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Abstract

In this work, we study the possibility of applying Stochastic Quantum Mechanics to
curved spacetimes, focusing on the Schwarzschild black hole. After reviewing general
aspects of the metric and its 3 + 1 decomposition, as well as the main concepts
of stochastic quantum mechanics, we extend the quantum stochastic equations to
include a curved spacetime by means of a covariant treatment. Next, we solve the
Klein-Gordon equation for scalar perturbations, and analyze the resulting stochastic
trajectories by varying parameters such as the angular momentum and the frequency
of the particle. As a general conclusion, we find that the trajectories are influenced
by the gravitational fluctuations of spacetime and that, depending on the varied

fundamental parameters, different types of stochastic trajectories will be obtained.
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Chapter 1

Introduction

Quantum mechanics and the theory of general relativity are fundamental pillars of
current scientific knowledge. Since their inception, the behavior of particles in the
presence of gravitational fields has been a topic of interest. For decades, physicists
have failed to reach a consensus on a quantum theory of gravitation. Recently,
Jonathan Oppenheim introduced an alternative approach to quantum field theory
coupled to classical spacetime. This theory exhibits an essential stochastic nature
which is studied through a master equation for the density matrix p, without the
need for a “quantized” metric [1].

The basis of the present work is that, as a hypothesis, classical spacetime (consid-
ered as a smooth and differentiable manifold allowing geodesic trajectories between
points) exhibits stochastic behavior. Escobar, Matos, and Aquino, by considering
this stochasticity, infer that spacetime is no longer locally flat and obstructs such de-
terministic paths for sufficiently small particles, resulting in particles now following
stochastic trajectories due to spacetime fluctuations (see [2]). They also demonstrate

with this hypothesis that particles follow trajectories satisfying the Klein-Gordon



equation (in its Newtonian limit, the Schrodinger equation); all of the above using
an approach where small test particles travel around geodesics with a stochastic term
added to the trajectory. Their main conclusion is that the Schrodinger equation is a
consequence of the stochastic structure of spacetime. The source of stochasticity in
this framework is gravitational radiation (gravitational background waves, GWB),
which originates from events such as black hole collisions, inflation, cosmic transi-
tions, or the Big Bang, and permeates all of spacetime. This hypothesis is motivated
by recent observations that reaffirm its existence (see [3, 4, 5, 6]).

The study of black holes has become fundamental since they represent extreme
solutions to Einstein’s field equations. The Schwarzschild metric, discovered by Karl
Schwarzschild in 1916, was the first exact solution describing a static, chargeless
black hole. Since then, numerous significant contributions have been made in this
field. For example, Subrahmanyan Chandrasekhar predicted gravitational collapse
(although very few believed him initially), Oppenheimer and Snyder demonstrated
the collapse of a spherical star according to Einstein’s theory, leading to the formation
of a black hole, Roy Kerr discovered a solution to Einstein’s equations that includes
rotation, and Roger Penrose published his famous singularity theorem (Nobel Prize in
Physics in 2020). The motivation to study black holes extends far beyond theoretical
contributions. In recent years, Reinhard Genzel and Andrea Ghez, recipients of the
2020 Nobel Prize in Physics, discovered a supermassive object at the center of the
Milky Way, concluding that it could only be explained by a black hole [7, 8, 9.
Additionally, multiple images captured recently, such as the one taken by the Event

Horizon Telescope of the supermassive black hole M87* in the galaxy M&7 in 2019,



and the confirmation of the Sgr A* black hole at the center of the Milky Way in
2022, provide experimental verification of these intriguing objects that we do not
fully understand. Therefore, in this work, stochastic quantum mechanics is explored
in the context of curved spacetime, with a particular focus on the Schwarzschild
metric. The main objective is to investigate how stochastic quantum trajectories
are affected by the presence of an intense gravitational field, such as that of the
Schwarzschild black hole. To achieve this, the writing is divided into the following
chapters:

In chapter 2, we define the Schwarzschild black hole-type solution in a rather
general way, prove the geodesic equation, and analyze the decomposition of spacetime
into its 3 + 1 form.

In Chapter 3, we are guided by the work of L. de la Pena and A. M. Cetto
and Nelson [10, 11] to provide a broad overview of the basic concepts of stochastic
quantum mechanics.

Covariantization of stochastic quantum equations is discussed in Chapter 4, guided
mainly by the results obtained by Escobar, Matos, and Aquino [2].

In Chapter 5, we study the solution of the Klein-Gordon equation for both mass-
less and massive scalar fields in Schwarzschild spacetime and its respective application
in stochastic quantum mechanics for curved spacetimes. We observe the stochastic
trajectories of highly energetic photons, varying specific parameters such as the an-
gular momentum [, the radial initial condition r(0), and the particle frequency wy.

The last chapter is left for a summary and recapitulation of the most relevant

conclusions.



Chapter 2

The Schwarzschild Black Hole and 3 + 1 Split of

Spacetime

General relativity is one of the most profound theories of modern physics, describing
gravitational interaction as the curvature of space-time caused by matter and energy.
At the core of this theory are Einstein’s equations, which relate the geometry of space-
time to its energy content, and are the basis for countless advances in theoretical
physics.

One of the most relevant solutions to these equations is the Schwarzschild metric,
which describes the empty spacetime around a static, uncharged, spherical object.
When extended to radii smaller than the event horizon, this solution defines what
we call a Schwarzschild black hole. A Schwarzschild black hole is an astrophysical
object characterized by a spherical event horizon and a central singularity, where the
curvature of spacetime becomes infinite. These black holes serve as ideal models for
exploring the behavior of particles and fields in an extreme gravitational field. In

this context, the motion of particles in this geometry is described by the geodesic
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equation, which determines the natural trajectories in curved spacetime, both outside
and inside the event horizon.

In order to analyze dynamical systems in general relativity, it is essential to re-
formulate the theory in such a way that it allows studying the temporal evolution of
gravitational configurations. Here, the 34+1 decomposition of space-time comes into
play, a formalism that separates spatial and temporal dimensions, facilitating the
analysis of gravitational systems by means of restriction and evolution equations.
This method is particularly relevant when one wants to connect the geometry of
space-time with specific physical phenomena, as in the case of this thesis, the equa-
tions that describe quantum particles with a stochastic background.

In this chapter, we will first explore the geometric properties of the Schwarzschild
solution, followed by an analysis of particle motion through the geodesic equation.
Then, we will introduce the 3+1 decomposition, highlighting its usefulness in study-
ing gravitational dynamics. This conceptual framework will be essential for future

developments in this thesis.

