacobian of f with respect to M at x € M, is defined
by

[det((dM £)* o dM f)V?  if f is t.d. at x.

00 if fisnot t.d. atx.

JMf(z) = {

We can note that Theorem 3.8 implies that H*({JM f = co}) = 0.

Lemma 3.5. If Vis a k—dimensional subspace of R™, T} : R¥ — R™ is a linear map such that
Ti(R*) =V and Ty : V. — R™ is a linear map, then

J(Ty o Ty) = JTyJTy. (3.40)

Proof. Indeed, let us consider the polar decompositions T} = P, 0 S; and Ty = P, 0 S, we
obtain

(TyoTy)*o(TyoTy) =T 0Ty oThoT, =S 0PfoS50P oS =S 0UoS,

where U := P} 0 S2 o P, is a linear map from R¥ on R¥, thus

J(T20T1 Sl \/det J T1 \/det J T1
|

We are now ready to prove the Area formula for Rectifiable sets. An attentive reader may
notice that in this case, we state the general form directly, without the need to go through the
linear and injective cases as in Euclidean spaces, we do this because this new result rests on
the work already done.

Theorem 3.9. (Area formula on locally Rectifiable sets) Let M be a locally H*— Rec-
tifiable set in R™ and f: R — R™ (1 <k <m) a Lipschitz function, then

HOM N {f = y})dH* () = / TV fat,

Rm

In particular, if f is injective in M, then
WD) = [
M

Proof. Without loss of generality, suppose that M = g(F) is a Lipschitz regular image. Thus,
by Lemma 3.3 and Lemma 3.4

T.M = d.g(R"), dy' f(v) = d.(f o g)(d:g) 7 (v)

whenever f o g is differentiable at z € E. In particular,

d:(f 0 g) = dy. f o d-g.
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Now, using Lemma 3.5 and Rademacher’s Theorem, we obtain
J(fog)(z)=JMf(g(2)Jg(z) for H* —ae. 2€E.

Applying the Area formula to f o g : R¥ — R™, we have
[ wEaisog= i) = [ JfonEs
Now, from the injectivity of ¢|g,
gEN{fog=y}) =g(EN(fog) {y})

=g(E)Nglg "((f~H{y}))
=Mn{f =y},

which implies that
HEN{fog=y}) =#MN{f=y})
So,

H(M N {f =yhdH (y) = | H(EN{fog=y})dH"(y)

R™ R™

= [ 709
_ /E M f(g(=)) Tg(=)dz

= / JM fdHE.
M
[

Reasoning as in the proof of the previous theorem allow us to prove the Area formula for
k-dimensional C'!'—surfaces, which states: If M C R" is a k—dimensional C'—surface and
f e CYR™,R™), (m > k) is injective, then

HA(F(M)) = / TV pat,

M

The following corollary, represents the analogue of Corollary 3.3.

Corollary 3.4. If S is a locally H"2— Rectifiable set in R"™!, u : R*! — R is a Lipschitz
function, T' = {(z,u(z)) € Rz € S}, g : R* — [—00,00] is a Borel function, and g > 0 or
g € LY(R", H"72.T), then

o = [ gy TE TP,
T S

where §(z) = g(z,u(z)), z € R"L

We conclude this section by presenting two illustrative examples of the use of Theorem 3.9.
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Example 3.12. Let
M:={(z,y) eR*:0<x <1, 0<y<2n},

and f: R? — R3 given by
f(@,y) = (zcos(y), zsin(y), z).

Then, it can be shown that

f(M) ={(z,y,2) ER®: 2 = /a2 + 92, 2?2 +y*> <1}

2T

Figure 3.6: The semi-closed rectangle M is mapped by f to the cone {(z,y,2z) € R3 : z =

Var4y?a® +y? < 1}

Note that in the usual sense

cos(y) —xsin(y)
Ay f = |sin(y) xcos(y)
1 0

Using the fact that f € C*(R? R3), we have
diyyf = A LT @M = d(zy) fLR®.
Therefore, diy [ = diy) f i-e.,

cos(y) —xsin(y)
dé\iy)f: sin(y) xcos(y)

1 0
Hence
M e | cos(y)  osin(y) 1
(A f)™ = [—xsin(y) xzcos(y) 0]’
from which

(d(a:,y)f) Od(m,y)f = |:O I2:| :
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Therefore,
TV f((z,y) = V2,

so, using Theorem 3.9

HE(f(M)) = /M V2rdH? (x,y) = /01 " V2zxdyds = V2,

0
where the third equality follows from the fact that H?> = \* in R?* and M = [0,1] x [0,27[. <

For showing the use of the Area Formula on rectifiable sets, we provided the solution of the
next exercise, which appears as an exercise for the reader in [13].

Example 3.13. Let f : R? = R? given by
f((z,y)) := (sin(z) cos(y), sin(z) sin(y), cos(x)).

Thus, if M := [0, 7| x]0, 27|, then f(M) = S=.

2m

Figure 3.7: The semi-closed rectangle M is mapped by f to S2.

Furthermore, proceeding analogously to the previous example, we can see that

cos(y) cos(z) —sin(x)sin(y)
dé‘iy)f: cos(x)sin(y) sin(x)cos(y) |,

— sin(x) 0
therefore
M x| cos(y)cos(x) cos(x)sin(y) —sin(z)
(diaa) f)" = [— sin(z) sin(y) sin(x) cos(y) 0
Thus

2(x) + cos?(x) sin?(y) + sin?(x) 0
0 sin®(z) sin®(y) + sin’(z) cos?(y)

Y

. cos?(y) cos
(d?iy)f) dg,y)f - [ &

hence
" Y 1 0
(d(x,y)f) © d($,y)‘f B |:O sin2 (ZL'):| ’
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which tmplies that
M (2, y)) = sin(),

using Theorem 3.9

HA(S?) = /M sin(z)dH?(z,y) = /0 - /0 Wsin(x)dxdyzéhr.

3.3 Applications

From now on, we will use the well-known Cauchy-Binet formula, which will be useful for us in
calculating the corresponding Jacobians. A reader interested in this formula can refer to [5].

Length of a curve

Let f : R — R™ (1 < m) be an injective Lipschitz function, and consider the curve I" := f([a, b]),
where —oo < a < b < oo. Using the Area formula for injective functions, we can note that

b
| @ @) = H0 (7o, H) = WD)
In this case, it is immediately verified that

Jf(x) =1|f'(x)||, whenever f is differentiable at x.

Thus, by Rademacher’s Theorem

[ @@ = wo).

And by Theorem 1.6
b
| 17 @liax @) = tength(r),

Surface area of a graph

Let f: R™ — R be a Lipschitz function, and for U C R"™ open, the graph of f over U is defined
as the set

Gulf) ={(z, f(z)): 2 € U} C R™.

Define g : R® — R"™! by g(x) = (z, f(z)), then we can notice that ¢ is an injective Lipschitz
function (since each coordinate function is), furthermore, given x € R"™ such that f is differen-
tiable at z, we will also have that ¢ is differentiable at z, and

1 0 ... 0

dog— AR

g 0 ... .. 1
of(x) of(x)
I €
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Using the Cauchy-Binet formula,

oy = 14 () (20

o =1 (U2 (Sh2)’

Thus, by Rademacher’s Theorem

[steeier = [ i (B s (P gy

Also, from the Area Formula for injective functions,

hence

/U Jg(@)d\"(z) = H'(f(U)) = H"(Gu (),

and therefore

. B 0f(x)\* of@)\* .
H (GU(f))_/U\/1+( . ) ot () v
We can observe that this coincides with the classical case.

Sard’s Theorem

Sard’s theorem is an important result in differential geometry and analysis, since it helps to
understand the behavior of the critical points of smooth functions. It highlights a fundamental
property: even in high-dimensional spaces, most points in the target space are regular values,
allowing for a deeper understanding of the geometry of smooth mappings. This theorem has
applications in some fields, including optimization, geometric analysis, and topology.

Next, we provide a proof of Sard’s Theorem for the case where f : R” — R™ is a smooth
function and n < m, for this purpose, the following lemmas will be useful.

Lemma 3.6. Let A C R™ be a non empty open set and f € C°(A,R™). If K C A is a non
empty compact set, then f|x is Lipschitz.

We could think of the last lemma as a kind of converse to Rademacher’s theorem, i.e., it
establishes under what conditions a differentiable function is Lipschitz.

Lemma 3.7. Let A C R™ be an open set, and define

K; = {:(: € A:dist(z,0A) >

(-

} N B(0, 7).

Then K; is compact for each j € N and

U,
j=1
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Theorem 3.10. (Sard’s Theorem) Let A C R" be a non empty open set and f € C*(A,R™).
If B :={x € U :rank(d,f) < n}, then

H*(f(E)) = 0.
Proof. We can see that if € F, then as rank((d,f)*) = rank(d, f) < n, and since
rank((d, f)*d, f) < min{rank(d, f)*,rank(d,f)} < n,
one automatically have that det((d,f)*d.f) =0, thus Jf(z) = 0. Using Lemma 3.7, yields
E=|J(EnK)).
j=1

By Lemma 3.6, as ENK; C Kj, then f|png; is Lipschitz. These considerations above will help
us prove the desired result. Put f; := f|gnk, and fix 0 < e <1, thenif g; : (ENK;) — R™ xR
is the Lipschitz function given by

g(x) := (fj(x), ex)
and p: R™ x R™ — R™ is the projection (which will also be Lipschitz)
Py, 2) =,
we can factor f; = po g;. We claim that there exists a constant C' such that
0< Jgj(x) <Ce, forzeEnNK;.
Write g; = ( jl, o Jit ey, . exy), then

do f

dyg; = |: Ny :| R .

Since Jg;(x)? equals the sum of the squares of the (n x n)—subdeterminants of d,g;, according
to the Cauchy-Binet formula, we have

Jg;(x)* > ™ > 0. (3.41)

Furthermore, since ||d, f;|| < Lip(f;) < oo, we may also employ the Cauchy-Binet formula to

compute
Jg;(x)* = Jfj(z)* + a < Ce®, for each z € ENK;, (3.42)

where o := sum of squares of terms, each involving at least one . Thus (3.41) and (3.42)
implies the claim.
Since p is a projection we can compute, using Theorem 3.4 and Theorem 1.5

H"(f;(ENK;)) <H"(g;(ENKj))
m¥ 2)dH™ (y, 2
< [l ) .2)
- [ @i
ENK;
< cCA(ENK).
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Let € — 0 to conclude that H"(f;(£ N K;)) = 0,and thus

H(f(E)=H"| [ <U<E N K»))

NE

1

I

Jj=1

=H" Gf(EﬂKj))
=H" G fi(EN Kj))

H'(f;(ENK;))

The sharp version of Sard’s theorem, the Morse-Sard—Federer theorem, can be found in [6].
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Chapter 4

Hausdorftf measure and Lipschitz
functions on metric spaces

4.1 Hausdorff measure on metric spaces

Definition 4.1. Let X = (X, d) be a metric space, n € N, s € [0,00[, and 6 > 0. For E C X,
define
s L & . s
H;(E) = inf > > (diam(F))*,
FeF
where the infimum is taken over all countable covers F of E consisting of sets ' C X such that
diam(F) < 0 (which we will call 0-covers), and wy is given by:

N|w

o
I'(1+4%)

Ws 1=
where I :]0, 00[— [1, 00[ is the Euler Gamma function
I'(s) :/ tletdt, s> 0.
0

We also define
H*(E) :=sup Hi(E).
6>0

The above definition is an exact copy of Definition 1.8, however, it is important to notice
that each H*® depends on the underlying metric of the space and that this dependence is not
visible in our notation.
We will have analogous properties to those stated in Propositions 1.4, 1.5, 1.6, 1.11, 1.12 and
1.14. While Propositions 1.7 and 1.8 will be valid whenever X has a vector space structure.
We can also extend the Definition 1.9 and we will obtain analogues to Propositions 1.9, 1.10 by
replacing in both n to H-dim(E). In Proposition 1.13 we can replace n to H- dim(E) for obtain
an analogue to the items (1-3), since (4) is not necessarily valid in arbitrary metric spaces (take
for example R with the discrete metric).
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4.2 Lipschitz functions on metric spaces

We can extend Definition 1.10 and its corresponding terminology to functions f : X — Y,
where X and Y are metric spaces In such a case, we will have analogous properties to those
stated in Proposition 1.15 (in the case of 1.15 (2), provided the image is R™, and in 1.15 (3)
and (5), provided the image is R). We also have the analogous of Theorem 1.5.

As with the Haudorff measure, the property of being Lipschitz will depend on the underlying
metric of the space.

4.2.1 Extensions of Lipschitz functions on metric spaces

To start this subsection, we present the following result and its subsequent corollary, which we
already know for functions from R” to R, and whose proofs are similar to those already carried
out.

Lemma 4.1. (McShane’s extension lemma) Let X = (X,d) be a metric space and f :
E Cc X — R a L—Lipschitz function. Then there exist an L— Lipschitz function F : X — R
such that F|g = f.

Corollary 4.1. Let X = (X,d) be a metric space and f : E C X — R™ be a L—Lipschitz
function. Then there exist an /mL— Lipschitz function F : X — R™ such that F|g = f.

At the moment we can notice that everything is turning out to be a complete analog to
the study already done for Euclidean spaces, so one would expect that the next result to be
stated would be Kirszbraun’s Theorem, however as we have already anticipated previously in
metric spaces it is not always possible to find the extension given by Kirzbraun’s Theorem, as
the following example shows.

Example 4.1. Kirszbraun theorem does not hold in general for Lipschitz functions defined
between Banach spaces of dimension greather than or equal to 2. Indeed, let X = (R?,|] - ||o0)
andY = (R?,||-|]). Consider A C X given by A := {(—1,1),(1,-1),(1,1)}, and let f : A =Y
defined by

f((_L 1)) = (_170): f((L _1)) = (170)7 f((17 1)) = (07 \/g)

Then, f cannot be extended to AU {(0,0)}, to see this, first note that f is 1— Lipschitz, in
fact Lip(f) = 1 (to see this, it suffices to calculate the respective norms of the elements of
A and their respective images). Then, it can be shown that if f had a 1—Lipschitz extension
to AU{(0,0)}, this would lead to a contradiction. Thus, in particular, f does not admit a
1—Lipschitz extension in X, and therefore we have what was claimed. <

The following results provide extensions of Lipschitz functions when the codomains are more
general sets.