2.1 Schwarzschild Black Holes

The Schwarzschild metric describes an empty spacetime that is spherically symmet-
ric, i.e., it has no matter or energy present, and its geometry is the same in all
directions around the central object. In spherical coordinates (¢,7, 6, ¢) and natural

units, the metric

—1
ds® = — (1 - E) dt* + (1 - E) dr® + r?d? + r’sin*0de?, (2.1)
r r
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where 7y = 2M G is the Schwarzschild radius. If you look closely, the metric at r = r;
and r = 0 exhibits singularities. However, coordinates are ways of labeling events in
spacetime and so it is not necessary to give much importance to what values they
will have (and if these values correspond to a singularity). Curvature, as a general
criterion (we will not go into deep details) is measured by the Riemann tensor;
despite this, it is difficult to determine when a tensor becomes infinite, since the
components depend on the coordinates. But some scalars can be found by curvature
and, since they are independent of the coordinates, it can be determined whether they
are infinite or not. The simplest scalar is the Ricci scalar R = g, R*, but different

types of higher-order scalars can be constructed, such as R*' R,,,,, R*"°’R among

pwop
others. If some of these scalars, but not necessarily all, are singular at a specific point,
we say that this point is a curvature singularity. The point must also be at a finite
distance from the curve; it cannot be an infinitely far point. In the case of the
Schwarzschild metric, it suffices to observe that, with a direct calculation, we have

48

LV po _ -
RMYPRpe = p

(GM)? (2.2)

This contraction is crucial to conclude that r, is just a singularity of the coordinates
and that r = 0 is a singularity of the geometry of the system. In what follows, we
will focus on the study of objects that are described by the Schwarzschild solution,
even at radii smaller than ry (what we colloquially call a black hole).

To study the geometry of a spacetime, we often examine the causal structure

defined by the light cones. Consider the null radial curves, which are defined by
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taking 6 and ¢ constant and ds?> = 0. For our metric, we then observe,

2G M 2GM\ !
ds2:—(1— ¢ )dt2+(1— ¢ ) dr* =0, (2.3)
T T
arriving at
dt r
&g <1 . —5) . 2.4
dr r ( )

This equation describes the slope of light cones in a t — r spacetime diagram. As
we approach r = ry we observe that the slope becomes +00 and thus the light cones
are closing; see Fig. (2.1). This means that firstly the null geodesic seems to never
pass s and secondly a distant observer seeing someone falling into the black hole
will measure an infinite time (or equivalently, we will see that the intrepid astronaut

will move slower and slower).

Figure 2.1: Space-time diagram in Schwarzschild coordinates (¢,r). The light cones
are closing as we approach rg. The diagram was taken from [12].

Since ry is not formally a singularity in the geometry (again, a singularity in the
coordinates), we can realize that the fact that the trajectory never reaches ry is only

due to the coordinates used. As a more optimal candidate for the coordinates, we
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will use ones with which time moves more slowly along the null geodesics, called

turtle coordinates and defined as follows:

t=4r+ryn

L 1‘. (2.5)

Ts

Replacing this coordinate in the Schwarzschild metric, we arrive at

ds? — (1 _ 7”_> (—dt® + dr*®) + 120> + r’sin*0d¢>. (2.6)

r

At coordinates (¢, r,), the light cones no longer close as we approach the event horizon
Ts, in contrast to what happens at (¢,r). This is because the coordinate transforma-

tion relocates 7, to r, — —o0, removing an apparent singularity; see Fig. (2.2).

w t

ao¥ ;.*
iR E X o St T
r=2GM
r* = —

Figure 2.2: Diagram of spacetime in Schwarzschild coordinates (¢,7*). The light
cones no longer close. The surface rs is now at infinity at »*. The diagram was taken
from [12].

While the above coordinate system moves r; to infinity, we are interested in
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finding a coordinate system where there is no problem in r, without having to send
it to infinity. Our next step is therefore to define the coordinates that align with the
null geodesics. We say that

v=t+1r" (2.7)
u=t—r", (2.8)

with v = cte, characterizing the ingoing radial null geodesics and u = cte, charac-
terizing the outgoing radial null geodesics. These coordinates are called Eddington-
Finkelstein coordinates. The metric in terms of the coordinates v looks like

ds? = — (1 _ E) dv? + (dvdr + drdv) + r*d6* + r’sinfd¢*. (2.9)

r

The surface 7, is no longer a problem (as we have said). The condition for radial

curves is now

% = 0 (infalling) (2.10)
@—2<1—E) (outgoing) (2.11)
dr r some '

Light cones at these coordinates behave well when they reach rg; see Fig. (2.3). The
fact that they do not close does not mean that they do not tilt (as we see in the
diagram). This implies that for r < rg all null trajectories directed into the future
will be in the direction of decreasing r [12].

The surface r, is known as the Schwarzschild event horizon. It is a surface of no
return where no particle can return. A black hole is simply a region of space-time

separated from infinity by an event horizon [12]. Since nothing escapes the event
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e — & ' = constant
N ¥ 4

r=0 r=2GM

Figure 2.3: Diagram of spacetime in Schwarzschild coordinates (v, 7). The light cones
no longer close, but tilted as they pass through r,. The surface rs is now in a finite
position. The diagram was taken from [12].

horizon, we will not be able to see the interior of this object; hence the name black
hole. The Schwarzschild solution can be extended maximally (see Chapter 5 of [12]),

however, for the purposes of this work, the above description is sufficient.

2.2 The Geodesic Equation

If we have already established the geometry of spacetime (e.g., in the previous chapter
the Schwarzschild metric), it is essential to study the motion of particles in such
an environment. In general relativity, particles moving under the influence of the
geometry of spacetime, with no external forces present, follow trajectories known
as geodesics. These trajectories are determined by the geodesic equation, which is
a crucial tool for describing the motion of particles in curved spacetimes. In this
section, we will derive the geodesic equation, laying the groundwork for its use in

later sections of this thesis.
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Let us take the action for a massive particle, free from external forces, in a curved

space-time:

S = m/d)\\/—g(u,u), (2.12)

where we will use the simplified notation instead of the component notation; i.e.,
g(u,u) = gputv” and V, = n*V,. Now consider a curve C that will represent a
possible trajectory of the particle (see Fig. (2.4)). This curve is parameterized by the
parameters 7 and A. At a certain point on the curve, we define the tangent vector
u = 0/0t and the normal vector n = 0/0\ (separation vector between adjacent
trajectories). The next step is to apply the principle of least action. This principle
states that the trajectory followed by the particle is such that the action is stationary
with respect to small variations of the trajectory. That is, we look for the paths for

which the variation of the action is zero. To do this, we vary the action with respect

to n:
0S=0—90 ( —g(u, u)) = —#(u’u)vng(u, u) =— #(u,u) [9(Vyu,uw) + g(u, Vyu)]
S Vou,u)| = 0.
(T 0)
(2.13)

We have used the fact that the connection V is that of Levi Chivita, which implies
the compatibility of the metric (V,g) = 0 and that we have free torsion, that is,
Vun — Vyu = [u,n]. Since the vectors v and n are defined, the commutator (Lie
bracket) [u,n] = 0; proving:

Vun = Vyu. (2.14)
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Figure 2.4: Possible trajectories of a particle with fixed endpoints. At a point in
C(7, \) a tangent vector u and a normal vector 7 are established.