Proposition 4.1. Let X = (X,d) be a metric space, f : A C X — L>®(Y) an L— Lipschitz
function, where Y is any set. Then there exist an L— Lipschitz function F : X — L*°(Y") such
that F|A = f

Proof. For each a € A, we denote by f, to the image of a under f, i.e., f, = f(a) is a function
fa : Y — R such that f, € L*(Y). Given x € X, we define the function F, : Y — R, as

F.(y) :=inf{f.(y) + Ld(z,a) :a € A}, VyeY.
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In a similar way to McShane’s Lemma (Lemma 1.1), we can verify that F|4 = f. We claim
that F, € L>®(Y) Vz € X, to see this choose ay € A fix, and notice that for each a € A and
y € Y, it holds

fa(y) + Ld(x, a) = (fa(y) + Ld(a, o)) — Ld(x, ao)
> Foo(y) — Ld(x, ao) (4.1)

= fao(y) - Ld(]?, CL()).

Here we have used the fact that F'|4 = f, then as f,, € L>®(Y) from (4.1) by taking the infimum
on the left hand side

Fow) 2 ~|fuollimr) - Ld(z,a0), Wy € Y. (12)
Also, from the definition of F’

Fo(y) < ||faollzeeyvy + Ld(w,a0), Vy €Y.
So from this and (4.2) we obtain

|Fo(y)| = | faollLovy + Ld(x, ap), Yy €Y.

Therefore F, € L>®(Y), Vo € X. Finally, noticing that F, is the infimum of a family of
L—Lipschitz functions, it follows that F, is L—Lipschitz. |

Theorem 4.1. (Kuratowski: embedding theorem ) Every metric space Y = (Y, d) embeds
isometrically into the Banach space L>(Y).

Proof. Fix a point yg € Y. For each z € Y define

f;t(y) = d(y,l’) - d(y,yo),Vy ey.

From the triangle inequality, we have

()] < d(x,90),Vy €Y.

Therefore f, € L*(Y), Vx € Y. Moreover, notice that for any z,z € Y’

|fo(y) = f2(u)| = |d(z,y) — d(y, 2)| < d(x,2),Vy €Y.

So, by taking y = x
| fe = follpeyy = d(z, 2).

This implies that we have an isometry. |

The target space for the embedding in Kuratowski theorem depends on the space itself. For
separable metric spaces, we can use a universal target.

Theorem 4.2. (Fréchet embedding theorem) Every separable metric space Y = (Y,d)
embeds isometrically into the Banach space (*°.
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Proof. Let {yx}ren be a countable dense set in Y. We define ¢ : Y — (> as

o) = {en(¥) then  where @i(y) := d(y,yx) — d(yr, %0), Yy €Y.

Notice that ¢ is well-defined because

lor(y)| = |d(y, ur) — d(yk, vo)| < d(y,v0), Vk>1.

Hence
ply) e >, VyeYy.

Given z,y € Y, note that

lou(z) — or(y)| = ld(z,yx) — d(y,ye)| < d(z,y), Vk>1. (4.3)

Using the density of {yx }ren, we can find a subsequence {yx, }jen such that y,, — 2. Combining
this with (4.3), we have

o) = oW)lle= = d(z,y),

which implies that ¢ is an isometry. [ |

We can notice that the inclusion in the previous results is not a canonical inclusion because
it depends on the choice of the element yy € Y (Kuratowski’s theorem) and the dense set
{yn}nen (Fréchet’s theorem).

Doubling spaces

A doubling space, in the area of metric geometry, refers to a space equipped with a metric
that satisfies certain doubling conditions. These conditions essentially quantify how quickly
the volume of balls in the space can grow as the radius increases.

Doubling spaces are of great importance in analysis and geometry, particularly in the study
of geometric measure theory, harmonic analysis, and PDE’s. They provide a framework for
understanding the distribution of mass and energy in various contexts, and their properties
often lead to deep results.

Definition 4.2. Let X = (X,d) be a metric space and let ¢ > 0. A subset A C X is called a
e—separated set in X, if for every x,y € A with x # y, it holds that

d(z,y) > €.

Example 4.2. If A = {z1, 79, 23,24} C R? are the vertices of a regular tetrahedron with side
length € > 0, then A is an e—separated set. <

Definition 4.3. A metric space X = (X,d) is said to be doubling with constant N, where
N € N, if every §—separated subset of B(x,r) contains at most N points Vo € X and Vr > 0.
Sometimes we simply say that X is doubling if there is no need to mention the constant N.

It is immediate to verify that any subset of a doubling metric space is also doubling with
the same constant.

Definition 4.4. A metric measure space is a triple (X,d, i), where (X,d) is a separable
metric space and p s a non triwial Radon measure on X.
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Definition 4.5. Let p be a regular Borel measure on a metric space (X,d). We say that u
1s a doubling measure, if every ball in X has positive and finite measure, and there exist a
constant C' > 1 such that for any v € X and r > 0,

u(B(x,2r)) < Cu(B(a, ). (4.4)
The smallest constant satisfying (4.4) is called the doubling constant of p and is denoted by
.

If (X, d, u) is a metric measure space and p is a doubling measure, we call (X,d, u) a doubling
metric measure space (DMMS).

The following result shows the relationship between DMMS and doubling spaces.
Theorem 4.3. If (X,d, p) is a DMMS, then X is doubling.

Proof. Let z € X and r > 0 be arbitrary, and let A = {1, 22,...,2,} be an §—separated
subset of B(z,r). Note that B (xi, %) C B(z,2r), because if y € B (a:i, i) , then

d(z,y) < d(z,z;) + d(z;,y) <r+ 2 < 2r.
Without loss of generality, suppose that

w(B(0 D)) < (B(52)). i=2n

Thus,

(5 ) < (56

< p(B(x,2r)),

where the equality follows because the balls are disjoint. It is now we claim that B(z,2r) C
B(xy,4r), indeed, if y € B(x,2r), then

d(y,z1) < d(z,y) +d(z,x1) < 2r +r < 4r.
From the latter and (4.5) we obtain
npr (B (21.7)) < n(Bar.4r)).
and by the doubling property of u we have that

p(B(z1,4r)) < Cup(B(z1,2r))
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From which it follows that

Combining all of the above,

It can be proved that the reciprocal of the above theorem holds whenever X is a complete
metric space [10].

Proposition 4.2. (R" ||.||,\") is a DMMS.

Proof. It is immediate to verify that the triple is a metric measure space. We need to show
that A" is a doubling measure, for this, note that

ANY(B(x,2r)) = w,(2r)" = 2"w,r"™ = 2"\"(B(x,r)).
Furthermore, since w,, > 0, the measure of every ball is positive. [ |

From the previous proposition and Theorem 4.3, we conclude that R" is a doubling space.
In fact, it can be shown that the doubling constant depends on the dimension of the space.
Below, we will give some properties of doubling spaces that are often mentioned or left as
exercises in the literature. We have provided corresponding proofs in the hope that they may
facilitate future consultations and references. I thank Professor Andres Sabino Diaz Castro of
ESFM-IPN for his suggestions in some details of those proofs.

Lemma 4.2. Let X be a doubling metric space with constant N. Then, for any x € X and
r >0, we can cover B(x,r) with at most N open balls of radius 3, whose centers lie in B(x,r).
Conversely, if X is a metric space in which, for any x € X and r > 0, the ball B(x,r) can be
covered by at most M open balls of radius % with centers in B(x,r), then X is doubling with

2
constan M?.

Proof. Suppose X is doubling. Given arbitrary z € X and r > 0, consider B(x,r) and
let A = {z1,...,2x} C B(x,r) be an r/2— separated subset of B(x,r). Without loss of
generality, using the doubling condition we can that assume & < N. Indeed if kK = N then
necessarily B(z,r) C UY, B(z;,7/2), because otherwise there would exists xx,; € B(z,r) such
that A = {x1,..., 2N, 2n11} would be an r/2—separated subset of B(z,r) which would be a
contradiction (because X is doubling with constant N). Then we can assume that £k < N and
we have two cases

1.- If B(z,r) C UF_B(z;,7/2), we are done.

2.- If B(x,r) ¢ UL B(x;,7/2), then there exist 31 € B(z,r) such that x;., ¢ B(z;,7/2) for
eachi =1,...,k. Thus A" = {x1,..., 2k, xx41} is an r/2—separated subset of B(x,r). Note
the following:

If k+1 = N, then necessarily B(x,r) C UF! B(x,7/2), because otherwise there would exists
zny1 € B(z,r) such that A” = {zy,...,2y,2n+1} would be an r/2—separated subset of B(z, )
which would be a contradiction (because X is doubling with constant V).

If k+1 < N, then we can proceed as in the first part of the proof, i.e., by continuing this
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process with the same reasoning, which will eventually terminate since N < oc.
Now, suppose every ball can be covered by at most M open balls of radius /2. Given arbitrary
x € X and r > 0, consider B(z,r). From the hypothesis, we have

M

B(a,r) € | Blyi.r/2).

i=1

for some yy,...yn € X. Let A = {xy,..., 2} be an r/2—separated subset of B(x,r). Note
that #(A N B(y;,7/2)) < M for each i = 1,..., M. Since, if there exist j € {1,..., M} such
that #(A N B(y;,r/2)) > M, by taking ' =r/2 and s,t € AN B(y;,r’), we would have

7,,/

T T
d(s,t) > — > — = —
(5:)25>7=5

and thus, we could cover B(y;, ") with more than M open balls of radius r’/2 which would be
a contradiction. Hence, #(A N B(y;,r/2)) < M for each i = 1,..., M, consequently

#(A) < # (U(An B(yz«,r/z)))

=1

< Z#(Am B(yi,r/2))

M M
<> M=M)"1
_ ;\;127 =1

which implies
#(4) < M2

The proof of the following lemma is completely analogous (under an iteration argument) to
the one in the previous result.

Lemma 4.3. Let X be a doubling metric space with constant N, and let k € N. Then, any
sr-separated set in any ball B(z,r) in X has at most N* points.

Lemma 4.4. Fvery doubling metric space is separable.

Proof. Let x5 € X be fixed. Then,

X = B(xo,n).

neN

It suffices to show that for each n € N, B(zg,n) is separable. To prove this result, note that
for n/2, there exist 1, ...z} elements of B(xy,n) such that

B(xg,n) C UB(xll,n/2)
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Then, given © € B(xg,n), there exist ¢ € {1,..., N} such that x € B(z;,n/2), implying
d(z,z;) < n/2. By repeating this process for each k € N, we find zf,..., 2%, elements of
B(zg,n) such that

Nk
B(zg,n) C U B(x%,n/2%).
i=1

Thus, we can find ¥ such that d(z, z¥) < n/2*. Following this process for each x € B(xg,n),
we can find a sequence {y;};en formed by the centers of some of the balls from the previous
covers, with the property that

n
d(l’,yj) < 57
thus
lim y; = .
]—>OO
From the construction above, the set D, = {{z!},_;  yn}ren is countable and dense in
B(xg,n) for each n € N. Thus, by taking D = U,enD,, we have that D is a countable
dense subset of X. [ |

Definition 4.6. A metric space is called proper if every closed ball in it is compact.

Lemma 4.5. If X is a doubling metric space, then its metric completion will also be doubling
with the same constant. Furthermore, every complete and doubling metric space is proper.

Proof. Let X be the completion of X as a metric space. Suppose there exist 2o € X and ro > 0
such that B(zg, o) has a subset ro/2—separated with cardinality strictly greater than N, where
N is the doubling constant of X. Let A be such a subset, and without loss of generality, assume
that #(A) = N + 1. Then we can write A = {zy,...,2x11}, since ¢(X) is dense in X, we can
find sequences {2°}en, {21 bnens - - -5 {2V }en in X such that

() — 20

n—oo

pla,) —— o

n—oo
plan ™) — oy,
n—oo
where we can find ng,nq,...,ny+1 € N sufficiently large such that
dlp(eh, ), p(23,)) = 3 i #jin the set {1,..., N +1}, (4.6)
and .
d(p(z)), p(zh,)) <rg, Vie{l,...,N+1}. (4.7)
Using the fact that ¢ is an isometry, from (4.6) and (4.7), we have that A" = {z, ,... ,xffijl

is an ro/2—separated subset of B(x;, ,7¢) with cardinality N +1 > N, which is a contradiction.
Thus, X is doubling with constant N.

For the second assertion, if X is complete and doubling. By Lemmas 4.2 and 4.3, it follows
that B(x,r) is totally bounded for each z € X and r > 0. Then B(xz,r) is totally bounded,
and using the fact that in every complete metric space, the property of being totally bounded
implies compactness, we have that X is proper. [ |
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The previous lemmas will be applied in the following result, which tells us that open subsets
of doubling spaces can be covered by balls that constitute a covering akin to the classical
Whitney decomposition of open subsets of R".

Theorem 4.4. (Whitney decomposition) Let X = (X,d) be a doubling metric space with
constant N, and let A be an open subset of X such that X\ A # (). Then there exist a countable
collection Wy = {B(x;,1;) }ien of open balls in A such that

A= UB@,-,TZ»), (4.8)

and
Z X B(z;,2r;) < 2N57 (49)

where 1
Proof. For x € A, we define d(z) := dist(z, X \ A). Also, for each k € N we set
1 k—1 k
Fi:=< B =, Ed(m) cxeA and 2V <d(x) <2% .