Then (2.13) now reads as

g(Vyu,u) = g(Vyd,u) = 0. (2.15)

Integrating by parts:

Vug(n,u) = g(n, Vyu) =0 (2.16)

The total derivative term (V,g(n,u)) is zero since at the extremes n = 0, then

g(n, Vyu) =0. (2.17)

With 7 arbitrary, we conclude

g(n, Vyu) =0 — V,u = 0. (2.18)

The equation (2.18) is the equation of the geodesic. If a tangent vector u satisfies
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this equation, it means that the integral curves of u are geodesics. Its relevance in
this thesis is very important and we will use it in the next chapter. It should be
noted that non-massive particles are also described by the geodesic equation. Its

proof is similar, but with a slight change in the Lagrangian

2.3 3+ 1 Split of Spacetime

Einstein’s equations, written entirely in covariant form, have the peculiarity that
there is no clear distinction between space and time. There are situations where
such a distinction is desirable, such as in a system where the dynamical evolution
of a gravitational field in “time” is considered. The main approach to separating
Einstein’s field equations, in a way that allows us to introduce initial data and obtain
in turn the evolution of the gravitational field, is the 341 formalism, which divides
space-time into three-dimensional space and time.

To obtain the evolution of a physical system, one must formally generate this as
an initial value or Cauchy problem. If we try to write Einstein’s field equations as
a Cauchy problem, we realize they are written in such a way that space and time
are treated identically (which does not allow us to make a clear distinction). There-
fore, we must create this distinction starting from the metric g,,. We must assume
globally hyperbolic spacetimes; in other words, spacetimes that have a Cauchy sur-
face. These spacetimes can be completely foliated, meaning they can be sliced into
three-dimensional slices, making each three-dimensional slice spatial; see Fig. (2.5).
Foliation can be interpreted as a set of levels of a parameter ¢, considered a func-

tion of universal time (which does not necessarily coincide with the proper time of a
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time Spacelike hypersurfaces

Figure 2.5: Space-time foliation. Each slice is a three-dimensional space-like hyper-
surface. The diagram was taken from [13].

particular observer).
Let us consider, for the moment, the example of a particular foliation and take
two hypersurfaces ¥; and ;. 4. If we want the geometric information contained

between these two hypersurfaces, we need (see Fig. (2.6)) [13]:

* The three-dimensional metric ;; that measures the proper distances within
the hypersurface itself is:

di* = ~;jdx'da? . (2.19)

* The lapse of proper time dr between hypersurfaces (measured by observers
moving along the normal direction to the hypersurface; also called Eulerian
observers) is [13]:

dr = a(t,2")dt, (2.20)
« is the lapse function.

* The relative velocity 5; between Eulerian observers and constant spatial coor-
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normal line

/

adt

coordinate line

t+dt

Figure 2.6: Two spatial hypersurfaces. The definition of the lapse function o and
the shift vector (3; are graphically shown. The diagram was taken from [13].

dinates is related as:

'Ii—i-dt = xfﬁ - Bl(t7 .Z'j)dt, (221)
B; being the displacement vector.

In terms of the functions (a, 5;, i), the space-time metric takes the form
ds* = (—a® + B;f') dt® + 2B;dtda’ + ~;;da’da? (2.22)

with 3; = ~;;47 (the spatial metric raises or lowers indices). This equation is known

as the 3 + 1 division of the metric. Note that

2 k )
G = o + ﬁkﬁ ﬁz ’ (223)
ﬁj Yij
and
. 2 Q2
P . (2.24)

Bija? i - B o
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From these expressions it can be shown that the four-dimensional volume element

can now be written as

V=G = ayd (2.25)

where g and v are the determinants of g, and ~;;.

This decomposition of spacetime is extremely useful for this thesis (as will be
seen in Chapter 4). Therefore, as a complement to the text, we will apply the
decomposition in order to obtain the most fundamental equation of general relativity,
the Einstein field equation, but now in the 3 + 1 decomposition. To achieve this,
we will discuss normal vectors to hypersurfaces, the projection operator, intrinsic
and extrinsic curvature, and finally the Einstein field equation. This will not be a
complete derivation, but we will reflect the main ideas of how to arrive at the field
equation.

Consider a unit normal vector n* to the spatial hypersurfaces. This vector can

be written in terms of the shift vector and the lapse function

(0% «

nt = (1, —B—i) = (—a,0), (2.26)

normal vector being, by definition, the 4-velocity of the Eulerian observers. It is
possible to construct quantities in the 3 + 1 formalism using the normal vector and
such quantities do not depend on the choice of a coordinate system. Consider the
global time function ¢, from which some things can be discovered. The lapse function

1/2

is precisely defined in terms of ¢ as a« = (=Vt-Vt)” /7, and with this, the normal
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vector n# is written in terms of ¢:
nt = —aV*"t. (2.27)

For the vector 3¢ three scalar functions 3¢ are introduced, such that if we move from
one hypersurface to another following a normal direction, the change in coordinates

is given by z},, =} — f'dt and and it is easy to find
B =—a(it-Va'). (2.28)

A 4-vector (where we will use the notation 3 to refer to 4-vectors) B* = (0, 3) can be
constructed and it will be orthogonal to 7. From the latter and from 7, a temporal
vector is also born, namely t* = an* + 8, which is the tangent vector to the time

lines (lines of constant spatial coordinates). Using t#, we will have

By = Ywt”, (2.29)

so the shift is the projection of the vector ¢ on the spatial hypersurface. We con-
clude, meanwhile, that both the lapse function and the displacement are completely
independent of the coordinates and are rather defined by the vector field .

All the magnitudes encountered above are not in vain, they are necessary to
formulate Einstein’s equations in the 3 + 1 analysis. Before that, it is relevant to
discuss curvature. In the 3 + 1 decomposition, the intrinsic curvature, measured

by the Riemann tensor associated to the spatial metric 7;;, describes the internal
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geometry of the spatial hypersurfaces. On the other hand, the extrinsic curvature,
measured by the tensor K, describes how these hypersurfaces are embedded or
bent in spacetime. The tensor K, can also be seen as a measure of the parallel
transport performed on a normal vector on a hypersurface. Both magnitudes are
essential to project Einstein’s equations onto 3 + 1 and to analyze the dynamics of
the system.

To define the extrinsic curvature, we first define the projection operator on a

spatial hypersurface, which is

Pg =65 +n"ng. (2.30)

The projection operator is used to project any spacetime tensor onto the spatial
hypersurfaces of the 3+1 decomposition. With it we define the extrinsic curvature
tensor:

K = —PiVan, = = (Vyun, +1,nVan,) . (2.31)

This tensor is purely spatial, which implies that its components K% = K% = 0 (this
also explains why the literature typically focuses only on the spatial components of
the tensor). Another feature of the tensor is revealed by how it can be expressed
using the Lie derivative. Note that, on the one hand, the spatial metric in the 3 + 1
decomposition is defined as the metric induced on each hypersurface by the spacetime
metric g,,, in the form v,, = g, + n,n,. On the other hand, since n® is unitary
and normal, it satisfies n®*Vn, = 0. If we apply the Lie derivative in the normal

direction to the metric v, and use the two features mentioned above (on the metric
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and the unit vector), we obtain:

L™ =n*V oy + Yua Vo
=n"Vo (G + 1u10) + (Gua + 1una) Von® + (Ggua + nuny) V,n®

=n® (Van,) n, +nn, (Van,) + Von, +V,n,

(2.32)
= (73 - gg) Vocnu + (73 - gﬁ) Vagu + vynu + V,unu
=Y, Van,, + vﬁvany
=—2K,,,
concluding that
1
K, = —éﬁ,ﬂ“”. (2.33)

Since n is normal to the hypersurface, for any scalar function ¢, the equation (2.32)

is rewritten in the form
1

[,ﬁ"}/,w = ¢£¢ﬁ"}/wj. (234)
If we select ¢ = a (the lapse function):
(Lo = £5) T = 20K, (2.35)

Restricting ourselves to the spatial components and given that in the system studied

Ly = 0, we arrive at an equation of motion for the spatial metric ;;:

Ovij = —2aK;; + DB + D; i, (2.36)
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with D; being the three-dimensional covariant derivative associated with ;;.