By the 5B Covering Theorem (see Theorem A.3 of Appendix A), we can find a countable and
disjoint subfamily G, of F}, such that
U Bc | 5B

BEeF; Begy
We claim that -
Wa= | J{5B:Be G},
k=1

satisfies (4.8) - (4.10). Indeed, from the construction, (4.8) and (4.10) are satisfied. To prove
(4.9), take z € A and suppose that x is in M balls of the form 2B, where B € W,. Without
loss of generality, we write these balls as B (xl, id(ﬁﬁ)), B (xg, id(ﬂ?’g)), ..., B (xM, %d(mM)),
with d(z1) > d(x;) for each ¢ = 1,..., M. Then, for each i = 1,..., M, we have

ol w

d(z1) (4.11)
and . 5
To prove (4.11), note that since « € B (z1, 3d(z1)) N B (x;, 3d(x;)), then

d(z1, ) < d(wr,7) + d(x, 1) < id(:cl) + id(xi). (4.13)

Thus, from this and using the definition of d(z;), for any y € X \ A, we have
d(zy) < d(a1,y)
< d(wy, ;) + d(wi,y)

1 1
< Zd(iﬁ) + Zd(%) + d(z;,y).
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Hence

3 1
é_ld(xl) - Zd<x’) < d(x;,y).
Taking the infimum on the right-hand side with respect to y € X \ A, we obtain
3 1

From this result, (4.11) follows. To verify (4.12), note that if y € B (2, 3d(x;)), then
d(z1,y) < d(zy, 2;) + d(zi, y)

< (@) + d(a) + 1d(r)

< %d(:cl).

Here, we have used (4.13) and the assumption made about d(z;) and d(z;). Also note that if
x; and x; are centers of balls in the same family Fy, then

1 . 1
d(z;,z;) > 20 min{d(x;),d(x;)} > Ed(ml),

whenever i # j. From this and (4.12), we conclude that there exist a ball with radius 3d(z;)

that contains a ﬁd(az‘l)—separated set of M elements. Then, from Lemma 4.3, at most N balls
can have their centers in Fy, for a fixed k. Now, if 21 € Fy,, then
2kt < d(zy) < 2M. (4.14)

Also, from (4.11) and the given assumptions and hypothesis,
Sd() < d(z) < d(r). (1.15)
Thus, from (4.14) and (4.15), it follows that
2F1=2 < d(x;) < 2M.

Therefore x; € Fj, U Fi, 1. Since in these sets there can be at most N° balls, we can deduce
the conclusion (4.9). [

In the previous result, it is important to consider dist(z, X \ A) instead of dist(z, 0A), be-
cause it may happen that B(x,d(x,0A)) intersects X \ A.

In the following, we will use the hypotheses and notation introduced in Theorem 4.4. Given
B(zi,1;) € Wy, we define for z € A

i(z) = min {1dist<x,x \ B(z:, 2r1)), 1} |

Ty

Note that v; is a —-Llpschltz function (since it is the minimum of two —-Llpschltz functions).
Also, from Theorem 4. 4, we have that

1<) Wi <2N°
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Define bi(2)

We can note that the functions ¢; satisfy the following properties:

l- pi(z) = 0if x ¢ B(x;,2r;). Moreover, x € A, p;(z) # 0, for all x € A and at most
2N indices i € N.

2- 0 < ¢; <1 and @i|Bay,2r,) = #, for each 7 € N.

3.- @ is %—Lipschitz, for each ¢ € N.
4.- > pi(x) =1, for each x € A and i € N.

A collection {¢;} that satisfies the above conditions is called a Lipschitz partition of unity
of the open set A.
We present the following theorem on the extension of Lipschitz functions when the codomain
is a Banach space.

Theorem 4.5. Let X = (X,d) be a doubling metric space and f : E C X — V be an L-
Lipschitz function from E into the Banach space (V)| - |v). Then there exist a CL-Lipschitz
function F : X — V' such that F|g = f, where C is a constant depending only on the doubling
constant of X.

Proof. Without loss of generality, assume that X is complete (since we can isometrically embed
X into its metric completion). Then, since X is complete, by Lemma 4.5, we have that X is
proper. Also, since we can uniquely extend f to the closure of E, we can assume that E is
closed. With all this said, let {¢;} be a Lipschitz partition of unity of the open set A := X \ E.
For each index 7, since X is proper and A is closed, we can find y; € E such that

8r; = dist(x;, A) = d(z4, yi).
Define

f(x) if v € E.
Note that F' is well-defined, as if z € A,

F(z) = {Zi oi(z)f(y;) ifxe A

2N5

F(z) = Z‘Pz(-’ﬂ)f(yz) < Zf(?/z) < 0.

Here, N is the doubling constant of X. Also, as F'is defined, it is immediately observed that
F is indeed an extension of f.

In the following we will denote by | - |, the metric on the Banach space V. Now, we need
to verify that F is a C'L—Lipschitz function, where C' is a constant (depending only of the
doubling constant V), for which we have the following cases:
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Case 1) Suppose that z € A and y € E, then

|F(z) = F(y)lv = Z@i(x)f(yi> —fy)

14

=X e = Y e w)

1%
= Z(f(:%’) — f(y)pi(x)
v
< Z% W w:) — F)lv
<IN ma f(yi) = FW)lv
z€B(x4,m;)
< 2N°L d(y, y;
< jmax d(y, i)
1
< ;NE’Ld(x ),
where the last inequality follows from
Ay, yi) < d(y, ) + d(z, ;) + d(@;, yi)
5)
< d(z,y) + Jd(wi,v:) (4.16)
< gd(ﬂf,y),
since
< d(zj, ) +d(z,y)
1
< Zd(xia yi) + d(z,y)
1/1
<! (4d<xi,yi> Fdla,)) +de,)
1 1
42 d(xﬂyl) + 4 d<x y) Zd<x7y)
1 1
k=0
thus
d(z;,y;) < li L d d ot
(Iwyz) = nl—>nolo 4_n (JI, y) + (LL’, y) TLZ:O 4_n
4
= gd(xa y)>
and therefore we have (4.16).
Then taking C;(N) = 1—36]\[5, the above results imply that
|F(z) — F(y)lv < CiLld(x,y). (4.17)
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Case 2) Suppose that a and b lie in the intersection AN B (ZB], ar ) for some j. Then

[Fa) = FO)lv = | Y _(@ila) = ¢i(b) f (1)

i 1%
= Z(%( ) = i(0)(f (i) — f(y;))
1%
<ZI% O f (i) = fy)lv
< ZLd Yi> yj)lpia) — i (D).
Since y; is fixed, we can replicate what was done in (4.16) to obtain
d(yi,y;) < ;d(ﬂfj7yj) = grj-
Hence,
F(a) — F(b)ly < L ZT’JI% i(b)]
Then, since each ¢; is 2°——Lipschitz, we have
[Fla) — FO)lv < L§ Z NS 40, b). (4.18)

Following a similar reasoning as that done in (4.11), if B(x;, 2r;) N B(x;, 2r;) # 0, then r; > 3r;,
SO

8 — N7, T
— < [ —
Ly § - d(a,b) < L 5N°AN"d(a. b)

<00 (4.19)
= 7N15Ld(a, b)
Setting Co(N) = 52N, from (4.18) and (4.19) we have
IF(a) — F®)y < CaLd(a,). (1:20)

Case 3) Suppose that a,b € A and b ¢ B(xy,2ry), for any k, such that a € B(xy,rg). Let
Ya, Yp € E be such that d(a, F) = d(a,y,) and d(b, E) = d(b,y,). Then, from the estimates

d(a,ya) < 4d(a,b), d(b,ys) < d(a,b) and d(ye,p) < d(a,ya) + d(a,b) + d(b, p),
and using case 1, we obtain

[F(a) = F)lv < |F(a) = F(ya)lv + |F(ya) = F(yo)lv + [F(ys) — F(0)lv
< C1(N)Ld(a, ya) + Ld(ya, ys) + CL(N) Ld(b, ys)
< 4C1(N)Ld(a,b) + L(d(a,ya.) + d(a,b) + d(b,y)) + 4C1(N)Ld(a,b)
< C1(N)LAd(a, b) + 9Ld(a,b) + C1(N)L4d(a, b)
— (3C(N) +9)Ld(a, b).
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Thus, taking C5(N) = 8C(N) + 9 = 28N° + 9, we have
|F(a) — F(b)|v < C3(N)Ld(a,b). (4.21)

Then, if C':= max{C}(N), Cy(N),C3(N)}, from (4.17), (4.20) and (4.21) we conclude that for
any r,y € X
[F(a) = F(b)|v < CLd(a,b),

with C depending only on the doubling constant N. |

4.2.2 Lipschitz functions in L? spaces

Lipschitz functions are of significant importance in LP spaces due to their stability under in-
tegration, usefulness in approximation tasks, smoothness and regularity properties, favorable
convergence behavior, and applications in functional analysis.

In this section some results concerning the classical theory of integration and the Bochner
integral will be useful, which can be consulted in [8], [14] and [15].

Definition 4.7. Let X = (X, d) be a metric space. A function f: X —| — 00,00] is said to be
lower semicontinuous at x € X, if for every ¢ > 0 there exist 6 > 0 such that

f(x)—e< fly), Vye€ B(x,0).

We say that f is lower semicontinuous on X, if it is lower semicontinuous at every point
m X.

The following proposition gives us a useful characterization of the lower semi-continuity
condition.

Proposition 4.3. The following statements are equivalent for a function f : X —] — 0o, 00]
on a metric space X = (X,d):
1.- f is lower semicontinuous on X
2.- For each a € R, the set {x € X : f(x) > a} is open.
3.- For any x € X and any sequence {x, }nen C X such that x,, — x, we have
liminf f(z,) > f(z).

n—oo

Example 4.3. Let A be an open subset of X and a € R. Then,

X ifa<O.
Xal(a,00]=¢ A if0<a<l.
0 ift>1.
Thus, we can observe that x a is lower semicontinuous if and only if A is open. <

Example 4.4. Let (X, ) be a measure space and LT (X, ) be the set of non-negative mea-
surable functions equipped with the topology induced by convergence in measure . By Fatou’s
Lemma, the operator [, (-)dp : LT (X, p) —] — 00, 00] is lower semicontinuous. <

The following two results provide operational properties of lower semicontinuous functions.
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Proposition 4.4. The class of lower semicontinuous functions on a metric space X forms a
positive cone. Moreover, the pointwise supremum of any arbitrary family of lower semicontin-
uous functions is also lower semicontinuous.

Corollary 4.2. Let { f, }nen be a sequence of lower semicontinuous functions of a metric space
X on [0,00]. Then Y 77| fn is lower semicontinuous.

Proof. Let u € [0,00). We want to show that
U:{x:an(x)>u},
n>1

is an open set. Note, that if x € U, since f,, > 0 for each n € N, we have that

N
an(x) = sup an(x) > u,
n>1 Nzl =

so there exist N, > 1 such that S-°* f.(z) > u. Therefore, z € Uy, C U, where Uy, =

n=1Jm1
{y : ZnNil foly) > u} is open (because the finite sum of lower semicontinuous functions is

lower semicontinuous). |

Proposition 4.5. Let X = (X,d) be a metric space, ¢ € R and f : X — [c,00] be a lower

semicontinuous function. Then there exist a sequence { fi}ren of Lipschitz functions of X on
R, such that

c < fu(x) < frga(z) < f(2)
and
lim fy(z) = f(z), Vore X.

k—o0

Proof. For each k£ € N, define

fr(@) = inf{f(y) + kd(z,y) : y € X}.

Then f; is a k—Lipschitz function for each k& € N (since it is the infimum of a family of k-
Lipschitz functions). Also, note that for any y € X, f(y) + kd(z,y) < f(y) + (k + 1)d(x,y).
Then, by taking the infimum on both sides over y € X, we obtain

S < frs (4.22)

Moreover, from the definition of fj, we obtain
fr(x) < f(x) + kd(xz,z) = f(z), Vk €N. (4.23)
Considering the fact that f: X — [c, 00| and (4.22), we get
c<c+d(z,y) < flx)+d(z,y) = c < fi(zr) = c < fiu(z), YkeN. (4.24)
Then, from equations (4.22), (4.23), and (4.24), we have that
¢ < fi(@) < fra(z) < fz), VoeX. (4.25)
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To verify pointwise convergence, suppose initially that f(z) = co. For any M > 0, choose £ > 0
such that f > M in B(z,e). Thus fi(x) is at least the minimum between M and ¢ + ke. For
each sufficiently large k such that ¢ + ke > M, we have fy(z) > M. Therefore

lim ful) = 00 = f(x). (4.26)

Suppose now that f(x) < co. For any & > 0 there exist 2 € X such that

fr(x) > fxg) + kd(x, z1) — €. (4.27)
From (4.25)
f(z) = fi(x)
> flax) + k(d(z,z) — € (4.28)
>c+ kd(z,xp) —e.
Thus,
w > d(xaxk) > 07
hence
d(x,zg) — 0,

and consequently x; — x. Using the fact that f is lower semicontinuous and (4.27), we obtain

liminf fy(z) > lminf[f(zy) + kd(x, zx) — €]

k—o0 k—o0
> liminf[f(xy)] — ¢ (4.29)
k—o0
> f(z) —e.
Since ¢ > 0 was arbitrary, we obtain
liminf fy(x) > f(z). (4.30)
k—o0
Also, from construction of fj
limsup fi(x) < f(z). (4.31)
k—o0
From (4.30) and (4.31), it follows that
lim f(z) = f(z). (4.32)
k—o0
Thus, from (4.26) and (4.32), we can deduce the conclusion. |

Corollary 4.3. Let X = (X,d,pu) be a metric space, 1 < p < oo and f : X — [0,00] be a
lower semicontinuous p—integrable function. Then there exist a sequence { fi}ren of Lipschitz
functions of X on R, such that

0< fiu < fer1 < f,

and fr, — f both pointwise and in LP(X,u) as k — oco.

Proof. It follows from the previous proposition and the Dominated Convergence Theorem. W
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In every metric measure space nonnegative p-integrable functions can be approximated in
L? by a pointwise decreasing sequence of lower semicontinuous functions. This is the so called
Vitali Carathéodory theorem, has turned out to be handy in the geometric theory of Sobolev
spaces.

Theorem 4.6. (Vitali Caratheodory theorem) Let X = (X,d,u) be a metric measure
space, 1 < p < oo and f : X — [0,00]| be a p—integrable function. There exist a pointwise
decreasing sequence {gi tren of lower semicontinuous functions on X, such that

< gk < gk
and gp — f in LP(X, ).