As already mentioned, our goal is to derive the Einstein field equations. The
dynamics of the gravitational field is contained in these equations. In order to fit
them to the 341 formalism, it is necessary to rewrite them in terms of intrinsic
and extrinsic magnitudes associated to the spatial hypersurfaces. This process is
carried out by contractions with the normal vector and the projection operator,
thus separating the spatial and temporal contributions, and the final result is that
the Einstein field equations will now be 2 constraint equations (giving us 4 field
equations) and 2 evolution equations (giving us 6 field equations). As a starting point,
the Riemann curvature tensor Rj , of the spacetime is decomposed into the three-
dimensional intrinsic curvature tensor ) 5. Of the hypersurface and the extrinsic
curvature tensor K,,. This decomposition leads to the Gauss-Codazzi equations;
which establish the relationship between the intrinsic and extrinsic geometry of the

hypersurface, defined as [13]
P PPPYP! Rywre = PRS,, + KapKgy — Kow K. (2.37)
Now, the equation (2.37) implies that

P P% Rogy = PR+ K* — K, K", (2.38)
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with K = K. On the other hand, note that

Pa,uPﬁVRoz,Buu = (gocu + nanu) (gﬁy + nﬁnu) Raﬁuu
=R+ 2n*n"R,, (2.39)

_ v
=2n'n"G,,,

being G, the Einstein tensor. If we equate (2.38) and (2.39), and explicitly replace
the Einstein tensor in terms of the energy momentum tensor; namely G, = 877,

we find a restriction called the Hamiltonian or energy restriction:
OR + K? — K, K" = 16mn"n"T,, = 167p. (2.40)

The other restriction arises from applying the mixed contraction of the Einstein

tensor together with P* and n” in the the Codazzi-Mainardi equations [13]
P)P§P " Rswxny = DKoy — DoaKgy, (2.41)
obtaining a constraint equation called the momentum constraint:
D, (K —y*"K) = —87P*"n"T,,, = 87j". (2.42)

The Hamilton and momentum constraints are conditions that must be met on each
hypersurface, but they do not directly dictate how the geometry evolves. To find
the evolution we must use the Codazzi-Mainardi equation, which together with the

projection onto the hypersurface of the contracted Riemann tensor with the normal
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vector [13]

1
P Pin*n? Roaee = LKy + KinK)) + ~DyuDya, (2.43)

which brings us to

0K, = LK, —DyDya+a [PR, + KK, — 2K,0K)] +47a [1,,(S — p) — 25,] |

(2.44)
defining S, = P;PfTaﬁ and S = Si. This equation, together with equation (2.36)
dictate how v;; and K, change with time, incorporating geometrical and matter
contributions. The (2.36, 2.40, 2.42, 2.44) equations are then the rewriting of the
Einstein Field equations in the 3 + 1 decomposition, two constraint equations de-
scribing geometric and energetic relations on the hypersurface and two equations
describing the evolution of the metric and the extrinsic curvature. These equations
are fundamental for studying the dynamics of relativistic systems, since they allow
general relativity to be formulated as an initial evolution problem, which is key in

contexts such as the numerical simulation of black holes or gravitational waves.



Chapter 3

Stocastic Quantum Mechanics

Randomness is a central component of the description of quantum mechanics. It gives
rise to alternative approaches for studying quantum mechanics, such as Stochastic
Quantum Mechanics (SQM). Within this framework, quantum systems are consid-
ered to have an intrinsically random nature, allowing their properties to be analyzed
from a probabilistic and dynamic perspective different from the conventional one
[14]. SQM can be interpreted as a method that utilizes the information contained
in the wave function and, through sampling of a stochastic process, constructs an
equivalent description in terms of physical trajectories.

Nelson demonstrated that SQM is fundamentally equivalent to traditional quan-
tum mechanics; see [14], but with a different approach that provides utility in devel-
oping new aspects of quantum theory, such as simulated trajectories of an electron
in a hydrogen atom or a generalization of quantum field theory from a stochastic
perspective; see [15]. On the other hand, the most fundamental hypothesis Nelson
proposed to the theory is that every particle with mass m is subject to a stochastic

process (a Brownian motion) with a diffusion coefficient ¢ = hA/2m. With this in

24
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mind, it is possible to derive the Schrodinger equation, and it can also be shown
that particles have trajectories that are continuous but not differentiable (due to
the stochastic process). It should be noted that particles following stochastic pro-
cesses, whether quantum or classical, follow their own dynamic rules; although SQM
shares similarities, mathematically speaking, with Brownian motion, their dynamic
descriptions are not the same.

The source of randomness in stochastic quantum mechanics has been a topic of
ongoing debate. For example, Luis de la Penia and Ana Maria Cetto have approached
this problem from the perspective of stochastic quantum electrodynamics, suggesting
that the quantum behavior of particles results from their interaction with a back-
ground field known as the zero-point field (identified with the electromagnetic field),
with the Planck constant being a measure of the magnitude of these fluctuations.
Another approach, which we will adopt as a hypothesis in this thesis, suggests that
space-time fluctuations act as a source of stochasticity. These ideas about the source
of randomness inspire the development of the fundamental equations of stochastic
quantum mechanics, both in flat spaces and in more complex geometries. Next,
we will offer a first approximation to these equations in flat spaces, including the

velocities and the dynamical equations of the system.

3.1 Basic Equations of Stochastic Quantum Mechanics

The way we approach stochastic quantum mechanics is similar to the theory pro-
posed by Nelson. This mechanics is divided into kinematics and dynamics, where

the evolution of the system is described by a Markovian process. The Langevin-
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type differential equation describes the evolution of the process. This equation is
asymmetric in time, since the process is not differentiable. The forward evolution in
time (4) and the backward evolution in time (—) are determined by the Langevin
equation

dXi = uidt + Vv QUdWi, (31)
where
1. uy are the forward and backward velocity fields.

2. dW is the Wiener noise characterized by the properties:
(dWy) =0, (3.2)

(AW dWy;) = £6;dL. (3.3)

3. o being the noise intensity (diffusion coefficient).

To find the dynamics of the system, we need to define appropriate differential opera-
tors for a stochastic function. Given the increments of dz (as a stochastic variable),
it is possible to find the increments of any nonlinear function y = f(x,t) by using
the Taylor series expansion of that function and truncate it to second order (this
procedure is known as Ito’s formula); namely:

of

1
dey = dt +V fdxs + §V2f (dx=)? . (3.4)
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Replacing (3.1) in (3.4), we find:

9 1 2
dyy za—];dt + Vf (wedt + V20dW. ) + 5V°F (usdt +v20dWs )
_ (% +u- v) Ft + V2V FaW + 59 ((wade)? + 23/ Brusdid Vs + 20 (d1W)?)
(3.5)

If a term is of order O(dt?, dtdW,dW?, . ..), its contribution in the infinitesimal limit

is negligible compared to terms of order O(dt, dWand dW?), then

diy = (% +uy - v> fdt +20V fdWy + oV f (W) . (3.6)

Taking the average on both sides and using (3.2) and (3.3), we get

(dry) = (% +u.- V£ UV2) fdt. (3.7)

From equation (3.7), it is possible to define the forward derivative operator (D)

and the backward derivative operator (D_) as

D.f= <Z—;f> = (% +uy - V+0V2) £, (3.8)
d_ 0 9

The combinations that can be produced with both the velocity fields uy and the
derivative operators Dy lead to the systematic velocities v and stochastic u, and to

the systematic derivative operators D, and stochastic Dy; as defined by de la Pena



3.1. Basic Equations of Stochastic Quantum Mechanics 28

et al. in [10]:

v = &7 (3.10)

2
u= “*—;u‘ (3.11)

D, +D_

S (3.12)

2
D, = %. (3.13)

Explicitly, the operators D, and Dy can be written in terms of v and u using D :

0
De=o +v-V. (3.14)

D,=u-V+oV>%. (3.15)

Applying D, D_, D,y D, to each component z;, we derive that
Dix=uy, Dx=u_, Dx=vyDx=nu. (3.16)

Based on our current objective, which is to find the dynamics that describes the
system, we will opt for the most general law and this implies, for example, that the
relationship between accelerations and forces is linear. For this case we propose a

total differential operator D of the form

D = D, + kD, (3.17)
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where k is an arbitrary value. If we apply D to each component x;, we can define a

general velocity w such that

Dx = v+ ku=w. (3.18)

To determine the explicit form of the velocities and the value of k we use the WKB
approximation. This approximation follows a main motivation, and it is the con-
nection between quantum mechanics and the hydrodynamic form of the Schrédinger
equation, so we relate the wave function in its WKB form to the Madelung trans-
formation for the wave function. The wave function in the WKB approximation
is

P = S/ (3.19)

with § being a complex action. Since & = —ih In®, it is possible to associate a

complex velocity to this action, which is defined in the form [16]

w=—", (3.20)

m the mass of the particle.
The wave function can also be written in terms of the Madelung transformation,
ie.

O = \/pel™/M, (3.21)

p= \@\2 acting as the probability density and S being a real action. The relationship
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between (3.19) and (3.21) is given by
h
S§=5- ZEIH(I). (3.22)
In this order of ideas, replacing this complex action in (3.20), we now have that

W=V —iu. (3.23)

The values of the systematic velocity v and the stochastic velocity u are the same

as those reported in [10]:

v Y5 (3.24)
m
u=oVln(p) = %Vln (p) . (3.25)

taking o = h/2m as the diffusion coefficient which must be precisely that value to
arrive at traditional quantum mechanics. If we compare (3.18) with (3.23), we realize
that for the speeds to be equal, Kk = —i; this value of the constant x will be the one
we will use in the remainder of the chapter.

The total acceleration of the system can easily be found by applying the general

operator D to the velocity w:

a=Dw= (D.—iD;)(v—1iu)=D.,v—iD.u—iDgv — Du. (3.26)

Once we have found all the explicit forms for the velocities and differential operators

we can obtain the forces acting on the particles. By expressing the total force f in
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the form f = f, +if_, where f, represents the components unchanged under time
reversal and f(—) the components that reverse under time reversal—and assuming a
linear dependence between forces and accelerations, it follows that the most general

equations of motion, taking both their real and imaginary parts, are

m(D.v — Dgu) = fy, (3.27)

—m(D.u+ Dyv) = f_. (3.28)

Let us consider the conservative problem. Suppose that f = —VV(z) (so f_ = 0).

Equation (3.28) will now be
m(D.u+ Dgv) = 0. (3.29)

Replacing the values of the differential operators, we arrive at

ou h s
m E%—(V-V)u—(u-V)v—%Vv = 0. (3.30)

We decompose v and u as in (3.24) and (3.25)". Using the gradient identity of a dot

product for any vector A and B:

V(A-B)=(A- V) B+(B-V)A+AXx (VxB)+Bx (VxA) (3.31)

T want to make a remark at this point. If we wanted to add information about possible rotational
contributions of v we would have to add a term that gives us this information (such as a vector
b). For the moment, and since this is a conservative problem, we reduce the description to the case
V xv=0.
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and equation (3.25), we find that (3.30) is now

1 /0p B
\Y% |:; (a +V- pV>:| = O, (332)
or
dp B

Equation (3.33) is the continuity equation that expresses the local conservation of
particles.

On the other hand, for the equation (3.27) we have
m(D.v — Dyu) = =VV(x). (3.34)

Replacing the derivative operators:

ov hoe o |
m E—F(V-V)v—(u-V)u—%Vu =—-VV. (3.35)

Making use of vector identities
%VAQZ (A-V)A+Ax(VxA),
VZA=V(V-A) -V x(VxA),
and equations (3.24) and (3.25), it is possible to rewrite (3.35) in the following manner

oS 1
\Y E+§mv2—l—VQ+V =0 (3.36)
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or
aa—f + %va +Vo+V =0, (3.37)
being Vj:
Vo =— <%mu2 + ;—iV : u> = —%% (3.38)

which is known as quantum potential. This last equation is a Hamilton-Jacobi-
type equation modified by the quantum potential. Both, continuity equation and
Hamilton-Jacobi equation are equivalent to the hydrodynamic representation of the
Schrodinger equation [17].

Another peculiarity of our result is related to the Euler equation for a fluid, which
is defined as

Vp
Vv=——% 1+ 3.39
ot tTV-Vv P g, ( )

with p the mass density, u the flow velocity, p is the mechanical pressure and f are
the external forces. Then, by specifying g = —VV, it becomes clear that equation
(3.37) (or better seen, equation (3.36) taking v = V.S/m) is a Euler equation plus a
quantum potential (the pressure term results from specifying the potential V). All
this treatment carried out in this chapter will be used in the next chapter, where we

will analyze stochastic quantum mechanics as seen from curved spaces.