Proof. Let {¢g}ren be an increasing sequence of non negative simple functions converging to
f, then we can express [ as

f=o1+ Z(@k — Pr-1)-
k=2

Moreover, using the representation of each ¢y as a simple function, we have that

oo
f= Z AjXEjs
j=0

with ap = 00, a; €]0,00] for j > 1, and E; C X is p—measurable for all j = 0,1,.... Note
that since f is p—integrable, we have u(Ey) = 0. Now given € > 0, for each j > 1 we can find
an open set A;, such that £; C A; and

eP
P’
2 a;

1(A;) < p(E;) +

Furthermore, we can find a sequence of open sets O, such that E, C O, and

for each j > 1. Now define

o0

g = ZanA]- + ZXOJ--

j=1 j=1
From Corollary 4.2, we know that g is lower semicontinuous. Furthermore, from the construc-
tion of g, it follows that f < g on X and

g = fllp =D aixa, + Y xo, = Y aixs,
j=1 j=1 =0

p

< Z la;(xa; — x&llp + Z |Ix0;lp
j=1 J=1

= " aillxans b+ lxolly
Jj=1 j=1
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From this, we obtain that
g = fllp < 2e.

Finally, to construct the desired sequence, first, for ¢ = 1, there exist a lower semicontinuous
function hy such that ||hy — f||, < 1. Also, for e = 3, there exist a lower semicontinuous
function hy such that [|he — f||, < 3. Following this process for each k € N, there exist a
lower semicontinuous function hy such that ||y — f||, < £. Defining g, := min{hi,. .., s},
we have that {gx}ren is a sequence of lower semicontinuous functions (since it is the minimum
of lower semicontinuous functions) and, by construction, gx11 < gx. Moreover, by the previous

argument and the made construction, f < g and limy_ gx(z) = f(z) in L? (X 1) because
lim [|ge — £}, < lim 3
hoo 1R =
[

Theorem 4.7. Let (X,d, ) be a metric measure space, 1 < p < oo and V be a Banach space.
Then Lipschitz functions are dense in LP(X,V, ). If in addition (X, d) is locally compact then
Lipschitz functions with compact support are dense in LP(X,V, ).

4.3 Area formula on metric spaces

The idea of including this section (and in general this chapter) is to show that, using analogous
ideas to the those developed in Chapters 1, 2 and 3, we can extend the Area formula to metric
spaces. This generalization of the Area formula first appears in the article Rectifiable metric
spaces: Local estructure and regularity of the Hausdorff measure published by Bernd Kirchhein
in 1994, later this work was retomated by Kirchhein and Ambrosio for a more general approach.
The ideas and concepts used for the proofs that appear in these works are more specialized
and by themselves would need a very careful development, for this reason we will omit them,
because as we have mentioned at this moment we are only interested in showing the scope of
this theory, however for an interested reader, we refer to [9] and [2] for the consultation of these
proofs.

In order to deduce this generalization of the area formula, we can only work with Lipschitz
functions from R"™ to V, with (V|- |y) be an Banach space. We only need to work in Ba-
nach spaces over R, because by Fréchet’s and Kuratowski theorems (4.2 and 4.1), every metric
space admits an isometric embedding in some Banach space. This is useful because in Banach
spaces additionally to the good properties in the metric sense, we have a vector space structure.
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In Euclidean spaces, we can think of an the area formula as not so straightforward applica-
tion of Rademacher’s theorem. If we can try to extended the results of the previous chapter,
firstly we need to extend the notions of Lipschitz function and Hausdorff measure to metric
spaces, which we have already done in the previous sections of this chapter, also we like to have
extension theorems for Lipschitz function, because we would like to consider functions with
domain R" instead of have domain only in a subset of R™. For this point Theorem 4.5 will be
useful. Indeed given £ C R™ if V' is a Banach space then as R” is a doubling space using the
mentioned theorem we can find a extension F': R™ — V Lipschitz, then the assumption that
domain of f is R™ it is not an restriction.

Finally, given E C R" be a Lebesgue measurable subset on R™ and f : R® — V Lipschitz
and injective, we would like have a expression with the form

H%ﬂszﬂgumv7

such as Theorem 3.2 and in a similar way a expression to Theorem 3.5. In the last chapter
the integrand is a function that depends to the differential of f, but in the case of this chapter
we work in metric spaces, so we need introduce a notion of differentiability. For this purpose
firstly we have the next results and definition.

Theorem 4.8. Let f : R" — (V)| - |v) be a Lispchitz function, where (V)| - |y) is a Banach
space. If u € S*™1 is arbitrary, then:
1) N'—a.e. x € R"™ the following limit exists

) f@)l

h—0t h

(4.33)

2) Given x € R"™, if (4.33) exists, then y — limy,_,o+ w is a seminorm on R™, and
. |f@+h(z—y) - f@)lv
- -1
£(2)~ )l — lim E
Definition 4.8. Let f : R" — (V|- |v) be a Lipschitz function, where (V)| - |y) is a Banach
space, and x € R™. In case that there is a seminorm s, on R™ satisfying
1f(2) = fW)lv = s2(z —y) = ol[z — [ + |ly — «[]), ¥ y,z€R"

We say that f is metrically differentiable at x, and we call s, the metric differential

of f at x.

Suppose that s, is the metric differential of f at z, then using (4.34), by uniqueness we can

=o(llz—z|[+|ly—=l), Vy,zeR" (4.34)

oo thet o+ hy) = 1 (@)
. r+ny)— f(x)|v
=1 R™.
sa(y) = lim 3 , VY€
We denoted the metric differential of f at x as md, f, so
hy) —
mdxf(y) — lim |f($ + y) f(x)h/ Vy c R".

h—0+ h ’
Note that, Theorem 4.8 represents an analogue to Rademacher’s Theorem for the metric dif-
ferential. Using the new terminology we can state Theorem 4.8 as:

Let f : R™ — V be a Lipschitz function, then f is metrically differentiable \"—a.e. © € R".
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Remark 4.1. Let f : R" — V be Lipschitz and x € R", such that md,f there exists. Given
A€ R, with A > 0, using the change Ah > t, note that

md, f(Ay) = lim [f(z + h(Ay)) — f(2)lv

h—0+ h
e L fle+ (AR)y) = fo)]y
= A lim, A
3 i W10 = 1)l

Hence for any A > 0
md, f(Ay) = dmd, f(y), Vye€R".

<

The above does not represent the classical generalization of differentiability in Banach
spaces, since this role is played by the well-known differentiability in the Fréchet sense. In
the case where the Fréchet derivative D f(x) exists at x € R", it is possible to prove that

md. f(y) = |Df(z)(y)lv, VyeR"

In [2] additionally to the definition of metric differentiability, they use the notion of w*- dif-
ferentiability to show an “Rademacher’s-type” theorem for the w*- differentiability of Lipschitz
functions. The notion of w*- differentiability that they use is:

Let W = V*, with V a Banach space and let f : R" — W be a function. We say that f is
w*- differentiable at x if there exists a linear map L : R™ — W satisfying

ot i W) — f@) Ly —2)

¥ |y — =]

This map L will be said to be the w*- differential of f at x and it will be denoted by wd,f.

Let W = V*, with V' a Banach space, if /' denotes the operator norm on W = V*, we can
see that using the w*- lower semicontinuity of the norm, the metric differential and the w*-
differential are related by

N(wd.f(y)) <md.f(y), YyeR"
And in the particular case of Lipschitz functions, we have the following:

Theorem 4.9. Let W = V*, with V a separable Banach space. Any Lipschitz function f :
R" — W s w*- differentiable and

N(wd, f(y)) = md, f(y), VyeR",

for \"—a.e. x € R™.