Chapter 4

Stochastic Quantum Mechanics in Curved Spaces

The Klein-Gordon (KG) equation in curved spacetime describes the relativistic dy-
namics of scalar particles, such as charged bosons, under the influence of spacetime
geometry. When reformulated in hydrodynamic terms, this equation translates the
evolution of the scalar field into macroscopic variables such as particle density and
current flow. This representation leads to an equivalent system of equations, consist-
ing of a continuity equation and a Hamilton-Jacobi-like equation, which explicitly
incorporate terms associated with the quantum potential and spacetime curvature.

On the other hand, stochastic quantum mechanics in curved spacetime (SQM-CS)
models the motion of quantum particles as stochastic trajectories around geodesics,
where spacetime fluctuations are treated as a source of randomness. These fluctua-
tions can be interpreted as a background of gravitational waves that permeate space-
time and that, when colliding with particles, will cause their trajectories, which are
normally described by geodesics according to general relativity, to become stochastic
trajectories. This approach, based on stochastic differential equations, also allows

for the derivation of the Klein-Gordon equation in its hydrodynamic form.

34
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In this chapter, we will address two main topics. First, we will study the dynam-
ics of a charged boson gas with arbitrary potential described by the Klein-Gordon-
Maxwell equation (KGM), developing its hydrodynamic representation in curved
spaces, and describing how its decomposition into density and phase gives rise to
a continuity equation and a Hamilton-Jacobi type equation. Second, we will ex-
plore how SQM-CS, through stochastic processes that take spacetime fluctuations
as a source and a dynamic construction based on a simple relationship between ac-
celerations and forces, leads to the same hydrodynamic equations of Klein-Gordon.
This establishes a profound connection between spacetime quantum fluctuations and

fundamental quantum equations [2].

4.1 Field Equations

We model a boson gas as a set of excitations of a scalar field with arbitrary potential
that is minimally coupled to a gauge vector field through electromagnetic interaction
and described by the KGM [18]. Our goal for this section is to extend the KGM
equations using coordinates in a four-dimensional manifold that acts as the curved
physical spacetime, whose geometry is determined by a metric g. For the remainder
of this section, we will use natural units, that is, ¢ = h = ¢¢ = pp = 1. The

d’Alembert operator of interest in our case is of the form:

Op = (V¥ 4+ ieA*) (V, +ieA,). (4.1)
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with e the charge of the particle and A, the gauge vector field associated with the
Maxwell 4—potential. Therefore, the KGM equations, which come from a Lagrangian

density that is invariant under transformations of the U(1) group, are written as

av
Op® — = =0, (4.2)
vV, = JEr (4.3)

where ®(t,x) is a complex scalar field, F,, = V,A, — V, A, is the Faraday tensor,

V' an arbitrary potential and JME is the conserved 4-current

TP = z# [ (V,, —ieA,) &* — & (V, +icA,) D] (4.4)
We use the 3 + 1 decomposition for the metric (see subsection (2.3)), which means
that we divide the four-dimensional spacetime into three spatial dimensions and one
temporal dimension. The three spatial dimensions form three-dimensional hypersur-
faces, whereas the temporal dimension, represented by the parameter ¢, describes
the evolution of these hypersurfaces over time. This decomposition allows to study

spacetime in terms of its spatial geometry and temporal dynamics, hence the name

3 4+ 1. The metric is given by
ds® = —N?dt* + v;; (dz’ + N'dt) (da’ + N/dt) , (4.5)

7i; being the spatial metric, N (¢, z%) the lapse function, and N(¢,27) the shift vector®.

Tt is worth noting that we are using a different kind of notation for the lapse function and the
shift vector compared to (2.22). But it is completely equivalent, since « = N and §; = N*.



4.1. Field Equations 37

A remarkable property of the Klein-Gordon equation is its admittance of localized
and non-dispersive solutions under certain conditions, which is especially relevant in
physical processes such as scattering. However, Derrick’s theorem states that in a flat
spacetime, scalar field solutions that are static and localized turn out to be unstable.
This limitation can be overcome by introducing a harmonic decomposition of the
complex scalar field, where the time dependence is included in a phase factor, such

that ® looks like

0

(2, x) = W(a" x)e 0", (4.6)

where wq is the particle mass or the frequency for massless particles, ¥ is an am-
plitude, and n(t,x) = |®]° = |¥|* is the particle density. This approach breaks
the staticity of the field, while spacetime remains static, allowing the existence of
soliton-like solutions [19, 20].

We will use the hydrodynamic representation to express the field equations de-
rived from KGM. Recall that Madelung introduced the hydrodynamic representation
of Schrodinger (see [17]). He showed that it is equivalent to an Euler equation for
an irrotational fluid, adding a quantum potential (as we mentioned in the previous
chapter, see equation (3.37)). The boson gas can be viewed as a real fluid, which is
described by quantum Euler equations [18]. Then, for our case, the solution (4.6)
can be decomposed into its hydrodynamic form by taking the amplitude ¥ as the

Madelung transformation (z° = ¢, the time coordinate)

U(t,x) = /n(t,x)e", (4.7)
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finding that ®(¢,x) now takes the form

O(t,z) = Vne? = \/ne'Sw0t), (4.8)

The complex scalar field has been decomposed into a density n(t,x) and a phase
O(t,z) = S(t,x) — wot (S(t,x) contains the information about the geometry of the
system). This decomposition allows us to define the generalized velocity 7#:

1
T = — (VR0 + eAM) = o — Oung, (4.9)
m m

m being the mass of the particle and the velocity of an individual particle is taken

a52

o= 2 (VHS 4 eAr). (4.10)
m

If we replace the solution ® (4.8) and the individual velocity v* (4.10) in (4.2),
we find two types of equations (in particular, their imaginary and real parts), the
continuity equation

YV (nv,) — —2(Von + nllt) = 0, (4.11)
m
and the Hamilton-Jacobi equation

2
vv“—?wovo— w;
Iz 2 N2

m m2N

+A— V=0, (4.12)

Ovn
m2y/n

v is not a unit normal 4-vector, i.e. in our case v, v* =1 is not true.

identifying Vi =

as a quantum potential and A a variable containing an ar-

2
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bitrary self-interacting potential which we conveniently write as A = Writing

m?n’
these last two equations in terms of the generalized velocity 7, and the density of n,
we find

Vao(nm®) =0 (4.13)

and

1 1
e + A= in = 0. (4.14)

Equations (4.13) and (4.14) are the KG equation written in the variables 7, and n
[2]. Now, as a new objective (which will be discussed in the following sections), we

aim to use stochastic theory to derive these same equations.

4.2 Stochastic Quantum Mechanics in Curved Spaces

The assumptions considered to establish the stochastic mechanism in curved space-

time are the following [2]:

1. Quantum particles interact with the stochastic background of spacetime, which
is universally present. This interaction is analogous to Brownian motion in
classical physics. It is not just a small perturbation, but is a fundamental

aspect to describe quantum behavior.

2. The interaction between a quantum particle and the background radiation
cannot be fully known in detail. Instead, only its statistical properties are

considered, similar to the statistical properties governing Brownian motion.
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To make sense of what has been described above, we will start with the stochastic

differential equation that is associated with the 4-velocity

% Ut 4 V2oeM (7). (4.15)

with U* = dz*/dr (the 4-velocity) and o is the diffusion coefficient. Another way to
write the equation is

dz” = Urdr + 20dWH (1), (4.16)

where dW*(7) = ¢*(7)dr corresponds to the Wiener process® (note that in practice
what we are doing is creating a coupling to a stochastic differential equation, where
our “time” is now proper time; compare with equation (3.1)).

The way we are approaching the physical problem is in line with Nelson’s non-
relativistic approach. Initially, forward and backward stochastic differential equa-
tions are introduced, given the time reversibility. For our case, we introduce the
forward (+) and backward (—) stochastic differential equations (see equation (4.16))

for the trajectory of a quantum particle in terms of its 4-velocity; that is

do’y = Utdr + V20dW(7), (4.17)
dz" = Utdr + V20dW* (7). (4.18)

3In Chapter 3 we mentioned some properties of the Wiener process. In the particle frame, Ito’s
lemma tells us that (dW(7))? = dr and for the metric (4.5) (3+1 foliation) we have dr = N (¢, z%)dt.
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where dW* (1) and dW*(7) satisfy the properties of a Wiener process:

(dWH(1)) = 0, (zero mean value) (4.19)

(dWH(TYdWH (7)) = £d76(T — 7')0". (correlation function) (4.20)

The generalized velocity 7# (forward average) and the stochastic velocity (backward

average) u* can be defined as follows

= e+ U2 and u* = M (4.21)
2 2
The wave function @, in its WKB form, is expressed as
O =, (4.22)
S being the complex action. Its complex velocity is represented as
wh = V;;LS = —%V“(ln(@)). (4.23)
The relationship between S and the phase of (4.8) is:
S§=5—wpt— %ln(n). (4.24)
Then the velocity w* takes the form
wh = V:LS ~ gy #V“(ln(n)). (4.25)
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Two velocities are observed (such velocities have been reported in [21, 22]). One that
is clearly dependent on the phase S (and if there is an electromagnetic field, it can
be associated with (4.9))

ot = — gy (4.26)
m

and another dependent on n (called stochastic velocity)

u* = oV (In(n)). (4.27)
Here, 0 = ﬁ in natural units or o = % in standard units, represent the diffusion

coefficient. This value of o, which was introduced by Nelson as part of his formulation
of the quantum stochastic process and was already used in the previous chapter, will
now be employed in the formulation for arbitrary spacetimes.

The velocity w*, which is a general velocity that encompasses both 7 and u*, is
written as

wh =7k — qut. (4.28)

Given the general velocity, it is possible to find the equation of motion for stochas-

tic particles by fixing the total acceleration

a = — =0, (4.29)

However, since a stochastic differential equation is fulfilled, it is necessary to follow
Ito’s rule, or in other words, we will use the same dynamic arguments that we

used in the previous chapter to find the respective time derivatives D, but now of
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a generalized character for arbitrary curved spacetimes. Let’s start, as we already
know, by developing a Taylor series expansion to a function g(z*) and truncating it

to second order:

1
dg(z") =V ,g(z")dat + §VuV“(dx“)“. (4.30)

Using the forward stochastic process of equation (4.17), we have that the expansion

reduces (higher orders of dr and diW* are zero)
. N
dg(z") = UV ,g(a")dr + V20V ug(z")dW! + o <dWﬁ> . (4.31)

As we did in the previous chapter, it is possible to find the time derivative by aver-

aging all possible events (differential average), which gives us the forward derivative?
D, g(a") = <%g(:c“)> = [ULV, + oV, V*] g(z"). (4.32)

In terms of 7* and u*, we have
Do g(a") = [(7" + u")V,, + oV, V] g(a). (4.33)

If we consider the opposite process (backwards, equation (4.18)), we find, in terms

of m# and u#

D_g(z") = [(7" — u*)V,, + oV, V] g(zH). (4.34)

4We use the properties (4.19) and (4.20).
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Adding the respective derivatives, we will arrive at the systematic derivative:

B :15++15,

. 5 =7h'V,. (4.35)

By subtracting we arrive at the stochastic derivative:
Dy=———=u"V,+0V'V,. (4.36)

All of the above is in agreement with what has already been done with time deriva-
tives in the previous chapter. Since we are analyzing moving quantum particles, the
spacetime regions adjacent to the particles are locally flat, which implies that if we
apply z* to D, and D,’:

Dt =7t (4.37)

and

Dot = ut. (4.38)

The next step in our recipe is to find the dynamics that describes the system.
Let us remember that in the previous chapter we had mentioned the importance
of creating the dynamics from a general law; that is, one where the accelerations
and the forces are linear. To do this, we introduce, as in the previous chapter, a

differential operator D of the form

D = D, + kD, (4.39)

5We use the fact that V,zH = 0, x"6,,0" in a locally flat coordinate system.
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where k is an arbitrary value. If we apply z* to D, we can define a general velocity
w* such that

Da' = 7" + kut = wh (4.40)

Comparing equation (4.40) with (4.28), it is observed that for both velocities to be
equal (w* = wh), consequently kK = —i.
The acceleration of the system is found by applying the differential operator D

with the velocity w*:

A

a* = Dw" = (D, — iD,) (1" — ") = Dot — Dyut — i(Doul + Dyrt).  (4.41)
We will use the following identity to explicitly obtain all the values of the differential

operators applied to 7* and u*:

e

Vot =Vhir, + —F = V71, + 2ec F!, (4.42)

2m

F! being the Maxwell tensor. So, it is easy to prove (for 7#):

A

1
D.mt = §V“(7Ta7ra) + 20e ", (4.43)

Dt =0o (VAV o 4+ Vo (In(n))VATY) + 202V F** + 20e ' u,,, (4.44)

and (for u*)

~ H
D" = om,V?* (Vnn) : (4.45)
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Do = 20°VH (D—\/\/;> . (4.46)

In particular, we note that if we neglect the stochastic behavior and the electromag-

netic field in (4.43), we see [2]

A~

D = 7 Vet = V,7H. (4.47)

A

In the absence of forces (D.m* = 0), equation (4.47) becomes the definition of the
vector 7@ whose integral curve is the geodesic®.
The total net force f* decomposes as f# = fY+if". Taking the linearity between

forces and accelerations, we have
ma* =m <1507T“ — ﬁsu“> — z'm(f)cu” + 1587?“) = fi+if_, (4.48)

or, the real and imaginary part (f} = F* + F%)

m(D,* — Dut) = F* + F¥, (4.49)
—m(Dat + Do) = f_. (4.50)
If we study a system with F* = —mV* A being a conservative force that is associated

with an arbitrary potential of the form V = 2m?An and Ff = 2omF*'r, is the

6When there is no stochastic contribution, we will only find classical geodesics; as expected.
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Lorentz force, we find two equations:

v B (Tom®) — 207 (DT{?) + A} =0, (4.51)

VH [0V o + uen®] = f- — 20%emV o F** — 20emF u,,. (4.52)