Now, at this moment, we have a notion of differentiability, naturally the next step is define
a Jacobian, for this reason we introduce the next definition.
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Definition 4.9. Let s be a seminorm on R™. We define the Jacobian of s by

Wn

J(s) = Hr({x € R : s(z) < 1})’

with w, given by
T2
r(1+3%)

For a Lipschitz function f : R™ — V', we denote by MD(f) the set of all z € R"™ where the
metric differential exists and by MD,(f) the subset of MD(f) where it is a norm on R". We
can see that both MD(f) and MD,(f) are Borel sets.

We can think at the following lemma as an analogue of Theorem 3.3 (Lipschitz linearization).

Wy, =

Lemma 4.6. Let f: R®™ — V be a Lipschitz function and t > 1. Then there are Borel subsets
{Ek}tren of R™ and norms {n(-)x}ren on R™ such that

1.-

keN
2.-
tn(r =y < [f(@) = f)lv <tn(z =y, Yo,y € By

Lemma 4.7. Let n(-) be a norm on R". Then
L-H3 () (Bay(0,1)) =

2- HY (A) = T(n()A"(A), YA C R,

In a similar way that we define the multiplicity function for a function f : R” — R™ on an
subset A of R, we can define a multiplicty function for functions from R"™ to V', more precisely
we have the next definition.

Definition 4.10. Let f : R™ — V be a function, with V- = (V,| - |v) a Banach space, and
E CR". We definem’, : V — NU {+oo} as

mh(y) = HUEN{f =y}), VyeV,

where {f =y} ={z e R": f(z) = y}. We will call mé the multiplicity function of f on
E.

Now we can state the Area formula on metric spaces, and his subsequent corollaries.

Theorem 4.10. (Area formula on metric spaces) Let f : R" — V be a Lipschitz function,
and let E C R™ an Lebesgue measurable subset. Then

/E J(mdy f)d\" (x /mE y)dH[ |, (v),

i particular, if f is injective
[ md. pax@) = (B
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The following corollaries are the generalization of the Corollaries 3.1 and 3.3 respectively.

Corollary 4.4. Let f : R"™ — V be a Lipschitz function. Ifg:V — [—00, 0] is ”Hﬁv—measumble,
and EE C R™ is Lebesgue measurable, then

[E o(f ()] (md, A" (z) = / o(y)mb(m)dHT W),

provided at least one of the integrals exists. In particular if f is injective
[ sts@)Imd.pyix@) = [ gwang, ).
E F(E)

Note that in the last corollary we implicitly have the assumption that f(FE) is HY, —measurable,
this is not a problem, because we can prove (in a similar form that the proof of Lemma 3.1) that
in fact f(F) is Hﬁv—measurable, whenever f is a Lipschitz function and E be an Lebesgue
measurable subset.

Corollary 4.5. Let f : R" — V be a Lipschitz function. If g : R" — [—00, 00| is Lebesque
integrable, then

/V (/{f:y} gd’Hﬁv) A, (y) = /Rn g9(@)J (md, f)dA" ().

Note that in the previous generalization we have considered that the metric spaces have a
vector space structure, so a natural question would be: Can we have these results without the
need to have a vector space structure?

This question was addressed by Magnani in [12], for this purpose he considered metric measur-
able spaces which do not necessarily have an vector space structure, and introduced concepts
like Jacobian, but in terms of the measures of the spaces.
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Appendix A

Covering theorems

This appendix presents the statments of the three covering theorems that we use in this work:
Vitali’s Covering Theorem, Besicovitch’s Covering Theorem, and the 5B Covering Theorem.
These theorems, as we have already noted, have important applications in some areas of math-
ematics, in particular in analysis and measure theory.

Vitali’s Covering Theorem provides conditions under which a collection of balls can be cov-
ered by a countable and disjoint subfamily, ensuring precise control over the measure of the
uncovered set. Besicovitch’s Covering Theorem extends this concept, offering a more general
framework for covering collections of balls in Euclidean spaces. Additionally, it establishes the
existence of countable and disjoint subfamilies that effectively cover the original set.

The 5B Covering Theorem, on the other hand, focuses on covering collections of balls in sep-
arable metric spaces. It guarantees the existence of a countable and disjoint subfamily whose
union encompasses the original set, along with specific intersection properties.

Theorem A.1. (Vitali’s Covering Theorem) Let pi be a Radon measure on R™, F a family
of non degenerate closed balls such that the set C' of their centers is bounded, p—measurable,
and for each x € C

inf{diam(B) : B € F and B has its center at x} = 0.

Then there exist a countable and disjoint subfamily G of F, such that
u(C\U{F:FeQ}) —0.

Theorem A.2. (Besicovitch’s Covering Theorem) If n > 1, then there exist a positive
constant £(n) with the following property:
If F is a family of non-degenerate open (or closed) balls in R™ and the set C' of the centers of
the balls in F is bounded or

sup{diam(B) : B € F} < c0.

Then there exist Fi, ..., Femy subfamilies (possibly empty) of F such that:
1.- FEach subfamily F; is at most countable and disjoint.
2.-C c U™ Uger B.

Theorem A.3. (5B Covering Theorem) Let F be an arbitrary collection of balls in a
separable metric space, such that

sup{diam(B) : B € F} < o0,
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where rad(B) denotes the radius of the ball B. Then there exist a countable and disjoint
subfamily G of F such that
U BcJsc

BeF Ceg
Moreover, each B € F intersects some C' € G with B C 5C'.

In the case where the family in the previous theorem is finite, we can replace the covering
of the form 5C with one of the form 3C.
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Appendix B

Linear Algebra

In Chapter 3 we work with some tools of linear algebra on several occasions, in this appendix
we summarize these concepts and results.

Definition B.1. (i) A linear map O : R" — R™ is orthogonal if
(O(2),0(y)) = (x,y), Vx,y€R"
(i1) A linear map S : R™ — R" is symmetric if
(z,9(y)) = (S(z),y), Vz,y €eR™
(11i) Let L : R™ — R™ be a linear map. The adjoint of L is the linear map L* : R™ — R"

defined by
(z,L*(y)) = (L(z),y), = €R"yeR™
Proposition B.1. The following properties hold:
(i) L** = L.
(ii) (Lo T)" =T*o L*.
(iii) O* = O~ if O : R* — R" is orthogonal.
(iv) S* =S if S: R™ — R" is symmetric.
(v) If S : R™ — R" is symmetric, then there exist an orthogonal linear map O : R™ — R™ and
a diagonal transformation D : R™ — R™ such that

S=0o0DoO™ "
(vi) If O : R™ — R™ is orthogonal, then n < m and

0*00 =1, inR",

000" =1, inR™

Theorem B.1. (Polar Decomposition Theorem) Let L : R" — R™ be a linear map. If
n < m, then there exist a symmetric linear map S : R — R™ and an orthogonal linear map
O :R" — R™ such that

L=0o5.

Using the terminology introduced in Chapter 3, we have the following result:

Proposition B.2. Let L : R™ — R™ be a linear map and L = O o S its polar decomposition,
then:
JL = |det(95)].
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