Integrating, individually, the term within the brackets in (4.51), we arrive at

1 (o o 2 D\/ﬁ _
5T +A+C—-20 (\/ﬁ ) =0, (4.53)

which again, is the equation (4.14) with an integration constant C'. In equation (4.52)
it is clear that the term inside the parentheses is precisely the continuity equation
(4.13):

oV +um® = 0. (4.54)

Thus, the term in brackets disappears and implies that the force f_ acts as a diffusion

force that changes with time reversal, fixing it to have the value
fo=m(oV F + uo FHY). (4.55)

There is no doubt that the field equation of a quantum particle immersed in a
fluctuating and arbitrarily curved spacetime is fully identified with the KG equation
(equations (4.53) and (4.54), which is what we were hoping to get to!). It is also worth
noting that ® denotes a function whose main purpose is to describe the stochastic

trajectory of a quantum particle under the influence of the environment, rather than
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referring to a bosonic particle or a scalar field [2]. Also, something worth noting is
that the quantum potential arises naturally from the purely stochastic contribution
of the acceleration, i.e. from the D,ut term. If we combine this term with the

expression for D, we find (in terms of velocity v*; see equation (4.26))

2
0N =2 Ve = g3 Ve (F) T e ( vn

- _ A 2
= VA m(Favu mFa> (4.56)

which is exactly the Euler equation reported in [18]. If integrated (4.56), we arrive
at the Hamilton-Jacobi equation (4.12). Both equations (Euler’s and Hamilton-
Jacobi’s) are related to each other and come from the hydrodynamic representation
of the Klein-Gordon equation in a curved spacetime.

In the Newtonian limit, the continuity equation (4.54), or (4.11) which is written
in terms of v#, reduces to

om+V-(nv)=0 (4.57)

This equation ensures the conservation of the probability density in flat spacetime
and corresponds to the classical continuity equation modified by quantum effects, so
it is clear that our work is a generalization to curved spaces. Taking into account
the other acceleration terms, i.e. Dyr* and D (see equation (4.50)) we obtain
the derivative of the continuity equation and the force terms f_. It is important to
mention that we identify precisely this equation as a restriction of the system instead

of a dynamical relation.
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The equation (4.56) can be rewritten as follows
0V 0, — 2N, = FE 4 FQ 4 FC 4 ™, (4.58)
m
where, in the written order, we have the generalized Lorentz force
o — (qug - @Fg) , (4.59)
m m
quantum force
1 O
FY = Va v , (4.60)
2m? NLD
gravitional “force”
G wy
F; = -2V, , 4.61
; (3o (161)
and conservative force
F'=—-mV,A. (4.62)

The emergence of these forces directly from generalized accelerations aligns with the

principles of general relativity. Unlike classical mechanics, where forces are added

externally, in this formalism the forces are derived from the equations of motion

themselves, without having to be introduced arbitrarily. In the Newtonian limit, the

equation (4.58) tends to

8tv+(v-V)v:—VVQ—VA+%(E+V><B).

(4.63)

The potential Vo = —(1/2m)V?\/n/+/n, which is associated with the quantum force,



4.2. Stochastic Quantum Mechanics in Curved Spaces 50

refers precisely to the classical quantum potential discussed in the previous chapter,
the gravitational “force” became null, since in the Newtonian limit the value of N =
1, the conservative force does not change because it depends on the arbitrary self-
interacting potential and the Lorentz force takes its traditional form, with (E, B) =
(—OLlA — Vg,V x B) being the electromagnetic field. As expected, we have arrived

at an Euler-type equation for a fluid plus a quantum potential, as reported in [18].



Chapter 5

Stochastic Quantum Mechanics Applied to the

Schwarzschild Metric

In the previous chapters of this thesis, we developed a theoretical framework to
extend SQM to curved spaces. In this context, we proposed that the source of
stochasticity lies in the intrinsic fluctuations of spacetime, whether due to background
gravitational waves or other phenomena inherent to the fabric of spacetime. Through
this approach, we showed how particle trajectories are affected by these fluctuations,
transforming classical geodesics into stochastic trajectories. We concluded that the
equation governing particles immersed in a curved and fluctuating spacetime is the
Klein-Gordon equation.

In this chapter, we apply the SQM-CS formalism to the particular case of the
Schwarzschild metric. Our objective is to find the stochastic trajectories of quantum
particles and study how they are influenced by the Schwarzschild black hole. To this
end, we begin by solving the Klein-Gordon equation for a massless scalar field in the

Schwarzschild metric. We use these solutions to derive stochastic trajectories and
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analyze the impact of parameters such as angular momentum, particle frequency,
and initial conditions. Subsequently, we extend the analysis to the massive case,
evaluating how the stochastic trajectories vary under these new conditions.

In this way, this chapter establishes a bridge between the theoretical formulation
of SQM-CS and its application to the physical environment of a Schwarzschild black
hole, providing a novel perspective on how spacetime fluctuations affect the dynamics

of quantum particles in extreme gravitational scenarios.

5.1 Klein-Gordon Equation with a Massless Scalar Field in a Schwarzschild

Background

The main objective in this section is to observe how scalar fields behave in a Schwarzschild
black hole background. Specifically, we focus on a scalar field ® that is massless, does
not interact with itself, and is minimally coupled to the background geometry. The

dynamics of this field are described by the Klein-Gordon equation

0 0
O®(ct,r) = VIV, O(ct, 1) = \/—g% [\/—gg‘“’@} O (ct,r) =0 (5.1)
where g is the determinant of the Schwarzschild metric!

~1
ds® = (1 - E) d(ct)® + (1 - E) dr?® + r?d6? + r’sin®0de?, (5:2)

T T

with the Schwarzschild radius defined as r, = 2MG/c*2.

!The signature (—, +, +, +) is taken.
2M, the mass of the black hole, G, the gravitational constant, and ¢, the velocity of light.
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Let’s assume that the energy associated with the scalar field configuration is quite
small compared to the mass of the black hole (test field limit), so its gravitational
contribution is minimal and negligible, making the entire geometric description de-

pendent on the black hole’s metric. Expanding equation (5.1), we find

_(1_5>02_@1+i 9 2(1_E>3_@ L[ [gnef2]] L 22,
r) o 2o | r/ or r2sind |00 |7 99 r2sinf 0¢?
(5.3)

Given that we have a spherically symmetric metric, it is natural to propose that

the solution of (5.3) is a modal decomposition of the form

b(ct,r) = 8y, ) (5.4
Replacing (5.4) in (5.3), we obtain
Vi(r)
1 (00 T T ov rs\2 [ 0*°U . rs\ [rs Ll +1) ) B
2 <aT)__ (-7) (E)_(l -7) (W)*(l -7) {— T } v=0

(5.5)
with the potential Vj(r) sometimes called “effective potential”. The state mode
(I = 0) and the first two excited states (I = 1 and [ = 2) of the potential are plotted
in Fig-(5.1). Let us note a few things about the potential: a) For each value of [, the
potential V;(r) has a barrier shape, increasing up to a maximum and then decreasing
as r increases. b) The potential is zero at the event horizon, r = 2 (for this illustrative
case we take G = ¢ =1). ¢) For [ = 0, the potential is lower compared to the values

of I = 1